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Abstract

We obtain a generalized diffusion equation in modified or Riemann-
Liouville form from continuous time random walk theory. The waiting
time probability density function and mean squared displacement for dif-
ferent forms of the equation are explicitly calculated. We show examples
of generalized diffusion equations in normal or Caputo form that encode
the same probability distribution functions as those obtained from the gen-
eralized diffusion equation in modified form. The obtained equations are
general and many known fractional diffusion equations are included as spe-
cial cases.
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1. Introduction

Brownian motion, the classical model for normal diffusion, can be ex-
plained within random walk theory according to which the particle in equal
time intervals performs steps in random direction (left or right) to the near-
est neighbor site. From the master equation for such a stochastic process
one can find that the probability density function (PDF) W (z,t) to find the
particle at position x at time ¢ satisfies the standard diffusion equation in
the continuum limit. The corresponding solution for a point initial condi-
tion is the well-known Gaussian PDF, and the mean squared displacement
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(MSD) has a linear dependence on time. The continuous time random walk
model (CTRW) represents a generalization of the Brownian random walk
model. The mathematical theory of CTRW was developed by Montroll and
Weiss (1965) [34], and first applied to physical problems by Scher and Lax
(1973) [52]. Nowadays it has become a very popular framework for the
description of anomalous, non-Brownian diffusion in complex systems, and
even after its 50 years’ history the model is still trendy with applications
in various fields [23]. The Brownian random walk model is the limit case of
CTRW when the waiting time PDF 9 (¢) is of Poisson form and the jump
length PDF A(z) is of Gaussian form. Moreover, in the more general case of
any finite characteristic waiting time 7" = fooo t1(t) dt and any finite jump
length variance %2 = ffooo 2?X(z) dz, the corresponding process in the dif-
fusion limit shows normal diffusive behavior with Gaussian PDF W (z,t),
[19].

It has been shown that the CTRW process with a scale-free waiting
time PDF of power-law form (t) ~ ¢t~!17® with 0 < a < 1, leads in the
continuum limit to the time fractional diffusion equation, represented by
a power-law dependence of the MSD on time of form (22(t)) ~ t* [1 [33].
Since 0 < a < 1 this process is subdiffusive. Processes for which the
anomalous diffusion exponent is « > 1, are superdiffusive. An example is
the case of Lévy walks with long tailed jump length PDF \(x) ~ |z|~17#,
p < 2, and spatiotemporal coupling [33]. Anomalous diffusion, either sub-
diffusion or superdiffusion, has been observed, for example, in the charge
carrier motion in amorphous semiconductors [54], in aquifer problems [53],
in living biological cells [62], including superdiffusion [2}, 43] and subdiffu-
sion [14] 21], in weakly chaotic systems |20} [60], or turbulence [44], to name
a few. Furthermore, from the CTRW theory one may obtain distributed
order fractional diffusion equations for ultraslow diffusive processes [4}, (6] [7],
where the MSD has logarithmic dependence on time found for Sinai-type
disorder [57], ageing CTRW [24] or interacting subdiffusive CTRW-walkers,
[45].

In this work we consider a CTRW model whose corresponding diffusion
equation is of general form in the Riemann-Liouville sense. In Section
we provide an introduction to the generalized derivatives in the Riemann-
Liouville and Caputo sense. We derive the generalized diffusion equation in
the Riemann-Liouville sense from the CTRW model in Section Bl Several
special cases of the model are analyzed in Section Ml In Section Bl we
compare the generalized diffusion equation in normal and modified form,
and we show under which conditions both equations are equivalent. A
summary is given in Section [Gl
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2. Generalized derivatives and Mittag-Lefller functions

A string of recent works that were summarized and discussed in [36] [63]
concerned definitions of new operators of fractional calculus. Some of the
newly introduced derivatives belong to a class of generalized derivatives
with memory kernels either in modified (or Riemann-Liouville (R-L)) form

