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Abstract

We formalize linear-time temporal logic (LTL) and the algorithm
by Gerth et al. to convert LTL formulas to generalized Biichi automata.
We also formalize some syntactic rewrite rules that can be applied to
optimize the LTL formula before conversion. Moreover, we integrate
the Stuttering Equivalence AFP-Entry by Stefan Merz, adapting the
lemma that next-free LTL formula cannot distinguish between stutter-
ing equivalent runs to our setting.

We use the Isabelle Refinement and Collection framework, as well
as the Autoref tool, to obtain a refined version of our algorithm, from
which efficiently executable code can be extracted.
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1 Introduction

In LTL model checking obtaining an equivalent automaton from a linear
temporal logic (LTL) formula makes up an important nontrivial part of the
whole process. Gerth et al. [2] present a simple tableau-based construction,
which takes an LTL formula and decomposes it according to its structure
gaining the desired automaton step-by-step.

In this entry, we formalize Linear Temporal Logic (LTL), some optimizing
syntactic rewrite rules on LTL formulas, and Gerth’s algorithm. Using the
Isabelle Refinement Framework, we extract efficient code from our formal-
ization.

Moreover, we connect our LTL formalization to the one of Stefan Merz [3],
adapting the lemma that next-free LTL formula cannot distinguish between
stuttering equivalent runs to our setting.

This work is part of the CAVA project [1] to implement an executable fully
verified LTL model checker.

2 LTL to GBA translation

theory LTL-to-GBA
imports
CAVA-Base.CAVA-Base
LTL.LTL
CAVA-Automata. Automata
begin

2.1 Statistics

code-printing
code-module Gerth-Statistics — (SML) «
structure Gerth-Statistics = struct
val active = Unsynchronized.ref false
val data = Unsynchronized.ref (0,0,0)

fun is-active () = lactive

fun set-data num-states num-init num-acc = (
active := true;
data := (num-states, num-init, num-acc)

)

fun to-string () = let
val (num-states, num-init, num-acc) = !data
mn
Num states: ~ IntInf.toString (num-states) ~ \n
Num initial: ~ IntInf.toString num-init ~ \n
Num acc—classes: ~ IntInf.toString num-acc ~ \n



end

val - = Statistics.register-stat (Gerth LTL-to-GBA,is-active,to-string)
end
)
code-reserved SML Gerth-Statistics

consts
stat-set-data-int :: integer = integer = integer = unit

code-printing
constant stat-set-data-int — (SML) Gerth'-Statistics.set’-data

definition stat-set-data ns ni na
= stat-set-data-int (integer-of-nat ns) (integer-of-nat ni) (integer-of-nat na)

lemma [autoref-rules]:
(stat-set-data,stat-set-data) € nat-rel — nat-rel — nat-rel — unit-rel
by auto

abbreviation stat-set-data-nres ns ni na = RETURN (stat-set-data ns ni na)

lemma discard-stat-refine[refine]:
ml<m2 = stat-set-data-nres ns ni na > ml < m2 by simp-all

2.2 Preliminaries

Some very special lemmas for reasoning about the nres-monad

lemma SPEC-rule-nested2:
[m < SPEC P; Ar1 r2. P (r1, r2) = ¢ (r1, r2) < SPEC P]
= m < SPEC (Ar'. g r’' < SPEC P)
by (simp add: pw-le-iff) blast

lemma SPEC-rule-param?2:
assumes fz < SPEC (P z)
and Ar? r2. (Pz) (rl, r2) = (P 2’) (r1, r2)
shows fz < SPEC (P z')
using assms
by (simp add: pw-le-iff)

lemma SPEC-rule-weak:
assumes fz < SPEC (Q z) and fz < SPEC (P x
and Ar? 2. [(Q z) (r1, r2); (P z) (r1, r2)] = (P z’) (r1, r2)
shows fz < SPEC (P z')
using assms
by (simp add: pw-le-iff)

lemma SPEC-rule-weak-nested2: [f < SPEC Q; f < SPEC P;
Arl r2.[Q (r1, r2); P (rl, r2)] = g (11, r2) < SPEC P]



= f < SPEC (\r'. g v’ < SPEC P)
by (simp add: pw-le-iff) blast

2.3 Creation of States

In this section, the first part of the algorithm, which creates the states of
the automaton, is formalized.

type-synonym node-name = nat
type-synonym ‘a frml = 'a ltlr
type-synonym ’a interprt = 'a set word

record 'a node =
name :: node-name
incoming :: node-name set
new :: 'a frml set
old :: 'a frml set
next :: 'a frml set

context
begin

fun new! where

newl (p and, ) = {9}
| newt (u Uy ) = {1}
| new? (p R 1) = {¢}

| new! (p ory ¥) = {u}
| new? - = {}

fun nextl where
nextl (X, ) = {¢}
| next! (n Uy ¥) = {p U, ¢}

| nextl (p Rr ) = {p Rr ¢}
| next! - = {}

fun new?2 where
new2 (u Uy ) = {1}
| new2 (u R ) = {n, ¥}

| new? (u ory 1) = 1)
| new?2 - = {}

definition expand-init = 0
definition expand-new-name = Suc

lemma expand-new-name-expand-init: expand-init < erpand-new-name nm



by (auto simp add:expand-init-def expand-new-name-def)

lemma expand-new-name-step|intro):
fixes n :: ‘a node
shows name n < expand-new-name (name n)
by (auto simp add:expand-new-name-def)

lemma expand-new-name--less-zero[intro]: 0 < expand-new-name nm
proof —
from ezpand-new-name-expand-init have erpand-init < expand-new-name nm
by auto
then show ?thesis
by (metis grol less-zeroE)
qed

abbreviation
upd-incoming-f n = (An’.
if (oldn’ = old n A next n’ = next n) then
n'(| incoming := incoming n U incoming n' )
else n'

)

definition
upd-incoming n ns = ((upd-incoming-f n) ‘ ns)

lemma upd-incoming--elem:
assumes nde€upd-incoming n ns
shows ndéens
V (Ind’ens. nd = nd'( incoming := incoming n U incoming nd’ |) A
old nd’ = old n A
next nd’ = next n)
proof —
obtain nd’ where nd’ens and nd-eq: nd = upd-incoming-f n nd’
using assms unfolding upd-incoming-def by blast
then show ?thesis by auto
qed

lemma upd-incoming--ident-node:
assumes ndeupd-incoming n ns and ndens
shows incoming n C incoming nd V = (old nd = old n A next nd = next n)
proof (rule ccontr)
assume — ?Zthesis
then have nsubset: — (incoming n C incoming nd) and
old-next-eq: old nd = old n N next nd = next n
by auto
moreover
obtain nd’ where nd’ens and nd-eq: nd = upd-incoming-f n nd’
using assms unfolding upd-incoming-def by blast
{ assume old nd’ = old n A next nd’ = next n



with nd-eq have nd = nd’(incoming := incoming n U incoming nd’) by auto
with nsubset have False by auto }
moreover
{ assume — (old nd’ = old n A next nd’ = next n)
with nd-eq old-next-eq have False by auto }
ultimately show Fulse by fast
qed

lemma upd-incoming--ident:
assumes Vnens. P n
and An. [nens; P n] = (Av. P (n( incoming := v ))))
shows V ncupd-incoming n ns. P n
proof
fix nd v
let ?2f = An'.
if (old n' = old n A next n’ = next n) then
n'( incoming := incoming n U incoming n' )
else n'
assume ndecupd-incoming n ns
then obtain nd’ where nd’ens and nd-eq: nd = ?2f nd’
unfolding upd-incoming-def by blast
{ assume old nd’ = old n A next nd’ = next n
then obtain v where nd = nd’( incoming := v |) using nd-eq by auto
with assms <nd’ens> have P nd by auto }
then show P nd using nd-eq <nd’ens)> assms by auto
qed

lemma name-upd-incoming-f[simp]: name (upd-incoming-f n ) = name x
by auto

lemma name-upd-incoming|simp):

name ‘ (upd-incoming n ns) = name ‘ ns (is ?lhs = %rhs)

unfolding upd-incoming-def
proof safe

fix z

assume zEns

then have upd-incoming-f n © € (An'. local.upd-incoming-f n n') ‘ ns by auto

then have name (upd-incoming-f n ) € name ‘ (An’. local.upd-incoming-f n n’)
‘ns

by blast

then show name z € name

qed auto

“(An'. local.upd-incoming-f n n') ‘ ns by simp

abbreviation exrpand-body
where
expand-body = (Aexpand (n,ns).



if new n = {} then (
if (3n'ens. old n' = old n A next n’ = next n) then
RETURN (name n, upd-incoming n ns)
else
expand (
(
name=ezpand-new-name (name n),
incoming={name n},
new=next n,
old={},
next={}
D,
{n} U ns)
) else do {
¢ + SPEC (A\z. x€(new n));
let n = n( new := newn — {p} ));
if (3q. ¢ = prop.(q) V ¢ = nprop,.(q)) then
(if (not, ) € old n then RETURN (name n, ns)
else expand (n( old := {¢} U old n |), ns))
else if p = true, then expand (n( old := {¢} U old n |), ns)
else if ¢ = false, then RETURN (name n, ns)
else if (v p. (¢ =v and, p) V (p = X, v)) then
expand (
n
new = newl ¢ U new n,
old := {¢} U old n,
next := nextl ¢ U next n
D,
ns)
else do {
(nm, nds) < expand (
n(
new := newl ¢ U new n,
old := {p} U old n,
next := nextl ¢ U next n
D,
ns);
expand (n( name := nm, new := new2 ¢ U new n, old := {p} U old n |,

}
}
)

lemma expand-body-mono: trimono expand-body by refine-mono

nds)

definition ezpand :: (‘a node x ('a node set)) = (node-name X 'a node set) nres
where expand = REC expand-body

lemma REC-rule-old:



fixes z::'z

assumes M: trimono body

assumes [0: ® z

assumes IS: A\fz. [A\z. Pz = fa < Mz; @ z; f < REC body ]
= body fz < Mz

shows REC body x < M z

by (rule REC-rule-arb[where pre=X-. ® and M=\-. M, OF assms])

lemma expand-rec-rule:
assumes [0: ® z
assumes IS: Afz. [ Az. fz < ezpand z; A\v. 2 = fz < Mz; @ z |
= ezpand-body fx < Mz
shows expand ¢ < M x
unfolding expand-def
apply (rule REC-rule-old[where ®=3])
apply (rule expand-body-mono)
apply (rule 10)
apply (rule IS[unfolded expand-def])
apply (blast dest: le-funD)
apply blast
apply blast
done

abbreviation
expand-assm-incoming n-ns
= (Vnmé&incoming (fst n-ns). name (fst n-ns) > nm)
A 0 < name (fst n-ns)
A (V g€snd n-ns.
name (fst n-ns) > name q
A (V nmé&incoming q. name (fst n-ns) > nm))

abbreviation
expand-rsilt-incoming nm-nds
= (V gesnd nm-nds. (fst nm-nds > name g A (¥ nm’Eincoming q. fst nm-nds >

nm')))

abbreviation
expand-rslt-name n-ns nm-nds
= (name (fst n-ns) < fst nm-nds A name ‘ (snd n-ns) C name ‘ (snd nm-nds))
A name ¢ (snd nm-nds)

3

= name ‘ (snd n-ns) U name ‘ {nde€snd nm-nds. name nd > name (fst n-ns)}

abbreviation
expand-name-ident nds
= (V gends. 3!q’ends. name q¢ = name q’)

abbreviation
expand-assm-ezist & n-ns
={n. Jp. p U, n e old (fst n-ns) N & = n} C new (fst n-ns) U old (fst n-ns)



A (Vpenew (fst n-ns). € =, 1)
A (Vpeold (fst n-ns). £ =, )
A (Ypenext (fst n-ns). € =, X, ¥)

abbreviation
expand-rsit-exist--node-prop £ n nd
incoming n C incoming nd
A (Vpeold nd. £ = ) AN (Vpenext nd. € = X, 1)
A{n. Jp. pw U, n € oldnd A&, n}t C old nd

abbreviation
expand-rslt-exist & n-ns nm-nds
= (I ndesnd nm-nds. expand-rsit-exist--node-prop £ (fst n-ns) nd)

abbreviation
expand-rslt-exist-eq--node n nd
= name n = name nd
A old n = old nd
A next n = next nd
A incoming n C incoming nd

abbreviation
expand-rslt-exist-eq n-ns nm-nds =
(Vnesnd n-ns. Indesnd nm-nds. expand-rsit-exist-eq--node n nd)

lemma expand-name-propag:
assumes expand-assm-incoming n-ns A expand-name-ident (snd n-ns) (is 2Q
n-ns)
shows expand n-ns < SPEC (Ar. expand-rslt-incoming r
A expand-rsit-name n-ns r
A expand-name-ident (snd r))
(is expand - < SPEC (2P n-ns))
using assms
proof (rule-tac expand-rec-rule[where ®=72Q)], simp, intro refine-veg, goal-cases)
case prems: (1 - - n ns)
then have Q: ?Q (n, ns) by fast
let ?nds = upd-incoming n ns

from prems have V ¢€ ?nds. name g < name n
by (rule-tac upd-incoming--ident) auto
moreover
have V g€ ?nds. V nm'€incoming q. nm’ < name n (is V ¢€-. ?sg q)
proof
fix ¢
assume ¢-in:q€ ?nds
show %sg ¢
proof (cases gens)
case True
with prems show ?thesis by auto

10



next
case Fulse
with upd-incoming--elem[OF g-in]
obtain nd’ where
nd’-def:nd'eéns A q = nd’(incoming := incoming n U incoming nd’)
by blast

{ fix nm’
assume nm’'Eincoming q
moreover
{ assume nm’cincoming n
with @ have nm’ < name n by auto }
moreover
{ assume nm'cincoming nd’
with Q nd’-def have nm’ < name n by auto }
ultimately have nm’ < name n using nd’-def by auto }

then show ?thesis by fast
qed
qed
moreover
have expand-name-ident ?nds
proof (rule upd-incoming--ident, goal-cases)
case I
show ?Zcase
proof
fix ¢
assume gens

with @Q have 3!q’eéns. name ¢ = name ¢’ by auto
then obtain ¢’ where ¢’ens and name q = name q’
and q’-all: V ¢'’ens. name q' = name ¢ — ¢’ = q”
by auto
let ?2q' = upd-incoming-f n q’
have P-a: ?q'c ?nds A name q¢ = name ?q’
using (q’ens> <name q¢ = name ¢"» q’-all
unfolding upd-incoming-def by auto

have P-all: V q"’€ ?nds. name ?q' = name q¢"" — 2q' = q”
proof (clarify)
fix ¢’
assume q’’€ ?nds and q'’-name-eq: name ?q’ = name q’’
{ assume ¢''¢ns
with upd-incoming--elem|OF «q"’€ ?nds»]
obtain nd’’ where
nd''€ns
and q'"-is: ¢"’ = nd"(incoming := incoming n U incoming nd"’)
A old nd" = old n A next nd"" = next n
by auto

11



then have name nd’’ = name ¢’
using ¢'’-name-eq
by (cases old q' = old n A next ¢/ = next n) auto
with «<nd’’ens» q’-all have nd" = ¢’ by auto
then have ?¢’ = ¢’ using ¢'’-is by simp }
moreover
{ assume q’’€ns
moreover
have name q' = name q"
using ¢'’-name-eq
by (cases old ¢’ = old n A next ¢’ = next n) auto

moreover

then have incoming n C incoming q'"’
= incoming q'' = incoming n U incoming q"’'
by auto

ultimately have 7¢' = ¢’
using upd-incoming--ident-node[OF <q''€ ?nds)] q’-all
by auto
}
ultimately show ?q¢’ = ¢'' by fast
qed

show 3!q'€upd-incoming n ns. name q¢ = name q’
proof(rule ex1l[of - ?q'], goal-cases)
case I
then show ?case using P-a by simp
next
case 2
then show ?case
using P-all unfolding P-a[THEN conjunct2, THEN sym]
by blast
qed
qed
qed simp
ultimately show ?case using prems by auto
next
case prems: (2 f z n ns)
then have step: Az. ¢Q x = fz < SPEC (?P x) by simp
from prems have @Q: ?Q (n, ns) by auto

show ?case unfolding <z = (n, ns)
proof (rule-tac SPEC-rule-param2[where P = ?P|, rule-tac step, goal-cases)
case I
with ezpand-new-name-step|of n] show ?case
using
by (auto elim: order-less-trans[rotated))
next
case prems”: (2 - nds)

then have name ‘ ns C name ‘ nds by auto
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with ezpand-new-name-step|of n] show ?case
using prems’ by auto
qed
next
case 3
then show ?case by auto
next
case prems: (4 f)
then have step: \z. ?Q © = fz < SPEC (?P z)
by simp-all
with prems show ?Zcase
by (rule-tac SPEC-rule-param?2, rule-tac step) auto
next
case prems: (5 f)
then have step: Az. ?Q © = fz < SPEC (%P x)
by simp-all
from prems show Zcase
by (rule-tac SPEC-rule-param?2, rule-tac step) auto
next
case 6
then show ?case by auto
next
case prems: (7 f)
then have step: Az. ?Q © = fz < SPEC (?P z)
by simp-all
from prems show ?case
by (rule-tac SPEC-rule-param?2, rule-tac step) auto
next
case prems: (8 fx n ns )
then have goal-assms: ¥ € newn A Jvp. v =vor, uyVY=v U, p Vb=
v R, p)
by (cases 1) auto
from prems have Q: ?Q (n, ns) and step: Az. ?Q © = fz < SPEC (%P z)
by simp-all
show ?Zcase
using goal-assms @
unfolding case-prod-unfold «<x = (n, ns)»
proof (rule-tac SPEC-rule-nested2, goal-cases)
case I
then show ?case
by (rule-tac SPEC-rule-param2, rule-tac step) auto
next
case prems: (2 nm nds)
then have P-z: (name n < nm A name ‘ ns C name ‘ nds)
A name ‘ nds = name ‘ns U name ‘ {nd€nds. name nd > name n}
(is - A ?nodes-eq nds ns (name n)) by auto
show ?Zcase
proof (rule-tac SPEC-rule-param2[where P = ?P|, goal-cases)
case I

13



with prems show ?case by (rule-tac step) auto
next
case prems”: (2 nm' nds’)
then have V ¢ends’. name ¢ < nm’ A (¥ nm''€incoming q. nm'’ < nm’) by
auto
moreover
have ?nodes-eq nds ns (name n) and ?nodes-eq nds’ nds nm and name n <

nm
using prems’ P-z by auto
then have ?nodes-eq nds’ ns (name n) by auto
then have expand-rsit-name (n, ns) (nm’'; nds’)
using prems’ P-z subset-trans[of name ‘ ns name ‘ nds| by auto
ultimately show ?case using prems’ by auto
qed
qed
qed

lemmas ezpand-name-propag--incoming = SPEC-rule-conjunct1[OF expand-name-propag]
lemmas expand-name-propag--name =

SPEC-rule-conjunct! [OF SPEC-rule-conjunct2|OF expand-name-propag]
lemmas expand-name-propag--name-ident =

SPEC-rule-conjunct2[OF SPEC-rule-conjunct2|OF expand-name-propag]]

lemma expand-rsit-exist-eq:
shows ezpand n-ns < SPEC (expand-rslt-exist-eq n-ns)
(is - < SPEC (¢P n-ns))
proof (rule-tac expand-rec-rule[where ®=\-. True|, simp, intro refine-vcg, goal-cases)
case prems: (1 fx n ns)
let 9r = (name n, upd-incoming n ns)
have expand-rsit-exist-eq (n, ns) ?r
unfolding snd-conv
proof
fix n'
assume n'ens
{ assume old n’ = old n A next n’ = next n
with «n’ens
have n'( incoming := incoming n U incoming n’ |) € upd-incoming n ns
unfolding upd-incoming-def by auto
}

moreover
{ assume — (old n’ = old n A next n’ = next n)
with «<n’ens> have n’ € upd-incoming n ns
unfolding upd-incoming-def by auto
}

ultimately show 3 ndcupd-incoming n ns. expand-rslt-exist-eq--node n' nd
by force
qged
with prems show ?case by auto
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next

case prems: (2 f)

then have step: Az. fz < SPEC (9P z) by simp

with prems show ?Zcase by (rule-tac SPEC-rule-param?2, rule-tac step) auto
next

case 3 then show ?case by auto
next

case prems: (4 f)

then have step: Az. f 2 < SPEC (?P z) by simp

with prems show Zcase by (rule-tac SPEC-rule-param?2, rule-tac step) auto
next

case prems: (5 f)

then have step: Az. fo < SPEC (9P z) by simp

with prems show ?Zcase by (rule-tac SPEC-rule-param?2, rule-tac step) auto
next

case 6 then show ?case by auto
next

case prems: (7 f)

then have step: Az. fz < SPEC (9P z) by simp

with prems show ?Zcase by (rule-tac SPEC-rule-param?2, rule-tac step) auto
next

case prems: (8 f x n ns)

then have step: Az. fo < SPEC (?P x) by simp

show ?Zcase
proof (rule-tac SPEC-rule-nested2, goal-cases)
case I
with prems show ?Zcase
by (rule-tac SPEC-rule-param?2, rule-tac step) auto
next
case (2 nm nds)
with prems have P-x: ?P (n, ns) (nm, nds) by fast
show ?case
unfolding case-prod-unfold <x = (n, ns)»
proof (rule-tac SPEC-rule-param2|[where P = ?P], goal-cases)
case I
then show ?Zcase by (rule-tac step)
next
case prems”: (2 nm’ nds’)
{
fix n’
assume n’'ens
with P-z obtain nd where ndends and n’-split: expand-rsit-exist-eq--node
n’ nd
by auto
with prems’ obtain nd’ where nd’cnds’ and expand-rslt-exist-eq--node nd
nd’
by auto
then have dnd’ends’. expand-rsit-exist-eq—-node n’ nd’

