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ABSTRACT

The dynamic response of disks has been deeply studied in the last years given that their dynamic
characteristics present similarities with more complex disk-like structures used in real engineering
applications, such as hydraulic turbine runners. Because of disk-like structures could present fatigue
damage or critical failures as a result of resonance conditions, it is of paramount importance to determine
their natural frequencies.

The dynamic response of disk-like structures is heavily affected by the added mass effect when they are
surrounded by a heavy fluid. This added mass is greatly affected by the proximity of walls. Furthermore,
the surrounding fluid cavity has its own natural frequencies and mode shapes, called acoustic natural
frequencies and acoustic mode-shapes. All studies of submerged and confined disks have been carried out
considering that the acoustic natural frequencies of the surrounding fluid cavity are much higher than the
natural frequencies of the disk, so they do not affect each other. However, in some cases the acoustic natural
frequencies are close to the natural frequencies of the submerged structure, which can be affected
considerably. This case has not been deeply discussed yet.

In this paper, the influence of the acoustic natural frequencies of a cylindrical fluid cavity on the natural
frequencies of a disk has been analysed numerically. First, the effect of the added mass of the fluid has been
estimated when the acoustic natural frequencies of the fluid cavity are much higher than the natural
frequencies of the disk. For this case, different geometrical and material parameters have been considered.
Then, the parameters that affect the acoustical natural frequencies of the fluid cavity have been identified.
Finally, the case with acoustic natural frequencies close to the structural natural frequencies is studied in
detail and the affectation between both is discussed. All the results presented in this paper have been
dimensionless in order to be used for a wide range of disk-like structures.

Therefore, with this study it is possible to identify for which conditions the dynamic response of a
generic disk-like structure will be affected by the acoustic natural frequencies of its surrounding fluid
cylindrical cavity.
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1 Introduction

To determine the natural frequencies of disk-like structures could avoid resonance conditions that may
cause fatigue damage or critical failure. This is of paramount importance in actual engineering applications,
as is the case of hydraulic runners. Some types of hydraulic runners are disk-like structures which are
submerged and confined in a heavy fluid and their dynamic response are greatly affected by the boundary
conditions (Valentin et al., 2014). The fluid density, the value of the speed of sound in the fluid medium
and geometrical dimensions have to be considered in order to understand the effect of those parameters on
the natural frequencies and mode-shapes. Due to the similarity on the mode-shapes between the disk and
the more complex disk-like structures such as hydraulic runners (Egusquiza et al., 2012; Huang, 2011,
Huang et al., 2013a; Liang et al., 2007; Presas et al., 2012; Tanaka, 2011) , the dynamic response of disks
has been deeply studied in the last years.

Disk-like structures have been studied in many cases surrounded by low density fluid such as air. Blevins
(2001) conducted several studies of a wide range of structures on air, such as plates and annular plates with
different boundary conditions, in order to analytically determine the natural frequencies and mode-shapes.
In this study and others (Bauer and Eidel, 2007; Campbell, 1924; Heo and Chung, 2004; Lamb and
Southwell, 1921; Southwell, 1922) it is concluded that the effect of the low densities surrounding fluids in
natural frequencies and mode-shapes of the analysed structure can be neglected.

On the other hand, if the structure is surrounded by heavy fluid, its dynamic response is drastically
affected. This effect is known as added mass effect, and it has been extensively used to calculate the natural
frequencies of disk-like structures surrounded by heavy fluids such as water. Lindholm et al. (1962), Kwak
(1991), Amabili and Kwak (1996), and Meyerhoff (1970) conducted experimental and numerical
investigations in circular and rectangular plates in contact with water and they predicted the influence of
the surrounding fluid on the dynamic response of the structure. Similarly, several studies have dealt with
more complex structures. Rodriguez et al. (2006) carried out an experimental modal analysis of a Francis
turbine in still water, showing a significant effect of the added mass effect in the natural frequencies. Also
Liang et al. (2007) and Liang and Wang (2003) conducted a numerical simulation using finite element
method (FEM) in order to analyse the influence of surrounding water in a turbine runner. According to
these studies, the added mass effect reduces the natural frequencies of the submerged structure compared
to those ones in air.

When the structure is bounded by rigid walls the added mass effect is even more important, being more
interesting the effect of the small gaps. Plenty of studies of vibrating structures submerged and near a rigid
wall were carried out (Askari et al., 2013; Harrison et al., 2007; Kubota and Ohashi, 1991; Kubota and
Suzuki, 1984; Naik et al., 2003; Presas et al., 2016; Rodriguez et al., 2012; Valentin et al., 2014). All these
studies conclude that the distance disk-wall has a great influence on the added mass effect, i.e. the natural
frequencies decreased when the disk is close to a rigid surface. However, these studies only investigated
the natural frequencies of the structure but without considering the dynamic response of the surrounding
fluid cavity, which for certain conditions may affect the dynamic response of the structure itself.

A fluid cavity presents acoustic natural frequencies with corresponding mode-shapes, which are known
as acoustic modes. Blevins (2001) investigated analytically the acoustic natural frequencies and acoustic
modes for a wide range of cavities. These studies showed that the values of the acoustic natural frequencies
are influenced by the geometrical parameters of the cavity as well as the fluid speed of sound. In the
experimental domain, Graf et al. (2014) and Rossetto et al. (2001) conducted experimental and analytical
modal analysis on a pipe and a cavity respectively, both of them analysing their eigenmodes. Nieter and
Singh (1982) by means of an accelerometer and a microphone, developed an experimental method in order
to obtain acoustic natural frequencies and modes for acoustics ducts. Several studies were carried out in
order to predict the acoustic modes in aerospace industries, more precisely on ducted flows, (Dowling and
Stow, 2003; Jourdain et al., 2013; Kousen, 1999; Scholl et al., 1998). Nevertheless, the interaction between



structural and acoustical part, i.e. the case of a submerged structure and confined with structural natural
frequencies close to acoustic natural frequencies of the cavity has not been deeply discussed yet.

In this paper, the acoustical and structural natural frequencies of a flexible disk enclosed in a rigid
cylindrical cavity and surrounded by a heavy fluid have been analysed in detail. By means of coupled
simulations, the influence of the acoustic natural frequencies on the dynamic response of the disk has been
evaluated. The parameters that have a great influence on the structural and acoustic natural frequencies
have been identified and the results are presented as a function of those. With the results presented in this
paper, the natural frequencies of a wide range of disks submerged in a different kind of fluids with different
confining configurations can be obtained and, moreover, it can be also determined if the acoustical natural
frequencies of the fluid cavity have any influence on the structural dynamic response of the flexible disk.

Nomenclature j Nodal circles
B Matrix of gradient components  k Cross sections
Cr Acoustic fluid damping matrix K Acoustic fluid stiffness matrix
Cs Structural damping matrix K, Structural stiffness matrix
c Speed of sound [m/s] L Laplacian factor
Co Maximum speed of sound Mg Acoustic mass matrix
[m/s]
D Disk diameter [m] M Structural mass matrix
Dc¢ay Cavity diameter [m] m Slope (acoustic mode-shapes)
D Cavity diameter (Base case). N Element shape function for
cav,base [m] p pressure
Element shape function for
2
E Young modulus [N/m?] N, displacement
Load applied on the fluid
Fr elements Normal vector to s
F, Applied load vector p Dynamic fluid pressure
. Area associated with each node
Fyg Fluid force (Coupled system) R (Coupled system)
Structure force (Coupled . .
Fgr system) Teav Cavity radius [m]
Structural natural frequency in . .
fair air. [Hz] Tint Interior radio [m]
Acoustic natural frequency of .
feav the cavity. [Hz] Interface surface of the cavity
Acoustic natural frequency of .
feavpase the cavity (Base case). [Hz] Nodal displacement
Structural natural frequency.
fr Submerged disk. ¢ variable. /4 Volume
[Hz]
Structural natural frequency. )
fre=e Submerged disk. ¢ = co. [Hz] z Coordinate
G Radial gap [m] Percentage calculations
- Difference between simulation
0,
Haown Lower fluid distance [m] 0 (%) and theory (structural frequencies)
Hiot Cavity height [m] @ (%) Influence of the density ratio
Difference between acoustic
Hyp Upper fluid distance [m] Ao disk—aisk (%) frequencies (without disk-with
disk)




. . Difference between simulation
ho Disk thickness [m] Bsim-en (%) 4ng theory (acoustic frequencies)
i Nodal diameters Acronyms
Greek letters CPU Central processing unit
A Correction factor (gap) FEM Finite Element Modeller
Aik Tabulated parameter FSI Fluid-Structure Interaction
v Poisson’s ratio
Pr Fluid density [kg/m?]

