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Abstract

In this thesis, we consider optimization and variational problems where the data is
constrained to lie on a Riemannian manifold. Two examples, we will particularly focus
on, are the denoising of manifold-valued images by minimizing a total variation (TV)
functional and the minimization of the harmonic energy with prescribed boundary data.
Typical examples for the manifold in these applications are the sphere S™ (e.g. for the
chromaticity part of an RGB-image, or unit vector fields), the special orthogonal group
SO(n) (e.g. for rigid body motion) or the set of positive definite matrices SPD(n) (e.g.
for diffusion tensor magnetic resonance imaging (DT-MRI)).

For the optimization problems, we will use techniques of Absil et al. [3], which general-
ize many optimization techniques for functionals on R™ to optimization techniques for
functionals on manifolds. We present a theory which shows how these techniques can be
applied to our problems.

To minimize the TV functional, we propose an iteratively reweighted minimization
(IRM) algorithm, which is an adaptation of the well-known iteratively reweighted least
squares (IRLS) algorithm. We show that the algorithm can be applied to Hadamard
manifolds and the half-sphere.

To minimize the harmonic energy, we use a natural discretization. As it turns out, this
discretization has the same structure as the functional occuring in the IRM algorithm.
This will allow us to reuse derived results. In particular, it follows that the discretiza-
tion of the harmonic energy has a unique minimizer. For the half-sphere we can prove
convergence of the discrete minimizer towards the minimizer of the harmonic energy.
We will also present a general technique to numerically solve variational problems with
manifold valued data by minimizing the functional on a subspace. This subspace is
constructed from a classical “finite element space”. Minimizing a functional over the
subspace will reduce to an optimization problem on a Cartesian power of the manifold.
To estimate the discretization error, we will derive a nonlinear Céa lemma showing that
the discretization error can be bounded by the best approximation error. To estimate
the best approximation error, we generalize a class of approximation operators into finite
element spaces and show that the generalization satisfies the same error estimate as its
linear counterpart.

The thesis can be summarized by saying that we generalize numerical methods and theo-
ries for optimization and variational problems from the real-valued case to the manifold-
valued case.
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Zusammenfassung

In dieser Dissertation betrachten wir Optimierungs- und Variationsprobleme mit der Ne-
benbedingung, dass die Daten auf einer Riemannschen Mannigfaltigkeit liegen miissen.
Zwei Beispiele, denen wir uns besonders widmen, sind das Entrauschen von mannigfaltig-
keitswertigen Bildern mittels Minimierung eines Variationsfunktionals und die Minimie-
rung der harmonischen Energie mit vorgebenen Randdaten. Typische Beispiele fiir die
Mannigfaltigkeit in diesen Anwendungen sind die Sphére S™ (z.B. fiir den Chromati-
zitétsanteil eines RGB-Bildes, oder Einheitsvektorfelder), die spezielle orthogonale Grup-
pe SO(n) (z.B. fir starre Bewegungen) oder die Menge der positiv definiten Matrizen
SPD(n) (z.B. fir die Diffusions-Tensor-Bildgebung (DT-MRI)).

Fiir die Optimierungsprobleme verwenden wir Techniken von Absil et al. [3], welche vie-
le Optimierungstechniken fiir Funktionale auf R™ zu Optimierungstechniken fiir Funk-
tionale auf Mannigfaltigkeiten verallgemeinern. Wir leiten eine Theorie her um diese
Techniken auf unsere Probleme anwenden zu kénnen.

Um das Variationsfunktional zu minimieren, schlagen wir einen iterativen Neugewich-
tungsalgorithmus (IRM) vor, welcher eine Abwandlung des allgemein bekannten itera-
tiven kleinste Quadrate Neugewichtungsalgorithmus (IRLS) ist. Wir zeigen, dass unser
Algorithmus auf Hadamardmannigfaltigkeiten und die Halbkugel anwendbar ist.

Um die harmonische Energie zu minimieren, verwenden wir eine natiirliche Diskreti-
sierung. Wie sich zeigen wird hat diese Diskretisierung die gleiche Struktur wie das
Funktional, welches beim IRM-Algorithmus auftritt. Dies wird uns erlauben, hergeleite-
te Resultate wiederzuverwenden. Unter anderem folgt dann, dass die Diskretisierung der
harmonischen Energie einen eindeutigen Minimierer hat. Fiir die Halbkugel kénnen wir
zeigen, dass dieser Minimierer gegen den Minimierer der harmonischen Energie konver-
giert. Wir werden auch eine allgemeine Methode prisentieren, um numerisch Variations-
probleme mit mannigfaltigkeitswertigen Daten zu 16sen. Die Methode basiert auf dem
Losen des Minimierungsproblems auf einem Unterraum. Dieser Unterraum stammt je-
weils von einem “Finite Elemente Raum” ab. Minimierung eines Funktionals {iber diesen
Unterraum reduziert sich auf die Minimierung eines Funktionals auf dem kartesischen
Produkt einer Mannigfaltigkeit. Um den Diskretisierungsfehler abzuschitzen, werden
wir ein nichtlineares Céa-lemma herleiten, welches zeigt, dass der Diskretisierungsfeh-
ler mit dem bestmoglichen Fehler abgeschétzt werden kann. Um den bestmoglichen
Fehler abzuschétzen, verallgemeinern wir eine Klasse von Approximationsoperatoren
in Finite-Elemente-Rdume und zeigen, dass die Verallgemeinerung die gleichen Fehler-
abschitzungen erfillt wie das lineare Gegenstiick.
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Zusammenfassend kann man sagen, dass die Arbeit numerische Methoden und Theorien
flir Optimierungs- und Variationsprobleme vom reellwertigen auf den mannigfaltigkeits-
wertigen Fall verallgemeinert.
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Introduction

Many problems in physics and related disciplines can be formulated as optimization
or variational problems. Sometimes the solution we seek has to satisfy nonlinear con-
straints. In liquid crystal physics [5] or micromagnetics [20] we seek vector fields with
the constraint that the vectors have length 1, i.e. the vector field is a map from a do-
main Q C R®, s € N into the sphere 5™ := {x € R"™! | |2| = 1} with | - | the Euclidean
norm. The sphere is a classical example of a Riemannian manifold. In this thesis, we
design and analyze numerical methods for optimization and variational problems where
we have the constraint that our data has to lie on a Riemannian manifold M. In an
optimization problem, we want to find a minimizer of a functional J: M — R. In a
variational problem, we want to find a minimizer of a functional J: H — R where H is
a set of functions mapping §2 into M.

In Chapter [} we introduce some basic concepts to deal with manifold-valued data.
That includes Riemannian manifolds, geodesics, the exponential map, the closest point
projection, optimization of manifold-valued functions and averages of manifold-valued
data.

Optimization problems on Riemannian manifolds have already been studied in Absil et
al. [3]. There, many optimization algorithms for functionals on the Euclidean space R
are generalized to optimization algorithms for functionals on a Riemannian manifold M.
The classical Newton method given by the iteration

¢rn(p) = p — (Hess J(p)) ! grad J(p)

can for example be generalized using the iteration

ér1(p) = exp,(—(Hess J (p)) ™ grad J (p)), (0.1)

where exp,: T,M — M is the exponential map (Definition [1.1.4), T;,M the tangent
space at p € M, and Hess J(p): T,M — T,M and grad J(p) € T,M the Riemannian
Hessian and gradient defined in Section [1.3.1

In Chapter [2| we deal with a concrete example of an optimization problem. We consider
images V' — M where V' is a set of pixels (usually a two-dimensional grid). Such images
appear naturally in various signal and image processing applications. Some examples
are:

e Grayscale images V — R [12].
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e RGB-images V — R3 [31].

e Chromaticity components V — S? [50] of RGB-images u: V' — R3 defined by
i u;/|u;| for alli e V.

e DT-MRI (diffusion tensor magnetic resonance images) V. — SPD(3) [29], where
SPD(3) denotes the set of positive definite 3 x 3 matrices.

In many applications we are given only noisy measurements. Additionally, often various
pixel values are corrupted which leaves us with noisy measurements on a subset V, C V
of the pixel set. The task is to restore the image u: V' — M from partial and noisy data
u": Vi — M such that natural invariances of the manifold M are preserved. To solve
this task we minimize the functional J: MY — R defined by

J(u) = Z d? (ug, ul) 4+ A Z d(ui, u;) for all u = (u;)iev € MV (0.2)
iEVeCV (i.j)EE

where A > 0 is a positive constant balancing the fidelity and the total variation part
of the functional, £ C V x V is a given set of pairs of pixels that are considered to be
close to each other and d: M x M — R>( is a metric on M. If V is a two-dimensional
grid the edges £ C V x V could be for example all pairs of pixels which are adjacent
(horizontally or vertically).

Unfortunately, the functional (0.2)) does not have the required amount of smoothness to
apply the generalized Newton method (0.1)) directly. To circumvent this problem, we
define a series of smooth optimization problems with functionals of the form

Juw(u) = Z d? (ug, ul") + X Z w; ;d? (ui, uj) for all u = (u;)iey € MY, (0.3)
ieVacV (i.)eE

where the weights w = (wivj)(i,j)GE C Rsg depend on the solution of the preceding
problem. Note that in all distances are squared whereas in also distances
without a square occur. To minimize J, we propose to use the Riemannian Newton
method . We call the resulting procedure the iteratively reweighted minimization
(IRM) algorithm.

To study convergence properties of IRM, we examine under which conditions the func-
tional J,, has a unique critical point and consequently also a unique minimizer. In the
case M = R and d the Euclidean metric the functionals J respectively J,, are convex,
respectively strictly convex. One can use this to prove the existence of a unique critical
point of J,. The same statement can be made for manifolds with non positive (sectional)
curvature, the so-called Hadamard manifolds. However, there are manifolds where J is
not convex and has multiple minimizers. An important example is the sphere (Example
2.4.1). However, if we restrict ourselves to the open half-sphere, we can, in spite of the
non-convexity, prove uniqueness of a minimizer of J,, (Theorem . The idea is to
prove local convexity at critical points and then use a tool from differential topology,
namely the Poincaré—Hopf theorem. An interesting open problem is whether this result
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for the half-sphere can be generalized to arbitrary manifolds, i.e. if for any Riemannian
manifold M, and a geodesically closed subset U C M homeomorphic to a ball the func-
tional J,, restricted to U, defined in (0.3)), with u™: V}, — U, has a unique critical point
inU.

In Chapter [] the goal is to numerically solve the following variational problem: given a
functional J: H — R, where H is a set of weakly differentiable functions from 2 C R*
to a Riemannian manifold M, we want to find

u = argmin J (w). (0.4)
weH

A prototypical functional is the harmonic energy defined by

T =il aan) = [, 31000 (05)
=1

where 0; denotes the derivative in the i-th direction and |- [, is the norm on the
tangent space T, M. The set H could for example be all functions in H!(Q, M), subject
to Dirichlet boundary conditions u|sqo = ¢: 62 — M. We propose and analyze two
numerical methods to solve such problems.

The first method is called finite distance method and is inspired by the well-known finite
difference method. The idea in the one-dimensional case is to approximate the integral
of the squared norm of the derivative by the squared distance, i.e.

z+h
/ Oru(t)2dt ~ b1 (u(z + h), u(z)).

The corresponding discretized functional is of the same form as (0.3) and we can apply
the results for that problem (for example Theorem [2.4.2)). We will call the corresponding
algorithm the finite distance method.

The second method, which we will call geometric finite element method, is inspired by
classical finite element theory. The idea is to solve the variational problem on a
subspace V C H, i.e. we seek
v := argmin J (w). (0.6)
weV

In the linear theory (i.e. when M = R) the subspace Vg is usually a finite dimensional

vector space, i.e.
pi € R}

where [ is a finite index set, ¢;: 0 — R a compactly supported function for all ¢ € I
and (¢;)ier a basis of Vg. Assuming that (¢;);er is a partition of unity, i.e. that
> icr ®i(x) = 1 holds for all x € 2, we have that }_,.; pi¢i(x) is a weighted average of
the values (p;)ier C R with weights (¢;(z))ses for all € Q. In Chapter |1} we introduce

Vr = {Zpicf%

el
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weighted averages for manifold-valued data (p;);er C M. It follows that we can define a
space V by replacing the linear combination with a weighted average av, i.e.

Vi={v: Q= M, v(z) :=av ((¢i(z))icr, (pi)icr) | pi € M for all i € I}. (0.7)

Note that a function in V' is uniquely determined by the data (p;)ic;r € M. Hence
problem is an optimization problem on the Cartesian power M’ of the manifold
M.

To estimate the error |u — v|y1, we prove a generalization (Lemma [4.3.1)) of the classical
Céa lemma, i.e. we show that for elliptic J (Definition [4.1.1)) the discretization error is
bounded by a constant times the best approximation error, i.e.

lu— v < C inf |u—w|g,
weV

where C > 0 is a constant depending only on the ellipticity constants of J: H — R. It
is then sufficient to study the approximation properties of the space Vjs, which we will
do in Chapter

Notation

Before we start, we fix some notation we are going to use throughout the thesis.

We write AT for the transpose of a matrix A. We denote the standard inner product by
(-,-). For orthogonal z,y € R™ (i.e. when (z,y) = 0) we write x L y. By id we denote
the identity function.

If for two quantities A and B depending on certain parameters there exists a constant
C > 0 such that A < C'B independent of the choice of the parameters we write A < B.

If (V,|-|) and (W,]|-|) are two normed vector spaces, r € N and A: V — W satisfies
|A(v)| < |v|" for |v| sufficiently small we write A(v) = O(|v|"). Similarly, if |A(v)| < €|v|”
for any € > 0 and |v| sufficiently small we write A(v) = o(|v|").

For a function G and r € N we denote by G(") its r-th derivative. We sometimes also write
G’', G" respectively G” for the first, second respectively third derivative of G. For the
r-th derivative at  applied to y1, yo, . . . , yr we write G (z)[y1, ..., yr]. By |-| we denote
the Euclidean norm and by || - || the operator norm with respect to the Euclidean norm.
We write C'(X,Y") respectively C"(X,Y) for the space of all continuous respectively r-
times continuously differentiable functions from X to Y. For G € C"(X,Y) we define
Glor 1= supex [GO ()],

For I € Nand p € [1, 0] we denote by WP the Sobolev space of | times weakly differen-
tiable functions from a domain Q C R® to R with derivatives in LP(Q2). By WhP(Q,R")
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we denote the set of all measurable functions v: © — R™ such that |v|s € WP where
[v]a(z) := |v(z)| for all z € Q. We define a seminorm and norm on WHP(Q, R") by

P p
o p i p
i = | 32 107, | and ol = | 32 0%k, | 08)
a
|al=l |alh <t
where for @ = (a1, ...,as) € N® we define |d|; := Y ;_; a; and
_ oldls
D (0.9)

© Oxft...0xs

We will write H' for W2, Note that with [ = 1 and p = 2 is compatible with
(0.5).
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1 Preliminaries

In this chapter, we develop the mathematical basics to deal with manifold-valued data.
A major difficulty is that a priori addition, scalar multiplication and more generally
linear combinations are not defined for manifold-valued data. This makes it difficult
or impossible to apply tools from the linear theory (i.e. when M = R). To partially
overcome this issue, we use weighted averages of points on a Riemannian manifold.
First, we will have to study some elementary Riemannian geometry. As we will see
in Section there is a natural way of defining an “addition” of a tangent vector
v € TpM to its base point p € M by the exponential map exp,, (Definition |1.1.4). Since
in most applications our data lies on a Riemannian submanifold of R™ we will pay
special attention to this case. [[] This will be done in Section where we introduce
an “addition” of a tangent vector v € T,M to its base point p € M which, in most
cases, is easier to implement than the exponential map. We show that this “addition”
is numerically close to the exponential map (Proposition . As a preparation for
the minimization of functionals J: MY — R, N € N we introduce in Section the
Riemannian gradient, the Riemannian Hessian, the Taylor expansion of functions on
manifolds and the Riemannian Newton method. In Section we define weighted
averages of manifold-valued data. Finally, in Section[I.5] we take a look at some specific
manifolds one often encounters in real-world applications.

1.1 Riemannian geometry

In this section, we introduce the necessary concepts of Riemannian geometry. We assume
that the reader is familiar with the basic notions of differentiable manifolds, tangent
spaces and vector fields on manifolds.

1.1.1 Riemannian manifolds

We start with the definition of Riemannian manifolds. This additional structure on a
manifold will enable us to measure distances.

! As every Riemannian manifold can be isometrically embedded in R™ for some n € N large enough [39]
one might think that we could restrict ourselves to Riemannian submanifolds of R". However, if the
embedding is not known it is not possible to use this fact in practice.



1 Preliminaries

Definition 1.1.1. A Riemannian manifold is a differentiable manifold together with a
family of positive definite inner products g,: T,M x T,M — R, p € M on the tangent
spaces T,M, such that for all differentiable vector fields X,Y on M the map p
9p(X(p),Y (p)) is a smooth (i.e. C*°) function.

1.1.2 The geodesic distance and geodesics

The inner product g, on T, M induces a norm on T,M defined by |v| := 4/gp(v,v) for
v € T, M. Using this norm we can define the geodesic distance on M.

Definition 1.1.2. The geodesic distance dy: M x M — R on a Riemannian manifold M
is defined by

dg(p,q) := inf / |5(¢)|dt,

~eC1([0,1],M)
7(0)=p,¥(1)=¢
where 4(t) € T,;)M is the derivative of v at t € R. A curve v € C'([a,b], M) is called
length-minimizing if dg(y(a),v(b)) = f;’ |%(t)|dt. A curve v € CY(I, M), where I C R is
an interval, is called a geodesic if it is locally length-minimizing and of constant speed,
i.e. if there exists s > 0 such that for every z € R there exists ¢ > 0 such that for all
y € R with |x — y| < € we have

dg(v(2),7(y)) = |y — zs. (1.1)

A length-minimizing geodesic can also be expressed as the minimum of an energy func-
tional:

Proposition 1.1.3. Let p,q € M and v € C1([0,1], M) with v(0) = p, ¥(1) = q. Then

s a length-minimizing geodesic if and only if

v € argmin / |au(t)|?dt. (1.2)
aeC1([0,1],M)
a(0)=p,a(1)=¢

Proof. By the Cauchy—Schwarz inequality and the definition of the geodesic distance we

have
[ oea= ([ va) [ soras ([ |f‘y<t>|dt)2 > &(p,)

with equality if and only if ~ is a length-minimizing curve with constant speed, i.e. if
and only if v is a length-minimizing geodesic. O



1.2 Riemannian submanifolds of R"

1.1.3 The exponential map

In this section, we define the exponential map. It can be seen as a way to “add” a
tangent vector v € T),M to its base point p € M. By proving that the corresponding
ordinary differential equation has a unique solution it can be shown that for p € M and
v € T,M there exists a unique geodesic v € C1(R, M) with v(0) = p and ¥(0) = v.

Definition 1.1.4. The ezponential map exp,: Ty)M — M at p € M is defined by
exp,(v) := (1) for every v € T,M where v, € C*(R, M) is the geodesic with 7,(0) = p
and 4, (0) = v.

It can be shown that the exponential map at p € M is a local diffeomorphism from a
neighborhood of {0} in 7T;, M onto a neighborhood U, of p in M. Hence, exp,, is locally
invertible. The inverse of exp, is called the logarithm map at p € M and it is denoted
by log,. The function log,: U, — T;,M can be thought of as a way to "subtract* p € M
from another point on the manifold.

1.2 Riemannian submanifolds of R"

In this section, we consider the case where M is a submanifold of R™. Note that for a
submanifold M C R" there is a natural embedding 7, M — R" for all p € M. If we
equip a submanifold of R with the standard inner product (z,y) := > | z;y; we get a
Riemannian manifold.

Definition 1.2.1. A Riemannian submanifold M of R™ is a submanifold of R™ equipped
with the standard inner product.

An important tool for us is the closest point projection P which simply maps a point in
R"™ to its nearest point on M.

Definition 1.2.2. For a submanifold M of R™ the closest point projection P(p) of p € R"
onto M is defined by

P(p) = argmin g - pl.
qeM

The closest point projection P is usually not well-defined for all p € R™. For the sphere
Sl = {z € R" | |z| = 1} C R™ the closest point projection P is for example not
defined at p = 0. However, if M is sufficiently regular the closest point projection is
well-defined in a neighborhood of M [1]. We denote this neighborhood by U. Using
the closest point projection P: U C R™ — M we can define a second way of adding a
tangent vector v € T,,M to its base point p, which we call the projection-based retraction.
Because of the natural embedding T),M — R" the sum p +v € R" is well-defined for
any p € M and v € T,M. To get back to the manifold we compose this sum with the
closest point projection P: U C R" — M.
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Definition 1.2.3. Let M C R" be a submanifold and P: U C R™ — M the closest point
projection onto M. Then the projection-based retraction e,: T,M N (U —p) — M at
p € M is defined by ey(v) := P(p+v) for all v € T,M N (U — p), where

U—-p={u—pluecU}.

Together with the exponential map we now have two ways of adding a tangent vector to
a basepoint p € M.

In Section we show that the derivative of the closest point projection at a point
on M is the orthogonal projection onto the tangent space. In Section [1.2.2] we give
some connections of geodesics on Riemannian submanifolds of R™ and the closest point
projection P. This will be applied in Section [I.2.3] where we estimate the difference
between the exponential map and the projection-based retraction.

1.2.1 Derivative of the closest point projection P

The following property of the closest point projection P will turn out to be useful.

Lemma 1.2.4. Let M C R" be a submanifold. Assume that the closest point projection
P:U C R* — M onto M is differentiable on M. Then P'(p): R" — T,M is the
orthogonal projection onto the tangent space T,M for all p € M.

Proof. Let p € M and v € C([0,1], M) with (0) = p. Since P(y(t)) = v(¢) for all
t € [0,1] we have by differentiating that P’(v(0))[¥(0)] = 4(0). Hence, P’(p) restricted
to the tangent space is the identity. Let v € T,M L where T,M + is the normal space at
p € M, i.e. the orthogonal complement of 7T, M. Since P is the closest point projection
we have

[P(p+tv) = (p+t)| < |p— (p+tv)| = [tv] = [¢]]v]
whenever P (p+tv) is well-defined. Let w := P’(p)[v]. Since w € T,M we have (w,v) =0
and using Taylor expansion

tllv] > |P(p+tv) — (p+tv)]

[p+tP'(p)[v] + o([t]) — (p + tv)]
= [t(w —v) +o(|t])]
[t/ ol + [w]* + o[t]),

and therefore

1 (Vo + 1wl = ol ) =ofle), /ol + 1wl = o

and hence P’'(p)[v] = w = 0. O
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1.2.2 Geodesics on Riemannian submanifolds of R"

For a Riemannian submanifold M of R" we can characterize the geodesics v € C1(R, M)
more precisely. We first show that () € T,4)M L ie. the second derivative of v is
orthogonal to the tangent space.

Proposition 1.2.5. Let M be a Riemannian submanifold of R™ and y € C?([a,b], M) a
geodesic. Then we have 4(t) € TV(,t)Ml for allt € (a,b).

Proof. Let w: [a,b] — R™ be a function with w(t) € T, M for all t € (a,b) and
w(a) = w(b) = 0. Define ~¢: [a,b] — M by v°(t) = P(y(t) + ew(t)). As ~ is a critical
point of the energy functional ([1.2)) we have using Lemma and integration by parts
that

d, . . d . . . .
0= (77 r2le=0=2 <d€7€\e=0=’7>L2 =2(,¥) 2 = —2(w, ¥) 2
As this equation holds for all w: [a,b] — R" with w(t) € T, ;M for all t € (a,b) and
w(a) = w(b) = 0, we have ¥(t) € Tﬁy(t)]\IL for all t € (a,b). O

The following lemma relates the second derivative of a geodesic with its first derivative.
The equation is of the same form as the classical geodesic equation of Riemannian
geometry. From now on we will assume some regularity on the closest point projection
‘P or equivalently on the submanifold M C R™.

Proposition 1.2.6. Let M be a Riemannian submanifold of R™ and v € C*(R, M) be
a geodesic. Assume that the closest point projection P: R™ — M onto M is two times
differentiable on M. Then we have

§(t) = P"(v(t)[¥(t),4(t)] for all t € R. (1.3)

Proof. As v takes values on M and P is a projection onto M we have y(t) = P(v(t)).
Taking two derivatives with respect to ¢ using the chain rule yields

§(t) =P (YO [F(O] + P (vt [H(B), ¥(1)].

By LemmalI.2:4)and Proposition the first term on the right hand side vanishes and
we get (|[1.3]). O

An immediate consequence of Proposition [I.2.6]is that the norm of the second derivative
of a geodesic can be controlled by its first derivative assuming that the second derivative
of the closest point projection P is bounded. This is also equivalent to the radius of
curvature of M being bounded.

Corollary 1.2.7. Consider the same situation as in Proposition [1.2.6 Assume that the
second derivative of the closest point projection P onto M is bounded on M. Then we
have

O] < [Plel3 (1),
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1.2.3 Proximity of the exponential map and the projection-based
retraction

In this section, we show that the projection-based retraction e, is close to the exponential
map exp,. The projection-based retraction is a retraction of order 2, i.e. we have
ep(0) = p = exp,(0), €,(0) = id = exp,(0) and e;(0) = expy(0). This allows us to
estimate |exp,(v) — e,(v)| by [v[*. A more general statement can be found in [2].

