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Chapter 1

Introduction to Volume 111

A. K. T. Assis!

The picture on the cover of Volume 3 shows Weber around 1876. It comes from the
frontispiece of a book of 1876 by Friedrich Zollner (1834-1882) on the principles of an elec-
trodynamic theory of matter.?

Volume III contains Weber’s main works related to diamagnetism, including his Third
major Memoir on Electrodynamic Measurements (1852).

These works are followed by three papers published by Weber and Rudolf Kohlraush
in 1855-1857 in which they presented the measurement of Weber’s fundamental constant ¢
appearing in his force law. Weber and Kohlrausch’s 1857 work is the Fourth major Memoir
on Electrodynamic Measurements.

Soon after this measurement, Kirchhoff and Weber succeeded in deducing the complete
telegraph equation from Weber’s electrodynamics. Their works were published in 1857 and
1864. When the resistance of the wire was negligible, the telegraph equation reduced to
the wave equation. The velocity of propagation of an electric wave along the wire was then
shown to be independent of the cross section of the wire, of its conductivity and of the
density of electricity along the surface of the wire. Its value was equal to the known light
velocity in vacuum. This remarkable result of Weber’s electrodynamics indicated for the first
time in the history of physics a direct and quantitative connection between electrodynamics
and optics. This volume contains the English translations of Kirchhoff’s two papers of 1857,
together with a paper by J. C. Poggendorff emphasizing the independent researches made by
Weber and Kirchhoff on this subject in which both scientists arrived simultaneously at similar
results. Weber’s 1864 work is his Fifth major Memoir on Electrodynamic Measurements.
The translation of this paper is also included in this Volume.

'Homepage: www.ifi.unicamp.br/~assis
2[Z6176]. Tt also appears, for instance, in [Wie60, p. 208] and [Wie67, p. 155].
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Chapter 2

[Weber, 1852b, EM3] Electrodynamic
Measurements, Third Memoir,
relating specially to Diamagnetism

Wilhelm Weber3:4:5

I - Introduction. Concept of Diamagnetic Polarity

Diamagnetism in the few years since its discovery became the topic of various researches.
These not only broadened the field but also led to the discovery and examination of several
other new natural phenomena. Therefore, the interest on these researches grew continuously.
However, the field of diamagnetism still needs a fundamental law, in order to become compa-
rable to magnetism, electromagnetism, and magnetoelectricity, to which it is closely related.
To obtain such a fundamental law seemed since its beginning doable, because Faraday® man-
aged to find a very simple and general expression concerning the major facts discovered by
him, namely the diamagnetic repulsion and the equatorial position of diamagnetic materials
in the vicinity of a strong magnet. Even if his general expression cannot be considered as
a fundamental law, it seems to be closely related to one. Faraday namely deduced these
diamagnetic actions from the laws of variable magnets (iron magnets), by comparing the ac-
tions of diamagnetic materials to the ones of magnetized iron for which North magnetism and
South magnetism were interchanged. The relation between diamagnetism and magnetism
after that is the law of diamagnetic polarity found by Faraday.

To make it clear what magnetic or diamagnetic polarity means, we explain how this
notion is used in this paper. It is well-known that Gauss proved,” that all actions by which
a magnet (or a material which contains galvanic currents) effects other materials, can be
deduced from two magnetic fluids, which are distributed on its surface in a specific manner.

3[Web52b] with English translation in [Web21a].

4Translated by U. Frauenfelder, urs.frauenfelder@math.uni-augsburg.de. Edited by U. Frauenfelder and
A. K. T. Assis.

°The Notes by Wilhelm Weber are represented by [Note by WW:]; the Notes by H. Weber, the Editor
of Volume 3 of Weber’s Werke, are represented by [Note by HW:]; while the Notes by A. K. T. Assis are
represented by [Note by AKTA:].

6[Note by AKTA:] [Far46a] and [Far46b.

"[Note by AKTA:] [Gau39] with English translations in [Gau4la] and [GT14].
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Gauss called this distribution the ideal distribution of magnetic fluids. Hence we refer in this
paper by magnetic or diamagnetic polarity to the state of a material through which it can
effect forces to other materials in such a way that these forces can be explained in terms of
the ideal distribution of magnetic fluids.

Therefore the law of diamagnetic polarity implies, that all actions of a diamagnetic ma-
terial can be explained in terms of an ideal distribution of the two magnetic fluids on its
surface. Since the law of the magnetic polarity requires the same for magnetic materials, it
follows under the assumption that there exists really a diamagnetic polarity in this sense,

diamagnetic materials do not distinguish themselves essentially from magnetic ones
in terms of their actions, but how they are generated and how they change.

Namely suppose that before their generation (or transformation) we have an ideal distribu-
tion, then all the actions are given, independent if it is magnetism, galvanism, or diamag-
netism which leads to that ideal distribution.

If the law of diamagnetic polarity is really universally true, it is not just applicable to the
phenomena first discovered by Faraday, namely the interaction of the diamagnetic material
with the magnet due to whose influence it became diamagnetic, but to all phenomena a ma-
terial can effect other materials due to a certain distribution of its magnetic fluids. All these
different kinds of phenomena can be classified into purely magnetic ones, electromagnetic
ones, and magnetoelectric ones. Therefore it is highly interesting to detect the actual occur-
rence of these different modes of effects. If the second effect really existed for diamagnetic
materials, it would lead to the fundamental experiment of electrodiamagnetism. The third
effect would lead to the fundamental experiment of diamagnetoelectricity (or the diamag-
netic induction of electric currents). On the other hand, if not all these effects occurred, this
would imply that the law of diamagnetic polarity is not universally valid, so that it would
loose its importance and theoretical significance.

Concerning the occurrence of these different modes of effects the results of different
researchers do not yet agree with each other. This is easily explained, if one takes into account
how weak necessarily the later kinds of effects have to be. Therefore it can easily happen that
not all researchers can detect them especially since they do not use exactly the same kind of
devices. In particular, Faraday did not succeed in convincing himself of the (inducing) effect
of diamagnetic materials, despite the fact that he repeated the corresponding experiments
with great diligence and care.

How weak for example the effect of a diamagnetic material on a magnetic compass is,
can be easily understood by noting that even the forces of a strong electromagnet also in
small distance to a diamagnetic material are very weak, although they are proportional to
the large forces of electromagnets. If one considers instead of the interaction of a somehow
diamagnetic material with a strong electromagnet the interaction of a diamagnetic material
with a weak magnetic compass, one easily understands that from this last interaction in the
same distance a force occurs which in the same proportion is smaller although the force in
the first interaction was already pretty small.

Under these circumstances where one can see a priori that the interactions in question,
if they exist, are extremely weak, one needs special arrangements to distinguish them from
other small actions in order to prove their existence. It does not suffice to improve and
refine the observational equipments, but one has to get a deeper understanding of the size
of the effects in question which can be observed so that one can be sure that the observed
ones really corresponds to the thing one was looking for. To say it shortly the observation of

12



such small effects needs quantitative control to produce results on a sound basis. But such
a quantitative control was missing completely so far. In particular, the question about the
existence or non-existence of a diamagnetic induction of electric currents which is one of the
major issues can only be decided by experiment, if the size of the current, which has to be
induced diamagnetically, can roughly be estimated. Indeed, only after that one can decide
about the means needed to check it.

However, in order to achieve such a quantitative control of these considerations one has to
discuss more carefully the consideration which led to the conjecture of a magnetic induction of
electric currents. According to this consideration one assumes that all effects of a diamagnetic
material can be explained in terms of a certain distribution of the two magnetic fluids
on its surface and that on the other hand a diamagnetic material has all effects of the
magnetic fluids distributed in this way. It follows from this that one has to associate to each
diamagnetic material a magnetic moment. Moreover, each kind of diamagnetic action has
to be used in order to determine the size of this magnetic moment so that one can predict
precisely or to good approximation all kinds of diamagnetic effects. If this consideration is
true it opens the way to infer from known diamagnetic phenomena to unknown ones and
predict their size so that each experiment which does not have the required accuracy can be
discarded immediately. On the other hand each experiment which has the required accuracy
but does not give the result or a completely different one can be used to falsify the whole
consideration. A serious decision can only be reached in this way.

During the whole paper I tried to follow this way and I believe that the results obtained
here leave no doubt, although it is desirable that in the future the quantitative measurements
can be carried out with even higher precision. If I had more funding I could have easily
obtained better equipments and gotten more precise results, what is definitely desirable,
although the main result does not seem to be in doubt.

13



II - Electrodiamagnetism and Measurement of the Mo-
ment of an Electrodiamagnet

2.1 Electromagnet and Electrodiamagnet

In the same way how one distinguishes usual iron magnets, i.e., iron magnets whose mag-
netism is due to the influence of other magnets, from electromagnets, one can distinguish
usual diamagnets (whose diamagnetism is caused by magnetic influence) from electrodia-
magnets. However, between electromagnets and electrodiamagnets there is a huge for the
observation important difference. Namely if two equal galvanic currents go around a bar of
iron and a bar of bismuth, iron acts by magnetic forces in the distance compared to which the
forces of the galvanic current almost vanish, while the diamagnetic forces of bismuth almost
vanish compared to the ones of the galvanic current. This is the reason that the existence
of electrodiamagnetism is difficult to prove. However, this difficulty can be overcome and it
even follows from this that the force of an electrodiamagnet is much more suitable to the
actual measurements than the one of a usual diamagnet. However, for that a special device
is needed, in order to get rid of the influence of the galvanic current. Here I first want to
describe the device using that I got the pure action of an electrodiamagnet so that I could
compare the size of its force with the one of an electromagnet. After that 1 describe the
results I obtained in the experiments using that device.

2.2 Electrodiamagnetic Measuring Device

The goal was to observe the effect of an elecrodiamagnet on a magnetic needle one puts in
some distance. It was already mentioned before, how small the expected effect of a diamag-
netic material on a usual magnetic needle is, especially if this needle is some inches away
from the diamagnet. The smaller the expected effect was, the finer methods of observa-
tion have to be applied. Therefore a small magnetometer was used, whose needle was 100
millimeters long and carried a mirror in order to be observable according to the method
of Gauss using telescope and scale. With this method deflections of the needle of single
arc minutes could be measured exactly. The sensitivity of such a needle depends as is well
known on the size of the horizontal deflecting force exerted by terrestrial magnetism. If
the deflecting force of terrestrial magnetism was not weakened the oscillation period of the
needle was 7.687 seconds. To augment the sensitivity the deflecting force was weakened in
such a way that the oscillation period increased to 18.45 seconds. This can be achieved in
a quite simple way with the help of a strong magnetic bar SN of Figure 2, which one puts
with reversed poles in direction of the needle NS in appropriate distance. With the help of
a small displacement of this magnetic bar, the sensitivity of the needle could be regulated
as one pleases. However, a too high sensitivity puts the precision of the observation in slight
danger. Furthermore it turned out that the above mentioned sensitivity was sufficient. It is
worth mentioning that the needle was furnished with a damper made of copper which had
the effect to reduce the oscillation arcs according to the proportion 3:2 or more precisely the

decrementum logarithmicum?® was

8[Note by AKTA:] That is, the logarithmic decrement.
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= 0.17887 .

After this description of the magnetic measuring device we now proceed with the pre-
sentation of the electrodiamagnet and its deployment. The electromagnet first consisted
of two equal cylinders made of bismuth whose length was 92 millimeters, whose width was
16 millimeters, and whose combined weight was 343 500 milligrams. They were connected
to each other in vertical position at a distance of 100 millimeters, as represented by aa in
Figure 1.
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Fig. 1.

Using a simple crank mechanism they could be lifted and lowered. Secondly the elec-
tromagnet consisted of spiraling copper wires. Each of these spirals had a length of 190
millimeters, an interior diameter of 17 millimeters and consisted of four layers, each layer
containing 146 windings. Like columns, they were vertically mounted on a stand at a dis-
tance of 100 millimeters and their wires were connected to each other in such a way that a
current which went from one to the other passed through them in opposite direction. Both
cylinders of bismuth could be lowered simultaneously into these two spirals and were trans-
formed into electrodiamagnets due to the galvanic current. One North pole turned upwards
and one North pole turned downwards. To represent the current six Grove’s elements? were
used.

9[Note by AKTA:] In German: Grove’schen Bechern. The Grove voltaic cell or Grove element was named
after its inventor, William Robert Grove (1811-1896), [Gro39].
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These two spirals were now positioned in such a way that a horizontal plane through the
needle bisected them. The southern end S of the needle was floating precisely in the middle
between the two spirals. In Figure 2 one can see a horizontal section of the position of the
needle NS and of the two spirals around aa. The two cylinders consisting of bismuth were
either lowered in the spirals to such an extent that their upper end reached the level of the
needle or they were lifted to such an extent that their lower end reached the level of the
needle.
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Fig. 2.

The reasons for this deployment are the following. Firstly it was important that the
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galvanic current which went through both spirals did not affect directly the needle despite
it was strong and close to the needle and despite the sensitivity of the needle. Due to the
symmetric position of the two spirals to the same amount above and below the horizontal
plane through the needle, the deflections cancelled. Due to the same distance of the two
spirals to the needle and thanks to the opposite direction of their currents, the vertical
forces cancelled as well. Otherwise the vertical forces would cause the needle to oscillate.
However, since a complete symmetry cannot be achieved in practice a special deployment
was needed to compensate the small unavoidable deviations. For this purpose a third wire
was used which winded 18 times around a quadrangular frame M and was incorporated into
the circuit. This frame had a length of 244 millimeters, a height of 146 millimeters and was
erected vertically in the plane of the needle. The same current who went through the two
spirals exerted a torque!® on the needle by passing through the third wire. By moving the
frame closer or farther away, the torque could easily be made bigger or smaller until the
intended compensation was reached perfectly.

Secondly the two cylinders consisting of bismuth were put alternatively into the lower and
the upper position. In the lower position their upper ends influenced the needle more strongly
and in the upper position it was their lower ends which had the stronger influence. It was
important to achieve this in such a way that the strength of the diamagnetism changed without
inducing through this movement a current in the conductor bismuth. Here the advantage of a
diamagnet compared to a usual one became manifest. In fact, a usual diamagnetic material
whose diamagnetism is due to the vicinity of a magnetic pole changes its diamagnetism after
each displacement. Moreover, if the material is a conductor, currents are always induced
in it. This is quite different for an electrodiamagnet, where the diamagnetic cylinder of
bismuth is enclosed by the galvanic spiral. When this spiral winds uniformly and is so
long that the cylinder of bismuth has always some distance to the ends of the spiral, the
electromagnetic force of the spiral is almost constant in space according to the known laws of
electromagnetism. Therefore one can move the cylinder of bismuth inside the spiral without
changing its diamagnetism and without inducing galvanic currents in it. Furthermore the
material becomes uniformly diamagnetized. In the usual case where the diamagnetism is
caused by the vicinity of a magnetic pole, such a thing does not happen. The reason is that
the parts which are closest to the pole become much stronger than the other ones. This fact
prevents all measurements.

If in the set-up described there was no direct influence of the current on the needle and
no current was induced in the cylinders of bismuth, the deflection of the needle which one
observed had to be a pure effect of the diamagnetic force of the bars of bismuth. Moreover,
this deflection had, according to the law of diamagnetic polarity, to be either positive or
negative depending if the bars of bismuth are in upper or lower position inside the wire
spirals. It follows the lucky circumstance for closer examination that one can increase the
deflection by multiplication, namely by changing the position of the bars of bismuth always
in the moment when the needle reaches the end of its oscillation arc. This is repeated so long
until due to the effect of the damper the oscillation arc of the needle during each oscillation
decreases in the same amount as it increases due to the diamagnetic effect of the bars of
bismuth. The corresponding limit can be computed with great accuracy by taking into
account the sequence of observed oscillation arcs. If the damping is known, it can be used
as a measure of the strength of the electrodiamagnetism of the bars of bismuth.

99 “

10[Note by AKTA:] In German: Drehungsmoment. It can be translated as “torque”, “rotational moment”,
“rotation moment”, or “moment of force”.
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If one uses instead of the bars of bismuth an iron cylinder of the same length and repeats
the same experiments, one can compare the strength of an electrodiamagnet with the one of
an electromagnet. It is clear that due to the high sensibility of the apparatus one has to
weaken the effect of the electromagnet as far as possible by using a very thin iron bar. In
the following experiments the iron bar was so thin that its weight was only the 59200th part
of the weight of the two bars of bismuth. Even in this case its effect was much stronger than
the one of the two bars of bismuth together.

Finally, the third major point in these experiments is to determine the direction of the
deflection for every position of the bars of bismuth and to compare it with the direction the
deflection had for the iron bars positioned at the same place. Therefore we kept track in the
observations of the position of the bars for every oscillation period. The result was always as
the following experiments show, that if the bars of iron and the bars of bismuth had the same
position, the deflection of the needle was in opposite direction. Hence for electrodiamagnets
the northern and southern magnetic fluid under the same conditions for the currents have to
be thought as opposite compared to electromagnets as is shown by these experiments. The
same phenomenon was known for usual diamagnets from different effects.

2.3 Experiments and Measurements

The experiments and measurements using the above described devices were made by differ-
ent people in order to remove the uncertainty a single observer faces with such weak effects.
Besides me the following gentlemen kindly agreed to repeat the same measurements at differ-
ent days, namely Professor Listing, Professor Sartorius von Waltershausen, Dr. von Quintus
Icilius and Dr. Riemann.'! For example instead of the data of my own measurements I pro-
vide here all datas of the measurements of Professor Listing, which were carried out with
extreme care. I just remark, that my own ones as well as all the others closely agree with
the ones of Professor Listing.

Gottingen 1851.  June 21.
Observer: Professor Listing.
Galvanic Current of six Grove platin-zinc elements.

" Note by AKTA:] Johann Benedict Listing (1808-1882), Wolfgang Sartorius Freiherr von Waltershausen
(1809-1876), Ernst Wilhelm Gustav von Quintus Icilius (1824-1885) and Georg Friedrich Bernhard Riemann
(1826-1866).
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1. Experiments with Both Bars of Bismuth

No. of the | position of | position of the | equilibrium | oscillation
oscillation | the bars needle at the | position of | arc of the
beginning and | the needle needle
the end of each
oscillation

500.0
1. above

467.0 487.6 -40.0
2. below

513.9 488.3 -50.4
3. above 459.9 488.3 —56.3
4. below 518.5 489.2 —58.5
5. above 460.0 487.3 —55.2
6. below 512.0 489.3 —46.5
7. above 471.1 484.9 F 29.7
8. above 489.7 487.3 F 7.0
9. below 494.2 489.3 —8.9
10. above 480.9 488.9 —15.6
11. below 498.9 482.7 —30.0
12. above 457.0 483.1 —50.4
13. below 516.0 487.2 —57.8
14. above 459.3 484.2 -50.9
15. below 504.4 487.6 F 35.6
16. below 478.3 483.1 + 124
17. above 476.9 485.6 —14.7
18. below 504.9 485.7 —36.6
19. above 459.6 480.6 —42.6
20. below 499.4 479.6 —39.6
21. above 460.1 484.1 —46.6
22. below 513.9 488.2 —51.7
23. above 464.2 486.8 —45.9
24. below 506.2 480.0 —50.6
25. above 446.9 474.1 —55.2
26. below 498.0 476.4 F 44.5
27. below 460.0 465.6 + 15.5
28. above 453.1 462.5 —16.8
29. below 479.8 464.6 —29.8
30. above 446.9 467.8 —40.3
31. below 494.6 471.8 —46.0
32. above 450.4 471.3 —42.2
33. below 490.5 468.2 —44.0
34. above 442.6
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2. Experiments with One Bar of Iron

In order to decrease the effect of the iron to the sensitive needle we only used a simple little
bar and made two series of measurements where the little bar was first moved in the first
spiral back and forth and then in the second one. The little iron bar had the same length
as the little bars of bismuth but its weight was just 5.8 milligram, i.e., it was 59200 times
lighter than the two little bars of bismuth together. Nevertheless the effect was so strong
that the deflection could only be measured in a simple way without multiplication.

First series
no. | position of | elongation | rest position | average
the iron bar | of the needle | of the needle
428.1
300.4
215.2
1. below 303.8 302.0
362.8
301.7
261.0
451.2
571.7
652.0
569.8
2. above 515.0 571.0
571.9
609.9
570.6
544.4
435.5
298.2
206.7
301.5
3. below 364.7 300.6
298.6
254.6
304.0
336.9
503.2
560.1
4. above 598.0 560.7
561.3
536.9
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Second series
no. | position of | elongation | rest position | average
the iron bar | of the needle | of the needle
524.0
563.9
1. above 590.5 564.9
565.8
549.3
227.4
323.2
387.1
2. below 320.1 322.7
275.4
324.9
357.9
450.9
577.4
661.8
3. above 579.9 575.8
525.3
570.1
600.0
217.8
322.4
392.2
4. below 318.9 319.6
270.0
317.6
349.4
439.7
559.2
638.8
5. above 553.0 555.8
495.8
555.3
595.0

It is worth mentioning that the intensity of the current produced by six Grove’s elements
was measured with a tangent galvanometer'? whose ring had a diameter of 211 millimeters.
The current deflected the compass by an amount of 28° 21’ from which the intensity of the

current (the horizontal part of the terrestrial magnetic force = 1.8) becomes

1.8
= 105.5- = - tang 28°21' = 16.31 .
2T

12INote by AKTA:] In German: Sinus-Boussole and Tangenten-Boussole. The tangent galvanometer was
invented by Johan Jakob Nervander (1805-1848) and the sine galvanometer by Claude Servais Mathias
Pouillet (1790-1868), [Ner33], [Pou37] and [Sih21]. Friedrich Kohlrausch discussed measurement of currents

with the tangent and sine galvanometers, [Koh83, Chapters 64 and 65, pp. 188-192].
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2.4 Computation of the Experiments

In the Table containing the experiments with the two bars of bismuth the positions of the
needle observed at the beginning and the end of an oscillation are written in the third
column. From each three of these consecutively observed positions of the needle there are
computed in the fourth and fifth column the corresponding state of rest and the oscillation
arc with respect to the damping. A positive sign in front of the oscillation arc means that
the needle went in case of the upper position of the bars of bismuth from smaller to larger
scales, respectively in case of the lower scale from larger to smaller ones. The opposite holds
for the negative sign. After the position of the bars of bismuth was changed several times
at the end of each oscillation and the oscillation arc almost reached its limit, a break was
produced by keeping the positions of the bars of bismuth during two oscillations unchanged.
After that they were changed again after every oscillation. The negative oscillation arc was
transformed in this way into a positive one, which however quickly decreased to zero and
very soon became negative again. In this way one understood the direction of the deflection
caused by the bars of bismuth most clearly. — If one counts the oscillation arcs starting
from the one which is closest to zero, one can easily reduce the observed values using the
well-known decrementum logarithmicum to the limit and deduce in this way a more accurate
mean value of the limit. In the case at hand the decrementum logarithmicum is close to
= log% and therefore it suffices to divide the value of the oscillation arc by (1 — (%)n) or
more precisely since the decrementum logarithmicum = 0.178 87 by (1 —0.6624™). Using this
procedure one obtains the following reduced values.

No. | observed | reduced | average
1. —40.0 —63.4
2. —50.4 —66.6
3. —56.3 —67.1 —61.8
4. —5h8.5 —65.5
5. —55.2 —59.4
6. —46.5 —48.8
11. -30.0 —47.5
12. —50.4 —66.6 | —59.8
13. —57.8 —68.5
14. —50.9 —56.8
19. —42.6 —67.5
20. —39.6 —52.3
21. —46.6 —55.5
22. —51.7 -57.9 —56.1
23. —45.9 —49.4
24. —50.6 —53.1
25. —55.2 —57.0
30. —40.3 —63.9
31. —46.0 —60.2 | —55.8
32. —42.2 —50.0
33. —44.0 —49.3

Combining all the observations one obtains the following limit

r = —584.
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The negative sign means, that the needle at the lower position of the bars of bismuth was
driven to a larger scale division, while at the upper position to a smaller one. Moreover,
from these experiments carried out according to the method of multiplication it follows from
the limit of the oscillation arcs found to be = x that the deflection E corresponding to the

equilibrium of the needle

r l—e?

TS
according to my rule in the previous paper.'® Here loge* denotes the logarithmic decrement,

i.e., loge? = 0.178 87. From that the deflection corresponding to the equilibrium of the needle

follows to be
E = -5.93.

From the experiments with the little iron bar carried out without multiplication the following
equilibria of the needle were obtained alternately for the upper and lower position:

first series | second series
above — 564.9
below 302.0 322.7
above 571.0 575.8
below 300.6 319.6
above 560.7 555.8

From that the values of the deflection E follow immediately:

first series | second series
+134.50 +121.10
+135.20 +126.55
+130.05 +128.10

+118.10

Hence averaging both columns one obtains for the deflection
E' = 4+128.4 .

The positive sign means, that the needle at the lower position of the iron bars was driven to
a smaller scale division while at the upper position to a larger one, i.e., just opposite as in
the case of the bars of bismuth.

Therefore, the moment of the magnetism of the little iron bar compared to the moment
of the diamagnetism of both bars of bismuth behaves as

+128.4: —=5.93 ,

i.e., the moment of the iron equals 21.7 times the one of bismuth with opposite sign, despite
the fact that the mass of the iron was 59 200 times smaller. Hence reducing to equal masses
the diamagnetism of bismuth becomes 1285000 times smaller than the magnetism of iron.
From a similar series of experiments carried out by Professor Sartorius von Waltershausen,
the limat
r=—48.2 ,

13[Note by AKTA:] [Web52c, p. 440 of Weber’s Werke] with English translation in [Web21b].
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was obtained, from a third one due to Dr. Quintus Icilius

r=—47.3 ,
from a fourth one of Dr. Riemann

r=—45.0,
and from the one carried out by me

r = —5b.8.

The average of all these experiments is therefore
x = —50.9 ,

E=-517,

and therefore the diamagnetism of bismuth becomes 1470000 times smaller, than the mag-
netism of iron.

The above experiments allow one to prove the existence of the electrodiamagnetism of
bismuth. Its derived size can only be considered as an approximate one of course. However,
such an approximate value is a sufficiently firm base for the following examination of the
diamagnetic induction of galvanic currents.

2.5 The Most Convenient Device to Observe Diamag-
netic Polarity

The previous experiments prove three things:

(i) For the representation of diamagnets as for the representation of magnets, the purely
magnetic forces can be replaced by electromagnetic forces of galvanic currents.

(ii) In the same way as the magnetic polarity of an iron bar magnetized by the same current,
the diamagnetic polarity of a uniformly diamagnetized bar of bismuth can be observed
clearly and for sure with the help of the electromagnetic force of a galvanic spiral in
which it is put by observing opposite torques'? it effects on a magnetic needle depending
on the way the bar approaches the needle with one end or with the other.

(iii) Under the circumstances described the torque of a diamagnetic bar of bismuth on a
magnetic needle can be determined and compared to the torques of a magnetized iron
bar exerted on the same magnetic needle. It follows that the direction of the torque is
always opposite, while the determination of its magnitude leads to a comparison of the
magnetic and diamagnetic moments corresponding to each other.

All these experiments can be carried out with simple means if they are used appropriately.
This is even more remarkable by taking into account that the forces under examination
are extremely tiny as mentioned in the introduction. Therefore one could think that the

4[Note by AKTA:] In German: Entgegengesetzted Drehungskrifte. This expression can also be translated
as “opposite rotational forces” or “opposite rotatory forces”.
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observation of clearly recognizable effects of these small forces requires the application of
highly sophisticated devices what is in fact not the case. Indeed, a pile of Grove or Bunsen'®
of six to eight elements and some pound of copper wire of appropriate strength are objects
needed for many different experiments. Apart from that one just needs in addition a little
magnetic needle endowed with a mirror in order to be observed by a telescope (where a
sextant telescope is sufficient) as in the case of a magnetometer.

I invented a device in order to make as easy as possible the implementation of these exper-
iments, which are of crucial importance for the justification of the theory of diamagnetism.
In particular, I wanted to minimize the pain to install the apparatus. In particular, I recom-
mend it as the most convenient one for the repetition of the experiments. Its essential feature
is that instead of two galvanic spirals which were put into vertical position in the experi-
ments described above in Section 2.2, so that one of the poles of a straight magnetic needle
lay symmetrically between them, the new device only requires a single spiral.'® This single
spiral is installed symmetrically in the middle of two poles of a horseshoe-shaped magnetic
needle. In Figure 3 the cross section of this spiral is represented by A, which lies symmetri-
cally between the poles N and S of the horseshoe-shaped bent magnetic needle NBS. This
magnetic needle is kept by the clip DFE, in whose middle C' the thread is attached. Figure4
and Figure 5 illustrate the instrument in a lateral view.!”

15[Note by AKTA:] The Bunsen voltaic cell or element was named after its inventor, Robert Wilhelm
Eberhard Bunsen (1811-1899). It was a zinc-carbon primary cell.

16[Note by AKTA:] That is, a single finite solenoid.

17[Note by AKTA:] Another reproduction of Figures 3, 4 and 5 appear on page 82.
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Fig. 3. Fig. 5.

It is advantageous to give the spiral a considerable length, for example from 400 to 500
millimeters, which makes it easier to control the mounting of the needle. In particular, one
would like to achieve that the spiral is hovering in the horizontal plane which divides the
length of the spiral into two equal halves so that the current going through the spiral does not
effect any torque on the needle. In case there is a small torque, it can be easily compensated
as explained in Section 2.2 by a multiplier M consisting of few windings (see Figure5). To
observe the needle it is necessary to supply it with a mirror P as in Figure4, in which one
observes the mirror image of a remote scale. In addition the magnetic needle is encompassed
with a damper Q@) as in Figure4. The bar of bismuth aa is suspended vertically in the
spiral with a thread (Figure4 and Figureb). It can be lifted or lowered so that either, as
represented in Figure4 and Figureb, its lower end lies between the poles of the magnetic
needle or its upper end. The observations can be carried out in the most convenient way if
using coils or a simple crank mechanism the observer himself at the telescope is able to lower
or lift the bar of bismuth by lifting or lowering the pedestal. When the current is closed
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and the magnetic needle at complete rest, if one lifts the bar of bismuth then one observes a
small movement of the needle. As soon as the needle attains its largest elongation, the bar
of bismuth is lowered again and the magnetic needle moves back with a higher speed. As
soon as it attains its largest elongation on this side, the bar of bismuth is lifted again and
so on. Between two elongations one notes the position which the bar of bismuth had during
the elapsed time. If one interchanges the bar of bismuth with a very thin wire of iron of
the same length, one can convince oneself that the deflection of the needle happens in the
opposite direction.
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III - Diamagnetoelectricity and Measurement of Dia-
magnetic Induced Electric Currents

2.6 Diamagnetic Induction

The experiments about diamagnetic induction are obviously more difficult then the previous
experiments on electrodiamagnetism, because its observation is more subtle. It requires
special techniques to set up the experiments in order to actually reach the goal with limited
means. The following experiments show how this is possible. Even if the effects obtained with
the help of these means are tiny, they show such an agreement that by taking into account
the circumstances they are quite remarkable, if the task at hand is to justify the fact of
diamagnetic induction and to make sure that one is not deceived by external influences.
As we will see the effects can be used for quantitative determinations of the strength of
diamagnetic induction which are applicable to such verifications for which a lesser degree of
accuracy is sufficient. Only the desire to give these quantitative determinations the necessary
precision for some special examinations will make it necessary in the future to apply more
sophisticated instruments. I first describe the diamagnetic inductor and then proceed with
the experiments carried out with its help.

2.7 Description of the Diamagnetic Inductor

Here I describe a different diamagnetic inductor then the one with the help of which I
found a weak trace of diamagnetic induction (Berichte 1847 and Poggendorff’s Annalen
1848, Vol. 73),'8:19 which however did not have the desirable fineness and accuracy for these
experiments. That device was essentially the same which Faraday later used and described
in the Philos. Transact. 1850, P. 1.*° However, Faraday did not succeed to detect magnetic
induction with that device, although he made various different interesting applications with
it. The reason for that mixed success probably lies in the finer galvanometric instruments I
used. I would have not been able to observe such a diamagnetic induction either, if T had
not a galvanometer at my disposal whose needle is observed with mirror and telescope as the
magnetometers of Gauss. Nevertheless as well my experiments carried out with that device
cannot be considered as sufficient, since the weak effects seem to be combined with other
effects from which they hardly can be separated. Moreover, the circumstances do not admit
a quantitative control. The here described inductor differs from the previous one essentially
in the following points.

1. Instead of a usual magnet, an electromagnet is used for the induction, whose moment due
to the previous examination at least approximately is known. This allows the prediction
of the ratio of the inducing effect of the device for a bar of bismuth compared to a bar
of iron.

2. The induction is produced by the mere movement of the diamagnetic material in a wire
spiral at rest. Through this the diamagnetism remains unchanged and one avoids the

18Note by HW:] Wilhelm Weber’s Werke, Vol. III, p. 255.

19Note by AKTA:] [Web48b], [Webd8c, p. 255 of Weber’s Werke] with English translation in [Web52d]
and [Web66¢].

20[Note by AKTA:] [Far50].
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induction of galvanic currents in bismuth as a conductor. Otherwise these galvanic
currents can easily be confused with the diamagnetic induced currents.

The Electrodiamagnet Used for the Induction

The electrodiamagnet used for the induction consisted of a bar of bismuth in a long wire
spiral, cccc of Figure6 A through which a current of eight coal-zinc elements of Bunsen was
conducted. The bar of bismuth was 186 millimeters long and weighed 339 300 milligrams.
The wire spiral consisted of copper wire spanned with wool and additionally insulated with
a capping of gutta-percha. The pure copper wire was 2.3 millimeters thick and the wire
consisted of eight layers each having 120 windings. The whole spiral was 383 millimeters
long and had 23.9 millimeter interior and 70 millimeter exterior diameter.?!

2[Note by AKTA:] Another reproduction of Figure 6 appear on page 83.
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Fig. 6.
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The Induction Spiral

The induction spiral bbbb of Figure6 A is that spiral in which due to the movement of the
electrodiamagnet a current is induced. This spiral has to be carefully insulated from the one
belonging to the electromagnet through which the current of the galvanic pile flows and has
to be connected to the multiplier of the galvanometer in order to observe the induced current.
This spiral consisted of a copper wire which was 1 millimeter thick and spanned with silk
building three layers each having 294 windings. The length was 383 millimeters, the interior
diameter 19, the exterior one 23 millimeters. After it was wrapped with thin gutta-percha
for better insulation it was locked tightly in the further tube of the spiral belonging to the
electromagnet or more precisely the spiral was wound around it.

The essential point to be noted for this spiral is that it decomposes into two completely
symmetric halves. That means that the wire does not uniformly wind in the same direction,
rather the spiral decomposes into two halves in which the wire is wound in opposite directions.
This is necessary if through the movement of a diamagnetic bar of bismuth or a magnetic iron
bar a current has to be induced in this spiral which can be observed with the galvanometer
connected to it. Namely if the inducing bar is put in the middle of the spiral and then moved,
the induction force in one half of the spiral exerted from its northern end is just opposite to
the one exerted from its southern end. The effect of both would cancel out if both halves of
the spiral were wound in the same direction. Since they are wound in opposite directions,
the induction forces do not cancel each other out but double.

This mechanism necessary for the purpose of induction has another important advantage
for the practical implementation. It is clear that the current of the galvanic pile in the spiral
of the electrodiamagnet as long as it is constant does not exert an inducing force on the
induction spiral with respect to that it has a firm, unchanging position. However, due to
the slightest change of its intensity a current would be induced in the spiral which would be
much stronger than the diamagnetic induced current and would disturb the observation of
the latter. However, it is obvious that the same mechanism of the induction spiral through
which the diamagnetic induction in both halves get doubled as well leads to a cancellation
of the induction forces of the current in the galvanic pile so that if the symmetry of both
halves is perfect even huge changes of the intensity of the current in the galvanic pile have
no influence at all. Moreover, firstly it is very easy to check if this cancellation happens
exactly by switching off or commuting the whole current instead of producing small changes.
Secondly if it turns out that the cancellation is not perfect, it is easy to make it perfect
by winding one end of the induction spiral once or several times around the spiral through
which the current of the galvanic pile flows. In this way it is no big problem to free the
effects of the diamagnetic induction from all exterior influences.

The Remaining Parts of the Inductor

Concerning the implementation of the remaining parts of the induction device which more or
less are left to the taste of the observer I add just the following remarks. In order to move the
bar of bismuth in the induction spiral back and forth I connect it with the crank of a wheel,
see Figure6 B. Moreover, in order that the induced current when moving the bar of bismuth
back has the same direction as when moving the bar of bismuth forward, a commutator dd
is attached to the wheel, which turns itself with the wheel so that after each half turn of
the wheel (in the moment, where the bar of bismuth reaches the initial or endpoint of its
orbit) the connection of the ends of the wires of the induction spiral with the ones of the
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multiplier of the galvanometer are interchanged. Therefore the always same direction in
which all induced currents through the multiplier of the galvanometer go would deflect the
needle always to the same side. In order to enable the observer to produce as well a deflection
of the needle to the other side next to the telescope in Figure 6 E a second commutator ee is
installed, which only from the observer himself is changed. This commutator is referred to as
the auxiliary commutator. It connects the two wire ends of the multiplier with the two ends
of the conductors coming from the rotating commutator. By the way one should observe
especially the following points. Firstly one tries to intensify the induction more through
the acceleration of the turning of the wheel than through the size of the path on which one
moves the bar of bismuth back and forth. In the following experiments the bar of bismuth
was moved back and forth in a just 58.2 millimeters long path. However, it traversed this
path 10.58 times each second. If the path were longer, a part of the bar of bismuth would
have approached the end of the spiral through which the current of the galvanic pile went.
This would not just change the strength of its diamagnetism but as well induce in it as a
conductor a current which produces a secondary induced current in the induction spiral. This
has to be avoided if one wants to obtain a pure effect of diamagnetic induction. Secondly
the rotating commutator needs special attention, since in it easily a thermomagnetic current
is created. Therefore one has to arrange the commutator in such a way that equal metals
(brass to brass) rub each other. By this the thermomagnetic currents get just weakened
but not avoided completely. The different thermomagnetic currents cancel each other more
or less. However, since this cancellation happens in general not completely one has to get
rid of their influence by taking it into account. This can be achieved easily if the observer
immediately before and after makes the same observations where the rotating commutator
is moved without the bar of bismuth. By the way one can arrange the observations as
well easily in such a way that the small effects of the thermomagnetic currents alternatively
increase and decrease the effects of the diamagnetic induction, which leads to an average value
independent of the thermomagnetic current. This is achieved by changing from time to time
the direction of the current in the galvanic pile which reverses the diamagnetism in the bar of
bismuth. For the galvanometer in Figure6 D I used as in the case of the electrodiamagnetic
measuring device a little magnetometer set up by Gauss which was supplied with a very
strong multiplier. The length of the needle was reduced to 30 millimeters. The deflecting
force of terrestrial magnetism was reduced as before. The needle also was surrounded by a
thick copper ring as a damper. It barely needs to be mentioned that the induction device
has to be removed so far from the galvanometer that the current of the galvanic pile used
does not influence directly the needle. If there is not enough room to do this, one has to
bring the induction device by a special orientation in such a position that its deflecting force
on the needle becomes zero or at least very small. Finally, to get a rough estimate of the
strength of the current of the galvanic pile itself, a usual compass (Figure 6 C') was installed
in an appropriate distance of the spiral through which the current went. In this way the
deflection of the compass produced by the current could be used to determine the intensity
of the current.

2.8 Experiments

The following experiments as well were not carried out by me alone but Professor Listing,
Professor Sartorius von Waltershausen, Dr. Quintus Icilius, and Dr. Riemann participated as
in the previous electrodiamagnetic part. As an example I convey here as well the full record
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of the experiments carried out by Professor Listing with which all the others closely agree.

The inductor was installed in such a way that the vertical plane going through the middle
of the galvanometer and through the middle of the wire spiral had an angle of 45 degrees
to the magnetic meridian. The axis of that wire spiral was perpendicular to the magnetic
meridian. It follows from the laws of electromagnetism confirmed by experience that with this
set-up the current does not deflect the needle of the galvanometer. Under these circumstances
it was most advantageous to install the compass used to determine the intensity of the current
in the direction of the extended axis of the wire spiral through which the current went. This
happened in a distance of 708 millimeters from the center on the western side. That current
through which the northern end of the compass is deflected westward is referred to as normal
current the one in which the northern part is deflected eastward is referred to as reversed
current. Furthermore, the displacement of the bar of bismuth in the induction device in
direction from West to East is called normal displacement and in direction from East to
West reversed displacement. Finally the position the rotating oscillator had during the
normal displacement of the bar of bismuth is called normal position and the one during the
reversed displacement is called reversed position. A pendulum clock regulated the rotation
of the balance wheel and it turned out that the bar of bismuth traversed its path 10.58 times
per second. The horizontal distance of the mirror of the magnetic needle from the scale of
the galvanometer was 1400 scale divisions. The oscillation period of the galvanometer which
for the full deflecting force of terrestrial magnetism was close to 9 seconds was brought to
20.437 seconds through partial cancellation of the force of terrestrial magnetism thanks to
the above described method. The logarithmic decrement for the decrease of the oscillation
arcs was = 0.12378.

The needle of the galvanometer was deflected thanks to diamagnetic induction in the
same way when the bar of bismuth moved from West to East as when it moved from East to
West, because of the change of the rotation commutator in between. This happened without
changing the direction of the current in the galvanic pile in the spiral of the electrodiamagnet
and the position of the auxiliary commutator. The deflection occurred by moving quickly
back and forth in the same way as the one produced by a constant current. However, if the
position of the auziliary commutator is changed the deflection of the needle occurs to the
opposite side. This implies that in order to get more accurate observations the deflection of
the needle can be increased through multiplication by changing the position of the auxiliary
commutator always in the moment where the needle attained the end of the oscillation arc,
so long, until finally through damping of the needle its oscillation arc is decreased during
each oscillation by the same amount as the increase due to the induced current. Therefore
between two observed elongations of the needle the by + or — denoted position of the
auxiliary commutator was recorded. If the needle at the beginning of the observations was
already in swing one started with that position of the auxiliary commutator at which the
induced current created a decrease of the present oscillation arc, which than by a continuous
change decreased until zero and than started increasing until it attained its limit. When the
needle went from smaller to larger scale divisions during the by + designated position of the
auxiliary commutator, in the following aggregation of data the + sign was put in front of the
oscillation arc, in the opposite case the — sign. The signs of the oscillation arcs turned out
to be opposite by the diamagnetic induction of bismuth compared to the magnetic induction
of iron. Moreover, the latter oscillation arcs were much bigger, although the bar of iron
was much thinner than the bar of bismuth. In fact having the same length the bar of iron
weighed 790.86 milligrams where the one of bismuth was 339 300 milligrams. Therefore, to
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measure the effect of the magnetoelectric induction it was not necessary to move the bar
of iron back and forth in the same speed as the bar of bismuth. Instead of that a single
translation was sufficient during each swing of the needle in the moment when the swinging
needle passed its rest position. The two commutators stayed in their normal position and
during each two observations of the elongation one always noted the direction into which the
bar of iron was displaced. The direction from West to East was denoted by + and the one
from East to West by —, which allowed the comparison to the bar of bismuth. As already
mentioned one observed opposite effects for the same translations of the bar of iron and the
bar of bismuth.

The experiments started by checking 1. if there was an influence of the thermomagnetic
current and how big it was. For that purpose one started by putting the rotation com-
mutator into motion without moving the bar of bismuth back and forth. The effect was
multiplied by changing the auxiliary commutator at each elongation. 2.the bar of bismuth
was put simultaneously into motion and a bunch of observations were carried out for normal
current. 3.the same series was done for reversed current. 4.the same series again for nor-
mal current. 5.for reversed current and 6. finally again for normal current. After that 7.it
was checked again if there was an influence of the thermomagnetic current and 8. the bar of
bismuth was exchanged with the iron bar and the induction effect of the latter was measured.

Gottingen 1851.  July 13.
Observer: Professor Listing.
Galvanic Current of eight Bunsen coal-zinc elements.

1. Thermomagnetic current.
no. of the position position of the rest oscillation
oscillation of the needle at the | position | arc of the
auxiliary beginning of the needle
commutator | and end of each | needle
oscillation
497.0
1 +
496.2 496.45 —0.5
2. —
496.4 496.35 —0.1
3 +
496.4 496.30 +0.2
4. —
496.0 496.15 +0.3
bt +
496.2

According to this Table basically no influence of the thermomagnetic current was there.
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2. Induction of the bar of bismuth for normal current.

no. of the position position of rest oscillation | deflection
oscillation of the the needle | position | arc of the of the
auxiliary at the of the needle compass
commutator | beginning | needle
and end
of each
oscillation
475.3
1. —
472.8 474.65 +3.70 32°10°
2. +
A77.7 475.00 +5.40 westward
3. —
471.8 475.20 +6.80
4. +
479.5 475.32 +8.35
5. —
470.5 475.33 +9.65
6. +
480.8 475.52 +10.55
7. —
470.0 475.70 +11.40
8. +
482.0 475.87 +12.25
9. —
469.5 475.85 +12.70
10. +
482.4 475.90 +13.00
11. —
469.3

36




3. for reversed current.

no. of the position position of rest oscillation | deflection
oscillation of the the needle | position | arc of the of the
auxiliary at the of the needle compass
commutator | beginning | needle
and end
of each
oscillation
503.5
1. +
515.9 511.15 +9.50 31° 507
2. —
509.3 511.13 +3.65 eastward
3. +
510.0 510.62 —1.25
4. —
513.2 510.82 —4.75
5. +
506.9 510.58 —7.35
6. —
515.3 510.85 —8.90
7. +
505.9 510.70 —9.60
8. —
515.7 510.72 —9.95
9. +
505.6 510.53 —9.85
10. —
515.2
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4. for normal current.

no. of the position position of rest oscillation | deflection
oscillation of the the needle | position | arc of the of the
auxiliary at the of the needle compass
commutator | beginning | needle
and end
of each
oscillation
480.5
1. +
471.0 474.57 —7.15 31°48’
2. —
475.8 474.40 —2.80 westward
3. +
475.0 474.58 +0.85
4. —
472.5 474.40 +3.80
5. +
477.6 474.47 +6.25
6. —
470.2 474.23 +8.05
7. +
478.9 474.27 +9.25
8. —
469.1 474.10 +10.00
9. +
479.3 473.93 +10.75
10. —
468.0 473.65 +11.30
11. +
479.3 473.65 +11.30
12. —
468.0

38




5. for reversed current.

no. of the position position of rest oscillation | deflection
oscillation of the the needle | position | arc of the of the
auxiliary at the of the needle compass
commutator | beginning | needle
and end
of each
oscillation
501.5
1. +
515.0 509.93 +10.15 32°13
2. —
508.2 510.35 +4.30 eastward
3. +
510.0 510.02 —0.05
4. —
511.9 510.20 —3.40
5. +
507.0 509.80 —5.60
6. —
513.3 509.68 —7.25
7. +
505.1 509.42 —8.65
8. —
514.2 509.38 —9.65
9. +
504.0 509.05 —10.10
10. —
514.0 508.72 —10.55
11. +
502.9 508.40 —11.00
12. —
513.8 508.15 —11.30
13. +
502.1 507.83 —11.45
14. —
513.3 567.67 —11.25
15. +
502.0
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6. for normal current.

no. of the position position of rest oscillation | deflection
oscillation of the the needle | position | arc of the of the
auxiliary at the of the needle compass
commutator | beginning | needle
and end
of each
oscillation
486.0
1. +
461.0 471.20 —20.40 31°39’
2. —
476.8 470.60 —12.40 | westward
3. +
467.8 470.87 —6.15
4. —
471.1 470.48 —1.25
5. +
471.9 470.52 +2.75
6. —
467.2 470.08 +5.75
7. +
474.0 470.45 +7.10
8. —
466.6 470.25 +7.30
9. +
473.8 469.92 +7.75
10. —
465.5 469.83 +8.90
11. +
475.0 470.02 +9.70
12. —
465.1 470.13 +10.05
13. +
575.3 470.17 +10.25
14. —
465.0 470.08 +10.15
15. +
475.0 469.95 +10.10
16. —
464.8
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7.for thermomagnetic current.

no. of the position position of rest oscillation | deflection
oscillation of the the needle | position | arc of the of the
auxiliary at the of the needle compass
commutator | beginning | needle
and end
of each
oscillation
486.1
1. +
486.5 486.30 +0.40
2. —
486.1 486.22 +0.25
3. +
486.2 486.25 —0.10
4. —
486.5 486.35 —0.30
5. +
486.2 486.20 0.00
6. —
485.9 486.25 +0.70
7. +
487.0 486.48 +1.05
8. —
486.0 486.72 +1.45
9. +
487.9 487.05 +1.70
10. —
486.4 487.35 +1.90
11. +
488.7
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8. induction of the iron bar for normal current.

no. of the position position of rest oscillation | deflection
oscillation of the the needle | position | arc of the of the
auxiliary at the of the needle compass
commutator | beginning | needle
and end
of each
oscillation
461.0
1. +
457.2 464.85 —15.30 31°48’
2. —
484.0 467.17 —33.65 westward
3. +
443.5 466.30 —45.60
4. —
494.2 466.73 —54.95
5. +
435.0 466.10 —62.20
6. —
500.2 466.47 —67.45
7. +
430.5 466.25 —71.50
8. —
503.8 466.55 —74.50
9. +
428.1 466.55 —76.90
10. —
506.2 466.90 —178.60
11. +
427.1 467.05 —179.90
12. —
507.8 467.38 —80.85
13. +
426.8 467.35 —81.10
14. —
508.0 467.35 —81.30
15. +
426.6 467.35 —81.50
16. —
508.2 467.33 —81.75
17. +
426.3
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2.9 Computation of the Measurements

If one starts counting the oscillation arcs starting from the one closest to zero, the ones
coming closest to the limit can be reduced to the limit by dividing the n’th oscillation arc by
(1 —0.752") in view of the well-known logarithmic decrement of the decrease of oscillation
arcs = (.12378. Hence the following reduced values are obtained for the experiments carried
out for bismuth:

oscillation arc | observed | reduced | average
8. +11.40 | +13.20

2. 9. +12.25 | +13.65 | +13.60
10. +12.70 | +13.75
11. +13.00 | +13.80
8. —9.60 —14.12

3. 9. —9.95 —13.10 | —13.08
10. —9.85 —12.02
9. +10.00 | +13.17

4. 10. +10.75 | +13.12 | +13.06
11. +11.30 | +13.08
12. +11.30 | +12.88
10. —10.10 | —12.33
11. —10.55 | —12.21

5. 12. —11.00 | —12.25 | —12.16
13. —11.30 | —12.24
14. —11.45 | —12.15
15. —11.25 | —11.76
11. +8.90 | +10.86
12. +9.70 | +11.23

6. 13. +10.05 | +11.20 | +10.95
14. +10.25 | +11.10
15. +10.15 | +10.77
16. +10.10 | +10.56

If one denotes the small influence by =, which the thermomagnetic current had on the
result of these measurements, one obtains from the values above the [imit corresponding to
the diamagnetic induction alone reduced to normal current:

from 2. | +13.60 + =

+13.34
from 3. | +13.08 — x

+13.07
from 4. | +13.06 + x

+12.61
from 5. | +12.16 — x

+11.555
from 6. | +10.95+ z

Hence on average
= +12.644 .
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From this limit of the oscillation arcs found according to the method of multiplication for
uniform distribution of the induction pulses on the whole swinging period of the needle, it
is now easy to derive the limit value, which would have been obtained by the same method
of multiplication if all induction pulses instead of being distributed on the whole oscillation
period were concentrated at the moment, where the needle passed its rest position. In
this way the result obtained for bismuth can be compared to the one obtained for uron.
Namely, by using the well-known logarithmic decrement of the decrease of swinging arcs
0.12378 = Aloge, where e denotes the unit of the natural logarithm, one finds from the
above limit the desired one by multiplication with

/2 2
T +)\ .e—%arctang

= = 1.574235 .

Hence the desired limit is

+1.574 235 - 12.644 = +19.905 .22

The reduction to the limit of the experiments carried out with iron leads to the following
results:

22[Note by WW:] If there are many induction pulses distributed uniformly on the whole oscillation period,
they act as a constant current on the needle. In this case the rule mentioned on pp. 440 and 487, [[Web52c,
p. 440 of Weber’s Werke] with English translation in [Web21b], and [Web52b, p. 487 of Weber’s Werke]
which is equivalent of page 24 of this translation], can be applied to the limit 2 found according to the
method of multiplication. According to this rule one has z = 2E - (1 + e=*)/(1 — e™?), where E is the
deflection corresponding to the equilibrium of the needle in case of a constant current and Aloge denotes
the logarithmic decrement of the decrease of oscillation arcs. At this equilibrium position of the needle the
deflecting force equals the directive force of the needle, which is given by 72 /T?- E, where T is the oscillation
period without the influence of damping. It 7 denotes the actual oscillation period taking damping into
account, then the velocity the needle obtains is = 72/T2 - E7. This happens under the assumption that
the current force evenly distributed on the whole oscillation period acts concentrated at one moment. From
this velocity one can compute the limit of the oscillation arcs, which one approximates according to the
method of multiplication in case that the concentrated force always acts on the needle when it passes its rest
position. In fact, if one denotes the limit by y, then according to the rule given in the previous article on
p. 440, [[Web52¢, p. 440 of Weber’s Werke] with English translation in [Web21b]], by plugging in the value
= 72/T? - ET for the velocity one obtains

Comparing the value of y with the above given value of x leads to the proportion

TT _a x
—2 arctan T —A
Yyrax=—e =TNN(14e ),

where according to the theory of damping the quotient 7/T can be replaced by /1 4+ A2 /72.
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oscillation arc | observed | reduced | average
8. —71.50 | —84.98
9. —74.50 | —84.60
10. —76.90 | —84.47
11. —78.60 | —84.28
12. —79.90 | —84.16
13. —80.85 | —84.04 | —83.876
14. —81.10 | —83.50
15. —81.30 | —83.10
16. —81.50 | —82.85
17. —81.75 | —82.78

From this one obtains for the ratio of the two limits corresponding to the bar of bismuth
and the bar of iron
+19.905 : —83.876 .

Similar experimental series were carried out in the same way by myself, Dr.von Quintus
Icilius and Dr. Riemann, where the following ratios were found

+18.158 : —83.82

+15.357 : —82.80 ,
+14.890 : —83.45 .

Averaging all series one obtains the ratio
+16.956 : —83.49 .

Now the intensity of the currents induced from the bar of bismuth and the bar of iron is
directly proportional to these limits und inversely proportional to the number of induction
pulses during an oscillation, i.e.,the number 10.58 - 20.437 = 216.2 for the bar of bismuth
and 1 for the bar of iron. Hence the electric currents induced from the diamagnetic bar of
bismuth are according to their direction opposite to the ones induced from the magnetic bar
of iron and the ratio of their intensities is

16.956 : 83.49-216.2 =1 :1064.5 ,

despite the fact that the bar of bismuth weighed 339 300 milligrams where the bar of iron just
weighed 790.86 milligrams. From that one computes that if the bar of bismuth had the same
small weight as the bar of iron, the strength of the diamagnetically induced current would
have been 456 700 times less than that from the bar of iron magnetically induced current.

2.10 Comparison of the Two Determinations of the
Strength of an Electrodiamagnet from Its Mag-
netic and Magnetoelectric Effects

After we considered in the previous two Sections the magnetic and magnetoelectric action of
an electrodiamagnet individually, we finally compare quantitatively the two kinds of action.
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It could seem that this comparison can be carried out quite easily by just first expressing the
observed magnetic action of an electrodiamagnet in terms of the as well observed magnetic
action of the electromagnet. Then one expresses the observed magnetoelectric action of an
electrodiamagnet in terms of the as well observed magnetoelectric action of the electromag-
net. This was already done above and led to the following results

magnetic action of the electrodiamagnet 1470000

L. - -
magnetic action of the electromagnet 1
5 magnetoelectric action of the electrodiamagnet 1
' magnetoelectric action of the electromagnet 456 700

This simple comparison would only be correct if first the same electrodiamagnet used for the
representation of the magnetic effects would have been used as well for the representation
of the magnetoelectric effects and secondly the same electromagnet would have been applied
for the representation of both kinds of effects. Finally it would be necessary that the elec-
trodiamagnet as well as the electromagnet acted from a larger distance compared to its own
size and the one of the material acted on. However, these conditions were not met in the
experiments described above and it was impossible to meet them since the representation of
the magnetoelectric effects requires the application of quite different devices then the mag-
netic ones which forced us to make the distances of the materials acting on each other as
small as possible.

However if one uses, as was actually the case, different electrodiamagnets and different
electromagnets for the representation of the magnetic and magnetoelectric effects no equality
in the mentioned ratios is expected even if they are acting from larger distances. The
disparity, namely, that one ratio was about three times larger than the other one, would have
been even much larger unless already for the determination of these ratios one took account of
the difference of the masses of bismuth and iron used for the different electrodiamagnets and
electromagnets. By taking into account the inequality of the masses, the coarsest occurring
difference was balanced. It is interesting to remark that by taking this into account the
above mentioned ratios actually got so close to each other that they can be considered as
quantities of the same order.

The task at hand is now to detect and determine the other differences which after the
difference in mass have the largest influence in order to check how the above ratios change
and if they get closer to equality.

The reason why this examination is important is that if the used electrodiamagnets and
electromagnets were not different at all and acted from a larger distance, the two ratios
would have been quite the same according to the laws of diamagnetic polarity discussed in
the Introduction. Since this equality cannot be directly checked in practice, it is important
to check at least if one approzimates this equality the more one takes into account the
difference of the electrodiamagnets and electromagnets and the influence the small distance
they are acting from has on the ratio of their actions. In this way one achieves the same by
approximation as if one were able to check the claimed equality directly.

The following survey and discussion of all possible differences in question serves this
purpose.

In view of the small distance the observed effects refer to, first the ideal distribution of the
magnetic fluids on the surface of the bar of bismuth compared to the one of the bar of iron
should be known more closely. Since this is not the case, it is obvious that such a comparison
even if the exactness of the observations were perfect only gives a rough estimate, because

46



the actions effected at small distances have to be put proportional to the moments, what
strictly speaking is only the case for actions acting at larger distances.

Secondly for the above experiments two different iron bars were used, one had a weight
of just 5.8 milligrams where the other one was 790.86 milligrams. We cannot assume that
the iron of both little bars behaves in magnetic respect quite the same. Therefore the
magnetism of both little bars subject to the same galvanic current was compared and indeed
for small intensity of this current the ratio of the magnetic moments differed considerably
from the ratio of their masses. However, for increasing intensity of the current, this disparity
disappeared and the magnetism of both little bars turned out soon to be almost exactly
proportional to their masses. It follows that for our experiments where even more intense
currents were used, a reduction due to the heterogeneity of iron was not necessary.

Thirdly in the above experiments different bars of bismuth were used, namely two smaller
ones for the observation of the magnetic effects and a larger one for the magnetoelectric
effects. It cannot be supposed that they behave completely the same in diamagnetic respect.
Therefore the latter one was divided into two halves which compared to the former two ones
almost coincided in terms of length and thickness. Then with both pairs alternately some
experiments to compare diamagnetism were carried out from which a not quite insignificant
difference turned out. The effect of the first pair compared to the second one was like
1266 : 1000. Hence if from the induction effects of the larger bar according to the two
previous Sections the diamagnetic moment of bismuth compared to the magnetic moment of
iron turns out to be = 1/456 700, then one obtained for bismuth of the other bar = 1,/360 740,
which does not decrease the difference of this ratio from the one deduced from magnetic
actions but even increases it.

Fourthly one should consider the difference of the electromagnetic separating force® of

23[Note by AKTA:] In German: FElektromagnetischen Scheidungskraft. This expression can also be trans-
lated as “electromagnetic force of separation” or “electromagnetic segregating force”.

I present here a simple example of a separating force. Consider a metal plate AB insulated from the
ground by a dielectric support I as in Figure (a) of this footnote:

A B

(a)

If a negatively charged straw is placed close to side A of the plate, the charges on the plate become
separated as illustrated in Figure (b). Side A of the plate becomes positively electrified, while side B
becomes negatively electrified. This polarization of the plate is caused by the electric force of the negatively
electrified straw acting on the free electrons of the plate. I presented several interesting experiments on this
topic made with simple material, together with many quotes from original sources, in the 2 volumes of the
book The Ezperimental and Historical Foundations of Electricity which is available in English, Portuguese,
Italian and Russian: [Ass10al, [Ass10b], [Ass15b], [Ass17], [Ass18a], [Ass18b] and [Ass19b].

Another effect of a separating force takes place in electrolysis. The electric forces in general are proportional
to the charge ¢ of the test particle on which they are acting. A positively electrified particle with ¢ > 0
experiences a force in one direction, while a negatively electrified particle with ¢ < 0 will be forced in the
opposite direction. If these particles are free to move as in electrolysis, a double current will be produced due
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the two devices used. This difference can be deduced with sufficient exactness from the
designations of these devices and it turned out that the electromagnetic separating force of
the inductor was 4.8 times larger than the one of the electrodiamagnetic measuring device.?*
At the same time it follows that in both devices the electromagnetic separating force had such
a strength that according to the interesting experiments of Miiller?® the magnetic moment of
the little iron bar could not differ considerably from its maximal value,?® so that the 4.8 times
larger separating force of the inductor did not induce a stronger magnetism in the little iron
bar than it obtained from the ordinary force. A different behaviour show the bars of bismuth

to this separating electric force. That is, the positive particles will move in one direction and the negative
particles will move in the opposite direction.

24[Note by WW:] The wire spiral of the electrodiamagnetic measuring device according to Section 2.2 had
four layers each consisting of 146 turns and was 190 millimeters long. Its interior diameter was 17 its exterior
one 26 millimeters and the intensity of the current was according to Section 2.3 = 16.31. It follows from this
that the electromagnetic separating force in its middle is quite close

~ 4-146-27-16.31

. =629.9 .
1190

On the other hand the wire spiral of the inductor according to Section 2.7 had eight layers each consisting of
120 turns and was 383 millimeters long. Its interior diameter was 23.9 its exterior one 70 millimeters and the
deflection of a compass laying 708 millimeters to the West was according to the experiments in Section 2.7
around 32° where one has to put the intensity of the horizontal part of terrestrial magnetism = 1.8. From
this one can first compute the intensity of the current ¢ and the result is quite close to

383 1.8 - tan 32°

¢ S 1 — 1 )
(708—1383)2  (708+1383)2

where S denotes the area enclosed by the spiral which was found = 1793200 square millimeters, hence
i = 95.6. The separating force of the spiral in question follows from this very closely = % = 3012.
2

However 3012 : 629.9 equals in very good approximation 4.8 : 1.

25[Note by AKTA:] [Miil51b] and [Miil51a].

26[Note by WW:] A soft iron bar attains a weaker and a stronger magnetism off and on depending on
the size of the magnetic or electromagnetic separating force acting on it. Professor Joh. Miiller in Freiburg
published an interesting examination of the dependence of the magnetism of such iron bars on the strength of
the separating forces acting on them in “Berichte {iber die neuesten Fortschritte der Physik”, Braunschweig
1850, p. 494 et seq., [Miil51a]. An interesting point of this publication is that the magnetism of iron bars has
been determined for different, even very large, separating forces. From that the remarkable result followed
that the magnetism of the iron bar is not at all always proportional to the separating force acting on the iron,
but that it approaches a limit for increasing separating forces. Miiller summarized the results he measured
with an electromagnetic spiral in the following formula

m
=0.016 - d? - tan ————
° M 0.00108- a2
where, if ¢ denotes the intensity of the current of the electromagnetic spiral in terms of absolute measure
(according to page 252 ibid.)
1=1066.813"5s,

and (according to p. 511) if M denotes the magnetism of the iron bar in the electromagnetic spiral according
to absolute measure, then
M =5426021-m .

The iron bars used by Miiller were 330 millimeters long (according to p. 502) and laid in a wire spiral which
was 300 millimeters long protruding on both sides 15 millimeters. d denotes the thickness of the iron bar.
The wire spiral consisted of five layers each having 76 turns. Its interior diameter was 49 millimeters and
the thickness of the wire was 2.8 millimeters. Consequently, the strength of the separating force the current
of one layer of turns whose radius = r exerts on a point in the iron bar laying at a distance = a from the
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whose diamagnetic moment has to be assumed even for the largest representable separating

spiral is given by the following expression

2-76 . /“150 dx 152 { a+ 150 a— 150 }
T ——— = T — .
300 a—150 (r2+22)7 300 | \/(a+150)2+7r2 /(a —150)% + r2

This implies that on average for the whole iron bar the strength of the force is given by

152 - i /+165 [ a+ 150 B a— 150 } "
300-330 /165 L\/(a+150)2+72 \/(a—150)% + 12

304 - i
2 2 2 2
= 59000 {\/315 +r \/15 +T}.

Finally for all five layers

304-mi 5 [P
99000 14 Jou 5

{\/3152 +72 — /152 + TQ] dr =13.562 -1 .

This force differs from the terrestrial magnetic force only by its strength and can therefore be determined
according to the same absolute measure, what also happened here. We denote the strength of this force by
X, so that

X =13.56217 .

Plugging these values into Miiller’s equation one obtains

M
X =14.498 - d? - tan ————— .
T ES60 - 2
This formula is just valid for iron bars of length 330 millimeters. To apply it to bars with a different length
the arc M/ (5860 - d?) has to be multiplied by 330 and divided by the length £ of the bar, hence

3 M

X =14.498 - d2 - tan 1776420

However, Miiller himself remarked that the influence of the length taken into account in this way does not
completely coincide with experience and has to be checked in more detail. If one applies this rule deduced
from the experiments by Miiller, to determine the magnetism of the two little bars of iron, which were in
the above described spirals of the electrodiamagnetic measuring device and the induction apparatus, one gets
for the first little bar £ = 92 and in addition for its absolute weight = 5.8 milligram and its specific weight
= 7.78, from which for its thickness d = 0.1016. The value of X for this little bar was determined in the
previous Note X = 629.9. Therefore one obtains for this little bar

M
Tk 17.75arc tang 89°57'23" = 27.886.
For the second little bar one has ¢/ = 186. In addition its absolute weight = 790.86 milligrams and its specific
weight = 7.78, so that one finds for its thickness d’ = 8342. The value of X’ for this little bar is determined
in the previous Note X’ = 3012. One obtains

MI

777 = 17.76arc tang 89°47'23" = 27.834.
Noting that d?¢ and d’?¢’ are proportional to the masses of the two little iron bars, one obtains an almost
equal ratio between magnetism and mass of the two little bars, although on the second little bar a 4.8 times
larger separating force was acting. A more thorough treatment one finds in Sections 2.24 until 2.26 where as
well the doubts expressed by Buff and Zamminer against the experiments by Miiller are discussed, [BZ50].
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forces as proportionally increasing.?” Hence if one reduces the result obtained from the

induction effects to a 4.8 times weaker separating force in order to make it comparable to
the results obtained from the magnetic action, the diamagnetic moment of bismuth has to
be assumed to be 4.8 times smaller while the magnetic moment of iron remains unchanged.
One then obtains for the former moment compared to the latter one instead of 1/360 740
merely 1/4.8-360740 = 1/1731560.

This result deduced from the magnetoelectric action can now be compared directly to the
one found in Section 2.4 according to which the diamagnetic moment of bismuth compared
to the magnetic moment of iron was obtained to be

1
1470000 °

The difference of the two considered ratios which before was 200 percent is reduced to
17 until 18 percent by taking into account the mentioned difference. This approximation of
equality has to seem even more satisfactory since the comparison is only rough due to the
fact that the mentioned reason of that difference could not be considered. One should also
observe that the last mentioned far most influential reason of this difference is capable of a
closer consideration, if instead on the above quoted experiments by Miiller the analysis is
based on the more precise results described in Section 2.24 until Section 2.26. By doing that
the ratio 1/1470000 is reduced to 1/1593000 as explained in Section 2.27 so that only a
difference of about 8 percent remains compared to the other ratios.

After this comparison of the ratio of the magnetic and electromagnetic effects of an elec-
trodiamagnet with the ratio of the magnetic and magnetoelectric effects of an electromagnet
the result is confirmed that in the nature of diamagnetism the electrodiamagnetic and the
diamagnetoelectric efficacy is actually justified in the same way as in the nature of magnetism
the electromagnetic and magnetoelectric one. In fact, the diamagnetic effects in their mag-
nitude have the same ratio as the magnetic ones as far as this can be checked. This proves
that between diamagnetic and magnetic efficacy in manifold aspects there is no difference.
This gives a proof of the law mentioned in the Introduction of diamagnetic polarity.

It only remained to use the results of the above experiments to determine the ratio
between the strength of diamagnetism of bismuth and the strength of iron magnetism. The
previous discussions make it clear that in general one cannot speak of a definite ratio between
the diamagnetism of bismuth and the magnetism of iron. Indeed, even if one supposes that
the bars of bismuth and iron have the same size and form, this ratio heavily depends on the

2T[Note by WW:] There is no known fact which shows a deviation of the law of proportionality of diamag-
netism with the magnetic separating force. Instead of that, although measurements are missing, different
facts in favour of this law can be mentioned. The most important one and as well in different aspects the
most interesting one is the fact discovered and examined more closely by Pliicker, according to which the
same magnetic pole depending on the distance induces in the same material for example charcoal diamag-
netism or magnetism. The closer examination which Pliicker communicated in Poggendorft’s Annalen 1848,
Vol. 73, pp. 616 et seq., [P1i48], proves, that here the different distance of the magnetic pole has not to be
considered directly but just indirectly, as a decrease of the force corresponds to a larger distance. Pliicker
namely proved that the magnetism of charcoal is transformed to diamagnetism by the mere increase of the
magnetic force acting on the charcoal. The simplest explanation for this interesting fact is the above men-
tioned law of proportionality of diamagnetism with the magnetic separating force, as soon as one assumes
the law proved by Miiller for the magnetism of iron as well for charcoal. Indeed, if the magnetism of charcoal
for increasing separating force approximates a limit while the diamagnetism of charcoal increases uniformly,
it is obvious that diamagnetism finally has to outmatch the magnetism, meaning that the magnetism of
charcoal is transformed into diamagnetism.
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strength of the magnetic separating force. While the diamagnetism is increasing uniformly
with increasing separating force, the magnetism approaches a limit. Therefore such a ratio
can only be determined under the constraint that the magnetic separating forces are so
small that the deviation of the magnetism of iron is roughly proportional to these forces.
Under this constraint it could be determined the ratio of the diamagnetism of bismuth to
the magnetism of iron using the law of Miiller referred to in the footnote 26 of this Section.
However, it is advantageous to postpone this determination in order to take into account for
the magnetism of iron as well the experiments we get to know in Section 2.25 and Section 2.26
where we add the determination of this ratio.

2.11 The Experiments of Faraday

We do not discuss here the former experiments of Faraday which led him to the assumption
which Pliicker phrased in the shortest way by saying: “In Bismuth each North pole of a
magnet induces a North pole and each South pole a South pole”.?® Pliicker says about this
assumption that each physicist has to come up with it and that diamagnetic polarity is a
necessary consequence of it. We restrict ourselves here to these experiments, which Faraday
recently carried out to disproof the by him first conjectured diamagnetic polarity.

In fact soon after it was realized how important the actual proof of diamagnetic polar-
ity is, many and various facts were found and communicated so that this polarity seemed
almost to be beyond doubt. In my first article (Berichte der Konigl. Sichs. Gesellschaft der
Wissenschaften 1847, p. 346 and Poggendorff’s Annalen 1848, Vol. 73, p.242)%:39 T stressed
in particular the evidence the experiment of Reich has in this aspect.?! According to this
experiment, if North and South pole act from the same side to a piece of bismuth, they
repel it in no way with the sum of the forces they are exerting individually, but rather with
the difference of these forces. I added other experiments which allowed to recognize both
poles of a bar of bismuth in a diamagnetic state by the contrast of attraction and repulsion.
Finally, I added the experiments with the device mentioned in Section 2.7 which seemed to
detect similar electromotive forces exerted from diamagnetic poles as well as from magnetic
poles. Some experiments by Poggendorff, Annalen 1848, Vol. 73, pp. 475)3? followed immedi-
ately, which on the one hand served as a confirmation, on the other hand as a supplement.
In particular, they provided evidence for the two diamagnetic poles by the contrast of the
effect which the galvanic current is exerting on them. They downright proved that a bar
of bismuth in equatorial position would be an actual transversal magnet, which turns the
line of its North poles to the North pole and the line of its South pole to the South pole of
the magnet. Pliicker (Annalen 1848, Vol. 73, p.613)3% found this confirmed by a very smart
application based on that, which provided a simple and practically important mean to inten-
sify considerably the diamagnetism of swinging bodies. Pliicker himself declared it beyond
doubt that the diamagnetism consists of a polar excitement. Before that he discarded this
theory due to the enormous difficulties to justify it. After polarity was confirmed in such a
decisive manner he revived the theory. Finally in this article Pliicker overcame one of the

28[Note by AKTA:] [PLiid8, pp. 614-615].

29[Note by HW:] Wilhelm Weber’s Werke, Vol. III, p. 255.

30[Note by AKTA:] [Web48b], [Web48c| with English translation in [Web52d] and [Web66¢].
31[Note by AKTA:] [Rei48] and [Reid9)].

32[Note by AKTA:] [Pog48].

33[Note by AKTA:] [P1ii4g].
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most important difficulties mentioned by him, namely the difficulty due to the for many
materials observed magnetic behaviour in larger distance from the magnetic pole and the
diamagnetic behaviour in smaller distance (see the footnote 27 in the previous Section). In
view of his closer examination he himself said that3*

“the by him not believed, but from a theoretical point of view expected result instead
of the former difficulties found a remarkable confirmation of the adopted theory of
diamagnetism from Faraday, Reich, Weber, and Poggendorff, to which he now became
as well a resolute supporter”.

All this confirmations of diamagnetic polarity first conjectured by Faraday complemented
each other quickly and appeared in the same Volume 73 of Poggendorft’s Annalen. However,
Faraday himself contradicts it in his 23.series of experiments,® whose closer consideration
is of importance as well for the here described experiments.

In view of the very well deserved authority this great scientist has and the interest his
works stir everywhere we can assume that his experiments to disprove diamagnetic polariy
are well-known. Moreover, there is no doubt on the validity of these experiments in view of
Faraday’s acknowledged experimental skills. The question is just if and how far these experi-
ments disprove diamagnetic polarity as defined here right at the beginning. There are mainly
three points to consider. Firstly, Faraday did not repeat all experiments carried out to prove
diamagnetic polarity. Secondly, despite his outstanding skills Faraday restricted himself in
the accuracy of the instruments he used. Thirdly, Faraday tried to explain in a different way
many phenomena which are in the opinion of other physicists due to diamagnetic polarity.
Therefore it is even not clear if Faraday really contradicts diamagnetic polarity in the sense
we defined it at the beginning.

Concerning the experiments which are not repeated and considered by Faraday, I first
mention that in paragraph 2689 of his article an experiment carried out by me seems to be
confused with a one carried out by Reich. Therefore it happened that Faraday completely
overlooked the experiment by Reich whose evidence for diamagnetic polarity 1 stressed in
particular. According to this experiment North and South pole acting simultaneously from
the same side on a piece of bismuth do not repel it with the sum of their individual forces
but with their difference. This experiment was carried out by Reich with the most accurate
instrument available, namely the torsion balance he used for the classical repetition of the
experiments by Cavendish.?® I can only repeat here what I said in my first article on this
experiment, that through it alone it can be deduced with high probability that the reason for
the diamagnetic force lies in a moveable imponderable ingredient existing in bismuth which
is moved and distributed in different ways when a magnetic pole is approximating it. The
simultaneous approximation of two opposite poles from the same side has then namely the
effect that the imponderable ingredient neither can assume the one or the other movement
or distribution responsible for the appearance of the diamagnetic force, which explains the
vanishing of this force. Furthermore one has to mention in this context the experiments
carried out by Poggendorff and described in the same volume 73 of his Annalen (p.475-
479),37 through which he obtained by a simple convincing experiment in two ways the same

34[Note by AKTA] [Plii48, p. 618].

35[Note by AKTA:] [Far50].

36[Note by AKTA:] Henry Cavendish (1731-1810).
37Note by AKTA:] [Pog48].
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result without the help of subtle measuring devices. There is no difficulty to repeat the
experiments by Poggendorff and many observers carried this out.

Among the devices which allow an even higher degree of fineness and accuracy then
the ones used by Faraday are mainly the magnetometer and the galvanometer arranged
according to the instructions of Gauss. I would not have been able at all to carry out my
experiments without these instruments. When Faraday repeated these experiments without
the help of these instruments it is easily explainable that he was not able to see the very weak
effects I observed. Faraday’s major concern against my observations described in volume 73
of Poggendorft’s Annalen is, that I did not mention the by him with great care observed
secondary Volta induction, which I should have been able to see the more clearly the finer my
instruments are. Therefore I mention here, that the above article in Poggendorft’s Annalen
borrowed from the “Berichten der Konigl. Sachs. Gesellschaft der Wissenschaften”3® was just
a preliminary note of my work, where the more specialized discussion was postponed to a
later article. It should be sufficient to add here that in those experiments I tried to eliminate
the influence of the secondary Volta induction as far as possible by a proper combination
of the experiments, that it is however not highly preferable at all to remove this influence
completely as happened in the experiments described in this article.

Let us briefly summarize which influence the investigation of Faraday had on the question
of diamagnetic polarity in the sense as defined at the beginning. This influence should
be of minor importance. Faraday namely overlooked several experiments by Reich and
Poggendortf. Concerning different experiments, namely the ones by Pliicker, he just gave
an explanation based on different premises, where it is not clear if these premises contradict
diamagnetic polarity as defined here at the beginning. Finally, related to the doubt Faraday
mentions about the validity of the results of my experiments, firstly this doubt should be
removed by the remark above, secondly it has no application to the experiments described
in this article.

2.12 The Experiments and the Theory of Feilitzsch

In Section 2.3 and Section 2.4 it was proved that a bar of bismuth in a galvanic spiral as
an electrodiamagnet exerts on a magnetic needle a torque in opposite direction than an iron
bar exerts in the same spiral as an electromagnet. This contradicts a result of Feilitzsch
who, inspired by a different theory, expected a different result and tried to confirm it by
experiments (see Poggendorff’s Annalen 1851, Vol.82, p.90-110).3 Namely he thought
that:*

“bismuth inside the electric spiral receives a weaker, but equaly directed polarity, as
soft iron.”

The reason for this contraction as I believe lies in a very essential difference of the devices
used by me and Feilitzsch. Feilitzsch mentioned that*!

“the spiral was deployed at a distance of about 200 millimeters on the western side
from a small compass suspended on a cocon thread and the needle was brought back
to its initial position by an auziliary magnet on the eastern side".

38[Note by AKTA:] [Web48b], [Web48c| with English translation in [Web52d] and [Web66¢].
39[Note by AKTA:] [Fei51].

40[Note by AKTA:] [Fei51, p. 103].

41[Note by AKTA:] [Fei51, p. 103].

23



In contrast to that I used two spirals and deployed them symmetrically with respect
to the compass so that no auxiliary magnet was necessary to bring back the needle to its
initial position. The crucial difference of the two arrangements is that in Feilitzsch’s case the
needle only for a determined current intensity lies in the magnetic meridian, but is deflected
to either side for each wvariation of the current intensity. On the other hand in my case the
variations of the current intensities have no influence on the position at rest of the needle.
However, this independence of the position at rest of the needle from the variations of the
current intensity in the spiral is necessary if the deflection of the needle has to be associated
to the immediate effect of the bar of bismuth on the needle when the bar of bismuth is put
into the spiral. Namely putting the bar of bismuth into the spiral effects a small change of
the intensity of the current and this might be in Feilitzsch case the reason for the deflection
of the needle. Namely putting the cold bar of bismuth into the spiral heated by the current
leads to a cooling of the spiral and therefore an increase of the current intensity, which
necessarily creates a deflection of the needle in the direction observed by Feilitzsch. A long
time ago I carried out several experiments according to the same method as Feilitzsch and
found similar results. However, a closer examination showed, that the observed force did
not appear instantaneously in the moment the bar of bismuth entered, but rather gradually.
Also when pulling out the bar the force disappeared gradually, what is a sufficient proof that
it is not a matter of an instantaneous action of the bar of bismuth. One could also increase,
decrease, or reverse these influences through a mere cooling or heating of the bar of bismuth.
It is likely, that as well the deflections of the needle observed by Feilitzsch are due to the
influences of temperature on the intensity of the current.

Concerning the theory of diamagnetism which Feilitzsch tried to give in this context, I just
want to mention the following. Feilitzsch wants to explain the diamagnetic phenomena from
a certain distribution of magnetic fluids, too. However, he assumes that this distribution
is due to the separation of magnetic fluids in the same direction as in iron and that the
only difference is that this separation in an iron bar decreases from the middle to the ends,
while in the bar of bismuth it increases. It follows from this increase between the middle
and the end of the bar a dispersion of opposite free magnetism as at the end, and if this
opposite between the middle and end dispersed free magnetism were stronger, than the one
at the end, the diamagnetic phenomena could be explained. However, if Feilitzsch examined
the conditions more closely which lead to an explanation of the diamagnetic phenomena
according to his own presentation, he would have found that this case is only possible, if
the magnetic fluids in the middle of the bar are not separated in the same but in opposite
directions as at its ends, which contradicts his assumptions. Anyway, one easily sees that it
is impossible to explain the diamagnetic phenomena from a distribution of magnetic fluids
arising from the same separation as in iron according to the direction.
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IV - On the Connection Between the Theory of Diamag-
netism with the Theory of Magnetism and Electricity

2.13 On the Foundation of a Theory of Diamagnetism

In the first two parts of this paper I tried to establish the law of diamagnetic polarity
in more generality, mainly by showing that it is valid as well for electrodiamagnetic and
diamagnetic actions. This law alone even if it is general does not establish yet a theory of
diamagnetism. This is because it only defines diamagnetism in view of its effects. However
for the foundations of a theory of diamagnetism it is necessary to define it not just in view
of its effects but as well in view of its causes. Therefore, I will add in this part the necessary
complement to the theory on the causes of diamagnetism in more generality than what I did
in my previous paper.

2.14 On the Way How to Examine the Causes of Dia-
magnetism

In the theory of magnetism one distinguishes two types of magnets, namely permanent ones
and variable ones. For example a magnet made of glass-hard steel is a permanent one, while
a magnet made of soft iron is a variable one. Strictly speaking in reality there is not a strict
distinction between permanent and variable magnets, since even the most permanent ones
become variable under the influence of strong forces, and in the same way all magnets even
the ones made of the most soft iron become permanent under the influence of very small
forces. However, since one usually chooses for physical experiments magnets and conditions
under which either the permanent or variable aspect of the magnet does not show up, one
can assume without loss of generality this simple distinction. For the sequel we point out
the following difference between the two kinds of magnets. The permanent ones can only be
examined in view of its effects, while the variable ones in two ways, namely in terms of its
effects as well as in terms of its causes.

If one tries to apply this distinction to diamagnets, one sees, that permanent diamagnets
do not exist, or more precisely, that they cannot be distinguished from permanent magnets.
Therefore, one only needs to consider variable diamagnets and these can be examined in two
ways partly by their effects and partly by their causes.

It is known, that by examining the effect of a magnet on other materials one can obtain
the ideal distribution of the magnetic fluids on its surface. Gauss has shown that if one knows
the ideal distribution one can predict all effects of the magnet.*? Many researches take great
profit that through its knowledge one does not need any hypothesis about the interior of
the material, particularly, if the causes of these effects are unknown and first have to be
examined. It is obvious from this that by examining the effects one cannot get further than
to the knowledge of the ideal distribution which has to be distinguished necessarily from the
true nature of the interior of the magnet. For example, it is not possible by examining the
effects to get to know the actual distribution of the magnetic fluids in the magnet or the
actual number, strength and position of the electric currents inside.

“2[Note by AKTA:] See footnote 7 on page 11.
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The same is therefore true as well for the effects of a diamagnet. One could get knowledge
of the ideal distribution of magnetic fluids at the surface of the diamagnet and this replaced
the knowledge of its whole true internal state concerning the consideration of all its effects.
On the other hand one would not get information about the true internal state of the
diamagnet nor the actual nature of diamagnetism nor its generation and transformation.
To get a clue of these one must not restrict oneself to the consideration of the effects and the
ideal distribution depending on it, but it is necessary to take into account different points of
view which are independent of these effects.

All possible causes of diamagnetism, as well as of magnetism, can be classified into inter-
nal and external ones. The external cause, as the effects, is given through observation. It is
the same for magnetism and diamagnetism, namely a magnetic or electromagnetic separating
force having determined size and direction. Would we know apart from this external cause
the internal one in the material itself, then diamagnetism would be determined. Conversely,
this opens a way to determine the unknown internal cause if, in addition to the known ex-
ternal cause, the diamagnetism resulting from both is already known from its effects. If one
follows the way sketched here and lists as well for iron and bismuth the known magnetic sep-
arating forces together with the from the effects deduced ideal distribution, one observes that
the same separating force leads to opposite ideal distributions or conversely the same ideal
distribution for iron and bismuth gives rise to opposite separating forces. The reason that
opposite external causes produce the same effects in iron and bismuth has to be contained in
the difference of internal causes in iron and bismuth themselves. To determine more closely
the difference of internal causes in iron and bismuth it is necessary to classify all possible
internal causes which can have such effects explainable in terms of an ideal distribution.
After that one has to check if among these possible internal causes there are some which can
give rise to the above mentioned differences in magnetic and diamagnetic materials.

2.15 Classification of Internal Causes which Can Give
Rise to the Given Effects of an Ideal Distribution

One can give four essentially different kinds of internal causes contained in the materials
which can give rise to such effects explainable in terms of an ideal distribution of magnetic
fluids.

1. The internal cause of such effects can be due to the existence of two magnetic fluids
which are more or less movable independently from their ponderable carrier.

2. It can be due to the existence of two magnetic fluids which are only movable with the
molecules of their ponderable carrier, i.e., rotating molecular magnets.

3. It can be due to the existence of permanent molecular currents built from the two
electric fluids, which can be rotated with the molecules.

4. It can be due to the existence of two movable electric fluids, which can become a
molecular current.

These four here mentioned possible internal causes of the effects due to an ideal distri-
bution at the surface are the only ones which are known and can be examined. The first
case is the base of the theory of magnetism developed by Coulomb and Poisson.** The third

43[Note by AKTA:] Charles Augustin de Coulomb (1736-1806) and Siméon Denis Poisson (1781-1840). See
[Cou88al] with partial English translation in [Cou35a], complete English translation in [Coul2] and German
translation in [Cou90bl; [Cou88¢c| with German translation in [Cou90d] and partial English translation in
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case is the base of the theory of magnetism using electrodynamics developed by Ampere.44
The second case can be reduced to the third one in view of the theorem due to Ampere that
molecular magnets and molecular currents coincide in all their effects if one substitutes the
first one for the latter one. It therefore just remains the fourth case which was not noticed
and discussed before.

2.16 Dependence of the Ideal Distribution on the Mag-
netic Separating Force According to the Differ-
ence of the Four Above Mentioned Possible In-
ternal Causes

For each of these four cases one easily obtains a connection between the type of ideal distri-
bution and the direction of the magnetic separating force giving rise to the distribution. For
the first case it follows according to the theory of Poisson, that if one denotes the direction
of the magnetic separating force as the positive one in which the North pole of a magnetic
needle points and if one determines the barycenters of the northern and southern fluid corre-
sponding to the separating force of the corresponding ideal distribution, the former of these
two barycenters is displaced in the positive direction with respect to the latter one. For the
third case this connection was developed by Ampere and it follows that it leads to the same
dependence of the ideal distribution from the magnetic separating force. It is obvious that
the same dependence holds as well for the second case since the second case can be deduced
from the third one as mentioned above. It therefore remains to discuss just the fourth case.

This fourth case assumes the existence of electric fluids which can become molecular
currents. The possibility that such molecular currents develop is based on the assumption
that in single molecules or around them there are closed orbits in which the fluids are movable
without resistance. It follows from this, that only a current-inducing force, i.e., a force which
acts on the positive and negative fluid in opposite directions, in the direction of this orbit is
required to actually move the fluids in this orbit. The theory of magnetoelectricity implies
that due to an increasing or decreasing intensity of the magnetic separating force actually
an electromotive force is given, which acts on the two movable electric fluids in opposite
direction and therefore has to induce a current. The direction of the molecular current is
given by the fundamental law of magnetic induction depending on the increase or decrease of
the magnetic separating force. Moreover, the ideal distribution is given in its dependence of
the molecular currents according to the connection between electrodynamics and the theory
of magnetism discovered by Ampere for the third case. It follows from that the connection
between the ideal distribution and the increase or decrease of the magnetic separating force
corresponding to the distribution.

[Cou3bb]; [Cou88d] with German translation in [Cou90al; [Cou88b] with German translation in [Cou90c];
[Cou89]; [Cou9l]; [Cou93]; [Pot84]; [Gil7T1b] and [Gil7lal. See also [Poil2a], [Poil2b], [Poil3], [Poi25a],
[Poi25b], [Poi22a] and [Poi22b].

44Note by AKTA:] André-Marie Ampere (1775-1836). His masterpiece was published in 1826, [Amp26]
and [Amp23]. There is a complete Portuguese translation of this work, [Cha09] and [AC11]. Partial English
translations can be found at [Amp65] and [Amp69]. Complete and commented English translations can be
found in [Amp12] and [AC15].

A huge material on Ampere and his force law between current elements can be found in the homepage
Ampére et I'Histoire de I’Electricité, [Blo05].
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Moreover, it is clear from this that in each moment where an increase or decrease of the
magnetic separating force occurs, such a molecular current is induced. Therefore the induced
currents, if they do not cancel each other, have to be summed up. However, these currents
do not disappear by themselves. Indeed, Ampere has shown that one has to associate to
electrical molecular currents permanence, i.e., that the electric fluids on their circular motions
around the ponderable molecules are not subject to such a resistance like the electric fluids
flowing through a conductor which gives rise to an explanation for the quick disappearance
of the electric currents in these conductors. (This permanence proved by Ampere for the
molecular currents is the reason for the above mentioned theorem that the possibility to put
electric fluids in a molecular current has as its hypothesis that there exist closed orbits in
the individual molecules in which fluids can move without resistance.) It follows from this
that through continued increase of the magnetic separating force in the ideal distribution,
there has to occur a continued increase of magnetic fluids as well. It follows from this, that
to each given strength of the magnetic separating force there coincides a certain amount of
ideally distributed fluids. However, this summation only takes place for molecular currents,
since only for them the movement of electric fluids has no resistance. The other currents,
which are induced from the same separating force in additional orbits, which however due
to the resistance they are subject in these orbits disappear quickly, only have magnetic
effects on other materials in the moment they are induced. These effects immediately vanish
as soon as the separating force, which was the reason for the change, becomes constant.
Therefore they are in no determined ratio to the existing separating force, what would be
necessary, if they should account for the observed magnetic effect for which therefore only
molecular currents are useful. If one develops this dependence on the molecular currents
more carefully according to the laws of magnetic induction, one finds, that when one denotes
this direction as the positive one to which the North pole of a magnetic needle points and
when one determines the ideal distribution of the barycenters of the northern and southern
fluid depending on the separating force, that the former one of these two barycenters is
displaced with respect to the latter one in the negative direction, i.e., opposite to the other
three cases.

2.17 Internal Cause of Diamagnetism

This remarkable result can now be applied to justify the theory of diamagnetic phenomena
which explains the internal state of a diamagnetic material and the forces responsible for it.
Such a justification was not available before. In fact, it does not suffice for such a theory
that one is able to represent the diamagnetic state of a material in connection with all its
effects by an ideal distribution of magnetic fluids on its surface as already argued above. But
it is essential to justify as well these forces through which that state occurred and, moreover,
on what these forces act and according to which laws they act.

From the compilation and consideration of the possible cases above, through which a
state of a material can occur representable by an ideal distribution of magnetic fluids, we
found only one [case] compatible with the fundamental phenomena during the emergence
of diamagnetism. It follows from this, that one can explain the emergence of a diamagnetic
state of a material only if one assume that this case really exists. Namely the case where the
diamagnetic state emerges due to the induced forces which acted on the material and the
electric fluids in the material which move without resistance on circular orbits. Therefore one
assumes that a bar of bismuth consists of molecules which contain closed orbits (or canals),
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in which the electric fluids can move without resistance, while in all other orbits they can
only move after overcoming a resistance proportional to its velocity. The occurrence of a pure
diamagnetism not intermingled with magnetism also requires, that the molecules together
with those orbits or canals cannot be rotated. Otherwise rotating molecular currents would
emerge leading to a magnetic state, if during the rotation their intensity does not change, as
proved by Ampere.

2.18 Determination of the Electromagnetic Separating
Force in a Galvanic Spiral

According to the presentation given above it is not the magnetic or electromagnetic separating
force itself which is responsible for the diamagnetic state of a material, but this separating
force determines diamagnetism only indirectly as far as the sum of the electromotive forces
is concerned which before acted on the diamagnetic material and put the electric fluids into
motion around the individual molecules. The strength of the now ezisting (induced) molecular
currents which is the nature of diamagnetism depends on the sum of the electromotive forces
having acted on the diamagnetic material. In this way the determination of the intensity
of the existing magnetic or electromagnetic separating force is used only indirectly to the
determination of diamagnetism since it gives rise to the integral value of all changes to which
the magnetic or electromagnetic separating force was subject. To this integral value the sum
of the electromotive forces and consequently the strength of the now existing (induced)
molecular currents is proportional.

Suppose the wire of a galvanic current spirals uniformly around a cylindrical tube. Denote
the electromagnetic separating force of the current at the midpoint of the tube in direction
of the axis by X. According to the known electromagnetic laws it is given by

2mne
X =
d

where n is the number of windings, 7 is the intensity of the current, and 2d the diagonal of the
tube (i.e.,when 2a is the length of the tube and 2r is the diameter, then d = va? + r2).%
If the intensity of the current i is expressed according to the in the previous paper on
Electrodynamic Measurements (page 321 of this Volume)*® determined absolute mass, then
in the expression above the electromagnetic separating force is given by the same measure,
which Gauss used for the determination of the intensity of terrestrial magnetism.*" Strictly

45[Note by WW:] In fact if r is the radius of a winding, z is the distance of its midpoint from the midpoint
of the spiral, rdy the length of a current element and i the current intensity, it is well-known that ir?dp/(r% +
xz)% is the expression for the force due to the current element in the midpoint of the spiral in direction of
the axis. It follows from this that the expression of the force due to the whole winding is 271%i/ (1% + 22)%,

and the expression for n windings of the spiral whose length is 2a becomes 2% - 2 o d—mz,), i.e., if one

2a J—a (r2+4z

sets v/a? + 12 = d one obtains 22,

46[Note by AKTA:] [Web52c, p. 321 of Weber’s Werke] with English translation in [Web21b)].

47|Note by AKTA:] Gauss’ work on the intensity of the Earth’s magnetic force reduced to absolute measure
was announced at the Koniglichen Societét der Wissenschaften zu Gottingen in December 1832, [Gau32] with
English translation in [Gau33a] and [Gau3T7a], see also [Rei02, pp. 138-150].

The original paper in Latin was published only in 1841, although a preprint appeared already in 1833
in small edition, [Gaudlb] and [Reil9]. Several translations have been published. There are two German
versions, one by J. C. Poggendorff in 1833 and another one in 1894 translated by A. Kiel with notes by E.
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speaking the stated value of the electromagnetic separating force is valid only for the midpoint
of the spiral. In most cases this value can be used with sufficient accuracy for a very large part
of the space surrounded by the spiral, in particular, if the diameter of the spiral compared
to its length is very small. For example if one considers a point on the axis which has the
distance b to the midpoint of the spiral one obtains for this point

or if one replaces a by v/d?> — r? and r/d by p

2mni [1 B 3d? — v?
2

x="Eh o =
(d2_b2)2

|
q p+}

If the difference of the electromagnetic separating force and its maximal value at the midpoint
shall be less than a small fraction m times the maximal value one sets

32—,
Q(dz_b2)2'pb =m

b? 0> 16m
—=14+——(1+4/—+9] .
d? +4m+2p2< p? * )

7

Hence if the diameter is for example the 40th part of length, then in more than g of the
whole from the spiral enclosed space the electromagnetic separating force is up to 1 percent
constant and in almost % of this space it is constant up to % percent.

Therefore such spirals can be used to provide in an easy way an arbitrarily long space
in which the electromagnetic separating force has an exactly known, arbitrarily big and
everywhere constant magnitude. The representation of such a space is however of great
importance for many studies and the experiments described in the previous two Sections can
serve as examples for this. In fact without using spirals it would have not been possible to
carry out these experiments.

Strictly speaking the discussion above deals only with the points laying on the axis of the
spiral. However, the result found can easily be extended to the remaining space enclosed by
the spiral using a general theorem of Gauss in the “General theory of terrestrial magnetism”
(Resultate aus den Beobachtungen des magnetischen Vereins im Jahre 1838), article 38.18:4

or

2.19 Determination of Electrodiamagnetism Using the
Electromagnetic Separating Force

The integral value of the electromotive force on a circle of radius r for the time needed to
move the circle from the perpendicular position with respect to the separating force to a

Dorn; a French version by Arago in 1834; two Russian versions, one by A. N. Drasusov of 1836 and another
one by A. N. Krylov in 1952; an Italian version by P. Frisiani in 1837; an English extract was published in
1935, while a complete English translation by S. P. Johnson was published in 2003; and a Portuguese version
by A. K. T. Assis in 2003: [Gau33b], [Gau34], [Gau36], [Gau37b], [Gau94], [Gau3d5], [Gaub2], [GauT5],
[Gau03] and [Ass03b].

48[Note by HW:] Gauss’ Werke, Volume 5, p. 170.

49[Note by AKTA:] See footnote 7 on page 11.
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parallel one was determined in the previous paper on Electrodynamic Measurements (page
323 of this Volume).”® For the electromagnetic separating force given by X = 27ni/d one
obtains

=X .