Po Fluid density [kg/m?]

Pp Disk material density [kg/m®]

" Correction factor (Density
ratio).

2 Numerical model

In this section the numerical equations that define the dynamic response of a structure inside a fluid
domain are described. For this purpose, the structural and fluid part are firstly considered separately and
then the coupling between both systems is analysed.

2.1 Dynamic behaviour of structure vibrating in vacuum.

The dynamic behaviour of a body vibrating in vacuum, can be described as (Liang et al., 2007):
[Ms{u} + [Cs){u} + [Ksl{u} = {F} @)

where [M,] is the structural mass matrix, [C,] is the structural damping matrix, [K,] is the structural stiffness
matrix, {F;} is the applied load vector and {u} is the nodal displacement vector. Natural frequencies
structure can be calculated then assuming {F,} = 0, and transforming Eq. (1) in the frequency domain.

2.2 Dynamic behaviour of an acoustic cavity

The dynamic behaviour of an acoustic cavity can be analysed considering the dynamic pressure for each
fluid element {p} (see more details in Rodriguez et al. (2012) and Huang et al. (2013b)).

(M@} + [Cr ]} + K]0} = (Ff} 2)

Where

[Mf] = 1/c? fv Ol{Np}{Np}TdV: ®)
(4)

(671 = 8/c [ (), as,

[Kf] = fv OI{B}{B}TdV, (5)



[M¢] is the acoustic mass matrix, {Ny} is the element shape function for pressure and vol is the volume
domain of the cavity. [Cf] is the acoustic fluid damping matrix, 8 is the non-dimensional boundary
absorption coefficient, which is defined as 8 = y/pyc. v is the characteristic impedance of the material at
the boundary, p, the fluid density and c is the speed of sound in the fluid medium. The interface surface of

the cavity is defined as s. [K;] is the acoustic fluid stiffness matrix, [B] = {L}{N,}" where {L} is the
Laplacian vector and {Fs} is the load applied on the fluid elements.

Natural frequencies of the acoustic cavity can be obtained assuming {F}=0 and transforming Eq. (2)
in the frequency domain.

2.3 Dynamic behaviour of fluid-structure coupling.

When a structure is in contact with an acoustic cavity (in contact by one of its surfaces or totally
submerged) both systems are coupled. In this case the structural equations of the coupled system can be
written using Eg. (1) and Eq. (2).

[MJ{i} + [Csl{u} + [KsH{u} = {F} + {Frs) (6)

[Me ]} + [ 10} + [Kr (o} = {F} + {For }
Where {Fy} is the force that the fluid exerts on the structure due to the structure motion and {F;} the
force that the structure motion produces on the fluid. {Fss} and {F,;} can be obtained respectively as:

{Frs} = fs {Nu}{Np}T{n} dS-p=R-p @)

{Fyr} = —po[R]"{ii} ®)

Where {N, } is the element shape function for displacement and [R] represents the area associated with
each node on the interface, which is defined as:

[R] = j NIN,) () ds ©

Where {n} is the normal vector to s.

In order to calculate the natural frequencies, the damping can be neglected (considering a slightly
damped system). By using Eq. (6) and the definitions for {Fs} (7) and {F;} (8), taking {F;} = O and {F;} =
0, the finite element matrix equations to calculate the natural frequencies of both structure and fluid parts
coupled are written as:

[Ms]u + [Ks]u = [R]p (10)
[M¢]6 + [Klp = —polRI" (i}
Transforming Eqg. (10) in the frequency domain

[~ [M]w? + [K,]]u = [R]p } (11)

[~ [M]w® + [Kf]p] = polR]" w?u

Now p can be isolated and therefore the structural part from Eq. (11) becomes:

[(1=Me] = po[RI[-Mpe? + Ke] ' [RIT) w? + K| u = 0 (12)



2.4  Speed of sound influence

In this section, the influence of the speed of sound of the fluid on the structural natural frequencies is
qualitatively explained based on Eqg. (12). When the speed of sound tends to infinite, the acoustic mass
matrix tends to zero. Therefore Eq. (12) can be written as:

[([_Ms] — Po [R][Kf]_l[R]T) w? + KS] u=20 (13)

Solving the Eqg. (13), the structural natural frequencies of the coupled system when the speed of sound

tends to infinite can be calculated. In this situation the term [R][—Kf]_lpO[R]T, which is directly added to
[M], can be considered as fluid added mass on the structural part (Amabili and Kwak, 1996; Kubota and
Suzuki, 1984). Figure 1a shows qualitatively this situation

For ¢ < oo, the acoustic mass matrix becomes [M;] # 0. In this case Eq. (12) defines the structural
natural frequencies. As one can see, the fluid added mass of the structural part comprises now the acoustic
mass matrix and the fluid stiffness matrix. Considering the situation of 0 « ¢ so that the acoustic natural
frequencies are much higher than the structural frequencies (Figure 1b), it can be seen that the influence on
the structural natural frequency of this new term,[M;], is almost negligible.

Reducing the speed of sound, M; becomes more significant on the fluid added mass term. In this case

(Figure 1c), [Mf], has a relevant contribution on the fluid added mass (increasing this term) and therefore
the structural natural frequencies start to decrease compared with the previous case.
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Figure 1. Influence of the speed of sound c on the structural modes, considering p, as a constant value. a) Structural mode
with c=co b) Structural mode with no influence of the acoustical mode. c) Structural mode affected by the acoustical mode.

3  FEM model

FEM numerical models have been demonstrated in many works to correctly estimate the natural
frequencies of submerged structures using acoustic elements for modelling the surrounding fluid (Escaler
etal., 2017; Huang et al., 2013a; Liang et al., 2007; Liang and Wang, 2003; Rodriguez et al., 2012; Valentin
et al., 2014). Furthermore, the acoustic natural frequencies of the fluid cavity can be also determined using
this method (Graf et al., 2014). This numerical method has been used to obtain all the results presented in
the present paper.

The FEM model used consists of an annular disk submerged in a closed fluid cavity. The main
dimensions of the model are shown in Figure 2. In order to study the influence of all the geometrical
parameters, as well as material characteristics and boundary conditions, several simulations were carried
out. One base case was defined in order to change all the different parameters one by one. The dimensions
of this base case were based on the ones studied experimentally by Valentin et al. (2014).



The geometrical parameters that have been studied in this paper are the disk diameter (D) and the disk
thickness (hp). The boundary conditions that have been changed in the fluid cavity are the upper fluid
distance (H,;), the lower fluid distance (Hy,,,) and the radial gap (G) (see Figure 2). Moreover, both disk
and fluid material densities (pp,pr) were varied as well as the speed of sound of the fluid (c). Table 1
summarizes all the parameters changed by simulation and in which range they were studied.

Table 1. Parameters changed by simulation

Parameter From to Base case
hp/D 0.01 0.10 0.04
Hup/D 0.20 0.38 0.20
Haown/D 0.02 0.20 0.20
G/D 0.0007 0.014 0.0014
Pt/Pp 0.000127 1.0 0.127
c 0 Infinite 1430 m/s

The numerical model was solved using ANSY'S v16.2 (Ansys®, 2013). To take into account the fluid
effect on the disk-like structure, the nodes of the solid parts in contact with the fluid are defined as Fluid-
Structure Interaction (FSI) interface. This type of simulation assumes that the fluid is inviscid, irrotational,
compressible and without mean flow. The disk is fixed in axial and radial directions by its interior diameter.
Hexahedral mesh was selected to perform the simulations, using SOLID185 and FLUID30 elements type
for the solid and fluid respectively. A mesh sensitivity study was performed in order to obtain the optimal
mesh. This optimal mesh resulted to have approximately 38000 elements and it had less than 1% error with
respect to the densest mesh tested. Simulations were conducted on an Intel® i7™ CPU at 2.67 GHz using a
parallelized solver for 6 computational cores, and computation times ranged from 10 min to 15 min.

Fixed surface (FSI
simulations)

Fixed edges
(Acoustical
simulations)

Hiot= Haown + Hup FSl Interface

Deav=2"Fcav

Detail

Figure 2. Detail of the mesh and the boundary conditions.

