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ABSTRACT
We introduce injective semantics for Conjunctive Regular Path
Queries (CRPQs), and study their fundamental properties. We iden-
tify two such semantics: atom-injective and query-injective seman-
tics, both defined in terms of injective homomorphisms. These
semantics are natural generalizations of the well-studied class of
RPQs under simple-path semantics to the class of CRPQs. We study
their evaluation and containment problems, providing useful char-
acterizations for them, and we pinpoint the complexities of these
problems. Perhaps surprisingly, we show that containment for CR-
PQs becomes undecidable for atom-injective semantics, and PSpace-
complete for query-injective semantics, in contrast to the known
ExpSpace-completeness result for the standard semantics. The tech-
niques used differ significantly from the ones known for the stan-
dard semantics, and new tools tailored to injective semantics are
needed. We complete the picture of complexity by investigating,
for each semantics, the containment problem for the main sub-
classes of CRPQs, namely Conjunctive Queries and CRPQs with
finite languages.

CCS CONCEPTS
• Information systems→Query languages for non-relational
engines; • Theory of computation→ Database query processing
and optimization (theory).

KEYWORDS
graph databases, regular path queries (RPQ), containment, evalua-
tion, simple paths, injective homomorphisms

1 INTRODUCTION
Graph databases are important for many applications nowadays
[2, 29]. In a nutshell, graph databases are abstracted as edge-labeled
directed graphs, where nodes represent entities and labeled edges
represent relations between these entities. A fundamental way to
query graph databases is by finding patterns on the interrelation
between entities. In this respect, a central querying mechanism for
modern graph query languages is that of regular path queries (RPQs).
RPQs provide a simple form of recursion tailored to discovering
entities linked by paths with certain properties. These are queries

of the form 𝑥
𝐿−→ 𝑦, where 𝐿 is a regular expression on the alphabet

of database edge labels. Such a query returns all pairs of nodes
(𝑢, 𝑣) in the database such that there is a (directed) path from 𝑢 to
𝑣 whose label matches 𝐿.
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Romero is funded by Fondecyt grant 11200956, the Data Observatory Foundation, and
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The closure under conjunction and existential quantification of
RPQ yields what is known as Conjunctive RPQs (CRPQs). Indeed, CR-
PQs can be understood as the generalization of conjunctive queries
with this simple form of recursion. CRPQs are part of SPARQL [20],
the W3C standard for querying RDF data (a widespread format
for graph databases). Some examples of RDF databases are well-
known knowledge bases such as DBpedia and Wikidata. For ex-
ample, (C)RPQs are popular for querying Wikidata [7, 23]. More
generally, CRPQs are basic building blocks for querying graph-
structured databases [2, 4]. They are part of G-core [1] and Cypher
[17], the latter being the query language of Neo4j, which is cur-
rently one of the most popular commercial graph databases. They
are also part of the ongoing standardization effort GQL for graph
query languages [13, 19].

Alternative semantics. The semantics for the evaluation of an
RPQ 𝑥

𝐿−→ 𝑦 as above often assumes that any, arbitrary, (directed)
path from𝑢 to 𝑣 is allowed as long as it satisfies the regular property
𝐿. However, there are alternative semantics in which one may
restrict the path to have no repeated vertices (a.k.a. simple path), or
no repeated edges (a.k.a. trail). In this way, only a finite number of
paths need to be considered. As a matter of fact, these alternative
semantics have received considerable attention both in practice
and from the database theory community. Indeed, they are part of
Neo4j’s Cypher query language and are included in GQL as possible
ways to evaluate RPQs. Furthermore, these alternative semantics
have been extensively studied in the literature from the late 80s
onwards [3, 12, 22, 24–26]. However, rather surprisingly, this body
of research has focused mainly on RPQs, leaving the case of CRPQs
under alternative semantics essentially unexplored.

Contribution. We introduce injective semantics for CRPQs, which
generalize the simple-path semantics for RPQs, and we investigate
the fundamental properties of CRPQs under these semantics. Con-
cretely, we identify two possible natural semantics:

(1) Atom-injective. The first semantics is to require that each
CRPQ atom is interpreted with the simple-path semantics of RPQs,

that is, atoms of the form 𝑥
𝐿−→ 𝑦 must be mapped to simple paths

and atoms of the form 𝑥
𝐿−→ 𝑥 must be mapped to simple cycles.

In particular, there is no requirement that paths from different
atoms be disjoint. Under this semantics, a Boolean CRPQ like 𝑄 =

∃𝑥,𝑦, 𝑧 (𝑥
(𝑎+𝑏)+
−−−−−−→ 𝑦∧𝑥

(𝑏+𝑐)+
−−−−−−→ 𝑧) holds true in the graph database

consisting of a directed path of 𝑏’s by mapping 𝑥 to the first node
of the path and 𝑦 and 𝑧 to the last node.

(2) Query-injective. The alternative is to consider a more restric-
tive semantics in which paths corresponding to different atoms
must be mapped to different nodes, and hence there cannot be re-
peated nodes neither in paths nor between paths. This semantics
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generalizes both RPQ under simple path semantics and Conjunc-
tive Queries under injective semantics. In this case, the query 𝑄
above may only be true if the database contains two simple paths
starting in the same node with the corresponding language which
are disjoint (except for the origin).

We call the former atom-injective semantics since the “no re-
peated nodes” condition is required separately for each atom, and
the latter query-injective semantics since injectivity is required for
the query as a whole. The three semantics (standard, atom-injective,
query-injective) form a hierarchy, where query-injective is the most
restrictive and standard semantics is the least.

We first consider the evaluation problem for CRPQs, that is, check-
ing whether a tuple 𝑣 belongs to the results of a query 𝑄 over a
particular graph database 𝐺 . For standard semantics, this problem
is NP-complete in combined complexity, that is, when both query
and database are part of the input, and NL-complete in data com-
plexity, that is, when the query is considered to be fixed. Under both
injective semantics, the evaluation problem remains NP-complete
in combined complexity, and becomes NP-complete in data com-
plexity. This follows straight from the fact that RPQ evaluation
under simple-path semantics is NP-complete, even for very simple
RPQs [4, 26].

We therefore turn our attention to the containment problem,
which is the main focus of this paper. This problem asks whether
every result of a query 𝑄1 is also returned by a query 𝑄2, indepen-
dently of the underlying database. Checking containment is one
of the most basic static analysis tasks, and it can be a means for
query optimization. The containment problem for CRPQs is known
to be ExpSpace-complete [9, 16] under standard semantics, and the
study of containment has been extended to queries with restricted
shapes [14] or restricted regular expressions [15].

Rather surprisingly, as we show, the hierarchy of the three se-
mantics (standard, atom-injective, query-injective) is not reflected
in the complexity of the containment problem: the most restric-
tive semantics (query-injective) is PSpace-complete, the least re-
strictive one (standard) is ExpSpace-complete, and the middle one
(atom-injective) is undecidable. These results for atom- and query-
injective semantics are the main technical contributions of this
paper. We complete the picture with a thorough study on the con-
tainment problem for the two main subclasses of CRPQs: Con-
junctive Queries, and CRPQs with no Kleene star operator. We
provide complexity completeness results for all possible combina-
tions (cf. Figure 1). Our main results require the development of
novel techniques, which yield insights on the subtle difficulties for
handling static analysis under these semantics.

Organization. After a preliminary section §2, we define and char-
acterize the evaluation and containment problems in §3 and §4,
respectively. We study the containment problem for arbitrary CR-
PQs in §5, and for subclasses of CRPQs in §6. We conclude with §7.
Omitted or sketched proofs can be found in the Appendix.

2 PRELIMINARIES
We assume familiarity with regular languages, regular expressions
and non-deterministic finite automata (NFA). We often blur the
distinction between a regular expression and the language it defines;
similarly for NFAs.

Graph databases and paths. A graph database over a finite alpha-
bet A is a finite edge-labeled graph 𝐺 = (𝑉 , 𝐸) over A, where 𝑉 is
a finite set of vertices and 𝐸 ⊆ 𝑉 ×A ×𝑉 is the set of labeled edges
(or simply edges). We write 𝑢

𝑎−→ 𝑣 to denote an edge (𝑢, 𝑎, 𝑣) ∈ 𝐸. A
path from𝑢 to 𝑣 in a graph database𝐺 = (𝑉 , 𝐸) over alphabetA is a
(possibly empty) sequence 𝜋 = 𝑣0

𝑎1−−→ 𝑣1, 𝑣1
𝑎2−−→ 𝑣2, . . . , 𝑣𝑘−1

𝑎𝑘−−→
𝑣𝑘 of edges of 𝐺 , where 𝑘 ≥ 0, 𝑢 = 𝑣0 and 𝑣 = 𝑣𝑘 . An internal node
of such a path is any node 𝑣𝑖 with 0 < 𝑖 < 𝑘 . The label of 𝜋 is the
word 𝑎1 . . . 𝑎𝑘 ∈ A∗. When 𝑘 = 0 the label of 𝜋 is the empty word
𝜀. We say that 𝜋 is a simple path if all the nodes 𝑣𝑖 are pairwise
distinct, and a simple cycle if 𝑣0 = 𝑣𝑘 and all the nodes 𝑣𝑖 (for 𝑖 < 𝑘)
are pairwise distinct.

Conjunctive queries and homomorphisms. In the setting of graph
databases, a conjunctive query (CQ) 𝑄 over a finite alphabet A is
an expression 𝑄 (𝑥1, . . . , 𝑥𝑛) = 𝐴1 ∧ · · · ∧ 𝐴𝑚 , for 𝑚 ≥ 0, where
(𝑥1, . . . , 𝑥𝑛) is a tuple of variables, and each 𝐴𝑖 is an atom of the
form 𝑥

𝑎−→ 𝑦, for variables 𝑥 and𝑦, and 𝑎 ∈ A. We denote by vars(𝑄)
the set of variables appearing in 𝑄 . We often write 𝑄 (𝑥) instead
of 𝑄 to emphasize the tuple 𝑥 = (𝑥1, . . . , 𝑥𝑛) of free variables of 𝑄 .
We assume that the free variables 𝑥𝑖 are not necessarily distinct.
The variables of 𝑄 which are not in {𝑥1, . . . , 𝑥𝑛} are (implicitly)
existentially quantified. As usual, if 𝑥 is empty, we say that the CQ
𝑄 is Boolean. Note that every CQ can be seen as a graph database
(each atom is an edge), hence, by slightly abusing notation, we
sometimes use graph database terminology for CQs.

A homomorphism ℎ from a CQ 𝑄 (𝑥) to a graph database 𝐺 =

(𝑉 , 𝐸) is a mapping from vars(𝑄) to 𝑉 such that ℎ(𝑥) 𝑎−→ ℎ(𝑦)
belongs to 𝐸 for each atom 𝑥

𝑎−→ 𝑦 of 𝑄 . We say that ℎ is injective if
additionally we have ℎ(𝑥) ≠ ℎ(𝑦) for all pairs of distinct variables
𝑥 and 𝑦. We write 𝑄 → 𝐺 if there is a homomorphism from 𝑄 to𝐺
and ℎ : 𝑄 → 𝐺 if ℎ is such a homomorphism. Similarly, for a tuple 𝑣 ,
we write𝑄 → (𝐺, 𝑣) if there is a homomorphismℎ from𝑄 to𝐺 such
that ℎ(𝑥) = 𝑣 and ℎ : 𝑄 → (𝐺, 𝑣) to make such ℎ explicit. We use

similar notation for injective homomorphisms, replacing→ by
inj
−−→.

Homomorphisms between CQs are essentially defined as before
with the difference that free variables are mapped to free variables.
That is, given two CQs 𝑄1 (𝑥1), 𝑄2 (𝑥2), we have ℎ : 𝑄1 → 𝑄2 if

ℎ : 𝑄1 → (𝐺, 𝑥2), and ℎ : 𝑄1
inj
−−→ 𝑄2 if ℎ : 𝑄1

inj
−−→ (𝐺, 𝑥2), where 𝐺

is the graph database denoted by 𝑄2.
We also work with CQs with equality atoms, which are queries of

the form𝑄 (𝑥) = 𝑃∧𝐼 , where 𝑃 is a CQ (without equality atoms) and
𝐼 is a conjunction of equality atoms of the form 𝑥 = 𝑦 (the variables
𝑥 and 𝑦 may not belong to vars(𝑃)). Again, we denote by vars(𝑄)
the set of variables appearing in 𝑄 . We define the binary relation
=𝑄 over vars(𝑄) to be the reflexive-symmetric-transitive closure
of the binary relation {(𝑥,𝑦) : 𝑥 = 𝑦 is an equality atom in 𝑄}. In
other words, we have 𝑥 =𝑄 𝑦 if the equality 𝑥 = 𝑦 is forced by
the equality atoms of 𝑄 . Note that every CQ with equality atoms
𝑄 (𝑥) = 𝑃 ∧ 𝐼 is equivalent to a CQ without equality atoms 𝑄≡,
which is obtained from 𝑄 by collapsing each equivalence class of
the relation =𝑄 into a single variable. This transformation gives us
a canonical renaming, which we always denote by Φ, from vars(𝑄)
to vars(𝑄≡), defined by Φ(𝑥) = 𝐶 , where𝐶 is the equivalence class
containing 𝑥 . In particular, the tuple of free variables of𝑄≡ is Φ(𝑥).



CQ/CQ CQ/CRPQ CRPQ/CQ CQ/CRPQfin CRPQfin/CQ
standard NP-c [10] NP-c (†) Π

𝑝

2 -c (‡) NP-c (†) Π
𝑝

2 -c (§,‡)
query-injective NP-c (F.2) NP-c (F.2) Π

𝑝

2 -c (6.1,F.7) NP-c (F.2) Π
𝑝

2 -c (6.1,F.7)
atom-injective NP-c (F.4) Π

𝑝

2 -c (6.2,F.10) Π
𝑝

2 -c (F.6,F.7) Π
𝑝

2 -c (6.2,F.10) Π
𝑝

2 -c (F.6,F.7)

CRPQ/CRPQfin CRPQfin/CRPQ CRPQfin/CRPQfin CRPQ/CRPQ
standard PSpace-c (F.8,F.9) Π

𝑝

2 -c (§,F.10) Π
𝑝

2 -c (§,F.10) ExpSpace-c ($,¢)
query-injective PSpace-c (F.8,5.1) Π

𝑝

2 -c (6.1,F.10) Π
𝑝

2 -c (6.1,F.10) PSpace-c (F.8,5.1)
atom-injective undec. (5.2) Π

𝑝

2 -c (6.2,F.10) Π
𝑝

2 -c (6.2,F.10) undec. (5.2)
†: [15, Thm 4.2] §: [15, Thm 4.3] ‡: [15, Thm 4.4] $: [9, Thm. 6] ¢: [16, Thm. 4.8]

Figure 1: Complexity of the containment problem under standard, query-injective, and atom-injective semantics. Numbers in
brackets reference proposition/theorem numbers (some of them in Appendix F).

Conjunctive regular path queries. A conjunctive regular path query
(CRPQ) 𝑄 over a finite alphabet A is an expression 𝑄 (𝑥1, . . . , 𝑥𝑛) =
𝐴1 ∧ · · · ∧ 𝐴𝑚 , for𝑚 ≥ 0, where each 𝐴𝑖 is an atom of the form
𝑥

𝐿−→ 𝑦, for variables 𝑥 and 𝑦, and a regular expression 𝐿 over A.
As before, we denote by vars(𝑄) the set of variables of 𝑄 and often
write 𝑄 (𝑥) instead of 𝑄 where 𝑥 = (𝑥1, . . . , 𝑥𝑛) is the tuple of (not
necessarily distinct) free variables of 𝑄 . If the tuple 𝑥 is empty, we
say that 𝑄 is Boolean. The class of CRPQs extends the class of CQs
and the well-studied class of regular path queries (RPQs). Indeed,
each CQ can be seen as a CRPQ where the regular expressions are
single labels from A. On the other hand, an RPQ corresponds to a

CRPQ of the form 𝑄 (𝑥,𝑦) = 𝑥 𝐿−→ 𝑦.
In this paper we shall consider three basic classes: the class CQ of

all Conjunctive Queries, the class CRPQ of all CRPQs, and the class
CRPQfin of CRPQs using regular expressions with no Kleene-star
(denoting finite languages). Observe that the latter corresponds to
the subclass of CRPQ without recursion.

2.1 Standard, atom-injective, and
query-injective semantics

We now define the standard semantics for CRPQs (i.e., the usual
semantics from the database theory literature) and we introduce
the two new sorts of injective semantics.

For simplicity of exposition, we first give the semantics for
CRPQ’s without 𝜀, and we then show how to expand the seman-
tics to languages that include 𝜀. Let 𝑄 be a CRPQ of the form

𝑄 (𝑧) = 𝑥1
𝐿1−−→ 𝑦1∧ · · · ∧𝑥𝑛

𝐿𝑛−−→ 𝑦𝑛 and assume that no language 𝐿𝑖
contains 𝜀 (the empty word). Given a graph database𝐺 , the evalua-
tion of𝑄 over𝐺 = (𝑉 , 𝐸) under standard semantics (𝑠𝑡-semantics for
short), denoted by 𝑄 (𝐺)𝑠𝑡 , is the set of tuples 𝑣 of nodes for which
there is a mapping 𝜇 : vars(𝑄) → 𝑉 such that 𝜇 (𝑧) = 𝑣 and for
each 𝑖 there is a path 𝜋𝑖 from 𝜇 (𝑥𝑖 ) to 𝜇 (𝑦𝑖 ) in 𝐺 whose label is in
𝐿𝑖 . The evaluation under atom-injective semantics (a-inj-semantics
for short), denoted by𝑄 (𝐺)a-inj, is defined similarly, but we further
require that each 𝜋𝑖 is a simple path (if 𝑥𝑖 ≠ 𝑦𝑖 ) or a simple cycle
(if 𝑥𝑖 = 𝑦𝑖 ). Finally, the evaluation under query-injective semantics
(q-inj-semantics for short), denoted by 𝑄 (𝐺)q-inj, is similar to the
atom-injective semantics (i.e., each 𝜋𝑖 must be simple), but we addi-
tionally require that 𝜇 is injective and that for every 𝑖 ≠ 𝑗 there are
no internal nodes shared by 𝜋𝑖 and 𝜋 𝑗 .

