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2 20th Chemnitz FEM Symposium 2007

Programme for Monday, September 24, 2007

9:00 A. Meyer
Welcome

Computational Fluid Dynamics
Chairman: A. Meyer
Room: “Schlossblick”

9:05 L. Tobiska . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
Stabilization by local projection. Convection-diffusion and incompressible flow
problems

9:55 A. Baran . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
A high-order non-conforming finite element family

10:20 M. Wohlmuth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
Numerical Analysis of Stokes Equations with Improved LBB Dependency

10:45 Tea and coffee break

CFD stabilisation New developments
Chairman: L. Tobiska Chairman: R. Griesse
Room: “Schlossblick” Room: “von Taube”

11:10 G. Lube . . . . . . . . . . . . . . . . . . . . . . 31
Stabilized FEM for incompressible
flows: Equal-order vs. inf-sup stable
approximation

B. Haasdonk . . . . . . . . . . . . . . . . . 18
Reduced Basis Method for Evolution
Schemes with Nonlinear Explicit Op-
erators

11:35 G. Matthies . . . . . . . . . . . . . . . . . . 33
On streamline-diffusion methods for
inf-sup stable discretisations of the
generalised Oseen Problem

T.J. Dijkema . . . . . . . . . . . . . . . . . 10
Solving elliptic PDEs in high space
dimensions

12:00 H.-G. Roos . . . . . . . . . . . . . . . . . . . 39
Stabilized FEM and related differ-
ence schemes

L. Nannen . . . . . . . . . . . . . . . . . . . . 34
Hardy space infinite element method

12:25 M. Roland . . . . . . . . . . . . . . . . . . . . 38
Numerical Simulation of a Calcium
Carbonate Precipitation

M.V. Popov . . . . . . . . . . . . . . . . . . 35
Piecewise Parabolic Method on Lo-
cal stencil

12:50 Lunch break
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Mortar, Nitsche and Discontinuous Galerkin methods
Chairman: R. Kornhuber
Room: “Schlossblick”

14:00 P. Hansbo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
Stabilized mortar methods for interface problems

14:50 R. Ernst . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
Decoupling of Nonlinearities in Acoustic-Structure Interaction

15:15 M. Juntunen . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
An Unconditionally Stable Mixed Discontinuous Galerkin Method

15:40 M. Feistauer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
On some aspects of the DGFEM for convection-diffusion problems

16:05 Tea and coffee break

Mortar, Nitsche and DG Adaptive methods
Chairman: M. Feistauer Chairman: T. Apel
Room: “Schlossblick” Room: “von Taube”

16:30 H. Egger . . . . . . . . . . . . . . . . . . . . . 12
On discontinuous Galerkin meth-
ods for convection-dominated elliptic
problems

Y. Kondratyuk . . . . . . . . . . . . . . . 27
Adaptive Finite Element Algorithms
of Optimal Complexity

16:55 S. Franz . . . . . . . . . . . . . . . . . . . . . . 15
A new Approach to Recovery of Dis-
continuous Galerkin

S. Zaglmayr . . . . . . . . . . . . . . . . . . 53
Equilibrated residual-based error es-
timators for Poisson and Maxwell’s
equations

17:20 M. Vlasak . . . . . . . . . . . . . . . . . . . . 51
Higher order time discretizations for
scalar nonlinear convection-diffusion
equation

M. Grajewski . . . . . . . . . . . . . . . . . 17
A fast and accurate method for grid
deformation

17:45 Short break

Mortar, Nitsche and DG Adaptive methods
Chairman: P. Hansbo Chairman: M. Fröhner
Room: “Schlossblick” Room: “von Taube”

17:55 N. Jeannequin . . . . . . . . . . . . . . . . 23
Adaptive High Order Nodal Finite
Elements on Simplices For Electro-
cardiological Models

R. Schneider . . . . . . . . . . . . . . . . . . 43
Anisotropic mesh adaption based on
a posteriori estimates and optimisa-
tion of node positions

18:20 M. Huber . . . . . . . . . . . . . . . . . . . . . 21
Simulation of Diffraction in periodic
Media with a coupled Finite Element
and Plane Wave Approach

O. Sander . . . . . . . . . . . . . . . . . . . . 41
Dune: The Distributed and Unified
Numerics Environment

18:45 B. Jung . . . . . . . . . . . . . . . . . . . . . . 24
Nitsche mortaring for parabolic
initial-boundary value problems

J.M. Fried . . . . . . . . . . . . . . . . . . . . 16
Parallel Segmentation of Large Im-
ages via Level Sets

20:00 Conference dinner
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Programme for Tuesday, September 25, 2007

Contact problems and large deformations
Chairman: M. Jung
Room: “Schlossblick”

8:30 R. Kornhuber . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
First steps towards efficient and reliable simulation of the human gait.

9:20 Short break

9:30 R. Krause . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
Nonsmooth Decomposition Methods for Frictional Contact Problems in Elas-
ticity

9:55 S. Hüeber . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
Mortar discretization for dynamical thermomechanical contact problems with
friction

10:20 A. Rademacher . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
Adaptive Techniques for Dynamic Contact Problems

10:45 M. Stiemer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
Finite element simulation of electromagnetic metal forming

11:10 Tea and coffee break

CFD stabilisation FEM and BEM
Chairman: H.-G. Roos Chairman: O. Steinbach
Room: “Schlossblick” Room: “von Taube”

11:35 P. Knobloch . . . . . . . . . . . . . . . . . . 26
On the definition of the SUPG pa-
rameter

M. Maischak . . . . . . . . . . . . . . . . . 32
Mixed fem-bem coupling for non-
linear transmission problems with
Signorini contact

12:00 F. Schieweck . . . . . . . . . . . . . . . . . 42
The role of Nitsche type boundary
conditions for edge stabilization and
local projection method

D. Copeland . . . . . . . . . . . . . . . . . . . 9
BEM-based FEM for Helmholtz
and Maxwell equations on arbitrary
polyhedral meshes

12:25 P. Skrzypacz . . . . . . . . . . . . . . . . . 45
Stabilisation methods of local pro-
jection type for convection-diffusion-
reaction problems

H. Harbrecht . . . . . . . . . . . . . . . . . 20
Sparse Second Moment Analysis for
Potentials on Stochastic Domains

12:50 Lunch break

14:30 Excursion

19:30 Dinner
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Programme for Wednesday, September 26, 2007

Fluid-structure interaction and Solver
Chairman: M. Dobrowolski
Room: “Schlossblick”

8:30 A. Reusken . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
Finite Element Techniques for Two-Phase Incompressible Flows

9:20 Short break

Fluid-structure interaction Solver
Chairman: G. Lube Chairman: T. Apel
Room: “Schlossblick” Room: “von Taube”

9:30 M. Ruzicka . . . . . . . . . . . . . . . . . . . 40
Interaction of a channel flow with a
vibrating airfoil

S. Beuchler . . . . . . . . . . . . . . . . . . . . 8
Overlapping Additive Schwarz pre-
conditioners for degenerate problems

9:55 P. Sváček . . . . . . . . . . . . . . . . . . . . . 49
On coupling of incompressible fluid
and structure models in an aeroelas-
tic application

A. Sinwel . . . . . . . . . . . . . . . . . . . . . 44
Mixed finite elements for linear elas-
ticity

10:20 Tea and coffee break

Solver
Chairman: A. Reusken
Room: “Schlossblick”

10:45 M. Dobrowolski . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
On domain-robust preconditioners for the Stokes equations

11:10 A. Linke . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
Non-Nested Multi-Grid Solvers for Mixed Divergence-free Scott-Vogelius Dis-
cretizations

11:35 A. Sokolov . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
On discrete projection methods for rotating incompressible flow with Coriolis
force

12:00 O. Steinbach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
Preconditioning of Elliptic Boundary Value Problems

12:25 A. Meyer
Closing
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A high-order non-conforming finite element family

Agnes Baran1 Gisbert Stoyan2

We describe a triangular non-conforming finite element pair for the two-dimensional
Stokes problem [6]. It is a generalization of the low order cases described by Crouzeix and
Raviart [3], by Fortin and Soulie [4] and by Crouzeix and Falk [2]. The velocity and the
pressure are approximated trianglewise by polynomials of order k and k-1, respectively,
and the element is defined for all k≥1. For even k the finite element pair can be obtained
by adding trianglewise a non-conforming bubble function of order k to the local basis of
the velocity space of the conforming Pk/Pk−1 element, and we give a general formula for
these bubble functions. In the case of odd k we describe a set of degrees of freedom for
the velocity part of the element. For even k using a modification of the macroelement
technique of Stenberg [5] we prove that the finite element pair is inf-sup stable [1].