Proposition 1.2.8. Let M be a Riemannian submanifold of R™ and C' > 0. Assume
that the closest point projection P: U C R™ — M onto M is three times differentiable
on A:={p+v|pe MwveT,Mn U —p) wih |v| < C} and the derivatives can be
uniformly bounded. Then we have

lexp,(v) — ep(v)| < [v|* for all p € M and v € T,M with |v| < C,

where the implicit constant depends only on the bounds for the first three derivatives of
P on A.

Proof. Let p € M and v € N(U —p) with [v| < C. Consider the geodesic 7,(t) := exp,(tv)
and the curve v,(t) := ep(tv) We have v4(0) = p = 7,(0), 44(0) = v = 4,(0) and by
Proposition [1.2.6] 44(0) = P”(p)[v,v] = %,(0). Hence we have by Proposition and
Corollary [1.2.7]

() =0l = |3 /1<1—t> (<3><> 1) di

/ ’79 (3)( )’ dt
< [ PGl Bult) Aule) 0 0] + 2P Gy )0 (0]
+ |73///(p + tv)[v, v, U” dt
1
S / 9 (D + 39 ()] 139 ()] + |v]*dt
0

1
S [ P + 1o
S bf. O

IN

In Proposition we used the Euclidean distance dg(p, q) := |p — ¢| to measure the
distance between exp,(v) and e,(v). One might ask what would happen if we would use
the geodesic distance d; of Definition instead. The following lemma shows that for
points close to each other the Euclidean distance is a good approximation of the geodesic
distance. Proposition would also hold if the Euclidean distance is replaced by the
geodesic distance.
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Lemma 1.2.9. Let M be a Riemannian submanifold of R™. Assume that the closest point
projection P: R™ — M onto M is two times differentiable on M. Then we have

1
[logy(a) = (@ = P)| < SIPlc2dg(p, ).

and

1
0 < dy(p,q) — di(p,q) < SIPIE2dy(p,)-

Proof. Let v: R — M be a geodesic with v(0) = p, v(1) = ¢ and d4(p,q) = |7(0)|. By
Corollary we have

o, (0) ~ (4= )| = 130) = 6D —2O)| = |3(0) ~ [ (0

1 1 1
[a-oiwa] < [0 oPleliofi = Pledeo.
0 0

As the straight line is the closest connection between two points in a Fuclidean space
we have dg(p,q) < dy(p,q). To prove the other direction note that we have

GOAW -10) = G050 - (50), [ 1)
= BOP+ [ 1= 060,50
= BOP+ [ 00 (60,500 - [ 660 ) d
1 t
= BOR= [ =0 [ G5 0)dsar

1
dg(p, a) = 5|PlE2dy(p,q)

Y

where we used §(t) L 4(¢) and Corollary Therefore by the Cauchy-Schwarz
inequality

dg(p; @) — [7(0)[(1) — 7(0)|

dg(p,q) —de(p,q) =

dg(paQ)
- d;(p,q) — (¥(0),7(1) — 7(0))
B dg(paQ)
< %mlézdﬁ(p,q)- O
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1.3 Optimization of functionals on manifolds

In Chapter [2]and [4], we are in a situation in which we have to find minimizers of function-
als J: M — R. Asa preparation, we introduce the Riemannian gradient and Riemannian
Hessian of such functionals J in this section. The Riemannian Hessian is usually intro-
duced using the covariant derivative. This requires the knowledge of some advanced
differential geometry. However, the Riemannian Hessian of a functional J at p € M
is also related with the classical Hessian by a simple relation involving the exponential
map (see, e.g. [3]). We will use this relation to give an alternative definition of the
Riemannian Hessian which makes the thesis accessible to readers unfamiliar with ad-
vanced differential geometry. To be able to minimize functionals on manifolds, we will,
in Section take a look at the generalization of the gradient descent and in Section
[I.3.3] at the generalization of the Newton method.

1.3.1 Gradient, Hessian and Taylor expansion on manifolds

Let J: M — R be a two times differentiable functional on a Riemannian manifold M.
Note that the composition J o exp,: T,M — R is then a two times differentiable map
from the vector space T,M into R. Hence, there exists grad J(p) € T,M and a self-
adjoint operator Hess J(p): T,M — T,M of J oexp, at p € M such that we have the
Taylor expansion

J(exp,(v)) = J(p) + gp(grad J(p),v) + %gp(v, Hess J(p)v) + o(|v|?), (1.4)

where gj, is the inner product on T, M (see Definition[L.1.1]). The vector grad J(p) € T,M
is called the Riemannian gradient of J. The operator Hess J(p): T,M — T,M is called
the Riemannian Hessian of J. Note that for a Riemannian submanifold M of R™ we
have by Proposition that

Tep(v)) = T(p) + (grad J(p), v) + 3 (v, Hess Jp)e) + (o), (1)

where e, is defined in Definition (1.2.3).

For some functionals J: M — R, with M being a Riemannian submanifold of R™, there
exists a natural extension J: U C R™ — R (or J is actually the restriction of J to the
manifold), where U is a neighborhood of M. In some cases it is relatively simple to
compute the classical gradient grad.J(p) € R" and Hessian Hess.J(p) € R™*" at p € M
of J. The next proposition gives relations between the Riemannian gradient grad.J(p)
respectively Hessian Hess J(p) and the classical gradient respectively Hessian.

Proposition 1.3.1. Let M be a Riemannian submanifold of R", J: M — R a two times
differentiable functional and J: U C R™ — R a two times differentiable extension of J.
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Assume that the closest point projection P is two times differentiable on M. Then we
have for p € M and v € T,M that

(grad J (p), v) = (grad J(p),v)

and

(v, Hess J (p)v) = (v, Hess J(p)v) + (arad J(p), P (p)[o, v]). (16)
Proof. Taylor expansion of e,(v) = P(p + v) at 0 and of J at p yields

ep(v) = p v+ 5P (D)o, ] + ol[of?) (17)

and
J(p+w) = J(p) + (grad J(p), w) + %(w,Hess J(p)w) + o(|w]?).

Choosing w = e,(v) —p = v+ 3P"(p)[v,v] + o([v|?) yields

Jp+w) = J(p)+ (grad J(p),v + %P"(p)[v,vb + %(v,Hess J(p)v) + o(|v]?)

= J(p) + lawad T(p), v) + 5 (v, Hess J(p)o) + (grad J(p), P (), o)
FolluP).

Since J(p+w) = J(ep(v)) = J(ep(v)) the statement can be deduced by comparing with

(T3). O

An alternative approach for computing the Riemannian Hessian from the classical Hes-
sian can be found in [4]. It requires however the Weingarten map.

In some situations it is possible to compute the gradient grad J: M — R", with M
being a Riemannian submanifold of R™ of a functional J: M — R and find an extension
G:U C R®" — R" of gradJ. The following proposition gives a relation between the
Hessian of J and the classical derivative of G.

Proposition 1.3.2. Let M be a Riemannian submanifold of R™, J: M — R a two times
differentiable functional, grad J: M — TM the gradient of J and G: U C R" — R"
a differentiable extension of grad J. Assume that the closest point projection P is two
times differentiable on M. Then we have for p € M C R"™ and v € T,M that

(v,Hess J(p)v) = (v, G'(p)[v]). (1.8)

Proof. Let q := exp,(v) and ~: [0,1] — M the geodesic from p to q. Using G(p) € T,M
and %(0) € T,M+ we have (G(p),#4(0)) = 0 and hence
L d

J(v(1)) = J((0)) = ; o7 (())dt
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= [Mgrad @), A0

S ACCORIOY:

= [(G00) + TGO ) O] + offel), 5(0) + £50) + ol
= [[(G) + G @lte) + olol), 0+ $5(0) + of ol

= [[(GW)0) + HG G + ol

= {grad J(p), ) + 3 (0, G ) + o).

Comparing with ([1.4]) yields the desired result. O

The relations in Proposition respectively will allow us to compute so called
representations for the Riemannian gradient and the Riemannian Hessian.

Definition 1.3.3. Let M be a Riemannian submanifold of R™. A representation of the
gradient grad J(p) € T,M, respectively the Hessian Hess J(p): T,M — T,M, of a two
times differentiable functional J: M — R at p € M is a vector g € R” respectively a
matrix H € R™*™ such that

(v,9) = (v,grad J(p)) and (v, Hv) = (v,Hess J(p)v) for all v € T, M.
To evaluate Hv the vector v € T,M C R" has to be regarded as a vector in R".
Note that if H € R"*" is a representation of Hess.J(p) then Sym(H) := (H + H")/2 is
also a representation for Hess J(p). This new representation has the advantage of being
symmetric. For symmetric representations H the equation (u, Hv) = (u,Hess J(p)v)

does not only hold on the diagonal, as is required to be a representation, but for all
u,v € T,M.

Proposition 1.3.4. Let M be a Riemannian submanifold of R", pe M, J: M — R and
H € R™™ a symmetric representation of Hess J(p). Then we have

(u, Hv) = (u, Hess J(p)v) for all u,v € T,M.

Proof. Since H is by assumption and Hess J(p) by definition self-adjoint we have

Adu,Hv) = (u+v,Hu+v))—(u—v,H(u—v))
= (u+v,Hess J(p)(u+v)) — (u—v,Hess J(p)(u —v))
= 4(u,Hess J(p)v). O

10
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In Chapter [2| and we will minimize functionals J: M* — R where k& € N and
Mk = Hle M. The Cartesian power M* is again a manifold and its tangent space
T,M* at p = (p;)¥_; € M* is the Cartesian product of the tangent spaces of M at the
points (p;)¥_,, i.e. we have T,M* =¥, T,,, M. With the natural inner product

k

gol,w) = 3 gy, (vi,wi) for all v = (v, w = (w)ley € T,M*
=1

the manifold M* becomes a Riemannian manifold. The gradient grad J(p) € T,M* of a
differentiable functional J at p € MF is

grad J(u) = (grad; J(u),...,grad, J(u))

where grad; J(u) € Tp,M is the gradient of the functional with respect to the i-th
coordinate. If M is a Riemannian submanifold of R® and J: U C (R")* — R an
extension of J we can also consider the classical gradient grad J(p) € (R")* ~ R"* and
Hessian Hess J(p) € (R”X”)ka ~ RExnk of J Corollary gives a relation between
the Riemannian gradient grad J(p) and Riemannian Hessian Hess J(p) with the classical
gradient grad J(p) and classical Hessian Hess J(p) of an extension J: U C (R™)¥ — R of
J.

Corollary 1.3.5. Let M be a Riemannian submanifold of R", k € N, J: MF - R a
two times differentiable functional and J: U C (R™)* — R a two times differentiable

extension of J. Assume that the closest point projection P is two times differentiable on
M. Then we have for p € M* and v € TpMk that

(grad J (p), v) = (grad J(p), v)

and
k

(v, Hess J(p)v) = (v, Hess J(p)v) + Z(gradi J(p), P" (p)[vs, vi]). (1.9)
i=1

Proof. This follows from Proposition together with the fact that the exponential
map on MF respectively the closest point projection onto M¥ is the Cartesian product
of the exponential map on M respectively the closest point projection onto M. O

1.3.2 Gradient descent

The gradient descent method is one of the simplest algorithms to numerically compute
a minimum of a functional. The straight forward generalization to functionals defined
on a manifold is given below.

11
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Definition 1.3.6. For a Riemannian manifold M and a differentiable functional J: M — R
the gradient descent method with step size t € R is given by the iteration

or(p) = exp, (—tgrad J(p)).

If M C R" is a Riemannian submanifold of R" the projection-based gradient descent
method with step size t € R is given by the iteration

¢p(p) = ep (—tgrad J(p)) .

1.3.3 The Riemannian Newton method

The classical Newton method can be used to find a critical point (i.e. a zero of the
gradient vector field) of a functional J. The straight forward generalization to functionals
defined on a manifold is given below.

Definition 1.3.7. For a Riemannian manifold M and a two times differentiable functional
J: M — R the Riemannian Newton method is given by the iteration

Pr(p) := exp, (—(HGSS J(p))~ ' grad J (p)) :

If M C R" is a Riemannian submanifold of R™ the projection-based Newton method is
given by the iteration

dp(p) = ep (~(Hess J(p)) " erad J(p)) = P (p — (Hess J(p)) " grad J(p))

To prove local quadratic convergence we will need the following lemma. It can be
regarded as a weak version of the fact that the derivative of the gradient is the Hessian.

Lemma 1.3.8. Let M be a Riemannian manifold, p* a critical point of a three times
differentiable functional J: M — R and p € M. Then we have

‘grad J(p) + Hess J (p)log,(p*)| < d*(p, p*). (1.10)

The implicit constant depends only on the third derivative of J o exp, at 0.

Proof. Let v := log,(p*) and w := grad J(p) + Hess J(p)v. Replacing v in (1.4)) by v +tw
and using that Hess J(p) is self-adjoint yields

J(exp, (v +tw)) = J(p)—l—(U—I—tw,gradJ(p))+%(U—I—tw,HessJ(p)(v—i—tw»—I—(’)(|U—|—tw|3)
= J(p) + (v, grad J(p)) + 3 (v, Hess T(p)o) + O((of?)
1 ((w, grad J(p) + Hess J(p)o) + O(Jwllof)) + O(*)
= I+t (Jol? + O(lwlj)) + O@2).

Since p* is critical point of J we have J(exp,(v + tw)) = J(p*) + O(t?) hence |w|* =
O(|wl||v|?) and therefore |w| < |v|?, which is equivalent to (1.10]). O

12
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We can now prove quadratic convergence.

Theorem 1.3.9. Let M be a Riemannian manifold, p* a critical point of a three times
differentiable functional J: M — R, p € M and ¢r(p) as defined in Definition (|1.3.7)).
Assume that Hess J(p*) defined in Section is invertible. Then we have

d(¢r(p).p*) S d*(p,p")

for all p in a neighborhood of p*. The implicit constant depends only on the third deriva-
tive of J o exp,. at 0 and on the operator norm of (Hess J(p*))~".

Proof. Let v be as in Lemma By differentiability of J and Lemma we have

‘(HessJ(p))_lgradJ(p)—i—v‘ < H(HessJ(p))_1

~

AT M |grad J(p) + Hess J (p)v|

A

([ tess 167y

< d(p.pY).

TpM—T, M + O(d(p’p*))) d*(p,p*)

We now have

d(é(p),p") = d(expy(—(Hess J(p))~" grad J(p)), exp,(v))
‘(Hess J(p))~t grad J(p) + U‘

<
< d(p,p). O

Quadratic convergence of the projection-based Newton method can be proven anal-
ogously. Other proofs of quadratic convergence can be found in [3] and references
therein.

Implementing the Riemannian Newton method

To evaluate the iteration of the Riemannian Newton method we need to compute the
solution v € T,M of the system Hess J(p)v = —grad J(p). The following proposition
shows how this can be done using representations g € R™ and H € R™*" of grad J and
Hess J.

Proposition 1.3.10. Let M be a Riemannian submanifold of R™, p € M, J a two times
differentiable functional with Hess J(p) invertible, g € R™ respectively H € R™™ q
representation of grad J(p) respectively Hess J(p), S € R dm (M) ith

{Sz | x e REImMY — 0
and x € RI™M) the solution of the linear equation

ST Sym(H)Sz = —STg, (1.11)

13



1 Preliminaries

where Sym(H) = (H + HT)/2 is the symmetrization of H. Then u := Sz is the solution

of
Hess J(p)u = — grad J(p). (1.12)

Proof. Since Hess J(p)u € T,M and grad J(p) € T, M it is enough to prove that
(v,Hess J(p)u) = (v, — grad J(p)) for all v € T,M.
Let y € RIMM) he such that Sy = v. By Proposition we have
(v, Hess J(p)u) = (v, Sym(H)u) = (Sy, Sym(H)Sz) = y* ST Sym(H)Sz

=—y'STg=(Sy,—g) = (v,—grad J(p)). O

1.4 Averages of manifold-valued data

Assume we are given manifold-valued data (p;)i*; C M where m € N. A key operation
we want to perform with such data is to build weighted averages. We study two natural
generalizations of the weighted average >, w;p;, the Riemannian average in Section

and the projection average in Section

1.4.1 Riemannian average

Note that for (p;)i"; C R™ and (w;)i2; C R with >>/*, w; = 1 we have
arg min Z Wy ’p pz Z W;P; -
peER™ iy

The idea of the Riemannian average, also known as the Karcher mean, is to replace
lp — pi| with dg(p, p;).

Definition 1.4.1. For manifold-valued data (p;)/"; C M and weights (w;)/~; C R with
o w; = 1 the Riemannian average is defined by

avRiem ((Pi)itq, (wi)iLy) == argmin Jg(p)
peM

where

sz pvpz

In [28] it is shown that:

14
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e We have
grad, d2(p, q) = —2log, (q). (1.13)

and hence

grad, Jr(p) = =2 wilog(p, p;)- (1.14)

=1

e If M has nonpositive (sectional) curvature, or the points (p;); are close enough
to each other, the gradient vector field has a unique zero in a neighborhood
of the points (p;)i”,. Hence, the Riemannian average is in these cases well-defined
and can also be characterized by the condition grad, Jr(p) = 0. Furthermore,
there are some estimates which emphasize the use of gradient descent with step
size % (see Section to numerically compute the Riemannian average.

Gradient descent with step size % for Jg is given by the iteration

#(p) := exp, <—; grad JR(p)> = exp, <§: wilogp(pi)> . (1.15)

=1

In the next proposition, we make a statement about the convergence rate of this itera-
tion. This statement explains why only a few iterations are necessary to compute the
Riemannian average up to high precision. A more detailed analysis has been performed
in [54].

Proposition 1.4.2. Let M be a Riemannian manifold, p € M, (w;)"y C R with sum 1
and h > 0 be small enough such that the Riemannian average p* = avriem((pi)ity, (wi)i*;)
is well-defined for any (p;)i~, C Br(p) :={q€ M | dy(p,q) < h}. Then we have

dy(6(a),p*) < h*dg(q,p")
for all ¢ € By(p) where the implicit constant depends only on the (sectional) curvature
of M.
Proof. By (1.5.1)-(1.5.3) of [28] we have

CQhQ Cgh2(1 + 03h2)

< — < *
grad J (6(0))] < 155l grad J(o)] < 5= 0.,

. 1
dg(¢(‘])ap ) < 1—701h2‘

where C1, Co, C5 are constants depending only on the (sectional) curvature of M. O

1.4.2 Projection average

If M C R” is a Riemannian submanifold we can define an average which in many cases
is easier to compute

15
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Definition 1.4.3. For (p;)7~, C M where M is a Riemannian submanifold of R"” and
weights (w;)™; C R with > w; = 1 the projection average is defined by

avp (), (w)) (zw@pz)

The next proposition shows that the projection average could have also be defined in a
similar way as the Riemannian average in Definition We only have to replace the
geodesic distance with the Euclidean distance.

Proposition 1.4.4. We have

arg min Jp(p) = avp((pi)ils, (wi)ily),

peM
where
m
)= wilp—pil*.
i=1
Proof. We have
m
argmin Jp(p) = argmin Z wilp — pil®
peEM peEM i=1

m
= argmin »_wilp|*> — 2(p, wipi) + wilpi|*
pEM ;4

= g min Ipf* -2 <p, > w1p1> + Z wilpil?

=1 11
2

m m
= argmm p— z:wmZ +Zwi\pz’\2
cM i=1 i=1
= argmin|p — szpz
peM i=1

- 7(Son)

= avp((pi)iZy, (wi)i2y). O

1.4.3 Proximity of the Riemannian and the projection average

In this section, we show that the Riemannian and the projection average are numerically
close to each other. More precisely, we show that if the data (p;)!”; is contained in a ball
of radius h < 1 then the error between the Riemannian and the projection average is of
size h3. This will be important later in the proof of Proposition where we estimate
the LP-norm of the difference between the Riemannian average based approximation and
the projection-based approximation of a function.
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Proposition 1.4.5. Let M be a Riemannian submanifold of R", p € M and (w;)7>; C R
with Y ity w; = 1. Assume that the closest point projection P is three times differen-
tiable in a uniform neighborhood of M. Then if h > 0 is small enough we have for
(pi)*y C Bp(p) C M that

dg (avRiem ((p1)i21, (wi)iZ1), avp((pi)ily, (wi)iZy)) S 1,

where the implicit constant depends only on |P|c2 and |P|cs.

Proof. Let pr = avRriem((pi)I%q, (wi)i*;) and pp := avp((pi)y, (w),). By (1.5.1) of
[28] and Lemma we have that

dy(pr,pp) < (1+0(h)) | grad Ju(pp)| = (1+O(h) (| grad Jp(pp)| + O(h)) S h°. O

An interesting open problem is if a similar estimate also holds for the derivatives of the
averages with respect to the weights (w;)™ ;. This would allow us to estimate the WP-
norms for [ > 0 of the difference between the Riemannian average based approximation
and the projection-based approximation of a function. For the average of only two points
we can prove that the first and second derivative can also be bounded by h3.

Proposition 1.4.6. Let M be a Riemannian submanifold of R™. Assume that the closest
point projection P is three times differentiable in a uniform neighborhood of M. Then
for p1,p2 € M with |p1 — p2| small enough, i € {0,1,2} and t € [0, 1] we have

9

O (avien((p1,p2), (11~ 1)) — avp((pr,p2), (11 )|  Ip2 — i

where the implicit constant depends only on |P|c2 and |P|cs.
Proof. Consider the curves v,4,7,: [0,1] — M defined by

Yg(t) := avRriem((p1,p2), (1 — t,1))

and ,(t) := avp((p1,p2), (1 —t,t)) = P((1 —t)p1 + tp2). Note that v, is a geodesic and
therefore satisfies the geodesic equation (see (|1.3)))

Yq(t) = PII(’Yg(t))[’};g(t)a’Y'g(t)]- (1.16)
Differentiating v, twice yields
Ap(t) = P"((1 — t)p1 + tp2)[p2 — p1,p2 — P1- (1.17)

From Lemma [1.2.9] we have

g (t) = (2 — p1)| S [p2 — p1|*. (1.18)

17
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Hence we notice that both curves satisfy a similar differential equation. Let

() == g(t) — w(t).
Note that we need to prove that maxc( 1) 16)| < |p2 — p1)?
|pa — p1|®. Taking the difference of and and using yields
6@ < P (v (8)Hg(8) = (p2 = 1), 9 (1)]]
+ [P (74 (1) [p2 — P1,74(t) — (p2 — p1)]]
+[(P"(4(1) = P"((1 = t)p1 + tp2)) [p2 — p1,p2 — p1|
[p2 = p1l? + |79 (t) = (1 = t)p1 + tpa)||p2 — 1 *.
Ip2 — p1°.
As [} §(t)dt = (1) — 5(0) =0 — 0 = 0 we have

and maxe(q,1) \(5(t)] <

~

AN

0= /Olé(t)dt — §(0) + /01(1 — 0yt

and hence

. 1
501 =| [ @ =05t S lpa "
Therefore

Slpe—pi’. O

501 = o + | " 5(s)ds

1.5 Example manifolds

In this section, we consider several different manifolds M. Namely, the sphere S™, the
special orthogonal group SO(n) and the set of positive definite matrices SPD(n). These
are the most common examples of manifolds we encounter currently in applications with
manifold-valued data. We identify the tangent space at a point p € M, geodesics, the
logarithm and the exponential map, the (geodesic) distance function and the closest
point projection (if the manifold is a Riemannian submanifold of R™) of these manifolds.
We also discuss how to compute the gradient and the Hessian of the squared distance
function. To do so there are basically two techniques. One is to use an extension of the
squared distance function and then Proposition [.3.5] The second technique is to use an
extension of the logarithm and then Proposition Depending on the manifold and
the distance function one of these techniques is usually easier to perform.

1.5.1 The sphere

Together with the standard inner product the sphere S"~! := {x € R" | |z| = 1} is a Rie-
mannian manifold. It acts as a model manifold since it is one of simplest computationally
tractable manifolds. However, there are also many applications with sphere-valued data,
e.g. the chromaticity part of an RGB-image or liquid crystals.
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1.5 Example manifolds

Tangent space, geodesics, exponential and logarithm map on the sphere

The tangent space at a point p € S"~! is T,5" = {q € R"|p’q = 0}. The geodesics
are the unit speed parametrizations of the great circles. The exponential and logarithm
map on the sphere are explicitly given by

arccos((p, )

v and logp(q) = W (g — (p,a)p) .-

sin(|v|)

vl

exp,(v) = cos([u])p +

The closest point projection and the Taylor expansion of exp, and ¢, on the
sphere

The closest point projection P is simply the normalization, i.e.

Plz) = % for all # € R"\{0}.

The Taylor expansion of the exponential map and projection-based retraction on the
sphere are

: 2
sin(|v v
exp,(v) = cos(|v])p + 5}’| Dv =p+v-— |2|p+ o(|v?) and (1.19)
p+o p+u o[ 2
ep(v) =P(p+v) = = =p+v—"Fp+o(l])
’ P+l Jpl 4 G+ Ol 2

It is by Proposition no surprise that the Taylor expansions of exp and e, coincide.

By (1.7) we have
P (p)[v,v] = —|v\2p for all v € T, M.