To analyse separately the influence of the added mass effect of the fluid and the influence of the acoustic
part on the natural frequencies of the disk, three types of simulations were performed. First type of
simulations were done with speed of sound infinite, flexible disk and varying geometrical (position and
size of the disk and cavity) and material parameters (density of the disk and of the fluid). In this case the
structural natural frequencies of the submerged and confined disk can be determined without any influence



of the acoustic natural frequencies of the cavity, as one can see in Figure 1a . Therefore, in this situation
only the added mass effect considered in previous studies affects the natural frequencies of the disk.

Second type of simulations were done with variable speed of sound and totally rigid disk and walls.
Size, dimensions and gaps of the fluid cavity were varied for this type of simulations. Therefore, the focus
of these simulations is to determine the natural frequencies and mode shapes of the acoustical cavity without
any influence of the structural part. Figure 1b represents this situation.

Finally, in order to study the natural frequencies of the submerged and confined disk affected by both
the fluid added mass and the dynamic behaviour of the acoustic cavity (see Figure 1c), coupled simulations
considering both fluid and structure were performed. The results were normalized to be used with different
kind of geometrical dimensions and material characteristics.

4  Results and discussions
4.1 Structural natural frequencies and mode shapes of the disk.

The mode-shapes of a disk are defined by its number of nodal diameters (i) and nodal circles (j), (i,j)
(see Table 2), (Blevins, 2001; Valentin et al., 2014).

Table 2. Mode-shapes of the disk.

Mode-shapes

a—— g Sty ——
y N =
A

(i.J) (1,0) (2,0) (3.0) (4.0)

The values of the natural frequencies of those mode-shapes in air can be easily obtained using reference
(Blevins, 2001) and also with numerical simulations (Valentin et al., 2014). These natural frequencies
depend basically on the geometry and material of the disk (diameter, thickness, density, Young modulus
and Poisson’s ratio).

For the base case (hp/D = 0.04),the differences between the structural natural frequencies calculated
by simulation using the FEM model and by the ones obtained theoretically in Blevins (2001) are listed in
Table 3.

Table 3. Structural natural frequencies in air. Difference between simulation and theory.

Mode-shape (i,j) 0 (%)
(1,0) -1.93
(2,0) -3.58
(3,0) -5.10
(4,0 -5.63

Numerical results obtained with simulations are within deviations of 1.93% to 5.63% from the
theoretical results. Therefore, numerical simulations are taken as a valid method to estimate natural
frequencies of the structure in vacuum with good accuracy.

42 Added mass effect of the fluid

As predicted by many studies (see for example (Kwak, 1991; Lindholm et al., 1962; Meyerhoff, 1970)),
submerging the structure into a heavy fluid (liquid) reduces its natural frequencies values due to the fluid



added mass. Fluid added mass depends on the geometrical dimensions of the fluid cavity, such as axial and
radial gaps, and the structure and fluid densities. Nevertheless, the mode shapes of the submerged disk-like
structure remains approximately the same than in the air (Amabili and Kwak, 1996). The effects of all
these parameters have been studied in the present paper. It is interesting to point out that, as predicted by
Coutu et al. (2012), Gauthier et al. (2017), Seeley et al. (2012) and Blevins (2001) there is an increase on
the damping for a straight flow whilst fluid added mass is not significantly affected. Because of that, the
values of structural natural frequencies remains practically equal for both the fluid still case and straight
flow case. On the other hand, the case of rotational flow of a disk enclosed by a cylindrical cavity, is
analytically, numerically and experimentally discussed by Presas et al. (2015b), Presas et al. (2015a) and
Presas et al. (2016).

As explained in Section 3 with regard to the first type of simulations, to only take into account the added
mass effect, the speed of sound of the fluid was considered as infinite (fluid incompressible) for this type
of simulations. With respect to other studies (Askari et al., 2013; Valentin et al., 2014) , the added mass
factors obtained in these simulations are presented normalized for a wide range of geometrical and material
characteristics of disks and fluid cavity (Figure 3, Figure Al-Figure A4 in Appendix A).

Figure 3 shows the results obtained for (2,0) mode-shape of the disk submerged in heavy fluid for the
different parameters studied. Axial (H,,;) and radial (G) gaps have been normalized using the disk diameter
(D). In order to take the effect of the axial gap in only one side of the disk, Hg,,» has been selected large
enough to not affect the natural frequencies of the disk (increasing this value would not change the natural
frequencies). The effect of considering a rigid wall in both axial sides of the disk, has been deeply discussed
by (Presas et al., 2016). Generally, it is shown that the added mass effect is slightly increased when having
this second gap.

Different ratios of disk thickness/disk diameter (hp/D) have been studied. The fluid used for those
simulations is water, with a density of 1000 kg/m?whereas the disk material is stainless steel with a density
of 7850 kg/m® (ps/pp= 0.127). Introducing all the aforementioned parameters in this figure, the parameter
0 can be obtained. Only modes with nodal diameters and no nodal circles have been considered in this
study. In order to consider different G/D ratios, the correction factor A has been introduced (Eg. (14)). This
factor can be found in the table inside Figure 3 and Figure Al-Figure A4 in Appendix A.
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Moreover, to consider different fluid-structure density ratios than water-stainless steel, several
simulations were also carried out for 0.02< p/pp< 0.4. The pp, was considered as a constant value and p,
was changed. Figure 4 shows the correction factor () (Eq. (14)) for different ps/pp, ratios and different
Hup/D for the mode (2,0) and constant ho/D and G/D. The inverse procedure (changing p, and taking py as
constant) was also done and results obtained showed exactly the same values

The curves shown in Figure 4, can be approximated with a quadratic equation with a good accuracy
for the represented range (R?=0.99). The coefficients for this equation can be found in Appendix A (Table
Al-Table A4) for different configurations of hp/D and G/D and different mode-shapes.
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Figure 4. Influence of the density ratio on the added mass factor. (2,0) mode-shape. ho/D=0.08; G/D=0.0014.



Finally, the natural frequency of the submerged disk with speed of sound infinite (ff ;=) is calculated

using Eqg. 14 introducing the parameters J, A and v, obtained in Figure Al-Figure A4 and Table Al-Table
A4 (see Appendix A).

ff_(;:oo
fair

=@6-D-y (14)

Figure 5 shows the added mass factor obtained using Eq. (14) for three geometrical configurations. These
results are experimentally validated by Valentin et al. (2014) and Valentin et al. (2016) using the base case
configuration and also by Presas et al. (2016), using a different disk and cavity dimensions. Numerical
results presents a good agreement with the experimental ones. Then, the numerical simulations are validated
to study fluid-structure interaction problems.
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Figure 5. Added mass factor. Experimental results.

4.3  Acoustical natural frequencies of the fluid cavity

In order to know how acoustic natural frequencies can affect the structural natural frequencies of the
disk, it is necessary to study first how acoustic mode-shapes are and which parameters can affect the
acoustical natural frequencies. One of this parameters is the flowing velocity of the fluid which has been
taken into account in some studies and results show that it acts as a damper of the acoustic mode (Brevart
and Fuller, 1993; Tsuiji et al., 2002). Therefore, the acoustic natural frequencies and acoustic mode shapes
do not substantially change. For high velocity and low pressure flows where a significant cavitation volume
can exist, the local speed of sound can be affected and therefore the acoustic natural frequencies can be
drastically reduced as experimentally demonstrated by Shamsborhan et al. (2010) and Ruchonnet et al.
(2012). This particular case is not discussed in the present paper.

For a cylindrical cavity with still fluid, the acoustical natural frequencies (f.,,,) and its mode-shapes can
be easily obtained using Eq. (15) extracted from Blevins (2001). The mode-shapes are formed again by
nodal diameters (i), nodal circles (j), and number of cross sections (k) where the pressure is zero. The
natural frequencies are linearly dependent on the speed of sound (c) and inversely proportional to the cavity
radius (r.4,,) and the cavity height (H;,¢).

frawin = 5~ 4 +k2ﬂ2 " 15
cav,th — 2. rczav Htotz ( )



A;j is a parameter that depends on the mode-shape and it is given in Table 4. For this study only modes
with nodal diameters have been considered, hence j=0.

Table 4. Parameter 4;;. (Blevins, 2001).