This integral is the product of the intensity with the element of time during which the force
with this intensity is acting.

The expression is unchanged if instead of turning the circle by 90° the electromagnetic
separating force X = 2mni/d vanishes. On the other hand if this separating force is increased
from X =0 to X = 27wni/d (by closing the current), then the expression becomes

2m2nr?

i
d

The negative sign means, that the induced current has such a direction, that the poles of a
molecular magnet equivalent to it get an opposite orientation than the poles of a compass
under the influence of the same force X.

For the determination of the integral value of the electromotive force we used the measure
of electromotive forces deduced from the absolute measure of magnetism as explained in the
previous paper, page 321.%! For the purely electrodynamic measure this expression has to be

—nr?X = —

multiplied by a factor \/g , page 361 ibid., hence

2 2. 2,
T ey T nre
V2 d
According to the previous paper this expression has to be multiplied (page 367 ibid.) by
4/c (where ¢ denotes the constant value of the relative velocity for which two electric masses
do not influence each other), if one wants to express the electromotive force in terms of the
absolute measure of forces utilized generally in mechanics, hence
2v/2 9 42 - m2nr?i
—— =
c cd
This expression gives the electromotive force for the length of the circular path under the
assumption that in each unit of length of this path the unit of electric fluid is located. One
obtains from this the electromotive force acting on each unit of mass of the electric fluid by
division of the circumference of the circle 27r
NG 20/3 T
= — - ’r’X = - " s
c cd

i.e., the integral value of the acceleration for the interval of time in which the electromagnetic
separating force grew from X = 0 to X = 2mni/d, if to each unit of the electric fluid
a ponderable unit of mass were attached. If ¢ denotes the unknown little fraction which
expresses the mass belonging to the unit of electric fluid in terms of the ponderable mass
measure, we obtain by dividing the above expression by e the drift velocity®® u produced by

%0[Note by AKTA:] [Web52¢, p. 323 of Weber’s Werke] with English translation in [Web21b)].

5[Note by AKTA:] [Web52¢, p. 321 of Weber’s Werke] with English translation in [Web21b)].

2[Note by AKTA:] In German: Stromgeschwindigkeit. This expression can also be translated as current
velocity of velocity of the current. Weber is referring here to the velocity of each electrified particle relative
to the matter of the conductor.
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the increase of the electromagnetic separating force. If one multiplies this expression of the
drift velocity u by ae = 4e/c (see page 367 ibid.),”® where e is the amount of the electric fluid
expressed in terms of electric measure which is located in each unit of length of the circular
path, one obtains the intensity of the induced circular current according to the measure
derived according to purely electrodynamic principles (see page 359 ibid.). If one multiplies
further this formula by /2 one obtains this intensity in terms of the measure according to
which a current of intensity = 1 acts identically with the unit of magnetism®* according to
absolute measure if it circulates around the unit of area, namely

8e 167mnre:
ce c2de

Here ¢ denotes the intensity of the induced current according to the same measure.

The electromagnetic moment of this induced circular current (molecular current) is found
by multiplying the intensity of the current stated above by the area mr? enclosed by the
circular orbit o 4

_ ~ 8e Y _16mnrter
e 2de

Here one assumes that the normal of the plane containing the circular orbit is parallel to the
direction of the electromagnetic separating force. This can happen for all circular orbits only
for a particular arrangement of the molecules. In case of bismuth we do not assume such an
arrangement, but instead suppose according to the notion of homogeneity that the normals
of the circular orbits do not have a prevailing direction. Hence the number of circular orbits
whose normals have an angle ¢ with respect to the direction of the electromagnetic separating
force is proportional to sin ¢. Therefore the intensity of the current is proportional to cos ¢
and the component parallel to the separating force to cos? . It follows that multiplying the
expression above by sin ¢ cos? ¢ one obtains an expression proportional to the part of the
electrodiamagnetic moment of bismuth coming from all circular currents (molecular currents)
whose normals have an angle ¢ to the direction of the separating force, namely

8¢ 16m2nriei

—— X -sinpcos? = —

. 2
-sin @ cos” ¢ .
c2e c2de

Integrating first this expression from ¢ =0 to ¢ = %w with respect to dy and multiplying
the obtained integral value with the number of molecular currents m, one gets the whole
electrodiamagnetic moment of bismuth expressed by

8e 16m2mnr3

3 el
T 32 T X=- 3c2de
If v denotes the volume of bismuth and a the distance of the midpoints of its molecular
currents whose radius is = 7, the number of its molecular currents is m = v/a®. Under the
assumption that the size of molecular currents is proportional to the supply of molecules,
i.e., a/r = s is constant, the sum of the areas orbited by all molecular currents is mzr? =
7v/»3r. Substituting this value in the above expression of the electrodiamagnetic moment,

one obtains ,
8 e 167nt e

T3¢ 58 T T 32de Y

53[Note by AKTA:] [Web52c, p. 367 of Weber’s Werke] with English translation in [Web21b)].
4[Note by AKTA:] A needle with one unit of magnetism has one unit of magnetic moment.

62



Hence the electrodiamagnetic moment of a mass of bismuth is proportional to the electro-
magnetic separation moment X and the volume v and can be found by multiplication of
the constant factor 87 /3c%¢ extractable from the general theory of electricity and the con-
stant factor —e/s® depending on the nature of bismuth. This last factor one can call the
diamagnetic constant of bismuth.

2.20 Comparison of the Interaction of Diamagnetic Mol-
ecules with the Interaction of Magnetic Molecules

In the previous Section the induction of molecular currents in the circular orbits of molecules
was considered individually to determine the electrodiamagnetic moment, as if on each
molecule just the electromotive force acted determined by the existing electromagnetic sep-
arating force. Strictly speaking this is not the case, but instead in each circular current in
addition acted the electromotive forces coming from the interaction of diamagnetic molecules,
likewise as if on the particles of an iron bar not just the external separating force due to
terrestrial magnetism acted but as well the separating forces coming from the interaction of
the particles in the bar.

If one wants to take account of this interaction although it is so small that its influence is
hardly noticeable, it is worthwhile to stress a remarkable contrast which takes place between
the interaction of diamagnetic and magnetic molecules.

Namely, if two iron particles lay on a line parallel to the direction of the magnetic
separating force acting on them and if one denotes by m the magnetic moment which was
produced by the separating force in each of the iron particles individually, the new separating
force resulting from the interaction of the particles increases the moment m. This new
separating force due to the interaction of the two particles is expressed according to known
laws by 2m/r®, when r denotes the distance of the particles. The total separating force (X +
2m /r3) produces now in the particle under examination a larger moment = (1+2m/Xr®)M.
On the other hand if two particles of bismuth lay on a line parallel to the electromagnetic
separating force acting on them, and if one denotes the diamagnetic moment corresponding
to this separating force by —p (the negative sign means that for separating forces acting in
the same direction the diamagnetic moment is opposite to the magnetic one), the resulting
separating force due to the interaction between the particles is = —2u/r? if r is the distance
between the two particles. Therefore to the total separating force = (X —2u/r?) corresponds
the decreased moment —(1 — 2u/Xr3)u. Hence the contrast is that magnetism for iron
particles laying in the direction of the separating force gets intensified by interaction, while
diamagnetism for particles of bismuth laying in this direction gets weakened by interaction.

The opposite phenomenon occurs if the particles of iron and bismuth lay on a line perpen-
dicular to the direction of the separating force. In this case the magnetism of iron particles
gets weakened by interaction while diamagnetism of particles of bismuth gets intensified by
interaction. In fact by using the same notation the weakened magnetism of iron particles
results in = +(1 — m/Xr3)m, while the intensified diamagnetism of particles of bismuth
results in = —(1 + p/X7r%)pu.

It follows from this, that to endow a given mass of iron for a given separating force with
the strongest magnetism one brings it in the form of a long and thin bar or a prolate ellipsoid
whose major axis is parallel to the direction of the separating force, whereas on the other hand
one has to bring a mass of bismuth to endow it with the strongest diamagnetism to the form
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of a plate as thin as possible or in the form of an oblate ellipsoid whose minor axis is parallel
to the direction of the separating force. This conclusion could be checked experimentally,
but one has to take account that in case of bismuth the influence of the interaction of the
particles is very small due to the weakness of the diamagnetism corresponding to a given
separating force. However, if one applies the result found to the verification of the theorem
first mentioned by Faraday that bismuth under the influence of magnetic separating forces
behaves exactly as iron with the only difference that the two magnetic fluids seem to be
interchanged,® it turns out that this theorem is not completely true. In fact according
to Faraday’s theorem the prolate elliptic form would be for bismuth as for iron the most
favorable one to get the strongest diamagnetism respectively the strongest magnetism, what
is not the case. The deduction of these laws of interaction of diamagnetic molecules compared
to the interaction of magnetic molecules leads to a simple distinction between magnetic and
diamagnetic materials which is the topic of the following Section.

2.21 Distinction of Magnetic and Diamagnetic Materi-
als with the Help of Positive and Negative Values
of a Constant

Instead of the not completely accurate distinction between magnetic and diamagnetic mate-
rials, where for the same separating force the two magnetic fluids are just interchanged, it is
possible to give an alternative correct and equally simple distinction which takes advantage
of the difference of the values of a constant derived from the nature of each material.

In fact if one considers for simplicity just a rotationally invariant ellipsoid of iron or
bismuth whose major axis is parallel to the direction of the separating force it was proved
by Neumann in Crelle’s “Journal fiir die reine und angewandte Mathematik”, volume 37,°¢
that in case of iron for the given separating force X the magnetic moment of the ellipsoid
is given by the expression

kvX
1+ 4nkS

where v is the volume of the ellipsoid and S is a quantity determined by the ratio of the
axes. Namely,

c—1 o

/ 7»2

Here r and v/r2 — A2 are the axes of the ellipsoid. The finite number & has for iron a constant
value depending on its nature which Neumann denotes as the magnetic constant of iron. This
value is for iron and all magnetic materials necessarily positive.

The value of S for an infinitely long ellipsoid is S = 0. Consequently the magnetic
moment is

520(02—1){%log0+1 1}

and

=kvX ,

55[Note by AKTA:] [Fard6a, § 2429].
56[Note by AKTA:] [Neu48b].
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hence for v = 1 and X = 1 the magnetic moment = k. Therefore the magnetic constant k
can be defined as the limit which the magnetic moment approaches under the unit of the
magnetic separating force, if the ellipsoid of volume one gets more and more prolate. Since
the constant k& for all magnetic materials is positive, the magnetic moment is positive or
negative, depending if the separating force is positive or negative.

For a ball one obtains the value S = %, consequently the magnetic moment is

B kv X
_l—l—%wk'

This formula implies, using that k is positive for a piece of iron in form of a ball, there is
less magnetism as for a prolate ellipsoid in case the volume is fixed.

For an infinitely thin disklike plate the value of S equals one, consequently the magnetic
moment is

kX

C ldrnk
The quantity k& can now be used to distinguish different magnetic substances. According to
the difference of the substances its value can decrease to zero, but, according to the nature
of magnetism it always remains positive. However, one can generalize the applicability
of the quantity k as a mean to distinguish substances by not restricting it to magnetic
materials but extending it to all materials, by assigning a negative value of k which has
the physical significance that a material having such a negative value of k is not magnetic
but diamagnetic. Instead of introducing negative values of k£ we will write for diamagnetic
materials —k. The diamagnetic moment of an ellipsoid of bismuth whose volume = v and
on which the electromagnetic separating force X acts parallel to direction of the main axis

can therefore be expressed as
kv X

1 —4nkS
where S has the same meaning as above. For infinitely long ellipsoids, where S = 0, the

diamagnetic moment is
= —kvX |

for a ball where S = % it becomes
kv X

11— %ﬂ'l{} ’
and for an infinitely thin ellipsoid where S =1 it is

o kvX
1 —drxk

Hence if one fixes the volume for the most prolate form there is the least diamagnetism,
where for the most oblate form there is the most diamagnetism, precisely opposite as in the
case of magnetism, which was already proved in the previous Section.

However, since —k has a very small value even in case of bismuth which is the most
diamagnetic one, it follows that the diamagnetism of bismuth always is almost proportional
to the product of the volume with the separating force and can be considered as roughly
independent of the shape. Therefore the meaning of —k can be directly compared with the
one of the diamagnetic constant which we discussed at the end of Section 2.19. There as
well the diamagnetic moment was expressed as the product of the volume and the separating
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force with a constant coefficient which decomposed into two factors, namely a factor 87 /3¢’
obtained from the general theory of electricity and a factor —e/s* depending on the nature
of bismuth which was referred to as the diamagnetic constant of bismuth. One easily sees
that these two factors are not separated here in —k and that —k has precisely the meaning
of the product of these two factors.?”

2.22 On the Existence of Magnetic Fluids

When a certain class of effects of a material on an other material is such that it can be
explained in terms of an ideal distribution of magnetic fluids on its surface, one can think of
different possibilities for the true causes of all those effects which lay in the interior of the
material and one can distinguish four different cases, which were mentioned in Section 2.14
and discussed in more detail in the following Sections. Two of these cases assume that
there exist two magnetic fluids to which in the molecules of the material either a constant
or variable separation is assigned. The other two cases have as hypothesis, that the two
according to the theory of electricity existing electric fluids are in a certain circular orbit
around each of the molecules of the material either in a constant or wvariable current. As
one easily sees these four different cases are not mutually exclusive at all. Indeed, a part of
the magnetic fluids in the molecules can be separated constantly whereas the separation of
another part is variable. In the same way a part of the electric current for the circular orbits
of each molecule can be constant while the intensity of another part varies. In fact without
a variable part the constant currents cannot exist in view of the many existing electromotive
forces. Namely the electric fluids if they are actually freely movable in certain circular orbits
around the molecules as is shown by the existence of persistent currents, they need to follow
necessarily the impetus of the electromotive forces decomposed according to the direction of
the circular orbits. Therefore the first and second case can occur either individually or in
combination. The third and fourth case however are in a necessary relation to each other so
that either none of these cases or both together have to occur. It follows that the four cases
mutually combined can be distinguished into two main cases. Namely, in the first place that
two separated or separable magnetic fluids exist in the molecules of the material. Secondly
that the according to the theory of electricity everywhere existing electric fluids are freely
movable in certain circular orbits around the molecules. These two main cases however can
be considered as mutually exclusive as far as the actual proof of existence of one case leaves
the other as a superfluous hypothesis.?®

For each of the main cases a theory can be developed and each of the theories can be split
into two parts, namely a part where both theories agree in their results and into one where
they contradict each other. The same happened in optics concerning the theory of emission
and the wave theory which in their results in many aspects agreed with each other until the

5T[Note by WW:] We would like to mention that the magnetic coefficient k is only constant according to
the theory of separable magnetic fluids (Section 2.15, number 1), but according to the theory of rotatable
molecular magnets (Section 2.15, number 2) has to be a function of the separating force. On the other
hand, the diamagnetic coefficient —k according to the theory of diamagnetoelectric induction (Section 2.15,
number 4) by its nature is constant, as shown in Section 2.19. In Sections 2.23-2.26 we will prove that in
connection with magnetism, experience is in contradiction to the theory of separable magnetic fluids and
decides in favor of rotatable molecular magnets (or molecular currents Section 2.15, number 3), since the
value of k for iron is in reality not constant, but depends on the size of the separating force X.

8[Note by AKTA:] Ampere had already argued against the existence of magnetic poles in his masterpiece,
see Section 19 (The Magnetic Poles and Dipoles are Disposable Hypotheses) of [AC11] and [AC15].
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discovery of interference phenomena led to a closer discussion of that part for which the two
theories contradict each other in their results. Although until now the two theories based
respectively on the existence of magnetic fluids and on the existence of electric molecular
currents agreed admirably in many respects in their results, it is fair to expect here as
in optics that finally the discovery of a new class of phenomena leads as well to a closer
discussion of that part in which the two theories disagree in their results so that the newly
discovered phenomena decide between the two theories.?-°

The two optical theories disagreed in their conclusions concerning the coincidence of two
homogeneous rays of light. According to one theory amplification should always occur while
according to the other theory sometimes amplification and sometimes cancellation takes
place. The phenomena of interference confirmed the results of the wave theory. In a similar
way the crossroad of our theories can be decided. In fact both agree firstly in all results
concerning the phenomena of permanent magnets. Secondly they agree as well concerning
variable magnets, insofar as each of them leads to a distinction of them into two classes,
namely into the class of that magnets whose magnetism is due to the mere orientation of
already ezisting movable molecules (molecular magnets or molecular currents) and into the
class of magnets whose magnetism is due to the separation and movement of imponderable
fluids in molecules at rest (the separation of magnetic fluids in the molecules or the induction
of electric currents in certain circular orbits around the molecules). Finally the two theories
agree in their results thirdly concerning the first class of variable magnets. However, they
contradict each other in their results concerning the second class. Namely for this second
class an opposite position of the poles follows from the two theories. According to one of the
theories the position of the poles for the second class should coincide with the one of the
first class, while for the other theory the position of the poles for the second class should be
opposite compared to the first class.

As long as one knew just such variable magnets where the position of the poles (for
separating forces pointing in the same direction) coincided, both theories explained these
magnets and only according to the second theory the assumption was necessary that magnets
of the second class do not exist at all or are always connected to magnets of the first class in
such a way that the effect of the latter one is always dominating. Since the first theory did
not require such a hypothesis, it seemed even to be the preferred theory as long as one just
knew magnets with the same position of the poles for separating forces pointing in the same
direction. As soon as variable magnets (diamagnets) were discovered, where the position of
the poles (for separating forces pointing in the same direction) was opposite, there was no
choice anymore between the two theories. In fact only the second theory could be used since
only it explains the formation of two classes of magnets with opposite position of the poles
for separating forces pointing in the same direction.

59[Note by WW:| Before in the “Resultate aus den Beobachtungen des magnetischen Vereins im Jahre
1839”7, [Wilhelm Weber’s Werke, Vol. II, p. 171], I tried to justify the conjecture that the phenomenon
described by the name “unipolar polarity” could lead to such a decision. However, this is not the case, since
there can be given a different explanation for the phenomena described there, as soon as such a connection
takes place between the electric fluids moving in the interior of the conductor and the ponderable parts of the
conductor, that each force acting on the electric fluids completely or nearly is transferred to the ponderable
parts, as I explained in more detail in the “Electrodynamic Measurements” (Abhandlungen bei Begrindung
der Koniglichen Sdchsischen Gesellschaft der Wissenschaften edited by v.d.F.Jabl. Ges. Art. 19, p.309),
[Wilhelm Weber’s Werke, Vol. 111, p. 134].

60[Note by AKTA:] See [Web40, p. 171 of Weber’s Werke|, and [Web46, Section 19, p. 134 of Weber’s
Werke] with English translation in [Web07, Section 19].
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The diamagnetic phenomena discovered by Faraday decide between these two theories in
the same way as the phenomena of interference decided between the emission and wave theory
in optics. This is the most essential and important meaning associated to this discovery.
Thanks to the discovery of diamagnetism the hypothesis of electric molecular currents in the
interior of materials gets affirmed and the hypothesis of magnetic fluids in the interior of
materials gets disproved.

All our hypotheses and notions of materials can always just be applied to a limited range
of phenomena and they can be distinguished by the size of their range of applications. We
associate reality to them as long as we do not know any phenomena outside of the range of
their application. In the opposite case we denote them as ideal. Even if the magnetic fluids
have to be treated in the future as ideal notions, they nevertheless keep the same importance
and meaning they had before as long as one applies them to the range where they are valid.
And even if we now associate to the electric molecular currents in the interior of materials
reality, same as to the ether in optics responsible for the propagation of waves, it can happen
in the future by further development of science that they have to be transferred to the class
of ideal notions.
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V - On the Dependence of the Magnetic and Diamag-
netic Moment on the Size of the Separating Force

2.23 From the Hypothesis of Actually Existing Mag-
netic Fluids, Based on the Analogy with the The-
ory of Electricity, and From the Law Given There-
by of the Dependence of the Magnetic Moment on
the Magnitude of the Separating Force

The exactness of the result that there do not exist magnetic but just electric fluids for
which however in ponderable materials two kinds of orbits exist on which they can move,
namely those on which their movement is subject to resistance proportional to their velocity
and those were there is no resistance at all (molecular currents), according to the previous
discussions is mainly due of the opposite position of the poles or their opposite direction. In
virtue of this consideration one distinguishes between magnetic and diamagnetic materials.
However, there is another way how to check the correctness of this result if one examines in
addition the strength of this separation more closely. In fact there is not such a big difference
between the two theories in connection with the strength of this separation as in connection
with the direction. The final decision between the two theories requires the development of
these differences which occur in both theories in connection with the strength of the ideal
separation and checking them with experience.

According to the theory of actually existing magnetic fluids, the magnetic moments are
proportional to the separating forces as mentioned in the footnote at the end of Section 2.21,
contradicting experience in view of the experiments by Miiller. If on the other hand the
theory of molecular currents did not lead to such a contradiction with experience, the va-
lidity of the latter theory could be shown in this way without reference to the diamagnetic
phenomena and the wrong position of the poles as we did in the previous Sections. How-
ever, one has to consider a crucial circumstance which shows that this proof alone just using
magnetic experiments without reference to the diamagnetic ones is not completely decisive.
As already discussed in Section 2.14, under the hypothesis of the actual existence of mag-
netic fluids there are two ways how magnets come into existence, namely by separation of
magnetic fluids in molecules at rest or through rotation of molecules in which the magnetic
fluids are separated permanently. The already mentioned theory developed by Poisson and
Neumann explaining that magnetic moments are proportional to the separating forces, is
only concerned with the laws to determine the magnetism of magnets originating according
to the first kind. It has to be examined more closely if the same laws without modification
can be applied to the determination of the magnetism of magnets of the second kind. This
is not the case, but for magnets of the second kind other laws hold and in fact the same
ones as for magnets whose magnetism is due to rotatable molecular currents. Hence when
the laws of the latter magnets coincide with experience, it follows immediately that experi-
ence has to coincide as well with the laws of magnets, whose magnetism is due to rotatable
molecules with permanently separated magnetic fluids. Therefore these laws alone cannot
lead to a general disproof of the actual existence of magnetic fluids, but just to a disproof
of the origin of these magnets by separation of magnetic fluids, as assumed in the theory
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developed by Poisson and Neumann.

But even this partial disproof gains a larger meaning by considering the reasons which
justified Poisson and Neumann to assume a separation of magnetic fluids into molecules
at rest and no rotation of the molecules with permanently separated magnetic fluids. By
examining more closely how the hypothesis of the existence of magnetic fluids was proposed
one sees easily that it mainly originates by its analogy with the theory of static electricity.
This analogy consists mainly in the fact that if iron gets magnetized, a similar separation
of magnetic fluids takes place in the iron molecules as the one of electric fluids when little
conductors get electrified. However, this analogy is completely lost, when the magnetization
of iron is not due to a separation of magnetic fluids in the iron molecules but due to a
rotation of the iron molecules themselves. It follows from this that the hypothesis of the
existence of two magnetic fluids lose their original foundation based on analogy with the
theory of electricity by disproving the theory of Poisson and Neumann. Instead of that it
has to be considered like a completely new hypothesis. This can be seen as well by the fact
that in this case even the name of magnetic fluids is not suitable anymore. Indeed, when
these substances in the iron molecules are permanently separated and always fixed in the
same way to the iron particles and are only movable together with the iron particles, it does
not make sense to talk of a liquid state of matter. It is even debatable to consider these
substances as separated from iron if they are in reality always fixed to the iron particles.
Instead of that it were sufficient to distinguish two kinds of iron particles.

The mentioned partial disproof also gains a deeper significance in that it destroys each
analogy one tried to establish before between the hypotheses of magnetic and electric fluids.
This analogy gained a certain likelihood by the hypothesis whose actual value is difficult to
determine exactly and therefore can be easily rated too high. In view of the above mentioned
disproof of the separation theory it disappears completely.

In the same ratio a theory, namely the one built on the actual existence of magnetic
fluids, loses on likelihood, the other one, namely the one built on the ezistence of molecular
currents, gains, in particular, if it can be proved that the strength of the magnetic moments
of different separating forces behaves precisely as predicted by this theory. The theory so
far just checked by the observed direction of the separation could be checked and confirmed
by observing the strength of the separation. It follows from this that this second checking
is a crucial supplement and completion of the first one which therefore will be discussed in
detail in the following Sections.

2.24 Connection Between the Existence of a Maximal
Value of the Magnetic Moment and the Assump-
tion that the Molecules Are Rotatable

Although the assumption of rotatable molecular magnets agrees in the determination of
the location of the poles with the assumption of separable magnetic fluids for nonmovable
molecules as explained in Section 2.16, the two disagree however in an essential way con-
cerning the law saying that the strength of the magnetism of a bar of iron varies according
to the size of the magnetic force acting on the iron as discussed in the previous Section.
It is not difficult to understand that according to the first assumption there is a limit for
the strength of the magnetism which cannot be exceeded and which corresponds to the case
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where the axes of the molecules attained a parallel position by rotation. But such a limit
for the strength of magnetism does not erist according to the second assumption building
the foundation of the theory due to Coulomb, Poisson and Neumann, since then there exists
in the molecules an inexhaustable amount of separable magnetic fluids in analogy with the
theory of electricity.%! Even if one wanted to modify this last assumption a bit and assumed
that due to the strengthening of the force acting on the iron the whole neutral magnetic fluid
existing in the molecules gets separated, there still would be a crucial difference between the
two assumptions. This difference is that the growth of magnetism for a growing force acting
on the iron is subject according to the latter assumption to a quite different law before the
exhaustion of the neutral magnetic fluid than after the exhaustion. Namely until the mo-
ment where the last bits of the neutral fluid were separated, the ratio of the strength of the
force acting on the iron had to be constant. For that reason this ratio is referred to as the
magnetic constant of iron. However, after this moment this ratio has to decrease rapidly. On
the other hand according to the first assumption it follows that this ratio is always variable
and has to decrease continuously from the start to the end according to the same law.

In view of this, one obtains the possibility to decide directly from the phenomena of iron
magnetism if the magnetization of iron has to be associated according to the hypothesis of
actually existing magnetic fluids either to a rotation of its molecules or the separation of
the magnetic fluids inside its molecules. In the first case the rotatable molecules can be as
well carriers of molecular currents as of permanently separated magnetic fluids, while in the
latter case the existence of magnetic fluids has to be considered as for sure. Indeed, only
the rotation of molecules but not the separation of magnetic fluids in the molecules (due to
a given magnetic or electromagnetic separating force) can be a possible substitute for the
magnetic fluids due to electric currents.

In view of the above mentioned experiments by Miiller one has to consider the latter
assumption of separable magnetic fluids in non-rotatable molecules as disproved. It was
only left to check if the continuous decrease of the ratio of the strength of the magnetism
of iron with respect to the size of the separating force acting on the iron as determined by
Miiller in his experiments is in agreement with the law derived from a certain rotatability of
the molecules according to the first assumption. It can be left undecided if these molecules
are the carriers of separated magnetic fluids or of molecular currents. In the mean time
the experiments of Miiller were repeated by Buff and Zamminer (Annalen der Chemie und
Pharmacie of Liebig, Wohler and Kopp Vol. 75, p. 83).9? The results found by Miiller were not
confirmed. Instead of that Buff and Zamminer believe to have proved with their experiments
that the ratio of the strength of the magnetism of iron compared to the size of the force acting
on the iron is actually constant as far as it is possible to check with the means currently at
our disposal (here they did not take into account the influence of the force due to coercivity if
the iron is not completely soft). This result would only be possible under the assumption of
separable magnetic fluids in non-rotatable molecules. The assumption of rotatable molecular
magnets and therefore as well of rotatable molecular currents were disproved in this way and
the actual existence of magnetic fluids would appear to be on a sound foundation.

61[Note by WW:] Namely according to this assumption the magnetic state of equilibrium is defined that
on the surface of all molecular conductors there is a distribution of the two magnetic fluids acting on all
points in the interior in such a way that the effect of the external separating forces gets cancelled. It follows
easily from this that if one doubles the external separating forces the amount of the magnetic fluid at the
surface of all molecules has to be doubled as well, etc.

52[Note by AKTA:] [BZ50].
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It therefore seemed to be mainly necessary to repeat the same experiments once more
in order to decide the contradiction at hand. Hence in the following Section, I describe
the experiments carried out by me and the special equipments which I made to get a safe
result. The results by Miiller were confirmed in this way which is in agreement with some

experiments made by Joule, already before Miiller, reported in The Annals of Electricity etc.
by W. Sturgeon Vol.V, p.472.93

2.25 Experiments to Prove the Existence of a Maximal
Value of the Magnetic Moment

It followed from the experiments carried out by Miiller that in case of the same forces acting
on iron, the decrease of the ratio between the strength of the iron magnetism and the size of
the force acting on iron is smaller for thin iron bars than for thick ones. Therefore for the
comparison between the experiments carried out by Miiller and the ones carried out by Buff
and Zamminer it is important to note that the thinnest bar used by Miiller had a thickness
of only 6 millimeters where the thinnest one used by Buff and Zamminer had a thickness
of 9 millimeters. This difference in thickness becomes even more influential since the bar of
Miiller was 330 millimeters long where the one of Buff and Zamminer only 200 millimeters. I
used for the following experiments an even thinner bar than Miiller, namely one which had a
thickness of 3.6 millimeters, a length of 100.2 millimeters and a weight of 8190 milligrams. It
turned out that the magnetism of such a thin bar could be measured with high precision by
the displacement at a distance of a little mirror magnetometer. The only difficulty which the
use of such a thin bar had was the precise separation of the influences on the magnetometer
due to iron magnetism and the ones due to the galvanic current. It is clear that if one
uses the same galvanic spiral in order to magnetize thick as well as thin bars as was done
by Miiller, Buff, and Zamminer, this separation is less precise for thin bars since the effect
of the spiral remains the same and therefore is for thin bars comparatively bigger than for
thick ones. Therefore for the following experiments a spiral was used which was not wider
as needed to put in a thin bar. Even with that I was not satisfied but twisted the end of the
spiral wire two times in opposite direction around the middle of the spiral in a much bigger
circle such that the area enclosed by these two twists coincided with the area enclosed by
all twists of the narrow spiral. According to the known laws of electromagnetism it follows
from this that the current has no effect on the magnetometer at a distance which can easily
be checked and confirmed by experiment. The whole effect observable at the magnetometer
is than just due to the magnetism of iron which can be determined by the same acuteness
and exactness from the known intensity of terrestrial magnetism as the magnetism of hard
steel magnets according to absolute measure. In the Intensitas etc. Gauss has given a precise
instruction how this is done by using deflection experiments.%*

Moreover, it should be stressed that the spirals used by Miiller, Buff, and Zamminer
were shorter than the magnetized bars of iron. In Miiller’s case this difference was small
since the iron bars on both ends only protruded 15 millimeters from the spiral. In the
case of Buff and Zamminer this difference was much bigger since the ends of the longest
and thinnest bars protruded 45 millimeters from the spiral. Moreover, this influence got in
addition proportionally increased in the experiments by Buff and Zamminer since the length

63[Note by AKTA:] [Jou40].
64[Note by AKTA:] See footnote 47 on page 59.
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of the part enclosed in the spiral was only 110 millimeters compared to the 300 millimeters
in Miiller’s case. Probably this circumstance is the main reason for the apparent difference of
the results the observers obtained. Obviously the effect of the spiral on the iron is strongest
in the middle of the spiral but decreasing at its ends and this decrease is exceptionally large
outside the spiral. It follows from this that even if by increasing current intensity the effect
in the middle part of the bar approached a limit, such an approach could not be felt at
all for the parts outside the spiral. For the following experiments a spiral was used which
was considerably longer than the iron bar such that according to the laws developed in
Section 2.18 the force acting on the ends of the bar does not noticeable differ from the one
on the middle. Only through such a set-up one can obtain a reliable result.

I content myself with briefly compiling the results obtained in this way in the following
Table. I do not describe the experiments in detail, which does not seem necessary since up
to the just mentioned differences they almost coincide with the description given by Miiller,
Buff, and Zamminer. I only mention that each single measurement is based on changing the
direction of the current four times. In this way the closest agreement was obtained showing
that the coercivity of iron did not affect the accuracy of the results. It would have been easy
to consider the influence of the temperature of the bar of iron by keeping it constant with
the help of a water current. However it turned out that the influence of moderate changes
of the temperature was so small that to take it into account one needed much more accurate
measurements requiring new equipments which one could not obtain immediately. It is not
necessary to explain here how to express the magnetism of iron using absolute measure
which was carried out in the Table according to known rules. The intensity of the current
was determined with the help of a tangent galvanometer according to absolute measure.
The correction already mentioned by Miiller to obtain higher precision which depends on
the ratio between the length of the needle and the diameter of the galvanic ring was identified
precisely and taken into account since this was easy to do. The knowledge of the intensity
of the current according to absolute measure was further used in order to determine the size
of the force acting on the iron according to absolute measure through which one expresses
terrestrial magnetism. This was done using the number of windings of the spiral through
which the current moved and its dimensions. Thanks to this procedure one could compare
that force with the known intensity of the force due to terrestrial magnetism. In the following
Table this force is denoted by X. The iron magnetism M one found was divided by the mass
of iron expressed in milligrams p = 8190 and the magnetism reduced to unit mass is denoted
by m.
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Z,
e

X m
658.9 | 911.1
1381.5 | 1424.0
1792.0 | 1547.9
2151.0 | 1627.3
2432.8 | 1680.7
2757.0 | 1722.7
3090.6 | 1767.3
3186.0 | 1787.7
9. |2645.6 | 1707.9
10. | 2232.1 | 1654.0
11. | 1918.7 | 1584.1
12. | 1551.2 | 1488.9
13. | 1133.1 | 1327.9
14. | 670.3 | 952.0

PN D T W

As one sees, the Table decomposes into two parts, namely one where the size of the force
acting on the iron is increasing and one where it is decreasing. In the graphical representation
in the Figure 7 one sees that the experiments of the second part which were denoted by no. 8
until no. 14 correspond very well to the experiments of the first part denoted by no. 1 until
no. 7.9

65[Note by AKTA:] Text inside Figure 7: Graphical representation of the dependence of the strength of
iron magnetism on the strength of the force acting on the iron.
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For the last experiment of the first part the iron bar attained a higher temperature
and one waited before the start of the following experiments until it cooled down again.
Nevertheless one sees that both experiments fit well with the other ones proving that the
influence of the difference in temperature had to be very small.

From these experiments the result seems to follow that the ratio between the strength
of the magnetism of iron and the size of the force acting on iron is variable. Therefore it
is to be expected that the magnetism of iron approaches a limit which it can never exceed.
Obviously it is impossible to continue with the experiments so far that this limit can be
obtained and determined directly by the observations. Such a direct determination of the
limit is however not necessary since it suffices that the continuous variation of that ratio is
proven. The same experiments were repeated by other observers with the same outcome and
I believe that there is no doubt on the obtained results. Mainly the result found by Miiller
is confirmed in this way.

2.26 The Law of the Dependence of the Magnetic Mo-
ment on the Size of the Separating Force Accord-
ing to the Assumption of Rotatable Molecules
and Its Comparison with Experiments

It remains to discuss more closely if the variation of the strength of iron magnetism with
the size of the forces acting on the iron found by the above experiments coincides with the
law deduced from the hypothesis of a certain rotatability of the molecules. If this is the case
it is clear that one can assume according to Ampere as well that these molecules are the
carriers of molecular currents. This means that the emergence and transformation of iron
magnetism as well as its effects can be explained without the hypothesis of magnetic fluids
and can be derived merely from the hypothesis of electric fluids.

In Figure 8 NS is a molecular magnet rotatable around its midpoint C'. ND is the
direction to which its magnetic axis is parallel in case of equilibrium when the external force
X =0.

Fig. 8.

The fact that for soft iron the magnetism due to an external force vanishes again as
soon as the external force disappears, proves that the molecular magnet whose rotation is
responsible for the generated magnetism is driven back in its original position parallel to
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ND. The repulsive force due to the interaction of the molecules has to increase according
to the deflection AND = ¢ and can be expressed by

Dsin g

where D is a constant magnitude referred to as molecular directive force.?® In case in addition
to the molecular directive force an external force X is acting whose angle with respect to the
direction of the directive force is X ND = u, the molecular magnet is rotated or deflected
by the angle AND = ¢ and for the determination of the new equilibrium position one has
the following equation

Xsinucosy = (D + X cosu) sing

or
X sinu

t =
any D + X cosu

From this deflection ¢ the increase of the magnetic moment of the molecule decomposed in
the direction of the force X can be determined. Namely if one denotes the whole magnetic
moment of the molecule by p then before deflection its component in direction of the force
X was

= jcosu ,
and after deflection
= pcos(u — @) ,

hence the increase x

x = p(cos(u — @) — cosu) .

Substituting in this formula for ¢ the value obtained from the above equation tan¢ =
Xsinu/(D + X cosu) one obtains

{ X 4+ Dcosu }
rT=p —Ccosu p .
VX2 +D? +2XDcosu

For a system of molecules whose distribution of the axes in the original equilibrium was
homogeneous, the number of molecules whose magnetic axis has the angle u with respect
to the direction NX of the force X is proportional to sinu. Our task is to determine the
magnetic moment y resulting from the rotation of all molecules of the system due to the
force X.

For this purpose one multiplies the value found above for x by sinudu and integrates
from v = 0 until v = 7. This integral value multiplied with the number of molecules n and
divided by [ sinudu = 2 gives the moment y

n ™
Yy = —/ xsinudu .
2 Jo

66[Note by AKTA:] In German: Molekulare Direktionskraft. Alternative translations: molecular directional
force, molecular directing force or molecular force of direction. The concept of “Direktionskraft” (directive
force) was introduced by Gauss in 1838, [Gau38, p. 4] with English translation in [Gaudlc, p. 254].
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Carrying out the integration one obtains for y the following expression®7-68

B X X'+ IX2D*+ 2D1
Y T Dt X4+ X2D? 4 DA

The force acting on the iron which caused this moment was = X. If one denotes by n the
number of molecules in the volume unit, then the ratio between the moment y and the force X
has in the rotation theory the same meaning as the magnitude in the separation theory which
Neumann denoted by k& when he determined the magnetic state of an ellipsoid of revolution
in Crelle’s Journal fiir die reine und angewandte Mathematik, Vol.37.% Substituting the
variable value y/X for k in Neumann’s computation, it follows that, if n is the number of
molecules in the volume or mass unit, that the magnetism reduced to the volume or mass
unit of iron m is given by the following equation

m = m for the volume unit ,
m = m for the mass unit .

Here p denotes the density of iron and S a factor depending on the form, see Section 2.21.

After this the strength of iron magnetism m can be computed from the force X acting
on the iron if one knows the constants ny and D for iron as well as its density p for the
reduction to the unit of mass. Setting

np = 2324.68 ,

D =276.39 ,

one obtains since the density of iron is p = 7.78 the following comparison between compu-
tation and experiment. Here one has to point out however that to determine the factor S
instead of the cylindrical shape of iron an approximating ellipsoidal form was substituted
giving S = 1/249.

67[Note by HW:] [This value for y is an approximate value, the actual expression is for X < D given by
y = %n,u% and for X > D given by y = n,u<1 - %g—;)

Wilhelm Weber indicated the change in his Note Verbesserung einer Formel in den elektrodynamische
Maassbestimmungen which appeared in the Berichte der Kéonigl. Sdchs. Gesellschaft der Wissenschaften zu
Leipzig, mathematisch-physische Klasse 1852 where he writes:]

On p.572, line 22 of the previous article on Electrodynamic Measurements in the first volume of
the Abhandlungen der mathematisch-physischen Klasse der Kénigl. Sdichs. Gesellschaft der
Wissenschaften was used for y instead of the accurate expression an approximation. | correct this
mistake by pointing out that this has no sensible influence on the numerical values deduced from
it. In fact the accurate value for y for all values of X, which are smaller than D is y = %nu%, and

for all values of X which are larger than D one obtains y = nu (1 — %g—z)

68[Note by AKTA:] [Web53d]. See also [Web57].
69[Note by AKTA:] See footnote 56 on page 64.
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No. X m m difference
observed | computed

1. | 658.9 911.1 948.4 —37.3
2. [ 1381.5 ] 1424.0 1387.0 +37.0
3. [ 1792.0 | 1547.9 1533.0 +14.9
4. | 2151.0 | 1627.3 1623.5 +3.8
5. | 2432.8 | 1680.7 1685.0 —4.3
6. | 2757.0 | 1722.7 1742.2 —19.5
7. 13090.6 | 1767.3 1791.2 —23.9
8. | 3186.0 | 1787.7 1803.4 —15.7
9. 12645.6 | 1707.9 1723.6 —15.7
10. | 2232.1 | 1654.0 1644.8 +9.2
11. | 1918.7 | 1584.1 1568.9 +15.2
12. | 1551.2 | 1488.9 1452.9 +36.0
13. | 1133.1 | 1327.9 1276.8 +51.1
14. | 670.3 952.0 957.5 —5.5

Noting that in these experiments for the measurement of the intensity of the currents one
used as tangent galvanometer a usual compass only 60 millimeters long where the fractions
of a degree could not be observed with certainty, the intensity could easily be found 1
percent too small or too large. Therefore one could not expect a closer agreement between
computation and observation as the one found in the Table. In the graphical representation
in Figure 7 the computed values are connected by a thick line, the observed ones by a thin
line. It seems that thanks to this there is no doubt on the rotatability of the iron molecules.
And since one can consider these iron molecules according to Ampere as the carriers of
molecular currents, a complete accordance of all magnetic phenomena even the ones observed
on variable magnets with the theory of molecular currents is proved. Through this we found
an important confirmation of this theory through magnetic phenomena to guarantee the
explanation given before for diamagnetic phenomena.

2.27 Application Made to the Comparison in Section
10

In the previous Section we derived the law to determine the strength of iron magnetism
in terms of its dependence on the magnetic and electromagnetic separating force using the
theory of rotatable molecules. Its most important application concerns the construction of
stronger electromagnets, as actually all electromagnetic instruments, whose action depends
on the strength of iron magnetism. Since this application which was stressed by Joule and
Miiller is not directly related to the topic discussed (diamagnetism), I restrict myself to add
just the application of this law on the comparison of the strength of an electrodiamagnet
from its magnetic and magnetoelectric effects, since I referred to this in Section 2.10, page 50.

In fact in Section 2.10 the magnetism of bismuth was compared to the magnetism of
iron in two ways. First by examining the deflection of the needle of a magnet and second
by the electric currents in a closed conductor induced by the same movement from both
materials. From the two comparisons the strength of the diamagnetism of bismuth can be
determined according to absolute measure as soon as one knows the strength of the mag-
netism of iron according to absolute measure. Hence one just has to apply the law above to
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the determination of iron magnetism, in order to obtain two independent determinations for
the diamagnetism of bismuth, which in view of their agreement confirm the law of diamag-
netic polarity. Although already in Section 2.10 under the conditions there the law derived
from the experiments of Miiller was applied to the determination of iron magnetism, we
remarked, that the result found there is not completely sure and exact at all. Therefore it
will give us more certainty and exactness, if we apply the more precisely determined law
from the previous Section.

According to the first footnote in Section 2.10, the diamagnetism induced in bismuth by
an electromagnetic force X = 629.9 was compared to the magnetism induced in iron by the
same force by examining the torques exerted on a magnetic needle. Its ratio was found to be

1:1470000 .

Using this ratio, the diamagnetism can be determined according to absolute measure if

one knows the magnetism of iron according to absolute measure. According to the previous
Section, one has for X = 629.9

Y
= =23.3959 .
X

If one substitutes as in the previous Section for the cylindrical shape of the little iron bar,
which was 92 millimeters long and 0.1016 millimeters thick, a closely approximating form of
an ellipsoid, one obtains according to Neumann

1
5= T58780 -
Using that value one finds by putting p = 7.78

T
log m = log yy ~log (1 n 47T5p%) —3.32019

hence for iron magnetism according to absolute measure
m=2134 .

For this value of iron magnetism one obtains according to the ratio quoted above for the

diamagnetism of bismuth according to absolute measure corresponding to the same force

X = 629.9
— #.2134_ L
~ 1470000 689

Furthermore in footnote 24 in Section 2.10, the diamagnetism produced in bismuth by an
electromagnetic force X = 3012 was compared to the magnetism produced in iron by the
same force by looking at the intensity of the through their motion induced electric currents
in a closed conductor. Their ratio was found to be 1 : 456 700 or after the reduction for
bismuth stated in Section 2.10

1:360740 .

With the help of this ratio the diamagnetism according to absolute measure can be deter-
mined, when one knows the iron magnetism according to absolute measure. According to
the previous Section for X = 3012 one has

Y
= =0.77133 .
X
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If one substitutes here as well for the cylindrical form of the little iron bar, which was 186
millimeters long and 0.8342 millimeters thick, a closely approximating form of an ellipsoid,
one obtains according to Neumann

and therefore, for p = 7.78,

T
log m = log yy —log (1 n 47T5p%) — 3.36274 .

hence for iron magnetism according to absolute measure
m = 23054 .

For this value of iron magnetism one obtains from the above mentioned ratio the diamag-
netism of bismuth according to absolute measure corresponding to the same force X = 3012

05.4

360740 T 1565
Finally, reducing this strength of diamagnetism obtained for different values of the force X
by division by X one obtains according to the first comparison (by magnetic effects) for the
strength of the diamagnetism of bismuth with respect to the unit of force and the unit of mass
according to absolute measure the value

1 1
620.9 689 434000
On the other hand from the latter comparison (by electric effects) one obtains
11
2301 156.5 471300

Averaging one obtains for the strength of the diamagnetism of bismuth with respect to the
unit of force and the unit of mass according to absolute measure the value

1
452000 °

According to the formulas stated in the previous Section, however, one finds a limit value of
the magnetism produced by the unit of force in the unit of mass of iron, according to absolute
measure, the value

70

= 5.6074

which is 2 540 000 times bigger as the diamagnetism.

For small separating forces and thin iron bars for which the magnetism of iron is almost in
a constant ratio to the diamagnetism of bismuth, it follows that the diamagnetism of bismuth
is about 2% millions times smaller than the magnetism of iron. The larger the separating
forces and the thicker the iron bars become, the more the diamagnetism of bismuth is
increasing with respect to the magnetism of iron, so that according to the case stated in
Section 2.10, it increased up to the 360740th part of the iron magnetism, which is the largest
value occurring in the experiments above.

[Note by WW:] According to this ratio it follows easily, by assuming the result obtained from the
magnetic effect of bismuth = m found at the beginning of Section 2.10 on page 46, that the result
= % . 147(1) 000 = 159é oo deduced from the magnetoelectric, has to be put instead of = m, which was
found in Section 2.10 on page 50 based on the experiments by Miiller. Incidentally, the more precise result

found here has already been mentioned with reference to this Note.
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Chapter 3

[Weber, 1852¢| On the Connexion of
Diamagnetism with Magnetism and
Electricity

Wilhelm Weber™: 7273

From Poggendorff's Annalen, vol. Ixxxvii. p. 145. Extracted from the Memoirs of
the Royal Society of Sciences of Saxony, p. 483 to 578; also in a separate work,
“Memoirs on Electro-dynamic Measurements,” by M. Weber. Leipzig: Wiedemann,
1852.™

3.1 Theory

In treating of magnetism, a distinction is made between permanent and variable magnets;
we regard, for example, a magnet of hard steel as a permanent magnet, and a magnet of soft
iron as a variable one. Were the antithesis between both classes perfect (which, however, is
as little the case as that between conductors and insulators in electricity), the magnetism
of the permanent magnet could only be investigated through its effects, while that of the
variable magnet might be investigated through its causes as well as through its effects. At
all events, even though the antithesis be not perfect, the variable magnet is more favourable
to a complete examination of the nature of magnetism than the permanent one.

In the same manner, in treating of diamagnetism, it might be attempted to classify
diamagnets under the two heads permanent and variable; but then we should have no mark
by which a permanent magnet could be distinguished from a permanent diamagnet, and thus
the classification would lose all practical significance. In the investigation of diamagnetism,

"1[Web52f] with English translation in [Web53b] and [Web66b).

?Wilhelm Weber’s Notes are represented by [Note by WW:]; the Notes by H. Weber, the editor of the
third volume of Weber’s Werke, are represented by [Note by HW:]; the Notes by John Tyndall, the editor of
the Scientific Memoirs where the English translation of this paper was published, are represented by [Note
by JT:]; while the Notes by A. K. T. Assis are represented by [Note by AKTA:].

"3[Note by AKTA:] This work is an abridged version of Weber’s Third major Memoir on Electrodynamic
Measurements, [Web52b] with English translation in [Web21a], see Chapter 2.

"[Note by AKTA:] This text appeared on page 163 of [Web53b] and [Web66b]. It refers to [Web52f] and
[Web52a).
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therefore, variable diamagnets only are to be considered, which permit of examination partly
through their causes and partly through their effects.

Now it is known that the investigation of the magnetism of a magnet through its effects
(produced on other bodies) leads us to the knowledge of the ideal distribution of the magnetic
fluid on the surface of a magnet, regarding which Gauss has proved,”™ that as far as the
explanation of phenomena is concerned, it answers completely to the true internal condition
of the magnet. In many investigations it is a great advantage to find a way furnished by
the ideal distribution towards the simple and complete union of all the observed actions,”
without the necessity of making any hypothesis regarding the interior of the body; more
particularly when the causes of these effects remain unknown, and are still to be investigated.
From the fact itself, however, that the knowledge of this ideal distribution, derived from
observation, affords a satisfactory and complete view of the phenomena, it evidently follows
that from the observed phenomena alone we cannot proceed further than to the knowledge of
this ideal distribution, which however must of necessity be distinguished from the knowledge
of the true internal state of the magnet; or, in other words, that proceeding from the observed
actions, we are not in a condition to pronounce upon the actual distribution of the magnetic
fluid within a magnet, or upon the actual number, strength, and arrangement of the electric
currents contained within it.

The same holds good for the actions of a diamagnet; from the observation of its actions
we might arrive at a knowledge of the ideal distribution of the magnetic fluid on the surface
of the diamagnet, and thus find a substitute for the knowledge of its true internal state; but
we could thus obtain no information regarding the true internal condition, or the real nature
of diamagnetism itself, its generation and modifications. To come upon the trace of these,
we must not limit ourselves to the consideration of the actions, and the ideal distribution
which depends upon them; but it is necessary to call in the aid of some other consideration
which is based upon a foundation independent of these actions.

All the possible causes of diamagnetism (like those of magnetism) may be divided in a
general manner into internal and external. The external cause (like the effects) is given
by observation, it is the same for magnetism and diamagnetism, namely, a magnetizing or
electro-magnetizing force, determinate in magnitude and direction.”” If, besides this external
cause, that which lies within the magnet itself were known, by the union of both diamag-
netism itself would be completely accounted for; and, inversely, we find a way open to the
determination of the true internal cause, where, besides the known external cause, we be-
come (through its actions) acquainted with the diamagnetism which is the resultant of both
causes. Following up the way here indicated, and combining the known magnetizing force
of separation with the ideal distribution deduced from the observed actions, for iron as well
as for bismuth, we learn that the same force of magnetization causes opposite ideal distri-
butions in the cases of iron and bismuth; or, inversely, the same ideal distribution in iron
and bismuth corresponds to oppositely directed magnetizing forces. The reason why opposed
external causes produce the same effect in iron and bismuth must be referred to different
internal causes within the iron and the bismuth themselves. To determine more accurately

"5[Note by AKTA:] See footnote 7 on page 11.

"|Note by AKTA:] Wirkungen in German. Alternative translation: effects.

"[Note by AKTA:] In German: eine ihrer Grisse und Richtung nach bestimmte magnetische oder elektro-
magnetische Scheidungskraft. An alternative translation might be “a magnetic or electromagnetic separating
force, determinate in magnitude and direction”. The expression Scheidungskraft can be translated as “sepa-
rating force” or “force of separation”, see also footnote 23 on page 47. An example of the action of this force
might be the magnetization of a piece of soft iron due to a magnet or due to a current-carrying circuit.
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the difference between the internal causes of 1ron and bismuth, it is necessary to classify all
possible internal causes which can produce effects explainable by the ideal distribution, and
then to ascertain whether, among all that we can reckon, such are embraced as will enable
us to render an account of the above antithesis between magnetic and diamagnetic bodies,
subjected to the same external influences.

3.1.1 Classification of the Internal Causes which may be Assumed
as the Sources of the Effects Explainable by an Ideal Distri-
bution

We can adduce four essentially different kinds of internal causes which are capable of pro-
ducing effects explainable by an ideal distribution:

1. The internal cause of such effects may be referred to the existence of two magnetic
fluids, which are more or less movable independent of the ponderable matter which
carries them.

2. They may be due to the existence of two magnetic fluids, which are only capable of
moving in connexion with their ponderable carriers (rotatory molecular magnets).

3. They may be due to the existence of permanent molecular currents formed by the
electric fluids, and which can rotate with the molecules.

4. They may be due to the existence of electric fluids which can be thrown into molecular
currents.

These four possible internal causes of the actions explainable by an ideal distribution on
the surface are the only ones which are known, and which can be submitted to examination.
The first case forms the basis of the magnetic theory of Coulomb and Poisson.”™ The third
case forms the basis of the theory of Ampere on the connexion of magnetism with electro-
dynamics.”™ The second case may be reduced to the third, inasmuch as Ampere has proved
that molecular magnets and molecular currents are alike in all their actions, and hence the
latter may be substituted for the former. The fourth case, therefore, which has heretofore
been unattended to, is the only one that remains to be considered.

For each of these four cases there exists a definite connexion between the character of
the ideal distribution and the direction of the magnetizing force of separation to which it
corresponds. Calling that direction along the line of magnetization in which the north pole
of a magnetic needle is driven the positive, and determining the centre of gravity of the north
and south fluids from their ideal distribution, then for the first case, according to the theory of
Poisson, we find that the former of these two centres of gravity, as compared with the latter,
is situated in the positive direction. For the third case this connexion has been developed by
Ampere, and it has been found that the same dependence of the ideal distribution upon the
magnetizing force of separation exists here also. From the reduction of the second case to the
third, already mentioned, it is evident that the same dependence exists in the second case.
Hence, in regard to this dependence, the fourth case alone remains open to consideration.

"8[Note by AKTA:] See footnote 43 on page 56.
[Note by AKTA:] See footnote 44 on page 57.
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This fourth case assumes the existence of electric fluids which can be thrown into molec-
ular currents. But the possibility of being thrown into molecular currents necessitates the
inference, that in the single molecules, or around them, closed paths exist in which the said
fluids can move without resistance; from which it follows that a current-exciting force (a force
which acts upon the positive and negative fluids in opposite directions) in the direction of
the path is necessary to cause the fluids actually to move along it. Now the facts of magneto-
electricity prove that by the increase or diminution of a magnetizing force, a current exciting
force (electromotive) is obtained, which acts upon the electric fluids in opposite directions,
and hence must throw them into current motion. By the fundamental law of magnetic in-
duction the direction of this molecular current®® is given, in its dependence on the increase
or diminution of the magnetizing force; and by the connexion of electro-dynamics and mag-
netism developed by Ampere for the third case, the ideal distribution is, in its turn, given
in its dependence upon the molecular current. We thus obtain, mediately, the connexion
between the ideal distribution and the increase or diminution of the magnetizing force to
which it corresponds.

But it is evident from the above, that at every moment when an increase or diminution
of the magnetizing force takes place, such a molecular current must be generated, and that
these currents thus successively excited, if they do not of themselves again disappear, must
sum themselves up. These currents however do not vanish of themselves, for Ampere has
proved that persistency must be ascribed to molecular currents; that is, the electric fluids,
in their circular motions around the ponderable molecules, suffer no such resistance as that
encountered when the fluids traverse a ponderable conductor, to which resistance is to be
attributed the speedy disappearance of the electric currents in these conductors. (From
this persistency, which belongs of necessity to the molecular currents, it is manifest that
the possibility of throwing the electric fluids into molecular currents is to be referred to the
fact, that in the molecules, or around them, closed paths exist in which the said fluids mowve
without resistance.) From this it follows, that a continuous increase of the magnetizing force
is accompanied by a continuous accumulation of the magnetic fluids, according to the ideal
distribution; and hence we infer that every given strength of the magnetizing force has a def-
inite moment of ideal distribution corresponding to it. This summation however takes place
only in the case of molecular currents, for in this case alone the electric fluids move without
resistance. Other currents, which are excited by the same force at a greater distance, but
which, on account of the resistance experienced, quickly disappear, produce magnetic effects
on other bodies only during the moment of their excitation (through increased or diminished
magnetizing force). These effects immediately vanish as soon as the force has become con-
stant, and hence stand in no relation whatever to the magnitude of the existing magnetizing
force; a relation however must exist if the effects of variable magnets or diamagnets are to
be accounted for, and hence molecular currents alone are available here. Developing with
regard to these molecular currents, in accordance with the laws of magnetic induction, the
dependence of the moment of ideal distribution upon the magnitude of the magnetizing force
in operation, we find, that if in the line of magnetization the direction in which the north
pole of a magnetic needle is driven be called the positive, and the centres of gravity of the
north and south fluids, according to the ideal distribution dependent on the magnetizing
force, be determined, the former of these in comparison with the latter is situated in the

80[Note by AKTA:] In German: Molekularstromung. In [Web53b] and [Web66b] this expression was
sometimes translated as “molecular current” and other times as “molecular flux”. I utilized “molecular
current” is all places.
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negative direction, which is ezactly the reverse of what takes place in the other three cases.
This enables us to render an account of the inner cause of diamagnetism.

3.1.2 Internal Cause of Diamagnetism

This remarkable result may be applied to the founding of a theory of diamagnetic phenomena,
which shall assign an origin to the forces which produce them, a subject hitherto unexplained.
For such a theory it is not sufficient that the diamagnetic state of a body may be conveniently
represented by an ideal distribution of the magnetic fluids over its surface, but it is essential
that it shall render an account of the forces which produce the diamagnetic state, and also
of the laws according to which these forces act.

From the above statement and consideration of the different possible ways in which a
condition representable by an ideal distribution might be developed in a body, one case alone
was found from which a law coinciding with the fundamental phenomena of diamagnetism
resulted. It follows from this, that an explanation of the development of the diamagnetic
state can only be given when this case is regarded as actually existing; according to it
the increase of the diamagnetism of a body is proportional to the inducing force acting
upon the electric fluids, causing them to move without resistance in definite circular paths
around the molecules, and accelerating the velocity of their movement in these paths. The
diamagnetism of bismuth, for example, is explained by the assumption that the molecules
of bismuth contain within them definite paths or canals, in which the electric fluids move
without resistance, while in all other paths these fluids can only be set in motion by first
overcoming a resistance proportional to their velocity. The generation of pure diamagnetism
(unmixed with magnetism) would further necessitate the assumption, that the molecules
which contain the above paths or canals are not capable of being rotated; for were the
contrary the case, rotatory molecular currents might be generated, of such a strength that
a portion of their intensity during the rotation might be regarded as constant, and hence,
according to Ampere, would produce the magnetic state as a consequence. Conformably to
this assumption, the diamagnetism or electro-diamagnetism of a body can be determined
from the magnetizing or electro-magnetizing force exerted upon it.
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3.1.3 Determination of the Diamagnetism or Electro-diamagne-
tism of a Body from the Magnetizing or Electro-magnetizing
Force Exerted upon It

The magnetizing or electro-magnetizing force expressed by X! exerts upon a circle of the
radius r, electromotive forces whose integral value, for the time during which this circle
is moved out of a position perpendicular to the direction of the magnetizing force into a
position parallel with it, according to Section 11 of the measurements of resistance in my

FElectro-dynamic Measurements,3?%3 is

=X .

This integral value is the sum of the products of the electromotive force, reduced to an
absolute unit in the Section 10 aforesaid,®! into the element of time during which the force
acts with this intensity. The expression of this integral value remains unchanged, if instead
of moving the circle through an arc of 90°, the magnetizing force X disappears. If, on the
contrary, this magnetizing force increases from X =0 to X = X (by closing the circuit), the
expression of this integral value is

—mrX |

where the negative sign intimates that the induced circular current has such a direction that
the poles of an equivalent molecular magnet are directed in an opposite manner to those of
a compass needle under the influence of the force X.

This determination of the integral value of the electromotive force refers to the unit de-
duced from the absolute measure of magnetism, as established in the place above cited, pages
338 and 339;%% it must be multiplied by 1/1/2 to render it true for the pure electrodynamic
unit of electromotive forces given in Section 26 of the work cited;®” hence

81[Note by WW:] Every magnetizing force may be compared with terrestrial magnetism, and reduced to
the same unit of measure. The electro-magnetizing force of a cylindrical spiral, [Note by AKTA: that is, a
finite solenoid] through which a current passes of the intensity 4, in accordance with the fundamental laws
of electro-magnetism, is expressed by

2mni

where n signifies the number of coils, r the radius, and a the length of the axis. This value is true, in the first
place, for the magnetizing force in the middle of the cylinder, and approximates to that due to every other
point of the interior space of the cylinder, excepting those which lie near its end, the more closely as the
spiral increases in length and diminishes in radius. When, therefore, a bar of bismuth is situated in the centre
of such a spiral, nearly equal electro-magnetizing forces are exerted upon all its particles; and hence it can
be moved to or fro between certain limits within the spiral without any perceptible change of these forces.
Hence such a spiral is particularly suited to experiments in which it is required that the diamagnetism shall
remain unchanged. The above expression gives the electro-magnetizing force referred to the same unit as
that of magnetizing forces (namely, to the absolute unit used in the determination of terrestrial magnetism),
where i denotes the strength of the bar-magnetism, the action of which is equal to the action of the current
circulating round a unit of surface.

82[Note by HW:] Wilhelm Weber’s Werke, Vol. 11, p. 323.

83[Note by AKTA:] [Web52c¢, pp. 322-325 of Weber’s Werke] with English translation in [Web21b.

84|Note by AKTA:] [Web52c, pp. 321-322 of Weber’s Werke] with English translation in [Web21b].

85[Note by HW:] Wilhelm Weber’s Werke, Vol. III, p. 321.

86[Note by AKTA:] [Web52c, pp. 321-322 of Weber’s Werke] with English translation in [Web21b].

87[Note by AKTA:] [Web52c, pp. 358-365 of Weber’s Werke] with English translation in [Web21b].
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This expression, multiplied by 4/c¢ (where ¢ denotes that constant value of the relative
velocity at which two electric masses exert no influence whatever upon each other), gives
the electromotive force in terms of the absolute unit of measure for all forces, established
generally in mechanics (see Section 27 of the work cited);®® hence

242
__\/_.mﬂX.
c

This is the value of the electromotive force for the length of the entire circular path, under
the assumption that in every unit of length of this path the unit of electric fluid exists.
Dividing by the circumference of the circle 277, we find the electromotive force exerted upon
each unit of electric fluid to be

This, according to the principles of mechanics, expresses the increase of velocity which would
be imparted to each ponderable unit of mass if it were connected with the unit of electricity, in
the time during which the magnetizing force increases from X =0 to X = X. Let ¢ denote
the unknown small fraction of the mass of the ponderable unit which the unit of electricity
forms, then the above value divided by e gives the drift velocity u originated by the given
increase of the magnetizing force.®® If this drift velocity u be multiplied by 4e/c, where e
denotes the quantity of electric fluid, referred to the electric unit of measure, which exists
in each unit of length of the circular path, we obtain the intensity of the induced circular
current according to the pure electro-dynamic unit of measure; and when multiplied by v/2,
we obtain it in terms of that unit according to which a current of the intensity 1, while
passing round the unit of area,” is equivalent to the unit of magnetism,”’ namely,

The electromagnetic moment of this induced circular current (molecular current) is found
by multiplying the intensity of the current by the area enclosed by the circular path, and is
= —? X

c’e
We have here assumed that the normal to the plane of the circular path is parallel to the
direction of the magnetizing force, which can only be the case for all circular paths by one

88[Note by AKTA:] [Web52c, pp. 365-368 of Weber’s Werke| with English translation in [Web21b].

89[Note by AKTA:] In German: so giebt obiger Werth, mit e dividirt, die Stromgeschwindigkeit u, welche
durch das angegebene Wachsthum der Scheidungskraft hervorgebracht worden ist. This expression was trans-
lated as, [Web52d, p. 171]: “the the above value divided by e gives the velocity u of the current originated by
the given increase of the magnetizing force.” I translated Stromgeschwindigkeit as “drift velocity”, that is,
the velocity of the electrified particle relative to the mass of the conductor. The expression Scheidungskraft
which Tyndall translated as “magnetizing force” might also be translated as “separating force” or “force of
separation”, see footnotes 23 and 77 on pages 47 and 86.

90[Note by AKTA:] In German: Fldcheneinheit. This expression was translated as “element of surface” in
[Web53b, 171] and [Web66b]. I replaced it by “unit of area”.

91Note by AKTA:] See footnote 54 on page 62.
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particular arrangement of the molecules. In the case of bismuth we do not assume such an
arrangement, but simply, in accordance with the idea of homogeneity, that the normals to
the planes of the circular paths have no paramount direction. According to this, the number
of circular paths whose normals make an angle ¢ with the direction of the magnetizing force,
must be proportional to sin . The intensity of the current will then be proportional to
cos ¢, and the component of the moment parallel to the magnetizing force, to cos? . If,
therefore, we multiply the above value by sin ¢ cos? ¢, we obtain an expression proportional
to the contribution of all circular currents (molecular currents) the normals of which form
an angle ¢ with the direction of the magnetizing force to the electro-diamagnetic moment of
the bismuth, namely,

8
_Te ~ar3X - sinpcos? @ .
c2e
Multiplying this by dp, and then, further, the integral taken between the limits ¢ = 0
and ¢ = 7/2 by the number of molecular currents, we obtain the total electro-diamagnetic
moment of the bismuth mass m, when pm denotes the number of molecular currents in the

mass,

= —% curde -mX .
The electro-diamagnetic moment of a mass of bismuth is therefore proportional to the mag-
netizing force X and to the mass of the bismuth m, and is found by multiplication with a
constant factor 87/3c%¢, taken from the general theory of electricity, and with a constant
factor urde dependent on the nature of the bismuth itself. This last factor we may call the
diamagnetic constant of bismuth.

In this determination of the electro-diamagnetic moment, the molecular currents induced
in the circular paths have been regarded singly, as if on each molecule the electromotive force
calculated from the force of magnetization X had alone acted. Strictly speaking, however,
this is not the case. In each circular path, on the contrary, electromotive forces, resulting
from the action of the molecules upon each other, come into play; just as the particle of an
iron bar is not affected by the external magnetizing force, for example, the magnetism of
the earth, alone, but also by such forces as result from the reciprocal actions among the iron
particles themselves. Although this mutual action of the diamagnetic molecules is so small
as scarcely to exert a sensible influence, still a remarkable antithesis between the mutual
action of magnetic and diamagnetic molecules deserves consideration here.

3.1.4 Comparison of the Mutual Actions of Diamagnetic and Mag-
netic Molecules

When two particles of iron are situated in a line parallel to the direction of a magnetizing
force X acting upon them, calling the magnetic moment produced by the magnetizing force
in each molecule regarded singly m, there results for each particle an additional magnetizing
force, due to the action of the other, by which the magnetic moment m is augmented. This
new magnetizing force, resulting from the reciprocal action of the particles, is expressed
according to known laws by 2m/r®, where r denotes the distance between the particles. The
total magnetizing force (X + 2m/r3) produces, therefore, in the particle under consideration,
the increased moment
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When, on the contrary, two bismuth particles are situated in a line parallel to the direction
of the magnetizing force X, calling the diamagnetic moment corresponding to this force of
magnetization —p (the negative sign signifies that for similarly directed magnetizing forces
the diamagnetic moment is opposed to the magnetic one), then for each particle there results,
from the action of the other, a new force —2u /73, where r denotes the distance between the
particles; consequently to the total force of magnetization

(%)

corresponds the diminished diamagnetic moment

L
Xr3 H

Hence the antithesis, that the magnetism of the two iron particles in the line of magnetization
18 increased by their reciprocal action; but that, on the contrary, the diamagnetism of the two
bismuth particles lying in this direction is diminished by their reciprocal action.

The result is the reverse when the iron and bismuth particles lie in a line perpendicular
to the direction of the magnetizing force; here the magnetism of the particles of iron is
weakened by their reciprocal action; the diamagnetism of the bismuth particles, on the
contrary, is strengthened through the same cause. We find, in fact, the weakened magnetism

m

and the strengthened diamagnetism of the bismuth particle

:—<1—|—%>u.

From this it follows, that while to impart by a given magnetizing force the strongest
magnetism to a given mass of iron, we must convert it into the form of a long thin bar, and
set its length parallel to the direction of magnetization; in order to impart the maximum
diamagnetism to a given mass of bismuth, we convert it into the thinnest plate possible, and
set its thickness parallel to the direction of the magnetizing force. The further development of
these laws of the reciprocal action of diamagnetic molecules, compared with that of magnetic
molecules, leads finally to a simple distinction of magnetic and diamagnetic substances, which
is worthy of more particular examination.

3.1.5 Distinction between Magnetic and Diamagnetic Bodies, through
the Positive and Negative Values of a Constant
For the sake of unity, let us limit ourselves to the consideration of an ellipsoid of revolution

of iron or of bismuth, the principal axis of which is parallel to the magnetizing force X; for
the case of iron, Neumann®? has proved that the magnetic moment of the ellipsoid is

92[Note by AKTA:] See footnote 56 on page 64.
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B kv X
1+ 47kS

where v denotes the volume and S a quantity derived from the ratio of the axes of the
ellipsoid, namely,?

2 c—1 o
r2
g = 1_ﬁ7

r and v/r2 — A2 the axes of the ellipsoid. k is supposed here to possess a constant value for
iron, and to it Neumann has given the name of the magnetic constant of iron; this constant
quantity in the case of iron, as of all other magnetic bodies, is necessarily positive.

The quantity k serves, therefore, by the different positive values which it assumes, as
a mark of distinction of the various magnetic substances; but the use of the quantity &
as a means of distinction may be rendered more general by applying it to all bodies, and
permitting it to assume negative values, the physical explanation being attached, that a
body which gives a negative value for k is a diamagnetic body. (The name anti-magnetic or
negative-magnetic would, therefore, be more suitable to these bodies.) The negative value of
k found for a diamagnetic body may be called the magnetic constant of the diamagnetic body,
or we may call the positive value obtained by changing the sign, the diamagnetic constant of
the body. Denoting this always-positive diamagnetic constant by h, to distinguish it from the
likewise always-positive magnetic constant k, we obtain, in the same manner as Neumann
has determined the magnetic moment of a magnetic ellipsoid, the diamagnetic moment of a
diamagnetic ellipsoid,

B hvX
1 —4mhS
Now for an infinitely elongated ellipsoid, for a sphere, and for an infinitely flattened
ellipsoid, we obtain successively

1
S=0 s S = g s S=1 ;
hence the corresponding magnetic moments are, successively,

kv X n kv X '
1—|—%7rk: ’ 1+4rnk’

+koX , +

the corresponding diamagnetic moments, on the contrary, are

B hvX B hv X
1—%7rh7 1 —d4rnh

—hvX

The most lengthened form corresponds, therefore, to the weakest, the most flattened form
to the strongest diamagnetism; exactly the reverse of what is true for magnetism, as above
proved. As, however, the diamagnetic constant A possesses in all known diamagnetic bodies

93[Note by AKTA:] What Weber represents by the symbol “log” in the next equation should be understood
as the natural logarithm represented nowadays as “In”.
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a value which almost vanishes in comparison with the unit, the diamagnetic moment of all
these bodies may, without sensible error, be regarded as independent of their form; it may
be set

= —hvX ;

and this expression may be compared with that already obtained for the diamagnetic mo-
ment, where the reciprocal actions of the molecules were disregarded. Setting

v=—,
p
where m denotes the mass and p the density of the body, we obtain for the diamagnetic
moment the expression

Inx
p

instead of the expression found above,

8

3c2e
In both methods the diamagnetic moment is represented as the product of the mass m into
the magnetizing force X, multiplied with a constant coefficient, which in the last expression
consists of two factors, namely, the factor 87/3c%, to be taken from the general theory
of electricity, and the factor purde dependent on the nature of the diamagnetic body; this
has been already named the diamagnetic constant of the body. These two factors are not
separated in h/p; [the magnitude] h/p, indeed, is nothing else than the product of the above
two factors.

The quantity £ is here assumed as constant (that is, independent of the strength of the
magnetizing force X'), because Neumann has proved from the theory of separable magnetic
fluids that it must be constant (that is, independent of the strength of the separating force
X). The results above stated are, however, independent of this assumption, and retain their
validity even should closer examination prove k to be a function of the magnetizing force X.
From this examination, however, it will follow of itself, that even if k£ changes with X, h will
nevertheless possess a constant value for every diamagnetic body.

By the theory of diamagnetism here developed, it is easy to show that the disputed
question, whether magnetic fluids actually exist, can be decided.

curde -mX .

3.1.6 On the Existence of Magnetic Fluids

When a certain class of actions of one body upon other bodies is so characterized that
these actions may be explained by reference to an ideal distribution of magnetic fluids upon
the surface; then, for the true interior condition of the body, four different possibilities
may be thought of, and thus four different cases distinguished, which have been above
stated and discussed. Two of these cases rested on the assumption that two magnetic fluids
exist, either in the rotatory molecules of the body, immoveable, but in constant separation;
or in non-rotatory molecules, moveable, and in wvariable separation. The two other cases,
on the contrary, rested on the assumption that the two electric fluids existed either in a
definite circuit round each rotatory molecule of the body in constant motion, or round
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each non-rotatory molecule in wvariable motion. These four cases do not by any means
reciprocally exclude each other; for it is easy to see that a portion of the magnetic fluids may
remain constantly separated in rotatory molecules, while the separation of another portion
is variable; and in the same way a portion of the electric flow in given circular paths round
rotatory molecules may be constant, while another portion in circular paths round non-
rotatory molecules varies in intensity. In the latter respect, indeed, when we consider the
numerous electromotive forces present, the existence of a constant flow without a variable
portion is perfectly inconceivable; for the electric fluids, if free to move in definite paths,
as the existence of constant currents proves, must necessarily obey the impulsion of the
electromotive forces decomposed in the direction of these paths. Nevertheless the above four
cases may be combined pair-wise to two principal cases, each of which, if actually established,
would leave the other in the position of a quite superfluous hypothesis, namely, — 1st, that
magnetic fluids exist, which with the molecules, or in them, are capable of motion; 2ndly,
that the electric fluids, which, according to the doctrine of electricity, are everywhere present,
move without resistance in definite circular paths around the molecules.?*

For each of these two principal cases a theory may be developed, and each of these theories
may be divided into two portions, in one of which the results of both theories coincide, and in
the other of which they contradict each other; for these theories are similarly circumstanced
to the theories of emission and of undulation in optics, which likewise in many respects were
coincident, until the discovery of the phenomena of interference led to the more accurate
investigation of those points in which the theories contradicted each other. Now, although
the two theories resulting from the assumptions of magnetic fluids and of molecular currents
have heretofore exhibited a surprising coincidence in their results, it might, nevertheless, be
expected that here, as in optics, the discovery of a new class of phenomena would lead to a
closer discussion of the points wherein both theories differ. Both theories, indeed, coincide
— 1st, in all phenomena which relate to permanent magnets; 2ndly, in the circumstance that
each permits of a division of variable magnets into two classes, namely, into such as owe
their magnetism to the mere arrangement of already existing rotatory molecules (molecular
magnets or molecular currents), and into such as owe their magnetism to the excitation of
the motion of imponderable fluids in motionless molecules (the separation of magnetic fluids
in the molecules, or the excitation of electric currents in definite circular paths around the
molecules); 3rdly, both theories agree in their results with regard to the first class of variable
magnets. The theories, however, contradict each other in the results which have reference to
the second class of variable magnets, for their conclusions regarding the positions of the poles
are opposed to each other. In accordance with the one, the positions of the poles, in the
second class of variable magnets, must be the same as those in the first class; in accordance
with the other, the positions of the poles in the second class must be the reverse of those
in the first. So long, therefore, as variable magnets in which the positions of the poles (for
similarly directed magnetizing forces) were identical were the only ones known, both theories
might be applied; but as soon as variable magnets (diamagnets) were discovered, in which
the positions of the poles (for similarly directed magnetizing forces) were opposed to each
other, no further choice remained between both theories, for the second alone can render
an account of the generation of two classes of magnets with poles oppositely situated, the
directions of the magnetizing forces being the same.

The diamagnetic phenomena discovered by Faraday® serve, therefore, to decide the al-

94[Note by AKTA:] See also footnote 58 on page 66.
9[Note by AKTA:] See footnote 6 on page 11.
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ternative between both theories, just as the phenomena of interference served to decide the
alternative between the theories of emission and of undulation; and this is the most essential
and important character that can be ascribed to the discovery of Faraday. Through the dis-
covery of diamagnetism the hypothesis of electric molecular currents in the interior of bodies
is corroborated; and the hypothesis of magnetic fluids in the interior of bodies is refuted, — a
result which also finds a corroboration in the closer and more direct examination of variable
magnetism, namely, in the law according to which the strength of the variable magnetism
is determined from the magnitude of the magnetic or electro-magnetic force; this, however,
deserves a closer discussion here.

3.1.7 Dependence of the Variable Magnetism upon the Magnitude
of the Magnetic or Electro-magnetic Separating Force

According to the foregoing theory of diamagnetism, the diamagnetic moment of a diamagnet
is proportional to the magnitude of the magnetic or electro-magnetic separating force. Ac-
cording to the notion heretofore entertained regarding the moveable magnetic fluids within
the molecules of iron, the same proportionality holds good for the magnetic moment of a
variable magnet. If, however, this notion, together with the hypothesis of magnetic fluids in
the interior of bodies, be rejected, and instead of it Ampere’s notion, that the molecules of
iron are the ponderable bearers of permanent molecular currents, be assumed, from it will
follow a different law of dependence between the variable magnetism and the magnitude of
the magnetic or electro-magnetic separating force.

In Plate I, Figure 1, let NS be the axis of an unchangeable molecular current, which
is capable of rotation around its centre C'; when the magnetizing force X is = 0, let the
position of equilibrium for this axis be parallel to ND.

X

Fig. 1.

The fact that the magnetism excited in soft iron by the magnetizing force disappears
again of itself, as soon as the magnetizing force ceases to act, proves that the molecular
current, to the rotation of which the excited magnetism is due, recedes of itself to its original
position parallel with N D. This force of recession, which is to be referred to the reciprocal
actions of the iron particles, must increase with the deflection AN D, and may be represented
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by

Dsinp

where D is a constant quantity which may be named the molecular directive force.”® If, now,
besides this molecular force of direction, the magnetizing force X act upon the molecular
current in the direction N X, which encloses the angle X N D = u with the line of the directive
force, the molecular current will by this be drawn or deflected through the angle AND = ¢,
and for the determination of the new position of equilibrium we have the following equation,

Xsinucosy = (D + X cosu)sing ,

or

; ~ Xsinu

YT DY Xcosu
From the deflection ¢ the increase of the magnetic moment of the molecular current, de-
composed in the direction of the force X, may be determined. If the total unchangeable
magnetic moment of the molecular current be denoted by p, then it was decomposed in the
direction of the force X before the deflection as

= pcosu ,

after the deflection,

— cos(u— ¢)
hence the required increase x

x = p(cos(u — @) —cosu) .
Substituting here for ¢ the value of it as given by the above equation,

X sinu

tany = —————
14 D+ Xcosu '’

we obtain

{ X + Dcosu }
T =L —cosu ¢ .
VX2+ D?2+2XDcosu

For a system of molecular currents whose magnetic axes, in their original positions of equi-
librium, point in all directions without distinction, the number of molecular currents whose
axes form an angle u with the direction N X of the force X are to be set proportional to sin u.
Let it be required to determine the magnetic moment y which results from the rotation of
all molecular currents of the system, by the force X.

To this end let the value of  above found be multiplied by sin udu, and let the integral
be taken within the limits © = 0 and v = 7. This integral value, multiplied by the number
n of the molecular currents and divided by

9[Note by AKTA:] See footnote 66 on page 77.
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/ sinudu = 2,
0

y:ﬁ/ xsinudu .
2 Jo

By carrying out the integration we obtain for y the following expression,

gives the required moment y,

97

B X X'+ IX2D*+ 2D!
Y e e D XA+ XD+ DA

The force which acted upon the iron, and by which the moment y was generated, was = X.
Let n denote the number of molecular currents in the unit of volume, then the ratio of the
moment y to the force X, in the theory of molecular currents, has the same meaning as the
magnetic constant which Neumann has denoted by k, in the theory of separable magnetic
fluids. Substituting, therefore, for & in the formula of Neumann given above, kv X/(14+47kS),
the variable value just found y/X, we obtain the sought magnetic moment of a variable
magnet of the form of an ellipsoid of revolution, to which the formula of Neumann refers,

_ vy
N 1+4nS%”’

where S denotes the factor already determined from the ratio of the axes of the ellipsoid.

This result, referring to the dependence of the variable magnetism on the strength of
the magnetizing or electro-magnetizing force derived from the view of Ampere in contradis-
tinction to that usually assumed, is actually corroborated by the experiments described by
Miiller in Poggendorff’s Annalen,”® 1851, vol. lxxxii. p. 181.

3.2 Experiments

Having in the foregoing pages, for the sake of obtaining a simpler general view, stated, under
the title of a theory, the results obtained with regard to the connexion of diamagnetism with
magnetism and electricity, we shall, in the present section, give a brief description of the
experiments by which the theory is established.

97[Note by HW:] W. Weber later on improved the following expression for y with the following words
(Berichte tiber die Verhandlungen der Konigl. Gesellschaft der Wissenschaften zu Leipzig, mathematisch-
physische Klasse, year 1852, p. 164):

p. 572, line 22 of the last publication on electrodynamic measurements in the first volume of
the Abhandlungen der mathematisch-physischen Klasse der Konigl. Sachs. Gesellschaft der Wis-
senschaften is for y, instead of the strict expression, replaced by an approximate value. | improve
this oversight, while | notice, that it has no noticeable influence to the derived numerical data.
There it follows in fact the precise integral value of y for all values of X, which are smaller than D,
y = 2nuX/D; for all values of X, which are greater than D, y = nu(1 — $D?/X?).

98[Note by HW:] Annalen der Physik und Chemie, edited by C. J. Poggendorff.
99[Note by AKTA:] [Miil51b).
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3.2.1 Electro-diamagnetism, and Measurement of the Moment of
an Electro-diamagnet

The most convenient arrangement of an electro-diamagnetic apparatus of measurement, for
the observation of diamagnetic polarity, consists in a galvanic spiral'®® which is set vertical
and symmetrical between the two poles of a magnetic needle bent into the horseshoe form.
A (see Figure 2) represents the transverse section of the spiral, which lies symmetrically
between the poles N and S of the bent magnetic needle NBS.

T
T

Fig. 2. Fig. 4.

This magnetic needle is held by the clamp DFE, in the centre of which, C| the suspending
fibre is fixed. Figures 3 and 4 represent two side views of the instrument.

It is of advantage to give the spiral a considerable length, say from 400 to 500 millimetres;
this renders it easier to regulate the suspension of the needle so that it shall swing in the

100[Note by AKTA:] That is, a finite solenoid.
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horizontal plane which bisects the length of the needle,!®’ no moment of rotation being here

exerted upon the needle when the current passes through the spiral. If, however, a small
moment of rotation should exist, this is easily compensated by a multiplier M (Figure 4)
consisting of a few coils, through which the same current is conducted and brought within
a suitable distance of the magnetic needle. For the observation of the latter it is necessary
to furnish it with a mirror P (Figure 3), and to observe therein, by means of a telescope,
the image of a distant scale. The magnetic needle is further surrounded by a damper QQ),
(Figure 3). The bismuth bar aa (Figures 3 and 4) is suspended vertically from a fibre within
the spiral; it can be raised or sunk, so that either its under or its upper end shall lie between
the poles of the magnetic needle, as represented in Figures 3 and 4. The observations are
made most conveniently by means of an arrangement of pulleys or levers, which permits the
observer himself, while standing beside his telescope, to raise or sink the bar of bismuth.
When the circuit is established and the magnetic needle perfectly at rest, the bismuth bar is
raised and the consequent small motion of the needle is observed. As soon as the needle has
attained its maximum elongation the bismuth bar is again suffered to descend; the magnetic
needle then moves back with increased velocity. When the maximum elongation on this
side has been attained, the bismuth bar is again raised, and so on. Between every two
elongations let the position of the bismuth during the intervening time be noted. If the
bismuth bar be exchanged for an iron bar of equal length, but very thin, the experimenter
can convince himself that when the positions of the bars are the same, the deflections of the
needle produced by the iron and the bismuth are opposite in direction.

M. Leyser!%? of Leipzig has constructed this instrument in the simplest and most con-
venient manner (for 25 thalers'® without the telescope); it deserves to be particularly rec-
ommended for its applicability to this fundamental experiment on diamagnetic polarity. In
connexion with the results of certain experiments made by him and Prof. Hankel,'* M.
Leyser communicates to me as follows:

“A current of four elements of Grove!’> was made use of, and by means of a multiplier
the magnet was retained in its former position. The bismuth was chemically pure,
and was so suspended that it could be moved up and down by means of a string,
without shaking the magnet in the slightest degree.

Observations of Leyser:

Position of magnet without current | 492.0.
With current, bismuth in the middle | 493.5,

with current, bismuth above 490.8,
with current, bismuth below 499.8,
with current, bismuth above 401.1,

with current, bismuth in the middle | 493.8.

We here observe, in coincidence with all other experiments executed in a similar
manner, that in drawing up the bismuth (from the middle to the top) the position

101[Note by AKTA:] In German: Nadel. John Tyndall translated this word as “needle,” [Web53b, p. 182].
However, probably Weber was referring to the galvanic spiral or finite solenoid. For this reason Tyndall
followed this word “neddle” with the following expression: (spiral? J. T.)

102[Note by AKTA:] Georg Moritz Ludwig Leyser (1816-1881).

103[Note by AKTA:] A former German silver coin.

104[Note by AKTA:] Wilhelm Gottlieb Hankel (1814-1899).

105[Note by AKTA:] See footnote 9 on page 15.
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of rest for the magnet moved to smaller numbers, and by permitting it to descend
(from the middle to the bottom) the position of rest moved to higher numbers. The
difference between top and bottom amounts to

+-8.9 divisions of the scale.

Without current, bismuth in the middle | 492.0,

without current, bismuth above 497.2,
without current, bismuth below 490.2,
without current, bismuth above 498.2,

without current, bismuth in the middle | 490.0.

We here observe that without a current the action is opposed to that exhibited when
a current is present; the difference between top and bottom being

—7.5 divisions of the scale.

Observations of Prof. Hankel:

Position of magnet without current | 496.5.
With current, bismuth above 4921,
with current, bismuth below 500.7,
with current, bismuth above 491.6,

with current, bismuth in the middle | 497.7.

The difference between top and bottom amounts therefore to

+-8.9 divisions of the scale.

Without current, bismuth in the middle | 497.5,

without current, bismuth above 503.5,
without current, bismuth below 498.0,
without current, bismuth above 502.6,

without current, bismuth in the middle | 494.8.

The difference between top and bottom amounts here to

—5.0.

The bismuth bar was then reversed and the same action was exhibited, namely,

Position of magnet without current | 500.0.
With current, bismuth above 497.3,
with current, bismuth below 507.1,
with current, bismuth above 498.0.

The difference between top and bottom being

+9.4.

When, instead of determining the position of rest, the elongations were observed,
while the arc of oscillation was multiplied by the alternate elevation and descent of
the bar of bismuth, the following results were obtained:
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Elongations | Arc of
oscillation
With current, bismuth in the middle

500.0

With current, bismuth above 3.0
497.0

With current, bismuth below 16.0
513.0

With current, bismuth above 31.5
481.5

With current, bismuth below 34.0
515.5

With current, bismuth above 39.0
476.5

With current, bismuth below 43.8
520.3

With current, bismuth above 47.3
473.0

With current, bismuth below 49.0
522.0

With current, bismuth above 51.0
471.0

With current, bismuth below 55.0
526.0

With current, bismuth above 57.5
468.5

A little bar of iron, suspended instead of the bismuth, when situated above, caused
the magnet to move to higher numbers, and when below caused it to move to
smaller numbers; the same was observed when the little bar was reversed. The stand
of the instrument must be very heavy; a serpentine stone was found very suitable:
the bismuth must be capable of moving freely, and the copper wire pure. In all
observations it was found, that applying four of Grove's elements, when the bismuth
was drawn up, the impulsion amounted to from 8.9 to 9.4 divisions of the scale,
the direction being towards smaller numbers, while a fine iron wire under the same
conditions caused the magnet to move towards higher numbers; further, that the
bismuth without a current acted as an iron wire, and caused a motion through 5 to
7.5 divisions of the scale. When the latter action is taken into account, the mean
diamagnetic impulsion of the bismuth by the application of four of Grove's elements
is found = 15.4 divisions of the scale. By multiplication, the arc of oscillation could
be increased to 57.5 divisions, and retained at this magnitude, inasmuch as the action
of the copper damper which surrounded the magnet held the diamagnetic action in
equilibrium.”

The following series of experiments was made with an apparatus somewhat different
from that just described; a particular description is however unnecessary, as the difference

exercises no particular influence.
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Ezperiments with Bismuth

No. of Position of Position of Arc of Reduced | Mean
oscillation bismuth needle at the oscillation arc of value
during the | commencement of the oscillation
oscillation | or end of each needle
oscillation
500.0
1 above —40.0 —63.4
467.0
2 below —50.4 —66.6
513.9
3 above —56.3 —67.1
459.9 —61.8
4 below —58.5 —65.5
518.5
5 above —55.2 —59.4
460.0
6 below —46.5 —48.8
512.0
7 F29.7
above 471.1
8 +7.0
489.7
9 below —8.9
494.2
10 above —15.6
480.9
11 below —30.0 —47.5
498.9
12 above —50.4 —66.6
457.0 —59.8
13 below —57.8 —68.5
516.0
14 above —50.9 —56.8
459.3
15 F35.6
below 504.4
16 +12.4
478.3
17 above —14.7
476.9
18 below —36.6
504.9
19 above —42.6 —67.5
459.6
20 below —39.6 —52.3
499.4
21 above —46.6 —55.5
460.1
22 below —51.7 —57.9 —56.1
513.9
23 above —45.9 —49.4
464.2
24 below —50.6 —53.1
506.2
25 above —55.2 —57.0
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Experiments with Bismuth
No. of | Position of Position of Arc of Reduced | Mean
oscillation | bismuth needle at the | oscillation arc of value
during the | commencement of the oscillation
oscillation | or end of each needle
oscillation
446.9
26 F44.5
below 498.0
27 +15.5
460.0
28 above —16.8
453.1
29 below —29.8
479.8
30 above —40.3 —63.9
446.9
31 below —46.0 —60.2
494.6 —55.8
32 above —42.2 —50.0
450.4
33 below —44.0 —49.3
490.5
34 above
442.6

In the third column of this Table the positions of the needle observed at the beginning and
end of each oscillation are noted; in the fourth column the corresponding arcs of oscillation
(the mean of every two successive ones). A positive sign before the arc of oscillation denotes
that when the position of the bismuth was above, the needle proceeded from smaller to
larger numbers, or when the bismuth was below, from larger to smaller numbers; the reverse
applies to the megative sign. After the position of the bismuth had been several times
regularly changed at the end of each oscillation, and the limit of the arc of oscillation nearly
attained, an interruption was effected by permitting the bismuth to remain unmoved during
two oscillations, and then again regularly changed as before. The negative arc of oscillation
was thereby suddenly converted into a positive one, which, however, soon diminished to zero,
and very soon afterwards passed over into a negative; the deflection caused by the bismuth (in
its upper and lower positions) was here most clearly exhibited. When the arcs of oscillation
are counted from that which is nearest to zero, the arc nearest to the limit may, by means
of the known decrementum logarithmicum,'® be easily reduced to the limit-value, and thus
a more accurate mean value for the latter may be found. For this purpose we have only to
divide the observed value of the nth arc of oscillation in the above experiments, where the
decrementum logarithmicum was nearly = log 2 by (1 — (2/3)"). We thus obtain the reduced
values exhibited in the fifth column, and the mean values derived from the latter in the sizth
column. From all the observations taken together, we find the limit-value to be

106[Note by AKTA:] That is, the logarithmic decrement.
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r = —5b84.

From this limit-value of the arc of oscillation, the deflection E corresponding to the
needle’s position of equilibrium can be deduced, namely £ = —5.93; or taking the mean of
several series of experiments made by different observers,

E=-517,

while for a bar of iron of 59200 times less weight, the same value, determined by similar
experiments, was found to be

E' = +1284 .

From this we learn, by reduction to the same weight, that the diamagnetism of the bismuth
is 1470000 times less than the magnetism of the iron. The result, however, is only true for
a particular form of the iron bar and for a definite strength of the magnetizing force, namely
X =629.9, a number obtained from the measured strength of current and from the coils of
the electro-magnetic spiral.

3.2.2 Diamagneto-electricity and Measurement of Electric Cur-
rents Diamagnetically Induced

The apparatus for diamagnetic induction to be first described is so arranged that the in-
duction is excited solely by the motion of the diamagnetic body, while the spiral remains at
rest, and the diamagnetism of the body remains unchanged; by this means the formation of
galvanic currents in the bismuth as a conductor is avoided, and with it a secondary induc-
tive action, easy to be mistaken for the diamagnetic induction. The practical construction
of such an apparatus consists in the application of a galvanic spiral, through whose electro-
magnetizing force a bar of bismuth placed in its centre may, as remarked above, be uniformly
diamagnetized and moved to and fro within certain limits, without suffering any change as
to the strength of its diamagnetism.

3.2.3 The Electro-diamagnet made use of for the Diamagnetic In-
duction

The electro-diamagnet made use of for diamagnetic induction consisted of a bar of bismuth,
a long wire spiral, Accce, Figure 5, Plate I, through which a current from eight of Bunsen’s
couples'?” was conducted. The bismuth bar was 186 millimetres in length, and weighed
339 300 milligrams. The spiral consisted of copper wire covered with wool, and afterwards
coated with gutta percha; the pure copper wire was 2.3 millimetres thick, and formed eight
layers one above the other, each of which was composed of 120 coils. The whole spiral was
383 millimetres in length, and had an interior diameter of 23.9 millimetres, and an exterior
diameter of 70 millimetres.

107Note by AKTA:] In German: Bunsen’schen Kohlenzinkbechern. See also footnote 15 on page 26.
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Tig. 5.

3.2.4 The Induction-spiral

The induction-spiral, Abbbb, Figure 5, Plate I, is that in which a current is to be induced by
the motion of the electro-diamagnet. This spiral must be carefully insulated from that which
belongs to the electro-diamagnet, through which the current passes from the galvanic battery,
and connected with a multiplier, by which the induced current may be observed. This spiral
consisted of copper wire overspun with silk, and 1 millimetre thick, forming three layers,
each of which contained 294 coils; the length of the spiral was 383 millimetres, the interior
diameter was 19, and the exterior 23 millimetres. Surrounded with gutta percha for the sake
of better insulation, it was inclosed in the wider tube of the spiral of the electro-diamagnet,
or rather the latter spiral was coiled round it.

The most essential point relating to this spiral is, that its length must be divided into
two perfectly symmetrical and symmetrically coiled halves. The wire is not continuously
coiled throughout the entire length in the same direction, but the spiral divides itself into
two equal portions, which are coiled in opposite directions. This is necessary, if through the
motion of a diamagnetic bar of bismuth, or a magnetic one of iron, a current is to be induced
in the spiral; for when this inducing bar is placed in the centre of the spiral and moved there,
the force of induction exerted by its north end in one half of the spiral is exactly opposed to
that exerted by its south end in the other half, and the action of both would destroy each
other if the two halves of the spiral were coiled in the same direction. Through the opposed
coiling, the inductive forces, instead of destroying each other, are caused to exert a twofold
action.

This necessary arrangement, for the purposes of induction, presents an important advan-
tage as regards the practical carrying out of the experiments. It is manifest that the current
of the galvanic battery, as long as it is constant in the spiral of the electro-diamagnet, can
exert no inductive action on the induction-spiral; the slightest alteration of its intensity,
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however, would be sufficient to induce in the spiral a current much stronger than that dia-
magnetically induced, and which therefore would prevent the observation of the latter. It
is, however, manifest that the same arrangement of the induction-spiral by which we have
secured that the diamagnetic induction in both halves shall be a twofold power, also effects
the mutual destruction of the currents excited in the two halves of the induction-spiral by
the galvanic current; so that if the symmetry of the two halves be perfect, the greatest
changes of intensity on the part of the current can produce no effect. To this we may add,
— 1st, that it is very easy to prove if this compensation actually exists, by effecting, not
small changes of intensity, but by interrupting or commutating the entire current; 2nd, that
if it should appear that this compensation is not complete, it is very easily rendered so by
winding an end of the induction-spiral once or oftener round the end of the spiral of the
electro-diamagnet. In this way it is easy to rescue the diamagnetic induction from every
foreign influence.