The semantics for a CRPQ𝑄 with 𝜀-words is defined as expected:
the query 𝑄 is equivalent to a union of 𝜀-free CRPQs and hence
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<latexit sha1_base64="vep7J2D0YQO5avca6G/pRFJmv+M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuplBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbY1Sax/LRTBL0IzqQPOSMGivVx71S2a24c5BV4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5oVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjrZ1wmqUHJFovCVBATk9nXpM8VMiMmllCmuL2VsCFVlBmbTdGG4C2/vEqalxXvuuLVr8rVuzyOApzCGVyABzdQhQeoQQMYIDzDK7w5T86L8+58LFrXnHzmBP7A+fwB5SmNAA==</latexit>v <latexit sha1_base64="Cu9BT/YtVvvPPnVoKVDJ+gypfNY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRimhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD5q2NAQ==</latexit>w

<latexit sha1_base64="dTupxKdri2DVdmQ/PR0w9lgSGG4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxVWM6w==</latexit>a
<latexit sha1_base64="QzTPM+CNR+y8C8KBsh89VMddrQM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUCPrlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBxtmM7A==</latexit>
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<latexit sha1_base64="y0AG5APw9wGNcAd7gW4VG6KTT5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUYP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AyF2M7Q==</latexit>c

<latexit sha1_base64="k9OxXNv9uJlv+1nWW3d/WChKjbo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUSPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB46WM/w==</latexit>u
<latexit sha1_base64="vep7J2D0YQO5avca6G/pRFJmv+M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuplBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbY1Sax/LRTBL0IzqQPOSMGivVx71S2a24c5BV4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5oVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjrZ1wmqUHJFovCVBATk9nXpM8VMiMmllCmuL2VsCFVlBmbTdGG4C2/vEqalxXvuuLVr8rVuzyOApzCGVyABzdQhQeoQQMYIDzDK7w5T86L8+58LFrXnHzmBP7A+fwB5SmNAA==</latexit>v <latexit sha1_base64="Cu9BT/YtVvvPPnVoKVDJ+gypfNY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRimhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD5q2NAQ==</latexit>w

<latexit sha1_base64="1zl72Czq56gGbnw0wzZF3NT/n8c=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVa1xWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4iGM/g==</latexit>

t
<latexit sha1_base64="y0AG5APw9wGNcAd7gW4VG6KTT5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUYP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AyF2M7Q==</latexit>c

<latexit sha1_base64="dTupxKdri2DVdmQ/PR0w9lgSGG4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxVWM6w==</latexit>a
<latexit sha1_base64="QzTPM+CNR+y8C8KBsh89VMddrQM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUCPrlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBxtmM7A==</latexit>

b
<latexit sha1_base64="dTupxKdri2DVdmQ/PR0w9lgSGG4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxVWM6w==</latexit>a

<latexit sha1_base64="QzTPM+CNR+y8C8KBsh89VMddrQM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUCPrlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBxtmM7A==</latexit>

b

<latexit sha1_base64="y0AG5APw9wGNcAd7gW4VG6KTT5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUYP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AyF2M7Q==</latexit>c

<latexit sha1_base64="wcHHGyAeAwPZicrrEneyjqN6PVU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rXuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDrRWM2w==</latexit>

Q
<latexit sha1_base64="Wvi2dauVFo8Qohybl1ZHjLObTXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix60GML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxWvflGu3uRxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPne2M0Q==</latexit>

G
<latexit sha1_base64="+mZqNMIb7vtNMqkfKeRULe+wkH4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KomIeix60GMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4M/GbT6g0j+WjGSXoR7QvecgZNVZ6uD3plspuxZ2CLBIvJ2XIUeuWvjq9mKURSsME1brtuYnxM6oMZwLHxU6qMaFsSPvYtlTSCLWfTS8dk2Or9EgYK1vSkKn6eyKjkdajKLCdETUDPe9NxP+8dmrCKz/jMkkNSjZbFKaCmJhM3iY9rpAZMbKEMsXtrYQNqKLM2HCKNgRv/uVF0jireBcV7/68XL3O4yjAIRzBKXhwCVW4gxrUgUEIz/AKb87QeXHenY9Z65KTzxzAHzifP/40jQI=</latexit>
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<latexit sha1_base64="y0AG5APw9wGNcAd7gW4VG6KTT5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUYP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AyF2M7Q==</latexit>c

Figure 2: The CRPQ 𝑄 (𝑥,𝑦) and graph databases 𝐺 and 𝐺 ′

from Example 2.1.

its evaluation is the union of the evaluation of these 𝜀-free queries.
More formally, for ★ ∈ {𝑠𝑡, a-inj, q-inj}, the semantics under ★-

semantics of 𝑄 (𝑧) = 𝑥 𝐿−→ 𝑦 ∧𝑄 ′, where 𝐿 contains 𝜀 and 𝑄 ′ is a
CRPQ, is the union of the set of tuples given by the ★-evaluation

of 𝑄 (𝑧) = 𝑥
𝐿\{𝜀 }
−−−−−→ 𝑦 ∧𝑄 ′ and by the ★-evaluation of 𝑄 (𝑧 [𝑥/𝑦]) =

𝑄 ′[𝑥/𝑦], where 𝑋 [𝑥/𝑦] is the result of replacing every occurrence
of variable 𝑥 with variable 𝑦 in 𝑋 .

Remark 2.1. The three semantics form a hierarchy. In particular,
for every CRPQ 𝑄 and every graph database 𝐺 , we have 𝑄 (𝐺)q-inj ⊆
𝑄 (𝐺)a-inj ⊆ 𝑄 (𝐺)𝑠𝑡 . The converse inclusions do not hold in general.

Example 2.1. Consider the CRPQ 𝑄 (𝑥,𝑦) = 𝑥
(𝑎𝑏)∗
−−−−−→ 𝑦 ∧ 𝑦 𝑐∗−−→ 𝑥

and the graph database 𝐺 from Figure 2. Observe that (𝑢,𝑤) ∈
𝑄 (𝐺)a-inj but (𝑢,𝑤) ∉ 𝑄 (𝐺)q-inj. On the other hand, it is easy
to check that 𝑄 (𝐺)𝑠𝑡 = 𝑄 (𝐺)a-inj. The graph database 𝐺 ′ from
Figure 2 provides a separation of the three semantics. Indeed, as
before 𝑄 (𝐺 ′)a-inj ⊈ 𝑄 (𝐺 ′)q-inj, but additionally we have (𝑢, 𝑣) ∈
𝑄 (𝐺 ′)𝑠𝑡 and (𝑢, 𝑣) ∉ 𝑄 (𝐺 ′)a-inj.

2.2 Characterizing evaluation
We state the semantics defined above in terms of restrictive notions
of homomorphisms based on injectivity. This is based on the key
notion of expansion of a CRPQ (a.k.a. canonical database), which will
become useful for the technical developments of the next sections.

For any atom 𝑥
𝐿−→ 𝑦 of a CRPQ 𝑄 and𝑤 ∈ 𝐿, the𝑤-expansion

of 𝑥
𝐿−→ 𝑦 is the Boolean CQ with equality atoms of the form (i)

𝑃 = 𝑥
𝑎1−−→ 𝑧1 ∧ 𝑧1

𝑎2−−→ 𝑧2 ∧ · · · ∧ 𝑧𝑘−1
𝑎𝑘−−→ 𝑦 if 𝑤 ≠ 𝜀, such that

the 𝑧𝑖 are fresh new variables, or of the form (ii) 𝑃 = (𝑦 = 𝑧) if
𝑤 = 𝜀. We usually write 𝑥

𝑤−→ 𝑦 to denote such a 𝑤-expansion,

with 𝑤 = 𝑎1 · · ·𝑎𝑘 . An expansion of 𝑥
𝐿−→ 𝑦 is a 𝑤-expansion for

some 𝑤 ∈ 𝐿. An expansion profile of the CRPQ 𝑄 is any function



𝜑 mapping each atom of 𝑄 to an expansion thereof. An expansion
of the CRPQ 𝑄 (𝑥) = 𝐴1 ∧ · · · ∧ 𝐴𝑚 is a CQ 𝐸 (𝑦) for which there
is an expansion profile 𝜑 of 𝑄 such that 𝐸 = 𝐸≡, where 𝐸 is the
CQ with equality atoms defined by 𝐸 (𝑥) = 𝜑 (𝐴1) ∧ · · · ∧ 𝜑 (𝐴𝑚).
We denote by Exp (𝑄) the set of all expansions of the CRPQ 𝑄 .
Intuitively, an expansion of 𝑄 is obtained by expanding each atom
of 𝑄 and then collapsing equivalent variables. For example, one

possible expansion of the query 𝑄 (𝑥,𝑦) = 𝑥
(𝑎𝑏)∗
−−−−−→ 𝑦 ∧ 𝑦 𝑐∗−−→ 𝑥

from Figure 2 is 𝐸1 (𝑥, 𝑥) = 𝑥
𝑎−→ 𝑧 ∧ 𝑧 𝑏−→ 𝑥 through the expansion

profile mapping 𝑥
(𝑎𝑏)∗
−−−−−→ 𝑦 to 𝑎𝑏 and 𝑦

𝑐∗−−→ 𝑥 to 𝜀, and another

expansion 𝐸2 (𝑥,𝑦) = 𝑥
𝑎−→ 𝑧 ∧ 𝑧 𝑏−→ 𝑦 ∧ 𝑦 𝑐−→ 𝑥 mapping the atoms

to 𝑎𝑏 and 𝑐 respectively.

Standard and query-injective semantics. The standard and q-inj
semantics can be rephrased as follows.

Proposition 2.2. Let 𝑄 be a CRPQ and 𝐺 be a graph database.
Then𝑄 (𝐺)𝑠𝑡 [resp.𝑄 (𝐺)q-inj] is the set of tuples 𝑣 of nodes for which
there is 𝐸 ∈ Exp (𝑄) such that 𝐸 → (𝐺, 𝑣) [resp. 𝐸

inj
−−→ (𝐺, 𝑣)].

Atom-injective semantics. The atom-injective semantics corre-
sponds to the less restrictive alternative that an arbitrary homo-
morphism can be allowed as long as it is injective when restricted
to the expansions of each atom. Let 𝐸 (𝑦) be an expansion of a
CRPQ 𝑄 (𝑥), 𝜑 be an expansion profile producing 𝐸, and 𝐸 (𝑥) =
𝜑 (𝐴1) ∧ · · · ∧ 𝜑 (𝐴𝑚) be the associated CQ with equality atoms (in
particular 𝐸 = 𝐸≡). Let Φ : vars(𝐸) → vars(𝐸) be the canonical re-
naming. We say that two variables 𝑥,𝑦 ∈ vars(𝐸) are𝜑-atom-related
if there is some atom expansion 𝜑 (𝐴𝑖 ) containing some 𝑥 ′, 𝑦′ such
that Φ(𝑥 ′) = 𝑥 and Φ(𝑦′) = 𝑦.

We now define a notion of injective homomorphism tailored to
CRPQ expansions. We say thatℎ is an atom-injective homomorphism
from an expansion 𝐸 of a CRPQ 𝑄 to a graph database 𝐺 mapping
free variables to 𝑣 if ℎ : 𝐸 → (𝐺, 𝑣) and there is an expansion profile
𝜑 producing 𝐸 such that ℎ(𝑥) ≠ ℎ(𝑦) for every pair of distinct 𝜑-

atom-related variables 𝑥 and 𝑦. We write 𝐸
a-inj
−−−−→ (𝐺, 𝑣) if such an ℎ

exists. Atom-injective homomorphisms from 𝐸 to CQs are defined
in the obvious way.

Proposition 2.3. Let 𝑄 be a CRPQ and 𝐺 be a graph database.
Then 𝑄 (𝐺)a-inj is the set of tuples 𝑣 of nodes for which there is 𝐸 ∈
Exp (𝑄) such that 𝐸

a-inj
−−−−→ (𝐺, 𝑣).

3 THE EVALUATION PROBLEM
The decision problem associated to evaluation is the evaluation
problem for a class C of CRPQs and a semantics★ ∈ {𝑠𝑡, a-inj, q-inj}.

Problem Evaluation problem for C under ★-semantics
Given A graph database𝐺 , a query 𝑄 (𝑥) ∈ C, and a tuple

𝑣 of nodes.
Question Is 𝑣 ∈ 𝑄 (𝐺)★?

The evaluation problem is NP-complete under injective seman-
tics, as it is the case under standard semantics.

Proposition 3.1. The evaluation problem for CRPQ and CQ is
NP-complete in combined complexity, for all semantics.

Proof. The lower bound follows by an easy reduction from the
injective-homomorphism testing problem, also known as the sub-
graph isomorphism problem, which is a well-known NP-complete
problem. [11, 18]. Indeed, a Boolean CQ 𝑄 maps injectively to𝐺 iff
𝑄 (𝐺)q-inj ≠ ∅ iff𝑄+ (𝐺+)a-inj ≠ ∅, where𝐺+ [resp.𝑄+] is the result
of adding, for a fresh symbol 𝑅, an 𝑅-edge between every pair of
vertices [resp. an 𝑅-atom between every pair of variables].

The upper bound is a consequence of the polynomial-sized wit-
ness property. That is, if 𝑄 ∈ CRPQ, and 𝑣 ∈ 𝑄 (𝐺)★, then there

exists an expansion 𝐸 of 𝑄 such that 𝐸
inj
−−→ (𝐺, 𝑣) if ★ = q-inj and

𝐸
a-inj
−−−−→ (𝐺, 𝑣) if ★ = a-inj. In either case, 𝐸 is linear in 𝐺 and 𝑄 .

One can then guess such an expansion and check the existence of
the corresponding homomorphism. □

The data complexity for the alternative semantics (i.e., when the
query is considered to be of constant size) is also NP-complete, since
evaluation of RPQs under simple path semantics is NP-complete,
even for very simple regular expressions [26]:

Proposition 3.2. The evaluation problem forCRPQ isNP-complete
in data complexity, for atom-injective and query-injective semantics.

The RPQs which can be evaluated efficiently in data complex-
ity have been characterized via a trichotomy result: they can be
either NP-complete, NL-complete, or in AC0 [3, Theorem 2]. The
generalization of this result to CRPQs under injective semantics
seems highly non-trivial, and in particular it would necessitate a
comprehensive understanding of the query equivalence problem,
which is the focus of the next sections.

4 THE CONTAINMENT PROBLEM
A CRPQ 𝑄1 is contained in a CRPQ 𝑄2 under ★-semantics, denoted
by 𝑄1 ⊆★ 𝑄2, if 𝑄1 (𝐺)★ ⊆ 𝑄2 (𝐺)★ for every graph database 𝐺 .
We define the containment problem, which is parameterized by
classes C1 and C2 of CRPQs as well as the semantics used (standard,
query-injective, or atom-injective).

Problem C1/C2 containment problem under ★-semantics
Given CRPQs 𝑄1 ∈ C1 and 𝑄2 ∈ C2.

Question Does 𝑄1 ⊆★ 𝑄2 hold?
Under standard semantics, all combinations among CQ, CRPQ

and CRPQfin have been studied and are decidable. In particular:

Theorem 4.1. [9, 16] The CRPQ/CRPQ containment problem un-
der standard semantics is ExpSpace-complete.

We will dedicate the rest of the paper to study the situation
for injective semantics. We show that one injective semantics be-
comes undecidable while the other becomes better behaved compu-
tationally under standard complexity theoretic assumptions (cf. the
CRPQ/CRPQ column of Figure 1).

4.1 Characterizing containment
For the standard semantics, it is well-known that containment of
CRPQs can be characterized in terms of expansions:

Proposition 4.2. [9] Let 𝑄1 and 𝑄2 be CRPQs. Then 𝑄1 ⊆𝑠𝑡 𝑄2
iff for every 𝐸1 ∈ Exp (𝑄1) there is 𝐸2 ∈ Exp (𝑄2) such that 𝐸2 → 𝐸1.



A similar characterization holds for query-injective semantics:

Proposition 4.3. Let𝑄1 and𝑄2 be CRPQs. Then𝑄1 ⊆q-inj 𝑄2 iff

for every 𝐸1 ∈ Exp (𝑄1) there is 𝐸2 ∈ Exp (𝑄2) such that 𝐸2
inj
−−→ 𝐸1.

As it turns out, the previous characterization does not work for

atom-injective semantics (replacing
inj
−−→ by

a-inj
−−−−→). In this case, the

space of expansions of 𝑄1 is not enough and we need to check 𝑄2
against a larger space of expansions of 𝑄1 we define below.

An atom-injective-expansion (a-inj-expansion for short) of a CRPQ
𝑄 (𝑥) is a CQ 𝐹 (𝑦) for which there is a CQ with equality atoms
𝐹 (𝑧) = 𝐸 (𝑧) ∧ 𝐽 such that (i) 𝐹 = 𝐹≡, (ii) 𝐸 (𝑧) is an expansion of 𝑄
produced by some expansion profile 𝜑 , and (iii) 𝐽 is a conjunction
of equality atoms 𝑥 ′ = 𝑦′, for variables 𝑥 ′, 𝑦′ ∈ vars(𝐸), such that
for every pair of distinct 𝜑-atom-related variables 𝑥,𝑦 in 𝐸, we have
𝑥 ≠

𝐹
𝑦. We denote by Expa-inj (𝑄) the set of all a-inj-expansions of

𝑄 . The intuition is that these types of expansions are obtained from
an ordinary expansion of 𝑄 by identifying some pairs of variables
which are not atom-related (the identifications are given by 𝐽 ). We
use this for the following useful result:

Lemma 4.4. Let 𝑄 be a CRPQ, 𝐸 ′ be a CQ, 𝐺 be a graph database,
and 𝑣 be a tuple of nodes. The following are equivalent:

(1) There is 𝐸 ∈ Exp (𝑄) s.t. 𝐸
a-inj
−−−−→ (𝐺, 𝑣) [resp. 𝐸

a-inj
−−−−→ 𝐸 ′].

(2) There is 𝐹 ∈ Expa-inj (𝑄) s.t. 𝐹
inj
−−→ (𝐺, 𝑣) [resp. 𝐹

inj
−−→ 𝐸 ′].

As a corollary of Lemma 4.4 we obtain an alternative definition
of atom-injective semantics:

Corollary 4.5. Let 𝑄 be a CRPQ, 𝐺 be a graph database and
𝑣 be a tuple of nodes. Then 𝑣 ∈ 𝑄 (𝐺)a-inj if and only if there is

𝐹 ∈ Expa-inj (𝑄) such that 𝐹
inj
−−→ (𝐺, 𝑣).

We now give our characterization of atom-injective containment:

Proposition 4.6. For every pair 𝑄1, 𝑄2 of CRPQs, the following
are equivalent:

(1) 𝑄1 ⊆a-inj 𝑄2.
(2) For every 𝐹1 ∈ Expa-inj (𝑄1) there is 𝐸2 ∈ Exp (𝑄2) such that

𝐸2
a-inj
−−−−→ 𝐹1.

(3) For every 𝐹1 ∈ Expa-inj (𝑄1) there is 𝐹2 ∈ Expa-inj (𝑄2) such
that 𝐹2

inj
−−→ 𝐹1.

From the characterizations above, for every pair of CRPQs𝑄1, 𝑄2,
we have that 𝑄1 ⊆q-inj 𝑄2 implies 𝑄1 ⊆𝑠𝑡 𝑄2 and that 𝑄1 ⊆a-inj 𝑄2
implies 𝑄1 ⊆𝑠𝑡 𝑄2 (while the converse implications do not hold
in general). In contrast, and in spite of the hierarchy between the
semantics, there is no such implication between query-injective
and atom-injective containment, as the following example shows.

Example 4.7. Consider the Boolean CRPQs𝑄1 = 𝑥
𝑎−→ 𝑦∧𝑦 𝑏−→ 𝑧,

𝑄2 = 𝑥
𝑎𝑏−−→ 𝑦, 𝑄 ′1 = 𝑥

𝑎−→ 𝑦 ∧ 𝑥 𝑏−→ 𝑦 and 𝑄 ′2 = 𝑥
𝑎−→ 𝑦 ∧ 𝑥 ′ 𝑏−→ 𝑦′.

We have 𝑄 ′1 ⊆a-inj 𝑄
′
2 (and 𝑄 ′1 ⊆𝑠𝑡 𝑄

′
2) but 𝑄 ′1 ⊈q-inj 𝑄

′
2 as there

cannot be an injective homomorphism from the unique expansion
of 𝑄 ′2 to the unique expansion of 𝑄 ′1. On the other hand, we have
𝑄1 ⊆q-inj 𝑄2 (and 𝑄1 ⊆𝑠𝑡 𝑄2) but 𝑄1 ⊈a-inj 𝑄2. Indeed, we can

take the a-inj-expansion 𝐹 of 𝑄1 obtained from 𝑥
𝑎−→ 𝑦 ∧ 𝑦 𝑏−→ 𝑧

by identifying 𝑥 and 𝑧. Then, there cannot be an atom-injective
homomorphism from the unique expansion of 𝑄2 to 𝐹 .

In view of the characterizations above, in the sequel we will
sometimes write st-expansions or q-inj-expansions to denote a (nor-
mal) expansion. For ★ ∈ {𝑠𝑡, q-inj, a-inj}, we say that 𝐸1 (𝑦) is a
counter-example for ★-semantics if 𝐸1 is a ★-expansion of 𝑄1 such
that 𝑦 ∉ 𝑄2 (𝐸1)★ (recall that any CQ, in particular 𝐸1, can be seen
as a graph database). Note that the latter condition 𝑦 ∉ 𝑄2 (𝐸1)★ is
equivalent to the non-existence of a (normal) expansion 𝐸2 of 𝑄2

such that either (a) 𝐸2 → 𝐸1 if ★ = 𝑠𝑡 ; (b) 𝐸2
inj
−−→ 𝐸1 if ★ = q-inj; or

(c) 𝐸2
a-inj
−−−−→ 𝐸1 if ★ = a-inj. Hence, 𝑄1 ⊈★ 𝑄2 if, and only if, there

exists a counter-example for ★-semantics.

