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Abstract

Formal Concept Analysis has proven to be an effective method of restructuring complete
lattices and various algebraic domains. In this paper, the notions of attribute continuous formal
context and continuous formal concept are introduced by considering a selection F of finite subsets
of attributes. Our decision of a selection F relies on a kind of generalized interior operators. It is
shown that the set of continuous formal concepts forms a continuous domain, and every continuous
domain can be obtained in this way. Moreover, an notion of F-morphism is also identified to
produce a category equivalent to that of continuous domains with Scott-continuous functions.
This paper also consider the representations of various subclasses of continuous domains such as
algebraic domains, bounded complete domains and stably continuous semilattices. These results
explore the fundamental idea of domain theory in Formal Concept Analysis from a categorical
viewpoint.
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1. Introduction

The notion of formal concept evolved in the philosophical theory and logical theory. In
the early 1980s, to better understand lattice theory for potential users of lattice-based methods
for data management, Formal Concept Analysis (FCA) was initiated by Wille[4]. A central
theme of FCA is to restructure lattice theory by formal concept. The basic theorem on concept
lattices [4] has shown that the set of formal concepts ordered by set inclusion forms a complete
lattice, called a concept lattice, and that every complete lattice can be restructured as a concept
lattice. Since then, FCA has developed into a interdisciplinary research area with a thriving
theoretical community and an increasing number of applications in computer science and artificial
intelligence [7, 15, 18, 19, 22].

Domain theory was introduced by Scott as an abstract mathematical model of formal lan-
guages. The key idea of domain theory is partiality and approximation, which makes sure that
a higher order object can be successively approximated by computing those ordinary objects.
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Then domain theory can be specified as a computationally relevant framework and as such has
found applications in the theory of denotational semantics as well as in aspects of knowledge
representation and reasoning. An important topic in domain theory is to build the interrela-
tion between domains and various mathematical structures. As can be expected, a great deal
of effort has gone into characterizations of various domains. To name a few examples, we have
Scott’s representations of Scott domains as information systems [23], Abramsky’s flexible work
domain theory in logical form for SFP-domains [1] and its extensions [2, 13], some topological
investigations by Vickers [26]. More articles about this issue can be found in [14, 16, 24, 25].

In [27], Zhang and Shen brought the two independent areas, FCA and Domain theory, to a
common meeting point. They generalized the notion of concept to approximable concept and
obtained a representation theorem of algebraic lattices based on approximable concepts. Hitzler
et al. [11] built the notion of approximable concept with a category which is equivalent to that
of algebraic lattices and Scott-continuous functions. In [12], Huang et al. presented a notion
of F-approximble concept and provided an approach to representing algebraic domains. Almost
at the same time, Guo et al. [8] developed two variations of rough approximable concepts and
obtained the representation of algebraic domains by FCA in the rough setting. These works
enrich the link between domain theory and FCA. For further information on the relationship
between domain theory and FCA, see, for example, [9, 10, 17, 20].

However, all these generalizations of formal concepts mentioned above represent only sub-
classes of algebraic domains. And general continuous domains are highly relevant to lots of tasks
in data analysis and knowledge reasoning, covering important example based on the real line.
To the best of our knowledge, the intimate relationship between general continuous domains and
FCA were not explicated until the current paper. The aim of this paper is to explore the con-
tinuity in FCA from a category-theoretical viewpoint and give a novel approach to representing
continuous domains by means of FCA. For this purpose, we generalize the technique of classical
formal concepts and propose the notions of attribute continuous formal context and continuous
formal attribute concept. A new tool used in our definitions is a family of nonempty finite subsets
of attributes in a formal context. It is shown that attribute continuous formal concepts gener-
ate exactly continuous domains. In order to represent the Scott-continuous functions between
continuous domains, a notion of F-morphism between attribute continuous formal contexts is
introduced. Then the category of attribute continuous formal contexts with F-morphisms is
established which is equivalent to that of continuous domains with Scott-continuous functions.
Furthermore, the representations of many subclasses of continuous domains are studied by driving
some appropriate conditions into an attribute continuous formal context. Especially, we capture
stably continuous semilattices, a special kinds of continuous semilattices, in term of FCA. All
these results demonstrate the capacity of FCA in representing continuous domains.

The paper is organized as follows: In Section 2, the necessary definitions and results from
domain theory and FCA are recalled. In Section 3, notions of attribute continuous formal con-
texts and continuous formal concepts are introduced, which generalized formal contexts and
approximable concepts in some sense. It is proved that each continuous attribute formal contexts
generate a continuous domain. For a great variety of subclasses of continuous domains, how
they can be represented as attribute continuous formal contexts is also studied. In Section 4,
the appropriate morphism for continuous attribute formal contexts is investigated. Then the
categorical equivalence between continuous domains and attribute continuous formal contexts is
established. Some remarks can be found in Section 5.



2. Preliminaries

2.1. Domain theory

Let us first recall some basic definitions and results of domain theory. Our main references
will be [3, 5, 6].

A poset P is a set equipped with a reflexivity, antisymmetry and transitivity binary relation
< on it. If a poset (P, <) has a least element, it is called pointed. A semilattice is a poset in
which every two elements x,y have a greatest lower bound x A y. For any subset A of P, the
down set JA of Aisaset {r € P|Jda € A,z <a}. We abbreviate a principal idea |{z} as |x.
A subset D of P is directed if it is nonempty and every finite subset of D has an upper bound in
D. A poset P is said to be a depo if each directed subset D of P has a least upper bound \/ D
in P. A complete lattice is a poset P in which every subset has a least upper bound.

Let P be a dcpo. Then z is way below y, in notation x < y, if and only if for any directed
subset D of P, the relation y < \/ D always implies that = < d for some d € D. Obviously, z < y
implies that 2 < y. For any X C P, [ X is defined to be the set {y € P | (3z € X)y < x}. And
{x} is abbreviated as [x. An element x € P is said to be compact if v < z. We write K(P) to
stand for the set of compact elements of P. A basis Bp of P is a subset of P such that, for every
x € P, the collection Bp N |z is directed, and has x as a least upper bound.

Definition 2.1. (1) A dcpo P is said to be a continuous domain if it has a basis.

(2) A bounded complete domain is a continuous domain in which every bounded above subset
has a least upper bound.

(3) A continuous lattice is a continuous domain which is also a complete lattice.

(4) A stably continuous semilattice is a continuous domain such that it is a semilattice and the
way below relation on it is multiplicative, that is, x < y, z implies T < Az.

(5) A dcpo P is said to be an algebraic domain if K(P) forms a basis.

The way-below relation on a continuous domain satisfies the following interpolation property:

Proposition 2.2. Let P be a continuous domain and let M C P be a finite set with M < y.
Then there exists z € P such that M < z < y holds, where M < y means that x < y for all
elements x € M.

Definition 2.3. A function f : P — @ between two continuous domains is said to be Scott-
continuous if, for all directed subset D C P, f(\/ D) =\ ¢p f(z).

2.2. Formal concept analysis

A fundamental contribution of FCA is to provide an alternative formulation of lattice theory,
which starts from the notions of formal context and formal concept. We highly recommend [4]
as an introduction to classical FCA.

A formal context is a triple (P,, P,,Fp) where P, is a set of objects and P, is a set of attributes.
The relation Ep is a subset of P, x P,. In this case, two functions can be defined:

a:P(P,) = P(FP,),A—~{ne P, |¥Yme A mkEn}, (2.1)

w:P(P,) = P(P),B—{me P, |Vn e B,mE n}. (2.2)



A formal (attribute) concept of a formal context (P,, P,,F) is a subset B C P, which is a fixed-
point of @ ow. Dually, a formal object concept of a formal context (P,, P,,F) is a subset A C P,
if it is a fixed point of w o a. The set of all formal attribute concepts and the set of all formal
object concepts of a formal context (P,, P, F) are denoted by B(F,) and B(P,), respectively.