(Goaf) ()= 55 [ e =050t (21)

or in the normal (or Caputo) form
df(t)

(o)) = [ 2te=1) L7

The R-L fractional derivative is a special case of the generalized derivative
(2I) in which the memory kernel is of power-law form n(t) = t=%/T'(1 — ),
0<a<1, [40],

1 d

rLD; f(t) = m&/o (t—t)" f(t)dt. (2.3)

Similarly, the Caputo fractional derivative is a special case of the general-
ized derivative ([22)) for v(t) =¢t~*/T'(1 — ), 0 < a < 1, [40],
1 t d
CDEI() = ey | =00 ) (24)
As we will see later, the distributed order and tempered fractional
derivatives are special cases of these generalized derivatives (2.1) and (2.2)
as well. An extensive study of the generalized derivatives is presented by
Kochubei [22], Luchko and Yamamoto [26], and Sandev et al. [46]47,[49], to
name but a few. Such generalized derivatives have been used in anomalous
diffusion modeling by fractional and generalized Langevin equations with
memory kernels of power-law, exponential, Mittag-LefHer, and tempered
form, or combinations thereof [27, 28| [41), 48] [50], 511 58|, (64, [65] [66].
The famed Mittag-Leffler (M-L) functions play an important role in the
theory of fractional and generalized differential equations. Here we consider
the three parameter M-L function, introduced by Prabhakar [42] as follows:

dt'’. (2.2)

By =3 O = (25)
o £ T(ak +B) kI’ ‘

where (§), =T'(d+k)/T'(0) is the Pochhammer symbol. The more familiar
one parameter M-L function E,(z) and the two parameter M-L function
E, 5(2) are special cases of the three parameter M-L function for = § =1
and § = 1, respectively, see e.g. [8 29 [40]. Introducing the Laplace
transform of a function f(t) as f(s) = L[f(t)] = Jo° f@)e~stde, for the
three parameter M-L function (2.3]) we get [42]
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5 520 P 1
L, [t’B_lEaﬁ(iato‘) = R(s) > o]V (2.6)
’ (s* F a)
The three parameter M-L function has many applications in the description
of anomalous diffusion and non-exponential relaxation processes, see for
example [IT}, (12, [I3] (15, 46], 47, 49, 51, 61].
There are many generalizations of the M-L function. We will use here
the multinomial M-L function [25] defined by

oo kitko+..+kn=j

J
E(a1,(l2,---7aN)7b (217227-..7ZN) :Z Z < ]{,’1 ]{72 kN >

Jj=1k120,k2>0,....,kn >0
N k;
i () (2.7)

X

where

j R L (2.8)
ki ky o k) T Talkalo kil

are the so-called multinomial coefficients. This function has been shown to
play an important role in description of the MSD of anomalous diffusion
processes [46], 47, [50].

3. CTRW theory and subordination

Here we give a brief introduction to the fundamental results of the
continuous time random walk (CTRW) theory. This stochastic model is
based on the fact that individual jumps are separated by independent,
random waiting times. For the PDF W(x,t) a simple algebraic form for
the Fourier-Laplace transform W (k,s) = Fi [Ls [W (z,t)] can be found.
We note that the Fourier transform of f(x) is given by F(k) = F[f(z)] =
[, f(z)e™™ dz, and the inverse Fourier transform is defined by f(z) =

F1 {F(k)] =5 [ F(k)e=** dk. With these definitions, one finds for
the PDF in the Fourier-Laplace space [33], [54]

S il G N (3.1)

s 1—9(s)A(k)
Here z/;(s) is the Laplace transform of the waiting time PDF (t), and
A(k) is the Fourier transform of the jump length PDF A(z). The Fourier
transform of the Gaussian distribution of jump lengths with variance o2 is
1- %02]{:2 for small k, where o2 has the dimension of length. To avoid di-

mensions, we set 02 = 2. Therefore, in this paper we assume S\(k:) ~1—k2,



14 T. Sandev, R. Metzler, A. Chechkin

[33]. As it was already mentioned in the Introduction, the CTRW process
with a scale-free waiting time PDF of a power law form (t) ~ t~179
0 < a < 1, and Gaussian distribution for the jumps leads to the subdif-
fusive time fractional diffusion equation exhibiting mono-scaling behavior
[33]. In this paper we present a CTRW model with generalized waiting time
PDF and Gaussian distribution of jump lengths, for which we can derive
the corresponding generalized diffusion equation.