References:

[1] Á. Baran, G. Stoyan, Gauss-Legendre elements: a stable, higher order non-conforming finite
element family, Computing 79, 1–21 (2007).
[2] M. Crouzeix, R. S. Falk, Nonconforming finite elements for the Stokes problem, Mathematics
of Computation 186, 437–456 (1989).
[3] M. Crouzeix, P. A. Raviart, Conforming and non conforming finite element methods for
solving the stationary Stokes equations, RAIRO Analyse Numérique 7, 33–76 (1973)
[4] M. Fortin, M. Soulie, A non-conforming piecewise quadratic finite element on triangles, In-
ternational Journal for Numerical Methods in Engineering 19, 505–520 (1983).
[5] R. Stenberg, Analysis of mixed finite element methods for the Stokes problem: a unified
approach, Mathematics of Computation 165, 9–23 (1984).
[6] G. Stoyan, Á. Baran, Crouzeix-Velte decompositions for higher-order finite elements, Com-
puters and Mathematics with Applications 51, 967–986 (2006).

1 University of Debrecen, Faculty of Informatics, Applied Mathematics and Probability Theory,
Egyetem sq. 1, 4032 Debrecen, Hungary,
szagnes@inf.unideb.hu

2 Department of Numerical Analysis, ELTE University Budapest,
stoyan@numanal.inf.elte.hu
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Overlapping Additive Schwarz preconditioners for
degenerate problems

Sven Beuchler1

In this paper, we consider some degenerated boundary value problems on the unit
square. These problems are discretized by piecewise linear finite elements on a triangular
mesh of isosceles right-angled triangles. The system of linear algebraic equations is solved
by a preconditioned gradient method using a domain decomposition preconditioner with
overlap. We prove that the condition number of the preconditioned system is bounded
by a constant which independent of the discretization parameter. Moreover, the preo-
conditioning operation requires O(N) operations, where N is the number of unknowns.
Several numerical experiments show the preformance of the proposed method.

This a joint work with S. Nepomnyaschikh (Novosibirsk).

1 JKU Linz, Institute of Comp. Mathematics, Altenberger Strasse 69, 4040 Linz, Austria,
sven.beuchler@jku.at
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BEM-based FEM for Helmholtz and Maxwell equations
on arbitrary polyhedral meshes

Dylan Copeland1

We present new finite element methods for the Helmholtz and Maxwell equations on
arbitrary three-dimensional polyhedral meshes, with boundary elements on the surfaces
of the polyhedral elements. The methods are based on domain decomposition techniques,
treating the polyhedral elements as subdomains. On a triangular mesh of the skeleton,
we use the lowest order polynomial spaces and obtain sparse, symmetric linear systems
despite the use of boundary elements. Moreover, piecewise constant coefficients are per-
missible. The resulting approximation on the skeleton mesh can be extended throughout
the domain via representation formulas.

1 RICAM, Linz, Austria,
dylan.copeland@oeaw.ac.at
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Solving elliptic PDEs in high space dimensions

Tammo Jan Dijkema1 Rob Stevenson2

We consider the problem of finding u ∈ H1
0 (0, 1)d such that a(u, v) = f(v) for all

v ∈ H1
0 (0, 1)d, where a is an elliptic bilinear form. Specifically, we try to do this for

large space dimensions d. When the unknown solution u is approximated using standard
isotropic approximation with piecewise polynomials of a fixed degree, we run into the
so-called ‘curse of dimensionality’: the convergence rate is inversely proportional to d.

Using that (0, 1)n is a tensor-product domain, the curse of dimensionality can be
circumvented using a sparse tensor product approximation. However, this can only be
expected to work when special regularity conditions are met. Already for the Poisson
equation with constant (non-zero) right-hand side, this is not the case.

We use an adaptive wavelet approximation method, which reaches a convergence rate
as that of the best N -term approximation, in linear complexity. For this, we use orthog-
onal tensor product wavelets based on the multiwavelets of Donovan et al.

Numerical results will be shown for experiments in high dimensions, illustrating the
convergence rate.

1 Utrecht University, Faculty of Science, Budapestlaan 6, 3584 CD Utrecht, The Netherlands,
T.J.Dijkema@math.uu.nl

2 University of Amsterdam, Faculty of Science, Kruislaan 404, 1098 SM Amsterdam, The Nether-
lands,
stevenson@science.uva.nl
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On domain-robust preconditioners for the Stokes
equations

Manfred Dobrowolski1

Many, if not all preconditioners for the Stokes equations depend on the LBB con-
stant L(Ω) which behaves like O(a−1) on domains Ω with aspect ratio a. This fact leads
to a poor convergence behavior of the preconditioned method on elongerated domains
such as channels which are typical for fluid flow problems. This drawback can be com-
pletely removed by using a second, very rough grid on which the small eigenvectors of the
corresponding Schur complement eigenvalue problem can be efficiently represented.

In the second part we present a class of BPX-type preconditioners for the Stokes
equations which are domain-robust and efficient but also completely parallel. Numerical
results are given which demonstrate the effectivity of the presented methods.

1 University of Wuerzburg, Institut fuer Mathematik, Am Hubland, 97074 Wuerzburg, Germany,
dobro@mathematik-uni.wuerzburg.de
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On discontinuous Galerkin methods for
convection-dominated elliptic problems

Herbert Egger1 Joachim Schöberl2

Convection dominated elliptic problems cannot be solved on a reasonable discretiza-
tion level by standard conforming Galerkin FEM. Moreover, stabilization by upwinding
techniques like SUPG is known to introduce significant artificial diffusion, which has cer-
tain drawbacks, e.g., the widening of boundary layers.

For this reason, discontinuous Galerkin (DG) methods, which are well-known for their
good performance for the limiting hyperbolic problem, have been applied also to elliptic
problems. A major disadvantage of DG methods is that the discretization of the elliptic
operator leads to increased stencils, i.e., the resulting system matrices are much less sparse
then the ones coming from conforming methods.

We propose a new method for convection-diffusion problems, which is composed of a
mixed method for the elliptic operator and a discontinuous Galerkin discretization of the
convective part. This method has the stability and conservation property of DG methods
while leading to much sparser systems. Moreover, we outline the convergence analysis
and present numerical tests.

1 RWTH Aachen, Center for Computational Engineering Science (CCES), Pauwelstrasse 19, 52074
Aachen, Germany,
herbert.egger@rwth-aachen.de

2 RWTH Aachen,
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Decoupling of Nonlinearities in Acoustic-Structure
Interaction

Roland Ernst1 Bernd Flemisch2 Barbara Wohlmuth3

The wide field of fluid-structure interactions contains many applications for elasto-
acoustic coupling problems, especially nonlinear ones. Linear elasticity is restricted to
the case of small deformations. Nonlinear acoustic effects including dissipation and gen-
eration of higher harmonics play an important role in ultrasonics. The choice of a velocity
potential or pressure based formulation of the acoustic part and quite often a displace-
ment one of the elastic part results in Dirichlet-Neumann type interface conditions.
In this presentation, decoupling strategies and algorithms for the nonlinear elasto-acoustic
system are discussed. The nonlinear aspect is investigated in both, the elastic and acoustic
part, and compared with each other. A mortar finite element discretization in combina-
tion with a generalized Newmark scheme leads to a system on which a subspace iteration
for solving the nonlinear equation and a second iteration for the elasto-acoustic connec-
tion is applied. The corresponding solvability results for this kind of coupling problems
are analyzed. Two illustrative numerical schemes using different solvers for the subspace
iteration, a Newton-like and a fixed point iteration method are given. In particular a bet-
ter performance, i.e. smaller convergence rates, is obtained for a multiplivative Schwarz
method. Computational calculations show the superior behavior to an additive Schwarz
method. An additional improvement of the convergence rate is achieved with the intro-
duction of a small region where both subdomains overlap.

References:

[1] B. Flemisch, M. Kaltenbacher, and B. I. Wohlmuth. Elasto-acoustic and acoustic-acoustic
coupling on non-matching grids. Internat. J. Numer. Methods Engrg., 67(13):1791–1810, 2006.
[2] R. Ernst, B. Flemisch and B. I. Wohlmuth. Decoupling of Nonlinearities in Acoustic-
Structure Interaction. In preparation, 2007.

1 University Stuttgart, Institute of Applied Analysis and Numerical Simulation, Pfaffenwaldring 57,
70569 Stuttgart, Germany,
R.Ernst@ians.uni-stuttgart.de

2 University Stuttgart, Institute of Hydraulic Engineering, Pfaffenwaldring 61, 70569 Stuttgart, Ger-
many,
bernd@iws.uni-stuttgart.de

3 University Stuttgart, Institute of Applied Analysis and Numerical Simulation, Pfaffenwaldring 57,
70569 Stuttgart, Germany,
wohlmuth@ians.uni-stuttgart.de
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On some aspects of the DGFEM for convection-diffusion
problems

Miloslav Feistauer1 V. Dolejsi2 V. Kucera3

In this paper we shall be concerned first with optimal error estimates for the numerical
solution of nonlinear convection-diffusion problems by the discontinuous Galerkin finite
element method (DGFEM). The main emphasis will be paid to the analysis of L∞(L2)-
optimal error estimate using general nonconforming meshes.