For any set X, let P(X) and F(X) denote the powerset of X and the family of all finite
subsets of X, respectively. The notion F' C X means that F' € F(X).

A closure operator on X is a function v on P(X) which is extensive (A C v(A)), monotone
(AC B = 7(A) C v(B)) and idempotent (y(A) = v(v(A))). An interior operator on X is a
function 7 on P(X) which is contractive (7(A) C A), monotone and idempotent.

Proposition 2.4 (The basic theorem on concept lattices). [4] Let (P,, P,,F) be a formal context.

(1) Both (B(P,),<) and (B(P,), <) are complete lattices, and are anti-isomorphic to each other.
(2) The compositions aow and w o « are closure operators.

Much research has shown that we can also restructure some order structures by means of
FCA. For example, Zhang and Shen [27] represented algebraic lattices by approximable concepts,
Huang et al. [12] developed the notion of F-approximable concept to generate algebraic domains.

Definition 2.5. [27] Let (P,, P,,F) be a formal context. A subset Q C P, is called an approz-
imable concept if the following condition holds,

(AC) M E Q= a(w(M)) CQ.

Definition 2.6. [12] Let (P,, P,,F) be a formal context and F a nonempty finite subset of P,
which satisfies the following condition,

(FC) VFeF)MCaow(F)=(3Ge F)M CG Caow(F).

Then (P,, Py, F, F) is called a conditional formal contert. And a subset @ C P, is called an
F-approximable concept if it satisfies the following conditions,

(FA1) (VM CQ)EFFeF)MCFCQ,
(FA2) (VF € F)F C Q = a(w(F)) C Q.

Given a formal context (P,, P,,F), let F = F(P,). Then by Definition 2.6, (P,, P,,E,F)
is a conditional formal context. And for any subset @) of P,, it is an approximable concept
of (P,, Py, F) if and only if it is an F-approximable concept of (P,, P,,F, F).

3. Representations of various domains

The main purposes of this section is to establish a systematic connection between continuous
domains and FCA.

3.1. Continuous formal concept

In this subsection, based on a formal context (P,, P,,F) and a selection F of finite subsets of
P,, we present the notion of continuous formal concept, and investigate the relationship between
this notion and those of approximable concept, F-approximable concept and classical formal con-
cept. A new technique is that the selection F relies on a generalized interior operator introduced
in the following.



Definition 3.1. Let P = (P,, P,,F) be a formal context. A kernel attribute operator on P is a
mapping 7 : P(P,) — P(P,) which fulfils the following conditions, for any B, By C P,,

)
(A1) 7((w(B))) € a(w(B));
(A2) 7(r(a(w(B)))) = T(a(w(B)));
(A3) 7(a(w(B))) C 7(a(w(B1))) whenever B C Bj.

It is easy to see that each interior operator on Py, particularly the identity map idp(p,), is a
kernel attribute operator.

Given a kernel attribute operator 7 on a formal context (P,, P,,F), we often abbreviate
Toaow(B) as [B] for any B C P,. Condition (A3) indicates that the operator [-]| is monotone.
Moreover, it is idempotent. In fact, since [[B|] =7ToaowoToaow(B) and aow is a closure
operator on P,, we have

[[B]] CToaowoaow(B) =roaow(B)=[B]=roroaocw(B)C [[B]].

And hence for any B C P,,
By C [B] = [Bi] € [B]. (3.1)

Definition 3.2. Let (P,, P,,F) be a formal context and 7 a kernel attribute operator on (P,, P, F
). A T-consistent selection is a nonempty family F of nonempty subsets of P, which satisfies the
following condition,

(CA1) (YF e F)MC [F] = (3G € F)(M C [G],G C [F]).

In what follows, we denote a 7-consistent selection F by F,. For any F € F,, since F # (),
by condition (CA1), it is clear that [F] # 0 and {[G] | G € F;,G C [F]} # 0.

Definition 3.3. A structure P, = (P,, P,,F, F;) is said to be an attribute continuous formal
context if (P,, P,,F) is a formal context and F; is a 7-consistent selection.

For any family F of nonempty subsets of P,, perhaps there exist two different kernel attribute
operators 7 and v on (P,, P,,F) such that F is both a 7-consistent selection and a v-consistent
selection. In this case, P, = (P,, P,,F, F;) and P, = (P,, P,,F, Fy) are two different attribute
continuous formal contexts.

Proposition 3.4. In Definition 3.2, condition (CA1) is equivalent to saying that for any F € F,
there exists a directed set {[F;| | F; € Fr, F; C [F'],i € I} such that [F] = U,/ [Fi]-

Proof. Suppose that condition (CAl) holds. For any F' € F,, as has been mentioned, {[G] |
G € F;,G C [F]} is not empty. Let G1,G2 € F, and G1,Gy C [F]. Then G; UGy C [F.
By condition (CA1), there exists some G3 € F, such that G5 C [F'] and G; UG C [G3]. This
implies that [G1] C [G3] and [G2] C [G3]. This show that {[G] | G € F;,G C [F']} is directed.
We now show that [F| = J{[G] | G € F-,G C [F}. Since | {|G] | G € F;,G C [F]} C [F]
is clear, it suffices to prove the reverse inclusion. For any z € [F'], by condition (CAl), there
exists some G, € F; such that G, C [F] and {z} C [G,]|. From G, C [F'], it follows that
[Go] € [F], and thus [F] = U{{z} [z € [F]} CU{[G:] [z € [F]} UG | G € [FT]}
Conversely, suppose F' € F; and there exists a directed {[F;| | F; € Fr,F; C [F],i € I}
such that [F] = U,c;[Fi]. Then for any M C [F| = |J;c;[Fi], we have some j € I such that
F; € Fr, F; C [F] and M C [F;|. Hence condition (CA1) follows. O



Definition 3.5. Let P, = (F,, P,,F, F;) be an attribute continuous formal context. A continuous
formal (attribute) concept of P, is a subset @ of P, which satisfies the following condition,

(CA2) MCQ= (IF e F,)M C [F] C Q.

We denote the set of all the continuous formal concepts of by B(P,, F;). Taking M = (),
condition (CA2) yields that every continuous formal concept @ of P, is not empty.

The following two propositions tell us that the notion of continuous formal concept is a
generalization of approximable concept as well as of F-approximable concept.

Proposition 3.6. Fach conditional formal context (P,, Py,E,F) can induce an attribute con-
tinuous formal context (P,, Py,F,F;), where Fr = F. Moreover, a subset Q C P, is an
F-approzimable concept of (P,, Pu,E,F) if and only if it is a continuous formal concept of
(P, Py, E, Fr).

Proof. Let (P,,P,,F,F) be a conditional formal context, and 7 the identity map on P(P,).
Then 7 is a kernel attribute operator on (P,, P,,F) and [B] = Toaow(B) = a o w(B) for
any B C P,. Thus by condition (FC) and the fact that « o w is a closure operator on P,,
condition (CA1) follows. Therefore, F is a 7-consistent selection, and hence (P,, P,,F, F;) is an
attribute continuous formal context.

If @ is an F-approximable concept of (P,, P,,F,F) and M C Q. Then by condition (FA1),
there exists some F' € F such that M C F C @. It follows from condition (FA2) that a(w(F')) =
[F'] C @, which implies that condition (CA2) holds. Therefore, @ is a continuous formal concept
of attribute continuous formal context (P,, P, E, F;).

