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1. Introduction

The terms of a recursive sequence are usually defined by a recurrence pro-
cedure; that is, any term is the sum of preceding terms. Such a definition
might not be entirely satisfactory, because the computation of any term could
require the computation of all of its predecessors. An alternative definition
gives any term of a recursive sequence as a function of the index of the term.
For the simplest nontrivial recursive sequence, the Fibonacci sequence, Binet's

formula [1] _
U, = (1/‘/5) (an+1 - 8n+1)

defines any Fibonacci number as a function of its index and the constants
1 1
a=5(1+/5 and B =31 -5).

In this paper, an analog of Binet's formula for the Tribonacci sequence

1, 1, 2, 4, 7, R un+1 = un +uﬂ"l +un_2’
(see [2]), is derived. Binet's formula defines any term of the Tribonacci
sequence as a function of the index of the term and three constants, p, O,

and T.

2. Binet's Formula for the Tribonacci Sequence

Binet's formula is derived by determining the generating function for the
difference equation

u0=u1=l’u2=2

Uppy = Uy T Uy + Uy n > 2.
Let f(x) = uy, + u,x + u2x2 R S VA, L R 2: uixi be the generating
function; then =0
(1 -z -x2-x3f) =1,
S0
_ 1 _ 1 _ 1
) s T Ui -@d - @ @
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The roots of p(x) = 0 are 1/p, 1/0, and 1/t, where p, g, and T are the roots
of

p(%)=x3—x2—x-l=0.

Applying Cardan's formulas to p(i;) = 0 yields

o= 2(V19 +3/33 + V19 - 3/33 + 1),

o =%([z'— V19 +3/33 - V19 - 3/33 + /32 V19 + 3/33 - V19 - 3/33]),
and '
T =0, the éomplex conjugate of O.
Approximate numerical values for p, o, and'g are:
p =1.8393, 0 = -0.4196 + 0.60637, 0 = -0.4196 - 0.6063%.

Since the roots of p(x) = 0 are distinct, by partial fractions

fla) = — 1 - A B, c__
(1 - px)(l - ox) (L - ox) l-pxr 1l-o0x 1-70x
Here
4 = 1 _ p?
g a T
(- ‘5)(1 - 5) (e - )(p -0
1 g2
B = =\ s
(1 - %)(1 ‘%) (© - p)(o - )
and , i
c= L - il
p o] — — .
(“%;)(“g) (©-p)@ -0
Consequently,
- > o? = it R
flx) = — Y pixi + N S L S La— 5y
A (© - p) (o - )P0, @ - 0@ - 00

o +2 i+2 —i+2
o X
= Z: < & + g + >;r1.

O\(p-0)(p-0) (©@-p©@=-0) (@=-p)©-o0)
Thus, Binet's formula for the Tribonacci sequence is

n+2 n+2 ——=n+2
9] g
Un 2

G- -5 (@-p-3 @-p)@G-0)
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Multiplying the numerators and denominators of the last two terms by (p - 0)
and (p - 0), respectively, yields
n+2 _ == _ —

u, = —2 + (o - 0o 4+ —(p - 0)g .

lo - 0|2 -2I(0)|p - 0|? 2iI(0)]|p - 0|2

n+2 n+2

Using the relations 0 = r(cos 6 + ¢ sin 0),
g" = r*(cos n 6 + 7 sin n 8), 6 = tan"*(I(0)/R(0))

and combining terms:

2
Uy = e pr o+ r

lo - o|? lo - ol?

(r - 2p cos B6)

r"” cos n 6O

+ r2 cos 6 - pr(l - 2 sin? B)

i e|p 3 g|2 r” sin n 6.

Denoting the coefficients of p*, r»" cos n 6, and »" sin n 6 by o, B, and v,
respectively, yields ‘

U, = 0p™” + r*(B cos n 6 + vy sin n 0).

Approximate values for the constants are:

p = 1.8393, 6 = 124.69°, r = 0.7374,
o = 0.6184, B = 0.3816, Y = 0.0374.
3. An Application
Since ]rl = .7374 <1, the nth Tribonacci number is the integer nearest
ap” when
[r”(B cos n O + vy sin n 9)[ < %u

Using calculus, the value of |B cos n 8+ v sin n 6] is at a maximum when

n8 = 5.60° + km, for k an integer.

Consequently,
|Pn(B cos n 8 + v sin n 6| < %-for n > 1.
Since [0 + .5] = 1 (where [ ] is the greatest integer function), a short form

of the formula that is suitable for calculating the terms of the Tribonacci
sequence is
U, = [ap™ + .5] for n > 0.
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