In the second part, some applications of the DGFEM to the simulation of compressible
flow will be presented. Our goal is to develop sufficiently accurate, efficient and robust
numerical schemes allowing the solution of compressible flow for a wide range of Mach
numbers.

1 Charles University Prague, Faculty of Mathematics and Physics, Sokolovska 83, 186 75 Praha 8,
Czech Republic,
feist@karlin.mff.cuni.cz

2 Charles University Prague, Faculty of Mathematics and Physics,
dolejsi@karlin.mff.cuni.cz

3 Charles University Prague, Faculty of Mathematics and Physics,
vaclav.kucera@email.cz



20th Chemnitz FEM Symposium 2007 15

A new Approach to Recovery of Discontinuous Galerkin

Sebastian Franz1 Lutz Tobiska2 Helena Zarin3

A new recovery operator P : Qdisc
n (T ) → Qdisc

n+1(M) for discontinuous Galerkin is
derived. It is based on the idea of projecting the local polynomial solution on a given
mesh T into a higher order polynomial space on a macro mesh M. Therefore, we define
local degrees of freedom using Legendre polynomials and provide global degrees of freedom
on the macro mesh.
We prove consistency

Pu = PuI , ∀u ∈ L1(M)

with uI as the local L2-projection, stability results in several norms and optimal anisotropic
error estimates.
In case of bilinear elements and the singularly perturbed problem

−ε∆u+ b · ∇u+ cu = f, in Ω = (0, 1)× (0, 1)

u = 0, on Γ = ∂Ω

we use a supercloseness result by H.-G. Roos and H. Zarin to prove superconvergence of
the postprocessed numerical solution.

1 TU-Dresden, Institut für Numerische Mathematik, 01062 Dresden, Germany,
sebastian.franz@tu-dresden.de

2 Institut für Analysis und Numerik, Otto-von-Guericke Universität Magdeburg,, Postfach 4120,,
D-39016, Germany,
Lutz.Tobiska@mathematik.uni-magdeburg.de

3 Department of Mathematics and Informatics, University of Novi Sad,, Trg Dositeja Obradovića 4,,
21000 Novi Sad, Serbia and Montenegro,
helena@im.ns.ac.yu
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Parallel Segmentation of Large Images via Level Sets

J. Michael Fried1

In several applications like remote sensing or medical imaging, a fast and accurate
segmentation of large two or three dimensional images into a a priori unknown number
of classes (i.e. segments) is wanted. The aim is to find homogeneous regions Ωi and their
boundaries Γ inside a given, possibly noisy two or three dimensional image g : Ω→ [0, 1]
and a piecewise constant approximation u to g which is constant inside of the segments
Ωi but may jump across the boundary Γ. We present a parallel adaptive finite element
algorithm for segmentation of large images with automatic adjustment of the maximal
number of possible classes, which scales close to optimal. It is based on a level set
formulation of the Minimal Partition approach proposed by Chan and Vese and suitable
also for two and three dimensional multichannel data.

1 FA Universitaet Erlangen, Angewandte Mathematik III, Haberstrasse 2, 91058 Erlangen, Deutsch-
land,
fried@am.uni-erlangen.de
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A fast and accurate method for grid deformation

Matthias Grajewski1 Stefan Turek2

In the context of hardware-oriented numerics, grid deformation, e.g. the relocation of
grid points preserving the topology of the mesh, is a viable way for grid adaption and
offers an alternative to the widespread h-adaptivity. We present a fast and accurate grid
deformation method which -unlike many common approaches to grid deformation- works
independently of the underlying problem and thus acts as black-box tool. It requires
the solution of one global Poisson problem and one ODE for each grid point only. We
show the convergence of our method. Moreover, exploiting the given grid hierarchy, this
grid deformation method is of almost optimal complexity with respect to the number of
vertices in the mesh.

1 University of Dortmund, Institute of Applied Mathematics, Vogelpothsweg 87, 44221 Dortmund,
Germany,
matthias.grajewski@mathematik.uni-dortmund.de

2 University of Dortmund, Institute of Applied Mathematics,
Stefan.Turek@mathematik.uni-dortmund.de
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Reduced Basis Method for Evolution Schemes with
Nonlinear Explicit Operators

Bernard Haasdonk1 Mario Ohlberger2 Gianluigi Rozza3

During the last decades, reduced basis (RB) methods have been developed to a wide
methodology for model reduction of problems that are governed by parametrized partial
differential equations [1]. In particular equations of elliptic and parabolic type for linear,
low polynomial or monotonic nonlinearities have been treated successfully by RB methods
using finite element schemes. Due to the characteristic offline-online decomposition, the
reduced models often become suitable for a multi-query or real-time setting, where sim-
ulation results, such as field-variables or output estimates, can be approximated reliably
and rapidly for varying parameters.

In the current study, we address a certain class of time-dependent nonlinear evolu-
tion schemes. We extend the linear scheme [2] with a general nonlinear explicit space-
discretization operator. We extend the RB-methodology to these cases by applying the
empirical interpolation method [3] to localized discretization operators. The main techni-
cal ingredients are: (i) generation of a collateral reduced basis modelling the nonlinearity
under parameter variations in the offline-phase and (ii) an online simulation scheme based
on localized evaluations of the evolution operator.

Numerical experiments on a parametrized convection-diffusion problem, discretized
with a finite volume scheme, demonstrate the applicability of the model reduction tech-
nique. We obtain a parametrized reduced model, which enables parameter variation with
fast simulation response. We quantify the computational gain with respect to the non-
reduced model and investigate the error convergence.

[1] A.T. Patera and G. Rozza. Reduced Basis Approximation and A Posteriori Error
Estimation for Parametrized Partial Differential Equations. Version 1.0, Copyright MIT
2006-2007, to appear in (tentative rubric) MIT Pappalardo Graduate Monographs in
Mechanical Engineering.

[2] B. Haasdonk and M. Ohlberger. Reduced Basis Method for Finite Volume Approxima-
tions of Parametrized Evolution Equations. Preprint 12/2006, Institute of Mathematics,
University of Freiburg, 2006, submitted.

[3] M. Barrault, Y. Maday, N.C. Nguyen, and A.T. Patera. An ’Empirical Interpola-
tion’ Method: Application to Efficient Reduced-Basis Discretization of Partial Differential
Equations. C.R. Acad. Sci. Paris Series I, 339:667-672, 2004.

1 University of Freiburg, Institute of Applied Mathematics, Hermann-Herder-Str. 10, 79104 Freiburg,
Germany,
haasdonk@mathematik.uni-freiburg.de

2 University of Münster, Institute of Numerical and Applied Mathematics, Einsteinstrasse 62, 48149
Muenster,
mario.ohlberger@uni-muenster.de

3 Massachusetts Institute of Technology, Department of Mechanical Engineering, 77 Massachusetts
Avenue, MA-02139 Cambridge USA,
rozza@mit.edu



20th Chemnitz FEM Symposium 2007 19

Stabilized mortar methods for interface problems

Peter Hansbo1

Usually, mortaring of meshes across interfaces is performed by use of Lagrange multi-
plier techniques in order to enforce continuity of the solution. The multiplier space can
not be chosen independently of the trace meshes adjacent to the interface if stability of
the method is to be maintained. In this talk I will present three different approaches to
avoiding this problem by introducing artificial but consistent stabilization. These meth-
ods have different characteristics: one requires a mesh to define the multiplier space, one
allows for greater freedom in choosing multipliers (e.g., as global polynomials), and one
formally does without multipliers altogether (Nitsche’s method). Finally, I will give an
outlook on different uses of Nitsche’s method in computational mechanics.

1 Chalmers University of Technology, Göteborg, SWEDEN,
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Sparse Second Moment Analysis for Potentials on
Stochastic Domains

Helmut Harbrecht1

This talk is concerned with the numerical solution of Dirichlet problems in domains
D ∈ Rd with random boundary perturbations. Assuming normal perturbations with small
amplitude and known mean field and two-point correlation function, we derive, using a
second order shape calculus, deterministic equations for the mean field and the two-point
correlation function of the random solution for the Dirichlet problem in the stochastic
domain.

The two-point correlation of the random solution satisfies a boundary value problem
on the tensor product domain D ×D. It can be approximated in sparse tensor product
spaces. This yields densely populated system matrices, independently of using the finite
element method in D ×D or the boundary element method on ∂D × ∂D.