Conversely, suppose that @ is a continuous formal concept of (P,, P,,F,F;). To finish the
proof, it suffices to prove that @ satisfies conditions (FA1) and (FA2). For condition (FA1), let
M C Q. By condition (CA2), M C [G]| C Q for some G € F,. Since @ is a continuous formal
concept of (P,, P,,F,F;), there exists some F' € F, such that M C F C [G]. Consequently,
M C F C Q. For condition (FA2), suppose that F' € F, and F C Q. Then by condition (CA2),
we have some G € F, with F C [G] = aow(G) C Q. Since avow is a closure operator, it follows
that aow(F) C Q. O

Proposition 3.7. Fach formal context (P,, P,,E) can induce an attribute continuous formal
context (P, Py, F, F;), where F = F(P,). Moreover, a subset Q C P, is an approzimable concept
of (Py, Py, E) if and only if it is a continuous formal concept of (P, Py, E, Fr).

Proof. Suppose that (P,, P,,F) is a formal context. Let 7 be the identity map on P(P,) and
F = F(P,). It is easy to see that 7 is a kernel attribute operator on (P,, P,,F) and F is a
T-consistent selection. Then (P,, P,,F, F;) is an attribute continuous formal context, which is
said to be the induced attribute continuous formal context by (P,, P,,F).

Let @ be an approximable concept of (P,, P,,F). For any M C @, since a o w is a closure
operator on P, and 7 is the identity map on P(P,), we have M C a(w(M)) = 1(a(w(M))) =
[M] C Q. Note that M € F;, it follows that condition (CA2) holds, and then @ is a continuous
formal concept of (P,, P,,F, F;). Conversely, suppose that @ is a continuous formal concept of
(Py, Pa,E, F7). Then for any M C @, there exists some F' € F; such that M C [F| = a(w(F)) C
@, which implies that a(w(M)) C Q. Therefore, condition (AC) follows and @ is an approximable
concept of (P,, P,,F). O



Remark 3.8. Consider a formal context (P,, P,,F) in which P, is finite. Then formal concepts
and approximable concepts coincide. So a subset @) of P, is a formal concept of (P,, P, F) if and
only if it is a continuous formal concept of (P,, P,,F, F;), where (P,, P,,F, F;) is the induced
attribute continuous formal context by (P,, P,,F).

The finiteness of P, is necessary for Remark 3.8.

Example 3.9. Consider the complete lattice (L1, <) in Figure 1, where the least upper bound
of the set {ai,as,as,---}is T. Then (L1, L1,>1) is a formal context. Let (L, Lq,>1,Fr ) be
the induced attribute continuous formal context by (L1, L1,>). It is not difficult to see that the
set {a1,a2,as,---} U{L} is a continuous formal concept of (L1, L1,>1,Fr ) but not a formal
concept of (L1,L1,>1). And the concept lattice (B(L1),C) is isomorphic to (L1, <) but not
isomorphic to (B (L1, Fr, ), C). For formal context (La, Lo, >2), the set {a},a,as, -} U{L'} is
a continuous formal concept of (Lg, Lo, >2, F-,) but not a formal concept of (L, L,>).

In addition, as a consequence of Theorem 3.15, there is no attribute continuous formal con-
text (P,, Py, F, F;) such that (B(P,,F;),C) is isomorphic to (L1, <7), but there is an attribute
continuous formal context (P,, P,,F, F;) such that (B(P,,F:),C) is isomorphic to (Lg, <2), as
well as the concept lattice (B(Ls), C).
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Figure 1:

3.2. Representation theorem of continuous domains

In this subsection, we provide a new approach to representing continuous domains in term of
FCA. Let us start by showing there are enough many continuous formal concepts of P.

Proposition 3.10. Let P, = (P,, Py, F, F;) be an attribute continuous formal context. Then
[F] is a continuous formal concept of P, for any F € F.

Proof. 1t is easy to see that [F| satisfies condition (CA2). O

The following proposition is frequently used later.
Proposition 3.11. Let ) be a continuous formal concept of an attribute continuous formal

context P,.

(1) Then for any M EQ, [M] C Q, and
(2) there exists some F € F, such that F C Q and M C [F] C Q.



Proof. Suppose that @ is a continuous formal concept of P, with M C Q. By condition (CA2),
M C [G] € Q for some G € F,. Then [M] C [G] C @, and hence part (1) follows. For part (2),
using condition (AC1) to the above G € F, with M C [G], there exists some F' € F; such that
M C [F] and F C [G]. As consequence, ' C Q and M C [F] C Q. O

Proposition 3.12. Let P, = (P,, P,,F, F;) be an attribute continuous formal context and Q a
subset of P,. Then the following statements are equivalent:

(1) Q is a continuous formal concept of P.
(2) The set {[F| | F € Fr,F C Q} is directed and Q = J{[F] | F € F-,F C Q}.

Proof. (1) implies (2): Obviously, {[F| | F € Fr,F C Q} # 0. Let F1,F, € F; and Fi, F» C Q.
Then F; U F, C Q. By part (2) of Proposition 3.11, there exists some F3 € F, such that
F3 C Q and Fy UF, C [F3] C Q. Because Fy U Fy C [F3], it follows that [Fy] C [F3] and
[Fy] C [F3]. This yields that the set {[F'] | F € F,F C Q} is directed. According to part (1)
of Proposition 3.11, it is obvious that | J{[F] | F' € F,F C Q} C Q. For the reverse inclusion,
let € @. Then by part (2) of Proposition 3.11, we get some F € F; such that F© C @ and
{z} C[F] CQ. Hence Q C|J{[F] | F € Fr, F CQ}.

(2) implies (1): Suppose that M C Q. Since the set {[F] | F € F,F C @} is directed and
Q=U{[F]| F € F-, F C Q}, there exists some F' € F; such that F'C @ and M C [F] C Q.
By condition (CA1), we have [F'] C @. This implies that condition (CA2) holds, and thus @ is

a continuous formal concept of P,. O

Before stating the main result in this section, we give a lemma which is of interest in its own
right.

Lemma 3.13. Let P, = (P,, P,,F, F;) be an attribute continuous formal context.

(1) For any directed subset {Q; | i € I} of B(Py,Fr), the least upper bound \/,.; Q; exists in
B(Po, Fr), and ;e Qi = User Q-

(2) For all continuous formal concepts Q1 and Qo of Pr, we have
Q1< Q24 (AF e F)(Q1 C[F], F C Q). (3.2)

(3) For any F € F;,
[F] < [F] < (3G € F)([F] =[G],G C [G]). (3.3)

Proof. (1) It suffices to show that | J,.; Qi is a continuous formal concept of P;. Let Q = J,c; Qi
and M C (. Then there exists some j € I such that M T @Q);. Since @); is a continuous formal
concept of P, by condition (CA2), there exists some F' € F, with M C [F] C Q; € Q. Thus, Q
is a continuous formal concept.

(2) “=7, let Q1 < Q2. From part (2) of Proposition 3.12, we know that the set {[F] |
F e F.,F C Q2} is directed and Q2 = J{[F'] | F € F-,F C Q2}. Then by the definition of
way-below relation, @1 C [F'] for some F' € F, with F' C Q.

“<", let Q2 € U,er Ui, where {U; | i € I} is a directed subset of B(P,,F;). Then there
exists some I’ € F; such that F' C Q2 C |J;c; Ui and Q1 C [F']. Since{U; | i € I} is directed,
there exists some j € I with F' C U;. Thus Q; C [F'| C Uj, which implies Q1 < Q2.

(3) Let F € F; and [F| < [F'|. By Proposition 3.10, [F'] is a continuous formal concept. It
is clear from part (2) that part (3) holds. O



Remark 3.14. Consider an element F' € F,. If F' C [F'], then by Lemma 3.13, it is easy to see
that [F'] < [F]. Conversely, under the condition of [F'| < [F'], we do not know whether F is
a subset of [F'], but we have an element G € F; such that [F'| = [G] and G C [G].

Theorem 3.15 (Representation theorem). Let P, = (P,, P,,F, F;) be an attribute continuous
formal context. Then B(P,, F;) ordered by set inclusion forms a continuous domain.

Conwversely, for every continuous domain (D, <), there exists some attribute continuous formal
context P such that (D, <) is order isomorphic to (B(Py,, F:),C).