15



using n’-split subset-trans[of incoming n'] by auto
}
then have expand-rsli-exist-eq (n, ns) (nm’, nds’) by auto
with prems show ?Zcase by auto
qed
qed
qed

lemma expand-prop-exist:
expand n-ns < SPEC (Ar. expand-assm-exist & n-ns — expand-rslt-exist £ n-ns
r)
(is - < SPEC (?P n-ns))
proof (rule-tac expand-rec-rule[where ®=M\-. True|, simp, intro refine-vcg, goal-cases)
case prems: (1 fx n ns)
let ?nds = upd-incoming n ns
let ?r = (name n, ?nds)
{ assume Q: expand-assm-exist £ (n, ns)
note (In’'ens. old n’ = old n A next n’ = next n
then obtain n’ where n’'ens and assm-eq: old n’ = old n A next n’ = next n
by auto
let ?nd = n'( incoming := incoming n U incoming n')
have ?nd € ?nds using (n'ens> assm-eq unfolding upd-incoming-def by auto
moreover
have incoming n C incoming ?nd by auto
moreover
have expand-rsit-exist--node-prop € n ?nd using @ assm-eq <new n = {}
by simp
ultimately have expand-rsit-exzist £ (n, ns) ?r
unfolding fst-conv snd-conv by blast
}

with prems show ?case
by auto
next
case prems: (2 f z n ns)
then have step: A\z. fz < SPEC (9P )
and f-sup: Az. fz < expand x by auto
show ?case
unfolding <z = (n, ns)
proof (rule-tac SPEC-rule-weak[where Q) = expand-rsit-exist-eq|, goal-cases)
case I
then show ?case
by (rule-tac order-trans, rule-tac f-sup, rule-tac expand-rslt-exist-eq)
next
case 2
then show ?case by (rule-tac step)
next
case prems”: (8 nm nds)
then have name ‘ ns C name ‘ nds by auto
moreover
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{ assume assm-ez: expand-assm-exist £ (n, ns)
with prems’ obtain nd where ndends and expand-rsit-ezist-eq--node n nd
by force+
then have expand-rsit-exist--node-prop & n nd
using assm-ex <new n = {}» by auto
then have expand-rsit-exist £ (n, ns) (nm, nds) using «nd€nds» by auto }
ultimately show ?case
using ezpand-new-name-step|of n] prems’ by auto
qed
next
case prems: (3 fz n ns )
{ assume expand-assm-ezist £ (n, ns)
with prems have ¢ |=, ¢ and & =, not, ¥
by (metis (no-types, lifting) fstl node.select-convs(4) node.surjective node.update-convs(3))+
then have Fulse by simp }
with prems show ?2case by auto
next
case prems: (4 fz n ns )
then have goal-assms: ¥ € new n A (3 q. ¥ = prop,(q) V ¥ = nprop,(q))
and step: Az. fz < SPEC (?P z) by simp-all
show Zcase
using goal-assms unfolding <z = (n, ns)»
proof (rule-tac SPEC-rule-param?2, rule-tac step, goal-cases)
case prems”: (1 nm nds)
{ assume ezxpand-assm-exist & (n, ns)
with prems’ have expand-rsit-exist £ (n, ns) (nm, nds) by auto }
then show ?case by auto
qed
next
case prems: (5 fz n ns )
then have goal-assms: ¢ € new n A ¢ = true,
and step: Az. fz < SPEC (P z) by simp-all
show ?Zcase
using goal-assms unfolding <z = (n, ns)»
proof (rule-tac SPEC-rule-param?2, rule-tac step, goal-cases)
case prems”. (1 nm nds)
{ assume ezxpand-assm-exist & (n, ns)
with prems’ have expand-rsit-exist £ (n, ns) (nm, nds) by auto }
then show ?case by auto
qed
next
case prems: (6 f z n ns )
{ assume ezxpand-assm-exist & (n, ns)
with prems have £ |, false, by auto }
with prems show ?case by auto
next
case prems: (7 fz n ns )
then have goal-assms: ¢ € newn A Qv p. Y =v and, p VvV ¢ = X, v)
and step: \z. fz < SPEC (P z) by simp-all
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show ?Zcase
using goal-assms unfolding <z = (n, ns)»
proof (rule-tac SPEC-rule-param?2, rule-tac step, goal-cases)
case prems”. (1 nm nds)
{ assume ezxpand-assm-exist & (n, ns)
with prems’ have expand-rsit-exist £ (n, ns) (nm, nds) by auto }
then show ?case by auto
qed
next
case prems: (8 f x n ns )
then have goal-assms: ¥ € newn AN v p. v =vor, uyVY=v U, pV1h =
v R, )
by (cases 1) auto
from prems have step: Az. fz < SPEC (?P x)
and f-sup: Az. fz < expand x by auto
let %21 = (n(new := new n — {¢}, new := newl ¥ U new (n(new := new n —
{3D),

old := {y} U old n, next := next! 1 U next nf), ns)
let ?newl-assm-sel = M. (case v of p Upn=>n|p R-n=p|uor.n=mn)

{ assume newi-assm: = (£ =, (?newl-assm-sel 1))
then have ?case
using goal-assms unfolding <z = (n, ns)»
proof (rule-tac SPEC-rule-nested2, goal-cases)
case prems’: 1
then show ?case
proof (rule-tac SPEC-rule-param?2, rule-tac step, goal-cases)
case prems’": (1 nm nds)
{ assume ezxpand-assm-exist & (n, ns)
with prems’’ have expand-assm-exist £ ?x1
unfolding fst-conv
proof (cases ¥, goal-cases)
case ¢: (8 un)
then have ¢ =, u U, n by fast
then have ¢ |:r pand § |:r X, (ﬂ U, 77)
using v ltir-expand-Until[of & p n] by auto
with ¢ show Zcase by auto
next
case ¢: (9 un)
then have *: £ =, u R, n by fast
with ¢ have ¢ |=, nand ¢ |5, X, (1 R, 1)
using ltlr-ezpand-Release[of & ] by auto
with ¢ x show ?case by auto
qed auto
with prems’’ have expand-rsit-exist & (n, ns) (nm, nds) by force }
with prems’’ show ?case by auto
qed
next
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case prems” (2 nm nds)
then have P-z: ?P (n, ns) (nm, nds) by fast

show ?case
unfolding case-prod-unfold
proof (rule-tac SPEC-rule-weak[where P = ?P and @ = expand-rslt-exist-eq],
goal-cases)
case I
then show ?case
by (rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-rslt-exist-eq)
next
case 2
then show ?Zcase by (rule-tac step)
next
case prems'": (8 nm’ nds’)
{ assume expand-assm-exist £ (n, ns)
with P-z have expand-rsit-exist £ (n, ns) (nm, nds) by simp
then obtain nd where nd: ndends expand-rsit-exist--node-prop & n nd
using goal-assms by auto
with prems’’ obtain nd’ where
nd'ends’ and expand-rsit-ezist-eq--node nd nd’
by force
with nd have expand-rslt-exist--node-prop & n nd’
using subset-trans|of incoming n incoming nd] by auto
then have expand-rsit-exist £ (n,ns) (nm’, nds’)
using «nd’'eénds”y goal-assms by auto }
then show Zcase by fast
qed
qed
}
moreover
{ assume newi-assm: £ =, (Ynewl-assm-sel V)
let 222f = A(nm::node-name, nds::’'a node set). (
n(new := new n — {¢},
name := nm,
new = new2 ¥ U new (n(new := new n — {¢})),
old := {y} U old nJ),
nds)
have P-z: f ?z1 < SPEC (?P ?z1) by (rule step)
moreover
{ fix r :: node-name x 'a node set
let %22 = %x2f r

assume assm: (2P %z1) r
have f 722 < SPEC (?P (n, ns))
unfolding case-prod-unfold fst-conv
proof (rule-tac SPEC-rule-param?2, rule-tac step, goal-cases)
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case prems”: (1 nm’ nds’)
{ assume expand-assm-ezist £ (n, ns)
with newl-assm goal-assms have expand-assm-exist & ?x2
proof (cases r, cases v, goal-cases)
case prems’: (9 - - pun)
then have *: £ =, pu R, n unfolding fst-conv by fast
with [tlr-expand-Releaselof € p 1] have £ =, n by auto
with prems’’ x show ?case by auto
qed auto
with prems’ have expand-rsit-exist & ?x2 (nm’, nds’)
unfolding case-prod-unfold fst-conv snd-conv by fast
then have expand-rsit-exist £ (n, ns) (nm’, nds’) by (cases r, auto) }
then show Zcase by simp
qed

then have SPEC (?P %z1)
< SPEC (Ar. (case r of (nm, nds) =>
f (222f (nm, nds))) < SPEC (2P (n, ns)))
using goal-assms by (rule-tac SPEC-rule) force
finally have ?case unfolding case-prod-unfold <x = (n, ns)> by simp
}
ultimately show ?case by fast
qed

Termination proof

definition expandr :: (‘a node x (‘a node set)) = (node-name x 'a node set) nres
where expandr n-ns = RECT expand-body n-ns

abbreviation old-next-pair n = (old n, next n)
abbreviation old-next-limit ¢ = Pow (subfrmlsr ¢) x Pow (subfrmlsr ¢)

lemma old-next-limit-finite: finite (old-next-limit o)
using subfrmlsr-finite by auto

definition
expand-ord ¢ =
inv-image (finite-psupset (old-next-limit p) <xlexx> less-than)
(A(n, ns). (old-next-pair ‘ ns, size-set (new n)))

lemma expand-ord-wf[simp|: wf (expand-ord )
using finite-psupset-wf[OF old-next-limit-finite]
unfolding expand-ord-def by auto

abbreviation
expand-inv-node ¢ n
= finite (new n) A finite (old n) A finite (next n)
A (new n) U (old n) U (next n) C subfrmlisr ¢
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abbreviation
expand-inv-result @ ns = finite ns A (Y n'€ns. (new n’) U (old n’) U (neat n’) C
subfrmlsr )

definition
expand-inv ¢ n-ns = (case n-ns of (n, ns) = expand-inv-node p n A expand-inv-result
@ ns)

lemma newl-less-sum:
size-set (newl @) < size-set {p}
proof (cases @)
case (And-ltlr v p)
thus ?thesis
by (cases v = p; simp)
qed (simp-all)

lemma new2-less-sum:
size-set (new?2 ) < size-set {¢}
proof (cases )
case (Release-ltlr v )
thus ?thesis
by (cases v = u; simp)
qed (simp-all)

lemma newl-finite[intro]: finite (newl )
by (cases ) auto

lemma newl-subset-frmls: ¢ € newl ¥ = ¢ € subfrmlsr ¢
by (cases ©) auto

lemma new2-finite[intro): finite (new2 )
by (cases ) auto

lemma new2-subset-frmls: ¢ € new?2 ¢ = ¢ € subfrmlsr ¢
by (cases ©) auto

lemma nextl-finite[introl: finite (nextl )
by (cases ) auto

lemma nexti-subset-frmls: ¢ € nextl ¢ = ¢ € subfrmlsr ¢
by (cases ©) auto

lemma expand-inv-impl[intro!]:
assumes ezpand-inv ¢ (n, ns)

and newn: ¥ € new n

and old-next-pair ‘ ns C old-next-pair ‘ ns’

and expand-inv-result ¢ ns’

and (n’ = n( new := new n — {Y},
old .= {¢p} Uoldn)) Vv

(n’ = n( new := newl ¥ U (new n — {¢}),

old := {4} U old n,
next := next! 1 U next n |) V
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(n’ = n( name := nm,
new := new2 ¥ U (new n — {¢}),
old .= {¢} U old n |)
(is Zcasel V ?case2 V ?case3)
shows ((n’, ns’), (n, ns))€expand-ord ¢ N expand-inv ¢ (n’, ns’)
(is Zconcll N %concl?2)
proof
from assms consider Zcasel | ?case2 | ?case3 by blast
then show ?Zconcl!
proof cases
case n'def: 1
with assms show ?thesis
unfolding expand-ord-def expand-inv-def finite-psupset-def
apply (cases old-next-pair ‘ ns C old-next-pair ‘ ns’)
apply simp-all
apply auto [1]
apply (metis (no-types, lifting) add-Suc diff-Suc-less psubset] sum.remove
sum-diff1-nat zero-less-Suc)
done
next
case n'def: 2
have Yinnew: ¥ € new n and fin-new: finite (new n)
using assms unfolding expand-inv-def by auto
then have size-set (new n — {¢}) = size-set (new n) — size-set {1}
using size-set-diff by fastforce
moreover
from fin-new sum-Un-nat]|OF newl-finite -, of new n — {y} size 1]
have size-set (new n') < size-set (newl ) + size-set (new n — {¢})
unfolding n’def by (simp add: newl-finite sum-Un-nat)
moreover
have sum-leq: size-set (new n) > size-set {1}
using Yinnew sum-mono2[OF fin-new, of {1}]
by blast
ultimately
have size-set (new n') < size-set (new n)
using newl-less-sum[of ] by auto
with assms show ?thesis
unfolding expand-ord-def finite-psupset-def by auto
next
case n'def: 3
have yinnew: ¥ € new n and fin-new: finite (new n)
using assms unfolding expand-inv-def by auto
from yinnew sum-diff1-nat[of size new n ]
have size-set (new n — {W}) = size-set (new n) — size-set {1}
using size-set-diff [of new n {¢}] by fastforce
moreover
from fin-new sum-Un-nat]|OF new2-finite -, of new n — {¢} size )
have size-set (new n') < size-set (new2 1) + size-set (new n — {1})
unfolding n’def by (simp add: new2-finite sum-Un-nat)
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moreover
have sum-leq:size-set (new n) > size-set {1}
using Yinnew sum-mono2[OF fin-new, of {¢}] by blast
ultimately
have size-set (new n') < size-set (new n)
using new2-less-sum[of ] sum-leq by auto
with assms show ?thesis
unfolding expand-ord-def finite-psupset-def by auto
qed
next
have new! ¥ C subfrmlisr ¢
and new2 ¢ C subfrmlsr ¢
and nezt! ¢ C subfrmlsr ¢
using assms subfrmlisr-subset| OF newl-subset-frmls[of - ]
subfrmlsr-subset[of ¥ ¢, OF rev-subsetD[of - new n]
subfrmlsr-subset| OF new2-subset-frmls|of - 1]
subfrmlsr-subset| OF next1-subset-frmlsof - 1]]
unfolding expand-inv-def

apply —
apply (clarsimp split: prod.splits)
apply (metis in-mono newl-subset-frmls)
apply (clarsimp split: prod.splits)
apply (metis new2-subset-frmls rev-subsetD)
apply (clarsimp split: prod.splits)
apply (metis in-mono next1-subset-frmls)
done
with assms show ?2concl2
unfolding expand-inv-def
by auto
qed

Py

lemma expand-term-prop-help:
assumes ((n', ns’), (n, ns))€expand-ord ¢ A expand-inv ¢ (n', ns’)
and assm-rule: [expand-inv ¢ (n', ns’); ((n', ns’), n, ns) € expand-ord @]
= f (n, ns’) < SPEC P
shows f (n’, ns’) < SPEC P
using assms by (rule-tac assm-rule) auto

lemma expand-inv-upd-incoming:
assumes ezpand-inv ¢ (n, ns)
shows exzpand-inv-result ¢ (upd-incoming n ns)
using assms unfolding expand-inv-def upd-incoming-def by force

lemma upd-incoming-eq-old-next-pair: old-next-pair ‘ ns = old-next-pair ‘ (upd-incoming
n ns)

(is ?A = ?B)
proof
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show ?A C ?B
proof
fix x
let ?f = An'. n'(incoming := incoming n U incoming n’)
assume z € 74
then obtain n’ where n’ € ns and zeq: = (old n', next n’)
by auto
have z € (old-next-pair ‘ (An'. n'(incoming := incoming n U incoming n’))
“(ns N {n’ € ns. old n' = old n A next n’ = next n}))
U (old-next-pair < (ns N {n’ € ns. old n’ # old n V next n’ # next n}))
proof (cases old n’ = old n A next n' = next n)
case True
with «n’ € ns»
have ?fn’ € 2f “(ns N {n'ens. old n’ = old n A next n’ = next n}) (is - €

3

7C)
by auto
then have old-next-pair (?f n') € old-next-pair < 2C
by (rule-tac imagel) auto
with zeq have z€old-next-pair © ?C by auto
then show ?thesis by blast
next
case Fulse
with «n’ € nsy zeq
have z € old-next-pair ‘ (ns N {n'€ns. old n’ # old n V next n’ # next n})
by auto
then show ?thesis by blast
qed

then show z € 7B
using «x € ?A) unfolding upd-incoming-def by auto
qed
show ?B C 24
unfolding upd-incoming-def by (force intro:imagel)
qed

lemma expand-term-prop:
expand-inv ¢ n-ns =
expandr n-ns < SPEC (\(-, nds). old-next-pair ¢ snd n-nsCold-next-pair ‘nds
A expand-inv-result ¢ nds)
(is - = - < SPEC (%P n-ns))
unfolding expandr-def
apply (rule-tac RECT-rule[where pre=\(n, ns). expand-inv ¢ (n, ns) and
V=expand-ord ¢])
apply (refine-mono)
apply simp
apply simp
proof (intro refine-vcg, goal-cases)
case prems: (1 - - n ns)
have old-next-pair “ ns C old-next-pair © (upd-incoming n ns)
by (rule equalityD1[OF upd-incoming-eq-old-next-pair))
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with prems show ?case
using expand-inv-upd-incoming[of ¢ n ns] by auto
next
case prems: (2 expand x n ns)
let ?n’ = (|
name = expand-new-name (name n),
incoming = {name n},
new = next n,
old = {},
next = {})
let ?ns’ = {n} U ns
from prems have SPEC-sub:SPEC (?P (n’, ?ns")) < SPEC (?P x)
by (rule-tac SPEC-rule) auto
from prems have old-next-pair n ¢ old-next-pair ‘ ns
by auto
then have old-next-pair ‘ ns C old-next-pair ¢ (insert n ns)
by auto
moreover from prems have expand-inv ¢ (n, ns)
by simp
ultimately have ((9n', ?ns’), (n, ns)) € expand-ord ¢
by (auto simp add: expand-ord-def finite-psupset-def expand-inv-def)
moreover from prems have expand-inv ¢ (9n', ?ns’)
unfolding expand-inv-def by auto
ultimately have expand (?n’, ?ns") < SPEC (?P (%n', ?ns"))
using prems by fast
with SPEC-sub show Zcase
by (rule-tac order-trans) fast+
next
case 3
then show ?case by (auto simp add:expand-inv-def)
next
case 4
then show ?case
apply (rule-tac expand-term-prop-help]|OF expand-inv-impl))
apply (simp add: expand-inv-def)+
apply force
done
next
case )
then show ?case
apply (rule-tac exzpand-term-prop-help|OF expand-inv-impl])
apply (simp add: expand-inv-def)+
apply force
done
next
case 6
then show ?case by (simp add: expand-inv-def)
next
case 7
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then show ?case
apply (rule-tac expand-term-prop-help]|OF expand-inv-impl))
apply (simp add: expand-inv-def)+
apply force

done
next
case prems: (8 fz a b za)
let ?n’ = af

new := newl za U (new a — {za}),
old := insert za (old a),
next := next! xa U next a)
let 2n' = Anm. af
name := nm,
new := new2 za U (new a — {za}),
old := insert za (old a))
have step:((?n’, b), (a, b)) € expand-ord ¢ A expand-inv ¢ (?n’, b)
using prems by (rule-tac expand-inv-impl) (auto simp add: expand-inv-def)
with prems have assml1: f (?n’, b)) < SPEC (?P (a, b))
by auto
moreover
{
fix nm::node-name and nds::'a node set
assume assml: old-next-pair ‘b C old-next-pair ‘ nds
and assm2: expand-inv-result ¢ nds
with prems step have ((?n’ nm, nds), (a, b)) € expand-ord ¢ A expand-inv ¢
(2n" nm, nds)
by (rule-tac expand-inv-impl) auto
with prems have f (?n'' nm, nds) < SPEC (?P (?n'' nm, nds))
by auto
moreover
have SPEC (?P (?n' nm, nds)) < SPEC (?P (a, b))
using assm? subset-trans|OF assml1] by auto
ultimately have f (?n” nm, nds) < SPEC (2P (a, b))
by (rule order-trans)
}

then have assm2: SPEC (P (a, b))
< SPEC (Ar. (case r of (nm, nds) = f (¢n'' nm, nds)) < SPEC (?P (a, b)))
by (rule-tac SPEC-rule) auto
from prems order-trans[OF assm1 assm2] show ?case
by auto
qed

lemma expand-eq-expandr:
assumes nv: expand-inv @ n-ns
shows expandr n-ns = expand n-ns
unfolding expandr-def expand-def
apply (rule RECT-eq-REC)
unfolding expandr-def[symmetric]
using expand-term-prop[OF inv] apply auto
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done

lemma expand-nofail:
assumes nv: expand-inv @ n-ns
shows nofail (expandr n-ns)
using expand-term-prop|OF inv] by (simp add: pw-le-iff)

lemma [introl]: expand-inv ¢ (

(
name = expand-new-name expand-init,
incoming = {expand-init},
new = {¢},
old = {},
next = {} ),