5 CONTAINMENT FOR UNRESTRICTED
CRPQS

In this section we study the CRPQ/CRPQ containment problem
under query-injective and atom-injective semantics. We show that
the former is in PSpace while the latter is undecidable. Both proofs
are non-trivial and provide novel insights on how the semantics
can be exploited for static analysis problems: In the first case by
reducing the space needed from exponential to polynomial, and in
the second case by enforcing counter-examples to witness solutions
of the PCP problem, through an intricate encoding.

The CRPQ/CRPQ containment problem for standard seman-
tics is in ExpSpace [16] and all proofs [9, 14, 16] of which we are
aware reduce the problem to test containment or universality on
exponentially-sized NFA’s, encoding the set of expansions or the set
of (non-)counter-examples. The PSpace bound for query-injective
semantics is, however, quite different in nature, and uses some ex-
ponential number of polynomial-sized certificates to ensure that
the containment holds.

Theorem 5.1. TheCRPQ/CRPQ containment problem under query-
injective semantics is in PSpace.

Proof sketch(full proof in Appendix C). Let 𝑄1, 𝑄2 be CR-
PQs; we want to test 𝑄1 ⊆q-inj 𝑄2. We only give a high-level de-
scription of the proof due to space constraints. We will work with
polynomial-sized ‘abstractions’ of expansions of 𝑄1. These abstrac-
tions contain, for each atom𝐴 of𝑄1, all the information on how the
languages of 𝑄2 can be mapped into it. For example, it includes the
information “there is a partial run from state 𝑞 to state 𝑞′ of the NFA
A𝐿 of language 𝐿 from𝑄2 reading the expansion word of𝐴”, or “there
is a partial run from the initial state of A𝐿 to 𝑞 reading some suffix
of the expansion word of 𝐴”. Such an abstraction contains all the
necessary information needed to retain from an expansion to check
whether it is a counter-example. Indeed, any expansion having the
same abstraction as a counter-example will be a counter-example.

In order to test whether an abstraction 𝛼 abstracts a counter-
example, we need to consider all possible ways of injectively map-
ping an expansion of 𝑄2 to an expansion of 𝑄1. We call this a
morphism type, which contains the information of where each atom
expansion of 𝑄2 is mapped to. For example, we can have the in-
formation that the path to which the expansion of atom 𝐴 of 𝑄2
is mapped starts at some internal node of the expansion of atom

𝐴1 = 𝑥
𝐿1−−→ 𝑦 of 𝑄1 then arrives to variable 𝑦 with state 𝑞 and
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<latexit sha1_base64="ESmSJ+P45aQe9Mal4K6TvLFMobU=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdkvlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A/hKkW4=</latexit>

r

<latexit sha1_base64="LhAU0VoZa9gx3dk3B0OWI/9Lo2g=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYjaRfLNsVey7yF5wllK8/Zpne6v3iZ28QsSTAUDNBleo6dqzdlErNmcBpoZcojCkb0yF2DYY0QOWm80Gn5NQ4A+JH0rxQk7n7syOlgVKTwDOVAdUjtZpl5n9ZN9H+lZvyME40hmzxkZ8IoiOSbU0GXCLTYmKAMsnNrISNqKRMm9sUzBGc1ZX/Quu84lxUqo1quVaChfJwAiU4AwcuoQa3UIcmMEB4hGd4se6tJ+vVmi1Kc9ay5xh+yXr/BvzWkXE=</latexit>

u

<latexit sha1_base64="i2CImoSJwqr/IZ7L9ONKffly3b0=">AAAB6HicbZDJSgNBEIZr4hbjFvXopUkQPIUZCerNgBePCZgFkiH0dGqSNj0L3T2BMOQJvHhQJB59C1/Dm29jZzlo4g8NH/9fRVeVFwuutG1/W5mNza3tnexubm//4PAof3zSUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3h3SxvjlAqHoUPehyjG9B+yH3OqDZWbdTNF+2SPRdZB2cJxdvP6Uzv1W7+q9OLWBJgqJmgSrUdO9ZuSqXmTOAk10kUxpQNaR/bBkMaoHLT+aATcm6cHvEjaV6oydz93ZHSQKlx4JnKgOqBWs1m5n9ZO9H+jZvyME40hmzxkZ8IoiMy25r0uESmxdgAZZKbWQkbUEmZNrfJmSM4qyuvQ+Oy5FyVyrVysVKAhbJwBgW4AAeuoQL3UIU6MEB4ghd4tR6tZ+vNmi5KM9ay5xT+yPr4Af5akXI=</latexit>

v

<latexit sha1_base64="zS3IGz8dTSdabQ7sg8xHexKCc0Y=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm9AiuCqJFHVnwY3LFuwF2lAm05N27GQSZiZKCX0CNy4UqUvfwtdw59s4vSy09YeBj/8/hznn+DFnSjvOt5VZW9/Y3Mpu53Z29/YP8odHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb6Z58wGlYpG406MYvZD0BQsYJdpYtcduvuiUnJnsVXAXULz+nEz1Xu3mvzq9iCYhCk05UartOrH2UiI1oxzHuU6iMCZ0SPrYNihIiMpLZ4OO7VPj9OwgkuYJbc/c3x0pCZUahb6pDIkeqOVsav6XtRMdXHkpE3GiUdD5R0HCbR3Z063tHpNINR8ZIFQyM6tNB0QSqs1tcuYI7vLKq9A4L7kXpXKtXKwUYK4snEABzsCFS6jALVShDhQQnuAFXq1769l6sybz0oy16DmGP7I+fgD/3pFz</latexit>

w

<latexit sha1_base64="ESmSJ+P45aQe9Mal4K6TvLFMobU=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdkvlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A/hKkW4=</latexit>

r

<latexit sha1_base64="F+zlIR9DvGDI5/BqahNrs+6Cdak=">AAAB6HicbZDLTgJBEEVr8IX4Ql266YgmrsiMIepOEjcuIZFHAhPS09RAS88j3T1GQvgCNy40Bpf+hb/hzr+xB1goeJNOTu6tSleVFwuutG1/W5mV1bX1jexmbmt7Z3cvv39QV1EiGdZYJCLZ9KhCwUOsaa4FNmOJNPAENrzBTZo3HlAqHoV3ehijG9BeyH3OqDZW9bGTL9hFeyqyDM4cCtefk1TvlU7+q92NWBJgqJmgSrUcO9buiErNmcBxrp0ojCkb0B62DIY0QOWOpoOOyalxusSPpHmhJlP3d8eIBkoNA89UBlT31WKWmv9lrUT7V+6Ih3GiMWSzj/xEEB2RdGvS5RKZFkMDlEluZiWsTyVl2twmZ47gLK68DPXzonNRLFVLhfIJzJSFIziGM3DgEspwCxWoAQOEJ3iBV+veerberMmsNGPNew7hj6yPHwILkXY=</latexit>x
<latexit sha1_base64="qdlcqt9hILUgsKC7ZLyAB7TMIVQ=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWbdQtFO2SPRVZBmcOxZvPSab3arfw1elFLAkw1ExQpdqOHWs3pVJzJnCc7yQKY8qGtI9tgyENULnpdNAxOTNOj/iRNC/UZOr+7khpoNQo8ExlQPVALWaZ+V/WTrR/7aY8jBONIZt95CeC6IhkW5Mel8i0GBmgTHIzK2EDKinT5jZ5cwRnceVlaFyUnMtSuVYuVk5hphwcwwmcgwNXUIE7qEIdGCA8wQu8Wg/Ws/VmTWalK9a85wj+yPr4AQOPkXc=</latexit>y

<latexit sha1_base64="1SS9q6HxhE+MCLLN/ChlbfIDuRw=">AAAB6HicbZDLTgJBEEVr8IX4Ql266YgmrsiMIepOEjcuIZFHAhPS09RAS88j3T0mSPgCNy40Bpf+hb/hzr+xB1goeJNOTu6tSleVFwuutG1/W5mV1bX1jexmbmt7Z3cvv39QV1EiGdZYJCLZ9KhCwUOsaa4FNmOJNPAENrzBTZo3HlAqHoV3ehijG9BeyH3OqDZW9bGTL9hFeyqyDM4cCtefk1TvlU7+q92NWBJgqJmgSrUcO9buiErNmcBxrp0ojCkb0B62DIY0QOWOpoOOyalxusSPpHmhJlP3d8eIBkoNA89UBlT31WKWmv9lrUT7V+6Ih3GiMWSzj/xEEB2RdGvS5RKZFkMDlEluZiWsTyVl2twmZ47gLK68DPXzonNRLFVLhfIJzJSFIziGM3DgEspwCxWoAQOEJ3iBV+veerberMmsNGPNew7hj6yPHwUTkXg=</latexit>z

<latexit sha1_base64="vLfPuRb88aGwvgM2iegdM+qCGE4=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYFA8hV0JKl4MeNBjBPOATQizk9lkyOzMMtMrhCWf4cEcFPHqD/gb3vwbZ5McNLGgoajqpqs7iAU34LrfztLyyuraem4jv7m1vbNb2NuvG5VoympUCaWbATFMcMlqwEGwZqwZiQLBGsHgJvMbj0wbruQDDGPWjkhP8pBTAlbyWxGBfhCmt6OrTqHoltwJ8CLxZqR4/fmcYVztFL5aXUWTiEmgghjje24M7ZRo4FSwUb6VGBYTOiA95lsqScRMO51EHuFjq3RxqLQtCXii/p5ISWTMMApsZxbRzHuZ+J/nJxBetlMu4wSYpNNFYSIwKJzdj7tcMwpiaAmhmtusmPaJJhTsl/L2Cd78yYukflbyzkvl+3KxcoKmyKFDdIROkYcuUAXdoSqqIYoUekIv6NUBZ+y8Oe/T1iVnNnOA/sD5+AFQG5Wr</latexit>

G :

<latexit sha1_base64="BwZ0Z1DhtMfQkiAMtvhcdjydhd4=">AAAB63icbZDLSgMxFIbPeK31VnXpJlgUV2VGioobC25ctmAv0A4lk2ba0CQzJBmhDH0FNy7U4taH8DXc+TZm2i609YfAx/+fQ845QcyZNq777aysrq1vbOa28ts7u3v7hYPDho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8C7Lm49UaRbJBzOKqS9wX7KQEWwyq9b1brqFoltyp0LL4M2hePv5lmlS7Ra+Or2IJIJKQzjWuu25sfFTrAwjnI7znUTTGJMh7tO2RYkF1X46nXWMTq3TQ2Gk7JMGTd3fHSkWWo9EYCsFNgO9mGXmf1k7MeG1nzIZJ4ZKMvsoTDgyEcoWRz2mKDF8ZAETxeysiAywwsTY8+TtEbzFlZehcVHyLkvlWrlYOYOZcnAMJ3AOHlxBBe6hCnUgMIAneIFXRzjPzsR5n5WuOPOeI/gj5+MHalSSOQ==</latexit>

Q1 :
<latexit sha1_base64="jy6wilL2aANGgMIMU1W4w/B22kQ=">AAAB63icbZDLSgMxFIbP1Futt6pLN8GiuCozpai4seDGZQv2Au1QMmmmDU0yQ5IRSukruHGhFrc+hK/hzrcx03ahrT8EPv7/HHLOCWLOtHHdbyeztr6xuZXdzu3s7u0f5A+PGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw7s0bz5SpVkkH8wopr7AfclCRrBJrVq3dNPNF9yiOxNaBW8BhdvPt1TTajf/1elFJBFUGsKx1m3PjY0/xsowwukk10k0jTEZ4j5tW5RYUO2PZ7NO0Jl1eiiMlH3SoJn7u2OMhdYjEdhKgc1AL2ep+V/WTkx47Y+ZjBNDJZl/FCYcmQili6MeU5QYPrKAiWJ2VkQGWGFi7Hly9gje8sqr0CgVvctiuVYuVM5hriycwClcgAdXUIF7qEIdCAzgCV7g1RHOszN13uelGWfRcwx/5Hz8AGvZkjo=</latexit>

Q2 :

<latexit sha1_base64="Oks7OjR61auYkARQ3U4X0Usf2YA=">AAAB6XicbZDLSsNAFIZP6q3WW9Slm8GiuCqJFBU3Ftx0WcVeoA1lMp20QyeTMDMRSugbuHGhaLc+ha/hzrdx0nahrT8MfPz/Ocw5x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFSUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpD2+zvPlIpWKReNCjmHoh7gsWMIK1se6r11276JScqdAyuHMo3ny+Z5rUuvZXpxeRJKRCE46VartOrL0US80Ip+NCJ1E0xmSI+7RtUOCQKi+dTjpGJ8bpoSCS5gmNpu7vjhSHSo1C31SGWA/UYpaZ/2XtRAdXXspEnGgqyOyjIOFIRyhbG/WYpETzkQFMJDOzIjLAEhNtjlMwR3AXV16GxnnJvSiV78rFyinMlIcjOIYzcOESKlCFGtSBQABP8AKv1tB6tt6syaw0Z817DuGPrI8fNvmRjA==</latexit>

H :

<latexit sha1_base64="kMa1kucVKu7OxTcvohJgXhNKXrg=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdBTcuXFS0F2iHkkkzbWgmGZKMUIY+ghsXSnXrS/ga7nwbM20X2vpD4OP/zyHnnCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDK+zvPlIlWZSPJhRTP0I9wULGcHGWve3Xa9bLLlldyq0DN4cSlefk0xvtW7xq9OTJImoMIRjrdueGxs/xcowwum40Ek0jTEZ4j5tWxQ4otpPp6OO0Yl1eiiUyj5h0NT93ZHiSOtRFNjKCJuBXswy87+snZjw0k+ZiBNDBZl9FCYcGYmyvVGPKUoMH1nARDE7KyIDrDAx9joFewRvceVlaJyVvfNy5a5SqiKYKQ9HcAyn4MEFVOEGalAHAn14ghd4dbjz7Eyc91lpzpn3HMIfOR8/4yiR6g==</latexit>

L1

<latexit sha1_base64="xOXOGcQ+yuGUFH2EJyL20KO4M3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgEV2WmFHVnwY0LFxXtBdqhZNJMG5pkhiQjlKGP4MaFUt36Er6GO9/GTNuFtv4Q+Pj/c8g5J4g508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5nefORKs0i+WBGMfUF7ksWMoKNte5vu+VuoeiW3KnQMnhzKF59TjK91bqFr04vIomg0hCOtW57bmz8FCvDCKfjfCfRNMZkiPu0bVFiQbWfTkcdo1Pr9FAYKfukQVP3d0eKhdYjEdhKgc1AL2aZ+V/WTkx46adMxomhksw+ChOOTISyvVGPKUoMH1nARDE7KyIDrDAx9jp5ewRvceVlaJRL3nmpclcpVhHMlINjOIEz8OACqnADNagDgT48wQu8Otx5dibO+6x0xZn3HMEfOR8/5KyR6w==</latexit>

L2

<latexit sha1_base64="PKv6OhQ0aXCNiyX9R5a4bf5LyJQ=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozWtSdBTcuXFS0F2iHkkkzbWgmGZKMUIY+ghsXSnXrS/ga7nwbM20XWv0h8PH/55BzThBzpo3rfjm5peWV1bX8emFjc2t7p7i719AyUYTWieRStQKsKWeC1g0znLZiRXEUcNoMhldZ3nygSjMp7s0opn6E+4KFjGBjrbub7mm3WHLL7lToL3hzKF1+TDK91rrFz05PkiSiwhCOtW57bmz8FCvDCKfjQifRNMZkiPu0bVHgiGo/nY46RkfW6aFQKvuEQVP3Z0eKI61HUWArI2wGejHLzP+ydmLCCz9lIk4MFWT2UZhwZCTK9kY9pigxfGQBE8XsrIgMsMLE2OsU7BG8xZX/QuOk7J2VK7eVUhXBTHk4gEM4Bg/OoQrXUIM6EOjDIzzDi8OdJ2fivM1Kc868Zx9+yXn/BuYwkew=</latexit>

L3

<latexit sha1_base64="KilSWKkhvyooTCaL3VD3imdQfZw=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdBTcuXFS0F2iHkkkzbWgmGZKMUIY+ghsXSnXrS/ga7nwbM20X2vpD4OP/zyHnnCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDK+zvPlIlWZSPJhRTP0I9wULGcHGWve33Uq3WHLL7lRoGbw5lK4+J5neat3iV6cnSRJRYQjHWrc9NzZ+ipVhhNNxoZNoGmMyxH3atihwRLWfTkcdoxPr9FAolX3CoKn7uyPFkdajKLCVETYDvZhl5n9ZOzHhpZ8yESeGCjL7KEw4MhJle6MeU5QYPrKAiWJ2VkQGWGFi7HUK9gje4srL0Dgre+flyl2lVEUwUx6O4BhOwYMLqMIN1KAOBPrwBC/w6nDn2Zk477PSnDPvOYQ/cj5+AOe0ke0=</latexit>

L4

<latexit sha1_base64="7QB/KMItKk/B+2MbUaZROVY4nRo=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCoz4m1nwY0LFxXtBdqhZNJMG5pkhiQjlKGP4MaFUt36Er6GO9/GTNuFtv4Q+Pj/c8g5J4g508Z1v53c0vLK6lp+vbCxubW9U9zdq+soUYTWSMQj1QywppxJWjPMcNqMFcUi4LQRDK6zvPFIlWaRfDDDmPoC9yQLGcHGWve3nbNOseSW3YnQIngzKF19jjO9VTvFr3Y3Iomg0hCOtW55bmz8FCvDCKejQjvRNMZkgHu0ZVFiQbWfTkYdoSPrdFEYKfukQRP3d0eKhdZDEdhKgU1fz2eZ+V/WSkx46adMxomhkkw/ChOOTISyvVGXKUoMH1rARDE7KyJ9rDAx9joFewRvfuVFqJ+UvfPy6d1pqYJgqjwcwCEcgwcXUIEbqEINCPTgCV7g1eHOszN23qelOWfWsw9/5Hz8AOk4ke4=</latexit>

L5

<latexit sha1_base64="kHuP3fSX11EsX0AZ4GFmYZ1UE5A=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozItWdBTcuXFS0F2iHkkkzbWgmGZKMUIY+ghsXSnXrS/ga7nwbM20X2vpD4OP/zyHnnCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDK+zvPlIlWZSPJhRTP0I9wULGcHGWve33Uq3WHLL7lRoGbw5lK4+J5neat3iV6cnSRJRYQjHWrc9NzZ+ipVhhNNxoZNoGmMyxH3atihwRLWfTkcdoxPr9FAolX3CoKn7uyPFkdajKLCVETYDvZhl5n9ZOzHhpZ8yESeGCjL7KEw4MhJle6MeU5QYPrKAiWJ2VkQGWGFi7HUK9gje4srL0Dgre5Xy+d15qYpgpjwcwTGcggcXUIUbqEEdCPThCV7g1eHOszNx3melOWfecwh/5Hz8AOq8ke8=</latexit>

L6

<latexit sha1_base64="LWkjMbb4zIv1JPLuzQPrarjLkec=">AAAB6nicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEevOghsXLiraC7RDyaSZNjSTGZKMUIY+ghsXSnXrS/ga7nwbM20X2vpD4OP/zyHnHD8WXBvH+Ua5ldW19Y38ZmFre2d3r7h/0NBRoiir00hEquUTzQSXrG64EawVK0ZCX7CmP7zO8uYjU5pH8sGMYuaFpC95wCkx1rq/7Va6xZJTdqbCy+DOoXT1Ocn0VusWvzq9iCYhk4YKonXbdWLjpUQZTgUbFzqJZjGhQ9JnbYuShEx76XTUMT6xTg8HkbJPGjx1f3ekJNR6FPq2MiRmoBezzPwvaycmuPRSLuPEMElnHwWJwCbC2d64xxWjRowsEKq4nRXTAVGEGnudgj2Cu7jyMjTOyu5F+fzuvFTFMFMejuAYTsGFClThBmpQBwp9eIIXeEUCPaMJep+V5tC85xD+CH38AOxAkfA=</latexit>

L7
<latexit sha1_base64="8c3N4yT3PgsMExzf22M4iiZ/zLA=">AAAB6HicdVDLSgMxFM3UV62vqks3wSq4GjLt0MfKihuXLdgHtEPJpJk2NvMgyQhl6Be4caFIXfoX/oY7/8ZMq6CiBy4czrmXe+51I86kQujdyKysrq1vZDdzW9s7u3v5/YO2DGNBaIuEPBRdF0vKWUBbiilOu5Gg2Hc57biTy9Tv3FIhWRhcq2lEHR+PAuYxgpWWmheDfAGZlVqphhBEpo3KJbuqCSqWUMWGlokWKJy/zlM8Nwb5t/4wJLFPA0U4lrJnoUg5CRaKEU5nuX4saYTJBI9oT9MA+1Q6ySLoDJ5qZQi9UOgKFFyo3ycS7Es59V3d6WM1lr+9VPzL68XKqzoJC6JY0YAsF3kxhyqE6dVwyAQlik81wUQwnRWSMRaYKP2bnH7C16Xwf9IumlbZtJt2oX4ClsiCI3AMzoAFKqAOrkADtAABFNyBB/Bo3Bj3xpMxX7ZmjM+ZQ/ADxssHEvWRhA==</latexit>

A

<latexit sha1_base64="nqb0I1r2IeGD76hu9guiW1jMmx4=">AAAB+3icdVDLSgMxFM3UV62vWpduglVwNaTt0MfKigtdVrAPaGvJpJk2NPMgyYhlmA/RhRsXirh14W+482/MtAoqeiBwOOde7smxA86kQujdSC0sLi2vpFcza+sbm1vZ7VxL+qEgtEl87ouOjSXlzKNNxRSnnUBQ7Nqctu3JSeK3r6iQzPcu1DSgfRePPOYwgpWWBtlcL2CXUc/Famw70WkcD44H2TwyK7VSDSGITAuVS1ZVE1QsoYoFCyaaIX/0epPgtjHIvvWGPgld6inCsZTdAgpUP8JCMcJpnOmFkgaYTPCIdjX1sEtlP5plj+GBVobQ8YV+noIz9ftGhF0pp66tJ5OQ8reXiH953VA51X7EvCBU1CPzQ07IofJhUgQcMkGJ4lNNMBFMZ4VkjAUmSteV0SV8/RT+T1pFs1A2rXMrX98Hc6TBLtgDh6AAKqAOzkADNAEB1+AOPIBHIzbujSfjeT6aMj53dsAPGC8fzIKZVg==</latexit>

⇡G
A
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Figure 3: Example of definition of G and morphism type (𝐻,ℎ)
from 𝑄1, 𝑄2. In this case, the injective morphism ℎ from 𝐻 to G
maps each node of 𝐻 to the node in the same position on G (e.g.,
the lower-right node 𝑟 of 𝐻 maps to the lower-right node of G).

continues reading the full expansion of atom 𝐴2 = 𝑦
𝐿2−−→ 𝑧 arriving

to variable 𝑧 with state 𝑞′, and it ends its journey by reading a prefix

of the expansion of atom 𝐴3 = 𝑧
𝐿3−−→ 𝑡 arriving to a final state at

some internal node. For each morphism type, we can check if it
is compatible with an abstraction by checking, for example, that 𝛼
indeed contains the information of having a partial run from 𝑞′ to
a final state reading a prefix of the expansion of 𝐴3.