We introduce the generalized waiting time PDF

A 1
S — 3.2
in Laplace space, where 7(t) has the property
1
lim —— =0, (3.3)
s=07(s)

in order to ensure normalization of the waiting time PDF. To guarantee
that this generalized function is a proper PDF its Laplace transform 1[}(8)
should be completely monotone [9, 55]. Here we note that the function
g(s) is completely monotone if (—1)"g(™(s) > 0 for all n > 0 and s > 0.
An example of a completely monotone function is s%*, where o« < 0. The
requirement zﬁ(s) to be completely monotone is fulfilled if the function
1/9(s) = 141/7(s) is a Bernstein function, that is a non-negative function
whose derivative is completely monotone. Here we employ the Theorem
that the function f(g(s)) is competely monotone if the function f(s) is
completely monotone, and the function g(s) is a Bernstein function [55].
In what follows we consistently check this requirement for all the specific
examples considered in the paper. The waiting time PDF (B.2]) together
with a Gaussian jump length PDF with S\(k) ~ 1 — k? yield the Fourier-
Laplace form
ke L L1 [si)

’ s1—(1—=k)/[L+1/a(s)]  s/[si(s)] + k>’

of the PDF W (z,t). Rewriting Eq. (34) as
sW(k,s) — Wo(k) = —k2 sii(s)W (k, s),

from inverse Fourier-Laplace transform we obtain the generalized diffusion
equation

(3.4)

oW (z,t) d [* NOPW (2, t)
ot _&/On(t_t) ISR

with the memory kernel n(t). In this generalized diffusion equation the
memory kernel appears on the right hand side of the equation, i.e., this
equation is of what we call the modified form in comparison to the general-
ized diffusion equation in normal form (or natural form) where the memory

(3.5)
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kernel appears on the left side of the equation. Special cases of the general-
ized equations in normal and modified forms have been extensively investi-
gated in different contexts, for example, in [3] [4], [6] [7, [10] 22| 26| 46 [47], [59].

From Eq. (8.4)) we derive the general form of the n-th moment (n € N),

by using
0

(2"(t)) = L3 | W (R, 5) (3.6)
Ok B0
Therefore, we conclude that the PDF W (x,t) is normalized since
(l) = £ [s71] =1, (3.7)
and the MSD is given by
<:E2(t)> =2L;" [s7'i(s)] . (3.8)

Next we need to show the non-negativity of the PDF W (z,t) in order to
have an appropriate stochastic process governed by the generalized CTRW
model. For this reason, we employ the subordination technique. From
Eq. (34) one finds that

Wk, s) = L / e /)R qyy = / e " G(u, s) du, (3.9)

s1(s) Jo 0
where the function G(u, s) is given by
A 1 )
_ —u/i(s) 1
G(u,s) = e . (3.10)
Thus, the PDF W (x,t) is given by [30} 31]
W () /OO T ) d (3.11)
x,t) = u, t) du. .
0o Vdru