{}H

by (auto simp add: expand-inv-def)

definition create-graph :: 'a frml = 'a node set nres
where
create-graph ¢ =
do {
(-, nds) < expand (
(
name = expand-new-name expand-init,
incoming = {expand-init},
new = {p},
old = {},
next = {}
)::’a node,
{}::'a node set);
RETURN nds

}

definition create-graphr :: 'a frml = 'a node set nres
where
create-graphr ¢ = do {
(-, nds) + expandr (
(
name = expand-new-name exrpand-init,
incoming = {expand-init},
new = {p},

next = {}

D::’a node,
{}:t'a node set);
RETURN nds

}
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lemma create-graph-eq-create-graphy: create-graph ¢ = create-graphr ¢
unfolding create-graphr-def create-graph-def
unfolding eq-iff
proof (standard, goal-cases)
case I
then show ?case
by refine-mono (unfold expand-def expandr-def, rule REC-le-RECT)
next
case 2
then show ?case
by (refine-mono, rule expand-eq-expandr|unfolded eq-iff, THEN conjunctl])
auto
qed

lemma create-graph-finite: create-graph ¢ < SPEC finite
unfolding create-graph-def expand-def
apply (intro refine-vcg)
apply (rule-tac order-trans)
apply (rule-tac REC-le-RECT)
apply (fold expandr-def)
apply (rule-tac order-trans|OF expand-term-prop))
apply auto[!]
apply (rule-tac SPEC-rule)
apply auto
done

lemma create-graph-nofail: nofail (create-graph @)
by (rule-tac pwD1[OF create-graph-finite]) auto

abbreviation
create-graph-rslt-exist £ nds
= Jndends.
expand-init€incoming nd
A (Vy€old nd. £ =, ) A (Vip€next nd. € =, X, 1)
A{n. Jp.pw U, n € oldnd A&, n}t Cold nd

lemma L4-7:
assumes § =, ¢
shows create-graph ¢ < SPEC (create-graph-rslt-exist &)
using assms unfolding create-graph-def
by (intro refine-vcg, rule-tac order-trans, rule-tac expand-prop-exist) (
auto simp add:expand-new-name-expand-init)

lemma expand-incoming-name-exist:
assumes name (fst n-ns) > expand-init
A (Y nme&incoming (fst n-ns). nm # expand-init — nmename  (snd n-ns))
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A ezpand-assm-incoming n-ns A expand-name-ident (snd n-ns) (is ?Q n-ns)
and V ndesnd n-ns.
name nd > expand-init
A (Y nm€&incoming nd. nm # expand-init — nmename * (snd n-ns))
(is ?P (snd n-ns))
shows expand n-ns < SPEC (Anm-nds. ?P (snd nm-nds))
using assms
apply (rule-tac expand-rec-rulejwhere ®=An-ns. ?Q n-ns A 2P (snd n-ns)])
apply simp
apply (intro refine-vcg)
proof goal-cases
case (I fz n ns)
then show ?case
proof (simp, clarify, goal-cases)
case prems: (1 - - nd)
{ assume ndens
with prems have Zcase by auto }
moreover
{ assume ndé¢ns
with upd-incoming--elem[OF <nd€upd-incoming n ns»)
obtain nd’ where nd’eéns and nd = nd’(incoming :=
incoming n U incoming nd’) A
old nd’ = old n N
next nd’ = next n by auto
with prems have ?case by auto }
ultimately show ?case by fast
qed
next
case (2 fz n ns)
then have step: Az. 2Q z A 2P (snd z) = fa < SPEC (Az. ?P (snd z))
and QP: ?Q (n, ns) A 2P ns
and f-sup: Az. fz < expand x by auto
show ?Zcase
unfolding <z = (n, ns)
using QP expand-new-name-expand-init
proof (rule-tac step, goal-cases)
case prems: 1
then have name-less: name n < expand-new-name (name n)
by auto
moreover
from prems name-less have ¥ nmé&incoming n. nm < expand-new-name (name
n)
by auto
moreover
from prems name-less have xx: VY gens. name q < expand-new-name (name n)
A
(V nme&incoming q. nm < expand-new-name (name n))
by force
moreover
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from QP have 3!¢’. (¢’ = n V ¢’ € ns) A name n = name q’
by force

moreover

have V gens. 3¢’

(¢'=nV ¢ €ns)A

name ¢ = name q' using QP by auto
ultimately show ?case using prems by simp
qed
next

case 3

then show ?Zcase by simp
next

case 4

then show ?case by simp
next

case 5

then show Zcase by simp
next

case 6

then show ?case by simp
next
case 7

then show ?case by simp
next

case prems: (8 f z n ns )

then have goal-assms: v € newn AN Qv p. v =vor, puNVp=v U, pVh =
v R, p)

by (cases 1) auto

with prems have QP: ?Q (n, ns) A 2P ns

and step: Az. ?Q z A 2P (snd ) = faz < SPEC (A\z'. ?P (snd z'))
and f-sup: Az. fz < expand x by auto

let %z = (n(new := new n — {Y}, new := new! p U new (n(new := new n —
{3),
old := {¢} U old (n(new = new n — {¢})),
nexrt :=
let Zprops =

next! ¥ U next (n(new := new n — {Y})))), ns)

Az r. expand-rslt-incoming r
A expand-rslt-name x r
A expand-name-ident (snd r)

show “case

case I

using goal-assms QP unfolding case-prod-unfold <x = (n, ns)»
proof (rule-tac SPEC-rule-weak-nested2[where Q = ?props ?z], goal-cases)

then show ?Zcase

by (rule-tac order-trans, rule-tac f-sup, rule-tac expand-name-propag) simp
next
case 2

then show ?Zcase

by (rule-tac SPEC-rule-param2|[where P = Az r. ?P (snd r)], rule-tac step)
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auto
next
case (3 nm nds)
then show ?Zcase
proof (rule-tac SPEC-rule-weak[where P = Az r. P (snd r)
and @ = Az r. expand-rsit-exist-eq x v A ?props x r], goal-cases)
case 1
then show ?Zcase
by (rule-tac SPEC-rule-conjl,
rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-rslt-exist-eq,
rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-name-propag) force
next
case 2
then show ?Zcase
by (rule-tac SPEC-rule-param2[where P = Az r. 2P (snd r)],
rule-tac step) force
next
case (3 nm’ nds")
then show ?Zcase
by simp
qed
qged
qged

lemma create-graph--incoming-name-exist:
create-graph ¢ < SPEC (Ands. V nd€nds. expand-init < name nd A (Y nm€incoming
nd. nm # expand-init — nmename ‘ nds))
unfolding create-graph-def
by (intro refine-vcg,
rule-tac order-trans,
rule-tac expand-incoming-name-exist) (
auto simp add:expand-new-name-expand-init)

abbreviation
expand-rsit-all--ex-equiv € nd nds =
(Ind’ends.
name nd € incoming nd’
A (Vpeold nd'. suffiz 1 € =, ) A (Venext nd'. suffiz 1 € =, X, )
A{n. Fp. pw U, n € oldnd A suffix 1 £ = n} C old nd’)

abbreviation
expand-rslt-all & n-ns nm-nds =
(V ndesnd nm-nds. name nd ¢ name ‘ (snd n-ns) A

(Vyeold nd. £ =, ) N (Vp€next nd. € =, X, ¥)
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— expand-rslt-all--ez-equiv & nd (snd nm-nds))

lemma expand-prop-all:
assumes ezxpand-assm-incoming n-ns A expand-name-ident (snd n-ns) (is 2Q
n-ns)
shows expand n-ns < SPEC (expand-rsit-all & n-ns)
(is - < SPEC (2P n-ns))
using assms
apply (rule-tac expand-rec-rule[where ®=72Q))
apply simp
apply (intro refine-vcg)
proof goal-cases
case I
then show ?case by (simp, rule-tac upd-incoming--ident) simp-all
next
case (2 f z n ns)
then have step: A\z. ?Q © = fz < SPEC (?P z)
and @: ?Q (n, ns)
and f-sup: Az. fz < expand x by auto
let %z = ((name = expand-new-name (name n),
incoming = {name n}, new = next n, old = {}, next = {})), {n} U ns)
from ) have name-le: name n < expand-new-name (name n) by auto
show ?Zcase
unfolding <z = (n, ns)
proof (rule-tac SPEC-rule-weak[where
Q=XMpr.
(expand-assm-exist (suffiz 1 £) %z — expand-rsit-exist (suffix 1 &) ?x 1)
A expand-rsit-exist-eq p v A (expand-name-ident (snd r))], goal-cases)
case I
then show ?case
proof (rule-tac SPEC-rule-conjl,
rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-prop-exist,
rule-tac SPEC-rule-conjl
rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-rslt-exist-eq,
rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-name-propag--name-ident,
goal-cases)
case [
then show ?case using Q name-le by force
qed
next
case 2
then show ?case using @ name-le by (rule-tac step) force
next
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case prems: (3 nm nds)
then obtain n’ where n’ends
and eg-node: expand-rslt-ezist-eq--node n n' by auto
with prems have exl-name: 3!'qends. name n = name q by auto
then have nds-eq: nds = {n'} U {z € nds. name n # name z}
using eq-node <n'eénds> by blast
have name-notin: name n ¢ name ‘ ns using @ by auto
from prems have P-z: expand-rsit-all & ?x (nm, nds) by fast
show ?case
unfolding snd-conv
proof clarify
fix nd
assume nd € nds and name-img: name nd ¢ name ‘ ns
and nd-old-equiv: Y €old nd. § =, ¢
and nd-next-equiv: Y p€next nd. £ =, X, ¢
show expand-rsit-all--ex-equiv £ nd nds
proof (cases name nd = name n)
case True
with nds-eq eq-node <ndends> have nd = n’ by auto
with prems(1)[THEN conjunctl, simplified]
nd-old-equiv nd-next-equiv eqg-node
show ?thesis by simp
next
case Fulse
with name-img <nd € nds» nd-old-equiv nd-next-equiv P-x
show ?thesis by simp
qed
qed
qed
next
case 3
then show ?case by auto
next
case prems: (4 f)
then have step: Az. ?Q = fz < SPEC (?P z) by simp
from prems show ?case by (rule-tac SPEC-rule-param2, rule-tac step) auto
next
case prems: (5 f)
then have step: Az. 7Q + = fz < SPEC (?P z) by simp
from prems show ?case by (rule-tac SPEC-rule-param?2, rule-tac step) auto
next
case 6
then show ?Zcase by auto
next
case prems: (7 f)
then have step: A\z. ?Q © = fz < SPEC (?P z) by simp
from prems show ?case by (rule-tac SPEC-rule-param2, rule-tac step) auto
next
case prems: (8 f z n ns )
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then have goal-assms: ¥ € newn A Gvp. v =vor, uyVY=v U, p Vb=
v R, )
by (cases 1) auto
from prems have Q: ?Q (n, ns)
and step: A\z. ?Q + = fz < SPEC (¢P x)
and f-sup: Az. fz < expand z by auto
let %z = (n(new := new n — {Y}, new := new! p U new (n(new := new n —
{£3D),
old := {y} U old (n(new := new n — {¢})),
next := next! ¥ U next (n(new := new n — {}))
), ns)

let ?props = Az r. expand-rsit-incoming r
A expand-rslt-name z 1
A expand-name-ident (snd r)
show ?Zcase
using goal-assms @
unfolding case-prod-unfold <x = (n, ns)»
proof (rule-tac SPEC-rule-weak-nested2[where Q = ?props ?z|, goal-cases)
case I
then show ?Zcase
by (rule-tac order-trans, rule-tac f-sup, rule-tac expand-name-propag) simp
next
case 2
then show ?case
by (rule-tac SPEC-rule-param2[where P = ?P], rule-tac step) auto
next
case prems: (3 nm nds)
then show ?case
proof (rule-tac SPEC-rule-weak[where

P = ?P and
Q = Az r. expand-rslt-exist-eq x v A\ ?props x r], goal-cases)
case 1

then show ?case
by (rule-tac SPEC-rule-conjl,
rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-rslt-exist-eq,
rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-name-propag) auto
next
case 2
then show ?case
by (rule-tac SPEC-rule-param2|where P = ?P], rule-tac step) auto
next
case prems”: (3 nm' nds’)
then have P-z: ?P (n, ns) (nm, nds)
and P-z”: 7P (n, nds) (nm’, nds’) by simp-all
show ?case
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unfolding snd-conv
proof clarify
fix nd
assume ndends’
and name-nd-notin: name nd ¢ name ‘ ns
and old-equiv: Vipe€old nd. € =, 9
and next-equiv: Vi Enext nd. £ =, X, ¢
show expand-rsit-all--ez-equiv € nd nds’
proof (cases name nd € name ‘ nds)
case True
then obtain n’ where n’ € nds and name nd = name n’ by auto
with prems’ obtain nd’ where nd’cnds’
and nd’-eq: expand-rsit-exist-eq--node n' nd’
by auto
moreover from prems’ have V gends’. 3!q'ends’. name q = name q’
by simp
ultimately have nd’ = nd
using «name nd = name n» <nd € nds’» by auto
with nd’-eq have n'-eq: expand-rsit-exist-eq--node n' nd

by simp
then have name n'éname ‘ ns and VY eold n’. £ =, 1 and Vipenext n'.
€ X, b
using name-nd-notin old-equiv next-equiv <n’ € nds»
by auto

then have expand-rsit-all--ez-equiv & n’ nds (is Ind’ends. ?sthm n' nd’)
using P-z «<n’ € nds> unfolding snd-conv by blast

then obtain sucnd where sucnd: sucndends and sthm: ?sthm n' sucnd
by blast

moreover
from prems’ sucnd sthm obtain sucnd’ where sucnd’ends’
and sucnd’-eq: expand-rsit-exist-eq--node sucnd sucnd’
by auto
ultimately have ?sthm n’ sucnd’ by auto
then show ?thesis
using <sucnd’ € nds”

unfolding <name nd = name n’> by blast
next

case Fulse
with «<nd € nds’s P-z' old-equiv next-equiv
show ?thesis unfolding snd-conv by blast
qed
qed
qed
qed
qed

abbreviation
create-graph-rsit-all & nds
= Vqends. (Vyeold q. € = ) A (Vpenest q. € = X, )
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— (3 ¢’ends. name q € incoming q’
A (Yeold ¢'. suffiz 1 € |, 1)
A (VYenext q'. suffiz 1 € =, X, )
A{n.Jp.wU.n € oldq' N suffic1 &=,n}t C old g’

lemma L4-5: create-graph ¢ < SPEC (create-graph-rsit-all £)
unfolding create-graph-def
apply (refine-vcg expand-prop-all)
apply (auto simp add:ezpand-new-name-expand-init)
done

2.4 Creation of GBA

This section formalizes the second part of the algorithm, that creates the
actual generalized Biichi automata from the set of nodes.

definition create-gba-from-nodes :: 'a frml = 'a node set = ('a node, 'a set) gba-rec
where create-gba-from-nodes ¢ qs = ||
g-V = gs,
g-FE ={(q, ¢). q€qs N q'€gs N name gE€incoming q'},
g-V0 = {q€qs. expand-init€incoming q},
gbg-F = {{q€qs. p U, n€old ¢ — necold q}|lp n. n U, n € subfrmlsr ¢},
gba-L = Aq l. q€qs N {p. prop.(p)€old q}Cl A {p. nprop.(p)€old q} N1 = {}

)

end

locale create-gba-from-nodes-precond =
fixes ¢ :: ‘a ltir
fixes ¢s :: 'a node set
assumes res: inres (create-graph ¢) gqs
begin

lemma finite-qs[simp, intro!]: finite gs
using res create-graph-finite by (auto simp add: pw-le-iff)

lemma create-gba-from-nodes--invar: gba (create-gba-from-nodes ¢ qs)
using [[simproc finite-Collect]]
apply unfold-locales
apply (auto
intro!: finite-vimagel subfrmlsr-finite injl
simp: create-gba-from-nodes-def)
done

sublocale gba: gba create-gba-from-nodes ¢ qs
by (rule create-gba-from-nodes--invar)

lemma create-gba-from-nodes--fin: finite (g-V (create-gba-from-nodes ¢ qs))
unfolding create-gba-from-nodes-def by auto
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lemma create-gba-from-nodes--ipath:
ipath gba.E v <— (Vi. 7 i €gs A name (r i)€incoming (r (Suc 7)))
unfolding create-gba-from-nodes-def ipath-def
by auto

lemma create-gba-from-nodes--is-run:
gba.is-run r <— expand-init € incoming (r 0)
A (Vi. riggs A name (r i)€incoming (r (Suc i)))
unfolding gba.is-run-def
apply (simp add: create-gba-from-nodes--ipath)
apply (auto simp: create-gba-from-nodes-def)
done

context
begin

abbreviation
auto-run-j j € q =
(Vpeold q. suffix j € |=r ¥) N (VpEnent q. suffix j & Er Xr ) A
{n. Fp.p Urn€old g A suffic j €=, n}t C old g

fun auto-run :: ['a interprt, 'a node set] = 'a node word
where
auto-run & nds 0
= (SOME q. q€nds N\ expand-init € incoming q N\ auto-run-j 0 & q)
| auto-run & nds (Suc k)
= (SOME q'. q’eénds A name (auto-run £ nds k) € incoming q’
A auto-run-j (Suc k) € q)

lemma run-propag-on-create-graph:
assumes ipath gba.E o
shows o k€gs A name (o k)€incoming (o (k+1))
using assms
by (auto simp: create-gba-from-nodes--ipath)

lemma expand-false-propag:
assumes false, ¢ old (fst n-ns) A (Vnd€snd n-ns. false, ¢ old nd)
(is 2Q n-ns)
shows expand n-ns < SPEC (Anm-nds. ¥V nd€snd nm-nds. false, ¢ old nd)
using assms
proof (rule-tac expand-rec-rule[where ®=72Q)], simp, intro refine-veg, goal-cases)
case I
then show ?Zcase by (simp, rule-tac upd-incoming--ident) auto
next
case §
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then show Zcase by (rule-tac SPEC-rule-nested2) auto
qed auto

lemma false-propag-on-create-graph: create-graph ¢ < SPEC (Ands. ¥V nd€nds.
false, ¢ old nd)

unfolding create-graph-def

by (intro refine-vcg, rule-tac order-trans, rule-tac expand-false-propag) auto

lemma expand-and-propag:
assumes p and, n € old (fst n-ns)
— {u, n} C old (fst n-ns) U new (fst n-ns) (is ?Q n-ns)
and V ndesnd n-ns. p and, n € old nd — {u, n} C old nd (is 7P (snd n-ns))
shows ezpand n-ns < SPEC (Anm-nds. ?P (snd nm-nds))
using assms
proof (rule-tac expand-rec-rule[where ®=Az. ?Q = A ?P (snd z)],
simp, intro refine-veg, goal-cases)
case I
then show ?case by (simp, rule-tac upd-incoming--ident) auto
next
case prems: (4 f z n ns)
then have step: Az. 9Q x A 2P (snd z) = fxz < SPEC (Az'. 2P (snd z')) by
stmp
with prems show Zcase by (rule-tac step) auto
next
case prems: (5 f z n ns)
then have step: Az. ?Q © A ?P (snd z) = fz < SPEC (A\z'. ?P (snd z')) by
stmp
with prems show Zcase by (rule-tac step) auto
next
case (6 fx n ns)
then show ?case by auto
next
case prems: (7 f z n ns)
then have step: A\z. ?Q z A ?P (snd ) = fz < SPEC (Az'. ?P (snd z')) by
stmp
with prems show Zcase by (rule-tac step) auto
next
case prems: (8 fx n ns 1)
then have goal-assms: 1) € new n
A = (3¢. ¥ = prop.(q) V ¥ = nprop.(q))
A Y # true. N Y # false,
A= @Brvpv=vand. pVip=2X,v)
ANBvpv=vor,uVio=vU.uVip=vR pn
by (cases 1) auto
from prems have QP: 7Q) (n, ns) A ?P ns
and step: Az. ?Q x A ?P (snd ) = fz < SPEC (A\z'. ?P (snd z'))
by simp-all
show ?Zcase
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using goal-assms QP unfolding case-prod-unfold <x = (n, ns))
proof (rule-tac SPEC-rule-nested2, goal-cases)
case I
then show Zcase by (rule-tac step) auto
next
case 2
then show ?case by (rule-tac step) auto
qed
qed auto