Mode-shape (i,j) Aij
(0,0) 0
(1,0 1.8412
(2,0) 3.0542
(3,0) 4.2012
(4,0 5.3176

These values have to be considered to calculate natural frequencies of a cylindrical cavity without any
structure inside. Nevertheless, in the present case of study, the cavity contains a disk (Figure 2). To see
which is the difference between considering or not the disk inside the cylindrical cavity for its acoustic
natural frequencies, the second type of numerical simulations (see Section 3) with and without disk inside
the fluid cavity were carried out for the dimensions of the base case. Results showed (see Table 5) that for
the modes without any cross section (k=0), there is practically no difference, but for k>0 modes, this
consideration is important. Therefore, Eq. (15) is only valid for the mode-shapes of the acoustical cavity
with k=0 when a disk is submerged inside. For this case, the agreement between theory (Eqg. (15)) and
simulation is very good. In order to simplify nomenclature, modes with k=0 are henceforth named as global
modes and modes with k=1 are named as modes with cross section.



Table 5. Acoustic natural frequencies and mode-shapes of the cavity. Comparison between theory and simulation using the
base case configuration.

MOde'Shape piCture Asim-tn (%) Ano gisk-aisk (%)
kK K K
[ 0 1 0 1
0 - 0.00 - -84.82
1 -5.21 -1.07 -0.02 -53.38
2 -0.54 -0.23 -0.02 -33.45
3 -0.16 -0.17 -0.07 -22.62
4 -0.28 -0.19 -0.03 -16.07

To evaluate the influence of the different geometrical parameters mentioned before (see Table 1) on the
acoustic natural frequencies of the fluid cavity, the second type of simulations were performed again but
changing these parameters. Results are shown in the following paragraphs.

4.3.1 Influence of the total height and axial gap.

Firstly, the length of the cavity (H,.) has been changed maintaining the same distance above and below
the disk (Hup = Hyown) and then, several unsymmetrical configurations (Hup * Hdown) remaining Heor
constant have been studied in order to understand how the acoustical natural frequencies of the fluid cavity
are affected. Results are presented in a normalized way for a certain value of c.

Figure 6 shows the results obtained by changing H,,., where global mode-shapes (a) and modes with
cross section (b) are illustrated separately. The fluid depth (H,,,) is normalized against the diameter of the
disk. The acoustic natural frequencies of the cavity,f,,,, are normalized against the acoustic natural
frequencies obtained in the base case (Table 1 (f.qy pase))-
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Figure 6. Total height. (a) Influence on the global modes, k=0. (b) Influence on the modes with cross section, k=1.

It is shown that varying H,,, the acoustic frequency for the global modes remains practically constant
(Figure 6a). However, for the modes with cross section (Figure 6b) the acoustic natural frequency value
tends to decrease when increasing Hg,; . These results (with disk inside the cavity) perfectly agree the
theoretical results obtained with Eq. (15).

The effect of varying H,,,, along the Z coordinate is illustrated in Figure 7. Acoustic natural frequencies
for global modes (k=0) are not affected when H,,,, decrease. However, in the modes with cross section, the
axial gap has a greater effect on the (1,1) mode-shape for a H,,,,/D > 0.35 than on the higher ones ((2,1),
(3,1), (4,1)). Therefore, the position of the disk is only important for modes with cross section (k=1) but
not for the global modes (k=0).
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Figure 7. Influence of the axial gap on the acoustic natural frequencies.(a) Global modes. (b) Modes with cross section, k=1.

4.3.2 Influence of the radial gap

Regarding the radial gap, acoustic natural frequencies were studied for different values of G. The
simulations were carried out for 7-10* < G/D <1.4-102. Figure 8 shows the influence on the acoustic natural
frequencies when G is changed. Global modes are slightly affected by the increment of G, (a reduction of
3% on the frequencies for a G/D =1.4-10"2 have been found). The influence of G on the acoustic natural
frequencies is higher for modes with cross section (Figure 8b). (1,0) mode-shape show higher differences
than the higher ones ((2,0)-(4,0)) for a big radial gap (G/D =1.4-107?).
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4.3.3 Influence of the cavity diameter

The variations of the acoustic natural frequencies by changing D¢y and maintaining the same radial gap
(G) are seen in Figure 9. In the x-axis, Dcay have been normalized using the Dca Of the base case. In this
case, it is appreciated that the importance of Dcay is high on the global mode-shapes as well as the modes
with cross section, showing an increment on the acoustic natural frequencies between 75% and 200% for a
Dcav/Deav, base<0.5; i.e. the higher the diameter of the disk is, the lower the acoustic natural frequencies are.
This conclusion can be obtained also analysing Eq. (15).
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Figure 9. Influence of the diameter of the disk on acoustic natural frequencies.

Geometrical factors that can affect the acoustic natural frequencies of the cavity have been analysed.
Modes with cross section are affected by the axial and radial gaps, as well as by the diameter of the cavity.
The diameter of the cavity is the only parameter which affect considerably both mode-shapes, global modes
and counther-phase modes. Global modes remain nearby constant when changing the rest of geometrical
factors. This is an interesting conclusion because, no mather how the other dimensions are, the acoustic
natural frequencies associated with the global mode-shapes can be simply obtained applying Eq. (15).



4.4  Coupled simulation

In this section the influence of the acoustic natural frequencies on the structural natural frequencies of
the disk submerged in a fluid cavity is evaluated. Several coupled simulations (Third type, see Section 3)
were carried out varying the speed of sound for 0.035 < c/c, < 1 for the base case dimensional
configurations. The fluid used for those simulations is water, with a density of 1000 kg/m?® and ¢, of 1430
m/s, whereas the disk material is stainless steel with a density of 7850 kg/m® (p;/pp= 0.127). c, is the
highest value that the speed of sound can have for a certain fluid (Yebra et al., 2017) at atmospheric
pressure, 25°C and without the influence of any boundary condition.

The influence of the acoustical frequencies on the structural natural frequencies is shown in Figure 10.
The acoustic natural frequencies of global mode-shapes of the fluid cavity, are plotted as solid lines. The
y-axis represents natural frequency dimensionless using the disk diameter (D) and c,. In that way, the
acoustical mode-shapes can be represented by just one line independently on the diameter.

The structural natural frequencies of the disk obtained for ¢ = oo are plotted in dotted lines and they
indicate the natural frequency of the disk without the influence of any acoustic natural frequencies of the
cavity. These are the natural frequencies that can be obtained considering only the added mass effect, which
has been deeply discussed in previous studies ((Amabili and Kwak, 1996; Kubota and Suzuki, 1984; Presas
et al., 2016; Valentin et al., 2014) and that has been presented in this paper in a summarized way in Section
4.2 and Appendix A.

Finally the structural natural frequencies for different values of c are represented in dashed lines. These
remain in the same value than with ¢ = o when they are far away from the acoustic natural frequencies
lines. However, they start to decrease when they are near those lines. As it is explained on Section 2, by
reducing the speed of sound, the fluid mass (M) becomes more significant on the fluid added mass term
and therefore the natural frequencies of the disk starts to decrease. If the speed of sound is small enough,
there is a point where the structural natural frequencies of the disk and the acoustic natural frequencies of
the cavity have the same value. At this point, the fluid mass dominates over the disk mass, as explained in
Section 2.

It is important to notice that the structural mode-shapes with no nodal circles are only affected by the
acoustic mode-shape with the same number of nodal diameters also without nodal circles.
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With these results, it is demonstrated that depending on the mode-shape studied, always exist a speed of
sound on which the structural natural frequency could be highly affected by the acoustic frequency of the
cavity. To know for any kind of disk when (for which ratio c/co) its structural natural frequencies will be
affected by the acoustic natural frequencies of the fluid cavity, the intersection point between the acoustic
natural frequency line and the natural frequency line obtained with ¢ = o has to be analysed. This point
can be obtained with more precision by using Figure A5 (see Appendix A) for any kind of disk.

Depending on the ratio c/co obtained and the mode-shape, one can determine if the affectation of the
structural natural frequency could be important on a real situation or even if it is already affected. An
example case where the structural natural frequencies should not be affected by the acoustical cavity is
shown in Figure 11. The fr .., Of each global mode-shape of the base case are plotted as dotted lines. The
cut point between the f7 . (i,0) line and the acoustic natural frequency (i,0) line has been highlighted. As
one can see, the affectation on the structural natural frequency for each mode-shape occurs for 0.1<c/co<0.3
depending on the mode-shape. Actually, this is a non-very realistic situation because the speed of sound for
this case should be very low in order that the acoustic natural frequencies affect the structural natural
frequencies of the disk.
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Figure 11. Base case. No affectation for a real ratio c/co.