Hessian of a functional on the sphere

For a functional J: (S 1)¥ — R and an extension J: U C (R")" — R we have by
Proposition [I.3.5]

N
(v,Hess J(p)v) = (v,Hess J(p)v) + Y (grad,; J(p), P" (pi)[vi, vi])
=1
N
= (v,Hess J(p)v) — > (grad; J(p), pi)|vil*.
=1

The Hessian Hess J(p) of J can therefore be represented by the symmetric matrix

(grad; J(p), p1) 0
Hess J(p) — ® Ip (1.20)

0 (grady J(p), pN)

where I, is the n x n identity matrix and ® denotes the Kronecker product.
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Gradient and Hessian of the squared distance function on the sphere

We will now compute the gradient and the Hessian of functionals J(p,q) := a(p’q)
with o € C%((—1,1]). Note that the squared geodesic respectively the squared Euclidean
distance are of this form with a(z) = arccos?(x) respectively a(x) = 2 — 2z.

Let J: (R™*1)? — R be the natural extension of J defined by J(p,q) = a(p’q). The
gradient of J is

grad J(p, q) = (grad,, J, grad, J) = o/ (p" q)(¢, p)-
The Hessian Hess J(p) can be represented by the symmetric matrix in ([1.20) which boils
down to . .
/
o) (1) () u (PO Q)
o, (a" #") o(p"q)  —B("q) i
where [(t) := ta/(t).

1.5.2 The special orthogonal group SO(n)

The set of n x n orthogonal matrices with determinant 1 together with the inner prod-
uct

<A,B> = tr(ATB) = Z aijbij for all A = (aij)ﬁjzl,B = (bij)?,jzl C Rnxn? (1.21)
1,j=1

where ¢r denotes the trace, is a Riemannian manifold of dimension n (n — 1) / 2.
If we identify R™*"™ with R™ the inner product becomes simply the standard inner
product. Hence we can see SO(n) as a Riemannian submanifold of R"*. Data with
values in SO(n) occur for example in Cosserat-type material models [36], 46|, 40, B37].
Note that the dimension of the manifold is n(n — 1)/2 which is significantly lower than
n?, the dimension of the space it is embedded in. Luckily, the dimension of the system
of equations in optimization methods for manifold valued data (cf. (1.11])) depends only
on the dimension of the manifold and not on the dimension of the space it is embedded
in.

Tangent space, geodesics, exponential and logarithm map on SO(n)

The tangent space at A € SO(n) is
T4SO(n) = {AS|S € R §T = 8},
The exponential and logarithm map are given by

exp4(X) = AExp(ATX) and log,(B) = ALog(ATB)
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1.5 Example manifolds

where Exp respectively Log denotes the matrix exponential respectively matrix loga-
rithm. The geodesic distance function is given by d,(A4, B) = |[log4(B)||r = ||Log(AT B) ||,
where the subscript F' denotes the Frobenius norm defined by

|AllF := y/tr(ATA) = Z agj.
\ i,j=1

Gradient and Hessian of the squared distance function on SO(n)

We will now explain how to compute the gradient and the Hessian of the squared distance
function J: (SO(n))* — R defined by J(A, B) := d2(A, B) for all A,B € SO(n). By
(1.13]) the gradient is given by

grad J(A, B) = (—2log4(B), —2logg(A)) = (—2ALog(A” B), —2BLog(BT A)).

By Proposition we can compute the classical derivatives of this expression to get a
representation for the Hessian. To approximately compute it one can use the chain and
product rule. To compute the derivative of the matrix logarithm one can use the matrix
identities

(_1)k71

Log(X?) = 2Log(X) and Log(X) = i (X - I,)* (1.22)
k=1

that holds for all X € R™™ (the sum converges whenever the spectral radius of X — I,
is smaller than 1) as well as

a(xk),, o
éX ).7 —_ Z(Xl)zm(Xk l l)oj
mo =0

that holds for all X € R™*"™ and 14,5, m,0 € {1,...,n} for the derivative of the matrix
power. The matrix exponential (respectively matrix logarithm) can be computed by
diagonalizing the matrix and applying the exponential (respectively logarithm) to the
eigenvalues.

1.5.3 The compact Stiefel manifold

For k < n the orthogonal Stiefel manifold is defined by
St(k,n) = {A € RV*|ATA = I,.},

where [}, denotes the k x k identity matrix. Together with the inner product (1.21)
this is a Riemannian manifold. As special cases the Stiefel manifold contains the sphere
(k = 1) and the special orthogonal group (k = n).
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The closest point projection and its second derivative on St(k,n)

The closest point projection of a matrix A € R™ * onto St(k,n) is given by dropping
the diagonal matrix ¥ of the reduced singular value decomposition A = UXV7T, i.e.
P(A) = UVT. We can also write the projection in the explicit form P(A) = A(ATA)_%.
To numerically compute P(A) without computing eigenvalues and eigenvectors one can
use the iteration ¢: R™** — R"*¥ defined by

P(X) = %X (I + (XTX)7)

This iteration is based on Heron’s method for the computation of /1 and converges
quadratically [25] to P(A). Note that the tangent space T4 St(k,n) is given by

TaSt(k,n) = {X € RVHFATX + XTA=0}.

For A € St(k,n) and X € TySt(k,n) we therefore get

S

PA+X) = (A+X)((A+X)T(A+ X))
= (A+X) (Ik+XTX)_%
= (A+ X0~ XX + O(X]Y)
= A+X—éAXTX+O(\X|3)

Hence we have
P'(A)X,X] = -AXTX.

The Riemannian Hessian on St(k,n)

For a functional J: (St(k,n))Y — R and an extension J: U C (R™*)N — R we have
by Proposition for A = (A)N, € (St(k,n))N and X = (X;)Y, € Ta(St(k,n))N
that

N
(X,Hess J(A)X) = (X,HessJ(A)X)+ Z(gradi J(A),P"(A)[X:, X5])
i=1
= (X,Hess J(A)X) — %(gradi J(A), A X]X;)

=1
N

= (X,Hess J(A)X) — > (Al grad; J(A), X[ X;).
=1
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1.5 Example manifolds

The Hessian Hess J(A) of J at A € (St(k,n))Y can therefore be represented by the
matrix

AT grad, J(A) 0
H :=Hess J(A) — ® In, (1.23)
0 AT grady J(A)

where ® denotes the Kronecker product. Note that is a generalization of .
The matrix H of is in general not symmetric. As explained in Section to ap-
ply the Newton method we will use the symmetrization of H. In numerical experiments
it was however observed that the symmetrization is actually not necessary. Even though
is then no longer true, the corresponding iteration seems to converge quadratically
to the minimizer of J.

1.5.4 The space of positive definite matrices SPD(n)

The space of n x n positive definite matrices SPD(n) is a manifold. Data with values in
SPD(n) occur for example in diffusion tensor magnetic resonance imaging (DT-MRI).
For A € SPD(n), the tangent space T4SPD(n) at A can be identified by the space of
symmetric matrices.

Why the standard inner product is not a good choice

There are different choices for the inner product on the tangent space each resulting in
a different Riemannian manifold. One choice would be to take the same inner product
as for the special orthogonal group . Since SPD(n) is an open subset of the
Euclidean space of symmetric matrices this would lead to very simple computations.
However, for many applications this inner product is not a good choice. The determinant
of an average of matrices can then be much larger than the determinant of the original
matrices. Consider for example 0 < € < 1 and the two SPD-matrices A = diag(1,¢)
and B = diag(e, 1), which have determinant e. The average with respect to the metric
induced by the inner product would be (A + B)/2 = diag((1 4+ €)/2,(1 4+ €)/2)
and has a significantly higher determinant, close to 1/4. In DT-MRI the determinant is
related to the amount of diffusion and hence averaging would introduce more diffusion
which is physically unrealistic. This is also known as the swelling effect.

A better choice for the inner product, geodesics, exponential and logarithm map

Due to the problems of the preceding section a different inner product given by

(X,Y) g :=tr(A"'XA7Y), forall X,Y € T4SPD(n), (1.24)
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is usually considered. A detailed analysis of the geometry of the resulting space can be
found in [35]. The inner product induces the metric dy: SPD(n)xSPD(n) — R>g
given by

dy(A, B) = ||[Log(A~Y2BA™Y2)||p. (1.25)

By [35] the exponential map on the space of SPD-matrices is given by
expy(X) = AZExp(A 2 XA72)A2.

Hence, the logarithm map is given by
log4(B) = A%Log(A*%BA*%)A%.

The geodesic connecting A and B is therefore given by

N|=

~v(t) = exp 4(tlog s (B)) = A2Exp(tLog(A~2 BA™2))Az.
Because of the identity det(Exp(A)) = ¢™4) we have
det((t)) = det(A)! 7 det(B)".

Hence, the problem of the inner product of Section does not occur for the inner

product ([1.24)).

Hessian of the squared distance function on SPD(n)

We will now explain how to compute the gradient and Hessian of the squared distance
function J: (SPD(n))? — R defined by J(A4, B) := dg(A, B) forall A,B € SPD(n). By
(1.13]) the gradient with respect to the inner product ([1.24) is given by
grad J(A,B) = (—2logs(B),—2logg(4))
— (—2A%Log(A"2BA"7)A3,-2BLog(B 2AB?)B

N|=

).
For all Z € TASPD(n) we have

(loga(B),Z)a = (A2Log(A"2BA™%)A2, Z),
— (A 'A3Log(A"3BA"3)A3 A7, 7)
= (A 2Log(A"2BA 2)A"2, 7).
The classical gradient with respect to the Euclidean distance is therefore

A 2Log(A"2BA"3)A ¢z,

To compute the classical Hessian we simply compute the classical derivative of this
expression. As explained in Section [1.5.2] one can use the chain rule, product rule as
well as the identities ((1.22)) to compute the derivative. To compute the derivative of the
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square root of a matrix observe that Y5l .= d\/)?/kal € R™* ™ is the solution of the
Lyapunov equation
YRWVX +VXYR = By, (1.26)

where Ej; € R™" is the matrix defined by (Fki)mo := Okmi. The derivative of the
matrix inverse is given by

d(X 1)

— (X1, -y,
oot = -y

Since we compute the classical derivatives we will also use the classical Newton method
to optimize J. However, since (A4, B) — Hess J(A, B)~! grad J(A, B) can have non SPD-
matrices as values it is recommended to use the iteration

(A, B) + exp(4 py(— Hess J(A, B) " grad J(A, B))

instead. From exp4(X) = A%Exp(A_%XA_%)A% = A+ X +0O(|X?) it follows that the
method still has quadratic convergence.

The Log-Euclidean distance

Since the inner product and the induced metric are rather cumbersome to
use, it can be worthwhile to use an alternative metric which in practice yields a similar
or comparable result but is easier to work with. Note that the matrix logarithm Log
defines a bijection between the set of positive definite matrices and the set of symmetric
matrices. A common idea to solve problems where positive definite matrices are involved
is to first map all data to the space of symmetric matrices by the matrix logarithm Log,
then solve the problem in the Euclidean space of symmetric matrices and finally map
the data back by the matrix exponential Exp. This procedure is equivalent with using
the Log-Euclidean distance

dre(A, B) := ||Log(A) — Log(B)| r-

A crucial question is how far apart the Log-Euclidean distance is from the metric induced
by the inner product . Note that if two matrices A and B commute we have
dre(A, B) = dy(A, B). The following proposition shows that the Log-Euclidean distance
can be bounded by the geodesic metric.

Proposition 1.5.1. For any A, B € SPD(n) we have

dre(A,B) <d4(A,B).

Proof. By [52] the eigenvalues of Exp(R + S) are majorized by the eigenvalues of

Exp(R/2)Exp(S)Exp(R/2)
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for all symmetric matrices R, S € R™*™ in a logarithmic sense, i.e. if Ay > -+ > X\, >0
are the eigenvalues of Exp(R + S) and p1 > pa--- > pyn > 0 are the eigenvalues of
Exp(R/2)Exp(S)Exp(R/2) we have

k

Zlog <Zlog wi) forall 1<k<n-1
i=1

and Y i log(A;) = Y log(u). It follows that
IR+ S|7 =D _(log(A Z log(113))* = ||Log(Exp(R/2)Exp(S)Exp(R/2))|[3-
i=1 i=1
Choosing R = —Log(A) and S = Log(B) yields

drp(A, B) = |[Log(B) — Log(A) || r < ||Log(A™2BA™Y?)||p = dy(A, B). O

By the following proposition the two metrics are however not strongly equivalent.

Proposition 1.5.2. For n > 2 and C' > 0 there exists positive definite matrices A, B €
SPD(n) such that
dg(A, B) > CdLE(A, B)

Proof. Consider the family of matrices

A(t) := Exp (é 8) and B(t) := Exp (i (1)> .

Then we have dp(A(t), B(t)) = /2 for all t € R. To show our claim we prove that

i (1) are \p =
t+t 1+ 0@ 3) and Ay = —t~1 4+ O(t~3). Corresponding eigenvectors are (\1,1) =
(t+t71, 1)+ 0@ 3) and (—=1,t — X2) = (—=1,t +t71) + O(t~3). We get the approximate
diagonalization

()

dg(A(t), B(t)) gets arbitrarily large for ¢ — oo. The eigenvalues of

A0 o s
5(0 A2)5 L O3

t+¢t7t -1 t+t=1 0 1 t++¢! 1
1 4+ttt 0 —t7 1) 24 3 442 -1 t+4t!
+O(t73).

For the matrix exponential we have

B(t) = Exp (i (1)>
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B e e B (R (o I 1 t4tt 1
- 1ttt 0 1) e2+3+¢2\ -1 t+¢!

+0O(t73eh)
_ 1ot (o) o@r?)
= i )T o2 o))
Therefore
*165 -1 7265

It follows that the entries of A(t)~'/2B(t)A(t)~'/? get arbitrarily large and therefore also
the Frobenius norm of its logarithm. O
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2 Total Variation Minimization

In this chapter, we consider the problem of restoring a noisy image u": V, C V. — M
where V' is the set of pixels and Vj is a subset where our noisy image is defined. To
perform this task, we consider the total VariationE] (TV) of an image u: V' — M defined
by

Z d(ui,uj), (2.1)

(i,9)EF

where d: M x M — R is a metric on M, e.g. the geodesic or the Euclidean distance. If
V=A{1,....,n}and E = {(i,i+1) | i € {1,...,n—1}} our total variation coincides
for example with the well-known discrete one-dimensional TV. A key observation is
that the TV of a typical image is relatively small, while adding noise increases the TV
significantly. To restore the image, we seek an image u € MY (i.e. u: V — M) which
has relatively small TV while still being “close” to the noisy image u™ € M. To achieve
this, we minimize the TV functional J: M"Y — R defined by

Z d?(ug, ul) + NTV (u Z P (u,uf) + X > d(ug,ug),  (22)
’LEVk ZEVk (i,j)EE

where A > 0 is a positive constant balancing the two parts of the functional. The TV
part of J is not differentiable because the geodesic distance d: M x M — R>( is not
differentiable on the diagonal. Therefore, standard methods to minimize J (e.g. Newton)
will fail. Thus, for € > 0 we define a regularized functional J¢: M"Y — R by

Zd Ui, up) + A Z 2 (ui, uj) + €2. (2.3)

zer (t,4)eE

Although the functional J€ is differentiable the performance of standard methods to find
its minimizer is poor.

1'With minor modifications the analysis in this chapter can also be done for the TV defined by

If, for example, V' is a two-dimensional grid and E is the set of all pairs (i,5) € V x V such that
j € V is either to the right or to the bottom of ¢ € V' the value , /ZjES(Z.) d?(ui,u;) is the 2-norm of

a discrete gradient at ¢ € V. The corresponding functional is known as the isotropic total variation.
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Related work

Since the beginning of DT-MRI in the 1980s, the regularization of DT-MRI images has
gained interest. In DT-MRI, the values of the images are symmetric positive definite
matrices. There are several proposals how to regularize such images [16], 17, 35} 511, [47].
In [30], Lellmann et al. presented a first framework and an algorithmic solution for
TV regularization for arbitrary Riemannian manifolds. Their idea is to reformulate the
variational problem as a multi-label optimization problem which can then be solved
approximately by convex relaxation techniques. They mentioned that “Many properties
of minimizers of TV-regularized models in manifolds are still not fully understood”. In
[53], Weinmann et al. propose a proximal point algorithm to minimize the TV functional
and prove convergence for data taking values in Hadamard spaces (see Definition .
Convergence results for spaces which are not Hadamard is an open problem we will
address in this chapter.

Overview of chapter

In Sectionwe propose the iteratively reweighted minimization (IRM) algorithm. The
purpose of the later sections is to study the convergence properties of the IRM algorithm.
First, we will show a general result (Proposition , namely that the IRM algorithm
generates a sequence for which the value of the regularized TV functional J¢ defined in
is non-increasing. Furthermore, under the assumption that J€ has a unique critical
point we prove that the sequence generated by IRM converges to that critical point
(Theorem . For M being a Hadamard manifold, we show that these assumptions
are satisfied (Proposition and that the minimizer of J¢ converges to a minimizer
of J if € tends to zero (Theorem . Using a result from differential topology, we
show that if M is a half-sphere, the functional of the optimization problem occurring in
the IRM algorithm has a unique critical point (Theorem . Hence, IRM can also be
applied to the case of M being a half-sphere. This result is of independent interest and
is a first step toward a theory of convergence for spaces which are not Hadamard. Next,
we will prove local linear convergence of the sequence generated by the IRM algorithm
for a simple artificial image (Propositions [2.5.1] and [2.5.2)). To our knowledge, for TV
minimization there is no algorithm known with this property. Finally, we apply IRM
and the proximal point algorithm introduced in [53] to several denoising and inpainting
tasks and compare the performance in Matlab. Due to the linear convergence, we will
see that our algorithm outperforms the proximal point algorithm.

Building upon our work, a C++ template library for the minimization of the TV-
functional using IRM and proximal point was implemented in [I9] and experiments
as those in Section were conducted.
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2.1 Iteratively reweighted minimization
2.1 Iteratively reweighted minimization

In this section we propose an adaptation of the well-known iteratively reweighted least
squares (IRLS) algorithm. IRLS has been proved to be very successful for recovering
sparse signals [I8] and was already applied to scalar TV minimization problems [44].
Defining

wi ;= (wu))i, = (d(u;,u;) + €) "2 for all (i,5) € E, (2.4)
and . .
Jw(u) = 5 Z dQ(ui,u?) + 5)\ Z wi,de(ui,uj), (2.5)
1€V, (3,5)EE

we seek to minimize J¢ by alternating between reweighting and minimization steps. In
a reweighting step we update the weights w; ; as defined in (2.4)). In a minimization step
we minimize the functional J,(u) defined in (2.5)) with respect to w, i.e.

u" € argmin Jy, (u). (2.6)

ueMV
In the linear case, i.e. if M = R™ and d is the Fuclidean distance, the functional J,, is a
quadratic functional and can be minimized by solving a system of linear equations. This
is where the term “least squares” in IRLS comes from. In the nonlinear case we propose
the Riemannian Newton method (0.1]). We observed that only a few steps are necessary
to get a reasonable approximation of the minimizer of J,,. We call the resulting procedure

the iteratively reweighted minimization (IRM) algorithm. A pseudocode description can
be found below in Algorithm

2.2 A general convergence result for IRM

In this section we present first results concerning the convergence of sequences generated
by the IRM algorithm. These results are general in the sense that they are independent of
the Riemannian manifold M. They depend, however, on Assumptions [2.2.1] and [2.2.2],
which are not satisfied by every Riemannian manifold but, as we will see in Section
[2.3] are satisfied by Hadamard manifolds, i.e. Riemannian manifolds with non-positive
(sectional) curvature.

Assumption 2.2.1. The functional J,, defined in (2.5) has a unique critical point for
every w € RE,

Note that every minimizer of J,, is also a critical point of J,, and that J,, has at least
one minimizer. Therefore, if Assumption holds the unique critical point of .Jy,
is also the unique minimizer of J,. To prove convergence of a sequence generated by
the IRM algorithm we will, as in [I8], first reinterpret our algorithm as an alternating
minimization algorithm. A first consequence will be that the values of J¢ are non-
increasing (Proposition [2.2.4). As explained in [43], alternating minimization can fail to
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2 Total Variation Minimization

Algorithm 1 Iteratively reweighted minimization

Input: Graph (V, E), noisy image u" € MV where Vj, C V and parameters \, €, tol > 0.
Output: Approximation of a minimizer v € MY of J¢
Choose a first guess u(?) for u (e.g. by interpolation of u")
Set k=0
repeat
wij = (@ U, uM) + )73 for all (i,5) € E
(0 = (k)
Set I =0
repeat
solve Hess J,,(v))z = grad J,,(vW) for z € T,qy MV
o*) = exp, o) (—=
Il=1+1
until d(v® (=D))< tol
u(k+1) — U(l)
k=k+1
until d(u®, uF=1) < tol
return u(*).

converge to a minimizer. However, using the additional Assumption [2.2.2] we will be
able to prove convergence with a compactness argument (Theorem [2.2.3)).

Assumption 2.2.2. The functional J¢ defined in (2.3) has a unique critical point.

The main goal of this section is to prove the following convergence result.

ted
y generate

Theorem 2.2.3. If Assumptions|2.2.1 and|2.2.9 hold, any sequence (u(j)) .
J
by the IRM algorithm (Algorithm|1) converges to the unique minimizer of J°.

Theorem [2.2.3] guarantees that the sequence generated by IRM converges to the unique
minimizer of J¢. However, we are interested in a minimizer of J and it is at the moment
not clear if the unique minimizer of J¢ is close to a minimizer of J for € small. Further-
more, it is not clear when Assumptions [2.2.1] and 2.2.2] hold. These problems will be
addressed later in Section 2.3

2.2.1 Proof of the convergence result

As already mentioned, we will first reinterpret our algorithm as an alternating minimiza-
tion algorithm. Note that the reweighting (2.4]) and minimization (2.6 step of IRM are
equivalent to

new  __ 2(,,. . 2\—1
W' = (@) + ) 7E)
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2.2 A general convergence result for IRM

1
= argmin-\A ) _ w; ;(d? (ui, up) + €2) +w;

17‘7
weRE 2 (i j)er
1 1
= argmin = Z d2(ui,u?) + =X Z wi,j(dQ(ui,uj) + 62) + wl-_jl and
weRE 2 eV, 2 (i eE ’
1 1
u"" = arg min§ Z d? (ui, ul) + 5)\ Z w; jd? (ug, uj)
ueMY % iev; (i-J)€E
1 1
= argmin 5 Z d? (ug, u?) + 5)\ Z wi’j(dQ(ui,uj) +€2) + ngl.
ueMY % iev, (i) €B
Hence, IRM is equivalent to alternating minimization of the functional
- 1 1
J(w,u) = 5 Z d? (ug, ul) + 5)\ Z w; i (d? (ui, uj) + €2) + wifjl. (2.7)

i€V (i,9)eE
A first consequence is that the value of J€ is non-increasing.

Proposition 2.2.4. Let (u(j)) o C MV be a sequence generated by the IRM algorithm.
J

Then the sequence (Je(u(j))) ~__ C R is non-increasing.
jEN

Proof. Note that J¢(u) = J¢(w(u),u) where J¢, J¢ and w(u) are defined in (2.3)), (2.7)
and (2.4), respectively . Hence

J w9y = J(w D), u®) > J(wu®), u0 ) > J(wwltD), 0ty = Jeith). O

To prove the main result, we will need the following elementary topological lemma.

Lemma 2.2.5. Let A be a compact space, B be a topological space, f: A — B be a
continuous function, a € A such that f(z) = f(a) if and only if x = a, and (xD);ey C A
be a sequence with lim;_,. f(:x(i)) = f(a). Then lim;_ 2 = q.

Proof. Assume that there exists an open neighborhood N (a) of a such that, for infinitely
many i € N we have () ¢ N(a). As A\N(a) is compact, there exists a subsequence

(x("i)> o which converges to some @ € A\N (a). We now have f(a) = lim;_,o, f(z(™)) =

f(a), which contradicts the assumption. O

We are now able to prove our main theorem.

by Proposition [2.2.4| non-increasing with j. Therefore, J(w(u)), u9)) converges to some

Proof of Theor. Note that J¢(w(u?)),u?)) is bounded from below by zero and
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2 Total Variation Minimization
value ¢ € R. Note that w(u?)) < ¢! for all j € N and the sequence (u!)) ey is bounded.
Hence, it has a subsequence (u(”j ) jen converging to some u € M V. Let

u' = argmin J(w(a), u).
ueMV

By continuity of J¢ we have

¢ = lim J(w(u™V), 4 FD)

IA
T '

= C.

As we have equality and the functional v ~— J¢(w(i), u) has a unique minimizer we have
u' = 4. Tt follows that (w(i), %) is a critical point of J¢. Therefore, 4 is also a critical
point of Jy,, with w = w(w). Hence, the critical point of J¢. Finally, by Proposition
and Lemma we get that lim;_, w9 = 7. O

2.3 IRM on Hadamard manifolds

In Theorem [2:2.3] we assume that Assumptions [2.2.1] and [2:2.2] hold, i.e. that J¢ and
Jy for every w € R¥ have unique critical points. In this section we consider Hadamard
manifolds, i.e. Riemannian manifolds with non-positive (sectional) curvature, for which
these assumptions are satisfied.

Proposition 2.3.1. If M is a Hadamard manifold and (V, E) is a connected graph the
functional J is convex and Assumptions[2.2.1] and[2.2.2 hold.