Proof. We first show that (B(F,,F:),C) is a continuous domain. With part (1) of Lemma 3.13,
(B(P,, Fr), Q) is clearly a dcpo. So that it suffices to show that (B(P,, F,),C) has a basis. For
any Q € B(P,,F;), let FF € F, with FF C Q). Then by equation (3.2), we have [F] < @ in
(B(P,, F;),<). Proposition 3.12 has proven that the set {[F| | F € F,, F C @} is directed and
@ is its union. As a result, {[F] | F € F;} is a basis.

For the second part, suppose that (D, <) is a continuous domain with a basis Bp. Define the
formal context (P, P,,F), where P, = D, P, = Bp and

rtEbesb<z.
Then by the definitions of w and « introduced in section 2.2, for any X C P,, we have

w(X)={deD|Vxe X,dFx}
={deD|Vre X, z<d}

and for any Y C P,,

a(Y)={be Bp |VyeY,yk b}
={beBp|VyecY,belynBp}

=({lyNBp|yeY}

For any X C P,, define
7(X) ={XNBp. (3.4)

Then a(w(X)) =N{lyNBp |y € {d € D |V € X,z < d}}. Since [ X C |X, it is routine to
check that the operator 7 defined by equation (3.4) is a kernel attribute operator on (P,, Py, F).
Let

F={FCp|\/FeF} (3.5)

Then for any F € F, we have

[F1=Bpny(\/F). (3.6)

We now show that F is a 7-consistent selection, and hence (P,, P,,F,F;) is an attribute
continuous formal context. For any F' € F, let M C [F]. Since [F] = Bp N |(V F), by the
interpolation property of way-below relation, there exists some by € Bp such that M < by <
\/ F. By setting G = {bo}, condition (CA1) follows.

We next prove that a subset @ of P, is a continuous formal attribute concept of (P,, P, F, F;)
if and only if it satisfies the following two conditions:



(R1) (Vue Bp)(WweQ)(ukv=ucq),
(R2) (YMCQ)(Juec Q)M < u.

Suppose that @ is a continuous formal attribute concept of (P,, P, F, F;). First, let u € Bp
and v € @ with u < v. Then [{v}] = [vNBp C Q. This implies that u € Q. Second, if M C Q,
then there exists F' € Fp such that M C [F] C U. Since F € Fp, it follows that \/ F' € F.
Define u = \/ F, then M < u. Conversely, suppose that Q C Bp which satisfies conditions (R1)
and (R2). For any M C (@, there exists some u € @ such that M < u. Set F' = {u}, then
FeFpand M C [unBp = [F] C Q. Thus @ is a continuous formal attribute concept of
(P, Py, B, Fr).

For any d € D, trivial checks verify that {dNBp satisfies conditions (R1) and (R2), and thus it
is a continuous formal attribute concept of (P,, P,,F, F;). On the other hand, for any continuous
formal attribute concept @ of (P,, Py, F, F;), condition (R2) indicates that @ is a directed subset
of Bp. Thus \/ @ exists in D. These allow us to define the following two functions:

f:D = B(P,, F,),z > &N Bp,

9:B(P., Fr) = D,Q— \/Q.

Since it is not difficult to check that f and g are order preserving and mutually inverse, (D, <)
is isomorphic to (B(Fy, Fr), C), as required. O

Consider a continuous domain (D, <) with a basis Bp, the above theorem has associated
it with an attribute continuous formal context (D, Bp, >, F;), where the relation > is the dual
order of <, further, 7 and F, are defined by equations (3.4) and (3.5), respectively. In the sequel,
we denote this associated attribute continuous formal context (D, Bp, >, F;) by Rep(D).

3.3. Representations of various subclasses of continuous domains

In this subsection, we investigate how to represent some important subclasses of continuous
domains in term of FCA.

As well known, a large number of possible representations for algebraic domains have been
established. We add to this family a characterization of algebraic domains based on the frame
work of attribute continuous formal contexts.

Proposition 3.16. Let P, = (P,, P,,E, F;) be an attribute continuous formal context. Then
(B(P,, Fr), Q) is algebraic if and only if P, satisfies the following additional condition,

(AD) (VF,Fy € Fo)(F, C[F|)= (3F € F)(F, C [F|,F C [F]|,F C [F1]).

Proof. Theorem 3.15 has shown that the set {[F'] | F' € F,} is a basis of (B(P,, F;),C). Thus
the set K(B(P,,F:)) of all compact elements of (B(F,, F;),C) is a subset of {[F] | F € F;}.
Further, for any F' € F, with F' C [F'], by equation 3.3, [F'] is a compact element of B(FP,, F;).

We first show the only if part, suppose that (B(P,,F:),C) is an algebraic domain. Let
Fy, Fy € Fr with F5 C [Fy]. Then by equation 3.2, we have [Fy] < [Fy]. Since (B(P,, Fr), <)
is algebraic, there exists some G € F; such that [F;] < [G] < [G] < [F1]. Then according to
equation 3.3, F» C [F'|, F C [F| and F C [F}| for some F € F, with [F] = [G].
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Conversely, suppose that P, satisfies condition (AD). For any @ € B(P,, F:), put
K@) ={[F]|FeF, FC[F],[F]<Q}
It is not difficult to show that K(Q) C K(B(F,, F;)) and
{[F1|FeF, FC[F|,[Fl<Q}={[F]|FeF, FC[F]NQ}

We now claim that the set K(Q) is directed. In fact, let [G1], [G2] € K(Q), where G1,Gy € F;
satisfy G1 C [G1| N Q@ and G2 C [G2] N Q. By condition (CA2), we have some F; € F, with
G1UGy C [F1] € Q. And by condition (CA1), there exists some F» € F; such that GiUGs C [F3]
and Fy C [F1| € Q. Then by condition (AD), F» C [G3], G3 C [G3] and G3 C [F| C @Q for
some Gz € Fr. Therefore, [G3] € K(Q) and [G1],[G2] C [G3]. The remainder of the proof is
to show that @ = |J K(Q). Since |JK(Q) C @ is clear, it suffices to show that Q@ C |J K(Q).
To this end, let 2 € Q. Using condition (CA2), we have some F} € F; with z € [F1] C Q. By
condition (CA1), there exists some F» € F, such that z € [F]| and Fy C [Fi| C Q. According
to condition (AD), there exists some F' € F, such that F» C [F'], F C [F]| and F C [Fi]. So
x € [F] and [F] € K(Q). Therefore, x € |JK(Q) and hence Q C |J K(Q). O

In most applications of domain theory, it is frequently discussed whether a domain has a least
element or a greatest element.

Proposition 3.17. Let P, = (P,, P,,E, F;) be an attribute continuous formal context. Then
(B(P,, Fr), Q) is pointed if and only if, for any F € F, there exists some G € F, with G C [F].

Proof. Suppose that (B(P,,F;),C) has a least element |, Then L < L. this means that there
exists some G € F, such that L C [G] and G C L. Therefore, G C [F| for any F € F,.

For the converse implication, assume that F; has some element G such that G C [F| for any
F € F;. Then [G] C [F]. For any Q € B(FP,,F;), we have known that @ is the union of the
set {[F]|F € F-,F CQ}. Thus [G] C Q, that is, [G] is a least element of (B(P,, F;),C). O

Proposition 3.18. Let P, = (P,, Py, F, F;) be an attribute continuous formal context. Then
(B(Pu, Fr), C) has a greatest element if and only if Upcx_ [F] is a continuous formal concept.

Proof. Assume that B(F,,F,) has a greatest element T. We show that (Jpcz [F] is a con-
tinuous formal concept by checking that Jp.r [F'] satisfies condition (CA2). For this, let
M € Uper, [F]. Then M © T. This implies that M C [F'] for some ' € F,, and hence
M C [F] CUper, [F].