lemma and-propag-on-create-graph:

create-graph ¢ < SPEC (Ands. Vndends. p and, n € old nd — {u, n} C old
nd)

unfolding create-graph-def

by (intro refine-vcg, rule-tac order-trans, rule-tac expand-and-propag) auto

lemma expand-or-propag:
assumes p or, n € old (fst n-ns)
— {w, n} N (old (fst n-ns) U new (fst n-ns)) # {} (is ?Q n-ns)
and Vndesnd n-ns. u or, n € old nd — {u, n} N old nd # {}
(is ?P (snd n-ns))
shows expand n-ns < SPEC (Anm-nds. ?P (snd nm-nds))
using assms
proof (rule-tac expand-rec-rulefwhere ®=MAz. ?Q z A ?P (snd )],
simp, intro refine-veg, goal-cases)
case 1
then show Zcase by (simp, rule-tac upd-incoming--ident) auto
next
case prems: (4 fx n ns)
then have step: A\z. ?Q z A ?P (snd ) = faz < SPEC (Az'. ?P (snd z')) by
simp
with prems show Zcase by (rule-tac step) auto
next
case prems: (5 f  n ns)
then have step: A\z. ?Q z A ?P (snd ) = fz < SPEC (Az'. ?P (snd z')) by
stmp
with prems show Zcase by (rule-tac step) auto
next
case (6 fz n ns)
then show ?case by auto
next
case prems: (7 f z n ns)
then have step: Az. ?Q A ?P (snd x) = fz < SPEC (A\z'. ?P (snd z')) by
stmp
with prems show Zcase by (rule-tac step) auto
next
case prems: (8 fx n ns )
then have goal-assms: ¢ € new n
A = (3¢ ¢ = prop.(q) V ¢ = nprop,(q))
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A Y # true, N\ % false,
A= Bvpyp=vand, pVip =X, v)
ANBvpp=vor,uVo=v U.uVip=vR p
by (cases 1) auto

from prems have QP: ?Q) (n, ns) A ?P ns
and step: Az. ?Q x A P (snd z) = fxz < SPEC (Az’. ?P (snd z'))
by simp-all

show ?Zcase
using goal-assms QP
unfolding case-prod-unfold <z = (n, ns)»

proof (rule-tac SPEC-rule-nested2, goal-cases)
case I
then show ?case by (rule-tac step) auto

next
case 2
then show ?case by (rule-tac step) auto

qed

qed auto

lemma or-propag-on-create-graph:

create-graph ¢ < SPEC (Ands. ¥ ndends. p or, 1 € old nd — {p, n} N old nd
#1{})

unfolding create-graph-def

by (intro refine-vcg, rule-tac order-trans, rule-tac expand-or-propag) auto

abbreviation
nert-propag--assm [ n-ns =
(X, p € old (fst n-ns) — p € next (fst n-ns))
A (Vndesnd n-ns. X, p € old nd N\ name nd € incoming (fst n-ns)
— p € old (fst n-ns) U new (fst n-ns))

abbreviation
next-propag--rslt p ns =
Vndens. Vnd'ens. X, u € old nd A name nd € incoming nd’ — p € old nd’

lemma expand-next-propag:
fixes n-ns :: - X 'a node set
assumes nert-propag--assm f n-ns
A next-propag--rsit u (snd n-ns)
A erpand-assm-incoming n-ns
A expand-name-ident (snd n-ns) (is ?Q n-ns)
shows expand n-ns < SPEC (Ar. next-propag--rsit p (snd r))
(is - < SPEC ?P)
using assms
proof (rule-tac expand-rec-rule[where ®=2Q)|, simp, intro refine-vcg, goal-cases)
case (I fzn ns)
then show ?case
proof (simp, rule-tac upd-incoming--ident, goal-cases)
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case prems: 1
{
fix nd :: 'a node and nd’ :: 'a node
assume ndens and nd’-elem: nd'€upd-incoming n ns
have p € old nd’" if *: X, p € old nd and *x: name nd € incoming nd’
proof (cases nd’€ns)
case True
with prems * xx show ?thesis using (nd€ns» by auto
next
case Fulse
with upd-incoming--elem[of nd’ n ns] nd’-elem * xx
obtain nd’’ where nd'’ens
and nd’-eq: nd’ = nd'(incoming := incoming n U incoming nd”))
and old-eq: old nd'’ = old n by auto
have p € old nd’
proof (cases name nd € incoming n)
case True
with prems % <ndens) have u € old n by auto
then show ?thesis using nd’-eq old-eq by simp
next
case Fulse
then have name nd € incoming nd"
using (name nd €incoming nd’> nd’-eq by simp
then show ?thesis
unfolding nd’-eq using «(ndens) <nd’’€ns) * prems by auto
qged
then show ?thesis by auto
qed
}
then show ?case by auto
next
case 2
then show Zcase by simp
qed
next
case prems: (2 f z n ns)
then have step: Az. ?Q ©+ = faz < SPEC ?P
and f-sup: Az. fz < expand z by auto
from prems have @Q: ?Q (n, ns) by auto
from @ have name-le: name n < expand-new-name (name n) by auto
let 2z’ = ((name = expand-new-name (name n),
incoming = {name n}, new = next n,
old = {}, next = {})), {n} U ns)
have Q'1: expand-assm-incoming ?x'A expand-name-ident (snd ?z")
using <new n = {} Q[THEN conjunct2, THEN conjunct2] name-le by force
have Q’2: next-propag--assm u ?x’ A\ next-propag--rsit u (snd ?z’)
using @ <new n = {}» by auto
show ?Zcase
using new n = {}
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unfolding <z = (n, ns)
proof (rule-tac SPEC-rule-weak[where
Q@ = - r. expand-name-ident (snd r) and P = A-. ?P], goal-cases)
case I
then show ?case
using Q'1
by (rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-name-propag--name-ident) auto
next
case 2
then show ?case
using Q'1 Q'2 by (rule-tac step) simp
next
case (3 nm nds)
then show ?case by simp
qed
next
case 3
then show “case by auto
next
case prems: (4 f)
then have step: Az. 7Q * = fa < SPEC ?P by simp
from prems show ?case by (rule-tac SPEC-rule-param?2, rule-tac step) auto
next
case prems: (5 f)
then have step: Az. ?Q © = fz < SPEC ?P by simp
from prems show ?case by (rule-tac SPEC-rule-param?2, rule-tac step) auto
next
case 6
then show ?Zcase by auto
next
case prems: (7 f)
then have step: Az. 7Q = fa < SPEC ?P by simp
from prems show ?case by (rule-tac SPEC-rule-param?2, rule-tac step) auto
next
case prems: (8 fx n ns )

then have goal-assms: ¥ € newn AN Gvp. v =vor, uyVY=v U, pV1h =

v R, )
by (cases 1) auto
from prems have Q: ?Q (n, ns)
and step: A\z. ?Q + = fz < SPEC ?P
and f-sup: Az. fz < expand x
by auto

let %z = (n(new := new n — {Y}, new := new! p U new (n(new = new n —

{¥3)),
old := {4} U old (n(new := new n — {¢})),
) next := next! ¥ U next (n(new := new n — {}))
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let ?props = Az r. expand-rsit-exist-eq x 1
A expand-rslt-incoming r A\ expand-rsit-name x r A\ expand-name-ident (snd )
show ?Zcase
using goal-assms Q unfolding case-prod-unfold <z = (n, ns)
proof (rule-tac SPEC-rule-weak-nested2[where Q = ?props ?z|, goal-cases)
case 1 then
show ?case
by (rule-tac SPEC-rule-conjl
rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-rsit-exist-eq,
rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-name-propag) simp+
next
case 2
then show ?case
by (rule-tac SPEC-rule-param2|[where P = A-. 7P|, rule-tac step) auto
next
case prems”: (8 nm nds)
let %z’ = (n(new := new n — {Y},
name := fst (nm, nds),
new := new2 ¥ U new (n(new = new n — {¢})),
old := {¢} U old (n(new := new n — {¢}))), nds)
from prems’ show ?Zcase
proof (rule-tac step, goal-cases)
case prems’’: 1
then have expand-assm-incoming ?z’ by auto
moreover
from prems’’ have nds-ident: expand-name-ident (snd ?z’) by simp
moreover
have X, p € old (fst ?z") — pc€next (fst ?z’)
using Q[THEN conjunctl] goal-assms by auto
moreover
from prems’’ have next-propag--rsit p (snd ?z’) by simp
moreover
from prems’ have name-nds-eq: name ‘ nds = name ‘ns U name ‘ {nd€nds.
name nd > name n}
by auto
have Vndends. (X, u € old nd A name nd € incoming (fst ?z'))
— peold (fst 2z")Unew (fst ?z’)
(is V ndends. Zassm (fst ?z') nd — 2eoncl (fst ?z') nd)
proof
fix nd
assume ndends
{ assume loc-assm: name nd€name ‘ ns
then obtain n’ where n’: n'eéns name n’ = name nd by auto
moreover
from prems’’ n’ obtain nd’ where nd’ends
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and n’-nd’-eq: expand-rsit-exist-eq--node n' nd’
by auto
ultimately have nd = nd’
using nds-ident <ndends) loc-assm by auto
moreover from prems’’ have ?assm n n’ — concln n’
using «n'ens» by auto
ultimately have ?assm (fst ?2') nd — %concl (fst ?z’) nd
using n’-nd’-eq by auto }
moreover
{ assume name ndé¢name ‘ ns
with name-nds-eq «<ndends> have name nd > name n by auto
with prems’’ have — (Zassm (fst ?z’) nd) by auto }
ultimately show ?assm (fst ?z’) nd — %concl (fst ?z’) nd by auto
qed
ultimately show ?case by simp
qed
qed
qed

lemma next-propag-on-create-graph:

create-graph ¢ < SPEC (Ands. ¥V nends. ¥ n'eénds. X, p€old n A name n€incoming
n' — pcold n')

unfolding create-graph-def

apply (refine-vcg expand-next-propag)

apply (auto simp add:expand-new-name-expand-init)

done

abbreviation
release-propag--assm (i 1 n-ns =
(u Ry m € old (fst n-ns)
— {u, n}Cold (fst n-ns)Unew (fst n-ns) V

(neold (fst n-ns)Unew (fst n-ns)) A p R, n € next (fst n-ns))
A (Vnd€snd n-ns.

w R, n € old nd N name nd € incoming (fst n-ns)
— {u, n}Cold nd v
(n€old nd A p R, m € old (fst n-ns)Unew (fst n-ns)))

abbreviation
release-propag--rsit | n ns =
V ndens.
YV nd’ens.
u R, m € old nd N name nd € incoming nd’
— {u, n}Cold nd v
(n€old nd A p R, n € old nd’)

lemma expand-release-propag:

fixes n-ns :: - x ‘a node set
assumes release-propag--assm (i 1 n-ns
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A release-propag--rsit p n (snd n-ns)
A expand-assm-incoming n-ns
A expand-name-ident (snd n-ns) (is 2Q n-ns)
shows exzpand n-ns < SPEC (Ar. release-propag--rslt u n (snd r))
(is - < SPEC ?P)
using assms
proof (rule-tac expand-rec-rule[where ®=72Q)], simp, intro refine-veg, goal-cases)
case (I fz n ns)
then show ?case
proof (simp, rule-tac upd-incoming--ident, goal-cases)
case prems: 1
{ fix nd :: 'a node and nd’ :: 'a node
let ?V-prop = u R, n € old nd A name nd € incoming nd’
— {u,n} Coldnd Vv ne€oldndApR,.n€E oldnd’
assume ndens and nd’-elem: nd’€upd-incoming n ns
{ assume nd’ens
with prems have ?V-prop using <nd€ns» by auto }
moreover
{ assume nd’¢ns
and V-in-nd: p R, n € old nd and name nd €incoming nd’
with upd-incoming--elem[of nd’ n ns] nd’-elem
obtain nd’’ where nd’’ens
and nd’-eq: nd’ = nd''(incoming := incoming n U incoming nd")
and old-eq: old nd" = old n
by auto
{ assume name nd € incoming n
with prems V-in-nd <ndens»
have {u, n} C oldnd vy € oldnd AN p R, n € oldn
by auto
then have {u, n} C old nd V n € old nd A u R, n € old nd’
using nd’-eq old-eq by simp }
moreover
{ assume name nd ¢ incoming n
then have name nd € incoming nd"
using <name nd €incoming nd"» nd’-eq by simp
then have {u, n} C old nd V n € old nd A u R, 1 € old nd’
unfolding nd’-eq
using prems <nd€ns» «nd’’€ns» V-in-nd by auto }
ultimately have {u, n} C old nd V n € old nd A p R, 1 € old nd’
by fast

ultimately have ?V-prop by auto

}
then show ?case by auto

next
case 2
then show ?case by simp

qged

next
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case prems: (2 f z n ns)
then have step: Az. 7Q + = fa < SPEC ?P
and f-sup: Az. fz < expand x by auto
from prems have Q: ?Q (n, ns) by auto
from @ have name-le: name n < expand-new-name (name n) by auto
let %z’ = ((name = expand-new-name (name n),
incoming = {name n}, new = next n,
old = {}, next = {})), {n} U ns)
have Q'I: expand-assm-incoming ?x'A expand-name-ident (snd ?z’)
using new n = {}» Q[THEN conjunct2, THEN conjunct2] name-le by force
have Q'2: release-propag--assm p n %z’ A release-propag--rsit p n (snd ?z’)
using @ <new n = {} by auto

show ?case using «new n = {}» unfolding «x = (n, ns)

proof (rule-tac SPEC-rule-weak[where
Q@ = A- r. expand-name-ident (snd r) and P = A-. ?P], goal-cases)
case I
then show ?case using Q'1
by (rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-name-propag--name-ident) auto
next
case 2
then show ?case using Q'1 Q’2 by (rule-tac step) simp
next
case (3 nm nds)
then show Zcase by simp
qed
next
case 3 then show ?Zcase by auto
next
case prems: (4 fz n ns )
then have goal-assms: 1 € new n A (I ¢. ¥ = prop,.(q) V ¥ = nprop,.(q)) by
stmp
from prems have step: Az. 7Q x = fa < SPEC ?P and Q: ?Q (n, ns)
by simp-all
show ?Zcase
using @ goal-assms by (rule-tac SPEC-rule-param2, rule-tac step) auto
next
case prems: (5 fz n ns )
then have goal-assms: ¥ € new n A ¢ = true,. by simp
from prems have step: Az. 7Q * = fa < SPEC ?P and Q: ?Q (n, ns)
by simp-all
show ?case using @Q goal-assms by (rule-tac SPEC-rule-param?2, rule-tac step)
auto
next
case 6
then show ?case by auto

46



next
case prems: (7 fz n ns 1)
then have goal-assms: ¥ € newn A (v p. v = v and, p vV ¢ = X, v) by simp
from prems have step: Az. ?Q = fa < SPEC ?P and Q: 7Q (n, ns)
by simp-all
show ?case using @Q goal-assms by (rule-tac SPEC-rule-param?2, rule-tac step)
auto
next
case prems: (8 f x n ns )
then have goal-assms: v € newn A Qv p. v =vor, puVp=v U, pVh =
v R, U)
by (cases 1) auto
from prems have Q: ?Q (n, ns)
and step: A\z. ?Q * = fz < SPEC ¢P
and f-sup: Az. fz < expand x by auto
let %z = (n(new := new n — {Y}, new := new! P U new (n(new := new n —
{¥3D),
old := {¢} U old (n(new := new n — {¢})),
next := next! ¥ U next (n(new := new n — {}))
), ns)

let ?props = Az r. expand-rsit-exist-eq x r
A expand-rslt-incoming r A\ expand-rslt-name z r N\ expand-name-ident (snd )

show ?case using goal-assms @ unfolding case-prod-unfold <x = (n, ns))

proof (rule-tac SPEC-rule-weak-nested2[where Q = ?props ?z], goal-cases)
case I
then show ?case
by (rule-tac SPEC-rule-conjl
rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-rsit-exist-eq,
rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-name-propag) simp+
next
case 2
then show ?case
by (rule-tac SPEC-rule-param2|[where P = A-. 7P|, rule-tac step) auto
next
case prems”: (8 nm nds)
let %z’ = (n(new := new n — {Y},
name := fst (nm, nds),
new := new2 ¥ U new (n(new = new n — {¢})),
old := {y} U old (n(new := new n — {}))), nds)
from prems’ show ?Zcase
proof (rule-tac step, goal-cases)
case prems’’: 1
then have ezpand-assm-incoming ?x’ by auto
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moreover
from prems’’ have nds-ident: expand-name-ident (snd ?z’) by simp
moreover
have (1 R, n € old (fst ?z’)
— ({p, n}Cold (fst 2z’) U new (fst ?z’)
V (neold (fst 2z’)Unew (fst ?z’)
A Ry n € next (fst 7z"))))
using Q[THEN conjunctl] goal-assms by auto
moreover
from prems’’ have release-propag--rsit u n (snd ?z’) by simp
moreover
from prems’’ have name-nds-eq: name ‘ nds = name ‘ ns U name ‘ {ndends.
name nd > name n}
by auto
have Vndends. (u R, n € old nd N name nd € incoming (fst ?z’))
— ({u, n}Cold nd
V (ne€old nd A 1 R, n €old (fst ?z")Unew (fst ?z')))
(is Vndends. 2assm (fst ?z') nd — ?concl (fst ?z’) nd)
proof
fix nd
assume ndends
{ assume loc-assm: name nd€name ‘ ns
then obtain n’ where n’: n'éns name n’ = name nd by auto
with prems’’ obtain nd’ where nd’ends
and n’-nd’-eq: expand-rsit-exist-eq--node n' nd’
by auto
with n’ have nd = nd’ using nds-ident <ndends) loc-assm
by auto
moreover from prems’’ have ?assm n n’' — %concln n'
using <n’ens> by auto
ultimately have ?assm (fst ?z') nd — ?concl (fst ?z’) nd
using n'-nd’-eq by auto }
moreover
{ assume name nd¢name ‘ ns
with name-nds-eq «ndends> have name nd > name n by auto
with prems’’ have — (assm (fst ?2’) nd) by auto }
ultimately show %assm (fst ?z’) nd — %concl (fst ?z’) nd by auto
qed
ultimately show ?case by simp
qed
qed
qged

lemma release-propag-on-create-graph:
create-graph ¢
< SPEC (Ands. Vne€nds. Vn'eénds. p R, n€old n A name nE€incoming n’
— ({i, n}Cold n vV neold n A p R, n€old n'))
unfolding create-graph-def
apply (refine-vcg expand-release-propag)
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by (auto simp add:expand-new-name-expand-init)

abbreviation
until-propag--assm f g n-ns =
(f Uy g € old (fst n-ns)
— (g€old (fst n-ns)Unew (fst n-ns)
V (feold (fst n-ns)Unew (fst n-ns) A f U, g € next (fst n-ns))))
A (Vndesnd n-ns. f U, g € old nd A name nd € incoming (fst n-ns)
— (g€old nd Vv (feold nd N f U, g €old (fst n-ns)Unew (fst n-ns))))

abbreviation
until-propag--rsit f g ns =
Vnens. Vndens. f U, g € old n A name n € incoming nd
— (g€ oldnV (feoldn A fU, g € old nd))