Furthermore we can show that the unique minimizer of J¢ converges to a minimizer of .J
if € tends to zero. This shows that if we choose € small the result of the IRM algorithm
will be close to a minimizer of J. Note that if V}, is a proper subset of V', the functional
J, unlike J¢, does in general not have a unique minimizer. If, for example, i € V'\V}, has
only two neighbors j1,j2 € V, we can replace u; with any value on a length-minimizing
curve between u;, and u;, without changing the value of J(u).

Theorem 2.3.2. Let M be a Hadamard manifold, (V,E) connected and u‘ the unique
minimizer of J¢. Then lim¢_,qu® is well-defined and a minimizer of J.

2.3.1 Generalization to Hadamard spaces

In fact we will prove Proposition and Theorem more generally for the wider
class of Hadamard spaces.
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2.3 IRM on Hadamard manifolds

Definition 2.3.3. A complete metric space (X, d) is called a Hadamard space if, for all
o, x1 € X, there exists y € X such that, for all z € X, we have

1 1 1
d*(z,y) < §d2(2,ﬂfo) + §d2(2,931) - 1d2($0,$1)- (2.8)

It follows from the definition that y has to be the midpoint of zy and z; (i.e. y € X has
to be such that d(zg,y) = d(y,x1) = d(zo,21)/2). A comprehensive introduction to the
nowadays well-established theory of Hadamard spaces is [7]. Hadamard manifolds are
Hadamard spaces [I4]. Note that if X is a Hadamard space then X" with the metric

d(z,y) == Zd2(a§i,yi) forall z, ye XV,
\ iev

is also a Hadamard space. For any two points in a Hadamard space there exists a unique
geodesic, i.e. a curve satisfying (1.1]) locally, connecting them. We also need the notion
of convexity on Hadamard spaces.

Definition 2.3.4. A function f: X — R where X is a Hadamard space is called con-
vex (respectively strictly convez) if for every nonconstant geodesic ~v: [0,1] — X (see
Definition [1.1.2)) the function fo~: [0,1] — R is convex (respectively strictly convex).

2.3.2 Proof of Convexity of the functionals

We can now prove Proposition [2.3.1

Proof of Proposition [2.3.1. We will first prove that the functionals J, J¢ and J,, are con-
vex. The distance function (and consequently the squared distance function) is convex
(see Corollary 2.5 in [49] or Proposition 5.4. in [7]). Therefore, J and J,, are convex.
The convexity of J¢ follows by additionally using Lemma [2.3.5] We now prove strict con-
vexity of J€ and J,,. For this it is enough to show that for any u', u?> € MY with u! # u?
and the geodesic v: [0,1] — MV connecting u' and u?, there is one term 7: MV — R
of the corresponding functional for which T o v is strictly convex. By Corollary 2.5 in
[49] the function = + d?(x,y) is strictly convex for any y € X. Hence, if there exists
i € Vi with u} # u?, we have strict convexity. If there is no i € Vj; with u} # u?, we can
find (because (V, E) is connected) an (i,j) € E such that uj = u7 and uj # u3. Then,
by the same argument as before and Lemma [2.3.5] we have strict convexity. We now
prove that if M is a Hadamard manifold the functionals have a unique critical point.
Since every minimizer is a critical point there exists at least one critical point. If there
is more than one critical point we can connect two of them by the geodesic and get a
contradiction if the values at the critical points do not coincide. Furthermore by strict
convexity the values on the geodesic are strictly smaller than at the endpoints, which is
a contradiction. It follows that there is only one critical point. O
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2 Total Variation Minimization

To prove the convexity of J¢ we needed the next lemma. It states that if fi,..., f, are

nonnegative convex functions then 4/ fl2 + .-+ f2 is also convex. Note that in general
the composition of two convex functions is not convex and we can therefore not use an
argument like that.

Lemma 2.3.5. If f1,..., fu: [0,1] = Rxq are convez functions, the function \/ f? + -+ + f2
is also convex. Furthermore, if fi is strictly convex the function \/ fZ + -+ + f2 is also

strictly convex.

Proof. Note that by induction it suffices to prove the statements for n = 2. By convexity
of f1 and fy we have for any ¢ € [0, 1]

fit) <tfi(1) + (1 =) f1(0) and  fo(t) <tfa(1) + (1 — 1) f2(0).

Squaring (which can be done due to nonnegativity of fi and f2) and adding the inequal-
ities yields

(ff + )OS U7+ W) + @ =0 (F7 + £2)(0) +2t(1 = ) (f1(1) f1(0) + f2(1) f2(0)).

By Cauchy-Schwarz, we get fi(1)f1(0) + f2(1)f2(0) < \/f12 +f22(1)\/f12 + f3(0) and
hence

S+ < LU+ W)+ -0+ )0)
1201 — )/ f2 + 2\ F2 + £3(0)

(Wi+ RO+ -0+ BO)

Taking the square root shows that the function /f? + f2 is convex. If f; is strictly
convex we get strict inequality and therefore strict convexity. O

2.3.3 Proof of convergence of minimizer of J¢ to a minimizer of J

We can now prove the main theorem of Section As announced, we will prove the
theorem not only for manifolds M but more generally for any Hadamard space X.

Proof of Theorem[2.3.3. Let C C X" be the set of minimizers of J. Note that C is
geodesically convex, i.e. for any geodesic v: [0,1] — X" with ~(0),v(1) € C we have
v(t) € C for all t € [0,1]. For a geodesic «: [0,1] — C we have

JaW) = 3 Y PG A Y daa))

1€Vy (3,7)€EE
1 n n
< 3 > td(y(V)i, uf) + (1 = £)d*(v(0)s, uf)
1€V
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2.3 IRM on Hadamard manifolds

A D td(y(1)i,v(1);) 4+ (1 = )d(v(0)5,7(0);)
(i,J)eE
= tJ(v(1) + (1 —=1)J(v(0))
= J(v(0))
< J(v(@)).

Hence we have equality and therefore

d(y(t)i,(t);) = td(v(1)i,7(1);) + (1 = 1)d(7(0)i,~(0);) for all (i,j) € E and ¢ € [0, 1].

(2.9)
We define E = {(i,j) € E|3u = (u;)icv € C s.t. d(u;,uj) > 0}, Ey = E\E; and the
function K: XV — RU {co} by

K(u) := Z y

er, A

1

From ({2.9) it follows that the restriction of K to C'is strictly convex. Furthermore, C' is
compact and there exists u € C with K (u) < co. Hence there exists a unique minimizer
u? € C of K. We define K¢: XV — R by

. 1
K*(u) (i,j)ZeE+ d(ui, uj) + €
Note that we have the inequalities
€ €
x + 2t o < Va2 4 € STt o

Hence,

J®) < J(u) < J(u )+)\e|E0|+—K5( ) < Ju) < JuP) < J(u0)+)\e|E0|+)\2€2K(u0).

It follows that lim._, J(u¢) = J(u°) and K¢(u¢) < K(u"). Hence,

for all (i,j) € E,. Since

K@) > K@) > K(uf)
1
= K(UE) — € Z
o5, i) (d(uf, uf) + €)

> K(uf) — el By |(K(u°)~?

we have limeﬁo K ( €) = K(u%). Convergence of (u)c>o to u’ for e — 0 now follows
from Lemma with f: XV — R? u s (J(u), K(u)). O
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2 Total Variation Minimization
2.4 IRM on the sphere

As already mentioned in the introduction the chromaticity part of an RGB-image has
values on the two-dimensional sphere S2. The m-dimensional sphere S™ together with
the standard inner product is a Riemannian manifold, but not a Hadamard manifold.
Therefore, we cannot apply the theory of Section In fact even if V. = Vi, the TV
functional for M = S? does in general not have a unique minimizer as the following
example shows.

Example 2.4.1. Consider the TV functional J associated to V. =V, = {1,2}, E =
{(1,2)}, v} = (0,0,1), uy = (0,0,—1) and A > 0. Note that any minimizer (ui,uz2) of
J satisfies u; # u} for any i,j € {1,2}. By rotational symmetry of the sphere, there
cannot be a unique minimizer.

The example above is a special case where the values of the image lie opposite to each
other and this raises the question if we have uniqueness if all the points lie “close” to
each other. For RGB-images, we can restrict our space to

3
Sio = {x:(xi)f’zl €S?|az;>0foric {1,2,3}} C HS* = {xGSQ ’Zazz >0},
i=1

where HS? denotes the open half-sphere. We will show that for data on a half-sphere
Assumption holds. In fact, we will show a more general statement where the
squared distance function d?(p, ¢) can be replaced with any functional of the form a(p?q)
where a € C?((—1,1]) is a convex and monotonically decreasing function. Note that
the squared geodesic respectively the squared Euclidean distance are of this form with
a(z) = arccos?(x) respectively a(x) = 2 — 2. The convexity of arccos? follows from

—2arccos(z)
—Zarccos(n) g (—1,1

(arceos?)'(z) — {_QW rey (2.10)
2+ (arccos?)'(z)x _

(arccos?)”(z) = {2 I—22 z e ( 171>, (2.11)
3 r=1

and ,
2 — =¥~ cos _
(aI'CCOSQ)”(COS(y)) _ sin(y) (y) _ 2COS(y) (tan(y) y) >0

sin(y)? sin(y)? B
for all y € (0,7). We can state now state the main theorem of this Section.

Theorem 2.4.2. Let a € C%((—1,1],R) be convex and monotonically decreasing, (V, E)
a connected graph, w € REO, Vi a nonempty subset of V., HS™ the open half-sphere and
u™ € (HS™)V%. Then the functional J: (HS™)V — R defined by

J(u) = > a((unuf) + D wjo((us, ug))

1€V (i,))eE

has a unique critical point.
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2.4 IRM on the sphere

Corollary 2.4.3. If M is the half-sphere the Assumption[2.2.1] is satisfied, i.e. the func-
tional Jy, defined in ([2.5) has a unique critical point for every w € RF.

We can therefore find the minimizer of J,, using the Riemannian Newton method (Sec-
tion . Hence, we can apply IRM also for S%O—Valued images. By Proposition m
the functional values of J¢ are non-increasing. However, there are still some open ques-
tions: It is unclear if Assumption holds true, i.e. if J¢ has a unique critical point.
Furthermore, it is not clear if these minimizers converge to a minimizer of J if € tends
to zero. If we replace the squared distances with distances in the functional J defined in
, the optimization problem becomes a multifacility location problem. This problem
has been studied in [6, 2I]. However, existence and uniqueness of a minimizer is still an
open problem.

Without loss of generality we may assume that w;; = w;; > 0 for all (i,7) € E in
Theorem [2.4.2l Even though J itself is not convex, we can prove that J is locally
strictly convex at every critical point of J.

Lemma 2.4.4. If u is a critical point of J we have that Hess J(u) is positive definite.

We will prove Lemma [2.4.4] in Section [2.4.1] To prove Theorem [2.4.2] we will also need
the Poincaré—Hopf theorem, a result from differential topology.

Theorem 2.4.5 (Poincaré—Hopf [34]). Let M be a compact manifold with boundary OM
and U: M — TM a vector field on M such that U is pointing outward on OM. Assume
that U has a continuous derivative DU, all zeros of U are isolated and DU(z) is invertible
for all zeros z € M of U. Then U has finitely many zeros z1,...,2, € M and

n

> sgn(det(DU(z))) = x(M),

i=1
where sgn denotes the sign function and x(M) the Euler characteristic of M.
Unfortunately, the space of our interest (HS™)V, i.e. the Cartesian power of the open
half-sphere, is from a differential topology viewpoint not a manifold with boundary but

a manifold with corners. However, (HS™)" can be approximated arbitrarily close by a
manifold with boundary which allows us to still use the Poincaré—Hopf theorem.

To apply the Poincaré—Hopf theorem, we need to prove that the gradient of J at the
boundary

OHS™Y ={ue (8™ |(u)ms1 = 0foralli eV, Ji eV s.t. (ui)me1 =0},
of (HS™)V is pointing outward.

Lemma 2.4.6. Let u = (u;)icy € 0 (HS™)Y. Then we have (grad,, J(u))m+1 < 0 for all
i €V with u; € OHS™ and there exists at least one such i with (grad, J(u))m41 <O0.
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2 Total Variation Minimization

Proof. For i € V with u; € 0HS™ we have

(grady, J(W))me1 = ep4q grad,, J(u)
= eaJrlPTuiM grad,, J_(u)

= of o rad,, J(u)

. T T T T
= 1y (1) (u; Uy )em 1ty + Z w; jo (u; Uj )€y 1y

jen(i)

IA

0.

Let j € V be such that u; € 9HS™. Consider a path jo, j1,...,51 € V from jo = j to
j1 € Vi. Let i be the largest index of this path such that u; € OHS™. Then we have
strict inequality above. O

We are now able to prove the main result of Section [2.4

Proof of Theorem [2.4.3 Consider the gradient vector field grad J of J. By Lemma [2.4.4]
all zeros z are isolated and satisfy det(D grad J(z)) > 0. By Lemma the vector
field grad J is pointing outward at the boundary 9 (HS™)". Hence, by Theorem

the number of zeros of grad J is x ((HSm)V) =¥ (HS’”)W| =1. O

2.4.1 Convexity at critical points

The purpose of this section is to prove Lemma [2.4.4] By the computations in Section
the (intrinsic) Taylor expansion of a(x7y) is

af(exp,(r)exp,(s)) = a(z"y)+ o (@"y)(y" r +2s)
+%a"(azTy)(yT7’ + 27T5)?
1 BTy L1 o (@Ty) Ly r
i (TT ST) (a’(wTy)Im:l —B(wTy)Im++1> (s)
+O(|r? +[s),

where 3: C1((—1,1]) is defined by 8(z) = za/(z).
For u € (HS™)V we define the matrix T'(u) € RV*V by
1y DB((uf) wi) = Cpengy wikB(ufug), i=j

T(u)ij == w;jo’ (uluy), (i,j) € £

0, otherwise,

where n(i) := {j € V|(i,j) € E} denotes the set of neighbors of i € V and 1y, € {0,1}V
is the indicator function of V.
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2.4 IRM on the sphere

Lemma 2.4.7. If the matriz T'(u) is positive definite the Hessian Hess J(u) is also positive
definite.

Proof. Since o (t) > 0 for all t € (—1,1] the term (2.12) is nonnegative. Adding up the
second part (2.12) of the Hessian for all the terms in the functional J yields the matrix
T(u) ® Ip,+1 where ® denotes the Kronecker product. O

We now prove an identity for the critical points.

Lemma 2.4.8. Let u € (HS™)Y be a critical point of J. Then we have

1y, (i) (ul uP)u? = (T(u)u); == Z T(u)iju; forallie V.
JEV

Proof. Let J be the natural extension of J which is defined by
_ Vv
J: {u € (r™) ‘ wluf > —1for alli € V and ulu; > —1 for all (i, ) € E} - R.

Then, for all ¢ € V there exists u; € R such that

dJ .
piti = o = Ly, (z)a/(u?uf)u? + Z wi7ja/(u?uj)uj. (2.12)
! j€n(d)
Multiplying equation (2.12f) with wu; yields

pi = 1y, (DB u) + Y wiBlu] uy).
Jjen(i)

Therefore, for all ¢ € V' we have
(1Vk(i)5(ugu?) + > wi,jﬂ(uiTUj)) ui = Ly, (1) (uf uiyuf + > wijol (uf uj)uy,
jen(i) jen(i)

which can be rewritten in the desired form. O
We can now prove the desired result.

Proof of Lemma[2.4.4 Since HS™ is an open half-sphere there exists a vector e € S™
with efw > 0 for all w € HS™ Let r := (eTu;)iey € RY). By Lemma and
o/(t) <0 for all t € (—1,1] we have

(T(u)r); = el (T(uw)u); = =1y, (i) (u] u) (ul )1 >0 forall i€V,  (2.13)

It follows that S := diag(r)T(u)diag(r), where diag(r) is the diagonal matrix with
entries of r on the diagonal, is diagonally dominant and therefore positive semidefinite.
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2 Total Variation Minimization

We now prove that S is even positive definite. Assume that v € R is an eigenvector of

S with eigenvalue 0 and let ¢ € V' such that |v;| > |v;| for all j € V. As (Sv); =0, it

follows that v; = v; for all j € n(i) and recursively that v; = v; for all j € V. Let j € Vj,

then

(Sv); = rj(T(u)r)jv; = —r50’ (uj uf) (U} )m10; # 0,

which is a contradiction. Hence, S is positive definite and therefore T'(u) is positive

definite as well. By Lemma we have that Hess J(u) is then also positive definite.
O

2.5 Linear convergence of IRM on a test image

To get some ideas of the local convergence speed, we will analyze the TV functional on a
very simple artificial test image consisting of only two pixels with values 0 and 1. For this
minimization problem, we can write down the exact solution and study the convergence
speed of IRM and the proximal point algorithm [53]. Even though this image is not
realistic, the convergence behavior of IRM and proximal point persists also for larger
images with values in any Riemannian manifold.

2.5.1 The TV functional of the test image

The TV functional for the image with only two pixels with values 0 and 1 is

1 1
J (g, ur) = 5 (uo — 0)? + 5 = 12 4+ Mug — . (2.14)

By symmetry, the minimizer u® = (ul), u) satisfies u) + v = 1. For u = (ugp,u1) € R?
let y(u) := ug —up. If up+uy = 1, we have J(u) = +(y(u) —1)%+ Aly(u)|. The minimizer
u® satisfies
1-2)\ ifA<
y(u’) = {

0 it A >

N[ N[

T [N e

i.e. the minimizer is
—A) ifA<

) if A >

A,
(uf u) = {E

N|—= =

The regularized functional is

1 1
JE(UO,Ul) = Q(UO — U8)2 + 5(’&1 — U?)Z + A (uo — U1)2 + 62.

where

f(y) —%(y )‘i‘\/y;\yﬁ-
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2.5 Linear convergence of IRM on a test image

By convexity of J¢, the function f is monotone increasing. If A < %, we have f(1-2)) <0

and hence
y(u®) >1 -2\ (2.15)

IftA> % we have

and hence ¢
) < 2.16
) < (216)
With some additional work, one can show that
O(?) r<i
ly(u) —y(®) < { O(e3) A =1 (2.17)
Oe) A>1%

2.5.2 Proof of linear convergence with constant ¢

We now prove that if A # 0.5, the sequence generated by IRM converges linearly to u¢
with a convergence rate independent of € > 0.

Proposition 2.5.1. Let A € R\ {%}, u®) € R? and e > 0. Then the sequence (u™),en

generated by the IRM algorithm converges linearly to u® with (asymptotic) rate of con-
vergence at most min(2\, (2\)71).

Proof. Note that we have u(()k) + ugk) =1 for all £ > 1. Hence, it is enough to prove that
y®) = y(u®)) converges linearly to y(u). We have

1 1
w(u) = =
() Vi —uw)?+ e Vy(u)? 4 €
and . 1
(k+1) _ _ — G (y®
Yy e(y )7
(k) -1

where

Ge(y) == = . 2.18
W) 1+ 2012 +€2)72 (12 +€2)2 +2A (2.18)

By Theorem [2.2.3the sequence (u*)),cyn and therefore (y(k)) peny COTVerges to u€ respec-

tively y(u€). Let y© = y(u®). The (asymptotic) convergence rate is given by the absolute
value of the derivative of G, at y°. We have

2y
(v + )2 (4 + ¢2)2 +2))?

(A
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2 Total Variation Minimization

B Y 2\
(52 + )2 [ [((4? + )7 +20)?
2\
< - .
((y2 + €2)7 + 2))2
Therefore we have o)
Ge(y)| < O\t (20) " for all y > 0. (2.19)
For A < % we have by Equation ([2.15|)
/e 2\
—<2)\. O

2.5.3 Proof of linear convergence in the case of ¢ converging to zero

An interesting adaptation of our algorithm is to decrease ¢ > 0 during the algorithm.
Even though the analysis so far is only performed for a fixed € > 0, we believe that the
sequence of the adapted algorithm converges linearly to a minimizer of J. For our simple
test image we can prove this statement.

Proposition 2.5.2. Let A\ € R-(\ {%}, uw® € R2, 0 be the minimizer of J defined in

(2.14) and (e(k))keN C Rsq be a sequence that converges linearly to O with convergence
rate smaller than min(v/2X, (2\)~1). Then the sequence (u™) ey generated by the IRM
algorithm where for the k-th reweighting step € is replaced with ¢*) satisfies

‘u(k) — uo‘ < C’lCé”.

for some C; >0 and Cy € (0,1).

Proof. Let y*) = y(u(k)). It is enough to prove that there exists C; > 0 and Cs € (0,1)
with
™ =% < Cuch. (2.20)

Note that
y* ) = G o (y),

where G is defined in (2.18]). Assume first A > % and therefore y° = 0. By (2.19) and
(2.16|), we have

() )
y(k-i-l) < ‘y(k-l-l)_y +
< L’ k|, €
< ot AV
1w ( 1 ) 1
< - 1)
= vt ot vbe—g
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2.5 Linear convergence of IRM on a test image

Using this inequality iteratively yields

1 1 1 1 1
(k1) < Wy (e Ly o1 oy (L L
e VA <€ SN GV ) <2A * 1) VAN 1

Since (¢())pen € Rsg converges linearly to 0 with convergence rate smaller than (2X)~
there exists C'3 > 0 and Cy < (2)\)_1 such that we have ¢®) < C’gC’!f. Hence, we have

1 1 1 1 1
- @ (k) = (k=1) o .4 = (D) i R
nrY *G N +__W%Wﬂj)QA+)%ML1

I 1 1 Cy2)
N R RN
= (2/\> <y T\t Ubeo1io o
which shows that (2.20) holds. Let now A < 3 and therefore y° = 1 — 2X. Note that
yM > 0. If § > 0 and y*) <1 —2X — 6, we have
y®) N y®)
y®) 2X T 14

(k+1)

IN

Y

y* D = G (y™) >

Furthermore if y*) > 1 — 2, it follows

yk) 1—2)

—1-2)
Zy®ron T T2t 2x

y* D = G (y™)

Hence we have y*) > 1 — 2\ —§ for all k € N large enough. For C5 € (2\,1) and

0<(5<min(1—2/\,1— %—)5‘) we have for y > 1 — 2\ — ¢, that

) 2 2

Therefore, we have

k+1) ye<k> (k)

(k)
=[G (8™) = G ()| < C5 [y® — g

v

2
By (2.17)), there exists Cs > 0 such that yg(k) — yo‘ < Cs <e(k)> . Hence, we have

’y(k“) — yo‘ < ’y(k“) Y [ y0’
< s ‘y(k) - ye(M‘ + Cs (E(k))Z
< Cs ‘y(k) _ yO‘ + (e(k)>2 Co(1+ C5).
The proof can now be finished with the same argument as in the case A > % O

2.5.4 Comparison with convergence speed of proximal point algorithm

We will now compare the convergence speed of our method with the convergence speed
of the proximal point algorithm proposed in [53] (see Algorithm [2)).
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2 Total Variation Minimization

The proximal point method

To motivate the proximal point method consider a convex differentiable functional
J: R" — R. To compute the minimizer of J we can solve the ordinary differential
equation (ODE)

= — grad J(u).

The minimizer of J is then given by lim;_, o, u(¢). To numerically solve the ODE we can
perform implicit Euler steps with step sizes (ug)ren C Rso, i.e. we define (ug)geny C R™
recursively as the solution of

U1 = Uk — pg grad J (ugy1). (2.21)

This method can be generalized to (non-differentiable) functionals on a metric space X
by replacing the implicit Euler step (2.21]) with w1 := prox,, j(uj) where the proximal
map proz is defined below.

Definition 2.5.3. For (X, d) a metric space and f: X — R, the proximal map prozs: X —
X is defined by

1
proz(z) := argmin f(y) + ~d*(z,y).
yeX 2

The proximal point algorithm makes use of the fact that if V' is a two-dimensional grid
and X a geodesic space the TV functional J defined in can be written as a sum of
functionals for which there exists an explicit formula for the proximal map in terms of
geodesics. We now prove the negative result that for the proximal point algorithm we
do in general not have linear convergence.

Sublinear convergence for proximal point algorithm

We can now prove that a sequence generated by the proximal point algorithm, unlike a

sequence generated by the IRM algorithm, does in general not convergence linearly to
0

u-.

Proposition 2.5.4. Let \ < (0, %) A sequence (u(k))keN generated by the proximal point

algorithm does not converge linearly to u°.

Proof. Let (u)ren € £2\¢' be the parameter sequence and (u(¥)) be the corresponding
sequence generated by the proximal point algorithm. Note that we have u(()k) + ugk) =1
for all k € N. Let 0% .= u(()k). For k large enough, we have v®) + \yy, < % and therefore

Bk
QD) () 4 HEA T T Ok

5
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2.5 Linear convergence of IRM on a test image

Algorithm 2 Proximal point algorithm

Input: Noisy image a € X" X\ > 0 and sequence (ug)ren € £2\01.