More concretely, consider the directed graph G consisting of

replacing each atom 𝐴 = 𝑥
𝐿−→ 𝑦 of 𝑄1 with a path 𝜋G

𝐴
of length 3

(i.e., adding two new internal vertices). A morphism type from𝑄2 to

𝑄1 is a pair (𝐻,ℎ) such that ℎ : 𝐻
inj
−−→ G and 𝐻 is a graph resulting

from replacing each atom 𝐴 = 𝑥
𝐿−→ 𝑦 of 𝑄2 with a path 𝜋𝐻

𝐴
from 𝑥

to 𝑦. Figure 3 has an example of a morphism type. By injectivity,
the size of 𝐻 in any morphism type is linearly bounded on 𝑄1.

A morphism type (𝐻,ℎ) is compatible with an abstraction 𝛼 if
there is a mapping 𝜆 from the internal nodes of paths 𝜋𝐻

𝐴
to states

of 𝐴, such that for every atom 𝐴 = 𝑥1
𝐿−→ 𝑥2 of 𝑄1, all the expected

properties must hold. For example, if there is an atom 𝐴′ of 𝑄2 and
an infix 𝜋 of the path 𝜋𝐻

𝐴′ with ℎ(𝜋) = 𝜋G
𝐴

, then the abstraction
𝛼 ensures that there is a run of A𝐴′ from 𝜆(𝑠𝑟𝑐 (𝜋)) to 𝜆(𝑡𝑔𝑡 (𝜋)),
whereA𝐴′ is the NFA of the language of𝐴′, and 𝑠𝑟𝑐 (𝜋) and 𝑡𝑔𝑡 (𝜋)
are the first and last nodes of 𝜋 , respectively. Or, as another example,
one must also check that if there is an atom 𝐴′ of 𝑄2 and a suffix
𝜋 of 𝜋𝐻

𝐴′ with ℎ(𝜋) being a prefix of 𝜋G
𝐴

, then 𝛼 ensures that there
is a run from 𝜆(𝑠𝑟𝑐 (𝜋)) to some final state in A𝐴′ on the prefix of
the expansion of 𝐴. There are actually many other possible cases
(17 in total), but each of these cases can be easily checked with the
information compiled in an abstraction.

The key property of compatibility is that it captures whether an
abstraction contains a 𝑄1-expansion which is a counter-example:

Claim 5.1. The following are equivalent:

(1) There is a morphism type compatible with an abstraction 𝛼 ;
(2) for every expansion 𝐸1 ∈ Exp (𝑄1) with abstraction 𝛼 there

exists some expansion 𝐸2 ∈ Exp (𝑄2) such that 𝐸2
inj
−−→ 𝐸1;

(3) there is an expansion 𝐸1 ∈ Exp (𝑄1) with abstraction 𝛼 and

an expansion 𝐸2 ∈ Exp (𝑄2) such that 𝐸2
inj
−−→ 𝐸1.
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Q2

Figure 4: The general structure of Boolean CRPQs𝑄1 and𝑄2 from
the reduction.

Finally, the PSpace algorithm guesses a mapping 𝛼 from the
atoms of𝑄1 to subsets of 𝑃 , checks that𝛼 is an abstraction of𝑄1, and
checks that there is no morphism type (𝐻,ℎ) which is compatible
with 𝛼 . Due to the Claim above, if the algorithm succeeds, then any
expansion 𝐸1 of 𝑄1 is a counter-example, and thus 𝑄1 ⊈q-inj 𝑄2;
otherwise, for every expansion 𝐸1 with abstraction 𝛼 there is a
compatible morphism type, which means that 𝐸1 is not a counter-
example and hence 𝑄1 ⊆q-inj 𝑄2. □

On the other hand, the CRPQ/CRPQ containment problem for
atom-injective semantics becomes undecidable. Remarkably, the
bound holds even when the right-hand side query has no infinite
languages, and both queries are of very simple shape (cf. Figure 4).

Theorem 5.2. The CRPQ/CRPQ and CRPQ/CRPQfin contain-
ment problems under atom-injective semantics are undecidable.

Proof sketch(full proof in Appendix D). We reduce from the
Post Correspondence Problem (PCP), a well-known undecidable prob-
lem. An instance of the PCP is a sequence of pairs (𝑢1, 𝑣1), . . . , (𝑢ℓ , 𝑣ℓ ),
where 𝑢𝑖 and 𝑣𝑖 are non-empty words over an alphabet Σ. The goal
is to decide whether there is a solution, that is, a sequence 𝑖1, . . . , 𝑖𝑘
of indices from {1, . . . , ℓ}, with 𝑘 ≥ 1, such that the words𝑢𝑖1 · · ·𝑢𝑖𝑘
and 𝑣𝑖1 · · · 𝑣𝑖𝑘 coincide.

We provide a high-level description of the reduction. The idea is
to construct Boolean CRPQs 𝑄1 and 𝑄2 such that the PCP instance
(𝑢1, 𝑣1), . . . , (𝑢ℓ , 𝑣ℓ ) has a solution if and only if 𝑄1 ⊈a-inj 𝑄2. In
particular, the PCP instance has a solution if and only if there exists
a counterexample for a-inj-semantics, i.e., an a-inj-expansion 𝐹 of

𝑄1 such that there is no expansion 𝐸 ∈ Exp (𝑄2) with 𝐸
a-inj
−−−−→ 𝐹 .

The general structure of𝑄1 is shown in Figure 4. We have a “middle”
variable 𝑥 , two “incoming” atoms and two “outgoing” atoms:

𝑦1
𝐿𝐼−−→ 𝑥 ∧ 𝑦2

𝐿𝑎−−→ 𝑥 ∧ 𝑥 𝐿𝐼−−→ 𝑧1 ∧ 𝑥
𝐿𝑎−−→ 𝑧2

Words in the languages 𝐿𝐼 and 𝐿̂𝐼 encode sequences of indices
from {1, . . . , ℓ}, using special symbols from I := {𝐼1, . . . , 𝐼ℓ } and
Î := {𝐼̂1, . . . , 𝐼̂ℓ }, respectively. On the other hand, words from 𝐿𝑎 and
𝐿̂𝑎 encode sequences of words from {𝑢1, . . . , 𝑢ℓ } and {𝑣1, . . . , 𝑣ℓ },
using symbols from the PCP alphabet Σ and Σ̂ := {𝑎 : 𝑎 ∈ Σ},
respectively. In the four languages, we have some extra symbols to
make the reduction work. We stress that the finite alphabet used
for the CRPQ 𝑄1 (and also for 𝑄2) depends on the PCP instance.

We are interested in a particular type of a-inj-expansions of
𝑄1 that we call well-formed. The idea is that well-formed a-inj-
expansions correspond to solutions of the PCP instance. In particu-
lar, if there is a well-formed a-inj-expansion of 𝑄1 then there is a
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Figure 5: Example of the 𝐼 -̂𝐼 -condition of well-formed expansions

of𝑄1. We show the expansions 𝑦1
𝑤𝐼−−→ 𝑥 and 𝑥

𝑤𝐼−−→ 𝑧1 of the atoms

𝑦1
𝐿𝐼−−→ 𝑥 and 𝑥

𝐿𝐼−−→ 𝑧1, respectively. The words 𝑤𝐼 = □ # 𝐼2 □ # 𝐼5
and 𝑤𝐼 = 𝐼̂5 #̂ □̂ 𝐼̂2 #̂ □̂ encode the sequence of indices 5, 2. Dotted
blue lines indicate pairs of equal variables while red lines indicate
distinct variables. We have some extra symbols #, #̂,□, □̂.

solution to the PCP instance and vice versa. We then construct 𝑄2
such that an a-inj-expansion of 𝑄1 is well-formed if and only if it
is a counterexample for 𝑄1 ⊆a-inj 𝑄2.

Let 𝐹 be an a-inj-expansion of 𝑄1 such that 𝐹 = 𝐹≡ for 𝐹 =

𝐸 ∧ 𝐽 (here 𝐸 ∈ Exp (𝑄1) and 𝐽 are the equality atoms). The
a-inj-expansion 𝐹 is well-formed if it satisfies four structural con-
ditions we call 𝐼 -̂𝐼 -, 𝐼 -𝑎-, 𝑎-̂𝐼 -, and 𝑎-𝑎-condition. Intuitively, the
𝐼 -̂𝐼 -condition requires that the words 𝑤𝐼 ∈ 𝐿𝐼 and 𝐼̂ ∈ 𝐿̂𝐼 cho-
sen in the expansion 𝐸 encode the same sequence of indices from
{1, . . . , ℓ}. On the other hand, the 𝐼 -𝑎-condition ensures that the
word 𝑤𝑎 ∈ 𝐿𝑎 , chosen in the expansion 𝐸, encodes a sequence
of words from {𝑢1, . . . , 𝑢ℓ } according to the sequence encoded in
𝑤𝐼 ∈ 𝐿𝐼 . Similarly, the 𝑎-̂𝐼 -condition requires that the chosen word
𝑤𝑎 ∈ 𝐿̂𝑎 encodes a sequence of words from {𝑣1, . . . , 𝑣ℓ } according
to𝑤𝐼 ∈ 𝐿̂𝐼 . Finally, the 𝑎-𝑎-condition requires that the chosen words
𝑤𝑎 ∈ 𝐿𝑎 and𝑤𝑎 ∈ 𝐿̂𝑎 “coincide” after removing the ·̂ superscripts
from𝑤𝑎 and focusing on the symbols from Σ. In other words, the
𝑎-𝑎-condition ensures that the sequence of indices chosen by 𝑤𝐼
(and 𝑤𝐼 ) is actually a solution to the PCP. In the four cases, we
additionally need to require some conditions on the equality atoms
𝐽 to make the reduction work (see Figure 5 for an example).

The key property of well-formedness is that it can be charac-
terized in terms of the non-existence of a finite number of simple
cycles and simple paths having certain labels. Let us illustrate this
for the case of the 𝐼 -̂𝐼 -condition and the expansion 𝐹 of Figure 5.
The forbidden labels for simple cycles are given by the finite lan-
guage 𝐾

𝐼 𝐼̂
= I Î. In the case of simple paths, these are given by

𝑀
𝐼 𝐼̂

=
∑
𝑖≠𝑗 𝐼𝑖 𝐼̂ 𝑗 + Î # + #̂ I + # I Î #̂ + □ □̂. We have that an a-inj-

expansion 𝐹 of 𝑄1 satisfies the 𝐼 -̂𝐼 -condition if and only if 𝐹 does
not contain simple cycles with labels in 𝐾

𝐼 𝐼̂
nor simple paths with

labels in 𝑀
𝐼 𝐼̂

.
To see the backward direction, note that 𝑡1 and 𝑡 ′1 cannot be

identified, otherwise we have a simple cycle from 𝑡1 to itself with
label in I Î ⊆ 𝐾

𝐼 𝐼̂
. Now, the symbols 𝐼5 and 𝐼̂5 need to correspond

to the same index from {1, . . . , ℓ}; otherwise we find a simple path
from 𝑡1 to 𝑡 ′1 with label in

∑
𝑖≠𝑗 𝐼𝑖 𝐼̂ 𝑗 ⊆ 𝑀𝐼 𝐼̂ . To see the identification

between 𝑠1 and 𝑠 ′1, note first that 𝑡1 and 𝑠 ′1 cannot be identified, as
this would imply a simple path from 𝑡 ′1 to 𝑥 with label in #̂ I ⊆ 𝑀

𝐼 𝐼̂
.

Analogously, we have that 𝑡 ′1 and 𝑠1 cannot be identified. This
implies that 𝑠1 and 𝑠 ′1 are actually identified, otherwise we have a

simple path from 𝑠1 to 𝑠 ′1 with label in # I Î #̂ ⊆ 𝑀
𝐼 𝐼̂

. Finally, 𝑟1 and
𝑟 ′1 are identified, otherwise there would be a simple path from 𝑟1 to
𝑟 ′1 with label in □ □̂ ⊆ 𝑀

𝐼 𝐼̂
. Note that we can repeat this argument

from “left-to-right” starting from 𝑟𝑖 = 𝑟
′
𝑖

instead of 𝑥 , and obtain
the 𝐼 -̂𝐼 -condition. In order to ensure that the words𝑤𝐼 and𝑤𝐼 have
the same length, we need to slightly modify the construction of
𝑄1, 𝐾

𝐼 𝐼̂
and 𝑀

𝐼 𝐼̂
(see Appendix D for details). The forward direction

follows directly from the definition of the 𝐼 -̂𝐼 -condition.
Since all the four conditions can be characterized via forbidden

finite sets of simple cycles and paths, it is possible to write two

CRPQs from CRPQfin of the form 𝑄⟳2 = 𝑥
𝐾⟳−−−→ 𝑥 and 𝑄→2 =

𝑦
𝑀→−−−→ 𝑧 such that for every a-inj-expansion 𝐹 of 𝑄1, 𝐹 is well-

formed if and only if𝑄⟳2 ∨𝑄
→
2 (𝐹 )

a-inj = ∅, where𝑄⟳2 ∨𝑄
→
2 is the

union of both CRPQs. In particular, there is a solution to the PCP
instance if and only if𝑄1 ⊈a-inj 𝑄⟳2 ∨𝑄

→
2 . We finally show how to

simulate the union 𝑄⟳2 ∨𝑄
→
2 with a single query 𝑄2 ∈ CRPQfin

as in Figure 4. □

6 CONTAINMENT FOR CRPQ SUBCLASSES
With the two previous results in place for the containment of uncon-
strained CRPQs, we now explore the C1/C2 containment problem
under all the possible semantics, where C1 and/or C2 belong to
simpler classes of queries, namely either Conjunctive Queries or
CPRQs with no Kleene star (and hence with finite languages).

In many cases one can apply or adapt previously established
techniques or reductions. There are, however, two noticeable ex-
ceptions: the lower bounds for CRPQfin/CQ under query-injective
semantics and for CQ/CRPQfin under atom-injective semantics. We
highlight only these two results. The remaining proofs can be found
in Appendix F. In particular, as mentioned in Section 4, almost all
the results for the standard semantics follow from previous work
(in particular [9, 15, 16]).

Theorem 6.1. TheCRPQfin/CQ containment problem under query-
injective semantics is Π𝑝2 -hard.

Proof. We show that even when the languages of the left-hand
query are unions of alphabet symbols, Π𝑝2 hardness still holds. We
show a reduction from the following problem on graphs, which is
known to be Σ𝑝2 -complete [28, Theorem 5], to non-containment. For
a graph 𝐺 let 𝑉 (𝐺) denote its sets of vertices and let 𝐺 |𝑉 ′ denote
the subgraph induced by 𝑉 ′ ⊆ 𝑉 (𝐺).

Problem Generalized Two-Coloring Problem (GCP2)
Given An undirected graph𝐺 , a number 𝑛 ∈ N (in unary).

Question Is there a partition 𝑉1 ¤∪𝑉2 = 𝑉 (𝐺) s.t. neither 𝐺 |𝑉1
nor 𝐺 |𝑉2 contains an 𝑛-vertex clique as subgraph?