The PDF G(u,t) provides a subordination transformation, from time scale
t (physical time) to time scale u (operational time). It is normalized with
respect to u for any ¢,

o o0 1 .
G(u,t)du = L£;* {/ e u/A0) du} =L [s7 =1 (312
J, o o F6) = 6

Here we again use the definitions and properties of the completely mono-
tone and Bernstein functions. Therefore, G(u,t) is positive if its Laplace
transform G(u, s) is completely monotone on the positive real axis s [55].
This condition is satisfied if, [49]: (a) the function 1/[s7)(s)] is a completely
monotone function, and (b) the function 1/7(s) is a Bernstein function. The
constraint (b) ensures that the function e=%/1(*) is completely monotone,
since the exponential function is completely monotone and the composi-
tion of a completely monotone and a Bernstein function is itself completely
monotone [55]. Moreover, G’(u, s) is completely monotone, as the product
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of the two completely monotone functions e~%/1(*) and 1/[s7(s)]. Alterna-
tively, we can check that 1/7(s) is a complete Bernstein function. This is
an important subclass of the Bernstein functions [55]. An example is the
function s* with 0 < o < 1. This condition is enough for complete mono-
tonicity of G (u, s) due to the property of the complete Bernstein function: if
f(s) is a complete Bernstein function, then f(s)/s is completely monotone
[55].

4. Specific examples

4.1. Diffusion equation. Let us consider several special cases of Eq. (3.5]).
First we set n(t) = 1, i.e., the generalized diffusion equation becomes the
classical diffusion equation
W (x,t W (x,t
W) FWie,0) W)
47

Therefore, by replacing 7(s) = 1/s in the general form of the waiting time
PDF ([B.2), we find

wuy:zhéz}:e4, (4.2)

i.e., the Poisson waiting time PDF, as it should be for the Brownian motion.
In accordance with the last remarks in Section B] the solution of the
standard diffusion equation is non-negative since 1/7(s) = s is a complete
Bernstein function.
From the general relation (3.8]), for the MSD one finds the well known
result for Brownian motion,

(2(t)) =2L7" [s7?] = 2¢, (4.3)
i.e., the linear dependence of MSD on time.

4.2. Fractional diffusion equation. Next, let us use the power-law mem-

ory kernel n(t) = t*71/T'(a), 0 < a < 1. For this kernel Eq. (3.5]) corre-
sponds to the following time fractional diffusion equation

6W($7t) _ Dl—aa2W(x7t)

o 922

Since 7(s) = s~%, the generalized waiting time PDF (3.2)) becomes the two

parameter M-L waiting time PDF [16], [17]
1
Y(t) = L1 [ =t By o (—tY). (4.5)

(4.4)

1+1/s7@
The solution of the fractional diffusion equation (4.4]) is non-negative

since 1/7(s) = s* is a complete Bernstein function for 0 < a < 1.

For this case the MSD reads
(@) =2L [ =2

o+ 1)’ (46)
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i.e., we obtain a subdiffusive process since 0 < a < 1.

4.3. Bi-fractional diffusion equation. If we consider a memory kernel
of the form n(t) = a1 t** /T (a1) + a2t /T (az), 0 < a1 < az < 1,
a1 + as = 1, the generalized diffusion equation (B.0]) yields the bi-fractional
diffusion equation studied earlier by Chechkin et al. [7]

oW (z,t) O*W (x,t) O*W (z,t)

Ot Oz? 0x2

Since 7(s) = a1 8~ * + ag s~ 2, the corresponding waiting time PDF is
represented by an infinite series in three parameter M-L functions [47]

=aj RLDtl_al + ao RLl)tl_a2 (4.7)

(%

T — s EW jain e (-%%Wl) L (48)

aq — aﬂf a2 —ar,a1n+oq ai
n=0

Series in three parameter M-L functions of the form (4.8)) are indeed con-
vergent, see e.g. [37, 38, 39, [51].

Here we also check the non-negativity of the solution of the bi-fractional
diffusion equation (.7]). We have that the function ¢(s) = a; s* +a s*?* is a
complete Bernstein function for 0 < a1 < ag < 1 as a linear combination of
two complete Bernstein functions. Then 1/¢(1/s) = 1/[a; s~ +ag s~ 2] =
1/7(s) is a complete Bernstein function as well [55], which represents a proof
of the non-negativity of the PDF.