Output: Approximation for the minimizer w € xXmxn of
J(a,\)
u=a
fork=1,... do
fori=1,....m;j=1,...,ndo

tij = prd(ai g, i)/ (1 + p)

7 = [wig, aigl,

tiy = min(Apg, d(ui g, wij+1)/2)

Zz(? = [ g, Wi j+1le,

tij = min()\,uk, d(um-, um-,l)/Q)

ZZ(?}) = [, wij—1lt,

tij = min( A, d(ui g, wit1,5)/2)

Zi(,4j) = {uiyj’ui‘FLj]tij

tij = min(/\uk, d(ui,j, ui_l,j)/Q)

Zi(,sj) = [wi g, wi-1,5]t;

u; ;= approa:,mean(zg),zg), g gf),zﬁ))
end for
fori=1,....m;j=1,...,ndo

Uij = Uj
end for

end for

Here ¢ = [a,b]; € X is the unique value on the geodesic between a and b with d(a,c) =t
and approx_mean is an approximative variant of the Riemannian average.
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2 Total Variation Minimization

Hence

2
A
(k+1)_)\:<1_ Lk ) k) _ HiA
° 51+ k) (U >+ 5(1+ )

Assume that there exists Ny € N and C; > 0, 0 < Cy < 1 with ’U(k) — )\’ < ClC§ for all
k > Ng. Then we have

5(1 + pug) ( [k > k k
< 1-— <
pp < \/ L ST T C) Gk (Va)

and therefore (uz)reny € %, which is a contradiction. d

Comparison of convergence speed in a numerical test

We compared the two algorithms for the simple test image also with a numerical exper-
iment. In Figure we plotted the error e(u) := |ug — ug| for A = 0.15 and ¢*) = 107*
in dependence of the number of iterations for both algorithms. As we can see for the
IRM algorithm we have linear convergence, whereas for the proximal point algorithm
the convergence is much slower and asymptotically not linear. Hence, in order to com-
pute the TV minimizer of an image up to high precision IRM is more appropriate than
proximal point. However, in most applications we do not have to compute u® up to high
precision and it is sufficient to use about 3 —5 IRM or 10 — 100 proximal point steps.

IRM Proximal point
1(]0 [ T T T T 10_1 F T T -
IRM-Error 5 .
- (20)5=(0.3)" i 1
1074 N B : |
. .
= 21072}
M 1074 . K i
1076 | i |
| | | | 10—3 | | |
0 2 4 6 810 0 200400 600 800
Number of iterations Number of iterations

Figure 2.1: Error in dependence of the number of iterations for A = 0.15. For the IRM
algorithm we choose €®) = 107* and for the proximal point algorithm the
sequence juy, = 3k~09,
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2.6 Numerical experiments
2.6 Numerical experiments

We start with a few remarks regarding the implementation of IRM (Algorithm . The
initial guess u(?) cannot be chosen arbitrarily. The reason is that the Newton algorithm
converges only locally. However, as observed in practice, a simple smoothing filter yields
a first guess for which the algorithm converges.

If our graph (V,FE) is sparse, the Hessian of the functional J,, defined in (2.5) will
be sparse as well, which allows us to solve the linear system of a Newton iteration in
moderate time. We used a direct solver. Conjugate gradients can also be used: it is,
however, observed that the unconditioned version is slightly slower. With a suitable
preconditioner, it could be possible to improve the convergence speed.

For Euclidean spaces the functional J;, is quadratic and the minimization problem
boils down to a linear system of equations. Hence for Euclidean data, we can restrict the
number of Newton iterations in each IRM step to one. In practice, if we have manifold-
valued data and use only one Newton iteration in each IRM step, the IRM algorithm
still converges. However, we do not have a theory which proves convergence in this
case. An option to choose the stopping criteria, for which we can guarantee convergence
while reducing the computational cost, is to do Newton iterations until the value of J€ is
smaller than before the first Newton iteration (which usually happens after one Newton
iteration).

To apply Algorithm [I] we used the computations of the gradient and the Hession of the
squared distance function on S, SPD(n) and SO(n) from Section The numerical
experiments were conducted on a laptop using a single 2.9 GHz Intel Core i7 processor
and the Matlab numerical computing environment.

For larger images it is not recommended to use IRM directly since this would require a
large amount of memory and computational time. Instead, one could divide the image
into smaller subimages, apply the algorithm to each of these subimages and finally
compose the denoised subimages again to a complete denoised image.

2.6.1 Sphere-valued images

In Section [2.6.1] we explain how the second derivative of the squared spherical distance
can be computed using a result from Section In the following we present two
applications with sphere-valued data.

Computations

From Section [1.5.1 we have

d?(exp, (), exp,(s)) = d(z,y) + ' (yTr + 2Ts)
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2 Total Variation Minimization

1 " ny yl'T —pI oI r
+§ (rT 8T> <a (:L‘yT ﬂm‘T> + (o/] —BI)) (s)
+O(Irf* + 151,

for any z,y € S™, r € T, M and s € T,M, where o = a(x1y) = arccos?(zTy) and 8 =
B(zTy) := 2Tya/(xTy). The derivatives of arccos? are given in . The sum of the
two matrices given in (2.22) defines not only a linear map T,,S™ xT,,S™ — T,,5™ x T, S™,
but a linear map R™*1 x R™+1 — Rm+L » R™+1 To restrict ourselves to the tangent
space at (z,y) € S™ x S™, orthogonal bases of T;,S™ and T,,S™ using ) R-decomposition
are constructed. By a change of basis, we compute the gradient and Hessian of d? with
respect to the new basis. Therefore, we can compute second derivatives of squared
distance functions and hence solve the optimization problems . The IRM algorithm
for TV regularization on spheres, following the explanations above, was implemented in

[15].

Inpainting

In Figure[2.2] we see an example of color inpainting. We first detect the region to inpaint
(the blue lines). Next, we do a scattered interpolation to get a first guess of our image.
Finally, we apply our TV minimization algorithm with A = 5-1073. As we can see, the
clear straight edges occur only after we do the TV minimization.

Figure 2.2: Color inpainting. From left to right: original, damaged, first guess and
restored image.

Colorization

In Figure 2.3 we see an example of colorization applied to an image known among the
image processing community as Lena. We assumed that the brightness is known, but the
color part of every pixel is only known with probability 0.01. We first detected the edges
from the grayscale image using the Canny edge detector [12]. Next, we computed a first
approximation of the color part by a scattered interpolation. Finally, we computed the
color part by minimizing a weighted (weight 0.01 at the edges and 1 everywhere else)
TV functional with A = 1072,
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2.6 Numerical experiments

Figure 2.3: Colorization. From left to right: original image, image when almost all color
was removed and restored image.

2.6.2 Matrix-valued images

We will consider SPD -valued and SO(n)-valued images.

SPD -valued images

By [11] (Page 314) the space of positive definite matrices is a Hadamard manifold (i.e.
it has non-positive sectional curvature) and the theory of Section can therefore be
applied. The IRM algorithm for TV regularization of SPD -matrices, following the
explanations above, was implemented in [38]. In Figure we can see denoising of a
real 32 x 32 DT-MRI image [8]. We choose A = 0.7.

SO(n)-valued images

Unfortunately, SO(n) is not a Hadamard manifold and we cannot apply the theory
of Section However, in practice it was nevertheless possible to do denoising and
inpainting of SO(n)-valued images. In Figure we can see denoising of an artificial
10 x 10 SO(3)-valued image, where for each (i,7) € {1,...,10}? the value of the pixel
(7,7) is the rotation with axis (¢, 7, 0) and angle 1+ (¢4 j)/10. The SO(3)-matrices are
illustrated by rotated cubes. To add noise, we added a random matrix with Gaussian
distributed (standard deviation 0.3) entries and projected back to SO(3). For A € R"*"
with singular value decomposition A = UXVT, the projection onto SO(n) is given by
Psomy(A) = UVT, ie. by dropping ¥. We choose A = 0.3.
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Figure 2.4: Denoising of a DT-MRI image.
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Figure 2.5: Denoising and inpainting of an SO(3)-valued image. From left to right:
original, noisy and restored image.

2.6.3 Comparison to proximal point algorithm

We compared the IRM algorithm to the proximal point algorithm for the four images
shown in Figure Images (a) and (b) are well known in the image processing com-
munity. In image (c), for (i,7) € {1,...,30}? the value of the pixel (i, ) is given by
the rotation matrix with axis (2(¢ — 1), j — 1, 0) if ¢ > 16 and (0, 2(¢ — 1), 14.5) if
i < 15 and angle (i +j —2)/29 if ¢ > j and 7/2 + (i — j)/29 if i < j. In image (d),
fori e {1,...,15} and j € {1,...,30} the value of the pixel (i,5) is RDRT where D =
diag((1.7, 0.3, 0.2)) and R is the rotation matrix with axis ((i—15.5)/5, 3(j —15.5), 29)
and angle 37/4 + (i — 15.5)/5 — 3(j — 15.5). The value of pixel (31 — i, ) is constructed
similar as the value of the pixel (i, j), with the only difference that the angle of rotation
is —37/4 + (i — 15.5)/5 4+ 3(j — 15.5). For each image, we added noise with standard
deviation 0.2. For the sphere- and SO(3)-valued image, we projected the result back on
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2.6 Numerical experiments

the manifold. For the SPD(3)-valued image, we computed the matrix logarithm, added
noise and then computed the matrix exponential of the result. We choose A = 0.2 and
the sequence py, = 3k7%% for all four experiments. We measured the computational
time, the value of J and the the peak-to-signal noise ratio (PSNR) with respect to the
original image for both algorithms. The code implemented is far from being optimal.
There is, for example, no parallelization used. Both algorithms use however the same
subroutines, which makes a comparison feasible. In Figure 2.7 we plotted the results.

PO FIIIIISS LSS/ /NN NNNNNNNNNNNNN
ANNNNNNNNNNN
ANANANY
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se0 ssee 2577

NN
NN/
NN~—————r s

/7

\\\\\\\\&;/}////// /;é

(d)

Figure 2.6: Test images:(a) Cameraman (256 x 256, R-valued) (b) Color Part of Lena
(361x 361, S%-valued) (c) Synthetic 30x 30 SO(3)-valued image (d) Synthetic
30 x 30 SPD(3)-valued image

For all four images, IRM computes the minimizer of J faster than proximal point. How-
ever, the PSNR is not always smaller in the IRM case. The reason is that the PSNR
is sometimes larger during the algorithm than at the end, when we are close to the TV
minimizer. This, however, depends on the choice of (ux)ren and the image.

In [19] a C++ template library for the minimization of the TV-functional using IRM
and proximal point was implemented and a similar experiment was conducted. The
observation was that for manifolds for which the exponential and logarithm map are
simple to compute (e.g. Euclidean data or the sphere) proximal point is faster whereas
for manifolds for which the computation of the exponential and logarithm map is more
expensive (SO(n), SPD(n) or the Grassmannian) IRM becomes faster. The explanation
is that for IRM the majority of the computational time is used to solve the linear system
of the Newton step which does not suffer from increasing complexity of exp and log,
whereas for proximal point the majority of the computational time is used to compute
exp and log.

If the IRM algorithm is applied to a very large image the amount of storage can be
a limiting factor. To avoid this issue, it is recommended to subdivide the image into
smaller subimages and apply the IRM algorithm independently to all these subimages.
If desired, this process can of course also be parallelized.
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Figure 2.7: On top the value of the functional J and at the bottom the PSNR with
dependence on the computational time (in second) is shown. From left to
right: Results for images (a), (b), (¢) and (d). The blue dashed lines with
squares is IRM and the green line proximal point.

Much more experimentation would be needed to evaluate the IRM method relative to
other techniques. What is demonstrated in this chapter is simply that IRM can be used
for the tasks presented.
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3 Approximation Error Estimates

In this chapter, we study approximations of manifold-valued functions defined on a
domain 2 C R®. For our construction, we will need basis functions ¢;: 0 — R where i
is an element of an index set . With the Riemannian and the projection-based average
introduced in Section we can generate two geometric finite element spaces Vi and

Vp as defined in , ie.
Vi = {v: Q@ = M, v(x) := avpiem ((¢i(2))icr, (pi)ier) |pi € M for all i € I},
and
Vp = {v: Q= M, v(z) := avp ((¢i(2))icr, (pi)icr) |pi € M for all i € I'}.

In this chapter, we study how well a function can be approximated by a function in
VR respectively Vp. To this end we will construct approximation operators into these
spaces. We will assume that for all ¢ € I the basis function ¢;: 2 — R is supported
locally around a point & € €, where Q denotes the closure of Q. Then we can define
natural approximation operators for continuous functions into Vg respectively Vp.

Definition 3.0.1. Let Q& C R, M a Riemannian manifold. The approximation operator
Qr: C(, M) — Vg respectively Qp: C(Q2, M) — Vp corresponding to a set of basis
functions ® = (¢;)ier: 2 — R and nodes = = (§;)ier C §2 is defined by

Qru(x) := avpriem(w(&))ier, (i(x))icr) for all x € Q, (3.1)

respectively
Qru(z) == avp((u(&))ier, (¢i(2))icr) for all z € Q. (3:2)

Note that for v € C(Q, M) and functions ¢; with sufficiently small support the functions
Qru and Qpu are well-defined. We will also consider the linear analog Qrn: C(Q, M) —
Ve = {>icr dici | ¢i € R} of Qru and Qpu defined by

Qrru =Y diu(&s). (3.3)
iel

Note that we have Qp = PoQrn where by abuse of notation P also denotes the operator
P: C(Q,R") — C(2, M) which applies the closest point projection P pointwise.

We briefly describe an example of Qp. Assume that Q C R? is a polygonal domain.
Consider a triangulation of € and denote its vertices by (&;);c;. For every i € I we
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define ¢; as the piecewise (on every triangle) linear and globally continuous function
with ¢;(&;) = ;. Let now u: Q — S* € R? be a map into the circle S1. Consider
Figure Since the basis functions are piecewise linear the restriction of the function
Qr2u = Y1 diu(&;) to the triangle with vertices &;, &, and &, (in red) is an affine map.
Its image is the triangle with vertices u(&;), u(&) and u(&,,) (in green). Let = be in the
red triangle and Qg2u(z) be its image in the green triangle. To get the value Qpu(x)
we need to project Qgr2u(z) onto the circle.

Figure 3.1: Geometric finite element function into S*

The goal of this chapter is to estimate the error (measured in a Sobolev norm) between
a function u: Q — M and its approximation Qru € Vy respectively Qpu € Vp in terms
of the mesh width
h:=sup max |§ — x|,
xeN el
bi(2)#0

and norms of u.

A classical estimate (see e.g. [48, 9]) states that for p € [1,00], m > £ and | < m we
have under some assumptions (e.g. polynomial exactness, smoothness§ on (¢i)ier and

(&)ier that
lu — Qrett| i < A ulyme for all uw e W™P(Q,R™), (3.4)

In Section respectively we will prove that Qp respectively Qg satisfy a similar
error estimate. The idea to prove an approximation error estimate for Qp = PQgr~ is
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3.1 Properties of projection-based finite element spaces

to first show that the operator P is locally Lipschitz continuous with respect to Sobolev
norms WP, i.e.
|Pv — Pwlye S v — wllyie- (3.5)

The exact statement also including the dependence of the constant will be presented and
proven in Section Then we combine this estimate with (3.4]) in Section to get

lu — Qpulyir = |Pu— PQrnulyir S hm_l|u\Wm,p.

More precisely, we can show that asymptotically (i.e. for h small enough) Qp satisfies
the same error estimate as Qgrn does (3.4)).

In Section [3.4] we will prove a similar error estimate for Qg. However, we will not be
able to prove the exact same estimate as for Qp. Instead, we estimate the error by h"™~
times a factor depending only on the derivatives of u. In Section we will consider the
case where 2 = R and (¢;);es are B-splines. Here the standard approximation operator
Qrr does not yield optimal approximation order and another type of operator needs to
be generalized.

3.1 Properties of projection-based finite element spaces

In this section we study some simple properties of projection-based finite elements. By
definition every function v € Vp is of the form

v(x) =P (Z cid)i(:v)) for all x € Q and (¢;)er C M. (3.6)

i€l

Hence each function v € Vp is characterized by the values (¢;)ic; C M. In Section
we show that projection-based finite elements are conforming. In Section we show
that projection-based finite elements are equivariant under certain isometries of M.

3.1.1 Conformity of projection-based finite element spaces

By the chain rule we have

(;v(x) =P <Z Ci¢i(¢)) [Z Cz‘;@(f’?)} (3.7)

iel iel Zj

for every x € Q such that P is differentiable at >~,c; ¢;pi(x) € R™ and ¢; is differentiable
at = € Q for all i € I. We can now prove that Vp is WP conforming.

Proposition 3.1.1. Assume that the closest point projection P: U C R™ — M is differ-
entiable with bounded derivative and ® = (¢;)ic; C WP for some p € [1,00]. Then we
have Vp C WhP,
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3 Approximation Error Estimates

Remark 3.1.2. In [1] it was shown that if M is a closed C*-manifold with radius of
curvature bounded from below the closest point projection defined in Definition is
well-defined and differentiable with bounded derivative in a uniform neighborhood of M.
Hence the first assumption of Lemma|3.1.1] is satisfied in this case.

Proof. Let v € Vp and (¢;)ier € M such that holds. As functions in WP are
differentiable a.e. the function v € Vp is also differentiable a.e. and the weak derivative
coincides with the classical derivative (given in ) a.e. (see for example Corollary
8.11 of [1()]). Because I is finite we have for j € {1,...,d} and p < o0

We now study higher derivatives of v. The I-th derivative P!)(z) of P at z € R" is a
multilinearform which we denote by PU[-,...,-]. A derivative D%(z) at z € Q is a sum
of terms of the form

D (Qrnv(2))[DUQrrv(z), . .., DEQgnv(z)]

where [ < |@|1, a; € NN\{(0,...,0)} with @i + --- + aj = @. Estimating the LP-norm of
these expressions is not as simple as before. It is not even true that for smooth function
G:R™ = R"™, ny,ny € Nandve WH(Q,R™) we have Gv € WHP(Q,R"™2) as the
following example shows.

Example 3.1.3. Let s =3, ny =ng = 1, Q = B1(0) := {z € R* | |z| < 1}, v(x) := |2|7%5
and G(x) := sin(z). We have

/ d? / 5
dr = -
B1(0) B1(0) |4

v(x
Hence v € W21, However

| 1aGwG@)dr —
B1(0)

_9 _5
|| 23?ﬂ?j—§|93\ 20;;

1
(5 - 3) cos([a| *F)a|~ — L sin(la| )| dr

4 2

cos(r*0‘5)r7g + sin(r*0‘5)r*3’ r2dr

Hence Gv ¢ W1,
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éijv —/ ( cidi(w ) [ZCZ N ¢i(x 1 dz < [Pl Z\cz!p < 00,
el el J el Lp
For the case p = oo we get for j € {1,...,d}
0
5. Y = sup |PW (Z civi(x > [Z ci—oi( ] S|P, Z ]cl|sup < 0.
T |lpee  %€Q i€l et Oa iel  v€Q Lee

O]

1
dr < / ]w|7%dx < / 2 dr <1
B1(0) 0



3.1 Properties of projection-based finite element spaces

However, if we assume that our basis functions (¢;);c; are bounded (i.e. in L*°) we can
show that Vp C W,

Proposition 3.1.4. Assume that the closest point projection P is | times differentiable
with bounded derivatives and ® = (¢;)icr C WHP N L>®. Then we have Vp C WHP N L™,

Proof. Let v € Vp and (¢;)ier C M such that (3.6]) holds. Then there exists w € C(§2, M)
with v = Qpw = PQrrw. We have Qrow = > ;i € WhP N L. By the Corollary
of the first Theorem in Section 5.2.5 of [45] we have that v = PQrnw € WP N L>®. [0

3.1.2 Preservation of isometries

In this section, we study under which circumstances an isometry T7: M — M commutes
with the projection-based interpolation operator QQ;;. The projection-based finite el-
ement space Vp defined in is then called equivariant under the isometry 7. In
mechanics, this leads to the desirable property that discretizations of objective problems
are again objective.

We will need our isometries to be extendable as defined below.

Definition 3.1.5. An isometry T': M — M (with respect to the geodesic distance) is
called extendable if there exists an isometry 7': R" — R" (with respect to the Euclidean
distance) with T'(p) = T'(p) for all x € M.

Examples for extendable isometries 1" are orthogonal transformations for the sphere and
multiplication with special orthogonal matrices for SO(n). We can now prove our main
theorem of this section

Theorem 3.1.6. Let M C R" be a Riemannian submanifold, P the closest-point projec-
tion defined in Deﬁm’tion T: M — M an extendable isometry and ® = (¢;)icr @
partition of unity. Then T commutes with Q ;.

Proof. As an isometry maps closest distances to closest distances, 7' commutes with P.
Therefore T' commutes with P. By the Mazur-Ulam theorem [33] there exists a linear
map A: R — R™ with T(q) = A(q) + T(0) for all ¢ € R”. We now have for any
veC(Q,M)and x € Q

TQrnov(z) =T Y v(&)di(x) = Ay v(&)i(x) + T(0) =Y Av(&)di(x) +T(0) Y ¢i()

el el iel el
= Z Av(&) 4+ T(0) ZTU (&) ¢i(x) = QrnTv ().
el i€l

Hence T commutes with Qgn. We now have

ToQu=ToQyu=ToPoQrn =PoToQrn=PoQrnoT =QuoT =QyoT. O
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v(0)Qyv(0.5)
@ Tv(0)
70 T (

QuTv(0.5)

Figure 3.2: An isometry not preserved by Qs

However, in general Qs does not commute with St as can be seen by the example
illustrated in Figure In this example M is an ellipse in R?, P the closest point
projection and T' the isometry which moves every point clockwise a quarter of the total
length of the ellipse. Suppose that Qg2 (and therefore also Qyr) is exact at 0 and 1 and
Qr2v(0.5) = (v(0) + v(1))/2. Then we can see that Qnv(0.5) = P((v(0) + v(1))/2) is
close to v(0). However, Qs (T (v(0.5))) is roughly in the middle of Tv(0) and Tv(1) and
therefore not equal to T'(Qas(v(0.5))).

3.2 Lipschitz continuity of Composition Operators

In this section, our goal is to show local Lipschitz continuity of P i.e. . In fact, we
will show more generally that also holds if we replace the closest point projection
P by any sufficiently regular function G: U C R™ — R"2. The bound of the error will
also include the Lipschitz constants of the derivatives of G.

Definition 3.2.1. Let ni,ne,l € N, G: U C R™ — R" be I-times differentiable with
bounded Lipschitz continuous derivatives. We define

Lip (¢0) = sup |6 ) - G(”(”H.
qg;gf lg — |

The following lemma treats the special case [ = 0. It shows that G is globally Lipschitz
continuous with respect to the LP-norm and the Lipschitz constant can be chosen equal
to Lip(G).

Lemma 3.2.2. Let 2 C R® be an open and bounded Lipschitz domain, G: U C R™ — R™
be Lipschitz continuous and p € [1,00]. Then we have

|Gv = Gwl|zr < Lip(G)|jv — w||z»
for all v,w € LP(Q,U).

Proof. By the Definition of Lip(G) we have

Gv — Gullrr = [[|Gv— Gulz|[zr < ||Lip(G)|v — wl2||» = Lip(G)|||v — wla]|r»
= Lip(G)|lv —w|r. O
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3.2 Lipschitz continuity of Composition Operators

Next we treat the case [ = 1. The idea is to rewrite the derivatives at x € Q) as a
telescopic sum, i.e.

@) Gule) = GO | oto)| - 60t | o)

(d”w@»—emwww)[awm]

+d”m@m[£(wm—wm»}

Taking the LP-norm we can estimate the first term using the Hoélder inequality and the
Sobolev embedding theorem by Lip(G™M)||v — w||p+||v|lwms. The second term can be
estimated by the term |G|c1||v — w||y1,0. Furthermore, r € [1,00] can be chosen such
that Wh? C L',

Lemma 3.2.3. Let Q) C R® be an open and bounded Lipschitz domain, G: U C R™ — R™2
a differentiable function with bounded and Lipschitz continous derivative, p € [1,00] and
m > 2. Then there exists r € [p, oo] with 1> % — L such that we have

|Gv = Gulwis < |Glorlo = wlwis + CLip(GY) o = w| e[l ws

for all v € W™P(Q,U) and w € WIP(Q,U) where C > 0 is a constant depending only
on m,s,p and €.

Proof. By the triangle inequality it is enough to prove that

for all j € {1,...,s}. Choose

0

< |Glen
p

+ CLip(@Y) o - wl|zs
Lp

(v —w) 373;.”

J

8:Ej Wwm—1,p

1
0<e§min<1,m—8>,

1 1 1 1 1 -1
:zmax(O,——i—e), and :zmax(O,—m )
s P S t

r D D S
In order to be able to apply Holder we prove the inequality

1+1<1 (3.8)
r t—p '
which follows from
1 1 { 1 1 1 m—-12 m }
- +-€40,———4+¢-——,—-—— +€;,
r t p s P S p s
1 1 71 1 2 _ 1 1
0<2, p +€§p, 5 - <pand 5 — 2 4e= —;(m—%)—FESE.For

1
p
f:Q2—=Uandg: Q —R™ wedeﬁn GY(f)g]: Q@ — R"™ by
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3 Approximation Error Estimates

Then we have by the chain rule, the triangle inequality, Hoélder’s inequality and the
Sobolev embedding theorem that

0 0 0
v _ _ (1) Yol oM
‘ o, (Gv — Gw) . HG (v) [axj v] G (w) lam] w] .
= H (G(l)(v) -G (w)) lav] + GY(w) laa(“ - w)]
Tj Tj p
o 0
< Lip(GY) |[|lv — w] - 5. +|Glo || 57— (v — w)
Tj p Tj p
o 0
< CLip(GY)||v —w|| 8—@ + |G| 87(1)—111)
Tj It Tj Lp
< 1Glor o —w)|  +CLpE)o — wlir ol T
T P

Another proof for Lemma|[3.2.3| can be found in [32]. Estimating |Gv — Gw|yy, for [ > 2
is more difficult. The problem when trying to prove it in a similar fashion as we did in
Lemma [3:2.3] is that products with partial derivatives of w will occur for which we do
not want to assume the same smoothness as for v since in Section [3.3| we will apply this
Lemma with w = Qrnv. However, if we assume a slightly higher smoothness than WP
of w we can prove a similar statement as Lemma also for [ > 2. It will seem like a
very lucky coincidence that the following estimates work in way that for the second term
on the right hand side we can use a weaker norm of v — w than WP, It is likely that

there exists a deeper reason for the statement to hold true which however still needs to
be found.