3.2.5 The Remaining Portions of the Induction-apparatus

With regard to the arrangement of the remaining portions, which are more or less left to the
discretion of the observer, I would make the following remarks. To move the bar of bismuth
to and fro in the induction-spiral, I connect it with a crank, attached to the wheel B, Figure
5, Plate 1. To cause the current excited in the induction-spiral by the forward motion of the
bismuth to have the same direction through the multiplier as that excited by its backward
motion, a commutator dd is attached to the wheel, which moves with the latter, and by which
the connexion of the ends of the spiral with the wire of the multiplier is reversed at the end of
every semi-revolution (at the moment when the bismuth attains the commencement or end
of its path). The uniform direction of all induced currents through the multiplier would be
followed by a uniform deflection of the needle towards the same side. To enable the observer
to produce a deflection towards the other side, a second commutator, ee, Figure 5, is placed
beside the telescope E, which can be changed by the observer himself, and which may be
called the subsidiary commutator. The following must be particularly attended to, — 1st,
that the induction must be increased by increasing the velocity of the wheel, rather than
by lengthening the path traversed by the bismuth; 2nd, that no thermo-magnetic current
shall be generated at the rotating commutator; it must be so arranged that metals of the
same kind only rub against each other. The influence of such currents, when very feeble,
may be readily eliminated by suitably combining the observations. Finally, to obtain an
approximate idea of the strength of the galvanic current, an ordinary compass is placed at
a proper distance from the spiral of the electro-diamagnet, so that the deflection produced
by the current passing through the spiral may be conveniently measured. The experiments
were carried out as follows:

1st. The direction of the current being normal, the commutator was caused to rotate,
and the bar of bismuth at the same time set in motion to and fro within the induction-
spiral. At each elongation of the galvanometric needle, the observer changed the subsidiary
commutator, until the arc of oscillation thus multiplied approached its limit-value; 2nd, the
same series of experiments was then made with the direction of the current reversed; 3rd,
with the current again in the normal direction; 4th, with the reversed current; and finally,
5th, once more with the normal current; 6th, the bismuth bar was exchanged for a thin bar
of 1ron, and its induction measured in the same manner, with the current normally directed.
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1. Induction of the Bismuth Bar with a Normal Current

No. of Position of | Position of Arc of Reduced Mean | Deflection
oscillation | subsidiary needle at | oscillation arc of value of
commutator | beginning of the oscillation compass
and end needle
of each
oscillation
475.3
1 _
472.8 + 3.70
2 +
477.7 + 5.40
3 _
471.8 + 6.80
4 +
479.5 + 8.35
5 _
470.5 + 9.65
6 +
480.8 + 10.55
7 _
470.0 + 11.40 + 13.20
8 +
482.0 + 12.25 + 13.65
9 — + 13.60 | 30° 10’ W
469.5 + 12.70 + 13.75
10 +
482.4 + 13.00 + 13.80
11 —
469.3
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2. With a Reversed Current

No. of Position of | Position of |  Arc of Reduced | Mean | Deflection
oscillation | subsidiary needle at | oscillation arc of value of
commutator | beginning of the oscillation compass
and end needle
of each
oscillation
503.5
1 +
515.9 + 9.50
9 _
509.3 + 3.65
3 +
510.0 —1.25
4 _
513.2 —4.75
5 +
506.9 —7.35
6 _
515.3 —8.90
7 +
505.9 —9.60 —14.12
8 _
515.7 —9.95 —13.10 | —13.08 | 31° 50" E
9 +
505.6 —9.85 —12.02
10 —
515.2
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3. With a Normal Current

No. of Position of | Position of Arc of Reduced Mean | Deflection
oscillation | subsidiary needle at | oscillation arc of value of
commutator | beginning of the oscillation compass
and end needle
of each
oscillation
480.5
1 +
471.0 —7.15
92 _
475.8 —2.80
3 +
475.0 + 0.85
4 _
472.5 + 3.80
5 +
477.6 + 6.25
6 _
470.2 + 8.05
7 +
478.9 + 9.25
] _
469.1 + 10.00 + 13.17
9 +
479.3 + 10.75 + 13.12
10 — + 13.06 | 31° 48’ W
468.0 + 11.30 + 13.08
11 +
479.3 + 11.30 + 12.88
12 —
468.0

111




4. With a Reversed Current

No. of Position of | Position of |  Arc of Reduced | Mean | Deflection
oscillation | subsidiary needle at | oscillation arc of value of
commutator | beginning of the oscillation compass
and end needle
of each
oscillation
501.5
1 +
515.0 + 10.15
9 _
508.2 + 4.30
3 +
510.0 —0.05
4 _
511.9 —3.40
5 +
507.0 —5.60
6 _
513.3 —7.25
7 +
505.1 —8.65
8 _
514.2 —9.65
9 +
504.0 —10.10 —12.33
10 —
514.0 —10.55 —12.21
11 +
502.9 —11.00 —12.25
12 — —12.16 | 32° 13’ E
513.8 —11.30 —12.24
13 +
502.1 —11.45 —12.15
14 —
513.3 —11.25 —11.76
15 +
502.0
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5. With a Normal Current

No. of Position of | Position of Arc of Reduced Mean | Deflection
oscillation | subsidiary needle at | oscillation arc of value of
commutator | beginning of the oscillation compass
and end needle
of each
oscillation
486.0
1 +
461.0 —20.40
92 _
476.8 —12.40
3 +
467.8 —6.15
4 _
471.1 —1.25
5 +
471.9 + 2.75
6 _
467.2 + 5.75
7 +
474.0 + 7.10
] _
466.6 + 7.30
9 +
473.8 + 7.75
10 —
465.5 + 8.90 + 10.86
11 +
475.0 + 9.70 + 11.23
12 —
465.1 + 10.05 + 11.20
13 + + 10.95 | 30° 39" W
475.3 + 10.25 + 11.10
14 —
465.0 + 10.15 + 10.77
15 +
475.0 + 10.10 + 10.56
16 —
464.8
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6. Induction of the Iron Bar with a Normal Current
No. of Position of | Position of Arc of Reduced Mean | Deflection
oscillation | subsidiary needle at | oscillation arc of value of
commutator | beginning of the oscillation compass
and end needle
of each
oscillation
461.0
1 +
457.2 —15.30
9 _
484.0 —33.65
3 +
443.5 —45.60
4 _
494.2 —54.95
5 +
435.0 —62.20
6 _
500.2 —67.45
7 +
430.5 —71.50 —84.98
8 _
503.8 —74.50 —84.60
9 +
428.1 —76.90 —84.47
10 —
506.2 —78.60 —84.28
11 +
427.1 —79.90 —84.16
12 — —83.876 | 31° 48 W
507.8 —80.85 —84.04
13 +
426.8 —81.10 —83.50
14 —
508.0 —81.30 —83.10
15 +
426.6 —81.50 —82.85
16 —
508.2 —81.75 —82.78
17 +
426.3

If we denote the very trifling influence exerted by the thermomagnetic current upon the
result by z, o/, 2!, 21 2™V and neglect the still smaller differences = — 2!, ! — 2!/,
ol — M T 21V we obtain the following results for the limit-value corresponding to

the diamagnetic induction alone, reduced to the normal direction:
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from | 1 +13.60 + x

+13.34

2| +13.08 — 2!
+ 13.07

3| +13.06 4 z'* Mean + 12.644.
+ 12.61

4| +12.16 — 2™
+ 11.555

5| +10.95 4+ 2™V

From this limit-value of the arc of oscillation produced by the uniform distribution of
the inductive shocks'® (by the motion of the bismuth to and fro) over the entire time of
oscillation, it is easy to deduce the limit-value which would correspond to a concentration
of all the inductive shocks during the oscillation, into a single moment. The value of the
arc of oscillation above found, = +12.644, must for this purpose be multiplied by 7/2, or
more accurately, taking the influence of the damper into account, with 1.574235, by which
we obtain the sought limit-value

= +19.905 .

For the bar of iron (where all the inductive shocks were thus concentrated), the corre-
sponding limit-value is found to be

= —83.876 .

From a great number of similar experiments, executed by various observers, we find the
ratio of the limit-value for bismuth to that for iron to be

+16.956 : —83.49 .

Now the intensity of the currents induced by bismuth and by iron is directly proportional
to these limit-values, and inversely proportional to the number of inductive shocks during a
time of oscillation (that is, as

1:216.2,

because in the experiments with the bismuth bar 216.2 shocks, and with the iron bar only 1
shock, took place during a time of oscillation). Hence the currents induced by the diamagnetic
bar of bismuth were opposed in direction to those induced by the magnetic bar of iron, and
their intensities were in the ratio of 1'%

16.956 : 83.49-216.2 =1 :1064.5 ,

although the bismuth bar weighed 339 300 milligrammes, and the iron bar only 790.86. From
this we find by calculation, that a bar of bismuth of the same weight as a bar of iron would

108[Note by AKTA:] In German: Induktionsstésse. It can also be translated as inductive kicks, blows or
hits.
109[Note by AKTA:] That is, as

16.956 : (83.49 x 216.2) = 1 : 1064.5 = 9.394 x 107* .
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induce a current 456 700 times weaker than the latter. This result is only true however for
a definite form of the bar of iron, and for a definite amount of magnetizing force, namely
X = 3012, which is determined from the measured strength of the current, and the number
of coils of the electro-magnetic spiral.

3.2.6 On the Dependence of the Strength of the Magnetism of
Changeable Magnets upon the Amount of the Magnetizing
or Electromagnetizing Force

From the theory of diamagnetism, in connexion with that of magnetism, discussed in the
foregoing pages, it follows, that the assumption of two magnetic fluids capable of free motion
in the molecules of iron, hitherto made in the case of magnetism, (and from which the
proportionality of the magnetism to the magnetizing force follows as a consequence) is not
admissible, and that hence the hypothesis of Ampere, according to which the molecules are
the rotatory bearers of permanent molecular currents, and no proportionality between the
magnetism and the magnetizing force exists, must be set in its place. This consequence of
the theory admits of being brought to the test of experiment, and with reference to it the
experiments of Miiller have been already adduced. Other experiments have however been
made, particularly by Buff and Zamminer, which have led to different results.!'® Before
repeating these experiments it will be first necessary to state the conditions upon which a
certain decision of the point depends.

From Miiller’s experiments, it appeared that the divergence of the magnetism of iron from
a proportionality with the magnetizing force exhibited itself at much smaller intensities of the
latter in the case of thin bars than when thick bars were made use of. In the comparison of
Miiller’s experiments with those of Buff and Zamminer, we must remember that the thinnest
bar made use of by Miiller was only 6 millimetres thick, while the thinnest of those used by
Buff and Zamminer was 9 millimetres thick; and this difference was rendered more influential
by the relation of the length to the thickness; Miiller’s thin bar was 330 millimetres long,
while that of Buff and Zamminer was only 200 millimetres. In the following experiments
a still thinner bar than that of Miiller was made use of, namely, one 3.66 millimetres in
thickness, 100.2 in length, and 8190 milligrammes in weight. The magnetism of such a thin
bar may be measured with great exactness by the deflection which it is able to produce
upon a small magnetometer, placed at a distance, and observed by means of a telescope and
mirror. The only difficulty here is the proper separation of the action of the magnetized
iron from that of the galvanic current. It is manifest that when the same galvanic spiral is
applied to the magnetization of thick and thin bars, as has been the case with Miiller, Buff
and Zamminer, the above separation admits of less accuracy in the case of thin bars; for here,
inasmuch as the action of the galvanic spiral remains the same, its comparative influence will
be greater than when thick bars are applied. In the following experiments, therefore, a spiral
was made use of which tightly embraced the thin bar; and besides this, it was arranged that
together with these narrow convolutions, each spiral formed two greater convolutions, which
were traversed by the current in an opposite direction, and which embraced an area equal to
that embraced by all the narrow convolutions taken together. In accordance with the known
laws of electro-magnetism, we could here have no immediate action exerted by the current
upon the magnetometer, a conclusion capable of easy proof. The entire action exhibited

110[Note by AKTA:] [BZ50).
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by the magnetometer was therefore due to the magnetism of the iron alone, and may be
determined with equal sharpness and exactitude as that of permanent magnets, according
to the directions given by Gauss in the Intensitas, etc.''' It is especially to be mentioned
that the spirals made use of by Miiller, Buff and Zamminer were shorter than the bars of
iron which they were used to magnetize. With Miiller this difference was but trifling, for
the iron bar projected only 15 millimetres beyond the ends of the spiral. With Buff and
Zamminer it was however much greater, for here the ends of the largest and thinnest bar
projected 45 millimetres beyond the two ends of the spiral. The injurious influence of this
was increased by the circumstance that the length embraced within the spiral amounted to
only 110 millimetres, whereas in the case of Miiller the enclosed length was 300 millimetres.
This circumstance is probably the chief cause of the divergence in the results arrived at by
these observers; for it is manifest that the action of the spiral upon the iron is greatest at the
centre, decreasing towards the ends, and that this decrease must, beyond the limits of the
spiral, be exceedingly speedy. Hence, although the action produced by the galvanic current
upon the central portions of the bar may have nearly attained its limit-value, it by no means
follows that this is the case with the portions without the spiral. To effect this approximation
at all points of the iron bar simultaneously, in the following experiments a spiral was made
use of which was considerably longer than the bar of iron, so that the force exerted by the
spiral (whose diameter was very small in comparison to its length) upon the ends of the bar
did not differ sensibly from that exerted upon its centre, by which precaution alone secure
results could be obtained.

Without entering upon the details of these experiments, I will here limit myself to a tabu-
lar statement of the results obtained in this way, and merely remark that each determination
is the result of four changes of current in the spiral, the most exact coincidence being in all
cases exhibited, a proof that the coercive force of the iron did not operate to the prejudice of
the measurements. The reduction, according to known rules, of the magnetism of the iron to
an absolute unit, requires no further explanation. The strength of the current, measured by
means of a tangent galvanometer,''? is also reduced to an absolute unit, and the correction
depending upon the ratio of the length of the needle to the diameter of the ring is taken
into account. From the strength of the current thus determined, the number of convolutions
and the dimensions of the spiral, the magnetizing force operating upon the iron was finally
calculated, in terms of the same unit as that to which the terrestrial magnetic force is re-
ferred; it appears in the second column of the following Table under X. The magnetism of
the iron M, divided by the mass of the iron p = 8190, and thus reduced to the unit of mass,
is exhibited in the third column under m.

H1Note by AKTA:] See footnote 47 on page 59.
H2[Note by AKTA:] See footnote 12 on page 22.
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No. X m
1 658.9 | 911.1
2 | 1381.5|1424.0
3 11792.0 | 1547.9
4 |2151.0 | 1627.3
5 12432.8 | 1680.7
6 |2757.0 17227
7 13090.6 | 1767.3
8 |3186.0 | 1787.7
9 12645.6 | 1707.9
10 | 2232.1 | 1654.0
11 | 1918.7 | 1584.1
12 | 1551.2 | 1488.9
13 | 1133.1 | 1327.9
14 | 670.3 | 952.0

By these experiments the result obtained by Miiller is confirmed, and it only remains to
ascertain whether the change in the strength of the magnetism of the iron effected by the
action of different forces of magnetization, here exhibited, coincides with the law deduced
at the end of the first Section, from the assumption of a definite capacity of rotation on
the part of the molecules. If this be the case, it evidently follows that we can assume, with
Ampere, that these molecules are the bearers of molecular currents, by which assumption
the generation and changes of the magnetism of iron are rendered quite independent of the
idea of magnetic fluids, and are reduced to the assumption of moveable electric fluids alone.

According to the assumption already made (at the end of the first Section) of a definite
capacity of rotation on the part of the molecules, the character of every body, in magnetical
respects, is determined by two distinctive marks, — 1st, by the product of the magnetic
moment of a molecule (in the direction of its magnetic axis) into the number of molecules of
the body; 2ndly, by the constant to which we have given the name of the molecular directive
force.'3 The product is denoted above by nu, the constant by D. Setting in the case of
iron,

np = 2324.68

D =276.39 ,

where the number of molecules n is referred to the unit of mass, we obtain from the formulae
given at the end of the first Section, reference being made to the unit of mass instead of
to the unit of volume, the density of iron being taken at 7.78, and the numerical factor S
referring to a bar 100.2 millimetres long and 3.66 millimetres thick, that is, S = 1/249 —
the following contemporaneous values of X and m:

H13[Note by AKTA:] See footnote 66 on page 77.
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X m
658.9 | 948.4
1381.5 | 1387.0
1792.0 | 1533.0
2151.0 | 1623.5
2432.8 | 1685.0
2757.0 | 1742.2
3090.6 | 1791.2
3186.0 | 1803.4
2645.6 | 1723.6
2232.1 | 1644.8
1918.7 | 1568.9
1551.2 | 1452.9
1133.1 | 1276.8
670.3 | 957.5

It will be observed that these calculated values differ but little from those contained in
the foregoing Table, and which were derived from observation.

According to the same formulae, we obtain for the iron bar with which, by a comparison
of the magnetic actions, m was found to be 1470 000 times greater than its value for bismuth,
X being = 629.9,

m=2134;
hence for bismuth, where X = 629.9,

2134 1
" 1470000 ~ 689
For the iron bar, on the contrary, with which, by a comparison of the inductive actions, m
was found to be 360 740 greater than for bismuth, X being = 3012, we have

m = 23054 ;
hence for bismuth, where X = 3012,

2305.4 1

360740  156.5

According to this it appears that when the magnetizing force is increased 4.8 times, the
diamagnetism of the bismuth increases 4.4 times; that is, nearly proportional, although
one determination is founded on a comparison of the magnetic actions, the other upon a
comparison of the inductive actions. We thus find the proposition confirmed, that

m =

the relation of the inductive actions to the magnetic ones is the same in the case
of diamagnetic bismuth as in that of magnetic iron.

Reducing diamagnetism to the same absolute unit as magnetism, we obtain finally the
strength of the diamagnetism of 1 milligram of bismuth, operated upon by the magnetizing
force X =1,

1
452000
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and the strength of the magnetism of 1 milligram of iron, under the influence of the magne-
tizing force X =1,

=5.6074,

that is, the magnetism of a thin bar of iron exceeds the diamagnetism of an equal mass of
bismuth, when small and equal magnetizing forces operate upon both, about 2% million times.

For thicker bars and greater magnetizing forces this number is found to be somewhat smaller.
[J. T4

H4[Note by AKTA:] That is, John Tyndall (1820-1893), translator.
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Chapter 4

[Weber, 1855a] On the Theory of
Diamagnetism. Letter from Professor
Weber to Prof. Tyndall

Letter from Professor Weber to Prof. Tyndall!!5-116,117

Gottingen, Sept. 25, 1855.

My Dear Sir,

Accept my best thanks for your kind communication of the 3rd of September; I am grat-
ified to learn that the apparatus executed by M. Leyser''® in Leipzig for the demonstration
of diamagnetic polarity has so completely fulfilled your expectations. This intelligence is all
the more agreeable to me, inasmuch as before the apparatus was sent away, it was not in my
power to go to Leipzig and test the instrument myself.

It gave me great pleasure to learn that Mr. Faraday''® and M. De la Rive!?® have had
an opportunity of witnessing the experiments, and of convincing themselves as to the facts
of the case.

It was also of peculiar interest to me to learn that you had succeeded in establishing the
polarity of the self-same heavy glass with which Faraday first discovered diamagnetism.!?!
This is the best proof that these experiments do not depend upon the conductive power of
bismuth for electricity.

I have read with great interest your memoir “On the Diamagnetic Force,” &c. contained
in the Philosophical Transactions, vol. cxlv.'?? It has been your care to separate the fact of
diamagnetic polarity from the theory, and to place the former beyond the region of doubt.
Allow me, with reference to this subject, to direct your attention to a passage at page 39

15[Web55a).

16The Notes by A. K. T. Assis are represented by [Note by AKTA:].

H17John Tyndall (1820-1893). For his works on diamagnetism see [Jac15).
18[Note by AKTA:] See footnote 102 on page 101.

19Note by AKTA:] Michael Faraday (1791-1867).

120[Note by AKTA:] Auguste Arthur de la Rive (1801-1873).

121[Note by AKTA:] See footnote 6 on page 11.

122[Note by AKTA:] See [Tyn55b], [Tyn55a], [Tyn55¢] and [Tyn88, pp. 111-192].
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of your memoir, which you adduce as a conclusion from my theory; the passage runs as
follows: '3

“The magnetism of two iron particles in the line of magnetization is increased by their
reciprocal action; but, on the contrary, the diamagnetism of two bismuth particles
lying in this direction is diminished by their reciprocal action.”

This proposition is by no means a necessary assumption of my theory, but is rather a
direct consequence of diamagnetic polarity, if the facts be such as both you and I affirm them
to be. What, therefore, you have adduced against the above conclusion must be regarded
as an argument against diamagnetic polarity itself. The diamagnetic reciprocal action of
the bismuth particles in the line of magnetization is necessarily opposed to the action of the
exciting magnetic force. The latter must be enfeebled, because the diamagnetic is opposed to
the magnetic reciprocal action of iron particles which lie in the line of magnetization, through
which latter it is known the action of the exciting magnetic force is increased. Hence also
the modification produced in bismuth by magnetic excitement, whatever it may be, must be
weakened, because the force of excitation is diminished.

(I believe, however, that this argument against diamagnetic polarity may also be sur-
mounted. The pheenomenon which you have observed must be referred to other circum-
stances, also connected with the compression of the bismuth. For the diamagnetic reciprocal
action is, as I have shown, much too weak to produce an effect which could be compared in
point of magnitude with the reciprocal action produced in the case of iron.)

I take this opportunity of adding a few remarks for the purpose of setting my theory of
diamagnetic polarity in a more correct light.

My theory assumes: — 1, that the fact of diamagnetic polarity is granted; 2, that in
regard to magnetic phaenomena, Poisson’s theory of two magnetic fluids,'?* and Ampere’s
theory of molecular currents,'?® are equally admissible. Whoever denies the first fact, or
rejects the theory of Ampere, cannot, I am ready to confess, accept my theory.

But supposing that you do not reject Ampere’s theory of permanent molecular currents,
but are disposed to enter upon the inner connexion and true significance of the theory, you
will easily recognize that it is by no means an arbitrary assumption of mine, that in bismuth
molecular currents are excited, when the exciting magnetic force is augmented or diminished;
but that the excitation of such molecular currents is a necessary conclusion from the theory
of Ampere, which conclusion Ampere himself could not make, because the laws of voltaic
induction, discovered by Faraday,'?® were unknown to him. In all cases where molecular
currents exist, by increase or diminution of the magnetic exciting force molecular currents
must be excited, which either add their action to, or subtract it from, the action of those
already present.

Finally, permit me to make a few remarks on the following words of your memoir:2”

123INote by AKTA:] [Tyn55b, p. 39]. Tyndall was quoting from Weber’s work of 1852, [Web52f, p. 158
of the Annalen der Physik und Chemie and p. 565 of Weber’s Werke] with English translation in [Web53b,
p. 173] and [Web66b, p. 173]. Tt is an abridged version of Weber’s Third major Memoir on Electrodynamic
measurements, [Web52b, p. 531 of Weber’s Werke] with English translation in [Web2la, p. 64]. See, in
particular, pages 63 and 93 on Subsection 3.1.4 and on Section 2.20, respectively.

124Note by AKTA:] See footnote 43 on page 56.

125[Note by AKTA:] See footnote 44 on page 57.

126[Note by AKTA:] [Far32a] with German translation in [Far32b] and [Far89], and with a Portuguese
translation in [Farl1].

127[Note by AKTA:] [Tyn55b, p. 39].

122



“To carry out the assumption here made, M. Weber is obliged to suppose that the
molecules of diamagnetic bodies are surrounded by channels, in which the induced
currents, once excited, continue to flow without resistance.”

The assumption of channels which surround the molecules, and in which the electric
fluids move without resistance, is an assumption contained in the theory of Ampere, and is
by no means added by me for the purpose of explaining diamagnetic polarity. A permanent
molecular current without such a channel involves a manifest contradiction, according to the
law of Ohm.2®

I may further observe, that I do not wonder that you regard a theory which is built upon
the assumption of such channels, as “so extremely artificial that you imagine the general
conviction of its truth cannot be very strong.” In a certain sense I quite agree with you,
but I only wish to convince you that this objection applies really to the theory of Ampere,
and only applies to mine in so far as it is built upon the former. (You may perhaps find
less ground for objecting to the speciality of such an assumption, if you separate the simple
fundamental conception, which recommends itself particularly by a certain analogy of the
molecules to the heavenly bodies in space, from those additions which Ampere was forced
to make, in order to apply the mathematical methods at his command, and to make the
subject one of strict calculation. He was necessitated to reduce the case to that of linear
currents, which necessarily demand channel-shaped bounds, if every possibility of a lateral
outspreading is to be avoided.)

To place my theory of diamagnetic polarity in a truer light, I am anxious also to convince
you that this theory is by no means based upon new assumptions (hypotheses); but that it
only rests upon such conclusions as may be drawn from the theory of Ampere, when the laws
of voltaic induction discovered by Faraday, and the laws of electric currents by Ohm, are
suitably connected with it. I affirm, that, even if Faraday had not discovered diamagnetism,
by the combination of Ampere’s theory with Faraday’s laws of voltaic induction, and Ohm’s
laws of the electric current, as shown in my memoir, the said discovery might possibly have
been made.

In respect, however, to the artificiality of the theory of Ampere, I hope that mathematical
methods may be found whereby the limitation before mentioned to the case of linear currents
may be set aside, and with it the objection against channel-form beds. All our molecular
theories are still very artificial. I for my part find less to object to in this respect in the
theory of Ampere than in other artificialities of our molecular theories; and for this reason,
that in Ampere’s case the nature of the artificiality is placed clearly in view, and hence also
a way opened towards its removal.

To Mr. Faraday I beg of you to present my sincerest respect.

Believe me, dear Sir,
Most sincerely yours,

Wilhelm Weber.

Professor Tyndall.

128[Note by AKTA:] Georg Simon Ohm (1789-1854). Ohm’s law is from 1826: [Ohm26a], [Ohm26c],
[Ohm26d], [Ohm26b] and [Ohm27] with French translation in [Ohm60] and English translation in [Ohm66].
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The foregoing letter possesses more than a private interest, and I have therefore laid it
before the readers of the Philosophical Magazine. On one point in it only would I ask per-
mission to make a remark, and that is the proposition, that the diminution of the excitement
of a row of bismuth particles in the line of magnetization by their reciprocal action is “a
direct consequence of diamagnetic polarity.” M. Weber (I believe) founds this proposition on
the following considerations: — Let a series of bismuth particles lie in the axial line between
the magnetic poles N and S: the polarity excited in these particles by the direct action of
the poles will be that shown in the figure, being the reverse of that of iron particles under
the same circumstances.

N (808§ n0Os | S

P

But as the end n of the right-hand particle tends to excite a magnetism like its own in the
end s of the left-hand particle, and vice versa, this action is opposed to that of the magnet,
and hence the magnetism of such a row of particles is enfeebled by their reciprocal action.

Now it appears to me that there is more assumed in this ingenious argument than ex-
periment at present can bear out. There are no experimental grounds for the assumption,
that what we call the north pole of a bismuth particle exerts upon a second bismuth particle
precisely the same action that the north pole of an iron particle would exert. Magnetized
iron repels bismuth; but whatever the fact may be, the conclusion is scarcely warranted, that
therefore magnetized bismuth will repel bismuth. Supposing it were asserted that magnetized
iron attracts iron and repels bismuth, while magnetized bismuth attracts bismuth and repels
iron, would there be anything essentially impossible, self-contradictory, or absurd involved
in the assertion? I think not. And yet if even the possible correctness of such an assertion
be granted, the proposition above referred to becomes untenable. It will be observed that it
is against a conclusion rather than a fact that I contend. With regard to the fact, I should
be sorry to express a positive opinion; for this is a subject on which I am at present seeking
instruction, which may lead me either to M. Weber’s view or the opposite. Be that as it
may, the result cannot materially affect the respect I entertain for every opinion emanating
from my distinguished correspondent on this and all other scientific subjects.

J.T.
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Chapter 5

[Weber, 1855b| Foreword to the
Submission of the Treatise:
Electrodynamic Measurements, specially
Attributing Mechanical Units to Measures
of Current Intensity

Wilhelm Weber!29:130,131
Session on 20 October 1855.

I am submitting the aforementioned treatise, which was written by myself and Professor
Kohlrausch!®? in Marburg, to the Royal Scientific Society. It consists of a continuation of
three treatises that were submitted previously, and which appeared under the same general
title. 1?3

As was developed already in the first treatise, the general law of electrical action and the
fundamental laws that can be derived from it for various branches of the theory of electricity
(with the exception of the fundamental law of electrostatics) include a constant whose nu-
merical value, when expressed in terms of known units, has great importance for the whole
theory of electricity, both theoretically and practically. That is because although one can
make numerous applications of those laws to the determination of ratios or quotients in which
that constant cancels in the denominator and the numerator while having no knowledge of
the value of that constant, nonetheless there will be many other applications of the above
laws that are not possible without determining the values of the constants that are included

129[Web55b] with English translation in [Web21c]. Related to [KW57] with English translation in [KW21],
see Chapter 7.

130Translated by D. H. Delphenich, http://www.neo-classical-physics.info/index.html and e-mail:
feedback@neo-classical-physics.info. Edited by A. K. T. Assis.

131The Notes by A. K. T. Assis are represented by [Note by AKTA:].

132[Note by AKTA:] Rudolf Hermann Arndt Kohlrausch (1809-1858).

133[Note by AKTA:] [Web46] with partial French translation in [Web87] and English translation in [Web07];
[Web52¢] with English translation in [Web21b]; and [Web52b] with English translation in [Web21a].
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in them. Up to now, the determination of that value has been lacking, and the closing of
that gap in the determination of electrodynamic measurements is the next objective of the
present treatise.

The simplest path to achieving that goal is to appeal to the measurements of current
intensity in absolute units, which was discussed in detail in the Second treatise,'** namely,
the ones that are based upon the magnetic or electrodynamic current effects, to which the
electrolytic current effects can be easily reduced with the help of corresponding observations.
That is because the current intensity, when expressed in terms of either units, is nothing but
the amount of positive electricity that flows through each cross-section of the conductor in
one second in the direction of the current, multiplied by either v/8 or 4, and divided by that
constant, which explains the fact that when only that amount of electricity can be measured,
the measurement of the current intensity in one of the two absolute units will lead to the
determination of the value of that constant. However, that total positive electricity that
flows through the cross-section of the conductor in one second in the direction of the current
was referred to as the mechanical measure of the current intensity in the Second treatise,
from which, it emerged that the goal of that treatise — namely, determining the value of
the constant — would be achieved when one succeeded in reducing the measurements of the
current intensity that are obtained from both measurements to mechanical measures.

However, the total amount of electricity that flows through the cross-section of a con-
ductor in a certain time interval cannot be measured while it is flowing. It must then be
previously measured while it is found in a state of rest. One must then previously collect a
certain amount of electricity that one would like to have flow through a conducting wire —
e.g., in a Leyden jar — and one must then seek to measure it while it is found in a state
of rest according to electrostatic principles, and one must then determine the intensity and
duration of the current that is produced when that same amount of electricity flows (from
the Leyden jar to the Earth, for instance) through a conducting wire in absolute units.

Now, as far as that initial measurement of the total electricity that is collected in the
Leyden jar is concerned, the electrostatic principles that must be applied to that measurement
are indeed known, in general, but many difficulties have been found in regard to applying
those principles to the electricity that has been collected in a Leyden jar. Coulomb, whom
we have to thank for those principles, made applications to only very small amounts of
electricity with which the small spheres of his electrical [torsion] balance were charged.!3
The solution of those difficulties was then the main problem that needed to be addressed as
the goal of this treatise. Several of those difficulties were eliminated by Professor Kohlrausch
in earlier investigations, and that fact was what led to the ambition for us to combine the
work that we had done, and it was only by such combined efforts that we could hope to
achieve satisfactory results.

As far as concerns the measurement of the intensity and duration of the electricity that
is stored in a Leyden jar from the current that is created by its discharge into the Earth,
it becomes clear that neither the measurement of that intensity nor that duration can be
performed directly, because the intensity is not constant and the duration of the current that
is created in that way is immeasurably small. The only thing that can be measured precisely
is the so-called integral value of the current that is created — i.e., the sum of the products
of each time element dt into the intensity i (expressed in absolute units) of the current that
is present in that time element (= [ idt), as calculated from the beginning to the end of the

134[Note by AKTA:] [Web52c] with English translation in [Web21b].
135[Note by AKTA:] See footnote 43 on page 56.
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current. However, that integral value is nothing but the total amount of electricity in the
Leyden jar that is discharged into the Earth, multiplied by either /8 or 4 and divided by the
desired constant. Meanwhile, it must be observed in all of this that not all of the electricity
that is stored in the Leyden jar flows from the jar to the Earth, but only half of it, while an
equal amount of negative electricity will simultaneously flow from the Earth to the jar, and
that will neutralize the other half of the electricity that is collected in it.

We must avoid going into the details of those measurements in this brief report, and
therefore refer to the treatise itself'3% for the electrostatic measurement of the amount of
electricity stored in a Leyden jar, as well as all things concerned with the electrodynamic
measurement of the integral value of the current that is created when it is discharged into
the Earth. It might suffice here to briefly cite the results of those measurements.

The measurement of the total amount of electricity E stored in a Leyden jar for five
different charges gave the following results:

No. E

35786 000
41618 000
49 313 000
44 007 000
49276 000

Al R R R

The meaning of the numbers that are quoted under E is as follows: For the first charge,
an amount of positive electricity was stored in the jar such that if it had been concentrated
into a point then an equal amount of electricity that had been concentrated into a point
at a distance of 1 millimeter from it would repel it with a force that equals the weight of
(35786 000)? - 1/g milligrams, where g denotes the acceleration of ponderable bodies due to
gravity: ie., g = 9811 millimeters/(second)®. The measurement of the integral value [ idt
of the current that is created by removing the electricity E that is stored in the Leyden jar in
terms of the absolute units that are based upon magnetic current effects gave the following
results in those five cases:

No. fz'dt

0.0001194
0.0001300
0.000 156 8
0.000 1480
0.000 1589

Al o] B R

However, from the above, when one observes that only half of the positive amount of
electricity £ flows from the Leyden jar to the Earth, because the other half will be negative
electricity that flows from the Earth to the jar in the opposite direction, which will neutralize
the latter, one will have the quotient E/ [ idt = ¢v/2, in which ¢ denotes the desired constant.
As a result, one gets the five following mutually-independent determinations of the value of
the unknown constant ¢ from the five values of E above and the associated values of [ idt:

136[Note by AKTA:] [KW57] with English translation in [KW21], see Chapter 7.
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No. c

423870 - 10°
452750 - 10°
444760 - 10°
420510 - 10°
438560 - 10°

Al o] B R

The mean of those five measurements yields the value of the constant ¢ = 436090 - 10°.

The meaning of the constant c is that of a well-defined velocity, and indeed the velocity
with which two electric masses must approach or separate from each other if neither attrac-
tion nor repulsion is to exist between them. Here, the velocity c¢ is expressed by the number
of millimeters that will be traversed in one second at that velocity. With 7408 meters per
mile, that velocity is calculated to be 58 868 miles per second.

Finally, with the value of that constant, all of the current intensity measurements that
are quoted in absolute units (whether they are based upon magnetic, electrodynamic, or
electrolytic current effects) can be easily reduced to mechanical units, which might imply,
e.g., that a positive amount of electricity of 16% billion mass units and an equal amount of
negative electricity would be required in order to decompose 1 milligram of water. If that
positive amount of electricity were in a cloud and that negative electricity were concentrated
into a location on the surface of the Earth along a perpendicular beneath the cloud then that
would imply an attraction of the cloud to the Earth that would be equal to the weight of
27 545 kilograms, or almost 551 hundredweights, when the two are separated by 1000 meters.

The second part of the treatise is concerned with applications that can be made, in part
when one extends the laws that were developed in the previous treatises by the determination
that is thus obtained, and in part when one seeks to employ the newly-obtained determination
as the foundation for new investigations.

In all laws into which the constant c enters, it always appears as the denominator of the
velocity with which the bodies actually move relative to each other or as the denominator of
the velocity with which the bodies would move relative to each in the course of a unit time
(viz., second) when the acceleration that is present continues throughout that time interval.
It is therefore of practical interest that all actual velocities that we know — even those of
the planets — can be considered to be vanishingly small compared to the velocity c¢. That is
because the only velocity that is known to us, which comes close to the speed ¢, — namely,
the speed of the propagation of light — is not an actual velocity with which bodies can
move relative to each other. That yields some interesting applications: e.g., that one can
also adapt the extension that was made to the law of electrostatics to the law of gravitation,
since the change in the gravitational force that it would imply would vanish entirely for
all phenomena in which one might observe it. The fact that for electricity the change
in the electrostatic force (which corresponds to the gravitational force between ponderable
bodies) does not vanish everywhere when one adds the aforementioned extension is based
merely upon the total cancellations of the electrostatic forces that takes place under the
neutralization of positive and negative electricity. Where no such neutralization takes place,
but only free electricity is present, a consideration of the electrostatic force will always suffice
for the effects of that free electricity, because its change in accordance with that extension
can be likewise regarded as totally vanishing, which has great practical significance for the
consideration of free electricity in closed circuits.
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Finally, an important principle for new investigations is that all forces that act upon an
electric mass will also act immediately upon the ponderable masses that they pertain to and
from which they can be separated only by overcoming the resistance of the ponderable bodies.
Now, if those electrical forces can be determined by mechanical measures then one will learn
about the molecular forces that mediate the mechanical and chemical effects of electricity on
ponderable bodies in that way. That will show how the research into the galvanic resistance
of water can be employed to obtain a precise insight into and understanding of the chemical
affinity of oxygen and hydrogen in water. For instance, if one could rigidly couple all oxygen
particles to each other in the water in a mixture of water and sulfuric acid of specific weight
1.25 that occupies a column of arbitrary cross-section and one millimeter in height and move
them to one side by means of a tensed string, while all of the hydrogen particles were coupled
rigidly to each other and moved to the opposite side by means of a tensed string then the
tensions in those two strings would amount to 1478 hundredweights if the systems of oxygen
particles and hydrogen particles in 1 second were to move so far from each other that the
component of 1 milligram of water would be free at the two ends of the water column.

Most likely, similar applications can also be made in relation to the mechanical effects
of electricity when it jumps from one conductor to another while small ponderable particles
are torn from the one conductor by the electricity. If one were to possess a more precise
knowledge of all the relationships that come into play essentially in that phenomenon then
it would probably be possible to determine the mass of the neutral electric fluid that exists
in ponderable bodies, and under certain likely assumptions, it already seems that one can
deduce an exceptionally large magnitude for that mass. However, the larger that mass
becomes, the smaller the velocity would be with which it moves in galvanic currents,'®” and
in that way, it already seems that one can assume with great likelihood that the actual
velocity with which electric masses displace in closed circuits is rather small, and in no
way to be confused with the large velocity with which galvanic currents propagate in closed
circuits, which is what Wheatstone sought to measure.'?®

137[Note by AKTA:] Weber is referring here to the drift velocity, that is, to the velocity of the electrified
particles relative to the matter of the conductor.

138[Note by AKTA:] Charles Wheatstone (1802-1875), see [Whe34]. In 1857 Weber and Kirchhoff deduced
independently from one another, although both works were based on Weber’s force of 1846, that an electric
wave propagates along a wire of negligible resistance with light velocity, see Chapters 8, 9, 10, 18 and 19.
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Chapter 6

[Weber and Kohlrausch, 1856] On the
Amount of Electricity which Flows
Through the Cross-section of the
Circuit in GGalvanic Currents

Wilhelm Weber and Rudolf Kohlrausch!3?:14°

Prefatory Note by Rudolf Kohlrausch

The Editor desired for the Annalen'*' a report on work carried out jointly by Prof. Weber
and myself, whose results were presented in a more fundamental and conclusive way by Prof.
Weber in Vol. 5 of the Treatises of the Royal Saxon Scientific Society in Leipzig, under the
title Elektrodynamische Maassbestimmungen, insbesondere Zuriuckfihrung der Strominten-
sitatsmessungen auf mechanisches Maass (Leipzig, S. Hirzel, 1856).142 Herewith I give a
short precis.

139[WK56]. The English version presented in this book is based on the translation by the late Susan P.
Johnson, [WKO03], see also [Joh97]. It was edited by Laurence Hecht and A. K. T. Assis. A Portuguese
translation was published in 2008, [WKO08].

140Wilhelm Weber and Rudolf Kohlrausch’s Notes are represented by [Note by WK:]; the Notes by H.
Weber, the editor of the third volume of Weber’s Werke, are represented by [Note by HW:]; while the Notes
by A. K. T. Assis are represented by [Note by AKTA:].

141Note by AKTA:] Kohlrausch is referring to Johann Christian Poggendorff (1796-1877). He was the
Editor of the Annalen der Physik und Chemie from 1824 to 1876. The modern Annalen der Physik is the
successor to Poggendorff’s Annalen.

12[Note by AKTA:] [KW57] with English translation in [KW21], see Chapter 7.
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6.1 Problem

The comparison of the effects of a closed galvanic circuit with the effects of the discharge-
current of a collection of free electricity, has led to the assumption, that these effects proceed
from a movement of electricity in the circuit. We imagine that in the bodies constituting
the circuit, their neutral electricity is in motion, in the manner, that their entire positive
component pushes around in the one direction in closed, continuous circles, the negative in
the opposite direction. The fact that an accumulation of electricity never occurs by means
of this motion, requires the assumption, that the same amount of electricity flows through
each cross-section in the same time-interval.

It has been found suitable to make the magnitude of the flow, the so-called current
intensity, proportional to the amount of electricity which goes through the cross-section
of the circuit in the same time-interval. If, therefore, a certain current intensity is to be
expressed by a number, it must be stated, which current intensity is to serve as the measure,
i.e., which magnitude of flow will be designated as 1.

Here it would be simplest, as in general regarding such flows, to designate as 1 that
magnitude of flow which arises, when in the time-unit the unit of fluid goes through the
cross-section, thus defining the measure of current intensity from its cause. The unit of
electrical fluid is determined in electrostatics by means of the force, with which the free
electricities act on each other at a distance. If one imagines two equal amounts of electricity
of the same kind concentrated at two points, whose distance is the unit of length, and if
the force with which they act on each other repulsively, is equal to the unit of force, then
the amount of electricity found in each of the two points is the measure or the unit of free
electricity.

In so doing, that force is assumed as the unit of force, through which the unit of mass is
accelerated around the unit of length during the unit of time. According to the principles of
mechanics, by establishing the units of length, time, and mass, the measure for the force is
therefore given, and by joining to the latter the measure for free electricity, we have at the
same time a measure for the current intensity.

This measure, which will be called the mechanical measure of current intensity, thus sets
as the unit, the intensity of those currents which arise when, in the unit of time, the unit of
free positive electricity flows in the one direction, an equal amount of negative electricity in
the opposite direction, through that cross-section of the circuit.

Now, according to this measure, we can not carry out the measurement of an existing
current, for we know neither the amount of neutral electrical fluid which is present in the cubic
unit of the conductor, nor the velocity, with which the two electricities displace themselves
[sich verschieben] in the current. We can only compare the intensity of the currents by means
of the effects which they produce.

One of these effects is, e.g., the decomposition of water. Sufficient grounds converge, to
make the current intensity proportional to the amount of water, which is decomposed in the
same time-interval. Accordingly, that current intensity will be designated as 1, at which the
mass-unit of water is decomposed in the time-unit, thus, e.g., if seconds and milligrams are
taken as the measure of time and mass, that current intensity, at which in one second one
milligram of water is decomposed. This measure of current intensity is called the electrolytic
measure.

The natural question now arises, how this electrolytic measure of current intensity is
related to the previously established mechanical measure, thus the question, how many
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(electrostatically or mechanically measured) positive units of electricity flow through the
cross-section in one second, if a milligram of water is decomposed in this interval of time.

Another effect of the current is the rotational moment'*® it exerts on a magnetic needle,
and which we likewise assume to be proportional to the current intensity, conditions being
otherwise equal. If a current intensity is to be measured by means of this kind of effect, then
the conditions must be established, under which the rotational moment is to be observed.
One could designate as 1 that current intensity which under arbitrarily established spatial
conditions exerts an arbitrarily established rotational moment on an arbitrarily chosen mag-
net. When, then, under the same conditions, an m-fold large rotational moment is observed,
the current intensity prevailing in this case would have to be designated as m. Precisely
the impracticability of such an arbitrary measure, however, has led to the absolute measure,
and thus in this case the electromagnetic measure of current intensity is to be joined to
the absolute measure for magnetism. This occurs by means of the following specification of
normal conditions for the observation of the magnetic effects of a current:

The current goes through a circular conductor, which circumscribes the unit of area, and
acts on a magnet, which possesses the unit of magnetism,'** at an arbitrary but large distance
= R; the center of the magnet lies in the plane of the conductor, and its magnetic axis is
directed toward the center of the circular conductor.

The rotational moment D, exerted by the current on the magnet, expressed according to
mechanical measure, is, under these conditions, different according to the difference in the
current intensity, and also according to the difference in the distance R; the product R3D
depends, however, simply on the current intensity, and is hence, under these conditions, the
measurable effect of the current, namely, that effect by means of which the current intensity
is to be measured, according to which one therefore obtains as magnetic measure of current
intensity the intensity of that current, for which R*D = 1.

The electromagnetic laws state, that this measure of current intensity is also the intensity
of that current which, if it circumscribes a plane of the size of the unit of area, everywhere
exerts at a distance the actions of a magnet located at the center of that plane, which
possesses the unit of magnetism and whose magnetic axis is perpendicular to the plane; —
or also, that it is the intensity of that current, by which a tangent galvanometer**® with simple
rings of radius = R is kept in equilibrium, given a deflection from the magnetic meridian

) 2w
— arctan —
14 RT

if T denotes the horizontal intensity of the terrestrial magnetism.

Here, too, arises the natural question about the relation of the mechanical measure of
current intensity to this magnetic measure, thus the question, how many times the electro-
static unit of the amount of electricity must go through the cross-section of the circuit during
one second, in order to elicit that current intensity, of which the just-specified deflection, ¢,
is effected by the needle of a tangent galvanometer.

The same question repeats itself in considering a third measure of current intensity,
which is derived from the electrodynamic effects of the current, and is therefore called the
electrodynamic measure of the current intensity.

The three measures drawn from the effect of the currents have already been compared

143[Note by AKTA:] See footnote 10 on page 18.
144Note by AKTA:] See footnote 54 on page 62.
145[Note by AKTA:] See footnote 12 on page 22.
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with one another. It is known that the magnetic measure is v/2 larger than the electrody-
namic, but 1062 times smaller than the electrolytic,"*® and for that reason, in order to solve
the question of how these three measures relate to mechanical measure, it is merely necessary
to compare the later with one of the others.

This was the goal of the work undertaken, which goal was to be attained through the
solution of the following problem:

Given a constant current, by which a tangent galvanometer with a simple multi-
plier circle of radius = R™™ is kept in equilibrium at a deflection ¢ = arctan 2w /RT,
if T is the intensity of the horizontal terrestrial magnetism affecting the compass:
it should be determined how the amount of electricity, which flows in such a
current in one second through the cross-section of the conductor, relates to the
amount of electricity on each of two equally charged (infinitesimally) small balls,
which repel one another at a distance of 1 millimeter with the unit of force. The
unit of force is taken as that force, which imparts 1 millimeter velocity to the
mass of 1 milligram in 1 second.

6.2 Solution of This Problem

If an amount FE of free electricity is collected at an insulated conductor and allowed (by
inserting a column of water)!” to flow to earth through a multiplier, the magnetic needle
will be deflected. The magnitude of the first deflection depends, given the same multiplier
and the same needle, solely on the amount of discharged electricity, since the discharge
time is so short, compared with the oscillation period of the needle, that the effect must be
considered as an impulse.

If a constant current is put through a multiplier for a similarly short time, the needle
receives a similar impulse, and in this case as well, the magnitude of the first deflection
depends solely on the amount of electricity which moves through the cross-section of the
multiplier wire during the duration of the current.

Now, if in the same multiplier, exactly the same deflection were to occur, the one time,
when the known amount of free electricity F was discharged, the other time, when one let a
constant current act briefly, then, as can be proven, the amount of positive electricity, which
flows during this short time-interval in the constant current, in the direction of this current,
through the cross-section, equals /2.

Accordingly, the problem posed requires the solution of the following two problems:

a) measuring the collected amount E of free electricity with the given electrostatic
measure, and observing the deflection of the magnetic needle when the electricity
1s discharged;

b) determining the small time-interval T, during which a constant current of
intensity = 1 (according to magnetic measure) has to flow through the multiplier
of the same galvanometer, in order to impart to the needle the same deflection.

146[Note by AKTA:] See [Web4lb, p. 17 of Weber’'s Werke] and [Web42] with English translation in
[Web20a]; [WK56, p. 600 of Weber’s Werke] with English translation in [WKO03, p. 290] and Portuguese
translation in [WKO08, p. 96]; [KW57, pp. 614, 649 and 650 of Weber’s Werke] with English translation
in [KW21, p. 8]; [Web62, p. 88 of Weber’s Werke|; and [Web64, p. 165 of Weber’s Werke] with English
translation in [Web21d].

147Note by AKTA:] That is, by inserting a conducting column of water.
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If next we multiply £/2 by the number which shows how often 7 is contained in the
second, then the number F/27 expresses the amount of positive electricity, which, in a
current whose intensity = 1 according to magnetic measure, passes through the cross-section
of the conductor in the direction of the positive current in 1 second.

Problem a is treated in the following way.

First, with the help of the sine-electrometer,'4® the conditions are determined with greater
precision, in which the charge of a small Leyden jar is divided between the jar itself and an
approximately 13-inch ball coated with tin foil, which was suspended, by a good insulator,
away from the walls of the room, so that from the amount of electricity flowing on the ball,*4?
as soon as it was able to be measured, the amount remaining in the little jar could also be
calculated down to a fraction of a percent.

The observation consisted of the following:

The jar was charged, the large ball put in contact with its knob; three seconds later,
the charge remaining in the jar was discharged through a multiplier'®® consisting of 5635
windings, by the insertion of two long tubes filled with water, and the first deflection ¢ of
the magnetic needle, which was equipped with a mirror in the manner of the magnetometer,
was observed. At the same time, the large ball was now put in contact with the approximately
1-inch fixed ball of a torsion balance'® constructed on a very large scale. This fixed ball,
brought to the torsion balance, shared half of its received charge with!®? the moveable ball,
which made it possible to measure the torsion which was required, to a decreasing extent
over time, in order to maintain the two balls at a fully determinate, pre-ascertained distance.

From the torsion coefficients of the wire, found in the manner well known from oscillations
experiments, and the precisely determined dimensions, the amount of electricity occurring
at each moment in the torsion balance could be measured in the required absolute measure,
taking into consideration the non-uniform distribution of electricity in the two balls (which
consideration was advisable because of the not insignificant size of the balls compared with
the distance between them). The observed decrease in torsion also yielded the loss of electric-
ity, so that it was possible, by means of this consideration, to state how large these amounts
would be, if they could already have been in the torsion balance at the moment at which
the large ball was charged by the Leyden jar.

This amount [of electricity] went from the large ball to the fixed ball. From the precisely
measured diameter of these balls, the proportion of the distribution of electricity between
them could be determined (according to Plana’s work),' so that, by means of the measure-
ment in the torsion balance, without further ado, it was known what amount of electricity
remained in the Leyden jar after charging the large ball, and what amount was discharged

148[Note by AKTA:] In German: Sinus-Elektrometers. Instrument created by R. Kohlrausch, see [Koh53].

149Note by AKTA:] In German: aus der auf die Kugel iibergegangenen Elektricititsmenge. Alternative
translation: from the amount of electricity passed to the ball.

159[Note by WK:] The mean diameter of the windings was 266 mm; the almost 2/3-mile-long wire, very
well coated with silk, was previously drawn through collodion along its entire length, while the sides of the
casing were strongly coated with sealing wax. A powerful copper damper moderated the oscillations.

151[Note by WK:] The frame of the torsion balance, in whose center the balls were located, was in the shape
of a parallelepiped 1.16 meters long, 0.81 meters wide, and 1.44 meters high. The long shellac pole [Stange],
to which the moveable ball was affixed by means of a shellac-arm, allowed the observation of the position
of the ball under a mirror, and then dipped into a container of oil, by means of which the oscillations were
very quickly halted.

152[Note by AKTA:] In German: halbirte ihre empfangene Ladung mit. Alternative translation: gave half
its received charge to.

153[Note by AKTA:] Giovanni Antonio Amedeo Plana (1781-1864), [Pla45] and [Pla54].
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3 seconds later by the multiplier. Only one small correction was still required on account of
the loss of available charge, which occurred during these 3 seconds from leakage into the air
and through residue formation.

In the following Table are assembled the results of five successive experiments. The
column headed FE contains the amounts of discharged electricity, the column headed s the
corresponding deflections of the magnetic needle in scale units, and the column headed ¢
the same deflections, but in arcs for radius = 1.

Number E s %
1 36060000 | 73.5 | 0.0057087

2 41940000 | 80.0 | 0.006 2136
3 49700000 | 96.5 | 0.007 4952
4 44350000 | 91.1 | 0.0070757
5 49660000 | 97.8 | 0.007 596 2

Problem b requires knowing the time-intervals 7, during which a current of that intensity
denoted 1 in magnetic current measure, must flow through the same multiplier, in order to
elicit the deflections ¢ observed in the five experiments.

The rotational moment, which is exerted by the just-designated currents on a magnetic
needle, which is parallel to the windings of the multiplier, is developed in the “second part
of the Electrodynamische Maassbestimmungen of W. Weber”.1**  This rotational moment
is proportional to the magnetic moment of the needle and the number of windings, but
moreover is a function of the dimensions of the multiplier and the distribution of magnetic
fluids in the needle, for which it suffices, to determine the distance of the centers of gravity
of the two magnetic fluids, which, in lieu of the actual distribution of magnetism, can be
thought of as distributed on the surface of the needle. The needle always remaining small
compared with the diameter of the multiplier, for this distance a value derived from the size
of the needle could be posited with sufficient reliability, so that the designated rotational
moment D contains only the magnetic moment of the needle as an unknown.

If this rotational moment acts during a time-interval 7, which is very short compared
with the oscillation period t of the needle, then the angular velocity imparted to the needle
is expressed by

D

r,
where K signifies the moment of inertia.'® The relationship between this angular velocity
and the first deflection ¢ then leads to an equation between 7 and ¢,

T=¢p-A,

in which A consists of magnitudes to be truly rigorously measured, thus signifies known
constants, namely A = 0.020 915 for the second as measure of time.

Thus, if it is asked how long a time-interval 7 a constant current of magnetic current
intensity = 1 has to flow through the multiplier, in order to elicit the above-cited five observed
deflections, one need only insert their values for 7 into this equation. In this way the values
in seconds result as

154[Note by AKTA:] [Web52¢c, footnotes on pages 360-365 and p. 454 of Weber’s Werke] with English

translation in [Web21b].
155[Note by AKTA:] In German: Trdgheitsmoment.
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Number T

1 0.0001194
0.0001300
0.0001568
0.000 1480
0.000 1589

QY =~ | W N

If we now divide E/2 in the five experiments by the pertinent 7, we obtain

Number E/21
1 151000 - 10°
2 161300 - 10°
3 158 500 - 10°
4 149800 - 10°
D 156 250 - 10°

thus as a mean,

E
— =155370-10° .
2T
The mechanical measure of the current intensity is thus related

to the magnetic [measure of current intensity/ as 1 : 155370 - 105,

to the electrodynamic as 1 : 109860 - 108 (: 1:155370- 106 - %),

to the electrolytic as 1:16573-10° (= 1:155370-10° - 106%).

6.3 Applications

Among the applications, which can be made by reducing the ordinary measure for current
intensity to mechanical measure, the most important is the determination of the constants
which appear in the fundamental electrical law, encompassing electrostatics, electrodynam-
ics, and induction. According to this fundamental law, the effect of the amount of electricity
e on the amount ¢’ at distance r with relative velocity dr/dt and relative acceleration dr/dt?

equalst®®
ee’ 1 [dr? d*r
ol (Y o0
r? { 2 (dt2 rdﬁ)] ’

and the constant ¢ represents that relative velocity, which the electrical masses e and €’ have
and must retain, if they are not to act on each other any longer at all.

In the preceding Section, the ratio of the magnetic measure to the mechanical measure
was found to be

156[Note by AKTA:] The next equation should be understood as:
ee 1 1 dr\’> 5 d*r
—R1l—= =) —2r—|¢ -
2 c? |\ dt dt?
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=155370-10%: 1 ;

in the Second treatise on FElectrodynamic Measurements, the same proportion was foun

:C\/§:4;

the equalization of these proportions results in

d157

¢ = 439450 - 10°

units of length, namely, millimeters, thus a velocity of 59 320 miles per second.
The insertion of the values of ¢ into the foregoing fundamental electrical law makes it
possible to grasp, why the electrodynamic effect of electrical masses, namely

e/ 1 [dr? 5 d?r
[ — [ — /r’—
r2 c2 \ dt? dt2 ) 7

ee!

compared with the electrostatic

r2
always seems infinitesimally small, so that in general the former only remains significant,
when, as in galvanic currents, the electrostatic forces completely cancel each other in virtue
of the neutralization of the positive and negative electricity.
Of the remaining applications, only the application to electrolysis will be briefly described
here.
It was stated above, that in a current, which decomposes 1 milligram of water in 1 second,

2
106g 155370 - 106

positive units of electricity go in the direction of the positive current in that second through
the cross-section of the circuit, and the same amount of negative electricity in the opposite
direction.

The fact that in electrolysis, ponderable masses are moved, that this motion is elicited
by electrical forces, which only act on electricity, not directly on the water, leads to the
conception, that in the atom of water, the hydrogen atom possesses free positive electricity,
the oxzygen atom free negative electricity. Many reasons converge, why we do not want to
think of an electrical motion in water without electrolysis, and why we assume that water is
not in a state of allow electricity to flow through it in the manner of a conductor. Therefore,
if we see in the one electrode just as much positive electricity coming from the water, as
is delivered to the other electrode during the same time-interval by the current, then this
positive electricity which manifests itself is that which belonged to the separated hydrogen
particles.

If we take this standpoint, so that we thus link the entire electrical motion in electrolytes
to the motion of the ponderable atoms, then it additionally emerges from the numbers
obtained above, that the hydrogen atoms in 1 milligram of water possess

2
106g 155370 - 106

157Note by AKTA:] [Web52c, p. 367 of Weber’s Werke] with English translation in [Web21b].
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units of free positive electricity, the oxygen atoms an equal amount of negative electricity.

From this it follows, secondly, that these amounts of electricity together signify the min-
imum of neutral electricity, which is contained in a milligram of water. Namely, if the atoms
of water were still to possess neutral electricity beyond their free electricity, then the mass
of neutral electricity in a milligram of water would be still greater.

Under the foregoing assumptions, we are also in a position to state the force with which
the totality of the hydrogen particles of a mass of water is acted upon in the one direction,
the totality of the oxygen particles in the opposite direction.

Imagine, for example, a cylindrical tube of 10/9 square millimeter cross-section, which
is to serve as a decomposition cell, filled with a mixture of water and sulphuric acid of
specific gravity 1.25, which thus contains in each 1-millimeter segment a milligram of water.
Through Horsford,'®® we know the proportional relation of the specific resistance of this
mixture to that of silver, and through Lenz,'® the proportional relation of the resistance of
silver to that of copper. In the treatises of the Konigliche Gesellschaft der Wissenschaften
in Gottingen (Vol. 5, “Ueber die Anwendung der magnetischen Induction auf Messung der
Inklination mit dem Magnetometer”),*6%:161 the resistance of copper is determined according
to the absolute measure of the magnetic system. This makes it possible to additionally
state, in absolute magnetic measure, the resistance which the water (under the influence of the
admixed sulphuric acid) exerts in a 1-mm long segment of that cylindrical decomposition cell.
This resistance, multiplied by the current intensity, the latter being expressed in magnetic
measure, yields the electromotive force in relation to this small cell, likewise in the magnetic
system of measure. However, the magnetic measure of the electromotive force is as many
times smaller than the mechanical, as the magnetic measure of the current intensity is greater
than the mechanical, and since this latter proportion is now known, that electromotive force
calculated in magnetic measure can be transformed into mechanical measure simply by
division by 155370 -10°. The number which results, then signifies the difference between the
two forces, of which in the direction of the current, the one acts to move each single unit
of the free positive electricity in the hydrogen particles, the other to move each single unit
of the free negative electricity in the oxygen particles, and therefore, in order to obtain the
entire force at work, this number must still be multiplied by the total of units of the free
positive or negative electricity, which is contained in the 1 millimeter-long water column,
that is, in 1 milligram of water, namely, by

2
106g 155370 - 106 .

If one carries out the calculation and presupposes that current intensity, at which 1
milligram of water is decomposed in 1 second, then one obtains a force difference

2 2
=2. <106§> 127476 - 10°

in which the unit of force is that force, which imparts to the unit of mass of 1 milligram a
velocity of 1 millimeter in 1 second. Thus, if one divides by the intensity of gravity = 9811,
one obtains this force difference, expressed in weight!%?

158[Note by AKTA:] Eben Norton Horsford (1818-1893), see [Hor47] and [Sto88].
159[Note by AKTA:] Heinrich Friedrich Emil Lenz (1804-1865), see [Len38, p. 119].
160[Note by HW:] Wilhelm Weber’s Werke, Vol. 2, p. 319.

161[Note by AKTA:] [Web53e, p. 319 of Weber’s Werke], [Web53a] and [Web53c].
162[Note by AKTA:] The German Zentner since metrification is defined as 50 kg.
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= 2147830 - 10° milligrams = 2 - 147830 kg = 2 - 2956 centner

under the influence of gravity.

This result can be expressed in the following way: If all hydrogen particles in 1 milligram
of water were linked in a 1 millimeter-long string, and all oxygen particles in another string,
then both strings would have to be stretched in opposite directions with the weight of 2956
centners, in order to produce a decomposition of the water at a rate such that 1 milligram of
water would be decomposed in 1 second.

One easily convinces oneself, that this stretching remains the same for a cell of 1 mm
length but a different cross-section, but that it must be proportional to the length of the
cell, and also proportional to the current intensity, that is, to the velocity of the electrolytic
separation.

If, in the wet cell described above, we now see a pressure on the totality of hydrogen
particles of the weight of 2956 centners, and if no acceleration of motion occurs, which
motion must, however, amount to 1759 million miles per second, but rather the hydrogen
continues with the constant velocity of 1/2 millimeter per second, then we are compelled
to assume, that a force would be acting counter to the decomposition of the water, a force
which increases with the velocity of the decomposition, so that in general, only that velocity
of decomposition remains, at which the force of resistance is equal to the electromotive
force, so that its effect on the totality of hydrogen particles in the milligram of water in the
foregoing case likewise would equal the weight of 2956 centners. Namely, in that case, the
ponderable particles would uniformly flow forth with the velocity attained.

It is natural, to seek the basis for this force of resistance in the chemical forces of affinity.
Even though the concept of “chemical affinity” remains too indeterminate, for us to be able
to derive from it, how the forces proceeding from this affinity increase with the velocity of the
separation, nevertheless, it is interesting to see what enormous forces enter into operation in
a chemical decomposition, as are easily elicited by electrolysis.
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Chapter 7

[Kohlrausch and Weber, 1857, EM4]
Electrodynamic Measurements,

Fourth Memoir, specially Attributing
Mechanical Units to Measures of
Current Intensity

Rudolf Kohlrausch and Wilhelm Weber!63:164,165

7.1 Measure of Current Intensity Based on Observed
Magnetic, Electrodynamic and Electrolytic Effects

The intensity of an electric current can be usually determined by observing either its mag-
netic, electrodynamic, or finally, its electrolytic effects. However, those effects can be observed
under very different situations, and it is the task of the observer to choose those situations
in such a manner as to give his observations the greatest completeness, while appealing to
the electromagnetic, electrodynamic, and electrolytic laws, which can reduce the effects that
are observed in the various situations to each other. That is because it is only by reduc-
ing the observations under the same conditions that one can achieve a comparison of the
current intensities. Now, one calls those common conditions, to which all observations that
were made under different circumstances should be reduced, normal conditions, and the unit
of current intensity will be established by defining those normal conditions according the
following rule:

163[KW57] with English translation in [KW21]. See also [WK68].

164Translated by D. H. Delphenich, feedback@neo-classical-physics.info and http: //www.neo-classical-
physics.info/index.html. Edited by A. K. T. Assis.

165The Notes by Kohlrausch and Weber are represented by [Note by KW:]; the Notes by H. Weber, the
Editor of Volume 3 of Weber’s Werke, are represented by [Note by HW:]; D. H. Delphenich’s Notes are
represented by [Note by DHD:]; while the Notes by A. K. T. Assis are represented by [Note by AKTA:].
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The unit of current intensity is the intensity of the current that will produce one
unit of measurable effect under normal conditions.

The normal conditions for the observation of the magnetic effects of a current are the
following: The current goes through a circular conductor that encircles a unit area and acts
upon a magnet that possesses one unit of magnetism*®® at an arbitrary, but large, distance
equal to R. The center of the magnet lies in the plane of the conductor, and its magnetic axis
points towards the center of the circular conductor. Under those conditions, the rotational
moment D that is exerted on the magnet by the current will vary with current intensity,
as well as with distance R. However, the product R3*D depends upon merely the current
intensity, and is therefore the measurable effect of the current under those conditions, from
which one will then get the unit of the current intensity from the intensity of the current
whose measurable effect under the conditions that were just described will be:

RD=1.

That unit of current intensity, which is then obtained from electromagnetic laws, is at
the same time also the intensity of that current that flows around a planar region of size one
unit of area, producing the same effect everywhere at a distance as a magnet that is found
at the center of that region that possesses one unit of magnetism and whose magnetic axis
is perpendicular to the plane. Alternatively, it is also the intensity of the current that will
equilibrate a tangent galvanometer'S” with a single multiplier loop of radius equal to R when
it deviates from the magnetic meridian by:

) 2T
= arctan —
2 RT

if T' denotes the horizontal component of the Earth’s magnetism.

The normal conditions for the observation of the electrodynamic effects of a current are
as follows: The same current goes through two circular conductors, each of which encircles
a unit area and lie at an arbitrary, but large, distance equal to R from each other: The
line of intersection of the two perpendicular planes of the circles bisects the first circular
conductor. — Under those conditions, the rotational moment D that the current in the first
conductor exerts upon the current that flows in the second conductor will vary with the
current intensity, as well as with the distance R. However, the product R*D depends upon
merely the current intensity and is therefore the measurable effect of the current under those
conditions, from which one will then get the unit of the current intensity from the intensity
of the current whose measurable effect will be:

R3D =1

under those conditions.

The normal conditions for the observation of electrolytic effects are the following ones:
The current goes through water during a time interval T' that can be measured with arbitrary
precision without suffering any change in intensity. — Under those conditions, the mass of
water M that is decomposed by the current, when expressed per assumed unit of mass (e.g.,
milligrams), will vary with current intensity, as well as with the time interval 7' (expressed

166[Note by AKTA:] See footnote 54 on page 62.
167[Note by AKTA:] See footnote 12 on page 22.
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in seconds). However, the quotient M /T will depend upon merely the current intensity, and
is therefore the measurable effect of the current under those conditions, from which one will
then get the unit of the current intensity from the current whose measurable effect is:

= 1
T

under those conditions.

All that remains for one to be able to compare the intensities of all currents whose
magnetic, electrodynamic, or electrolytic effects were observed is to relate the three units
that were given under the aforementioned normal conditions to each other.

One infers the relationship between the first two units from the fundamental electrody-
namic law, which include the laws of magnetism and electromagnetism, as Ampere exhibited
them,'%® namely, as was proved before in the Second treatise on Electrodynamic Measure-
ments, p. 261,910 one infers that the first unit relates to the second one like:'"*

168[Note by AKTA:] See footnote 44 on page 57.

169[Note by HW:] Wilhelm Weber’s Werke, Vol. 111, p. 360.

170[Note by AKTA:] [Web52c, p. 360 of Weber’s Werke] with English translation in [Web21b].

11 [Note by KW:| It is therefore interesting to point out that one can exhibit a complete identity between
those two units when one, under the aforementioned normal conditions, defines the electrodynamic effect
to be the rotational moment that the current in the second circle exerts upon the current in the first one,
instead of the rotational moment that the first one exerts upon the second. The reason why that is not
done is found merely in the fact that the expression that Ampere gave for the force of repulsion between two
current elements would remain unchanged, so if @ and «’ are the lengths of both elements, i and i’ are the
current intensities, r is the distance between them, ¢ is the angle between o and o/, ¥ is the angle between
a and r, and ¥ is the angle between o/ and the extension of 7, then that force will be represented by:

ad .,

3
——ii (cos5—§cos19cos19') ,

r2

or

1 ad

2 72
However, all that generally follows from Ampere’s fundamental law of electrodynamics is that that force is
proportional to that expression, and therefore when one leaves the measure of the current intensity undeter-
mined, the force itself will be represented by the product of that expression with an arbitrary constant, and
so by:

i1’ (3cosd cos) — 2cose) .

! 3
-C- ao; i’ (cosg — — cos ¥ cos 19') ,
r 2
or by
/
D 2%y (3cosvcos? — 2cose)

r2
in which C' or D refer to the aforementioned constant. Now, Ampere assigned the value C = 1 to the
constant C' or the value D = 1/2 to the constant D in order to establish a well-defined unit for the current
intensity, and in that way, he obtained the aforementioned expression for the force of repulsion between two
current elements:

oo !

i’ (3cosd cos? — 2cose)

2 72

3 1
2 i’ <cosa— 50051%0519’) - ..o
-

which reduces to:
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V2:1.

The third unit will imply the reduction to the first, and therefore also the second one
immediately, by simultaneous observations of the magnetic and electrolytic effects that are
produced by one and the same current. Namely, one will find upon comparing the reduced
observations, under the aforementioned normal conditions, that the third unit of current
intensity, or the intensity of the current that will decompose 1 milligram of water in 1
second, is 106% times larger than the first unit,!” or than the intensity of the current that,
when it flows around a plane of size one unit area, will produce the same effects everywhere
at great distances as a magnet at the center of that planar region that possesses one unit
of magnetism and whose magnetic axis is perpendicular to the plane. See “Resultate aus
der Beobachtungen des magnetischen Vereins in Jahre 1840,” p. 96,'731™ and Casselmann
“Uber die galvanische Kohlenzinkkette. Marburg 1844,” p. 70.17

7.2 Mechanical Measure of Current Intensity Based on
the Following Causes — Drift Velocity and Elec-
tricity Content of the Conductor

However, the intensity of an electric current can be determined not only by its effects, but
also by its origins. Nonetheless, the deepest roots of an electric current lie in the mass of
neutral electric fluid that is contained in a closed conductor, and in the velocity with which its
two components, namely, the masses of the positive and negative fluids, move simultaneously
in opposite directions. On the basis of this origin, the unit of the current intensity will be
established from the following measures:

The unit of the current intensity is the intensity of the current that is produced by
such a velocity for the two electric fluids, for which the mass of each fluid that flows

for two parallel current elements that are perpendicular to r and for which € = 0 and ¥ = 9’ = 90°. However,
for the sake of agreement with the electromagnetic measurements, it would be preferable to set D =1 or
C = 2, which would then make the expression for the force of repulsion between two current elements equal
to:

/ /
i1’ (3cosV cos) — 2cose) = —2

. 3
5 511’ | cose — S costcos? |,
r r 2

and for two current elements that coincide with r, [that is, for two current elements parallel to one another
and pointing along the direction 7,] for which ¢ = ¢’ = ¢ = 0, that will reduce to:

/
oo’

.

r2

The cited change in the normal conditions for the electrodynamic current effects will agree with that, and
in that way, one will arrive at a complete identity between the electrodynamic unit of the current intensity
and the magnetic one.

172[Note by AKTA:] See footnote 146 on page 134.

173|Note by HW:] Wilhelm Weber’s Werke, Vol. 111, p. 17.

174 [Note by AKTA:] [Web41lb, p. 96 of the Resultate] and [Web42, p. 17 of Weber’s Werke], with English
translation in [Web20a].

175[Note by AKTA:] [Cas43, p. 70].
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through the cross-section of the conductor divided by the time during which it flows
through it is equal to 1.

This unit is the mechanical unit of the current intensity, and the problem that is being
addressed in this treatise is to reduce the units that were described in the previous Section
to this unit, which is most simply based in the essence of the current, and will therefore have
an advantage over the other measures for the fundamental determination of that current
intensity.
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I - Reducing the Magnetic, Electrodynamic, and Elec-
trolytic Units for the Current Intensity to Mechanical
Units

7.3 Lack of Electrostatics Measurement of an Accumu-
lated Amount of Electricity to Be Set in Motion

Up to now, no attempt has been made to determine current intensities from a mechanical
unit, and even less, to reduce the current intensities that were determined from the other
units to the latter. One merely knows that the amount of electricity that flows in the form
of weak currents through the cross-section of the closed circuit, which can be produced by
the most humble galvanic processes, must also be very large for a very brief time, since the
most powerful electrification machine (whose conductor is coupled with the site of friction
by a conducting wire) will give a much weaker current than a single galvanic element that
is closed by a conducting wire of very large resistance.

The lack of any way of determining current intensities by mechanical measurements is
based upon the difficulties that one finds in their implementation, while the determination
of current intensities in the other aforementioned units is very easy to do, and thus allows
for a much higher degree of precision. The last units will always be the first choice to be
applied in practice, and one will essentially deal with the fact that a current intensity that is
known in one of the latter units can only once be measured as precisely as possible in order
to ascertain the ratio of the magnitude of the mechanical unit to that of the latter unit, and
in that way, to find oneself in a position to reduce all of the determinations that were made
in those units to mechanical units.

For such a measurement, one lacks, above all, any knowledge of the amount of electricity
in a closed conductor that carries current, or rather, since that knowledge while the current
is flowing can not be obtained, [one lacks] a knowledge of the amount of electricity that is
transferred by the current, and which is found to have been accumulated previously — e.g., in
a Leyden jar. In order to do that, one possesses excellent means and methods for measuring
electricity that go back to Coulomb,'”™ but which are never used to measure the electricity
that is collected in a charged Leyden jar.!7"178

The question of the amount of electricity that is found to be collected in a Leyden jar is

176[Note by AKTA:] See footnote 43 on page 56.

177[Note by KW:] In the Annalen der Chemie und Physik, Vol. 86, p. 33, Buff found, with the help of
his tangent galvanometer and long conducting wires, that the amount of electricity that would be sufficient
to liberate 1 milligram of hydrogen from 9 milligrams of water electrically, when one possesses the means
to condense it, was to charge a battery of 45,480 Leyden jars that were each 480 millimeters in height and
160 millimeters in diameter up to a spark gap of 100 millimeter. Buff’s determination is the best and most
precise one that exists, but it still does not suffice to determine the amount of electricity that is included in
that jar, for which, from mechanical principles, one requires a knowledge of the force of repulsion that this
amount of electricity, when concentrated into a point, would exert upon an equal amount of electricity that
is also concentrated into a point at a large distance from the latter. However, knowledge of that force of
repulsion is still lacking, and up to now, no attempts have been made to measure such forces by the various
means and methods that were given by Coulomb and others, or even to gain a better knowledge of it.

178[Note by AKTA:] As a matter of fact, this paper was published in the Annalen der Chemie und Pharmacie
edited by J. F. v. Liebig (1803-1873), F. Wohler (1800-1882) and H. F. M. Kopp (1817-1892) and not in the
Annalen der Chemie und Physik edited by J. C. Poggendorff (1824-1876): [Buf53, p. 33].
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often raised: Once it has been answered, and the amount of electricity has been determined
by the forces that it might exert, it is in no way merely a question of curiosity, but is linked
with important determinations that are presently still lacking in the theory of electricity,
and might lead the way to interesting investigations.!™

This question in regard to the amount of electricity in a Leyden jar has a special rela-
tionship to electrodynamic units that deserves a closer look, in any event. A fundamental
law of electrical action was presented in the first part of this series of articles on determina-
tions of units that simultaneously included electrostatics, electrodynamics, and induction.*®°
According to that fundamental law, the force that the electrical mass e exerts upon the
electrical mass ¢’ at a distance r is not merely a function of that distance, but at the same
time, a function of the relative state of motion of the two electrical masses that is given by
the relative velocity dr/dt and acceleration d?r/dt* with which they pass to the distance r.
That fundamental law of the electrical action is:

ee . 1 [dr? 5 d*r
r2 c? \ dt? Tdtz

in which the constant ¢ means the relative velocity at which the electrical masses would exert
no effect at all on each other, as long as it remained unchanged. In the second article in
this series,'®! it was then shown how the determination of the value of that constant ¢ might
provide the possibility of reducing not merely the units of the electromotive forces, but also
the units of the current intensities, to the units of mechanics, and that in itself will give the
relationship by which the constant ¢ will allow one to determine the amount of electricity
that passes through a cross-section of the conductor in a unit of time in terms of the unit of
measurement of current intensity that is based in the magnetic and electrodynamic effects of
the current. Conversely, the knowledge of that amount of electricity that is acquired in other
ways would also lead to a determination of the value of the constant ¢, which is brought to
our attention by the fundamental law above. The determination of such a constant of nature
is a topic that is especially appropriate for a finer measurement. In the foregoing case, that
determination can be reduced to the following problem.

1Note by KW:] When one observes that most of the applications of the laws of nature depend upon
determining the values of certain constants, that fact is based upon the determination of the unknown
constants in the theory of electricity, which depend upon answering the question above. — Moreover, it is
very likely that determining the electricity required to decompose water by the forces that it might exert
could be used to investigate the forces that are active in the decomposition of water, and that in the same
way, a determination of the amount of electricity by which a wire would be made to glow within a certain
period of time from the forces that it might exert would lead to a deeper insight into the forces at work
during the generation of heat, etc. Some of those applications will be discussed in more detail in Part Two.

180[Note by AKTA:] [Web46] with partial French translation in [Web87] and a complete English translation
in [Web07].

181[Note by AKTA:] [Web52c] with English translation in [Web21b].
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7.4 Problem. To Determine Electrostatically the A-
mount of Electricity Which Flows Through the
Cross-Section of the Conductor in 1 Second Ac-
cording to the Magnetic Measure of Current In-
tensity

Determine the amount of electricity that passes through the cross-section of a conductor
in unit of time for a current whose intensity has a unit of measurement that is based in its
magnetic or electrodynamic or electrolytic effects, and indeed, that amount of electricity shall
be determined from the magnitude of the fundamental electrostatic force that it exerts; or,
more especially:

Let a constant current be given,'®® under which a tangent galvanometer with

a simple multiplier circle of radius equal to R would take on a deflection of
w = arctan 27t/ RT in equilibrium, where T means the intensity of the horizon-
tal component of the Earth’s magnetism that directs the compass. It should be
determined how the amount of electricity that flows through the cross-section of
the conductor in one second under such a current, relates itself to the amount of
electricity that is contained on each of two small equally-charged balls that repel
each other with a unit force at a unit distance. In that way, the unit of force shall
be taken to be the force that would accelerate a mass of one milligram to one unit
of velocity in one second.

From our previous determination, the given current is one that will exert entirely the
same effects at a distance as a magnet that possesses one unit of magnetic moment when it
flows around a planar region of magnitude one unit of area; i.e., the current whose strength
is ordinarily chosen the be the unit of the strength of all other currents by observing it with
the tangent galvanometer, and the amount of electricity that is present on each of the small
balls is the amount that one is accustomed to assign as the basis for the unit of measurement
for electrostatic measurements with the Coulomb torsion balance.'®3

7.5 Plan for Solving the Problem — Electrostatic Mea-
surement of the Amount of Electricity Accumu-
lated in a Leyden Jar — Electromagnetic Measure-
ment of the Electricity (Generated by the Discharge
of the Jar

If the amount of electricity E that is collected on an isolated conductor is discharged to
Earth through the multiplier of a galvanometer, then it will exert a rotational moment on
the magnetic needle of the galvanometer as it flows through it. Now, if one also extends the
discharge time as much as needed by inserting a column of water into the path of the current

182[Note by AKTA:] Current of intensity = i.
183[Note by AKTA:] See footnote 43 on page 56.
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in order for no spark to jump between the windings of the multiplier, then that discharge time
will still define only an extremely small fraction of the period of oscillation of the magnetic
needle, such that the part of the path that the needle covers during that discharge time (that
is during the action of the discharge current) will be vanishingly small in comparison to the
entire path of the needle; i.e., in comparison to the magnitude of the elongation that the
needle attains over the course of one-half an oscillation period. The effect of the discharge
current can then be considered to be an impulse that the needle would experience in its rest
position, after which the angular velocity that the needle acquired could be calculated from
known laws of oscillation by observing the initial elongation of the needle after the discharge
at the moment of the impulse itself.

Furthermore, everything behaves exactly like an induction impulse, and also insofar as
the nature of the discharge current is entirely indifferent to whether it consists of many
separate partial discharges that rapidly follow each other or whether it is continuous with
an intensity that decreases to zero rapidly according to some law. The angular velocity that
the needle acquires in that way will always depend upon the amount of electricity F.'8*

We can give the needle of the galvanometer a similar impulse by means of a constant
current when we let the current act for only a very short time, and indeed the initial elon-
gation will be the same whether the current has an intensity ¢ during the time ¢ or with the
greater intensity ni during the shorter time ¢/n . Namely, if the duration ¢ of the current is
very small compared to the period of oscillation of the needle, then the angular velocity will
always be found to be the same.'®> However, precisely the same amount of electricity will
flow through the cross-section of the conductor in time ¢ with an intensity of ¢ that flows
through it in time ¢/n with an intensity of ni.

Hence, when we impart an impulse to the needle by a constant current of short duration,
the angular velocity of the needle (and as a result, its elongation as well) will also depend
solely upon the amount of electricity that has moved through the cross-section of the multiplier
during the duration of the current in this case.

Now, if we have discharged a known amount E of positive electricity through the same
multiplier in one case and produced the same elongation of the magnetic needle by means
of a constant current of very short duration in the other case, then we can conclude that the
positive amount of electricity x that flows through the cross-section of the conductor during
the short duration of the constant current is:

1

r==-F,
2

which is a result of whose validity one can easily convince oneself, and which one might
have to envision in terms of the processes that take place inside of the conductor during the

184[Note by KW:] One finds that fact confirmed in all experiments. As is shown in the experiment in
Appendix IT (among other things), the elongation is not only proportional to the amount of discharged
electricity, but it is also independent of the discharge time, within wide limits; because it does not matter
how long or short the water column that one inserts is, provided the windings of the multiplier are not
jumped over or the discharge time is extended in such a way that the effect of the discharge current will still
continue when the needle has already moved noticeably from the rest position.

185[Note by KW:] As long as the direction of its magnetic axis deviates only slightly from the plane of
the multiplier windings, the acceleration that a needle whose magnetic moment is M and whose moment
of inertia is K will acquire from a constant current of intensity ¢ will be equal to AMi/K, where A means
a constant that depends upon the dimensions of the multiplier and the distribution of magnetism in the
needle. It follows from this that the angular velocity that it acquires during time ¢ will be equal to AMit/K,
whose value will remain unchanged when 1 is replaced with ni and at the same time ¢ is replaced with t/n.
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discharge.

If one would like to assume of the discharge, e.g., that all of the accumulated positive
amount of electricity £ flows through the entire multiplier in only the direction of the Earth,
or that an equal amount of negative electricity flows in the opposite direction from the Earth,
then the magnetic effect of such a discharge current would be precisely the same as the effect
of a current for which only one-half of that positive amount of electricity lowed through the
cross-section of the conductor in the given direction, but at the same time, an equal negative
amount of electricity flowed in the opposite direction, which is a process that is assumed
to take place at constant current. — However, should one be of the opposite opinion,
namely, that absolutely none of the amount of electricity £ that is collected in the isolated
conductor (and just as little of the amount that is found in the Earth) will flow through
the total windings of the multipliers, but that it will merely give rise to a double current in
the wire that will include masses of neutral fluids that are large enough that a very small
change in those masses will suffice to supply the isolated conductor with so much negative
electricity that the positive electricity E that is collected in it will be neutralized, then one
would also arrive at the same result in that way, since the whole discharge wire could be
divided into a very large number of small pieces such that the amount of electricity +%E
would flow from each piece into the following one, while —%E would flow into the preceding
one, and as a result, an amount of electricity +%E would flow from the last piece into the
Earth, which would replace the first piece of the wire with the isolated conductor, while
the amount of electricity —%E would flow out of the first piece into the isolated conductor
and neutralize the electricity that remains in it, but which will replace the last piece of the
wire with the Earth. Finally, if one were also required to assume that somewhat more than
one-half of the positive amount of electricity £ went from the isolated conductor to the wire,
while somewhat less than —%E of negative electricity went in the opposite direction from the
wire to the isolated conductor, then nothing would change in the result, since the magnetic
effect will be determined by the sum of the two moving charges.

The impulse that the needle feels when the accumulated amount of electricity E discharges
through the multiplier will be just the same as when a constant current goes through the
multiplier during a time interval 7 such that precisely one-half of E goes through the cross-
section in the direction of the current as positive electricity and just as much goes in the
opposite direction as negative electricity, assuming that the time interval 7 represents only
a very small part of the period of oscillation of the needle.

The solution to the problem will then emerge from taking the following two steps:

1. Measure the amount of electricity E in the given electrostatic units and observe the
elongation of the magnetic needle of a galvanometer under its discharge.

2. Determine the small time 7 during which a constant current of intensity equal to 1 (in
magnetic units) must go through the multiplier of that galvanometer in order for the
needle to acquire the same elongation.

If one then multiplies %E by the number that shows how often ¢ is included in one second,
then E/27 will express the amount of positive electricity that passes through the cross-section
of the conductor during one second in the direction of a current whose intensity is equal to
1 in magnetic units. In other words:



is the ratio of the amount of positive electricity that passes through that cross-section, to
the one whose unit is based upon measuring the accumulated amount of electricity £ in the
isolated conductor, namely, the amount that must be found on each of two small balls for
them to repel each other with a force equal to 1 at a distance equal to 1.

As far as the second step is concerned, the determination of 7 requires no special experi-
ment, since the value of 7 can be determined by calculation from the number and dimensions
of the windings of the multiplier, the elongation of the tangent galvanometer that is observed
under the discharge, and the intensity of Earth magnetism much more precisely than would
be possible by direct experiment, as one will see in Section 7.13.

However, the first step, which is concerned with determining the amount of electricity F,
requires a combination of several experiments, which shall be described in Sections 7.6 up
to 7.12. Namely, it is important that, first of all, a still-unknown, but greater, amount of
electricity is split into two parts in a previously-determined ratio, and then that the greater
part E s discharged through the tangent galvanometer in order to observe its magnetic
effect, but finally, the smaller part is measured by the electric force that it exerts upon the
Coulomb torsion balance in order for the discharged part E to also get measured by the
same measurement.

A Leyden jar whose external coating is connected to the Earth in a well-conducting way
seems to be most suitable as a vessel for that amount of electricity whose part E should not
be insignificant if its discharge were to produce a precisely-measurable effect on the needle
of the tangent galvanometer. Hence (Section 6), that would next require the ratio by which
the positive charge in that jar is divided between it and a large isolated ball, the latter of
which contacts the knob on the jar. The ratio n : 1, by which the charge in the jar before
contact with the large ball to its charge afterwards is determined with the help of the sine
electrometer,® which will yield the ratio 1 : (n — 1) of the amount of electricity E to the
amount that goes over to the ball.

After this ratio has been determined precisely by several repetitions, the measurement of
the amount of electricity that would go over to the large ball after such a division would be
continued, to which end, the large ball, likewise after a charge that results from contact with
the Leyden jar, would itself once more contact the 1 inch large fixed ball of a Coulomb torsion
balance that is equipped with a large measuring scale. As Poisson and Plana have shown,'®"
the ratio by which the electricity is divided between those two balls can be calculated from
the ratio of their radii. That will be done in Section 7.8, from which, the charge that the
large ball has received from the Leyden jar can be found from the amount of electricity e that
is transferred to the fized ball of the torsion balance, and then also the amount that remains
in the Leyden jar, which will be employed to find the discharge current whose magnetic effect
is to be observed.

The amount of electricity e would be measured after the fixed ball of the Coulomb torsion
balance in which it is contained contacts the equally large moving ball, and in that way, e
would be divided equally between those two balls. Namely (Section 7), from observing the
gradual decrease in the torsion that would be necessary in order to keep the two balls at a
well-defined distance from each other, the torsion would then be calculated that would, on
first glance, be required if the charge in it were likewise to be able to go from the large ball
through the Leyden jar, the fixed ball through the large one, and the moving one though the
fixed ball while one observes the torsion. — In Section 7.9, one will find the calculation of the

186[Note by AKTA:] See [Koh53].
187Note by AKTA:] See footnotes 43 and 153 on pages 56 and 135.
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amount of electricity € that would exert a unit rotational moment on the balance at the same
distance when it is divided equally between the two balls of the torsion balance, in which
one must take into account the non-uniform distribution of electricity on the surface of the
ball. — In Section 7.10, one will find the determination of the torsion that would likewise
exert a unit rotational moment on the balance from various observations. — With the help
of the determinations that are contained in Sections 7.9 and 7.10, the amount of electricity e
itself can be determined easily from the torsion that was found in Section 7.7, and then also
the amount that remains in the Leyden jar, which will be done in Section 7.11, where the
latter will be denoted by E’, in order to distinguish it from the amount of electricity £ that
is employed by the discharge current whose magnetic effect is to be determined. — In the
brief intervening time between the moment of the division to the moment of the discharge,
the electricity that remains in the Leyden jar will change, namely, a small part of the charge
in the jar will be lost to the air, and part of it will be lost to a change in the residue in the
jar, and although that change during such a brief intermediate time of — say — only three
seconds would be extremely negligible, from the superb quality of the jar that was selected
for that experiment, it will still be included in the calculation in Section 7.12, from which,
one will at least see how the change ' — E’ would be determined for other jars and longer
intermediate times.

Finally, with the help of the determination of 7 that is contained Section 7.13 and men-
tioned on page 233,159 the quantity 5-- F will be calculated in Section 7.14, and with that,
the problem that was posed above will be solved. The Section that follows it will include
applications, for the most part, to which the determination of the constant ¢, which has been
mentioned several times, belongs.

The two Appendizes include more precise descriptions of the torsion balance and the tan-
gent galvanometer; for that of the sine electrometer, see Poggendorf’s Annalen 88 (1853).1%

It can be inferred from the satisfying agreement, without exception, between all published
experiments (of which ones that were analyzed in Sections 7.6 and 7.7 were the most difficult)
that the result can be considered to be accurate to within 1 to 2 percent. The calculation
was performed with a precision of an even smaller fraction in order for the determination
of the uncertainty in the results to depend upon merely the magnitude of the unavoidable
observation error.

7.6 Determining the Conditions under which Electric-
ity will be Divided between the Interior of a Ley-
den Jar and a Large Ball while the Exterior of the
Jar is Connected to the Earth

The following Table gives the results of two series of observations that were performed with
the sine electrometer of the decrease in charge in a Leyden jar by transferring it to a large
uncharged ball that contacted the knob on the jar, while the exterior of the jar was connected
to the Earth by a good conductor.

188[Note by HW:] Wilhelm Weber’s Werke, Vol. 111, p. 621.
189Note by AKTA:] [KW57, p. 621 of Weber’s Werke], see also page 150 on Section 7.5.
199Note by AKTA:] See footnote 186 on page 151.
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The Leyden jar was previously connected to the sine electrometer with a conducting wire
whose end was placed in a small indentation into the knob on the jar. Once the position of
the sine electrometer had been observed, that end of the conducting wire was raised with a
silk thread, and then the large ball contacted the knob of the jar, whereupon the exterior
of the jar was connected to the Earth by a conductor. With double, triple and quadruple
contacts, the individual contacts followed as quickly in succession as would permit the large
ball to discharge completely in between them. If the sine electrometer, which suffered only a
negligible loss to the air in between contacts, was then once more connected with the jar by a
connecting wire that was kept insulated by a silk thread, then the needle of the electrometer,
which was initially at rest, would be deflected only slightly in that way, since the jar had lost
relatively little of its charge by contact with the ball, and since that loss was compensated
approximately by the relatively smaller loss to the air that the jar suffered in comparison to
the sine electrometer, which explained the shortness of the time during which the individual
measurements could be performed in comparison to the end of each series of experiments.

Precise time measurements of the moment at which each individual contact was made
could not be carried out, and the data that is contained in the following Table is based upon
mere estimates, which can, however, be considered to be admissible to within 1-2 seconds,
which is a precision that suffices completely for this. Both series were made on 2 April 1854
in the Physics Institute at Gottingen.

First Series
No. | Time | Needle deflection on n
the sine electrometer

1. | 8"49'54” 32°36.2'

2. 500" (quadruple contact) | 1.0324
3. 51'25" 24°13.7

4. 53'46" 23°31.3'

5. | 5352" | (quadruple contact) | 1.0299
6. 54'42" 17°45.6

7. | 5&56" 14°49.3'

8. 592" (quadruple contact) | 1.0167
9. | 59'55" 12°47.6'

10. 9hor7 12034.3

11. | 213" (quadruple contact) | 1.0325
12. 2'50" 9°41.7

13. 4'12" 9°41.7

14. | 418" (quadruple contact) | 1.0355
15. 4'53" 7°21.3

16. 722" 7°30.2/

17. 728" (quadruple contact) | 1.0311
18. 8'9” 5°51.2/

19. 107" 4°48.3'

20. | 1013” | (quadruple contact) | 1.0305
21. | 10'51” 4°32.9
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Second Series
No. | Time Needle deflection on n

the sine electrometer
1. | 907" 46°30.5
2. 41'57" 44°9.0
3. 42'0" (single contact) 1.0330
4. 42'23" 40°23.9
5. 44'0" 39°10.5'
6. 44'3" (single contact) 1.0308
7. 44'23" 36°15.7'
8. 46'24" 35°11.7
9. | 4627" (single contact) 1.0379
10. | 46'51” 32°24.6
11. | 4824" 32°46.6'
12. | 4827" (single contact) 1.0490
13. | 48'51” 29°21.1
14. | 51'41” 28°31.0/
15. | 51'44" (single contact) 1.0390
16. 52'9" 26°14.2/
17. | 52'52" 26°14.2
18. | 52'55" (single contact) 1.0375
19. | 53'25" 24°14.7'
20. | 5830 19°41.9
21. | 9"58/33" (single contact) 1.0303
22. 591" 18°27.6
23. | 10"5'52" 17°42.¢/
24. | 556" (double contact) 1.0328
25. 628" 15°30.1
26. 714" 15°30.1
27. | 719" (triple contact) 1.0338
28. 745" 12°38.7
29. 10'13” 12°38.7
30. | 10'19” | (quadruple contact) | 1.0315
31. | 1127”7 9°50.0/
32. | 1244”7 9°50.0/
33. | 12'50” | (quadruple contact) | 1.0292
34. 1327" 7°47.8'

The last column in this Table, under n, gives the ratio of the charge in the jar before
contact with the ball to the charge after contact, which is always made immediately before
and after the moment of contact between the two. The second and third columns contain
observations that are reckoned according to the following rule:

e ¢2 and ¢.2 denote the sines of the observed deflections for the two previous times of

observation,

° q/2 and q”2 denote the sines of the observed deflections for the two following times of

observation,
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e —tu, —t. ', t" are the associated observation times, measured from the moment of
contact,

e m is the number of times the contact was repeated.

Hence: 9!

t”—t/ t//q/ —t/q”
tn—t t”q' — t’q” .

n =

Indeed, some of the observations in these two series of observations are less definitive
(which is almost unavoidable when three observers collaborate), and in that way one can
find that is permissible to discard some values of n completely: for example, the one that

191[Note by KW:] The observations of the deflection of the needle in the third column and the time in the
second column will immediately give the values of ¢, ¢/, ¢, ¢ and the associated values of —t., —t., ', "
at which the values of gy and ¢° should be calculated, which are true for the moments immediately before
and after the contact. The cited rule will then be implied in the following way:
1) For the brief time duration of the experiment, it suffices to assume that the charge lost to the air
over time and the charge at the moment of observation are proportional, from which, one will then get the
following four values for the reduced observations at the moment of contact:

I—ati)gn, (A—at)g, QA+at)q, (Q+at”)q .

2) If one adds each of these values to the residue in the jar at the time in question then the first two, which
represent the total charge before contact, must be equal, and similarly for the last two, which represent the
total charge after contact. When one denotes the residue at time ¢ by r;, one will then get the equations:

(1 —at//)qn +r_¢, = (1 —at/)q/ +7r_¢, =qo+ 7o,

(1+at) q +ry = (1+at”) q +ry=q"+1°.

However, the residue before and after contact (see Section 7.12) can be represented by:

r, =B (1 B e—y(ﬂ-l-t)é) (g0 +0) , — (1 _ 6_7(19’”)“) . (qo T TO) '

0

The residue remains unchanged at the moment of contact, so rg = r”. That easily implies that for small

values of t before and after contact, r; can be set to:
ry =19 +at re =10 +a't,

where a and a’ denote two coefficients that are determined from the observations. — By substituting those
values in the equations above, in which one might likewise replace ag» and agq. with agy, and similarly
replace ag and ag with aq®, one will get:

Qo =q —(a+ag)tr =qr—(a+ag)tr,

¢ = q/ + (a’ + aqo) t = q” + (a’ + aqo) "
and as a result:
tuQI — t/QN 0 t”q/ — th”
q =

qo = tn — ¢, ) o4 )

ne pflo _ /P2t tea g
qO tn — 1t t”q' _t/q” '
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is cited in no. 8 in the first column and the ones in nos. 12, 15, 33 in the second column.
However, it will follow that the removal of those values will have no appreciable effect on the
determination of the mean value of n, since one finds that the mean values with and without
removal are:

n=103282, n=103297,

respectively.
A similar series of observations with the same jar and ball that was carried out earlier in
Marburg yielded the following mean value for the ratio n:

n=1.03263 .

Hence, the desired ratio will be henceforth assumed to be:

n =1.03276 .

Finally, this ratio of the charge in the jar before and after contact with the large ball also
yields the ratio of the distribution of the electricity between the jar and the large ball at the
moment of contact; namely it is equal to:

1:0.03276 .

7.7 Corresponding Observations of the Deflection of
the Tangent Galvanometer that is Produced by the
Amount of Electricity F that Flows Through the
Multiplier, and the Torsion in the Coulomb Tor-
sion Balance Through which the Two Balls Charged
with the Amount of Electricity e will be Main-
tained at the Same Distance as the Uncharged
Ones
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The arrangement of the instruments that were used in the experiment that was mentioned
before in Section 7.5 is depicted in Figure 1, which will serve to make it more intuitive.??