For the converse implication, note that Q = J{[F'| | F' € F-,F C Q} for any Q € B(F,, F),
it follows that Q C Upcz. [F']. Therefore, Jpcz [F'] is a greatest element of B (P, 7). O

Definition 3.19. Let P, = (P,, P,,F, F;) be an attribute continuous formal context.

(1) P, is called a dense attribute continuous formal context, if it satisfies condition (AD).

(2) P, is called a pointed attribute continuous formal context if, for any F' € F, there exists
some G € F; with G C [F.

(3) P is called a topped attribute continuous formal context, if | Jpc z_ [ F] is a continuous formal
concept.
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Corollary 3.20. Let (D, <) be a continuous domain with a basis Bp and Rep(D) the associated
attribute continuous formal context.

(1) If (D, <) is algebraic, then Rep(D) is a dense attribute continuous formal context.

(2) If (D, <) has a least element, then Rep(D) is a pointed attribute continuous formal context.
(3) If (D, <) has a greatest element, then Rep(D) is a topped attribute continuous formal context.

Proof. (1) Use Theorem 3.15 and Proposition 3.16.
(2) Use Theorem 3.15 and Proposition 3.17.
(3) Use Theorem 3.15 and Proposition 3.18. O

Definition 3.21. An attribute continuous formal context P, = (P,, Py, F, F;) is said to be a
consistent attribute continuous formal formal context if it satisfies the following condition

(BC) VFeF)0#XLC[F]=X € F,.

Proposition 3.22. (1) Let P, = (P,, Pa,F,F;) be a consistent attribute continuous formal
formal context. Then (B(Pr,F:),C) is a bounded complete domain.

(2) Let (D, <) be a bounded complete domain with a basis Bp. Then the associated attribute
continuous formal context (D, Bp, >, F;) is consistent.

Proof. (1) To show (B(P;, F;),C) is a bounded complete domain, with Theorem 3.15, it suffices
to show that any two elements of B(P;, F,) which bound above have a least upper bound. Let
Q1,Q2 and Q3 are elements of B(P;, F;) with Q1,Q2 C Q3. Put

Q={zreP,|(AF e F,)(FC Qi UQq,z € [F])}.

We show that @ is also an elements of B(P,, F,) and it is the least upper bound of @1 and Q2
in the following.

Let M C Q. If M =0, then M C [F] C Q for any F € F, with F C Q1 U Q2. Suppose
now that M # (), then for any x € M, there exists some F, € F, such that F, C Q1 U Q2 and
x € [Fp]. Then U,y Fr & Q1 UQ2 € Q3. By condition (BC), we have ¢, Fr € Fr. As a
result, M C [U,ecpr Fre] € Q1 U Q2. That is, @ is an elements of B(P;, F;).

Since @Q1,Q2 C @ is clear, we have to show that Q C Qo for any Qo € B(P;, F;) with
Q1,Q2 C Q. For any = € @, there exists some F' € F, such that F' C Q1 U Q2 and x € [F].
Then F C Qp. Note that Qo = U{[F| | F € Fr, F C Qo}, it follows that Q C Q.

(2) Let (D, <) be a bounded complete domain with a basis Bp. Suppose that F' € F, with
) # X C [F], where F; is defined by equation 3.5. This implies that \/ F € F and X < \/ F.
Since (D <) is a bounded complete domain, \/ X € D. Note that X # @ and X is finite, it
follows that \/ X € X, which implies that X € F. O

With the above propositions stated in this subsection, the following corollary is obvious.

Corollary 3.23. Let P, = (P,, P,,F, F:) be a topped consistent attribute continuous formal
formal context. Then (B(P,,F:),C) is a continuous lattice. Moreover, if P is also dense, then
(B(P,,Fr), <) is an algebraic lattice.

Conversely, let (D, <) be a continuous lattice with a basis Bp. Then the associated attribute
continuous formal context Rep(D) is a topped consistent attribute continuous formal context.
Moreover, if (D,<) is an algebraic lattice, then Rep(D) is a topped dense consistent attribute
continuous formal formal context.
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We finish this section by providing an approach to representing stably continuous semilattices
in the sense of FCA.

Definition 3.24. An attribute continuous formal context is said to be multiplicative if for any
Fi,F5, Gy, Gy € Fr,

(SS1) M C [R]N[R]= 3F € F)(F C [F]N[F],M C [F]),
(S82) Gi C [M],G2 C [F2] = BF G e F)([Gi]N[Ge] € [G],G C [F] C [Fi]N[E]),

Proposition 3.25. (1) Let P, = (P,, Py, E, F;) be a multiplicative attribute continuous formal
context. Then (B(Py, Fr),C) is a stably continuous semilattice.

(2) For any stably continuous semilattice (D, <) with a basis Bp, the associated attribute
continuous formal context (D, Bp, >, F;) is multiplicative.

Proof. (1) To show that (B(P,,F:),C) is a stably continuous semilattice, by Theorem 3.15, we
only need to prove that it is a semilattice and the way-below relation on it is multiplicative.

Assume that Q1,Q2 € B(P,, F;) and M C Q1 N Q2. According to condition (CA2), we have
some Fy, Fy € F; such that M C [F;] C Q1 and M C [Fy| € Q2. Then M C [Fi]| N [Fy] C
@1 N Q2. By condition (SS1), there exists some F' € F; such that FF C [F1| N [Fy] C Q1N Q2
and M C [F'|. This implies that Q1 N Q2 € B(P,, F;) and hence (B(P,, F,),C) is a semilattice.

Assume that @1, Q2 and Q3 are elements of B(P,, F;) such that Q3 < Q; and Q3 < Q2.
Then by equation (3.2), there exist some G; € F; such that Q3 C [G;] and G; C Q;, where
i =1,2. According to condition (CA2), we have some F; € F, with G; C [F;| C Q;, i =1,2. By
condition (SS2), it follows that Q3 C [G1|N[G2] C [G] and G C [F] C [F1|N[Fy] C Q1N Q2
for some F,G € F,. As a result, Q3 < @1 N Qs.

(2) Let (D, <) be a continuous bounded complete domain with a basis Bp. It suffices to show
that Rep(D) satisfies condition (SS1) and (SS2).

For condition (SS1), let Fy, Fy € Fr with M C [F1|N[Fy]. Then M C [(\/ F1)N{(V F2)NBp.
By interpolation of <, we have M C |x1 N 7o for some v < \/ I} and 2o <'\/ F. Since < is
multiplicative, M < z1 A zg. Take F' = {1 Ao}, thus F C [F;| N [Fy] and M C [F].

For conditions (SS2), assume that Gy C [Fy | and Gy C [Fy |, where Fy, Fy, G1,Go € Fr. Then
VG <V Fyand \/ Gy < \/ Fy, and hence \/ G1 A\ Go < \/ Fi A\ Fy. Take F = {\/ F1 A\ F»}
and G = {\/ G1 A Gz}, we have [G1| N [G2] C [G] and G C [F] C [F1] N [Fy]). O

4. The category of attribute continuous formal contexts

From a categorical view of point, the previous section has provided object part correspondence
between continuous domains and attribute continuous formal contexts. In this section, we extend
this relationship to a categorical equivalence.

4.1. F-morphisms

On the side of continuous domains, Scott-continuous functions is typically used as the mor-
phisms to form a category. In this subsection, we identify a notion of F-morphism between
continuous formal attribute contexts which can be used to represent the Scott-continuous func-
tions between continuous domains. Similar to the case of approximable concepts, the morphisms
we defined are relations instead of mappings.
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Definition 4.1. Consider attribute continuous formal contexts P, = (P,, P,,F,F;) and P, =
(P, P,,E',F ). An F-morphism from P, to I/, is a relation H C F, x P,, written as H : P, —
IP’,, such that for any F,G € F., F' C F., and M' C P}, the following conditions hold,

(AR1) (FHF',2' € [F']) = (F,2') € H,

(AR2) (G C [F],(G,2') e H) = (F,2') € H,

(AR3) FHM' = (3F' € F.)(M' C F', FHF"),

(AR4) (F,2') e H= (3F, € F;)(3F, € F.)(F, C [F|,2' € [F,], F,HF)).

where FHX' means that (F,z’) € H for any 2/ € X'.