Lemma 3.2.4. Let Q) C R® be an open and bounded Lipschitz domain, m > %, 2<1<m,
G:U C R — R™ bel times differentiable with bounded and Lipschitz continuous
S

derivatives, p € [1,00] and q € [p,00] with ¢ > §. Then there exists v € [p, o0] with
% > % — % such that we have

|Gv = Gulyr < |Gler|v = wlyre + CLG) B ([vllwme, [wlwa) [0 = wllyr-1s

for allv € W™P(Q,U) and w € WH(Q,U) where C is a constant depending only on
m,p,q,r and €2,

L(G) = max Lip(G®) and Bla,y)=(1+2)+1+2+y)" (39
ke{l,...,l}

Proof. Again by the triangle inequality it is enough to prove that

HDCT(GU - Gw)HLP < |G|en

D —w)|  +CL@G) B (Jollwns, [wlwee) o= wllwi-se
(3.10)
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3.2 Lipschitz continuity of Composition Operators

for all @ € N°® with |@|; = [ where D% was defined in (0.9). The derivative
DY(G(v(x)) — G(w(x)))
can be written as a sum of terms of the form
G (o)) [DT (), .., DFo(@)| - GP (w(@)) [DTw(@), ..., DFuw(x)] (3.11)

where k <1, ai,...,d; € N°\{(0,...,0)} and ai + - -- + d = @. For k = 1 the LP-norm
of (3.11)) can be estimated by the first term on the right hand side of (3.10]). Assume
now k > 1. Expression (3.11]) can be written as a sum of terms of the form

(GP (v(x)) = GP(w(2))) [DEv(@), .., Du(a)] (3.12)
and
GO (w(z)) [D‘ﬁfu(x), ..., D% 1y(z), D% (v(x) — w(x)), DY w(x), ...,Da%w(x)] , (3.13)

The norm of the term (3.12)) respectively (3.13)) can be estimated by

k
Lip (GM) [v(@) = w(@)| ] \Daév(x)] (3.14)
j=1
respectively
- k
Lip (GUC—U)ﬁ\pa?u(x)\\pﬂ(v(x)—w(x)) I1 ]Da“jw(x), (3.15)
Jj=1 Jj=i+l

where we used |G|« < Lip (G(k_l)). By Lemma [3.2.5) there exists r € [p,o00] with

% > % — % such that the LP-norm of Expression (3.14) respectively (3.15) (without the

Lipschitz constant) can be estimated by

k
l
lv = wllwrr [T Iollwms S llv = wllyi-1r (1 + [follwmr)
i=1

respectively

i—1 k
-1
lo = wllyi-ve TT ollwme TT lwlwee S llo = wllyi-rr 1+ [ollwms + [wllpra) ™
j=1 j=i+1

O

In Lemma [3.2.4) we needed to bound the norm of a product of derivatives of v, w and
v — w. The basic idea is to use Holder’s inequality and then the Sobolev embedding
theorem. While we can assume v € WP the function w is in general only [-times
weakly differentiable. Furthermore, we want only the W!P-norm of the difference v — w
to appear on the right hand side. It turns out that for such an estimate to hold we need
to assume that w € W4 for some ¢ > 7 and ¢ > p. Note that by the Sobolev embedding
theorem this implies that w is continuous.
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3 Approximation Error Estimates

Lemma 3.2.5. Let k > 0 and for all i € {0,...,k} let a;,m;, p; € [1,00]. Assume that
m; > p%_, p; > po, = E?:o aj <m; foralli e {0,...,k} and ag < 1. Then there exists
r € [po, 00| with % > p% — % such that

k k
H Ui < llvollwi-1-ag.r H [[villmi—ai.e;
i=0 llrpo i=1
for all v; e Wmi—aPi e {0,..., k}.
Proof. Let
1 . . S
O0<e £ —-min{l, min m; — — |,
S 1€{0,...,k} Di
1 1
‘= max ( - = —i—e,O) ,
Po S
1 [-1-
‘= max < — aO,O) ,
r S

1 i — a; )

— max<—m “,0) for all i € {1,...,k} and
Dpi S

= Lie{l,... k)|t <ool.

[LS."\*—‘SF"—‘%M—!

In order to be able to apply Holder’s inequality we prove that

If % > 0 and |A| > 1 we have 1 > 0 and hence 1 = L — 1 4 ¢ Therefore, % =

t
1 _ l=1-ag _ 1 _ l-ag
- = 0 2 +e and

k
1
- < — —

< —.

If L

toz

0 and |A| = 0 we get
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3.3 Error estimates for the approximation operator Qp

If L

toz

0 and |A| > 1 we choose j € A and obtain
k
Lol Mz ieat 1oy (mi_5> <ot
ot pj $ Di Pj Do
Hence, by Hélder’s inequality and the Sobolev embedding theorem we get in any case

k
[T
=0

k

k
< [Tlvillze S Tvollwi-1-aor T 1villwmi=cin- .
i=0 i=1

LPo

3.3 Error estimates for the approximation operator ()p

In this section, we estimate the approximation error u — Qpu. By Lemma [3.2.2) we can
estimate the ILP-norm as stated in the following theorem.

Theorem 3.3.1. Assume that holds withl = 0. Letn € N, M C R"™ be an embedded
submanifold and P: U C R™ — M be a Lipschitz continuous projection onto M. Then
we have

lu = Qpull Ly S K™ Lip(P)fulyms for all ue W™P(Q, M),

with the implicit constant of Inequality (3.4]).

For | > 1 we will need a generalized version of Inequality (3.4) given by

1_

lu — Qrettlypra < KT [y for all w € WP(Q,RM). (3.16)

~

This follows from (3.4]) using the Gagliardo-Nirenberg inequality [41]. The approxima-
tion error estimate for [ > 1 is stated below.

Theorem 3.3.2. Letl € Nyg. Ifl =1 assume that holds. Ifl > 2 holds assume that
for some q € [p, 00| with ¢ > § we have ® = (¢;)icr C Whe and Inequality (3.16). Let
n € N, M C R" an embedded submanifold, U C R™ a neighborhood of M and P: U — M
a projection onto M. Assume that P is [-times differentiable with bounded and Lipschitz
continuous derivatives. Then there exists a constant o > 0 such that

[u = Qpulyis S B ulwms ([Pler + CLPYA (1 + [[ullwms)')

for all u € W™P(Q, M) with the implicit constant of Inequality (3.4]), L(P) as defined in
13.9), and C' a constant depending only on m,p,$) and the implicit constant of (3.16)).

Remark 3.3.3. Forl > 2 the assumption on the basis functions ® = (¢;)icr in Theorem
is stronger than the assumptions required to get . However, the assumption
® = (¢i)icr € WP would not be strong enough to guarantee that Qpu € WP, The
assumption implies that the basis functions ® = (¢;)ier are continuous.
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3 Approximation Error Estimates

Proof of Theorem [3.53.3, If | > 2 we can assume without loss of generality that [ —
m — 1% so that we have the embedding W™P C W4, Then by (3.4) we have

3 <L
g =

1@rntellyra S [[ellra S lluflwmr.

Hence, by Lemma (respectively Lemma i there exists r € [p, oo] with % > %—%
such that

|u - QMU|Wl,p = |Pu - PQR"U|WLP
S Pler lu— Qrntt|yyry + LIPY( + Jlullwms)" [ — Qroteflypi-i.e -

By Theorem and Corollary we get

[Plor lu = Qraulyyy + LPYA + [[ullwrms) lu — Qrouellyyia s

1

m—(1—1)—s(—
< Pl k™ Mulwms + LPY(A + [Juflwms) B DG o

o S(2-(2-1)) !
< alyms (Plos + LR GG (1 4 ullima)') =

Note that the implicit constants of our estimates are all independent of M. The only
dependence of the inequalities on M are the factors |P|c1 and L(P). However, since
L(P) is multiplied with h® it becomes irrelevant for h — 0. By Proposition we
have

Pler = sup||PO(p)|

peU

< sup|[PO(P))| + Lip (PD) |p - Pp)]
peU

= 1+ Lip (PW) sup|p - P(p)!.

peU

This shows that |P|o1 is approximately one in a neighborhood of M. Together with
Theorem this yields that asymptotically the interpolation operator corresponding
to the closest point projection satisfies the same error estimate as its linear analog.

Theorem 3.3.4. Consider the same setting as in Theorem with P being the closest
point projection from Definition[1.2.4. Let C' > 0 be larger than the implicit constant of
Inequality (3.4) and w € W™P(Q, M). Then for h small enough we have

lu— Qpuly, < CR™ |ulyms.

Proof. This follows from Theorem and (3.17). O
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3.4 Error estimates for the approximation operator Qgr

3.4 Error estimates for the approximation operator ()

In this section, we estimate the error between Qru and u. By (1.14) we have

> ¢i(@)log(Qru(), u(&)) =0 (3.17)

i€l

The key idea to bound the approximation error of Qg is to notice that the left hand
side of the balance law can be interpreted as the approximation of the function
y +— log(Qru(x),u(y)) at y = x. There is also the alternate approach by directly
estimating the approximation error of Qg using Taylor expansion [24] 23].

In order to be able to work with classical derivatives we use that by Nash’s isometric
embedding theorem [39] we can assume that M is a Riemannian submanifold of R".
Furthermore we extend the logarithm log: M x M — TM to a function log: U x U C
R™ x R™ — R™ by

log(q,7) =1log(P(q),P(r)) +r —P(r) —q+P(q).
By Lemma we have
log(q,r) = P(r)=P(q)+O(d;(P(r), P(q)))+r—P(r)—q+P(q) = r—q+O(de(P(r), P(q)))

and therefore
Dylog(q,7)|q=r = —id, (3.18)

where D, denotes the derivative with respect to ¢ for all ¢ € M. In the following we
assume that log is smooth (i.e. C'°°) which is equivalent of M being smooth. Additionally
we will only use and the fact that QQr is defined by . The statements
would therefore also be true for any smooth function L: U C U x U — R" satisfying
Dgl(q,7)|q=r = —id and corresponding operator ) defined by with log replaced
by L.

Proposition 3.4.1. Let m € N and uw € W"™>(Q, M). Assume that
lu — Qrnull o S A" |ulwmee for all u € W™ (Q,R"). (3.19)

Then we have
|lu — Qrul|ree <A™ for all u € W™ (Q, M), (3.20)

where the implicit constant depends only on the norm of the derivatives of u and log.

Proof. For g € M and U C 2 such that log(g, u(z)) is well defined for all x € U consider
the function R,: U — T,M defined by R,(z) := log(q, u(z)) for all z € U. By (3.19)) we
have

|QrnRg — Rq‘Loo(U) S hm’Rq’Wm’OO(Q)‘ (3.21)
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3 Approximation Error Estimates

In particular |Qrn Rg|r~ can be bounded by a constant independent of h and Qrn R, con-
verges to R, for h — 0. Note that by the balance law (3.17) we have Qgrn R u(z)(z) = 0

for all z € Q. Putting ¢ = Qru(z) in (3.21)) yields that |log(Qru(z),u(z))| < A™ for
all x €  and therefore |u(z) — Qru(z)| < |log(Qru(x),u(x))| <A™ for all z € Q from

which (3.20)) follows. O

To prove error estimates for the derivatives we first prove that the derivatives of Qru
are bounded.

Lemma 3.4.2. Let m,l € N withl < m and u € W™ (Q, M). Assume that for alll' <1
there exists Cp > 0 with

(U — Qe 00 < Cl/hm_l/|u|wl/,oo, for all u e W' (Q,R"). (3.22)

Then |QRruly.00 can be bounded by the norm of the derivatives of u and log.

Proof. Similar as in Proposition we have by (3.22)) for any s € N and I’ <[ that

U
QunDjR, = DiR,| S H DRyl e e, (3.23)

)
where Dy denotes the s-th derivative by ¢. In particular Qg Dy R, can be bounded by
a constant independent of h and converges to Dy R, for h — 0. We prove the statement
by induction on I € N. The case [ = 0 follows from Proposition By the balance
law we have Qgn R u(2)(r) = 0 and therefore also aﬁQRnRQRu(I)(a:) = 0 where
¢ € N* with |[¢]; = 1. On the other hand, 86QRnRQRu(w) () can be written as a sum of
terms of the form

D305 Qn Bp(4)lg=Qrua) ya | 0" Qru(a), -, 0" Qru(w)] (3.24)

where @ + Y7, b; = ¥. The term D;@gQRan(y)|q:QRu(z),y:x converges by (3.23)) to
D;@ng(y)|q:QRu(x)7y:z which can be bounded by the derivatives of v and log. For
[ >1and s > 1 the norm of (3.24) can by the induction hypothesis be bounded by the
derivatives of u and log. It follows that the norm of the remaining term can also be
bounded by the derivatives of u and log, i.e.

’DqQR"Rq(CUﬂq:QRu(x) [WQRu(x)H <1.

By (3.23]), Proposition [3.4.1] and (3.18]) we have

1D4Qen By(@)lg=uie) +id]| = ||DgQrn By(®)lg= () — DaRa(®)lg=qputa)
+ [ PaRa) s nute) ~ DaBa(@)lamuio

+ | DaBy(@)lguie) + i
B

N
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Hence,
07Qru(@)] < |(DyQrn Ryl g=ru(x) + id) [0°Qru(a))|
+ | DyQan Ry ()= ute) [07Qru(@)]|
S RO Qru(x)] + 1,
which yields the desired result. O

We can now prove an error estimate for the derivatives. We assume that |¢;|yyie < b7
which is true if the basis functions scale quasi-uniformly with the mesh width h.

Theorem 3.4.3. Consider the same setting as in Lemma [3.4.3  Assume further that
|pilwiee < AL Then we have

lu — Qrulyre <™,

where the implicit constant depends only on the derivatives of u and log.

Proof. The case [ = 0 is Proposition For [ > 1 consider the function v = u — Q ru.
Its derivatives can by Lemma be bounded by the derivatives of u and log. Hence,

we have by (3.22)), the assumption |¢;|y1.« < h~! and Proposition that

[u — QRUlpre = ||y
< v — Qrevlyiee + [Qrev|pyic
S RN diu(&) — Qru(&))
i€l Wl,oo
< Ry max | @i lwtoo [u(&i) — Qru(&;)]
< pmtoO

So far, we did not specify the dependence of our estimate of ||u — Qrul|jy1p in terms of
the derivatives of u. It is for example still unclear if Theorem with Qp replaced
by Qg holds. If log is replaced by L defined by L(p,q) = Pr,nm(q — p) one can prove
the corresponding statement. In the next proposition, we show that for some specific
cases we have the same error bound as in the linear theory. To get this result, we
compare the projection average based approximation with the Riemannian average based
approximation.

Proposition 3.4.4. Consider the same setting as in Theorem [3.3.4] and assume further
that m < 2 and uw € W5, Then for h sufficiently small we have

lu— QrullLr < B ulwms.
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3 Approximation Error Estimates

Proof. Using the triangle inequality, Theorem [3.3.4] and Proposition we have

Ju — Qrullrr < ||u— Qpullre + [|Qpu — QrullLr < h™ulwms + h3[ulfc

As m < 2 < 3 we can bound the first term by the second term for sufficiently small
h. O

3.5 Error estimates for approximation operators with
B-splines

In the previous sections, the underlying assumption was that the approximation operator
Qrf = Y cr 0f(§) is exact for polynomials up to a certain degree. This property is
crucial to get the corresponding error bounds. In this section, we consider a case where
Qr is only exact for polynomials of degree 1 but where it is possible to reproduce
polynomials of higher degree using linear combinations. Our task will be to generalize a
corresponding approximation operator to the case of manifold-valued functions.

We consider the case where @ = R and (¢;);er are B-splines. In Section we
introduce uniform B-splines and present approximation operators with optimal approx-
imation order for the linear case (i.e. when M = R™). A natural generalization of such
an approximation operator is presented in Section In Section we present an
approximation operator into the projection average based function space which has the
same approximation order as its linear analog. Finally, in Section we introduce
B-splines for arbitrary knots and show how to compute the L? best approximation onto
Vp. We will see that for nonuniform B-splines we can in general not have the same
convergence order as in the linear case.

3.5.1 Linear theory

We first define uniform B-splines.
Definition 3.5.1. The uniform B-splines are recursively defined by

z+0.5

1 —05<z<05
STs By_1(y)dy for all z € R, k € N,
5

0 otherwise.

and By(z) ::/

z—0.

Bo(ﬂ?) = {

The following basic properties of uniform B-splines are important for us
i) By > 0.

ii) suppBy = [—%, %}

i) fr By(z)dz = 1.
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3.5 Error estimates for approximation operators with B-splines

iv) dicz By(i) = 1.

v) foralli € {0,...,k} we have that the restriction of By, to the interval | —A+L 44 —EFL 4 41
is a nontrivial polynomial of degree k.

vi) By € C k=1
To compute uniform B-splines, one can use the three point recursion formula

k+1 + k+1

By(z) = szBk_l(a: 105)+ 2 LB i (z—0.5).

k
For h > 0 and k& € N the set of basis functions we use is
® = (¢i);c;, Where @(z) = By(h 'z —i), forall z € R, and i € Z.

Unfortunately, the operator Qgrn: C(R,R") — Vin, i.e. Qrnu = Y ;c7 ¢iu(hi) is only
exact for polynomials of degree 1 which is not optimal.

An interpolation operator

In this section, we construct an interpolation operator Ign: C'(R,R"™) — Vgn, i.e. an
operator which satisfies Irnu(ih) = u(hi) for all u € C(R,R") and ¢ € Z. Before we start
we need to introduce some notation. We consider the sampling operator S: C(R,R") —
(R™)Z defined by

(Su); :=wu(hi) for all u € C(R,R") and i € Z.

We indicate sequences with fraktur letters. For sequences a € R” and b € (]R")Z we
define the convolution a b € (R™)% by

(Cl * b)l = Z Cljbi,j for all i € Z.
JEL

To construct an interpolation operator we choose the nodes p = (p;)iez C R™ in such a
way that b *p = Su, where b € R” is defined by b; := By (i) for all i € Z. In Lemma
we show that b has an inverse b~! € RZ with respect to the convolution ”*”. Then
we can simply set p := b~ Su and define

Ign == Qgnob 'oS,

where by abuse of notation b~! denotes the operator x — b~ lxz and Qrn is the operator
p = > iczPidi. Then we have

STgnu = b b~ % Su = Su.

Hence, Ig» is an interpolation operator. Let us now prove that b has an inverse.

71



3 Approximation Error Estimates

Lemma 3.5.2. The sequence b has an inverse, i.e. there exists a sequence b= € R% with

(61 xb); = {(1] z ; 8. (3.25)

k+1
2

Proof. We consider the Eulerian polynomial divided by the monomial z 2, i.e.

A(z) == k! Z bz
JEZ
If A is positive on the unit circle, i.e. if A(z) > 0 for all z € C with |z| = 1, there exists
by the lemma of Wiener [55] a sequence b~! € R? such that |[b~!||n < oo and

. 1
Z bj_lzj = A0 for all z € C with |z] = 1. (3.26)

JEZ.

Then we have

s s

j=—8 jez i€Z \j=—S5 i€Z

1=A(2)

from which follows. It is left to prove that A is positive on the unit circle. As
b; = b_; for all 4 € Z we have that A is real-valued on the unit circle. Furthermore
by continuity of A and A(1) = 1 it suffices to prove that A(z) # 0 for all z € C with
|z| = 1. By [22] all roots of A are real-valued, hence it suffices to prove that A(—1) # 0.
From [I3] we have for k > 0 that Aj(—1) = (4% — 2¥)¢(—(k — 1)) # 0 where ( is the
Riemann-—Zeta function. O]

The sequence b~! has, as opposed to the sequence b, infinitely many nonzero entries. As a
result, Ign is not a local operator, i.e. Ignu(z) depends not only on w in a neighborhood
of x € R. However, we can show that the entries of b=! decay exponentially. The
consequence is that the dependence of Ignu(z) on u(y) decays exponentially with the
distance |z — y].

Lemma 3.5.3. There exists ¢ € (0,1) such that we have
|b;1| <l for all j € Z.

Proof. By continuity of A there exists a constant ¢ € (0,1) such that A does not have
any zeros in the annulus {z € C | ¢ < |z| < ¢~!}. By standard complex analysis we have

—J Z_‘j
bl = i dz = / dz
J Bo(1) A(2) Bo(r) A(2)

for any r € [¢,c™!] where By(r) = {z € C | |z| = r}. Hence

0511 = oo G519 <€ oo pampds Sl forj = 0and
07 = [y 2% S Ipo mds S forj<0. O
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3.5 Error estimates for approximation operators with B-splines

We have the following error estimate for Ign.

Theorem 3.5.4. Let m € Ny and | < min(k, m). Then we have
‘U o IR”U|WI,00 5 hmin(m,kJrl)*l’u‘wmm(m’mﬂ),w (327)

for allu € W™>*(R,R) and h > 0.

Proof. We first prove exactness of Iy for polynomials of degree smaller or equal to k.
For u € (R™)Z we define the discrete derivative Vu € (R™)Z by (Vu); := wj4q — 1, for
all i € Z. By the definition of uniform B-splines (Definition [3.5.1]) we have

Bj.(x) = By_1 ($ + ;) — B (93 - ;) .

Hence,
S _1 .
%IRU(ZL‘) = Z(b Su); By (x — i)
1€EZ
_1 o1 1
= Z(b Su)i(By—1|lx—i+ =) —Bgp1|lxz—1i—=
; 2 2
1€EZ
1
= Z((bflSu)iH — (bils’u,)i)kal (1’ — 5 - l)
1€EZ
_1 1
= Z(b VSu)iBk_1|x—=—1]).
‘ 2
1€Z
Inductively it follows that
4 () = Y (671 V Su),B < L )
dz 1 RU\T U)iDE—_1 { X 9 7] .

€L

Let now p be a polynomial of degree smaller or equal to k € N. Note that V*Sp is then
constant. Hence it follows that ~ 4= Irp is constant. Therefore, Igp is a polynomial of
degree at most k and since p and I]Rp coincide on more than k£ points we have Igxp = p.
Hence, Iy is exact for polynomials of degree smaller or equal to k.

Consider now = € R and let p be the Taylor expansion of u at x of degree m — 1, i.e.

H

= & —x))
] il ’
o dw 7!

Note that we have

dl min(m —
‘dxl(u_p)(y) — x| (kD)=

S ’u‘Wmin(m,k+1),oo ’y

)

73



3 Approximation Error Estimates

and hence
(V! (S(u—p)));

We now have

5 hmin(m,k—&-l)—l‘i . h_lx‘min(m’k+l)_l‘u’Wmin(m,k+1)¢°°'

. !
L F)@)| = | p— Ia(u— p)(a)
l
= | p)@)

= (6 VIS (- p))iBr (x _ % _ Z)

1€EZ
. B l )
5 Z hmm(m,kJrl) lkal <CU - 5 —1 ’U‘Wtr\irx(m,k+1),oo
1€EZ
i Jk—+1)—1
Sj hmln(m + ) |U|Wmin(m,k+1),oo- D

Quasi-interpolation operators

We consider also local approximation operators of the form

QIrn :=QrrnocoS

where ¢ € R” has only finitely many nonzero entries. It can be shown that for all £k € N
there exists ¢ = (¢;)iez € R? with finite support such that QIg» is exact for polynomials
of degree less or equal to k. For example for k = 3 and k£ = 5 one can choose

1

1
(c—1,¢0,€1) = 6(_1’8’ —1) and (c—g,...,0) = 210

(13,—112,438,—-112,13).
Due to the polynomial exactness of () Iz~ the following approximation error estimate can

be shown.

Theorem 3.5.5. Assume that ¢ € R has finite support, QIr is exact for polynomials of
degree less or equal tor € N, m € Nyg and | < min(k, m,r + 1). Then we have

< hmin(m,r—‘rl

‘u - QIRHU|WZ,OO )_l|u|Wmin(m,'r+1),oo (328)

for all w € W™>(R™) and h > 0.
3.5.2 The naive generalization of the quasi-interpolation operator
Let now M be a Riemannian submanifold of R™ and u: R — M C R"™. Since in general

(¢ % Su); is not in M we have in general that QpcSu is not in Vp. In this section, we
introduce a natural approximation operator into Vp by replacing ¢ Su with P(c*Su).
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3.5 Error estimates for approximation operators with B-splines

Definition 3.5.6. Let QIp: C(R, M) — V be defined by
pr = Q’PPCS.

Unfortunately, this operator does not have the optimal convergence order for k > 4 as
can be seen in numerical experiments. In this section, we show that the operator has
a convergence order of at least min(m,2) — [. Numerical experiments suggest that the
actual convergence order is min(m,4) — [.