For the bi-fractional diffusion equation the MSD is given by [7]

2 a1 p—1 a2 ,00—a 2a1t 2a9t™*?
t — 2 t 1E __t 2 1 —
<ﬂj ( )> al ag—al,al—i-l < al > F(al + 1) + F(a2 + 1),
(4.9)

which represents accelerating subdiffusion [3], [7] crossing over from the scal-
ing (x?(t)) ~ t* at short times to (z?(t)) ~ t*2 at long times.

4.4. N-fractional diffusion equation. One may consider a memory ker-
nel of power-law form with N scaling exponents 7(t) = Z;VZI aj t% 1T (o)),
I<ap<ag < - <ay<l, Z;VZI a; = 1, which leads to the N-fractional
diffusion equation

N

OW (x,t) 1—a; O?W (2, 1)

o > ajrD; 02 (4.10)
j=1

By setting 7(s) = Z;VZI a; s~% in Eq. (3.2)), the waiting time PDF is given

in terms of multinomial M-L functions
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P(t) =L

N Ce— Qi
Ejzl a;s—
aj

1+1/ Zj\le aj s~ B 1+Z§V:1 ajs”

||M2

taj_lE (a1,02,...,an )05 (—(11 ta17 _a2ta27 ) _aNtaN) : (411)

The proof of the non-negativity of the solution of Eq. ([AI0) is the
same as the one for the bi-fractional diffusion equation in modified form.
Since ¢(s) = E;vzl a; % is complete Bernstein function for 0 < a1 < ap <

- < ay < 1 as a linear combination of complete Bernstein functions, then
1/¢(1/s) = 1/7(s) is a complete Bernstein function too, which completes
the proof of the non-negativity of the PDF.

The MSD for the N-fractional diffusion equation is then given by

£

N N
2 _ -1 -1 P Le 7 - .
(z°(t)) =2L;" |s ;a] s 2 jz:;aj NETESI) (4.12)

from which we observe accelerating subdiffusion as well.

4.5. Distributed order diffusion equation. Another interesting special
case of the generalized diffusion equation (B.5]) is the distributed order dif-
fusion equation in the modified form [7 ] which can be obtained if one uses

a memory kernel of the form n(t fo ?(; da, where p(«a) is a non-

negative weight function with fo a)da = 1. Substituting this memory
kernel into Eq. (8.5) one obtaillas )
oW (x,t) 1_a O°W (2, 1)
— = D, *——"~da. 4.13
= | ple)w e da (113)
The Laplace transform of the distributed order memory kernel is given by
= fol p(a) s~ da, therefore the waiting time PDF (B.2]) becomes

A~

1
§) = . 4.14
Y S e sm da 1

Here we give a short proof of the non-negativity of the solution of
Eq. (&13). The linear combination ), p;s% of complete Bernstein func-
tions is a complete Bernstein function for 0 < a; < 1, therefore the point-

wise limit of this linear combination ¢(s) = fol p(a)s® da is a complete Bern-
stein function as well. This implies that 1/¢(1/s) = 1/ [fol pla)s™@ da] =
1/7(s) is a complete Bernstein function, [55].

For the uniformly distributed order memory kernel with p(a) = 1, the

Laplace transform of the memory kernel is given by 7(s) = slso_g(ls). This,

implies
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vt = £, 1+ slogls/(s -1 (4.15)
The long time limit of the waiting time PDF becomes
P(t) ~ L71[1/(1 — slogs)] ~ 72, (4.16)
and the MSD is
(2%(t)) = L, [(s — 1)(s%log s)] ~t/logt, (4.17)

both in accordance to CTRW theory [I].

4.6. Tempered fractional diffusion equation. As a last example we
consider a power-law memory kernel with truncation n(t) = e~*t*~1/T" (),
0<a<l1,b>0,i.e., the following equation

t 2 /
8W($7 t) 1 d / e—b(t—t’)(t o t/)a—l 0 W(:L‘v t )
0

o [(a) dt ox?