lemma expand-until-propag:
fixes n-ns :: - x ’a node set
assumes until-propag--assm p 1 n-ns
A until-propag--rsit p n (snd n-ns)
A expand-assm-incoming n-ns
A expand-name-ident (snd n-ns) (is 2Q n-ns)
shows expand n-ns < SPEC (Ar. until-propag--rsit p n (snd r))
(is - < SPEC ?7P)
using assms
proof (rule-tac expand-rec-rule[where ®=7?Q)|, simp, intro refine-vcg, goal-cases)
case prems: (1 fx n ns)
then show ?case
proof (simp, rule-tac upd-incoming--ident, goal-cases)
case prems’: 1
{ fix nd :: 'a node and nd’ :: 'a node
let ?U-prop = p U, n € old nd A name nd € incoming nd’
—ne€oldndV pe€oldndAupU,né€ oldnd
assume ndens and nd’-elem: nd’€upd-incoming n ns
{ assume nd’ens
with prems’ have ?U-prop using «nd€ns)» by auto }
moreover
{ assume nd’¢ns and
U-in-nd: p U, n € old nd and name nd €incoming nd’
with upd-incoming--elem[of nd’ n ns] nd’-elem
obtain nd’’ where nd’’ens
and nd’-eq: nd’ = nd'(incoming := incoming n U incoming nd”)
and old-eq: old nd’’ = old n by auto
{ assume name nd € incoming n
with prems’ U-in-nd <nde€ns»
have n € old nd V p € old nd AN p U, n € old n by auto
then have n € old nd V pn € old nd A u U, n € old nd’
using nd’-eq old-eq by simp }
moreover
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{ assume name nd ¢ incoming n
then have name nd € incoming nd"
using <name nd €incoming nd"» nd’-eq by simp
then have n € old nd vV p € old nd A u U, n € old nd’
unfolding nd’-eq
using prems’ «<ndens) <nd'’eéns) U-in-nd by auto }
ultimately have n € old nd V p € old nd A p U, n € old nd’ by fast }
ultimately have ?U-prop by auto }
then show ?case by auto
next
case 2
then show Zcase by simp
qed
next
case prems: (2 f z n ns)
then have step: Az. ?Q © = fz < SPEC ?P and f-sup: A\z. fx < expand z
by auto
from prems have Q: ?Q (n, ns) by auto
from @ have name-le: name n < expand-new-name (name n) by auto
let %z’ = ((name = expand-new-name (name n),
incoming = {name n}, new = next n,
old = {}, next = {})), {n} U ns)
have Q'1: expand-assm-incoming ?x'A expand-name-ident (snd ?z")
using «new n = {}» Q[THEN conjunct2, THEN conjunct2] name-le by force
have Q’2: until-propag--assm p n 2z’ A until-propag--rsit p n (snd 2z’
using @ <new n = {}» by auto

show ?Zcase

using <new n = {}> unfolding «z = (n, ns)>
proof (rule-tac SPEC-rule-weak[where

Q@ = - r. expand-name-ident (snd r) and P = A-. ?P], goal-cases)
case I
then show ?case using Q'1
by (rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-name-propag--name-ident) auto

next

case 2

then show ?case using Q'1 Q'2 by (rule-tac step) simp
next

case (3 nm nds)

then show ?case by simp
qed

next
case 3
then show ?case by auto
next

case prems: (4 f)
then have step: Az. ?Q = fz < SPEC ?P by simp-all
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from prems show ?case by (rule-tac SPEC-rule-param?2, rule-tac step) auto
next
case prems: (5 f)
then have step: Az. ?Q © = fxz < SPEC ?P by simp-all
from prems show ?case by (rule-tac SPEC-rule-param?2, rule-tac step) auto
next
case 6
then show ?case by auto
next
case prems: (7 f)
then have step: Az. ?Q ©+ = fxz < SPEC ?P by simp-all
from prems show ?case by (rule-tac SPEC-rule-param?2, rule-tac step) auto
next
case prems: (8 f x n ns )
then have goal-assms: v € newn A Qv p. v =vor, puNVYp=v U, pVh =
v R, )
by (cases 1) auto
from prems have Q: ?Q (n, ns)
and step: A\z. ?Q * = fz < SPEC ¢P
and f-sup: Az. fz < expand x by auto
let %z = (n(new := new n — {Y}, new := newl P U new (n(new := new n —
{¥3D),
old := {¢y} U old (n(new := new n — {¢})),
next 1= nextl P U next (n(new = new n — {¢}))
), ns)

let ?props = Az r. expand-rsit-exist-eq x r
A expand-rslt-incoming r A\ expand-rsit-name x r N\ expand-name-ident (snd 1)

show ?Zcase
using goal-assms Q unfolding case-prod-unfold <z = (n, ns)»
proof (rule-tac SPEC-rule-weak-nested2[where Q = ?props ?z|, goal-cases)
case I
then show ?case
by (rule-tac SPEC-rule-conjl,
rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-rsit-exist-eq,
rule-tac order-trans,
rule-tac f-sup,
rule-tac expand-name-propag) simp+
next
case 2
then show ?case
by (rule-tac SPEC-rule-param2|[where P = A-. 7P|, rule-tac step) auto
next
case prems: (3 nm nds)
let %z’ = (n(new := new n — {Y},
name := fst (nm, nds),
new := new2 ¥ U new (n(new = new n — {¢})),
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old := {¢} U old (n(new := new n — {}))), nds)
from prems show ?Zcase
proof (rule-tac step, goal-cases)
case prems’: 1
then have ezrpand-assm-incoming ?x’ by auto
moreover
from prems’ have nds-ident: expand-name-ident (snd %z’)
by simp
moreover
have (u U, n € old (fst ?z’)
— (neold (fst ?x")Unew (fst 7z’
V (peold (fst 2z \Unew (fst 2z’)
A p Upn € next (fst ?z'))))
using Q[THEN conjunctl] goal-assms by auto
moreover
from prems’ have until-propag--rslt p n (snd ?z’)
by simp
moreover
from prems’ have name-nds-eq:
name ‘ nds = name ‘ ns U name ‘ {nd€nds. name nd > name n}
by auto
have Vndends. (u U, n € old nd A name nd € incoming (fst ?z’))
— (neold nd Vv (p€old nd A p U, n €old (fst 2z")Unew (fst ?z')))
(is Vndends. ?assm (fst ?z') nd — ?concl (fst ?z’) nd)
proof
fix nd
assume ndends
{ assume loc-assm: name ndEname ‘ ns
then obtain n’ where n’: n’eéns name n’ = name nd by auto
moreover
from prems’ n’ obtain nd’ where nd’ends
and n’-nd’-eq: expand-rslt-exvist-eg--node n’ nd’
by auto
ultimately have nd = nd’
using nds-ident <ndends) loc-assm by auto
moreover from prems’ have ?2assm n n’ — ?concln n'
using «n'ens» by auto
ultimately have ?assm (fst ?2') nd — %concl (fst ?z’) nd
using n’-nd’-eq by auto }
moreover
{ assume name ndé¢name ‘ ns
with name-nds-eq <ndends> have name nd > name n by auto
with prems’ have — (Zassm (fst ?z’) nd) by auto }
ultimately show Zassm (fst ?z’) nd — %concl (fst ?z’) nd by auto
qed
ultimately show ?case by simp
qed
qged
qed
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lemma until-propag-on-create-graph:
create-graph ¢ < SPEC (Ands. ¥V nends. ¥V n'énds. p U, n€old n A name n€incoming
n/
— (n€old n vV p€old n A p U, nEold n'))
unfolding create-graph-def
apply (refine-vcg expand-until-propag)
by (auto simp add:expand-new-name-expand-init)

definition all-subfrmls :: 'a node = 'a frmi set
where all-subfrmls n = | (subfrmlsr < (new n U old n U next n))

lemma all-subfrmls-- UnionD:
assumes (|Jz€A. subfrmisr ) C B
and z€A
and yesubfrmlsr x
shows yeB
proof —
note subfrmlsr-id|of x
also have subfrmlsr © C (Jz€A. subfrmlsr x)
using assms by auto
finally show ?thesis using assms by auto
qed

lemma expand-all-subfrmls-propag:
assumes all-subfrmls (fst n-ns) C B A (VY nde€snd n-ns. all-subfrmls nd C B) (is
2Q) n-ns)
shows expand n-ns < SPEC (Ar. Vndesnd r. all-subfrmls nd C B)
(is - < SPEC ?P)
using assms
proof (rule-tac expand-rec-rule[where ®=7?Q)|, simp, intro refine-vcy, goal-cases)
case 1
then show Zcase
proof (simp, rule-tac upd-incoming--ident, goal-cases)
case 1
then show ?case by auto
next
case 2
then show ?case by (simp add: all-subfrmls-def)
qed
next
case 2
then show ?case by (auto simp add: all-subfrmls-def)
next
case 3
then show ?Zcase by (auto simp add: all-subfrmls-def)
next
case prems: (4 f)
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then have step: Az. ?Q = fz < SPEC ?P by simp-all
from prems show ?case by (rule-tac step) (auto simp add: all-subfrmls-def)
next
case prems: (5 f - n ns )
then have goal-assms: ¥ € new n A ¢ = true,. by simp
from prems have step: Az. ?Q * = fz < SPEC ?P and Q: ?Q (n, ns)
by simp-all
show ?case using Q goal-assms
by (rule-tac step) (auto dest: all-subfrmls--UnionD simp add: all-subfrmls-def)
next
case 6
then show ?case by auto
next
case prems: (7 f z n ns )
then have goal-assms: ¢ € newn A (v p. Y =v and, p VvV ¢ = X, v) by simp
from prems have step: Az. 7Q * = fa < SPEC ?P and Q: ?Q (n, ns)
by simp-all
show ?Zcase
using @ goal-assms
by (rule-tac step) (auto dest: all-subfrmls--UnionD simp add: all-subfrmls-def)
next
case prems: (8 fx n ns 1)
then have goal-assms: ¥ € new n
A = (3¢. ¢ = prop.(q) V ¢ = nprop.(q))
A Y # true,. N Y # false,
AN-@rpv=vand. pVip =X, v)
ANFvpv=vor,uViop=vU.uVip=vR pn
by (cases 1) auto
from prems have Q: ?Q (n, ns) and step: A\z. ?Q v = fz < SPEC %P
by simp-all
show ?Zcase
using goal-assms @ unfolding case-prod-unfold «x = (n, ns)»
proof (rule-tac SPEC-rule-nested2, goal-cases)
case I
then show ?case
by (rule-tac step) (auto dest: all-subfrmls--UnionD simp: all-subfrmls-def)
next
case 2
then show ?case
by (rule-tac step) (auto dest: all-subfrmls--UnionD simp: all-subfrmls-def)
qed
qged

lemma old-propag-on-create-graph: create-graph o < SPEC (Ands. Vnends. old n
C subfrmlsr v)
unfolding create-graph-def
by (intro refine-vcg,
rule-tac order-trans,
rule-tac expand-all-subfrmls-propaglwhere B = subfrmlsr ¢))
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(force simp add:all-subfrmls-def expand-new-name-expand-init)+

lemma L4-2--aux:
assumes run: ipath gba.E o
and u U, n € old (o 0)
and Vj. (Vi<j. {p, p U, n} C old (o 7)) — n ¢ old (o j)
shows Vi. {u, p U, n} C old (o i) An ¢ old (o i)
proof —
have Vi<j. {u, p U, n} C old (o i) (is ?sbthm j) for j
proof (induct j)
show ?sbthm 0 by auto
next
fix k
assume step: ?sbthm k
then have o-k-prop: n ¢ old (o k)
A o k€gs A o (Suc k)Egs
A name (o k) € incoming (o (Suc k))
using assms run-propag-on-create-graph|OF run] by auto
with inres-SPEC|[OF res until-propag-on-create-graph[where p = p and n =
ul
have {u, p U, n} C old (o k) (is Zsubsetthm)
proof (cases k)
assume k = (
with assms o-k-prop
inres-SPEC|OF res until-propag-on-create-graph[where p = p and n = )]
show ?subsetthm by auto
next
fix [
assume k = Suc |
then have {u, u U, n}Cold (o 1) A n¢old (o 1)
Ao legs N\ o kegs
A name (o l)€incoming (o k)
using step assms run-propag-on-create-graph|OF run] by auto
with inres-SPEC|[OF res until-propag-on-create-graph|where y = p and n =

have u U, neold (o k) by auto
with o-k-prop
inres-SPEC|OF res until-propag-on-create-graph[where p = 1 and n = )]
show ?subsetthm by auto
qed
with step show ?sbthm (Suc k) by (metis less-SucE)
qed
with assms show ?thesis by auto
qed

lemma L4-2a:
assumes ipath gba.E o
and p U, n € old (o 0)
shows (Vi. {u, n U, n} C old (0 i) A n ¢ old (o 7))
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V @) (Vi<j. (o pt Uy} C old (o ) A 7 € old (0 )
(is A v ?B)
proof (rule disjCI)
assume — ?B
then show ¢4
using assms by (rule-tac L4-2--auz) blast+
qed

lemma L4-2b:
assumes run: ipath gba.E o
and p U, n € old (o 0)
and ACC: gba.is-acc o
shows 3j. (Vi<j. {u, p Uy n} C old (o 7)) A n € old (o )
proof (rule ccontr)
assume — ?thesis
then have contr: Vi. {u, p U, n}Cold(c i) A n¢old(o 7)
using assms L4-2a[of o p n] by blast

define S where S = {q € ¢gs. p U, n € old ¢ — n € old ¢}

from assms inres-SPEC[OF res old-propag-on-create-graph] create-gba-from-nodes--ipath
have p U, n € subfrmlsr ¢
by (metis assms(2) subsetD)
then have S€gbg-F(create-gba-from-nodes ¢ gs)
unfolding S-def create-gba-from-nodes-def by auto
with ACC have 1: 3 i. 07 € S
unfolding gba.is-acc-def by blast

from INFM-EX[OF 1] obtain k where o k € gsand u U, n € old (¢ k) —
n € old (o k)
unfolding S-def by auto
moreover have {u, pn U, n}Cold(c k) A néold(c k)
using contr by auto
ultimately show Fulse by auto
qed

lemma L4-2c:
assumes run: ipath gba.E o
and u R, n € old (o 0)
shows Vi. n € old (o i) V (3j<i. p € old (o 7))
proof —
have {n, u R, n} C old (o %) V (3j<i. p € old (o j)) (is ?thm 7) for ¢
proof (induct i)
case 0
have o 0e€qs N 0 1€qs A name (o 0) € incoming (o 1)
using create-gba-from-nodes--ipath assms by auto
then show ?case

using assms inres-SPEC[OF res release-propag-on-create-graph, of p 1]
by auto
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next
case (Suc k)
note «?thm k>
moreover
{ assume {n, u R, n} C old (o k)
moreover
have ¢ kegs A o (Suc k)€gs A name (o k) € incoming (o (Suc k))
using create-gba-from-nodes--ipath assms by auto
ultimately have y € old (o k) V i R, n € old (0 (Suc k))
using assms inres-SPEC[OF res release-propag-on-create-graph, of u 1)
by auto
moreover
{ assume p € old (o k)
then have ?case by blast }
moreover
{ assume p R, n € old (o (Suc k))
moreover
have o (Suc k)egs A o (Suc (Suc k))egs
A name (o (Suc k)) € incoming (o (Suc (Suc k)))
using create-gba-from-nodes--ipath assms by auto
ultimately have ?case
using assms
inres-SPEC[OF res release-propag-on-create-graph, of p 1]
by auto }
ultimately have ?case by fast }
moreover
{ assume Jj<k. p € old (o j)
then have ?case by auto }
ultimately show ?case by auto
qed
then show ?thesis by auto
qed

lemma L4-8"
assumes ipath gba.E o (is Zinf-run o)
and gba.is-acc o (is ?gbarel-accept o)
and Vi. gba.L (0 i) (€ @) (is ?lgbarel-accept & o)
and ¢ € old (o 0)
shows ¢ |, ¢
using assms
proof (induct @ arbitrary: o &)
case True-ltir
show ?case by auto
next
case Fulse-ltlr
then show ?case
using inres-SPEC[OF res false-propag-on-create-graph]
create-gba-from-nodes--ipath
by (metis)
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next
case (Prop-ltir p)
then show ?case
unfolding create-gba-from-nodes-def by auto
next
case (Nprop-ltir p)
then show ?case
unfolding create-gba-from-nodes-def by auto
next
case (And-ltlr p n)
then show ?case
using inres-SPEC|OF res and-propag-on-create-graph, of p n]
create-gba-from-nodes--ipath
by (metis insert-subset semantics-ltlr.simps(5))
next
case (Or-ltlr p n)
then have p € old (o 0) V n € old (o 0)
using inres-SPEC|OF res or-propag-on-create-graph, of p 1]
create-gba-from-nodes--ipath
by (metis (full-types) Int-empty-left Int-insert-left-if0)
moreover have & =, p if p € old (o 0)
using Or-ltlr that by auto
moreover have £ =, n if n € old (o 0)
using Or-ltlr that by auto
ultimately show ?case by auto
next
case (Next-ltlr p)
with create-gba-from-nodes--ipath|of o)
have 0 0 € gs AN o 1 € gs A name (o 0) € incoming (o 1)
by auto
with inres-SPEC|OF res next-propag-on-create-graph, of p] have ucold (suffiz
100)
using Next-ltlr by auto
moreover
have ?inf-run (suffiz 1 o)
and ?gbarel-accept (suffix 1 o)
and ?lgbarel-accept (suffic 1 €) (suffix 1 o)
using Nezt-ltlr create-gba-from-nodes--ipath
apply —
apply (metis ipath-suffix)
apply (auto simp del: suffiz-nth) ||
apply auto
done
ultimately show ?case using Next-ltir by simp
next
case (Until-ltlr p n)
then have 3j. (Vi<j. {u, p U, n} C old (o i)) An € old (o j)
using L4-2b by auto
then obtain j where o-pre: Vi<j. {u, p U, n} C old (o i) and 7 € old (suffiz
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jo0)
by auto
moreover
have ?Zinf-run (suffiz j o)
and ?gbarel-accept (suffix j o)
and ?lgbarel-accept (suffix j £) (suffix j o)
unfolding limit-suffix
using Until-ltlr create-gba-from-nodes--ipath
apply —
apply (metis ipath-suffix)
apply (auto simp del: suffiz-nth) ||
apply auto
done
ultimately have suffiz j £ &, 1
using Until-ltlr by simp
moreover {
fix i
assume ¢ < j
have ?inf-run (suffiz i o)
and ?gbarel-accept (suffix i o)
and ?lgbarel-accept (suffiz i &) (suffiz i o)
unfolding limit-suffiz
using Until-ltlr create-gba-from-nodes--ipath
apply —
apply (metis ipath-suffiz)
apply (auto simp del: suffiz-nth) ||
apply auto
done
moreover have ucold (suffiz i o 0)
using o-pre <i<j» by auto

ultimately have suffiz i £ |=, p using Until-ltlr by simp

}

ultimately show ?case by auto
next
case (Release-ltlr 11 n)
{ fix ¢
assume 7 € old (o i) V (Fj<i. p € old (o j))
moreover
{
assume *: 1) € old (o 7)
have ?inf-run (suffiz i o)
and ?gbarel-accept (suffix i o)
and ?lgbarel-accept (suffiz i &) (suffiz i o)
unfolding limit-suffix
using Release-ltlr create-gba-from-nodes--ipath
apply —
apply (metis ipath-suffiz)
apply (auto simp del: suffiz-nth) []
apply auto
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done
with * have suffiz i £ =, 7
using Release-ltlr by auto
}

moreover
{
assume 3j<i. p € old (o j)
then obtain j where j<i and u € old (o j) by auto
moreover
have ?Zinf-run (suffiz j o)
and Zgbarel-accept (suffix j o)
and ?lgbarel-accept (suffiz j &) (suffiz j o ) unfolding limit-suffiz
using Release-ltlr create-gba-from-nodes--ipath
apply —
apply (metis ipath-suffiz)
apply (auto simp del: suffiz-nth) []
apply auto
done
ultimately have suffix j £ =, p
using Release-ltlr by auto
then have 3j<i. suffiz j &€ =, p
using j<i» by auto

ultimately have suffiz ¢ £ =, n V (3j<i. suffiz j £ =, p) by auto
}
then show ?case using Release-ltlr L4-2¢ by auto
qed

lemma L4-8:
assumes gba.is-acc-run o
and Vi. gba.L (o @) (€ 7)
and ¢ € old (o 0)
shows ¢ =, ¢
using assms
unfolding gba.is-acc-run-def gba.is-run-def
using L4-8' by blast