Given attribute continuous formal context P, = (P,, P,,F, F;), define a relation H C F, x P,
by (F,z) € H if and only if € [F'], then H is a special F-morphism on P;.

Proposition 4.2. For attribute continuous formal contexts Pr = (P,, Py,E, F;) and P., =
(P, P E' F'0), if a relation H C F, x P! satisfies conditions (AR1) and (AR2), then con-
ditions (AR3) and (AR4) together are equivalent to the following one:

(AR5) FHM' = (3G € F,)(3G' € FL)(G C [F], M’ C [G'],GHG").

Proof. Suppose that H C F, x P, satisfies conditions (AR1-—AR4). Let F' € F, and M' C P,
with FHM'. Then by condition (AR3), there exists some F' € F/, such that M’ C F’ and
FHF’. Then for any 2’ € F', by condition (AR4), there exist F,y € F, and F., € F., such
that Fy C [F, FyHF,, and 2’ € [F./|. Since Uy cpp Frr © [F], by condition (CAl), there
exists G € F; such that J,c,y G E [G] and G C [F]. According to condition (AR2), we
have GHJ, ¢ G./- By condition (AR3), there exists G’ € F., such that |,y Go E G’ and
GHG". As has already mentioned, | J,/cpp Frr E G’ and 2’ € [F,/] for any 2’ € M. So M’ C [G"]
holds. In conclusion, condition (AR5) follows.

Conversely, suppose that H C F, x P! satisfies conditions (AR1), (AR4) and (AR5). Since
condition (AR4) is a special case of (ARb), it suffices to prove that H satisfies condition (AR3).
For this, suppose that FHM’. Then by condition (AR5), there exists G € F, and G’ € F' such
that G C [F], GHG' and M’ C [G"]. For G C [F] and GHG', with condition (AR2), it follows
that FHG'. O

In fact, Proposition 4.2 provides an alternative description of F-morphism H : P, — P/_.
The following basic properties of F-morphisms will be often used in the subsequent section.

Proposition 4.3. Let H : P, — P+ be an F-morphism. If F,Fy € F., and M' C P,, then the
following statements hold.

(1) FHM' if and only if there exists some G C [F'| such that GHM'.
(2) If Fy C F and F{HM', then FHM'.

Proof. (1) Suppose that FHM’'. Then by condition (AR5), there exist G € F; and G' € F';
such that G C [F|, GHG' and M’ C [G']. For GHG', using condition (AR1), we have GH[G'].
From M’ C [G'], it follows that GHM'. Conversely, if GHM' for some G C [F], then with
condition (AR2), it is obvious that FHM’'.

(2) Assume that F} C F and FiHM'. For F{HM’, using condition (AR5), we have G € F;
and G’ € F'; such that G C [F], GHG' and M’ C [G']. Then GHM’'. Because G C [F;] and
Fy C F, it follows that G C [F']. By condition (AR2), we have FHM'. O
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Let H: P, — P be an F-morphism. For any subset X of P,, define
H(X)={z'€ P, | 3F € F,)(F C X, (F,2') € H)}. (4.1)

The next proposition shows that the notion of F-morphisms builds a passage from continuous
formal attribute concepts of an attribute continuous formal context to those of another one.

Proposition 4.4. Consider an F-morphism H: P, — P ..

(1) If F € F., then H(F) is a continuous formal attribute concept of P+, and hence H(F') # ().
(2) If Q is a continuous formal concept of P, then H(Q) is a continuous formal concept of P’ 1.

Proof. (1) Suppose that F' € F.. By part (2) of Proposition 4.3 and equation 4.1, we have
H(F) = {2' € P, | (F,2') € H}. (4.2)

Moreover, we claim that
H(F) = J{[F' | F' € F,, FHF'}.

In fact, for any 2’ € H(F), that is, FHz'. By condition (AR3), there exists F’ € F., such that
{2/} C [F'"] and FHF'. According to condition (AR1), it follows that FH[F"]. So 2’ € [J{[F"] |
F' e F/,,FHF'}, and thus H(F) C U{[F'] | F' € F.,FHF'}. For the reverse inclusion, let
e {[F'| | F' € FL,,FHF'}. Then 2’ € [F'] for some F' € F'; with FHF’. From condition
(AR1), it follows that FH[F"]. Hence &’ € H(F'), which implies that (J{[F'] | F € F.,, FHF'} C

We now prove that the set {[F'] | F' € F.,, FHF'} is directed. For this, let F{, ) € F
such that FHF] and FHF}. Then FH(F] U F3). By condition (AR3), there exists G’ € F’ such
that F{ U Fy C [G'] and FHG'. As G’ € F.,, by condition (CAl), there exists I € F., such
that F{ U F) C [F4] and F§ C [G']. Note that F] U Fy, C [Fi], it follows that [F]| C [F§] and
[F3] C [F3]. From Fj C [G'] and FHG', by condition (AR1), we have FHFj;. In summery,
{[F"] | F' € FL,, FHF'} is directed.

Proposition 3.10 has proven that [F'] is a continuous formal attribute concept of P’ for any
F' € F.,. Then by Proposition 3.12, H(F') = | J{[F'] | F' € F.,, FHF'} is a continuous formal
attribute concept of P’ .

(2) We show that H(Q) is a continuous formal concept of P’ by checking H(Q) satisfies
condition (CA2). Let M’ C H(Q). The subsequent reasoning is divided into two cases. Case (i):
M' = (). By Proposition 3.11, there exists F € F, such that FF C @, which implies that
() # H(F) C H(Q). Taking 2/ € H(Q) ,we have some F,s € F; such that F,» C Q and (F,/,z) € H.
Using conditions (AR2) and (AR1), there exists F' € F., satistying FyH[F"|. So M' C [F'] C
H(Q). Case (ii): M' # (. For any m’ € M’ there exists some F,,; € F, such that F,,; C @ and
FoyHm!. Since U,y cpr Frr E Q, we have some F' € F; such that F' C Q and |, ¢y Frr € [F.
Thus by condition (AR2), it follows that FHAM’'. This implies that M’ C [G'] and FHG' for
some G’ € F,. Hence M’ C [G'] C H(Q), as required. O

Now we turn to discuss how Scott-continuous functions between continuous domains can
be captured by JF-morphisms between attribute continuous formal contexts. Let us start with
attribute continuous formal contexts P; = (P, Py,F, F;) and P, = (P, P,,F', F'./). And we
first show that there is a one-to-one correspondence between F-morphisms from P, to P, and
Scott-continuous functions from B((F,, F;), <) to B((P,, FL), ).
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Theorem 4.5. Let P and P/, be two attribute continuous formal contets.