However, for a certain geometrical configuration of the disk (ho/D= 0.12 and G/D= 0.012 and Hy/D
=0.08), this affectation is found at a more realistic speed of sound value. Figure 12a shows the affectation
on the structural natural frequencies (dashed line) for 0.7<c/co<0.8 depending on the mode-shape. Both
(1,0) and (2,0) modes are affected in this situation. However, (3,0) and (4,0) lines found for ¢ = « do not
cross the acoustic natural frequencies lines before c/co<1 (dotted line of (4,0) is over the upper limit of the
range and therefore does not cross before c/co<1) . This means that those structural mode-shapes are already
affected by the acoustical mode-shapes for the maximum value of speed of sound of the studied fluid (Yebra
et al., 2017). This situation is representative of certain large hydraulic turbines.

A different geometrical configuration (ho/D= 0.13 and G/D= 0.012 and H,/D =0.08) has been also
considered. Results are shown in Figure 12b. In this situation, the f; .., for each (i,0) mode-shape is higher
than the acoustic natural frequency (with the same number of nodal diameters) at c/co=1. Then, the
structural natural frequency of each mode-shape of the disk is affected by the acoustic natural frequencies
for all c/co. That means that in this case the value of the speed of sound has to be known and taken into
account in order to accurately calculate the natural frequencies of the disk.
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Figure 12. Intersection points for two geometrical configurations. (a) Real ratio c/co . (b) Affectation for all ratio c/co.



4.4.1 Influence of the density of the fluid.

The simulations of the previous sections were conducted taking into account the ratio ps/pp= 0.127.
This ratio represents a common engineering application, where the steel and water are the typical materials.
In this section, the influence of different ratios ps/pp on the dynamic behaviour of the submerged disk is
evaluated. Because of that, numerical simulations were carried out for 1.27-10* < p,/pp < 1, varying ps
and maintaining p, constant. The geometrical parameters of the base case were used. Results obtained are
shown in Figure 13 for the (2,0) structural mode shape. In this figure, fr . for every case is plotted in
dotted line, f; is plotted in solid line and the (2,0) acoustic mode shape is the single dashed line (it is the
same for all configurations since the acoustic natural frequency does not depend on the fluid density (Eq.
(15)) . The cut point between the f7 .., line and the acoustic natural frequency line has been highlighted in
this graph. The difference in percentage between this point and the actual value of the structural natural
frequency (ff) has been named as ¢. It can be observed that the higher is the ratio p;/pp, the higher is ¢.
This means that for higher ratios ps/pp, the influence of the acoustic natural frequency on the structural
natural frequency is higher.
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Figure 13. Results of the influence of the density ratio on the structural mode-shape. (2,0)

To evaluate the influence of the ratio ps/ps for the (1,0), (2,0), (3,0) and (4,0) mode-shapes, the same
procedure was repeated. Results are shown in Figure 14. In this figure, ¢ is plotted for different ratios
pr/pp and mode-shapes. It is observed that the biggest changes in ¢ are in the zone of the smallest p;/pp
ratios (from 0 to 0.2). For ratios ps/pp higher than 0.2, ¢ is still decreasing but slowly. As commented
before, these results were obtained changing p; and maintaining p, constant. However, to ensure the use
of this graphic for all kind of materials, the inverse procedure (changing p, and maintaining ps) was done
and results obtained showed exactly the same values than plotted in Figure 14 for the same ratios (o /pp).
With this information and the cut point obtained from Figure A5, one can obtain the influence of the
acoustic natural frequency on the structural natural frequency for all kind of disks with different geometrical
and material characteristics submerged and confined in different kind of fluids.
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5 Conclusions

In this paper, the natural frequencies of submerged and confined disks have been studied when they are
close to the acoustical natural frequencies of the surrounding fluid cavity. For this purpose, first, the natural
frequencies of submerged disks have been studied considering that the acoustic natural frequencies of the
surrounding fluid cavity are much higher than the disk natural frequencies. For this case, the most important
geometrical and material parameters that can affect them have been analysed. Then, the parameters that
affect the acoustical natural frequencies of the fluid cavity have been identified. Finally, the case with
acoustic natural frequencies close to the disk natural frequencies have been studied and discussed in detail.

Acoustical natural frequencies of a fluid cavity are mainly dependent on the cavity dimensions and the
speed of sound. The influence of different geometrical parameters (height of the cavity, axial gap and radial
gap to the disk, and diameter of the cavity) have been determined in this paper. Results showed that for
global mode-shapes (k=0), the only geometrical parameter that mainly affect the natural frequency of the
cavity is the diameter, mode-shapes with cross section (k>0) all the aforementioned parameters change the
natural frequency value. Speed of sound linearly increase the value of all acoustical natural frequencies.

When the acoustical natural frequencies are much higher than the disk natural frequencies, only the added
mass effect of the fluid affects the disk natural frequencies. This added mass depends on the geometrical
characteristics of the disk and gaps to the proximity walls, as well as the material properties. With respect
to other studies about added mass in submerged and confined disks, in this paper the results have been
presented in a dimensionless way in order to be able to obtain the natural frequencies of the submerged disk
for different diameter, thickness, axial gap, radial gap of the disk and different structure-fluid densities.
Moreover, numerical results obtained have been compared with experimental results obtained in previous
studies and they accurately agree.

The case with acoustic natural frequencies close to the disk natural frequencies has been analysed in detail
for a wide range of geometrical and material conditions. Speed of sound have been varied in order to
approach the acoustical natural frequency values to the disk natural frequencies. It has been demonstrated
that for certain geometrical characteristics of disk and cavity, the structural natural frequencies can be
affected considerably. For a common engineering application where stainless steel and water are the typical
materials, structural natural frequencies could be reduced about 25% by the acoustic natural frequencies. It
has been also demonstrated that the disk natural frequencies are only affected by the acoustical natural



frequencies associated to an acoustical mode-shape with the same number of nodal diameters than the
structural mode-shape. If the number of nodal diameters of both acoustical and structural mode-shapes does
not coincide, the natural frequencies are not affected.

All the necessary information to apply the results obtained in this investigation to a wide range of confined
disks is given. As a first approach, one can determine if the natural frequencies of a certain disk will be
affected by the acoustical natural frequencies of the surrounding fluid cavity using the results presented in
this paper, without needing any numerical simulations.
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Appendix A
Al Fluid added mass. ¢ and A factors.

A.1.1. (1,0) Mode-shape.

: : : : : : : : : : h D
09— : ; : : ; : : : ; °
........ . » 003
08 g : : Y - : : :
: > 004
» [0.02
3 (.01

0.2
0 0.0z 0.04 0.0 0.08 0.1 012 014 0.16 0.18 0.z
H D
up
/D 0.0014 0.004 0.012 0.04 0.2 or higher
A 0.155 013 0.09 0.04 ]
Linetype | | o | _ R

Figure Al. Added mass factor. (1,0) mode-shape



A.1.2. (2,0) Mode-shape
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Figure A2. Added mass factor. (2,0) mode-shape.




A.1.3. (3,0) Mode-shape
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Figure A3. Added mass factor. (3,0) mode-shape.



A.1.4. (4,0) Mode-shape
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A2 Fluid added mass. y factor.