We present and analyze algorithms to approximate the random solution’s two-point
correlation function in essentially O(N) work and memory, where N denotes the number
of unknowns required for consistent discretization of the domain (in case of finite element
methods) or its boundary (in case of boundary element methods). Here “essentially”
means up to powers of logN .

1 Universitaet Bonn, Institut fuer Numerische Simulation , Wegelerstr. 6, 53115 Bonn, D,
harbrecht@ins.uni-bonn.de
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Simulation of Diffraction in periodic Media with a
coupled Finite Element and Plane Wave Approach

Martin Huber1 Joachim Schöberl2

Electromagnetic waves propagating towards a grating are diffracted and transmitted
into certain spatial directions. While the calculation of these directions, which depend
only on the period of the structure, is easy to perform, the corresponding intensities,
depending strongly on the shape, are much more complicated to compute.

Modeling such a grating with FEM, we have to solve Maxwell’s equations. Due to the
periodicity of the system, we are able to use the theorem of Bloch-Floquet, and the
computational domain can be reduced to a single unit cell by formulating quasi periodic
boundary conditions. In order to compare simulation results with optical experiments, it
is useful to express the far field by plane waves and exponential decaying functions. A
critical point is to couple these plane waves with the polynomial basis functions of the
FEM domain. The innovation of our approach is to perform this coupling by Nitsche’s
method.

1 Austrian Academy od Sciences, RICAM, Altenbergerstraße 69, 4040 Linz, Austria,
martin.huber@oeaw.ac.at
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Mortar discretization for dynamical thermomechanical
contact problems with friction

Stefan Hüeber1 Barbara Wohlmuth2

The numerical simulation of dynamical nonlinear contact problems with friction plays
an important role for a wide range of technical appplications. For such problems, non-
conforming domain decomposition techniques such as mortar methods provide a powerful
and flexible tool. In this talk we present the formulation and the discretization of such
type of problems with the mortar approach. To solve the arising nonlinear equations we
use primal-dual active set strategies which can be interpreted as a semi-smooth Newton
method. We focus on the treatment of Coulomb friction in the three-dimensional case
and investigate a full Newton method which shows a superior convergence behavior in
contrast to the widely used fixed point approach. To avoid the spurious oscillations in
the Lagrange multiplier modeling the contact stresses over time, we use a modified mass
matrix. This matrix results from a different integration formula on the elements near the
possible contact zone. Furthermore, we extend this approach to the case where thermo-
mechanical effects are involved. We especially consider the formulation, the discretization
and algorithmic aspects of dynamical thermomechanical effects such as frictional heating
and thermal softening at the contact interface. In addition we focus on the Robin-type in-
terface condition for the heat and its treatment by the mortar method.To solve the arising
nonlinear conditions at the contact interface we extend semi-smooth Newton methods for
the purely mechanical problem to the thermo-dynamical case.In the last part we consider
the extension of the primal-dual active set method to the case of large deformation contact
problems. Numerical examples both in the two-dimensional and the three-dimensional
setting illustrate the flexibility, robustness and efficiency of the proposed algorithms.
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Adaptive High Order Nodal Finite Elements on Simplices
For Electrocardiological Models

Nicolas Jeannequin1 Jonathan Whiteley2 David Gavaghan3

We present an implementation of a pseudo-spectral scheme on unstructured simplices
to solve the bidomain equations. They describe the macroscale electrical activity of cardiac
tissue and is coupled to a cellular model, such as the Luo-Rudy ’91 model (C.H. Luo and Y.
Rudy. A model of the ventricular cardiac action potential-depolarisation, repolarisation
and their interaction. Circulation Research, 68:1501-1526, 1991). The interaction of many
different spatial and temporal scales makes this model difficult to solve accurately.

We describe an explicit method for the construction of nodes that are suitable for
polynomial interpolation on simplices. These nodes are used in our implementation of
the pseudo-spectral scheme. They show a performance on par with Fekete nodes up to
12th order. However, their very simple construction makes them much more desirable.

The bidomain model is solved using an adaptive method in both time and space. All
known approaches to time and space adaptivity applied to this problem have concentrated
on the use of low order methods. Our spatial discretisation is a high order h-adaptive
continuous Galerkin method which is coupled to an adaptive linearly implicit Rosenbrock
time integration scheme. The spatial mesh size is determined by the gradient of the
transmembrane and extracellular potentials. We also show high order an h-adaptive dis-
continuous Galerkin method which is coupled to an adaptive linearly implicit Rosenbrock
time integration scheme. Both these approaches are compared in terms of computational
time and accuracy.
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Nitsche mortaring for parabolic initial-boundary value
problems

Beate Jung1 Bernd Heinrich2

In this talk we present a method for the numerical solution of parabolic initial-
boundary value problems in two-dimensional domains. The Nitsche-finite-element method
(as a mortar method) is applied for the discretization in space, i.e. non-matching meshes
are used. For the discretization in time, the backward Euler method is employed.
The rate of convergence in some H1-like norm and in the L2-norm is proved for the semi-
discrete as well as for the fully discrete problem. In order to improve the accuracy of the
method in presence of singularities arising in case of non-convex domains, meshes with
local grading are employed for the Nitsche-finite-element method.
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An Unconditionally Stable Mixed Discontinuous Galerkin
Method

Mika Juntunen1 Rolf Stenberg2

In discontinuous Galerkin method continuity can be forced in various ways. One
quite popular way to force continuity in discontinuous approach is the Nitsche method.
The method is based on handling of non-homogenous Dirichlet boundary conditions by
J.A. Nitsche (1970). However, for non-mixed problems the method is elliptic (or stable)
only for large enough values of stability parameter. Lower limit of the stability parameter
depends on the degrees of freedom, e.g. on polynomial order of the elements. Even though
the lower limit can be computed analytically, it may cause problems in for example p-
refinement (i.e. refinement by increasing the polynomial order of the elements). Therefore
it is interesting to notice that we can give up the stability parameter if we pose the problem
in a mixed form.

In this work we show that for mixed problem the Nitsche method is stable for all values
of the stability parameter, hence we can give up the parameter entirely. We also propose
a residual based a posteriori error estimate for the method. The proof the a posteriori
estimate is based on the Helmholtz decomposition, in which the gradient is decomposed
into divergence free and rotation free parts. The Helmholtz decomposition technique is
also applicable in other similar proofs. The advantage of the Helmholtz decomposition
in the discontinuous framework is that we can still use the conventional interpolants, for
example Clément’s interpolants, since the members of the decomposition are continuous
and we only need the interpolants for the decomposition.

Our model problem is the mixed form of the Poisson equation, in other words, the
gradient of the solution is also a variable. Solving mixed equations naturally increases
size of the problem. However, we can reduce the increase of the computational work
conciderably with local condensation. We show that it is possible to solve the gradient
part of the mixed solution already from the local, elementwise, matrix equation. Thus
the size of the ultimate matrix equation is the same as usual, only the assembly is more
toilsome since every element requires solving a small matrix equation.

In addition to the analytical results we show numerical examples supporting the re-
sults.
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On the definition of the SUPG parameter

Petr Knobloch1

The SUPG method is one of the most popular finite element approaches for the numer-
ical solution of convection dominated problems. However, the quality of the approximate
solution strongly depends on the definition of a stabilization parameter. The aim of this
talk is to propose a new definition of this parameter and to demonstrate that it signifi-
cantly reduces spurious oscillations in the approximate solution. As a model problem we
shall consider a two-dimensional steady scalar convection-diffusion equation.
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Adaptive Finite Element Algorithms of Optimal
Complexity

Yaroslav Kondratyuk1

Aiming for an optimal algorithm for solving numerically partial differential equations
(PDEs), we are naturally led to the so-called adaptive method. Simply speaking, the task
of an adaptive method is to adapt the approximation to the unknown solution of a dif-
ferential equation during the solution process, using only a posteriori information, and to
produce eventually the (quasi-) best possible approximation with optimal computational
costs. Nowadays Adaptive Finite Element algorithms are being used to solve efficiently
PDEs arising in science and engineering.

In this talk we present a detailed design of Adaptive Finite Element Algorithms and
analysis of their convergence, convergence rates and computational complexity.
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First steps towards efficient and reliable simulation of the
human gait.

Ralf Kornhuber1 Peter Deuflhard Rolf Krause Oliver Sander

A precise prediction of loads and forces within human joints would support surgical
decisions and thus increase the overall success of surgery procedures. However, in vivo
measurements are hardly possible and credible numerical simulation is demanding task.
In this talk, we consider 3D finite element models of the human knee and particularly
concentrate on efficient and reliable multigrid solvers for the arising two body contact
problems, heterogeneous domain decomposition methods for the coupling/decoupling of
bones and ligaments and contact-stabilized time discretizations.
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Nonsmooth Decomposition Methods for Frictional
Contact Problems in Elasticity

Rolf Krause1

In this talk, we give a framework for the construction of non-linear and non-smooth
decomposition methods for the efficient and robust solution of frictional contact problems
in space and time. Taking the locality of the friction law and the non-penetration con-
straints into account, multiscale methods offer the possibility to use different models on
different scales concurrently for the modeling as well as the simulation process. These can
be used to “separate” interface processes and the processes within the material. From the
point of view of the arising discrete large scale problems, however, domain decomposition
seem to be a natural approach for the construction of non-linear solution methods. We
present an adaptive non-linear parallel solution method for frictional contact problems,
which uses ideas from multiscale as well as domain decomposition methods. Our general
approach allows also for the treatment of coupled problems as occur in thermoelasticity.