lemma expand-expand-init-propag:
assumes (VY nmeincoming n'. nm < name n’)
A name n' < name (fst n-ns)
A (incoming n’ N incoming (fst n-ns) # {}
— new n’ C old (fst n-ns) U new (fst n-ns))
(is 2Q n-ns)
and V ndesnd n-ns. YV nm€&incoming n’. nme&incoming nd — new n’ C old nd
(is 2P (snd n-ns))
shows ezpand n-ns < SPEC (Ar. name n'<fst r A ?P (snd r))
using assms
proof (rule-tac expand-rec-rule[where ®=Az. ?Q = A ?P (snd z)],
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simp,
intro refine-veg, goal-cases)
case prems: (1 fx n ns)
then have goal-assms: new n = {} A 2Q (n, ns) A ¢P ns by simp
{ fix nd nm
assume ndeupd-incoming n ns and nméeincoming n’ and nmé&incoming nd
{ assume ndens
with goal-assms <nmeincoming n's <nmeincoming nd> have new n’ C old nd
by auto }
moreover
{ assume nd¢ns
with upd-incoming--elem[OF <nd€upd-incoming n ns»|
obtain nd’ where nd’ens
and nd-eq: nd = nd’(incoming := incoming n U incoming nd’)
and old-next-eq: old nd’ = old n A next nd’ = next n by auto
{ assume nmeincoming nd’
with goal-assms (nme&incoming n’s <nd’€ns> have new n’ C old nd
unfolding nd-eq by auto }
moreover
{ assume nmeincoming n
with nd-eq old-next-eq goal-assms <nmé&incoming n's
have new n’ C old nd
by auto }
ultimately have new n’ C old nd using <nmé&incoming nd> nd-eq by auto }
ultimately have new n’ C old nd by fast }
with prems show ?case by auto
next
case prems: (2 f z n ns)
then have goal-assms: new n = {} A ?Q (n, ns) A ?P ns and step: Az. ?Q =
A ¢P (snd x)
= fa < SPEC (Ar. name n’ < fst r A 2P (snd 1))
by simp-all
then show ?case
proof (rule-tac step, goal-cases)
case prems’: 1
have expand-new-name-less: name n < expand-new-name (name n)
by auto
moreover have name n ¢ incoming n’
using goal-assms by auto
ultimately show ?case using prems’ by auto
qed
next
case 3 then show ?case by auto
next
case prems: (4 fx n ns)
then have step: Az. ?2Q A 2P (snd ) = fao < SPEC (Ar. name n’ < fst r
A 2P (snd 1))
by simp
from prems show ?case by (rule-tac step) auto
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next
case prems: (5 f z n ns)
then have step: Az. ?2Q A 2P (snd ) = fao < SPEC (Ar. name n' < fst r
A 2P (snd 1))
by simp
from prems show ?case by (rule-tac step) auto
next
case 6 then show ?case by auto
next
case prems: (7 f z n ns)
then have step: Az. ?Q © A ?P (snd ©) = fx < SPEC (Ar. name n’ < fst r
A 2P (snd 1))
by simp
from prems show ?case by (rule-tac step) auto
next
case prems: (8 fx n ns 1)
then have goal-assms: ) € new n
A = (3¢ ¢ = prop.(q) V ¢ = nprop.(q))
A P # true, N\ Y # false,
A= Gvpty=vand, pVip=X,v)
ANFvpuv=vor,uVip=v U.uVip=vR pn
by (cases 1) auto
from prems have QP: ?Q) (n, ns) A P ns and
step: Az. 2Q x A 2P (snd x) = fa < SPEC (Ar. name n’' < fst r A 2P (snd
r))
by simp-all
show ?Zcase
using goal-assms QP unfolding case-prod-unfold <x = (n, ns))
proof (rule-tac SPEC-rule-nested2, goal-cases)
case I
then show Zcase by (rule-tac step) auto
next
case 2
then show ?case by (rule-tac step) auto
qed
qed

lemma expand-init-propag-on-create-graph:
create-graph ¢ < SPEC(Ands. ¥ ndends. expand-init€incoming nd — ¢ € old
nd)
unfolding create-graph-def
by (intro refine-vcg, rule-tac order-trans,
rule-tac expand-expand-init-propag[where

n’ = ( name = expand-new-name expand-init,
incoming = {expand-init},
new = {¢},

old = {},
next = {} )]) (auto simp add:expand-new-name-expand-init)
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lemma L4-6:
assumes q€gba. V0
shows pecold ¢
using assms inres-SPEC[OF res expand-init-propag-on-create-graph]
unfolding create-gba-from-nodes-def by auto

lemma L4-9:
assumes acc: gba.accept &
shows ¢ |, ¢
proof —
from acc obtain o where accept: gba.is-acc-run o A (Vi. gba.L (o i) (€ 7))
unfolding gba.accept-def by auto
then have o 0cgba. V0
unfolding gba.is-acc-run-def gba.is-run-def by simp
with L/-6 have p€old (o 0) by auto
with L/-8 accept show ?thesis by auto
qed

lemma L4-10:
assumes ¢ E, ¢
shows gba.accept &
proof —
define 0 where o = auto-run £ ¢s
let ?G = create-graph ¢

have o-prop-0: (o 0)€gs A expand-initcincoming(c 0) A auto-run-j 0 § (o 0)
(is 2sbthm)

using inres-SPEC[OF res L4-7[OF <« =, ¢]]

unfolding o-def auto-run.simps by (rule-tac somel-ex, simp) blast

have o-valid: Vj. 0 j € ¢s N auto-run-j j & (o j) (is Vj. %o-valid 7)
proof
fix j
show ?o-valid j
proof (induct j)
from o-prop-0 show ?%o-valid 0 by fast
next
fix k
assume goal-assms: o k € gs A auto-run-j k & (o k)
with inres-SPEC[OF res L4-5, of suffix k €]
have sbthm: 3q’. ¢’€qs A name (o k)Eincoming ¢’ A auto-run-j (Suc k) & q’
(is I q’. ?sbthm q’)
by auto
have ?sbthm (o (Suc k)) using somel-ex[OF sbthm)]
unfolding o-def auto-run.simps by blast
then show %o-valid (Suc k) by fast
qed
qged
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have o-prop-Suc: Nk. o k€ qs A o (Suc k)Egs
A name (o k)€incoming (o (Suc k))
A auto-run-j (Suc k) & (o (Suc k))
proof —
fix k
from o-valid have o k € gs and auto-run-j k £ (o k) by blast+
with inres-SPEC[OF res L4-5, of suffix k &]
have sbthm: 3 q’. ¢’€qs A name (o k)Eincoming q’
A auto-run-j (Suc k) & ¢’ (is I q’. ?sbthm ¢)
by auto
show o k€ gs A ?sbthm (o (Suc k)) using <o k€gqs) somel-ex|OF sbthm]
unfolding o-def auto-run.simps by blast
qed

have o-vnaccpt:
Vkpun pwU.n€old(ck)— = (Vi {u, p Urn} Cold (o (k+i)) An ¢ old
(o (k+1)))
proof clarify
fix kpn
assume U-in: pp U, n € old (o k)
and cntr-prm: Vi. {u, p U, n} C old (o (k+%)) A n ¢ old (o (k+1))
have suffit k £ = n Uy n
using U-in o-valid by force
then obtain ¢ where suffiz (k+7) £ |=, n and Vj<i. suffic (k+j) € = p
by auto
moreover have u U, n € old (o (k+17)) A n ¢ old (o (k+1))
using cntr-prm by auto
ultimately show Fulse
using o-valid by force
qed

have o-exec: gba.is-run o
using o-prop-0 o-prop-Suc o-valid
unfolding gba.is-run-def ipath-def
unfolding create-gba-from-nodes-def
by auto
moreover
have o-vacept:
Vkpun pU-néeold(ck)—
(3j. (Vi<j. {u, p U, n} C old (o (k+7))) A n € old (o (k+7)))
proof (clarify)
fix kun
assume U-in: p U, n € old (o k)
then have = (Vi. {u, p U, n} C old (suffix k o i) An ¢ old (suffix k o ©))
using o-vnaccpt| THEN allE, of k] by auto
moreover have suffiz k 0 0 € gs using o-valid by auto
ultimately show 3. (Vi<j. {u, p U, n} C old (o (k+1))) A n € old (o (k+7))
apply —
apply (rule make-pos-rule’|OF L/-2a])
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apply (fold suffiz-def)
apply (rule ipath-suffiz)
using o-exec[unfolded gba.is-run-def]
apply simp
using U-in apply simp
apply simp
done
qed

have gba.is-acc o
unfolding gba.is-acc-def
proof
fix S
assume S€gba. F
then obtain p 1 where S-eq: S = {q € ¢gs. p U, n € old ¢ — n € old ¢}
and p U, n € subfrmlsr ¢
by (auto simp add: create-gba-from-nodes-def)
have range-subset: range o C qs
proof
fix ¢
assume ¢€range o
with full-SetCompr-eq[of o] obtain k where ¢ = ¢ k by auto
then show ¢ € ¢s using o-valid by auto
qed
with limit-nonempty|of o]
limit-in-range|of o]
finite-subset| OF range-subset)
inres-SPEC[OF res create-graph-finite]
obtain ¢ where g-in-limit: ¢ € limit 0 and g-is-node: q€gs
by auto
show 3 i.0i€ S
proof (cases p U, n € old q)
case Fulse
with S-eq g-in-limit g-is-node
show ?thesis
by (auto simp: limit-iff-frequent intro: INFM-mono)
next
case True
obtain k where ¢-eq: ¢ = o k using g¢-in-limit
unfolding limit-iff-frequent by (metis (lifting, full-types) INFM-nat-le)
have 3, k. n € old (o k)
unfolding INFM-nat
proof (rule ccontr)
assume - (Ym. In>m. n € old (o n))
then obtain m where Vn>m. n ¢ old (o n) by auto
moreover
from g¢-eq g-in-limit limit-iff-frequent|of ¢ o] INFM-nat[of An. o n = ]
obtain n where m<n and on-eq: ¢ n = o k by auto
moreover
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obtain j where n € old (o (n+j))
using o-vacept <u U, n € old ¢» unfolding ¢-eq by (fold on-eq) force
ultimately show Fulse by auto
qed
then have 3, k.o k € gs A n € old (o k)
using o-valid by (auto intro: INF-mono)
then show 3 k.o ke S
unfolding S-eq by (rule INFM-mono) simp
qed
qged
moreover have gba.L (o i) (£ 7) for ¢
proof —
from o-valid have [simp|: 0 i € gs by auto
have V¢ ecold (0 7). suffix i § =, ¢
using o-valid by auto
then show ?thesis
unfolding create-gba-from-nodes-def by auto
qed
ultimately show ?thesis
unfolding gba.accept-def gba.is-acc-run-def by blast
qed

end
end

lemma create-graph--name-ident: create-graph ¢ < SPEC (Ands. ¥ q€nds. 3!q'€nds.
name q = name q’)

unfolding create-graph-def

apply (refine-vcg expand-name-propag--name-ident)

by (auto simp add:expand-new-name-expand-init)

corollary create-graph--name-inj: create-graph ¢ < SPEC (Ands. inj-on name
nds)
by (rule order-trans|OF create-graph--name-ident]) (auto intro: inj-onl)

definition
create-gba
= do { nds < create-graphr ¢;
RETURN (create-gba-from-nodes ¢ nds) }

lemma create-graph-precond: create-graph ¢
< SPEC (create-gba-from-nodes-precond ¢)
apply (clarsimp simp: pw-le-iff create-graph-nofail)
apply unfold-locales
apply simp
done

lemma create-gba--invar: create-gba p < SPEC gba
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unfolding create-gba-def create-graph-eqg-create-graphr|symmetric]
apply (refine-rcg refine-veg order-trans|OF create-graph-precond))
by (rule create-gba-from-nodes-precond.create-gba-from-nodes--invar)

lemma create-gba-acc:
shows create-gba ¢ < SPEC(MA. V&. gba.accept A € +— € =, ¢)
unfolding create-gba-def create-graph-eg-create-graphr|symmetric]
apply (refine-reg refine-veg order-trans| OF create-graph-precond))
using create-gba-from-nodes-precond.L4-9
using create-gba-from-nodes-precond.L4-10
by blast

lemma create-gba--name-ing:
shows create-gba ¢ < SPEC(AA. (inj-on name (g-V A)))
unfolding create-gba-def create-graph-eq-create-graphr|[symmetric]
apply (refine-reg refine-vcg order-trans|OF create-graph--name-ing))
apply (auto simp: create-gba-from-nodes-def)
done

lemma create-gba--fin:
shows create-gba ¢ < SPEC(AA. (finite (g-V A)))
unfolding create-gba-def create-graph-eg-create-graphr|symmetric]
apply (refine-rcg refine-veg order-trans|OF create-graph-finite])
apply (auto simp: create-gba-from-nodes-def)
done

lemma create-graph-old-finite:
create-graph ¢ < SPEC (Ands. ¥V ndends. finite (old nd))
proof —
show ?thesis
unfolding create-graph-def create-graph-eq-create-graphr|[symmetric)
unfolding ezpand-def
apply (intro refine-vcg)
apply (rule-tac order-trans)
apply (rule-tac REC-le-RECT)
apply (fold expandr-def)
apply (rule-tac order-trans|OF expand-term-prop))
apply auto[!]
apply (rule-tac SPEC-rule)
apply auto
by (metis infinite-super subfrmlsr-finite)
qged

lemma create-gba--old-fin:
shows create-gba ¢ < SPEC(AA. Vndeg-V A. finite (old nd))
unfolding create-gba-def create-graph-eq-create-graphr[symmetric]
apply (refine-reg refine-veg order-trans|OF create-graph-old-finite])
apply (simp add: create-gba-from-nodes-def)
done
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lemma create-gba--incoming-exists:
shows create-gba ¢
< SPEC(MA. ¥ ndeg-V A. incoming nd C insert expand-init (name  (g-V A)))
unfolding create-gba-def create-graph-eq-create-graphr|[symmetric]
apply (refine-rcg refine-veg order-trans|OF create-graph--incoming-name-exist])
apply (auto simp add: create-gba-from-nodes-def)
done

lemma create-gba--no-init:
shows create-gba ¢ < SPEC(AA. expand-init ¢ name ‘ (g-V A))
unfolding create-gba-def create-graph-eq-create-graphr|symmetric]
apply (refine-rcg refine-veg order-trans|OF create-graph--incoming-name-ezist])
apply (auto simp add: create-gba-from-nodes-def)
done

definition nds-invars nds =
inj-on name nds
A finite nds
A expand-init ¢ name‘nds
A (Y ndends.
finite (old nd)
A incoming nd C insert expand-init (name ¢ nds))

lemma create-gba-nds-invars: create-gba ¢ < SPEC (AA. nds-invars (g-V A))
using create-gba--name-inj[of ] create-gba--fin]of )
create-gba--old-fin[of ] create-gba--incoming-exists[of ¢)]
create-gba--no-init[of ]
unfolding nds-invars-def
by (simp add: pw-le-iff)

theorem T/-1:
create-gba o < SPEC(
M. gba A
A finite (g-V A)
A (VE. gba.accept A € +— & =, @)
A (nds-invars (g-V A)))
using create-gba--invar create-gba--fin create-gba-acc create-gba-nds-invars
apply (simp add: pw-le-iff)
apply blast
done

definition create-name-gba ¢ = do {
G <+ create-gba o;
ASSERT (nds-invars (g-V G));
RETURN (gba-rename name G)

}
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theorem create-name-gba-correct:

create-name-gba ¢ < SPEC(MAA. gba A A finite (¢-V A) N (VE. gba.accept A €
— & Fr @)

unfolding create-name-gba-def

apply (refine-rcg refine-vcg order-trans|OF T4-1])

apply (simp-all add: nds-invars-def gba-rename-correct)

done

definition create-name-igba :: 'a::linorder Itlr = - where
create-name-igha ¢ = do {
A <« create-name-gba ;
A’ + gba-to-idx A;
stat-set-data-nres (card (g-V A)) (card (g-VO0 A')) (igbg-num-acc A');
RETURN A’

}

lemma create-name-igba-correct: create-name-igba p < SPEC (AG.
igba G A finite (g-V G) A (VE. igba.accept G € +— £ =, ¢))
unfolding create-name-igba-def
apply (refine-reg
order-trans[OF create-name-gba-correct)
order-trans[OF gba.gba-to-idx-ext-correct)
refine-vcg)
apply clarsimp-all
proof —
fix G :: (nat, 'a set) gba-rec
fix A :: nat set
assume 1: gba G
assume 2: finite (¢-V G) A € gbg-F G
interpret gba G using 1 .
show finite A using finite-V-Fe 2 .
qed

context
notes [refine-veg] = order-trans|OF create-name-gba-correct]
begin

lemma create-name-igha ¢ < SPEC (AG. igba G N (V&. igba.accept G € «— &
Er¢)

unfolding create-name-igba-def
proof (refine-rcg refine-vcg, clarsimp-all)

fix G :: (nat, 'a set) gba-rec

assume gba G

then interpret gba G .

note [refine-veg] = order-trans|OF gba-to-idz-ext-correct]

assume Y. gba.accept G £ = £ =, ¢ finite (¢-V G)
then show gba-to-idz G < SPEC (A\G'. igha G' A (VE. igba.accept G' € = € =,
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©))
by (refine-reg refine-veg) (auto intro: finite-V-Fe)
qed

end

end

3 Refinement to Efficient Code

theory LTL-to-GBA-impl
imports
LTL-to-GBA
Deriving. Compare-Instances
CAVA-Automata. Automata-Impl
CAVA-Base. CAVA-Code-Target
begin

3.1 Parametricity Setup Boilerplate
3.1.1 LTL Formulas

derive linorder ltlr

inductive-set ltlr-rel for R where
(True-ltlr, True-ltlr) € ltir-rel R
(False-ltlr, False-ltlr) € ltlr-rel R
(a,a’Y€R = (Prop-ltlr a,Prop-ltlr a') € ltlr-rel R
(a,a’)e R = (Nprop-ltir a,Nprop-ltlr a’) € ltlr-rel R
[(a,a’)€ltlr-rel R; (b,b")€ltir-rel R]
= (And-ltlr a b,And-ltlr o’ b") € ltir-rel R
| [(a,a’)€ltlr-rel R; (b,b")€ltir-rel R]
= (Or-ltlr a b,Or-ltlr o’ b’) € ltlr-rel R
| [(a,a"€ltlr-rel R] = (Next-ltlr a,Next-ltlr ') € ltlr-rel R
| [(a,a’)Eltlr-rel R; (b,b")Eltir-rel R]
= (Until-ltlr a b,Until-ltlr o’ b') € ltlr-rel R
| [(a,a’)€ltlr-rel R; (b,b")€ltir-rel R]
= (Release-ltlr a b,Release-ltlr a’ b") € ltir-rel R

lemmas ltir-rel-induct[induct set]

= ltlr-rel.induct[simplified relAPP-def|of ltlr-rel, symmetric]]
lemmas ltir-rel-cases|cases set]

= ltlr-rel.cases|simplified rel APP-def[of ltlr-rel, symmetric|]
lemmas ltir-rel-intros

= ltlr-rel.intros[simplified rel APP-def|[of ltir-rel, symmetric]]

inductive-simps ltlr-rel-left-simps|simplified rel APP-def|of ltlr-rel, symmetric]]:

(True-ltlr,z) € ltlr-rel R
(False-ltlr,z) € ltlr-rel R
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(Prop-ltir p, z) € ltlr-rel R
(Nprop-ltlr p, z) € ltlr-rel R
(And-ltlr a b, z) € ltlr-rel R
(Or-ltlr a b, z) € ltlr-rel R
(Next-ltir a, z) € ltlr-rel R
(Until-ltlr a b, z) € ltlr-rel R
(Release-ltlr a b, z) € ltir-rel R

lemma ltlr-rel-sv[relator-props|:
assumes SV: single-valued R
shows single-valued ({R)Itlr-rel)
proof (intro single-valuedI alll impl)
fixzxyz
assume (z, y) € (R)ltlr-rel (z, z) € (R)Itlr-rel
then show y=z
apply (induction arbitrary: z)
apply (simp (no-asm-use) only: ltlr-rel-left-simps
| blast intro: single-valuedD[OF SV])+
done
qed

lemma ltlr-rel-id[relator-props]: [ R = Id | = (R)ltlr-rel = Id
proof (intro equalityl subsetl, clarsimp-all)
fix a b
assume (a,b)e(Id)ltlr-rel
then show a=b
by induction auto
next
fix a
show (a,a)e(Id)ltlr-rel
by (induction a) (auto intro: ltlr-rel-intros)
qed

lemma ltlr-rel-id-simp[simp]: (Id)itlr-rel = Id by (rule ltir-rel-id) simp

consts i-ltlr :: interface = interface
lemmas [autoref-rel-intf] = REL-INTFI|of ltlr-rel i-ltir]

thm [tlr-rel-intros[no-vars]

lemma ltlr-con-param[param, autoref-rules|:
(True-ltlr, True-ltlr) € (R)Itir-rel
(False-ltlr, False-ltlr) € (R)ltlr-rel
(Prop-ltlr, Prop-ltlr) € R — (R)ltlr-rel
(Nprop-ltir, Nprop-ltlr) € R — (R)ltlr-rel
(And-ltlr, And-ltir) € (R)ltlr-rel — (R)Itlr-rel — (R)Itlr-rel
(Or-ltlr, Or-ltlr) € (R)ltlr-rel — (R)ltlr-rel — (R)ltir-rel
(Next-ltlr, Next-ltlr) € (R)ltlr-rel — (R)ltlr-rel
(Until-ltlr, Until-ltlr) € (R)Itlr-rel — (R)Itlr-rel — (R)Itlr-rel
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(Release-ltlr, Release-ltlr) € (R)Itlr-rel — (R)Itlr-rel — (R)Itlr-rel
by (auto intro: ltir-rel-intros)

lemma case-ltlr-param[param, autoref-rules):
(case-ltlr,case-ltlr) € Rv — Rv — (R — Rv)
— (R — Rw)
— ((R)ltlr-rel — (R)Itlr-rel — Rv)
— ((R)ltlr-rel — (R)Itlr-rel — Rv)
— ((R)Itlr-rel — Rv)
— ((R)Itlr-rel — (R)ltlr-rel — Rv)
— ((R)ltlr-rel — (R)ltlr-rel — Rv) — (R)ltlr-rel — Rv
apply (clarsimp)
apply (case-tac ai, simp-all add: ltir-rel-left-simps)
apply (clarsimp-all)
apply parametricity+
done

lemma rec-ltlr-param[param, autoref-rules]:
(rec-ltlr,rec-ltlr) € Rv — Rv — (R — Rv)
— (R — Rv)
— ((R)ltlr-rel — (R)ltlr-rel — Rv — Rv — Rw)
— ((R)ltlr-rel — (R)Itlr-rel — Rv — Rv — Rv)
— ((R)ltlr-rel - Rv — Rw)
— ((R)ltlr-rel — (R)ltlr-rel - Rv — Rv — Rwv)
— ((R)Itlr-rel — (R)ltlr-rel - Rv — Rv — Rw)
— (R)ltlr-rel — Rv
proof (clarsimp, goal-cases)
case prems: 1
from prems(10)
show ?Zcase
apply (induction)
using prems(1—9)
apply simp-all
apply parametricity+
done
qed

lemma case-ltlr-mono[refine-monol:
assumes ¢ = True-ltlr = a<a’
assumes ¢ = Fualse-ltlr = b<b’
assumes Ap. ¢ = Prop-ltlr p = ¢ p<c'p
assumes Ap. ¢ = Nprop-ltlr p = d p<d’ p
assumes Ap v. o = And-ltlr pv = epv<e pv
assumes Apv. o = Or-ltlr pv = f pv<f' pv
assumes Ap. ¢ = Next-ltlr p = g p<g’' p
assumes Ap v. ¢ = Until-ltlr pv = h pv<h’ pv
assumes Au v. ¢ = Release-ltlr pv = i p v<i' pv
shows case-ltlrabcdefghio < case-ltlra’ b’ c'd e f'g'h'i' ¢
using assms
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apply (cases )
apply simp-all
done

primrec ltir-eq where

ltlr-eq eq True-ltlr f <— (case f of True-ltlr = True | - = False)
| ltlr-eq eq False-ltlr f <— (case f of False-ltlr = True | - = False)
| ltlr-eq eq (Prop-ltlr p) f <— (case f of Prop-ltlr p’ = eq p p’| - = False)
| ltlr-eq eq (Nprop-ltlr p) f «— (case f of Nprop-ltir p’ = eq p p' | - = False)
| ltlr-eq eq (And-ltlr p v) f

> (case f of And-ltlr p’ v’ = ltlr-eq eq p p' A ltlr-eq eq v v' | - = False)
| ltlr-eq eq (Or-ltlr p v) f

+— (case f of Or-ltlr p' v’/ = ltlr-eq eq p p’ A ltlr-eq eq v v’ | - = False)
| ltlr-eq eq (Next-ltlr ) f

< (case f of Next-ltlr ' = ltir-eq eq v ¢’ | - = False)
| ltlr-eq eq (Until-ltlr p v) f

+— (case f of Until-ltlr p' v’ = ltlr-eq eq p p’ A ltlr-eq eq v v’ | - = False)
| ltlr-eq eq (Release-ltir p v) f

+— (case f of

Release-ltlr p/ v’ = ltlr-eq eq p p' A ltlr-eq eq v v’
| - = False)

lemma ltlr-eg-autoref[autoref-rules|:
assumes EQP: (eq,(=)) € R — R — bool-rel
shows (ltlr-eq eq, (=)) € (R)Itlr-rel — (R)ltlr-rel — bool-rel
proof (intro fun-rell)
fix p' pv'v
assume (p',p)€(R)ltlr-rel and (v',v)e(R)Iltir-rel
then show (ltlr-eq eq p’ v’, p=v)€bool-rel
apply (induction arbitrary: v’ v)
apply (erule ltir-rel-cases, simp-all) ||
apply (erule ltlr-rel-cases, simp-all) ||
apply (erule ltlr-rel-cases,
simp-all add: EQP|THEN fun-relD, THEN fun-relD, THEN IdD]) ||
apply (erule ltlr-rel-cases,
simp-all add: EQP|THEN fun-relD, THEN fun-relD, THEN IdD]) ||
apply (rotate-tac —1)
apply (erule ltlr-rel-cases, simp-all) ||
apply (rotate-tac —1)
apply (erule ltir-rel-cases, simp-all) ||
apply (rotate-tac —1)
apply (erule ltir-rel-cases, simp-all) ||
apply (rotate-tac —1)
apply (erule ltlr-rel-cases, simp-all) ||
apply (rotate-tac —1)
apply (erule ltir-rel-cases, simp-all) ||
done
qed
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lemma [tlr-dfit-cmplautoref-rules-raw|:
assumes PREFER-id R
shows
(dfit-cmp (<) (<), dfit-cmp (<) (<))
€ (R)ltlr-rel — (R)ltlr-rel — comp-res-rel
using assms
by simp

type-synonym
node-name-impl = node-name

abbreviation (input) node-name-rel = Id :: (node-name-implx node-name) set

lemma case-ltlr-gtransfer:
assumes
vyai < a
ybi <b
Na. v (cia) < ca
Na. v (dia) < da
Ntlr1 1tlr2. v (ei ltlrl 1tlr2) < e ltlrl ltlr2
Nl Wr2. v (fi ltrl tr2) < fltrl 2
Nt~ (gt ltlr) < g ltlr
Nitir? tlr2. v (hi ltlrl itlr2) < h ltir? lthr2
Nltlrl [lr2. v (v ltlrl Btr2) < 4 ltlrl Itir2
shows v (case-ltlr ai bi ci di ei fi gi hi iiv @)
< (case-ltirabcdefghiy)
apply (cases p)
apply (auto intro: assms)
done

lemmas [refine-transfer]
= case-ltlr-gtransfer[where y=nres-of| case-ltlr-gtransfer[where y=RETURN]|

lemma [refine-transfer]:
assumes
ai # dSUCCEED
bi # dSUCCEED
Na. ci a # dSUCCEED
Na. di a # dSUCCEED
Altirl tlr2. ei ltirl Itr2 # dSUCCEED
Altirl 1tlr2. fi ltirl ltir2 # dSUCCEED
Nltir. gi ltlr # dSUCCEED
Nl itir2. hi ltlrl ltlr2 # dSUCCEED
Nl Wtr2. i ltlrl tr2 # dSUCCEED
shows case-ltlr ai bi ci di ei fi gi hi ©iv ¢ # dSUCCEED
apply (cases @)
apply (simp-all add: assms)
done
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3.1.2 Nodes

record 'a node-impl =
name-impl :: node-name-impl
incoming-impl :: (node-name-impl,unit) RBT-Impl.rbt
new-impl :: 'a frml list
old-impl :: 'a frml list
next-impl :: 'a frml list

definition node-rel where node-rel-def-internal: node-rel Re R = {(
( name-impl = namei,
incoming-impl = inci,
new-impl = newt,
old-impl = oldi,
next-impl = nexti,
... = moret
D,
( name = name,
incoming = inc,
new=new,
old=old,
next = next,
. = more
) ) | namei name inci inc newi new oldi old nexti next morei more.
(namei,name)€node-name-rel
A (inci,inc)€(node-name-rel) dfit-rs-rel
A (newi,new)€({R)Itlr-rel)lss.rel
A (oldi,old)€((R)Itlr-rel)lss.rel
A (nexti,next)e((Ryltir-rel)lss.rel
A (morei,more)€ Re
}

lemma node-rel-def: (Re,R)ynode-rel = {(
( name-impl = namei,
incoming-impl = inci,
new-impl = newt,
old-impl = oldi,
next-impl = nexti,
... = morei
D,
( name = name,
tncoming = inc,
new=neuw,
old=old,
nert = newt,
. = more
) ) | namei name inci inc newi new oldi old nexti next morei more.
(namei,name)€Enode-name-rel
A (inci,inc)€{node-name-rel) dflt-rs-rel
A (newi,new)e((R)ltlr-rel)lss.rel
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A (oldi,old)€((R)Itlr-rel)lss.rel
A (nexti,next)((R)ltlr-rel)lss.rel
A (morei,more)€Re
} by (simp add: node-rel-def-internal rel APP-def)
lemma node-rel-sv[relator-props|:
single-valued Re = single-valued R = single-valued ((Re,R)node-rel)
apply (rule single-valued)
apply (simp add: node-rel-def)
apply (auto
dest: single-valuedD lss.rel-sv[OF ltir-rel-sv] map2set-rel-sv|OF ahm-rel-sv]
dest: single-valuedD]
OF map2set-rel-sv| OF rbt-map-rel-sv[OF single-valued-Id single-valued-1d]]

)

done
consts i-node :: interface = interface = interface
lemmas [autoref-rel-intf] = REL-INTFI|of node-rel i-node]

lemma [autoref-rules|: (node-impl-ext, node-ext) €
node-name-rel
— (node-name-rel) dfit-rs-rel
— ((R)ltlr-rel)lss.rel
— ((R)ltlr-rel)lss.rel
— ((R)ltlr-rel)lss.rel
— Re
— (Re,Rynode-rel
unfolding node-rel-def
by auto

lemma [autoref-rules]:
(node-impl.name-impl-update,node.name-update)
€ (node-name-rel — node-name-rel) — (Re,R)node-rel — (Re,R)node-rel
(node-impl.incoming-impl-update,node.incoming-update)
€ ((node-name-rel) dfit-rs-rel — (node-name-rel) dfit-rs-rel)
— (Re,R)node-rel
— (Re,R)node-rel
(node-impl.new-impl-update,node.new-update)
€ (((R)ltir-rel)lss.rel — ((R)Itlr-rel)lss.rel) — (Re,R)node-rel — (Re,R)node-rel
(node-impl.old-impl-update,node. old-update)
€ (((R)ltlr-rel)lss.rel — ((R)ltir-rel)iss.rel) — (Re,R)ynode-rel — (Re,R)node-rel
(node-impl.next-impl-update,node.next-update)
€ (((R)ltlr-rel)lss.rel — ((R)ltir-rel)iss.rel) — (Re,Rynode-rel — (Re,R)node-rel
(node-impl.more-update,node.more-update)
€ (Re — Re) — (Re,R)node-rel — (Re,R)node-rel
unfolding node-rel-def
by (auto dest: fun-relD)
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term name
lemma [autoref-rules]:
(node-impl.name-impl,node.name)€(Re, R)node-rel — node-name-rel
(node-impl.incoming-impl,node.incoming)
€ (Re,R)node-rel — (node-name-rel) dfit-rs-rel
node-impl.new-impl,node.new)€(Re,R)ynode-rel — ((R)ltir-rel)lss.rel
node-impl.old-impl,node.old)€(Re,R) node-rel — {((R)ltir-rel)lss.rel
node-impl.next-impl,node.next)€(Re,R)node-rel — ((R)ltlr-rel)lss.rel
node-impl.more, node.more)€({Re,R)node-rel — Re
unfolding node-rel-def by auto

(
(
(
(

3.2 Massaging the Abstract Algorithm

In a first step, we do some refinement steps on the abstract data structures,
with the goal to make the algorithm more efficient.

3.2.1 Creation of the Nodes

In the expand-algorithm, we replace nested conditionals by case-distinctions,
and slightly stratify the code.

abbreviation (input) expand2 exp n ns ¢ nl nzl n2 = do {
(nm, nds) < exp (
n
new := insert nl (new n),
old := insert ¢ (old n),
next := nzl U next n |,
ns);
exp (n( name := nm, new := n2 U new n, old := {¢} U old n |), nds)

}

definition ezpand-aimpl = RECT (Aexpand (n,ns).
if new n = {} then (
if (3n'ens. old n’ = old n A next n’ = next n) then
RETURN (name n, upd-incoming n ns)
else do {
ASSERT (n ¢ ns);
ASSERT (name n ¢ name‘ns);
expand ((
name=ezpand-new-name (name n),
incoming={name n},
new=next n,
old={},
nest={} ),

insert n ns)
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) else do {

p + SPEC (A\z. z€(new n));

let n = n( new := newn — {p} );

case p of

prop,(q) =

if mprop,-(q)€old n then RETURN (name n, ns)
else expand (n( old := {p} U old n ), ns)

| nprop,(q) =
if propr(q)€old n then RETURN (name n, ns)
else expand (n( old := {p} U old n ), ns)

| true, = expand (n( old := {p} U old n ), ns)

| false, = RETURN (name n, ns)

| v and, pu = expand (n(
new := insert v (insert p (new n)),
old := {p} U old n,
next := next n |), ns)

| X, v = expand
(n( new = new n, old := {¢} U old n, next := insert v (nexct n) |), ns)

| wor, v = expand?2 expand n ns ¢ p {} {v}

| w U, v = expand2 expand n ns ¢ p {p} {v}

| n R, v = expand?2 expand n ns ¢ v {p} {u,v}

U 8 A4 A1 s ko)
BRI L U A1 4 e bt
1 O OSH 4 O 0 4 A A A s 0 A R A Y
K//ﬂdf/)/////////}/

)

lemma expand-aimpl-refine:
fixes n-ns :: (‘a node x -)
defines R = Id N {(-,(n,ns)). Vn'eéns. n > name n'}
defines R’ = Id N {(-,(n,ns)). Vn'ens. name n > name n'}
assumes [refine|: (n-ns’,;n-ns)eER’
shows ezpand-aimpl n-ns’ < R (expandr n-ns)
using [[goals-limit = 1]]
proof —
have [relator-props]: single-valued R
by (auto simp add: R-def intro: single-valuedl)
have [relator-props|: single-valued R’
by (auto simp add: R’-def intro: single-valuedl)

{

fix n :: ‘a node and ns and n' ns’
assume ((n', ns’), (n, ns)) € R’
then have (RETURN (name n', ns’) < | R (RETURN (name n, ns)))
by (auto simp: R-def R’-def pw-le-iff refine-pw-simps)
} note auz = this
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show ?thesis
unfolding expand-aimpl-def expandr-def
apply refine-rcg
apply (simp add: R-def R’-def)
apply (simp add: R-def R’-def)
apply (auto simp add: R-def R’-def upd-incoming-def) ||
apply (auto simp add: R-def R’-def upd-incoming-def) ||
apply (auto simp add: R-def R’-def upd-incoming-def) ||
apply rprems
apply (auto simp: R’-def expand-new-name-def) ||
apply (simp add: R'-def)

apply (auto split: ltlr.split) []
apply (fastforce simp: R-def R’-def) ||
apply (fastforce simp: R-def R’-def) ||

apply (auto simp: R-def R'-def) ||

apply (auto simp: R-def R'-def) ||

apply (auto simp: R-def R'-def) ||

apply (auto simp: R-def R'-def) ||

apply (auto simp: R-def R'-def) ||

apply (auto simp: R-def R’-def) ||

apply (auto simp: R-def R'-def) ||

apply (auto simp: R-def R'-def) ||

apply (auto simp: R-def R'-def) ||

apply (refine-rcg, rprems, (fastforce simp: R-def R'-def)+) ||

apply (fastforce simp: R’-def) ||

apply (refine-rcg, rprems, (fastforce simp: R-def R’-def)+) ||

apply (refine-rcg, rprems, (fastforce simp: R-def R’-def)+) ||
done

qed

thm create-graph-def
definition create-graph-aimpl ¢ = do {
(-, nds) +
expand-aimpl
((name = expand-new-name expand-init, incoming = {expand-init},
new = {¢}, old = {}, neat = {}),
{});
RETURN nds

}

lemma create-graph-aimpl-refine: create-graph-aimpl ¢ < |Id (create-graphr @)
unfolding create-graph-aimpl-def create-graphr-def
apply (refine-rcg expand-aimpl-refine)
apply auto
done
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3.2.2 Creation of GBA from Nodes

We summarize creation of the GBA and renaming of the nodes into one step

lemma create-name-gba-alt: create-name-gba ¢ = do {
nds < create-graphr ©;
ASSERT (nds-invars nds);
RETURN (gba-rename-ext (A-. ()) name (create-gba-from-nodes ¢ nds))
¥
proof —
have [simp]: Ands. g-V (create-gba-from-nodes ¢ nds) = nds
by (auto simp: create-gba-from-nodes-def)

show ?thesis
unfolding create-name-gba-def create-gba-def
by simp
qed

In the following, we implement the componenents of the renamed GBA
separately.

definition build-succ nds =
FOREACH
nds (Aq’ s.
FOREACH
(incoming q') (Agn s.
if gn=expand-init then
RETURN s
else
RETURN (s(gn — insert (name q') (the-default {} (s qn))))

) s

) Map.empty

lemma build-succ-auzl:
assumes [simp]: finite nds
assumes [simp]: \q. ¢Ends = finite (incoming q)
shows build-succ nds < SPEC (Ar. r = (Agn.
dfit-None-set {gn’. 3 ¢’.
q'ends A qn’ = name q' N qn€incoming q' A gqn#expand-init
)
unfolding build-succ-def
apply (refine-rcg refine-vcyg
FOREACH-rule[where
I=Xit s. s = (Agn. dfit-None-set {qn’. ¢q’. ¢’€énds—it N gn’ = name ¢’
A qn€incoming q' N gn#expand-init })])

apply (simp-all add: dfit-None-set-def) [2]

apply (rename-tac ¢’ it s)
apply (rule-tac I=Xit2 s. s =
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(Agn. dflt-None-set (
{gn’. 3q’. ¢’ends—it A\ qn’ = name ¢’ A qn€incoming q' N\ qn#expand-init }

{gn’ . gn’=name ¢’ N gn€incoming q¢' — it2 N gnFexpand-init} ))
in FOREACH-rule)

apply auto []

apply (simp-all add: dfit-None-set-def)

apply (refine-rcg refine-veg)

apply (auto simp: dfit-None-set-def intro!: ext) ||
apply (rule ext, (auto) [])+

done

lemma build-succ-auz2:
assumes NINIT: expand-init ¢ name‘nds
assumes CL: And. ndends = incoming nd C insert expand-init (name‘nds)
shows
(Agn. dfit-None-set
{gn’. 3q’. ¢’énds A qn’ = name ¢’ A gn€incoming ¢’ N gnexpand-init })
= (Agn. dflt-None-set (succ-of-E
(rename-E name {(q, ¢). ¢ € nds A\ q' € nds A name q € incoming q'}) qn))