We will produce two Boolean queries 𝑄1, 𝑄2 over the alphabet
A = {𝐸, 1, 2, #} such that: (1) 𝑄1 ⊈q-inj 𝑄2 iff the GCP2 instance is
positive; and (2) 𝑄2 is a CQ, and every language of 𝑄1 is a set of
one-letter words. Consider the input graph 𝐺 , and the associated
CQ 𝑄𝐺 on over the alphabet {𝐸}, where for each edge {𝑢, 𝑣} in 𝐺

we have atoms 𝑢
𝐸−→ 𝑣 ∧ 𝑣 𝐸−→ 𝑢 in 𝑄𝐺 . Similarly, let 𝐾𝑛 be the CQ

associated to the 𝑛-vertex clique. For a CQ 𝑄 and 𝑖 ∈ {1, 2}, let us
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2-ext(Kn)
<latexit sha1_base64="Ai1e5WYtEtOzruUka9KS4PY+yr4=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARtgfLbinqzYIHPbZgH9AuSzbNtqHZ7JJkxbL24M/QoxcPinjt3/DmvzFtPWjrQMgw8w35Mn7MqFS2/WVklpZXVtey67mNza3tHXN3ryGjRGBSxxGLRMtHkjDKSV1RxUgrFgSFPiNNf3A58Zu3REga8Rs1jIkboh6nAcVIackzDyynVOgocqez6Ym+RlbNuyp4Zt4u2lPAReL8kPzF+HGCp6pnfna6EU5CwhVmSMq2Y8fKTZFQFDMyynUSSWKEB6hH2ppyFBLpptP9R/BYK10YREIfruBU/Z1IUSjlMPT1ZIhUX857E/E/r52o4NxNKY8TRTiePRQkDKoITsqAXSoIVmyoCcKC6l0h7iOBsNKV5XQJzvyXF0mjVHROi+VaOV+xwAxZcAiOgAUccAYq4BpUQR1gcA+ewSt4Mx6MF+Pd+JiNZoyfzD74A2P8DWDCmXU=</latexit>

(12)-ext(QG)

<latexit sha1_base64="ufArC8TGsPMAD4KN+cDekEM9FYI=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm8EgdFUSKerOghuXVewF2lAm00k7dDIJMxMhhL6BGxeKdutT+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n2yqsrW9sbhW3Szu7e/sH5cOjlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98U2etx+pVCwSDzqNqRfioWABI1gb675n98u2U3VmQqvgLsC+/nzPNW30y1+9QUSSkApNOFaq6zqx9jIsNSOcTkq9RNEYkzEe0q5BgUOqvGw26QSdGWeAgkiaJzSaub87MhwqlYa+qQyxHqnlLDf/y7qJDq68jIk40VSQ+UdBwpGOUL42GjBJieapAUwkM7MiMsISE22OUzJHcJdXXoXWedW9qNbuana9AnMV4QROoQIuXEIdbqEBTSAQwBO8wKs1tp6tN2s6Ly1Yi55j+CPr4wczG5GL</latexit>

#
<latexit sha1_base64="ufArC8TGsPMAD4KN+cDekEM9FYI=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm8EgdFUSKerOghuXVewF2lAm00k7dDIJMxMhhL6BGxeKdutT+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n2yqsrW9sbhW3Szu7e/sH5cOjlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98U2etx+pVCwSDzqNqRfioWABI1gb675n98u2U3VmQqvgLsC+/nzPNW30y1+9QUSSkApNOFaq6zqx9jIsNSOcTkq9RNEYkzEe0q5BgUOqvGw26QSdGWeAgkiaJzSaub87MhwqlYa+qQyxHqnlLDf/y7qJDq68jIk40VSQ+UdBwpGOUL42GjBJieapAUwkM7MiMsISE22OUzJHcJdXXoXWedW9qNbuana9AnMV4QROoQIuXEIdbqEBTSAQwBO8wKs1tp6tN2s6Ly1Yi55j+CPr4wczG5GL</latexit>

#
<latexit sha1_base64="ufArC8TGsPMAD4KN+cDekEM9FYI=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm8EgdFUSKerOghuXVewF2lAm00k7dDIJMxMhhL6BGxeKdutT+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n2yqsrW9sbhW3Szu7e/sH5cOjlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98U2etx+pVCwSDzqNqRfioWABI1gb675n98u2U3VmQqvgLsC+/nzPNW30y1+9QUSSkApNOFaq6zqx9jIsNSOcTkq9RNEYkzEe0q5BgUOqvGw26QSdGWeAgkiaJzSaub87MhwqlYa+qQyxHqnlLDf/y7qJDq68jIk40VSQ+UdBwpGOUL42GjBJieapAUwkM7MiMsISE22OUzJHcJdXXoXWedW9qNbuana9AnMV4QROoQIuXEIdbqEBTSAQwBO8wKs1tp6tN2s6Ly1Yi55j+CPr4wczG5GL</latexit>

#

<latexit sha1_base64="FomQCi1ruUMKmDRvY/YPYr66eUE=">AAACR3icrZBLSwMxFIUz9VXra9Slm2BRXA3TWmxdWXDjsoJ9QFtLJr3TBjOZIckIZaj/Q/+Jezdu3fkX3LhQxKVpa0FFdx4IfJxzL0mOF3GmtOs+WqmZ2bn5hfRiZml5ZXXNXt+oqTCWFKo05KFseEQBZwKqmmkOjUgCCTwOde/ieJTXL0EqFoozPYigHZCeYD6jRBurY5+3YtEF6UlCIbn6bw07dtZ18ocld7+EJ1AoTiGPc447Vvbo9nqkm0rHfmh1QxoHIDTlRKlmzo10OyFSM8phmGnFCiJCL0gPmgYFCUC1k3EPQ7xjnC72Q2mO0Hjsft1ISKDUIPDMZEB0X/3MRuZvWTPWfqmdMBHFGgSdXOTHHOsQj0rFXSaBaj4wQKhk5q2Y9onpVJvqM6aE6U/x31DLO7kDp3BayJZ30URptIW20R7KoSIqoxNUQVVE0R16Qi/o1bq3nq03630ymrI+dzbRN6WsD5GGwXY=</latexit>| {z } <latexit sha1_base64="AA+pR257DnMv+Sw9pmK75g6ZSf0=">AAACIXicjVA9SwNBEN3zM8avqKXNYlCswiUGc1YGbCwjmA9IQtjbTJIle3vH7p4Qjvg/tLDxV9jbWCiSTvwz7uUMqCj4YODx3gwz89yAM6Vt+82am19YXFpOraRX19Y3NjNb2zXlh5JClfrclw2XKOBMQFUzzaERSCCey6HuDs9iv34FUjFfXOpRAG2P9AXrMUq0kToZpxWKLkhXEgrR9f8x7mSydq5w4thHDk5IsTQjBZzP2VNkTx9uYtxWOplJq+vT0AOhKSdKNfN2oNsRkZpRDuN0K1QQEDokfWgaKogHqh1NPxzjfaN0cc+XpoTGU/XrREQ8pUaeazo9ogfqpxeLv3nNUPecdsREEGoQNFnUCznWPo7jwl0mgWo+MoRQycytmA6ISUubUNMmhNmn+G9SK+Tyx7niRTFbPkAJUmgX7aFDlEclVEbnqIKqiKI79Iie0Yt1bz1Zr9YkaZ2zPmd20DdY7x9WSa5F</latexit>| {z }
<latexit sha1_base64="lNebITRbJHPttcjIKw/+5EwLVy4=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyCuCgzUtSdBTcuW7QXaIeSSTNtaCYzJBmhDH0ENy6U6taX8DXc+TZm2i609YfAx/+fQ845fiy4No7zjVZW19Y3NnNb+e2d3b39wsFhQ0eJoqxOIxGplk80E1yyuuFGsFasGAl9wZr+8DbLm49MaR7JBzOKmReSvuQBp8RY677WdbuFolNypsLL4M6hePM5yfRW7Ra+Or2IJiGThgqiddt1YuOlRBlOBRvnO4lmMaFD0mdti5KETHvpdNQxPrVODweRsk8aPHV/d6Qk1HoU+rYyJGagF7PM/C9rJya49lIu48QwSWcfBYnAJsLZ3rjHFaNGjCwQqridFdMBUYQae528PYK7uPIyNC5K7mWpXCsXK+cwUw6O4QTOwIUrqMAdVKEOFPrwBC/wigR6RhP0PitdQfOeI/gj9PED7ciR+Q==</latexit>

Q1
<latexit sha1_base64="kvwizvlPgczEOuVGAeM5S+ZmUt8=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8EiiIuSlKLuLLhx2aK9QBvKZDpph04mYWYilNBHcONCqW59CV/DnW/jJO1CW38Y+Pj/c5hzjhdxprRtf1u5tfWNza38dmFnd2//oHh41FJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N75N8/YjlYqF4kFPIuoGeCiYzwjWxrpv9Cv9Ysku25nQKjgLKN18zlK91fvFr94gJHFAhSYcK9V17Ei7CZaaEU6nhV6saITJGA9p16DAAVVuko06RWfGGSA/lOYJjTL3d0eCA6UmgWcqA6xHajlLzf+ybqz9azdhIoo1FWT+kR9zpEOU7o0GTFKi+cQAJpKZWREZYYmJNtcpmCM4yyuvQqtSdi7L1Ua1VLuAufJwAqdwDg5cQQ3uoA5NIDCEJ3iBV4tbz9bMep+X5qxFzzH8kfXxA+9Mkfo=</latexit>

Q2

Figure 6: Definition of 𝑄1 and 𝑄2 in terms of 𝐺 and 𝑛 for the
reduction of Theorem 6.1. The #-labeled thick arrows denote that
there is an atom 𝑥

#−→ 𝑦 for each variable 𝑥 from the source query
to each variable 𝑦 of the target query.

define 𝑖-ext(𝑄) [resp. (1 + 2)-ext(𝑄); (12)-ext(𝑄)] as the extension
of 𝑄 by adding one atom 𝑥

𝑖−→ 𝑥 [resp. one atom 𝑥
1+2−−−→ 𝑥 ; two

atoms 𝑥
1−→ 𝑥 ∧ 𝑥 2−→ 𝑥] for every variable 𝑥 ∈ vars(𝑄). We define

𝑄1, 𝑄2 as in Figure 6. On the one hand, if 𝑄1 ⊈q-inj 𝑄2 there must
be some expansion 𝐸 of 𝑄1 which is a counter-example. From 𝐸

we can derive the partitioning 𝑉1 ¤∪𝑉2 of 𝑉 (𝐺) where 𝑉𝑖 is the
set of vertices labeled with an 𝑖-loop in the middle gadget of 𝑄1.
Now observe that, for every 𝑖 , 𝐾𝑛 is not injectively mapped to

𝐺 |𝑉𝑖 , as otherwise we would have that 𝑖-ext(𝐾𝑛)
inj
−−→ 𝐸, implying

𝑄2
inj
−−→ 𝐸 and contradicting that 𝐸 is a counter-example. This means

that the GCP2 instance is positive. On the other hand, if there is a
partitioning 𝑉1 ¤∪𝑉2 of 𝑉 (𝐺) avoiding the 𝑛-clique as a subgraph,
then the corresponding expansion 𝐸 of 𝑄1 (by choosing to have an
𝑖-loop for each node 𝑥 ∈ 𝑉𝑖 ) is such that 𝑄2 cannot be injectively
mapped to 𝐸; in other words showing that 𝐸 is a counter-example
and thus 𝑄1 ⊈q-inj 𝑄2. □

Theorem 6.2. TheCQ/CRPQfin containment problem under atom-
injective semantics is Π𝑝2 -hard.

Proof sketch(full proof in Appendix E). We show that even
when all languages on the right-hand side are of the form {𝑤} with
|𝑤 | ≤ 2 we have Π

𝑝

2 -hardness for containment. For this, we show
how to adapt the proof of Π𝑝2 -hardness of [15, Theorem 4.3], which
shows Π𝑝2 -hardness for CRPQfin/CQ containment for the standard
semantics. We reduce from ∀∃-QBF (i.e., Π2-Quantified Boolean
Formulas). Let Φ = ∀𝑥1, . . . , 𝑥𝑛 ∃𝑦1, . . . , 𝑦ℓ 𝜑 (𝑥1, . . . , 𝑥𝑛, 𝑦1, . . . , 𝑦ℓ )
be an instance of∀∃-QBF such that𝜑 is quantifier-free and in 3-CNF.
We construct boolean queries 𝑄1 and 𝑄2 such that 𝑄1 ⊆a-inj 𝑄2 if,
and only if, Φ is satisfiable.

The query 𝑄1 is defined in Figure 7, over the alphabet of labels
{𝑎, 𝑥1, . . . , 𝑥𝑛, 𝑦1, . . . , 𝑦ℓ , 𝑡, 𝑓 , 𝑟 }. We now explain how we define 𝑄2,
over the same alphabet. Every clause of Φ is represented by a sub-
query in 𝑄2, as depicted in Figure 7. All nodes with identical label
(𝑦1,𝑡 and 𝑦1,𝑓 in gadgets 𝐷, 𝐸) in the figures are the same node.
Note that for every clause and every existentially quantified literal
𝑦𝑖 therein we have one node named 𝑦𝑖,𝑡 𝑓 in 𝑄2. The 𝐸-gadget is
designed such that every represented literal can be homomorphi-
cally embedded, while exactly one literal has to be embedded in
the 𝐷-gadget.

The intuitive idea is that the valuation of the 𝑥-variables is given
by the a-inj-expansion 𝐸1 of 𝑄1, whether the two nodes under 𝑥
incident to 𝑡 are equal or not: if they are equal this corresponds to a
false valuation, otherwise a true valuation. On the other hand, the

<latexit sha1_base64="M+gpDv+effk7yETwRDfXyhNiq8U=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8aguAozEtSdARFcJmAekAyhp1OTtOl50N0jhJAvcONCkbj0L/wNd/6NPUkWmnih4XBvFV1VXiy40rb9bWVWVtfWN7Kbua3tnd29/P5BXUWJZFhjkYhk06MKBQ+xprkW2Iwl0sAT2PAGN2neeESpeBTe62GMbkB7Ifc5o9pY1dtOvmAX7anIMjhzKFx/TlK9Vzr5r3Y3YkmAoWaCKtVy7Fi7Iyo1ZwLHuXaiMKZsQHvYMhjSAJU7mg46JifG6RI/kuaFmkzd3x0jGig1DDxTGVDdV4tZav6XtRLtX7kjHsaJxpDNPvITQXRE0q1Jl0tkWgwNUCa5mZWwPpWUaXObnDmCs7jyMtTPi85FsVQtFcqnMFMWjuAYzsCBSyjDHVSgBgwQnuAFXq0H69l6syaz0ow17zmEP7I+fgC1SpFF</latexit>

E
<latexit sha1_base64="E1hpdLg2T7BAo+OLg71jEmVjFtg=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8aguAozEtSdAV24TMA8IBlCT6cmadPzoLtHCCFf4MaFInHpX/gb7vwbe5IsNPFCw+HeKrqqvFhwpW3728qsrK6tb2Q3c1vbO7t7+f2DuooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOENbtK88YhS8Si818MY3YD2Qu5zRrWxqredfMEu2lORZXDmULj+nKR6r3TyX+1uxJIAQ80EVarl2LF2R1RqzgSOc+1EYUzZgPawZTCkASp3NB10TE6M0yV+JM0LNZm6vztGNFBqGHimMqC6rxaz1PwvayXav3JHPIwTjSGbfeQnguiIpFuTLpfItBgaoExyMythfSop0+Y2OXMEZ3HlZaifF52LYqlaKpRPYaYsHMExnIEDl1CGO6hADRggPMELvFoP1rP1Zk1mpRlr3nMIf2R9/ACzxpFE</latexit>

D
<latexit sha1_base64="M+gpDv+effk7yETwRDfXyhNiq8U=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8aguAozEtSdARFcJmAekAyhp1OTtOl50N0jhJAvcONCkbj0L/wNd/6NPUkWmnih4XBvFV1VXiy40rb9bWVWVtfWN7Kbua3tnd29/P5BXUWJZFhjkYhk06MKBQ+xprkW2Iwl0sAT2PAGN2neeESpeBTe62GMbkB7Ifc5o9pY1dtOvmAX7anIMjhzKFx/TlK9Vzr5r3Y3YkmAoWaCKtVy7Fi7Iyo1ZwLHuXaiMKZsQHvYMhjSAJU7mg46JifG6RI/kuaFmkzd3x0jGig1DDxTGVDdV4tZav6XtRLtX7kjHsaJxpDNPvITQXRE0q1Jl0tkWgwNUCa5mZWwPpWUaXObnDmCs7jyMtTPi85FsVQtFcqnMFMWjuAYzsCBSyjDHVSgBgwQnuAFXq0H69l6syaz0ow17zmEP7I+fgC1SpFF</latexit>

E
<latexit sha1_base64="M+gpDv+effk7yETwRDfXyhNiq8U=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8aguAozEtSdARFcJmAekAyhp1OTtOl50N0jhJAvcONCkbj0L/wNd/6NPUkWmnih4XBvFV1VXiy40rb9bWVWVtfWN7Kbua3tnd29/P5BXUWJZFhjkYhk06MKBQ+xprkW2Iwl0sAT2PAGN2neeESpeBTe62GMbkB7Ifc5o9pY1dtOvmAX7anIMjhzKFx/TlK9Vzr5r3Y3YkmAoWaCKtVy7Fi7Iyo1ZwLHuXaiMKZsQHvYMhjSAJU7mg46JifG6RI/kuaFmkzd3x0jGig1DDxTGVDdV4tZav6XtRLtX7kjHsaJxpDNPvITQXRE0q1Jl0tkWgwNUCa5mZWwPpWUaXObnDmCs7jyMtTPi85FsVQtFcqnMFMWjuAYzsCBSyjDHVSgBgwQnuAFXq0H69l6syaz0ow17zmEP7I+fgC1SpFF</latexit>

E
<latexit sha1_base64="M+gpDv+effk7yETwRDfXyhNiq8U=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8aguAozEtSdARFcJmAekAyhp1OTtOl50N0jhJAvcONCkbj0L/wNd/6NPUkWmnih4XBvFV1VXiy40rb9bWVWVtfWN7Kbua3tnd29/P5BXUWJZFhjkYhk06MKBQ+xprkW2Iwl0sAT2PAGN2neeESpeBTe62GMbkB7Ifc5o9pY1dtOvmAX7anIMjhzKFx/TlK9Vzr5r3Y3YkmAoWaCKtVy7Fi7Iyo1ZwLHuXaiMKZsQHvYMhjSAJU7mg46JifG6RI/kuaFmkzd3x0jGig1DDxTGVDdV4tZav6XtRLtX7kjHsaJxpDNPvITQXRE0q1Jl0tkWgwNUCa5mZWwPpWUaXObnDmCs7jyMtTPi85FsVQtFcqnMFMWjuAYzsCBSyjDHVSgBgwQnuAFXq0H69l6syaz0ow17zmEP7I+fgC1SpFF</latexit>

E

<latexit sha1_base64="+or2sO1U5C7qvnba1B6OZZ8bsis=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWjXYLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMTo3TI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlTOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+AN+6kWE=</latexit>

a
<latexit sha1_base64="+or2sO1U5C7qvnba1B6OZZ8bsis=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWjXYLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMTo3TI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlTOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+AN+6kWE=</latexit>

a
<latexit sha1_base64="+or2sO1U5C7qvnba1B6OZZ8bsis=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWjXYLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMTo3TI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlTOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+AN+6kWE=</latexit>

a
<latexit sha1_base64="+or2sO1U5C7qvnba1B6OZZ8bsis=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWjXYLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMTo3TI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlTOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+AN+6kWE=</latexit>

a
<latexit sha1_base64="zPTJPvc9BoO+yb23GtfoIn0PZWo=">AAAB63icbZDLSgMxFIbPeK31VnXpJlgUV2VGiroRC25ctmAv0A4lk2ba0CQzJBmhDH0FNy7U4taH8DXc+TZm2i609YfAx/+fQ845QcyZNq777aysrq1vbOa28ts7u3v7hYPDho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8C7Lm49UaRbJBzOKqS9wX7KQEWwyq9b1brqFoltyp0LL4M2hePv5lmlS7Ra+Or2IJIJKQzjWuu25sfFTrAwjnI7znUTTGJMh7tO2RYkF1X46nXWMTq3TQ2Gk7JMGTd3fHSkWWo9EYCsFNgO9mGXmf1k7MeG1nzIZJ4ZKMvsoTDgyEcoWRz2mKDF8ZAETxeysiAywwsTY8+TtEbzFlZehcVHyLkvlWrlYOYOZcnAMJ3AOHlxBBe6hCnUgMIAneIFXRzjPzsR5n5WuOPOeI/gj5+MHbuCSPA==</latexit>

Q1 =

<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t

<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f <latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f

<latexit sha1_base64="Hfvf5xb5i8ys8UBfmru0wZk2b1Q=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm2AVXEhJpKg7C25cVrAXaEOZTKft0MkkzJwIIfQh3AhWxK2v4Gu4822ctF1o6w8DH/9/DnPO8SPBNTrOt5VbWV1b38hvFra2d3b3ivsHDR3GirI6DUWoWj7RTHDJ6shRsFakGAl8wZr+6DbLm49MaR7KB0wi5gVkIHmfU4LGaibd1D3HcbdYcsrOVPYyuHMo3Xy+ZJrUusWvTi+kccAkUkG0brtOhF5KFHIq2LjQiTWLCB2RAWsblCRg2kun447tU+P07H6ozJNoT93fHSkJtE4C31QGBId6McvM/7J2jP1rL+UyipFJOvuoHwsbQzvb3e5xxSiKxAChiptZbTokilA0FyqYI7iLKy9D46LsXpYr95VS9QRmysMRHMMZuHAFVbiDGtSBwgieYAKvVmQ9W2/W+6w0Z817DuGPrI8fLd2T2w==</latexit>y1,t
<latexit sha1_base64="u7PaLe48yYCbuA/keUtPm9FzCZE=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8EquJCSSFF3Fty4rGAv0IYymU7aoZNJmJkIIfQh3AhWxK2v4Gu4822cpF1o6w8DH/9/DnPO8SLOlLbtb6uwsrq2vlHcLG1t7+zulfcPWiqMJaFNEvJQdjysKGeCNjXTnHYiSXHgcdr2xrdZ3n6kUrFQPOgkom6Ah4L5jGBtrHbST51zf9IvV+yqnQstgzOHys3nS6Zpo1/+6g1CEgdUaMKxUl3HjrSbYqkZ4XRS6sWKRpiM8ZB2DQocUOWm+bgTdGqcAfJDaZ7QKHd/d6Q4UCoJPFMZYD1Si1lm/pd1Y+1fuykTUaypILOP/JgjHaJsdzRgkhLNEwOYSGZmRWSEJSbaXKhkjuAsrrwMrYuqc1mt3dcq9ROYqQhHcAxn4MAV1OEOGtAEAmN4gim8WpH1bL1Z77PSgjXvOYQ/sj5+ABiXk80=</latexit>y1,f