In case of complicated gepometries and materials as occur, moreover topics as the
information transfer between non-matching meshes at curvilinear boundaries as well the
treatment of non-linear material laws have to be considered. We discuss some new ideas
for mortar-based transfer operators at the contact interface and consider also shortly the
case of non-linear material laws and large deformations.
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Non-Nested Multi-Grid Solvers for Mixed
Divergence-free Scott-Vogelius Discretizations

Alexander Linke1 Gunar Matthies2 Lutz Tobiska3

In [1] a general framework for analyzing the convergence of multi-level methods for
mixed finite element problems has been established. Important applications for this
framework are nearly all practically relevant conforming and non-conforming mixed fi-
nite element discretizations of the Stokes problem. When applying this framework to
discretizations of the Navier-Stokes equation, additional difficulties have to be taken into
account, e.g. the grad-div stabilization for stabilizing weak mass conservation.

In the talk, we present basic results for a recently proposed conforming stabilized
discretization of the full Navier-Stokes problem [2]. The discretization is based on the
Scott-Vogelius element, and uses symmetric stabilization operators for stabilizing domi-
nant convection. Here, discrete approximations to the Navier-Stokes problem are point-
wise divergence-free. Problems induced by the cumbersome grad-div stabilization are
therefore circumvented. For this discretization, we apply the general multi-grid frame-
work [1] and analyze a generalized Stokes problem including the symmetric stabilization
operator for dominant convection. Since the Scott-Vogelius element has only been proven
to be LBB-stable on meshes, which are derived from a macroelement triangulation, the
multigrid hierarchy is non-nested.
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Stabilized FEM for incompressible flows:
Equal-order vs. inf-sup stable approximation

Gert Lube1 G. Rapin2

A recent approach to the variational multiscale approach to incompressible flows con-
sists in stabilization of the standard Galerkin finite element method using the local pro-
jection approach [1]. In the present paper, we take advantage of a general framework for
the a-priori analysis of such methods given in [2] for linearized Navier-Stokes problems of
Oseen type.

The case of equal-order approximation for velocity and pressure can be found in [1], [2].
The case of inf-sup stable finite element pairs is considered in [3]. Here, we give a critical
comparison for a h/p-version of both variants. Numerical examples for incompressible
Navier-Stokes flows support the discussion.
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Mixed fem-bem coupling for non-linear transmission
problems with Signorini contact

Matthias Maischak1

Here we generalize the approach in [4] and discuss an interface problem consisting of
a non-linear partial differential equation in Ω ⊂ Rn (bounded, Lipschitz, n ≥ 2) and the
Laplace equation in the unbounded exterior domain Ωc := Rn\Ω̄ fulfilling some radiation
condition, which are coupled by transmission conditions and Signorini conditions imposed
on the interface. The interior pde is discretized by a mixed formulation, whereas the
exterior part of the interface problem is rewritten using a Neumann to Dirichlet mapping
(NtD) given in terms of boundary integral operators.

We treat the general numerical approximation of the resulting variational inequal-
ity and discuss the non-trivial discretization of the NtD mapping. Assuming some ab-
stract approximation properties and a discrete inf-sup condition we prove existence and
uniqueness and show an a-priori estimate, which generalizes the results in [4]. Choosing
Raviart-Thomas elements and piecewise constants in Ω and hat functions on ∂Ω the dis-
crete inf-sup condition is satisfied [1]. We present a solver based on a modified Uzawa
algorithm, reducing the solution procedure of the non-linear saddle point problem with an
inequality constraint to the repeated solution of a standard non-linear saddle point prob-
lem and the solution of a variational inequality based on an elliptic operator. Finally,
we present a residual based a-posteriori error estimator compatible with the Signorini
condition and a corresponding adaptive scheme, see [5].

Some numerical experiments are shown which illustrate the convergence behavior of
the uniform h-version with triangles and rectangles and the adaptive scheme as well as the
bounded iteration numbers of the modified Uzawa algorithm, underlining the theoretical
results.
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On streamline-diffusion methods for inf-sup stable
discretisations of the generalised Oseen Problem

Gunar Matthies1 Gert Lube2

We consider stabilised finite element methods for the generalised Oseen problem with
homogeneous Dirichlet boundary conditions. The unique solvability based on a modified
stability condition and an error estimate are proved for inf-sup stable discretisations of
velocity and pressure. We will show that it is possible to separate the stabilisation terms
of streamline-diffusion type (SUPG) and the pressure stabilisation terms (PSPG). This
extends a recent result in [1] on quasi-uniform meshes and continuous pressure approx-
imations to general shape-regular meshes and to discontinuous pressure interpolation.
Numerical examples which show the influence of the different stabilisation parameters
will be presented.
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Hardy space infinite element method

Lothar Nannen1 Thorsten Hohage2

We present a new infinite element method for solving Helmholtz-type scattering and
resonance problems. Physical solutions are characterised by their Laplace transform in
radial direction, which belong to the Hardy space of the negative complex half plane. After
another transformation a symmetric variational formulation in the Hardy space of the
complex unit disc is derived. Using a Galerkin method with respect to the monomial basis
of this Hardy space we obtain super-algebraic convergence. Uniqueness and equivalence to
usual characterisations of physical solutions can be proven. In contrast to usual infinite
element methods the Hardy space method depends linearly on the square of the wave
number. Therefore it can be used for computing resonances in unbounded domains.
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Piecewise Parabolic Method on Local stencil

Mikhail V. Popov1 Sergey D. Ustyugov2

A new numerical method for solving of fluid dynamics and magnetic hydrodynamics
equations is suggested. This method is a modification of popular Piecewise Parabolic
Method (PPM) (P. Collela, P. Woodward, J. Comp. Phys.,54, 1984, 174.). PPM approved
itself in different problems of computational physics, it has third-order approximation
error for space variables and second-order for time variable. One of its disadvantages is
the use of the interpolation procedure on four-point stencil for computation of quantities’
values on the boundaries of the cells of difference grid to construct piecewise parabolas.
This procedure leads to dissipation of quantities and to smoothing shock’s fronts and
contact discontinuities in Riemann problem for discontinuity decay. In our paper we
suggested a way to avoid the interpolation procedure with the help of information from
previous time step - we used the property of Riemann invariants to conserve when moving
along the characteristic curves of hyperbolic system of equations. For the first time a
similar idea was applied to construct a difference scheme with linear approximation of
quantities inside cells long before PPM was invented (B. van Leer, J. Comp. Phys., 14,
1974, 361.). We suggest the name of modified method as Piecewise Parabolic Method on
Local stencil (PPML).

PPML was compared with PPM by numerical solution of Cauchy problem for linear
advection equation and inviscid Burgers’ equation. The comparison was carried out on
the basis of values of errors in different norms and showed that PPML is more accurate. A
numerical scheme based on PPML was developed for fluid dynamics and MHD problems
solution. Much attention was paid to a monotonicity preserving problem. A question
about maintaining of nondivergence constraint on magnetic field was also considered in
MHD.

We made a number of standard tests: Sod, Lax, Shu etc problems for 1D hydrody-
namics; 2D Riemann problem with contact discontinuities, the double-Mach reflection
problem in 2D hydrodynamics; Woodward and Colella’s interacting-blast-wave problem,
2.5D shock tube problem, Rotor problem, Orszag-Tang vortex problem etc in MHD. The
method was successfully applied to study 3D isothermal MHD turbulence, which is rather
difficult problem because of strong shock-waves and regions of high rarefaction.