By substitution of 7(s) = (s + b)™%, in the generalized waiting time PDF

B2), we find
1
Y(t) = L1 [m] = e MR, o (—19). (4.19)
Therefore, the tempered M-L waiting time PDF (4.19]) generates a stochas-
tic process governed by the tempered time fractional diffusion equation in
the modified form (ZI8]).

Since 1/7(s) = (s + b)® is a complete Bernstein function, the solution
of Eq. ([@I8)) is non-negative. Here we use that the function f(s) = s® with
0 < a < 1is a complete Bernstein function, and so is the function f(s+a),
a = const, [53].

The MSD is represented by help of the three parameter M-L function

8_1
(2(t)) =21 [(8 - b)a] = 2t"E{ .y (—bt), (4.20)

which in the short time limit encodes the subdiffusive behavior (z%(t)) ~
2t*/T'(a + 1), while in the long time limit one observes the saturation
(x2(t)) ~ 2b™ = const.

A graphical representation of the MSDs (4.20) and (4.9) is given in
Figure [l From the figure one can see that in absence of a truncation
(blue solid line) the MSD ({.20]) behaves as for the mono-fractional diffu-
sion equation, (#%(t)) ~ 2t*/I'(1 + ). In presence of a truncation in the
short time limit one has the same behavior as for the mono-fractional dif-
fusion equation, and in the long time limit the saturation (z?(t)) ~ 26~
is observed (red dashed and green dot-dashed lines). Accelerating diffusion
from (2%(t)) ~ 2a1 t* /T (1+ aq) to (2%(t)) ~ 2a5 t*2 /T (14 a2) in the case

dt'’. (4.18)
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1074 1072 100 102 10*
t

FIGURE 1. MSD for the fractional diffusion equation (4.6l
with a = 1/4 (blue solid line), MSD for the tempered frac-
tional diffusion equation ([4.20) with « = 1/4 and b = 0.1
(red dashed line), b = 0.5 (green dot-dashed line). The MSD
([#9]) for the bi-fractional diffusion equation in modified form
with, a1 = ag = 1/2, oy = 1/4 and ae = 3/4 is multiplied
by factor 2 (black dotted line).

of the bi-fractional diffusion equation is observed from the figure (brown
dotted line), as well.

5. Normal versus modified generalized diffusion equation

In our previous work [46] we demonstrated that the CTRW model with
waiting time PDF of form
5 1
5) = ———,
YO = TR )

where 4(s) is completely monotone and s9(s) is a Bernstein function [49]
(or alternatively, sy(s) is a complete Bernstein function), and a Gaussian
distribution of jump lengths yields the generalized diffusion equation in
normal form

(5.1)

/t (t —t’)EW(x thdt' = 8—2W(a; t) (5.2)
o ! o\ T B2 '

In comparison to the waiting time PDF (B.2]) we conclude that there is a
connection between both models simply by exchanging 4(s) — 1/[s7(s)].
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Thus, if this connection is fulfilled the solutions of both generalized diffusion
equations in normal (.2)) and modified form (B.5) will be identical.

Let us illustrate this point. We saw that in the case of n(t) =1 (7(s) =
1/s) we have a Poisson waiting time PDF (4.2]) and the classical diffusion
equation (AI]). So, if we use that §(s) = 1/[sn(s)] = 1, i.e., y(t) = 0(¢),
from relations (B.1)) and (5.2]) we obtain the same results.

Next, the memory kernel () = t*~1/T'(a), 0 < a < 1, and 7(s) = s~ 2,
corresponds to the M-L waiting time PDF (4.5]) and the fractional diffusion
equation (£4). Therefore, by using 4(s) = 1/s'7% y(t) = t~%/T'(1—a), the
generalized diffusion equation (5.2)) becomes the time fractional diffusion
equation in the Caputo sense,

62
cDfW (z,t) = WW(m,t), (5.3)
which, as we know [40] is an equivalent formulation of the fractional dif-
fusion equation (44]) as long as the initial values are properly taken into
account.