<latexit sha1_base64="vpyMYYZgMCoxmGLuOTxuvJQLvtw=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm2AVXEhJpKg7C25cVrAXbEOZTCft0MkkzJwIIfQt3FRQxK1P4Gu4822cti609YeBj/8/hznn+LHgGh3ny8otLa+sruXXCxubW9s7xd29ho4SRVmdRiJSLZ9oJrhkdeQoWCtWjIS+YE1/eD3Jmw9MaR7JO0xj5oWkL3nAKUFj3afdrMOEOMVRt1hyys5U9iK4P1C6+hhP9FTrFj87vYgmIZNIBdG67ToxehlRyKlgo0In0SwmdEj6rG1QkpBpL5tOPLKPjdOzg0iZJ9Geur87MhJqnYa+qQwJDvR8NjH/y9oJBpdexmWcIJN09lGQCBsje7K+3eOKURSpAUIVN7PadEAUoWiOVDBHcOdXXoTGWdk9L1duK6XqEcyUhwM4hBNw4QKqcAM1qAMFCY/wDC+WtsbWq/U2K81ZPz378EfW+zfI7JVh</latexit>y`,t
<latexit sha1_base64="9KTrZxc66boGx6OS3YOu8KQNcB0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm2AVXEhJpKg7C25cVrAXbEOZTE/aoZNJmJkIIfQt3FRQxK1P4Gu4822cti609YeBj/8/hznn+DFnSjvOl5VbWl5ZXcuvFzY2t7Z3irt7DRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPryd58wGlYpG402mMXkj6ggWMEm2s+7SbdZDz02DULZacsjOVvQjuD5SuPsYTPdW6xc9OL6JJiEJTTpRqu06svYxIzSjHUaGTKIwJHZI+tg0KEqLysunEI/vYOD07iKR5QttT93dHRkKl0tA3lSHRAzWfTcz/snaig0svYyJONAo6+yhIuK0je7K+3WMSqeapAUIlM7PadEAkodocqWCO4M6vvAiNs7J7Xq7cVkrVI5gpDwdwCCfgwgVU4QZqUAcKAh7hGV4sZY2tV+ttVpqzfnr24Y+s92+zppVT</latexit>y`,f

<latexit sha1_base64="Eq3an5ZCt+PUC608yOTTldeF6yU=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgFV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6sU4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVY5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AJ3OSGg==</latexit>x1 <latexit sha1_base64="SlFZt8kTSUdIQQXG2ZXfd3tdIm0=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EquCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjVODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0UqycwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACj3khs=</latexit>x2
<latexit sha1_base64="psCsutBwK6t3fiKU9rFIaolhk9I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgFV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rEjOoWiW3InQovgzaB49TnO9FbtFL7aXUmSiApDONa65bmx8VOsDCOcjvLtRNMYkwHu0ZZFgSOq/XQy6gidWKeLQqnsEwZN3N8dKY60HkaBrYyw6ev5LDP/y1qJCS/9lIk4MVSQ6UdhwpGRKNsbdZmixPChBUwUs7Mi0scKE2Ovk7dH8OZXXoT6Wck7L5Vvy8XKMUyVg0M4glPw4AIqcANVqAGBHjzBC7w63Hl2xs77tHTJmfUcwB85Hz+D55JX</latexit>xn <latexit sha1_base64="bNnnPrOIqTjqQu4sK24Wak8BVbM=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8EquCqJFHVnwY3LivYCbSiT6aQdOpmEmYkQQh/BjQuluvUlfA13vo2TtAtt/WHg4//PYc45XsSZ0rb9bRVWVtfWN4qbpa3tnd298v5BS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+CbL249UKhaKB51E1A3wUDCfEayNdZ/0nX65YlftXGgZnDlUrj+nmd4a/fJXbxCSOKBCE46V6jp2pN0US80Ip5NSL1Y0wmSMh7RrUOCAKjfNR52gU+MMkB9K84RGufu7I8WBUkngmcoA65FazDLzv6wba//KTZmIYk0FmX3kxxzpEGV7owGTlGieGMBEMjMrIiMsMdHmOiVzBGdx5WVonVedi2rtrlapn8BMRTiCYzgDBy6hDrfQgCYQGMITvMCrxa1na2q9z0oL1rznEP7I+vgBKPmSGw==</latexit>y1 <latexit sha1_base64="Wxhm7IUx+zj1Rz1BNW7v2bnW6FI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EquCozUtSdBTcuK9gLtEPJpGkbm0mGJCMMQ9/BjYsWcesz+BrufBszbRfa+kPg4//PIeecIOJMG9f9dnJr6xubW/ntws7u3v5B8fCooWWsCK0TyaVqBVhTzgStG2Y4bUWK4jDgtBmM7rK8+UyVZlI8miSifogHgvUZwcZajaTboZx3iyW37M6EVsFbQOn2c5JpWusWvzo9SeKQCkM41rrtuZHxU6wMI5yOC51Y0wiTER7QtkWBQ6r9dDbtGJ1bp4f6UtknDJq5vztSHGqdhIGtDLEZ6uUsM//L2rHp3/gpE1FsqCDzj/oxR0aibHXUY4oSwxMLmChmZ0VkiBUmxh6oYI/gLa+8Co3LsndVrjxUStUzmCsPJ3AKF+DBNVThHmpQBwJP8AITmDrSeXXenPd5ac5Z9BzDHzkfP75Hk6E=</latexit>y`

<latexit sha1_base64="vSAw20FJ9+IAQ+/O9bi0BeJly1I=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm8EquCqJFHUjFnThsoq9QBvKZDpph04mYWYilNA3cONC0W59Cl/DnW/jpOlCW38Y+Pj/c5hzjhdxprRtf1u5peWV1bX8emFjc2t7p7i711BhLAmtk5CHsuVhRTkTtK6Z5rQVSYoDj9OmN7xO8+YjlYqF4kGPIuoGuC+YzwjWxrq/uewWS3bZngotgjOD0tXne6pJrVv86vRCEgdUaMKxUm3HjrSbYKkZ4XRc6MSKRpgMcZ+2DQocUOUm00nH6Ng4PeSH0jyh0dT93ZHgQKlR4JnKAOuBms9S87+sHWv/wk2YiGJNBck+8mOOdIjStVGPSUo0HxnARDIzKyIDLDHR5jgFcwRnfuVFaJyWnbNy5a5Sqh5BpjwcwCGcgAPnUIVbqEEdCPjwBC/wag2tZ+vNmmSlOWvWsw9/ZH38ADTXkYk=</latexit>

D =

<latexit sha1_base64="qSdgbeR+uNHJoT49LFDrOd/EdM4=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm8EquCqJFHUjFkRwWcVeoA1lMp20QyeTMDMRSugbuHGhaLc+ha/hzrdx0nShrT8MfPz/Ocw5x4s4U9q2v63c0vLK6lp+vbCxubW9U9zda6gwloTWSchD2fKwopwJWtdMc9qKJMWBx2nTG16nefORSsVC8aBHEXUD3BfMZwRrY93fXHaLJbtsT4UWwZlB6erzPdWk1i1+dXohiQMqNOFYqbZjR9pNsNSMcDoudGJFI0yGuE/bBgUOqHKT6aRjdGycHvJDaZ7QaOr+7khwoNQo8ExlgPVAzWep+V/WjrV/4SZMRLGmgmQf+TFHOkTp2qjHJCWajwxgIpmZFZEBlphoc5yCOYIzv/IiNE7Lzlm5clcpVY8gUx4O4BBOwIFzqMIt1KAOBHx4ghd4tYbWs/VmTbLSnDXr2Yc/sj5+ADZckYo=</latexit>

E =
<latexit sha1_base64="Eq3an5ZCt+PUC608yOTTldeF6yU=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgFV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6sU4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVY5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AJ3OSGg==</latexit>x1 <latexit sha1_base64="SlFZt8kTSUdIQQXG2ZXfd3tdIm0=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EquCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjVODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0UqycwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACj3khs=</latexit>x2

<latexit sha1_base64="psCsutBwK6t3fiKU9rFIaolhk9I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgFV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rEjOoWiW3InQovgzaB49TnO9FbtFL7aXUmSiApDONa65bmx8VOsDCOcjvLtRNMYkwHu0ZZFgSOq/XQy6gidWKeLQqnsEwZN3N8dKY60HkaBrYyw6ev5LDP/y1qJCS/9lIk4MVSQ6UdhwpGRKNsbdZmixPChBUwUs7Mi0scKE2Ovk7dH8OZXXoT6Wck7L5Vvy8XKMUyVg0M4glPw4AIqcANVqAGBHjzBC7w63Hl2xs77tHTJmfUcwB85Hz+D55JX</latexit>xn
<latexit sha1_base64="bNnnPrOIqTjqQu4sK24Wak8BVbM=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8EquCqJFHVnwY3LivYCbSiT6aQdOpmEmYkQQh/BjQuluvUlfA13vo2TtAtt/WHg4//PYc45XsSZ0rb9bRVWVtfWN4qbpa3tnd298v5BS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+CbL249UKhaKB51E1A3wUDCfEayNdZ/0nX65YlftXGgZnDlUrj+nmd4a/fJXbxCSOKBCE46V6jp2pN0US80Ip5NSL1Y0wmSMh7RrUOCAKjfNR52gU+MMkB9K84RGufu7I8WBUkngmcoA65FazDLzv6wba//KTZmIYk0FmX3kxxzpEGV7owGTlGieGMBEMjMrIiMsMdHmOiVzBGdx5WVonVedi2rtrlapn8BMRTiCYzgDBy6hDrfQgCYQGMITvMCrxa1na2q9z0oL1rznEP7I+vgBKPmSGw==</latexit>y1

<latexit sha1_base64="Wxhm7IUx+zj1Rz1BNW7v2bnW6FI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EquCozUtSdBTcuK9gLtEPJpGkbm0mGJCMMQ9/BjYsWcesz+BrufBszbRfa+kPg4//PIeecIOJMG9f9dnJr6xubW/ntws7u3v5B8fCooWWsCK0TyaVqBVhTzgStG2Y4bUWK4jDgtBmM7rK8+UyVZlI8miSifogHgvUZwcZajaTboZx3iyW37M6EVsFbQOn2c5JpWusWvzo9SeKQCkM41rrtuZHxU6wMI5yOC51Y0wiTER7QtkWBQ6r9dDbtGJ1bp4f6UtknDJq5vztSHGqdhIGtDLEZ6uUsM//L2rHp3/gpE1FsqCDzj/oxR0aibHXUY4oSwxMLmChmZ0VkiBUmxh6oYI/gLa+8Co3LsndVrjxUStUzmCsPJ3AKF+DBNVThHmpQBwJP8AITmDrSeXXenPd5ac5Z9BzDHzkfP75Hk6E=</latexit>y`

<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="Hfvf5xb5i8ys8UBfmru0wZk2b1Q=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm2AVXEhJpKg7C25cVrAXaEOZTKft0MkkzJwIIfQh3AhWxK2v4Gu4822ctF1o6w8DH/9/DnPO8SPBNTrOt5VbWV1b38hvFra2d3b3ivsHDR3GirI6DUWoWj7RTHDJ6shRsFakGAl8wZr+6DbLm49MaR7KB0wi5gVkIHmfU4LGaibd1D3HcbdYcsrOVPYyuHMo3Xy+ZJrUusWvTi+kccAkUkG0brtOhF5KFHIq2LjQiTWLCB2RAWsblCRg2kun447tU+P07H6ozJNoT93fHSkJtE4C31QGBId6McvM/7J2jP1rL+UyipFJOvuoHwsbQzvb3e5xxSiKxAChiptZbTokilA0FyqYI7iLKy9D46LsXpYr95VS9QRmysMRHMMZuHAFVbiDGtSBwgieYAKvVmQ9W2/W+6w0Z817DuGPrI8fLd2T2w==</latexit>y1,t

<latexit sha1_base64="u7PaLe48yYCbuA/keUtPm9FzCZE=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8EquJCSSFF3Fty4rGAv0IYymU7aoZNJmJkIIfQh3AhWxK2v4Gu4822cpF1o6w8DH/9/DnPO8SLOlLbtb6uwsrq2vlHcLG1t7+zulfcPWiqMJaFNEvJQdjysKGeCNjXTnHYiSXHgcdr2xrdZ3n6kUrFQPOgkom6Ah4L5jGBtrHbST51zf9IvV+yqnQstgzOHys3nS6Zpo1/+6g1CEgdUaMKxUl3HjrSbYqkZ4XRS6sWKRpiM8ZB2DQocUOWm+bgTdGqcAfJDaZ7QKHd/d6Q4UCoJPFMZYD1Si1lm/pd1Y+1fuykTUaypILOP/JgjHaJsdzRgkhLNEwOYSGZmRWSEJSbaXKhkjuAsrrwMrYuqc1mt3dcq9ROYqQhHcAxn4MAV1OEOGtAEAmN4gim8WpH1bL1Z77PSgjXvOYQ/sj5+ABiXk80=</latexit>y1,f
<latexit sha1_base64="vpyMYYZgMCoxmGLuOTxuvJQLvtw=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm2AVXEhJpKg7C25cVrAXbEOZTCft0MkkzJwIIfQt3FRQxK1P4Gu4822cti609YeBj/8/hznn+LHgGh3ny8otLa+sruXXCxubW9s7xd29ho4SRVmdRiJSLZ9oJrhkdeQoWCtWjIS+YE1/eD3Jmw9MaR7JO0xj5oWkL3nAKUFj3afdrMOEOMVRt1hyys5U9iK4P1C6+hhP9FTrFj87vYgmIZNIBdG67ToxehlRyKlgo0In0SwmdEj6rG1QkpBpL5tOPLKPjdOzg0iZJ9Geur87MhJqnYa+qQwJDvR8NjH/y9oJBpdexmWcIJN09lGQCBsje7K+3eOKURSpAUIVN7PadEAUoWiOVDBHcOdXXoTGWdk9L1duK6XqEcyUhwM4hBNw4QKqcAM1qAMFCY/wDC+WtsbWq/U2K81ZPz378EfW+zfI7JVh</latexit>y`,t

<latexit sha1_base64="9KTrZxc66boGx6OS3YOu8KQNcB0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm2AVXEhJpKg7C25cVrAXbEOZTE/aoZNJmJkIIfQt3FRQxK1P4Gu4822cti609YeBj/8/hznn+DFnSjvOl5VbWl5ZXcuvFzY2t7Z3irt7DRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPryd58wGlYpG402mMXkj6ggWMEm2s+7SbdZDz02DULZacsjOVvQjuD5SuPsYTPdW6xc9OL6JJiEJTTpRqu06svYxIzSjHUaGTKIwJHZI+tg0KEqLysunEI/vYOD07iKR5QttT93dHRkKl0tA3lSHRAzWfTcz/snaig0svYyJONAo6+yhIuK0je7K+3WMSqeapAUIlM7PadEAkodocqWCO4M6vvAiNs7J7Xq7cVkrVI5gpDwdwCCfgwgVU4QZqUAcKAh7hGV4sZY2tV+ttVpqzfnr24Y+s92+zppVT</latexit>y`,f

<latexit sha1_base64="2yLG/Xv5M1Q7BVkvaL523+GhgLc=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OjRUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA8oak6k=</latexit>· · ·

<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t

<latexit sha1_base64="2yLG/Xv5M1Q7BVkvaL523+GhgLc=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OjRUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA8oak6k=</latexit>· · ·<latexit sha1_base64="2yLG/Xv5M1Q7BVkvaL523+GhgLc=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OjRUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA8oak6k=</latexit>· · ·

<latexit sha1_base64="2yLG/Xv5M1Q7BVkvaL523+GhgLc=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OjRUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA8oak6k=</latexit>· · ·

<latexit sha1_base64="+or2sO1U5C7qvnba1B6OZZ8bsis=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWjXYLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMTo3TI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlTOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+AN+6kWE=</latexit>

a
<latexit sha1_base64="+or2sO1U5C7qvnba1B6OZZ8bsis=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWjXYLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMTo3TI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlTOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+AN+6kWE=</latexit>

a

<latexit sha1_base64="nWhBbkJhbUL167g0K72EOVya+NE=">AAAB63icbZDLSgMxFIbP1Futt6pLN8GiuCozpagbseDGZQv2Au1QMmmmDU0yQ5IRSukruHGhFrc+hK/hzrcx03ahrT8EPv7/HHLOCWLOtHHdbyeztr6xuZXdzu3s7u0f5A+PGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw7s0bz5SpVkkH8wopr7AfclCRrBJrVq3dNPNF9yiOxNaBW8BhdvPt1TTajf/1elFJBFUGsKx1m3PjY0/xsowwukk10k0jTEZ4j5tW5RYUO2PZ7NO0Jl1eiiMlH3SoJn7u2OMhdYjEdhKgc1AL2ep+V/WTkx47Y+ZjBNDJZl/FCYcmQili6MeU5QYPrKAiWJ2VkQGWGFi7Hly9gje8sqr0CgVvctiuVYuVM5hriycwClcgAdXUIF7qEIdCAzgCV7g1RHOszN13uelGWfRcwx/5Hz8AHBlkj0=</latexit>

Q2 =

<latexit sha1_base64="jMgyCfGIW/eyS2yexZAGydcuubE=">AAAB7HicbZDNTsJAFIVv8Q/xD3XpZgIxcUVaQ9CdJGxcYmKBBCqZDlOYMJ02M1MT0vAMblyIxq3v4Gu4822cAgsFTzLJl3Puzdx7/ZgzpW3728ptbG5t7+R3C3v7B4dHxeOTlooSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/3Mjy9iOVikXiXk9i6oV4KFjACNbGchsPTt/pF8t2xZ4LrYOzhPLN5yzTa7Nf/OoNIpKEVGjCsVJdx461l2KpGeF0WuglisaYjPGQdg0KHFLlpfNhp+jcOAMURNI8odHc/d2R4lCpSeibyhDrkVrNMvO/rJvo4NpLmYgTTQVZfBQkHOkIZZujAZOUaD4xgIlkZlZERlhios19CuYIzurK69C6rDi1SvWuWq6XYKE8nEEJLsCBK6jDLTTBBQIMnuAFZpawnq03631RmrOWPafwR9bHD/qrkoY=</latexit>

C1
1

<latexit sha1_base64="njjFO/opUFXyb82LhN61tmVpwE0=">AAAB7HicbZDNTsJAFIVv8Q/xD3XpZgIxcUVaQtSdJGxcYmKBBCqZDlOYMJ02M1MT0vAMblyIxq3v4Gu4822cAgsFTzLJl3Puzdx7/ZgzpW3728ptbG5t7+R3C3v7B4dHxeOTlooSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/3Mjy9iOVikXiXk9i6oV4KFjACNbGchsP1b7TL5btij0XWgdnCeWbz1mm12a/+NUbRCQJqdCEY6W6jh1rL8VSM8LptNBLFI0xGeMh7RoUOKTKS+fDTtG5cQYoiKR5QqO5+7sjxaFSk9A3lSHWI7WaZeZ/WTfRwbWXMhEnmgqy+ChIONIRyjZHAyYp0XxiABPJzKyIjLDERJv7FMwRnNWV16FVrTiXldpdrVwvwUJ5OIMSXIADV1CHW2iCCwQYPMELzCxhPVtv1vuiNGcte07hj6yPH/wxkoc=</latexit>