PPML approved itself as accurate, low-dissipative and convenient to use in adaptive
grids.
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Adaptive Techniques for Dynamic Contact Problems

Andreas Rademacher1 Heribert Blum2 Andreas Schröder3

The necessity to approximate dynamic contact problems arises in many engineering
processes. Because of the local effects in the contact zone adaptive techniques are promis-
ing for improving the discretisations of these kind of problems. In this talk finite difference
methods in time and finite element methods in space are considered to obtain numeri-
cal approximations of the solution. Refinement indicators and strategies based on this
discretisation are discussed. The talk concludes with numerical results for the presented
algorithms.
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Finite Element Techniques for Two-Phase Incompressible
Flows

Arnold Reusken1

We consider a domain Ω ⊂ R3 which contains two different immiscible incompressible
newtonian phases (fluid-fluid or fluid-gas). The time-dependent domains which contain
the phases are denoted by Ω1 = Ω1(t) and Ω2 = Ω2(t). The interface between the two
phases (∂Ω1 ∩ ∂Ω2) is denoted by Γ = Γ(t). To model the forces at the interface we make
the standard assumption that the surface tension balances the jump of the normal stress
on the interface, i.e., we have a free boundary condition

[σn]Γ = τκn ,

with n = nΓ the unit normal at the interface, τ the surface tension coefficient (material
parameter), κ the curvature of Γ and σ the stress tensor. We assume continuity of the
velocity across the interface. In combination with the conservation laws of mass and
momentum this yields the following standard model:ρi

(
∂u
∂t

+ (u · ∇)u
)

= −∇p+ ρig + div(µiD(u)) in Ωi

div u = 0 in Ωi

for i = 1, 2

[σn]Γ = τκn, [u · n]Γ = 0 .

The vector g is a known external force (gravity). In addition we need initial conditions for
u(x, 0) and boundary conditions at ∂Ω. For simplicity we assume homogeneous Dirichlet
boundary conditions.
In this talk we present an overview of a solver that has been developed and implemented
in our group. Important characteristics of the method are the following. For capturing the
interface between the two phases the level set method is applied. The spatial discretiza-
tion is based on a stable hierarchy of consistent tetrahedral grids. For discretization of
velocity, pressure and the level set function we use conforming finite elements. For the
pressure variable an extended linear finite element space (XFEM) is used which allows an
accurate approximation of the pressure discontinuity across the interface. For the treat-
ment of the surface tension force a special Laplace-Beltrami method has been developed.
The time discretization is based on a variant of the fractional step θ-scheme. For solving
the linearized discrete problems we use inexact Uzawa techniques and Krylov subspace
methods combined with multigrid preconditioners. We apply a variant of the Fast March-
ing method for the reparametrization of the level set function.
We will discuss certain aspects of our solver in more detail. Results of numerical ex-
periments for a three dimensional instationary two-phase fluid-fluid flow problem are
presented.

1 RWTH-Aachen, Germany,
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Numerical Simulation of a Calcium Carbonate
Precipitation

Michael Roland1 Volker John

The precipitation of barium sulphate is modeled by a population balance system de-
scribing

• an incompressible flow field (Navier–Stokes equations),

• an isothermal chemical reaction (nonlinear convection–diffusion–reaction equation),

• a population balance equation for the particle size distribution (linear transport
equation).

The solution of each individual equation possesses its difficulties:

• in applications, the flow is often turbulent,

• it is important that one obtains oscillation–free solutions for the concentrations in
the chemical reaction,

• the particle size distribution depends not only on time and space but also on one or
even more properties of the particles (interior coordinates); that means, one has to
solve an equation in Rd, d ≥ 4 in applications.

It turns out that the simulation of population balance systems is rather challenging.

We will present first steps in the simulation of the precipitation of barium sulphate.
The flow and the chemical reaction will be considered in a two–dimensional domain. The
particle size distribution possesses one interior coordinate (the diameter of the particles).
For the particles, nucleation and growth are modeled. Topics included into the talk are the
discretization of the individual equations and numerical simulations for different physical
and chemical parameters.

1 FR 6.1 - Mathematik, Universität des Saarlandes, Postfach 15 11 50, 66041 Saarbrücken, Germany,
roland@math.uni-sb.de
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Stabilized FEM and related difference schemes

Hans-Görg Roos1

Recently developed stabilization methods for convection-diffusion problems as the con-
tinuous interior penalty method or local projection stabilization generate (in 1D) five-point
difference schemes. It is extremely useful to compare the schemes generated by different
methods.

First we review well known properties of four- and five-point difference schemes and
its stability properties. Moreover, we discuss in detail the crucial question to determine
the stabilization parameters in such a way that the error of the method behaves nice even
if layers exist.

1 TU Dresden, Germany,
Hans-Goerg.Roos@tu-dresden.de
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Interaction of a channel flow with a vibrating airfoil

Martin Ruzicka1 M. Feistauer2 J. Horacek3

The subject of the contribution is the numerical simulation of the interaction of two-
dimensional incompressible viscous flow in a channel and a vibrating airfoil. A solid airfoil
with two degrees of freedom, which can rotate around the elastic axis and oscillate in the
vertical direction, is considered. The numerical simulation consists of the finite element
solution of the Navier-Stokes equations coupled with the system of ordinary differential
equations describing the airfoil motion. High Reynolds numbers considered (105 − 106)
require the application of a suitable stabilization of the finite element discretization. The
time dependent computational domain and a moving grid are taken into account with
the aid of the Arbitrary Lagrangian-Eulerian (ALE) formulation of the Navier-Stokes
equations. A special attention is paid to the time discretization and the solution of the
nonlinear discrete problem on each time level is performed. As a result a sufficiently ac-
curate and robust method is developed, which is applied to the case of flow induced airfoil
vibrations with large amplitudes after loosing the aeroelastic stability. The computational
results are compared with known aerodynamical data and with results of aeroelastic cal-
culations obtained by NASTRAN code for a linear approximation.

1 Charles University Prague, Faculty of Mathematics and Physics, Sokolovska 83, 186 75 Praha 8,
Czech Republic,
mart.in.ruza@seznam.cz

2 Charles University Prague, Faculty of Mathematica and Physics,
feist@karlin.mff.cuni.cz

3 Institute of Thermomechanics, Academy of Sciences of the Czech Republic,
jaromirh@it.cas.cz
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Dune: The Distributed and Unified Numerics
Environment

Oliver Sander 1

Dune is a framework for grid-based numerical computations. Its main feature is the
introduction of an abstract interface which separates grid implementations from the algo-
rithms that use them. Applications are written for the interface instead of for a specific
grid implementation. Hence grid implementations can be changed at any moment in algo-
rithm development with minimal effort. Several such implementations are available. Some
of them are grids specifically written for Dune, others encapsulate existing well-known fi-
nite element codes such als Alberta and UG. Due to the use of modern programming
techniques the extra abstraction layer comes at very little additional cost.

1 FU Berlin, Germany,
sander@mi.fu-berlin.de
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The role of Nitsche type boundary conditions for edge
stabilization and local projection method

Friedhelm Schieweck1

We investigate the edge stabilization method and the local projection method for
higher order finite elements applied to a convection diffusion equation with a small diffu-
sion parameter ε. Performing numerical experiments, it turns out that strongly imposed
Dirichlet boundary conditions lead to relatively bad numerical solutions. However, if the
Dirichlet boundary conditions are imposed on the inflow part of the boundary in a weak
sense and additionally on the whole boundary in an ε-weighted weak sense due to Nitsche
then one obtains reasonable numerical results. In many cases, this holds even in the
limit case where the parameter of the edge stabilization is zero, i.e., where the standard
Galerkin discretization is applied.

1 Otto-von-Guericke Universität Magdeburg, Institut für Analysis und Numerik, Postfach 4120,
39016 Magdeburg, Germany,
Friedhelm.Schieweck@mathematik.uni-magdeburg.de
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Anisotropic mesh adaption based on a posteriori
estimates and optimisation of node positions

Rene Schneider1 P. Jimack2

Efficient numerical approximation of solution features like boundary or interior lay-
ers by means of the finite element method requires the use of layer adapted meshes.
Anisotropic meshes, like for example Shishkin meshes, allow the most efficient approxi-
mation of these highly anisotropic solution features. However, application of this approach
relies on a priori analysis on the thickness, position and stretching direction of the layers.
If it is impossible to obtain this information a priori, as it is often the case for problems
with interior layers of unknown position for example, automatic mesh adaption based
on a posteriori error estimates or error indicators is essential in order to obtain efficient
numerical approximations.

Historically the majority of work on automatic mesh adaption used locally uniform
refinement, splitting each element into smaller elements of similar shape. This procedure
is clearly not suitable to produce anisotropically refined meshes. The resulting meshes
are over-refined in at least one spatial direction, rendering the approach far less efficient
than that of the anisotropic meshes based on a priori analysis.

Automatic anisotropic mesh adaption is an area of active research. Here we present
an update regarding a new approach to this problem, based upon using not only an a
posteriori error estimate to guide the mesh refinement, but its sensitivities with respect
to the positions of the nodes in the mesh as well. Once this sensitivity information
is available, techniques from mathematical optimisation can be used to minimise the
estimated error by moving the positions of the nodes in the mesh appropriately.