Fig. 1.

u,” 7

F

1 e

The tangent galvanometer is denoted by m, whose multiplier wire is connected to the
Earth at its one end by a conducting wire [ that is soldered to a plate £ that is buried in wet
soil, while the other end of the wire leads through the air to the long U-shaped glass tubes

192INote by AKTA:] An improved version of Figure 1 has been prepared by D. H. Delphenich, namely:
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g and ¢’, which are filled with water. m’ represents the scale and telescope for observing the
needle of the tangent galvanometer, which is provided with a mirror.

d refers to the Coulomb torsion balance, which will be described in more detail at the
end of this treatise in Appendix I. d' represents the scale and telescope for observing the
state of the torsion balance. Namely, a long hanging shellac rod is fixed to the torsion wire
under the arm that carries the moving ball, and it carries a mirror at its end, to which the
telescope points. — The large ball hangs from the ceiling of the room by a silk thread at
k. I is a fork in the conducting wire [ so one can connect the exterior of the jar f to the
Earth. — u is a clock, and a is a hole in the ceiling of the room through which a wire from
the conductor of an electrification machine that was found in the upper room was led to the
small conductor ¢ in order to charge the jar f.

Once the jar f was charged, and a clamping screw was fixed to the wire [’, the jar was
then contacted by the large ball k. The amount of electricity that remained in the jar after
that contact will be denoted by E’. After three seconds, during which E’ went to F by losing
electricity to the air and the formation of a residue, the knob on the jar f, as is suggested
in Figure 1, was contacted by a metal knob that stuck out of the U-shaped tube g, and the
observer at the telescope m watched the elongation of the magnetic needle of the tangent
galvanometer that was produced by the discharge current of the amount of electricity E that
went through the multiplier.

Immediately after the jar f was discharged, the fixed ball on the Coulomb torsion balance,
which had been kept on standby, was charged by the ball k£ and quickly placed into the torsion
balance; however, the ball k itself was likewise discharged in that way.

Thereupon, the torsion was measured several times in brief intermediate times, which
was necessary in order to keep the two balls in their positions, in which, the two radii that
pointed from the rotational axis to center of the ball would define a right angle. The torsion
that would exist at the moment when the large ball k& was charged by the jar f (so the
two balls in the torsion balance had also been charged and could be inserted) could then be
calculated from the gradual decrease in that torsion according to Coulomb’s law, which says
that the charge decreases geometrically when time increases arithmetically.!® The torsion
that was first noticed for each number is calculated in that way in the following Table. The
amount of electricity e that went from the large ball k£ to the fixed ball of the torsion balance
at the moment of contact will be determined from it in Section 7.11.

The last column of the following Table, which is labeled with A/+/T, contains the quo-
tients that take the form of the deflection of the magnetic needle in the tangent galvanometer,
expressed in scale divisions, divided by the square root of the torsion in the torsion balance,
expressed in minutes. — The distance from the mirror to the scale of the tangent galvanome-
ter was equal to:

1
64375 scale divisions .

193[Note by KW:] By a series of experiments in which the fixed ball was sometimes found to be outside the
case of the torsion balance and sometimes inside of it between the individual determinations of torsion, it
was confirmed that the loss of electricity to the air when it was inside the case was the same as the loss to
the air when it was outside of it, which might have been expected from the size of the case. If that were not
the case then the aforementioned application of Coulomb’s law would not be directly applicable, since the
fixed ball would be found outside of the case for some moments before it could be placed inside the torsion
balance.
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No. Time Deflection of the Torsion of the
tangent galvanometer | torsion balance %
in scale divisions in minutes

= A =T

1. | 8h1178” 73.5 175.3 5.55
16'13” 152.4
21'16" 136.1/
26'35" 118.3'
32'32" 99.9/

2. | 8"37'8” 80.0 237.1 5.20
42'4" 208.4
45'14" 189.1
50'10" 165.3
54'40” 148.1

3. | 9M0/'37" 96.5 332.9 5.29
5'14" 297.5
9'19” 270.6'
14'11” 238.5
18'10” 218.3

4. | 9"31714" 91.1 265.1' 5.59
35'17" 249.2
41'1" 226.2
47'43" 201.1/
550" 178.0/

5. | 10"1746" 97.8 332.4' 5.36
6'24" 306.0
10'54” 280.4’
16'31” 251.1
22'4" 228.6

7.8 Calculating the Ratio of the Two Amounts of Charge
E e

The radius of the large ball was:

a = 159.46 millimeters ,

and the radius of the fixed ball in the Coulomb torsion balance was:

ba = 11.537 millimeters .

If one now sets the ratio by which the electricity equal to 0.032 76 E’ that is transferred from
the jar to the first ball by contact with the latter equal to:

(0.03276E —¢) :e=A: b’B,
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as in Section 7.6, then, from Plana (“Mémoire sur la distribution de ’électricité a la surface

de deux spheres conductrices,” Turin, 1845, pages 64, 66):'9

b_ 1 + ! ko + b ks + v Ky + v k
h 14+b (022 14+b 0 (Ah)2 T (b3S
and when one sets b/(1 + b) = a:

A 1 3
5254-1ia2+%Cot7ra+a3k:3—l—a5k5+a7k7 s

where:

k—1+1+1+1+
"ooon i 3no4n om0 T

That yields the cited value for the desired ratio:
(0.03276E" —¢):e=A:b°B=1:0.0079377 ;

as a result:

E :e=3876:1.

7.9 Calculating the Amount of Electricity € with which
the Two Balls in the Coulomb Torsion Balance
Must be Charged in Order for Their Repulsion to
Exert One Unit of Rotational Moment on the Tor-
sion Balance

The radius of the fixed ball on the Coulomb torsion balance was equal to 11.537 millimeters,
and the radius of the moving ball was equal to 11.597 millimeters, so one can then assume to
no detriment that the mean radius of the two almost-equal balls in the following calculation
is:

a = 11.567 millimeters .

Furthermore, the distance from the rotational axis to the center of the fixed ball was
equal to 93.53 millimeters, the distance from the rotational axis to the center of the moving
ball was equal to 61.7 millimeters, and both centers defined a right angle with the axis of
rotation. That yielded the distance between the centers as being equal to:

112.05 millimeters ,

which was also confirmed by direct measurement of that distance.

Now, if each of the two balls contains one-half of the amount of electricity to be deter-
mined ¢, then if one assumes that this electricity is distributed uniformly on the surface of
each ball then, from known laws, that:

194[Note by AKTA:] See footnote 153 on page 135.
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1. A uniformly distributed amount of electricity on the surface of the ball will act upon
all points in external space just as if it were concentrated at the center of the ball.

2. The force of repulsion that the amount of electricity that is concentrated at a point
exerts upon another [amount of electricity] concentrated at a point, is equal to the
quotient of the product of both amounts of electricity divided by the square of the
distance between them,

one would obtain immediately the force of repulsion between both balls, namely:

g2 g2

1

4 112.052 50221 °
However, if that force of repulsion were to be found precisely, then the assumption above
would be inadmissible, and one would have to determine the non-uniformity of the distribu-
tion of electricity on the surface of every ball precisely from the given magnitude and distance
and include it in the calculation.

In Poisson’s “Mémoire sur la distribution de I'éléctricité a la surface des corps conduc-
teurs” (Mémoires de I'Institut. Année 1811. Premiére partie, page 88),'% one finds the
following expression for the density z of the electricity on the surface of a small ball at a
great distance from another ball when the mean density on the first ball is given to be equal
to B and is equal to A on the latter:

3aA 5a%bA
2 Mt Tos (1=3pf)

in which b and a are the radii of the two balls, ¢ is the distance between their centers, and

ft means the cosine of the angle ¢ that the radius of the first ball defines with the direction

of ¢ at the location in question. — If one wishes to apply that general rule to the foregoing

case, then one must set:

z=DB—

A=DB,

a=>,
and when one writes the value cos ¢ for y, it will follow that the density is:

2

3a 5a’
z=A 1—0—2COS§0+__

2¢3
Furthermore, that density implies the outward-pointing electric pressure perpendicular to the
surface of the ball at the location in question from the known law that was proved by Poisson
in the cited treatise, according to which, the pressure is proportional to the square of the

density, or more precisely, it is equal to the square of the density 2z multiplied by the number
2.

(1 — 3cos? <p)

o2m - 22 .
If one then decomposes that pressure in the direction of the extended line ¢ and a direction
that is perpendicular to it, then one will get that the component parallel to the extended line

c is equal to:

195[Note by AKTA:] See footnote 43 on page 56.
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—2m2% - cos p .

Finally, if one substitutes the value of z above in this [expression|, then one will get the
decomposed pressure for two equal elements of the surface of the ball whose connecting line
1s parallel to the line ¢, for which the value of ¢ between them is then extended to 7, and
collected along the direction of the extended line ¢ from:

2 3
Tac da 9 9
247/1 [14—55 (1—3cos gp)] cos” p ,
from which, one will find the force of pressure that is parallel to the extended line ¢, first of
all, for the two zones of width ady, which both include the elements of the surface of the ball

that belong to the values of ¢, extended to 7, upon multiplying by the area 2wa? sin pd:

2.4 5 3
4872 42 |1 + 24 (1 — 3 cos? gp) cos? psin pdyp |
c? 2¢3

and secondly, for the total surface of the ball, by integration:

2 4 w/2 5 3
4872 A2/ [1 + 24 (1 — 3cos? @)} cos? @ sin dy
0

c? 2 ¢3

2 .4 3
— 162 (1—26‘—3)142,
C

2

in which A is the mean density of the electricity on the surface of each of the two balls of
radius a, and as a result:

dra® - A

will represent the amount of electricity that is distributed on the surface of each ball.

However, the desired amount of electricity that is distributed on both surfaces collectively
(whose force of repulsion should exert a unit of rotational moment on the torsion balance)
was denoted by € above; as a result, one has:

1
5€ = dra® - A,
from which:
€
-~ 8ma?

If one substitutes this value of A, one will get the force of pressure parallel to the direction
of the extended line ¢; i.e., the force of pressure on the two balls:

1 3 2
L%y
4 3 ) c?
or when one substitutes the aforementioned values for a and ¢ in this [expression|, namely:
a = 11.567 ,

162



c=112.05,

one will get:!%

82

50331 °

Finally, the product of the force of repulsion between the two balls in the direction from
the rotational axis to the direction of that force — i.e., along the perpendicular dropped
from the line ¢ — gives the value of the rotational moment that this force of repulsion exerts
upon the torsion balance, which should be equal to 1.

However, since the line ¢ that connects the centers of both balls defines a right triangle at
the rotational axis with the horizontals that are drawn from both centers to the rotational
axis, the perpendicular that is dropped from the rotational axis to the hypotenuse of the
rectangular triangle ¢ will be equal to the product of the two catheti'®” divided by the
hypotenuse, or since the two catheti are 93.53 and 61.7 millimeters long, and ¢ = 112.05
millimeters, that expression will be equal to:

61.7 x 93.53

112.05 = 51.502 5 millimeters .

Now, it follows from this that the rotational moment that is exerted by the electric force
of repulsion on the two balls of the torsion balance will be equal to:
g2 g2
50331 977

51.5025 -

The requirement that the rotational moment that originates in the electric force of repulsion
on the two balls should be equal to 1 will be satisfied in such a way that the amount of
electricity that is contained in the two balls collectively will be:

e=VI77 =31.25.

This determination of € bases the unit for the amount of electricity as the amount that will
make two equal amounts of electricity exert a unit force of repulsion when they are at a unit
of distance and in a state of relative rest.

196[Note by KW:] That implies that, due to its non-uniform distribution on the outer surface, the electricity
that is contained in each ball cannot be thought of as concentrated at the center of the ball. — However,
one has:

g2 1 €

50331 4 112.17432°

2

which then implies that the force of repulsion between the two balls is the same as if the two halves of the
total amount of electricity that is contained in them were concentrated at two points that are separated by
112.1734 millimeters, that is, since that distance is 0.1234 millimeters greater than the distance between the
centers, at two points that lie at a distance of 0.0617 millimeters from the two centers.

197Note by DHD:] Viz., shorter sides.
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7.10 Calculating the Torsion O that the Wire from
which the Coulomb Torsion Balance Hangs Must
Possess in Order to Exert One Unit of Rotational
Moment on the Torsion Balance by Its Force of
Torsion

The rotational moment that is exerted upon the torsion balance by the torsion in the wire
to which it [that is, the balance] hangs is known to be proportional to the torsion and the
torsion coefficient of the wire — or more precisely — it is equal to the product of the torsion
angle, expressed in units of radii, with the directive force'®® that the wire exerts upon the
torsion balance. One therefore needs only to determine that directive force in order to infer
from it the torsion angle 1) for which the rotational moment that is exerted upon the torsion
balance is equal to one unit.

From the known laws of the elasticity of solid bodies, the magnitude of the directive force
that is exerted upon the wire is independent of the size and weight of the body that hangs
from the wire, and other bodies, instead of the torsion balance, can therefore be hung from
the wire and observed in order to determine the directive force of the wire.

First of all, one might hang a circular brass plate horizontally at its center from the wire,
instead of the torsion balance. That brass plate has:

a mass of 191 112.4 milligrams,
a radius of 63.95 millimeters.
A small vertical cylinder with:
a mass of 2626.0 milligrams,
a radius of 3.25 millimeters,
will serve to connect the wire with the disc. The period t of the torsion oscillations of the
plate was then observed and found to be:'%
t = 47.139 seconds.
However, from the foregoing data, the moment of inertia of the oscillating plate was:

1
K, = 3 63.95% - 191112.4 = 390 790 000 ,

and the moment of inertia of the small cylinder was:

1
K, = 3 3.25% . 2626 = 13 868 ,

so when they are combined:

198[Note by AKTA:] See footnote 66 on page 77.
Representing the rotational moment by 7, the torsion angle by ¢ and the directive force (or torsion
coefficient) by D we have

T=-D¢.

199[Note by AKTA:] J. C. F. Gauss (1777-1855) and W. E. Weber utilized the French definition of the
period of oscillation ¢ which is half of the English definition of the period of oscillation T, that is, t = T'/2,
[Gil71a, pp. 154 and 180]. For instance, the period of oscillation for small oscillations of a simple pendulum
of length £ is T = 2mw\/{/g, where g is the local free fall acceleration due to the gravity of the Earth, while

t="T/2=m\/{/qg.
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K = K; + Ky = 390603 868 .

Now, from the known laws of such oscillations, one will get the value of the directive force

D from that moment of inertia K and the observed period of oscillation t:%
2
K
D= "= = 1735800

Secondly, a brass cylinder was hung horizontally by its center from the same wire. That
cylinder had:

a mass of 58 897.1 milligrams,
a length of 269.7 millimeters,
a radius of 2.865 millimeters.

That same small vertical cylinder served to connect it with the wire, as it did in the
foregoing experiment. The period ' of the torsional oscillation of that rod was then observed
and found to be:

t' = 44.9537 seconds.

From the foregoing data, the moment of inertia of the oscillating rod was:

1
K=+ (269.7% + 3 - 2.865) 58 897.1 = 357 130 000 ,

and then the total moment of inertia, including the small vertical cylinder was:

K’ =357143868 .

Those observations then yielded the value of the directive force D as:

K’

D = = 1744200 .

2

As a result, the mean of the two series of observations was:

D =1740000 .

Now, should the product of this value of D with the torsion angle, expressed in units of
the radius — i.e., the rotational moment that the wire exerts upon the torsion balance —
be equal to 1, then that would imply that the value of the angle of rotation or the desired
torsion in the wire ¥ would be equal to the angle whose arc is equal to 1/1740000 of the
radius, or:

¥ = 0.001975 7 arcminutes .

200/Note by AKTA:] Weber is utilizing the equation of motion of the rigid body with moment of inertia K
given by 7= —D9¥ = K J. Here 7 = — DY is the torque or rotational moment acting on it due to the wire from
which it hangs, when the lower portion of this wire undergoes a deflection ¥ relative to the upper portion,
D being the torsion coefficient or directive force of this wire. The known solution of this equation yields
a sinusoidal periodic motion with angular frequency w = /D/K. The period T of a complete oscillation
is given by T' = 27 /w = 27/ K/D. Gauss and Weber’s period of oscillation discussed in footnote 199 on

page 164 is then given by t = T/2 = 71/ K/D, such that D = 72K /2.
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7.11 Calculating the Amounts of Electricity £’ and ¢ in
the Observations that were Described in Section
7

In the experiments that were described in Section 7.7, the following values were found for the
torsion angle in the Coulomb torsion balance when it was in equilibrium, where the various
experiments are distinguished by numbers:

No. | Torsion angle

in minutes
175.3
237.1
332.9
265.1
332.4

Al Rl I R

However, the equilibrium of the torsion balance shows that the rotational moment that
is exerted on the torsion balance by the wire is equal and opposite to the rotational moment
of the force of repulsion between the two balls. — Nonetheless, the first rotational moment
was found by dividing the observed torsion angle by the angle ¥ = 0.0019757 arc minutes
that was determined in the previous Section, which was the angle through which the wire
would have to be rotated in order to exert one unit of rotational moment on the torsion
balance. One then gets the rotational moment that the wire exerts on the torsion balance in
the experiments that were described.

No. | Rotational moment
of the wire
88 728
120010
168 500
134 180
168 240

Al Rl N R e

From Section 7.9, the last of the rotational moments that originates in the electric repul-
sive forces between the two balls is:

e? e?

2 977’
where e denotes the amount of electricity with which the two balls of the torsion balance
are collectively charged, which one can then calculate in the five cited experiments from the
equality of the two rotational moments, which is done in the following Table. In addition,

the values of E’ that are calculated from the proportion:
E :e=3876:1
that was found in Section 7.8 are entered the last column of that Table.
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No. e £’

9310 | 36086000
10828 | 41970000
12830 | 49730000
11450 | 44379000
12821 | 49593000

U R =

7.12 Calculating the Correction that is Required by
the Loss of Electricity and the Residue in the Ley-
den Jar During the Transfer of Electricity up to
the Elapsed Time when the Jar is Discharged,
which Equals £/ — E

The amount of electricity £’ that remains in the Leyden jar after the charging of the large ball
will experience a small change during the time interval of three seconds up to its discharge,
partly by loss to the air and partly by the formation of residue. The amount E that is still
present in the jar can then be determined from E’ in the following way:

In Poggendorf’s Annalen 91 (1854), one will find a method given for determining the
formation of the residue in a Leyden jar.?! In accordance with it, if @ is an amount of
electricity that is suddenly transferred to the jar, (); of which is lost to the air in ¢ seconds,
then a residue of r; will have formed at time ¢t whose equation is:

r=p(Q-Q= ) L ()

From the previous investigation, the constants of the jar that is used have the values:

p=0.04494, b=01834,

while m + 1 possesses a magnitude equal to 0.4255, which is the same for all jars.

If those constants are determined for a jar, then the constant « that refers to the electricity
lost to air can also be easily found. One suddenly transfers to the end an unknown charge
(@ from the jar to another jar and at the times:

t1,t2, ..oy ln

one observes the available charges:

Ly, Ly, ...y Ly,

with the sine electrometer. Now, if v; denotes the amount of electricity that has leaked to
the air up to time ¢ then:

Li=Q—ri—u . (I1)

However, for small values of ¢, one can set:

201[Note by AKTA:] [Koh54a] and [Koh54b).
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Q+ Ly
2 Y
and if Q) — v, is written for @), in equation (I), in addition, then one will get:

Q + Ly
2 )

vy =a-t

Ly =Q(1=p) — ol = p)t

in which p (1 — e_mLﬂ'th> has been replaced with p;.

Now, that equation shall suffice for all observations. If one calculates p; for the times of
the first and last observations and substitutes those values in the equation, along with the
observed values of L; and ¢, then one will get two equations in the two unknown quantities
@ and a.

Now, once a charge was suddenly imparted to the Leyden jar in the location where the
previous experiments were carried out, the following results for the determination of o would
be obtained from the observations:

t Ly Pt

23 1 0.6676 | 0.036 19
65 | 0.6576 | 0.04142
128 |1 0.648 3 | 0.043 44
226 | 0.6389 | 0.044 35

One has L; = /siny in this, and ¢ is the deflection that is observed in the sine elec-
trometer. However, p; is calculated from ¢ and the constants of the jar. — Upon combining
the first and last observations, one finds that:

Q =0.6956 , a=0.00017935 .

Equation (III) then yields the following associated values for ¢ and L; with those values:

t Ly
23 | 0.6676
65 | 0.6592
128 | 0.6506
226 | 0.6389

which deviate from the observed values so slightly that the values that were found for a can
be employed precisely in order to find the correction to E’. In three seconds then, the loss
of electricity to the air will amount to:
0.000538

times the total charge E'.

The residue that is created in the same time will be found in the following way:

Immediately before contact with the large ball, which results ¢ seconds after the jar
is charged, the latter will have an available charge of L; and residue r; that cannot be
discharged. If one writes @@ — v; in place of @), in equation (I), sets 14 equal to its value of
Q- t%, and sets @) equal to the value that is implied by equation (III), then one will get
the residue at the time ¢, expressed in terms of the available charge that is present at that
time:

168



pe—at(p—5p)
Ty = 1
1—p —5at(l—p)
After the ball has been charged, only an available charge of L,/n will remain in the
jar (Section 6), so an amount of electricity (% + 5) L;. Now, the form that the ratio of the

residue will take after that partial discharge will depend upon whether the residue that forms
B Ly is less than, equal to, or greater than the limiting value:

P(lﬂLﬁ) Ly
n

of the residue for the charge that is still present in the jar, which will, in turn, depend upon
whether n is less than, equal to, or greater than p/[3(1 — p)], respectively.

In the present experiments, t was close to 60 seconds, in the mean. If one substitutes
that value in equation (IV), then that will imply that:

_r
A1 —p)
Since it was found in Section 7.6 that n = 1.032 76, so it is less than p/[5(1 — p)], it emerges
that the residue will continue to increase. However, its growth will be slower than before
the partial discharge, since the present limiting value of the residue that has already formed
lies closer than it did before, and indeed the further formation will proceed as if the residue
that is present L, were generated by the present charge (1/n + 8)L;. However, that would

have required a time that follows from the equation:2°?

£ =0.04286 , =1.0978 .

b tm+1

ry =L, = (%w) Lip(1-em™")

from which, it will follow that:
m+1 15}
———In|1l—- g ,
b (z+8)p
which yields 85.9 seconds.

From the charge £’ = L,/n that is present the moment after contact with the large ball,
the resulting growth in the residue will then get lost in the three seconds up to the discharge
of the jar, which is determined from:

1 m
K_ n 5) P (1 — e mT88Y “) —~ 5} Ly = 0.00010L; ,
n

or since L, = nE":

logt !
O =
& m+ 1

0.000103 - E" .

That finally gives the desired correction:

E'— FE = (0.000 538 + 0.000 103) E" = 0.000 641E" |

202|Note by KW:] That equation is formed according to the residue equation (I), in which one must now
set @ = (1/n + ) in place of Q.
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and one will then get the corrected values E for the values of E’ that were given in the
previous Section, which will give the amount of electricity that is actually discharged to the
multiplier, as follows:

No. 1)

36 060 000
41940 000
49700 000
44 350 000
49 660 000

Al o] B R

7.13 Calculating the Time Duration that a Current
with the Normal Strength that was Described in
Section 4 Must Have in Order to Produce the De-
flections of the Tangent Galvanometer that were
Observed in Section 7

The defiections of the tangent galvanometer that were cited in Section 7.7 were observed in
scale divisions. One will obtain those deflections in arc values for a radius of 1 by dividing
them by the radius (or twice the distance from the mirror to the scale), expressed in scale
divisions, which equals 12875.

No. | Deflection in | Deflection in arc values
scale divisions for radius = 1
¥
1. 73.5 0.005708 7
2. 80.0 0.006 2136
3. 96.5 0.0074952
4. 91.1 0.0070757
5. 97.8 0.007 596 2

In the Second treatise on Electrodynamic Measurements, p. 363,203:204 it was proved that
a current of strength 1 that goes through a winding of a multiplier whose radius is a will exert
a force F on a particle of the North magnetic fluid +p or a particle of the South magnetic
fluid —p that is found at a distance of b from the plane of the multiplier winding, and whose
projection onto that plane lies at a distance of x from the center, perpendicular to the plane
of the winding of the multiplier:

2ma’ 3 x?

F=+ 1+ = (3a* — 2% — 227
(a2 + b2 + 22)3/2 { +4(a x)(a2+b2—i—m2)2+ ’

from which, it will follow that the same current will exert a rotational moment D on a needle

that contains the particles +p and —p at a very small distance of 2¢ apart that is parallel

to the plane of the multiplier:

203[Note by HW:] Wilhelm Weber’s Werke, Vol. 111, p. 454.
204[Note by AKTA:] [Web52c, p. 454 of Weber’s Werke] with English translation in [Web21b].
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dma’ pe 3., ) 5 2
D= CE s {_HZ (3a® — 2b° — 227) CESETSE +} ;
where 2ue denotes the magnetic moment of the needle or the needle magnetism.

Now, three different applications can be made of this equation: First of all, to the normal
conditions that were assumed for the magnetic effects in the Section 7.1, next, to the tangent
galvanometer with a single multiplier loop, and finally, to the tangent galvanometer with
multiple multiplier loops that was used in the present experiments. The first two applications
show only that, as was pointed out before in loc. cit. in relation to the current strengths,
this equation is actually the basis for the current intensity unit that is derived from magnetic
effects. The last application leads to the calculation of the desired time interval 7.

If one applies this equation first of all to the normal conditions that were assumed for
the magnetic effects of a current in Section 7.1, then one will have ma? =1, b = 0, 2ue = 1,
x = R, and that a/R is a vanishingly-small fraction. The equation above will then yield the
rotational moment D (without the sign, which depends upon the direction of the current):

D= % oo RD=1,
which then agrees with the magnetic current effect that was established for a current intensity
of 1 in Section 7.1. It follows from this that the equation above is the basis for the unit of
current intensity that was derived from magnetic effects in Section 7.1.

Secondly, if one applies that equation to a tangent galvanometer with a single multiplier
loop of radius R, where a small magnetic needle is in the center of loop, parallel to the plane
of the loop, pointing to the magnetic meridian, then a = R, b = 0, x = 0. The equation
above then yields the rotational moment that the current exerts on the needle when it is
found along the magnetic meridian:

Ampe
D= .
R
For a deflection of the needle from the magnetic meridian that equals ¢, that will go to:
4
D cos p = il - COS Y .

If T denotes the horizontal component of the Earth magnetism, then —27¢7 sin ¢ will be the
rotational moment that the Earth exerts upon the needle. The sum of these two moments
is equal to 0 when the needle persists at rest for the deflection p; as a result:

2w T+ " 2
—_— = al or — arctan —— .
R 14 14 RT

However, this deflection is the same as the [deflection which a] normal current that was
described in Section 7.4 should produce in a tangent galvanometer with a single loop.

Third, and finally, that same equation shall be applied to the tangent galvanometer with
multiple multiplier loops that is used in the present experiment, and the rotational moment
shall be determined that the aforementioned normal current that was described in Section 7.4
exerts upon the needle when it goes through all windings of the multiplier.

We next consider one winding of the multiplier that has radius a and whose plane is
separated from the meridian plane of the needle by b. The rotational moment D’ that this
winding exerts upon the needle will be determined from the equation above:
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dma’ e 3 x?
D= oy fxz)g/z : {1 + 5 (30> - 20 — 22?) ok } :

in which one can set x = 0, as in the previous application, if the length of the needle is a very
small fraction of the diameter of the multiplier winding. Now, the length of the needle in our
tangent galvanometer was, in fact, merely 60 millimeters, while the mean diameter of the
multiplier windings amounted to 267 millimeters, which was, however, still not enough to be
able to neglect = entirely. However, it sufficed to set z equal to an approximate value that
suggested itself when one understood the +p and —p in the needle magnetism, [that is, in
the magnetic moment of the needle,| which is equal to 2ue, to mean the combination of the
north-magnetic and south-magnetic fluids that are distributed on the surface of the needle
according to the ideal distribution, and accordingly determined 2e¢, which then meant the
distance from the center of mass of the north-magnetic fluid to that of the south-magnetic
fluid, such that one would set x = . From the length and nature of the needle that was
used, 2¢ could not be very far from 40 millimeters, and one could then set:

x = ¢ = 20 millimeters

with sufficient accuracy.
If one then lets ¢’ and a” denote the inner and outer radii of the multiplier ring and lets
2’ denote its width, then the cross-section of the entire ring will be equal to:

2(a" —a)b' .

If one further denotes the part of the cross-section that the multiplier winding in question
occupies (whose radius was equal to a, and whose plane was separated from the common
center of the needle and the multiplier ring by b) by da-db then the product of those elements
of the cross-section in the multiplier winding under consideration with the rotational moment
that is exerted upon the galvanometer will be equal to:

4rra’pe 3 g2
~dadb {1+ = (3a® — 20 — 2¢*
(@402 + e { +4(a 5)(a2+b2+€2)2+ }

or since the terms that include the fourth and higher powers of the fraction £/a can be
neglected, due to the smallness of that fraction:

dma’pe 3 a® — 4b*

—  dadb{1+>——0— %} .
(a2 + b2)3/2 a { + 4 (a2 + b2)2 < }

It then follows from this that the sum of the products of the cross-section of each winding

with the rotational moment that is exerted upon it will be:

+ 2 2
3 a®—4b
2 2
47W5/ da/ (a® 4+ b2 3/2‘{1+Z(a2+b2)2‘6}

'+ Va?+ v 1 a” a® g2
/
- ] - _ N O
87T,U€b 0g o+ 2 n 2 + 4 ((a,,2 + b/2)3/2 (a/2 + 6/2)3/2) b2
Upon dividing this value by the cross-section of the entire ring, which is equal to 2(a” —a’)¥,
one will get the rotational moment that is exerted upon the needle in the center of one

172



multiplier winding, from which, after multiplying by the number of windings n, one will get
the total rotational moment that the multiplier exerts upon the needle due to the normal
current that flows through it, namely:

dmnpe a'+a?+ v 1 a”? a? g2
D= " / log D) 2 + 4 "2 2\3/2 (12 2v32 | 2 (0
ar—a a—+Na® 4V (" +b7) (@ +7) b
That rotational moment D, when divided by the moment of inertia of the needle K,
which is then equal to:

D

? )
will give the angular acceleration of the needle in terms of the given normal current, and
when that acceleration is multiplied by the duration of the current T, which is very brief in
comparison to the period oscillation, which equals ¢, will give the angular velocity that is
given to the needle by the normal current during its brief duration, which equals:

Dt

N7
Finally, the deflection — 1i.e., the initial elongation width ¢ — of the needle that is set
into oscillation can be calculated from that angular velocity that is suddenly given to the
needle at rest by known rules (see the Second treatise on Electrodynamic Measurements, p.
348),295:29 namely, when the decrease in the arc of oscillation of the needle is given by the
ratio of two successive oscillation arcs e* : 1:

Dr t e—% arctan %

(p_ - e =
Ko W1+

In order to not have to determine the value of the moment of inertia of the needle K and
its magnetic moment 2ue from special observations, one can eliminate both of them by
consulting the known equation for the period of oscillation, but in which one must account
for the force of torsion?” of the wire. If 1 : ¥ denotes the ratio of the geomagnetic directive
force that acts upon the needle, which equals 2ueT’, to the one that is exerted by the wire,
then the equations for the period of oscillation ¢ will be:

K 2 1497

2ue - T 7 1+7Ar—§

and a result, if one sets:

D 2mn ) a’ +\a"? + b2
= 0
a +va?+b?

1 a” a? g2
+ 4 <(a”2 + b/2)3/2 - (a2 + b/2)3/2> bﬁ}

205[Note by HW:] Wilhelm Weber’s Werke, Vol. 111, p. 440.
206[Note by AKTA:] [Web52¢c, p. 440 of Weber’s Werke] with English translation in [Web21b].
207[Note by AKTA:] In German: Torsionskraft.
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and multiplies the foregoing equation by = % then:

D
2ueT
D d 72 1+;—§
K T ¢ 149 °

If one substitutes that value in the equation for ¢ then one will get:

A2
d T \/ 1+ % A
. e arctang

PETT Y v ’

and that will give the desired duration of the normal current:

T:t.f.g.i.e%arma
2
T 1+%

However, it was determined by measurement that for the multiplier of the tangent gal-
vanometer that was used here:
2ma’ = 709.0 millimeters,
2ma” = 965.35 millimeters,
20 = 72.04 millimeters,
n = 5635,
from which, with the aforementioned value of ¢ = 20 millimeters, one will get the value of d:

d=262.1.

If the value of € also has an uncertainty of 1 millimeter, then that will imply the uncertainty
in d, which only amounts to 0.4, out of 262, however (i.e., only 1/657), which is not worth
considering.

In addition, the period of oscillation of the needle t, the horizontal component of the
Earth’s magnetism at the location of the tangent galvanometer T, the logarithmic decrement
in the decrease of the arc of oscillation A, and the ratio 1 of the directive force of the wire
to the one that is due to geomagnetism 7' were found in the usual way:

t = 9.244 seconds ,
T = 1.798 3 seconds ,

A = 0.070 seconds ,

1
v=—.
691
If one substitutes these values in the equation for 7 then one will get:

7=0.020921- ¢ .

The values of ¢ that were obtained from the five experiments that were described in
Section 7.7 were collected at the beginning of this Section. If one substitutes them in the
equation for 7 then one will get the following five results for the cited experiments:

174



No. T

0.0001194
0.0001300
0.000156 8
0.0001480
0.0001589

Al o] B R

7.14 Calculating the Quantity % - B

Finally, it still remains for us to calculate the value of % - F from the values of E and 7
that were found. Namely, if we summarize the corresponding values of £ and 7 from the
previous two Sections in the following Table:

No. E T

1. | 36060000 | 0.0001194
2. | 41940000 | 0.0001300
3. 49700000 | 0.0001568
4. | 44350000 | 0.0001480
5. 149660000 | 0.0001589

then that will yield the following five values of % - I/ that result from the five measurements
that were described in Section 7.7:

1/2r) E
151000 - 10°
161300 - 10°
158 500 - 10°
149 800 - 10°
156 250 - 10°

Al R N

All of the measurement collectively then give the mean value:

1
— . FE =155370-10° .
2T

However, from Section 7.5:

i -E 1

2T
denotes the ratio of the amount of positive electricity that passes through the cross-section of
the conductor in one second for a constant current that is composed of equally-large masses
of positive and negative electricity that flow in opposite directions and whose intensity is
equal to the magnetic measure of current intensity, to the amount that would exert a force
at a distance of one millimeter that would impart a velocity of one millimeter per second to a
mass of one milligram during one second, if an equal amount of electricity were concentrated
into a point. That ratio was determined in the problem in Section 7.4 that remains to be

solved, which shall now be done.
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7.15 Reducing the Magnetic, Electrodynamic, and Elec-
trolytic Units of the Current Intensity to Mechan-
ical Units

However, the solution of the problem that was posed in Section 7.4 shall now be used to reduce
the magnetic, electrodynamic, and electrolytic units of the current intensity to mechanical
units.

From Section 7.2, for a constant current that is composed of equally-large masses of
positive and negative electricity that flow in opposite directions whose intensity is equal to
the mechanical unit of current intensity, the amount of positive electricity that passes through
the cross-section of the conductor in one second shall be equal to one; i.e., it is equal to the
amount of electricity concentrated into a point that would exert a force at another equal
amount of electricity concentrated into another point at a distance of one millimeter that
would impart a velocity of one millimeter per second to a mass of one milligram in one
second.

However, from the foregoing Section, that unit amount of positive electricity has a ratio
with the amount of positive electricity that passes through the cross-section in one second
for a current whose intensity is given by the magnetic current unit of:

155370-10%: 1 .

Now, since the current intensities are proportional to the amounts of electricity that pass
through the cross-section in equal time intervals, that will immediately imply the reduction
of the magnetic unit for current intensity to the mechanical unit, since the magnetic current
unit of the amount of electricity that passes through the cross-section in the same time
interval will then be:

155370 - 10°

times greater than the amount in the mechanical unit of current. As a result, from the cited
proportion, the magnetic unit of the current intensity will itself also be 155370 - 10° times
larger than the mechanical unit.

Furthermore, since, from Section 7.1, page 223,29%:29 the magnetic unit of current inten-
sity has a ratio of v/2 : 1 with the electrodynamic one, the electrodynamic unit of current

intensity will be 109 860 - 10%(= 155370 - 10° - \/g) times greater than the mechanical unit.

Finally, since, from Section 7.1, page 224,2'0-211 the mechanical unit of current intensity
has a ratio of 1 : 1062 with the electrolytic one, the electrolytic unit of current intensity will
be 16573 - 10%(= 106§ - 155370 - 10°) greater than the mechanical unit.

The problem in this treatise, as it was expressed in Section 7.2, of reducing those three
units of current intensity to the mechanical unit, is then solved, and all that remains is to
discuss the applications that can be made of the result that was found.

208[Note by HW:] Wilhelm Weber’s Werke, Vol. 111, p. 613.

209[Note by AKTA:] See page 144 of Section 7.1, or [KW57, p. 613 of Weber’s Werke].

210]Note by HW:] Wilhelm Weber’s Werke, Vol. 111, p. 614.

211Note by AKTA:] See page 144 of Section 7.1, or [KW57, p. 614 of Weber’s Werke]. See also footnote 146
on page 134.
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II - Applications

7.16 Determining the Amount of Electricity that is Re-
quired to Liberate 1 Milligram of Hydrogen from
9 Milligrams of Water

The first application that we shall make of the results that were found is to the precise
determination of the amount of electricity that is required to liberate 1 milligram of hydrogen
from 9 milligrams of water, over which the determination that Buff found with the help of
his tangent galvanometer and a long conducting wire and published in Annalen der Chemie
und Physik, Vol. 86, p. 33 was referred to already in the footnote to Section 7.3, page
996.212:213,214

According to Buff, that amount of electricity was sufficient to charge a battery of 45480
Leyden jars, each of which were 480 millimeters high and 160 millimeters in diameter, up to
a spark gap of 100 millimeters. That determination that Buff made lacked only more precise
data on the amount of electricity that a Leyden jar contained when it had been charged as
described.

Now, the results that were found in the present treatise imply that the amount of electric-
ity that is required to liberate 1/9 milligram of hydrogen from 1 milligram of water is equal
to the amount of positive electricity that passes through the cross-section of the conductor
in one second for a constant current whose intensity has the electrolytic unit. However, the
latter is, in proportion to the current intensities that correspond to the electrolytic and mag-
netic current units (see Section 7.1, page 224),25:216 1062 times greater than the amount of
positive electricity that passes through the cross-section in one second for a constant current
whose intensity has the magnetic current unit, and from Section 7.14, that is:

155370 - 10°

times greater than the unit amount of electricity concentrated into a point that would exert
a force at a distance of one millimeter, that would impart a velocity of one millimeter per
second on a mass of one milligram during one second if an equal amount were concentrated
into a point.

It follows form this that:

9-1062 - 155370 - 10° = 149157 - 10° units, as it was just determined, are required
to liberate 1 milligram of hydrogen from 9 milligrams of water.

If such an amount of positive electricity were concentrated into a cloud and an equal
amount of negative electricity were concentrated on the surface of the Earth at the location
that is directly below it, then that would yield an attraction of the cloud to the Earth that
would be equal to a weight of 45000 hundredweights (= 2268 000 kilograms) if they were at
a distance of 1000 meters from each other.

212[Note by HW:] Wilhelm Weber’s Werke, Vol. 111, p. 616.

213[Note by AKTA:] See page 146 of Section 7.3, or [KW57, p. 616 of Weber’s Werke].
214Note by AKTA:] See footnote 178 on page 146.

215]Note by HW:] Wilhelm Weber’s Werke, Vol. 111, p. 616.

216]Note by AKTA:] See page 144 of Section 7.1, or [KW57, p. 614 of Weber’s Werke].
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If one divides that number of units by the number of Leyden jars in the battery that Buff
described (viz., 45480), then one will get the precise data for the amount of electricity that
is contained in the charge in one Leyden jar as described by Buff, namely:

3280 - 10° units .

However, from Buff’s description, the charged surface of such a jar has an area of:

480 - 160 - m = 241 300 square millimeters

and as a result, each square millimeter will be charged with:

13600 units ,

from which, one can determine the compression or condensation of electricity in the jar that
is required for a spark gap of 100 millimeters.

7.17 Determining the Constant ¢

From the fundamental law of electrical action that was established in the first treatise on
FElectrodynamic Measurements,?'” which encompassed electrostatics, electrodynamics, and
induction, the force that an amount of electricity e exerts upon an amount of electricity e’
at a distance of r with a relative velocity of dr/dt and an acceleration of dr/dt? is expressed

by:
! 1 [dr? d?

e [[ 1 (dr® ) &

72 2 \ dt? dt?
That force splits into two parts, the first of which, which is equal to ee’/r?, can be called
the electrostatic force, and the second of which, which is equal to —(ee’/c*r?)(dr?/dt* —
2rd*r /dt?), can be called the electrodynamic force. The ratio of those two forces is determined
from the constant c¢. ¢ means the value of relative velocity (assumed uniform) at which
the electrostatic force would cancel the electrodynamic force. That constant ¢ will now be
determined in the following way:

In Section 7.14, the ratio %E : 1 (that is, the ratio of the magnetic unit of current
intensity to the mechanical one) was found to be:

155370-10%: 1 .

In Section 26, page 261 of the Second treatise on Electrodynamic Measurements,?'®219 the
ratio of the magnetic unit of current intensity to the electrodynamic one was given as:

\/5:1,

217[Note by AKTA:] [Web46] with partial French translation in [Web87] and a complete English translation
in [Web07].

218|Note by HW:] Wilhelm Weber’s Werke, Vol. 111, p. 360.

219Note by AKTA:] [Web52¢c, p. 360 of Weber’s Werke] with English translation in [Web21b].
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and in Section 27, page 269,220:22! the ratio of the electrodynamic unit for the current intensity
to the mechanical one was given as:

c: 4,

from which, the ratio of the magnetic unit of current intensity to the mechanical one would
follow:

V24,

Setting this ratio equal to the one that was found in Section 7.14 of the treatise will then
give:

1
c:4-155370-106~\/;:43945O~106.

From this determination of the constant ¢, one then sees that two electrical masses must
move with a very large velocity with respect to each other if the electrodynamic force were
to cancel the electrostatic one, namely, with a velocity of 439 million meters or 59 320 miles
per second, which exceeds the speed of light significantly.

However, the speed of light is not the speed of motion of a body, but of a wave, while all
of the speeds of actual motions of bodies that are known to us, even those of the celestial
bodies, constitute only very small fractions of it. Now, if one observes that the ratio of
the electrodynamic force to the electrostatic one corresponds to the square of that fraction,
then that will imply that the electrodynamic force can always be considered to be vanishingly
small in comparison to the electrostatic one. Indeed, we still have no knowledge of the speeds
at which electric fluids move in metallic conductors.??? However, in various situations, one
can assume that the amount of neutral electricity that is contained in those conductors is
exceptionally large. Nonetheless, the greater the latter gets, the less the speed of the actual
motion will be, which is then implied by the unit of current intensity that is present. The
speed of those motions probably defines only a very small fraction of the speed ¢ then.

Furthermore, the large value of the constant ¢ that was found implies the interesting
consequence that such a dynamical part could also be attached to the gravitational force on
ponderable bodies (which would exhibit a great analogy between the interactions of ponderable
and imponderable bodies) without that dynamical part of the force having the slightest
observable influence of the motions of the celestial bodies.

The fact that the effect of the electrodynamic force does not always vanish for electricity,
but can emerge very apparently for galvanic currents, has its basis in merely the complete
cancellation of all electrostatic forces that takes place during the neutralization of positive
and negative electricity, against which those [electrostatic]| forces would disappear. Wherever
no such neutralization takes place, but free electricity is present, only the electrostatic force
would come under consideration in the effect of free electricity. That explains why not all
experiments that were intended to establish the fundamental laws of electrical action could
be performed with merely ftwo masses of free electricity, but some experiments had to be

220[Note by HW:] Wilhelm Weber’s Werke, Vol. 111, p. 367.

221Note by AKTA:] [Web52¢c, p. 367 of Weber’s Werke] with English translation in [Web21b].

222|Note by AKTA:] Weber is referring here to the drift velocities of the electrified particles relative to the
matter of the conductor.
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performed with two pairs of electrical masses (viz., current elements) that were neutralized
electrostatically.

For ponderable masses, for which the law of indifferent attraction is true, one can speak
of no neutralization of the masses.

Remark. — At the beginning of this Section, the following equation for the determination
of the constant ¢ was presented:

E
=L,

T

in which % - F : 1 denoted the ratio that was found in Section 7.14 of the amount of positive
electricity that passes through the cross-section of a conductor in one second for a constant
current whose intensity is measured magnetically to the amount of electricity concentrated
into a point that would exert at an equal amount of electricity concentrated into a point
a force at a distance of one millimeter that would impart a velocity of one millimeter per
second on a mass of one milligram in one second. — The Second treatise on Electrodynamic
Measurements®®® was referred to in order to prove that equation. However, the validity of
that equation can also be inferred directly from the fundamental law of electrical action and
the definition of the magnetic current measure. To that end, one merely needs to consider
the interaction of two equal current elements o and a of a current flowing along a straight
line separated by a distance of r, about which, as it was already mentioned in the footnote
on p. 2242*4225 that they repel each other with a force equal to:

Oé2

if ¢ is expressed in terms of the magnetic current unit. As is known, that follows from
Ampére’s fundamental law and the relationship between electromagnetism and electrody-
namics that it gives.

Assuming that, one proposes that the rectilinear conductor of our current should contain
one unit of positive and negative electricity in each piece of it that is one millimeter long.
(From Section 7.14), % - E then denotes the number of millimeters that both electrical

currents must traverse in the opposite directions in order to make:

1=1.

Those simple relationships give not only the amounts of electricity in the two current elements
a and «a, whose distance and the remaining relationship depends upon their force of repulsion
(according to the fundamental law of electrical action), but also the magnitude of that force
of repulsion itself; namely, since i = 1:

o2

2
,

That merely depends upon the fact that this force of repulsion, which is known already;,
can be derived from the fundamental law of electrical action, so since ¢ is contained in that

223|Note by AKTA:] [Web52c] with English translation in [Web21b].
224]Note by HW:] Wilhelm Weber’s Werke, Vol. 111, p. 614.
225[Note by AKTA:] See page 144 on Section 7.1, or [KW57, p. 614 of Weber’s Werke].
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fundamental law, it will contain an expression for that force that depends upon ¢, and one
needs only to set [the repulsive force] equal to the value that is known already in order to find
c. However, the force of repulsion between the two current elements o and « can be derived
very easily from the fundamental law of electrical action with the simple relationships that
were described. We then decompose the total force that is given by the fundamental law
into two parts, namely, into the electrostatic and electrodynamic forces. That will shed light
upon the fact that the sum of the electrostatic forces between the two current elements is
zero (due to the electrostatic neutralization that is present in both current elements). It will
likewise illuminate the fact that no acceleration exists between the electrical masses in both
current elements, so d?r/dt* = 0. With that, the general expression for the electrical action:

e [y _L[fd? ., dr
r? 2 \ dt? dt?

will reduce to:

in our case. Now, when that expression is applied:

1) to the two positive masses in the two current elements e = +a and €' = +q, it will give
a force of repulsion that is equal to zero, since the relative velocity of the masses dr/dt =0
(because both of them move in the same direction with equal velocities);

2) the same thing will be true for two negative masses e = —a and ¢’ = —q;

3) however, when the same expression is applied to a positive mass e = +« and a negative

one ¢ = —q, it will give a force of repulsion that is equal to +Ci2°;—62/ : T% - B2, since the relative

velocity of those masses is dr/dt = E /T (because they both move in opposite directions with
the velocity 5= - E);
4) the same thing will be true for a negative mass e = —« and a positive one ¢’ = +a.

It then follows from this that the sum of all forces of repulsion between the electrical
masses that are contained in the two current elements is equal to:

2
lao” 1
62’/“2 7-2

and if that sum is set equal to its value o?/r? that is known already, then that will imply
the following equation for the determination of c:

or

which was to be proved.

181



7.18 The Electrical Laws, with the Numerical Deter-
mination of Their Constants

The electrical laws that were developed in the first and Second treatise on Electrodynamic
Measurements are the following:

1) The fundamental law of electrical action. — According to it, the force the electrical
mass e exerts upon the electrical mass €’ at a distance of r with a relative velocity of dr/dt
and an acceleration of d?r/dt? is expressed by:

e [ 1 (dr*  d&r
2 2 \aez e

2) The fundamental law of electrodynamics. — According it, the force that an unchanging
and motionless current element of length o and current intensity ¢ will exert upon an equal
current element of length o' and current intensity ¢ at a distance of » when o makes an
angle of ¥ with r, o/ makes an angle of 1 with the extension of r, and o makes an angle of
e with o is expressed by:

oo/

7@'@"(3 cos ¥ cos? — 2cose) .

3) The law of voltaic induction for an unchanging current element that moves with respect
to a conductor. — According to it, the electromotive force that a current element of length
a and current intensity ¢ exerts upon an element of a conductor of length o/ that moves with
a velocity u at a distance of 7 when « makes an angle of ¢ with r, o/ makes an angle of ¢
with r, u makes an angle of ' with the extension of r, and o makes an angle of ¢ with u is
expressed by:

/
¥ : O;—ZZ - ui cos p(3cos cost) — 2cose) .

4) The law of voltaic induction for a variable current element that does not move with
respect to a conductor. — According to it, the electromotive force that a current element
of length o whose current intensity grows uniformly by ¢ in a time interval ¢ exerts upon a
conductor element of length o at a distance of » when a makes an angle of ¢ with r and o’
makes an angle of ¢ with the extension of r is expressed by:

;.
—2—\/5 L2 os 9 cos
c r

5) The law of voltaic induction for a location where there is sliding. — According to it,
the electromotive force that a current of intensity ¢ and sliding velocity v that goes through
the sliding location exerts upon a conducting element of length o’ at a distance of » when v
makes an angle of ¢ with r, and o/ makes an angle of 1 with the extension of r is expressed
by:

2V/2 o

. —vicostcost .
c r

A positive value in the expressions (1) and (2) means a force of repulsion, while a negative
value means a force of attraction. The numerical values of our measurements give the
magnitudes of the forces as ratios with the force that would impart a velocity of one millimeter
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per second on a mass of one milligram during one second. In the expression (2), as well as
in all of the following ones, the current intensities ¢ and i’ are assumed to be measured in
magnetic units, which can always be easily done with the tangent galvanometer. If one lets &’
denotes the electrical capacity of the conductor o/ — i.e., the ratio of the amount of positive
electricity that it contains (which is equal to that of the negative) to its length, — then for
¢’ = 1 the expressions (3), (4), (5) will give the difference between the two forces that act
in the direction of o/ on the amounts of positive and negative electricity that are contained
in o, and in fact, they will give that force difference as a ratio with the force that would
impart a velocity of one millimeter per second on a mass of one milligram during one second.
— If ¢ is not equal to 1, then the expressions (3), (4), (5) must be multiplied by ¢’ in order
to get the given force difference.

A complete determination of all forces by means of the given laws requires that the
constant ¢ must be set equal to the numerical value that was found in the previous Section
in all of the expressions above. One will then get:

e [y _L[fd? _, dr
r? 2 \ dt? dt?

ee 1 dr? &2
= S 1= s — 27 1.
r2 |i 193120 - 1018 (dt2 Tdt2):| ) ( )
a/,./ 9 9 —9 5
ol (3cosvcos?) —2cose),  (2.)
2+/2 !
i : ozo; - ui cos p(3 cos v cos) — 2cose)
& r
1 ao /
= 155370-10° 12 -ui cosp(3cosdcos —2cose),  (3.)
2v2 ad i 1 ad i
e 7 'ZCOSQ?COSQ?,:_155370,1OG' " 'gcosﬁcosz?’, (4.)
242 ! 1 /
_Tf'%'viCOSﬁCOSﬁ,:_m'%-vicosﬁcosﬁ'. (5.)

When all constants have been determined numerically, the law of electricity, in the last
form, will satisfy all requirements in practice. However, for theoretical investigations, it can
be necessary in many cases to substitute the values of 7 and ¢’ that are derived from the
causes of the current intensities (see Section 7.2) in the expressions above, instead of the
current intensities ¢ and i’ that are measured in magnetic units. Namely, if +ae and —as
denote the amounts of positive and negative electricity, respectively, that are contained in
the conductor o, and 4+u and —u, respectively, are the velocities with which they move in
the conductor, and if +a’e’, —a’e’, +u’, and —u/, respectively, denote the same things for the
conductor o, then su and £'u’, respectively, will be the values of the current intensities, when
determined in mechanical units, and from the relationships that were found in Section 7.15,
those values must be divided by 155 370-10° in order to obtain the values of the same current
intensities, when expressed in magnetic units. As a result, one will have:

. eu g e'u
155370 - 106’ 155370 - 106
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in the expressions above, and those values can be substituted for 7 and ¢ in the expressions
above, if that should be necessary.

7.19 Application to Electrolysis — Measurement of a
Chemical Affinity Force

All electrical forces that are determined by means of the laws that were cited in the foregoing
Section are forces that act directly upon only electrical masses. However, all forces that act
directly upon only electrical masses will also act indirectly upon the ponderable carriers of
those electrical masses. In that way, the application of electrical laws to the investigation
of ponderable bodies opens up a broad field, since electricity will, in that way, become an
instrument for us, with whose help we can make known forces act upon ponderable bodies
by means of relationships for which no other known forces act.

When electrical masses are coupled with their ponderable carriers, the law above explains
why the electrical masses cannot move without their carriers. However, even in metallic
conductors, in which the electricity can move, while their ponderable carrier (the metal)
remains at rest, so the electrical masses go from one metallic particle to another, one still
finds a coupling between the electrical masses and the metallic particles that must be resolved
before the electrical mass can go from one metallic particle to another. As long as that
coupling exists, all forces that act upon only the electrical masses will, however, carry over
directly to the metallic particles that they are coupled with, and only those forces that act
upon the electrical masses, once they have been liberated from the metallic particles, will
no longer carry over to those metallic particles, but will impart a certain velocity on those
electrical masses until they arrive at the next metallic particle, but due to the coupling
between those electrical masses and the next metallic particle, it will again be cancelled,
which would have the same effect as if the electrical forces that produced that velocity were
carried over to that next metallic particle. One calls all of those forces that emerge from
the coupling of electrical masses with individual metallic particles forces of resistance, by
which the metal opposes the motion of electricity in its interior, from which Ohm’s law
follows,?? that the electricity in the metallic conductor can persist in a uniform motion
only when it is driven forward continually by an equally-large force, and that current will
momentarily vanish as soon as the driving force ceases. — It will then follow from this that,
even in conductors, all forces that act upon the electricity in the conductor directly, will be
transferred indirectly to the conductor itself due to the resistance of the conductor.

In electrolysis, one does not deal with a metallic conductor that remains at rest while
the electrical fluid moves in it, but with a body (e.g., water) that is composed of various
kinds of ponderable particles, of which, the one kind (viz., hydrogen particles) follows the
motion of the positive electricity, while the other (viz., oxygen particles) follows the negative
electricity. That then raises the question: What is the origin of the forces that produce
the various motions of the two components of the water? The laws of electrolysis show
that these motions must be an indirect effect of the electrical forces, if not also a direct
one. Now, if the electrical forces act directly upon only the electrical masses that are bound
to the hydrogen and oxygen particles, then the fact that the hydrogen particles follow the
motion of the positive electricity and the oxygen particles follow the motion of the negative
electricity shows that the one must be bound to positive electricity in water, and the other,

226[Note by AKTA:] See footnote 128 on page 123.
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with negative electricity, so it will remain in the water, regardless of whether it contains a
quantity of neutral fluid, in addition to the free electricity. The strength of that coupling
of the hydrogen particles with free positive electricity and the oxygen particles with the
negative electricity might also go unmentioned, such as whether it is so strong that they
cannot be separated at all, so the electricity will only move with its ponderable carrier under
electrolysis, or if it behaves as it does in metallic conductors, such that the electricity will
take on a motion that is independent of the motion of the ponderable carrier, in addition
to the latter motion. However, in the latter case, the law that the decomposition of the
different combined bodies that is due to that current will be proportional to the chemical
equivalent will not be strictly valid, which has been shown by the most recent investigations
of that case.

Now, if the electrical forces, which only seek to separate the electrical fluid directly, are
transmitted to the components of the water by whatever bond that couples the fluid to the
components, then one can achieve a closer determination of the chemical separating forces*’
that produce the separation of the ponderable components from a more precise knowledge of
the electrical separating forces, and that is the reason for the special interest that electrolysis
enjoys in comparison to the other methods of chemical separation. Namely, electricity can
be used as an instrument by which we link each hydrogen and oxygen particle in the water
by a thread and we can stretch both threads in opposite directions with known forces until
the hydrogen and oxygen particles are torn from each other.

In order to employ that instrument, and in that way to actually determine the forces that
are required to separate the chemically bound parts in terms of known measurements, we
must give the electrical law, along with the numerical determination of its constants. Once
that has been done, we would also like to attempt to apply that to the known results.

The forces that put the electrical fluid into current motion will be called electromotive
forces. That special terminology (which will be used to distinguish that type of force, and
not merely its effects) is merely based upon the fact that up to now those forces cannot
be measured with known units, but can be determined only indirectly by the effects of the
currents that they produce (e.g., thermal, chemical, and magnetic effects), by which they
can indeed be compared to each other, but absolutely cannot be expressed in terms of known
units, and therefore they also cannot be compared with other known forces. That argument
breaks down when one determines those forces from the laws that were given in the foregoing
Section, by which they will be expressed in terms of known units. One can also express the
forces that one cannot calculate directly from the laws above in terms of known units by
comparison them with the ones that can. — Finally, since one can determine the resistance
in a closed circuit precisely, and for a constant current the electromotive force and resistance
must always have the same ratio to each other, according to Ohm’s law, one also learns
how the electromotive forces are distributed over the various parts of the circuit. Thus, if
a voltmeter is introduced into a circuit, then the electrical separating forces that act in the
water can be ascertained precisely.

However, with water, one encounters the special circumstance that it defines a very bad
conductor in its pure state and is very difficult to decompose. All electrolytic measurements
then relate to water that has been mixed with sulfuric acid or other chemicals: One obtains
different results in regard to decomposability for different mixtures. It is necessary to initially
restrict oneself to a particular mixture then, and here we shall choose a mixture of water
and sulfuric acid with a specific gravity of 1.25, following the investigations that Horsford

227[Note by AKTA:] In German: Chemischen Scheidungskrifte, see also footnote 23 on page 47.
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published in Poggendorf’s Annalen, Vol. 70 (1847), p. 238, which is the easiest of all mixtures
of water and sulfuric acid to decompose.?®
For equal lengths and cross-sections, the resistance by which that mixture opposes the

current that Horsford gave was found to be:

696 700
times larger than the resistance of silver, or when one sets the ratio of the resistance of silver
to that of copper equal to 1 : 0.7417, following Lenz (Poggendorf’s Annalen, Vol. 34, p. 418,
Vol. 45, p. 105):2%

516 750
times larger than the resistance of the copper that Lenz used. — From the measurements
that were communicated in the Abhandlungen der K. Gesellschaft der Wissenschaften in
Gottingen, Vol. 5 (“Uber die Anwendung der magnetischen Induktion auf Messung der
Inklination mit dem Magnetometer”),?3? the resistance of a copper wire of length one mil-
limeter and a mass of one milligram (= 1/8.427 square millimeters of cross-section) was
found to be equal to:231:232

2310000
in absolute units of the magnetic system; i.e., for a copper wire of length one millimeter and
a cross-section of 1 square millimeter, it will be equal to:

274100.
That yields the resistance of the mixture above when it is one millimeter long and one square
millimeter in cross-section as being;:

141640 - 10°

in magnetic resistance units. However, that mixture contained about nine parts water to one
part sulfuric acid by volume, and the pure water would then amount to only 9/10 of the total
cross-section. If one assumes that the total current goes merely through the water (because if
a part of the current were conducted by the sulfuric acid then that would define an auxiliary
current, which would have to be excluded from any consideration of the decomposition of
water) then the resistance would refer to just the water, and one would have to set it equal
to:

127476 - 10°

for one millimeter of length and one square millimeter of cross-section.

Now, should this resistance to the current intensity in magnetic units be equal to 106§ —
namely, strong enough that, from Section 7.1, page 224,%3:234 one milligram of water would
decompose in one second — then the electromotive force for each millimeter in magnetic
units would have to amount to:

228|Note by AKTA:] Eben Norton Horsford (1818-1893), see [Hor47] and [Sto88].

229|Note by AKTA:] [Len35] and [Len38].

230[Note by AKTA:] [Web53e], [Web53a] and [Web53c].

231Note by KW:] In the cited place, [Wilhelm Weber’s Werke, Vol. II, p. 319], one finds the resistances
given for various types of copper, among which, one finds the one above, which corresponds to the copper
that Jacobi used for his standard resistance ( Widerstands-Etalon), which is the largest of them. That value
was chosen because Lenz often referred to the same papers as Jacobi, so he probably appealed to the same
types of copper as Jacobi in his experiments.

232|Note by AKTA:] See [Web53e, p. 319 of Weber’s Werke] and [Jac51].

233|Note by HW:] Wilhelm Weber’s Werke, Vol. 111, p. 614.

Z34Note by AKTA:] See page 144 of Section 7.1, or [KW57, p. 614 of Weber’s Werke|.
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106% 127476 - 10,

2vV/2 1

=2 = meoroape In order to obtain its expression in mechanical

which must be multiplied by
units.

However, from the foregoing Section, that number means the difference between the forces
that act in each direction of the current on each unit of free positive electricity (in the
hydrogen particles) in a column of water that is one millimeter long and on each unit of the
free negative electricity (in the sulfuric acid that is found in it), and that number must then
be multiplied by n in order to obtain the total force that acts, if n is the number of units of
free positive or free negative electricity that is contained in the hydrogen or oxygen particles,
respectively, in a water column that is one millimeter long.

However, the hydrogen in one milligram of decomposed water gives up its free positive
electricity to the electrode where it develops, which will then flow through the electrode (or,
what amounts to the same thing, in effect, it will be neutralized by the supply of negative
electricity in it) and will flow through the cross-section in one second. However, since the
current intensity in electrolytic units is equal to 1, and from Section 7.15, with that current
intensity, 106% -155370 - 10° units of positive electricity and just as much negative electricity
will go through the cross-section in one second (when one-half of the free positive electricity
that is on the electrode flows through the electrode, while the other half is neutralized by
the negative electricity that the electrode supplies), which will yield:

1 2
—n =106~ - 155370 - 10° .
2" 3

If one then multiplies that number by:

then the product

2
2. (106%) 127476 - 10°

will give the difference between the forces that must act in the direction of the current on the
hydrogen particles in one milligram of water that defines a column that is one millimeter long,
which contain free positive electricity, and on the negative electricity that is contained in the
oxygen particles (under the influence of the neighboring sulfuric acid) if the decomposition of
the water is to result with a velocity of one millimeter per second, and indeed that difference
in forces is determined from the number above as a ratio to the force that would impart a
velocity of one millimeter per second on a mass of one milligram during one second.

The weight of one milligram is a force that will impart a velocity of 9811 millimeters per
second on a mass of one milligram in one second. Therefore, if one divides the given number
by 9811, then one will get that force difference, as expressed in milligram weights:

2 2\ 2
—— . (106=) -127476-10°=2-14 2106 .
9300 (063) 7476 - 10 7830 - 10

One can express that result in the following way: If all of the hydrogen particles in one
milligram of water in a column one millimeter long were coupled by one thread and all of
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the oxygen particles were coupled with another thread, then both threads would each have to
be tensed in opposite directions with a weight of:

147 830 kilograms,
or about 2956 hundredweights, in order to produce a decomposition of the water with such a
rate that one milligram of water would decompose in one second. The tension would remain
the same for columns of different cross-sections but would increase in proportion to the length
of the column.

Should the water decompose at a small rate under the same conditions — e.g., with a rate
of one milligram per 2956 seconds — then the tension above would have to be proportionally
smaller; viz., only one hundredweight. Above all, the tension could then be arbitrarily small,
and decomposition would always result, but only at a lower rate as the tension become
smaller. However, that is true only under the assumption that the force of resistance by
which the water opposes its decomposition (the motion of the hydrogen and the oxygen in
opposite directions), which is analogous to the force of resistance that opposes the motion
of positive and negative electricity inside of a metallic conductor according to Ohm’s law,
is proportional to the rate of decomposition.??® However, for metallic conductors, it is very
likely that Ohm’s law does not correspond to reality precisely, but that, strictly speaking,
the force of resistance consists of two parts, one of which is proportional to the rate, while
the other is constant, since it is only in that way that the better conductors (e.g., metals)
can be included in the same law as the worse ones (e.g., insulators). The same thing is
also probably true for the force of resistance by which the water opposes the motion of the
hydrogen and oxygen in opposite directions in its interior. The resistance (viz., the force of
resistance divided by the drift velocity)?% will then be represented by the sum of a constant
w and a part k/i that is inversely proportional to the drift velocity. Now, if one substitutes
that sum for the resistance in Ohm’s law then one will get the current intensity 7, expressed
in terms of the electromotive force £ and the given sum, in the following way:

E

Z:uhtk/z"

or

E=k+wi.

For metallic conductors, k is very small compared to the value of wi that comes from the
measurements; for insulators, wi vanishes in comparison to k.

Now, no precise experiments involving water exist from which the value of the constant
k could be measured. However, there do exist experiments in which it was shown that this
constant does not vanish completely, although it is still very small. Namely, if one conducts
magnetically induced currents through water, then one can infer from the measurable current
effects that this induction would decompose more or less water according to whether it
happened faster or slower, respectively, which would not be the case if one had £ = 0. — For
electrolytic measurements, w1 is typically so large that k£ will not come under consideration
in comparison to it.

235[Note by KW:] From Ohm’s law, the ratio of the force of resistance by which a conductor opposes the
motion of the electricity inside of it to the velocity of that motion is a constant that is called the resistance
of the conductor.

236[Note by AKTA:] In German: Stromgeschwindigkeit. See footnote 52 on page 61.
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One refers to the forces that define the resistance to the decomposition of the hydrogen
and oxygen in water as forces of chemical affinity, which one is not, however, in a position
to express in known units. In this Section, it will be shown in an example how the results of
the foregoing investigation can actually be employed to implement such a determination. In
that way, the path to a more detailed exploration of the laws of forces of chemical affinity
will be blazed, but numerous measurements of those forces would be necessary for that, of
which, only one measurement shall be given as an example.

7.20 Electricity Content in a Conductor

The intensity of the current that goes through a conductor is proportional to the velocity with
which the positive and negative electricity flows through the cross-section of the conductor
and therefore depends upon two factors:

1. The amount of electricity that is contained in each element of length of the conductor
(which can be called the capacity of the conductor).

2. The velocity with which that amount of electricity (viz., positive and negative moving
in opposite directions) advances in the conductor.

The intensity of the current that flows through the cross-section of the conductor — that
is, the amount of positive and negative electricity — can be measured in known units, but
neither the amount of electricity that is contained in an element of length in the conductor
nor the wvelocity with which it advances in that conductor can be determined individually:
That could happen only in those cases where the one kind of electricity does not move by
itself, but the particles of the conductor in which it is contained move with it.

Now, whether that case comes about when the electricity jumps from one conductor to
another (through a layer of air), whereby small particles of the one conductor break away and
go over to the other conductor, has not, in fact, been ascertained experimentally, and it also
cannot be ascertained completely and with certainty. However, it seems that under certain
conditions, it can be established factually that small particles can break away from only the
positively charged conductor and go over to the negative conductor. There is also no doubt
that these small particles that break away are charged with free positive electricity and that
the transfer of a well-defined amount of electricity from one conductor to another will be
mediated by them. However, whether the transfer of only part of the positive electricity
or all of it from one conductor to the other will be mediated in that way, and furthermore
whether those small breakaway particles contain merely free positive electricity or also a well-
defined amount of negative electricity, in addition, and finally, how the negative electricity on
the other conductor behaves during the process, has not been subjected to a more detailed
discussion up to now.

As far as the behavior of the electricity on the negatively-charged conductor is concerned,
of which, no particles will break away and move to the positive conductor under the afore-
mentioned conditions, it would seem to emerge from this that the negative charge on the
conductor suffers some sort of deceleration under those conditions and therefore that before
that charge has attained the strength that is required for the liberation of small particles,
the particles that break away from the positively-charged conductor have already arrived at
the negative one and hinder the growth in negative charge by transmitting their positive
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charge. Hence, no electricity at all would go from the negatively charged conductor to the
positively charged one under those conditions.

As far as the other question is concerned, of whether the liberated particles contain
merely positive electricity or whether they carry a well-defined quantity of neutral fluid with
them, in addition, a definite opinion on that could only be based upon some fact about the
liberated particles at the highest level of detail.

Namely, it is known that when a larger ball is separated from a smaller one after contact,
the free electricity that is contained in both of them will split between them in a well-defined
ratio, and indeed in such a way that the mean densities of the layers of electricity that are
found on the surface of each ball will not be equal, but the mean density that is found on
the surface of the smaller ball will be larger than the density that is found on the surface of
the larger ball, and in fact that ratio will approach:

1.6449 : 1
as the two balls become the more unequal.

Now, a particle that breaks away can be considered to be only an extremely-small ball,
and therefore when one denotes the density of amount of electricity that is present on the
surface of the positively-charged conductor by e, the density of liberated particles that are
present on the surface will be set equal to 1.6449-¢. Now, it is known that whereas ¢ vanishes
in comparison to the radius of curvature of the surface of the positively-charged conductor,
1.6449 - ¢ will also vanish in comparison to the radius of the smallest liberated particle, but
in contrast, due to the extreme smallness of that particle, one must assume that its radius
is smaller than 1.6449 - ¢, or at least no larger than it. However, it would then follow that
this layer of positive electricity would fill up the entire positive particle, and therefore no
space would be left in that layer that might contain a well-defined amount of neutral fluid.
The small liberated particle would then contain merely free positive electricity. Finally,
in regard to the question of whether the free electricity goes from the positively-charged
conductor to the negative conductor only by means of the liberated particles or if another
quantity of positive electricity without ponderable carriers finds a path to the negatively-
charged conductor by itself, as well, one can only assert that given the lack of any physical
basis upon which it would depend, under exactly the same conditions, the one part of the
electricity should move independently of its ponderable carrier, while the other part must
move with its ponderable carrier. Since that would then actually establish that part of the
transferred electricity was drawn along by its ponderable carrier, that must be assumed of
all the transferred electricity until the contrary has been proved.

The case of a current for which the conducting particles, which contain only positive
electricity, would advance would then actually exist. The amount of advancing electricity
that goes from the one conductor to the other can now be determined precisely from the
measurements that are obtained (by measuring the current intensity). As a result, all that
remains is to measure precisely the amount of ponderable mass that simultaneously breaks
away from the positive conductor and lands on the negative conductor. Although that
ponderable mass might also be so small, nonetheless, it can still be clearly observed, and
from that, one can assume that its weight can also be determined with the most accurate
balance that we possess.

In any event, that implies that even for very large amounts of electricity that go from
the positively-charged conductor to the negatively-charged one, the ponderable mass of the
conducting particles that break away is very small, and as a result, the amount of electricity
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that is contained in each element of length in the conductor is exceptionally large. However,
the larger that amount of electricity gets, the smaller that the wvelocity with which that
amount of electricity advances in the conductor will be,?®” and that smaller velocity with
which the electrical fluid moves in its conductor can then by no means be confused with
the extremely large velocity with which the perturbation of the equilibrium in the electrical
fluid propagates through the metallic conductor, to which the well-known experiment of
Wheatstone referred.?3®

The facts that the amount of electricity that is contained in one element of length in a
metallic conductor is very large and that the velocity with which the amount of electricity
moves in the conductor is very small for all currents that are presented in reality, could have
been expected beforehand by analogy with the results that were found in Section 7.15 for
a wet conductor (e.g., water), because it was found there that for a current whose intensity
is equal to 1 in electrolytic units, an amount of positive electricity of 106% - 155370 - 108
units, together with 1/3 milligram of hydrogen, will move in one direction, while an equally-
large amount of negative electricity that is bound to 8/9 milligram of oxygen will move
in the opposite direction through the cross-section of the conductor in one second, from
which, it would follow that 106% - 155370 - 10° units of positive electricity and equally-much
negative electricity must be contained in one milligram of water, but they (together with
their ponderable carriers) advance only with the very small velocity of 1/2 millimeter in one
second when the area of the cross-section of the wet conductor is only 1 square millimeter.
If the cross-section were larger, then the velocity would be proportionally smaller.

7.21 Applying This to Units — Derivation of All Units
from the Spatial Unit

The units that are useful in physics are divided into the fundamental units and the derived
units. In general mechanics, where all forces are considered to be given individually, all units
can be reduced to the known fundamental units of space, time, and mass. — In all of those
branches of physics where the law of gravitation must be assumed to apply, all units can
be reduced to merely the two fundamental units of space and time, since the units of mass
can also be derived with the help of the law of gravitation. Namely, one can take the unit
of mass to be the mass that would, if it were concentrated at a point, exert a force upon
another mass at a unit distance that would impart a velocity to the latter that would equal
one unit length per unit time according to the law of gravitation.

Now, it is interesting to note that this system of units is capable of being simplified even
further, and that it is possible to derive all of the units that are used in physics from the single
basic unit of space when one assumes two fundamental laws of nature to that end, namely,
in addition to the law of gravitation of ponderable masses, one assumes the fundamental law
of electrical action, since one can also derive the unit of time from the unit of space with the
help of the latter. Namely, one can take that unit of time to be the time during which two
electrical masses that move with uniform relative velocity must move towards or away from
each other if they are to have no influence on each other according to that law.

If one chooses the millimeter to be the spatial unit, then the unit of time could be derived

Z37Note by AKTA:] Weber is referring here to the drift velocity, that is, the velocity of the electrified
particle relative to the matter of the conductor.
238Note by AKTA:] See footnote 138 on page 129.
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from it under the assumption of the fundamental law of electrical action, and it would be
the:

439 450 millionth part of a second,
since when two electrical masses that move with uniform relative velocity approach or move
apart from each other [the distance] of 1 millimeter in that small time interval, they will
exert no effect on each other according to the fundamental law of electrical action.

Once the time unit has been derived from the spatial unit in that way, the unit of mass
can also be derived from those two units under the assumption of the law of gravitation.
Namely, from the law of gravitation, the Earth is a mass that, if it were concentrated into
a point, would impart an acceleration equal to 9811 upon another mass at a distance equal
to the Earth radius if the millimeter were used as the spatial unit and the second were used
as the unit of time. If one were to take the unit of time that was just derived instead of the
second, which is 439450 million times smaller, then the derived unit of acceleration would
be 4394 502 billion times larger, and the acceleration would be equal to:

9811
4394502 - 1012

in that larger unit. Now, if one sets the radius of the Earth equal to 6 370 - 10° (millimeter),
then according to the law of gravitation, if the mass of the Earth were concentrated into a
point, then it would impart an acceleration upon another mass at a unit of distance that
would equal:

9811-63702 - 10"

4394502 - 1012’

2
and as a result, a mass that amounts to %, or almost one-half the mass of the Earth,

which is the mass that one will get as the derived mass unit from the law of gravitation,
under the assumption that the millimeter is the spatial unit and with the help of the time
unit that was derived from it before.

Finally, all of the remaining units that are used in physics can be derived from the
millimeter as the spatial unit and the units of time and mass that were just derived from it
in known ways.

According to this system, in which all units can be derived from the single fundamental
unit of distance, the force of attraction between two masses m and m’ at a distance of r
will be equal to mm’/r?, and the force of repulsion of two amounts of electricity e and ¢’
at a distance of r will be equal to (ee’/r?)(1 — dr?/dt* + 2rd?r/dt?), without having to add
constant factors to these expressions or individual terms.
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Appendices

I. Description of the Torsion Balance

In order to avoid, as much as possible, an unequal reaction of the charged balls on the
moving ball of the torsion balance due to the electrostatic induction of its electrified walls,
the balance is usually associated with a very large scale. The case in which the balls were
hung was a parallelepiped that was 1.16 meters long, 0.87 meter wide, and 1.44 meter high.
The twelve edges of the parallelepiped were constructed from square posts (with a thickness
of 80 mm) of hard wood. Once the framework was established on a large stone foundation,
a heavy sheet of wood was laid upon it as a lid, but the side walls were draped with a
tightly-stretched oilcloth in such a way that the edges of the posts would not protrude into
the interior of the space. After that draping, which left merely the upper fourth of a wall
open for one to hang the apparatus, the rigidity of the case was increased appreciably by
bolted struts. For the measurement itself, once the fixed ball was introduced, the opening
was closed with a slide. However, in addition, the entire case was covered with multiple
layers of towels and blankets that rested upon the stone in order to keep the draft off of it.
Nevertheless, it was necessary to make the observations at night in an unheated room, since
the opening and closing of the doors in other parts of the building and the uneven warming
of the floor by the Sun would give rise to air currents that would produce an occasional
oscillation of the moving ball of up to one-half of a degree. However, at night, when the
outside air was not too agitated, the ball did not oscillate by even one minute.
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e

The torsion circle T" was fixed over the center of the lid, whose cross-section is denoted
by D in Figure 2, whose alidade AA’ allowed one to read off the individual minutes from its
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vernier scale?®® and would lead to a finer adjustment of the torsion with a Hooke’s joint?4?

H or also by freely loosening it by hand. Furthermore, the definitions of the symbols in the
Figure are:

e a the hard-drawn brass wire (no. 12), which is 398 mm long and fixed in the axis of
the alidade;

e b a small brass cylinder with a side screw for clamping it fast to the lower end of a.
Under it, is

e c a b mm protruding threaded spindle, in order to attach either the body whose period
of oscillation is to be determined from the torsion coefficient, or the brass wire

e d, to which the 5 mm thick, 450 mm long, cylindrical rod ef of pure shellac was
fused.?

e hi means the shellac lever for the moving ball, which was tapered on both sides with
a length of about 60 mm up to 2.5 mm in thickness.

e fg is a wire that is immersed an inch deep in olive oil with a mirror s on it that is
attached to wood. The oil has the effect of damping out not only the oscillation of the
moving ball, but also the pendulum motions that arise from vibrations, in the shortest
time, while on the other hand, it is no impediment that the lever follows the most
imperceptible changes in torsion.

The two balls of the torsion balance consist of very thin Argentan sheet metal that were
finely polished and gold-plated, and merely heat-glued to the shellac.

The long vertical shellac rod for the fixed ball, which was tapered below, was glued to a
curved brass rod mn. A horizontal axis pg with two steel tips was solidly fixed to it, and
at right angles to it, a brass rod rt with a running weight. The running weight pushed the
upper end of the brass rod mn against an adjusting screw, such that precisely the same
position of the torsion balance would result whenever the fixed ball was taken out or put in.
If one pushed the brass rod mn forward in order to charge the moving ball until the rod ¢r
joined up with an adjustment screw, then the charged fixed ball would be found to be near
the moving one, so the former could attract and charge the latter without the latter needing
to describe a large path.

Opposite to the mirror s, there was an opening in the wall of the torsion balance that was
closed with flat glass. Outside at some distance, one found a horizontal scale whose mirror
image could be observed in a telescope. The distance to the scale was chosen such that when
the rotation of the level in the torsion balance amounted to one minute, the scale in the
telescope would move by one scale division. At the same time, the scale was positioned such
that when the centers of the two balls defined precisely a right angle with the axis of rotation,

29Note by AKTA:] In German: Dessen Alhidade AA’ die einzelne Minute durch ihre Nonien ablesen
liess. The measuring device “nonius” was named after its inventor, the Portuguese mathematician and
cosmographer Pedro Nunes (Latin: Petrus Nonius) (1502-1578). The Vernier scale was derived from it,
being due to the French mathematician and instrument maker Pierre Vernier (1580-1637).

240|Note by DHD and AKTA:] In German: Hook’schen Schliissel. 1t is also called a universal joint or
universal coupling. It is named after Robert Hooke (1635-1703).

241Note by KW:] The length ef, and above all, the length T'g, are too negligible in comparison to the size
of the upper part of the figure to be indicated. The balls were further away from the lid.
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its zero-point, which was placed in the center and from which the scale was numbered on
both sides outward, would appear in the crosshair of the telescope.

That was the position of the balls in which they should be observed, which could always
be known with great accuracy in that way. Had the moving ball moved further from the
fixed ball after they were electrified, then the observer who was found at the telescope could
likewise read off how many degrees or minutes would be needed to correct the state of
the moving ball by torsion. On the other hand, a disc was installed on the Hooke’s joint
that allowed one to see the rotation of that joint in minutes of the rotation of the alidade,
and the torsion-adjusting second observer could bring about the correction on command?42
without needing to look at the vernier scale. Some practice with the timely assignment and
performance of that command and the excellent effect of the oil soon brought one to the
point that the moving ball, which was thought to be put into a state of violent motion by
the charging, could be brought to rest completely in a relatively short time in such a way
that the centers of the two balls would define an angle with the axis of rotation that was
larger than a right angle by only a few minutes; i.e., such that the zero-point of the scale in
the telescope would be at a distance of a few tick marks on the crosshair of the telescope.
The loss of electricity would then bring the ball gradually closer to the fixed ball due to
the torsion on it that was present, such that the time-point at which the zero-point of the
slowly-drifting scale passed the crosshair of the telescope would be determined accurately.
The torsion could be read off from that.

The state in which the centers of the two balls define precisely a right angle with the
rotational axis of the torsion balance is found in the following way:

242[Note by KW:] If one wished to bring the lever in an uncharged torsion balance from one position to
another without producing long-lasting oscillations, then one would make one-half the correction suddenly
when the lever was still at rest and the other half just as suddenly at the moment when attained its greatest
elongation and began to reverse. It would then become more still the less the air resistance came into
consideration in comparison to its moment of inertia. One will achieve the goal approximately for the
charged torsion balance in that way.

196



Fig. 3. J

X

Once a fine filament that was weighted down (whose projection m represents the axis
of rotation in Figure 3), was fixed to the small cylinder on the torsion wire in place of the
shellac rod, a theodolite T" was placed at a distance of a few meters, and the distance T'm
was measured precisely. From there, an ivory yardstick that was divided into millimeters
was brought into the positions M N and M’N’ horizontally, such that it stood parallel to
md each time and was tangent to the fixed ball at one-half its height. The vertical crosshair
in the telescope of the theodolite allowed one to estimate the lengths ab, ac, a’'t/, and a'c to
one tenth of a millimeter due to its higher magnification. One then had:

1
md = Z(ab—l—ac—l—a’b/Jra’c’) :

After that, a second theodolite was placed at a point 7" such that the vertical line in its
telescope covered the rotational axis m and was tangent to the fixed ball. Once T"m was
measured, the telescope was rotated into the position 7"n such that the line was tangent to
the other side of the fixed ball, and it then remained unperturbed.

One then hung the shellac rod with the moving ball from the torsion wire again and
measured the angle pT'q with the theodolite 7. The moving ball, which was protected from
light reflection, stood out very sharply from the white background, and the theodolite pointed
to the tangent to the circle inside of which it moved by slow rotation. The distance from the
center of the moving ball to the axis of rotation was then:
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1
me = T'msin §qu -7,

in which 7’ is the previously measured radius of the moving ball.

The fixed ball was now taken out, and in order to avoid air currents, the case of the
torsion balance was closed completely, except for two small openings in the already-known
direction T"n’, and the moving ball was placed in such a way that it would be tangent to
the direction T'n’ by means of the torsion wire.

It would then be necessary to rotate the moving ball through 90° 4+ dme in order to make
its center come to the position ¢, in which it would describe a right angle with m and d.
Now, the angle:

dme =mfT +mT'f —nmd ,

while:243

, . T'msinmT'n’ — 1/
mfT" = arcsin ,
me

r

Tf=2. i
mT'f arest T'm + md cosnmd ’

.
nmd = arcsin — .
md
Since everything in that has been given, dme could be easily calculated, and the rotation
of the moving ball through 90° + dme was accomplished by means of the torsion circle, so

the zero-point of the observer scale was located correctly.

II. Description of the Tangent Galvanometer

The copper wire that was employed for the multiplier was wound quite tightly with silk, and
then almost 2/3 of a mile of collodion was pulled along its entire length.?** From the large
roll on which it was then found, with the help of a very uniformly tensed pulley, it would
be wound around the circular ring of the tangent galvanometer with 5635 windings. That
metal ring, which defined a channel of rectangular cross-section, was previously given a thick
coating of heated sealing wax everywhere that the wire was laid in it. After that, a 20 pound
copper weight was placed into the ring as a damper. All of the remaining procedures are
known.

The main idea was to confirm one’s belief that all windings of the tangent galvanometer
would actually be traversed by the discharge current, and that it would not perhaps jump
over some of them by a spark that occurred deep within the windings, but perhaps not
visibly. Now, a small multiplier of 1000 windings that had been used often at Marburg was

243[Note by KW:] The multiplicity of these possibilities was due to the opacity of the hanging shellac rod.

244[Note by KW:] Experiments concerned with whether the degree of insulation would actually increase in
that way have not been performed, but one should, nonetheless, assume that is so. In any event, in that
way, one will arrange that the silk not only adheres to the wire very firmly, but also that it does not become
slightly rough on the surface. The process is simple: One leads the wire from the original roll to a small
fixed roll with a horizontal axis, and from there, to a larger roll at a greater distance, around which it will
be temporarily wound. The small fixed roll is immersed halfway in a container of collodion.
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on hand, and it could be predicted from the dimensions of the two instruments that they
would have roughly the same sensitivity to the discharge of a Leyden jar. Both multipliers
were coupled in such a way that the same discharge from a larger Leyden jar, when retarded
by a column of water, would have to flow through the windings in both of them. Now, since
not only the predicted behavior of the sensitivity occurred, but upon raising the charge,
the data from both galvanometers remained proportional to each other, as well as the data
that corresponded to a sine electrometer, which allowed one to compare the charge on the
Leyden jar in isolation when coupled to it, one could convince oneself that the large tangent
galvanometer would serve its purpose. For all discharges that would be regulated by a
specially-constructed pendulum, the knob on the jar remained coupled with the multiplier
for the same time (and in fact, only 2/3 of a second) in order to allow only a very small (and
in fact proportional) part of the residue to appear again. The results are as follows:

No. a. b. c. d.
Deflection ¢ | v/sin¢ | Small multiplier. Tangent- d/c d/b
of the sine Elongation in | galvanometer.
electrometer scale divisions | Elongation in
scale divisions
1. 9031’ 0.4078 41.75 170.40 4.1060 | 417.85
2. 19°59 0.5845 59.50 244.85 4.1151 | 418.91
3. 34°57 0.7569 76.95 316.10 4.1078 | 417.62
4. 49°54/ 0.8746 88.97 365.45 4.1076 | 417.85

Each of the numbers under ¢ and d is the mean of 2 to 3 measurements that differed from
each other by at most one scale division. The desired proportionality then emerged from this
completely. Now, the distance from the mirror to the scale was 1633 for the small multiplier
and 6437.6 scale divisions for the large one, and their sensitivities then had roughly the ratio
that was required above, namely, 1 :1.042 3.

Those measurements, the second of which could obviously be assumed to include an
observation error in the tangent galvanometer, showed an extraordinary accuracy in the
comparison of the available charge in a Leyden jar for all three instruments.
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Chapter 8

[Kirchhoff, 1857a] On the Motion of
Electricity in Wires

Gustav Kirchhoff?45:246

I have attempted to establish a general theory of the motion of electricity in an infinitely
thin wire, by assuming certain facts which are observed in constant currents, and in currents
whose intensity alters but slowly, to be universally valid. I will here develope this theory,
and show its application to some cases of a simple nature.

I picture to myself a homogeneous wire possessing the same thickness throughout and of
circular cross section. In the axis of this wire I take a fixed point and a variable one; the
portion of the axis between both points I call s. Through the changeable point I permit
a transverse section to pass, and call the polar coordinates of a point of this section, with
reference to a system of ordinates whose origin is the centre, p and 1.247 T will calculate the
electromotive force which tends to separate, in the direction of the length of the wire, the
two electricities in the vicinity of the point determined by s, p and ¢. This force is partly
derived from free electricity, partly from the induction which takes place in consequence of
the alteration of the strength of the current in all parts of the wire. With regard to the first

245[Kir57b] with English translation in [Kir57a].

246Gustav Kirchhoff’s Notes are represented by [Note by GK:], while the Notes by A. K. T. Assis are
represented by [Note by AKTA:].

247[Note by AKTA:] The Figure of this footnote shows my representation of this configuration. Figure (a)
shows a fixed point 0 at the left extremity of the wire and a variable point of length s along the curved axis
of the wire of total length [. Figure (b) shows the circular cross section of the wire of radius o and the polar
coordinates (p, ) of a point inside the wire.

(a) (b)
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portion, we may make use of the electrostatic law of Coulomb.?*® Let V' be the potential of
the free electricity with reference to the point under consideration; that is to say, the sum of
all the single quantities of free electricity, each divided by its distance from the point. The
quantities of electricity are here to be referred to a mechanical unit; the unit of electricity
shall be that which, acting upon an equal quantity at the unit of distance, produces the unit
of force. In general, all quantities which appear in this investigation — strength of current,
resistance, etc. — shall be regarded as measured by a mechanical unit, in the manner often
described by W. Weber in his “FElectrodynamic Determinations”.>*® We have there —9V/0s
as the force with which the free electricity strives to move the unit of positive electricity at
the point under consideration in the direction in which s increases. An equal force tends to
move the negative electricity in the opposite direction. Therefore we have —20V/Js as the
electromotive force derived from the free electricity, and acting at the point in question.

In developing the value of V', I will assume that no other free electricity acts upon the
wire than that which is in the wire itself. The quantity of free electricity which, at the time ¢,
is contained in the element of the wire which corresponds to the element ds of the axis I will
denote by eds;* let ds’ be a second element of the axis, and e’ds’ the quantity of electricity
contained in the corresponding element of the wire. I picture to myself a portion of the wire,
whose centre lies in ds and the length of which is 2e, where ¢ denotes a quantity which is
to be regarded as infinitely small in comparison with the length of the whole wire, but as
infinitely great in comparison with the radius of its cross section. When the element of the
wire in which the quantity of electricity €’ds’ is contained lies outside the above portion, we
can imagine, in the calculation of V, its electricity to be concentrated in the line ds’, and
the point to which V refers situated in the line ds. Hence the portion of V' derived from the
whole wire, with the exception of the portion alluded to, is

e'ds'
= )
”

where r denotes the distance of the elements ds and ds’, the integration being extended over
the whole of the central line, with the exception of the length 2¢.

With regard to the portion of V' derived from the part separated, this can only be
calculated when the distribution of the electricity within a cross section is known. 1 will
assume that here, as in the case of a constant current, and of electricity in equilibrium, free
electricity is to be found upon the surface only, and besides that its density is the same at
all points of the periphery of a cross section. Denoting by « the radius of the cross section,
we have, according to this, the density of the free electricity at any point of the surface of
the portion of wire under consideration = 5=; hence, as on account of its infinitely small
length it may be regarded as straight, the quantity of V' derived from it is

- i +e /27r dl’ld’gbl
2m J_o Jo /x4 a?+ pr—2apcos( — 1)

In this expression 2’ has been written for ' — s, and ¢’ denotes the angle between the

248|Note by AKTA:] See footnote 43 on page 56.

29[Note by AKTA:] In German: elektrodynamischen Maassbestimmungen. Kirchhoff is here referring to
Wilhelm Weber’s major Memoirs on Electrodynamic Measurements: [Web46] with partial French translation
in [Web87] and complete English translation in [Web07]; [Web52¢| with English translation in [Web21b];
[Web52b] with English translation in [Web21al; and [KW57] with English translation in [KW21].

250[Note by AKTA:] Therefore e means linear charge density.
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radius drawn to an element of the surface of the wire and the line from which the angle ¢
is reckoned. When the integration, according to 2/, is carried out, ¢, in comparison with «a
and p, being regarded as infinitely great, we have the following expression:>!

2
_° / dy’ (ln 2¢ — In /a2 + p? — 2ap cos(y — @D)) ,
™ Jo
that is,
1 21
= 2¢ <ln 26— - / dy/ In /a2 + p — 2ap cos(y — @D))
T Jo
Setting

27
/ di' In\/a2 + p? — 2apcos(y) —p) =U ,
0
the differential equation

0?U 10U 1 0%U

op? " p Op - p?* 0?2
must be satisfied, because the quantity under the sign of integration multiplied by di’ satisfies
this equation for all the values of ¢’; but it is easily seen, by setting v’ — 1) instead of ¢’ as
the variable according to which the integration is to be carried out, that U is independent
of 1; hence we must have

=0

£V 1dU

dp*  pdp
but from this it follows that

U= Cl In 1% + Cg s

where C] and C5 denote two unknown constants. These may be easily determined by as-
suming p as infinitely small in comparison with «a; the carrying out of the integration in the
expression for U gives then

21[Note by AKTA:] In Kirchhoff’s original paper, [Kir57b, p. 196 of the Annalen der Physik und Chemie
or p. 134 of his Gesammelte Abhandlungen], this equation was written as:

2
_ %/0 ay’ (1g2¢ ~lgv/a? + 7 — 2apcos(y’ —v)) -

In the English translation of this paper, [Kir57a, p. 395 of the Philosophical Magazine], this equation was
written as:

e

2
T / ay’ (1og 2 — log \/o? + g — 2apcos(®’ — 1)) .
0

™

This last expression gives the impression that Kirchhoff’s logarithm of a magnitude m, which he wrote
as lgm, should be understood as the common logarithm base 10, log;;m = logm. However, this is not
the case. What Kirchhoff wrote as lgm should be understood as the natural logarithm which has Euler’s
number e &~ 2.718... as its base, namely, lgm = log, m = Inm.

In the translation presented in this book I am utilizing the modern symbol, In, instead of Kirchhoff’s
original symbol, lg. In this way his original mathematical reasoning can be better understood, avoiding
misunderstandings. In Section 9.1 of Chapter 9, page 221, I present a modern solution of this integral.
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U=2rlha,

from which it follows that C} is = 0, and U has this constant value for all the values of p.
Consequently the portion of V' derived from the piece 2¢ of the wire is

2
:26111—8 ,
Q@

and hence

/ /
V:2eln§—l—/ed8 : (1)
Q@ r
where the integration is to be extended to the whole wire, with the exception of the portion
2e.

We have now to form the expression for the electromotive force induced in the point
under consideration, by the alteration of the intensity of the current in all portions of the
wire.

When in the element of a conductor, the length of which is I, the intensity of the current
denoted by i’ changes, an electromotive force will be induced by this change in a second
element of the conductor, which, with reference to the unit of the quantity of electricity,
according to Weber,252:253 ig equal to?**

an
= _%g_ztl; cosf - cost |
where 6 and 6 denote the angles formed by the two elements with the line drawn from the
first to the second, r the length of this line, and ¢ the constant velocity with which two
particles of electricity must move towards each other, so that they may exercise no force
upon each other.

For all parts of the wire, excepting the piece of the length 2¢ already alluded to, the
electric current may be regarded as concentrated in the central line: the portion of the
induced electromotive force now sought, which is derived from the wire, with the exception
of the piece already mentioned, is therefore

8 [0i'ds
—— | ——cosf-cost
2] ot r ’
where 4’ is the intensity of the current which passes through the cross section of the wire at
the place ds’, # and 6’ the angles which the elements ds and ds’ form with the line which is

drawn from the latter to the former, r the length of this line, and where the integration is to

22[Note by GK:] Elektrodynamische Maassbestimmungen, 1846, p. 354; and 1856, p. 268.

253|Note by AKTA:] [Web46, p. 354 of Weber’s original 1846 paper and pp. 187-188 of Weber’s Werke],
[Web07, pp. 121-122]; [KW57, p. 268 of the Abhandlungen der Koniglich Sachsischen Gesellschaft der
Wissenschaften, mathematisch-physische Klasse or pp. 655-656 of Weber’s Werke] and [KW21, pp. 55-56].
See also item (4) of page 182 on Section 7.18.

254[Note by AKTA:] In German: “so wird dadurch in einem zweiten Leiterelemente eine elektromotorische

Kraft inducirt, die bezogen auf die Einheit der Elektricitdtsmenge, nach Weber ist = ...”. This expression
was translated as, [Kir57a, p. 396]: “an electromotive force will be induced by this change in a second
element of the conductor, which, with reference to the unit of electricty of Weber, is = ...”. I modified a

little this translation.
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be extended throughout the whole wire, with the exception of the portion already referred
to.

In this portion the current must not be regarded as concentrated in the central line, but
in lieu of this it may be regarded as straight and parallel to ds. Through the first point of ds’
let a transverse plane be placed cutting the wire, and let p’ and ¢’ be the polar coordinates
of a point of the plane, with reference to a system of coordinates whose origin is the centre,
and whose axis is parallel to the line from which the angle v is reckoned: if then the density
of the current in the points determined by p’ and ¢’ be J', we obtain for the portion of the
induced electromotive force due to the portion of wire 2¢, the expression

/ / / For pldp'dy’s"da’
(2 + p? + 2 — 2pp cos(v! — v))*?

As J' may be regarded as independent of 2/, the integration according to 2’ may be easily
accomplished: making use of the fact that ¢ is infinitely great in comparison with all values
of p and p/, we obtain?

2 !
// adepd@b [ln25—1—1n\/p + p'* —2pp cos(y) — V)| .