The exactness of QIp also depend on the polynomial exactness of c.

Definition 3.5.7. We say that ¢ € R? is exact for polynomials of degree less or equal to
r € N if ¢ x Sq¢ = Sq for all polynomials ¢ of degree less or equal to r.

The next theorem shows that we can not have simultaneously polynomial exactness of ¢
and QIgn~ of high order.

Theorem 3.5.8. For h > 0 there is no sequence ¢ € RZ and k € N such that both ¢ € R?
and QIrn are exact for polynomials of degree less or equal to 2.

Proof. Suppose that ¢ € RZ and QIg~ are exact for polynomials of degree less or equal
to 2. Let a € R\{hi|i € Z} and q,(z) = (z — a)? for all x € R. Note that we can
assume k > 0 and therefore also Bi(z) > 0 for all x € (0,1). By polynomial exactness
of QIrn and the non negativity of B-splines we have

0 = q(a) =QIrng(a)
= > (cxS8q)iBp(h~'a —1)

€L
= > (Sq)iBp(h'a—1i)
€L
> (SQ)p-101Be(h'a — [h"a])
> 0,
which is a contradiction. O

For ¢ € [1, 00] we define the ¢4-norm of u = (u;);cz € (]R")Z by

1
s += {(ziez wl0)i if g € [1,00)

Sup;ez [ui if ¢ = oo.

Lemma 3.5.9. Assume that m > 0 and that ¢ € R has finite support, i.e. ¢; # 0 only
for finitely many i € Z, and is exact for polynomials of degree 1. Then we have

[P (c% Su) — ¢ % Sul oo < BP0 |4 imin(m.2) 00

for all w € W™>(R, M) and h small enough.
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Proof. Let K > 0 be such that the support of ¢ is in {—K,..., K}. By polynomial
exactness of ¢ of order 1, and the Bramble-Hilbert lemma, we have for any i € Z

(e% Su)i = (Sl = inf |(ex Su); — (¢ * Sg)s + (Sa)s — (Su)d
inf [(c % S(u— )il + (S =)

inf 1w — qll oot s s
e/l Jnf lu = qll oo ((h(i—K) hGi+K))

IN

IN

< hmin(m’2)|U|Wmi“(m’2)’oo

By the triangle inequality, P(Su) = Su and |P(z) — P(y)| < Lip(P)|x — y| where Lip(P)
denotes the Lipschitz constant of P we have

|P((c* Su);) — (cxSu);| = |P((c*Su);) —P((Su);) + (Su); — (¢ * Su);]
< [P((c* Su)i) = P((Su)i)| + [(Su)i — (¢ x Su)il
S (e Su)i — (Su)il
< R f] . O

We can now prove an approximation result for QIp.

Theorem 3.5.10. Let | < min(m,2) and assume that ¢ € R% has finite support and
1s exact for polynomials of degree 1. Furthermore, assume that Qr is also exact for
polynomials of degree less or equal to 1. Then for u € W™>(R, M) and h small enough
we have

u— QIpulyyice S A D U] inm 2) 00

~

Proof. Using the definition of QIp we have

u—"P (Z P((cx* Su)z)gﬁz)
1€EZ

By Lipschitz continuity of P by Section [3.2] it is enough to prove that

lu — QIpu|yiee =

Wl,oo

< hmin(mﬂ)—l

w—> P((c* Su))p;

1E€EL

Wl,oo
Note that for z € R the number of ¢ € Z such that x is in the support of ¢; is bounded
by a constant depending only on k. Furthermore we have for any i € Z that |¢;|y1.00 =

|polpioe < h7L Using Lemma we get

u—ZP((c*Su)i)qﬁi < u—QRnu—i—Z((c*Su)i —P((c* Su);))p;
€L Wi oo 1€Z Wihoo
S lu— Qrrulyiee 4 e+ Su—P(ex Su)llee [Pol oo
S R i )00 + B2 R ]y mingm, 2,00
S [V e T
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3.5 Error estimates for approximation operators with B-splines

3.5.3 Generalization of the interpolation operator

As we have seen in Section the naive approximation operator is not optimal and the
question remains if there exists an optimal approximation operator into Vp respectively
Vg. In this section we consider the generalization Ip: C(R, M) — Vp defined by

Ip:=Qpo(SoQp) toS=PoQgrno(Pob)tos, (3.29)

where (Pob)~': M% — M7 is the inverse (which as we will show in Lemma [3.5.12|exists)
of the operator Pb := P ob: M%? — M?%. We show that the interpolation operator Ip
has the optimal approximation order.

Theorem 3.5.11. Let m € Nyg, | < min(k,m), u € W™ and C > 0 larger than the
implicit constant of Theorem|3.5.4) Then for h small enough we have

‘u - I’Pu|Wl,oo S Chmin(m7k+1)71‘U|Wmin(m,k:+1),oo~ (330)
Let us first prove the existence of (Pb)~!. The idea is to define for u € M? a retraction

R: M?% — M? where the solution v of Pbv = u is the fixpoint of R. Then we can use
Banach’s fixpoint theorem to prove existence and uniqueness.

Lemma 3.5.12. Let u: R — M be a Lipschitz continuous function and u := Su. For h
small enough there exists a unique v € M% such that

Poo=u, and |o—ulp < h. (3.31)
Proof. We define a retraction R: M% — M? by
R(v) =P (o — b~ 'Pbo + b’lu) .

Note that every solution of (3.31]) is a fixpoint of R. For v°, 0! € MZ with ||u—0°||s < h
and |lu — v!s~ < h we have

|R(0!) = Rl = [P (0! —67"Pbo’ +b7u) = P (v° — b~ Pbo” + b"u) HZN
< Lip(P) H (0" = 67"Pbo’ + b7"u) — (00 — b~ Pb0° + b u) Héw
< Lip(P)|[o~"|| . [[bv! — b0® — (Poo’ —Poe®) | .

For t € [0, 1] define v(t) := (1 — ¢)v° + tv!. Then we have
1 1
Pbo’ — oo’ — / P/ (bo(t))b(o" — 0%)dt — / P! (bo(t))dtb(v" — o°).
0 0

By the smoothness of P and Lemma there exists a € RZ with

oY + ol

P+ PeT) /1 bo(t)dt —
0

/OIP’(bn(t))dt — 5

S
A

{°

2
o =
¢
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S et T M

2
S bt HUO B Uleoo
Lemma yields
7)/ UO 7)/ Ul
n1_no_< ( );— ( ) (01_00) 5“01—00%00
yoo

By Lemma we have
(0" = 0%) = (" = 0"l < ||V (0! = 0°)|| . S ll0* = 0O
The triangle inequality and the previous estimates yield

~

IR(0Y) — R(0O) o= < anl — b’ — (anl — an‘J) H@oo

1
= anl —bv’ — /0 P’(bo(t))dtb(bo' — bo)

YA

< H(bn1 — bo%) — (ol — no)Hzoo

+ (Ul _ UO) _ <7)/(U0) ;Pl(b1)> (Ul _ UO>

/>

_l’_

<7"<"0) *2'73'("1)> (0! — 0% — /173/<bn(t)>dt(nl )

YA

0
- /01 P/ (bo(t))dt ( (0 —v°) ~ b(o! — 0")) Heoo

(ot 110" =l + flo" =00 ) [lo" — 0Ol

hfjot — 0% .

IZANRZAN

It follows that R is a retraction for h small enough and by Banach’s fixpoint theorem that
there exists a unique fixpoint. We now prove that this unique fixpoint v of R satisfies
Pbv = u. Note that we have

Pbo —u="PbP (v~ b~"Pbo+b"'u) —u.
Using the triangle inequality we have
[Pbo —ufl e < ||POP (0= b7 Pbo+b~"u) = Pb (0 — b~ Pbo+ b Mu) |
+|[Po (o~ b= Pbo+ b7'u) —uf _
The first term can by Lemma [B:3] be estimated by

[PbO — ]| oo (| PBO — 1| poo + || V][ ) -
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3.5 Error estimates for approximation operators with B-splines

Using Taylor expansion and Lemma we get for the second term

[Po (v —6Pbo+67") —uf = P (b0~ Pbo+ 1) — ullm
< |[Pbo + Pryy,nr (—Pb0 + 1) — | joe + [l — Pbo| 7
= [IPbo — u — Pryyar (Pbo — )] + [u— Pa_lnHZOO
S IPoo —ufp.

Hence, we have

[P0 — e < P60 — e (P60 — ] + V]| ). (3.32)
As [|Vol|ge S h and
[P0 — ull e < P60 — Pollye + [fo — e < [I60 — vlle + 5 < [ Vol + 5 S A,

we have

[Pbo — uf[joe S R||POO — | jeo -
Hence, [[Pbo — u||joc =0 and Pbo = u. O

Next we show that the discrete derivatives of bv — u can be bounded by powers of h.

Lemma 3.5.13. Let u € C™(R, M) with bounded derivatives, u := Su and v € M? the
unique solution of (3.31). Then, we have

[VF(bo — u)|[gee < RMY forall k <m +1.

Proof. We prove the inequality by induction on k. By Lemma we have
[0 — uf|goe < [[bo — buflgee + [[bu —uflee < ([0 —uflpee + [[Vufle S A
Hence the inequality is true for k¥ = 0. Assume now k > 0. We have
0 = V*(Pbo — u) = V*(Pbo — Pu). (3.33)
Let i € Z. Taylor expansion of P at ¢ € R™ up to order k yields

P((bv)i) — P((w)i)

k
= > PO (b0); g .. (b0); — ] — PO () (W) — g, ()i g
=0 " ’

+0 (J(bo)i — gl + ()i — af**")
k
— le Z PO(q) [(b0)i —q, ..., (b); — g, (bo — ), (W) —q, ..., (W); —q

— /I —
=0 =1 r-1 U

79



3 Approximation Error Estimates

+0 (|(bo); — g + [(w)s — g**).
Applying V¥ and using Lemma yields that

0 = |VE(P((bv);) — P((w),))] (3.34)

Eo1-1 U'—1i+k
> > wma(IIXJGW”wn—m») (3.35)

I=010'=0 mi+..m;=k =1 r=i

AN

i+k I itk
z; (V™7 (bo —w)), | ( [T > 1V (- Q))rl) (3.36)

j=l'+1r=i
itk L itk )
+ 21060 — )y [T+ 3w — ) [T (3.37)

Choosing ¢ := (u); the last term can be estimated by h**!. By Lemma we have

[(bo—q)p[ < [(b(o —w))r|+ [(bw)r — (w)r] +[(w)r — q
S o —ullge + Vutll oo + [(w)r — g

< h.

Hence, the first term of can also be estimated by h¥*1. Furthermore, if m; = 0 we
can estimate the corresponding factor by h. By f € C™ and the induction hypothesis
we can estimate the factor corresponding to j # I’ by h™. The first factors in the sum
of can be estimated by A"~ if my < k and by A* if my = k. It follows that
the terms , and except the one with [ = 1 can be estimated by h**1,
However, since by the sum of all terms is zero also the term with [ = 1 can be
estimated by h**1. Hence,

\P’(q) (V* (b0 — )

= | (6V*Pr,ao = VFPrau) | S H5H,

i
where Pr,pr = P'(q) is the orthogonal projection onto the tangent space. Let it := Pr,pu
and & := Pr, 0. It follows that |[VF60 — Vil < RFT. Let Pryy: U C T,M — M

be the inverse of Pr, ;. Note that (Pijw)’(q) = (P%qM)_l(q) = I, . Taylor expansion
of u at ¢ yields

k
(0)i =g+ B — g+ S (PRh) @ [(8)i — .- ... () —a] + O (|(8)i — g
=2
By similar arguments as above one can show that
V(0 = B)llee S A and [V (u = @)l S A

Hence

17560 — Vullge < [[VF00 — V0]l + [b]]a[[V* (0 = 8)[leoe + [ VF(u =)l S B OO
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3.5 Error estimates for approximation operators with B-splines

We can now prove the main result.

Proof of Theorem [3.5.11]. Using the definition of Ip (3.29)), the triangle inequality, Lemma
[3.5.13 and Theorem [3.5.4] we have

lu — Ipulyice |Pu — PQgrn (P) L Sulyy.00

< Ju— Qun(PB) " Sulypie

< Ju = Ignulyice + [Ignu — QRn( )*1Su\wz o

o e G . ( (Pb) ) Su‘
S hmln(m,k‘+1 ’u‘Wmm(m k+1),00 + ‘Vl (b( 1Su - Su)‘
< hmin(m,kJrl |U‘Wm1n(m ki1)00 + j,min m,k+1)+1

5 hmin(m,k-l—l |U‘Wmin(m,k+1),oo- 0

3.5.4 Approximation order of the L? projection for nonuniform B-splines

The theory of the previous section is based on uniform B-splines. In this section we
consider more generally B-splines with arbitrary knots. Then we show how to compute
the L? projection onto the resulting space Vp. We close this section by presenting
some unexpected observations regarding the convergence order of the L? projection with
nonuniform B-splines.

General B-splines

B-splines with knots tg < --- < ¢ are recursively defined by

1 ¢ < t; )
Bio(z) := Ses . forall0<i<N-—1 and
’ 0 otherwise

T—t k1 —
B, k(z) := 7ZB@ k-1t LBH—l,k—la (3.38)
Livk — ti Litk+1 — Lig1

for all i,k € N with k4+4¢ < N —1 and & > 0. Note that for uniformly distributed
knots, i.e. t; = hi with h > 0 we recover, up to a translation, the uniform B-splines of
Section If we have repeated knots, i.e. t; = t;4; for some ¢ € {0,..., N — 1} the
denominator in the recursion formula might be zero. In that case the term is just
ignored, i.e. set to zero. For k£ € N our finite element space is

® := (di)icqo,. . N—k—13 Where ¢; =B, forallie{0,...,N—k—1}.
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The L? projection onto Vp

The L? projection Qp2u of a function u € C([0,1], M) onto Vp is defined by

Qr2u := argmin ||v — ul| 2.
veVp

To approximately compute it we approximate the integral with the composite midpoint
rule with R > N intervals and solve the resulting nonlinear least square problem, i.e.
we have

R 2

Qr2u~ arg min Z

e=(cj) N Tt eMN k-1 =1

i (N]Zk%lchﬁi (212}%1>) _u<2i2R1>

We find the minimizer by an adaptation of the Gauss-Newton method (Algorithm .
Convergence of this algorithm is an open problem. A somewhat open problem is how
large the number of quadrature nodes R has to be chosen. It was observed that R = 3N
is already enough to observe the convergence orders stated below.

Algorithm 3 Gauss-Newton for computation of the L? projection onto Vp
Input: u: [0,1] = M, N e N, tp <--- <ty, Re€ Nand tol > 0.
Output: Approximation of the nodes ¢ = (ci)fi_ok_l € MN=F of the L? projection of u
onto Vp
Choose a first guess ¢(0) = (cgo))i]\i_ok_l € MN=F for ¢, e.g. CEO) = u(t;).
Define the matrix A € RFE*XN=F by A(i, j) = ¢, (257%1) and the vector b € R"E by
b(i) = u (47).
Set [ =0
repeat
Find S € RMN-k)xdim(M)(N=k) gych that {Sz|z € RIMOIN=R)Y — 7 pyN=F,
solve the linear least square problem

in P ((AeL)Y) (A®I,)Sz —1 b

xekifiﬁl(?vfk) <( Je ) ( )5z ng((“‘@n)c(l))( >‘
Update (1) = expa) (Sz) or 1) = ¢ o) (Sx).
l=1+1

until max; d(cgl), cgl_l)) < tol

return ¢,
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3.5 Error estimates for approximation operators with B-splines

Figure 3.3: Convergence order for a sphere-valued function

k 1 2 3 4 5

Uniform knots 2.0000 | 2.9986 | 3.9968 | 4.9764 | 6.0011
Open knots 2.0000 | 2.9984 | 3.4968 | 3.4964 | 3.4860
Alternating lengths | 1.9999 | 2.9960 | 3.9986 | 2.9904 | 3.9893

Experiment to measure convergence rate

To numerically determine the convergence order we compute the L? projection using
algorithm [3] for the sphere-valued function

Convergence rate for uniform knot vector

By Section there exists an approximation operator @: C([0,1], M) — Vp for uni-
form B-splines such that for u € H™([0,1], M) we have ||u— Qul[z2 < R™PE+1m)||y| m
for all h sufficiently small, i.e. @ has convergence order min(k + 1,m). By the definition
of Q2 it follows that Q2 has convergence order at least min(k + 1,m). Figure [3.5.4]
suggests that the convergence order is equal to min(k + 1, m).

Convergence rate for open uniform knot vectors

A problem with using uniform B-splines to solve partial differential equations is that
imposing boundary conditions can be quite difficult because there are several basis func-
tions that are nonzero at the interval ends. Hence not only coefficients ¢; (as for Lagrange
type basis functions) but averages of coefficients ¢; have to be fixed. A solution of this
problem is to use open uniform knot vectors instead, i.e. by starting with a uniform knot
vector with first and last knot equal to the interval ends and then repeating the first and
last knot k times. Then for both interval ends there is only one basis function which is
nonzero there and imposing boundary conditions becomes easier. However, Figure
suggest that the convergence order is bounded by min(3.5, k + 1). This is different from
the linear case where we still have the optimal convergence order.
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3 Approximation Error Estimates

Convergence rate for knot vectors with alternating interval lenghts
For o € (0,1)\ {%} we consider the knot vector with tp = 0 and

{ah if 7 is odd
tiv1 —t; =

(1 —a)h ifiis even.

From Figure we can see that the convergence order seems to be bounded by
min(4, k + 1) for k£ odd and by min(3, k + 1) for k even.
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4 Variational Problems

In this chapter, we study the two numerical methods we mentioned in the introduction
to minimize the harmonic energy 7 (u) := |u[%: (See (0.5)). Under the assumption that
the boundary data are concentrated on a small enough ball it can be shown that J has
a unique minimizer.

Theorem 4.0.1 (Jager—Kaul [26]). Let 2 C R®, M a Riemannian manifold with sectional
curvature bounded from above byx >0, pe M, r < ﬁ, B, (p) :={qe M |dy(p,q) <r}
and @: 02 — By(a). Assume that for any two points in B.(p) there exists a unique
geodesic connecting them. Then there exists a unique u € C(§2, By(p)) with ulpq = ¢
and

Jw) > T (u) forallve C(Q, M) with v|pg = ¢.

In Section we prove that J behaves quadratically around this minimizer u with
respect to the H'-seminorm, i.e. we have J(v)—J(u) ~ |v—ul3;,. This will be important
for proving error estimates. Then, in Section [4.2]resp. we discuss the finite distance
resp. the geometric finite element method.

4.1 Ellipticity

We use the following definition of ellipticity of functionals on functions with values in a
Riemannian submanifolds of R™. A definition which also works for a manifold not given
as an embedding and a corresponding theory can be found in [24].

Definition 4.1.1. Let M C R” be an embedded submanifold and 2 C R*. A functional
J:H C HY(Q,M) — R is called elliptic around u € H if there exists A\, A, e > 0 such
that for all v € L>®(Q2, M) N H with ||[v — ul|f~ < € we have

Mo —ulf < Tw) — T (u) < Ao —ul3.

We now prove that the harmonic energy functional is elliptic around the unique mini-
mizer. First we show an optimality condition for the minimizer. It is a generalization of

Proposition [I.2.5]
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4 Variational Problems

Proposition 4.1.2. Let M be a Riemannian submanifold of R™ such that the closest point
projection P: U C R™ — M is two times differentiable with bounded derivatives, 2 C R?,
p: 00 — M, Hé(Q,M) = {w € HYQ,M)|lw = ¢ on dQ}, J: Hi,(Q,M) — R the
harmonic energy defined by J(u) = |ul3;, and u € H*(Q, M) a critical point of J.
Then we have Au(zx) € Tu(‘,,:)]WL almost everywhere.

Proof. Let w € H'(Q,TM) be a vector field with w(z) € T,y M for all 2 € Q and
w(z) = 0 for all z € 9. Define u¢ € H*(Q, M) by u¢(z) = P(u(z) + ew(z)) where P
is the closest point projection. As w is a critical point of 7 we have 0 = %j (u)]e=o-
Using Lemma [1.2.4 and integration by parts we have

d
0 = LTl

d
= $<VUE, VU€>L2‘€:0

d €
= 2<d€Vu |6:0,VU>L2
= 2<Vw,Vu)L2

= —2<w, AU>L2 .
As this equation holds for all vector fields w € H'(Q,TM) with w(z) € Ty ;)M we have
Au(z) € TymyM L almost everywhere. O]
Our ellipticity estimate also includes the classical Poincaré constant.

Definition 4.1.3. The Poincaré constant of a domain 0 C R? is the smallest positive
number Cp such that ||ul|2 < Cplu|y: for all

we Hy :={uec H'(Q,R") | u=0 on 9Q}.

We can now state and prove ellipticity of the harmonic energy.

Proposition 4.1.4. Let M be a Riemannian submanifold of R™ such that the closest point
projection P: U C R™ — M 1is two times differentiable with bounded derivatives,  C R?,
@: 00 — M, H,(Q,M) == {w e H(Q,M)lw = ¢ ondQ}, J: HL(Q,M) = R the
harmonic energy J(u) = |ul3; and uw € W**(Q, M) a critical point of J. Then if
|Au||fee < 0132]77]5% where Cp is the Poincaré constant from Definition the

function J is elliptic around u.

Proof. For v € Hé(Q, M) we have

Jw)—Jw) = (Vv—Vu,Vu+Vu).
= (Vv —Vu,Vv—Vu)r2 4+ 2(Vv — Vu,Vu) 2

= |v—ulfn —2(v —u, Au)po.
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4.2 The finite distance method

We define the function z € H(2,TM) by z(x) := P, mv(z) — u(z)] for all z € Q.
Since z(z) € TyyM and Au(z) € Tu(gC)Ml (Proposition we have (z, Au)rz = 0.
For ||v — ul| L~ small enough we can define the function v(x,t) := P(tv(x) + (1 — t)u(x)).
By Lemma we have P'(u(x)) = Pr,,,m and hence

lv(z) —u(z) —2(2)] = |y(z,1) —v(x,0) —§(z,0)]
1
/0 (1- t)f'y(x,t)dt’

SPles o) — u(z)

IN

By the Poincaré inequality we get

(v —u, Au)r2| = [(z,Au)r2 — (v —u — 2z, Au) 2|
[(v—u— 2z, Au) 2|

< v —u=zlp[Aulp
1
< 5[Pleallv = ullfel|Aul| s
1
< 5[Ple2Chlv = uli | Aul| oe.

It follows that
(1 = [Ple2Chl| Aul ) v — ulfpn < T(v) = T (u) < (1 +|Ple2Chl| Aul| ) v — ul3.

For ||Aul|p~ < CIS2|73|6% we get the desired estimate. O

For a half-sphere HS™ we can estimate |P|c2 by Lemma and get the following
Corollary

Corollary 4.1.5. Let p: Q — HS", H&,(Q,HS”) and J as in Proposition and
u € W2°([0,1])%, HS™) a critical point of J. Then if

V3

Aul|pe < —5,
IAulie < 5o

the functional J is elliptic around u.

4.2 The finite distance method

In this section we construct a simple method to minimize the harmonic energy on
the hypercube Q = [0,1]® with given boundary data g: 9 — M. Consider first the
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4 Variational Problems

hypercube [0,h]* for h > 0. We approximate the harmonic energy J of a function
w e HY(0, hJ*, R") by

Jw) =g >, d(u),ulj)), (4.1)

(4,7)€E([0,h]*)

where E(]0, h]*) denotes the set of all edges of the hypercube [0, h]* and d: M x M — R
is a distance with d(u,v) = [v — u| + O(Jv — u[?). By Lemma and the classical error
estimates of the trapezoidal rule there exists C' > 0 such that we have

|7 () = T (w)| < Ch+|Jul|2s for all u € C3([0, )", R"). (4.2)
Let us now for N € N subdivide our cube [0, 1]* into N* smaller cubes, each of side length
N~L. Consider also the corresponding vertices V := {0, N"1, 2N =1 ... (N - 1)N~1 1}°,
and the edge set F := {(i,j) € V. x V | |i — j| = N~'}. Using the discretization (4.1])
and adding up the results yields the approximation

In(u) = N>75 > w jd*(u(i), u(j)),
(i.j)eE

where the weight w(; j) is the number of small cubes which have (i,j) € E as an edge
divided by 2°~!. For an interior edge this weight is 1 while for an edge lying on the

boundary the weight is smaller than 1. Summing up all error estimates (4.2)) from the
small cubes yields that there exists C' > 0 such that we have

T (u) — In(u)| < CN73|u||Zs for all w € C3([0,1]5,R™). (4.3)

Note that Jn(u) depends only on the values of w on V. Furthermore the values of u at
the boundary vertices Vg C V are given by ¢|y,: Vg — R"™. Let Jy: (HSMV1 — R
be the functional Jy restricted to the values at the interior vertices Vi := V\Vp, i.e.

In(u) = N2 3wy d® (0(0), 0(0) + Y & (i), u(i) + D d® (u(i),u(s))

(Z'7j)€E7 (i’j)eE’ (i7j)€E7
i€Vg, i€Vpg, i€eVy,
JEVEB JjEVI JEVI

(4.4)
By Proposition 2.3.1] and Theorem [2.:4.2] this functional has a unique minimizer if M is
a Hadamard manifold or the open half-sphere.