(1) For any F-morphism H : P, — ./, define a function ¢w : B(P,, Fr) — B(P,, FL) by
on(Q)={2" € P, | 3F e F.)(F CQ,(F,2') e H)}. (4.3)

Then ¢y is Scott-continuous.
(2) For any Scott-continuous function ¢ : B(P,, Fr) = B(P,, FL), define Hy C Fr x P, by

(F,2") e Hy & 2’ € ¢([F). (4.4)

Then Hy is an F-morphism from P to P.,.
(3) Hfblﬁl =H and ¢Hd> = ¢

Proof. (1) Let H: P, — P’,» be an F-morphism. From part (2) of Proposition 4.3, the function
¢m is well-defined. With equation (4.3), it is clear that ¢p is order-preserving. Then {¢m(Q;) |
i € I} is a directed subset of B(P,,F.,) for any directed subset {Q; | i € I} of B(P,, Fr).
By part (1) of Lemma 3.13, we know that \/;c; Qi = U;c; Qi and V,c; 0u(Qi) = U,er ou(Qi)-
Now we show that ¢y is Scott-continuous by checking that ¢u(J;c; Qi) = U,;c; ou(Q:). Since
Uier 2u(Qs) € ¢éu(U;e; Qi) is clear, we need only to prove the reverse inclusion holds. Suppose
that 2’ € ¢m(U,c; Qi), then there exists some F' € F, such that F' C (J;c; Q; and (F,2") € H.
This implies that F T Q; for some j € I. Thus 2’ € ¢u(Q;) € U,c; ¢u(Qs), and hence
¢®(Uz’el Qz) - Uie] ¢H(Qz)

(2) Suppose that ¢ is a Scott-continuous function from B(P,, ;) to B(P,, F.,). We show that
the relation Hy is an F-morphism from P, to P/, by checking that H,, satisfies conditions (AR1),
(AR2) and (AR5). Take F,G € F, F' C F/, and M' C P,.

For condition (AR1), if FH4F' and &’ € [F'], then F' C ¢([F). Since [F] € B(P,, F-), by
part (2) of Proposition 4.4, it follows that ¢([F']) € B(P,, F.,). This implies that [F'] C ¢([F7).
Thus FH,[F'], and hence (F,z’) € Hy.

For condition (AR2), if G C [F] and (G,z') € Hy, then [G] C [F] and ' € ¢([G]). This
implies that 2’ € ¢([F]), that is, (F,z') € Hy.

For condition (ARS), if FHgM', then M’ T ¢([F). Since [F] is the directed union of the
set {[G] |G € F.,G C [F]} and ¢ is Scott-continuous, we have

o([F1) = o( {61 |G e Froa C[F]}) = J{6(1GT) | G € Fr,GC [F}.

Thus M’ C ¢([G]) for some G € F, with G C [F]. To M’ C ¢([G]), using part (2) of
Proposition 3.13, we have some G’ € F/, satisfying G’ C ¢([G]) and M' C [G']. To sum up,
there exist some G € F, and G’ € F/, such that G C [F], M’ C [G'] and GHyG'.

(3) For any F C X and 2’/ € P!, we have

(F,2) € Hg, < 2 € ou([F])
& (3G € F)(G C [F),(G,a') € H)
& (F,2') € H).

This proves that Hg, = H.
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For any Q € B(P,, F;), we have
¢u,(Q) = {2’ € P, | AF € F;)(F C Q, (F,2') € Hy)}
={' e P | OF € F1)(F C Q,x € ¢([F))}
=Jlo(TF)) | BF € F)F L Q)
= o((J{TF1| BF e F)F £ Q))
= ¢(Q).
This proves that g, = ¢. O

Next, we investigate the relationship between Scott-continuous functions from (D, <) to
(D', <’) and F-morphisms from Rep(D) to Rep(D’). Before this, we need the following two
Lemmas.

Lemma 4.6. Let (D, <) be a continuous domain with a basis Bp, and (D', <') a continuous
domain with a basis Bp:. If f : D — D’ is a Scott continuous function, then for any x € D, we
have

W(@)NBp ={a’ € Bp | (Jy € Bp)(y < z,2" < f(y))}. (4.5)

Proof. For any x € D and x’ € Bp, since
o < () & o < f(\/(Jx N Bp))

&2 <"\/ f({z N Bp)
& (Ay e Bp)y <z, 2 < fy)).

The last equivalence follows from the definition of <’ and the monotonicity of f. O

Lemma 4.7. Let (D,<) be a continuous domain with a basis Bp and (D', <') a continuous
domain with a basis Bpr. For any F-morphism G from Rep(D) = (D, Bp,>,F;) to Rep(D) =
(D', B}, >',Fr) and x € D, put

I, ={a' e L' | 3F € F;)(F C laN Bp, (F,2') € G)}. (4.6)
Then I, has a least upper bound \/ I, in D'.

Proof. For any x € D, as has been stated {xNBp is a continuous formal concepts of Rep(D). With
equations (4.1) and (4.6), it is clear that I, = G({xN Bp). Then from part (2) of Proposition 4.4,
it follows that I, is a continuous formal concepts of Rep(D’). This implies that I, is a directed
subset of D', and hence \/ I, € D’. O

The following result tells us that there is a one-to-one correspondence between Scott-continuous
functions from (D, <) to (D', <’) and F-morphisms from Rep(D) to Rep(D’).

Theorem 4.8. Let (D, <) be a continuous domain with a basis Bp, and (D', <) a continuous
domain with a basis Bp.
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(1) Consider a Scott continuous function f : D — D'. For any F T Bp with \| F € F and
z' € Bpy, define a relation Gy by

(F,2') € Gy« o' < f(\/ P). (4.7)

Then Gy is an F-morphism from Rep(D) to Rep(D').
(2) For any F-morphism G from Rep(D) to Rep(D’) and x € D, define

fe(w) =\/{a’ € D' | 3F € F-)(F C l= N Bp, (F,2') € G)}. (4.8)

Then fg : D — D’ is a Scott-continuous function.
(3) Moreover f = fg, and G = Gy,.

Proof. (1) For any Scott-continuous function f : D — D', we check that the relation G is an
F-morphism from Rep(D) to Rep(D’) in the following:

For condition (AR1), if F' € F/, and FG;F’, then F' <" f(\/ F). Note that \/ F' € F’,
it follows that \/ F' <’ f(\/ F). This implies that 2/ <’ f(\/ F) and (F,z') € Gy for any
e lVF=

For condition (AR2), suppose that F' € F., G C [F] and (G,2’) € Gy. Then G < \/ F and
' < f(\V G). As f is order-preserving, we have 2/ <’ f(\/ F). This means that (F,z’) € Gy.

For condition (ARS5), suppose that FGyM' with M’ C D’. Then M’ <’ f(\/ F). By the
interpolation property of <, there exists some d’ € Bp such that M’ <’ d' <’ f(\/ F). Note
that f(V F) = f(V(V F))) = VF(V F)), we have some d € {(\/ F) N Bp with &' <’ f(d).
Set G = {d} and G’ = {d'} UM’'. Thus G € F; and G’ € F/, such that G C [F|, M’ C [G'] and
GGG

(2) Given an F-morphism G from Rep(D) to Rep(D). By Lemma 4.7, the function fg defined
is well-defined. Comparing equation (4.6) and 4.8), it is easy to see that fg(x) = \/ I, for any
x € D. We now prove that fg is Scott-continuous by checking that fg(\/ S) =\ fc(S) for any
directed subset S of D.

It is clear that I, C I, for any z,y € D with x <y, which means that fg is order-preserving.
Therefore, \/ fc(S) < fc(V S). Conversely, trivial checks verify that \/ fg(S) = V{V 1y | d €
S} = V(U desla)- Since fe(\V S) =V Iy g, so that to complete the proof, it suffices to show that
Iys € Udesly If o' € Iy g, then (F,2') € G for some F' € F; with F C [\/.SN Bp. Because
\VV F € F, we have \/ F < \/ S. By the definition of continuous domain, there exists some d € S
such that \/ F' <’ d. Thus F' C {d N Bp. This implies that 2’ € I, and hence I\ g C |J gesla-

(3) For any = € D, since

fo, (@) = \/{z' € Bp | (IF € F;)(F C Lo Bp, (F,2) € G;})
:\/{x € Bp | (3F € F,)(F C o Bp,2’ <' f(\/ F)}
=\/{z' € Bp | By € Bp)(y < .2’ < f(y))}

=\/(f(z) N Bp)
= f(=),

it follows that f = fg,.