C2
1

<latexit sha1_base64="1522w7A/9U9NVZ60kIJMlBCNBu8=">AAAB7HicbZDNTsJAFIVv8Q/xD3XpZgIxcUVaJepOEjYuMbFAApVMhylMmE6bmakJaXgGNy5E49Z38DXc+TZOgYWCJ5nkyzn3Zu69fsyZ0rb9beXW1jc2t/LbhZ3dvf2D4uFRU0WJJNQlEY9k28eKciaoq5nmtB1LikOf05Y/qmd565FKxSJxr8cx9UI8ECxgBGtjufWHi57TK5btij0TWgVnAeWbz2mm10av+NXtRyQJqdCEY6U6jh1rL8VSM8LppNBNFI0xGeEB7RgUOKTKS2fDTtCpcfooiKR5QqOZ+7sjxaFS49A3lSHWQ7WcZeZ/WSfRwbWXMhEnmgoy/yhIONIRyjZHfSYp0XxsABPJzKyIDLHERJv7FMwRnOWVV6F5XnEuK9W7arlWgrnycAIlOAMHrqAGt9AAFwgweIIXmFrCerberPd5ac5a9BzDH1kfP/23kog=</latexit>

C3
1

<latexit sha1_base64="1GwjgEqJZQXDTYgpY9MvPRhduw4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8GiuCozUtSNWOjGZQV7gXYsmTTTxmaSIckIpfgObly0iFufwddw59uYabvQ1h8CH/9/DjnnBDFn2rjut5NZWV1b38hu5ra2d3b38vsHdS0TRWiNSC5VM8CaciZozTDDaTNWFEcBp41gUEnzxhNVmklxb4Yx9SPcEyxkBBtr1SsPXse77uQLbtGdCi2DN4fCzec41aTayX+1u5IkERWGcKx1y3Nj44+wMoxw+pxrJ5rGmAxwj7YsChxR7Y+m0z6jE+t0USiVfcKgqfu7Y4QjrYdRYCsjbPp6MUvN/7JWYsIrf8REnBgqyOyjMOHISJSujrpMUWL40AImitlZEeljhYmxB8rZI3iLKy9D/bzoXRRLd6VC+RRmysIRHMMZeHAJZbiFKtSAwCO8wBgmjnRenTfnfVaaceY9h/BHzscPfrCS0Q==</latexit>

C1
1 =

<latexit sha1_base64="IAQbg13jNLJTXnI6VtWEiN5JzSE=">AAAB7XicbZDLTgIxFIbP4A3xhrp000g0rsgMIerGSMLGJSZySWAkndKBSmc6aTsmZMI7uHEBMW59Bl/DnW9jB1go+CdNvvz/Oek5x4s4U9q2v63M2vrG5lZ2O7ezu7d/kD88aigRS0LrRHAhWx5WlLOQ1jXTnLYiSXHgcdr0htU0bz5TqZgIH/Qoom6A+yHzGcHaWI3qY6nr3HTzBbtoz4RWwVlA4fZzkmpa6+a/Oj1B4oCGmnCsVNuxI+0mWGpGOB3nOrGiESZD3KdtgyEOqHKT2bRjdGacHvKFNC/UaOb+7khwoNQo8ExlgPVALWep+V/WjrV/7SYsjGJNQzL/yI850gKlq6Mek5RoPjKAiWRmVkQGWGKizYFy5gjO8sqr0CgVncti+b5cqJzDXFk4gVO4AAeuoAJ3UIM6EHiCF5jA1BLWq/Vmvc9LM9ai5xj+yPr4AYA3ktI=</latexit>

C2
1 =

<latexit sha1_base64="FuSZh41S3fjXHOo+B9kWuhV4JUg=">AAAB7XicbZDLTgIxFIbP4A3xhrp000g0rsiMEnVjJGHjEhO5JDCSTulApdOZtB0TMuEd3LiAGLc+g6/hzrexAywU/JMmX/7/nPSc40WcKW3b31ZmZXVtfSO7mdva3tndy+8f1FUYS0JrJOShbHpYUc4ErWmmOW1GkuLA47ThDSpp3nimUrFQPOhhRN0A9wTzGcHaWPXK40XHuenkC3bRngotgzOHwu3nONWk2sl/tbshiQMqNOFYqZZjR9pNsNSMcDrKtWNFI0wGuEdbBgUOqHKT6bQjdGKcLvJDaZ7QaOr+7khwoNQw8ExlgHVfLWap+V/WirV/7SZMRLGmgsw+8mOOdIjS1VGXSUo0HxrARDIzKyJ9LDHR5kA5cwRnceVlqJ8Xncti6b5UKJ/CTFk4gmM4AweuoAx3UIUaEHiCFxjDxAqtV+vNep+VZqx5zyH8kfXxA4G+ktM=</latexit>

C3
1 =

<latexit sha1_base64="Mi7moKVEjmcnzjVaa9jkVydexgc=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm6FFcFWSUtSdBTcuK9oLtKFMppN26GQSZiZiCX0ENy6U6taX8DXc+TZO0i609YeBj/8/hznneBFnStv2t5VbW9/Y3MpvF3Z29/YPiodHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG174+s0bz9QqVgo7vUkom6Ah4L5jGBtrLvHfrVfLNsVOxNaBWcB5avPWaq3Rr/41RuEJA6o0IRjpbqOHWk3wVIzwum00IsVjTAZ4yHtGhQ4oMpNslGn6NQ4A+SH0jyhUeb+7khwoNQk8ExlgPVILWep+V/WjbV/6SZMRLGmgsw/8mOOdIjSvdGASUo0nxjARDIzKyIjLDHR5joFcwRneeVVaFUrznmldlsr10swVx5OoARn4MAF1OEGGtAEAkN4ghd4tbj1bM2s93lpzlr0HMMfWR8/KF2SGQ==</latexit>

x2

<latexit sha1_base64="eovzkhjbVR6Ic4YcWrbXy0AG690=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm6FFcFUSqZedBTcuK9oLtKFMppN26GQSZiZiCX0ENy6U6taX8DXc+TZO0i609YeBj/8/hznneBFnStv2t5VbWV1b38hvFra2d3b3ivsHTRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG15o+s0bz1QqVgo7vU4om6AB4L5jGBtrLvH3lmvWLYrdia0DM4cylef01Rv9V7xq9sPSRxQoQnHSnUcO9JugqVmhNNJoRsrGmEywgPaMShwQJWbZKNO0LFx+sgPpXlCo8z93ZHgQKlx4JnKAOuhWsxS87+sE2v/0k2YiGJNBZl95Mcc6RCle6M+k5RoPjaAiWRmVkSGWGKizXUK5gjO4srL0DytOOeV6m21XCvBTHk4ghKcgAMXUIMbqEMDCAzgCV7g1eLWszW13melOWvecwh/ZH38ACzpkhw=</latexit>

x5

<latexit sha1_base64="kv1h2YwJbSWF01tTi9XtwTPRj6A=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm6FFcFUSKerOghuXFe0F2lAm00k7dDIJMxMhhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n2yqsrW9sbhW3Szu7e/sH9uFRS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++CbP249UKhaJB53G1AvxULCAEayNdZ/2a3274lSdmdAquAuoXH9Oc701+vZXbxCRJKRCE46V6rpOrL0MS80Ip5NSL1E0xmSMh7RrUOCQKi+bjTpBp8YZoCCS5gmNZu7vjgyHSqWhbypDrEdqOcvN/7JuooMrL2MiTjQVZP5RkHCkI5TvjQZMUqJ5agATycysiIywxESb65TMEdzllVehdV51L6q1u1qlXoa5inACZTgDFy6hDrfQgCYQGMITvMCrxa1na2q9z0sL1qLnGP7I+vgBLOuSHA==</latexit>

y4

<latexit sha1_base64="DVp5pw8NHKqVFyskD4ymGep91G4=">AAAB7XicbZDLSgMxFIYzXmu9VV26CS2CCykzUtSdBTcuK9gLtEPJpJk2NpMMyRmhDH0HNy5axK3P4Gu4823MtF1o6w+Bj/8/h5xzglhwA6777aytb2xubed28rt7+weHhaPjhlGJpqxOlVC6FRDDBJesDhwEa8WakSgQrBkM77K8+cy04Uo+wihmfkT6koecErBWA3DnAkO3UHLL7kx4FbwFlG4/J5mmtW7hq9NTNImYBCqIMW3PjcFPiQZOBRvnO4lhMaFD0mdti5JEzPjpbNoxPrNOD4dK2ycBz9zfHSmJjBlFga2MCAzMcpaZ/2XtBMIbP+UyToBJOv8oTAQGhbPVcY9rRkGMLBCquZ0V0wHRhII9UN4ewVteeRUal2Xvqlx5qJSqRTRXDp2iIjpHHrpGVXSPaqiOKHpCL2iCpo5yXp03531euuYsek7QHzkfP5dHkt4=</latexit>

t t

<latexit sha1_base64="BDWuAm9CE3NH6IS8hs8fFnD0ijQ=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDb9fLNsVey7yF5wllK8/Zpne6v3iZ28QsSTAUDNBleo6dqzdlErNmcBpoZcojCkb0yF2DYY0QOWm80Gn5NQ4A+JH0rxQk7n7syOlgVKTwDOVAdUjtZpl5n9ZN9H+lZvyME40hmzxkZ8IoiOSbU0GXCLTYmKAMsnNrISNqKRMm9sUzBGc1ZX/Quu84lxUqo1quVaChfJwAiU4AwcuoQa3UIcmMEB4hGd4se6tJ+vVmi1Kc9ay5xh+yXr/BuYakWI=</latexit>

f

<latexit sha1_base64="BDWuAm9CE3NH6IS8hs8fFnD0ijQ=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDb9fLNsVey7yF5wllK8/Zpne6v3iZ28QsSTAUDNBleo6dqzdlErNmcBpoZcojCkb0yF2DYY0QOWm80Gn5NQ4A+JH0rxQk7n7syOlgVKTwDOVAdUjtZpl5n9ZN9H+lZvyME40hmzxkZ8IoiOSbU0GXCLTYmKAMsnNrISNqKRMm9sUzBGc1ZX/Quu84lxUqo1quVaChfJwAiU4AwcuoQa3UIcmMEB4hGd4se6tJ+vVmi1Kc9ay5xh+yXr/BuYakWI=</latexit>

f
<latexit sha1_base64="zJ8i/ujqCbtOfgslGRFjCD0U8JE=">AAAB73icbZDJSgNBEIZrXGPcoh69NEbBg4QZCerNgBePEcwCyRB6Oj1Jk57F7hohDHkJL+KCePURfA1vvo09SQ6a+EPDx/9X0VXlxVJotO1va2FxaXllNbeWX9/Y3Nou7OzWdZQoxmsskpFqelRzKUJeQ4GSN2PFaeBJ3vAGV1neuOdKiyi8xWHM3YD2QuELRtFYzWEnLZ+gP+oUinbJHovMgzOF4uXnU6bnaqfw1e5GLAl4iExSrVuOHaObUoWCST7KtxPNY8oGtMdbBkMacO2m43lH5Mg4XeJHyrwQydj93ZHSQOth4JnKgGJfz2aZ+V/WStC/cFMRxgnykE0+8hNJMCLZ8qQrFGcohwYoU8LMSlifKsrQnChvjuDMrjwP9dOSc1Yq35SLlUOYKAf7cADH4MA5VOAaqlADBhIe4AVerTvr0Xqz3ielC9a0Zw/+yPr4AfSHlE4=</latexit>y4,tf

<latexit sha1_base64="6MhDHdBkPwebieWTwWBqhstLrs4=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EquCqZUmq7suDGZQV7gXYomTRto5nMkGSEMvQd3LhoEbc+g6/hzrcx0yqo6A+Bj/8/h5xz/EhwbTB+dzIrq2vrG9nN3Nb2zu5efv+gpcNYUdakoQhVxyeaCS5Z03AjWCdSjAS+YG3/7jLN2/dMaR7KGzOJmBeQkeRDTomxVqvnE4VUP1/ARWxVqaAU3Cp2LdRq1VKphtxFhHHh4nWWat7o5996g5DGAZOGCqJ118WR8RKiDKeCTXO9WLOI0DsyYl2LkgRMe8li2ik6tc4ADUNlnzRo4X7vSEig9STwbWVAzFj/zlLzr6wbm2HVS7iMYsMkXX40jAUyIUpXRwOuGDViYoFQxe2siI6JItTYA+XsEb42Rf9Dq1R0K8XydblQP4GlsnAEx3AGLpxDHa6gAU2gcAsPMIO5EzqPzpPzvCzNOJ89h/BDzssHnqyTkA==</latexit>

r̄
<latexit sha1_base64="6MhDHdBkPwebieWTwWBqhstLrs4=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EquCqZUmq7suDGZQV7gXYomTRto5nMkGSEMvQd3LhoEbc+g6/hzrcx0yqo6A+Bj/8/h5xz/EhwbTB+dzIrq2vrG9nN3Nb2zu5efv+gpcNYUdakoQhVxyeaCS5Z03AjWCdSjAS+YG3/7jLN2/dMaR7KGzOJmBeQkeRDTomxVqvnE4VUP1/ARWxVqaAU3Cp2LdRq1VKphtxFhHHh4nWWat7o5996g5DGAZOGCqJ118WR8RKiDKeCTXO9WLOI0DsyYl2LkgRMe8li2ik6tc4ADUNlnzRo4X7vSEig9STwbWVAzFj/zlLzr6wbm2HVS7iMYsMkXX40jAUyIUpXRwOuGDViYoFQxe2siI6JItTYA+XsEb42Rf9Dq1R0K8XydblQP4GlsnAEx3AGLpxDHa6gAU2gcAsPMIO5EzqPzpPzvCzNOJ89h/BDzssHnqyTkA==</latexit>

r̄
<latexit sha1_base64="6MhDHdBkPwebieWTwWBqhstLrs4=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EquCqZUmq7suDGZQV7gXYomTRto5nMkGSEMvQd3LhoEbc+g6/hzrcx0yqo6A+Bj/8/h5xz/EhwbTB+dzIrq2vrG9nN3Nb2zu5efv+gpcNYUdakoQhVxyeaCS5Z03AjWCdSjAS+YG3/7jLN2/dMaR7KGzOJmBeQkeRDTomxVqvnE4VUP1/ARWxVqaAU3Cp2LdRq1VKphtxFhHHh4nWWat7o5996g5DGAZOGCqJ118WR8RKiDKeCTXO9WLOI0DsyYl2LkgRMe8li2ik6tc4ADUNlnzRo4X7vSEig9STwbWVAzFj/zlLzr6wbm2HVS7iMYsMkXX40jAUyIUpXRwOuGDViYoFQxe2siI6JItTYA+XsEb42Rf9Dq1R0K8XydblQP4GlsnAEx3AGLpxDHa6gAU2gcAsPMIO5EzqPzpPzvCzNOJ89h/BDzssHnqyTkA==</latexit>

r̄

Figure 7: Left: Query 𝑄1 used in Theorem 6.2 and the gadgets 𝐷 ,
and 𝐸 used in its definition. The 𝑟 blue edges depict the edges of
the complement of 𝑟 (i.e., the edges which are not in relation 𝑟 ) for
clarity. Right: Example of 𝑄2 for 𝜑 = (𝑥2 ∨ ¬𝑥5 ∨ ¬𝑦4).

valuation of the 𝑦-variables is given by the homomorphism of an
expansion of 𝑄2 into 𝐸1 (i.e., whether the corresponding node is
mapped to the node 𝑦␣,𝑡 or 𝑦␣,𝑓 ). The homomorphism of 𝑦-variables
across several clauses has to be consistent, as all clauses share the
same nodes 𝑦␣,𝑡 𝑓 , which uniquely get mapped either into 𝑦␣,𝑡 or 𝑦␣,𝑓 .
Hence, when the formula Φ is satisfiable, for any assignment to
the variables {𝑥𝑖 } (given by the choice of 𝑡/𝑓 edges in 𝐷), there is
a mapping from 𝑦␣,𝑡 𝑓 to one of 𝑦␣,𝑓 or 𝑦␣,𝑡 . This gives 𝑄1 ⊆a-inj 𝑄2.
Conversely, if an expansion of 𝑄2 can be mapped into 𝐾 , then, for
a choice of 𝑡/𝑓 edges in 𝐷 , we have an embedding of each clause
gadget of𝑄2 in 𝐾 . In particular, we can always map a literal in each
clause of𝑄2 to 𝐷 , ensuring that 𝜑 is satisfied. As this is true for any
expansion 𝐾 obtained by any 𝑡/𝑓 assignment to {𝑥𝑖 }, we obtain
that Φ is satisfiable. □

Other results. The remaining results are summarized on Figure 1
and the following theorem, whose proofs can be found in Appen-
dix F.

Theorem 6.3.

(1) The CQ/CRPQ and CQ/CQ containment problems are NP-
complete under query-injective semantics. (Proposition F.2 in
Appendix F.)

(2) The CQ/CQ containment problem under atom-injective se-
mantics is NP-complete. (Corollary F.4 in Appendix F.)

(3) The CRPQ/CQ and CRPQfin/CQ containment problems are
Π
𝑝

2 -hard, under standard and atom-injective semantics. (Propo-
sition F.6 in Appendix F.)

(4) The CRPQ/CQ and CRPQfin/CQ containment problems are
in Π

𝑝

2 , under all semantics. (Proposition F.7 in Appendix F.)
(5) The CRPQ/CRPQfin containment problem is PSpace-hard

under all semantics. (Proposition F.8 in Appendix F.)
(6) The CRPQ/CRPQfin containment problem is in PSpace under

standard semantics. (Proposition F.9 in Appendix F.)
(7) The CRPQfin/CRPQ containment problem is in Π

𝑝

2 , under all
semantics. (Proposition F.10 in Appendix F.)



7 DISCUSSION AND OUTLOOK
We have defined two possible injective semantics for CRPQs, pro-
viding two ways to extend the simple-path semantics of RPQs to
the realm of CRPQs. On these semantics, we have shown that the
containment problem differs drastically from the standard seman-
tics, in some cases improving the complexity, and in some cases
making the problem directly undecidable.

Both of these semantics are natural generalizations of simple-
path semantics of RPQs. For instance, if we revert the role of edges
and nodes, CRPQs under atom-injective semantics is present in the
popular graph database Neo4j. While query-injective semantics is
less common in practice, we still believe that this semantics, and
in particular, looking for disjoint paths, may be useful for users
and may provide an interesting feature for graph query languages.
Further empirical investigation is needed to assess the practical
usefulness of these two semantics.

While the fragments of the class of CRPQs we have studied are
probably the three most fundamental subclasses, there are other
more fine-grained fragments based on the form of regular expres-
sions used in the CRPQs, which are practically very relevant [7, 8].
These fragments have been studied under standard semantics [15],
and it would be interesting to understand how they behave under
injective semantics. A different direction is to consider larger classes
of queries, understanding how injective semantics are extended,
and the impact on the bounds for containment – such as CRPQ
with two-way navigation and union (UC2RPQ) [9], Extended CRPQ
(ECRPQ) [6], or Regular Queries [27].

We have limited our investigation to (extensions of) the simple-
path semantics. Another possibility is to consider trail semantics,
which can be extended in a similar way to CRPQs, obtaining again
two alternative semantics: query-edge-injective and atom-edge-
injective, based on the notion of edge-injective homomorphisms.
Many of our results can be extended to these semantics, and we sus-
pect that complexities for query-edge-injective and query-injective
coincide on all studied fragments, and likewise for atom-edge-
injective and atom-injective. In particular, while neither the unde-
cidability nor the PSpace upper-bound seem to go through when
simply reversing the role of nodes and edges, we believe that both
proofs can be adapted.