The discrete adjoint technique is utilised to evaluate the sensitivities of an error esti-
mate, reducing the cost of this evaluation to solving one additional equation system. This
approach is crucial to make gradient based optimisation techniques, such as BFGS-type
schemes, applicable. For more details, see [1].
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Mixed finite elements for linear elasticity

Astrid Sinwel1 J. Schöberl2

In this talk, we derive a mixed variational formulation for the equations of linear
elasticity

−div(σ) = f

Aσ = ε(u) =
1

2
(∇u+∇uT ).

Here u denotes the displacement field, and σ the stress tensor.

We choose u ∈ H(curl), which implies the following continuity condition for the
stresses

divσ ∈ H(curl)∗ = H−1(div).

We refer to this space as H(div div). We see that the variational problem is well posed.

We discretise the problem using Nédélec finite elements for the displacements. For σ,
we propose a new family of symmetric, tensor-valued finite elements. The normal-normal
component σnn = nTσn is continuos across interfaces, therefore we see that they are
conforming for the space H(div div). We present stable elements of arbitrary order.

These elements are suitable for the discretization of beams or shells, as they do not
suffer from shear locking. We see that the optimal order error estimates for the solution
still hold true in the case of thin structures. Also, there occurs no volume locking, when
the material gets nearly incompressible, i.e. the Poisson ratio ν approaches 1/2.

The mixed formulation corresponds to a saddle point problem. In order to obtain a
positive definite matrix, we hybridize the stress space. This means leave the stress-space
noncontinuous, and introduce Lagrange parameters which guarantee the required normal-
normal continuity. We use these additional variables to find a preconditioner that works
for nearly incompressible materials.

We give numerical results, including the cases of nearly incompressible materials and
thin structures.

1 Austrian Academy of Sciences, RICAM, Altenbergerstr. 69, A 4040 Linz, Austria,
astrid.sinwel@oeaw.ac.at
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Stabilisation methods of local projection type for
convection-diffusion-reaction problems

Piotr Skrzypacz1 Gunar Matthies2 Lutz Tobiska3

Stabilisation methods by local projection are commonly used for solving convection
dominated problems, especially for chemically reactive flows. We present a unified anal-
ysis of projection methods for scalar problems. In contrast to the known two-level local
projection methods our approach allows to construct new finite element schemes employ-
ing only one mesh. The main advantage of local projection methods is their symmetric
nature. Compared to standard residual methods additional couplings in stabilising terms
can be avoided for diffusion-convection-reaction systems. In reaction problems with non-
linear kinetics the interactions between species can cause troubles. In general our method
leads to the reduction of computing effort in order to resolve iteratively nonlinear reaction
terms. We study numerically mixed boundary layer problems as well as systems occuring
in reactor chemistry.

1 Otto-von-Guericke University Magdeburg,, Institute for Analysis und Numerics, 39106 Magdeburg,
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On discrete projection methods for rotating
incompressible flow with Coriolis force

Andriy Sokolov1 Stefan Turek2 Maxim A. Olshanskii3

In many physical and industrial processes there is a necessity of numerical simulations of
models with moving boundaries in a 3-dimensional space. As proposed in the literature, ap-
proaches like fictitious boundary or Arbitrary Lagrangian Eulerian methods require large amount
of CPU time to simulate even a 2D benchmark models. Moreover, they could provide a source
of additional errors in velocity and pressure fields. At the same time, there is a large class of
rotating models, where the use of the above methods can be avoided by some modifications of
Navier-Stokes equations and/or transformations of the coordinate system. In our talk we present
a numerical analysis and algorithmic details for treating the system of Stokes and Navier-Stokes
equations with Coriolis force term. Using a Discrete Projection Method with modified Pressure
Schur Complement operator, we examine the influence of the Coriolis force on every step of
the algorithm: modification of the momentum equation and building of a new block diagonal
preconditioner, construction of a new Pressure Schur Complement operator by inserting the off-
diagonal parts, which are due to the rotating terms and an explicit formation of its inverse, and
finally, correction of pressure and velocity to satisfy the incompressibility constraints. Detailed
numerical studies of the improvements in the convergence rate, its dependence on the magnitude
of the time step and angular velocity are provided. We also consider the addition of the con-
vection term into the Schur Complement, discuss its influence on the iterative behaviour of the
solver and propose a generalized coriolis-convection oriented Pressure Schur Complement. Fi-
nally, we provide numerical simulations for polygonal geometries and check the efficiency of our
solver by comparing simulation results with those obtained by the fictitious boundary method
for moving boundary parts. The used solver is based on the 3-dimensional PP3D CFD-code
from the Featflow package (www.featflow.de).

References:

[1] S. Turek. On discrete projection methods for the incompressible Navier-Stokes equations: an
algorithmical approach, Comput. Methods Appl. Mech. Engrg., Vol. 143, page 271-288, 1997.
[2] M. A. Olshanskii. An iterative Solver for the Oseen Problem and Numerical Solution of
Incompressible Navier-Stokes Equations, Numer. Linear Algebra Appl., Vol. 6, page 353-378,
1999
[3] S. Turek. Efficient Solvers for Incompressible Flow Problems: An Algorithmic and Compu-
tational Approach, LNCSE 6, Springer, 1999.
[4] S. Turek, D. C. Wan and L. P. Rivkind. The Fictitious Boundary Method for the implicit
treatment of Dirichlet boundary conditions with applications to incompressible flow simulations,
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Preconditioning of Elliptic Boundary Value Problems

Olaf Steinbach1

The discretization of second order elliptic boundary value problems by either finite or
boundary element methods leads to large linear systems of algebraic equations. Since the
spectral condition number of the stiffness matrix depends in general on the discretization
parameter h, preconditioning seems to be mandatory.

Here we present a general concept of preconditioning which is based on the use of
operators of the opposite order. This involves different approaches, e.g. the use of different
boundary integral operators, the use of appropriate multilevel operators, and the use of
certain Newton potentials in finite element methods.

The numerical analysis is based on an approximate discretization of inverse operators
by using a mixed scheme. Hence, a suitable stability condition is required.

1 Technische Universität Graz, Institut für Numerische Mathematik, Steyrergasse 30, 8010 Graz,
Austria,
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Finite element simulation of electromagnetic metal
forming

Marcus Stiemer1

Electromagnetic metal forming is a high speed forming process in which strain rates
of over 1000 s−1 are achieved. The deformation of the work piece is driven by the Lorentz
force, a material body force, which results from the interaction of eddy currents induced
by a pulsed magnetic field with the triggering magnetic field itself. In this talk, a math-
ematical model of the coupled process is presented that is based on a rate-dependent
elasto-viscoplastic material model in a dynamic large deformation context on the me-
chanical side and on the quasistatic approximation to Maxwell’s equations on the elec-
tromagnetic side. Then, a finite element discretization is derived both for the mechanical
and for the electromagnetic subsystem. While standard finite element methods suffice for
the mechanical subsystem, the electromagnetic equations are discretized with the help
of edge elements. The electromagnetic field equations are transformed into an arbitrary
Lagrangian Eulerian (ALE) formulation to guarantee a precise data transfer between the
two finite element meshes involved. The coupled system is finally solved by an implicit
staggered scheme. After simulation results have been presented, methods of a posteriori
error control for the particular subsystems as well as for the coupled system are discussed.

1 University of Dortmund, Mathematics, Vogelpothsweg 87, 44227 Dortmund, Germany,
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On coupling of incompressible fluid and structure models
in an aeroelastic application

Petr Sváček1

In this paper the numerical approximation of a two dimensional aeroelastic problem
is addressed. The mutual interaction of fluids and structure can be met in many different
situations, cf. [1]. The main objectives of the engineering problems is to determine the
critical velocity for loose of the system stability. In many cases simplifications of the
aeroelastic model are used, e.g. linearized models, etc.

Here, the fully coupled formulation of incompressible viscous fluid flow over a structure
is used. For the flow model we use the incompressible system of Navier-Stokes equations
with large values of the Reynolds number 104 − 106. The Navier-Stokes equations are
spatially discretized by the FE method and stabilized with a modification of the Galerkin
Least Squares (GLS) method; cf. [2].

The motion of the computational domain is treated with the aid of Arbitrary La-
grangian Eulerian(ALE) method. The GLS stabilizing terms are modified in a consistent
way with the weak formulation of the ALE method.

The structure model is considered as a solid body with two/three degrees of freedom
(bending, torsion and torsion of the control section). The motion is described with the
aid of a system of nonlinear differential equations. The construction of the ALE mapping
is based on the solution of an elastic problem.