A.2.1. (1,0) mode-shape

¥ =A-(ps/pp)* + B (ps/pp) +C
Table AL. Value of equation parameters. (1,0) mode-shape.

hp/D = 0.04
G/D 0.0014 0.004 0.012 0.04 0.20
H,/D | A B C A B c A B C A B C A B C
0.012 | 14.90 | -955 | 2.08 | 12.74 | -8.35 | 1.95 | 10.75 | -7.24 | 1.82 | 9.62 | 659 | 1.75 | 9.29 | 6.40 | 1.72
0.024 | 13.08 | -854 | 1.96 | 11.04 | -7.40 | 1.84 | 883 | -6.14 | 169 | 7.25 | 5.23 | 150 | 6.72 | -4.92 | 156
004 | 1150 | -7.66 | 1.87 | 9.76 | -6.68 | 1.76 | 7.69 | 549 | 1.62 | 597 | 448 | 151 | 527 | -4.06 | 1.46
008 | 925 | 6.38 | 1.72 | 800 | -5.67 | 1.64 | 6.39 | 472 | 153 | 481 | -3.78 | 143 | 3.93 | -3.23 | 1.37
012 | 806 | -5.70 | 164 | 7.07 | 512 | 158 | 573 | -4.33 | 1.49 | 4.36 | -350 | 1.40 | 3.44 | -2.92 | 1.33
0.16 | 7.35 | 529 | 160 | 649 | -4.78 | 154 | 532 | -4.08 | 1.46 | 410 | -3.33 | 1.38 | 3.22 | -2.78 | 1.32
02 | 689 | 502 | 157 | 6.11 | -456 | 152 | 504 | -3.92 | 1.44 | 393 | -3.23 | 1.37 | 3.09 | -2.70 | 1.31
hp/D = 0.02
G/D 0.0014 0.004 0.012 0.04 0.20
H,/D | A B C A B c A B C A B c A B C
0.012 | 1651 | -10.44 | 2.18 | 14.86 | -9.53 | 2.08 | 13.58 | -8.82 | 2.00 | 12.93 | -8.46 | 1.96 | 12.75 | -8.36 | 1.95
0.024 | 1516 | -9.70 | 2.10 | 13.29 | -8.66 | 1.98 | 11.57 | -7.70 | 1.87 | 10.43 | -7.06 | 1.80 | 10.06 | -6.85 | 1.77
004 | 13.99 | -9.05 | 2.03 | 12.20 | -8.05 | 1.91 | 10.38 | -7.03 | 1.80 | 895 | -6.21 | 1.70 | 8.37 | -5.88 | 1.66
008 | 12.17 | -8.04 | 1.01 | 10.68 | -7.20 | 1.81 | 9.06 | 6.27 | 1.71 | 755 | 540 | 1.61 | 6.67 | -4.89 | 1.55
012 | 1112 | -7.44 | 1.84 | 982 | -6.71 | 1.76 | 8.40 | 590 | 1.67 | 7.00 | -5.83 | 1.57 | 6.03 | -451 | 151
0.16 | 1051 | -7.07 | 1.80 | 9.28 | -6.40 | 1.72 | 7.98 | 5.65 | 1.64 | 6.70 | -4.90 | 155 | 573 | -4.32 | 1.49
02 | 1000 | -6.81 | 1.77 | 890 | -6.18 | 1.70 | 7.68 | -5.48 | 162 | 650 | -4.79 | 154 | 556 | -4.23 | 148
hp/D = 0.01
G/D 0.0014 0.004 0.012 0.04 0.20
H,/D | A B C A B C A B C A B C A B C
0.012 | 17.90 | -11.20 | 2.27 | 16.94 | -10.68 | 2.21 | 16.28 | -10.32 | 2.17 | 15.95 | -10.31 | 2.15 | 15.82 | -10.06 | 2.14
0.024 | 16.86 | -10.63 | 2.20 | 1557 | -9.92 | 2.12 | 1450 | -9.33 | 2.06 | 13.76 | -8.92 | 2.01 | 13.49 | -8.77 | 2.00
0.04 | 16.03 | -10.18 | 2.15 | 1457 | -9.42 | 2.07 | 13.40 | -8.72 | 1.99 | 12.32 | -8.12 | 1.92 | 11.85 | -7.85 | 1.89
0.08 | 14.70 | -9.44 | 2.07 | 1341 | -8.73 | 1.99 | 12.15 | -8.02 | 1.91 | 10.87 | -7.30 | 1.83 | 10.05 | -6.85 | 1.77
0.2 | 13.89 | -9.00 | 2.02 | 12.70 | -8.33 | 1.94 | 1153 | -7.68 | 1.87 | 10.30 | 6.98 | 1.79 | 9.33 | -6.43 | 1.73
0.16 | 13.35 | -8.70 | 1.98 | 12.23 | -8.07 | 1.91 | 11.14 | -7.46 | 1.84 | 9.96 | 6.80 | 1.77 | 8.98 | -6.23 | 1.70
02 | 12.97 | -848 | 1.96 | 11.89 | -7.88 | 1.90 | 10.86 | -7.30 | 1.83 | 9.77 | -6.68 | 1.75 | 8.79 | 6.12 | 1.70
hp/D = 0.08
G/D 0.0014 0.004 0.012 0.04 0.20
H,/D | A B C A B c A B C A B c A B C
0.012 | 12.80 | -8.39 | 1.95 | 10.60 | -7.15 | 1.81 | 818 | -5.77 | 165 | 657 | -4.83 | 155 | 6.04 | -451 | 151
0.024 | 1042 | -7.05 | 1.80 | 8.70 | -6.07 | 1.69 | 649 | -4.78 | 154 | 469 | -3.70 | 1.42 | 399 | -2.27 | 1.37
004 | 852 | 597 | 167 | 726 | 5.23 | 159 | 544 | -416 | 147 | 3.73 | -3.41 | 1.35 | 2.94 | 2.60 | 1.30
008 | 6.16 | -459 | 152 | 540 | -4.13 | 1.47 | 420 | -3.40 | 1.38 | 2.86 | -2.54 | 1.29 | 2.04 | 2.00 | 1.23
012 | 506 | -3.93 | 1.44 | 451 | 359 | 1.40 | 359 | -3.01 | 1.34 | 250 | -2.31 | 1.26 | 1.73 | -1.77 | 1.20
0.16 | 445 | 355 | 1.40 | 399 | -3.27 | 1.37 | 323 | -2.78 | 1.31 | 2.30 | -247 | 1.25 | 159 | -1.67 | 1.19
02 | 407 | -332 | 1.38 | 367 | -3.07 | 1.35 | 3.00 | -2.63 | 1.30 | 2.17 | -2.08 | 1.24 | 152 | -161 | 1.19




A.2.2. (2,0) mode-shape

Table A2. Value of equation parameters. (2,0) mode-shape.