«@ 27
/ / ‘pdp'dy =i,
0 0

But as

this expression is

16 2r 5. ]!
= 2 {(1n25—1 ——/ / Pdpld¢lln\/p2—l—p’2—2pp’cos(¢’—¢) )

Hence the entire induced electromotive force is

__ 8w

cz2 ot ’
where

L ds’ L
W= [1 Tcos@cos@ +2i(In2e — 1)

« 2w
- 2/ / J'pdp'dy In \/ P2+ p* = 2pp/ cos(y — 1) .
0 0

In the case of a stationary electric current,?® the density of the current is equal to the
product of the electromotive force, referred to the unit of quantity of electricity, and the

255[Note by AKTA:] Due to a misprint, the original equation was written as:

16 « 21 8,]/
_c_g/ / Ep/dp’di// [hl 2¢e —1—1In \/p2 + 02 = 2ppeos(y’ — )] .
o Jo

256[Note by AKTA:] That is, in the case of a constant or steady electric current which does not change in
time.
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conductivity; I will assume that the same also holds good when the current is not stationary.
This assumption will be fulfilled when the forces acting upon the electricity, and which
constitute the resistance, are so powerful that the time during which a particle of electricity
remains in motion after the cessation of the accelerating forces, and in virtue of its inertia,
may be regarded as infinitely small, even in comparison with the small space of time which
comes into consideration in the case of a non-stationary electric current. According to this
assumption, if & be the conductivity of the wire,2*” .J the density of the current at the point
determined by the values of s, p and v at the time t, we have the equation

ov. 4 0W
= —2k — .
/ (as MY )
From this expression for the density J, I deduce an expression for the strength ¢ of the

current, by multiplying the above with pdpdi, and integrating the expression with reference
to p from 0 to «, and in reference to v from 0 to 27; as V' is independent of p and v, when

I make
[ oo
T«
I obtain
oV 4 Jw
i = =21k« <8s+c28t)' (2)

We have here?>®

d/
w = /Z % cosfcost + 2i (In2e — 1)

T2 / / ; / / K J'p'dp' i’ pdpdyp In \/p + 02 — 2pp! cos(i — ) .

The integral

2m
/ diIn \/p2 + p'* = 2pp' cos(y — )

0

is of the same form as that already considered and denoted by U: from the conclusions there
stated, it follows that the integral is = 27 1np’, when p/ > p, and = 27w lnp when p’ < p.
Multiplied by pdp, and integrated from 0 to «, it therefore gives this expression:

) a? — p/2
ho————) .
yiyes ( no 2@2 )

« 2m
// /p/dpldw/:i,
0 0

257Note by AKTA:] In German: Leitungsfihigkeit. This expression was translated as “conductive capacity”
in [Kir57a]. I preferred the translation “conductivity”.
258Note by AKTA:] Due to a misprint, the first expression in the parenthesis was written as (In2r — 1).

As we may set
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the third member in the expression for w will be

a 2w a? — pl2
= 2ilna +/ / ———Jpldp’dy’ ;
o Jo o

and hence we obtain

ds’' 2 o 2w 2 g2
w = /i’—s cosfcos® +2i (In 5 —1 +/ / uJ'p'alp'al@b' .
r ! o Jo a?

The remaining double integral cannot be reduced to a simple form, as J’ is an un-
known function of p'; its value, however, can be neglected in comparison with the member
2 (ln%€ — 1), and for this we may set 2iln %, if the thickness of the wire be only small
enough in comparison with the dimensions of the figure formed by its axis; for then ¢ can
be so chosen that In % shall be a number infinitely great, and ¢ notwithstanding infinitely
small in comparison with the dimensions of the figure alluded to. In accordance with this
supposition we have

/
w=2z’ln§—l—/z"d—scosecos€', (3)
Q@ r
where the integration is to be extended over the whole wire, with the exception of the length
2¢.

To the equations (1), (2) and (3), between the four quantities i, e, V, w, a fourth may
be added.

Let two transverse sections be supposed to pass through the commencing and terminal
points of ds; through the first point passes in the time dt into the element of the wire bounded
by both, the quantity idt of positive electricity; through the second point passes in the same
time out of the element of the wire the quantity of positive electricity (z + %ds) dt; the
element loses, therefore, in the time dt the quantity %dsdt of positive electricity; the negative
electricity flows in equal quantity and in the opposite direction through both cross sections;
the element of the wire gains, therefore, in the time dt as much of negative electricity as it
loses of positive; its free electricity, that is, the difference between its negative and positive,
diminishes therefore in the element of time by Q%dsdt: this free electricity is, however, eds,
and hence we have

% — _% .259 ( 4)
S t

I will now develope further the theory contained in the four equations distinguished by
numbers, under the supposition that the form of the central line of the wire is such, that
the distance between two of its points, between which a finite portion of the wire lies, is
never infinitely small. By this supposition the case is excluded, that induction spirals are
contained in the circuit. In this way we greatly simplify the equations (1) and (3).

299[Note by GK:] The deduction of this equation is based on the supposition, that in the case of a non-
stationary current equal quantities of the opposite electricities pass through every cross section of the con-
ductor in equal times. If this supposition be, however, rejected, the equations would nevertheless hold good;
it would then be merely necessary to define the intensity of the current as the arithmetic mean of the two
quantities of electricity, which in the unit of time move in opposite directions through the cross section of
the conductor.
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Let A denote the position of the element ds, and B and C' two points upon the wire, at
both sides of A and at a finite distance from it; then the integral

e'ds
/=
extended over the whole wire, with the exception of the piece BAC is a finite quantity, hence
infinitely small in comparison with 2e In %; hence in the equation (1) this integral must only

be extended over the portion BAC', with the exception of the portion 2¢. Denoting, therefore,
by o the arc between A and a variable point of the wire, the integral mentioned may be set

/AB edo /AC ¢'do
= + .
€ r € r

The quantity €' /r is a function of o, which approximates to the value e/o when o approaches

0; the integrals?°
AB / AC /
/ (i_i)da wd [ (i_i)da
. r o . r o

have therefore finite values, for the function to be integrated will never be infinitely large;
hence instead of the integral in equation (1) we may set

/ AB cdo / AC o do
€ U € O-

AB AC

eln— +eln — .
€ €

that is,

The choice of the lengths AB and AC' is arbitrary, only they must be finite in comparison
to the length of the wire; for both we may set the half of this length: denoting the whole
length by [, the equation (1) will be

V :2eln§+261ni ,
o 2e
that is,

VzQelni .
«

Through considerations of the same kind it will be seen that the equation (3) receives a
similar form; thus we have

wzQilni.
o

These values of V' and w are to be substituted in equation (2); when this is done, setting,
for the sake of brevity,

260[Note by AKTA:] Due to a misprint, the last integral appeared in the original paper as:
AC
e
/ (—' — E) do
. r o
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mi:v,
«

and denoting the resistance of the entire wire, that is, the quantity

[

kma?’

'—_4£ %4_&@
L= s c2ot)

From this equation, in connexion with equation (4), viz.

by r, we obtain

o o
ds Ot

we have to determine i and e as functions of s and ¢.26!
A particular solution of the differential equation is found by setting

e = Xsinns ,

1 =Y cosns ,

where n denotes an arbitrary constant, and X and Y are unknown functions of . By this
the equations become

From this we obtain, by eliminating Y,

X . Ar dX . C2n2X—O
dt2 1671 dt 2

The general integral of this differential equation is

X = C’le_’\lt + Cge_Mt 5

where O] and Cj are two arbitrary constants, e the basis of the hyperbolic logarithms,?6?

and A\; and Ay the roots of the quadratic equation

Ar n?

- A+ —=0.
161 * 2

According to this the values of A\; and Ay are

)\2

261/Note by AKTA:] In Section 9.2 of Chapter 9, page 222, I discuss the telegraph equation obtained by
Kirchhoff.
262[Note by AKTA:] That is, e = 2.718... is the basis of the natural logarithm.
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c2r < 32y )2
14+4/1— nl
327[ cr\/§
In order to form an idea as to whether these roots are real or imaginary, a particular case
shall be considered. Let the wire be of the standard wire of Jacobi,?® the resistance of which
has been measured by Weber.26* This is a copper wire of 7.620 metres in length?¢® and 0.333

millimetres radius. The value of v is, according to this, very nearly = 10. Weber?%%:267 found
its resistance according to the electro-magnetic unit as?6

=598-107 ,

regarding the millimetre and second as units of length and time. To find the resistance
according to the mechanical unit, that is, the value of r, we must multiply the above value
by 8/c%. Now, as according to the same units we have?%?-27

c=4.39-10",

we obtain

r=2482-107" |
and from this we obtain

327
rey/2

The quantity n, which is still left undetermined, shall subsequently be so chosen that nl
may be a multiple of 7. The negative member under the vinculum in the expressions for
A1 and Ay will then be so large in comparison with 1 that it may be regarded as infinitely
great. This circumstance carries with it a considerable simplification of the question. In the
following we shall only investigate the case in which the same circumstance takes place, viz.
where

= 2070 .

32~
rev/2

263[Note by AKTA:] Moritz Hermann von Jacobi (1801-1874). See [Jac51].

264[Note by AKTA:] [Web51] with English translation in [Web61a].

265[Note by AKTA:] In the original German paper we have the length as 7, 620. In the English translation
this length was incorrectly expressed as 7.620 inches.

266|Note by GK:| Elektrodynamische Massbestimmungen, 1850, p. 252.

267Note by AKTA:] Maybe Kirchhoff was referring to Weber’s paper of 1851, [Web51, p. 262 of the Annalen
der Physik or p. 292 of Weber’s Werke] with English translation in [Web61a, p. 262]; or to Weber’s paper
of 1852, [Web52¢, p. 252 of the Abhandlungen der Koniglich Sichsischen Gesellschaft der Wissenschaften,
mathematisch-physische Klasse or p. 351 of Weber’s Werke] with English translation in [Web21b)].

268Note by AKTA:] In German: “Den Widerstand desselben nach elektromagnetischem Maasse hat Weber
= 598-107 gefunden ...”. This expression was translated as: “Its resistance, according to the electro-magnetic
unit of Weber, was found to be = 598 - 107, ...”, [Kir57a, p. 402]. I modified a little this translation.

269]Note by GK:] Ibid. (Weber and Kohlrausch) 1856, p. 264.

210Note by AKTA:] Kirchhoff was referring to Kohlrausch and Weber’s work of 1857: [KW57, p. 264 of the
Abhandlungen der Kdniglich Sdchsischen Gesellschaft der Wissenschaften, mathematisch-physische Klasse
or p. 652 of Weber’s Werke] and [KW21, p. 52]. See also page 179 on Section 7.17.
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may be regarded as infinitely great in comparison to 1: this assumption will be the more
nearly fulfilled the smaller the resistance of the wire, while the ratio of its length to its radius
remains constant; this resistance, however, may be considerably greater than that of Jacobi’s
wire, without prejudicing the validity of the results which we shall obtain.

According to the above assumptions, the values of \; and Ay will be

cn
h+ ——v/—1,
V2

where, for the sake of brevity, we have placed

Ar

3290
Introducing new constants in the place of C; and Cy, the expression for X may be brought
to the form

t cnt
X =M (Acosci + Bsin —) )
V2 V2

Hence we obtain

—ht h c ent c h ent
Y =—— —A——B|cos—=+|—=A+—-B|sin—, .
I will assume that for t = 0, 7 is = 0, hence also Y = 0; this condition gives

A
nc

hv2
The quantity n, as above remarked, shall be set equal to a multiple of 7/l; hence the
denominator of the expression for B will be a multiple of

B =

c
T —;
hlv/?2

but the quantity here multiplied by 7 is

B 32~y '
reyv2

that is, the precise quantity which has been assumed to be infinitely great. Hence B will be
infinitely small in comparison with A, and we may set

c cent
Y = ———Ae Mgsin — .
2v/2 V2
Multiplying these expressions respectively by sinns and cosns, and setting the products
equal to e and i, we obtain a particular solution of the differential equations for e and 1.
This solution may be generalized by adding in it to s an arbitrary constant; we thus obtain

_ ent .
e=eMcos — (Asinns + A cosns) |

V2
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) ¢ _,, . cnt .
i=———e "Msin— (Acosns — A'sinns) .

22 V2

A particular solution of another form, which also satisfies the condition that for t = 0, ¢
vanishes, is

e=a-+bs,

__<“ o—2ht
= 8hb( )

where a and b denote two arbitrary constants. That the two differential equations are satisfied
by this is easily seen, by observing that by introducing the quantity A, one of them assumes

the form?™
0e Oi
ohi— — (S22
' (483+8t)

A solution is obtained which can be made to agree with the further conditions of the problem,
where e and 7 are made equal to the sums of particular solutions of the forms stated.

We shall now examine more particularly the case in which the wire is one returning into
itself. In this case e and ¢ must have equal values for s = 0 and for s = [; and this must
moreover take place whatever the origin of s may be; this requires that e and i are functions
of s, which are periodic with regard to [; for this it is necessary that

b=0 and n:mT,

where m denotes an integer. We have thus for e and ¢ the following expressions:

> 21 ¢ 2T
—= —ht A ——t' ] —
e=-¢e g m COS M sinm—s
- L V2 l

- 2 2
+a+e Z Al cosm%%t : cosmTﬂs ,

m=1
7= —L _htZA smm——t cosm2—ﬂs
I V2 l
—ht ! 27
ZA s1nm —t- smm—s

\/’

2"1Note by AKTA:] In the Philosophical Magazine the next equation appeared as, [Kir57a, p. 404]:
, c20e 0Oi
2}”__(?%—’—5) .

212




The constants a, A, A’ may be determined by the proposition of Fourier,2”® when for ¢t = 0,
e is given as a function of s. The solution may, however, be reduced to another form, which
shows its characteristics more plainly.

For t =0, let

e= f(s) .

Let the expressions under the sign of summation in e be modified according to the equations

: L. 1.
coszsiny = §s1n(y+x) + §s1n(y — ),

COST COSY = cos(y + x) + 3 cos(y — x) ,

sinzsiny = ) cos(y + ) + 3 cos(y — x) .

When it is considered that the function f is necessarily periodic with regard to [, we see that
the expressions for e and ¢ may be written as follows:

e:a+%e_ht [f <s+%t)+f(s—%t) —24 ,

) o)

The quantity a is here determined by the equation

l
a=%Af®%;

that is, la is the quantity of free electricity which the whole wire contains.

The expression for e shows a very remarkable analogy between the propagation of elec-
tricity in the wire, and the propagation of a wave in a tended wire or an elastic rod vibrating
longitudinally. When a = 0, that is, when the total quantity of electricity = 0, the elec-
tricity resolves itself, if I may use the expression, into two waves of equal strength, which
run in opposite directions through the wire with the velocity ¢/v/2. Here the density of
the electricity diminishes everywhere proportionally with e™*. This diminution, however, in
comparison with the velocity of the waves, is very slow. The time required by both waves
for a revolution is [v/2/c, and hence the ratio of the electric densities at a point before and
after the revolution is that of?>™

1:e hiv2/e

This ratio differs from 1 by an infinitely small quantity, as the exponent of e, according to
the assumption already made, is infinitely small. In comparison to velocities which come

272|Note by AKTA:] Jean-Baptiste Joseph Fourier (1768-1830), [Fou22] with English translation in [Fou52].
213[Note by AKTA:] Due to a misprint, the next equation appeared in the English translation as

hi\/?2

C

l:e—
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within the range of our conceptions, the diminution of the density of electricity will certainly
be always very speedy. If the wire were the standard wire of Jacobi, then 1/h would be
very nearly the ﬁth of a second; and hence in this small time the electric density would
diminish in the ratio of e : 1, that is, of 2.7 : 1.

When a is not = 0, or when the mean density of the electricity is not = 0, the expression
for e shows that the excess of density over the average changes exactly as if the mean density
were equal 0.

The velocity of propagation of an electric wave is here found to be = ¢/+/2, hence it is
independent of the cross section, of the conductivity of the wire, also, finally, of the density
of the electricity: its value is 41950 German miles in a second, hence very nearly equal to
the velocity of light in vacuo.

When the wire is not one which returns into itself, the quantity b cannot be = 0, and
the quantities n may have other values than in the case just considered. As regards the ends
of the wire, certain equations are to be fulfilled according to the conditions to which the
ends are subjected. If one end be insulated, at this end ¢ must always be = 0; if the end be
placed in complete connexion with the earth, the potential V', and also e for all values of ¢
must here vanish. There is no difficulty in forming the expressions for e and i for the cases
that both ends are insulated, both connected with the earth, or one of them insulated and
the other connected with the earth. In all cases a reflexion of the wave occurs at the end at
which it arrives. If the end is connected with the earth, a reversion of the wave accompanies
its reflexion, that is, negative electricity proceeds from the end after it has been struck by
positive; at an insulated end the reflexion takes place without reversion. Hence when the
end is connected with the earth, it corresponds in some measure to the fixed end of a rod
vibrating longitudinally; the insulated end, on the contrary, corresponds to the free end of
the rod.

We shall enter more fully here into the consideration of another case. We shall examine
how the electricity moves in the connecting wire of a galvanic battery before the current
has become stationary. I will assume that the resistance of the battery is infinitely small
in comparison with that of the wire connecting its poles, and that one of its poles stands
in perfect connexion with the earth. With this pole let the commencement of the wire be
connected, and with the other pole the end of the wire at the time t = 0. We may then
assume that at the commencement of the wire, or for s = 0, the potential is always = 0; and
at the end of the wire, or for s = [, it has a constant value depending upon the electromotive
force of the circuit. When K denotes the electromotive force, this value must be K /2. The
conditions to be satisfied by the expressions for e and ¢ are therefore the following:

for s = 0 we must have e =0 ,
fors:lwemusthavee:% ,
for t = 0 we must have e =0 .

On account of the first condition, we must have the quantities A’ = 0 and also a = 0. As
for s =, e is to be independent of ¢, the quantities n must satisfy the condition

sinnl =0 ;

that is, we must have



where m denotes a whole number. Further, in order that for s = [, e shall have the required
value, we must make

1
h— —
4~
Setting, for the sake of shortness,
me,
——1t =7
[ v2
and
T
—S8 =
l (p Y

we obtain for e the equation

K he .
e=—s+e A, cosmTsinmey .

The constants A may be determined by the last condition: according to this, for all values
of ¢ between 0 and © we must have

—p= A sinm
But, by Fourier’s proposition, between the same limits we have the following equation:

o0

= —QZ —s1nm<p

Hence we have to set

K 1
Ap = (=1)"——
dymrm
and we thus obtain
K 2 = (-1)™
e = o {? + ;e_hth:l %cosnwsinm@} :

If the corresponding expression be formed for i, remembering the equation by which it has
been defined, we obtain

o0

K K -1
i=——(1—e ) - _ e Z =0 sin mT cos my .
r 42T —

The meaning of these expressions shall now be developed; in the first place that of the
expression for 7. It is our chief object here to find the value of the summation which appears
in the expression. We are to regard ¢ as a constant, and as a function of 7; this function
is periodic as regards 2m; it has further opposite values for 7 and 27 — 7; it is sufficient,
therefore, to find the values through which it passes when 7 lies between 0 and 7. We have
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Z (=)™ sinm(r — ) .

E ( 1) sin m7 cosmy =
m

m

N —
DN =

Z (_n?m sinm(7+ @) +

But when z lies between —7 and +7 we have the sum

oo

()™ v
Z sinmr = —— ;
— m 2

and because it is periodic as regards 2, it is in general

1
= —5(1' - 2pﬂ-) )

where p denotes that whole number, for which = — 2p7 lies between —7 and +7. With the
limits which have been assumed for 7, 7 — ¢ lies always between —7 and +7, because for all
points of the wire the value of ¢ is between 0 and 7. Hence we have

Z(_l)m ssinm(T — @) = T~

m 2

With regard to the value of 7 + ¢, this can be either greater or less than 7. We have®™

_1)ym
E usinm(7'+<p)=—7-+(p, when o<7m—71,
m 2
:—T;w—l—w, when o>7m1—171.

From this it follows that

(=™ T
E COSMT COSMY = —— , when po<T—T,
m 2

T n -
= —— 4 = en T—T.
55 w ¥
It is here supposed that 7 lies between 0 and 7; if it lies between 7 and 27, we have the same
sum,

.
:7r—§, when o<7—17,
and
m T h >
= = — = when T — T .
5 9 ¥
2™ [Note by AKTA:] Due to a misprint, the following equation appeared in the original text as:
—1
Zusinm(T—l—U)):—T_'—(P, when o<7m—17,
m 2
T+ @

— + 7, when p>7m—17.
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To find the sum for greater values of 7, it is to be remembered that it is periodic as regards
2.

From this it appears, that at every moment a point exists in the wire in which the intensity
of the current suffers a sudden change or break. This point, at the time ¢ = 0, lies at the end
of the wire, but moves from this with the velocity ¢/v/2 towards the commencement, after
reaching which it returns with the same velocity towards the end; turns here again, and thus
travels perpetually to and fro over the length of the wire. In each of the two portions into
which the wire is at each moment divided by this point, the same intensity exists everywhere
at that moment; so that if s and ¢ be regarded as rectangular coordinates of a point, a line
is described of the form of Figure 1 .

The intensity before the point at which the break occurs, considered without regard to
its sign, is always the smaller, that behind the point the greater, the words before and behind
being used with reference to the direction in which the point moves. The Figure 1 is therefore
true only for a moment in which the point moves from the end towards the commencement

of the wire.

The Figure 2 refers to a moment in which the opposite takes place.?’

The magnitude of the break is

275[Note by AKTA:] The arrow pointing to the right was not included in Figure 2 of the English translation
appearing in the Philosophical Magazine. The original Figure of the Annalen der Physik including the arrow
appears in this footnote.
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cK oht .
8v/27 7

or if we denote by J the value to which i approximates as the time is increased, that is, the
value of K/r,

8v/27

This quantity has its greatest value when ¢t = 0; but this, in accordance with an assumption
already made, is also infinitely small in comparison to J. The expression for the magnitude
of the break may be more shortly written, when the time is introduced required by the point

at which it takes place, or the time required by an electric wave to move through the length
of the wire. Denoting this time by 7', that is, setting

W

C

—J.

T

the expression is easily found to be

= J-2nTe " .

As the time increases, the magnitude of the break diminishes, but so slowly that during the
time T only an infinitely small diminution takes place.

To obtain a complete view of the process, it is now only necessary to examine the alter-
ations of the strength of the current at the commencement of the wire. Let this, that is to
say, the value of 7 for s = 0, be 7y; then making use of the symbols J and T, we find

J4hT = (-1)™
1o =J (1 - e_2ht) + Te_hth:l % sinmr .
Setting for the sum its value, and remembering that
T

t
=
we obtain
io=J (L —e ") + J2he " (2pT —t) ,

where p denotes the whole number for which

t—2pT
T

is a proper fraction, positive or negative. p may also be defined as the greatest integer which
is contained in the fraction

t+ 7T
2T
For values of ¢, for which the number p is not very great, the expression for i is capable of
a considerable simplification. For such the quantity ht is infinitely small; and by neglecting
members of higher orders, the equation for 7y may be thus written:
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io = J - 2ht + J2h(2pT — t) ,
that is,

This expression shows that the intensity at the commencement of the wire is 0 up to the
time when ¢ = T'; here and at the times t = 3T, t = 5T, etc., it alters itself by jumps; and
moreover the jump is twice as great as at other points of the wire. During the intervening
times the intensity is constant.

In a similar manner the expression for e may be discussed. We have?™

m

i(_nlz) cosmTSinmgpzéi(_ sinm(r + @) — %i

m=1 m=1 m=1

m

sinm(1 — @) ;
m

or as soon as T lies between 0 and T,

:—g, when op<7m—17,
=—§+g, when @>m—171;

if 7 lies between 7 and 27, we have the same sum,

:—g, when o<7—7,
:—§+g, when @>7—7.

The second fact follows from the first, when it is considered that the sum has the same value
for 7 and for 2m — 7. For greater values of 7, the value of the sum is found when we remember
that it is periodic with reference to 2.

From this it follows that at each moment at some one point of the wire, e also suffers a
break. This point always coincides with that in which the break for ¢ takes place. e is always
greater on the side of this point on which the end of the wire lies, and smaller on the side of
the commencement. The magnitude of the break is

K w
4y 7

or, denoting by E the constant value of e at the end of the wire,
= Fe M.

At that side of the break on which the commencement of the wire lies, we have

276|Note by AKTA:] In the Philosophical Transactions this equation appeared as

S OV e+ 6)

00 _1)m
E (=1 cosmtsinme =
m

m
m=1 m=1

N =
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e=E-§(1—e_ht) ;

and on the side towards the end,

e = E{; (1—e™) +e_ht} .

If e and s be made the rectangular coordinates of a point, then for a certain value of ¢ we
obtain a line of the form shown in Figure 3.

When t does not exceed a moderate multiple of T, the line has the form shown in Figure
4.

The more t increases, the more nearly does the Figure approximate to the straight line,
Figure 5.
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Chapter 9

Editor’s Comments on Kirchhoft’s
1857 Paper on the Motion of
Electricity in Wires

A. K. T. Assis?™

9.1 Solution of an Integral Appearing in Kirchhoff’s
Paper
In this paper Kirchhoff arrived at the following Equation (see page 203):
e [T [ da’di)
o J_. /0 Va? +a + p? = 2apcos( —1p)

He said (see page 203) that the integration in 2’ of this Equation has the following solution
when e > a >0and e > p > 0:

(9.1)

2m
% / dy)’ <lg 2¢ —lg /a2 + p? — 2apcos(y — w)) . (9.2)
0
Replacing Kirchhoff’s “lg” with the natural logarithm of base e = 2.718..., “In”, yields:
e 2
— / dy (111 2¢ — In\/a2? + p? — 2apcos(y’ — w)) : (9.3)
T Jo

Let me show in detail how to arrive at Kirchhoff’s result. I will call a?+ p? —2ayp cos(¢)’ —
¥) = a? > 0. The following integral needs to be solved:

e (9.4)
B .
To this end I utilize that
d /
/\/x/2x+ @2 =Inj2’ + Va? +a? + C, (9.5)

2""Homepage: www.ifi.unicamp.br/~assis
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where C' is an arbitrary constant. I then obtain:

Vet +a®+e

I=Inle+Ve2+a?|—In|—e+Ve2+a?/=In : 9.6

| o = e (5:6)
Multiplying the numerator and denominator by v/e2? 4+ a? 4 ¢ yields:
NV 2 V) 2 /22 L 2

I:ln( Ftaite) zln( St te) :2lnm. (9.7)

o (Va?)? Va

Assuming that £2 > a? yields

I=2In % =2 |In(2¢) —In \/@} =2 [ln(Qs) —In+/a2? + p? — 2apcos(y’ — @b)] . (9.8)

This is the result presented by Kirchhoff. This deduction shows clearly that the symbol
“lg” which he presented in his original paper?”® should be understood as the natural logarithm
represented in modern textbooks as “In”.

9.2 The Telegraph Equation Obtained by Kirchhoff

In his work Kirchhoff arrived at his Equation (4) on page 207:

0i Oe
2% =% (9.9)

He also arrived (see page 209) at another equation which he might have numbered as
Equation (5), namely:

. I (Oe 401

The partial derivative of Equation (9.9) with respect to ¢t and the partial derivative of
equation (9.10) with respect to s yield, respectively:

0%i 0%e
2505~ o (9.11)
and
i [ (0% 4 0%
= Ay = = ) A2
8s 7 (852 T asat) (9.12)
I now assume well behaved functions such that
9% 0%i
— . 1
Otds  0sot (9-13)

Finally, by combining Equations (9.11), (9.12) and (9.13), the complete telegraph equa-
tion is obtained, namely:

218[Kir57b, p. 196 of the Annalen der Physik und Chemie or p. 134 of his Gesammelte Abhandlungen).
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0? 2 0° 0
vge_zge_ 1o (9.14)
0s? 2 ot2 8yl ot
By following the same procedure but now beginning with the partial derivative of Equa-
tion (9.9) with respect to s and the partial derivative of Equation (9.10) with respect to ¢
yields:

0% 2 0% i
gr_zzov_ 9 (9.15)
0s?  c2ot>  8ylot
Kirchhoff also obtained that V = Qelné. This means that the potential of the free
electricity, V', will also satisfy the same equation, namely:

PV 20V r 01

- - - _ 1
0s? ¢ ot?  8~ylot (9.16)

Equations (9.14), (9.15) and (9.16) are the complete telegraph equations for the linear
charge density e, for the current intensity ¢ and for the potential of the free electricity
V. These equations were obtained by taking into account the resistance of the wire, the
electromotive force due to the free electricity spread over the whole surface of the wire,
and the induction which takes place in consequence of the alteration of the strength of the
current in all parts of the wire. In modern terminology, Kirchhoff deduced the complete
telegraph equation by taking into account not only the resistance and capacitance of the
wire, but especially its self-inductance. All of this was accomplished beginning with Weber’s
electrodynamics.

For a wire of negligible resistance, that is, when the right side of Equations (9.14), (9.15)
and (9.16) go to zero, they reduce to the the wave equation with the signal propagating
along the wire with velocity c/v/2:

Ge 1 e 0% 1 & _0V 1 OV_, 0.17)
0s  (¢/V2PR 02 0s*  (c/V220r 05 (c/v2)? 0P '

Weber’s constant ¢ was first measured by Weber and Kohlrausch,?™ namely, ¢ = 4.39 x
10" mm/s. This yields:

¢ 439 x 10" mm/s
V2 V2

This number has the same value of light velocity in vacuum. For this reason Kirchhoff
concluded on page 214 that:

:31Xm8§. (9.18)

The velocity of propagation of an electric wave is here found to be = c/\/§ hence
it is independent of the cross section, of the conductivity of the wire, also, finally,
of the density of the electricity: its value is 41950 German miles in a second, hence
very nearly equal to the velocity of light in vacuo.

YOIKW57, p. 264 of the Abhandlungen der Koniglich Sdchsischen Gesellschaft der Wissenschaften,
mathematisch-physische Klasse or p. 652 of Weber’s Werke] and [KW21, p. 52]. See also page 179 on
Section 7.17.
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Representing light velocity in vacuum by vy, = ¢/v/2, Equation (9.17) can then be written
as:

Pe 10e i 105 PV 1PV
0s2 v Of2  0s2  wiot2 0s2 vl Ot?

This was a remarkable result indicating a deep connection between electrodynamics and
optics, as first obtained by Weber’s electrodynamics.

In the sequence of this first paper of 1857 Kirchhoff analysed the solutions of Equations
(9.14), (9.15) and (9.16) not only in this particular case of negligible resistance, but also
by taking into account the resistance of the wire. He considered open and closed wires, see
page 209 and the following.

A deduction of the complete telegraph equation from Weber’s electrodynamics in different

geometries (cylindrical wire, coaxial cable etc.) utilizing the modern International System
of Units MKSA has been discussed elsewhere.?®°

=0. (9.19)

280[Ass99], [Ass00], [HA00], [HAO1], [Ass03a], [AHO5], [AHO7], [AH09], [AH13], [Ass14a] and [Ass19a].
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Chapter 10

[Poggendorff, 1857] Comment on the
Paper by Prof. Kirchhoft

Johann Christian Poggendorff?8!,282,283,284,285

Allow me to add the remark concerning the paper on page 193 of this issue,*® that
when I spoke to Professor W. Weber, during his recent stay in Berlin, about Professor
Kirchhoff’s investigations, Professor Weber showed me a complete treatise on the same
subject elaborated by him, which, however, he did not yet intend to submit for printing,
because he first wanted to have the results of an experimental investigation that he had
undertaken jointly with R. Kohlrausch on this subject.?8” Professor Kirchhoff’s visit to
Berlin a few days later gave him the opportunity to comment on the coincidence of their
results — a coincidence which can be called a pleasant one, as both works, starting from
essentially the same basis, have led to identical results. This identity certainly deserves
special attention in the case of a subject so little researched as the laws of current formation
have been so far.

281Pogh7] with English translation in [Pog21].

282Translated and edited by A. K. T. Assis, www.ifi.unicamp.br/~assis. I thank Laurence Hecht for
relevant suggestions.

283The Notes by H. Weber, the Editor of the fourth volume of Wilhelm Weber’s Werke, are represented by
[Note by HW:], while the Notes by A. K. T. Assis are represented by [Note by AKTA:].

284[Note by HW:] The above remark by J. C. Poggendorff, to which W. Weber refers in the paper on page
130, has been included here because of its historical interest.

285[Note by AKTA:] Poggendorff’s paper is related to Kirchhoff’s paper of 1857 and to Weber’s work of
1864, see Chapters 8 and 18. Weber will mention Poggendorff’s paper on page 289, Section 18.6 of his Fifth
major Memoir on Electrodynamic Measurements, [Web64, p. 130 of Weber’s Werke].

286|Note by AKTA:] Poggendorff is referring to Kirchhoff’s paper of 1857 published in page 193 of Volume
100 of the Annalen der Physik und Chemie, [Kir57b], see Chapter 8.

287[Note by AKTA:] See footnote 132 on page 125.
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Chapter 11

Editor’s Comments on Poggendorflt’s
1857 Paper

A. K. T. Assis?®®

Wilhelm Weber and Carl Friedrich Gauss (1777-1855) invented in 1833 the world’s
first operational electromagnetic telegraph.?®® It was a 3 km long twin lead connecting
Gottingen University, where Weber was Professor of Physics, with the Astronomical Ob-
servatory (Sternwarte), directed by Gauss. This telegraph worked based on Faraday’s law
of induction discovered two years earlier.?C A representation of their telegraph appears in
Figure 11.1.

Twenty four years later, in 1857, Weber and Kirchhoff were the first to derive theoretically
the complete telegraph equation. As pointed out by Poggendorff in the present paper,
they worked independently from one another and arrived simultaneously at the same result.
Utilizing the modern concepts and usual terminology of circuit theory, we can say that they
were the first to take into account not only the capacitance and resistance of the wire, but
also its self-inductance. Both of them worked with Weber’s electrodynamics.

Johann Christian Poggendorff (1796-1877) edited the Annalen der Physik und Chemie
from 1824 to 1876, where many of Weber and Kirchhoft’s papers were published. The modern
Annalen der Physik is the successor to this Journal. Kirchhoff’s 1857 paper was published
in this Journal. Poggendoft’s comment on this paper was published in the same Volume of
Kirchhoft’s work.

Rudolf Kohlrausch (1809-1858) collaborated with Weber on the first measurement of
Weber’s fundamental constant ¢, which should not be confused with the modern constant
¢ appearing in the textbooks. Weber’s constant ¢ is written in the modern International
System of Units MKSA as ﬂ/m, while the modern constant ¢ is written as 1/,/fto,.
Their experiment was performed in 1854-1855 and they published three works on this subject
in 1855, 1856 and 1857, see Chapters 5, 6 and 7. They obtained the value of Weber’s constant
c as given by 4.39450 x 10® m/s, see page 179 on Section 7.17. Therefore

288Homepage: www.ifi.unicamp.br/~assis

Z89[LB67, Section 66: Gauss and Weber’s telegraph, pp. 41-42], [Ano89], [Fey33a], [Fey33b], [Wie60,
Chapter 5, pp. 17-20], [Wie67, pp. 85-90], [Tim05], [Wol05], [MRGL10] and https://www.uni-goettingen.
de/de/historische-sammlung/47114.html.

290[Far32a] with German translation in [Far32b] and [Far89], and with Portuguese translation in [Far11].
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Friedvich Gauf und Wilhelm Weber beim Arbeiten mit dem von ihren evfundenen evfren eleftrijchen Nadel-Telegraphen

Links QB_eBer am Gebe-Apparat, an dem er bie fhnmmedmb? @puk‘ bewegt; redhts Gauf am Empfinger, durd) das Fernvohr auf den Spiegel des Galvanometers fdhauend. Sn der Multiplifatorfpule anter
bem Gpiegel die Magnetnadel, ein {dwerer Cifenftab. Die Verbindungsdrihte find iiber die Stadt Gittingen gefpannt und aud) am Johannisturm befeftigt.  Nadhy einer Seichnung von A Wald,
(Bu Ceite 18)

Figure 11.1: The telegraph of Gauss and Weber.

¢ 1 4.39450 x 10° m/s

That is, ¢/v/2 has essentially the same value as light velocity in vacuum, vy,.

Weber and Kirchhoff deduced the telegraph equation utilizing Weber’s 1846 force law
between electrified particles.??’ They showed, in particular, that when the conductor had
negligible resistance, the velocity of propagation of an electric wave is very nearly equal
to the velocity of light in vacuum. This result indicated a direct connection between elec-
tromagnetism and optics, as Kirchhoff pointed out in the paper which is being discussed
here (see page 214). This result of Kirchhoff and Weber was obtained several years before
Maxwell (1831-1879).

Kohlrausch, who was collaborating with Weber on some experiments related with the
propagation of electromagnetic waves, died in 1858. Weber’s work has been delayed in
publication and appeared only in 1864. He compared his results with those of Kirchhoff and
mentioned Poggendorff’s paper on Section 6 of his paper.?%?

=31x10°m/s = vy . (11.1)

2911Web46] with English translation in [Web07].
292[Web64, Section 6, pp. 130-132 of Weber’s Werke] with English translation in [Web21d, Section 6]. See
page 289 of Section 18.6 of this book.
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Chapter 12

[Kirchhoff, 1857b] On the Motion of
Electricity in Conductors

Gustav Kirchhoff293-294

In an earlier paper??2% I developed a theory of the motion of electricity in linear con-
ductors. I will now show how the former considerations can be generalized to conductors of
any form.

The Cartesian coordinates x, y, z locate a point in the conductor. The current which at
time t flows through this point we resolve along the three coordinate axes to give the current
density components u, v, w. These current densities have to be equal to the products of the
components of the electromotive force?®” and electrical conductivity at point (z, y, z) and
are assumed to involve one unit of electrical charge. The electromotive force is partly due
to the presence of free electricity, and partly due to induction which arises in all parts of the
conductor because of changes in the current. If 2 represents the potential function of the
free electricity relative to the point (z, y, z), then the component of the first part of the
electromotive force are

o9 o0 o9
25 25 X

In order to derive the components of the second part, I denote the coordinates of a second

point of the conductor by 2/, 3/, 2/, while u/, v/, w’ are the values of u, v, w for this point.
Let r be the distance between the points (x, y, z) and (2, ¢/, 2’) and write:

/ / / WHE (oot e~ ') 0!y — o) /(2= 2)]

u///df@ﬂzy_y”w@—$3+ﬂw—yﬁ+ww—fﬂ,

293[Kir57c] with English translation by the late Peter Graneau (1921-2014) in [GA94]. See also [Ass14b].

294Gustav Kirchhoff’s Notes are represented by [Note by GK:]; while the Notes by A. K. T. Assis are
represented by [Note by AKTA:].

295[Note by GK:] This Annalen Vol. 100, p. 193.

29%6Note by AKTA:] [Kir57b] with English translation in [Kir57a]. See Chapter 8.

297Note by AKTA:] In German: elektromotorischen Kraft. In English: “electromotive force,” abbreviated
emf.
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where the integrations extend over all of the volume of the conductor. According to Weber’s
law of induction,?®® the components of the second part of the electromotive force under
consideration are:

8 oU 8 IV 8 oW

2ot 2ot 2 ot
where c is the constant velocity with which two electric charges have to move toward each
other so that they will not exert a force on each other. If k is the conductivity of the
conductor, we have

o (aQ 48_U) | "

or ¢ Ot
o2 40V

_—2k:<ay +g§) , (2)
o) 4 0W

= (az C2W) ' 3)

It must not be assumed that the free electricity is confined to the surface of the conductor,
as in equilibrium cases or at constant current. In fact, it will be shown that, in general, the
opposite is true. I denote by ¢ the [volume| density of free electricity at point (z, y, z), by
¢’ the density at (2/, ¢/, 2'), by e the [surface] density in a surface element dS, and by €’ the
same for a second surface element dS’. Then we have:

/ / / /
N (1)
r r

where the first integration is over the volume, and the second over the surface of the con-

ductor.
To these equations we can add two more which deal with the time changes of the density
of free electricity. For every point inside the conductor we have therefore:

a_u_‘_@_‘_a_w:_l%- (5)

or 0y 0Oz 20t
and if we denote the normal to element dS directed inward by N, then further for every
point of the surface:

ucos(N, z) +vecos(N,y) + wcos(N, z) = —%% : (6)

From these equations we can derive a remarkable relationship between ¢ and ). Substi-
tuting the values of u, v, w from (1), (2), and (3) into (5), and using:

298Note by AKTA:] [Web46, p. 354 of Weber’s original 1846 paper and pp. 185-189 of Weber’s Werke],
[Web07, pp. 120-122]; [KW57, p. 268 of the Abhandlungen der Koniglich Sdachsischen Gesellschaft der
Wissenschaften, mathematisch-physische Klasse or pp. 655-657 of Weber’s Werke] and [KW21, pp. 55-58].
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0*Q 9’ 9*Q

2 + 9 + 97 —4re
one finds
%——IGk ws—lg 8_U+8_V+8_W
ot 2ot \ox Oy 0Oz '

U=— / dx'dy/dz/a— [ (z — ")+ (y — ) +w'(z = 2")]

it follows that:

aU_ / / /a% / / / /02% / / / / / /
%——/dzdydz%u —/alzalyalzax2 [W(z—2")+v'(y—y)+w(z—2)] .

Forming the value of 0V /0y and 0W/0z in a similar manner, one obtains:

8U+8V+8W_ /d'd’d’ ,8%+,8%+ 01\
or Oy 0z R = U@y Yo )

because of:

o?L 92l g2l

922 T 0y? 022
for all points (2, ¢/, 2’) which do not coincide with point (z, y, z); and extend through
the infinitely small volume surrounding point (z, y, z), the integrals of the second parts of
oU/0x, OV /0y, OW/0z are infinitely small. It is easy to convince ourselves of the validity
of this last assumption by the method which Gauss used to prove that the contribution to
the potential at a point by masses infinitely near to the point is negligible compared to the
contribution from continuously distributed matter throughout space.???-3% If in the integral
on the right side of the equation the differential coefficients with respect to z, y, z, are
replaced with the negative coefficients with respect to 2/, ¢/, 2’ and the result is divided in
three partial differentials with respect to 2/, ¥’ and 2/, one obtains:

=0

ou. oV oW
or Oy 0z

B as’ ., , , , , , do'dy'dz’ (Ou'  ov'  Oow'\
- /T[u cos(N', z) 4+ v cos(N', y) + w' cos(N', z)] /T %jLa_y,_k 57 )

where N’ is the inward directed normal of the surface element dS’. In view of equations (6),
(5) and (4), this equation may be written:

ou  ov oW _ 100
or Oy 0z 20t

299Note by GK:] Resultate aus den Beobachtungen des magnetischen Vereins; 1839 p. 7.
300[Note by AKTA:] [Gaud0, p. 7 of the Resultate] with English translation in [Gau43, pp. 158-159].
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From this it follows that:

ot 2 o
This equation shows clearly that € = 0 is a special case, and in general we find free electricity
inside of conductors. It is probable that the so called mechanical actions of the discharge

current of a Leyden jar, as for example in the pulverization of a fine wire, the internal free
electricity plays an important role.

2
@z—sk@rg— 109) | 7

I would like to apply the theory developed here to the case considered in the initially
mentioned paper, i.e. the case in which the conductor is an infinitely thin wire with no
electrical bodies in its vicinity. I will show that the theory furnishes the same results which
I obtained previously, and in addition it supplies answers to questions which so far remained
unanswered.

To begin with I will simplify the general equation by the assumption that the conductor
is cylindrical of circular cross-section, and that the current, as well the distribution of free
electricity, is symmetrical about the axis. I take the axis as the z-direction, and for y and z
I introduce the new coordinates p and ¢, so that:

y=pcosp, z=psing,

and correspondingly:

y =pcosy, 2 =psing .
Furthermore, I denote the current density, perpendicular to the current along the axis —

positive for the progressive direction of the axis — at point (z, y, z) by o, and at point
(@', y', 2') by o’. We then have:

V= 0C0SY , w=osny,
v'=0'cos¢’,  w' =o'sing .
Hence:
o) 40U
w2 (G %) )
x
where30!
d / /d /d /
U= [FELE o)l - o) 4 peoste =) =) - (O)

301/Note by AKTA:] Due to a misprint, the original text presented the following equation:

. / dw’p'dp’dcp'

S (@)W (@ —a) + o' (peosp —¢' = p)] - 9)
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If we ignore the action of the free electricity on the end-faces of the cylinder, then, with «
being the radius of the cylinder, equation (4) may be written:

[N} / / / /
Q:/idzpipd¢5’+a/dzi¢ e . (10)

Equation (5) becomes:

Ou  10po _ _10c.
or  pop 20t

and equation (6), which refers to the surface, becomes:

(11)

_10e
7T 20t
The expressions for 2 and U are greatly simplified if it is assumed that the cross-section
of the cylinder is infinitely small, while the wire is of finite length. I call this length [, and
the origin of the coordinates is taken to be the middle of the cylinder. The limits of the
integrations in the z’-direction are then —[/2 and +[/2. For brevity I will take:

(12)

vz =

for da’ the integrand may then be written d§. The integration along & then has the limits
—1/2 — x and [/2 — x, of which the first one is always negative and the second one is always
positive. The quantity r of the integrals is determined by the equation:

rt=g 4
where

B2 = p* + p* = 2pp cos(p — ') .

For the transformation of the second part of € in the integral:3°2

277 dge
e /B2 E
I will develop e’ according to Taylor’s theorem®®? in powers of &, that is:
, N de e &2 N
€ =e+ —E+
Ox 0x?1-2 ’

the individual terms into which the integral has been split then take the form:
1 d"e Ende

2o ) Pt

But we have:

302[Note by AKTA:] Due to a misprint, the original text presented the following equation:

ta dee’
1y /32 + &2 ’

303[Note by AKTA:] This theorem is named after the mathematician Brook Taylor (1685-1731).
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L&Al ol [T
[ A= sevrre e [ R

an d304

d
T =+ VTR

£dg )
[ R S + §2 .
NEENS
When S is infinitely small, which occurs when « is infinitely small, the first — and only

the first — term becomes infinitely large. One may therefore neglect all following terms
compared to the first one, and write:

e'd¢ VI2 — 4a?
2¢eln —— |

N E

or also, by neglecting finite terms compared to the infinite term:

:26111i .

Furthermore:

2
/ Inpdy =2rlnp , when p >p.
0

In the second part of € we have p’ = a. The second part therefore is:

/ /
a/dxdcp e'z47raelni .

r (0%

Similar considerations may be applied to the first part of €2. Denoting the value of ¢ at the
point (z, p’', ¢') by €/, then these considerations lead to:

e'dx’ [
=2/ In— .
/ ;

r

Furthermore:
/ln fdy’ =2rlnp , when o' >p

=2rlnp, when p>/p .

304/Note by AKTA:] The next equation appeared in the original text as:

d
L (e vETE) .
NS
What Kirchhoff represented as the logarithm of a magnitude m, 1gm, will be replaced everywhere in this

translation by the natural logarithm which has Euler’s number e ~ 2.718... as its base, namely, lgm =
log, m = Inm. See also Section 9.1.
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For both of these expression we may write 27 In o when ignoring finite quantities com-
pared to infinite quantities. Therefore:

/ dv'p'dp'dy’ ,

r

l [e%
=4rIn— / pdp'e .
@ Jo

Let:

2rae + 27r/ pdpel =EF
0
that is, if Edx is the amount of free electricity contained in the element dx of the wire,305:306
then we find:

Q—28m L. (13)
«

The expression of U in equation (9) can be treated in the same way. In this expression
I am thinking of «’ and ¢’ to be developed in powers of &, and the values of u and o at the
point (z, p/, ¢') to be denoted by u/ and o). In the parts into which the expression can be

split we find integrals of the form:
£"dg 307
(B2 + €22

/ gndg _ 1 gn—l B n — 152/ fn_2d§ 308
(P2 m-2y/prre n-20 ) (PR

We have:

/ §dg _ 1
(32 + €2)3/2 N
ede ¢
/ (B2 + £2)3/2 = _\/m + In (5 + \/5274_52> 309

Of the specified integrals taken from a negative to a positive finite limit, only for n = 2
do we obtain an infinity, provided [ is infinitely small. All other integrals can be neglected

305[Note by GK:] F is the same quantity which in the former paper was denoted by e.
306[Note by AKTA:] E here is the linear charge density.
307Note by AKTA:] Due to a misprint, this equation appeared in the original text as:

/ §"dg
(B2 +)*?
308|Note by AKTA:] Due to a misprint, this equation appeared in the original text as:
/ S T n— 1ﬁ2/ £n2dg
@+0p? n-2ypre n-2 | @repr
309[Note by AKTA:] Due to a misprint, this equation appeared in the original text as:

£2dg §
/ e~ —\/m+1n(§+\/ﬁ_2+§_2) .
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compared with this, and the finite part of the infinite term can also be neglected. A factor
of it is:

/
!/ 9

_ N ) 310
Up = o (pcos(p—¢') = p) ,

but, because of the smallness of p and p’, we can replace this by . Using the same method
utilized before for the calculation of €2, we obtain:

U:47rlni/p’dp’u;.
a

If we denote by i the quantity of electricity which in unit time passes through the cross-
section of the wire, i.e. the current intensity, the equation can be simplified to:

U:2ilni.
«

Substituting this value of U and the value of 2 from (13) into the equation (8), we obtain:
[ (OF 4 0i
=—-dln—-k|(—+==] .
! " < ox - c? 8t>
The right-hand side of this equation is independent of p, and since v is independent of p we
have:

i =malu
hence:
Il (OE 4 0i
= —dra’kln— [ — + == | . 14
! Wakna(@x_l_@at) (14)

A second equation between the quantities £ and i can be derived from equations (11)
and (12). If one multiplies the first one with pdpdep, then integrates it over the cross-section
of the wire, and subtracts from the result the second equation, after having multiplied it by
27, one obtains:

or_ 1ok (15)
ox 2 0t
The derivation of equations (14) and (15) presupposes that the wire is straight. But since
these equations show that the electrical state at a point inside the wire is independent of
the electrical state at all other points at a finite distance from the former, the equations will
also be valid for bent wires. The radius of curvature, however, has to be everywhere finite,
so that the distance between two points, with a finite piece of wire between them, cannot
be infinitely close to each other. Equations (14) and (15) are the very same equations which
I derived for the same case in the earlier paper. The more general theory developed here,
therefore, leads to the same results obtained before, but it leads to further consequences. If,

310[Note by AKTA:] Due to a misprint, this equation appeared in the original text as:

/
Y99

o Oz

u (pcosp —¢" —p')
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for example, (14) and (15) are used to determine £ and (13) to determine €2, it is possible to
calculate ¢ from (7), i.e. the density of free electricity inside the wire, so long as ¢ is given
for zero time. If the initial value of ¢ is independent of p, then ¢ remains independent of it,
that is the density of electricity is the same at all points of the cross-section, for according
to (13) € is independent of p, and p does not appear in equation (7). After calculating e
one can find e. If the initial value of ¢ is independent of p, as has been assumed, we make
use of the equation:

E = 21ae + wale .

With the same assumption it is easy to calculate o from ¢ because:

_1poe

7T %a0t
That this equation is valid for p = a we learn from equation (12), and that o is propor-
tional to p from equation (11). If one multiplies it by pdp and integrates, remembering that
u and ¢ are independent of p, one finds:

g =

p [ Ou N 10e constant
2 \0x 20t p ’
The constant of integration has to be zero, because, for p = 0, ¢ must not be infinite. In

fact the opposite is true; it has to disappear, because along the axis of the wire the current
has to be in the direction of the axis.

In the previous paper I discussed the solution of equations (14) and (15) for the special
case which is approached the smaller the resistance of the wire is made. I proved that in this
case the electricity in the wire progresses like a wave in a taut string®'! with the velocity of
light in empty space. It is of interest to consider the opposite case which is approached the
greater the resistance of the wire is made. I will do this here on the assumption that the two
ends of the wire are connected with each other.

As in the previous paper, I let the resistance of the wire to be r, and write:

lnizv;
(0%

then the solution of the differential equations (14) and (15), whatever the value of r, is as
follows:

E = Z (C’le_)‘“t + C’ge_’\Qt) sin nx + (C’{e_)‘lt + C'ée_)‘”) cos N |

1 1
L= Z "o (MCre™ 4+ XoChe ™) cos na + o (MCre™M + M Che ™) sinna

where n is a multiple of 27/, and A; and Ay have the values:

31 [Note by AKTA:] In German: In einer gespannten Saite. This expression can also be translated as “in
a stretched string”.
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cAr 32y )2
144/1— nl :
32+1 \/ <cr\/§
and Cy, Cy, C7, and CY are arbitrary constants. The summation is over all values of n. The

C-constants are easily determined if £ and ¢ are given for t = 0. If the functions of x, which
must transform to £ and i for ¢ = 0, have the form:

Z (E,sinnz + E) cosnzx)

and

—i, COSNT + 1, sinnx) |
n

one obtains the equations:

E,=Ci+Cy,

1
in = — (M Oy + Mo Ch) ;312
1 2n(1 1+ X2C%)

and

E, =C1+Cy,

, 1
i = 5 (MGl + €Y 55

n

their solutions are:

C — )\gEn — 2mn
1 — )\2 — )\1 )
C, — —>\1En + 2mn 314
PV

312|Note by AKTA:] Due to a misprint, this equation appeared in the original text as:

. 1
in= 5= (AMC1+ XCs ;
2n
313[Note by AKTA:] Due to a misprint, this equation appeared in the original text as:

n

1
ih = 5= (MCL+ XCh)
314Note by AKTA:] Due to a misprint, this equation appeared in the original text as:

—-ME, +2ni,
A v v
2 1
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C;= Xo— \
2 1

In the earlier paper we examined the case in which:

32y
V2

can be treated as infinitely large. It will now be assumed that this quantity is infinitely

small. The two roots A\; and Ay are then real. If A\, is the greater root, so by ignoring terms
of lower order:

)\2 = C2T >\1 = 8—7[71,2 .315

16~1 r

N ( 16y nl)2 _

Ao cr\/i 7
this expression is infinitely small, because nl is a multiple of 27, which is finite. The expres-
sions of the C-coefficients may then be written:

From this it follows:

2n 2n
Cr= By~ {oin, O =F,— 0,
1 )\27' 1 n >\2ZTL
>\1 2n )\1 272,
Co=——FE,+ —i,, Ch=—-"—F 4+ —i .
2=y, ! 2= T g

The coefficient of sin nx in the expression of E is therefore:

A 2n
-\t 1 ot . -\t — Aot 316
E, (e ——>\26 - —1, (e —e ) ,

or

2n
-t . -\t —Aat 317
E,e —)\2 in (e )

and the coefficient of — cosnz in the expression of :

315[Note by AKTA:] Due to a misprint, this equation appeared in the original text as:

2 8yl
c’r _ &l s

2:1671 ’ 2 r

316[Note by AKTA:] Due to a misprint, this equation appeared in the original text as:

En <e>\1t _ %6)\215) _ i_nln (€7>\1t _ e*)\Qt) ,
1 2

317 Note by AKTA:] Due to a misprint, this equation appeared in the original text as:

2_77'7/" (87)\175 _ e*)\lt) ,

Enef)\lt _
A2
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A A
Enﬁ (e—)\lt _ e—,\zt) — i, ()\_le_)\lt _ e—)\zt) 318

By setting £/, and i/, for E, and i,, one obtains the coefficients of cosnx in E, and of sin nz
in 7. Excluding the case when the initial value of 7 is infinitely large, compared to the value
which ¢ assumes for constant initial values of E, the expression can be simplified when the
initial value of i = 0. It can be seen that when ¢ = 0 for ¢t = 0, that is when 7,, = 0, the value
of i is of the order of FA;/2n. Under the same circumstances i, is of the order of E,\;/2n.
The coefficients of sinnx in F and of — cosnz in ¢ may be written

At
E,e ",

and

A1 -1t . At — Aot
E, =™ n— By ) e
2n€ + (z Qn) e

If one excludes from these considerations the values of ¢ which are so small that \;¢ becomes
infinitely small, then Ayt becomes infinitely large. Hence, the second term in the second
expression can be neglected compared with the first one. As the same considerations with
respect to the coefficients of cosnx and sin nx are valid in the expressions of E and ¢, then,
substituting for A\; the previously obtained value, we have:

87l 2y
T

E = Z(En sinnx + E! cosnx)e” : (16)

_ 8l 2y

. 4yl
= — —-FE, E! si 17
== Zn( cosnx + E) sinnx)e (17)

These expressions are independent of ¢. When one considers ¢ infinitely large, the solu-
tions of the differential equations (14) and (15) become:

4yl OFE
- r Oz’
oi _ _10F
or 20t
Eliminating 7, one obtains:
OE  8ylO’E
o r 0x?’

which is an equation of the same form as the one which determines the conduction of heat
in the conductor. Therefore, in the case considered here, the electricity propagates through
the metal like heat does.

With the assumptions made with regard to the resistance r in equations (16) and (17),
it is easily proved a posteriori that (16) and (17) are real solutions of (14) and (15). It is

318[Note by AKTA:] Due to a misprint, this equation appeared in the original text as:

A A
Enﬁ (e—>\1t _ e—)\gt) Zn (A_;e—)qt _ e—>\2t> .
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possible to convince oneself without difficulty that (4/c¢?)(9i/t) is infinitely small compared
with OF /0x when i and E are taken from (17) and (16).

The case in which the ends of the wire are separated from each other, and are subject to
two potential values, can be treated in a similar manner as the case where the wire forms a
closed loop. In the open circuit, and provided the resistance of the wire is large enough, one
finds the same analogy between the conduction of electricity and heat.

With Jacobi’s resistance standard,®' a copper wire of 7.62 m length, 0.333 mm diameter,
as shown in the previous paper, is:

32

rey/2

For a wire of the same material, the same cross-section, and a length of 1 000 km this quantity
is 0.034. By way of an approximation, it can be treated as infinitely large in the first case,
and as infinitely small in the second case. In the first case the electricity propagates like a
wave in a taut string, and in the second case it travels like heat.

Thomson®?:32! has examined the motion of electricity in an underwater telegraph wire.
He assumed — without checking the reliability of this assumption — that induction makes no
significant contribution to the phenomena. For this case he showed that electricity propagates
like heat. The present considerations have proved that this conclusion is also justified in the
case of a simple wire, provided it is long enough. It will be all the more correct in the
underwater telegraph wire, in which the motion of the electricity is considerably slowed
down on account of conduction in the seawater.

= 2070 .

319Note by AKTA:] See footnote 263 on page 210.
320[Note by GK:] Phil. Mag. Ser. IV, Vol. II, p. 157.
321Note by AKTA:] See [Tho56a] and [Tho56b] with Portuguese translation in [TBA18].
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Chapter 13

[Weber, 1858] Report on Some
Experiments Made at the Physics
Institute in (Gottingen

Wilhelm Weber322,323,324,325
Presented to the Kénigl. Societit on April 10, 1858.

In the Physics Institute of this University, in addition to the regular course of physics
lectures, practical physics exercises®?6 are held, in which the members of the mathematics-
physics seminar take part. Those who choose physics as their main subject and have acquired
greater practice will find the opportunity to do special work for themselves, such as for
example in last year was done by Dr. Arndtsen and Dr. Christie from Christiania,?*" who
will make their carried out work known in more detail in Poggendorff’s Annalen.3*® Their
results will be reported here briefly.

322[Web58] with English translation in [Web21e].

323Translated by Peyman Ghaffari, IMAAC-next, Tech Park of Fuerteventura, Puerto del Rosario, Las
Palmas 35600, Spain; Center for Research and Development in Mathematics and Applications (CIDMA),
Department of Mathematics, University of Aveiro, 3810-193 Aveiro, Portugal; pgsaid@fc.ul.pt. Edited by
A. K. T. Assis.

324The Notes by H. Weber, the editor of the fourth volume of Weber’s Werke, are represented by [Note by
HW:]; the Notes by Peyman Ghaffari are represented by [Note by PG:]; while the Notes by A. K. T. Assis
are represented by [Note by AKTA:].

325[Note by HW:] Nachrichten von der G. A. Universitit und der Konigl. Gesellschaft der Wissenschaften
zu Gottingen. April 16. 1858. No. 6. p. 67-76.

326[Note by PG:] In German: praktische physikalische Uebungen. By “exercise” it is meant “practical
physics exercises” during studying physics at University. This system still exist in the German University
system.

327Note by AKTA:] Hartvig Caspar Christie (1826-1873), a Norwegian mineralogist and physicist, who
studied in Gottingen under Weber from 1857 to 1859. He measured, for instance, diamagnetism in bismuth.
Adam Arndtsen (1829-1919), a Norwegian professor and physicist, who also studied in Gottingen under
Weber in 1857. Cristiania is the former name of Oslo, the capital of Norway.

328[Note by AKTA:] See, for instance, [Chr58]. Johann Christian Poggendorff (1796-1877) edited the
Annalen der Physik und Chemie from 1824 to 1876, where many of Weber’s papers were published. The
modern Annalen der Physik is the successor to this Journal.
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In view of the particular interest that diamagnetism still arouses as one of the latest
discoveries promising information about the inner nature and coherence of bodies,??" and
in the view of the still existing lack of quantitative determinations, the diamagnetometer3*
manufactured by Mr. Leyser in Leipzig,®*! according to specifications by Professor Weber,
with which Mr. John Tyndall made many interesting experiments in London and reported
them in the Philosophical Transactions for 1856 (Further Researches on the Polarity of the
Diamagnetic Force),*? and of which a second copy is in the local Physics Institute, was used
as a measuring device for some quantitative determinations on diamagnetism.

In his experiments, Mr. Tyndall had found an almost equal deflection of the astatic
magnetic needle3*® by the diamagnetic body when the diamagnetism was excited by a cur-
rent from two, three or four cells,®* whereby the proportional growth of the diamagnetic
force with the force which excites diamagnetism has been questioned. This doubt does not
exist anymore due to more complete measurements of Dr. Christie performed with the same
instruments, in that Dr. Christie associated a determination of sensitivity*>® of the astatic
needle with each observation of deflection, from which the sensitivity resulted wvariable with
the current intensity. From this it followed that the observed deflections first had to be
reduced to the same sensitivity, before they could serve as a measure of the excited dia-
magnetism. After this reduction and after precise measurements of the current intensities
(which, as is well known, must not be set proportional to the number of cells) with the
help of the tangent galvanometer,3¢ the law of the proportionality of the diamagnetic force
with the galvanic force that excites it has been carefully tested and confirmed. The current
intensity, determined according to known absolute measures, was increased from 16 to 44
units.

The same instrument now offered at the same time the opportunity, to measure more
accurately the constant relationship between the diamagnetic force and the galvanic force
that excites it. This ratio is called the diamagnetic constant,®®” and was determined by
Professor Weber with an instrument which was constructed according to the mentioned
principles, but which had not received such a fine mechanical execution, for the first time in

the [paper| “Electrodynamic Measurements” (Abhandlungen der mathematisch-physischen
Klasse der Konigl. Sdchs. Gesellschaft der Wissenschaften, Vol. 1, Leipzig 1852).338:339

329]Note by PG:] The German word “Korper” is translated as “body”.
330[Note by AKTA:] In German: Diamagnetometer.
331Note by AKTA:] See footnote 102 on page 101.
332[Note by AKTA:] John Tyndall (1820-1893). See, for instance, [Tyn54], [Tyn55b], [Tyn55a], [Tyn55c]
and [Tyn56].

333[Note by AKTA:] The adjective “astatic” is used in physics with the meaning of something having no
tendency to take a definite position or direction. An astatic needle can be a combination of two parallel
magnetized needles having equal magnetic moments, but with their poles turned opposite ways, that is, in
antiparallel position. The arrangement protects the system from the influence of terrestrial magnetism. It
was invented by Ampere, [Amp21] and [LA9S]. An earlier system composed of a single magnetized needle
had also been created by Ampere, [Amp20b, p. 198] with Portuguese translation in [CA09, p. 133], [Amp20a,
p- 239] and [Amp, p. 2], see also [AC15, p. 57].

334|Note by PG and AKTA:] In German: Becher. Weber is referring here to a voltaic cell, element, battery
or pile producing an electromotive force.

335|Note by PG:] In German: “Empfindlichkeit”.

336[Note by PG and AKTA:] See footnote 12 on page 22.

337[Note by PG:] In German: Diamagnetische Konstante.

338Note by HW:] Wilhelm Weber’s Werke, Vol. 111, p. 473.

339Note by PG and AKTA:] In German: Elektrodynamischen Maassbestimmungen. This work is the Third
of Weber’s 8 major Memoirs with the general title of Electrodynamic Measurements, [Web52b] with English
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A repetition of this measurement with a finer measuring instrument therefore seemed of
particular interest and was also carried out by Dr. Christie.31

This measurement was given a special sharpness®! by the fact that it was not based
on a comparison of the diamagnetic bismuth with magnetic iron, which apart from other
circumstances, is not capable of much sharpness because of the different distribution of
magnetism in iron and diamagnetism in the bismuth, but was based on a comparison of the
diamagnetic bismuth with a solenoid (a spiral-shaped wire), through which passes a weak
current precisely measured by the tangent galvanometer. This solenoid had a cylindrical
shape of the same diameter and height as the used bismuth-cylinder. From the number of
its spiral windings and the strength of the passing current, the torque3*? could be determined,
with which it acted from the same place as the diamagnetic bismuth-cylinder on the astatic
needle; the current could also be easily regulated in such a way that this effect was close to
that of the bismuth-cylinder.

From these measurements it has been shown that one unit of the exciting force (according
to absolute measure, after which the horizontal earth magnetic force in Gottingen is at
present = 1.81) in 1 milligram bismuth produces a moment, which according to the Gaussian
absolute measure®*? is = 0.000 0014885, while the same moment for iron was found by
Professor Weber = 5.6074.2** The diamagnetism of the bismuth is thus 3.8 million times
smaller than the magnetism of iron. This result is somewhat smaller than that found by
Weber, which, apart from the greater precision of the measurement which the instrument
used here permits, is explained by the difference in bismuth, which in both cases could not
have been obtained of absolute purity. — To give a clear idea of the size of these diamagnetic
forces, it should be noted that 1 milligram of steel from a strong magnetic needle has on
average about one moment = 400 according to the same units, which is 269 million times
greater than the aforementioned moment of bismuth.

Finally, in third place, Dr. Christie used the same instrument to investigate the polarity
of diamagnetic bodies, which Weber and Tyndall had put beyond doubt, by studying the
distribution of diamagnetism more closely. It has been shown that, according to Gauss’s
principle of the ideal distribution®®® in a cylindrical bismuth rod, in which everywhere the
same exciting force acts parallel to its axis, almost all diamagnetism can be thought of as
being distributed over the two circular end faces, a result which is entirely in accordance
with what seems to be expected with the theory.

In all these experiments carried out with the mentioned diamagnetometer, only one cir-
cumstance remained in the dark, namely, from where the sensitivity of this instrument results
being so wvariable, which, according to its theory, if all the prescribed conditions were exactly
fulfilled in the construction and regulation,®'® there would be no reason for it. It is now

translation in [Web21a], see Chapter 2.

340[Note by AKTA:] [Chr58].

341[Note by PG:] In German “Schiirfe” meaning accuracy and sharpness.

342[Note by PG:] In German: “Moment”. That is, “torque” or “moment of force”.

343[Note by AKTA:] In German: Gauss’schen absoluten Maasse. That is, Gaussian absolute measure or
unit. In 1832-1833 Gauss introduced the absolute system of units for magnetism and obtained the intensity
of the horizontal component of terrestrial magnetic force in Gottingen in absolute measure as given by
T = 1.78. See footnote 47 on page 59.

344[Note by AKTA:] This value can be found in [Web52b, Section 27] with English translation in [Web21a,
Section 27]; and [Webb2f] with English translation in [Web53b] and [Web66b]. See, in particular, page 81
and 120 on Section 2.27 and on Subsection 3.2.6, respectively.

345[Note by AKTA:] See footnote 7 on page 11.

346]Note by PG and AKTA:] In German: “Regulirung”. This word can also be translated as adjustment.
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evident that by this construction and regulation of the instrument, a compensation of very
large forces, which excited diamagnetism, should be achieved in such a way that they have
no influence at all on the extremely sensitive astatic magnetic needle; while the forces then
to be measured with the instrument, namely the diamagnetic forces themselves, are very
small, accordingly it can be expected that the required compensation cannot be produced
practically with the required accuracy. More precisely, the production of the required com-
pensation breaks down into two different tasks, namely first in relation to the equilibrium
position of the astatic needle, and second in relation to its sensitivity. In relation to the
first, after both problems had been approximately solved, a finer correction had been made,
without which the astatic needle with telescope, mirror and scale could not have been ob-
served. As regards the sensitivity, however, a finer correction was dismissed in order not to
complicate the instrument too much, due to the fact that lack of the same does not make any
significant contribution to the measurements, if only the variation in sensitivity are precisely
determined and taken into account. However, since these variations in sensitivity were of an
unexpected size and importance, it was necessary, in order to fully control all the essential
elements in these fine measurements, to examine and investigate the causes of these varia-
tions more precisely. This actual fine examination has been carried out by Dr. Arndtsen
with the best results, and it has emerged from this, how these variations can be mastered
and, if found necessary, can be eliminated altogether. With the accuracy with which these
variations can be taken into account, there is usually no reason to avoid them, rather, since
it is entirely up to one to decide whether the sensitivity of the instrument is to be increased
or decreased by the variation, one can often benefit from this for the measurements them-
selves. Since here the description of the instrument has to be dispensed, so the theory of
these experiments cannot be discussed in more detail.

On the other hand, another investigation from Dr. Arndtsen made with the same instru-
ments should be mentioned. It is clear that the same instrument which is used to examine
the polarity of diamagnetic bismuth can also be used to examine the magnetic polarity of
those bodies which were previously thought to be non-magnetic or weakly magnetic, in or-
der to obtain quantitative determinations which are still completely lacking for those bodies.
In particular, it seemed important to investigate whether in these bodies, just as Joule,34"
Miiller3*® and Weber have found in iron, a deviation of the magnetism from the propor-
tionality of the magnetizing force can be demonstrated with increasing magnetizing force,
as this circumstance is of great importance for the study of the inner causes of magnetism
and its variations. These tests were carried out by Dr Arndtsen with iron-sulfate,>® iron-
chloride solution, cyan-iron-potassium and nickel. It should be noted that the magnetizing
force that acted on these bodies, and which was not generated by electromagnets, but by
mere galvanic currents, could be brought only up to the strength = 600 by available means
according to absolute measure (after which the horizontal earth-magnetic force was presently
in Gottingen = 1.81), whereas in the carried-out experiments with iron by Weber it had been
driven up to over 3000. Add to this, that this measured magnetizing force can be described
as an external force, and that in pure iron also a significant inner force resulting from the
magnetic interaction applies on the individual particles, which disappears almost completely
in the above-mentioned bodies. According to this, it would therefore to be expected that in
the above-mentioned bodies the questioned deviation from proportionality usually under the

347 Note by AKTA:] [Jou40).
348Note by AKTA:] [Miil51b] and [Miil51a].
319 Note by PG:] In German the word “Eisenvitriol” was used, i.e. iron-sulfate or FeSOj.
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same condition would be perceptible later than in the case of pure iron, namely only when
the external force alone acted just as strongly as the external and internal force combined in
the case of iron.

Under these circumstances it is not surprising that in several of the bodies examined
there was no deviation from the proportionality noticeable; it is more interesting however,
that with nickel it has emerged that this deviation from proportionality occurs much earlier
than with iron, so that the nickel-magnetism has almost reached its highest limiting value as
a result of magnetizing forces, at which the iron-magnetism hardly deviates noticeable from
the initial proportionality.

In addition to these experiments, Dr. Arndtsen also carried out a comprehensive inves-
tigation into the resistance’ of metals with special consideration of their temperature, of
which the following Table gives a brief overview of the results. Under the title Resistance,
the resistance of a cylinder with 1 millimetre in height and 1 millimetre in diameter at 0°
temperature is given in absolute measure; under the title Correction due to the temperature,
the factor is given by which the resistance at 0° temperature must be multiplied in order to
obtain the resistance at ¢ degrees on the scale divided by 100 parts.

Metal Resistance | Correction due to the
temperature

Silver 241190 1+0.00341420-¢

Copper 244 370 1+0.00394025 - ¢

Aluminum No. 1 | 476218 1+ 0.00340790 -t
Aluminum No. 2 | 427616 1+ 0.00363860 -t

Brass 949 086 1+40.0016619-1

+ 0.000 002 734 - 2
Argentan 1289815 14 0.000387 36 -t

+ 0.000 000 557 8 -
Iron 1626 643 140.0041304 - ¢

+ 0.000 005271 3 - 2
Lead 2631490 14 0.00376768 -t

Also Dr. Christie made a few more magnetic observations and experiments, which gave
interesting results. The local mechanic, Inspector Meyerstein,*! constructed the instru-
ments for two complete magnetic observatories on the order of the Brazilian government,
for scientific expeditions, tested by Dr. Christie. The set-up of the associated portable
magnetometer for measuring declination and intensity is described in detail elsewhere. Only
the induction-magnetometers for measuring the inclination, which, according to Professor
Weber, were made on a smaller scale in order to be used on the journey, should deserve
a mention, as the ones tested by Dr. Christie have shown that the same advantages are
achieved for measuring the inclination not only in fixed observatories, but also on a journey;,
as the other magnetometer for declination and intensity. — The observations and experi-
ments made by these induction magnetometers have now also given cause for Dr. Christie to
determine anew the variability of needle magnetism, which is important for measuring the
intensity, with the needle in normal and transverse positions. This determination was made

350[Note by PG:] In German: “Leitungswiderstand”.
351Note by AKTA:] Moritz Meyerstein (1808-1882). See [Hen04], [Hen05], [Hen07] and [Hen20].
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by Professor Weber with the help of magnetic induction for only smaller needles, in his trea-
tise in the 6th volume of the treatises of our society (Gottingen 1855);%%2:3%3 but it seemed
important that the same determination should be used again for the two larger needles with
which all measurements of the intensity in the local magnetic observatory since 1834 have
been carried out. These attempts have led to the results, which are given in the last column
under the title “Change”. There the factor is given by which the magnetic directive force,3%*
expressed in absolute units, must be multiplied in order to obtain the change in the magnetic
moment of the needle produced by it. Since now, during the transition from the transversal
position to the normal, the horizontal earth-magnetic force (presently = 1.81) begins to act
on the needle, it follows that one obtains the increase in needle magnetism associated with
that transition by multiplying the factor specified in the last column by 1.81.

Needle | Weight | Magnetic | Change
number | in gram | moment
1 1770 714 -10° | 450000
2 1750 | 674-10° | 462000

352[Note by HW:] Wilhelm Weber’s Werke, Vol. 11, p. 333.
353[Note by AKTA:] [Web56], see also [Web54].
354[Note by AKTA:] See footnote 66 on page 77.
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Chapter 14

[Weber, 1861] On the Intended
Introduction of a Galvanic Resistance
Etalon or Standard

Wilhelm Weber?95-356,357

I allow myself, to make a brief announcement to the [Gottingen] Royal Society regarding
the intended introduction of a galvanic resistance etalon or standard. The proposal is based
on reasons of practical need, which could be expected from the ever expanding technical
applications of galvanism. All galvanic piles®>® used for chemical analysis, galvanoplastic
and other technical purposes, even if they are called constant, are continually subject to
minor and often major changes which one must be aware of in order to be able to control
them. But even if these columns were completely unchangeable, their effect would soon
be larger or smaller, according to the variety of applications. To master these effects does
not only require a knowledge of the pile itself, but also of all the objects through which
the current of the pile is supposed to pass, namely knowledge of their resistance. That is
why resistance measurements have become indispensable and indeed the need for them has
emerged most urgently for telegraphic use.

However, a resistance unit®>® is required for resistance measurements. Without such a
unit, the objects through which the current is to be passed can only be described, while,
once a unit for resistance has been established, a number suffices to express everything that
is essential, and indeed much more precisely than is possible through all descriptions, since
very large differences in the resistance can still exist even though the descriptions of the
bodies may completely agree with one another.

Basically, to avoid descriptions, such unit was applied at an early stage by comparing
the various bodies through which currents were to be conducted with copper wires of known

355[Web61b] with English translation in [Web20b)].

356Translated by H. Hirtel, haertel@astrophysik.uni-kiel.de and http://www.astrophysik.uni-kiel.de/
~hhaertel/index_e.htm. Edited by A. K. T. Assis.

357The Notes by H. Weber, the editor of the fourth volume of Weber’s Werke, are represented by [Note by
HW:]; the Notes by Wilhelm Weber are represented by [Note by WW:]; while the Notes by A. K. T. Assis
are represented by [Note by AKTA:].

358Note by AKTA:] In German: Alle galvanischen Sdulen.

359Note by AKTA:] In German: Ein Widerstandsmaass.

249


http://www.astrophysik.uni-kiel.de/~hhaertel/index_e.htm
http://www.astrophysik.uni-kiel.de/~hhaertel/index_e.htm

length and cross-section. It is obvious that this implies, if only implicitly, that the resistance
of a copper wire of standard length and standard cross section is taken as basis for a resistance
unit. However the first who brought up the need for a specific resistance unit was Jacobi in
Petersburg in 1846.3%°
Jacobi himself said about this topic:36!

“As important as the determination of the current, is that physicists are using a
common unit when expressing their resistance measurement. So far, however, no
absolute determination can take place because it seems that there are differences in
the resistances even of the chemically purest metals, which cannot be explained by
a difference in external dimensions alone. In case the physicist would have related
their ohmmeters and multipliers to a copper wire 1 meter long and 1 millimeter thick,
we would still not be convinced whether their copper wire and ours would have the
same resistance coefficient. All these difficulties could be solved if we let any chosen
copper or other wire send around the physicists and ask them to refer their resistance
measuring instruments to this wire as etalon and to publish their measurements only
according to this unit.”

Of such a resistance etalon chosen by Jacobi at will (a copper wire 25 feet long and
weighing 22% gram), a lot of copies have actually been made and used for resistance
measurements. But whether it is that the necessary care was not taken in making these
copies, regardless of the finest means of comparison by using Wheatstone bridges,?*? or
whether these resistance etalons have undergone a change over time, later very important
differences showed up.

For this reason, Siemens in Berlin in 1860,%6% with special consideration of the increasingly
urgent needs of technical physics, and due to various concerns raised about the Jacobian
resistance standard, proposed something that met all requirements, namely that it could
be represented by everyone with ease and with the necessary accuracy as a new unit of
resistance. This new standard is based on the resistance of mercury as that metal which
can be obtained everywhere or manufactured in sufficient, almost perfect purity. As long as
it is liquid, it has no different molecular properties modifying its conductivity, and is also
less dependent on temperature changes in its resistance than other metals. Finally it offers
particular convenience for the application through the size of its specific resistance.

With the establishment of this new resistance unit, Siemens has also pointed to the
importance of resistance scales as a necessary and indispensable mediator between the stan-
dard unit and the objects to be measured. He has constructed such scales in large numbers
and perfection in such a way that all resistances between (in whole numbers) 1 and 10000
standard units can easily be formed.

Finally, in England, too, it is currently intended to set up a certain standard to the
measure of resistance, and it is hoped that this goal will best be achieved if the British
Association and the Royal Society adopt suitable measures to provide every experimenter

360[Note by AKTA:] See footnote 263 on page 210.

361[Note by AKTA:] A French version of Jabobi’s text can be found in [Jac51].

362|Note by AKTA:] In German: Wheatstone’schen Waage. The so-called Wheatstone bridge was invented
by S. H. Christie (1784-1865) in 1833 and popularized by C. Wheatstone (1802-1875) in 1843, [Chr33],
[Whe43, p. 325] with French translation in [Whe44b] and German translation in [Whe44a]. See also [Eke01].

363[Note by AKTA:] E. W. v. Siemens (1816-1892), [Sie60] with English translation in [Sie61]. See also
[GT19).
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in the whole world with such a standard, especially all who are occupied with investigations
and tests pertaining to the electrical telegraph. Such a standard should not only be valid
for a certain temperature, but should also provide an exact indication of its variation for a
certain temperature change, as well as, finally, to determine its galvanic significance, with a
precise indication of the force which is required to excite a certain current in it. — 1 owe
this communication to our correspondent, Professor W. Thomson in Glasgow,** one of the
most thorough researchers in the field of electricity.

Some time ago I was occupied with a more precise determination of such a standard
under the title of absolute resistance measurements. 1 determined the galvanic meaning
of the Jacobian resistance etalon, for instance, by stating that an electromotive force of
5980 million is required in order to excite a current of the unit of intensity established by
Gauss.305-366:367 A similar determination of another copper circuit was presented by me to the
[Gottingen] Royal Society in 1853.368:369:370 The purpose of these previous determinations,
however, was more focussed on the method and the significance of the results which could
be obtained with it than about a quantitative execution. The latter were only achieved as a
test with the methods and instruments actually available for other investigations.

If, however, these absolute resistance measurements would find further applications,
namely to give all quantitative results of important galvanic observations and research a
lasting expression, then a similar case would arise as with the measurement of the seconds
pendulum length and other fundamental determinations: the need would arise for an ab-
solute resistance measurement to be carried out according to the strictest regulations, with
the most perfect instruments and with all the knowledge about most accurate observations.
This is a task which can only be solved by very skilful hands, with the most undisturbed
leisure and with more solid arrangements than are now available for physical research. But
if the British Association and the Royal Society really take the task into their own hands,
everything that is necessary will certainly be procured somehow and from somewhere.

This finest execution of an absolute resistance measurement must be preceded by various
investigations, some of which I present here.

A distinction is made between galvanometers and galvanoscopes. Those to which the
tangent galvanometer®”* belongs are only used for stronger currents, the intensity of which is
obtained in terms of precisely determined units; these, on the other hand, serve to observe the
slightest traces of currents of which nothing else can be perceived. The highest sensitivity
of the latter, however, is only achieved by the closest encirclement of the needle with its
multiplier, whereby the more precise knowledge of the scale is lost, which in the case of
the tangent galvanometer resulted automatically from its construction. In order to use
such a galvanoscope anyway for real measurements, some kind of observation is necessary
as a measure of the sensitivity of the instrument, besides the observation of the deflection
produced by the current. As a rule, one seeks to establish this standard once and for all
by making corresponding observations on the galvanometer and galvanoscope beforehand.

364[Note by AKTA:] William Thomson (1824-1907).

365[Note by WW:] Abhandlung der Koénigl. Sichs. Gesellschaft der Wissenschaften, I, p. 252.
366[note by HW:] Wilhelm Weber’s Werke, Vol. 11, p. 351.

367[Note by AKTA:] [Web52c, p. 351 of Weber’s Werke] with English translation in [Web21b].
Weber is referring to the absolute system of units introduced by C. F. Gauss (1777-1855).

368[Note by WW:] Abhandlungen der Kénigl. Gesellschaft der Wissenschaften zu Gottingen, Vol. 5.
369Note by HW:] Wilhelm Weber’s Werke, Vol. 11, p. 277.

370[Note by AKTA:] [Web53e]. See also [Web53a] and [Web53c].

37T1Note by AKTA:] See footnote 12 on page 22.
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Apart from the fact that such corresponding observations do not give an exact result because
of the very different sensitivities of the two instruments, that standard for very sensitive
galvanoscopes is by no means constant and can therefore not be determined in advance. On
the other hand, another observation can be combined with the observation of the deflection,
namely that of the damping of the oscillation, which directly gives that standard we are
looking for.

On this combination of these two observations rests the possibility of using the most
sensitive galvanoscope for the most precise measurements, which is the necessary condition
for the execution of absolute resistance measurements. The theory of such galvanoscopes,
which are suitable for precise measurements, requires a special development, since they
have to have a construction that is completely different from ordinary galvanoscopes. The
development of this theory offers particular interest because the use of galvanoscopes also
opens the way for many other more detailed investigations, where they were previously
unusable.

The construction of the galvanoscope must make it possible to observe the deflection
and attenuation simultaneously with the greatest possible accuracy, while with conventional
galvanoscopes only the magnification of the deflection was decisive for the construction.
However, what increases the deflection does not always increase the damping and vice versa.
In addition, there is a maximum deflection, which must not be exceeded, and there is as well
a certain level of damping which allows the most accurate determination, namely the level
of damping at which two consecutive oscillation maxima of the galvanometer needle behave
as 2.7182...: 1.

This results in several interesting tasks in the theory of magnetoscopes suitable for precise
measurements, which I will not discuss in detail here. I only note that the construction
of such galvanoscopes, which deviates from the usual ones, is mainly due to the need for
strong magnets as galvanoscope needles. For the sake of damping, and for the purpose of
measuring absolute resistance, the need for a longer period of oscillation and a galvanoscope
needle, whose zero point can be changed as little as possible should be added. The last
two requirements lead to the use of two equally strong magnets connected to an astatic
system and suspended on a metal wire,>? the strength of which can regulate the period of
oscillation. In the application of the astatic system this magnetoscope resembles the usual
one; only with the difference that what happens here with very small needles has to be done
there with larger and much stronger needles.

On the basis of these galvanoscopes, prepared for absolute resistance measurements, trial
tests were finally made to experimentally determine the extreme limit of accuracy that can
be achieved in absolute resistance measurements, the result of which can be expressed as
follows.

The absolute resistance measurement presupposes the knowledge of the intensity of the
terrestrial magnetism (measured in absolute units) at the place and at the time of the
absolute resistance measurement, which must be given all the more exactly, as the influence
of an error of this intensity is doubled in the resistance measurement. There is no need to
enter into a discussion of the accuracy that can be achieved for the intensity of terrestrial

magnetism, because this was done by Gauss in the “Intensitas”,3™3™ according to which

372[Note by AKTA:] See footnote 333 on page 244.

373[Note by HW:] Gauss’ Werke, Vol. V, p. 79.

374Note by AKTA:] For information on Gauss’ work on the intensity of the Earth’s magnetic force reduced
to absolute measure, see footnote 47 on page 59.
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these measurements belong to the fundamental determinations in this area of physics. If one
now, while taking absolute resistance measurements, distinguishes between the probable error
resulting from the measurement of the earth’s magnetism and the probable error resulting
from the rest of the measurement, it can always be achieved that the latter is, if not smaller,
by no means larger than the former. But it is easy to see that doing more would bring no
significant benefit since all observations in this area depend on the earth’s magnetism which
is influencing all needles and currents.

I conclude with a remark which was stimulated by the result of the absolute determination
of the Siemens resistance scale.

According to galvanic principles, the ratio of an electromotive force to an intensity of the
current determines a wvelocity, just as by the ratio of the length of a path to a time. The ratio
of the force which is required to excite a certain current in a given circuit to the intensity of
this current is thus also determined by a welocity. According to Ohm’s laws,” the ratio of
that force to this current intensity for a given circuit is constant, and this gives immediately
the force which is required to excite a current of intensity = 1 in the given circuit.

An absolute resistance measurement is synonymous with determining this velocity. This
idea could now be supported by physically representing it, which can be done with the help
of the induction inclinatorium,?™® described by me in the “Resultaten und den Beobachtun-
gen des magnetischen Vereins im Jahre 1837” (Results and Observations of the Magnetic
Association in 1837).377:3™ The direct measurement of such a velocity, displayed in real, is
associated with great difficulties. Hence, preference is given to an indirect measurement
method such as that to which the above discussions relate. This makes the actual physical
representation of that velocity superfluous, which is of no importance to the matter. The
result found still remains a velocity.

The above-mentioned result of the absolute resistance measurement of the Jacobian resis-
tance etalon was therefore a certain velocity, whereby according to Gauss, millimeters were
the basis for length and seconds for time. The basis of this measure can be expressed by
adding the designation millimeter/(second) to the number 5980000000 given there, which
is equivalent to 5980000 meters/(second).

Likewise, the result of the absolute resistance measurement for the unit of the Siemens’
resistance scale has now also been obtained expressed as a certain velocity, namely the number
of meters, which is close to 10 million, i.e. equal to the length of the earth’s quadrant (to be
divided with one second).

Even if it does not matter how large or small a resistance standard is chosen, it makes
sense that, according to the proposal of the British Association and Royal Society, this
standard should always be accompanied, in order to determine its galvanic significance, by
the exact specification of the force, which is required to excite a certain current in it. In
addition, it appears to be very useful to set up the otherwise completely arbitrary choice

375[Note by AKTA:] See footnote 128 on page 123.
376[Note by AKTA:] In German: Induktions-Inklinatorium.

The dip circle, dip needle, inclinometer or inclinatorium is an instrument used to measure the angle
between the horizon and terrestrial magnetism (the dip angle). It consists essentially of a magnetic needle
pivoted at the center of a vertical graduated circle.

Weber’s Induktions-Inklinatorium is a new instrument which he presented in 1837, [Web38b]. It offered
a novel way to circumvent the two main problems with dip circles: the effect of gravity, and the need to
reverse the polatiry of the needle, [WSHO03].

377 Note by HW:] Wilhem Weber’s Werke, Vol. 11, p. 75.
378Note by AKTA:] [Web38b].
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in such a way that this information which should be added can briefly and succinctly be
expressed by the mere designation earth-quadrant/(second). — The fact that a resistance
that is, according to Siemens, very close to this standard can then be produced easily and
safely under all conditions by using a mercury pile with a cross section of 1 square millimeter
and a length of 1 meter would often be of practical use under conditions, where the true
standard is not available.
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Chapter 15

Translator’s Introduction to Weber’s
1863 Paper

Peter Marquardt3™

Wilhelm Eduard Weber, his Time, his Research, and his German
Dear Readers,

In Weber’s time (he lived from 1804 till 1891), the conditions for a scientific publication
were considerably different from today’s: 1st scientists and science journals were scarce
then; 2nd the scientists could afford to write in a lengthy and, quite contrary to concise
writing, circumstantial style. The 19th century German language in particular lent itself
for “mile long” sentences, compilations of interwoven secondary clauses; the German term
is Schachtelsatz. “Involved period” sounds a bit too innocent, however; German is among
the world champions, maybe second only to Latin, when it comes to constructing a jungle of
ideas in one go. Such style may have been considered then as “elegant”. Scientists adapted
their writing to their thinking and they were cautious about the details of their publications.
Their extensive way of formulating may also be considered as trademark of honesty. We find
other German writers in that tradition, take Einstein or Woldemar Voigt, whose messages
are presented in an unusually rich bouquet of words. Reading Weber’s original, we meet
an exceptionally detailed writer with the knack of complicated formulations, often offering a
tedious text to his readers who have to struggle through the syntax. Weber was a meticulous
and cautious researcher, sticking to all (often unnecessary) details, thereby repeating quite
a few of them that burden the text. Nobody writes like that any more. In my high school
days, we were strictly advised not to overload our sentences. The German proverb “In der
Kiirze liegt die Wiirze” (brevity is the soul of wit) is an official present day motto — it
certainly was not Weber’s.

The 19th century nomenclature, too, differs from what we are used to today. Some
examples: Elektricitdt is best understood as charge (Weber uses Ladung, too, but mostly
FElektricitat); Kette (chain) is translated by circuit; current intensity (Intensitdt) and current
density (Dichte) occur interchangeably; we take density; the “encounter of waves” (Begeg-
nung von Luftwellen in Orgelpfeifen) is our interference; a “steady, or persistent, current”

37 E-mail: marquardtp@gmail.com
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(beharrlicher Strom) is our direct current, DC; Weber’s title Maassbestimmungen is ambigu-
ous — it hints both at measurements and at his aim to establish “absolute units of measure’
by measurements. We chose “measurements”, always keeping in mind also the units of
measure so important for Weber.

To give you a taste of Weber, here is a single(!) sentence from his present introduction to
the treatise “Electrodynamic Measurements” followed by a “modernized” translation con-
taining the essential information. The version that tries to stay close to Weber makes part
of the whole translation.

Die Frage tber die Fortpflanzungsgeschwindigkeit elektrischer Bewegungen in

Leitungsdrahten ldasst sich danach tiberhaupt nicht so einfach beantworten und

noch weniger durch eine Messung, wie sie Wheatstone auszufihren versucht hat,

entscheiden, wie daraus ein leuchtet, dass sehr verschiedene Geschwindigkeiten

bei diesen Fortpflanzungen zu unterscheiden sind, und dass zumal bei lingeren

Leitungs drahten, wie der Wheatstone’sche oder die zu Telegraphen gebrauchten,

die Fortpflanzungsgeschwindigkeit der grosseren Wellen, welche bei kiirzeren Drdh-
ten der des Lichts nahe kommt oder sie noch ubersteigt, sogar bis auf Null her-

absinken kann, und dass dariber hinaus, wo der Ausdruck der Fortpflanzungs-

geschwindigkeit imaginar wird, von Fortpflanzung der Bewegung durch Wellen

gar nicht mehr im gewohnlichen Sinne die Rede sein kann, sondern blos von einer
asymptotischen Anndherung der Bewegung an ein bestimmtes Gleichgewicht, die

als reine Dampfung oder Absorption betrachtet werden kann, und die bei der
Wichtigkeit, die sie fur langere Leitungsdrdhte, namentlich fir Telegraphendrdhte,

hat, noch nahere Untersuchung verdient.

The question concerning the velocity at which the motion of charges propaga-
tes in conductors is, thus, not at all an easy one to answer, let alone one to
be decided by a measurement like Wheatstone’s effort. Clearly very different
propagation velocities have to be distinguished. Above all, in quite long wires
as used by Wheatstone or in telegraphy, the velocity of long wavelengths may
even drop to zero, while in short wires it may approach or even surpass that
of light. Furthermore, when the expression for the velocity becomes imaginary,
ordinary wave propagation is out of the question, leaving only the approach to
an equilibrium, to be considered as pure damping or absorption. For long wires,
especially as in telegraphy, its importance deserves closer investigation.

Why then are we offering a tentative translation that tries to stay strangely literal at the
risk of looking like old fashioned “German-flavored English”? Staying closer to the original
may help to understand Weber better in the context of his time and of the spirit of 19th
century science. You may have to read sentences twice, likewise to rework the somewhat
complicated and circumstantial mathematical part that seems to fit the linguistic part. Any-
way, a tedious study may prove rewarding when it lets the reader pause to reconsider the
information contained in Weber’s honest and cautious way of presenting science. Enjoy!
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Chapter 16

[Weber, 1863] On the Treatise
“Electrodynamic Measurements,
relating specially to Electric
Oscillations”

Wilhelm Weber380:381,382

The task to examine more closely the forces mutually exerted by electric particles or
which are exerted on them by other bodies, which has been the main subject of the preceding
treatises on FElectrodynamic Measurements,3® is closely followed by a second task, namely, to
examine carefully the motions performed by the electric particles driven by all these forces
or to establish the laws of the motion of electricity derived from the laws of those forces; for
the knowledge of these forces above all is to serve to gain a more exact knowledge of these
motions than is possible by direct observation.

This second far-reaching task of electrodynamics has found but little attention yet, and
it is justified to ask for the reason why it happened that it has been hardly tried to develop
further the foundation given by the knowledge of the forces. Obviously, the reason is that the
foundation itself has not yet been considered as completely finished and secured. That is to
say, it could be called into doubt whether all forces acting on the electric masses were indeed
already known, or whether besides the known electric forces acting at all distances, any yet
unknown electric molecular forces, limited to immeasurably small regions of influence, co-act
which should be investigated before one tried to develop the laws of motion of electric masses
depending on them. Even the reliability of the resistance law of ponderable conductors could
be called to doubt, at least when the same should be applied to the development of laws for

380[Weh63] with English translation in [Web21f]. Related to [Web64] with English translation in [Web21d],
see Chapter 18.

381 Translated by P. Marquardt, marquardtp@gmail.com. Edited by A. K. T. Assis. We thank Robert W.
Gray for relevant suggestions.

382The Notes by H. Weber, the editor of the fourth volume of Weber’s Werke, are represented by [Note by
HW:], while the Notes by A. K. T. Assis are represented by [Note by AKTA:].

383[Note by AKTA:] [Web46] with partial French translation in [Web87] and a complete English translation
in [Web07]; [Webb2¢] with English translation in [Web21b]; [Web52b] with English translation in [Web21al;
[KW57] with English translation in [KW21].
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non-uniform and rapidly increasing motions; because this law, first formulated by Ohm,3%
can be considered as safely established only for steady currents.

The only effort to solve this task in a somewhat more general way has been reported by
Kirchhoff in Poggendorff’s Annals 1857, Vol. 100 and 102,3% but, as declared by Kirchhoff
himself, it is restricted to very thin conducting wires and to the assumption of a more general
validity of Ohm’s law than has been proven, namely, its validity also for non-uniform and
rapidly increasing currents. Furthermore, the development of the laws, as far as it has been
conducted up to now, does not allow a more detailed test by experience.

In particular, the following two objections against the existing development are in order,
namely, first that, should the requirements of the fineness of the conducting wire be merely
approximately fulfilled, the wire should be much finer than all wires available or producible
by existing means; second, that, apart from this, the assumption of a more general validity of
Ohm’s law would not be compatible with such a fineness of the conducting wire; because the
finer the wire, the more pronounced become the deviations from Ohm'’s law for non-uniform
and rapidly changing currents.

The establishment of the laws of motion of electricity have therefore been tried in closed
conductors independent of those more or less unrealizable and dubious assumptions and as
far as necessary to develop the latter at least for the simplest case when the closed conductor
is a circle in order to test the theory by means of experience.

The result has been that, after each perturbation of the equilibrium of the electricity
in a closed conductor, indeed propagations of electric motions take place with determinable
velocities which could be called electric waves; but those electric waves are fundamentally
different from air or aether waves, through which sound and light are propagated, which for
example is evident from their velocity being dependent on the length of the path (the length
of the closed conducting wire) they have to pass through which completely contradicts the
laws of propagation of other waves. Likewise, the wavelength in each wave train to which a
certain velocity of propagation belongs, is in a certain ratio to the length of the path: namely,
it always represents an aliquot part of the total length of the closed conducting wire as is
usually assumed for those standing air oscillations that are produced by their interference
in organ pipes. But the laws of decomposition of those types of wave trains that are valid
in air are not applicable to electricity, because here wave trains with different wavelengths
have different propagation velocities.

Consequently, the question about the propagation velocity of electric motion in conduct-
ing wires is not at all an easy one to answer and even less to decide by a measurement,
like Wheatstone tried to perform,*¢ as is clear from the various velocities that have to be
distinguished for these propagation velocities, and in particular the propagation velocity of
the longer waves which may approach that of the light or may even surpass it in shorter
wires, may even decrease to zero especially in longer wires like those utilized by Wheatstone
or those used for telegraphs; and moreover from the propagation of motion [of electricity] by
means of waves in the usual sense which is out of the question when the expression for the
propagation velocity becomes imaginary, but is just an asymptotic approach of the motion
to a certain equilibrium which can be considered as pure damping or absorption and which
deserves closer investigation in view of its importance for longer conducting wires, namely,

384[Note by AKTA:] See footnote 128 on page 123.

385Note by AKTA:] [Kir57b] and [Kir57c], with English translations in [Kir57a] and [GA94], respectively.
See Chapters 8 and 12.

386Note by AKTA:] See footnote 138 on page 129.
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telegraph wires.