(is (A\gn. dfit-None-set (2L qn)) = (Agn. dfit-None-set (?R qn)))
apply (intro ext)
apply (fo-rule arg-cong)
proof (intro ext equalityl subsetl)
fix gn z
assume z€?R qn
then show z€?L gn using NINIT
by (force simp: succ-of-E-def)
next
fix gn z
assume XL: z€?L gn
show z€?R ¢n
proof (cases qn = expand-init)
case Fulse
from XL obtain ¢’ where
A: ¢'eénds gneincoming q’
and [simp]: z=name q’
by auto
from Fulse obtain ¢ where B: gends and [simp]: gn = name ¢
using CL A by auto

from A B show z€?R gn
by (auto simp: succ-of-E-def image-def)
next
case [simp|: True
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from XL show z€?R qn by simp
qed
qed

lemma build-succ-correct:
assumes NINIT: expand-init ¢ name‘nds
assumes FIN: finite nds
assumes CL: And. ndends = incoming nd C insert expand-init (name‘nds)
shows build-succ nds < SPEC (Ar.
E-of-suce (Agqn. the-default {} (r gn))
= rename-E (Au. name u) {(q, ¢"). ¢ € nds A\ ¢’ € nds A name g € incoming
q'y)
proof —
from FIN CL have FIN': \q. ¢€nds = finite (incoming q)
by (metis finite-imagel finite-insert infinite-super)

note build-succ-auzrl [OF FIN FIN'
also note build-succ-aux2[OF NINIT CL]
finally show ?thesis
by (rule order-trans) auto
qed

primrec until-frmlsr :: 'a frml = (‘a frml x 'a frml) set where
until-frmlsr (p and, ¥) = (until-frmlsr p) U (until-frmlsr )

| until-frmlsr (X, p) = until-frmlsr

| until-frmlsr (u U, ¥) = insert (u, ¥) ((until-frmlsr p) U (until-frmlsr 1))

| until-frmlsr (p Ry o) = (until-frmlsr p) U (until-frmlsr ¢)

| until-frmlsr (@ ory ) = (until-frmlsr p) U (until-frmlsr 1)

| until-frmlsr (true.) = {}

| until-frmlsr (false,) = {}

| until-frmlsr (prop.(-)) = {}

| until-frmlsr (nprop,(-)) = {}

Py

lemma until-frmlisr-correct:
until-frmlsr © = {(u, n). Until-ltlr 1 n € subfrmlsr ¢}
by (induct ) auto

definition build-F nds ¢
= (A(u,m). name “{q € nds. (Until-ltlr pn € old ¢ — n € old q)})
until-frmlsr ¢

lemma build-F-correct: build-F nds ¢ =
{name ‘A |A. Jun. A ={q € nds. Until-ltlr pn € old ¢ — n € old q} N
Until-ltlr p n € subfrmlsr ¢}
proof —
have {name ‘A |A. Jpun. A= {q € nds. Until-ltlr 1 € old ¢ — n € old q} A
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Until-ltlr pn € subfrmlsr ¢}
= (A(p,n). name{qends. Until-ltlr pm € old ¢ — n € old ¢})
Ay m). Until-ltlr o € subfrmlsr ¢}
by auto
also have ... = (A(u,n). name{gends. Until-ltlr pn € old ¢ — n € old q})
“until-frmlsr ¢
unfolding until-frmlisr-correct ..
finally show ?thesis
unfolding build-F-def by simp
qed

definition pn-props ps = FOREACH;i
(Xit (P,N). P = {p. Prop-ltlr p € ps — it} AN N = {p. Nprop-ltlr p € ps — it})
ps (Ap (P,N).
case p of Prop-ltlr p = RETURN (insert p P,N)
| Nprop-ltlr p = RETURN (P, insert p N)
| - = RETURN (P,N)
) ({341

lemma pn-props-correct:
assumes [simp]: finite ps
shows pn-props ps < SPEC(Ar. r =
({p. Prop-ltlr p € ps}, {p. Nprop-ltlr p € ps}))
unfolding pn-props-def
apply (refine-reg refine-vcg)
apply (auto split: Itlr.split)
done

definition pn-map nds = FORFEACH nds
(And m. do {
PN <« pn-props (old nd);
RETURN (m(name nd — PN))
1) Map.empty

lemma pn-map-correct:
assumes [simp]: finite nds
assumes FIN'": And. ndénds = finite (old nd)
assumes INJ: inj-on name nds
shows pn-map nds < SPEC (Ar. V gn.
case r qn of
None = qn ¢ name‘nds
| Some (P,N) = gqn € name‘nds
A P = {p. Prop-ltlr p € old (the-inv-into nds name qn)}
A N = {p. Nprop-ltlr p € old (the-inv-into nds name qn)}
)
unfolding pn-map-def
apply (refine-rcg refine-vcg
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FOREACH-rule[where I=\it r. ¥ gn.
case r qn of
None = gqn ¢ name‘(nds — it)
| Some (P,N) = gn € name‘{(nds — it)
A P = {p. Prop-ltlr p € old (the-inv-into nds name gn)}
A N = {p. Nprop-ltlr p € old (the-inv-into nds name qn)}]
order-trans[OF pn-props-correct]
)
apply simp-all
apply (blast dest: subsetD[THEN FIN')) ||
apply (force
split: option.splits
simp: the-inv-into-f-f[OF INJ| it-step-insert-iff) []
apply (fastforce split: option.splits) ||
done

definition cr-rename-gba nds ¢ = do {

let V = name ‘ nds;

let VO = name ‘{q € nds. expand-init € incoming q};

sucemap < build-succ nds;

let E = E-of-succ (the-default {} o succmap);

let F = build-F nds y;

pnm < pn-map nds;

let L = (A\gn l. case pnm qn of

None = False

| Some (P,N) = (VpeP. pe(l:::,(Id) fun-set-rel)) A (VpeN. pél)
)i

RETURN ((| g-V =V, g-E=E, ¢-VO0=V0, gbg-F = F, gba-L = L |)
}

lemma cr-rename-gba-refine:
assumes INV: nds-invars nds
assumes REL[simplified]: (nds’,nds)eld (¢’ p)eld
shows cr-rename-gba nds’ ¢’
< |Id (RETURN (gba-rename-ext (A-. ()) name (create-gba-from-nodes ¢ nds)))
unfolding RETURN-SPEC-conv
proof (rule Id-SPEC-refine)
from INV have
NINIT: expand-init ¢ name‘nds
and FIN: finite nds
and FIN': And. ndends = finite (old nd)
and CL: And. ndénds = incoming nd C insert expand-init (name‘nds)
and INJ: inj-on name nds
unfolding nds-invars-def by auto
show cr-rename-gba nds’ o’
< SPEC (Az. x = gba-rename-ext (A-. ()) name (create-gba-from-nodes ¢ nds))
unfolding REL
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unfolding cr-rename-gba-def

apply (refine-rcg refine-veg
order-trans| OF build-succ-correct| OF NINIT FIN CL])
order-trans|OF pn-map-correct{OF FIN FIN' INJ])

unfolding gba-rename-ecnv-def gb-rename-ecnv-def
fr-rename-ext-def create-gba-from-nodes-def
apply simp
apply (intro conjl)
apply (simp add: comp-def)
apply (simp add: build-F-correct)
apply (intro ext)
apply (drule-tac z=qgn in spec)
apply (auto simp: the-inv-into-f-f[OF INJ| split: option.split prod.split)
done
qed

definition create-name-gba-aimpl ¢ = do {
nds < create-graph-aimpl o;
ASSERT (nds-invars nds);
cr-rename-gba nds @

}

lemma create-name-gba-aimpl-refine:
create-name-gba-aimpl ¢ < |Id (create-name-gba )
unfolding create-name-gba-aimpl-def create-name-gba-alt
apply (refine-rcg create-graph-aimpl-refine cr-rename-gba-refine)
by auto

3.3 Refinement to Efficient Data Structures

3.3.1 Creation of GBA from Nodes

schematic-goal until-frmisr-impl-aux:
assumes [relator-props, simp|: R=Id
shows (?c,until-frmlsr)
€ ((Ru:(-x-::linorder) set))ltlr-rel — ((R)Itlr-rel x, (R)ltlr-rel) dfit-rs-rel
unfolding until-frmlisr-def
apply (autoref (keep-goal, trace))
done
concrete-definition until-frmlsr-impl uses until-frmlsr-impl-aux
lemmas [autoref-rules] = until-frmlsr-impl.refine] OF PREFER-id-D]

schematic-goal build-succ-impl-aux:
shows (?c,build-succ) €

85



({Rm,R)node-rel) list-set-rel

— ((nat-rel,{nat-rel) list-set-rel) iam-map-rel) nres-rel
unfolding build-succ-def[abs-def]| expand-init-def
using [[autoref-trace-failed-id]]
apply (autoref (keep-goal, trace))
done

concrete-definition build-succ-impl uses build-succ-impl-aux
lemmas [autoref-rules] = build-succ-impl.refine

schematic-goal build-succ-code-aux: RETURN ?c¢ < build-succ-impl x
unfolding build-succ-impl-def
apply (refine-transfer (post))
done

concrete-definition build-succ-code uses build-succ-code-auz
lemmas [refine-transfer] = build-succ-code.refine

schematic-goal build-F-impl-aux:
assumes [relator-props|: R = Id
shows (?c,build-F) €

({Rm,R)node-rel) list-set-rel — (R)ltlr-rel — ((nat-rel)list-set-rel)list-set-rel

unfolding build-F-def[abs-def]
using [[autoref-trace-failed-id]]
apply (autoref (keep-goal, trace))
done

concrete-definition build-F-impl uses build-F-impl-aux
lemmas [autoref-rules] = build-F-impl.refine] OF PREFER-id-D]

schematic-goal pn-map-impl-auz:
shows (?c,pn-map) €
((Rm,Id)node-rel)list-set-rel
— ({nat-rel,(Id)list-set-rel x,. (Id)list-set-rel)iam-map-rel)nres-rel
unfolding pn-map-def|abs-def] pn-props-def
using [[autoref-trace-failed-id]]
apply (autoref (keep-goal, trace))
done

concrete-definition pn-map-impl uses pn-map-impl-auz

lemma pn-map-impl-autoref[autoref-rules]:
assumes PREFER-id R
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shows (pn-map-impl,pn-map) €

({Rm,R)node-rel) list-set-rel

— ((nat-rel,(R)list-set-rel x, (R)list-set-rel)iam-map-rel)nres-rel
using assms pn-map-impl.refine by simp

schematic-goal pn-map-code-auz: RETURN ?¢c < pn-map-impl
unfolding pn-map-impl-def
apply (refine-transfer (post))
done
concrete-definition pn-map-code uses pn-map-code-aux
lemmas [refine-transfer] = pn-map-code.refine

schematic-goal cr-rename-gba-impl-aux:
assumes [D[relator-props|: R=Id
notes [autoref-tyrel del] = tyrel-dfit-linorder-set
notes [autoref-tyrel] = ty-REL[of (nat-rel)list-set-rel]
shows (?c,cr-rename-gba) €
({(Rm,R)node-rel)list-set-rel — (R)ltlr-rel — (?R::(?'c x -) set)
unfolding ID
unfolding cr-rename-gba-def[abs-def] expand-init-def comp-def
using [[autoref-trace-failed-id]]
apply (autoref (keep-goal, trace))
done
concrete-definition cr-rename-gba-impl uses cr-rename-gba-impl-aux

thm cr-rename-gba-impl.refine

lemma cr-rename-gba-autoref [autoref-rules]:
assumes PREFER-id R
shows (cr-rename-gba-impl, cr-rename-gba) €
({Rm, R)node-rel)list-set-rel — (R)Itlr-rel —
(gbav-impl-rel-ext unit-rel nat-rel ({R)fun-set-rel))nres-rel
using assms cr-rename-gba-impl.refine[of R Rm] by simp

schematic-goal cr-rename-gba-code-aux: RETURN ?c < cr-rename-gba-impl = y
unfolding cr-rename-gba-impl-def
apply (refine-transfer (post))
done

concrete-definition cr-rename-gba-code uses cr-rename-gba-code-aux

lemmas [refine-transfer] = cr-rename-gba-code.refine

3.3.2 Creation of Graph

The implementation of the node-set. The relation enforces that there are
no different nodes with the same name. This effectively establishes an addi-
tional invariant, made explicit by an assertion in the refined program. This
invariant allows for a more efficient implementation.
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definition Is-nds-rel-def-internal:
Is-nds-rel R = (R)list-set-rel N {(-,s). inj-on name s}

lemma [s-nds-rel-def: (R)ls-nds-rel = (R)list-set-rel N {(-,s). inj-on name s}
by (simp add: relAPP-def ls-nds-rel-def-internal)

lemmas [autoref-rel-intf] = REL-INTFI|of ls-nds-rel i-set|

lemma [s-nds-rel-sv[relator-props]:
assumes single-valued R
shows single-valued ({R)ls-nds-rel)
using list-set-rel-sv[OF assms]
unfolding Is-nds-rel-def
by (metis inf.cobounded! single-valued-subset)

context begin interpretation autoref-syn .
lemma Ilsnds-empty-autoref[autoref-rules]:
assumes PREFER-id R
shows ([],{})€(R)ls-nds-rel
using assms
apply (simp add: ls-nds-rel-def)
by autoref

lemma Isnds-insert-autoref |autoref-rules):
assumes SIDE-PRECOND (name n ¢ name‘ns)
assumes (n’,n)eR
assumes (ns’,ns)e(R)ls-nds-rel
shows (n'#ns’,(OP insert ::: R — (R)ls-nds-rel — (R)Is-nds-rel)$n$ns)
€ (R)ls-nds-rel
using assms
unfolding Is-nds-rel-def
apply simp
proof (elim conjE, rule conjl)
assume [autoref-rules]: (n’, n) € R (ns’, ns) € (R)list-set-rel
assume name n ¢ name ‘ ns
and inj-on name ns
then have n ¢ ns by (auto)
then show (n' # ns’, insert n ns) € (R)list-set-rel
by autoref
qged auto

lemma [s-nds-image-autoref-auz:

assumes [autoref-rules]: (fi,f) € Ra — Rb

assumes (l,s) € (Ra)ls-nds-rel

assumes [simp|: Vz. name (f ) = name z

shows (map fi I, f‘s) € (Rb)ls-nds-rel
proof —

from assms have

[autoref-rules]: (1,s)€(Ra)list-set-rel
and INJ: (inj-on name s)
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by (auto simp add: ls-nds-rel-def)

have [simp]: inj-on f s
by (rule inj-onl) (metis INJ assms(83) inj-on-eq-iff)

have (map fi l, fs) € (Rb)list-set-rel
by (autoref (keep-goal))

moreover have inj-on name (f‘s)
apply (rule inj-onl)
apply (auto simp: image-iff dest: inj-onD[OF INJ])
done

ultimately show ?thesis
by (auto simp: ls-nds-rel-def)

qed

lemma [s-nds-image-autoref [autoref-rules]:
assumes (fi,f) € Ra — Rb
assumes SIDE-PRECOND (Y z. name (f ) = name z)
shows (map fi, (OP () ::: (Ra—Rb) — (Ra)ls-nds-rel — (Rb)ls-nds-rel)$f)
€ (Ra)ls-nds-rel — (Rb)ls-nds-rel
using assms
unfolding autoref-tag-defs
using Is-nds-image-autoref-auz
by blast

lemma list-set-autoref-to-list[autoref-ga-rules]:
shows is-set-to-sorted-list (A- -. True) R ls-nds-rel id
unfolding is-set-to-list-def is-set-to-sorted-list-def ls-nds-rel-def
it-to-sorted-list-def list-set-rel-def br-def
by auto

end

context begin interpretation autoref-syn .
lemma [autoref-itype]:
upd-incoming
g (Imy, I)ii-node —; ({Im', I);i-node);i-set —; ({Im’, I);i-node);i-set
by simp
end

term upd-incoming

schematic-goal upd-incoming-impl-auz:
assumes REL-IS-ID R
shows (?c, upd-incoming)€(Rm1,R)node-rel
— ((Rm2,R)node-rel)ls-nds-rel
— ((Rm2,R)node-rel)ls-nds-rel
using assms apply simp
unfolding upd-incoming-def[abs-def)
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using [[autoref-trace-failed-id]]

apply (autoref (keep-goal))
done

concrete-definition upd-incoming-impl uses upd-incoming-impl-aux
lemmas [autoref-rules] = upd-incoming-impl.refine| OF PREFER-D[of REL-1S-1D])

schematic-goal expand-impl-auz: (?c, expand-aimpl) €
(ungt-rel,Idynode-rel x, ({unit-rel,Id)node-rel)ls-nds-rel
— (nat-rel x, {{(unit-rel, Id)node-rel)ls-nds-rel) nres-rel
unfolding expand-aimpl-def[abs-def] expand-new-name-def
using [[autoref-trace-failed-id, autoref-trace-intf-unif]|
apply (autoref (tracekeep-goal))
done

concrete-definition expand-impl uses erpand-impl-aux

context begin interpretation autoref-syn .
lemma [autoref-itype]: expandy
22 ((G-unit, I);i-node, ((i-unit, I);i-node);i-set);i-prod
— {{i-nat,((i-unit, I);i-node);i-set);i-prod);i-nres by simp

lemma expand-autoref|autoref-rules|:
assumes [D: PREFER-id R
assumes A: (n-ns’, n-ns)
€ (unit-rel, R)node-rel x, {({unit-rel, R)node-rel)list-set-rel
assumes B: SIDE-PRECOND (
let (n,ns)=n-ns in inj-on name ns A (Vn'€ns. name n > name n’)
)
shows (expand-impl n-ns’,
(OP expand-aimpl
it (undt-rel,Rynode-rel X, {{unit-rel,R)node-rel)list-set-rel
— (nat-rel x, ((unit-rel,Rynode-rel)list-set-rel) nres-rel)$n-ns)
€ (nat-rel x, ((unit-rel,R)node-rel)list-set-rely nres-rel
proof simp
from ID A B have
1: (n-ns, n-ns) € Id N {(-,(n,ns)). Vn'ens. name n > name n'}
and 2: (n-ns’, n-ns)
€ (unit-rel,Idynode-rel x, ((unit-rel,Id)node-rel)ls-nds-rel
unfolding ls-nds-rel-def
apply —
apply auto []
apply (cases n-ns’)
apply auto ||
done

have [simp]: single-valued (nat-rel X, ({(unit-rel, Id)node-rel)list-set-rel)
by tagged-solver
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have [relator-props]: AR. single-valued (Id N R)
by (metis IntE single-valuedD single-valuedl single-valued-Id)

have [simp]: single-valued ((nat-rel x, ((unit-rel, Id)node-rel)ls-nds-rel) O
(Id N {(-, n, ns). Vn'’ens. name n’ < n}))
by (tagged-solver)

from expand-impl.refine] THEN fun-relD, OF 2, THEN nres-relD]
show (ezpand-impl n-ns', expand-aimpl n-ns)
€ (nat-rel x, ((unit-rel, Rynode-rel)list-set-rel)nres-rel
apply —
apply (rule nres-rell)
using ID
apply (simp add: pw-le-iff refine-pw-simps)
apply (fastforce simp: ls-nds-rel-def)
done
qed

end

schematic-goal ezpand-code-aux: RETURN %c < expand-impl n-ns
unfolding expand-impl-def
by (refine-transfer the-resl)
concrete-definition ezpand-code uses expand-code-aux
prepare-code-thms expand-code-def
lemmas [refine-transfer] = expand-code.refine

schematic-goal create-graph-impl-aux:
assumes ID: R=1Id
shows (¢, create-graph-aimpl)
€ (Ryltir-rel — (((unit-rel,R)node-rel)list-set-rel) nres-rel
unfolding ID
unfolding create-graph-aimpl-def|abs-def] expand-init-def expand-new-name-def
using [[autoref-trace-failed-id]]
apply (autoref (keep-goal))
done
concrete-definition create-graph-impl uses create-graph-impl-auz

lemmas [autoref-rules] = create-graph-impl.refine]OF PREFER-id-D)

schematic-goal create-graph-code-auz: RETURN ?c < create-graph-impl ¢
unfolding create-graph-impl-def
by refine-transfer
concrete-definition create-graph-code uses create-graph-code-auz
lemmas [refine-transfer] = create-graph-code.refine
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schematic-goal create-name-gba-impl-aux:
(Ze, (create-name-gba-aimpl:: 'a::linorder ltlr = -))
€ (Id)ltlr-rel — (?R::(?'cx-) set)
unfolding create-name-gba-aimpl-def[abs-def)
using [[autoref-trace-failed-id]]
apply (autoref (keep-goal, trace))
done
concrete-definition create-name-gba-impl uses create-name-gba-impl-auz

lemma create-name-gba-autoref[autoref-rules]:
assumes PREFER-id R
shows
(create-name-gba-impl, create-name-gba)
€ (R)ltlr-rel — (gbav-impl-rel-ext unit-rel nat-rel ({R)fun-set-rel))nres-rel
(is -:-—(?R)nres-rel)
proof (intro fun-rell nres-rell)
fix ¢ ¢’
assume A: (p,p")€(R)Itlr-rel
from assms have RID[simp]: R=Id by simp

note create-name-gba-impl.refine] THEN fun-relD, THEN nres-relD, OF A[unfolded
RID]]

also note create-name-gba-aimpl-refine

finally show create-name-gba-impl ¢ < || ?R (create-name-gba ¢") by simp
qged

schematic-goal create-name-gba-code-aux: RETURN ?¢c < create-name-gba-impl
2

unfolding create-name-gba-impl-def

by (refine-transfer (post))
concrete-definition create-name-gba-code uses create-name-gba-code-aux
lemmas [refine-transfer] = create-name-gba-code.refine

schematic-goal create-name-igba-impl-auz:
assumes RID: R=1d
shows (?c,create-name-igba)€e
(R)Itlr-rel — (igbav-impl-rel-ext unit-rel nat-rel ({R)fun-set-rel))nres-rel
unfolding RID
unfolding create-name-igba-def[abs-def]
using [[autoref-trace-failed-id]]
apply (autoref (trace, keep-goal))
done
concrete-definition create-name-igba-impl uses create-name-igba-impl-auz
lemmas [autoref-rules] = create-name-igba-impl.refine] OF PREFER-id-D)|

schematic-goal create-name-igba-code-aux: RETURN ?c < create-name-igba-impl
¥
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unfolding create-name-igba-impl-def

by (refine-transfer (post))
concrete-definition create-name-igba-code uses create-name-igba-code-aux
lemmas [refine-transfer] = create-name-igba-code.refine

export-code create-name-igba-code checking SML

end
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