W=A4-(ps/pp)’ +B - (ps/pp) + C

hp/D = 0.04
G/D 0.0014 0.004 0.012 0.04 0.20
Hyy, /D A B C A B C A B C A B C A B C
0012 | 1151 | -766 | 187 | 9.79 | -6.69 | 1.76 | 814 | -575 | 165 | 7.19 | -519 | 159 | 6.94 | -5.04 | 1.57
0.024 9.03 -6.25 | 171 | 7.71 | -549 | 162 | 6.19 | -460 | 1.52 | 5.08 | -3.94 | 145 | 473 | -3.73 | 142
0.04 7.26 -523 | 159 | 629 | -466 | 1.53 | 5.06 | -3.93 | 144 | 400 | -3.27 | 1.37 | 359 | -3.02 | 1.34
0.08 5.30 -4.07 | 146 | 470 | -3.71 | 142 | 388 | -3.20 | 1.36 | 3.06 | -2.68 | 1.30 | 2.63 | -2.39 | 1.27
0.12 4.51 -359 | 140 | 404 | -330 | 1.37 | 339 | -2.89 | 133 | 2.73 | -246 | 1.28 | 232 | -2.19 | 1.25
0.16 4.12 -335 | 138 | 371 | -3.09 [ 135 | 314 | -273 | 131 | 255 | -234 | 127 | 219 | -2.10 | 1.24
0.2 3.91 -3.21 | 136 | 352 | -297 | 1.34 | 3.00 | -2.63 | 1.30 | 246 | -2.28 | 1.26 | 1.26 | -1.59 | 1.18
hp/D = 0.02
G/D 0.0014 0.004 0.012 0.04 0.20
Hyp /D A B C A B C A B C A B C A B C
0.012 | 1402 | -9.06 | 203 | 1243 | -818 | 1.93 | 11.19 | -7.48 | 1.85 | 1057 | -7.13 | 1.81 | 1041 | -7.07 | 1.80
0024 | 1194 | -790 | 189 | 1042 | -7.05 | 1.80 | 9.00 | -6.24 | 1.71 | 8.07 | -5.70 | 1.65 | 7.80 | -5.55 | 1.63
0.04 1032 | -7.00 | 1.79 | 9.04 | -6.26 | 1.71 | 7.72 | -550 | 1.62 | 670 | -490 | 155 | 6.31 | -4.67 | 1.53
0.08 8.30 -5.84 | 166 | 7.37 | -530 | 160 | 636 | -4.70 | 1.53 | 543 | -415 | 147 | 495 | -3.86 | 1.44
0.12 7.40 -5.32 | 160 | 6.62 | -486 | 1.55 | 577 | -435 | 149 | 498 | -3.88 | 144 | 449 | -358 | 141
0.16 6.93 -5.04 | 157 | 623 | -463 | 152 | 546 | -417 | 147 | 474 | -3.73 | 142 | 430 | -3.46 | 1.39
0.2 6.66 -4.88 | 155 | 6.00 | -449 | 151 | 527 | -4.05 | 146 | 462 | -366 | 141 | 257 | -254 | 1.29
hp/D =0.01
G/D 0.0014 0.004 0.012 0.04 0.20
Hyy, /D A B C A B C A B C A B C A B C
0.012 | 16.12 | -10.23 | 2.16 | 15.06 | -9.64 | 2.09 | 14.33 | -9.24 | 2.04 | 13.97 | -9.04 | 2.02 | 13.85 | -8.97 | 2.02
0.024 | 1448 | -932 | 206 | 13.23 | -8.63 | 1.98 | 12.21 | -8.06 | 1.91 | 1153 | -7.67 | 1.87 | 11.30 | -7.54 | 1.85
0.04 1317 | -859 | 197 | 1199 | -7.93 | 1.98 | 1091 | -7.32 | 1.83 | 10.02 | -6.82 | 1.77 | 9.68 | -6.63 | 1.75
0.08 1141 | -7.60 | 1.86 | 1042 | -7.05 | 1.80 | 449 | 652 | 1.74 | 859 | -6.00 | 1.68 | 8.08 | -5.71 | 1.65
0.12 1055 | -7.12 | 181 | 967 | -6.62 | 1.75 | 886 | -6.16 | 1.70 | 806 | -5.70 | 164 | 751 | -5.38 | 1.61
0.16 10.08 | -6.86 | 1.78 | 9.27 | -6.39 | 1.72 | 852 | -596 | 1.67 | 7.78 | -554 | 162 | 7.27 | -5.24 | 1.59
0.2 9.81 -6.70 | 1.76 | 9.02 | -6.25 | 1.71 | 831 | -584 | 1.66 | 764 | -546 | 162 | 7.16 | -5.17 | 1.59
hp/D = 0.08
G/D 0.0014 0.004 0.012 0.04 0.20
Hyy,/D A B C A B C A B C A B C A B C
0.012 8.47 -5.94 | 167 | 709 | -514 | 158 | 546 | -417 | 147 | 434 | -348 | 139 | 398 | -3.26 | 1.37
0.024 5.90 -443 | 150 | 506 | -3.93 | 144 | 3.88 | -3.20 | 1.36 | 2.84 | -253 | 1.29 | 245 | -2.27 | 1.26
0.04 431 -347 | 139 | 379 | -314 | 136 | 297 | -262 | 1.30 | 212 | -205 | 123 | 1.74 | -1.78 | 1.20
0.08 2.79 -250 | 128 | 252 | -232 | 126 | 206 | -200 | 123 | 151 | -161 | 119 | 118 | -1.36 | 1.16
0.12 2.25 -2.13 | 124 | 205 | -200 [ 123 | 1.71 | -1.76 | 1.20 | 129 | -145 | 117 | 101 | -1.22 | 1.14
0.16 1.99 -1.96 | 122 | 182 | -1.84 | 121 | 154 | -163 | 119 | 118 | -1.36 | 1.16 | 094 | -1.16 | 1.14
0.2 1.86 -186 | 121 ) 170 | -1.75 | 120 | 144 | -156 | 118 | 113 | -1.32 | 115 | 0.90 | -1.13 | 1.13




A.2.3. (3,0) mode-shape

w=A4-(ps/pp)* + B (ps/pp) +C
Table A3. Value of equation parameters. (3,0) mode-shape.

hy/D = 0.04
G/D 0.0014 0.004 0.012 0.04 0.20
Ho/D | A B C A B c A B c A B c A B c

0.012 886 | 616 | 1.70 | 752 | -5.38 | 1.61 | 6.17 | -459 | 1.52 | 539 | -413 | 147 | 520 | -401 | 145

0.024 | 639 | -472 | 153 | 550 | -4.19 | 147 | 442 | -354 | 140 | 3.62 | -3.03 | 1.34 | 3.39 | -2.89 | 1.33

0.04 488 | -382 | 143 | 428 | -345 | 139 | 348 | -295 | 133 | 278 | -249 | 1.28 | 252 | -2.32 | 1.26

0.08 346 | -293 | 133 | 3.09 | -2.70 | 1.31 | 259 | -2.37 | 1.27 | 210 | -2.03 | 1.23 | 1.85 | -1.86 | 1.21

0.12 298 | -262 | 130 | 2.68 | -243 | 128 | 228 | -215 | 125 | 1.89 | -1.88 | 1.21 | 1.66 | -1.72 | 1.20

0.16 277 | -249 | 128 | 251 | -231 | 126 | 214 | -206 | 1.23 | 1.78 | -1.80 | 1.21 | 159 | -1.67 | 1.19

0.2 268 | -242 | 128 | 242 | -225 | 126 | 207 | -2.01 | 123 | 1.74 | -1.77 | 1.20 | 156 | -1.65 | 1.19

hy/D = 0.02
G/D 0.0014 0.004 0.012 0.04 0.20
H,/D | A B C A B c A B c A B c A B c

0.012 | 11.79 | -7.82 | 185 | 1035 | -7.01 | 1.79 | 9.18 | -6.34 | 1.72 | 861 | -6.02 | 1.68 | 848 | -594 | 1.67

0.024 944 | -6.49 | 1.73 | 822 | -5.79 | 166 | 705 | -511 | 158 | 630 | -467 | 153 | 6.10 | -4.55 | 1.51

0.04 782 | -556 | 167 | 687 | -5.01 | 1.57 | 587 | 442 | 150 | 510 | -3.95 | 145 | 4.85 | -3.80 | 1.43

0.08 6.10 | -455 | 151 | 544 | -416 | 147 | 472 | -3.72 | 142 | 410 | -3.34 | 1.38 | 3.81 | -3.15 | 1.36

0.12 546 | -447 | 147 | 490 | -3.83 | 143 | 430 | -346 | 1.39 | 3.78 | -3.13 | 1.36 | 349 | -296 | 1.34

0.16 518 | -4.00 | 145 | 467 | -3.68 | 142 | 411 | -3.34 | 1.38 | 3.63 | -3.04 | 1.34 | 3.38 | -2.88 | 1.32

0.2 504 | -392 | 144 | 454 | -361 | 141 | 101 | -328 | 137 | 356 | -3.00 | 1.34 | 333 | -2.85 | 1.32

hy/D = 0.01
G/D 0.0014 0.004 0.012 0.04 0.20
Hy,/D | A B C A B c A B c A B c A B c

0.012 | 1439 | -9.27 | 205 | 13.28 | -8.66 | 1.98 | 10.52 | -8.23 | 1.93 | 12.16 | -8.03 | 1.91 | 12.05 | -7.97 | 1.90

0.024 | 1238 | -8.15 | 162 | 11.22 | -7.50 | 1.85 | 10.28 | -6.97 | 1.79 | 966 | -6.62 | 1.75 | 9.47 | -6.51 | 1.74

0.04 1090 | -7.32 | 183 | 989 | -6.75 | 1.76 | 897 | -6.22 | 1.70 | 824 | -5.81 | 166 | 7.98 | -5.65 | 1.64

0.08 918 | -6.34 | 1.72 | 838 | -5.89 | 1.67 | 765 | -546 | 1.62 | 699 | -5.08 | 1.57 | 6.65 | -4.88 | 1.55

0.12 850 | -595 | 167 | 7.78 | -554 | 163 | 715 | -517 | 1.58 | 685 | -4.84 | 155 | 6.23 | -4.63 | 1.52

0.16 818 | -577 | 165 | 751 | -538 | 161 | 692 | -5.03 | 157 | 638 | -472 | 153 | 6.08 | 454 | 151

0.2 8.02 | -568 | 164 | 736 | -5.29 | 160 | 6.79 | -496 | 156 | 6.30 | -4.67 | 1.53 | 6.01 | -4.50 | 1.51

hy/D = 0.08
G/D 0.0014 0.004 0.012 0.04 0.20
H,/D | A B C A B c A B c A B c A B C

0.012 567 | -429 | 149 | 478 | -3.75 | 142 | 3.67 | -3.07 | 1.35 | 288 | -2.56 | 1.29 | 2.65 | -2.41 | 1.27