The case when the expression for the propagation velocity for the bigger wave trains
becomes imaginary (where for this part of the motion, as already noticed by Thomson
and Kirchhoff,*®” similar laws like that for thermal conduction may hold) deserves special
attention when another part of the motion always remains which produces smaller wave
trains for which the expression for the propagation velocity stays real. Hence there are
indeed wave trains with certain propagation velocities in such a wire after each disturbance
of equilibrium, however, they do not constitute a pure wave motion but are mixed with
motions that are subject to other laws, namely, those analogous to heat conduction.

If one considers all relations that arise from such a mixture of motions which change
according to completely different laws, then it becomes self-evident that the non-simultaneity
of sparks at very distant ruptures of a long conducting wire observed by Wheatstone by no
means allows a conclusion of a definite propagation velocity, that Wheatstone’s method
of observation, be it as practical as is, is not suited at all for the present purpose, and
that one may succeed with difficulty to find other methods to determine the laws of all
changes of motion of the electricity in a conductor after a disturbed equilibrium by pure
experimentation. The purpose of the observation rather seems to be restricted to test the
laws obtained from otherwise acquired knowledge of electricity, for which purpose it is thus
necessary to place this derivation before the laws, all the more as the laws derived and to be
tested must themselves serve as guide in order to find the methods of observation that are
best suited for the test.

Such a test, if it is to be exact, will always demand fine-tuned measurements. If one
considers that the finest measurements in physics concern either equilibrium phenomena, or
steady motions, or periodically occurring motions (oscillations), it is manifest, apart from
constant currents, to establish a test method also for the observation of periodically regularly
occurring motions, or oscillations, of electricity in conductors, taking for granted that there
are means for the fine execution of such observations.

Periodically occurring motions of electricity in a conductor, however, cannot arise all by
themselves, but always by repeated excitation, and the quick rotation of a small magnet
around an axis perpendicular to its magnetic axis offers itself for their production as the
simplest and, for finer observations and measurements, most practicable method, as well as
for their observation the effects they bring about when the electrodynamometer is switched
on. In order to obtain a practicable guide for such observations, however, the laws of such
electric oscillations have to be developed first.

From this development it follows that, with the magnet in continuous rotation, the elec-
tricity in all parts of the closed conductor will be set in regular continuing oscillation which
is oppositely equal for positive and negative electricity. The period of an oscillation is equal
to the period of half a rotation of the magnet. However it also follows that the oscillation
amplitudes and the oscillation phases of the electricity at different positions of the closed
conductor have to coincide perfectly, not only when the electromotive forces simultaneously
exerted by the rotating magnet are equal everywhere, but that they should exhibit almost
unnoticeable differences even when these forces are quite randomly distributed in the cir-
cuit. Thus, in general, the oscillations may be considered completely equal and simultaneous
which extremely simplifies the observations of electrical oscillations in closed circuits which,
according to the theory, should prove almost correct also in very long circuits.

387Note by AKTA:] [Tho56b] and [Tho56a] with Portuguese translation in [TBA18]; [Kir57b] and [Kir57¢],
with English translations in [Kir57a] and [GA94], respectively. See Chapters 8 and 12.
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This remarkable result has been tested first by performing observations of oscillations
under conditions that are favorable for the comparison of the amplitude at various positions
of a long circuit which showed that the deflection of the switched-on dynamometer that is
proportional to the square of the oscillation amplitude deviated by less than 1/3 of a scale
unit out of 846 scale units as an average from six observations for two positions almost five
miles apart; with respect to unavoidable observational uncertainties, this means that there
was no difference of the oscillation amplitude.

Second, the oscillations have been observed under conditions favorable for the determi-
nation of the phase differences at different positions of a long circuit which resulted in the
difference between two observed deflections of the dynamometer, which should be closely
proportional to the phase difference at two positions of the circuit almost five miles apart,
was less than 3/5 scale units out of 844; with respect to unavoidable observational uncer-
tainties, this means that practically no phase difference at all could be detected. — In these
observations, the oscillation period corresponded to 1/520 second, or to 260 turns per second
of the little magnet.

Furthermore, from this theory, confirmed by practical tests, it follows that there is no
such wvelocity that would be as important and meaningful for this kind of propagation as
that claimed for the propagation velocities of sound and light in air and in the light aether,
the exact measurement of which is among the most important tasks in physics because they
have to be considered as true fundamental measurements for the exact knowledge of these
media.

Should there be no such wvelocity serving as fundamental determination also for the mo-
tions propagating through the electric medium, then this leads to the question whether the
theory would not offer another issue suited for a fundamental determination, leaving equi-
librium out of consideration, which would have a similar meaning for the knowledge about
the medium and replace that velocity in the present context.

According to the theory, such a topic should reveal certain deviations from Ohm’s law
which, with increasing refinement of the conducting wires, set in with very unsteady and
rapidly changing currents. According to the theory the validity of Ohm’s law, firmly estab-
lished by experiment for steady currents and indeed also for variable currents, should hold
only as far as a certain coefficient, ¢?/r€&, depending on the nature of the electric fluid and of
the conducting wire, may be considered as vanishingly small. Whenever this coefficient, as
is the case when the conducting wire is made finer, increases above a value that cannot be
neglected compared with unity, then certain deviations of the manifestations of electric oscil-
lations from the determinations derived from Ohm’s law should become the more pronounced
the faster the electricity oscillates. If these deviations could be observed and measured, they
would lead to the knowledge of that coefficient which, depending on the nature of the electric
fluid and of the conducting wire, is of utmost importance for the science of electricity.

The physical meaning of this coefficient is that of a ratio of the square of the known
velocity ¢ (which determines in the fundamental law the ratio of the static and the dynamic
part of the electric force) divided by the force that would be exerted by the total amount of
positive electricity contained in one length unit of the conducting wire, assumed as concen-
trated in a point, on 1 milligram of the electric fluid at the unit distance. Thus, this force
would be determined if the deviations from Ohm’s law, caused by the acceleration of the
oscillation and refinement of the conducting wire, could be exactly observed and measured.

On the other hand, this force may be expressed as the product r& of the amount of
positive electricity, &, contained in a unit length of the conductor, expressed in electrostatic
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units, times the amount of electrostatic units, r, contained in 1 milligram of the electric fluid,
which, if € and hence r were known, any electrostatically determined amount of electricity
and likewise the masses of ponderable bodies could be expressed in milligrams.

If, as shown in a former treatise (see Transactions of the Royal Saxonian Society of Sci-
ence, Vol. V, Sections 15 and 20),38:3%9 this amount of electricity, €, were determinable at
least for certain conductors, namely, electrolytes like water, then the observation of oscil-
lations would offer the possibility to determine the measure of electric masses like that of
ponderable masses, even if the execution requires various preparatory work. This knowledge
of the mass could never be obtained by means of electrostatic observations.

However, the execution of such a determination of the mass constitutes a new task that
had to be reserved for a special treatise, even if the method had been completely established.
This is a similar case like the magnetic measurements, the practicability of which in terms
of absolute measures was demonstrated theoretically by Poisson,?* which, however, would
have been fruitless without Gauss’ investigations which led to the control of all details.3%!

The same holds also for other applications allowed by the theory of electric motion in con-
ductors, for instance, of an exact determination of all processes in telegraphs or Rithmkorff’s
machines,*®? because it is clear that the theory, first developed just for circular conductors,
even if it were impeccable, would not be sufficient with respect to telegraphs or Rithmkorft’s
machines with completely different shapes of conductors, and that various investigations will
be needed in order to control all details under such circumstances, necessary to successfully
perform such determinations.

388Note by HW:] Wilhelm Weber’s Werke, Vol. 111, pp. 648 and 664.

389Note by AKTA:] [KW57, Sections 15 and 20, pp. 648 and 664 of Weber’s Werke] and [KW21, Sections
15 and 20, pp. 48 and 65]. See Sections 7.15 and 7.20 of this book.

390Note by AKTA:] See footnote 43 on page 56.

391Note by AKTA:] For information on Gauss’ work on the intensity of the Earth’s magnetic force reduced
to absolute measure, see footnote 47 on page 59.

392|Note by AKTA:] Riithmkorff’s machines or induction coils were named after Heinrich Daniel Riihmkorff
(1803-1877), a German instrument maker.

261



262



Chapter 17

Translator’s Introduction to Weber’s
Fifth Memoir on Electrodynamic
Measurements

Peter Marquardt3??

Dear Readers,

Who venture into studying the translation of Weber’s 1864 treatise “Electrodynamic Mea-
surements, Fifth Memoir, relating specially to Electric Oscillations” which makes part of his
“FElectrodynamische Maassbestimmungen”:

If you have already studied Weber’s Introduction to this Treatise,>** you may be familiar
with some special aspects, hopefully encouraging you to go on.

The present work by Wilhelm Eduard Weber on oscillations in conductors is an exhaus-
tive and detailed description, in theory and practice, of a series of pioneering experiments
by one of the prominent researchers of his time. The copy of the German original used here,
accessible on internet, is from the library of the Deutsche Museum, Miinchen. The fron-
tispiece bears a hand-written personal dedication to Gustav Wiedemann, known from the
Wiedemann-Franz rule on the thermal conductivity of metals (“Herrn Professor G. Wiede-
mann vom Verf.” - to prof. G. Wiedemann by the author).

The Treatise on oscillations consists of two main parts: Laws of motion (an Introduc-
tion followed by Sections (Weber calls them “Artikel’) 1 through 24) and Observations of
Oscillations (Sections 25 through 36 followed by the list of contents).

Like its Introduction, the translated Treatise suggests some comments on Weber’s science,
language, and presentation. With respective changes, the following remarks may also apply
to other translated parts of his extensive work.

393F-mail: marquardtp@gmail.com
39 Foreword in [Web63] with English translation in [Web21f], See Chapter 16.
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17.1 About Weber’s Science

Weber’s science rightfully receives revived attention. In the present Treatise Weber addresses
what he calls a “second task” following the previous work (“first task”) on warious forces
investigated by Coulomb, Ampere, Faraday, Neumann for various experimental situations
- static charges, current elements, induction, currents or circuits in motion, respectively.
Its author considers this second task of electrodynamics, turning to the motions of elec-
tric masses due to the forces treated in the first task, as even more far-reaching, hitherto
neglected, and hence all the more important.

Weber, a child of the 19th century, formulates very cautiously, one of the reasons for the
kind of language he uses (see below). For instance, he does not take the validity of Ohm’s
law for granted when he turns to what we call alternating currents (“oscillations”). Clearly
these investigations are of great importance for telegraphy, Weber’s pioneering subject in
collaboration with Gauss, and for the later triumphant career of alternating currents in
general. The validity of Ohm’s law for rapidly varying currents is questioned. Do we sense
here an early taste of the skin effect in spite of the then still quite low frequencies?

His repeated and very meticulous experiments (assisted by Rudolf Kohlrausch) require a
few remarks.

Of particular interest are his rotating magnet to produce well defined oscillations (Section
20) and his solution how to handle wires 5 miles long in a laboratory. Aiming at telegraphy,
these experiments on long conductors called for the strategy to spool them as twin wires
(bifilar winding) with opposite current directions to avoid inductive losses (Section 26).

Referring to Kirchhoff , Weber rightfully mentions the great importance of the agreement
between the propagation velocity of electric waves and of light in free space.

The occurrence of a factor v/2 when Weber addresses the propagation velocity of wave
trains (Section 16) may appear strange; it has been commented in recent years by several
scientists. We may speculate and seek its connection with Weber’s novel velocity dependent
modification of the static Coulomb potential where the relative velocity dr/dt = i between
two charges enters by means of the dynamic factor (1 — 72/2¢?).

17.2 About Weber’s Language

Weber’s language is 19th century German, in his case with extensively long sentences, with
technical terms not in use any more, with circumstantial formulations and intertwined syntax.
The German grammar is suited to fill a person with awe when it comes to long chains of
nouns linked together and to construct extended periods (just take a look at the very end of
Section 36; yes — that is one single sentence!)

Yet this here is the attempt to convey the text in Weber’s spirit to the readers of our
time, trying to stay close to the original at the cost of sounding strange. For instance, these
many conjunctions (but, however, thus, (w)hence, finally, now, and more of the like) are
indeed present in the original.

You may notice some compound nouns with a “German taste”, like rotation direction,
oscillation phase, oscillation amplitude. They are to avoid some of the many “of - of - type”
constructions for better readability.

The following glossary exemplifies Weber’s old-time German by means of some technical
terms in 19th century formulation and spelling — here translated as:

Ablenkung — deflection (Weber uses Elongation, too).
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Beharrlicher Strom — steady current (our DC, constant in density and direction; today
beharrlich = tenacious or stubborn).

Beruhigung — damping (Weber also uses Absorption or Dampfung; calling his device,
intended to dampen, a “Beruhigungsmittel’ — meaning tranquillizer today).

(Freie) Electricitit — “(free) electricity” (corresponds to the scientific state of the art
of the mid 19th century when Weber was among those scientists to already postulate a
smallest indivisible charge long before the electron was identified as the mobile carrier; to
be understood as (free) charge. Sometimes Weber also uses Ladung).

Kette — chain, translated as circuit.

Linearer Leiter — “linear”, or thin in the sense of 1-D, or line shaped, or straight con-
ductor.

Maass — unit (this fits better than measure because Weber set great value on his “ab-
solute units” as is also expressed in his use of Maasseinheit and Maassbestimmungen).

Sdule — voltaic pile.

Schwingungsdauer — (oscillation) period.

Schwingungszahl — (oscillation) number.

Starke der Ladung — amount of charge.

Strom or Stromung — current (Weber uses both).

Stromdichtigkeit or Stromintensitit — current density (Weber does not clearly distinguish
current density and intensity).

Tangentenbussole — tangent galvanometer (bussole means a compass with a graduated
circle and a line of sighting).

Verhdltniss — quotient in the sense of proportion or ratio.

Commutator, (electro)dynamometer, multiplier, magnetoelectric, electrodiamagnetic and
others of the like have similar meanings in German and English; they are somewhat obsolete
names, maybe not listed in a standard dictionary.

17.3 About Weber’s Presentation

Some additional illustrative figures of the experimental setup to assist or, better still, to
reduce the text, would have been helpful. Weber contents himself to just 5 figures (see
Section 25, The Commutators).

His nomenclature is not easy to follow, and so are some of his formulas.

His “partial differential equations” (e. g. Sections 17 and 20) are not formulated as
“partial” according to our usage.

Weber’s treatment of a “line element”, ds, is different from our infinitesimal differentials:
his ds = [ may be considered very small compared to the circumference of a conducting ring,
yet large enough compared to its thickness, so as to consider the finite length [ as straight,
“geradlinig” (Section 10).

You will definitely not fail to notice that the essence of this long treaty could be offered in
a concise form. Brevity (“the wit of wisdom”), so it seems, was not in the spirit of Weber’s
time. If interested to get just a taste of that spirit, feel free to resist the temptation to follow
all the details.

Anyway, if you venture into the text and get acquainted with its peculiarities, you will
find yourself rewarded entering a past world of great science. Enjoy!

PS Apologies for all mistakes and linguistic lapses which have survived.
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Chapter 18

[Weber, 1864, EM5]| Electrodynamic
Measurements, Fifth Memoir, relating
specially to Electric Oscillations

Wilhelm Weber395-396,397

Introduction

The first task of these treatises on Electrodynamic Measurements®®® has been to exactly and
completely determinate the various forces exerted by electric masses. A fundamental law3%"
has been set up from which have been derived and determined first the forces of electrostatic
interactions and their laws discovered by Coulomb,**® second the mutual electrodynamic
forces between current elements and their laws discovered by Ampere,**! third the forces
of induction discovered by Faraday (Volta-induction)¥? — including a current co-moving

395[Web64] with English translation in [Web21d]. Foreword in [Web63] with English translation in [Web21f],
see Chapter 16.

3% Translated by P. Marquardt, marquardtp@gmail.com. Edited by A. K. T. Assis. We thank Thomas
Herb for sharing with us his partial translation of the first 2 Sections of this work.

397Wilhelm Weber’s Notes are represented by [Note by WW:]; the Notes by H. Weber, the editor of the
fourth volume of Weber’s Werke, are represented by [Note by HW:]; the Notes by A. K. T. Assis are
represented by [Note by AKTA:]; while the Notes by the translator P. Marquardt are represented by [Note
by PM:].

398Note by AKTA:] [Web46] with partial French translation in [Web87] and a complete English translation
in [Web07]; [Webb52¢] with English translation in [Web21b]; [Web52b] with English translation in [Web21al;
and [KW57] with English translation in [KW21].

399 Note by AKTA:] Weber is referring to his force law presented in the first treatise on Electrodynamic
Measurements, [Web46] with partial French translation in [Web87] and a complete English translation in
[Web07].

400/Note by AKTA:] See footnote 43 on page 56.

401Note by AKTA:] See footnote 44 on page 57.

402[Note by AKTA:] Michael Faraday (1791-1867). The expression utilized by Weber, Volta-Induktion,
had been first suggested by Faraday himself in paragraph 26 of his first paper on electromagnetic induction
presented in 1831, see [Far32a, § 26] and [Far52, § 26, p. 267]. Portuguese translation in [Farll, p. 159]:

For the purpose of avoiding periphrasis, | propose to call this action of the current from the voltaic
battery, volta-electric induction.
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with its carrier and a current changing in its stationary carrier, and also what Neumann
first discovered and observed,'® [namely, induction with] the passage of a current through
a sliding contact — and their laws.

Apart from these various forces due to purely electric interactions, also forces exerted by
magnetism on electricity have been considered, namely electromagnetic and magnetoelectric
induction forces due to magnetism moving relative to electric masses — including magnetism
co-moving with its carrier and merely within its carrier. — The laws could also be derived for
these forces beginning with the established fundamental electric law, namely when, following
Ampere, molecular currents were substituted for molecular magnetism. The same was valid
for electrodiamagnetic forces.

Finally, also the laws for the forces exerted by ponderable bodies on the electric masses
moving within them and exerted on the latter, have been considered; and which are called the
galvanic resistance forces of the ponderable bodies. On the basis of Ohm’s law,** established
for steady currents, a more general fundamental law for these forces has been tentatively set
up.

The investigation of these forces is closely tied to a second task of electrodynamics,
namely the exploration of the motions of the electric masses driven by all these forces and
the exploration of their laws in terms of these forces acting on the electric masses. Hence
an exact and complete knowledge of all forces and their exploration is mandatory in order
to determine these motions, the exploration of these forces may be considered as the means
and the exploration of these motions as the aim to be arrived at in this way.

This second very general task of electrodynamics has found but little attention and
we may rightfully ask why so little has been done to extend the foundation based on the
knowledge of the forces? Obviously one can hesitate to consider this foundation as safely
established and finished. The knowledge of all forces acting on the electric masses could be
called in question, namely, whether some yet unknown co-acting electric molecular forces
limited to immeasurably small scales, must be investigated besides the known purely electric
forces acting at all distances, before one tried to develop the laws of motion depending on
them. There was also some doubt about the reliability of the resistance law in ponderable
conductors as applied for the development of the laws for high frequency electric motions,
because Ohm’s law was established for steady currents only and the generalization has been
only been tentative. — To conclude, add to this that the knowledge of the forces is not the
only necessary requisite to fulfill the second task, but moreover a more specific knowledge of
the masses subject to motion besides other not yet sufficiently known details is required.

Nevertheless, Kirchhoff made a very thorough effort to fulfill the second task, in fact in
such a comprehensive way as the conditions allowed, and published the results in Poggen-
dorff’s Annalen 1857, Vols. 100 and 102.%% Irrespective of the above objections, this first
attempt has rightfully received wide attention because the decision whether and, if so, how
far the objections are justified can hardly be found by any way other than by experiment. —
Kirchhoff indeed tried to set up a general theory on the motion of electricity in an infinitely
long thin wire, however, indicating himself that he considered as generally valid some known

This phenomenon of Volta-induction is nowadays called Faraday’s law of induction.
403|Note by AKTA:] Franz Ernst Neumann (1798-1895). See [Neu48a] and [Neu49]. See also [Web49] with
English translation in [Web21c].
404[Note by AKTA:] See footnote 128 on page 123.
405[Note by AKTA:] [Kir57b] and [Kir57c], with English translations in [Kir57a] and [GA94], respectively.
See Chapters 8 and 12.
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facts which take place for constant currents, or for those whose intensity varies only slowly.
His procedure will be considered in more detail in the following Section.
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I - Laws of Motion

18.1 Kirchhoff on the Propagation of Electricity in Con-
ductors

Let z, y, z denote the rectangular co-ordinates of a point of the conductor and u, v, w the
(x, y, z) components of the current densities which is present at time t in this point of
the conductor. — We understand current density here as the product of the velocity of the
moving carriers times the amount of positive electricity per unit volume of the conductor.
Assuming Ohm’s resistance law as generally valid, this is tantamount to the product of
the electromotive force acting on the point (z, y, z) under consideration times the specific
conductivity of the metal conductor. Hence, if A denotes the electromotive force at point
(x, y, z) — that is the difference of the forces acting on the unit measure of positive and
negative electricity at the point (x, y, z) —, and «, 3, v as the angles between this force
and the three co-ordinate axes, and k as the specific conductivity of the metal we have

u= Acosa-k, v=Acosp -k, w= Acosvy-k,

where the mechanical measures*

conductivity. 407

always used by Kirchhoff are to be assumed for forces and

406[Note by AKTA:] In German: mechanischen Maasse. This expression can be translated as “mechanical
measures”, “mechanical units” or “mechanical units of measure”.

407Note by WW:] Let &, 1, ¢ denote the displacement of an electric particle at point (x, y, z) after time
t, hence d¢/dt, dn/dt, d¢/dt the velocity components of the flowing electricity, then, when & represents the
amount of positive electricity in the unit volume of the conductor, we have according to the first relation:

§7 v = G@, = Q‘S% .

dt dt

But, according to Ohm’s law for steady currents, the current intensity i, if steady, in a linear conductor is
proportional to, or, in mechanical measure, equal to the sum of all electromotive forces, that is [ Adl along
the total length [ of the conductor divided by the total resistance, that is [ dl/ks, where s is the cross section
and k the specific conductivity of the metal, hence we have i = [ Adl/[[ dl/ks]. But in this form of Ohm’s
law the current intensity ¢ through the cross section s of the conducting wire is understood as the product
of the velocity of the flowing electricity, that is do/dt, and the amount € of positive electricity in the volume
unit of the conductor, hence putting

u=_¢e

d§  do dn do a¢  do
at ~ar PR at ~dar T
[one gets]
JAdl
Q‘f dt

k

Assuming that Ohm’s law holds in general for each length element in the circuit, one gets

M—Aks_(‘fsd ,
E dt

or Ak = €[do/dt], and from this [relation]|, decomposing for the coordinate axes

dé
dt_ b

dn
dt v

el _

A k= A k=
cos Q- cos 3 - dt

Acosy -k =

270



The electromotive force, A, however, originates partly from the free electricity distributed
in the whole circuit and partly from the induction which acts in all parts of the conducting
circuit due to the change of intensity of the current. To start with, we exclude all external
electromotive forces, for example magnetoelectric induction forces. Excluding resistive forces
that could be taken into account, all other known forces acting on electric masses do not
contribute to the electromotive force (if the resistive forces, that could be taken into account,
are excluded), like for example the electrodynamic forces discovered by Ampere, resulting
from interacting current elements, from which it is known that the difference between the
forces acting on positive electricity and those acting on negative electricity is always zero,
from which hence no electromotive force results.

The components of the first part of the electromotive force, which comes from the free
electricity distributed in the conducting circuit, are represented by doubling the negative
values of the partial differentials of €2, taken as the value of the potential function of the
free electricity at point (x, y, z), with respect to the three coordinate axes, that is these
components are represented by*’®

LA e e
dx dy dz
as is readily realized taking into account that the electromotive force, that is the difference
of the forces acting on the unit positive and negative electricities, is double the force acting
only on one unit of positive electricity.

In order to determine the components of the second part of the electromotive force which
comes from the induction caused by changes of current intensities in all parts of the conduct-
ing circuit, we denote the coordinates of a second point in the circuit by z/, v/, 2/, further
the values of u, v, w at this point [are represented]| by u', v/, w’, and the distance between
(xz, y, z) and (2', ¥/, ') by r.

From the fundamental law of electric action we get the electromotive force exerted by the
electricity in volume element da’dy’dz’, moving along the direction of the x axis with velocity
d¢’/dt, remembering that, according to the previous footnote, u' = &[d¢’/dt], |acting] at
point (z, y, z) along the x-azis, expressed in mechanical measure [as given by:]

du’
il

Hence, the electromagnetic force due to a current element of length o with its current
intensity uniformly increasing by [a factor of] i during the time ¢ that acts on a point at

distance r equals (see Electrodynamic Measurements, Vol. 5 of these Abhandlungen, p. 268,
number 4)109:410

8 da'dy'd
:_E.T.(l«_m/)?.

1
g-cosﬁcosﬁ’ ,

408/Note by AKTA:] Nowadays these partial derivatives would be written as:

o0 289 289
ox’ oy’ 0z
In this English translation we are maintaining Weber’s original notation.
499[Note by HW:] Wilhelm Weber’s Werke, Vol. III, p. 655.
410[Note by AKTA:] [KW57, Section 18, number 4, p. 655 of Weber’s Werke] with English translation in

[KW21, Section 18, number 4, p. 55]. See also item (4) of page 182 on Section 7.18.

-2
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along the direction which makes an angle ¢ with the extension of r, if & makes an angle ¥ with
r. Here, however, the current intensity 7, usually determined by means of a galvanometer, is
to be expressed in terms of absolute magnetic measure; which can be replaced by the value
expressed in mechanical measure if multiplied by 2v/2/c. In mechanical measure the above
current intensity, on the other hand, is = u/dy’dz’. Putting i = [2v/2/c] - u/dy’d?’, hence

iodi 2V2 du
Ta e a W

and notice that in the above case cos? = cos? = (x — 2/)/r and a = dz’, then we find the
electromotive force we were looking for

22 di' 22 du

o W (1’—1’/)2
N c r c dt dy dz 72

Y

which equals the value given above.

Considering the motion of electricity in element da'dy’dz’ along the y or z awis instead of
along the = axis, the value of cos ¢ is given by (y—v')/r or by (z —2’)/r instead of (z—2z')/r,
and dv’/dt or dw'/dt instead of du’/dt, from which the total electromotive force exerted by
the element da’dy’dz" at point (z, y, z) along the z axis results as equal to

8 da'dy'd? [ du dv’ dw’ ,
——g'T(i’f—i’f)<dt(l‘—$) dt(y y') + dt(z_z))'

Likewise, putting (y — ') /r or (z — 2’)/r instead of (x — a’)/r for cos?, one finds the total
electromotive force exerted along the y or z axis as equal to

8 da'dy'dd du dv’ duw’ ,

-5 EEE o (Ga- ) G-+ G- )
or

8 da'dy'dd N [ du N dy duw' ,

T2 T 3 '(Z_Z)<dt(x_x> W=

Putting for brevity

o= [ [ [T e (o) - =)
v= [ [ "5 (v - =)0 @
W= / / / dr'dy a7 z—z')(u'(m—x')+U'(y—y')+w'(z—z')), (3)

one gets the components of the second part of the electromotive force which comes from the
induction as a result from changes of current intensities in all parts of the conducting circuit
equal to
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8 dU 8 dv 8 dW

2 dt’ 2 dt’ 2 dt
However, the above components of the total electromotive force have been expressed as

A cos a, A cos f3, Acosn
thus one gets
Acosa:—2<j_+%‘%) ’
s (355
Acosy = —2 (Call_SjLCi;%)

Finally, putting these values into the above equations for the current densities u, v, w at
point (z, y, z), one gets the following equations

ds? 4 dU
=2k — 4= 4
! k(dx+ dt)’ )
dQY 4 dV
——Qk(dﬂc—ﬂ) ’ 5)
ds 4 dW
w—‘%(d—z*c—z'ﬂ)’ (6)

As a special prerequisite to determine the value Q of the potential function at point
(x, y, z) of the total free electricity distributed in the whole circuit, the density of free
electricity in the inner part of the conductor where current motions take place must not be
equated to zero, as for a conductor with electricity at rest. Denoting by &’ the non-zero
[volume] density of free electricity at point (2/, ¢/, 2’), if inside the conductor, and by €',
when located on the surface element d.S’, thus denoting the [surface] density of free electricity
in the surface element dS’ by €', we then get the following value of €2, namely

:///dz’d;y’dz’ //dS’ , 7)

In addition, the distribution of free electricity inside the whole conducting circuit as well
as at its surface which is determined by the values of ¢’ and ¢/, may indeed change with time,
but these changes depend on the motion of electricity in the circuit, whence there must be
two equations to represent the partial differential coefficients of ¢’ and e’ with respect to time
in their dependence on the motion of electricity.

The difference between the positive electricity leaving the element da’dy’dz" along the x,
Y, z axis during the time element dt and the electricity entering it is

/

dar'ayd - . d'ayds -, di'dyf - 2

dz’ dy’ dz’dt’
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The sum of these differences yields the decrease of the free electricity da’dy’'dz'-¢" contained in
dz'dy'dz" during the time element dt which is produced by motion of the positive electricity.
There is, however, another equal decrease resulting from the opposite motion of negative
electricity during the same time element dt; consequently this sum equals half of the total
decrease of the free electricity contained in the element da’dy’dz" during the time element dt,
that is half of = —da'dy’dz’ - [de’/dt] - dt, hence we have

d_w_i_d_l)/_'_dw,—_ld_gl (8)
de!  dy = dz  2dt’

Finally, denoting the angles between the inward normal on the surface element dS’ and
the x, y, z axes by (N’ '), (N, ¢/), (N’, 2’), the amount of positive electricity flowing back
inwards from the surface element dS’ during the time element dt equals

= (u’ cos(N', z') + v'cos(N', ') + w' cos(N', z’)) ds’-dt,

and, because an equal amount of negative electricity flows from the interior towards the
surface element dS’ during the same time, this amount equals half of the total decrease

of free electricity €'dS’ at the surface element dS’ during the time element dt, that is, =
—1[de’/dt] - dS'dt, hence we have

1de
u' cos(N', ') + v cos(N', o) +w'cos(N', 2') = 5dr (9)
As general as this derivation of the equations of motion of electricity in any conductor

by Kirchhoff may be in other respects, it is based on three limiting assumptions, namely:

1. the assumption that the value of the electromotive force in a point, as was done above,
may simply be determined by doubling the force exerted on the positive electricity,
that is, assuming equal amounts of positive and negative electricity in all parts of
the conductor, or, more precisely, that this would strictly mean that the densities
¢’ and €’ of free electricity inside and on the surface of the conductor would always
and everywhere be equal to zero, which is not the case, that at least the present free
electricity may be considered as vanishingly small compared with the amount of a
neutral mizture of both electricities at the same position;

2. the assumption that always equal amounts of positive and negative electricity pass
through each cross section simultaneously in opposite directions, which is only justified,
when in addition we can assume everywhere an arbitrary motion of the neutral fluid,
on the grounds that such an added motion of a neutral fluid, if it were really present,
would have no influence at all on the observations;

3. the assumption of a more general validity of Ohm’s law which, as is to be shown
later, may be reduced to the assumption that the mass of the electric fluid would
vanish everywhere compared with the mass of its ponderable carrier, which, however,
is usually assumed in general.
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18.2 Derivation of the Expression for the Electromo-
tive Force Exerted by the Free Electricity and by
the Electric Motions in a Small Piece of the Con-
ducting Wire, Considered as a Cylinder, on Any

Point of the Middle Circular Cross Section of This
Piece

The more precise determination of the electromotive force acting in any point of the cross
section of the conducting wire suggests to divide the latter into two parts, namely the
part that comes from the element of the conducting wire which contains the point under
consideration, and the part that comes from all other elements that lie in greater measurable
distances from the point under consideration.*!!

Let the element of the conducting wire which contains the point under consideration
be a cylinder whose radius is very small compared with its length. Kirchhoff assumes the
distribution of free electricity as well as that of the electric motions in that cylinder as
symmetric with respect to the cylinder axis. With respect to the coordinates, let the x axis
coincide with the cylinder axis and put

y=pcosp, y =pcosy,

z=psing, 2 =p'sing .
Further, distinguishing the current densities parallel to the cylinder axis and perpendicular
to the cylinder axis, the latter is everywhere radial under the assumption of the symmetry
of the motions, that is, in any point its direction coincides with the cylinder radius through

that point. Hence, denoting o this radial current density at point (x, y, z) and ¢’ at point
(', o/, 2), it follows that

v=occosp, v =0 cosy,

w=osinp, w =0dsiny,

where the values of o and ¢’ are independent of ¢ and ¢'.
Substituting these values in the expressions of 2 and U in the previous Section and taking
a as the radius of the cylinder, we get

411Note by AKTA:] Weber will calculate the electromotive force at a point P inside the wire. He then
divides the whole circuit AD below into two parts.

D

A B C

C———— I
P

The first part, BC, contains all points closed to the point P and will be considered as cylindrical. The
point P is located in the cross section of the wire located in the middle of BC. The second part, composed
of pieces AB and C'D, contains the points which are at great distances from P.
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TRV BV 1,
oo [ [ [ [

o= [ [ [FEEE o) (wa- ) opesto - ) =) . @

Further, this substitution yields
dv'  d-o'cosy
dy dy’ ’
where ¢’ depends only on the variable p’ for a given value of 2. Hence putting o' = f(p') =

f<\/ Y+ 2’2), we get
v’ d y,f (\/ y’2 + Z/2> y/2 do’ p12 B y/2

dy dy R B R

Likewise, we get

dw' 2% do’ p/2 — 2
— /
1 7'—111_'_T'U'

hence

dv' dw' do’ o' 1 d-po’

I _'_ _ _'_ — .

dy’ dz! dp/ 0 0 dp/
Adding du'/dx’ and substituting the respective value for the sum du’/dz’ + dv' /dy’ + dw'/dz’
in Equation (8) of the preceding Section, yields the equation

du' 1 d-po 1 de’
a2 (3)
de — p  dp 2 dt
Finally one finds the following values for the angles between the normal of the surface
element dS’ pointing inwards and the directions of the three coordinate axes:

(N, a) = 3, (V', y) = ¢+, (N, #) = +5 ;

hence we have*!?

u' cos(N', 2') =0,

412[Note by AKTA:] The second and third equation below were written in the original text as, respectively:
v cos(N', y) = —o' cos'” |

.2
w' =cos(N', 2') = =o' siny'” .

In order to avoid confusion, in this translation we are replacing the notations sin ¢’ % and cos s % used in
Weber’s time by their modern counterparts, namely, sin® ¢’ and cos? ¢/, respectively.
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v cos(N', o) = —0' cos® ¢,

w' = cos(N', ') = —o’sin® ¢’ .
Substituting these values in Equation (9) of the preceding Section then yields

1de
/
_ 4
7T (4)

Putting for brevity
2 —x =), hence di'=d\,
2407 —2pp cos(p— @) =% hence 2=+ )\,

then, according to Equations (1) and (2), we have
/2 e'd 1/2 e'd
oo f foe [ o[
12 \/ 5% + A2 1/2 52 + )\2

rde [ WA
_//,0 P ‘p/_l/z(ﬁ2+>\2)3/2
Y2 o \d\

o [ [ (1 Geosto =) aag /_W RSOk

where [ denotes the length of the cylinder and the point (z, y, z) lies on the cross section

that cuts this length in half.*13
Calculating the series expansion of €' and €' in powers of A in the first equation, namely

de 1 d?e

= — A — A2+
A R
de! 1 d%
I _0‘ T E0 2
€ €O+dx )\+1'2 T2 A+

where g, apart from time, depends only on the variable p/, then for very small values of

(%/1? which follow with necessity from small values of «/I because 3 can never be greater

than 402, we may put*'*

/”2L_2bg£

—1/2 \/ %+ A2 p
/’/2 Ad\
—— =0,
—1)2 \/B? + A2

413[Note by AKTA:] In footnote 407 on page 270 of Section 18.1, Weber had called I the total length of the

curved and thin conductor. He is now representing by the same letter the length of the small cylinder BC'

represented in footnote 411 on page 275.
414Note by AKTA:] What Weber represents by the symbol “log” in the next equations should be understood

as the natural logarithm represented nowadays as “In”.
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/l/2 )\2d>\ l2
—1/2 /8% + \? 4

whence for small values of [ we get

[ 1d%] I 1d%
Q= ‘dp'dy' | 2eflog — + = —21 /d’21 —+ == .
//ppgo(aoogﬁ+8dx2 )+a © 60g5+8dx2

The integration is to be carried out from ¢’ = 0 to ¢’ = 27 and from p' = 0 to p/ = a,
whence we get

¢ 1d2€6 9 1 d%e 9
Q0= 27r/0 pldp <2€’Ologl + §@l ) + 21 (Qelogl + §@l )
« 2m 2m
— 2/ p'd,o’-s{)/ dcp’-logﬁ—2ae/ dy' -log 3 .
0 0 0
Considering that

2 2m
1
/ dy' - log B = 5 / dy' - log <p2 + 0% = 2pp' cos(ip — @’))
0 0

either equals 27 log p’ when p’ > p, or equals 27 log p when p > p, then we get for the part
referring to the surface for which p = «,

2m
—2ae/ dy’ -log B = —4raeloga .
0

The part referring to the interior [of the conductor| is decomposed into two parts, namely

« 2 p «
—2/ pdp - e / do' -log f = —4m logp/ pdp el — 47r/ pdp - eylogp,
0 0 0 p

which hence reduces to

—4r loga-/ pdp ey,
0

in the limit where p = a, and [reduces] to

—47r/ pldp - eylogp
0

in the other limit where p = 0, which expressions differ the less from each other the smaller
[the value of] a,*!® so that, with sufficient precision for very small values of a one may put

415[Note by WW:] Under the assumption of the symmetric distribution of free electricity in the wire, &f,
approaches a constant with decreasing values of p’. Thus, if for small values of « it is allowed to put &f, equal
0
to a constant for all values of p’ < a, the value found for the first limit turns into

(0%
—4me, loga/ pldp = —2ma’e)loga ,
0
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« 27 «
2/ pdp - 56/ dy' - log 8 = —4mlog o - / pldp - g,
0 0 0

for the part referring to the interior; hence

“ 1d256 2 1d2€ 2
Q= 2%/0 pldp’ <2€’ologl+§ T2l ) + 27 (Qelogl+ Rl )

— 4rloga - (ae+/ p’dp'~€'0) ,
0
or, more concisely

! “ 1, d%e « d*e},
1= dmlog —- (ae+/0 p/dp’-eé) + 4l (a@vt/o p’dp/-ﬁ .

Finally, putting

27rae+27r/0 pdp ey =F,

that means, denoting the amount of free electricity contained in the conductor element dz,
partly at its surface, partly in the interior, by Edz,*® then differentiating twice one gets

d?e o A%, d°F
2 el 2 /d /. 0 e
T g T 7T/O PP Qa2 = a2

hence

1
Q=2Flog—+-——-1*. (5)
« Xz

Likewise, the values of v’ and ¢’ may be developed in the above equation for U by a
series expansion in powers of A\, namely

duy 1 d*)
U/:u6+d$(])\+ﬁd$2o>\2+7
doy 1 d%o}
Ot gy ATy e N

where, apart from the time, u; and o(, depend only on the variable p’ for a given value of 2.
Now, for very small values of 5%/1? corresponding to very small values of o?/I?, one can

put
/W MY
Ly (B2 AR

and the one for the latter limit [turns] into

. 1
—4#56/ pldp' logp’ = —2ma’e) <1oga - §> ,
0

which expressions differ the less, the smaller «.
416[Note by AKTA:] Therefore the magnitude E means the linear charge density of the wire, that is, the
amount of free charge per unit length.
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2 N2\ l l
———=2log=—1) =2log—
/_l/z (57 + N <Og B ) B
/W N
Ly BN
/”2 Mdh 1,
g (P RPE T
where e is the base of the natural logarithms. Hence one gets the following equation for U:
U—// 'dp'dy’ - | 2up - 1o L+1% I?
= pldp'de 0108 5+ 5
do} l 1 d3of
1—— dp'dy’ Slog— + ——21% ) .
// ( cos(ip — 30)) p @( i 85t o )

The latter part of this value of U may be considered very small when « is very small, because
the integration for p’ has to be carried out from p’ =0 to p’ = «, hence

l 1 d%u!
_ N /. 2/1 v - 072
//pdpdw (uoog66+8dx2l),

where the integration has to be carried out from ¢’ = 0 to ¢’ = 27 and from p’ = 0 to
p = «, thus

« 1 2 « 2T
U:27r/ p/dp'-<2uologl+862 : 12)—2/ p/dp’-ug/ dy'log 5 .
0 0 0

21t 21
1
/ d¢' log 8 = 5 / dy' - log <p2 + 0% = 2pp/ cos(ip — w’))
0 0

equals either 27 log o if p’ > p, or equals 2w log p if p > p/, one gets

¢ l 1d2u0 9
U= 27?/0 pdp - (2u0 log + = S i l )

p o
— 47 logp/ pldp’ - uy — 47T/ pdp - uglog p' |
0 p

As

for which one can also write

[ [ 1 @ d*u!
U:41 v /d/_/ —l2/ /d/- 0
ﬂogea/Opp Up + 4T Opp s

Q@ ’ “ Q@
+47T10g—~/ p’dp’~u'0+47r/ pldp’ - uglog — .
P 0 p P

But now, when « is very small, the latter two parts of this value of U may be considered as
vanishing, then one may put
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l o 1 o d?u!
U = 4rlog — - 'do’ - ul —z2~/ 'dof - —2
mlog — /0 pap -yt o ; pap -

Finally putting

27r/ pdp - uy =1,
0

that means, denoting the amount of positive electricity flowing through the cross section of
the conducting wire during the time element dt by idt, where 7 expresses the current intensity
in mechanical measure, then differentiating twice yields

27 /a p'dp - duy — &
0

dxz? dz?’
hence
[ 1 d%
U=2log — +-——-1%.
! Ogea+8dx2

Hereafter the electromotive force exerted by the free electricity in a small piece of the
conducting wire, considered as a cylinder, on any point of the middle part of this piece, is
determined more precisely, namely, from the value of €2, [through]

and likewise the electromotive force exerted by induction of the electric motions in the same
piece on the same point [is determined], namely, from the value of U, [through]

8 dU 16 di l T a4,
_— = — g — — —  —— .
2 dt 2 dt Pea” @ drddi
Finally, assuming a very large number for the value of log[l/a] as Kirchhoff did, one may
put

B Seele Y P U PR

dx dx Oga’
sdv_ a6 di
c2 dt 2 dt Ogea’

or, when 1 vanishes completely compared with log[l/a],

$dU 16 di | |

_o e log —

p— - — O
c? dt c? dt

18.3 Simplification of the General Equations

Following a more exact determination of the electromotive forces acting on a point (z, y, z)
of the conducting wire, that come partly from free electricity, partly from the electric motions
in a small part of the conducting wire to be considered as a cylinder, Kirchhoff has tried
to simplify the general equations presented in Section 18.1 under the following conditions,
namely
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1. that the radius of the conducting wire, «, be so small compared to the length [ of its
element, considered as cylindrical, that log[l/a] represents a very large number as was
assumed already in the preceding Section for the simplification of the expression of the
electromotive forces;

2. that the electromotive forces acting on a point (z, y, z) in such a thin conducting
wire originating from the free electricity and from the electric motions, except from
the single small piece considered as a cylinder whose central cross section contains the
point (x, y, z), be vanishingly small compared to the electromotive forces acting on
the same point originating from the electric motions in this small piece. — In addition,
we have the assumption already used also for the development of the general equations
in Section 18.1;

3. that Ohm’s law be separately valid for all current elements, even if the current inten-
sities in these elements are very different and vary rapidly.

If now, according to the first assumption, log[l/a] is a very large number and if, according
to the second assumption, only the electromotive forces determined more precisely in the
preceding Section are taken into consideration, compared to which the others due to the more
distant parts of the conducting wire are vanishingly small, one finds after the conclusion of
the preceding Section the complete expression of the electromotive force along the axis of the
conducting wire, [namely]

-2 @+£@ —_41 i d_E_|_£@
dr 2ar ) % a\ar T aa)

If this [formula] is now the expression of the total electromotive force, then it yields accord-
ing to Section 18.1, multiplied by the specific conductivity k, in accordance with the third
assumption, the current density u along the direction of the conducting wire in the point
(x, y, z), namely
l dE 4 di
= —dklog— [ —+—=—] .
! 5o ( dx - c? dt)

Considering, finally, that the current density at the point (z, y, z), hereafter independent
of p and, consequently, equal for all points of the cross section of the wire, multiplied by the
wire cross section ma?, yields therefore the current intensity 4, then, multiplying the previous

equation by o one gets the following equation derived from the seven first general equations
of Section 18.1:

[ dE 4 di
) = —4ra’klog— - | — + —=— | .
! R8s, (dx+02dt)
Hence there only remain the last two of the general equations derived in Section 18.1,
which have been reduced in Section 18.2 to

WL a1
dr  p dp — 2dt’
S 2dt
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Multiplying the first equation by pdpdyp and integrating over the total cross section of the
conducting wire, and finally subtracting the second equation multiplied by 27w«, one gets

7ra2~d—u——7ra~@—7r/a d %
dr a "), P

But now, according to Section 18.2, for p/ = p we have
27Tae+27T/ pdp-¢=FE |
0
whence
dt dat — dt’

and so, because we had Ta?u = i, from which follows ma? - (du/dz) = di/dx, the two last
equations of Section 18.1 yield the following [equation]:

“ E
271'0&'@4—277'/ pdp~d5—d
0

di  1dE
de 2 dt
Based on this reduction from nine general equations to two, namely
[ dE 4 di

) = —4ra’klog — - | — + ——

! TaRos (da:+02dt) ’
di  1dE
de — 2dt’

we can, eliminating ¢, finally derive the law that allows to determine the distribution of free
electricity, F, in the circuit for any moment, namely*”

dP’E A dPFE 2 dFE

_“ 2
a2 d T 16ra2klog L dt ’

or we can, eliminating F, derive the law that allows to determine the current intensity, ¢, for
any point of the circuit and for any moment, namely

417[Note by AKTA:] The next equation can be expressed in more familiar terms utilizing the modern symbol
0 for partial derivatives, the modern symbol “In” for the natural logarithm instead of Weber’s “log”, and
multiplying all terms by —2/c?. After rearranging the terms we get the following equation for the linear
charge density E(z, t) along the thin wire:

PE 1 9°E 1 9
Ox? c2/2 Ot? N 871'042]{]11% ot -

Weber and Kohlrausch had measured Weber’s constant ¢ in 1855-6. They obtained ¢ = 4.39450 x 108 m/s,
[KW57] with English translation in [KW21], see also page 179 on Section 7.17. Therefore ¢/v/2 = 3.1 x 10%
m/s, essentially the same value of light velocity in vacuum, as pointed out by Kirchhoff in 1857, [Kir57b]
with English translation in [Kir57al, see page 214 on Chapter 8.

Therefore the next equation presented by Weber is the modern telegraph equation describing the propa-
gation of an electric disturbance along a resistive wire. When the resistance is negligible, we obtain the wave
equation for a signal propagating at light velocity v;, = ¢/v/2, namely

PE 1 PE_9E 1FE _0
or2 /2 012 022 wi o2
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d* 2 d% c? di

Sy
dt2 2 dax? * 16ma2klog L dt

As is easy to see, the distribution of free electricity as well as the current intensities in
all parts, however, would have followed all by itself from the motions of all electric particles
in the conducting wire, were the law of the latter known. Vice versa the latter law is easily
derived from the known law of the distribution and the current intensities where it suffices to
formulate it for the motions of all positive electric particles in the conducting wire, because
the opposite motions of all negative electric particles follow all by themselves.

Let s denote any point of the conducting wire*!® and Eds the total amount of positive
electricity which is contained in the length element, ds, of the conducting wire, and further
o the displacement of one particle of this positive electricity after time t from its initial
equilibrium, thus do/dt the velocity of this particle in the conducting wire and do/ds the
dilution of the positive electricity at the point s of the conducting wire at the end of time
t, which always corresponds to an equally great dilution of negative electricity; then the
current intensity ¢ at the point s of the conducting wire at the end of time t equals the
product Edo/dt, and the [linear] density E of free electricity, that is the surplus of positive
electricity over negative in the element ds at the end of time ¢, equals double the negative
product &do/ds, thus

do
Z—@'E,
do
E=-2¢. — .
¢ ds

However, substituting these values in the preceding equations we obtain the two equations

Po A dPo N c? d*o
dt*  2ds?dt = 16ma’klog Ll dt?

=0,

o B c_2d3a N c? o 0
dsdt? 2 ds®  16ra’klogl dsdt

whence, taking into consideration that o was equal to zero in the whole conducting wire
during the initial equilibrium of electricity, the law of the motion of all positive electric
particles in the conducting wire follows, namely

418[Note by AKTA:] In Section 18.1 Weber had considered s = wa? as the area of the curved and thin wire
with a circular cross section of radius a and total length [. Now he will consider s as the position of a point
along the curved axis of this thin wire measured from a given origin 0, as represented in the Figure of this

U/
%@

(a) (b)
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d*o B  d*o N c? do
dt>  2.ds*>  16ma’klogl dt B

18.4 Test of the Prerequisites Made in the Previous
Section

At the beginning of the previous Section the prerequisites for the simplification of the equa-
tions have been compiled, from which already one was the basis for the development presented
in Section 18.1. Concerning now the assumption added for the first simplification, namely
the assumption of a very thin conducting wire, that seems to be so natural that it barely
needs any further test, but goes without saying if it is a question of simplification; upon
closer inspection, however, it is easily seen that the fineness of the conducting wire is and
must be demanded here to such a degree that is never met in reality, so that any practical
application of its consequences becomes questionable. In addition yet we have the special
concern whether this prerequisite may not come into conflict with the prerequisite for the
development of Section 18.1 concerning Ohm’s law, because the latter must apparently be
limited to less fine conducting wires.

If namely there is no objection against considering the thickness of the conducting wire
compared to its total length for linear conductors as vanishingly small, the consideration
of this thickness as vanishing compared to a single element, still considered as straight, of
the conducting wire is more far reaching; and still more far reaching is the assumption of
the logarithm of the ratio of the length of such a small element to that thickness as a large
number, against which the number one is considered as insignificant, as was done in that
prerequisite. For, taking just 20 as such a large number, would demand a wire whose smallest
piece, still considered as straight, would have to be longer than thick by a factor of more
than 200 millions, which does not exist.

More important, however, is the other objection whether the assumption of such a thin
conduction wire, if it existed, would come into conflict with the prerequisite concerning Ohm’s
law. In any case, it must be called to doubt whether the latter prerequisite is generally and
strictly valid or whether it holds approzimately for less fine wires, and, as is easily seen,
this doubt can only be remedied by a development of the laws of motion independent of
this very prerequisite. We shall try to present such a development, at least in so far as
seems to be necessary for the test of the indicated doubt, preliminarily sticking to the first
prerequisite, namely a wire so thin, that the logarithm of the ratio of the length of the
elements, still considered as straight, to their thickness be so large as to neglect the number
one by comparison. This development rests on the following consideration.

Were all forces really known which act on the electric particles in the conducting wire and
were all these forces expressed exactly in known mechanical measures, then it would be self
evident that a development of the laws of motion of these electric particles in the conducting
wire is possible quite independent of the prerequisite of Ohm’s law; for the resultant of all
forces acting on any particle divided by the acceleration of that particle must, as with all
bodies, yield always the same quotient, which in mechanics is usually called the mass of the
particle.
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18.5 On the Derivation of the Equation of Motion In-
dependent of Assuming Ohm’s Law

Hence we first try to enumerate all forces acting on an electric particle in the conducting
wire and to express them by mechanical measure, namely

1. those electric forces, already determined by Kirchhoff, acting at small distances from
which, under the assumption of the fineness of the wire, yielded the electromotive force

o [ dE 4 di

B Oga'<d8+czdt)
for a point s of the conducting wire expressed by mechanical measure. This electro-
motive force is the difference between the two forces that act on the positive and on
the negative electric unit of measure (as is defined in electrostatics) if they are present
in that point. As these two forces are equal, apart from their opposite directions, it
follows that half of this electromotive force, namely

_ o [ dE 4 di

B Oga.(ds—i_czdt) ’
is the force acting on any positive electric unit of measure at the point s. But the
number of positive electric units of measure contained in the length element, ds, of
the conducting wire has been denoted earlier in Section 18.3 by €&ds, where it has
been noted that €do/dt =i and —2&do/ds = E. Multiplying the above force by the
number Eds and substituting the above values we get the force acting on the positive
electricity in the element ds expressed in mechanical units, namely

[ d*c 2 d%*
f— 2 —_— B —— .
= 4¢“log - (ds2 2 dt2) ds .

In addition to these previously determined forces we have to add

2. the forces exerted by the ponderable conductor particles on the positive electricity in
the element ds which we try to determine as follows.

According to Ohm’s law, established for steady currents as shown in the footnote of
Section 18.1,%1% the electromotive force in one point of the conductor = u/k, which is
independent of the ponderable particles of the conducting wire, or = i/[ra?k], because
mau = i according to Section 18.3. But the steadiness of the current, that is the
constant velocity of the electric particles in the conducting wire, proves that, apart from
this electromotive force independent of ponderable particles, a second electromotive
force of equal value and of opposite direction must exist which must obviously originates
from the action of ponderable conductor particles on the electricity in the conductor,
which hence is given by

7
Talk

419/Note by AKTA:] See footnote 407 on page 270.
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Half of this electromotive force, namely

7
2wk’
then is, as is clear from the previous statement, the force which is exerted by the
ponderable conductor particles on each positive electric unit of measure in the point s
under consideration. Hence multiplying this force by the number of positive units of
measure Eds contained in the element ds and substituting also here as before €do /dt
by i, we find the force exerted on the positive electricity contained in the element ds
expressed by mechanical measure, namely

- _ 1 @2, d_g

2ra’k dt

Considering finally that the cases of non-steady currents differ from those of steady cur-
rents only regarding situations coming from different interactions between the electric
particles, wherein the forces due to the interaction between ponderable conductor par-
ticles on the electric particles have no direct dependence, it seems justified to assume
that the presented law for the determination of the latter forces, when it is valid for

all cases of steady currents, holds in general, also in the cases of non-steady currents.

-ds .

In order to take into account all forces which act on the electric particle under consid-
eration, we finally summarize

3. all forces acting from a distance, wherever they may originate, and understand among
them in particular also all forces originating from the interaction of the electricity
[located on distant points of the conductor and acting] on the electricity in the point
under consideration, apart from those [originating from electric particles located] in the
element ds itself which contains the point under consideration, and which Kirchhoff
has assumed as vanishingly small. We denote by .S the electromotive force originating
from this at point s in mechanical measure, half of which multiplied by &ds yields the
force exerted on the positive electricity in element ds, expressed in mechanical measure,

1

As all these forces, expressed in mechanical measure, that means by parts of that force
which conveys the unit of velocity (one millimeter during one second) during the time unit
(during the time of a second) to the ponderable unit of mass (the mass of one milligram),
[then] it follows, according to the law of motion valid for all bodies, that the quotient of the
sum of all these unidirectional forces and the acceleration, that is of the velocity conveyed
by the sum of forces due to the positive electricity in the element ds acting on them during
the unit time, namely

d*o
dt?
yields the definition of the mass of the positive electricity contained in the element ds,
expressed in the unit mass (milligram) defined for all bodies.
It is remarkable that one is led hereby to a new kind of absolute determination of an
amount of electricity, about which the following remark, for comparison of this new method
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of absolute determination with the already known methods may find room here for the
application to the present consideration.

Arranging the different methods of absolute determinations of an amount of electricity
according to the exactness they allow in practice, the absolute determinations by the gal-
vanometric method have to be placed topmost by which the amount of electricity, present
as part of the neutral fluid, is obtained expressed as part of the amount of electricity which
passes during the unit of time through the cross section of the conductor with the unit of
current intensity determined galvanometrically. — Then follow the absolute determinations
by means of electrostatic measurement, by which an existing amount of free electricity is
obtained expressed as part of that amount of electricity which exerts the unit of force on the
same amount [of free electricity] from a unit distance according to the electrostatic law. This
determination is applied only to small amounts of electricity occurring as free in comparison
with the large amounts of electricity in the neutral fluid determined galvanometrically. —
Especially important is the knowledge of the ratio of the units of measure determined by the
two methods, obtained by measuring twice one and the same amount of electricity, galvano-
metrically as well as by the electrostatic method, namely the ratio 155 370 - 10° : 1 (see the
previous Abhandlung, Vol. V, p. 261)120:121 — To these two absolute methods one may now
add as third one that by which an existing amount of electricity is to be expressed by its
mass in parts of the unit of mass (milligram) determined for all bodies; here, however, we
have to remark that until now no existing amount of electricity has been expressed by this
method because no way has yet been discovered which would just approximately lead to such
a knowledge. Consequently, there is a complete lack of knowledge concerning the ratio of
the units of measure due to the latter method and that due to the previous method because
no measurement of one and the same amount of electricity could be carried out according
to these different methods. Were this ratio = r : 1 known, then the mass of this amount of
electricity in milligrams expressed as = [1/r] - €ds could be obtained from the number Eds
of electrostatic units of measure of positive electricity contained in the conductor element
ds.

Introducing this expression for the mass and equating it with the above quotient, one
obtains the following equation:

1 I [d*c 2d% 1 do
— (4% log— - |— — = — N A |
Lo < RS {als2 c? dtz} * T ora?k at "’
1 1
—l——(’ESds) = —Cds ,
2 r
or, arranging and putting
2
Cil =\,
8log - -r€

one obtains

420[Note by HW:] Wilhelm Weber’s Werke, Vol. 11, p. 649.
421Note by AKTA:] [KW57, Section 15, p. 649 of Weber’s Werke] with English translation in [KW21,
Section 15, p. 48]. See, in particular, page 176 of Section 7.15.
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d?*c B c? d?*c N c? do c? s
dt>  2(1+X) ds?>  16malklogl-(1+)) dt B 16€log L - (1+ )

18.6 Comparison of the Results

This more general equation is seen to contain Kirchhoft’s above equation, namely under the
two assumptions that S = 0 and A = 0; then we have

o A d2a+ c? do 0
de2 2 ds*  16maklogl di

in total agreement with the equation developed at the end of Section 18.3.

Here it may be remarked that Poggendorft’s Note to Kirchhoff’s treatise in the 1857
Annalen, Vol. 100, p. 351, refers to this more general equation, just derived, and to its
agreement with Kirchhoff’s equation.*??:42

The assumption that S = 0 does not just contain Kirchhoff’s previously made assump-
tion, that no external electromotive force shall act on the electricity in the conducting wire,
but especially also the second assumption from the three made at the beginning of the third
Section,?* namely that all electromotive forces originating from the free electricity and from
the electric motions in the whole conducting wire, apart from the small piece considered as
cylindrical with the point under consideration in its center, are vanishingly small compared
to those electromotive forces acting on the same point originating from the free electricity
and from the electric motions in the cylindrical small piece itself.

The assumption that A = 0, on the other hand, agrees with Kirchhoft’s assumption
of the general validity of Ohm’s law. It may, however, seem that A = ¢/[8r - €log(l/a)]
vanishes for log(l/a) = 0o, and that the assumption A = 0 would approximately be fulfilled
by Kirchhoff’s assumption that « vanishes compared to [; but this is not the case, [we have]
rather A = oo when « vanishes, as is easily seen because the number, = &, of positive units
of measure contained in the unit length of the conducting wire is proportional to the square
of the radius «, and, denoting the constant number of positive electric units of measure
contained in the unit volume of the conducting wire by &, is given by

¢ =rma’- &,

whence it follows that the product

Clog — = ¢ - a’log —
o @
vanishes together with o and thus

C2

- 8r-€logé

becomes infinite.

422[Note by HW:] This Note can be found at the end of this paper under number VI.

423[Note by AKTA:] See [Pog57], reprinted in [Web94b, Paper number VI, p. 242 of Weber’s Werke].
English translation in [Pog21]. See Chapters 10 and 11.

424/Note by AKTA:] See Section 18.3.
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Hence it follows that in thicker conducting wires, with larger values of o, Ohm’s law
indeed could approximately hold in general as assumed by Kirchhoff, namely for a very
small value of the constant quotient ¢?/[r&g]; that, on the other hand, Ohm’s law would lose
this more general validity for thinner conducting wires, particularly if this refinement is to be
pushed so far as to make log(//«) a very large number, whence the explicit objection about
the incompatibility of the two assumptions presented under (1) and (3) at the beginning of
Section 18.3 seems to be well founded.

On the other hand, if by observation cases of thinner conducting wires could be demon-
strated where Ohm’s law does not receive this more general validity, but measurable devi-
ations became obvious from which A could be determined, it would yield the knowledge of
the constant quotient

02

l
_ = 2 — .
< 8T loga A

and the knowledge of the ratio r : 1, that is the number of electrostatic units of measure per
milligram, would merely depend on the exploration of the number of electrostatic units of
measure, &g, which are contained in 1 cubic millimeter of the conductor.

18.7 Development of the Expression for the Electro-
motive Force which is Exerted by the Free Elec-
tricity and by the Electric Motions in the Whole
Conductor on One Point of a Closed Thin Con-
ductor, apart from that Element which Contains
the Point under Consideration

If the forces which could not be determined, acting on a point s of the conducting wire from
a distance including those which act from more distant parts of the conducting wire itself
and those acting from outside were put equal = 0, then according to the developments of the
preceding Section one obtains the following partial differential equation for the displacement

o of the positive particle in the point s:2°

d*o d*o bda B

e gz P =

where the only difference was that the meaning of the constant coefficients a and b in this
equation after Section 18.3 was a bit different from that used in Section 18.6, a difference
which possibly does not need to be considered, namely if the experience should show that
the quotient in the previous Section denoted by ¢?/[r€&g| had a vanishingly small value for
all kinds of conductors.

This agreement, however, does not at all make the above equation suited to really deter-
mine the motions of electricity in a conducting wire; even if there were cases with no external
electromotive forces acting on the electricity in the conducting wire, there would be no case
where also no electromotive forces would be acting [originating] from the more distant parts
of the conducting wire itself, if any disturbance of the equilibrium of the electricity has

425|Note by AKTA:] We are maintaing Weber’s notation for partial derivatives, see footnote 408 on page 271.
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happened. Thus, in order to arrive at an equation which would really serve to determine
the motion of electricity in a conducting wire, the development of the electromotive forces
from Section 18.2, exerted by the free electricity and by the electric motions of the single
element ds containing the point s is not sufficient, but also those electromotive forces remain
to be determined which are exerted by the free electricity and by the electric motions in all
remaining parts of the conducting wire on the point s. Therefore, Kirchhoff’s conclusions
from the above equation remain to be tested with respect to the influence of these latter
forces.

As the dimensions of the elements in question, ds and ds’, vanish compared to their
distance, it suffices indeed for the development of these forces to consider only the total
values of the [linear] densities of free electricity and the current intensities F, E’, i, i/,
respectively, for the total cross section which are merely functions of s and ¢ or [functions
of] & and #. But it is self evident that, unlike in Section 18.2, these functions cannot be
expanded in series according to Taylor’s theorem,*?% because the same can be arbitrarily
given in the first moment ¢t = 0; instead one must try to represent them in terms of sine and
cosine series.

Hence putting for a closed conducting wire of length 27a

/ /
E’:Z(ansmn + by, cosn—s) ,

p . ns ns'
7= E CpSin — + 0, cos — |
a a

where n takes all successive integer numbers, and denoting the distance between the points
s and s’ by r and the angles which ds and ds’ form with » by ¢ and 9, we get according to

Section 18.1
Eld/ d/ / /
Q:/ i :/—Sz<ansinn—s+bncosﬁ) ,
r r a a

ds’ _ ds’ . ns ns'
:/—cosﬁcosﬁ'-z': — cos ¥ cos Y - E ¢y sin — + 0, cos — | .
r r a a

In addition, we still have the equation found in Section 18.3,

&' 1dE

s 2dt’

or expressed in terms of sine and cosine series,

. ns da, . ns db, ns
—Z (cncos——ﬁ s1n7)———z<dt - sin 7%—%0087) .

Hence it follows, because this equation is to be valid for all values of s’

a db,

Cn:_Qn dt

426Note by AKTA:] See footnote 303 on page 233.
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a da
0, = +— -
+2n dt

Aiming now to determine the electromotive force acting on the point s of the closed conduct-
ing wire from the obtained expressions for €2 and U, one may put ' — s = o, and substitute
s+ o for s and do for ds’ in the expressions for €2 and U. This then yields

Q= Z/ ansm na—l— )—I—bncos< +T;8>),
U:Z/dgcosﬁcosﬁ'- (cnsin (%%—%) + 0, cos (%jt%)) .

Expanding the sum in terms of sine and cosine, one gets

0= Z(ancos——b sm%ﬁ-/@
+ Z(ans1n—+b cos%)-/@.

U= Z (C" COS_ - a sin n_8> ./COSﬁCOSﬁ,SiH %’do’

a r

cos ) cos ¥ cos “Ldo
+Z(cnsm—+8 COSE>-/ a )
a

r

Here, r, cos? and cos® are functions of o which result from the equation of the curve of
the conducting wire. It follows that for each consecutive number n the four integrals to be
taken between the limits from o = é to o = 2ma — % (where [ is the length of the same piece
of the conducting wire as in Section 18.2)

/ sin “Zdo / cos “Zdo / cos ¥ cos ¥ sin “Zdo / cos ¥ cos ¥ cos “Zdo
b ) b

r r r r

are given and determined by the shape of the conductor, the values of which shall be denoted
by

N, N, M, M.

Then one has

— ’_ in 5 ' ns
Q—Z((an]\f b, N) sin . + (anN + b, N') cos a) )

_ o sin ) eos ™
U—Z((ch O M) sin - + (eaM + 0, M") cos a) ,

from which now the electromotive forces can be determined, namely

_2_:__2 < N)cosf—(anNﬂLb N’)Slﬂ%> ;
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8 dU 8 de,, , do, . ns
2 AT e Kﬁ M—%'M)Sm;
dey, do, , ns

or, substituting the above values of ¢, and 0, in the latter equation

8 dU 4a 1 [[d% d*a ns
. =4 Z *oM " .M ) sin —
2 dt c? n [( dt? - dt? )sm a

d?b,, d?a,, ns
+ (dt2 M — e -M’)cos;] )

18.8 Equation of Motion of the Electricity in a Closed
Conductor

In order to formulate the equation of motion of the electricity in a closed conductor according
to the method presented in Sections 18.4 to 18.5, at first all forces have to be taken into
account which act on the positive electricity in an element ds of the conducting wire and [it
is necessary| to express the value of these forces by mechanical measure.

1. At the end of Section 18.2 the electromotive forces acting in the vicinity of the point
s of the conducting wire have been found:

dQ dE 1 1dFE
2 - g ey T aus U
_ﬁﬂ__gﬁ 1o L_l d’i 12

2dt - 2dt Bea Edsdt

But here we can substitute according to the previous Section

ns ns
E= Z (ansin; —i—bncos;) ,

, a 1 /db, . ns da, ns
Z——§Za<ﬁsmz—ﬁ'“ﬁz) =

hence
ds? 4 [ 1n ns ns
LS o) LA Kl YN
I ; (noga 16 a2) acosa bsma

(BAU S~y L BN (d o ons A s
2 dt 2 n gea 16 a dt? a dt? a )
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2. At the end of the previous Section the electromotive forces acting from a distance on
the point s of the conducting wire have been found

ds) 2 , ns N\ . NS
_QE = Zn [(anN —b,N) cos — — (apN + b, N") sin z] ,

2 2
_§@:+@ 1den.M’+dan.M)

2 dt 2 L= |\ dt? d?
d?b,, d?a,, ns
+ (dt2 'M_W'M/) cos;}
Thus, putting
[ 1n2?
N +2log~ — =2 = N" |
a 8 a?
[ 1 n2?
M’ +2log — — LI ;
ea 8 a?

the electromotive forces acting from the vicinity and from a distance taken together
are

a2 ” ns m . NS
_2E = Zn [(anN —b,N) cos — — (a,N + b, N") sin ;} ,

8 dU 4a 1 [/d% d*a ns
T 4 - ~ M " M) sin —
2 dt +c2 n [( dt? * dt? ) S

2 2
+ (d b”-M—dan -M”) cosn—s}

dt? dt? a

Now these electromotive forces are the differences of those forces which act on the
positive and the negative electric unit of measure at the point s. As, however, the
force acting on the positive unit of measure equals that acting on the negative unit of
measure, apart from the opposite direction, it follows that half of these electromotive
forces are those acting on each positive unit of measure in the point s. But the
number of the positive units of measure contained in the length element, ds, of the
conducting wire has been denoted by Eds in Section 18.3; multiplying half of the above
electromotive forces by Eds, one finds the forces which act on the positive electricity
in the element ds, expressed in mechanical measure,

_ % n [(anN" — b, N) cos % — (a, N + b, N") sin %]

a
2a&ds 1 [/ d%b, . d%a, . ns
Ay (G G ar) 2
d?v,, d?a,, ns
Con g = L9 ) cos 22
< at? at? ) 5 ]

294




3. The resistive force originating from the ponderable conductor particles acting on the
positive electricity in the element ds was found in Section 18.5 and is given by, expressed
in mechanical measure

1 , do
T 212k ¢ Eds ’

wherein

Cdo _,__anbfdh g ms dan o0

a2 n \ dt a dt a )’
which yields this force as

_ ks L fdb, g s dan s

w2k n \ dt a dt a

In addition, finally, we have

4. the force acting from outside on the positive electricity in the element ds which, ac-
cording to Section 18.5 (3),%2" yields

1
— +§€Sd8 ,

where S denotes here only the external electromotive force acting on the point s.
Expanding now S in sine and cosine series

SzZ(fnsin%—i-gncos%s) ,

then this force is represented by

= +%Q§ds . Z (fnsin%s +gncos%) )

As now all these forces are expressed in mechanical measure, that is in parts of that force
which conveys the unit of velocity?®® to the unit of ponderable mass (milligrams) during the
unit of time (second), it follows that, according to the well known law of motion, valid for all
bodies, the quotient of the sum of all these forces and of the acceleration, = d?c/dt?, conveyed
to the positive electricity in the element ds on which they act, expresses the definition of
the mass of this amount of electricity, where the measure of mass (milligram) has been
denoted by [1/r]E€ds milligram in Section 18.5. Multiplying the equation thus obtained by
[1/€ds] - [d*0/dt?] and putting

d? di 1 [ d*b, d*a,,
el Y (T T )

a2 dt dt> a  dt? a
one gets the desired equation of motion of the electricity in a closed conducting wire as

follows:

427[Note by AKTA:] That is, item 3 in Section 18.5.
428[Note by AKTA:] That is, a constant force increasing in 1 mm/s the velocity of the mass under consid-
eration.
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—= n [(anN” —b,N) cos ns_ (a,N + b, N") sin E}

a a a

2a 1 d2b” " dzan . ns
+c_2 E{( 02 M7+ 72 -M)sm?

d2bn dzan " ns

’ (dt2 M 'M)COS?}

a 1 (db, . ns day, ns 1 ns ns
o L (s~ e £y (e e )

_ oy (s dan
e n \ dt? a dt? a )

As N, N”, M, M" depend only on the equation of the shape of the conductor, they can
be presented as function of s. In the single case where this shape is a circle, each of these
quantities has the same value for all points s and then the above equation can be split into
the two simpler equations, namely, putting ¢?/[4M"r€| = A,

d*a, N 2 da, N n?c*N" B ne?
A2 Sta?kM(L+ N dt | 2a2M'(1+A) " daMr(1+a) O
B M d?v,, . n?c?N b
COMY(THN) dt2 o 2a2M7(1+N)
d?b,, c? db,, n?c?N" nc?
+ .__|_—.bn_|_—.fn
a2 Btk M1+ N dt | 2a2M(1+N) 2ad (14N
M d?a,, n?c?N

CMY(1+ ) di2 2a2M7(1+ ))

Hereby the treatment of the case of a conductor of circular shape is considerably simplified
and deserves to be considered in particular. In all other cases N, N”, M, M" as functions
of s would have to be expanded further in series of sine and cosine whereby the equations
would considerably lose their simplicity.

18.9 Equation for the Mean Values of the Electromo-
tive Forces and Current Intensities in Closed Con-
ductors with Arbitrary Shape

Considerations and applications of closed circuits often occur which do not demand the
knowledge of the electromotive forces and current intensities in individual points of the
circuit, but where the knowledge of their mean values for the total length of the conducting
wire suffices. Hence before entering the special development of the laws of motion of the
electricity in a circular conductor, the laws just found shall be applied in order to derive from
them the equation for the mean values of the electromotive forces and current intensities in
closed conductors of arbitrary shape.
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This equation results when the terms of the equation found in the previous Section are
multiplied by ds and are integrated from s = 0 to s = 27wa. It is considerably simplified
because first, according to a known theorem, the value of the integral of the electromotive
forces originating from the free electricity in the conducting wire is always equal to zero,**
and because second the integral value of the external electromotive forces can usually be
considered as given. Hence one obtains first

2ma
d
/ & g n ((anN" — b, N) cos ne (a,N + b, N") sin n_s> =0,

0o a a a

second, denoting by S the integral value of the external electromotive forces,

2ma
/0 dsZ(fnsin%—irgncos%s):S.

As now further, putting

we had i = ) i,,; hence one gets

2a 1[/d%*,  , d%a, . ns
/ds-gzg{(dtzj\/[ + 7 M)sm;

d?b,, d?a,
+ (dt2 M — d;; M”) COSE]

4 di,, d*i,
= [as e L [y,

Now one has

d?i, di,, di,, dM
Mds = Mm% — [ Ln,
/ dt? ds dt / dt ds s

hence

e d?i, e diy, M
ds = — — - ——ds,
o dsdt o dt ds
429INote by AKTA:] That is, in modern terms,

]{E-dizo
C

where E is the electric field due to free charges, C' is a closed circuit of arbitrary shape and dl is an
infinitesimal element of length.

thus also

297



Zma 2a 1 [/d% d*a ns
ds- 225" 2 m L "0 sin 22
/0 e n [( dt? * dt? )sm a

d?b,, d?a,, ns
“ M — M" —
i ( dt2 at? )COS a}
4 2ma

dz e i, dM
= —— M” n - ==
2 Jo ds Z Z / dt ds ds

Finally adding that

/7ads l % sin ns_ % CoS 5y = —71 /ids

Aok n \ dt a dt a ) 2o’k ’

/ ads d?v,, 'HE B d?a,, COSE B _i /@ds
27"03 dt? a dt? a) ré¢ dt

one gets the following equatlon for the mean values of the electromotive forces and current
intensities, T S and 27m' 2m 1ds, respectively:

1 2ma 8 2 dz
S = : ids +5 ds M=
7ra2k /0 0 Z
2 i, dM R dz
[T B 2 [

dt ds ré& J, dt
Now these mean values obviously come into primary consideration when there is no difference
at all for the electric motions in the different elements of the conducting wire, or so small that

it can be totally neglected. Thus in all these cases i and di/dt are quantities independent of
s, and one may put i = ig and di/dt = diy/dt, hence di, /dt = 0 for n > 0, from which

2ma g [*ma dra\ dig
— - — M//d - hatid
Ttk 0" <c2/0 * @) dt

where 27a/[ra?k] = w is the resistance of the whole circuit. Putting

g [ drta
— Mlds + ,
2 Jo e 7
and writing ¢ for iy, one gets
di
S =wi+p—,
wi+p

wherein S, i and di/dt are only functions of ¢. Integrating one gets
1= 1e‘“’m” . /e“’t/p - Sdt .
b
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18.10 Laws of Motion of the Electricity in a Circular
Conducting Wire

When the shape of a closed conductor is given, [then] the values of N, N', M, M’, that is
the values of the definite integrals

ma=l/2 sin 22 o 2ma=l/2 cos 22 dg
e i
! !

/2 r /2 T

)

Y

2ma=1/2 68199 cos ¥ sin 2 o 2ma=1/2 o519 cos ¥ cos 22 do
b
! !

/2 " /2 "

can be determined for any point s of the conductor. As an example take a conductor with
the shape of a circle with radius = a.*3°

With this circular shape the distance r between two point s and s” equals the chord of
the arc (s’ — s)/a = o /a; hence we have

o
= 2asin — .
" “ 2a
Furthermore, the angle 9 between the element ds and r equals the angle ¢ between the

element ds’ and r, and both equal the angle between the tangent to the circle at the point
s and the chord of the arc o/a, that is

P=19 =—.
2a

Hence we have

1 %2 6in 22 g
N = — a7
= 4
2a Jyo sin -
1 [2me=l/2 cog My
N = — —
= o
2a i/ sin o~

430[Note by AKTA:] Weber will consider a conductor in the shape of a ring with larger radius a, smaller
radius «, with s being the arc length of a specific point P measured from a fixed origin 0, as shown in the
Figure of this footnote:
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1 2712 (cos =) . sin 2 do 1 [resl/?
M:—/ ( 2“) :N——/ smysm—da
l

2a Jy2 sin - 2a Jy2 a 2a
1 212 (cos 2)% . cos 2 do 1 [2ra-l/2

= — ( 2“). ~ :N'——/ cos 2 sin Ldo .
2a Ji/ sin - 2a i a

Putting now o/2a = z, hence

N

/’T 1/ (4a) sm2nz dz
l/(4a San

/7r 1/ (4a) cosan dz
l/(4a San

w—1/(4a)
M =N — / sin2nz - sin zdz
1/(4a)

w—1/(4a)
/ cos2nz - sin zdz
1/(4a)

and considering that

in2nz-d
[ iy [eosten— 1)zt 2 [costen =)z dz

sin z

+ ...+2/coszdz ,

2 .
./gﬁifig:—Q/Qm@n—nzdz—2/ammy—@xdz

sin z
d

—...—2/sinzdz+/ ,Z ,

sin z

then one finds, taking all integrals between z = [/(4a) and z = m — [l /(4a)],

N=0,

l 1 3l 1 2n — 1)1 l
N = 4<COS4_a+§COS4_+ +2n_1cos(n4a ))—210gtan%.

Furthermore, as

/Sin 27’LZ . sin ZdZ = m sin(2n — 1)2 — m Sin(2n + 1)2

/’ 9z - sin zd ! (2n — 1) ! (2n + 1)

COS zZznz - S zadz = ———— COS( 4N — Z — ——— COs(4n V4
2(2n — 1) 2(2n + 1)

taking also these integrals between the limits from z = [/(4a) to z = m — [I/(4a)], one finds
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M=0,

!
M4 1)— —
T R CUR S byt

Hence follows finally, according to Section 18.8,

M =N+

4a

I 1 31 1 l
N'=—4 (COS4_a +§COS4_a + ..+ 51 cos(2n — 1)4_a>
[ I 1n?%?

~ 2logtan — + 2log — — —
og an8a+ oga S 2

[ 1 31 1 [
M" = —4 (cos—+—cos—+...+ cos(Qn—l)—)

4a 3 4a 2n—1 4a
[ l 1 n2?
— 2logtan — + 2log — — ———
og tan 8a+ 8 e 8 a?
l l
2 1)— — 2n—1)— .
T oy e ) — g g eosn = )

But here [ denotes the length of the conductor element ds, considered as linear, with the
point under consideration in its center. Between certain limits, this length is arbitrary, its
choice is only limited by the quantities o/l and [/a being considered as vanishingly small
values which must be the case if the conductor is to be considered as linear. The difference
in the values of [, which are possible within these limits, does not have a noticeable influence

on the values of N and M"”. We may therefore put

[l =+aa ,

because for every conductor to be considered as [linear, this value must lie between the
specified limits. It also becomes clear that then tan(l/8a) may be replaced by [/8a. Putting

for brevity

2

T;—a:ﬂogu,
a
[and]
n2a 1 on—1 |a 1 n+1 Ja 51
cos - — cos — =2lo
8¢ 2n—1 4 Vo o+t 1 BH
yields

l
cos(2n —1)— .



Now substituting the values of N, N”, M, M" found for a circular conductor into the
equations found at the end of the Section 18.8 one gets the following two equations for the
motions of the electricity in a circular conductor

d?a,, c? da,, n2c2N" ne?

+ L2y g =0,
a2 " Sra?kMI(1+ ) dt | 2a2M(1+ N 2aM" (11 A)
d?b,, c? db,, n2c2N" ne?

5, T YT bn T a2 a4 s Jn— 0 5
2 smatk e N a2 T ety

where N” and M” have the above values.

18.11 Equilibrium of Electricity in a Circular Conduc-
tor

For the case of equilibrium of the electricity one has in all parts of the conductor

di
, =0 d —=0.
i an pn
Putting the value for i from Section 18.8 (3)**! one gets

Lo b (A ns dan 0
2 n \ dt? a dt? a )
whence follows
doy o b e
a7 a7 a2 a2
where it has to be added that also for n = 0 one need to have
Lday, _ 1 dan _
ndt  nd2

The equations of motion, established at the end of the preceding Section, then turn into
the following equations of equilibrium, namely, when n > 0,

nN" 1

. n——n:O,
a “ 2g
N" 1
n bn+_fn:0a
a 2

where gg = 0 still has to be added. Hence follows as equilibrium condition for the electricity
that the sum of all external electromotive forces acting on the circular conductor, must equal

431Note by AKTA:] That is, from item 3 of Section 18.8.
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S = /ds fnsm—+gncosE>:O,
a

in complete agreement with the known Ohm’s law according to which the current intensity
is proportional to the sum of all these forces and hence can only be zero together with this
sum.

18.12 Steady Currents of Electricity in a Circular Con-
ductor
The motion of electricity in a conductor is called a steady current if it stays constant in any

point of the conductor. In the case of such a steady current one has for all points of the
closed conductor

1 = constant,

hence
____Z ns_dzan ns _0
a dt2 sin a dt? o8 a )
whence
d?a,, B d?v,, _0
a2 ez

where it still has to be added that one must have [1/n][d%a,,/dt*] = 0, also for n = 0.
The equations of motion given at the end of Section 18.10 then turn into the following
equations of motion for steady currents, namely when n > 0

1 da, N n?N" n 0
: Qp — 5 9n =V,
Ao’k dt a? 2ag

1 db,, N n?>N"
Aok dt a?
where also [1/n][da,/dt] = constant for n = 0, hence ay = constant has to be added. It

follows that for steady current the sum of all external electromotive forces acting on the
circular conductor must be given by

n
bn _n:O>
+2af

ns ns
$ = [dasD> (fasin™>+ gueos )
/s fsma+gcosa
2 ns ns
= = [ s> N (ancos ™~ bysin ™)
a/ S n @y, COS sin —
. ns day, ns\
27Ta2k/ Z ( e T a8 a) 7
hence, because
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and because

ns ns
d N”(n ——bn'—>:O,
/ Szn a,, COS a Sin a

as is easily seen considering that ay has a constant value and hence na,, = 0 for n =0,

1 )
S—Wa%-/lds.

But now [1/(27a)]- [ids = J is the mean value of the current intensity in the whole conductor,
and 27a/[ra?k] = w is the resistance of the whole conductor; thus S = Jw, that is, the sum
of the external electromotive forces in the whole conductor must be equal the product of the
resistance and the average current intensity of the whole conductor, quite in agreement with
Ohm’s law that yields the electromotive force of the circuit as the product of the resistance
and the current, which is identical with the above results when it is assumed that there are
no differences of the current intensities in the various points of the conductor. This need
not be the case according to the above theory; but should there be current intensities in
various points differing from the steady current in any single point, then the electromotive
forces acting from outside must change in proportion to time, a case that does not occur in
reality and therefore has been left out of the consideration of Ohm’s law that is founded on
experience. It is, namely, clear that if

. a 1 /db, . ns da, ns

1= —525 (Esm; — %cos;)
is to have different values in different parts of the conductor, either da,, /dt or db, /dt must
have a non-zero value = A for a non-zero value of n, whence follows either a,, = At + B or

b, = At + B. Substituting in one case At + B for a,, in the first of the above equations for
the condition for steady currents, one gets

1 2 N\TI

- A
dra’k + a?

whence follows that g, changes in proportion to time. Substituting in the other case At + B
for b, in the second conditional equation, it follows in a similar way that f, changes in
proportion to time. Hence in both cases also the electromotive force

(At+ B) — g, =0,
2a

S, = fnsin% +gncos%

would change in proportion to time.

18.13 Laws of Motion of the Electricity in a Circu-
lar Conductor Left to Itself After an Arbitrary

Disturbance

The theory of the motion of the electricity left to itself after an arbitrary disturbance in
a conductor comprises the important science of propagation, in particular the [following]
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questions, whether the propagation of motion in conductors by electricity is mediated by
waves, just as the propagation [of light] in the luminiferous ether or [the propagation of
sound] in air, furthermore what is the velocity of these waves and finally which laws at all
are valid for this propagation of waves. The initial disturbance may in fact be restricted to a
small part of the conductor, and if subsequently similar disturbances of the equilibrium occur
without external influence successively in all other parts of the conductor all by themselves,
this transmission is given the name propagation, and the disturbance is given the name wawve.

If the electricity in the conductor is to be left to itself, all external forces that would act
on the electricity in the conductor have to be put equal = 0. Hence for this case one obtains
the equations of motion, putting

fn=20 and gn =10,
in the equations at the end of Section 18.10, [obtaining] the following |[equations:]
d’a,, ? da,, n?c?N"
+ : + cAp = 0 )
at* " SralkM(1+ N dt | 2a2M7(1+ )
d?b,, c? db,, n?c2N"
+ e e b, =0,
> " SmakM7(1+N) dt | 2a2M7(1+ \)
Setting
2
16ma2kM (1 + )
[and]
2 2N//
ne =m®+¢e*,

2a2M" (1 + \)

then one obtains from these two equations by integration

a, = Ae " -sinm(t — A') ,

b, = Be " .sinm(t — B') ,

where A, A’, B, B’ are constants of integration, to be determined from the given initial
disturbance.

If the original distribution of free electricity in the conductor is given by the following
equation, where Ej denotes the value of the [linear charge| density E for ¢ = 0, namely

ns ns
Ey = (ao sin — + b2 cos—) ,
0 Z " a " a
and if the original currents in all parts of the conductor, where ig denotes the value of the
current intensity ¢ for ¢ = 0, [is given] by the following equation

_ azl d . ns dal  ns
ig=—= Y —|—2sin— — —"cos —
0 2 n \ dt a dit a )’
0

where a2, b2, da®/dt, db® /dt have known values, inserting these values for ¢ = 0 into the
above equation yields
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ad = —AsinmA’

V) = —BsinmB' |

and, after differentiating the above equations,

d 0
% =mAcosmA’ —ea’ |
dp’
d—tn = mBcosmB' — el .

These four equations yield the following values of the constants of integration:

1 dad\?
2 n
A:\/CLQL +ﬁ(€a2+%) 5
B— w2t 1 b0+ an’

" m? dt )

1 a’
A" = —— arcsin — |
m A
0
;1w
B = —— arcsin = .
m B

Inserting the latter two values into the above equations one gets

0
—et - . a
a, = Ae “'sin [ mt + arcsin —=
A )

bO
b, = Be c'sin (mt + arcsin E”) ,

and hence the distribution law of free electricity in the conductor [is given by]:

ns al
E = E e ' . | Asin — sin | mt + arcsin —
ns . W
+ Bcos — sin | mt + arcsin — ,
a B

or, expanding the sine of the sum of two arcs:

ns ns
E = Z - [ a? sin — cosmt + 1/ B2 — bo2cos—sinmt
a a
ns ns
—|—bgcos—cosmt—i-\/Az—agzsin—sinmt> :
a a

Now putting
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ad=p+q, Wo=p+q,

VB2 =p—q, A2 —aQ?=p - ¢,

whereby p, ¢, p/, ¢’ are determined, namely,

1,01 o A
p—2<an+m<8bn+ 7t ;

Ay 1, A
q—§<an a(’fb”ﬁ ’

1 1 da?®
p’:§<b2+a<sag+%)),

1 1 da?®

r_ - o _ — 0 _n
q—2(bn m(aan+ 7 )),

thus one obtains

or, alternatively,

ns i

E = Z \/p? 4 ¢%- e “'sin (— — mt + arctan —)
/

+ Z\/p +q%-e sm( +mt+arctanq) :

p
Similarly one finds the law of the current of electricity in the conductor, namely:

Pl
i= Z \/173’27—1-622 e sin (E — mt + arctan 6)
Q/
+ Z\/m sm( +mt+arctanf) )

where P, Q, P', Q' have the following values:

a [ db° 1 da?
P=_— U 2 2 0 “'n
4n(dt +m((m +5)an+5dt



18.14 Comparison with Ohm’s Law

It has already been discussed in Section 18.6 on which grounds Ohm’s law, formulated for
steady currents, may also be applied to variable currents. This [application] depends on the
value of

02

- 87‘(’310gé .

Wherever this quantity comes into question and its value does not vanish, Ohm’s law does
not apply at all or only approximately. This magnitude A has been considered in more detail
in Section 18.8, with respect to the influence of more distant parts of the circuit not yet
considered in Section 18.6, namely

02

A= AM'"'r€ "’
where the value M” put for 2log[l/a] in Section 18.6 has been defined exactly and deter-
mined for a circular conductor in Section 18.10. The magnitude A, or, as the value of the
factor ¢*/[4M"] may be considered as constant, the value of the product r& decides on the
applicability of Ohm’s law, thereby gaining particular importance for the theory of motion
of the electricity in conductors, whose reason is easily seen from the physical meaning of the
product ré.

In particular, the amount of positive electricity contained in the unit length of the conduc-
tor has been denoted by €&, expressed in the unit of measure determined from the electrostatic
law, and its mass in milligrams has been put equal to [1/r]€. From the definition of the
unit of measure established for the electrostatic law (where the amount of electricity is taken
as the unit of measure which exerts on an equal [amount of electricity] the unit force at
unit distance according to the electrostatic law, that is, a force that produces the unit ve-
locity during the unit time on one milligram), it follows that 72 is the force exerted by one
milligram of positive or negative electricity on an equal milligram of electricity at the unit
distance. Whence it follows that the product & means the force that the positive electricity
contained in the unit length of the conductor, if concentrated in one point, would exert on
one milligram of positive electricity at unit distance.

Now the influence of this magnitude A or that of the product r€& will be determined in
more detail on the basis of the development of the laws of motion of the electricity in a closed
conductor as given in Sections 18.8 and the following. To begin with, from Sections 18.11
and 18.12 it follows that the laws of equilibrium and of steady currents of the electricity in
conductors are in complete agreement with Ohm’s law because the magnitude A or & does
not come into question here, while it follows from Section 18.13 that the laws of propagation,
or generally the laws of all changes of motion effective after a disturbance of equilibrium,
vitally depend above all on the values of m and e and hence indirectly on A or r&. Therefore
it follows that the magnitude A or the product r& (hence indirectly the total mass of the
amount of electricity, in milligrams, contained in the conductor if the amount of electricity
per unit length of a conductor were known in electrostatic measure) can only be known by
means of observations which disclose certain deviations from Ohm’s law in the changes of
motion of the electricity in conductors after a disturbance of the equilibrium.

The importance thereby gained due to more detailed observations on the changes of
motion or on the propagation of motion through electricity in conductors is clear; if these
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observations really allowed to detect any deviation from Ohm’s law, then this result would
disclose the value of the product r&, that is, the number of electrostatic units of measure
which make one milligram of electricity when the number of electrostatic units of measure
per unit length of the conductor is known.

To begin with, the laws of electric wave motions in circular conductors according to
Section 18.13 shall be developed in more detail in order to test whether it could yield a
certain guide on how to conduct such observations; then, if this were not the case, the reason
for this shall be searched and if there were other motions in circular conductors which are
better suited than wave motion.

18.15 Electric Wave Motions in a Circular Conductor

From the laws developed in Section 18.13 it follows that all motions of the electricity left to
itself in a circular conductor after an arbitrary disturbance turn out to be a series of wave
trains propagating forward and a series of wave trains propagating backwards, whose first
wave train consists of two waves in each series, namely, one positive and one negative, which
together cover the whole circular periphery; the second wave train of each series consists of
four alternately positive and negative waves which together fill out the whole circle; the third
wave train consists of six waves and so on.

Breaking up into their terms the sums, which in Section 18.13 represented the [linear]
density of the free electricity £ and the current intensity ¢, and denoting these terms by FE,,
and 7, according to their place number, n, then one gets

s /
E, = \/m e 'sin <— — mt + arctan Q)
a

q

s /
£/ g e tsin <— +mt + arctan q—) ,
a

p

Pl
i1 =/ P?+ Q? - e “'sin (f — mt + arctan —)
V a Q
/ s Q'
+ P2 + QIQ . e—et sin (— + mt + arctan F) y
a

wherein the first parts, containing the sine of an arc that change in proportion to (s — amt),
represent the first wave train propagating forward, [and| the latter parts containing the sine
of an arc that change in proportion to (s+ amt), [represent| the first wave train propagating
backward. But the first wave train propagating forward consists of a positive wave which
extends from s = 0 to s = ma at the moment ¢t = [1/m]arctan[p’/q], where the wave
produces a charge of the conductor with positive free electricity, and [consists] of a negative
wave which extends from s = ma to s = 2ma at the same moment, where the wave produces a
charge of the conductor with negative free electricity. But both waves together cover the total
circular periphery. The same holds for the first wave train propagating backward, consisting
of a positive wave extending from s = 0 to s = wa at the moment ¢ = —[1/m]arctan|q’/p],
and of a negative wave extending from s = ma to s = 27a at the same moment.
Furthermore we have
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2s !
By =\/p*+¢% - e “'sin (— — mt + arctan ]i)
a q

2s '
+\/p*+¢?% e sin (— + mt + arctan q_) )
a p

2 P’
— \/P’27+Q2 e 'sin (—8 — mt + arctan —)
a Q
2 /
+ \/?Q’2 e fgin (—S + mt + arctan %) ;
a

where the first parts, containing the sine of an arc that changes in proportion to (s —amt/2),
represent the second wave train propagating forward, [and] the latter parts, containing the
sine of an arc that changes in proportion to (s + amt/2), represent the second wave train
propagating backward. This wave train propagating forward consists of 4 waves whose first
positive one extends from s = 0 to s = wa/2, the second negative from s = 7a/2 to s = 7a,
the third positive from s = ma to s = 3ma/2, and the fourth negative from s = 3ma/2 to
s = 2ma at the moment ¢ = [1/m]arctan[p’/q|. The same holds for the 4 waves of the wave
train propagating backward at the moment t = —[1/m] arctan[q'/p).

Similarly, the third wave trains of both series result from FE3 and i3, and so on.

The intensities of the various wave trains, which equal i according to the rules of wave
theory, decrease while propagating, in fact by a factor of

1:e 2%t

during the time ¢. Because the value of ¢ changes with the value of n, this decrease varies
with the place number n of the wave trains; for we had

02

16702k M"(1+ A)

02

T AM'rE

E =

wherein, according to Section 18.10,

M" = —4 cos— —cos— os2n_1
2n—1 4

4900 8_a_1na+ 2n+1 _ 1 COSQn—l a
50 8 a 2n+1 1 Vo 2m-1 1 Va

whence if «/a is very small

By

forn =1, M”:2log% — 6.666... ,

for n = 2, M" = 2log Sa _ 7.466...
a
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and so on.

Letting w’ = 1/[ra?k] denote the resistance of the unit length of the conductor, and
putting A = 0, that is, restricting to those cases in which Ohm’s law applies, we get a
decrease of intensity in the unit of time in the proportion

wl02

AL
—1:e 16log82—53.33..

for the first wave trains with n = 1, [and in the proportion)]

'LUICZ
— 1:¢e 16log32—59.733..
for the second wave trains with n = 2, and so on.
Hence one sees that the decrease is the faster, the greater the resistance per unit length
of the conductor, the thicker the conductor compared to its length, and the larger the place

number n of the wave train, that means, the shorter the waves.

18.16 Propagation Velocity of the Wave Trains in a
Circular Conductor

From Section 18.13 it follows, as shown above, that, after each disturbance of the equilib-
rium, the motions of electricity in a circular conductor can be split into wave trains whose
propagation is determined by simple laws, as is the case for many other bodies. For some
bodies like air in a circular tube, in addition, these wave trains are not altered at all by
the propagation, that specifically no decrease of the intensity takes place, and that further-
more all wave trains are propagated at equal velocity, whence it follows that all wave trains
propagating forward combine to a single wave train which in turn is propagated unaltered
and at the same velocity like the single wave trains of which it consists. Such a combined
wave train, however, consists of combined waves which can largely differ in size, form, and
intensity. Such combined waves, remaining coherent due to the same velocity of all its con-
stituents, have a particular physical meaning as objects of observation and are called waves
in the strict sense of the word.

Thus in this more strict sense electric waves in a circular conductor where electric equi-
librium has been disturbed would not exist, already because of the different decreases of the
intensities of the various elementary wave trains, even less, however, if the various elementary
wave trains had different propagation velocities.

Where waves exist in the more strict sense, the propagation velocity is of utmost im-
portance for the knowledge about the medium of propagation, therefore this question con-
cerning electricity has awakened particular interest and therefore the respective results from
Section 18.13 shall be considered more closely.

The propagation velocities of the various elementary wave trains from the formulas de-
veloped in Section 18.13 were found to be equal to the increase or decrease which s must get
if, when ¢ increases by 1 [unit] in the values of E,, and i,, the values of the arcs under the
sines shall remain unaltered, that is

ma

n

Y

or, inserting the value of m from Section 18.13
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n2c2 N 2 2
T\ e N (167ra2kM”(1 + A)) ’

[we get]

N a202w’2
M1+ X)) 128n2M72(1 4 A)?
wherein w’ = 1/[ra?k] is put as above. Restricting ourselves to the cases where we may put

A = 0, that is, where Ohm’s law applies, then the expression for this propagation velocity
reduces to

c N" a2cw’?
V2 o\ M 12spzM

wherein the values of N” and M" are determined as follows

1 3 |« 1 2n -1 |«
N—210g——4<cos—\/7 § 1\/;+...+2n_1cos 1 \/;)

2n—1 o
M =21 ——4 - — - —
og (COS \/7 COS \/7 2n_1 1 \/;)
9 2n — 1 + 1 2n+1 |o
- =2 CoSs Cos — .
8a 2n—1 4 a 2n+1 4 a

Thus it follows that the propagation velocity is different for the various wave trains ac-
cording to their different place numbers n, and it only remains the question whether, under
certain conditions, the differences of the various propagation velocities would not be so small
as to consider them approximately as vanishing, and what would then be the limit to be
approached by all these propagation velocities.