Note that if u € MV is a minimizer of Jy(u) we have for all i € V that u; is the
Riemannian (resp. projection) average of the value of its neighbors, i.e. we have a
discrete mean-value property.

In the derivation of the finite distance method we first discretized and then optimized.
Let us try to reverse the order, i.e. to first optimize and then discretize. By Proposition
the optimality condition in the case where M is a Riemannian submanifold of R"
is Au(z) € TymM L almost everywhere. Discretization of this condition on a regular
grid in a natural way would yield again that the value at some point on the grid is the
average of the values of its neighbors.
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4.2 The finite distance method

4.2.1 Algorithms to minimize the discrete harmonic energy

In this section we study some algorithms to minimize Jy. The mean-value property
mentioned in the previous section motivates Algorithm 4] where we iteratively replace
the values by the Riemannian or projection-based average of its neighbors.

Algorithm 4 Iterative averaging for minimization of the discrete harmonic energy

Input: Boundary data g: Q% — M where Q = [0,1]? and parameters N € N and
tol > 0.
Output: Approximation of a minimizer of the harmonic energy on the regular (N +
1) x (N +1) grid of the unit square.

Choose a first guess (u(o))fyj:o for u (e.g. by interpolation of g)

Set k=0

repeat

fori=1:N—-1do
forj=1: N—-1do

GJFHD g ((u(k) WP B k), (%7 1L %))

i, i—1,50 Wit1,50 Wi j—15 Ui 541
end for
end for
k=k+1
until max; ; d(uﬁ?,ugs_l)) < tol

return u(®).

To get a second order method one can use Algorithm [5| which makes use of the Rieman-
nian Newton method introduced in Section [[.3.3

4.2.2 Convergence analysis

Given the discrete minimizer of Jy we construct in this section an approximation for
the minimizer of J. Then we prove that this approximation converges to the minimizer
of J for N — oc.

Interpolation of the values on a grid

To construct an approximation we define finite element functions and then use the ap-
proximation operator @Qp from Section For i = (i1,...,iq) € {0,1,...,N}* and
x = (x1,...,24) € [0,1]° we define the tensor product basis function ¢;: [0,1]° — R
by

qﬁl(a:) = H tij(a:j) S ]R,
j=1

where for k € {0,1,..., N} the function ¢;: [0,1] — R is the piecewise linear function
with tkUN*l) = Op.
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4 Variational Problems

Algorithm 5 Minimization of the discrete harmonic energy with the Newton method

Input: Boundary data g: Q% — M where Q = [0,1]> and parameters N € N and
tol > 0.
Output: Approximation of a minimizer of the harmonic energy on the regular (N +
1) x (N +1) grid of the unit square.

Choose a first guess (u(o))f){j:o

Set k=0

repeat

Compute gradient and Hessian of

for u (e.g. by interpolation of g)

N N-1 N—-1 N
Jw) =33 d(uij,uij) + Y, Y d* (i, uir1)
i=0 j=0 i=0 j=0
at uk)

Restrict Hess and gradient grad to the interior points.
Solve Hess J(u®)z = grad J (u®)) for 2 € T, g MN-Dx(N=1)
Update u*+1) = exp ) (—z) or w1 = e o (—x)

k=k+1
until max; ; d(ugz),ul(-zfl)) < tol
return u®).

Convergence for the half-sphere case

We now show that if M is the half-sphere HS™ the constructed approximation converges
towards the unique minimizer of J. However, we need to assume that the distance
d: M x M — Rsq is of the form d?(p,q) = a((p,q)) with o convex, monotonically
decreasing and a(x) > 4(1 — x)(1 4+ x)~!. The reason is that under this condition, we
can show that the harmonic energy of the interpolation can be bounded by the discrete
harmonic energy.

Lemma 4.2.1. Assume that d*(p,q) = a((p,q)) with o convex monotonically decreasing
and a(x) > 4(1 — z)(1 + )~ . Then we have

J(@Qpu) < JIn(u)
for all uw € (HS™)V.

Proof. Note that it is enough to prove the estimate for N = 1. For ¢ € R"*1\{0} and
r € R we have

lal gl

Ploly] = 1 — 0l

Hence,
2 (rg)? )
P@i’ =15 - <
PO = [ = g < e
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4.2 The finite distance method

By Lemma the Cauchy—Schwarz and Jensen’s inequality we have for z € [0, 1]° with
Gitj = Qi + &

fj Op P (Z qSi(x)ui)

k=1 icV

2

_ 3 (Z qﬁi(x)ui) [Z ami(x)ui]

k=1 iev iev
Sig)er i (@) ui — uj?
1—1 > (ij)eE Piglui — ugl?

2
U; — Uq
Z ¢)Z’] | 7 7 |

(i,7)€EE 1_7|f‘_u9’2

= > i (@)A1 = (ug,ug)) (1 + (ug,ug) !
(i,7)EE

< Y ¢ig(@)al(ui,ug))

(i,7)eFE

= Y dij(@)d?(ui,uy).

(¢,5)€E

IN

IN

Hence, we have
2

J(Qpu) = Z

0.1]° 1=

/ > iy % (g, uy) dZL‘— > d?(ui, uj) = Jy(u). O
0,1]*

(i,5)eE ( J)EE

o P (Z bi(z >

eV

We first show convergence in the L°-norm.

Theorem 4.2.2. Let ¢ € C(0]0,1]°, HS™), for every N € N, Jy the functional defined

in (4.4) with o as in Lemma uny € (HS™YT the unique minimizer of Jn and
u € H([0,1)%,8™) the minimizer of J. Assume that u € C3. Then we have

li — o =0
Jin [[@pun —ullp

Proof. Assume that the statement is not true. Then there exists € > 0 and a subsequence
(Ni)ien C N with
|Qpun, — || 00 > € for all i € N.

As upy is the minimizer of Jy we have
JN(uN) — jN(’U,) S 0. (4.5)
By Lemma (4.5) and Inequality (4.3) there exists C' > 0 such that we have

J(Qpun) < In(un) < In(uw) < J(u) + CN 72,
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Hence, J(Qpun;) = |Qpun;|y is bounded. It follows that (Qpun,);cy has a sub-
sequence which convergences weakly to a function v € H([0,1]*,R"*1). Since Dirac
measures are linear functionals on L it follows that v € H'([0,1]*,S"). By weakly
lower semicontinuity of the H'-norm we have |v|g1 < |u|1, which is a contradiction to
the uniqueness of the minimizer of J by Theorem O

The restriction of the function Pluy to the boundary is PI¢y and in general not equal
to the boundary data ¢ of the function u. We denote by @y the unique minimizer with
respect to the boundary data PIpyn. We will need to estimate ||u — @y || g1 (qrn). In the
linear case this can be done by linearity and [27]. In the manifold-valued case this is an
open problem.

Conjecture 4.2.3. Let M be a Riemannian manifold, Q@ C R® open and bounded with
smooth boundary, ¢ € C(0Q, HS™), Uy the unique minimizer with respect to the bound-
ary data Plpn. Then we have

lu =Nl rn) S llp = Plon|| (4.6)

HE (0Q,RP)’

Assuming Conjecture holds, we can estimate the H'-error between the exact and
the approximate solution.

Theorem 4.2.4. Let Q =[0,1]%, ¢ € C(0Q, HS™), H;(Q,HS”) as in Theorem

w:= argmin J(v),
vEHL(Q,HS™)

Jn the discrete harmonic energy and uy € (HS™)VInt the unique minimizer of Jy.

Assume that u € C? and ||Aul|p=~ < @ Then if Conjecturesm holds we have

|PIun — ulgr S N7L

Proof. By Theorem [£.2.2] we have convergence in L*>°. As uy is the minimizer of Jy we
have

JIn(un) — In(u) <0. (4.7)

Let @iy € H'(Q2, HS™) be the unique minimizer with respect to the (interpolated) bound-
ary data ¢ = Plupn|gn. Using the triangle inequality we have

|PI’U,N — U’Hl(Q,R") S ’PI’U,N - ﬂ"Hl(Q,R") + "LNL — u’Hl(Q,]R")'
By (4.7)), Lemma and Inequality (4.3) we have that

[PIuy — @lingpny S J(Pluy)—J(u)
(T (PIuy) — Jn(un)) + (In(un) — Tn(w) + (Tn (w) — T (u))
< |In(u) = T (u)]
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4.3 The geometric finite element method

< N72

Using Conjecture the Gagliardo Nirenberg inequality for fractional Sobolev spaces
[10] and Theorem we get

i —ulgorny S e —Plen| 1

H2 (8Q,R)
1 1
S e =Plon| i (09,R")|le — Plon| ;2 (09, R")
< N°L
Combining the inequalities yields the desired result. O

An interesting open problem is to estimate the L?-error. A possible approach would be
to generalize the Aubin—Nitsche-duality argument [42].

4.3 The geometric finite element method

In this section, we study the geometric finite element method. In Section we give
a convergence theory for geometric finite elements. Finally, in Section we discuss
some issues which occur when implementing the geometric finite element method.

4.3.1 Convergence analysis for the geometric finite element method

Having ellipticity it is straight forward to prove convergence for geometric finite elements.
We first show a nonlinear Céa lemma.

Lemma 4.3.1. Let M C R" be a Riemannian submanifold of R™, Q Cc R*, J: H C
HY(Q, M) — R a functional with a unique minimizer u € H. Assume that J is elliptic
around u. Let V' C H be an nonempty subset and

v := arg min J (w).

weV

Then we have
—uly S inf — .
"U 'U,‘ 1S ul;IelV |'lU U|H1

Proof. By the ellipticity we have for any w € V
v —ulpp < T W) = T(w) < T (w) = T (u) < [w—ulfy.

Taking the square root yields the desired result. O

We can now prove the convergence estimate for geometric finite elements.
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Theorem 4.3.2. Let M C R™ be an embedded submanifold, Q C R®, 7: H C HY(Q, M) —
R a functional with a unique minimizer w € H N H™. Assume that J is elliptic around
u. Let ¢ = (¢;)icr C WHI(Q,R) for some ¢ > max(d,2), Qrn, Vr, Qr, Vp and Qp
as in Chapter[3 and

vg = argmin J(w) and vp := argminJ(w).
weVrNH weVpNH

Assume that Qrn satisfies (3.4]) with I =1 and p = 2. Then there exist a constant Cr
depending only on uw, M and the implicit constant of Lemma and a constant Cp
depending only on the implicit constant of Lemma and Inequality (3.4) such that

for h small enough we have

g —ulgr <KTICR,  and |vp —uly < CpR™ ulgm.

Proof. By Lemma [4.3.1] and Theorem [3.4.3] we have
lvg — u@{l <|Qru — ulgr <™ ICR.

The proof for the projection-based solution uses Theorem [3.3.4] and is analogous. O

4.3.2 Implementing the geometric finite element method

The geometric finite element method was implemented in Matlab. However as the code
is in general not very efficient we omit a detailed description and concentrate ourselves
to a few important tricks necessary to implement the geometric finite element method.
For the projection average based finite element method we need to compute

arg min /QZ

n 2
(ci)ierCM "°% 51

dz.

0
pi7 (o)

In a first step the integral is approximated by a quadrature rule. The resulting expression
can be minimized using the Riemannian Newton method. To compute the derivatives
one can first compute the derivatives of the linear combination ) ;. ; ¢;c; and the closest
point projection P at »,;.; ¢;c; and then use the chain rule to get the derivatives of the
composition. When M is a compact Stiefel manifold we have for example

SIS

P (Z <75i(93)0i> = (Z ¢i($)ci> > dilw)pj(x)eict

il iel ijel

To compute derivatives of this expression one can first compute derivatives of the indi-
vidual functions and then combine them using the product and the chain rule.
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4.3 The geometric finite element method

Higher order Lagrange basis on triangles

We briefly point out the construction of an order p € N Lagrange basis on a tri-
angular element using barycentric coordinates (\;)?_;. Consider the index set I =
{(4,7,k) |i,j,k € N,i+j+k =p}. For z € R and n € N we define the polynomial

Note that for v = (a,b,c) € I the function

o0, Ao, Ag) = <p21> <p2\2> (pi\?))’

is the unique polynomial of (total) degree at most p with ¢, (w/p) = 0y for all w € 1.

Harmonic energy of a geometric finite element function on a triangular element

In the previous section we expressed the basis function in terms of barycentric coordi-
nates. These expression also make sense for A1, A2, A3 whose sum is not equal to 1. There
is also a natural way to define the projection (Definition [1.4.1]) resp. Riemannian (Defini-
tion|1.4.3) average also for weights with sum not equal to 1. Hence a derivative du/d\; of
a geometric finite element function w: T — M C R™ on a triangle T C R? makes sense.

. 2
In this section we explain how to express ’dgg) ‘ in terms of the derivatives with respect

to the barycentric coordinates (););_;. Note that the coordinates z = (z1,72) € R? of a
point inside the triangle with vertices P;, Py, Py € R? can be expressed in the variables

()‘i)?:l by
= P\ + Po)s + P3ls. (48)

A1

P1 P2 Pg I

(nrm) (3) - ) "
A3

Let A = [aj;] be the inverse of the 3 x 3 matrix

P P P
1 1 1/

We can now find an expression of the norm of the gradient of u = (u1,...,uy) in terms
of the derivatives in the barycentric coordinates. By the chain rule we have

2 n 2 dui 2 2 3 dui ? n3 2 dui dui
[Vl :ZZ dz; = — 1akdek :'_ ZZZak,jaz,dedel-

i=1j=1 i

It follows that

)

n
:]_]
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5 Discussion

Let us take a look back to the results of this thesis and discuss some possible direction
for future research in this area.

In Chapter [1}, we presented a theory for the minimization of functionals and the compu-
tation of averages on Riemannian manifolds which requires only elementary knowledge
of differential geometry. An important tool was the closest point projection P. We pre-
sented a simple relation between the classical gradient and Hessian and the Riemannian
gradient and Hessian (Proposition . We showed how this formula can for example
be applied to the compact Stiefel manifold (Equation ) which includes the sphere
and the special orthogonal group.

In Chapter ], we proposed the IRM algorithm to minimize the TV functional. We
presented various theories concerning the existence of unique minimizers of functionals
related to the TV-functional and the convergence and convergence speed of IRM.

In Chapter |3 we showed that the projection based approximation operator Qp satisfies
the same error estimate as its linear analog Qrn. Furthermore we showed that with
uniform B-splines we have the same approximation order whereas for nonuniform B-
splines we observed that the convergence order breaks down.

In Chapter [d we presented two techniques to solve variational problems. We gave a
convergence theory showing that for elliptic functionals we have optimal convergence
order.

The thesis can be summarized by saying that we generalized methods and theories from
the real-valued case to the manifold-valued case.

There are still many open problems (e.g. why the symmetrization in Section is not
necessary, uniqueness of minimizer of TV-functional with sphere-valued data (Section
ED, convergence of Algorithm [3| and explanation of the convergence orders in Section
3.5.4). In principle any statement in the linear theory can be generalized to a more
general statement for the manifold-valued case. A few examples of statements which
could be generalized are Jensen’s inequality, saturation theorems or error estimates for
the p-method. However, the generalization is not always true (see e.g. Section .
Furthermore, the proof from the linear theory can not always be transferred into a proof
for the manifold-valued case. Sometimes new ideas are required to generalize to the
manifold-valued case.
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A Estimates related to the closest point projection

The following lemma estimates the difference between p and ¢ and its projection onto
the tangent space at p.

Lemma A.1. For p,q € M with |q — p| small enough we have

1
== Pru(a—p)| < 5[Plc2lg —p|?,

where Pr,n; denotes the orthogonal projection onto T, M.

Proof. By Lemma we have Pr = P'(p). Let y(t) := P(tq + (1 —t)p). Note that
4(t) = P"[q — p,q — p|. Hence we have

=9 = PGl =1l = h(1) =20 =50 = | [ (= 030)| < 3 Plesla — o2, O

The next lemma makes a similar statement but with ¢ — p replaced by log,(q).

Lemma A.2. For p,q € M with |q — p| small enough we have
|log,(a) = P'(p)(q = )| < la—pl,
with implicit constant depending only on |P|c2 and |P|gs.
Proof. Let v € C([0,1], M) be the geodesic with v(0) = p and v(1) = ¢. By Lemma
we have that P’(p) is the orthogonal projection onto T, M. Furthermore we know

that 4(0) € T,M~. Hence we have P’(p)[§(0)] = 0. From Proposition it follows
that |7 (t)| < |g — p|3. Therefore we have

log,(q) = P'(p)lg —pll = 19(0) = P'(p)[7(1) —+(0)]|
= (0 = PG)3(0) + 55(0) + O [(0))

2
= |P'(p[O(lq —p*)]
< lg—p*. O
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For Proposition we need an explicit bound on the second derivative of the closest
point projection onto the sphere. The next lemma gives the exact value of the norm.

Lemma A.3. Let P be the closest point projection onto the sphere S™, i.e. P(u) = u/|ul
for all u € R*1\{0}. For u € R"*1\{0} we have

" - 2
Pl = 5

where || - || denotes the operator norm.

Proof. Some calculus yields

U U5 UE

dQP(u)Z 5ijuk + (5iku]‘ + (Sjk’u,i
=— 5 +3 =
dujduy, lu |ul
Hence for v, w € R""! we have
2

P (u)[v, w]|* = '—v<u,w>—u|fl<;’;,v>—u<v,w> +3<u,v|>$5,w>u
= ('”'2<“7“’>2 el (u, 0)2 + [l v, w)? — 3W>

= [ulof*fw]? (cos®(a) + cos®(B) + cos®(y) — Bcos®(a) cos*(B)) ,

where «, 8 resp. v denote the angle between u and w, u and v resp. v and w. Without
loss of generality we can choose «, 3,7 € [0,7). By the triangle inequality we have
v > |a — | and therefore

cos’(7) < cos*(a—fB)
= (cos(a) cos(fB) + sin(a) sin(3))?
2 cos?(ar) cos?(B) + 1 — cos®(a) — cos?(B) + 2sin(a) cos(a) sin(B) cos().

Hence, we get

[P (w) v, w]|*

EEIE < ul™ (1 + 2sin(a) cos(a) sin(B) cos(B8) — cos? () COSQ(B))
= ful™ (1 + sin’(a) sin?(B) — cos?(a + B))
< Jul7*(1+ sin® (a—;—ﬁ) —cos%a—l—ﬂ))

( 2
= Ju (g -3 (COS2 (a—;ﬁ) - 51’)> )

IN
2l
£

|

Taking the square root yields the desired result. Equality holds for o = 5 = arccos (3_1/ 2)
and v = 0. O
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B Identities and estimates on sequences
B lIdentities and estimates on sequences

Assume we are given an expression where a variable occurs k times and we want to
compute finite differences of it. The goal is to rewrite it as a telescopic sum with finite
differences only taken with respect to one occurence of the variable. The following lemma
shows that this can be done.

Lemma B.1. Let u: Z¥ — X, where X is a vector space and v: Z — X be the diagonal,
i.e. v; =1 ; foralli € Z. Let V; be the difference operator only applied to the j-th
coordinate, 1i.e.

Viiliy iy 2= Wiy i1 — Wiy, i
Then we have for i € Z

! _ _
Vi), = VA VA TR
& Vi1 k 0@k —1
i=ap<ai--<ap=i+l [Tz (am — am—1)!

Proof. The right hand side of the expression above is a sum of terms of the form u;, . ;,
with ¢ =19 < 4; <ig--- <4 < igy1 = ¢+ . Note that it is enough to prove that the
coefficients are

(D)) it == =it
0 otherwise '
We have
iZQ ... sz I! i (71)am_im (am - amfl)!
a1=1i1 ap_1=%k—1 Hlﬁn:l(am - am—l)‘ m=1 (Zm - amfl)!(am - Zm)'

l'(—l)akilk k—1 ’inz+l » Zm+1 _ ’Lm
- — —— (~1yem i
(ar — i) (i1 — ap)! an:ll(zmﬂ —im)! H Z

m=1 am=im am = tm

l[(_l)ak—ik k-1 o
- e Tl e
Hﬁ@:o(lm+1 —im)! nl;ll
B {(—1)H(§) ifig=---=ip =04

0 otherwise

O]

In Section we work with a sequence b with ) ;.7 b; = 1 and we want to estimate the
expression ||b * u — u||g. The following lemma shows that b % u — u can be rewritten in
terms of Vu. This will allow us to estimate ||b % u — u|goo.

Lemma B.2. Let b € R? be an invertible sequence with finite support and Yiez bi = 1.
Then there exist a sequence a € R% with finite support such that

bxu=u+axVu
Furthermore, if b=! is an inverse of b we have

b lsu=u—b"lxaxVu
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Proof. Let the support of b be in {—S,...,S}. We define

~Xb 1<i<S
=3 by —54+1<i<0

0 otherwise

and get by the assumption

b; , £ 0
(Va); = ’7& .
_Z’L;é(]blzbo_l 1=0

Note that we have V(b *u) = b * Vu = Vb * u. Hence,
utaxVu=u+Vasxu=u+bsru—u=>bxu

The second statement follows by multiplying with b=! from the left on both sides. [

9%k 9

To simplify the notation we will omit the convolution sign in the following lemma.

Z
Lemma B.3. Letue MZ gnd v € (RK) . We have

[PoP(u +0) = Po(u+0)llee S [[0llee ([[0fle + [[Vat]leeo) -

Proof. Let i € Z and x := P(bu);. Using the Taylor expansion of P at (bu); we get
[P(b(u+10))i — (P(bu)i + Pr,ar(bv);)| < |(bv);[*
where Pr, s denotes the orthogonal projection onto the tangent space T, M. Hence
IPb(u + 0) — (P(bu) + Prpy,1160) || oe < [[0]7.

Similarly
PP (1 + 0) = (P(bw) + Proy, 11 Proarbo) oo < [lo][7x-

Using P%m v = Proar for all z € M and the triangle inequality we get

[POP(u + 0) = Pb(u + 0)]| o 1Pt (Pt = Proas)bol| e + [[o][7<

S
S 1Progrr = Pronrllgse [[0llee + [Jo][7
Using the smoothness of P we get
1 Prpgnt = Proallpee S POU— ]| goc -
Using |Px — Py| < |z — y| and Lemma we get
[Pou — uflo S (16w = ullpoc = [[eVtt]| oo S [[Vtt]| oo

Combining these inequalities we get the desired estimate. O

102



C Estimates on the discrete harmonic energy
C Estimates on the discrete harmonic energy
The approximation error of the harmonic energy in dimension 1 is given by the following
Lemma.
Lemma C.1. Let M be a Riemannian submanifold of R™ and d a metric on M with
d(u,v) = [v —u| + O(Jv — ul®). Then for u € C3([0,h], M) we have

h
| @)Pde = b (b u(0) = O (1ull2s)
0

Proof. Note that it is enough to prove the statement for d(u,v) = |v — u|. Taylor
expansion of v’ yields

' (2) = ' (0) 4 u"(0)z + O (Jef*[ulca)

Hence we have

h
[ @i = [ WOP + 2000 + Ol da
= [WO) R+ B((0), 0 (0)) + O ).

Taylor expansion of u yields

u(z) = u0) + ' (0)z + %u"(O)xQ + 0 (o ulcs)

Hence, we have

W u(h) —u(0)] = h7' /' (0)h + %U”(O)hQV + O |ul|s)
= |/ (0)Ph + h*(u/(0),4" (0)) + O(h’||ulEs).

Taking the difference of both approximations yields the desired result. O

To estimate the harmonic energy by the discrete harmonic energy of sphere-valued func-
tions we will need the following lemma.

Lemma C.2. Let V = {0,1}° be the s-dimensional hypercube, E C V x V the edges of
the hypercube, x € [0,1]° and for i € {0,1}* the function ¢; as defined in Section [4.2.9
and a = (a;)icv € (S™)V. Then we have

2
>1

%\H

> dilx)a;

9%

2
Z ij(w)|a; — az]”,
J)EE

where ¢; j == ¢; + ¢;.
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Proof. We prove the statement by induction on s. The case s = 1 follows from
1
|ta1—|—(1—t)a2|2 = t2|a1\2—|—(1—t)2|a2|2—2t(1—t)<a1,ag) = 1—t(1—t)|a1—a2|2 > 1—Z|CL1—CLQ‘2,

where we used that ¢(1 —¢) < i. To prove the induction step s — s + 1 we show that
for all t € [0,1] and a,b € V we have

>1—* ST ¢ny(@)(tlai—aj]*+(1—)b—b;[?) —72@ Yai—b; 2.

( JIEE e

> ¢i(a)(tai + (1= t)b;)

=%

By the triangle and the Cauchy—Schwarz inequality we have with u :=3,cy, ¢i(x)a; and
v =Yy ¢i(2)b; that

> di(z)

eV

v —uf® =

2g<z¢i )(Z@ |b—azr2) S gu(a) s — il

eV eV eV

Hence we have using the induction hypothesis and ¢(1 —¢) < i that

2

> di(a)(tai + (1= t)b;)

eV
= Hul+ (1 - +2t(1 — t){(u,v)
t\UI2 + (1= t)[v]* = t(1 = t)ju —v]?
1—7 > i@ (tlai — ai* + (1 —t)[b; — b;|*) —72@ Ya; — b2 O

( i,j)EE ZEV

Vv
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