From the previous results [7,147] we know that the bi-fractional diffusion
equations in normal and modified form do not give the same results for the
PDF and the MSD. The first one leads to decelerating subdiffusion, and
the second one to accelerating subdiffusion. In order to find the equivalent
formulation for the bi-fractional diffusion equation in modified form (4.7,
we should use §(s) = 1/[s(a1 s +a2s )], 0 < aq < a2 < 1, from
where, by inverse Laplace transform, we find that +(¢) is given by

1 1 a
— -1 41 __2 a2 —Q]
() = L [cu sl=a1 4 gy sl—aJ - alt Boz-ar - < alt
(5.4)

Therefore, the equation in normal form corresponding to (4.7)) in modified
form is given by

t N\ —a« 2
(=t _92 nas—ar) 9 N — 9
/0 o Boyor e (0= 1) oW t)atl = == W(a,).
(5.5)

We finally discuss one more example with the tempered memory kernel
n(t) = e > 1T(a), 0 < a < 1, b > 0, which leads to the tempered
fractional diffusion equation ([£IS]). Setting Y(s) = 1/[s(s +b)7?], (n(s) =
(s +b)~%), we find that

S—l

0= [

and the corresponding diffusion equation in normal form becomes

] = B (<bt), (5.6)
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2

/0 -ty B (b — ) Zwetyar = Lwn. 6

ot Ox?

Conversely, let us consider the memory kernel v(¢) = a3t~ /I'(1 —

a1) +agt™*?/I'(1 — ag), 0 < a1 < ag < 1, which leads to the bi-fractional
diffusion equation in the normal form,

2
a1 ¢cD{*W (x,t) + ag ¢ DWW (2, t) = WW(ZL‘, t). (5.8)
x
From the memory kernel we find that A(s) = [a1 s** + ag s°2] 7, i.e.,
1
nt) = —t* "By 0l <—ﬂta2—a1> . (5.9)
az az

Therefore, the equation corresponding to the bi-fractional diffusion equa-
tion in normal form turns into the following equation in modified form

0 d t(t_t/)a2_1 a1 oz —aq s / /
EW(QQ’,t)—a/O TEQ2_Q17Q2 <—a—2(t—t) > @W(I’,t )dt .
(5.10)

In case of a tempered memory kernel () = et~ /T'(1-a), 0<a <1,
b > 0, the corresponding equation of the tempered fractional diffusion
equation in normal form

Lt / t e b=t (¢ — t’)—aﬁvv(x t"dt' = 8—2W(az t),  (5.11)
r(1—a) /s oy N o2 0
is
gW(az t) = 4 /t(t — Y EX (<t — 1)) 8—2W(az tydr, (5.12)
ot ’ dt J, La 0x2 ’ o
since
_ 51 a—1 mo—
U(t) = ﬁs ! [W} =t 1El,a1(_bt)' (513)

With these examples we show that many different equations with a
wide range of memory kernels are special cases of the generalized diffusion

equations (3] and (52).

6. Conclusion

We provided a CTRW model that corresponds to the generalized diffu-
sion equation in modified form. We show that many different generalized
derivatives are special cases of the generalized derivative considered in this
paper. We also discuss the connection between the generalized diffusion
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equations in modified and normal form. We show that, for example, the bi-
fractional diffusion equation and the tempered fractional diffusion equation
in modified form can be represented in normal form by using Mittag-Leffler
memory kernels. The need for better fitting of the experimental results
[18, 35] requires introducing more flexible theoretical models as those ana-
lyzed in this work. Studying of ageing and weak ergodicity breaking [32] [56]
often observed in experiments for this more general setting is left for future
investigation.
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