From the values presented it follows indeed that, as long as the place number, n, does
not exceed those values for which n?a/a may be considered as vanishing compared to 1, we
may put

N 872,2

A A (N

M" (4n2 _ 1)M//
For large values of M” for which the fraction 8n%/(4n* — 1)M" vanishes compared to 1,
and for small values of the resistance for which the fraction a®c?w’/[128n2M"?] vanishes
compared to 1,%? then ¢/v/2 is the desired limit which is approached by all propagation

velocities, and, for the given value®®® ¢ = 439450 - 105 millimeter /second, this limit equals

432[Note by WW:] The fraction a2c?w’>/[128n2M"?] can be considered as vanishing compared with 1 when,
for large values of M", that velocity expressing the resistance of the whole conductor in absolute magnetic
measure of resistance, that is, [rc/4]Jacw’, is very small compared to the velocity c.

433[Note by AKTA:] See [KW57, Section 17, p. 652 of Weber’s Werke] with English translation in [KW21,
Section 17, p. 52]. See also page 179 on Section 7.17.
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C 310740 - 10° millimeter
V2 second
that is, a velocity of 41950 miles/second.

Already Kirchhoff has found this velocity and remarked:*3*

“that it is independent of the cross section, of the conductivity of the wire, also,
finally, of the density of the electricity: its value is 41 950 German miles in a second,
hence very nearly equal to the velocity of light in vacuo.”

Could this close coincidence of the propagation velocity of electric waves with that of
the light be considered as a hint to the inner relationship of both theories, then it would
demand the greatest interest considering the great importance of the investigation of such a
relationship. But it is clear that above all, the true meaning of this velocity with respect to
electricity must be considered, but it is not of the kind encouraging great expectations.

For the approximation of the true propagation velocity to this limiting value which co-
incides with the velocity of light presupposes, as just demonstrated, a conducting wire not
only very thin compared to its length, but also that this long and thin conducting wire
would have a very small resistance. Hence it is clear that the close approach to this limit
will occur only rarely, larger deviations from it very frequently. A corresponding survey is
best obtained giving examples.

As examples we choose three circular copper wires with respective radii

a = 1000 , 1000000 , 1000 000 millimeter ,

and respective cross sections

1
mat=1, 1, — square millimeter .

10

The resistance of these wires, as found by measurement in absolute magnetic measure of
resistance, can be put in rounded figures equal to

2
W = LZ -2-10°
e’
(see the Abhandlungen der Kdnigl. Gesellschaften der Wissenschaften zu Gottingen, Vol,
5, Section 9).%3%:436 But, according to the known relation between magnetic and mechanical

measures of resistivity, we have W = wc2aw’ /4 or a*>c?w' /128 = W?/[872¢?], after what*37

N a2c2w'? N W2 c
\/’ M"  128n2M"? V2V M sr2en2 M - V2
The following Table is calculated on this basis.

434[Note by AKTA:] [Kir57b, pp. 209-210] with English translation in [Kir57a, p. 406]. See page 214 on
Chapter 8.

435|Note by HW:] Wilhelm Weber’s Werke, Vol. 1L, p. 319.

436[Note by AKTA:] [Web53e, Section 9, pp. 315-319 of Weber’s Werke], see also [Web53a] and [Web53c].

437Note by AKTA:] Weber is defining the magnitude ¢’ by the equation following immediately after this
footnote.
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First wire Second wire Third wire

n a = 1000 a=1000000 | a= 1000000
ma? =1 ma? =1 ma? =1/10
W=4-10° 7 W=4-102-7 | W=4-10"-7
N =15.119 — 28.935 — 31.605
M" = 12.452 — 25.268 — 28.938
1 N"/M" =1.214 = 1.145 = 1.092
2
87r202Wn2M”2 - 149710000 = 0.0166 = 1.2364
)t =1.214 —1.128 — —0.0443
N" =13.786 — 27.601 — 31.062
M" = 11.652 — 25.468 — 28.928
2 N"/M" =1.183 —1.084 =1.074
W2 _ _ _
8r2c2n2 M2 T 524510000 = 0.00408 = 0,3093
d*/c =1.183 = 1.080 = 0.7644
N =12.986 — 26.801 — 30.262
M" =10.929 = 24.747 = 28.205
3| N"/M"=1.188 = 1.083 =1.073
2
8n2c§Z2M~2 - 1038(1)0000 = 0.00192 = 0,1446
?/c? =1.188 = 1.081 = 0.9283
N =12.414 = 26.230 = 29.690
M” =10.383 — 24.198 = 27.659
41 N"/M"=1.196 = 1.084 =1.073
2
87r2c2Wn2M”2 — 166 2(1)0000 = 0.00113 = 0,0846
?/c? = 1.197 —1.083 = 0.9889
N" =11.970 — 25.785 — 29.246
M" =9.950 — 23.765 = 27.226
5 N"/M" =1.203 = 1.085 =1.074
2
8w2ch2M~2 - 2390(1)0000 = 0.00075 = 0,0559
? ) =1.203 —1.084 = 1.0183

The values of ¢’ /c? in the above Table which give the squares of the propagation velocities
' /+/2 in parts of the square of the limiting value ¢/+/2 disclose essential differences already
among the first five wave trains to which the Table is restricted; for the third wire ¢*/c?
even has a negative value for n = 1; hence here the expression for the propagation velocity
of the first wave train becomes imaginary and therefore the laws of the changes of motion
in this wire after a disturbance of the equilibrium cannot at all be interpreted in terms of
propagating waves trains, but they require a different form which represents the changes of
motion as a pure approximation to the state of equilibrium which may be called absorption,
and which deserves particular attention because of its special importance for long and thin
conducting wires with large resistance, namely telegraph wires.
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18.17 Damping of Electric Motions in a Circular Con-
ductor

In Section 18.13, in the integration of the two partial differential equations for the motion
of the electricity left to itself in a circular conductor, namely the equations

d?a,, da

o7 2%+(m +6) =0,
& 2ﬂ+(m+ )b, =0
WIE dt &=

it has been assumed for the two expressions set up for a,, and b,
a, = Ae “'sinm(t — A') |

b, = Be “'sinm(t — B') ,

that m would be a real value which, however, is not always the case. Because, putting
1/[ra?k] = w', we had

N a2c2w/2
T \f M(1+2)  128n2M"2(1 + A)2
namely this assumption can also be formulated so that

2
CL2 02 w/ N//

< )
1282 M2 (1 + A)2 ~ M"(1+ \)

should hold, or, if A =0,

a? c2w/2 N
12802072 = M7
On the other hand, the example of the third wire in the preceding Section shows that with
long and thin conducting wires also the case may occur in which

a2 c2w/2 N
128020072~ M7
whence it becomes clear that the integration of the above differential equations becomes

illusive and hence must be sought in a different form.
Therefore, putting for this purpose

a2c2w N
m = )
a \f 128n2 M"%( 1+)\) CM(1L+ )
then the two differential equations get the following form, namely

d*a,, da,, 9
e —I-Qﬁjt(e —m7)a, =0,
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P, dby
dt2+2gﬁ+(€_m)b”_0’

from which by integration we get

a, = Ae~t . <6m(t—A’) _ 6—m(t—A’)> ’

b, = Be " . <€m(t—B’) _ e—m(t—B’)) '

As performed in Section 18.13, the constants of integration A, A’, B, B’ will be found from
the values of a2, 02, da® /dt, db? /dt given for t = 0 by means of which the original distribution
of the free electricity in the conductor and the original currents are expressed. In this way
one obtains

Ae™mA = % ((6+m)a2 + %) :
AetmA = % ((5 —m)al + d(%) ,
Be ™ = % ((a +m)b) + dd—lf‘) :
BetmB = ﬁ ((8 —m)b) + %) :

Substituting these values, one obtains the following two equations

1 da® da?
= 5 {((5 +m)al + %) e~(E=mit _ ((5 —m)a) + %) e_(”m)t} ,

0 0
[((5 +m)b + %) e (Emmt <(5 —m)b) + %) e_(€+m)t} :

Finally inserting these values of a,, and b, into the equations

EzZ(&nsinE%—bncosn—S) ,

a a

1= _221 (ﬁsmﬁ — %COSE)
2 n \ dt a dt a)’
one finds the laws of distribution of the free electricity and of the currents in the circular
conductor for the cases considered here.
Now such a case occurs with each circular conductor, namely when the given original dis-
tribution of the free electricity and of the currents is such that the value of b2 or [1/n]-[dal /dt]
is not zero for n = 0, and therefore this case has been excluded from the consideration in

Section 18.15, where only those values of F,, and 7,, have been discussed which are valid for
n=1, 2, 3 ... Isin fact n = 0, then it becomes clear that

b, = —
2m

a2c2w/2 N N
1282 M2 (1 + A)2 = M"(1+ \)
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holds and that consequently we have to put

ol | __acu
a2\ 128M7 (14 N2
But we had
'
CTIMI(L )

whence it follows that, for n = 0, we have to put

m=c.

Now substituting this value of m into the above values of a,, and b,, we get

1 da? 1 da®
a0:a8+——0———0~6_2€t,

2¢ dt 2¢ dt

1 db? 1 dbp
b — bo __0 J— __0 . —2¢t
0 ot 2¢ dt  2e dt ¢ ’

whence by differentiation

dag da8 et
—_— = e
dt dt ’

dby  db) .,
dt — dt '
Now inserting these values into the equations

. ns ns
E, = a, sin — + b, cos — ,
a a

for n = 0, one finds

where

denotes the value of ([1/n] - [da,/dt]) for n = 0; hence, as

1 da, 1dal oy
P — _ -e ,
n dt /, ndt /,
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and as the coefficients of sin(ns/a) and cos(ns/a) are to have finite values in the equation

a <dbn . ns da, ns)

—— sin cos
dt a dt a

Iy = ———

2n

whence, for n = 0, we should have

dCLO

dag dbo
dt

5 an d s

[therefore,]

Eozbg,

. a 1da2z —2¢et
Zo—i(zﬁ)o'e '

Whence it follows that, if a circular conductor is originally homogeneously charged with free
electricity along its total length, so that each unit length contains the same amount of free
electricity = b9, then this charge does not change with time ¢, which becomes clear all by
itself. But in addition to that, if there is originally the same current in all parts of this
conductor, that this current does not vanish at the moment after which the electricity is left
to itself, but gradually decreases following the law of a geometric series as time ¢ increases
arithmetically. If here also the necessity of gradual vanishing becomes clear a priori, it can
not be easily seen a priori how fast this should happen and what differences in this speed
should take place between different conductors.

If a current with certain intensity ¢ flows in a closed conductor at the very moment after
which the electricity is left to itself because no external electromotive force acts on it, as
is for example the case when an inductive magnet moving with respect to a conductor is
suddenly stopped in this motion by pushing against it — then it is interesting for some
practical questions to determine the amount of positive or negative electricity which still
passes after this moment through each cross section of the conductor; and then further to
determine the time that has to pass after the same moment until the current intensity ¢ has
decreased to i/2.

If i = (a/2)([1/n] - [dal /dt])o is given for that moment ¢ = 0, then the current intensity
after time ¢ [is given by]

Lot
=i-e

which, expressed in mechanical measure, denotes the amount of positive electricity that
would pass through the cross section of the conductor in the unit of time for this current
intensity. Hence, the amount of positive electricity passing through the cross section of the
conductor during the time element, dt, equals

=i-e *dt

and the integral value hereof, taken from ¢t = 0 to t = oo, yields the total amount of positive
electricity which at all passes through any cross section of the conductor after the moment

considered, namely
o 1
z/ et = — i .
0 2e
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The amount of negative electricity passing through the cross section in opposite direction is
equally large.

Furthermore, the following equation yields the time ¢ during which the current intensity
decays to half of its value:

hence

1
t = —lognat 2 .
2e

Now we had e = ®w'/[16M"(1 + )\)], wherein we have to put M” = 2log(8a/«a) for
n = 0; hence, taking A = 0, that amount of electricity passing through the cross section of
the conductor equals

1 16 1 8a | 8a
— = og — i = —log —
2¢ e % W’ & a
when W’ = [¢?/8] - w' denotes the resistance in magnetic measure in unit length of the

conductor.
The time during which the current intensity decays to half of its value is then, expressed
in seconds

1 16 8a 2 8a
2—€-log2: 2y 1og— log2—W-logg-log2.

Hence we get the following values for the wires exemplified in Section 18.16:

First wire | Second wire | Third wire

1 _ 1 _ 1 _ L

2e 104 607 60 726 567 581
log 2 1 1 1

2e 150916 87609 818846 °

However small may be here the fraction 1/2¢ of the amount which would pass through the
cross section of the conductor with the original current, produced by the positive electricity
transported by the vanishing current through the cross section in the unit of time of the
conductor, yet this amount of electricity could produce a very strong charge of the conductor
if it were used for this purpose. If, for example, the current intensity originally present were
equal to the magnetic unit of measure (which decomposes 1 milligram of water during 106%
seconds),?®® then the positive amount of electricity passing through the cross section of the
conductor in the unit of time at this current would amount to 155370-10° electrostatic units
of measure and, as the current disappeared in the first wire, still [155370/104 607] - 105, that
is almost 1% million electrostatic units of measure of positive electricity would be carried
through any cross section of the conductor, that is about the 24th part of the weakest, or
the 33rd part of the strongest charge of the small Leyden jar which have been used for the

438Note by AKTA:] See footnote 146 on page 134.
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experiment described in Vol. 5 of the previous Abhandlung, where these charges have been
determined in more detail on p. 254.43%:440

It is easily seen that a similar vanishing of the current flowing in a closed conductor oc-
curs at the moment when the circuit of a galvanic current is disrupted and that the positive
amount of electricity then carried through the center cross section by the decaying current in
fact contributes to charging the first half of the conductor, and likewise the amount of nega-
tive electricity oppositely carried through the same cross section contributes to charging the
second half of the conductor, and that the opposite charges produce the spark of disruption
at the place where the circuit has been disrupted, where it is interesting to learn about the
amounts of electricity discharged by the spark of disruption.

Likewise the importance is clear to further develop the laws of the current decay for the
determination of the inductive forces thus exerted on other conductors, especially for the
theory of the Rihmkorfftype and other similar inductive machines which hereby is given its
foundation.*!

18.18 Reference to Heat Conduction

For increasing values of ¢t where eventually e~2™ vanishes in comparison with 1, the two

equations found for a,, and b, in the preceding Section, namely

1 da?® da?
- U —(e—m)t _ . “n —(e+m)t
=5 [((5+m)a + o ) ((5 m)al + 7 ) ] ,

_ 1 0 dbo (e—m)t 0 dbo (E+m)t

turn into the simpler equations:

da®
_ 0 n —(e—m)t
n = 5 ((5 +m)a, + o7 ) e :

_ 1 0 dbo —(e—m)t
bn_Qm <(€+m)b ‘l'%) s

and inserting these values of a, and b, into the equations

E = Z(ansm + b, COSE> ,
a

. a 1 /db, . ns da, ns

=y (G - ™)
we get the following distribution laws of the free electricity and the currents in the circular
conductor:

439Note by HW:] Wilhelm Weber’s Werke, Vol. III, p. 641.

440[Note by AKTA:] [KW57, Section 12, p. 641 of Weber’s Werke] with English translation in [KW21,
Section 12, pp. 36-40]. See page 170 of Section 7.12.

441/Note by AKTA:] See footnote 392 on page 261.
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1
b= §EK“+WQ+EQ$M?
b’ ns
0 n ol —(e—m)t
+ ((5+m)bn+—dt)cosa]e :

Here it is easily seen that in all cases where e —m/[n?] = 3 is a coefficient independent of n
we get

a’b dE
] = -« —
2 ds’
di  1dE
ds  2dt’
whence it follows by eliminating ¢
dE , A*E
@ =g

an equation having the same form as the equation for the heat conduction in solid bodies.
But in the preceding Section we had put

n a202w’2 N

c
a 2\ 12802M"7(1+ 72 M'(1+A)
wherein 2w'/[16M" (1 + \)] = &, thus

128N"M"(1 + A
m:E\/l— 8 22(2+ )-n2.
a*c*uw’

Now in all cases where the values of n?/[a*c?w] and o/a are very small, we may put instead

9256 (log 32)* . (1 + X
m:€<1_ (oga) ( )_nz)7

acw’?

from which ¢ — m = [8/a*w'|n? log(8a /), therefore

is a coefficient independent of n.
Hence for the changes of motion of electricity in the cases just described, this yields
laws similar to those for the heat conduction in solids as has already been demonstrated by
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Thomson and Kirchhoff.##? Even if the expression for the propagation velocity of the longer
wave trains, that is for smaller values of n, become imaginary and hence demand other laws
for this part of the motion which approach the laws of heat conduction in solid bodies, a still
remaining part of the motion deserves particular attention which yields shorter wave trains
for which greater values of n are valid, for which the expression for the propagation velocity
stays real and thus the laws developed in Section 18.13 remain valid. After a disturbance
of the equilibrium, thus there are always wave trains in such a conductor propagating at
certain velocities, however, there is no pure wave motion, but it is mixed with other motions
which are governed by laws similar to those when heat is conducted.

Now considering all conditions resulting from such a mixture of motions subject to quite
different laws, it becomes immediately clear that Wheatstone’s observation®*? of the non-
synchronicity of the sparks at two mutually very distant places where the long conducting
wire is disrupted does not at all allow to conclude a definite propagation velocity, and that
Wheatstone’s way of observation, as meaningful it may be and as valuable its results for
other contexts may be, if they could really be guaranteed exactly, yet it is not suited directly
for the purpose in question, like it will generally be not possible at all to succeed in finding
such ways of observation by means of which the laws of all changes of motion of electricity
in a conductor after a disturbance of the equilibrium may be founded on pure experience.
Hence the aim of the observations will here be restricted to test the laws derived up to now
from our previous knowledge about electricity. Therefore it was necessary, as has been tried
in the previous Sections, to treat the derivation of the laws before the observations to be
carried out for their test, even more because the laws thus formulated have to be used as a
guide in the search of the most suitable ways of observation to be applied for the test.

18.19 Oscillations of Electricity in a Circular Conduc-
tor

As regards the most appropriate ways of observation to test the laws of electric motions, it
becomes automatically clear from the laws developed so far that, considering the extremely
high wvelocity of most of the electric wave trains in good conductors according to these laws
and the quick damping of these wave trains resulting from the same laws, with the limits
imposed on all observations by the sensory tools, it would barely be possible to conduct
exact observations and measurements for direct testing of these laws. An exact performance
of measurements always demands a certain expenditure of time which is appropriate for such
non-persistent phenomena. Considering therefore that the finest measurements of physics are
those concerning either equilibrium phenomena, or uniform motions, or periodically recurring
phenomena, as for example oscillations of a pendulum, then this suggests to base a testing
method also for these laws on observations of the motion of electricity in conductors, apart
from constant currents, on periodically recurring phenomena, supposing that methods will
be found for the fine performance of such observations.

But periodically occurring motions of the electricity in a conductor cannot exist all by
themselves, but only due to continuous excitation by external electromotive forces and their
production suggests the fast rotation of a small magnet about an axis perpendicular to its
magnetic axis as the simplest and, for finer observations and measurements, most practi-

442[Note by AKTA:] See footnote 387 on page 259.
443|Note by AKTA:] See footnote 138 on page 129.

322



cable method. In order to obtain a guide to practical equipments for exact observations of
periodically occurring motions or oscillations of the electricity in a conductor thus produced,
we shall first try to develop the laws of such electric oscillations in a circular conductor from
the partial differential equations formulated in Section 18.10.

18.20 Oscillations Due to Induction by a Rotating
Magnet

The electromotive force exerted by fast rotation of a small magnet in the vicinity of the
circular conductor on any point, s, of the conductor in a certain moment of time may be
represented, if a denotes the radius [of the conductor], by

ns ns
Z (fmsin— +gncos—> ,
a a

where f, and g, depend only on the place number, n. But due to the uniform rotation of
the magnet, all these forces acting on different points, s, of the conductor are subjected to
a regular periodic change, and in effect, with a suitable set up, they are proportional to the
sine of an angle uniformly growing with time. For an arbitrary moment, all these forces may
be represented at the end of time ¢ by

ns ns
sin ut - Z (fnsin— + gn, CcOs —) )
a a

Inserting f,, sin ut and g, sin put into the two partial differential equations at the end of Sec-
tion 18.10 in place of f, and g, which denoted arbitrary functions of the time there, where
now f, and g, have values independent of time, one gets the following two partial differential
equations***

d?a,, N c? da,, N n?c?N" nc? it — 0
. Oy — —————— - gpSinut =0,
a2 Sra?kMP(1+ N dt | 2aM"(1+ \) daM7(1 1 ) InEmH
d?b,, c? db,, n?c?N" nc? ,
fasinut =0 .

R I i SN NPT
a2 Btk N dt 2N T I+ N

Now one sees easily that, putting

an = psin(ut + p) ,

bn = q Sin(,ut + p) )

[then| p, ¢ and p can be determined so that the values of a,, and b, thus obtained satisfy
the two partial differential equations. Inserting the above values, namely a,, and b,,, and the
values derived from them,

da,,

—p = preos(ut +p)

444/Note by PM and AKTA:] The following equations are ordinary differential equations.
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db,,
—— = qucos(ut + p) ,

dt
d?a,, )
T = —pusin(ut 4 p)
b, ,
T3 = a4 sin(ut +p)

into the equations above, one obtains, putting 1/[ra?k] = w’ for brevity, and either A = 0
according to Ohm’s law, or M” for M" (1 + \),

2,/ 2.2 N\ 2
) pucw pn<c® N . cn )
—ppsin(ut + p) + S cos(ut + p) + 22 sin(ut + p) — T Insin ut =0,
2.1 2 2\ 2
) quccw qgn°ceN" )
—qu?sin(ut + p) + SV cos(ut + p) + ST sin(ut + p) + Y fasinut =0 .

Expanding the sine and cosine of the sum in terms of sine and cosine of the parts, one gets

pctw' , nicN" *n .
-psmp+ |\ — =5+ ] -pcosp—+ “Gn | SIn put

8M" 2a2M" daM"

, nicEN" . pc’w’
+ [ ST - psinp — S -pcosp | cosut =0,

,uc2,w/ . ) n2c2N" n .
SM” -qsmp—l— % _W ‘QCOSP—W'fn Slnut

) nzczN// ) /J,C2w,
+ 1 IV ~qsinp — SN ~qcosp | cosut =0 .

If these equations are to be valid for any value of ¢, one obtains for cosut = 0 the two
equations

pctw' (2 n?c2N" N *n 0
- psin ———— ) -pcos — . q,=0,
gagr PERP TR T ey ) PO T Y
2.,/ 2 2 a1l 2
e w . 5 nc’N cn B
g (= B ) s £ =0,

and for sin ut = 0 also the third equation, namely
) n2 C2 N ' m C2 w'
W OS2 s1n,0—8M”-cosp:O,

from which p, ¢ and p are be determined so that the two partial differential equations are
satisfied by the values of a,, and b,, thus determined. One gets in fact
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pa?cw’
4(2M2G2M” _ n202N”) ’

p = arctan

ac*n

r = _2(2u2a2M” — 2N “9n COSP
2ac’*n

N \/16(2u2a2M” _ n202N”)2 + ,u2a4c4w’2

)

B ac’n
9 = +2(2,u2a2M” — 2N - fncosp
2ac*n

+
\/16(2u2a2M” _ n2c2N”)2 + ,u2a404w’2

In -

Adding the values of a,, and b,,, found in Section 18.13 for the case where f,, = 0 and ¢g,, = 0,
to these special values of a,, and b, which satisfy the partial differential equations, then the
two sums yield the complete integral values of a,, and b,, namely

0
an, = psin(ut + p) + Ae= - sin (mt + arcsin %) ,

bO
b, = gsin(ut + p) + Be " - sin (mt + arcsin E") :

wherein A and B as well as € and m have the meaning as given in Section 18.13. If m
has an imaginary value, then the values of a,, and b,, developed in Section 18.17 replace the
added terms. But it becomes clear that the added terms decrease for increasing values of
t and that they, as shown in Section 18.17, may be considered as vanishing already after a
very small portion of a second has passed, thus from then on the motion of electricity in the
circular conductor becomes uniform and periodic, the production of which was the aim of
the described method with the rotating magnet.

Omitting the terms vanishing with time and inserting these values of a,, and b, into the
equations

ns ns
E = Z (ansin; —i—bncos;) ,

yields the following laws of the distribution of free electricity and of the currents in the
circular conductor for the regularly ongoing electric oscillation:

E = Zsin(ut+p) (psin% +qcos%) ,

, ap 1 . ns ns
= —— —cos(ut + ( sin — — cos—) )
i 5 Zn (nt +p) (gsin— —peos —

where p, ¢ and p have the above values. From these values, however, we get
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p=— -sinp - gn
paw’
2n
q=+ -sinp - f,
paw

Substituting these values of p and ¢ in both equations, we get

B =

Znsmpsm(ut +p) (fn Ccos E — gn Sin n_s> ,
paw’ a

1
i= - Zsinpcos(ut +p) (fnsin % + gy, cos %) ,
or, expanding sin(ut + p) and cos(ut + p)**

E =

2 ns ns
- sin g - Znsinpcosp (fncos— — gnsin—)
paw a a

2 ns ns
+ ,Cosut-ZnsiHQp(fncos——gnsin—) ,
paw a a

1
:—smut E sin p(fnsm —l—gncosE)
1

——cosut Zsmpcosp(fnsmn +gncosE) .

Finally, herein putting

> sin p (f sin ™ + g, cos ™)
> sinpcos p (fusin ' + g, cos )

=tan-y ,

> nsin® p (f, cos ™ — g, sin 2*)
Znsinpcosp(fncos% — gp sin %)

= tanvy’ ,

ns\\ 2
(Zsm p(fnsm -+ gn, cOS —))
a
(Zsmpcosp(fnsm +gncosn—8>> = k?,
a
ns
(Znsm p(fncos——gn&n—))
a
2
+ (Znsinpcosp(fncosﬁ—gnsmE)) = k7,
a a

we get

B =

S k' sin(ut +9') ,

445/Note by AKTA:] In the next equations I replaced Weber’s notation sin p? by sin? p.
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, 1
i=— K cos(ut + ) .

But putting

Zsin2p<fnsing+gncosﬁ) =f,
a

a

. . ns ns
Z&npcosp(fnsm——l—gncos_) =g,
a a

a .
£_f7
dg _
ds_g’

we get

2 !
E=—y 2+ ¢? - sin (ut + arctan L/) ,
Hw Y

1
’i:——/ /f2+g2.c()s (Mt—i—arctani) ,
w g

whence it is easy to derive the equation

di 1dE

ds  2.dt

18.21 Equality of Phases and Amplitudes of Electric
Oscillations in Circular Conductors

Considering that the electromotive force exerted on the whole conducting wire by the rotating
magnet is represented by

sin,ut-/ds-z(fnsinn—sjtgncosE) ,
a a

and that gy must have a specific finite value if this whole force should not be zero, then the
value found for i can be presented more clearly if, in the given values of tan~ and k2, the
first terms of the series, namely the terms corresponding to the place number n = 0, are
separated in the following way, denoting the value of p for n = 0 by py:

gosin® po + Y17 sin® p (f, sin 22 + g, cos 2£)
o Sin pg cos pg + > 1 sin p cos p (fn sin %> + g, cos %) ’

tan~y =
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= ns ns
k* = gg sin? py + 2go sin pg cos po - Z sin p cos p (fn sin — + gy, cos —)
- a a

o)
ns

S
+ 2490 sin® Po - Z sin? p (fn sin s + gy, cos —)
- a a

- 2
ns ns

+ E sinpcosp(fnsin—+gncos—>
a a

1
- 2
ns ns
- (E sinzp(fnsin—+gncos—>> .
- a a

As now herein we had

) ,UCL2621U/
s p = ,
\/16(2u2a2M” _ n2c2N”)2 + ,u2a404w’2
4(2 2 2M// 2 2N//
05 (2u%a n“*c"N")

o \/16(2M2Q2M// — n2AN")2 1 12atchy” ’

and, denoting the value of M” for n = 0 by M]/, we get the values of sin py and cos py [as
given by]

. Aw'
sin pg = :
\/ 6442 MY + A’
8uM
COS Po

\/64M2M6’2 + ctw'?

Considering furthermore that the ratios pa?w’/N" and pa/c are very small fractions also for
very long and thin conductors and for the greatest accessible velocity of rotation of the small

magnet, then it is clear that we may put with sufficient approximation for all values n > 0
a’w’

Sp =N

cosp=1.

Hence it is clear that already pa?w’/N” being a very small fraction, sin p = pa®w’/[4n>N"]
all the more may be considered as vanishingly small the larger the place number n. Therefore
also for very long and thin conductors and for very rapid rotation of the small magnet we
may approximately assume

Y= Po and k= gosinpo ,

whence we find
. go .
i =~ sinpo cos(ut + po) -
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As go/w’ and py have values independent of s, it follows that the electric oscillations
have equal phase and oscillation amplitude in all parts of a circular conductor, even if the
electromotive forces exerted by the rotating magnet are very unevenly distributed along the
different parts of the conductor.

From the evenness of oscillation phases and amplitudes in all parts of the circular con-
ductor, it follows that the current intensity at any point always equals the average current
intensity in the whole conductor. But we had derived the law for the averages of the current
intensities in closed conductors already in Section 18.9 where, denoting the average of the
external electromotive force by [1/27a] - S and putting

=w = 2maw’ ,

we had the result

= 1e_“’t/f” . /e“’t/p -Sdt .
p

Now applying this law to our case where the oscillations in a conductor are produced by a
rotating magnet and where the average of the electromotive forces exerted by the rotating
magnet on the conductor was equal to

1
— S = gosin ut ,

2ma
we get
i = _27T@906_wt/p . /ewt/” -sin ut - dt = 2rago  p 5™ M: — joos it
p t;_z + p2
2
= - % - COS (ut + arctan E) .
w)’ [p
Hp (ﬁ) +1
As now
8 " 4ma 8 "
ng'/MOds‘f‘E:g~/MO(1+>\)dsa
and

w = 2raw’ |
one gets, putting M{ instead of M (1 + \) for simplification as in Section 18.20,

w ractw'

oMty
pp  Ap [ Mlds o

w 2raw’ )
= = sinpy ,

2 2
p (ﬁ) +1  pup (ﬁ) +1
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hence agreeing with the above result found for circular conductors

i= —w -cos(ut + po) -
As the above law for the averages of the current intensities in closed conductors depending
on the averages of the electromotive forces in Section 18.9 was found not to be restricted
to circular conductors only, but also to be independent of the consideration of the shape of
the closed conductor, this yields that the law, derived for the case where the electromotive
forces originating from a rotating magnet are given, equally holds for closed conductors of
any shape.

The presented result that the phases and amplitudes of electric oscillations in circular
conductors be equal everywhere, is based on the assumption that the ratios pa?w’/N" and
pa/c are very small fractions. As now these fractions increase with the length and the
fineness of the conductor and with the rotational velocity of the magnet, it is interesting to
calculate their actual values for some examples of long and thin wires at great rotational
velocities. Choosing the three conducting wires already exemplified in Section 18.16, we get
the values presented in the following Table.

First wire | Second wire | Third wire
a 1000 1000000 1000000
W 1 1 1
1206971012 1206971012 12070-1012
N" 15.119 28.935 31.237
(for n =1)
1002w’ 1 1 _1
N 18 248.108 34939 3770
a 1 1 1
1002 4394500 4394 4394

The two bottom rows of this Table contain the values of the two ratios for the three
exemplified wires if g = 100, that is at 15.965 turns of the magnet per second. We see that
in all these cases the values of these ratios are very small fractions, while we also see that,
as these values may be 10 times larger at 159.65 turns per second and 100 times larger at
1596.5 turns per second, indeed cases may occur where these ratios become considerably
large quantities and where hence the law of equality of the phases and amplitudes in the
conductor would not hold any more.

18.22 Distribution of the Free Electricity in a Circular

Conductor During the Electric Oscillation
The law of the distribution of the free electricity in a circular conductor during the electric

oscillation is contained in the expression for the [linear| density, E, found in Section 18.20,
namely

E = - K sin(ut 4+ ')
paw
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where the coefficient k' was determined by the equation

ns ns\\ 2
k/2 - ( in® ( " a " ‘ _>>
E nsin® p | f, cos L gnsin—

. ns . nS\\?2
+ (Znsmpcosp(fncos — ~ gasin a)) .

Hence we see that also the amount of the charge with free electricity in each point of
the circular conductor changes in proportion to the sine of an arc increasing in proportion
to t, but that the maximum charge = 2k’/[uaw’] which takes place when the sine = 1, is
different in different points of the conductor and that in fact the change from element to
element is greatest approximately in those points where the electromotive force exerted by
the rotating magnet deviates most from its average; where this electromotive force equals
its average, also the charge is approximately constant, in fact it equals zero. Hence in the
whole conductor there would be no free electricity anywhere if the rotating magnet acted
equally on all points of it, where it is assumed that the circular conductor would have no
charge from free electricity independent of the rotating magnet.

Since sin p and cos p retain finite values for n = 0 according to the preceding Section, it
is clear that the above value for &% can be written as

- 2
E? = (Zsixﬁp(fncosﬁ —gnsinﬁ>>
- a a
~ 2
s n
+ (Znsinpcosp(fncosn——gnsin—s)) :
- a a

Furthermore, putting

a’w’

Sp =N

cosp=1,

under the assumptions made in the previous Section and when the value of sin p is very small,
the first part of &’*, containing the factor sin” p in the sum, may be neglected compared to
the second term, whence we thus get

2,0 X
YIS (Frcos™ — gosin ™)
k' = 1 1nN” fncosa Gnsin— ) .

This now yields

o0

dk’ paw’ 1 . ns ns
-2 ;W<fnsm;+gncos;).

If finally log[8a/c] is a very large number and if furthermore the series

s s
Z (fnsinn— —I—gncosn—>
a a
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converges so fast that all terms of the series may be neglected for n > v, while

1 1 V2o
2/ 1+=+ ...+ +

3 2v—1 8a

vanishes in comparison with log[8a/a], then we may put N” = 2log[8a/a] and

dk' paw’ - . ns ns
O it (3 (o o) )

0

Now the factor

- . ns ns

Z (fnsm— —l—gncos—) — g0
> a a

equals the difference between the electromotive force exerted at the point s by the rotating

magnet and its average along the whole length of the conductor; hence dk’/ds or the change

of k" with respect to the change of s is proportional to this difference.

As is easily seen, the discharge of sparks?'® and the necessary degree of insulation of the
conductor depend on the amount of these charges, if the flash over is to be avoided, a topic
to be treated in more detail only when the conductors in question are not just circular but
constitute a system of closely spaced windings, a case that has been excluded here.

18.23 Guide to the Observations

It remains to use the results of the previous development as a guide to the observations by
means of which those results shall be checked with experience. Such a guide is particularly
necessary if there are no analogies of other motion phenomena which may be used for this
purpose, and from what was previously said it follows that here such analogies are missing
in many respects.

In the absence of analogies with other already known and investigated motion phenom-
ena, above all the question is to know the determination of objects of observation, which
are particularly important and suited for more detailed determination by observations. Fur-
thermore the closer knowledge of the conditions is required under which the most exact
determinations can be obtained via these objects of observation. Now it is clear that the
more detailed discussion of these conditions is best combined with the discussion of the tools
for its effective representation and with the very execution of the observations, which will
be the subject of the following Section of this treatise. Therefore, at the end of this Section
the objects of observation shall be only briefly indicated which, according to the preceding
development, seem to be particularly important and suited for a more detailed determination
by observations.

The wvelocity of propagation which is so important for other motion phenomena, seemingly
has not to be included here, as already mentioned in Section 18.18, but instead other different
topics are available for the observation.

According to the developed laws, there are essentially three topics which prove to be
particularly suited as topics of observation to test the formulated laws, namely first the
comparison of the phases and the amplitudes of the oscillations of the electricity at various

446/Note by AKTA:] In German: Das Ueberspringen elektrischer Funken.
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places of a long closed conductor on which a rotating magnet acts inductively; second the law
of the dependence of the oscillation amplitude on the rotation velocity of the magnet; finally
third another important topic suggests the observations of the dependence of the oscillation
amplitude produced by a rotating magnet in a closed conducting wire on the shape of this
wire.

The equality of the phase and of the amplitude of the oscillation which, according to
the formulated laws, should occur in all parts even in a very long closed circuit and at a
high velocity of rotation, is a topic all the more suited for an experimental test the more
unexpected this result would seem. For without a more detailed definition of the conditions it
would be expected in a very long circuit, where all motions start in one place and are subject
to a very strong damping or absorption while propagating, that all motions would arrive only
very faint at the most distant parts of the circuit even if the oscillations were continuously
excited. As further the propagation from the place of excitation occurs in both directions,
one would expect that the encounter of interchanging positive and negative oscillations from
opposite sides would result in amplification at some places, and in cancellation at other
places, as with interference phenomena. Finally, even if oscillations, due to such an encounter
which are perfectly synchronous in all parts of the circuit, were possible, one would indeed
expect that this possible case were tied to special conditions, for instance certain velocities
of rotation, but not that such synchronous oscillations would arise in all parts of the circuit
at any velocity of rotation. Hence the presented result is highly unexpected as regards
all analogies offered by the propagation of motion in other known cases and therefore is
especially suited for an experimental test of the results of the theory built on our hitherto
existing knowledge about electricity.

Further, the dependence of the oscillation amplitude on the velocity of rotation of the
magnet is suitable from a different perspective, namely, the quantitative test of the formulated
law by observations and measurements which are arranged in a sequence of increasing velocity
of rotation.

Finally, if one succeeded in addition to gain more detailed determinations of the de-
pendence of the oscillation amplitude on the shape of the circuit by exact observations and
measurements, one would not only obtain a new test of the formulated laws, but also an
essential supplement of our knowledge of the very electricity from which these laws were
derived. From our hitherto existing knowledge, the electricity as a body must be attributed
with a mass, and this mass exerts a force on another similar mass; still missing is the knowl-
edge of the ratio of that mass to this force. Now the knowledge of this ratio was also not
required as long as we dealt with equilibrium phenomena or with steady motions, where it
was sufficient to know the forces; here the different amounts of electricity could be distin-
guished according to the strength of the forces they exert on the same amount of electricity
at the unit distance, instead of their masses, and the latter amount of electricity could be
determined by means of the force it exerts on an identical amount of electricity at the unit
distance. Indeed such a specific quantity of electricity thus determined was the so called
electrostatic unit of measure. If we do not deal with a mere equilibrium or a mere mainte-
nance of an already existent motion but, instead, if an amount of electricity is to receive a
new motion not existing before, then the pure knowledge of the forces is not sufficient but
also the knowledge of the mass of the electricity to be set in motion is required, or of the
ratio of this mass and of the force it exerts on the electrostatic unit of measure at the unit
distance, that is the knowledge of the number of electrostatic units of measure, contained
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in the unit of mass (milligram) of electricity. Above,*7 this number has been denoted by
r and hence the mass of each specific amount of electricity, &, determined in electrostatic
measure, is thus found equal to [1/r] - €. Now if any force, f, acts on this mass, it is clear
that the ratio of this force through the mass [1/7] - € on which it acts, yields the velocity of
the motion imparted by the force to this mass per unit time, = fr/€.8

Now our knowledge of the existing amounts of electricity in electrostatic units of measure
is indeed limited to the free amounts of electricity contained in the bodies obtained by the
observations and does not cover the amounts of electricity contained in the neutral fluid.
Likewise, our knowledge of the forces, f, is limited to those acting on free amounts of
electricity, while the observations yield only the knowledge of the coefficient, f’, denoted
by the name electromotive force, which has to be multiplied by the unknown number of
electrostatic units of measure contained in the neutral fluid, &, in order to obtain f = f'- €&.
On the other hand, in the whole electrodynamics we do not have to investigate the velocity
itself, but only the current density and its changes, that is, the product of the number of
electrostatic units of measure, €, contained in the flowing electricity, and that velocity r f /€,
that is, rf = f’ - r&, where the electromotive force, f’, is already known, hence where only
the product r€ remains to be determined.

If hence, in agreement with the previous development of the determination of the current
densities and of their changes, we do not need the very knowledge of the number of electro-
static units of measure, r, contained in the unit of mass (milligram), but only the knowledge
of the product r€&, it is clear that, on the other hand, from the observation of the current
densities and their changes, also only the knowledge of the product & can be obtained; but
the importance of the knowledge of €& is immediately clear, the tentative to know it by
means of detailed and exact observations on the dependence of the oscillation amplitude on
the shape of the circuit, according to the guide based on the derived laws, turns out to be
the most appropriate.

To this end, the most exact knowledge of the conditions under which definite statements
about this dependence can be obtained is necessary, the discussion of which, as already
mentioned, shall be combined with the discussion of the tools for the practical presentation
in the following Sections of this treatise.

47 Note by AKTA:] See page 288 on Section 18.5.
448Note by AKTA:] That is, fr/€ represents the acceleration acquired by this mass [1/r] - € through the
action of the force f.

334



II - Observations of Oscillations

18.24 Method of Observation

According to the guide for the observations presented in the previous Section mainly the dif-
ferences of the phases and amplitudes of electric oscillations shall be observed and measured
in closed conductors. But no galvanometers are suited for these observations and measure-
ments, as for the observation and measurement of the intensities of steady currents. For if an
electric oscillation is present in the multiplier of a galvanometer, instead of a steady current,
the needle of the galvanometer cannot stay at rest and in equilibrium, but must also perform
oscillations that become the weaker the smaller the fraction of the period of electric oscilla-
tion compared with the period of oscillation of the magnetometer needle; if these oscillations
were becoming vanishingly weak, the galvanometer needle would exactly behave as if there
were no electric oscillation in the multiplier, it would stay fixed in the equilibrium position
without any deflection, so that nothing could be determined. Therefore, the observation of
electric oscillations and in particular the measurement of its differences of amplitudes and
phases demand that the closed conductor in which the oscillations take place constitutes not
only a multiplier as part of a galvanometer, but also a solenoid supported as a torsion balance
which, together with the multiplier, makes an electrodynamometer, whose construction has
already been described in the first treatise on Electrodynamic Measurements (Abhandlung
bei Begriindung der Konigl. Sdchs. Gesellschaft der Wissenschaften, Leipzig 1846)%19:150 and
the use of which for the observation of electric oscillations has been discussed in general and
analyzed with an example at this very place.

Now the method how to determine the differences of phases and amplitudes of electric
oscillations in closed conductors from observations by means of a dynamometer shall be
considered more closely here, where it may be assumed for simplification that the multiplier
formed by the conductor carrying the electric oscillations be formed by a vertical ring having
a quite large diameter, similar to that of a tangent galvanometer,*! with the solenoid formed
by the same conductor concentrated in a volume as small as possible supported in its center,
replacing the pivoted needle of the galvanometer there.

There is a fundamental difference between this needle and the solenoid formed by the
conductor that carries the oscillation, [namely,] that the needle has a constant magnetic
moment on which the steady current in the multiplier acts, while the solenoid has a galvanic
moment which, according to Ampere’s law, indeed would be completely equivalent to the
magnetic moment of the needle, which, however, would not be constant for an electric
oscillation in the solenoid, but varies with the phase of the electric oscillation. Furthermore,
it is not a steady current from the multiplier that acts on this variable galvanic moment
of the solenoid, but the electric oscillation existing in the multiplier, whose action on the
solenoid is also wariable with the phase of the oscillation.

Let a and n be the average radius and the number of windings, respectively, of the
multiplier and likewise a’ and n’ for the solenoid, further i and i’ the current intensities
in multiplier and solenoid, respectively, expressed in absolute magnetic measure as used in
galvanometry, whence [c/+/8]-idt and [c/+/8]-i'dt represent the amount of positive electricity

49INote by HW:] Wilhelm Weber’s Werke, Vol. III, pp. 35 and 123.

450[Note by AKTA:] [Web46, Sections 1 and 16, pp. 35 and 123 of Weber’s Werke] with partial French
translation in [Web87] and a complete English translation in [Web07].

451Note by AKTA:] See footnote 12 on page 22.
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passing through the cross section of the conductors during the time element dt; then nra®i
and n/ma’*i’ represent the galvanic moments of the multiplier and the solenoid. Twice the
product of these two galvanic moments divided by the third power of the distance a between
the solenoid concentrated at the center and the ring of the multiplier yields the directive
foree®™? exerted on the solenoid by the multiplier which, multiplied by the sine of the angle
formed between the solenoid axis and the multiplier axis, or, equivalently, multiplied by the
cosine of the deflection angle ¢ between the solenoid axis and the plane of the multiplier
ring, yields the torque*® exerted by the multiplier on the solenoid, namely

. 2.
nwa?i - n'wa’*i’
= 3 £ COS Q.

With this complete analogy between the theory of the electrodynamometer and that of the
galvanometer, no further explication is needed, but instead, considering how to use the
instrument, we can immediately pass over to the case when the conducting wire which
includes multiplier and solenoid carries electric oscillations, where thus the current intensities
1 and ¢’ vary with the sine of an angle, which increase in proportion with time ¢.

If in this case 7 and i’ represent the maximum current intensities corresponding to the
maximum values of the sine, then the current intensities can be represented by ¢ sin(ut + )
and ¢’ sin(put++') for any moment at the end of the time ¢. If & denotes the amount of positive
electricity contained in the unit length of the conductor, the distance between an oscillating
particle in the multiplier or solenoid from its equilibrium position during this oscillation for
this moment will be represented by [i/u€] cos(ut + ) and [i'/u€] cos(ut ++"), where i/[u€]
and '/[€] is the amplitude of oscillation to be determined here. — As, however, with
currents one renounces the knowledge of the drift velocity itself,*>* being satisfied with the
product of this drift velocity and the unknown factor €, similarly one contents oneself here
with the determination of the product of this oscillation amplitude and this very factor &,
because the observations will only permit us to express this product in absolute measure.

In this case, with these new specifications of the current intensities, one now obtains the
torque exerted by the multiplier on the solenoid:

2 1 120
_ et ?Wa ! sin(pt + ) sin(ut ++') - cos ¢ ,
a

wherein 7 and 7" have constant values independent of the time ¢.

Under the influence of this torque whose magnitude changes incessantly with time ¢, the
mobile solenoid clearly cannot get to rest at all; therefore the question arises what kind of
observations can be performed with this incessant motion of the solenoid and what can be
determined from these observations. In order to answer this question we have to develop the
laws of motion of the solenoid under the influence of such a variable torque.

To simplify this development we may at first stick to the case where the current intensities
in the multiplier and the solenoid are always the same, where hence we may put

i=1 and vy=+"=0.

This case yields the variable torque acting on the solenoid equal to

452|Note by AKTA:] See footnote 66 on page 77.

453[Note by AKTA:] See footnote 10 on page 18.

454[Note by AKTA:] See footnote 52 on page 61. Weber is referring here to the velocity of the electrified
particles relative to the matter of the conductor.
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=2~ - *(sinpt)?cos ¢ ,
which may be written as

m2nn'a’”
= ——— -i%(1 — cos2ut) cos p .
a

But from the construction of the electrodynamometer we know that the solenoid is sup-
ported in a bifilar fashion, whence with the given length and distance of the two supporting
wires there is a static directive force which can easily be determined and shall be denoted
by S. If now this bifilar suspension of the solenoid is normally regulated, so that the torque
resulting from the static directive force equals zero, when the axis of the solenoid is parallel
to the plane of the ring of the multiplier, or when the angle of deflection ¢ = 0, then we get
the static torque acting on the solenoid for any value of the angle ¢ equal to

= —Ssingp .

Adding this static torque to the above electrodynamic torque, the sum of both torques acting
on the solenoid divided by the moment of inertia K of the solenoid, yields the rotational
acceleration of the solenoid, d%p/dt?, at the end of the time ¢, whence follows the equation
of motion of the solenoid, namely

m2nn'a”® 9 d*p
20T 2(1 = cos2ut — Ssinp = K—*X .
; i“(1 — cos 2ut) cos ¢ sinp = K ™

Putting herein

p=vta,

in which one assumes the constant value for v determined by the following equation

2
wnn'd”

tanv = S “17
a
hence d*p/dt* = d*a/dt?, so that one gets
d2O{ S 2 . .
e + I [(1 + (1 — cos2ut) tan” v) cos v sin a + cos 2ut - s1nvcosa} =0.

Under the assumption that v and o have small values (which, as a rule, is possible because
the solenoid, equipped with a mirror, is to be observed quite like a magnetic needle, where
the deflection of the solenoid shall always stay within narrow limits given by the length of
the scale), we can write

Rl

S
¥l + ?(asecvjtcosQut-Sinv) =0,

whence we get by integration:

i S
o - cos2ut + Asin(t — B) s}e{cv ,

o0=—F
2K
dpsg —secv
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with A and B the two constants of integration. Now denoting by 7 the period of oscillation
of the solenoid,*>® which corresponds to the directive force S and the moment of inertia K,
and by 1) the period of oscillation of the electricity in the conducting wire, we get

— == and =
consequently

i 2
a= 281* Ccos =t + Asinz(t — B)+/secuv ,
455 —secv v T
or, for the assumed small value of v and putting A = 0, that means apart from that small
oscillation which would be performed by the solenoid if solely under the influence of the static
directive force S and the electrodynamic [directive force] nn'/m?a’%?/a (as this oscillation is

easily suppressed during the observation by standard damping devices), it follows

92 T
m 'UCOS?t .

As an example we choose the case which will occur in the following observations where
we had, expressed in seconds

o =

1
=15 Y =—
7 ’ 520
which hence yields
1 27rt
o= ———— - VCOoS —
243.100 Py

that means where a vanishes completely compared to v. The same is valid for all observations
to be treated here.

When « vanishes, the constant deflection of the solenoid v can now be observed directly
with utmost precision and one finds

1 aS tanv
L= ! / ?
Ta nn

whence the electric oscillation in the closed conductor is determined completely if the period
of oscillation, v/, were known from counting the revolutions of the rotating magnet, namely
T sin 5t aS tanv

1sin —t =
U ma nn’/

If, instead of the electric oscillation, there were a constant current having intensity Z\/g ,
then the torque exerted by the multiplier on the solenoid would be

nn'd”
= ——i“cosp
a
and this torque, together with the static torque, —S sin ¢, would amount to zero for equilib-
rium, whence the deflection ¢ of the solenoid for equilibrium would be given by

455|Note by AKTA:] In German: Die Schwingungsdauer des Solenoids. See also footnote 199 on page 164.
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p="u.

Therefore the result from the above consideration can be expressed as follows:

If the period of oscillation of the electricity in the closed conductor makes a
very small fraction of the static period of oscillation of the solenoid, the solenoid
behaves as if there were a constant current in the conductor whose intensity is to
the mazimum intensity, i, of the currents due to the electric oscillation as 1 : V2.

There is then a deflection of the solenoid which can be observed similarly as if there were
a constant current in the closed conductor and if from this observed deflection (according
to the same law as with galvanometers) the intensity of the constant current is calculated
which could cause it, then this intensity has only to be multiplied by v/2 in order to obtain
the mazimum intensity, i, of the currents occurring in the electric oscillation, or multiplied
by ¢/[2u€] in order to obtain the amplitude of the electric oscillation in the closed conductor,
whereby, however, as already remarked, & must be left indefinite as an unknown coefficient
and where only c¢i/[2u] can be expressed in absolute units of measure. Hereby the problem is
solved how to observe and to determine with an electrodynamometer the electric oscillation
caused in a closed conductor by a magnet rotating at a known speed.

The solution of the problem, however, has here been limited to the case where the mul-
tiplier and solenoid belong to adjacent parts of the closed conductor where there is no
noticeable difference of the oscillation amplitude and the oscillation phase of the electricity.
If the multiplier and solenoid belonged to two parts of the closed conductor where the period
of oscillation of the electricity were indeed the same, but where the current maxima 7 and
', as well as the phases of the oscillation A and A, would have to be distinguished; then the
starting point of the time ¢ may always be chosen so that the arithmetic mean (A + \')/2
of both phases of the oscillation is equal to zero. Then the current intensities related to the
electric oscillation can be represented in these two parts of the closed conductor by

isin%(t+)\) and i’ sin%(t — ).

One then observes first the deflection of the solenoid, v, when both multiplier and solenoid
belong to the first part of the closed conductor. According to the established rules, the
maximum intensity, ¢, of the currents of the electric oscillation in this part can be determined
from this observation, namely

.1 JaStanv
RN T

Second, one observes the deflection of the solenoid, v/, when both multiplier and solenoid

belong to the other part of the closed conductor and finds the maximum intensity, ¢’, of the

currents of the existing electric oscillation in this part

, 1 JaStand’
RN T

Third finally, one observes the deflection of the solenoid, v”, when the multiplier belongs

to the first part and the solenoid to the latter part of the closed conductor. Then from the

third observation also the difference of the phases of the oscillation, 2\, in both parts of the
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closed conductor can be determined. According to the previous details we then have the
equation of motion of the solenoid, namely:

20007 12 d2?
oL Iy sin(ut + ) sin(ut — X) - cosp — Ssinp = Kd—tf :
a

for which, as

1
sin(ut + A) sin(ut — \) = sin® pt — sin® A = 5 (1 — cos2ut — 2sin* \)

holds, we can write:

2 1,12 2
menn'a d
———— i/ (1 — cos 2ut — 2sin? \) cos ¢ — Ssinp = kL7
a dt?
Let
p=ut+ao,
where we take
2nn'a’?
tanuy = —— - 41’ .
aS

As after that we have d*p/dt? = d*>«/dt?, we obtain

dz—a—l—ﬁ (1+(1—cos2 t—2sin2)\)tan2u)cosusina
K s

+ (cos 2/t + 2 sin’ )\) sin u cos a] =0.

Under the assumption that v and o have small values we get

d2
d—t(; + % [(1 — 2sin? A\ sin? u) % + (cos2,ut+ 2 sin? )\) sinu} =0,
or, when
B=(1-2sin*Asin’u) a,
and
S" = (1-2sin* Asin®u) S,
[we get]
g s . 9 .
7 + e [secu <B4 (cos2ut + 2sin )\) smu} =0.

By integration we get from this

S’ secu
K )

sin u

B - cos 2yt — sin 2u sin® \ + Asin(t — B)

4u2§ —secu
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S'sinu sin 2u - sin® \ S’secu
= . 2ut — A'sin(t — B
42K — S’ secu consp + A'sin( ) K

Q@
1 — 2sin? usin® A
If now, with fast oscillations of the electricity and after the solenoid has settled to rest,
the first and second parts of o vanish, one obtains the constant value of the deflection ¢,
denominated by v”, namely

” sin 2u - sin® A
v =u— - -
1 —2sin?usin® X’
whence we get
"
. u—v
sin? \ =

2sinu(cosu + [u —v"]sinu)
As u is already known from the values of i and " determined by the previous observations
by means of the equation
nn'd®

tany = —— -,
a

we solved the problem to determine the phase difference 2\ of the electric oscillations at two
different places of the closed circuit from the observed deflection v"”.

18.25 The Commutators

To meet the aim of an exact comparison of the amplitudes and phases of oscillations at
two places of a closed conductor, if they were only slightly different, the execution of the
described observations after the method described in the preceding Section would demand a
very detailed fineness and exactness, hardly attainable if they had to be performed separately
and independently. But the achievement of this aim can be extremely simplified if these
observations can be combined pairwise and performed simultaneously with the same closed
conductor and the same rotation of the magnet. For this aim, two as equally as possible
constructed electrodynamometers are required with their multipliers and solenoids making
part of the same closed circuit. If a system of exactly corresponding observations is to be
performed by means of two such electrodynamometers belonging to the same circuit, the
most essential condition to be fulfilled is that the period of oscillation of the solenoids of the
two electrodynamometers, suspended in a bifilar manner, be identical, which is very easily
realized if the construction of the electrodynamometer provides the possibility to control at
will the distance of the suspending wires of one solenoid or of both, whereby the period of
oscillation of one solenoid can be exactly matched with that of the other solenoid. If the two
solenoids are at complete rest before an observation series is started, then a more expanded
observation series may be performed in such a way that all of the observed elongations of
both solenoids set in motion by electric oscillations in the circuit are pairwise valid for equal
moments.

The complete correspondence of both electrodynamometers in other respects is consid-
erably much less taken into consideration as with the period of oscillation. For it is easily
seen that if both electrodynamometers in the closed circuit are closely spaced in series, so
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that both belong to the same part of the circuit where there are no noticeable differences
of the oscillation amplitudes and phases, then a very exact comparison of both instruments
is possible by means of simultaneous observations with both instruments in correspondence
which can be continued over a longer duration at equal period of oscillation of the solenoids,
whence all observations performed with one of the instruments can be reduced exactly so as
to yield the same results that would be obtained with the other instrument if this instrument
were identical.

Under this assumption both electrodynamometers, exactly adjusted with each other, can
be applied at two different very distant places of one and the same conductor and then,
by simultaneously observing both instruments with one electric oscillation in the conductor,
a much finer comparison of the oscillation amplitudes at both places of the circuit can be
gained than would be possible if one and the same electrodynamometer would be applied and
observed at both places and different times, whereby it would have to be assumed that the
rotation of the magnet were identical at both times, an assumption that never can be fulfilled
in reality and which can be completely economized with these synchronized corresponding
observations.

Furthermore, after mutually comparing them exactly, both electrodynamometers can also
serve to place the solenoid of one electrodynamometer at another distant part of the closed
conductor, while the multiplier of the same instrument stays at its former place, and then
to perform simultaneous corresponding observations by means of this electrodynamometer
and the other one, fixed at its place, by means of which any ever so minute phase difference
of the electric oscillation is recognized at the two very distant places of the closed conductor
without the necessity to assume an identical rotation of the magnet at different times.

Finally, it is now of great importance for the exactness and the reliability of the results
derived from these observations that the different series of observation, namely first those
for the comparison of the instruments and second those for the comparison of the oscillation
amplitudes and phases, be performed alternately in direct succession and repeated while the
magnet is continuously rotated in an utmost uniform fashion, where it is required to be able
to replace either the whole electrodynamometer or one of its parts, for example the solenoid,
momentarily between two observations, which is easily realized by means of suitably designed
commutators.

These commutators, as they will be applied in the following experiments, consist of a
number of twin cells, that is, cells pairwise connected by a conductor and connected to the
ends of the various parts of the conducting wire. These twin cells then can be connected
again pairwise with each other, namely, combined together in two different ways, by distin-
guishing the front cell from the rear cell. One of these methods of pairwise combination of
the twin cells can indeed be obtained by means of a fixed system of connective wires which
are simultaneously immersed in all front cells; the other method of pairwise combination of
the twin cells can be obtained by another fixed system of connective wires which are simul-
taneously immersed in all rear cells. And these two different systems of connective wires
can behave like the two arms of a lever, so that immersing one of the systems causes the
other to emerge and vice versa. It is immediately clear that by means of such a commutator
with 6 twin cells one part of the conducting wire may be disconnected from its connection
with two other parts of the conducting wire, thus connecting the two latter parts among
themselves, and finally the hitherto connected two parts may be disconnected and the pre-
viously disconnected part may be inserted between them. All this is performed by means
of a simultaneously operated interchange, namely by turning a lever whereby the system
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of connecting wires is immersed into the front cells, while the other system emerges from
the rear cells, or vice versa. — Moreover, one needs commutators with 4 twin cells, if not
during the observations, but beforehand. In fact, before the observations the solenoids of
the two electrodynamometers are to be damped, wherefore first a current is needed which
passes through the solenoid and the dynamometer to be damped, second a commutator with
4 twin cells, two of which are connected to the ends of the multiplier wire and the other two
of which to the ends of the solenoid wire. By means of this commutator the multiplier can
be connected at will now in parallel, now crosswise. With one kind of connection the current
through the multiplier exerts a positive torque on the solenoid carrying the same current,
with the other kind a negative torque, and the solenoid is damped if the former kind of
connection is established during the backward oscillation, the latter kind during the forward
oscillation. As the effect of a current simultaneously present in multiplier and solenoid is
completely independent of the direction of the current, the alternating current induced in
the circuit by the rotating magnet can be used, instead of a steady current, whereby it is
possible to let the damping of the dynamometer, after the rotation of the magnet has started,
immediately precede the observations.

If now all these operations, namely, the damping of the dynamometer and then all ob-
servations required at different places of the circuit for the comparison of the oscillation
amplitudes and phases, while the magnet is continuously rotated, are executed successively
without interruption, this requires five commutators in total which have to be connected
with the various parts of the circuit in a systematic way to be explained in more detail.

For an easier overview first the 5 commutators, second the various parts of the circuit to
be connected with the commutators are now to be denoted exactly and distinguished. Then
Figure 1 will serve to give the overview of the set up as a whole and of all connections in
detail.
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Fig. 1.

The first commutator, denoted by A, is required either in order to put one of the elec-
trodynamometers (multiplier and solenoid in one) alternately into two different places of the
conducting wire, or in order to put the solenoid of this electrodynamometer into two different
places of the conducting wire while the respective multiplier stays in its place. This requires
a commutator with 6 twin cells, two of which are required for both ends of the electrody-
namometer to be replaced, two for the ends of the conducting wire at one of the switch-on
locations, and finally two for the ends of the conducting wire at the other switch-on location.

The second commutator, denoted by B, is required as auxiliary commutator, the setting
of which determines whether the multiplier including solenoid or the solenoid of one of
the electrodynamometers alone is put into two different places of the conducing wire by
alternative operation of commutator A, which equally requires a commutator with 6 twin
cells.

The third and fourth commutator, namely C' and C’, respectively, are used to dampen
the solenoids before the observations start. This requires commutators with 4 twin cells, two
of which for the two ends of the leads to the solenoid and two for the leads to the respective
multiplier including the remaining conducting wire from which, however, the part belonging
to the other electrodynamometer has to be excluded, so that the solenoid at rest is not
disturbed while the other one is damped.

Finally, the fifth commutator, denoted by D), is required in order to establish the connec-
tion between the dynamometers with the commutators C' and C’, respectively, now with one,
now with the other solenoid. To this purpose, a commutator with 4 twin cells is needed, two
of which for the ends of the conducting wire at the switch-on location of the commutator, the
other two for two connecting wires through which the current can be led to the conducting
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wire by-passing one or the other electrodynamometer.

The following parts of the closed conducting wire have to be distinguished which can be
connected by means of the commutators in various ways.

The first wire, denoted by a, is the multiplier wire of the first dynamometer whose ends
lead to two twin cells of the commutator C, besides two short connecting wires of the two
other twin cells of this commutator [leading] to two twin cells of commutator B. These
various parts of wire a, which always stay connected in the same way during the observations,
shall be distinguished by symbols a’, a’, o'/,

The second wire, denoted by b, is the solenoid wire of the first dynamometer, whose ends
are connected to a twin cell of commutator B and to a twin cell of commutator A.

The third and fourth wires, denoted by ¢ and d, are two short connecting wires of two
twin cells of commutator B [leading] to two twin cells of commutator A, whose resistance
may be considered as vanishingly small.

The fifth wire, denoted by e, is one of the two very long pieces of wire which are needed
during the observations in order to either remove both dynamometers from each other or to
remove the solenoid of the first dynamometer from its multiplier by connecting either the
two wire endings of one dynamometer with those of the other one, or the two wire endings
of the multiplier and the wire endings of the solenoids by a long piece of wire. Both ends of
the long piece of wire, e, are connected to two twin cells of commutator A.

The sizth wire, denoted by f, is the whole rest of the conducting circuit and comprises
the inductor ring of the rotating magnet, further the second long piece of wire just mentioned
before, then the wire of the second dynamometer, of the solenoid as well as the multiplier,
and finally a connecting wire leading back to the first wire. These various parts of the wire
f, which stay connected in the same way during the observations, are to be distinguished by
the symbols f1, fI1 fHI £V £V The commutator C’ is plugged in between the solenoid
wire /1 and the multiplier wire f7V of the second dynamometer, the latter, however, will
not be used during the observations. Likewise, there is a plug in the connecting wire " for
the commutator D which, however, stays closed because also this commutator is not needed
during the observations.

Hence now Figure 1 has been sketched for a better illustration where the various twin
cells of the commutators A, B, C', C’, D are represented by the symbol

and one of the two ways of connection is sketched by the upper dashed arcs and the other
way is sketched by the lower dashed arcs.

The commutators C' and C’, keeping the top setting, and D, being excluded from the
circuit by means of a wire connecting its first and last cell after the solenoid is damped, are
not used to displace the first dynamometer, consisting of the multiplier a’ and the solenoid b,
from the first switching place to the other one during the observations, but the displacement
is performed simply by a change of the setting of the commutator A after the connections,
sketched by dashed arcs on top, are established by means of commutator B. Because the
setting of commutator A, sketched by means of dashed top arcs, completes a closed circuit
with the shown setting of commutator B, where the wires denoted follow in the following
sequence:

abe fdca;
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the setting of commutator A, sketched by means of the bottom dashed arcs, completes a
closed circuit with the following sequence of wires:

abfdeca.

Breaking up f into its parts f7, fIZ, fHI IV £V and representing the whole circuit
by means of the four sides of a rectangle with its long sides symbolizing the long connecting
wires, denoted by e and f!/, then Figure 2 sketches the former case and Figure 3 the latter
case.

1 cab M
+ Qo+

oO Qo Oo

b acdf "I =fo dfY frEfm
Fig. 2. Fig. 3.

In addition, the place of the inductor, f!, with the rotating magnet has been marked
with +, the two places of the multipliers, @ and f’V, with larger circles, the two places of
the solenoids b and f//! by smaller circles. The inductor, f!, with the rotating magnet is
always at the top side of the rectangle, the dynamometer, f/7 fIV is always at the opposite
bottom side. The place of the other dynamometer, ab, is alternated and, in the former
case, is situated at the bottom side besides the first dynamometer, f/7 fIV opposite to
the inductor, f7, in the latter case at the top side besides the inductor, f!, opposite to the
dynamometer, f/f V. Hence by operating the commutator A, the dynamometer ab is
switched now at a place of the circuit very far from the inductor, ff, now at a place very
close to it as was demanded for the first series of observations.

Likewise, the commutators C, C' and D are not used to displace the solenoid b of the first
dynamometer from one switching place to the other one, but the displacement is performed
by a simple change of the setting of commutator A after the connections, symbolized by the
lower dashed arcs, have been established by means of commutator B. Because the setting of
commutator A, sketched by means of dashed top arcs, completes a closed circuit where the
wires denoted follow in the following sequence:

adcbe fa;

the setting of commutator A, sketched by means of the bottom dashed arcs, completes a
closed circuit with the following sequence of wires:
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adecbfa.

The former case is represented by Figure 4, the latter case by Figure 5.

I cb I
+ o+

oO Oo O Ogq
beda 7 f5f0 d a PTAEFI
Fig. 4. Fig. 5.

We see that the places of the inductor f! of the dynamometer, f//7 fIV' and also of the
multiplier, a, always stay unchanged and that simply the place of the solenoid b alternates,
which in the former case, is situated at the bottom side of the rectangle besides the multiplier,
a, opposite to the inductor, f?, and in the latter case is situated at the top side of the rectangle
besides the inductor, f’, opposite to the multiplier, a. Hence by operating the commutator
A, the solenoid b is switched now at a place of the circuit very far from the multiplier, a,
now at a place very close to it as was demanded for the second series of observations.

In order to dampen the solenoids before starting the observations, the piece of the wire,
1V, connecting the first and fourth twin cell of the commutator, D, is taken out. Then, in
order to dampen the solenoid of the first dynamometer, b, the commutator, D, is given the
setting symbolized by the upper dashed arc, whereby the wire, f/, together with the second
dynamometer, f/! f1V are connected and whereby, depending on the setting of commutator
C, a circuit is completed with the following sequence of wires:

with top setting of C:  a’allbef! fVa''lal,
with bottom setting of C: ala™cdfV fleballal,

where the top settings have been assumed for the commutators A and B. Hence we see that,
with the given direction of the current through the multiplier a’, the direction of the current
through the solenoid b with the top setting of C is given by a!’be, while it is given by eba’’
with the bottom setting, being hence opposite to the former, whereby in both cases opposite
equal torques are exerted on the solenoid b, one of which can always be used to dampen the
motion of the solenoid.

In order to dampen the solenoid of the second dynamometer, f///, the commutator D is
given the bottom setting symbolized by a dashed arc whereby the wires eba’’a’a’!!, including

the first dynamometer, are connected and whereby, depending on the setting of commutator
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C', a circuit with the following sequence of wires is completed:

with top setting of C1:  fIV fV 1 fII I £I
with bottom setting of CT:  fIV fIILfIT I ¢V ¢IV.

We see that, given the current direction through multiplier !V, the current direction through
the solenoid f/! with the top setting of C! is given by fI fII1 {1V while by the bottom setting
it is given by fIV £ fII hence opposite, whereby in both cases opposite torques are exerted
on the solenoid f/#!, one of which can always be used to dampen the motion of the solenoid.

After damping both solenoids, the commutator D is opened and the removed piece of
wire fV is again inserted to connect the first and last cell.

18.26 The Long Conducting Wires

For the displacement of the solenoid of an electrodynamometer or for the displacement of the
whole electrodynamometer (solenoid and multiplier) from one switching place of the closed
circuit to the other one, it is a matter of great importance for the observations that the two
conducting wires connecting the two switching places be of almost equal and great length.
Therefore two parts of the closed circuit, namely the wires e and fZ, have been explicitly
mentioned for serving this purpose in the previous Section. In the circuit used in the following
experiments each of these two wires had a length of 36 600 meters or almost 5 miles.

Considering the great length of the whole circuit containing these two long wires, it is
immediately clear that it is practically impossible to give them the exact shape of a circle
as has been assumed for simplification in the previous Section when developing the laws.
But even apart from this great length to be associated with the closed conductor, the simple
shape of a circle could not be applied in a circuit that must contain an inductor ring for the
rotating magnet and two dynamometers for the purpose of the observations, because pieces
of the conducting wire have to be employed whose shape and position are determined by the
rules valid for the construction of these instruments.

Obviously this in practice unavoidable deviation of the shape of the closed conductor
from a circle has an influence on the electric oscillations caused by the rotating magnet
in the conductor, and thereby the law of the dependence of the amplitude of the electric
oscillations on the rotation velocity of the magnet is essentially changed. If, however, it is
not a question of observations by which the amplitude is exactly determined and measured,
but only of those to compare the amplitudes at two different places of the conductor (or
to determine only the phase difference at both places), then the deviation from the circular
shape is of minor importance. Because if, according to the laws developed in the previous
Section, there were really no noticeable difference of oscillation amplitude and phase at two
very distant places of a circular conductor even at high rotation velocities, there would be
no reason to assume that such a difference would be brought forth simply by a deviation
of the conductor from the circular shape; still more so, if the observations show that in a
closed conductor with an arbitrary shape entirely different from a circle that there are no
noticeable differences of oscillation amplitude and phase, it might be allowed conversely to
consider this result as generally valid, also for differences of oscillation amplitudes and phases
being unnoticeable for a perfect circular shape.

It is of special importance for these two 5 mile wires making part of the closed conductor
that, if no telegraph wires are used but if these long wires shall instead be housed in the
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closed laboratory where the observations are made as is necessary to completely control all
essential external conditions of the observations, these long wires have to be wound on spools
to save space. Now it is clear, however, that in the case of electric currents now abruptly
arising and now dying off again as happens due to the electric oscillations caused by the fast
rotation of the magnet, all windings of the conducting wire on the spool must mutually exert
electromotive forces according to the laws of Volta-induction®® which sum up to a strong
damping force, thereby essentially reducing the amplitude of the electric oscillations so that
the latter could not any more be observed even with the most sensitive dynamometers at
faster rotations of the magnet. In order to perform the observations it is therefore utterly
important to find a method to wind the long wires on spools so that such a mutual induction
between the wire windings is avoided.

To achieve this aim, provided the wires are well braid,**” the simplest and most perfect
way is to combine the two halves of each piece to a twin wire before winding it on one coil.
This combination is best obtained by braiding the two halves, each of which is already braid
and thus kept isolated from each other by means of this double braiding, wound once again
together with cotton or silk. Then, connected at one of the ends, the two halves form a
conductor through which a current entering by the other open end and passing through one
of the wire halves is led back to the open end passing through the other half wire on almost
the same path. Then the end where the two wire halves are connected is fixed at the spool
intended for the braiding and subsequently the whole twin wire is braided on this spool, so
that the end which leaves the two wire halves non-isolated are freely exposed on top and
the whole twin wire can be connected to the remainder of the circuit by means of these two
non-isolated ends of the two wire halves.

In this way all current elements pertaining to such a twin wire are ordered pairwise, so
that only oppositely equal current elements are close neighbors. It is clear that, even at
the fastest changes of intensity, such pairs of current elements cannot exert an electromotive
force on any other more distant conductor element and that hence this twin wire, in whatever
way it may be wound by braiding it on the spool, is not subject to any damping force
as a consequence of these windings which otherwise the electric oscillations would have
experienced by the rotating magnet, as would have been the case had the wire simply been
wound in a unidirectional fashion alongside its whole length.

Without the above method fast electric oscillations in such a long conducting circuit
would become vanishingly weak, though not in consequence of the great resistance of the
circuit, but in consequence of the mutual induction between all the windings, making their
observation practically impossible. Here it is barely necessary to remark that the same
method may find fruitful applications also in other cases where similar conditions are met
under which this very method will perform in a similar way:.

This is valid, in particular, for long distance electric telegraphs, where for the purpose
of [sending] telegraph signals, electric currents in a very long circuit arise and vanish very
rapidly. We have indeed already mentioned that the damping forces, exerted hereby by the
electricity in the various wire elements (and suffered especially under the influence of an
enclosing conductor), cause great impediments due to delays in signaling which threaten to
thwart the further expansion especially of undersea telegraph lines. For example from Europe
to America, quite independent of the technical difficulties in connection with the laying and

456[Note by AKTA:] See footnote 402 on page 267.
457[Note by AKTA:] In German: Wenn die Dréihte gut umsponnen sind. A braided wire here means silk or
cotton woven around the conductor for insulating purposes.
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maintenance. Hereby, not only the forces mutually exerted between the electricities in the
various wire elements come into play, but also those forces exerted by the electricity on the
neighboring conductors and sustained by them, and even the forces exerted by the magnetism
of the earth and its variability on the electricity of the various wire elements. All impediments
arising from this for fast signal processing and great extension of the circuit can be totally
or almost totally avoided by applying the above method, always placing two wire elements
closely together in which the electric current and charge are practically equal but opposite.
Hence it is very clear that, as a rule for further extension of the telegraph line, a cable must
be designed so as to have a wire with current passing in one direction very close to a second
wire leading the current back, where hence the return of the current via the earth must be
given up. That the insulation between closely spaced wires does not cause difficulties seems
to be shown by the example of our circuit where the two wires packed closely together by
means of a common braiding are insulated from each other only by covering each individual
wire with silk before joining them. The thickness of the insulator coating here was less than
1/10 of a millimeter and yet the insulation was to be considered perfect for currents so strong
that the scale range barely sufficed for the dynamometer deviations caused by them, as will
be demonstrated by the corresponding observations to be described below.

18.27 Observations to Compare the Amplitude of Elec-
tric Oscillations at Two Different Places of a
Long Closed Circuit

According to the arrangement discussed in the previous Sections now four series of obser-
vations have been performed, all on one day, September 28, 1860, alternately to compare
the amplitude and to determine the phase difference at two distant places of the above long
closed circuit while electric oscillations were excited therein by a fast rotating magnet. How-
ever, while not performed in immediate succession, the two series of observations to compare
the amplitude shall both be considered together in the present Section, likewise both series of
observations to determine the phase difference in the following Section.

The corresponding observations at both electrodynamometers were made by Mr. Schering
and myself, while Mr. Klinkerfues and Mr. H. Weber performed the uniform rotation of
the magnet in the inductor coil and determined its velocity.**® This velocity was kept as
close as possible to 260 turns per second whereby only slight deviations occurred which were
noticeable as small variations of the deviations of the solenoids of both dynamometers.

The duration of the periods of the solenoids was regulated in such a way that it was
equal in size and lasted almost exactly 15 seconds. In doing so, the sensitivity of both
instruments, however, was very different as a consequence of using indeed equal spools for
both solenoids, but having different wire thickness and hence different numbers of windings.
The more sensitive dynamometer, the one with the solenoid having a greater number of
windings, was used for those observations by means of which the oscillation amplitude was
to be determined alternately at two different places of the conducting circuit, while the less
sensitive dynamometer served for the corresponding observations, in order to account for the
influence of small variations of the rotation velocity, to which purpose the same had to stay

458[Note by AKTA:] Ernst Christian Julius Schering (1824-1897), Ernst Friedrich Wilhelm Klinkerfues
(1827-1884) and Heinrich Weber (1839-1928).
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fixed at a certain place of the conducting wire.

First Series.

According to the setup prescribed in Section 18.24, the first series of observations was
performed in order to compare the intensity or oscillation amplitude of the electric oscillations
at two different places of the long closed circuit.

All observations are expressed in parts of a millimeter scale, the image of which, 2100
divisions away from it and attached to the solenoid, plane mirror on the magnetometer,
was observed in the usual way with a telescope. In order to exploit the whole expansion of
the scale, the telescopes including their scales were placed before the mirrors in such a way
that the solenoid position at rest with the magnet at rest or with the open circuit did not
correspond, as usual, to the center of the scale above the telescope, but to a point near the
beginning of the scale, because the solenoid was always deflected towards one and the same
side from its position at rest.

During the whole series of observations the magnet was kept in continuous uniform ro-
tation. Between the various sets of observation distinguished by number the commutator A
described in Section 18.25 was operated, namely the first time, when it had previously been
open, it was closed, and afterward the top and bottom settings were simply exchanged. Dur-
ing this the commutator B was kept closed in the top setting, likewise the two commutators
C and " with 4 cells each which had been used for the damping of the solenoids before
the beginning of the observations, while the commutator D with 4 cells was opened and
completely taken out of the circuit by re-inserting the piece of wire connecting the first and
fourth cell which had been removed while the two solenoids were damped.

Before starting the observations the solenoids of both dynamometers, as explained in
Section 18.25, were damped as much as possible. — As the setting of the three commutators
B, C, C" was kept fixed during the whole series of observations, it sufficed to remark in
the headlines of the various sets whether the circuit was open or closed and whether, in the
latter case, the top or bottom setting of commutator A was employed according to the scheme
in Section 18.25. — With the closed circuit, where the solenoids moved more vividly, the
second averages have been chosen from the subsequently observed elongations to determine
the state of rest.
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Top Setting of Commutator B.

Set number 1,

open circuit

Set number 2,
Top setting of

closed circuit
commutator A

Dynamometer no. 1

Dynamometer no. 2

Dynamometer no. 1

Dynamometer no. 2

Observed State Observed State Observed State Observed | State
elongations | of rest | elongations | of rest | elongations | of rest | elongations | of rest
52.9 + 114 901.7 638.2
34.55 —0.30
16.2 —12.0 854.7 876.55 606.8 621.38
34.40 —0.40
52.6 + 11.2 895.1 877.93 633.7 622.35
34.60 —0.35
16.6 —11.9 866.8 880.82 615.2 624.52
34.55 —0.45
52.5 +11.0 894.6 882.70 634.0 625.83
34.70 —0.20
16.9 —11.4 874.8 620.1

Average 34.56

Average —0.34

Average 879.50

Average 623.52

Set number 3,

closed circuit

Bottom setting of commutator A

Set number 4,
Top setting of

closed circuit
commutator A

843.1
908.8 872.35
828.7 870.45
915.6 873.72
835.0 879.35
931.8

596.2
644.9 617.95
585.8 616.60
649.9 619.10
590.8 623.20
661.3

811.4
941.8 880.90
828.6 890.82
964.3 887.95
794.6 872.93
838.2

574.2
668.5 624.65
587.4 631.87
684.2 629.68
562.9 619.13
666.5

Average 873.97

Average 619.21

Average 883.15

Average 626.33

Set number 5,

closed circuit

Bottom setting of commutator A

Set number 6,
Top setting of

closed circuit
commutator A

796.7
978.0 885.60
789.7 887.47
992.5 884.35
762.7 876.35
987.5

564.7
694.1 628.20
559.9 629.45
704.1 627.15
540.5 621.37
700.4

748.3
1007.5 877.80
747.9 879.30
1013.9 880.67
747.0 876.65
998.7

531.5
714.5 622.93
531.2 623.97
719.0 624.97
530.7 622.13
708.1

Average 883.44

Average 626.55

Average 878.61

Average 623.50

Set number 7,

closed circuit

Bottom setting of commutator A

Dynamometer no. 1

Dynamometer no. 2

Observed State Observed State
elongations of rest elongations of rest
742.8 527.6
1011.1 880.28 716.2 624.38
756.1 883.47 537.5 626.77
1010.6 882.45 715.9 626.00
752.5 879.43 534.7 623.80
1002.1 709.9

Average 881.41

Average 625.24

Comparing the corresponding deflections of both simultaneously observed dynamometers
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which we obtain by subtracting the state of rest observed with open circuit (set number 1)
from that observed with closed circuit and hereby restricting ourselves at first to those cases,
sets numbers 2, 4, 6, where both dynamometers have been positioned symmetrically and
close together and separated from either side from the inductor of the rotating magnet by
means of the long conducting wires, where hence the oscillation amplitude and phase should
always be equal in both dynamometers; we get the ratio of their sensitivities from the ratio
of the observed deflections of both dynamometers. Hence we obtain the sensitivity of the
first dynamometer expressed in parts of that of the second dynamometer:

from sets number 1 and number 2:  844.94/623.86 = 1.3544 ,
from sets number 1 and number 4:  848.59/626.67 = 1.3541 ,
from sets number 1 and number 6:  844.05/623.84 = 1.3530 ,

hence the average ratio of the sensitivity of dynamometer number 1 and of dynamometer
number 2 behaves as

1.3538 : 1.

After this mutual comparison of the sensitivities of both dynamometers the number of read-
ings of one dynamometer alternatively switched onto two different places of the circuit may
be reduced by making use of the observed deflections of the other dynamometer, always kept
fixed at the same place of the circuit, as if the deflections were observed simultaneously at
the two places of the circuit by means of identical dynamometers. Namely from the corre-
sponding deflections of the auxiliary dynamometer it is now always possible to calculate the
deflections of the main dynamometer as would have been observed if the main dynamometer
had stayed in its original place, for which the comparison of its sensitivity with that of the
other dynamometer is valid, and this comparison calculated for the first position of the main
dynamometer in the circuit may then be compared with the deflection really observed for
the second position of the main dynamometer.

That is, if the obtained ratio of 1.3538 is multiplied by the deflections of the auxiliary
dynamometer observed in the 3rd, 5th, and 7th set, after subtracting the state of rest found
in set number 1,

619.55, 626.89, 625.58 ,

one gets the deflections which would have been observed at the main dynamometer if the
latter had kept its place in the circuit like it has been in the 2nd, 4th, and 6th set.

The following Table contains the values of the calculated deflections in the second col-
umn; the third column contains the actually observed deflections at position II of the main
dynamometer for which these calculated deflections of the main dynamometer at position [
were valid; the fourth column finally lists the differences between both.

Set Calculated deflection | Observed deflection | Difference
number for position I for position II
3 838.75 839.41 +0.66
5 848.69 848.88 +0.19
7 846.92 846.85 —0.07
Average 844.78 845.05 +0.26
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These deflections, observed in scale units, divided by the distance, 2100 scale units, of
the mirror from the scale, now yield the tangents of twice the angles designated by v and v’
in Section 18.24. Hence we have for position I:

t t t 8a4.78 0.193 601
nv = tan — arctan = 0.
anv = tan 7 arcta 5100 ,
and for position II:
45.
tan v’ = tan — arctan 845.05 =0.193656 .

2 2100
But now, according to Section 18.24, the ratio of the squares of the intensities ¢ and 7/,
or the squares of the amplitudes of the electric oscillations at the two positions I and II in
comparison where the main dynamometer has been placed by means of the top and bottom
settings of commutator A, behaves as

. 2
2 Z/

i* 14" =tanv : tanv’ ;

hence one gets

' =1.000142 -7 .

Position I in the circuit, however, is almost 5 miles away from the inductor which houses
the rotating magnet, while position II is very close to the inductor. It seems that this indeed
means that the amplitude of the electric oscillations, produced by the rotating magnet in
the whole circuit are somewhat weaker at the great distance from the inductor where the
excitation started, namely at the position denoted by I, than very close to the inductor, at
position II; the difference found, however, is exceedingly small, so that it cannot be safely
established even by means of the most exact observations, it is in fact less than 1/7000 of
the total oscillation amplitude corresponding to the full deflection of the dynamometer. In
fact these observations hence show that at two positions of the circuit at a mutual distance
of almost 5 miles practically no difference of the amplitudes of the electric oscillations can
be detected even by the most exact observations.

Concerning the ezactness of the observations it is indeed clear that its closer determina-
tion cannot yet be gained from just so few repetitions as in this first series of observations;
yet, as no deviation from the average surpasses 0.40 scale units, one may consider this aver-
age obtained from all 3 observations as reliable, which corresponds to one part in 845 of the
total oscillation amplitude. — Such an accuracy of the intensity measurements of electric
oscillations surpasses the precision that could be obtained hitherto by means of intensity
measurements of almost any other kind of oscillation. In acoustics and optics the intensity
of sound and light depends on the oscillation amplitude and it is known how far the intensity
measurements of sound and light stay behind this precision. Only the observations of the
oscillation amplitude of a magnetic needle or generally by means of a torsion balance in
unifilar or bifilar suspension after Gauss’ method allow equal or, under favorable conditions,
a still somewhat higher precision.*®® — It is worthwhile to remark that the same precision
by means of the same inductor and the same dynamometers, which served for the production
and observation of electric oscillations, 520 of which took place every second, would have
been obtained equally easily in a circuit almost 10 miles long even if the frequency of the

459Note by AKTA:] See [Web38a] with English translation in [Web41a] and [Web66a]; and [Web94a].
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electric oscillations were increased to more than 1000 per second and the length of the circuit
to more than 30 miles without having to reinforce the wire of the prolonged circuit; for the
electric oscillation and its effect were deliberately weakened during the above experiments;
namely first by excluding one half of the inductor on which the rotating magnet acted; sec-
ond by increasing the static directive force of the solenoids of both dynamometers; otherwise
the length of the scale would not have sufficed to perform the observations. The observed
effects would have been equally strong in a much longer circuit making use of the whole
inductor and decreasing the static directive force of the solenoids, whereby the duration of
their oscillation would have been increased from 15 to 20 seconds.

In order to eliminate any doubt that this precision be just an apparent one and that
the coincidence of the observations repeated only 3 times in the above series of observations
be just accidental, finally a second series of observations were performed by means of the
identical set up and on this very day, the results of which are compiled in the same way for
comparison with the preceding series in the following Table.

Second Series.

The remarks preceding the first series are equally valid for the second series.
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Top Setting of Commutator B.
Set number 1, open circuit Set number 2, closed circuit
Top setting of commutator A
Dynamometer no. 1 | Dynamometer no. 2 | Dynamometer no. 1 | Dynamometer no. 2

Observed State Observed State Observed State Observed | State
elongations | of rest | elongations | of rest | elongations | of rest | elongations | of rest
30.3 -85 858.7 615.7
32.35 —1.65
34.4 +5.2 904.2 879.00 636.1 623.83
32.35 —1.55
30.3 —-8.3 848.9 879.68 607.4 624.47
32.20 —1.65
34.1 +5.0 916.7 880.52 647.0 625.15
32.20 —1.50
30.3 -8.0 839.8 876.00 599.2 621.90
32.25 —1.55
34.2 +4.9 907.7 642.2
Average 32.27 Average —1.58 Average 878.80 Average 623.84
Set number 3, closed circuit Set number 4, closed circuit
Bottom setting of commutator A Top setting of commutator A
837.0 596.0 792.5 554.0

918.8 880.60 649.0 624.70 964.0 881.38 683.1 623.30
847.8 885.58 604.8 628.67 805.0 884.72 573.0 628.07
927.9 881.70 656.1 625.75 964.9 880.70 683.2 625.22
823.2 880.00 586.0 624.38 788.0 879.35 561.5 624.25

945.7 669.4 976.5 690.8
Average 881.97 Average 625.87 Average 881.54 Average 625.21
Set number 5, closed circuit Set number 6, closed circuit
Bottom setting of commutator A Top setting of commutator A
794.0 566.4 783.2 559.9

962.4 875.90 678.5 621.10 961.1 877.62 679.0 623.15
784.8 876.73 561.0 621.93 805.1 875.53 574.7 621.42
974.9 879.92 687.2 623.95 930.8 869.10 657.3 617.10
785.1 874.35 560.4 620.02 809.7 872.52 579.1 619.68
952.3 672.1 939.9 663.2
Average 876.73 Average 621.75 Average 873.69 Average 620.34
Set number 7, closed circuit
Bottom setting of commutator A

Dynamometer no. 1 Dynamometer no. 2

Observed State Observed State
elongations of rest elongations of rest

783.5 560.8
969.6 878.25 682.9 623.13
790.3 881.72 565.9 625.67
976.7 882.28 688.0 626.08
785.4 882.12 562.4 625.95

981.0 691.0

Average 881.09 Average 625.21

The ratios of the sensitivity of the first dynamometer, expressed in parts of [the sensi-
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tivity] of the second [dynamometer|, from the observations listed in the second column yield
the following values:

from sets number 1 and number 2:  846.53/625.42 = 1.3535 ,
from sets number 1 and number 4:  849.27/626.79 = 1.3549 ,
from sets number 1 and number 6:  841.42/621.92 = 1.3529 ,

hence the average ratio of the sensitivity of the first and the second dynamometer behaves
as

1.3538 : 1.

Now multiplying this ratio 1.3538 with the observed deflections of the second dynamometer
which was always fixed at its position in the circuit during all observations, namely the
deflections resulting from the difference between the positions at rest with open circuit in
set number 1 and with closed circuit in sets numbers 3, 5 and 7, yield:

627.45, 623.33, 626.79 ,

so the products

849.45, 843.86, 848.55 ,

yield the values of the deflections which would have been observed at the first dynamometer
if the latter had kept its position as in sets numbers 2, 4 and 6, while the deflections of
the positions at rest in sets numbers 3, 5 and 7 correspond to the changed position of the
dynamometer. The following Table lists the deflections from the initial position together
with the corresponding deflections of the first dynamometer in the changed position.

Set Calculated deflection | Observed deflection | Difference
number for position I for position II
3 849.45 849.70 +0.25
5 843.86 844.46 +0.60
7 848.55 848.82 +0.27
Average 847.29 847.66 +0.37

Herewith, like with the previous series of observations, we get the comparison of the
oscillation amplitude or of the current intensity at position I and II, [respectively|. For
position I:

847.29
tanv = tan 3 arctan 5100 0.194 134 |
and for position II:
tanv’ = tan - arctan BAT.06 0.194212 ,

2 2100
hence, as according to Section 18.24 [one has|

. 2
2 Z/

i* 147 =tanv : tanv’ |

it follows that
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i' =1.000201 -7 .

Thus the difference between the oscillation amplitude at both positions, one of which was
almost 5 miles away from the inductor of the rotating magnet while the other one was close
to the inductor, makes barely 1/5000 of the total oscillation amplitude corresponding to the
total deflection of the dynamometer. It is clear that also this difference is too small in order
to be safely declared even for the most exact observations and therefore also this second
series of observations will confirm that there is practically no difference of the amplitudes of
the electric oscillations that can be safely established even for two positions almost 5 miles
apart.

18.28 Observations to Determine the Difference of the
Phase of Electric Oscillations at Two Different
Places of a Long Closed Circuit

On the basis of an equal setup as described for the two foregoing series of observations, a
third series of observations was performed, however, not for the comparison of the oscillation
amplitudes, but for the determination of the phase difference of the electric oscillations at
two different places of a long circuit. To this aim, like with the previous series of observations,
the commutator A described in Section 18.25, was closed, if previously open, between the
various sets of observation distinguished by number, or it was opened if previously closed,
that means, the top and bottom setting were exchanged. Commutator B, on the other hand,
was kept closed, but in the bottom setting (instead of in the top setting as before). Finally,
the two commutators C and C’, equipped with 4 cells each, used to dampen the solenoids
before starting the observations, were again kept closed and set exactly as before during the
observations. After damping the solenoids, the commutator D was opened before starting
the observations and completely excluded from the circuit by means of a wire connecting its
first and last cell.

Third Series.
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Bottom Setting of Commutator B.

Set number 1,

open circuit

Set number 2,
Top setting of

closed circuit
commutator A

Dynamometer no. 1

Dynamometer no. 2

Dynamometer no. 1

Dynamometer no. 2

Observed State Observed State Observed State Observed | State
elongations | of rest | elongations | of rest | elongations | of rest | elongations | of rest
33.9 -3.5 849.5 995.0
35.95 -3.70
38.0 -39 917.7 883.25 263.1 626.67
35.95 —3.65
33.9 -34 848.1 889.37 985.5 630.87
35.95 -3.20
38.0 -3.0 943.6 889.15 289.4 629.60
35.95 —3.40
33.9 -3.8 821.3 875.85 954.1 619.50
36.00 —3.45
38.1 -3.1 917.2 280.4

Average 35.96

Average —3.48

Average 884.41

Average 626.66

Set number 3,

Bottom setting of commutator A

closed circuit

Set number 4,
Top setting of

closed circuit
commutator A

812.8
956.7 882.55
804.0 876.10
939.7 873.35
810.0 878.10
952.7

940.0
317.6 625.27
925.9 620.57
312.9 618.70
923.1 622.32
330.2

943.2
809.5 875.45
939.6 873.17
804.0 875.20
953.2 880.35
811.0

363.1
873.8 619.30
366.5 617.70
864.0 618.62
380.0 622.13
864.5

Average 877.52

Average 621.72

Average 876.04

Average 619.44

Set number 5,

Bottom setting of commutator A

closed circuit

Set number 6,
Top setting of

closed circuit
commutator A

925.7
836.3 881.82
929.0 877.45
815.5 875.10
940.4 879.10
820.1

366.2
879.8 625.35
375.6 622.35
858.4 618.15
380.2 621.40
866.8

919.8
845.1 886.12
934.5 885.68
828.6 880.35
929.7 878.32
825.3

369.0
881.2 627.52
378.7 627.53
871.5 624.62
376.8 622.53
865.0

Average 878.37

Average 621.81

Average 882.62

Average 625.55

Set number 7,

closed circuit

Bottom setting of commutator A

Dynamometer no. 1

Dynamometer no. 2

Observed State Observed State
elongations of rest elongations of rest
898.0 367.5
850.5 875.77 870.9 619.52
904.1 872.63 368.8 619.13
831.8 870.10 868.0 618.45
912.7 868.52 369.0 615.77
816.9 857.1

Average 871.76

Average 618.22

For the ratio of the sensitivity of the first dynamometer, expressed in parts of the second
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one, the observations of this third series yield the following values:

from sets number 1 and number 2:  848.45/630.14 = 1.3464 ,
from sets number 1 and number 4:  840.08/622.92 = 1.3486 ,
from sets number 1 and number 6:  846.66/629.03 = 1.3460 ,

hence the average ratio of the respective first and second dynamometer sensitivities equals

1.3740 : 1 .

Now multiplying this ratio 1.3740 by the observed deflections of the second dynamometer
which has kept its position in the circuit during all observations, namely the deflections
resulting from the differences of the positions of rest with open circuit in set number 1 and
with closed circuit in sets numbers 3, 5 and 7, one obtains:

625,20,  625.29,  621.70 ,

so that one gets the products

842.15, 842.26, 837.44 |

which yield the values of the deflections which would have been observed at the first dy-
namometer if the solenoid had kept its positions during the observations of sets numbers 2,
4 and 6, while the deflections taken from the positions of rest of sets numbers 3, 5 and 7
correspond to the changed position of the solenoid in the circuit. The following Table lists
the deflections of the solenoid of the original position and the corresponding deflections of
the changed position.

Set Calculated deflection | Observed deflection | Difference
number for position I for position II
of the solenoid of the solenoid
3 842.15 841.56 —0.59
5 842.26 842.41 +0.15
7 837.44 835.80 —1.64
Average 840.62 839.92 —0.70

Also this series of observations has been repeated again in order to test the exactness
attributed to these observations and we let this fourth series of observations follow immedi-
ately.

Fourth Series.
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Bottom Setting of Commutator B.

Set number 1,

open circuit

Set number 2,
Top setting of

closed circuit
commutator A

Dynamometer no. 1

Dynamometer no. 2

Dynamometer no. 1

Dynamometer no. 2

Observed State Observed State Observed State Observed | State
elongations | of rest | elongations | of rest | elongations | of rest | elongations | of rest
44.8 +4.3 840.9 592.2
36.50 —1.25
28.2 —6.8 917.6 879.82 650.3 621.70
36.35 —1.25
44.5 +4.3 843.2 880.80 594.0 622.37
36.20 —1.15
27.9 —6.6 919.2 882.23 651.2 623.40
36.25 —1.20
44.6 +4.2 847.3 884.05 597.2 624.70
36.35 —1.30
28.1 —6.8 922.4 653.2

Average 36.33

Average —1.23

Average 881.72

Average 623.04

Set number 3,

closed circuit

Bottom setting of commutator A

Set number 4,
Top setting of

closed circuit
commutator A

794.5
970.1 882.67
796.0 882.95
969.7 885.48
806.5 887.97
969.2

559.9
687.4 623.90
560.9 624.00
686.8 625.82
568.8 627.70
686.4

772.9
1005.7 886.77
762.8 883.15
1001.3 882.50
764.6 882.25
998.5

543.9
712.1 626.20
536.7 623.57
708.8 623.15
538.3 623.00
706.6

Average 884.77

Average 625.36

Average 883.67

Average 623.98

Set number 5,

closed circuit

Bottom setting of commutator A

Set number 6,
Top setting of

closed circuit
commutator A

744.1

1023.3 883.92
745.0 883.75
1021.7 885.80
754.8 883.37
1002.2 879.68
795.5

524.2

724.3 624.45
525.0 624.32
723.0 625.80
532.2 624.15
709.2 621.60
535.8

988.3
779.0 883.07
986.0 879.20
765.8 878.93
998.1 884.37
775.5

698.9
550.1 623.95
696.7 621.00
540.5 620.75
705.3 624.72
547.8

Average 883.30

Average 624.06

Average 881.39

Average 622.61

Set number 7,

closed circuit

Bottom setting of commutator A

Dynamometer no. 1

Dynamometer no. 2

Observed State Observed State
elongations of rest elongations of rest
960.0 678.2
805.4 884.25 570.5 625.37
966.2 882.20 682.3 623.75
791.0 876.15 559.9 619.38
956.4 875.35 675.4 618.87
797.6 564.8

Average 879.49

Average 621.84
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From the observations of this fourth series we obtain the following values for the sensitivity
of the first dynamometer in parts of that of the second dynamometer:

from sets number 1 and number 2:
from sets number 1 and number 4:
from sets number 1 and number 6:

845.39/624.27 = 1.3542 ,
847.34/625.21 = 1.3553 ,
845.06/623.84 = 1.3546

hence the average ratio of the respective first and second dynamometer sensitivities equals

1.3547: 1 .