18



For any F' C F; and 2’ € D', since
(F,2') € Gp, & 2 < f(G(\/ F)
s < \{y e D' | GF € F-)(F € (\/ F)N Bp, (F,y) € G})
& @ eD 3R e F)FR CU\/F)NBp,(Fy) €Ga' <y

= (HFl S ./."T)(Fl C fFL(Fl,x/) eG
& (F2') € G,

it follows that G = Gy, . O

4.2. Categorical equivalence

The equivalence between categories demonstrates the essential identicalness between mathe-
matical structures. In this subsection, we establish the categorical equivalence between attribute
continuous formal contexts and continuous domains. To make our result more transparent, we
first recall some basic notions and results about category theory. More notions of category theory
can be referred to [21].

Roughly speaking, a category C consists of a collection of objects, a collection of morphism
and a partial operator, named morphism, which obeys two laws. First, for each object A there
exists an identity morphism Id 4. Second, composition o is associative when defined. The objects
A and B in a category C is said to be isomorphic to each other if there is a pair of morphisms
f:A— B,g: B— Asuchthat gof =1d4 and fog = Idg. A functor from a category C
to a category D is a map of objects to objects and morphisms to morphisms that also preserves
identities and composition.

Let G : C — D be a functor. If, for all objects A and B of C, the induced mapping f — G(f)
between the set of morphisms from A to B and the set of morphisms from G(A) to G(B) is
injective (respectively, surjective), then G is said to be faithful (respectively, full).

We use the following well-known fact to prove the equivalence between two categories.

Lemma 4.9. [21] Let C and D be two categories. Then C and D are categorically equivalent if
and only if there exists a functor G : C — D such that G is full, faithful and essentially surjective
on objects, that is for every object D of D, there exists some object C of C such that G(C) and
D are isomorphic to each other.

Let H be an F-morphism from P, = (P,, P,,F,F;) to P/, = (P}, P,,F', F.,) and H' be an
F-morphism from P, = (P}, P,,F',F.,) to P, = (P}, P),E", F",). Define HoH' C F, x P} by

(F,z") e HoH' & (3G € F',)(FHG, (G,2") € H'), (4.9)
and I[p, C F. x P, by
(F,z) €lp, & x € [F]. (4.10)
Routine checks verify that H o H' is an F-morphisms from P, to P”, and Ip, is an F-morphism
from P, = (P,, P,,F, F;) to itself.
Conditions (AR1) and (AR2) yield that the relation Ip, is the identity morphism of P,. Using

the same argument as checking the associative law of a traditional relation composition, it is easy
to see that the composition o is also associative.
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Thus, the attribute continuous formal contexts as objects with F-morphisms as morphisms
form a category ACC. We use CD to present the category of continuous domains with Scott-
continuous functions.

In the rest of this section, we establish the categorical equivalence between ACC and CD.
To this end, we first make a functor between them.

Proposition 4.10. G : ACC — CD is a functor which maps every attribute continuous formal
context P, = (P,, P,,F,F;) to the continuous domain (B(P,,F),C) and every F-morphism
H : P, — P, to the Scott-continuous function ¢u : B(Py, F) — B(P,,F'), where ¢y is defined
by equation (4.3).

Proof. By Theorems 3.15 and 4.5, the corresponding objects map and morphism map are well-
defined. For any Q € B(P,, F;), we have

G(Ip,)(Q) = ¢15,(Q)
={rePl | AF e F)(FCQuu e [F]})

= J{TF | BF € F)(F C Q)}
= Q.

This implies that G preserves the identity morphism.
Let H be an F-morphism from P, to P/, and H' an F-morphisms from P, = (P,, P, ,E', F.,)
to P”, = (P),P),E",F/,). For any Q € B(FP,,F) and 2" € P/, we have

2" € GH o H)(Q) & 2" € fuwomn(Q)
& (3F e F)(F CQ,(F,2") € (H o H))
& 3F e F,3F € F)(F CQ,FHF', (F',2") ¢ H)
& (3F € FL)(F' C fa(Q), (F',2") € H')
2’ € fiw(G(H)(Q))
& 2" € G(H')(G(H)(Q)).

This implies that G(H' o H) = G(H') o G(H), that is G preserves the composition. O

Remark 4.11. Similarly to Proposition 4.10, we can also prove that: H : CD — ACC is a
functor which maps every continuous domain (D, <) to Rep(D) = (Bp, D, >, Fp), and for any
Scott-continuous functions f : D — D’ to Gy, where Gy is defined by equation (4.7).

Theorem 4.12. The category ACC is equivalent to CD.

Proof. According to Theorem 3.15, we see that the categories ACC and CD are essential sur-
jective on objects. We now only need to show that the functor G defined in Proposition 4.10 is
full and faithful.

Let ¢ : B(P,,F;) — B(P,,F.) be a Scott-continuous function. From Theorem 4.5, we
obtain an F-morphism Hy such that G (Hy) = ¢m 6 = ¢. This implies that the functor G is full.
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Let Hy, Hy : P — P/, be F-morphisms with ¢, = ¢p,, where ¢, and ¢, are defined by
equation (4.3). For any F' € F,, we have

(F,2') e H; & (3G € F,)(G C F,(G,2') € Hy)
&2’ € o, ([F])
sa'e ¢H2((F~|)
& (3G € F)(GC F,(G,2') € Hy)
& (F,2') € Hy.

This implies that H; = Hs, and hence the functor G is faithful. O

With F-morphisms being morphisms, the subclasses of attribute continuous formal contexts
introduced in Section 3.3 allows the building of special subcategories of ACC. We write DACC,
PACC, TACC, CACC and MACC for the categories of dense attribute continuous formal
contexts, of pointed attribute continuous formal contexts, of topped attribute continuous formal
contexts, consistent attribute continuous formal contexts and multiplicative attribute continuous
formal contexts, respectively. They are all full subcategories of ACC. And we write AD, PCD,
TCD, BCD and SCS for the full subcategories of CD in which all objects are algebraic domains,
pointed continuous domains, topped continuous domains, bounded complete domains and stably
continuous semilattices, respectively.

Similar to the proof of Theorem 4.12, it is not difficult to show that the categories DACC,
PACC, TACC, CACC and MACC are equivalent to AD, PCD, TCD, BCD and SCS,
respectively.

5. Conclusions and future work

This paper has introduced notions of attribute continuous context and continuous formal
concept. It is shown that the set of continuous formal concepts of an attribute continuous formal
context generate exactly the continuous domains, and the category of attributes continuous formal
contexts is equivalent to that of continuous domains. The results enrich the link between the two
relatively independent areas: FCA and continuous domains, as outlined in [27].

As same as the classical FCA, there are dual definitions based on objects rather than at-
tributes. Based on these dual definitions, we can also provide a representation for continuous
domains. Though the relationship between continuous formal attribute concepts and continuous
formal object concepts is an interesting problem, we do not investigate it in the paper. Because
it has no bearing on with the subject at issue.

This paper has also studied the representations of a variety of subclasses of continuous do-
mains, for example, algebraic domains, bounded complete domains and stably continuous semilat-
tice. And the cases of continuous lattices and algebraic lattices can be obtained as a consequence.
It is worth mentioning that (1) L-domains and FS-domains can also be represented by attribute
continuous formal contexts plus some additional requirements. But the proof of the represen-
tations of these two subclasses are relatively complex. (2) For continuous lattices, there is a
different representation in FCA from our mentioned above. We leave these two cases as a subject
of a separate paper. It would be interesting to find appropriate conditions for other subclasses of
continuous domains.
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It also should be pointed out that there are a number of open problems related to continuous
semilattces. For example, a possible representation of continuous semilattices is still unknown.
Proposition 3.25 partially solves this problem in the case of the way-below relation being mul-
tiplicative. However, it is not difficult to illustrate that condition (SS1) is a sufficient condition
but not a necessary condition to force the generated domain to be continuous semilattices, and
condition (SS2) is a sufficient condition but not a necessary condition to force the way-below
relation to be multiplicative.
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