0.024 355 | -3.00 | 1.34 | 308 | -2.69 | 1.31 | 240 | -225 | 125 | 1.77 | -1.80 | 1.21 | 154 | -1.64 | 1.19

0.04 244 | -227 | 126 | 217 | -208 | 124 | 174 | -178 | 120 | 128 | -143 | 117 | 1.07 | -1.28 | 1.15

0.08 154 |-163 | 119 | 140 | -153 | 118 | 117 | -135| 116 | 089 | -1.13 | 113 | 0.73 | -1.00 | 1.12

0.12 127 | -143|116 | 116 | -134 | 116 | 098 | -1.20 | 114 | 077 | -1.03 | 1.12 | 0.64 | -0.91 | 1.11

0.16 116 | -134 | 116 | 106 | -1.27 | 115 | 090 | -1.14 | 113 | 0.72 | -098 | 1.11 | 0.61 | -0.88 | 1.10

0.2 111 | -130 ] 115| 101 | -123 |114 | 087 | -1.11 | 113 | 069 | -096 | 1.11 | 059 | -0.86 | 1.10




A.2.4. (4,0) mode-shape

w=A4-(ps/pp)* + B (ps/pp) +C
Table A4. Value of equations parameters. (4,0) mode-shape.

hy/D = 0.04
G/D 0.0014 0.004 0.012 0.04 0.20
Ho/D | A B C A B c A B c A B c A B c

0.012 6.84 | -500 | 156 | 580 | -438 | 149 | 473 | -3.72 | 142 | 409 | -3.34 | 1.38 | 395 | -3.25 | 1.37

0.024 | 464 | -3.67 | 142 | 401 | -3.28 | 1.37 | 3.23 | -2.79 | 132 | 2.76 | -2.47 | 1.28 | 2.66 | -2.40 | 1.27

0.04 343 | -292 | 1.33 | 3.025 | -2.65 | 1.30 | 248 | -229 | 1.26 | 200 | -196 | 1.22 | 183 | -1.85 | 1.21

0.08 243 | -2.26 | 126 | 218 | -2.09 | 124 | 184 | -1.85 | 121 | 152 | -1.62 | 119 | 1.37 | -1.51 | 1.17

0.12 214 | -2.06 | 124 | 193 | -191 | 122 | 165 | -1.71 | 120 | 1.38 | -1.51 | 117 | 1.25 | -1.42 | 1.16

0.16 203 [-198 | 123 | 184 | -1.8 | 121 | 157 | -166 | 119 | 132 | -147 | 117 | 121 | -1.39 | 116

0.2 199 |-1.95|122 | 180 | -1.82 | 121 | 154 |-163 | 119 | 130 | -146 | 117 | 120 | -1.38 | 1.16

hy/D = 0.02
G/D 0.0014 0.004 0.012 0.04 0.20
H,/D | A B C A B c A B c A B c A B c

0.012 990 | -6.75 | 1.76 | 862 | -6.02 | 1.68 | 756 | -541 | 1.61 | 7.06 | -5.12 | 158 | 6.95 | -5.05 | 1.57

0.024 754 | -540 | 161 | 656 | -482 | 1.55 | 560 | -4.26 | 1.48 | 499 | -3.89 | 144 | 484 | -3.80 | 1.43

0.04 6.07 | -454 | 151 | 535 | -410 | 146 | 458 | -3.63 | 1.41 | 400 | -3.27 | 1.37 | 3.82 | -3.16 | 1.36

0.08 471 | -371 142 | 421 | -340 | 1.39 | 367 | -3.06 | 1.35 | 322 | -2.78 | 1.32 | 3.03 | -2.66 | 1.30

0.12 428 | -345 | 139 | 384 | -317 | 136 | 337 | -288 | 1.33 | 3.00 | -2.64 | 1.30 | 282 | -252 | 1.29

0.16 411 | -334 138 | 370 | -3.08 | 1.35 | 326 | -2.80 | 1.32 | 291 | -258 | 1.29 | 275 | -2.48 | 1.28

0.2 404 | -330 | 137 | 363 | -3.04 | 135 | 320 | -277 | 131 | 287 | -256 | 1.29 | 273 | -2.46 | 1.28

hy/D = 0.01
G/D 0.0014 0.004 0.012 0.04 0.20
Hy,/D | A B C A B c A B c A B c A B c

0012 | 1279 | -8.38 | 195 | 1169 | -7.76 | 1.88 | 10.93 | -7.34 | 1.83 | 1058 | -7.14 | 1.81 | 10.57 | -7.08 | 1.80

0.024 | 1059 | -7.15 | 181 | 955 | -6.56 | 1.74 | 870 | -6.07 | 1.68 | 8.16 | -5.76 | 1.65 | 8.00 | -5.67 | 1.64

0.04 912 | 631 | 1.71 | 825 | -5.81 | 166 | 748 | -536 | 1.61 | 6.89 | -5.02 | 157 | 6.68 | -4.89 | 1.55

0.08 761 | -544 | 162 | 694 | -5.05 | 157 | 6.34 | -470 | 153 | 584 | -440 | 150 | 5.60 | -4.25 | 1.48

0.12 710 | -514 | 158 | 649 | -478 | 154 | 597 | -447 | 151 | 554 | -422 | 148 | 529 | -4.07 | 1.46

0.16 690 | -5.02 | 157 | 632 | -468 | 153 | 582 | -438 | 150 | 541 | -414 | 147 | 520 | -4.01 | 1.45

0.2 6.81 | -497 | 156 | 623 | -4.63 | 152 | 575 | -434 | 149 | 537 | -411 | 147 | 517 | -4.00 | 1.45

hy/D = 0.08
G/D 0.0014 0.004 0.012 0.04 0.20
H,/D | A B C A B c A B c A B c A B C

0.012 384 | -318 | 1.36 | 3.25 | -2.80 | 1.32 | 250 | -2.31 | 126 | 1.96 | -1.94 | 1.22 | 1.80 | -1.83 | 1.21

0.024 223 | -212 | 124 | 182 | -1.86 | 122 | 153 | -163 | 119 | 114 | -133 | 115 | 1.01 | -1.23 | 1.14

0.04 143 | -155 ] 118 | 130 | -145 | 117 | 1.02 | -124 | 114 | 094 | -113 | 113 | 082 | -1.01 | 1.11

0.08 080 | -1.07 | 112 | 0.75 | -1.02 | 112 | 0.60 | -0.90 | 1.10 | 057 | -0.85 | 1.10 | 0.49 | -0.77 | 1.09

0.12 063 | 094 | 110 | 0.60 | -0.90 | 1.10 | 049 | -0.80 | 1.09 | 051 | -0.78 | 1.09 | 0.44 | -0.71 | 1.08

0.16 061 | -090 | 110 | 055 | -0.86 | 1.10 | 045 | -0.77 | 1.09 | 048 | -0.76 | 1.09 | 0.42 | -0.70 | 1.08

0.2 060 | -089 | 110 | 053 | -0.84 | 1.09 | 043 | -0.75] 108 | 047 | -0.75 | 1.09 | 041 | -0.69 | 1.08




A3 Dimensionless acoustic natural frequency.

The slope (m) of the lines which represents the acoustic mode-shapes in Figure A5 can be calculated as
follows:

m_fD/Co
" c/co

Combining Eq. (16) with Eq. (17), it is observed that this slope is just a function of the parameter
tabulated in Table 4 divided by = for global modes (k=0) (Eq. (17)).

fD/c =1 /m=m 17)

This fact allows to plot that line without performing any simulation, only using Eg. (15) and Table 4.
The ratio c/co for which the structural natural frequency will be affected by the acoustic natural frequencies
of the fluid cavity can be obtained by using Figure A5 for any kind of disk.



1,7
1,6
15
1,4
1,3
1,2
11

0,9
0,8
0,7
0,6
0,5
0.4
0,3
0,2
0,1

0,05

01 015 02 025 03 035 04

0,45

0,5
clc,

0,55

o6 065 07 075 08 0,85

0,9

0,95

—(1,0) Mode-shape of the fluid cavity

—(3,0) Mode-shape of the fluid cavity

——(2.0) Mode-shape of the fluid cavity

—(4,0) Mode-shape of the fluid cavity

Figure A5. Dimensionless acoustic natural frequency for different c/co values.
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