Now multiplying this ratio 1.3547 by the observed deflections of the second dynamometer
which has kept its position in the circuit during all observations, namely the deflections
resulting from the differences of the positions of rest with open circuit in set number 1 and
with closed circuit in sets numbers 3, 5 and 7, one obtains:

626.59,

625.29, 623.07 ,

so we get the products

848.84, 847.10, 844.10 ,

which yield the values of the deflections which would have been observed at the first dy-
namometer if the solenoid had kept its positions during the observations of sets numbers 2,
4 and 6, while the deflections taken from the positions of rest of sets numbers 3, 5 and 7
correspond to the changed position of the solenoid in the circuit. The following Table lists
the deflections of the solenoid of the original position and the corresponding deflections of
the changed position.

Set Calculated deflection | Observed deflection | Difference
number for position I for position II
of the solenoid of the solenoid
3 848.84 848.44 —0.40
5 847.10 846.97 —0.13
7 844.10 843.16 —0.94
Average 846.68 846.19 —0.49

Comparing these averages found in the fourth series of observations with those obtained
from the third series of observations, we find the ratio of the deflections at both positions
in such an agreement, that it obviously suffices for all further considerations to take into
account the averages of both series, namely for the deflections of the solenoid at position I:

843.65

and at position II:

843.055 .

Now this yields the following values for the determination of the difference of the oscillation
phases at position I and II according to Section 18.24:
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1 843.65

u=3 arctan 5100 10°56'37.0"
1 843.055
n__ = _ orpl 1
v = 5 arctan 5100 10°56'11.7" .

The latter task would need a minor correction if, according to the result of the previous
Section, one were to take into account not the oscillation amplitudes at positions I and II
considered as equal, but instead the little difference, although it cannot be guaranteed in
any way. In that case, we would have to put v” = 10°56'13.2”. Here however we will keep
to the first task because there is no reason to assume such an inequality of the oscillation
amplitude because in practice it cannot be safely demonstrated at all.

This finally yields the determination of the phase difference 2\ at both positions I and
IT according to Section 18.24

u_,U//

sin? \ = = 0.000329 ,

2sinu(cosu + [u — v"] sinu)

hence

2\ = 2°4/43" |

which corresponds to about 1/87 of the period of oscillation.

Also this determination of the phase difference is based on such a small difference of
the observed deflections, being equal to only 3/5 of a scale unit, that it can be just as
little considered as safely established by experience, as the small difference of the oscillation
amplitude in the previous Section.

18.29 Result of the Test

The observations described in Sections 18.27 and 18.28 serve to test the laws developed on the
previous Section in what concerns the behavior of the oscillation amplitudes and oscillation
phases at various positions of a closed conductor and thereby the identity of amplitudes and
phases has been established even for very fast oscillations in a very long closed conducting
wire. The method used for these observations of simultaneous corresponding observations
by means of two dynamometers with exactly corresponding periods of oscillation allowed
thereby a very high exactness, and this test could be carried out much further if the means
for a still faster rotation of the magnet and for the production of still longer circuits were
available. Such a further expansion of the test, however, would not suffice, as it seems,
to justify the effort and the expenditure to be invested, and their expansion up to 520
oscillations per second and up to a length of 10 miles of the circuit would already suffice.
Even if amplitudes and phases of electric oscillations in closed conductors were not generally
equal everywhere, it is indeed clear that yet their differences should have to become the
smaller, the longer the period of oscillation depending on the velocity of rotation, and the
shorter the conducting wire would be, so that finally these differences should have to become
unnoticeable with increasing period of oscillation and decreasing length of the conducting
wire. Hence the intended test can only arrive at its aim if it were considerably extended
beyond the limits within which such a compensation would have to occur in any case, and the
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question therefore arises whether a length of conductor of 10 miles and a period of oscillation
of 1/520 of a second would serve this purpose.

Let a simple wave train start from a point and consider the same during the first cycle.
Let the wave period be 1/520 of a second and the propagation velocity be equal to the usual

c\/g = 41950 miles [per second]. In this case, if it were realizable, a decrease of the amplitude

of the electric oscillation would take place as the distance increases from the starting position
of the wave train together with an increase of the phase difference with the same distance
for any moment, both of which are easy to determine.

In fact, for such a simple wave train the displacement of an electric particle, o, can be
represented by the following equation:

o= Ae " - sin 520w (t — f\/§> ,
c

where, according to Section 18.15, we may approximately put

2

c
© T 16ma2kM"
and
8
M" = 2log S
o)
As now further, according to Section 18.16,
1 . 16-10°
=N = ——- s
Talk Ta? - c?
hence
108

E= —
21 log 82
«

and with 2ra = 76 - 10° millimeter and « = 1/8 millimeter for our circuit, we obtain

e =477000 .

The distance of s = 30 - 10° millimeter (about 5 miles) now corresponds to a duration of

S 1
- — . 2 pr—
t c V2 8177

hence the ratio of the amplitudes at the starting point and at a distance of 5 miles (equals):

second,

lie®t=1:e"*"=573-10"": 1,

whence the amplitude has become so small at a distance of 5 miles that it completely vanishes
compared to that of the wave train at its starting point.

At a given moment the phase difference at the starting point of the wave train and at a
distance = s from there is represented by

52077 . \/2 |
C
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thus equals 0.0636 - 7 = 10°27’ for s = 38 - 10°, a phase difference which can by no means
be considered unnoticeable in view of the exactness allowed by the observations according
to the previous Section.

According to these rough figures taken from the consideration of the elementary waves,
the experiments described in the previous Sections may be considered as sufficient for the
test of the laws established in the preceding Section for the ratios of the amplitudes and
phases in closed conductors.

Finally let us remark that the identity of the oscillation amplitude at different positions
at a large mutual distance of the closed conducting wire serves as proof, too, that the wire
braided with silk may be considered as sufficiently insulated for electric currents like those
produced by the rotating magnet; for with an insufficient insulation the currents would have
been weaker far away from the inductor than closer to it.

18.30 Observations of the Dependence of the Oscilla-
tion Amplitude on the Rotation Velocity of the
Magnet

After having confirmed the identity of the oscillation amplitudes and oscillation phases for
the longest circuit and the fastest rotation velocity of the magnet possible with the present
means, whence it is clear that this identity holds all the more for shorter circuits and lower
rotational velocities, essentially only the test of the law of the dependence of the oscillation
amplitude on the rotation velocity of the magnet for the circuit in question remains for the
quantitative test of the laws developed in the preceding Section.

From the identity of the oscillation amplitudes and oscillation phases in all parts of a
closed conductor, it follows all by itself that the intensity of the current in any point always
equals the average of the current intensity in the whole conductor. Now the law for the
averages of the current intensities in closed conductors depending on the average values of
the electromotive forces has been developed in Section 18.9, independent of the consideration
of the shape of the closed conductor, whence in Section 18.21 the law of this dependence
has been determined more closely for the case when this average value of the electromotive
forces changes in proportion to the sine which increases in proportion to time, which happens
when the electromotive forces are produced by rotation of a small magnet. Hence putting
namely the average electromotive force equal to ggsin ut, this yielded the following law for
the average current intensity

. Jo .
== sinp cos(ut + po) ,
where w’ denoted the resistance of the unit length of the conductor and where we had

ractw'

PO 4 [ Myds

But, according to this law, with a magnet of given strength and position and a given circuit,
for which the resistance w’ and the coefficient [ M{'ds depending on the shape of the circuit,
as well as the factor gy depending on the strength of the magnet and on its position in the
closed circuit, have definite values, the current intensity ¢ depends still only on the faster
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or slower rotation velocity to be determined by u, with p/[27] designating the number of
revolutions per unit time.

However, besides the law of the dependence of the current intensity on the rotation velocity
of the magnet, also the dependence of the absolute value of the current intensity i on the
absolute values of the constants w', [ M{/ds and go in addition could be subjected to a further
test; but in what concerns the dependence on w’ and g¢g, the same has already been tested
for vanishing values of p, which yields py = 7/2 and hence

i=%
w/
which constitutes the well known Ohm’s law firmly based on experience; but in what concerns
the dependence on [ M{/ds, this test would be easy to perform as soon as there were analytical
methods at hand to determine the value of the constant [ M{/ds from the shape of the closed
conductor. The knowledge of this value for a circular conductor is not sufficient, because
the observations requiring one inductor and two dynamometers cannot be carried out using
a circular conductor.

The performance of the demanded quantitative test, however, requires an exact knowledge
of the instruments by means of which the observations are made, in particular an exact
knowledge of the dynamometers in use. Provided a practical device in order to regulate the
mutual position of the multiplier and the solenoid of each dynamometer and the period of
oscillation of the solenoid is at hand, this above all is a matter of practical positioning and
then of the test of the instrument. The positioning of the instrument is to be performed in
such a way that the axis of the solenoid is horizontal and parallel to the magnetic meridian;
the axis of the multiplier housing the solenoid shall be equally horizontal and perpendicular
to the axis of the solenoid. The center of the multiplier is to coincide with the center of
the solenoid. If this is approximately done guided by external markings, it remains to be
discussed how one could test by observations performed with the same instrument, whether
the conditions are realized exactly, or how large the remaining deviations still are, as well
as which experiments are needed to determine also those elements of the instrument, the
knowledge of which is required for the exact quantitative determinations by means of the
observations performed with them.

18.31 Test of the Dynamometer

Aiming at such a test of the dynamometer, we let the current of a constant voltaic pile
equally pass through the multiplier of a tangent galvanometer, used to determine the current
intensity, now forward, now backward, through the solenoid and through the multiplier,
while the latter is connected with the solenoid, now in parallel, now crosswise, which is
easily performed by means of a commutator whose twin cells are connected to the ends of
the solenoid and multiplier wire. In all these 4 cases the deflection of the solenoid from the
original equilibrium position is observed in the familiar way. These observations serve to
determine

1. the deviation, p, of the solenoid axis from the magnetic meridian at the original position
of equilibrium,

2. the deviation, ¢, of the angle between the solenoid axis and the multiplier axis from a
right angle,
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3. the ratio, €, of the directive force, exerted by terrestrial magnetism on the solenoid
with given current intensity, and the static directive force of the solenoid,

4. the ratio, s, of the directive force, exerted by the multiplier on the solenoid with given
current intensity in both of them, and the static directive force of the solenoid.

The observation yields the defiection of the solenoid from the original equilibrium position
in scale units, and dividing this number of scale units by double the distance, R, between
the mirror and the scale in scale units, we get for smaller deflections the same expressed in
arc values, which we denote by a, b, ¢, d for the 4 cases discussed. Then we get

%_1 c+b+d+a
S 2\e—=b d—a)’

E_ala—cb—(db—ca)%
B d+c—b—a ’

6—i c—l—b_d—l—a
S 2 \e—=b d—a)’

uzi(g—(uz—ag)a).

»

As a proof we only have to determine the static, the geomagnetic, and the electrodynamic
torques acting on the solenoid, whose sum is to be put equal to zero for the equilibrium at
the observed deflection.

Let s be the static directive force, then the static torque, at the deflection, ¢, from the
static equilibrium that had existed before a current passed through the circuit, is given by

= —ssingy .

Let further ¢ be the current intensity, positive if the current carrying solenoid is equivalent
to a magnet pointing northward with its north pole, let mi be the geomagnetic directive
force, with m being the product of the horizontal part of terrestrial magnetism and the area
encircled by the solenoid wire; finally let i, as already mentioned, be the angle between the
solenoid axis and the magnetic meridian at static equilibrium; then the geomagnetic torque
equals

= —misin(p + p) ,

or, when p is very small,

= —mi(siny + pcos ) .

Let finally (7/2 + 0) be the angle between the multiplier axis pointing eastward and
the solenoid axis pointing northward; let further ei? be the electrodynamic directive force
exerted by the multiplier on the solenoid, with positive e when multiplier and solenoid are
connected in such a way that the multiplier acting at a distance with ¢ positive is equivalent
to a magnet with its south pole pointing eastward; then the electrodynamic torque equals

2

= ei” cos(p — 9)
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or, if ¢ is very small,

= ei*(cos p + dsingp) .

Now the equilibrium condition for the solenoid with the observed deflection, ¢, demands
that the sum of the three torques equals to zero, that is

—ssin @ — mi(sin o + g cos ) + ei*(cos p + dsinp) =0 .
Dividing this equation by —s cos ¢ and noting that tan ¢ may be replaced by the arc value
of the observed deflection, that is by a in the first of the four cases considered, we obtain the
following equation

i’
s

a—l—%(a—l—u) (1+da)=0.

In this first case, the current passed the solenoid wire in the forward direction and the solenoid
was connected in parallel with the multiplier. In the second case, with the current also passing
the solenoid wire in the forward direction but with the solenoid connected crosswise with
the multiplier, the current intensity i stays positive, but e changes sign while the arc value
of the deflection b observed in this case has to replace tan @, whence

. .2
b+%(b+,u)+%(1+6b)zo.

In the third case, with the current passing the solenoid wire backwards, but with the solenoid
connected in parallel with the multiplier as in the first case, ¢ changes sign and e is positive
as in the first case, while the arc value of the deflection, ¢, observed in this case has to replace
tan ¢, whence

. .2
c—%(c%—u)—%(ljﬂsc):o.

Finally in the fourth case with the current passing the solenoid wire backwards as in the third
case, and with the solenoid connected crosswise with the multiplier, as in the second case, @
is negative as in the third case and e is negative as in the second case, while the arc value of
the deflection, d, observed in this case, has to replace tan ¢, whence

. .2
mi et
d—?(d+,u)+?(1+5d) =0.
Replacing s by mi/s and € by ei?/s we get the given values of s, €, d and p from these four
equations.

Let us take as example the dynamometer used for the following experiments for which
the observations yielded in terms of scale units:

2Ra = +440.01 ,
2Rb = —443.81 |
2Rc = +448.26 ,
2Rd = —450.68 .

Here we had 2R = 5075 scale units. It now follows from this that
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s = 0.008484
e = 0.0880,

§ = —0.0397,
po= +0.0323.

The values of » and e, which are easy to refer to the normal values valid for the unit of
the current intensity after ¢ has been measured by means of a tangent galvanometer, yield
the figures for the strength of the solenoid and for the sensitivity of the dynamometer. The
other two values, 6 and u, on the other hand, refer to the setup and indicate the deviations
of this setup under the conditions defined for them. In fact, this yields that, instead of a
right angle, the solenoid axis makes the angle

g 4§ = 87°43'31"

with the multiplier axis and that the solenoid axis, instead of coinciding with the magnetic
meridian at the static equilibrium, deviates eastward from it by the angle

p=1°51".

One can see from this that, with the instrument being equipped with fine gradings, the errors
of the setup are very easy to correct. — Even if these small errors remain uncorrected, the
observations made with this instrument can still be refined and those values can be calculated
that would have been obtained for an exact setup.

For the purpose of the following oscillation experiments the latter deviation, designated
by i, does not come into question because of the very rapidly alternating sign of 7, but only
the deviation designated by ¢, and for a deviation x’ observed in terms of scale units, we
easily arrive at the corrected value x, namely

2 2
, oz , x

2R 127780

The observations presented in the following Sections were the beginning of a common
work performed by myself and R. Kohlrausch which has been interrupted by the illness and
the passing away of my dear friend.**® The devices used for the uniform fast rotation of the
magnet and for the measurement of this velocity including the respective observations have
been performed by him.

18.32 First Series

The following series of observations has been performed jointly by R. Kohlrausch and myself
on April 12, 1857. It concerns the dependence of the oscillation amplitude on the rotation
velocity of the magnet and was made using four different circuits but always using the same

460[Note by AKTA:] Rudolf Hermann Arndt Kohlrausch (1809-1858) had collaborated with Weber on the
measurment of his fundamental constant ¢, [Web55b] with English translation in [Web21c]; [WK56] with
English translation in [WKO03] and Portuguese translation in [WKO08]; [KW57] with English translation in
[KW21]; see also [WK68]. See Chapters 5, 6 and 7.
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dynamometer and the same inductor coil, the latter consisting of one piece of a very fine
copper wire, about 1500 meters long and having a resistance of 23 - 10'? in absolute units,
which was the constant part of the four circuits. In addition we used

in the first circuit A a piece 2800 meters long with resistance = 8.79 - 10'2,
in the second circuit B a piece 5600 meters long with resistance = 18- 102,
in the third circuit C' a piece 8000 meters long with resistance = 27 - 10'2,
in the fourth circuit D a piece 10800 meters long with resistance = 35 - 10'2.

The scale was in a fixed position at a distance of 2537.5 scale units from the little plane
mirror fixed at the solenoid and made a right angle with the perpendicular of the mirror at
the static equilibrium of the solenoid, and the vertical plane of the perpendicular of the mirror
cut it at the 800th scale mark. The telescope mounted behind the scale could be displaced
in such a way that, at static equilibrium of the solenoid, now the 800th scale marking, now a
higher or lower scale marking could be observed, in order to enable observing the deflection
of the solenoid also when it surpassed half of the scale width.
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Circuit | Oscillation Position Deflected | Deflection in x! x
number of static position scale units
m equilibrium Yy
288.80 361.69 1475.85 +1114.16 +1111.84 | +1121.51
217.80 362.52 1242.34 +879.82 +879.80 | +885.86
141.77 363.13 892.45 +529.32 +526.91 | +529.08
106.46 363.13 710.41 +347.28 +343.61 | +344.53
A 289.88 363.13 1480.61 +1117.48 +1115.01 | +1124.74
170.26 1210.44 857.52 —352.92 —349.96 | —349.00
140.46 1210.44 681.63 —528.81 —527.08 | —524.90
215.10 1210.44 328.91 —881.53 —881.42 | —875.34
281.68 1210.44 97.05 —1113.39 —1109.88 | —1100.24
106.76 800.15 630.73 —169.42 —169.23 | —169.01
142.74 800.15 561.78 —238.37 —237.84 | —237.40
216.80 800.15 463.11 —337.04 —335.55 | —334.67
290.26 800.15 410.90 —389.25 —386.95 | —385.78
B 106.84 800.24 969.02 +168.78 +168.59 | +168.81
144.15 800.24 1040.27 +240.03 +239.49 | 4239.94
217.90 800.24 1136.55 +336.31 +334.84 | +335.72
288.04 800.24 1185.91 +385.67 +383.44 | +384.59
107.12 800.24 897.67 +97.43 +97.39 +97.46
144.32 800.24 931.32 +131.08 +131.00 | +131.13
214.80 800.24 988.77 +170.89 +170.69 | +170.92
289.62 800.24 988.77 +188.53 +188.26 | +188.54
C 108.60 800.24 701.11 —-99.13 —99.09 —99.01
143.68 800.24 669.66 —130.58 —130.50 | —130.37
219.78 800.24 628.57 —171.67 —171.47 | —171.24
286.90 800.24 611.76 —188.48 —188.21 | —187.94
108.42 800.58 731.93 —68.65 —68.63 —68.59
144.44 800.58 711.98 —88.60 —88.57 —88.51
217.68 800.58 689.18 —111.40 —111.35 | —111.25
289.56 800.58 679.54 —121.04 —120.97 | —120.86
D 430.80 800.58 675.17 —125.41 —125.33 | —125.21
433.06 801.30 926.27 +124.97 +124.89 | 4+125.01
109.06 801.30 869.69 +68.39 +68.37 +68.41
143.50 801.30 888.91 +87.61 +87.58 +87.64
217.12 801.30 912.31 +111.01 +110.96 | +111.06
286.92 801.30 922.00 +120.70 +120.63 | +120.74

The values of 2’ in the penultimate column are calculated using the deflections y listed
in the foregoing column by means of the formula 2/ = y — y3/50752, whence we obtain
2’ = 2R tan ¢ with sufficient precision when the observed deflection y = Rtan 2. Only for
the observations on circuit A where the telescope was displaced, the deflections listed in the
third column from the right do not directly give the values of Rtan 2y, but the latter must
be calculated as follows. Separating the value of the deflection, ', given in this column into
two parts, namely into part y” which reaches from the scale mark observed for the static
equilibrium to the 800th scale mark, and into part y

"

to the scale mark observed for the deflection, we get
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y//y/// )
R2

y = Rtan2¢ =

from which the value of 2’ = 2R tan ¢ is easily calculated for R = 2537.5.

Now the values of 2’ calculated in this way have finally to be corrected as indicated at
the end of the previous Section, whence the values of 2 = 2/ + 2/%/127 780 listed in the last
column are calculated.

18.33 Calculations of the Observations

The described observations serve to test the law developed in the previous Section concerning
the dependence of the oscillation amplitude on the rotation velocity of the magnet. Accord-
ing to Section 18.24 the oscillation amplitude is expressed by i/[u€], where ¢ denotes the
maximum intensity of the electric currents accompanying the electric oscillations. As now
further according to Section 18.30 the current intensity in each moment of the oscillation is
given by the value

_g_o, sin pg cos(ut + po)
w
hence the maximum intensity of the currents accompanying the electric oscillations is given
by
. 9o .
= _sinp,
where we had

ractw'’

dp [ Myds '

then, according to Section 18.24, we get the following expression for the oscillation amplitude:

tan pg =

i mac gy

pe ue\/l6u2(f M{ds)? + m2a?ctw'

Further the observations yield according to Section 18.24

) 1 aS tanv
/L—— —

wal nn'

where v denotes the observed deflection of the solenoid, hence the oscillation amplitude

equals
i1 JaStanv mac gy
n€  ma'p€ nn’ MQS\/16/~L2(f M{'ds)? + w2a2ctw’? '

For the test of the obtained laws by means of the observations this yields the value
denoted by +£x = 2Rtanwv in the last column of the observation Table in the preceding
Section as given by

372



B maad*nn' gl 2R
O 16p2([ Mlds)? + T2atctw? S

But now p/7 is the oscillation number?! denoted by m in the Table and g, is proportional
to the rotation velocity according to the laws of magnetic induction, or gy = mgy, where g
denotes the value of gy for the oscillation number m = 1; hence we have

I m2aa’*nn’ ¢t gl *m? 2R
16( [ M{ds)? - m? + a>c*w® S’
or, putting
o m2a*nn’ g}’ 2R
aw'’? S’
land]
P 16( [ M{ds)?
actw’?
[one gets]
C — Pz — iz =0,
m

where C' and P have constant values for all observations which have been made by means of
the same circuit, the same rotating magnet, and the same dynamometer. Here the value of
x, ignoring its sign, is always to be taken positive.

Hence the observations listed in the Table of the preceding Section yield the following
equations for the determination of the constants C' and P for the circuit A:

C —1121.51P — % —0,
C — 885.86P — 518588(?2 =0,
C —529.08P — fjﬁffz =0,
0—344.5313—% =0,
C —1124.74P — ;;348;1 =0,
C — 349.00P — % =0,
C — 524.90P — % =0,

461Note by AKTA:] In German: Schwingunszahl. On page 366 of Section 18.30 Weber had designated by
1/ (2m) the number of revolutions per unit time.
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875.34

—875.34P — —— =
C — 875.3 i1 =0
1100.24
—1100.24P — =
¢ = 10 281682 O

from which we obtain the most probable values of C' and P, namely:

C =0.037978 , P =0.000021865 .

Calculating the values of C' and P for the circuits B, C, and D in a similar way, one gets
the results listed in the following Table.

Circuit C P
A 0.037978 | 0,000 021 865
B 0.022795 | 0.000 047 050
C 0.015174 | 0.000 068 093
D 0.011869 | 0.000087274

Now finally calculating the values of x from the given values of m one gets, in progressive
order of the values of m, the following comparison of the calculated values of x and those
found by observation:

A B
m Observed | Calculated | Difference m Observed | Calculated | Difference
value of x | value of x value of x | value of x
106.46 344.53 344.96 —0.43 106.76 169.01 169.12 —0.11
107.26 349.00 349.11 —-0.11 106.84 168.81 169.28 —0.47
140.46 524.91 523.48 +1.43 142.74 237.40 237.13 +0.27
141.77 529.08 530.29 —1.21 144.15 239.94 239.51 +0.43
215.10 875.34 873.50 +1.84 216.80 334.67 333.63 +1.04
217.80 885.86 884.34 +1.52 217.90 335.72 334.68 +1.04
281.68 | 1100.24 1101.83 —1.59 288.04 384.59 385.69 —1.10
288.80 1121.51 1121.81 —0.30 290.26 385.78 386.89 —1.11
289.88 1124.74 1124.77 —0.03
C D
107.12 97.46 97.74 —0.28 108.42 68.59 68.87 —0.28
108.60 99.01 99.25 —0.24 109.06 68.41 69.27 —0.86
143.68 130.37 130.21 +0.16 143.50 87.64 87.38 +0.26
144.32 131.13 130.69 +0.44 144.44 88.51 87.79 +0.72
214.80 170.92 169.04 +1.88 217.12 111.06 109.41 +1.65
219.78 171.24 170.89 +0.35 217.68 111.25 109.52 +1.73
286.90 187.94 189.10 —1.16 286.92 120.74 119.38 +1.36
289.62 188.54 189.64 —1.10 289.56 120.86 119.69 +1.17
430.80 125.21 128.09 —2.88
433.06 125.01 128.17 —3.16
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Now this first test can be tied to another test. Indeed, according to the established law
the two constants C' and P should be inversely proportional to the square of the average
resistance of the unit length of the conducting wire, w’; but the other quantities on which
their values depend according to the presented formulas:

2 2
m2a“nn'g)” 2R

027,2'—,

aw S
[and]
16( [ M{ds)?
P= a2ctw’?

are not equal for all four circuits to which the observations described in the previous Section
refer, but the magnitude g on which the constant C' depends, and the magnitude [ M'ds
on which the constant P depends, have a special value for each circuit. But now designating
the total length of the conducting wire by [ which also has different values for the four
circuits and minding that g)sinput at the time ¢ denotes the average electromotive force
exerted by the rotating magnet at the velocity for which m = 1 on any unit length of the
total conducting wire; then [g( sin ut at the time ¢ denotes the electromotive force exerted by
the rotating magnet at the velocity for which m = 1 on the total conducting wire. As now
the induction by the rotating magnet acted only on the inductor wire common to all four
circuits, it follows that [g{ has the same value for all four circuits; hence the formula

O m2d?nn'g)® 2R wd”nn'(lgy)? 2R 1
T aw? S a S (w2
yields that the values of the constant C' must be inversely proportional to the squares of the
resistances of these four circuits; for [w’ designates the resistance of the whole circuit, as w’
was the average resistance of the unit length.

In order to test the established law also with this respect, the values of the resistances of
these four circuits presented at the beginning of the previous Section must be added to the
observations considered, we note, however, that their determination was not considered the
main purpose of the previous considerations, but, without claiming special exactness (they
were based partly on the mere comparison in terms of wire lengths) was to serve only as a
short description to distinguish the four circuits. However, we use also these determinations
for a test of the established law because they, like all other observations presented, had been
determined several years ago without respect to the laws developed here.

But, as mentioned at the beginning of the previous Section, according to this determi-
nation the resistances of the four circuits are roughly in proportion to

31.79 : 41 : 50 : 58,

while, according to the established law, dividing the number 6.2158 by v/C, the same pro-
portions are obtained as

31.89 : 41.17 : 50.46 : 57.06 ,

which agrees quite well with the above experimental results.
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18.34 Second Series

The following series of observations, also jointly performed by Kohlrausch and myself on
April 18 and 22, 1857, is basically a repetition of the preceding one, but other than the
whole conducting wire consisting of simply wound wire spools in the former series, this was
valid in the following [series| only for circuit A, while another circuit was formed by switching
a twin wire E into circuit A. This twin wire F was composed of two very fine copper wires
braided by silk and hence insulated, but fixed together by another common braiding, in order
to reduce the damping of electric oscillations caused by mutual induction in accordance with
the prescription of Section 18.26, which should thereby be tested. — This damping was in a
way additionally reduced by the fact that the twin wire £ was mounted on a special support
keeping all windings at least 20 millimeters away from each other instead of being wound up
on a spool.

According to Section 18.32 the circuit A had a length of some 4300 meters with a re-
sistance, in absolute measure, equal to 3179 - 10'°. The twin wire F had a length of 1412
meters (hence the single wire was 2824 meters long) and a resistance equal to 4292 - 10%.

The setup of the scale and the reading telescope was identical with what was mentioned
in Section 18.32 for the previous series of observations. — For each circuit, two series of
observations have been performed, the first one on April 18, the second one on April 22.
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Circuit | Oscillation Position Deflected | Deflection in x! x
number of static position scale units
m equilibrium Yy
107.22 801.98 728.42 —73.56 —73.54 —73.50
139.66 801.98 681.37 —120.61 —120.54 | —120.40
214.10 801.98 542.95 —259.03 —2b58.36 | —257.84
279.44 801.98 402.21 —399.77 —397.29 | —396.06
A+ FE 108.02 801.98 876.36 +74.38 +74.36 +74.40
141.82 801.98 926.06 +124.08 +124.01 | +124.13
213.76 801.98 1059.59 +257.61 +256.95 | 4+257.47
282.80 801.98 1206.57 +404.59 +402.03 | +403.29
280.58 389.64 1468.13 +1078.49 +1075.80 | +1084.86
214.12 425.42 1281.09 +855.67 +855.32 | +861.05
142.58 425.42 954.80 +529.38 +528.38 | +530.56
141.66 425.42 948.80 +523.38 +522.36 | +524.50
A 103.36 425.42 762.90 +337.48 +335.26 | +336.14
283.60 1193.13 86.44 —1106.69 —1102.50 | —1092.99
215.16 1193.13 323.28 —869.85 —869.06 | —863.15
139.82 1193.13 676.38 —516.75 —515.29 | —513.21
110.53 1193.13 827.49 —365.64 —363.10 | —362.07
106.10 801.52 730.24 —71.28 —71.26 —71.22
142.88 801.52 676.72 —124.80 —124.73 | —124.61
214.80 801.52 543.31 —258.21 —257.55 | —257.03
279.92 801.52 404.02 —397.50 —395.05 | —393.83
A+ FE 107.43 801.43 873.91 +72.48 +72.46 +72.50
141.94 801.43 924.38 +122.95 +122.88 | 4+123.00
215.64 801.43 1060.12 +258.69 +258.03 | +258.55
279.30 801.43 1194.00 +392.57 +390.22 | +391.41
282.02 384.83 1465.47 +1080.64 +1077.20 | +1086.28
217.17 385.13 1249.53 +864.40 +864.14 | +869.98
139.59 385.13 893.92 +508.79 +506.73 | +508.74
107.15 385.13 728.92 +343.79 +340.65 | +341.56
A 281.96 1202.32 106.96 —1095.36 —1090.85 | —1081.54
217.14 1202.30 329.47 —872.83 —872.43 | —866.48
144.32 1202.30 664.30 —538.00 —536.49 | —534.24
139.56 1202.30 690.03 —512.27 —510.54 | —508.50
106.64 1202.30 860.67 —341.63 —340.30 | —339.39

The calculation of the x values in this Table is the same as has been discussed for the

preceding Table.

Now from the corresponding values of m and x in this Table we can calculate the most
probable values of the constants C' and P for the circuits A and A + E in the same way, as
in Section 18.33 from the values of Section 18.32 for the circuits A, B, C, D. In this way,

the results listed in the following Table have been obtained.
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Circuit C P

A+ FE | 0.006672 | 0,000004 041
A 0.03763 | 0.000021 96

A+ E | 0.006610 | 0.000004 083
A 0.03714 | 0.00002163

Finally calculating the x values from the given values of m, we obtain, in successive order
of the m values, the following comparison of the values calculated for x and the values found
by observation.

A+ FE A
m Observed | Calculated | Difference m Observed | Calculated | Difference
value of x | value of x value of x | value of x

107.22 73.50 73.29 +0.21 103.36 336.14 335.82 +0.32
108.02 74.40 74.34 +0.06 110.53 362.07 362.41 —0.34
139.66 120.40 120.63 —0.23 139.82 513.21 514.68 —1.47
141.82 124.13 124.10 +0.03 141.66 524.50 524.09 +0.41
213.76 257.47 257.34 +0.13 142.58 530.56 528.81 +1.75
214.10 257.84 258.04 —0.20 214.12 861.05 859.37 +1.68
279.44 |  396.06 396.02 +0.04 215.16 863.15 863.68 —0.53
282.80 | 403.29 402.55 +0.74 280.58 | 1084.86 1085.42 —0.56

283.60 | 1092.99 1093.170 —0.71

A+ FE A

106.10 72.22 71.14 +0.08 106.64 339.39 338.98 +0.41
107.43 72.50 72.85 —0.35 107.15 341.56 341.58 —0.02
141.94 123.00 123.04 —0.04 139.56 508.50 508.97 —0.47
142.88 124.61 124.56 +0.05 139.59 508.74 509.12 —0.38
214.80 257.03 256.62 +0.41 144.32 534.24 533.30 +0.94
215.64 258.55 258.32 +0.23 217.14 866.48 866.96 —0.48
279.30 391.41 391.07 +0.34 217.17 | 869.98 867.08 +2.90
279.92 393.83 392.37 +1.46 281.96 | 1081.54 1085.70 —4.16

282.02 | 1086.28 1085.85 +0.43

Finally, as indicated at the beginning of this Section, the observed resistances of the
circuits A + F and A to each other are roughly in the ratio of
7471 : 3179 |

while this ratio, according to the law presented in the preceding Section, applied here in the
same way, as the values of the constant C' for both circuits should be inversely proportional
to the squares of the resistances of these circuits, and this proportion is obtained dividing

611.75 by v/C as

7507 : 3164 |

which agrees with the proportions obtained from the observations as far as the modest
exactness of the resistance measurement justifies to expect.
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18.35 Proportion of the Electrostatic Force of Two
Equal Amounts of Electricity to Their Mass

Finally, the third subject for more detailed observations according to Section 18.23 remains
to be considered, namely the dependence of the amplitudes of the oscillations produced by a
rotating magnet in a closed conductor on the shape of the conducting wire. Exact observations
concerning this subject can not only serve to test the formulated laws but can moreover,
as already discussed in Section 18.23, be used to expand our knowledge about electricity,
namely, in order to determine the still unknown ratio of the force due to the electrostatic
interaction between two equal amounts of electricity to their mass.

Let € be the amount of positive electricity in the unit length of the conducting wire
expressed in electrostatic measure, then it exerts the electrostatic force equal to €2 at unit
distance on an equal amount of electricity, while its mass has been expressed’®? by [1/r]€,
which yields the unknown proportion of that force to this mass,

¢? re€

le 1
If now this proportion, or the unknown quantity r€ has a value comparable with other
determined quantities, then it can be easily shown that this value could be determined most
exactly from observations of the dependence of the oscillation amplitude on the shape of the
circust.

From the differential equations of electric motions in closed conductors established in
Sections 18.8 and 18.10, it is clear that they contain the magnitude 7€ only in the expression

A4M"(1+X)  4M" 1

2 2 + r¢’

However, by no means not all effects determinable from the differential equations depend on
this expression contained in the differential equations; because for the determination of some
effects the differential equations can be simplified so that this expression does not occur at all
any more. As shown in Sections 18.11 and 18.12, this holds for all equilibrium effects or for
the conservation of already existing motions, whence it follows vice versa that observations of
equilibrium effects or of effects due to steady currents cannot serve to determine the quantity
ré.

The other effects, on the contrary, determined when the expression containing & does not
vanish from the differential equations, comprise the electric oscillations produced in a closed
conducting wire by induction due to a rotating magnet whose laws have been developed in
Section 18.20 from these differential equations, according to which the current intensity of
such an oscillation in the conducting wire was obtained as given by

C

1
i=—— f2 4 g2 - cos <,ut + arctan i) )
w 9

if we had

.9 . ns ns>
= sin n SIN — n COS — |
F=> p(f PR .

462[Note by AKTA:] See page 288 on Section 18.5.
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According to Section 18.21 this determination of the current intensity ¢ is simplified in most
cases, namely those cases in which all remaining terms may be considered as vanishingly
small compared with the one corresponding to the place number n = 0. Indeed for these
cases we obtain

1= — 90 - cos | put + arctan

., 2 AM! 1 Y
\/w/2+4,u2 (%—i—%) 2”( 2 +E)

where, according to Section 18.10, we have to put

8
Mé’leog—a .
&Y

Hence it follows that the magnitude € could be found out by measuring the current intensity
i when we have the rotation velocity of the magnet, namely p/[27] turns per second, the
length = 27a, the thickness = 2, and the resistance = 2waw’ of the conducting wire, because
also the induction coefficient gy, proportional to the rotation velocity, can be determined from
the strength of the inducing magnet and from its distance and position with respect to the
induced conducting wire.

Hence it would be possible to directly determine directly the magnitude r & without consid-
ering the dependence of the amplitude of electric oscillations on the shape of the conducting
wire; it is easily seen, however, that this direct way cannot practically lead to any exact
result if the magnitude 1/[r€] is a very small fraction of the magnitude 4M//c?, especially
when considering that the determination of M{ and ¢ cannot be performed very precisely.
Considering in addition, however, the dependence of the amplitude of the electric oscilla-
tions on the shape of the conducting wire, the following indirect way allows to determine the
magnitude r€ with much more precision.

In order to use the observation of the dependence of the amplitude of electric oscillations
on the shape of the conducting wire for a more exact determination of the magnitude r&,
it is essential to find a method to give a closed conducting wire two different shapes, which
allow to exactly determine either the two values of M{/, or at least their ratio v : 1.

Here it comes into question that in the first part of this treatise the development of
the laws of motion of electricity had to be restricted to circular conductors, for which an
essential simplification could be achieved because the values of the integrals denoted by
M, N, M" and N” were equal for all points of the conductor shape. But the latter also
holds for a system consisting of two equal and parallel circles, which could not be taken into
consideration only because it forms two separate conductors. For practical purposes when
performing the observations, however, such a system may be substituted by a closed double
winding conductor with respect to almost all considerations, and hence, according to this
substitution, the values of the definite integrals M, N, M” and N” may be put equal for
all points of a closed conductor which forms two equal very close circular windings, whereby

380



it is possible to expand the laws of motion of electricity, at first formulated for a circular
conductor only, to a closed conductor consisting of two equal very close circular windings.

Such a conductor, however, as we see easily, presents a very essential alternative concern-
ing the variety of the connection between both of its windings, which may either provide
the same current passing through both windings in series in the same direction, or passing
through the second winding in opposite direction as the first one. These two cases correspond
to completely different values of M, N, M” and N” whose ratio can be determined exactly.
In fact the same holds also for the value of M"” for n = 0, denoted by M/, and we may put
the ratio of both values of M{ for the two above cases equal to v : 1.

Let A be the greatest current intensity of an electric oscillation in this conductor in the
first case, and B in the second case, then we have, according to Section 18.23,

A= 90
B 2’
\/w’2 + 4p? (% + %)
B— 90

,, 2’
Jur s (44 + %)

and both values, A and B, can be determined by measurement, but here we assumed that
the induction due to the rotating magnet does not extend to both windings of the closed
conductor, but that the induction be limited to one of both windings or only to one part
of it. In reality, this element is represented by the small inductor which houses the rotating
magnet.

But now these values of A and B can be determined by measurement for different rotation
velocities, that is, for different values of pu, and it is clear that their difference must vanish
completely before long with decreasing values of u. Now let po be the small value of p for
which this difference is not noticeable. Let then C' denote the values of A and B when
considered equal; then we get

o=t %o
Wow

because the coefficient of induction, denoted by g, is proportional to the rotation velocity.
Also this third value, C', can be determined by measurement.

Eliminating now ¢go from the three obtained equations where A, B, C' are known by
measurement, we obtain the following two equations:

wy 1w @
c? r€&  2u\l pd A2 ’
wy 1w o
ve2  r€  2u\l ui B2 ’

g _ v w{ ot gig_%

and hence follows:

c v—1 2u
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The first of theses equations where all quantities are known may either serve to test the theory
or the observations, while the unknown quantity r€ is found from the second equation, where
not even the closer determination of the quantities M{, go, and C*® is required, but only
that of the ratio v : 1.

The latter of both equations thus found can finally be given a somewhat simpler form
noting that the resistance of the unit length of the conducting wire equals w’ = 1/[ra?],
with « the radius of the wire and s the specific conductivity of the metal, and that further
the amount of positive electricity expressed in electrostatic units of measure contained in
the unit length of the conducting wire equals & = wa? - &, where &, denotes the positive
amount of electricity in the unit volume of the conducting wire. Substituting these values

we get
1 1 2 C? ' 2 C? '
r€ 2w — s v ug'BQ ,u?).A2 ’

Hence it remains to be considered how to determine the ratio denoted by v : 1.

Let 2ma be the length of the total closed conducting wire as before, each half of which,
equal to ma, constitutes one winding, and consider both of these windings as parallel circles
the centers of which lie at a distance, o, perpendicular to the plane of the circle; then the
value of M may be split into two parts at any point of that entire conducting wire, namely
the part due to the circle containing the point under consideration and the part due to the
other circle at a distance = § from the first circle. The former part is immediately found
equal to the value of M for a circle of radius = %a, namely, according to Section 18.16,
equal to double the logarithm of the ratio of the 8-fold circle radius to the wire radius,
= 2log(4a/a). As is easily shown, the latter part is obtained from the former part by merely
substituting the radius, a, by the distance between the two circles, ¢, namely = 2log(4a/J).
— If now the two windings are connected in such a way that the current passes them in the
same direction, then the value of M/ of the entire closed conductor at any point of its first

or second winding equals the sum of both parts,

4 4
:2log—a+2log—a;
Q@ )

if, on the other hand, both windings are connected so that the second winding is passed in
the counter sense as the first one, then the value of M equals the difference of both parts,

4a

4
:2log—a—210g— ;
o )

Hence we get the desired ratio as given by

4 4 4 4 2log 4a
vil=(2log— +2log <) : (2log =2 —2log = ) = [ 2 1)1
o o a o log &

463[Note by AKTA and PM:] In the original we have here c instead of C. We are replacing the lowercase ¢
by the uppercase C.
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18.36 Conclusion

The discussions concerning the determination of the magnitude r€& in the previous Section
serve mainly to specifically exemplify that the dependence of the amplitude of the oscillation
produced by a rotating magnet in a closed conductor on the shape of the conducting wire,
as presented in Section 18.23, constitutes a third topic important and particularly suitable
for more exact observations, deserving a more careful and more extensive treatment because
of its multiple meaning. If the performance of exact observations on this topic is to be of
practical use, it becomes clear that this has to be done in connection first with the extensive
discussion of the dependence of the values of the integrals, denoted by N, N, M and M" in
Section 18.8, on the shape of the conducting wire, restricted to the single case of a circular
wire in Section 18.10, and second with a specific discussion of the value of the magnitude r&,
the determination of which is of great interest all by itself, as has been treated in the preceding
Section. Now it has indeed been shown in the preceding Section how the determination of
this magnitude 7€ would be possible from observations of a special case of the dependence
of the oscillation amplitude on the shape of the conducting wire without entering into an
extensive discussion of this dependence in general; but this, however, still demands a lot of
work and observations even for the solution of the hereby essentially simplified and limited
task, for which the measures described and used in this treatise are not sufficient.

As now furthermore also the determination of the magnitude r& concerned less the test
of the laws developed in the first part of this treatise, but rather a novel application of the
theory with a particular and separate aim — appropriate as a topic for a special treatise —;
it seems adequate to restrict beforehand the performance of observations, intended in the
second part of this treatise and concerning a test of the laws, to the observations, presented
in the first section, concerning the first two topics presented in Section 18.23 — [namely,
(1),] comparison of amplitudes and phases of electric oscillations at various places of a long
conducting wire — [and (2), the| law of the dependence of the oscillation amplitude on
the rotation velocity of the magnet —; and to reserve the performance of all the more ezxact
observations concerning the third topic — namely, the law of the dependence of the oscillation
amplitude on the shape of the conducting wire, including the respective special questions and
tasks according to the instruction of the preceding Section — for a future treatise for which,
finally, the results of the present treatise were intended here as the preparatory foundations
only.
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Chapter 19

The Origins and Meanings of Weber’s
Constant ¢, of Maxwell’s Constant c
and the Relation of these Two

Different Constants with Light
Velocity in Vacuum

A. K. T. Assis?64

I present the origins and meanings of Wilhelm Weber’s constant ¢ and of Maxwell’s
constant c¢. Although these two constants are represented by the same symbol, they refer to
different magnitudes which have different numerical values. Weber’s constant ¢ is equal to
Maxwell’s constant ¢ times the square root of two. I also discuss the relations of these two
different constants with light velocity in vacuum.

19.1 Weber’s Constant ¢

In 1846 Wilhelm Weber unified electrostatics (Coulomb’s force of 1785), electrodynamics
(Ampere’s force between current elements of 1822 and 1826) and Faraday’s law of induction
(1831). In Section 19 of his work, Weber presented the following force between two particles

electrified with charges e and €’ and separated by a distance r:46

ee dr\?>

— |1-a* | = b—| . 19.1

r2 [ ¢ (dt) - dt2] (19.1)
In this Equation a is a constant with the inverse dimension of a velocity and b another

magnitude which he showed to be given by:46

b=2ra® . (19.2)

464Homepage: www.ifi.unicamp.br/~assis
465[Web46, Section 19, p. 142 of Weber’s Werke] and [Web07, Section 19, p. 87].
466[Web46, p. 144 of Weber’s Werke] and [Web07, p. 89).
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By combining Equations (19.1) and (19.2) he expressed his fundamental law as:

ee dr\ 2 d?r
— [1-a*(— 2a° - r—| . 19.3
= [ “ (dt) e Tdﬁ] (19.3)
In Section 21 of the same work he introduced another constant by the same letter a,
emphasizing that its value was different from the constant a introduced in Section 19. He

then expressed his force law in terms of this new constant a as follows:*67

ee! a® (dr\? o d*

— [1—-—={(—= —r—1 . 194

2 [ 16 <dt> * 8rdt2] (194)
In 1848 he presented a potential energy from which he could deduce his force.*®

In 1852 he replaced the constant a®/16 of Equation (19.4) by a constant 1/c¢? and ex-
pressed his force as follows:*%?

/ 2 2
< [1 - 12 <@) + %ﬂ] . (19.5)
r c dt c? dt?

This was the first time in which Weber introduced this constant ¢ = 4/a. This constant
¢ had the dimension of a velocity, that is, distance per time. In 1852 Weber had no idea of
its numerical value (it might be, for instance, 10° m/s or 10'! m/s). Moreover, at that time
no one had the slightest idea that it might have any relation whatsoever with light velocity
in vacuum. At that time it was a purely electrodynamic constant.

The reason why he chose the letter ¢ for this new constant was probably alphabetical.
After all, he had already utilized the letters a and b in the expression of his fundamental
force law.

He showed, in particular, that when two particles were moving relative to one another
with a constant relative velocity dr/dt = +c, such that d?r/dt*> = 0, they would exert no net
force on one another according to his law. This was the meaning he gave to this constant,
namely:47

The meaning of c¢ is that constant value of the relative velocity dr/dt, in which two
electric masses have no effect on each other.

He expressed the same meaning of his constant ¢ in later works.*”* For instance:

The meaning of the constant c is that of a well-defined velocity, and indeed the
velocity with which two electric masses must approach or separate from each other
if neither attraction nor repulsion is to exist between them.

In 1869 he also expressed his potential energy in terms of this constant c:*™

467[Web46, Section 21, pp. 152 and 157 of Weber’s Werke] and [Web07, Section 21, pp. 94 and 98].

468[Web48a, p. 245 of Weber’s Werke] with English translation in [Web52e], [Web66d] and [Web19).

4691 Web52¢, p. 366 of Weber’s Werke] with English translation in [Web21b].

470[Web52¢, p. 367 of Weber’s Werke] with English translation in [Web21b].

471 Web55b, p. 594 of Weber’'s Werke], [WK56, p. 20 of the 1856 paper and p. 605 of Weber’s Werke],
[WKO03, p. 294], [WKO08, p. 99] and [KW57, pp. 617 and 651].

472[Web69, p. 243 of Weber’s Werke] with English translation in [Web21g].
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Weber was also involved in determining current intensities and their dimensions through
the effects produced by these currents. The electrodynamic measure of current intensity was
related to Ampere’s force between two current elements and the analogous force between
two current-carrying wires.*™® The electromagnetic measure of current intensity was related
to the torque exerted by a current carrying wire on a magnet. The electrolytic measure of
current intensity was related to the amount of water that is decomposed when a current
flows through it. He also determined current intensity and its dimension through the origin
of a current, that is, by the amount of charge which flows through the cross-section of
a circuit at a given amount of time. In this case the amount of charge was determined
mechanically in electrostatics by means of the force with which the electricities act on each
other at a distance, that is, utilizing Coulomb’s force.*™* Weber showed that the ratio of
these measures of current intensity was related with his constant c.

Weber was then interested to measure the numerical value of ¢ for two main reasons.
The first one was to complete the determination of his fundamental force law. In this way
he would be able to compare quantitatively the electrostatic component of his force (which
depends only on the distance r) with the dynamic components (which depend on dr/dt and
d*r/dt?). The second reason was to be able to compare completely with one another the
intensities and dimensions of the electric currents obtained through the origin of the current
and its different effects (electrodynamic, electromagnetic and electrolytic).

The first experiment to measure the constant ¢ was performed by Weber and Rudolf
Kohlrausch (1809-1858) in 1854-1855. Their result was presented in three works of 1855, 1856
and 1857.4” The final value of Weber’s constant after taking into account all corrections
was given by:476

c = 4.39450 x 10* m/s . (19.7)

19.2 The Relation of Weber’s Constant ¢ with Light
Velocity

In 1857 Weber and Gustav Kirchhoff (1824-1887) were the first to derive theoretically the
complete telegraph equation. Utilizing the modern concepts and usual terminology of circuit
theory, it is possible to say that they were the first to take into account not only the capac-
itance and resistance of the wire, but also its self-inductance. They deduced the telegraph
equation utilizing Weber’s 1846 force law between electrified particles. Kirchhoff’s papers
were published in 1857.47" Weber’s simultaneous and independent work was delayed in pub-

473Gee footnote 44 on page 57.

47 Gee footnote 43 on page 56.

475 [Web55b], [WK56] and [KW57], with English translations in [Web21c], [WK03] and [KW21], and with
a Portuguese translation in [WKO08]. See Chapters 5, 6 and 7.

4T6[WK56, p. 605 of Weber’s Werke], [WKO03, p. 294], [WKO08, p. 100], [KW57, p. 652 of Weber’s Werke|
and [KW21, p. 52]. See also page 179 on Section 7.17.

4TT[Kir57b] and [Kir57c] with English translations in [Kir57a] and [GA94], respectively. See Chapters 8, 9
and 12.
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lication due to the death of R. Kohlrausch in 1858, with whom Weber was performing some
experiments related to electric oscillations, being published only in 1864.™

Kirchhoft’s papers of 1857 were published in the Annalen der Physik und Chemie, now
known as Annalen der Physik. In this same year of 1857 Johann Christian Poggendorff (1796-
1877), the editor of this Journal, published a paper in the same Volume of the Annalen, after
Kirchhoff’s first work.*™ He related that after seeing Kirchhoff’s paper, he had occasion to
meet Weber in Berlin. Weber showed him the paper he intended to publish, with essentially
the same results as Kirchhoff’s. But Weber had not yet sent it to print, as he was waiting
for the results of experiments on this topic which were being performed together with R.
Kohlrausch. These experiments dealt with the propagation of electromagnetic signals along
wires, taking into consideration variable currents and the effects of all surface charges upon
the current. In his published work, Weber compared his theoretical results with those of
Kirchhoff and mentioned Poggendorff’s paper.**°

Kirchhoff and Weber showed, in particular, that when the conductor had negligible resis-
tance, the velocity of propagation of an electric wave is very nearly equal to the velocity of

light in vacuum. As Kirchhoff pointed out in his paper (referring to Weber’s constant c): %!

The velocity of propagation of an electric wave is here found to be = c/\/§ hence
it is independent of the cross section, of the conductivity of the wire, also, finally, of

the density of the electricity: its value is 41950 German miles in a second, hence very
nearly equal to the velocity of light in vacuo.

Representing light velocity in vacuum by vy and assuming that ¢/v/2 is equal to this
velocity yields:

c
— = or c:\/i-v . 19.8
N L (19.8)

Weber’s force and potential energy given by Equations (19.5) and (19.6) can be expressed
in terms of light velocity in vacuum as, respectively:

ee 1 /dr\> 2r dzr_ ee [ 1 /dr\*> r d®r
Cho (L) 2y - () et 19.
72 [ ? (dt) T 72 202 (dt) - v? dt2] ’ (19.9)

1 /dr\?]  ee | 1 [dr\?
l—— (=) == |1—-—= (=] | . 19.10
? <dt) r 202 (dt) ] ( )
Utilizing Weber and Kohlrausch’s experimental value of Weber’s constant ¢, Equation

(19.7), the velocity of propagation of an electric wave obtained by Weber and Kirchhoff was
given by

and

ee!

r

¢ 439450 x 10° m/s
V2 V2

478 Web64] with English translation in [Web21d]. See Chapter 18.

419[Pogh7] with English translation in [Pog21]. See Chapters 10 and 11.

480[Web64, Section 6, pp. 130-132 of Weber’s Werke] with English translation in [Web21d, Section 6]. See
page 289 of Section 18.6.

481Kir57h, pp. 209-210] and [Kir57a, p. 406]. See page 214 on Chapter 8.

=3.10738 x 10® m/s . (19.11)
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This value was really very close to the known velocity of light as given by astronomical
observations and optical terrestrial experiments.

Several scientists were impressed by this result. In 1858 Georg Friedrich Bernhard Rie-
mann (1826-1866) wrote a paper (first published posthumously in 1867) developing a theory
of a retarded potential propagating at this velocity of ¢/v/2.%%2 Ludvig Valentin Lorenz
(1829-1891) developed an independent theory of electromagnetic waves propagating at a
velocity of ¢/+/2 utilizing retarded potentials.®®® Carl Gottfried Neumann (1832-1925) also
developed an independent theory on the propagation of electrodynamic potentials which
generated a debate with Rudolf Julius Emanuel Clausius (1822-1888).484

Maxwell was aware of Kirchhoff’s 1857 papers. The first paper was published in the
Annalen der Physik und Chemie and an English translation appeared in the same year in
the Philosophical Magazine with the title “On the motion of electricity in wires”.#¥> In note
26 of Schaffer’s paper we find the following important remark regarding Maxwell’s knowledge
of Kirchhoff’s first paper of 1857:486

In the early 1870s Maxwell made detailed notes on Kirchhoff’s paper on electricity in
wires: see Cambridge University Library MSS ADD 7655 Vn/1, p. 44 ff.

Kirchhoft’s second paper of 1857 was also published in the Annalen der Physik und
Chemie.*" Tt was quoted explicitly by Maxwell in the Note included in Article [805] of the
second Volume of his Treatise on Electricity and Magnetism published in 1873.%%8 However,
this specific quotation did not appear in the final Index of the Treatise under Kirchhoff’s
name.*® For this reason some researches discussing Maxwell’s works may have missed this
important information. Ludvig Lorenz’ 1867 work is also discussed by Maxwell in this Note
included in Article [805] of the Treatise.

Two of the main inspirations for Maxwell’s electromagnetic theory of light developed
in 1861-1864 were related to these two results, namely, (a) the experimental measurement
of ¢ by Weber and Kohlrausch, and (b) the result obtained by Kirchhoff and Weber on
the propagation of electromagnetic signals at the velocity ¢/v/2 = 3.1 x 10® m/s, that is,
essentially with the same value as the known velocity of light obtained by astronomical
observations and by terrestrial experiments as those conducted by Fizeau and Foucault. In

the next Section, I discuss some works by Maxwell related to this topic.

Weber and Kohlrausch’s measurement of ¢ have been discussed by many authors.*°

482[Rie67b] with English translation in [Rie67a] and [Rie77].

483[Lor67b] with English translation in [Lor67a].

484|Neu68a] with English translation in [Neu20a], [Neu68b], [Neu69] with English translation in [Neu20b],
[Cla68] with English translation in [Cla69], [Arc86].

485[Kir57b] with English translation in [Kir57a]. See Chapter 8.

486[Sch95).

487[Kir57c], see Chapter 12.

488\ ax73a, Article 805, p. 398] and [Max54, Article 805, p. 450].

489 Max73a, Index on p. 441] and [Max54, Index on p. 498].

490[Duh02] with English translation in [Duh15], [Kir56] with English translation in [Kir57], [Ros56], [Wie60],
[Wo062], [O’R65, p. 534], [Wie67], [Woo68], [Whi73, p. 232], [Woo81], [Wis81], [Ros81], [D’A81], [Har82],
[JM86, Vol. 1, pp. 144-146 and 296-297], [Wie92], [Wie93c], [Wie93b], [Wie93a], [Wie94], [Hec96b], [HecI6al,
[Hec97], [Wie97], [Gib97], [Dar00], [ARWO02], [ARWO04], [Wie04], [Men06], [Men15], [Tom20] and [Hun21].
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19.3 Maxwell’s Constant ¢ and the Confusion Intro-
duced by Many Scientists up to Einstein

I will now trace the origin of Maxwell’s constant ¢.** This constant appears in most text-

books representing light velocity in vacuum and also the ratio of electromagnetic and elec-
trostatic units of charge. Its value is given as a number close to 3 x 108 m/s. The origin of
Maxwell’s constant ¢ is closely related with Weber’s constant ¢. The symbol of Maxwell’s
constant c¢ is the same as the symbol for Weber’s constant ¢. Despite this fact, the meaning
and numerical value of Maxwell’s constant ¢ are different from the meaning and numerical
value of Weber’s constant c¢. The value of Maxwell’s constant c is given by Weber’s constant
¢ divided by the square root of two. The goal of this Section is to clarify this confusion in
which the same letter represents two different magnitudes.

In his paper on physical lines of force published in 1861-1862, Maxwell utilized the upper
case letter V' to represent the velocity of light (or the velocity of propagation of electromag-
netic disturbances in a non-conducting medium according to his electromagnetic theory of
light) and continued to utilize the symbol V' with this meaning in his other publications.%2
In his paper on a dynamical theory of the electromagnetic field published in 1865, Maxwell
utilized the lower case letter v to represent the number of electrostatic units of electricity
contained in one electromagnetic unit of electricity (or the number of units of statical elec-
tricity which are transmitted by the unit electric current — estimated in electromagnetic
units — in the unit of time) and continued to utilize the symbol v with this meaning in his
other papers.**® He also utilized this small case letter v to represent this ratio in his Treatise
on Electricity and Magnetism first published in 1873.4% Maxwell utilized the letters V' and
v for these two magnitudes because they had the dimension of a velocity.

Maxwell mentioned in all his papers quoted above that the first numerical determination
of the ratio of the electromagnetic to the electrostatic unit of electricity, v, was made by
Weber and Kohlrausch, quoting their papers of 1856 and 1857. Maxwell expressed this

measure as:*%

v =3.10740 x 10®* m/s . (19.12)

Maxwell himself made an experiment to determine this magnitude in 1868.4% He ob-
tained the following value:

v =2.8798 x 10® m/s . (19.13)

I will now discuss these numerical values obtained by Weber and Maxwell in their ex-
periments. The value of Weber’s ¢/ /2 obtained by Weber and Kohlrausch in 1854-1855, as
presented in 1856-1857, was 3.10738 x 10% m//s, see Equation (19.11). Maxwell’s measurement
of 1868 gave 2.8798 x 108 m/s, see Equation (19.13). I will compare these numbers with
the modern value of light velocity in vacuum as presented in modern textbooks, namely,

4911Gib97], [Men06] and [Ano06].

192[\[ax62, p. 22], [Max65, p. 497], [Max68, p. 655, [Max54, Vol. 2, Article 784, p. 434] and [Hop59].

493|Max65, p. 491] and [Max68, p. 645].

494\ ax73b, Vol. 2, Article 628, p. 243, and Articles 768-780, pp. 368-382] and [Max54, Vol. 2, Article
628, p. 268, and Articles 768-780, pp. 413-430].

495[Max65, p. 499], [Max68, p. 651] and [Max54, Vol. 2, Article 771, p. 417].

496 Max68, p. 651], [Max70, p. 438], [Max54, Vol. 2, Article 787, p. 436] and [Hop59).
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2.99792 x 10® m/s. The relative changes A (or percentage differences A) of Weber and
Maxwell’s numbers when compared with the modern value of light velocity are given by,
respectively:

|3.10738 — 2.99792

Aweer = 90702 x 100% = 3.65% , (19.14)
12.8798 — 2.99792| B
AMagcwell 2.09792 X 100% = 394% . (1915)

Before performing this experiment, Weber and Kohlrausch had no idea of the order of
magnitude of c¢. It might be, for instance, 10° m/s or 10* m/s. Moreover, in 1854-1856
nobody had any idea that Weber’s constant ¢ might have any relation whatsoever with light
velocity in vacuum. That is, it had not been predicted that ¢/+/2 might be vz. More than ten
years later Maxwell measured the same magnitude. He knew precisely its order of magnitude
as obtained by Weber’s previous experiment. Moreover, Maxwell expected its value to have
exactly the same value as light velocity in vacuum. Despite these 3 facts, Maxwell’s measured
value for this magnitude is farther from the modern value of light velocity in vacuum than
Weber’s measured value of ¢/v/2, as can be seen by comparing Equations (19.14) and (19.15).

Assuming that Weber’s constant ¢ should be exactly light velocity times the square root
of 2 and the modern value of light velocity in vacuum as 2.99792 x 10® m/s, then the precise
value of Weber’s constant should be 4.23970 x 10® m/s. Weber and Kohlraush obtained
4.39450 x 108 m/s.

It is worth while quoting here Kirchner’s words related to this experiment:*9”

[...] if we are to use the words of Weber and Kohlrausch, we have to formulate the
obtained results in the following way.

The ratio between the mechanical and the magnetic measurement of current intensity
isas 1:3.1074 x 10'" in the mm-mg-sec system or as 1 : 3.1074 x 10'° in the cgs
system.

Considering that this ratio was then not even known as to its order of magnitude,
that we deal therefore with a real pioneering effort, and if one realizes furthermore
the primitive equipment they had to work with, one has to admire the work by Weber
and Kohlrausch as a masterpiece in the art of experimentation, very few of which
exist in the history of our science.

Maxwell compared the measured values of these two magnitudes, V' and v, in several
places.*®  As regards light velocity, V, he quoted the measures of Fizeau, Foucault and
those based on aberration and Sun’s parallax. As regards the ratio of electromagnetic and
electrostatic units of charge, v, he quoted the measures of Weber and Kohlrausch, his own
experiment and that of Thomson of 1869.4% In his electromagnetic theory of light it was
expected that V = v.

Other authors continued to utilize this meaning of the constant v.5%

497Kir56, p. 531] with English translation in [Kir57, p. 625].

498[Max65, p. 499], [Max68, pp. 651-652] and [Max54, Vol. 2, Article 771, p. 417, together with Articles
786-787, pp. 435-436].

499[Max70] and [Kin70].

00[Kin70], [Tho83], [Ros89] and [TS90].
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Up to now everything was fine. The confusion began by Maxwell in a postcard he sent to
Tait of 1871,°°! and mainly in the last Chapter of his Treatise of Electricity and Magnetism
published in 1873.52 In his papers of 1855 (published in 1858) and 1864 (published in 1865),
he had praised Weber’s electrodynamics but saw only one problem in it, namely, he believed
that Weber’s law was incompatible with the principle of the conservation of energy.’®® In
1869 and 1871 Weber proved in more detail that his force was compatible with the principle of
the conservation of energy utilizing his potential energy which he had introduced in 1848.%%
Maxwell changed his mind only in 1871, after Weber’s proof. Harman reproduced a postcard
from Maxwell to Peter Guthrie Tait (1831-1901), from 7 November 1871. In this postcard
Maxwell informed Tait that Weber had reason. Weber’s force has a potential. Hence in any
cyclic operation no work is spent or gained. There is then conservation of energy in Weber’s
electrodynamics.’® In this postcard Maxwell wrote Weber’s potential energy 1) and Weber’s

force as given by, respectively:
o= ee’ ] 1 [or\” (19.16)
o 2¢2 \ Ot ’ '

and

2 ! 2 2 2
A ll—i (@) +1ﬂ] . (19.17)
o> r? 2¢2 \ Ot 2 ot
In his Treatise of Electricity and Magnetism Maxwell discussed Weber’s deduction of
Ampere’s formula for the force between two current elements of lengths ds and ds’. Maxwell
considered two current elements carrying electric currents of intensities ¢ and i’ estimated in
electromagnetic units. He also considered two electric particles e and e; (with the magnitude

of their charges estimated in electrostatic units) moving with velocities v and v; along the
first current element. He then stated that:>%

the total transfer of electricity, reckoned algebraically, along the first circuit, is rep-
resented by

ve + vie; = cids (19.18)

where ¢ is the number of units of statical electricity which are transmitted by the unit
electric current in the unit of time.

That is, the constant ¢ introduced here by Maxwell is the same constant which he had
always represented by v, namely, the number of electrostatic units of electricity contained in
one electromagnetic unit of electricity.

S01[Har82, pp. 96-97] and [Max95, pp. 686-688].

502Gee Chapter XXIII, Theories of Action at a Distance, in volume 2 of Maxwell’s Treatise, [Max73b] and
[Max54]. German translation in [Max83a]. Portuguese translation in [Ass92].

03[Max58, pp. 207-208 of Niven’s book] and [Max65, pp. 526-527 of Niven’s book].

504[Web69] with English translation in [Web21g]; [Web71] with English translation in [Web72].

505[Har82, pp. 96-97] and [Max95, pp. 686-688].

06[Max73b, Vol. 2, Article 849, p. 428] and [Max54, Vol. 2, Article 849, p. 482].
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In Articles 850 and 853 of his Treatise, Maxwell considered two electrical particles e and
¢’ separated by a distance r. He then expressed Weber’s force and potential energy 1 in the
same way as he had written them in his 1871 postacard to Tait, namely:*7

ee | L[, & 10\
72 c? T@tQ 2 \ Ot

ee 1 /or\?
b=— [1 ~ 3 (E) ] . (19.20)

Maxwell utilized here the symbols 9r /0t and 9*r/0t* to indicate Weber’s relative velocity
dr/dt and relative acceleration d*r/dt?, respectively. What Maxwell wrote as dr/dt would
be written today as dr/dt, as is evident from what he wrote in Article [847] of the Treatise.
Although Weber and Maxwell utilized different symbols to express these magnitudes, they
had the same meanings for both authors.

The main difference between Equations (19.5), (19.17) and (19.19) — or between Equa-
tions (19.6), (19.16) and (19.20) — is that Maxwell’s constant ¢ is not the same as Weber’s
constant c. Let Weber’s constant ¢ be represented by cyeper, While Maxwell’s constant ¢
is represented by cprazwen- A comparison of Equations (19.5) and (19.19) — or a com-
parison between Equations (19.6) and (19.20) — yields 1/c}yper = 1/(263 /0mwen), that is,
CMazwell = CWeber/ v/2. This comparison shows that Maxwell’s constant ¢ is Weber’s ¢ di-
vided by the square root of two. Moreover, combining this result with Equation (19.8)
yields

: (19.19)

and

CMazxwell — Cl/r/e%er =y . (1921)

I do not know why Maxwell wrote Weber’s force and potential energy as Equations
(19.16) and (19.17). Maybe he had a memory lapse and had not available Weber’s original
works with him when he sent the postcard to Tait in 1871. In any event, I also do not know
why did he continue to express Weber’s force and potential energy in this way two years
later in the Treatise, as can be seen in Equation (19.19) and (19.20).

In the Treatise he may have utilized the letter ¢ instead of his usual letter v to represent
the number of electrostatic units of electricity which are contained in one electromagnetic
unit of electricity in order to avoid confusion with the letter v which he was utilizing now in
this last Chapter of the Treatise to represent the velocity of the electric particle e relative to
the metal wire. However, Maxwell did not warn his readers of this change of letters, nor that
his present ¢ in the Article [849] of the last Chapter of the Treatise was the same magnitude
as his earlier v in Articles [628] and [771] of the same Treatise, namely, the number of units
of statical electricity which are transmitted by the unit electric current in the unit of time.

Moreover, Maxwell did not emphasize in the Treatise that his present constant ¢ included
in Equations (19.19) and (19.20) was numerically different from Weber’s constant ¢ appearing
in Equations (19.5) and (19.6). Weber’s constant ¢ had been widely utilized in physics. It is
amazing that without a single warning, Maxwell wrote Weber’s force and potential energy

S07Max73b, Vol. 2, Articles 850 and 853, pp. 428-429] and [Max54, Vol. 2, Articles 850 and 853, pp.
483-484].
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utilizing a letter ¢ which had a different numerical value from the letter ¢ which Weber
himself had introduced exactly in the expression of this force!

The importance acquired by Maxwell’s Treatise created a confusion related to the mean-
ing and numerical value of ¢ which lasts up to the present time.

Paul K. L. Drude (1863-1906) was a German physicist who wrote papers and books
integrating optics with Maxwell’s theory of electromagnetism. Like Maxwell, he utilized the
capital letter V to represent the velocity of light propagating in the ether.’®® In 1894 he
followed Maxwell and called ¢ = 3 x 10® m/s the number of electrostatic units of electricity
contained in one electromagnetic unit. He also claimed that Kirchhoff had shown in 1864
that electric waves propagate along metal wires with this velocity ¢:5%

Kirchhoff (G. Kirchhoff, Pogg. Ann. 121, 1864) has proven, that electric waves must
propagate along a metal wire, located in air, with the speed ¢, where ¢ is the ratio of
an amount of electricity measured according to the electrostatic unit by an amount
measured in electromagnetic unit.

Two corrections must be made here. Kirchhoff had proven the result pointed out by
Drude in 1857 and not in this quoted paper of 1864.°1% Moreover, in his 1857 paper Kirchhoff
utilized Weber’s constant ¢ with the same meaning as that given by Weber, with its numerical
value as measured by Weber and Kohlrausch, namely, ¢ = 4.39 x 10% m/s. As pointed out
before, Kirchhoff showed that electric waves propagate along the wire with the velocity
c/vV2=3.1x10% m/s.

In his books of 1894, Physik des Aethers auf elektromagnetischer Grundlage, and 1900
(translated into English in 1902, The Theory of Optics), Drude continued to utilize ¢ with
the numerical value given by Maxwell, ¢ = 3 x 10% m/s, and with its meaning as the number
of electrostatic units of electricity contained in one electromagnetic unit.>'* Moreover, he
followed his paper of 1894 and also represented by ¢ the speed of electrodynamic waves
propagating along wires and through air.

In 1892 and 1895 Hendrik Antoon Lorentz (1853-1928) utilized the upper case V' to
represent light velocity relative to the ether and also the ratio of electromagnetic and elec-
trostatic units of electricity.’'? However, by 1903 he began utilizing the lower case ¢ for these
magnitudes.®!3

In 1900 Max Planck (1858-1947) utilized ¢ as the symbol for light velocity in vacuum,
being followed in 1902 by Max Abraham.5

Albert Einstein (1879-1955) utilized the symbol V' to represent the velocity of light from
1905 to 1907.5% For instance, in his paper creating the special theory of relativity, “On the
electrodynamics of moving bodies”, he said the following:%'¢

Wir wollen diese Vermutung (deren Inhalt im folgenden “Prinzip der Relativitat”
genannt werden wird) zur Voraussetzung erheben und auferdem die mit ihm nur

S08[Dru94b], [Dru94a, pp. 343-391 and 483] and [Dru02, pp. 114-119].
509[Dru9db, p. 191].

S10[Kir57b] with English translation in [Kir57a], see Chapter 8; and [Kir64].
SHDru94a, pp. 447-455] and [Dru02, pp. 115-123, 263-265 and 276].
S12[1or92, p. 46], [Lor95, pp. 17 and 139] and [Lor06, pp. 17 and 139).
S13[Lor22, pp. 81-82], [Lor04, p. 809] and [Gib97].

5141P1a00], [Abr02a] and [Abr02b, pp. 114 and 116].

SI5[Ein05b, pp. 891-2 and 894], [Ein05a, p. 639] and [Ein07b, p. 371].
516[Ein05h, pp. 891-2].
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scheinbar unvertragliche Vorausetzung einfiihren, daf sich das Licht im leeren Raume
stets mit einer bestimmten, vom Bewegungszustande des emittierenden Korpers un-
abhangigen Geschwindigkeit V' fortplanze.

The English translations of these papers by Princeton University Press maintained the
capital letter V' as the symbol for light velocity.’!” Curiously, when these papers were
translated into English in the famous Dover edition, the capital letter V' was replaced by
the lower case ¢ without warning to the readers.”® For instance, the quoted sentence of this
paper on the special theory of relativity has been translated as follows:*!?

We will raise this conjecture (the purport of which will hereafter be called the “Princi-
ple of Relativity”) to the status of a postulate, and also introduce another postulate,
which is only apparently irreconcilable with the former, namely, that light is always
propagated in empty space with a definite velocity ¢ which is independent of the state
of motion of the emitting body.

It was in 1907 that Einstein changed his notation and utilized the lower case c to represent
light velocity in vacuum:*?

Lorentz bewies allerdings bekanntlich in jener Arbeit,’?! daB nach seinen Grundannah-
men eine Beeinflussung des Strahlensganges bei optischen Versuchen durch jene Rel-
ativbewegung nicht zu erwarten sei, sofern man sich bei der Rechnung auf die Glieder
beschréankt, in denen das Verhaltnis v/c jener Relativgeschwindigkeit im Vakuum in
der ersten Potenz auftritt. [...] Wer nehmen nun an, die Uhren kénnen so gerichtet
werden, daB die Fortpflanzungsgeschwindigkeit eines jeden Licht-strahles im Vakuum
— mit Hilfe dieser Uhren gemessen — allenthalben gleich einer universellen Kostante
¢ wird, vorausgesetzt, daB das Koordinatensystem nicht beschleunigt wird.

English translation:®?2

It is true that in the study cited®?® Lorentz proved that in optical experiments, as a
consequence of his basic assumptions, an effect of that relative motion on the ray
path is not to be expected as long as the calculation is limited to terms in which the
ratio v/c of the relative velocity to the velocity of light in vacuum appears in the
first power. [...| We now assume that the clocks can be adjusted in such a way
that the propagation velocity of every light ray in vacuum—measured by means of
these clocks—becomes everywhere equal to a universal constant c, provided that
the coordinate system is not accelerated.

S1TIEin89b, pp. 140 and 143], [Ein89a, p. 172] and [Ein89c, p. 238].

S18Ein52b, pp. 38 and 40] and [Ein52a, pp. 69-70].

S19[Ein52b, p. 38).

S20[Ein07a, pp. 412 and 415].

21|Note by Einstein:] H. A. Lorentz, Versuch einer Theorie der elektrischen und optischen Erscheinungen
in bewegten Korpern. Leiden 1895. Neudruck Leipzig, 1906.

S22[Ein89d, pp. 252-253 and 256].

523[Note appearing in this English translation:] H. A. Lorentz, Versuch einer Theorie der elektrischen und
optischen Erscheinungen in bewegten Korpern. [Attempt at a theorie of electric and optical phenomena in
moving bodies] Leiden 1895. Reprinted Leipzig, 1906.
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As discussed before, in his work of 1895 (reprinted in 1906) quoted by Einstein, Lorentz
utilized V' to represent light velocity relative to the ether and also the ratio of electromagnetic
and electrostatic units of electricity. Einstein utilized now in 1907 the letter ¢ to represent
light velocity in vacuum.

It was also in this paper of 1907 that Einstein introduced his most famous equation,
E = mc%.

Einstein was certainly influenced by the works of Drude, Planck and Lorentz (from 1903
onwards) in this utilization of the letter ¢ to represent light velocity.5?* He was only indirectly
influenced by Maxwell, but not directly. As pointed out by Miller,>®® in his works he spoke
a lot about Maxwell’s equations and his electromagnetic theory of light, but he never read
Maxwell’s Treatise, although a German translation had been published in 1883.52¢

From Einstein’s 1907 paper onwards, the lower case ¢ with the value of the order of
3 x 108 m/s has been widely utilized to represent light velocity in vacuum not only in
relativity papers, but in physics textbooks in general and also in popular media. Its original
meaning and numerical value, as first obtained by Wilhelm Weber, were essentially forgotten
after 1907. This situation continued during the whole of the XXth century.

In my own papers and books, I utilized the symbol ¢ to represent light velocity in vacuum
with its value of the order of 3x 10% m/s. The reason for this choice was that [ was addressing
myself to modern scientists and physics students who had learned this meaning of the letter
¢ from their textbooks. In any event, whenever I was discussing Weber’s original works, I
was careful to call attention that Weber’s ¢ was different from light velocity in vacuum.??”

In this book with the English translation of Weber’s main works on electrodynamics, I
am maintaining the definition, meaning and numerical values of ¢ as those given by Weber
himself.

I hope that in the XXIst century, after Weber’s electrodynamics reaches once more the
dominant role it deserves in physics, the definition and meaning of the constant ¢ will be
those given by Weber, with a numerical value given by ¢ = v/2-vy, as first measured by Weber
himself. In this case my suggestion is that light velocity in vacuum should be represented by
v, with its numerical value of the order of 3 x 108 m/s. That is, light velocity in vacuum
should no longer be represented by c. This letter should be reserved for Weber’s constant in
order to avoid confusion, to respect his original work and in honour of this great scientist.

524[Gib97).

525[Mil81, pp. 138-139, note 7).

526[Max83b] and [Max83a).

927[Ass94, Section 3.1], [Ass95, Section 2.1], [AWO03, p. 55], [ARW04, p. 25], [AWW11, Section 1.6],
[AWW14, Section 1.6], [Ass15a, Section 2.1] and [AWW18, Section 1.6].
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- Page 13, the 2nd line of the 2nd paragraph should be replaced by:
discuss more carefully the consideration which led to the conjecture of a diamagnetic
induction of

- Page 14, the 6th line of Section 2.1 should be replaced by:
iron and a bar of bismuth, the iron exerts magnetic forces at a distance, compared to
which the

- Page 15, the 2nd line below Figure 1 should be replaced by:
trodiamagnet consisted of two spiraling copper wires. Each of these spirals had a length
of 190

- Page 18, the 4th to 6th lines should be replaced by:

important to achieve this without changing the strength of their diamagnetism and without
inducing through this movement a current in the conductor bismuth. here the advantage of
a electrodiamagnet compared to a usual one became manifest. In fact, a usual diamagnetic
material

- Page 20, the line of item 8 of the Table should be replaced by:

| 8. [ above | 489.7 [ 487.3 [ £ 7.0 |

- Page 21, the title of Section 2 should be replaced by:
Experiments with One Little Bar of Iron

- Page 21, the 3rd line of Section 2 should be replaced by:
spiral up and down and then in the second one. The little iron bar had the same length

- Page 23, the 18th line of Section 2.4 should be replaced by:
= log % and therefore it suffices to divide the value of the nth oscillation arc by (1 — (%)n)
or

- Page 24, the 12th line should be replaced by:
rest states of the needle were obtained alternately for the upper and lower position:

- Page 28, the last line should be replaced by:
opposite direction, as with the bismuth bar.

- Page 29, the 1st line of Section 2.6 should be replaced by:
The experiments about diamagneto-electric induction are obviously more difficult than
the previous

- Page 29, the 1st line of Section 2.7 should be replaced by:
Here I describe a different diamagnetic inductor than the one with the help of which I

- Page 29, the 5th line of Section 2.7 should be replaced by:


www.ifi.unicamp.br/~assis

in the Philos. Transact. 1850, P. I1.2° However, Faraday did not succeed to detect
diamagnetic

- Page 29, the 1st line of item 1. of Section 2.7 should be replaced by:
1. Instead of a usual electromagnet, an electrodiamagnet is used for the induction, whose
moment due

- Page 32, the 3rd line of the Section The Induction Spiral should be replaced by:
belonging to the electrodiamagnet through which the current of the galvanic pile flows
and has

- Page 32, the 9th line of the Section The Induction Spiral should be replaced by:
electrodiamagnet or more precisely the spiral was wound arount it.

- Page 33, the 4th line should be replaced by:
of the needle to the other side, a second commutator ee next to the observation telescope
in Figure 6 £ is

- Page 34, the 14th line should be replaced by:
West reversed displacement. Finally the position the rotating commutator had during the

- Page 34, the 8th and 9th lines from bottom to top should be replaced by:
induced current created a decrease of the present oscillation arc, which then by a con-

tinuous change decreased until zero and then started increasing until it attained its limit.
When the

- Page 46, the 8th line after item 2. should be replaced by:
the magnetoelectric effects requires the application of quite different devices than the
mag-

- Page 46, the 15th, 16th and 17th lines after item 2. should be replaced by:

been even much larger if the difference between the masses of bismuth and iron, which
were used for the various electrodiamagnets and electromagnets, had not already been taken
into account in determining these ratios. By taking into account the inequality of the masses,
the coarsest occurring

- Page 48, the two last lines of the footnote 26 should be replaced by:

the thickness of the wire was 2.8 millimeters. Consequently, the strength of the separating
force exerted by the current of one layer of turns whose radius = r on a point of the iron bar
laying at the distance = a from the center

- Page 49, the 7th line from bottom to top of the footnote should be replaced by:
weight = 7.78, so that one finds for its thickness d’ = 0.8342. The value of X’ for this
little bar is determined

- Page 51, the 18th line should be replaced by:
poles. Some experiments by Poggendorff (Annalen 1848, Vol. 73, p. 475)3? followed
immedi-

- Page 53, the 1st line of the 2nd paragraph should be replaced by:
Among the devides which allow an even higher degree of fineness and accuracy than



- Page 53, the 14th line of the 2nd paragraph should be replaced by:
of the experiments, but that it is in any case far preferable to eliminate this influence

- Page 58, the 12th line should be replaced by:
that through continued increase of the magnetic separating force, in the ideal distribution

- Page 61, the 5th and 6th lines should be replaced by:

This integral value is the some of the products of the intensity with the element of time
during which the force with this intensity is acting, according to the absolute measure [of
current intensity| determined on page 321 of this Volume [page 321 of Weber’s Werke].

- Page 62, the 10th line should be replaced by:
Here 7 denotes the intensity of the inducing current according to the same measure.

- Page 66, the 1st line of the last paragraph should be replaced by:
For each of the two main cases a theory can be developed and each of the theories can
be split

- Page 67, the 9th line of the 2nd paragraph should be replaced by:
already existing rotatable molecules (molecular magnets or molecular currents) and into
the

- Page 71, the 1st to 3rd lines of footnote 61 should be replaced by:

[Note by WW:| Namely, according to this assumption, the magnetic state of equilibrium
is defined by the fact that on the surface of all molecular conductors there is a distribution
of the two magnetic fluids acting on all points in the interior of the molecules in such a way
taht the effect of the external separating forces gets cancelled. It follows

- Page 71, the last two lines of the 2nd paragraph should be replaced by:
a given magnetic or electromagnetic separating force) a substitute for the magnetic fluids
through electric currents is possible.

- Page 72, the 10th line from bottom to top should be replaced by:
is then just due to the magnetism of iron which can be determined by the same acuteness

- Page 77, the 1st line should be replaced by:
ND. However, this driving force, which is due to the interaction of the molecules, has to
increase according

- Page 88, the last line of footnote 80 should be replaced by:
current” in all places.

- Page 88, the 17th line of the 2nd paragraph should be replaced by:
resistance. The other currents, which are excited by the same force of separation in larger
trajectories, but

- Page 90, the 6th and 7th lines of footnote 81 should be replaced by:

where n signifies the number of coils, r the radius, and a the length of the axis of the
spiral. This value holds first of all for the force of separation at the center of the cylinder,
but approaches it for every other

- Page 97, the 7th and 8th lines of Section 3.1.7 should be replaced by:



iron are the rotatable bearers of permanent molecular currents, be assumed, from it will
follow a different law of the dependence of the variable magnetism on the magnitude of

- Page 99, the 8th line should be replaced by:
moment y to the force X, in the theory of rotatable molecular currents, has the same
meaning as the

- Page 101, the 4th line of the 2nd paragraph should be replaced by:

connexion with the results of certain experiments made at the Institute of Physics in
Leipzig by him and Prof. Hankel,'%* M.

- Page 101, the 1th and 2nd lines of the 3rd paragraph should be replaced by:

“A current of four elements of Grove!®® was made use of, and the magnet was maintained
in its former position by a multiplier placed on the side, which was achieved on 1 to 1.5 parts
of the scale. The bismuth was chemically pure,

- Page 102, the last line should be replaced by:
the bar of bismuth in the middle of each oscillation, the following results were obtained:

- Page 103, the 3rd line below the Table should be replaced by:
smaller numbers; the same was observed when the bar of iron was reversed. The stand

- Page 103, the 6th line from bottom to top should be replaced by:
be increased to 57.5 divisions of the scale, and retained at this magnitude, inasmuch as
the action

- Page 106, the 11th line should be replaced by:
a particular form of the iron bar and for a definite strength of the magnetizing force
acting on the iron, namely

- Page 109, the number in the last column of the Table should be replaced by:
32° 100 W

- Page 113, the number in the last column of the Table should be replaced by:
31° 39 W

- Page 115, the 2nd, 3rd and 4th lines of the paragraph below the Table should be replaced
by:

the inductive shocks'® (caused by the motion of the bismuth to and fro) over the entire
period of oscillation of the needle, it is easy to deduce the limit-value which would correspond
to all the inductive shocks during one period of oscillation concentrated on the center of the
period of oscillation. The value of the

108

- Page 116, the last line should be replaced by:

upon the remote magnetometer, a conclusion capable of easy proof. The entire action
exhibited

- Page 117, the penultimate line should be replaced by:
the iron M, divided by the mass of the iron expressed in milligrams, p = 8190, and thus
reduced to the unit of mass,

- Page 127, the 1st sentence of the last paragraph should be replaced by:



However, from the above, when one observes that only half of the positive amount of
electricity E flows from the Leyden jar to the Earth, because the other half is neutralized
by the negative electricity that flows from the Earth to the jar in the opposite direction, one
will have the quotient F/ f idt = ¢v/2, in which ¢ denotes the desired constant.

- Page 128, the 4th line of the 3rd paragraph below the Table should be replaced by:
e.g., that a positive amount of electricity of 16% trillion units of measurement and an
equal amount of

- Page 140, the 4th line should be replaced by:
of water in a column 1 millimeter long were linked in a string, and all ozygen particles
in another string,

- Page 148, the 4th line of the 3rd paragraph of Section 7.4 should be replaced by:
is ordinarily chosen to be the unit of the strength of all other currents by observing it
with

- Page 149, the 4th line of the 5th paragraph should be replaced by:
amount x of positive electricity that flows through the cross-section of the conductor during

- Page 149, the two last lines should be replaced by:
which is a result of whose validity one can easily convince oneself, whatever idea one may
have of what happens inside the conductors during the discharge.

- Page 150, the 5th line from bottom to top should be replaced by:
If one then multiplies %E by the number that shows how often 7 is included in one second,

- Page 151, the 8th line of the 4th paragraph should be replaced by:
electrometer,® which will yield the ratio 1 : (n — 1) of the amount of electricity E
remaining in the bottle to the

- Page 151, the penultimate line should be replaced by:
through the Leyden jar, the fixed ball through the large one, and the moving one through
the

- Page 153, the last line of the 1st paragraph should be replaced by:
measurements could be performed, especially towards the end of each series of experi-
ments.

- Page 154, the 1st paragraph below the Table should be replaced by:

The last column in this Table, under n, gives the ratio of the charge in the jar before
contact with the ball to the charge after contact, calculated for the moment of contact from
the two observations made immediately before and after, contained in the second and third
columns, according to the following rule:

- Page 158, the 6th line of the 3rd paragraph should be replaced by:
observer at the telescope m’ watched the elongation of the magnetic needle of the tangent

- Page 160, the 8th line should be replaced by:
That yields for the cited values the desired ratio:

- Page 162, the 4th line from bottom to top should be replaced by:



of the extended line ¢; i.e., the repulsive force of the two balls:

- Page 163, lines 4 to 7 should be replaced by:
Finally, the product of the force of repulsion between the two balls with the perpendicular
drawn from the axis of rotation to the direction of this force — i.e., to the line ¢ — gives the

value of the rotational moment that this force of repulsion exerts upon the torsion balance,
which should be equal to 1.

- Page 163, the 15th and 16th lines should be replaced by:
From this follows the rotational moment exerted on the torsion balance by the electric
force of repulsion between the two balls will be equal to:

- Page 163, the last sentence should be replaced by:

This determination of € is based on that quantity of electricity as a unit which exerts the
unit of repulsive force on an equal quantity of electricity in the unit of distance at relative
rest.

- Page 172, the 23rd line should be replaced by:
that is exerted upon the compass will be equal to:

- Page 174, The 7th and 8th lines from bottom to top should be replaced by:

T =1.7983,

A =0.070,

- Page 176, the Tth to 11th lines of the 3rd paragraph of Section 7.15 should be replaced
by:

of the magnetic unit for current intensity to the mechanical unit, since the amount of
electricity that passes through the cross-section in the same time interval will then be:

155370 - 10°

times greater in the magnetic current unit than the amount in the mechanical unit of current.
As a result, from the cited

- Page 177, footnote 215 should be replaced by:
[Note by HW:] Wilhelm Weber’s Werke, Vol. III, p. 614.

- Page 179, the 4th line of the last paragraph should be replaced by:
and negative electricity, against which those forces would disappear. Wherever

- Page 180, the 3rd and 4th lines of the penultimate paragraph should be replaced by:
(From Section 7.14), % - ' then denotes the number of millimetres that both electricities
must traverse in the opposite directions in 1 second in order to make:

- Page 182, the 4th line of item (4) should be replaced by:

conductor element of length o’ at a distance of » when « makes an angle of ¢ with r and

O/

- Page 184, the 1st line of the 2nd paragraph of Section 7.19 should be replaced by:



The above sentence is self-evident if electric masses are so connected to their ponderable
carrier that they cannot be moved without it.

- Page 184, the 5th line of the 2nd paragraph of Section 7.19 should be replaced by:
finds a coupling between the electrical masses and the metallic particles that must be
dissolved

- Page 184, the 19th line of the 2nd paragraph of Section 7.19 should be replaced by:
immediately vanish as soon as the driving force ceases. — It will then follow from this
that,

- Page 185, the 15th line of the 4th paragraph should be replaced by:
a Voltameter is introduced into a circuit, then the electrical separating forces that act in
the

- Page 186, the 1st line of the 3rd paragraph should be replaced by:
Now, if the current intensity for this resistance is to be = 106% in magnetic units —

- Page 187, the 2nd line of the 2nd paragraph should be replaced by:
that act in the direction of the current in each unit of free positive electricity (in the

- Page 188, the 1st line of the 2nd paragraph should be replaced by:
Should the water be decomposed at a smaller rate under the same conditions — e.g.,
with a rate

- Page 189, the 12th line of the 3rd paragraph of Section 7.20 should be replaced by:
defined amount of neutral fluid, in addition, and finally, how the negative electricity on

- Page 191, the 1st line should be replaced by:
that is contained in each element of length in the conductor is exceptionally large. How-
ever, for a given current intensity,

- Page 191, the 7th line of the 2nd paragraph should be replaced by:
units, together with 1/9 milligram of hydrogen, will move in one direction, while an
equally-

- Page 191, the 8th line of the 1st paragraph of Section 7.21 should be replaced by:
another mass at a unit distance that would impart in the unit of time a velocity to the
latter that would equal

- Page 191, the 2nd line from bottom to top should be replaced by:
each other, by the unit of length, if they are to have no influence on each other according
to that law.

- Page 192, the 8th line of the 2nd paragraph should be replaced by:
be 4394502 billion times larger, and the previous acceleration would be equal to:

- Page 193, the 1st sentence of Appendix I (Description of the Torsion Balance) should
be replaced by:

In order to avoid as much as possible an unequal reaction of the walls of the torsion
balance, electrified by the charged spheres through electrostatic induction, on the movable
sphere, the balance is constructed on an unusually large scale.



- Page 195, the 8th and 9th lines should be replaced by:
¢ a 5 mm protruding threaded spindle, in order to attach either the body, by whose
period of oscillation the torsion coefficient should be determined, or the brass wire

- Page 195, the 3rd line of the 3rd paragraph should be replaced by:
at right angles to it, a brass rod rt with a running weight. The tips rested on brass
bearings, ¢ in a conical hole, p in a slot. The running weight pushed the

- Page 215, the 10th line of the 2nd paragraph should be replaced by:
If the corresponding expression be formed for ¢, remembering the equation by which A
has

- Page 217, the 6th line of the 2nd paragraph should be replaced by:
which the wire is at each moment divided by this point, the same current intensity exists
everywhere

- Page 217, the 1st line of the 3rd paragraph should be replaced by:
The current intensity before the point at which the break occurs, considered without
regard to

- Page 219, the 4th line should be replaced by:
This expression shows that the current intensity at the commencement of the wire is 0
up to the

- Page 219, the 1st line of footnote 276 should be replaced by:
[Note by AKTA:] In the Philosophical Magazine this equation appeared as

- Page 223, Equation (9.16) should be replaced by:

PV _20V_ r v
0s2 2 o2 8yl ot

- Page 241, the 1st line of the 3rd paragraph should be replaced by:
With Jacobi’s resistance standard,?!” a copper wire of 7.62 m length, 0.333 mm radius,

- Page 248, the 3rd line should be replaced by:
important that the same determination should be repeated for the two larger needles
with

- Page 253, the 7th line of footnote 376 should be replaced by:
reverse the polarity of the needle, [WSHO3].

- Page 258, the 1st line should be replaced by:
non-uniform and rapidly changing motions; because this law, first formulated by Ohm,3%*

- Page 258, the 5th line of the 2nd paragraph should be replaced by:
rapidly changing currents. Furthermore, the development of the laws, as far as it has
been

- Page 271, the 1st line of the 5th paragraph should be replaced by:
Hence, the electromotive force due to a current element of length a with its current

- Page 280, the last sentence should be replaced by:



But now, when « is very small, the latter two parts of this value of U may be considered
as vanishing compared to the first part, then one may put

- Page 281, the 11th line should be replaced by:
conducting wire, considered as a cylinder, on any point of the middle cross-section of this
piece, is

- Page 287, the 5th line should be replaced by:

under consideration. Hence multiplying this force by the number of positive electric units
of

- Page 287, the 1st line of the 2nd paragraph should be replaced by:
In order to take into account all forces which act on the electric particle of the conducting
wire under consid-

- Page 289, the 5th line of the 4th paragraph of Section 18.6 should be replaced by:
rather A\ = oo when « vanishes, as is easily seen because the number, = €&, of positive
electric units

- Page 308, the 7th line of the 2nd paragraph should be replaced by:
locity during the unit time on a mass of one milligram), it follows that r? is the force
exerted by one

- Page 309, the 2nd line of Section 18.15 should be replaced by:
itself in a circular conductor after an arbitrary disturbance of equilibrium turn out to be
a series of wave

- Page 310, the 1st line of the 3rd paragraph should be replaced by:
The intensities of the various wave trains, which are proportional to i? according to the
rules of wave

- Page 313, the 3rd line should be replaced by:
Already Kirchhoff has found this velocity for the propagation of electric waves and

remarked:*34

- Page 313, the 3rd line from bottom to top should be replaced by:

measures of resistance, we have W = wc2aw’/4 or a?w*/128 = W?/[87%c?], after
what*37

- Page 329, the 2nd line of the 1st paragraph should be replaced by:
have at the same time equal phase and oscillation amplitude in all parts of a circular
conductor, even if the

- Page 330, the 6th line of the 2nd paragraph should be replaced by:
velocities of the small magnet. Choosing the three conducting wires already exemplified
in Section 18.16, we get

- Page 337, the 3rd line of the 2nd paragraph should be replaced by:
wires and the solenoid weight carried by them, there is a static directive force for the
solenoid which can easily be determined and shall be denoted

- Page 339, the penultimate line should be replaced by:



to the first part and the solenoid to the latter part of the closed conductor. Then from
this

- Page 345, the 7th line of the 7th paragraph should be replaced by:
wire f//7 and the multiplier wire f’V of the second dynamometer, but will

- Page 353, the 15th and 16th lines should be replaced by:

After this mutual comparison of the sensitivities of both dynamometers, the observed
deflections of one dynamometer alternatively switched onto two different places of the circuit
may

- Page 353, the 23rd line should be replaced by:
other dynamometer is valid, and this deflection calculated for the first position of the
main

- Page 360, the 11th line should be replaced by:
625.20, 625.29, 621.70 ,
- Page 380, the 1st line of the 2nd paragraph should be replaced by:

Hence it would be possible to determine directly the magnitude r& without consid-

- Page 393, the first line after Equation (19.19) should be replaced by:

same way as he had written them in his 1871 postcard to Tait, namely:*°7
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This third Volume contains Weber's main works related to
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deducing the complete telegraph equation from Weber's
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the resistance of the wire was negligible, the telegraph equation
reduced to the wave equation. The velocity of propagation of an electric
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