The method is applied onto several benchmark problems, where several technical pa-
rameters are compared with reference values. The nonlinear behaviour of the coupled
system is shown for the nearby critical velocity.
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Stabilization by local projection. Convection-diffusion
and incompressible flow problems

Lutz Tobiska1

The discretisation of the Oseen problem by finite element methods may suffer in gen-
eral from two shortcomings. First, the discrete inf-sup (Babuška–Brezzi) condition can be
violated. Second, spurious oscillations occur due to the dominating convection. One way
to overcome both difficulties is the use of local projection techniques. Studying the local
projection method in an abstract setting, we show that the fulfilment of a local inf-sup
condition between approximation and projection spaces allows to construct an interpola-
tion with additional orthogonality properties. Based on this special interpolation, optimal
a-priori error estimates are shown with error constants independent of the Reynolds num-
ber. Applying the general theory, we extend the results of Braack and Burman for the
standard two-level version of the local projection stabilisation to discretisations of ar-
bitrary order on simplices, quadrilaterals, and hexahedra. Moreover, our general theory
allows to derive a novel class of local projection stabilisation by enrichment of the approx-
imation spaces. This class of stabilised schemes uses approximation and projection spaces
defined on the same mesh and leads to much more compact stencils than in the two-level
approach. Finally, on simplices, the spectral equivalence of the stabilising terms of the
local projection method and the subgrid modeling introduced by Guermond is shown.
This clarifies the relation of the local projection stabilisation to the variational multiscale
approach.
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Higher order time discretizations for scalar nonlinear
convection-diffusion equation

Miloslav Vlasak1 Vit Dolejsi2

We deal with a numerical solution of a scalar non-stationary nonlinear convection-
diffusion equation, which we use as a model simplified problem for the solution of the sys-
tem of the compressible Navier-Stokes equations. For the space discretization we use the
discontinuous Galerkin finite element method (DGFEM). We employ the so-called NIPG
(nonsymmetric interior penalty Galerkin) approach. After discretization by DGFEM we
obtain system of the ordinary differential equations (ODEs), which is often discretized by
the explicit Runge-Kutta methods since these schemes have a high order of accuracy and
they are simple for implementation. Their drawback is a strong restriction to the length
of the time step. In order to avoid this disadvantage it is suitable to use an implicit time
discretization, but a fully implicit scheme leads to a necessity to solve a nonlinear sys-
tem of algebraic equations at each time step which is rather expensive and complicated.
Therefore, we develop a higher order unconditionally stable (or with a large stability do-
main) time discretization technique which do not require a solution of nonlinear problem
at each time step. We present several approaches and derive some a priori error estimates
in the discrete analogous of the L∞(0, T ;L2(Ω))-norm and the L2(0, T ;H1(Ω))-seminorm.
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Numerical Analysis of Stokes Equations with Improved
LBB Dependency

Matthias Wohlmuth1 Manfred Dobrowolski2

We provide a priori bounds with improved domain dependency both for the solution of
Stokes Equations and for the numerical error of an approximation by conforming Finite
Element Methods. The domain dependency mainly appears in terms of the inverse of
the LBB constant 1

L
. It is known from several previous works, that L decreases with the

aspect ratio of the domain. In the first part we explain the LBB dependency of common
a priori bounds on Du and p. Then, we improve most of these estimates by avoiding a
global inf-sup condition and by the assumption of locally-balanced flow.
In fact, most common Finite Element Methods do not show a dependency of the aspect
ratio at all. Hence, in a last step we explain how these methods, which we characterize as
LBB-friendly, reduce the LBB dependency by automatically subtracting an appropriate
base flow. For certain domains, if this modification is carried out manually, at least the
condition of locally balanced flow can be roughly achieved. But if the same procedure
is accomplished automatically by the choice of an appropriate method, locally-balanced
flow can even be assumed for the dual problem and hence improve the L2-pressure er-
ror estimate. Finally, we present some numerical computations which demonstrate the
sharpness of the theoretical results.
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Equilibrated residual-based error estimators for Poisson
and Maxwell’s equations

Sabine Zaglmayr1 Dietrich Braess2 Joachim Schöberl3

Equilibrated a-posteriori error estimators for Poisson equations rely on the following
principle: Any flux σ which fulfils the equilibrium condition, div σ = f , can be used to
obtain an upper bound for the discretization error without generic constants. We present
a patch-wise construction of a flux correction σ∆ = σ + grad(uh) that is also applicable
for high-order FE-schemes and for Maxwell’s equations.

The flux correction has to satisfy div(σ∆) = f + ∆uh in the distributional sense. The
existence of a solution of the local vertex-patch problems is guaranteed by the exactness
of discrete distributional de Rham sequences. The appropriate finite element spaces are
a broken Raviart-Thomas space for the flux correction and an element-wise polynomial
space extended by polynomials living only on the skeleton for the residual.

The extension to curl-curl problems follows an analogue principle. Here, the divergence-
free localization of the residual to local patch-problems plays a crucial role.

We illustrate the advantages of our method by numerical experiments with h- and
p-refinement strategies.
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joachim.schöberl@rwth-aachen.de



54 20th Chemnitz FEM Symposium 2007

List of participants
S

u
rn

am
e,

fir
st

na
m

e,
ac

ad
.

ti
tl

e
A

bs
tr

.
fr

om
e-

m
ai

l
A

p
el

,
T

ho
m

as
,

P
ro

f.
N

eu
bi

be
rg

G
er

m
an

y
th

om
as

.a
pe

l@
un

ib
w

.d
e

B
ar

an
,

A
gn

es
,

-
[7

]
D

eb
re

ce
n

H
un

ga
ry

sz
ag

ne
s@

in
f.u

ni
de

b.
hu

B
en

n
er

,
P

et
er

,
P

ro
f.

D
r.

C
he

m
ni

tz
G

er
m

an
y

be
nn

er
@

m
at

he
m

at
ik

.t
u-

ch
em

ni
tz

.d
e

B
eu

ch
le

r,
Sv

en
,

D
r

[8
]

L
in

z
A

us
tr

ia
sv

en
.b

eu
ch

le
r@

jk
u.

at
C

ao
,

Y
uf

ei
,

St
ut

tg
ar

t
G

er
m

an
y

ca
o@

ia
ns

.u
ni

-s
tu

tt
ga

rt
.d

e
C

es
en

ek
,

Ja
n,

M
gr

.
P

ra
ha

8
C

ze
ch

R
ep

ub
lic

fe
is

t@
ka

rl
in

.m
ff.

cu
ni

.c
z

C
op

el
an

d
,

D
yl

an
,

D
r.

[9
]

L
in

z
A

us
tr

ia
dy

la
n.

co
pe

la
nd

@
oe

aw
.a

c.
at

D
ij

ke
m

a,
T

am
m

o
Ja

n,
M

Sc
[1

0]
U

tr
ec

ht
T

he
N

et
he

rl
an

ds
T

.J
.D

ijk
em

a@
m

at
h.

uu
.n

l
D

ob
ro

w
ol

sk
i,

M
an

fr
ed

,
P

ro
f.

D
r.

[1
1]

W
ue

rz
bu

rg
G

er
m

an
y

do
br

o@
m

at
he

m
at

ik
-u

ni
.w

ue
rz

bu
rg

.d
e

E
gg

er
,

H
er

be
rt

,
D

r
[1

2]
A

ac
he

n
G

er
m

an
y

he
rb

er
t.

eg
ge

r@
rw

th
-a

ac
he

n.
de

E
ib

n
er

,
T

in
o,

D
r.

C
he

m
ni

tz
G

er
m

an
y

te
ib

ne
r@

m
at

he
m

at
ik

.t
u-

ch
em

ni
tz

.d
e

E
rn

st
,

R
ol

an
d,

D
ip

l.-
M

at
h.

[1
3]

St
ut

tg
ar

t
G

er
m

an
y

R
.E

rn
st

@
ia

ns
.u

ni
-s

tu
tt

ga
rt

.d
e

F
ei

st
au

er
,

M
ilo

sl
av

,
P

ro
f.

D
r.

[1
4]

P
ra

ha
8

C
ze

ch
R

ep
ub

lic
fe

is
t@

ka
rl

in
.m

ff.
cu

ni
.c

z
F

la
ig

,
T

ho
m

as
,

D
ip

l.-
T

ec
h.

M
at

h.
N

eu
bi

be
rg

G
er

m
an

y
th

om
as

.fl
ai

g@
un

ib
w

.d
e

F
ra

n
z,

Se
ba

st
ia

n,
D

ip
l.

M
at

h.
[1

5]
D

re
sd

en
G

er
m

an
y

se
ba

st
ia

n.
fr

an
z@

tu
-d

re
sd

en
.d

e
F
re

es
e,

A
le

xa
nd

er
,

D
ip

l.
M

at
h.

D
or

tm
un

d
G

er
m

an
y

al
ex

an
de

r.
fr

ee
se

@
m

at
he

m
at

ik
.u

ni
-d

or
tm

un
d.

de
F
ri

ed
,

J.
M

ic
ha

el
,

D
r

[1
6]

E
rl

an
ge

n
G

er
m

an
y

fr
ie

d@
am

.u
ni

-e
rl

an
ge

n.
de

F
rö
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