One possible research direction is on another fundamental static
analysis problem for CRPQs, namely the boundedness problem,
which checks whether a CRPQ is equivalent to a finite union of
CQs. This problem is decidable for standard semantics [5].
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A APPENDIX TO SECTION 2
Proof of Proposition 2.2. The result is well-known for the

case of standard semantics so we focus on query-injective semantics.
Suppose𝐺 = (𝑉 , 𝐸) and𝑄 is of the form𝑄 (𝑥) = 𝐴1 ∧ · · · ∧𝐴𝑚 . Re-
call𝑄 (𝑥) is equivalent to a union Q𝜀−𝑓 𝑟𝑒𝑒 of 𝜀-free CRPQs. Assume
first that 𝑣 ∈ 𝑄 (𝐺)q-inj. Then 𝑣 ∈ 𝑄 ′(𝐺)q-inj for some𝑄 ′ ∈ Q𝜀−𝑓 𝑟𝑒𝑒
of the form 𝑄 ′(𝑧) = 𝐴′1 ∧ · · · ∧𝐴

′
𝑘

. Without loss of generality, as-
sume 𝐴𝑘+1, . . . , 𝐴𝑚 are precisely the atoms of 𝑄 collapsed in the
construction of 𝑄 ′ (that is, we take the 𝜀-word on those atoms).
In particular, the language of the atom 𝐴′

𝑖
is the language of 𝐴𝑖

minus 𝜀, for 𝑖 ∈ {1, . . . , 𝑘}. There exists then an injective map-
ping 𝜇 from vars(𝑄 ′) to 𝑉 (satisfying 𝜇 (𝑧) = 𝑣), and for each atom

𝐴′
𝑖
= 𝑥𝑖

𝐿′𝑖−−→ 𝑦𝑖 , a simple path 𝜋𝑖 from 𝜇 (𝑥𝑖 ) to 𝜇 (𝑦𝑖 ) such that dis-
tinct paths do not share internal nodes. We can take the expansion
𝐸 ∈ Exp (𝑄) produced by the expansion profile of 𝑄 that maps 𝐴𝑖
to the word 𝜀, if 𝑖 ∈ {𝑘 + 1, . . . ,𝑚}, and maps 𝐴𝑖 to the label of 𝜋𝑖 ,
for 𝑖 ∈ {1, . . . , 𝑘}. We can define a homomorphism ℎ : 𝐸 → (𝐺, 𝑣)
by mapping the non-internal variables of 𝐸 according to 𝜇 and each
atom expansion to the corresponding simple path in𝐺 . As the paths
do not share internal nodes this is an injective homomorphism, and

hence 𝐸
inj
−−→ (𝐺, 𝑣).

For the other direction, suppose that ℎ : 𝐸
inj
−−→ (𝐺, 𝑣) for some

expansion 𝐸 ∈ Exp (𝑄). Let 𝜑 be the expansion profile generating
𝐸. We construct an 𝜀-free CRPQ 𝑄 ′ ∈ Q𝜀−𝑓 𝑟𝑒𝑒 as follows: if 𝜑
assigns the word 𝜀 to 𝐴𝑖 , then collapse 𝐴𝑖 , otherwise, remove 𝜀
from its language. Suppose that𝑄 ′ is of the form𝑄 ′(𝑧) = 𝐴′1∧· · ·∧
𝐴′
𝑘

. We have that 𝑣 ∈ 𝑄 ′(𝐺)q-inj. Indeed, define the mapping 𝜇 :
vars(𝑄 ′) → 𝑉 as the restriction of ℎ to the non-internal variables
of 𝐸, and define the path 𝜋𝑖 to be the image via ℎ of the expansion of
the atom 𝐴′

𝑖
in 𝐸. Since ℎ is injective, the 𝜋𝑖 ’s are simple paths and

do not share internal nodes. Moreover, the mapping 𝜇 is injective.
Hence 𝑣 ∈ 𝑄 ′(𝐺)q-inj, which implies that 𝑣 ∈ 𝑄 (𝐺)q-inj as required.

□

Proof of Proposition 2.3. The proof is analogous to the proof
of Proposition 2.2, replacing injective homomorphisms by atom-
injective homomorphisms. □

B APPENDIX TO SECTION 4
Proof of Proposition 4.3. The proof is identical to the proof

of Proposition 4.2 replacing homomorphisms by injective homo-
morphisms. For the sake of completeness, we give the proof below.

Assume 𝑄1 ⊆q-inj 𝑄2 and take 𝐸1 (𝑦) ∈ Exp (𝑄1). Recall that we
can see the query 𝐸1 (𝑦) as a graph database (of the same name)

where each atom is interpreted as an edge. We have 𝐸1
inj
−−→ (𝐸1, 𝑦)

and hence 𝑦 ∈ 𝑄1 (𝐸1)q-inj. By hypothesis, 𝑦 ∈ 𝑄2 (𝐸1)q-inj, that is,

there is 𝐸2 ∈ Exp (𝑄2) such that 𝐸2
inj
−−→ (𝐸1, 𝑦), i.e, 𝐸2

inj
−−→ 𝐸1. For

the other direction, assume 𝑣 ∈ 𝑄1 (𝐺)q-inj for some graph database
𝐺 and tuple 𝑣 of nodes. There is an expansion 𝐸1 ∈ Exp (𝑄1) such

that 𝐸1
inj
−−→ (𝐺, 𝑣). By hypothesis, there exists 𝐸2 ∈ Exp (𝑄2) with

𝐸2
inj
−−→ 𝐸1. By composition, we obtain 𝐸2

inj
−−→ (𝐺, 𝑣), hence 𝑣 ∈

𝑄2 (𝐺)q-inj. □

Proof of Lemma 4.4. We start with (1)⇒(2). Let ℎ be a witness

for 𝐸
a-inj
−−−−→ (𝐺, 𝑣). Define the query 𝐹 = 𝐸∧𝐽 where 𝐽 is the conjunc-

tion of all equality atoms 𝑥 = 𝑦 with 𝑥,𝑦 ∈ vars(𝐸) and ℎ(𝑥) = ℎ(𝑦).
Since ℎ is atom-injective, we have 𝐹 := 𝐹≡ ∈ Expa-inj (𝑄). More-

over, there is 𝑔 : 𝐹
inj
−−→ (𝐺, 𝑣) as required. Indeed, let Φ : vars(𝐸) →

vars(𝐹 ) be the canonical renaming. For each 𝑥 ∈ vars(𝐹 ), we set
𝑔(𝑥) = ℎ(𝑥 ′), where 𝑥 ′ is any variable in 𝐸 with Φ(𝑥 ′) = 𝑥 . By
construction, 𝑔 is an injective homomorphism. Conversely, suppose
𝐹 = 𝐹≡ for 𝐹 = 𝐸 ∧ 𝐽 with expansion 𝐸 ∈ Exp (𝑄) and let 𝑔 be a

witness for 𝐹
inj
−−→ (𝐺, 𝑣). Let Φ : vars(𝐸) → vars(𝐹 ) be the canon-

ical renaming. Observe that Φ is actually a homomorphism from
𝐸 to 𝐹 . By definition of a-inj-expansions, Φ is an atom-injective
homomorphism from 𝐸 to 𝐹 . By composing Φ with 𝑔 we obtain

𝐸
a-inj
−−−−→ (𝐺, 𝑣). The case of 𝐸 ′ instead of 𝐺 is analogous. □

Proof of Proposition 4.6. By Lemma 4.4 it suffices to consider
the equivalence between items (1) and (2). Suppose first 𝑄1 ⊆a-inj
𝑄2 and take 𝐹1 ∈ Expa-inj (𝑄1). We can see 𝐹1 (𝑦) as a graph database
(of the same name) where each atom is interpreted as an edge. We

have 𝐹1
inj
−−→ (𝐹1, 𝑦) and, by Corollary 4.5, we obtain𝑦 ∈ 𝑄1 (𝐹1)a-inj.

By hypothesis, 𝑦 ∈ 𝑄2 (𝐹1)a-inj, that is, there is 𝐸2 ∈ Exp (𝑄2)
such that 𝐸2

a-inj
−−−−→ (𝐹1, 𝑦), i.e, 𝐸2

a-inj
−−−−→ 𝐹1. For the other direction,

assume 𝑣 ∈ 𝑄1 (𝐺)a-inj for some graph database 𝐺 and tuple 𝑣 of

nodes. By Corollary 4.5, there is 𝐹1 ∈ Expa-inj (𝑄1) and 𝑔 : 𝐹1
inj
−−→

(𝐺, 𝑣). By hypothesis, there is 𝐸2 ∈ Exp (𝑄2) and 𝑓 : 𝐸2
a-inj
−−−−→ 𝐹1.

By composing 𝑓 with 𝑔 we obtain that 𝐸2
a-inj
−−−−→ (𝐺, 𝑣). We conclude

that 𝑣 ∈ 𝑄2 (𝐺)a-inj. □

C FULL PROOF OF THEOREM 5.1
Let 𝑄1 (𝑥1), 𝑄2 (𝑥2) be CRPQs; we want to test 𝑄1 ⊆q-inj 𝑄2.

We often blur the distinction between a CRPQ and an edge-
labeled graph, whose edges are regular expressions. Hence, the
degree [resp. in-degree; out-degree] of a variable is the number of
atoms containing it [resp. as a second variable; as a first variable].

High-level idea. We first give a high-level description of the proof.
We will work with polynomial-sized ‘abstractions’ of expansions
of 𝑄1. These abstractions contain, for each atom 𝐴 of 𝑄1, all the
information on how the languages of𝑄2 can be mapped into it. For
example, it includes the information “there is a partial run from
state 𝑞 to state 𝑞′ of the NFAA𝐿 of language 𝐿 from𝑄2 reading the
expansion word of𝐴”, or “there is a partial run from the initial state
of A𝐿 to 𝑞 reading some suffix of the expansion word of 𝐴”. Such
an abstraction contains all the necessary information needed to
retain from an expansion to check if it is a counter-example. Indeed,
any expansion with the same abstraction as a counter-example will
be a counter-example.

In order to test whether an abstraction 𝛼 abstracts a counter-
example, we need to consider all possible ways of injectively map-
ping an expansion of 𝑄2 to an expansion of 𝑄1. We call this mor-
phism type, which contains the information of where each atom
expansion of 𝑄2 is mapped. For example, we can have the informa-
tion that the path to which the expansion of atom𝐴 of𝑄2 is mapped

starts at some internal node of the expansion of atom 𝐴1 = 𝑥
𝐿1−−→ 𝑦

of 𝑄1 then arrives to variable 𝑦 with state 𝑞 and continues reading



the full expansion of atom 𝐴2 = 𝑦
𝐿2−−→ 𝑧 arriving to variable 𝑧 with

state 𝑞′, and it ends its journey by reading a prefix of the expansion

of atom 𝐴3 = 𝑧
𝐿3−−→ 𝑡 arriving to a final state at some internal node.

For each morphism type, we can check if it is compatible with an
abstraction by checking, for example, that 𝛼 indeed contains the
information of having a partial run from 𝑞′ to a final state reading
a prefix of the expansion of 𝐴3.

The important property is that an abstraction 𝛼 is compatible
with a morphism type 𝜏 iff for every expansion 𝐸1 of 𝑄1 with
abstraction 𝛼 there is an expansion 𝐸2 of 𝑄2 with morphism type 𝜏

such that 𝐸2
inj
−−→ 𝐸1. Hence, the PSpace algorithm simply guesses 𝛼

and checks that𝛼, 𝜏 are not compatible, for every possible morphism
type 𝜏 . We now give some more details for these ideas.

Remark C.1. Any CRPQ is q-inj-equivalent to one in which there is
no variable 𝑦 incident to two atoms, with in-degree and out-degree

equal to one. This is because 𝑥
𝐿−→ 𝑦 ∧ 𝑦 𝐿′−−→ 𝑥 ′ is equivalent (under

q-inj or standard semantics) to 𝑥
𝐿 ·𝐿′−−−→ 𝑥 ′ (assuming 𝑦 ∉ {𝑥, 𝑥 ′}).

Due to Remark C.1, we can assume that the mapping from the
expansion of𝑄2 to the expansion of𝑄1 is such that no two variables
can be mapped to two internal nodes of an atom expansion.

Remark C.2. For every CRPQ 𝑄 one can produce an equivalent
union 𝑄 ′ of CRPQs such that (i) no language of 𝑄 ′ contains 𝜀 and

(ii) there are no two distinct atoms 𝑥
𝐿−→ 𝑦 and 𝑥

𝐿′−−→ 𝑦 in 𝑄 ′ with
some single-letter word 𝑎 ∈ A in 𝐿 ∩ 𝐿′. Further,𝑄 ′ is an exponential
union of polynomial-sized CRPQs, and testing whether a CRPQ is in
the union is in PSpace.

Terminology. By path (of an expansion or directed graph) we
mean a directed path, that is, a sequence of edges of the form
𝜋 = (𝑣0, 𝑣1) (𝑣1, 𝑣2) · · · (𝑣𝑛−1, 𝑣𝑛). An internal node of a path is any
node excluding the initial and final ones (i.e., 𝑣0 and 𝑣𝑛). For a
path 𝜋 , and a morphism ℎ, we denote by ℎ(𝜋) the path obtained by
replacing each vertex 𝑣 with ℎ(𝑣). For a (directed) path 𝜋 , we denote
by 𝑠𝑟𝑐 (𝜋) [resp. 𝑡𝑔𝑡 (𝜋)] the first [resp. last] vertex. A subpath of a
path 𝜋 as above, is a path of the form (𝑣𝑖 , 𝑣𝑖+1) · · · (𝑣 𝑗 , 𝑣 𝑗+1) where
0 ≤ 𝑖 ≤ 𝑗 < 𝑛 (in particular of length at least 1). An infix [resp. prefix,
suffix] of a path of 𝜋 is a subpath which does not contain 𝑠𝑟𝑐 (𝜋) or
𝑡𝑔𝑡 (𝜋) [resp. contains 𝑡𝑔𝑡 (𝜋) and excludes 𝑠𝑟𝑐 (𝜋), contains 𝑠𝑟𝑐 (𝜋)
and excludes 𝑡𝑔𝑡 (𝜋)]. We often blur the distinction between regular
languages, regular expressions, NFA, and CRPQ atoms containing
a regular language. For instance, we may write “𝑞 is a final state of

atom 𝑥
𝐿−→ 𝑦”, meaning that it is a final state of the NFA representing

𝐿.
Restriction of queries. To simplify the proof, we will assume that

𝑄1, 𝑄2 have the following properties:
• there is no 𝜀 in any of the languages;

• there are no two atoms 𝑥
𝐿−→ 𝑦 and 𝑥

𝐿′−−→ 𝑦 with some
single-letter word 𝑎 ∈ A in 𝐿 ∩ 𝐿′;
• the queries are connected.

We will later show how to lift these assumptions.

Remark C.3. As a consequence of Remark C.1, for the CRPQ/CRPQ
containment problem of 𝑄1 ⊆q-inj 𝑄2 under q-inj semantics, and
assuming the properties above, we can restrict our attention to injective

homomorphisms 𝐸1
inj
−−→ 𝐸1 (where 𝐸𝑖 ∈ Exp (𝑄𝑖 )) such that if two

distinct variables 𝑥,𝑦 ∈ vars(𝑄1) are mapped to distinct internal
nodes of an atom expansion, then theymust both be of degree 1. That is,
in view of the characterization of Proposition 4.3, 𝑄1 ⊆q-inj 𝑄2 iff for

every 𝐸1 ∈ Exp (𝑄1) there is 𝐸2 ∈ Exp (𝑄2) such that ℎ : 𝐸2
inj
−−→ 𝐸1,

where ℎ has the property above.

Without any loss of generality, let us assume that all the NFA
of the languages of 𝑄2 have pairwise disjoint sets of states, and
that they are complete and co-complete (i.e., for every letter and
state there is an incoming and an outgoing transition with that
letter). Let us consider A𝑄2 as an automaton having as transitions
the (disjoint) union of all the transitions for the automata of 𝑄2. In
this context we will denote by initial state [resp. final state] a state
which is initial [resp. final] in the automaton from which it comes.

An abstraction of an expansion 𝐸1 of 𝑄1 is a mapping 𝛼 from the
atoms of 𝑄1 to subsets of 𝑃 , where

𝑃 = {⟨𝑞-𝑞′⟩ : 𝑞, 𝑞′ states of A𝑄2 } ∪ {⟨𝑞-|-𝑞′⟩ : 𝑞, 𝑞′ states of A𝑄2 } ∪
{⟨𝑞-|··|-𝑞′⟩ : 𝑞, 𝑞′ states of A𝑄2 } ∪ {⟨··𝑞-𝑞′··⟩ : 𝑞, 𝑞′ states of A𝑄2 }

such that for every expansion 𝑥
𝑤−→ 𝑦 of an atom 𝐴 we have:

• ⟨𝑞-𝑞′⟩ ∈ 𝛼 (𝐴) if there is a partial run of A𝑄2 from 𝑞 to 𝑞′
reading𝑤 ;
• ⟨𝑞-|-𝑞′⟩ ∈ 𝛼 (𝐴) if for some 𝑤 = 𝑢 · 𝑣 with 𝑢, 𝑣 ≠ 𝜀 there is a

partial run of A𝑄2 from 𝑞 to a final state reading 𝑢, and a
partial run from an initial state to 𝑞′ reading 𝑣 ;
• ⟨𝑞-|··|-𝑞′⟩ ∈ 𝛼 (𝐴) if for some𝑤 = 𝑢 · 𝑠 · 𝑣 with 𝑠,𝑢, 𝑣 ≠ 𝜀 there

is a partial run of A𝑄2 from 𝑞 to a final state reading 𝑢, and
a partial run of A𝑄2 from an initial state to 𝑞′ reading 𝑣 ;
• ⟨··𝑞-𝑞′··⟩ ∈ 𝛼 (𝐴) if for some𝑤 = 𝑢 · 𝑠 · 𝑣 with 𝑠,𝑢, 𝑣 ≠ 𝜀 there

is a partial run of A𝑄2 from 𝑞 to 𝑞′ reading 𝑠 .
Observe that the size of any abstraction is polynomial in 𝑄1, 𝑄2.

The set of abstractions of 𝑄1, is the set of abstractions of all its
expansions.

Claim C.1. Testing whether a mapping is an abstraction of 𝑄1 is in
PSpace.

Indeed, a standard pumping argument shows that if 𝛼 is an ab-
straction of𝑄1, it has a witnessing expansion of at most exponential
size. Using this bound, an on-the-fly PSpace algorithm can guess
the expansion for each atom and check that each atom 𝐴 has ab-
straction 𝛼 (𝐴). This is done by guessing one letter at a time while
keeping track of all possible partial runs it contains. The procedure
also keeps a poly-sized counter to keep track of the size of the
expansion being produced, and rejects the computation whenever
the size exceeds the exponential bound.

Consider the directed graph G consisting of replacing each atom

𝐴 = 𝑥
𝐿−→ 𝑦 of 𝑄1 with a path 𝜋G

𝐴
of length 3 (i.e., adding two new

internal vertices). A morphism type from 𝑄2 (𝑥2) to 𝑄1 (𝑥1) is a pair

(𝐻,ℎ) such that ℎ : 𝐻
inj
−−→ G, and 𝐻 is a graph resulting from

replacing each atom 𝐴 = 𝑥
𝐿−→ 𝑦 of 𝑄2 with a (non-empty) path

𝜋𝐻
𝐴

from 𝑥 to 𝑦. Further, we also ask that free variables are mapped
accordingly, that is, ℎ(𝑥2) = 𝑥1. Figure 8 contains an example of a
morphism type (𝐻,ℎ). It follows that, by injectivity, the size of 𝐻
in any morphism type is linearly bounded on 𝑄1.
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<latexit sha1_base64="L40PPxpOdgH4yqZEKSL4sL8aeF8=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdBTcuK9oLtEPJpJk2NJMMSUYsQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyG11nefKBKMynuzSimfoT7goWMYGOtu8eu1y2W3LI7FVoGbw6lq89Jprdat/jV6UmSRFQYwrHWbc+NjZ9iZRjhdFzoJJrGmAxxn7YtChxR7afTUcfoxDo9FEplnzBo6v7uSHGk9SgKbGWEzUAvZpn5X9ZOTHjpp0zEiaGCzD4KE46MRNneqMcUJYaPLGCimJ0VkQFWmBh7nYI9gre48jI0zsreeblyWylVj2GmPBzBMZyCBxdQhRuoQR0I9OEJXuDV4c6zM3HeZ6U5Z95zCH/kfPwAJtmSGA==</latexit>

x1
<latexit sha1_base64="Mi7moKVEjmcnzjVaa9jkVydexgc=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm6FFcFWSUtSdBTcuK9oLtKFMppN26GQSZiZiCX0ENy6U6taX8DXc+TZO0i609YeBj/8/hznneBFnStv2t5VbW9/Y3MpvF3Z29/YPiodHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG174+s0bz9QqVgo7vUkom6Ah4L5jGBtrLvHfrVfLNsVOxNaBWcB5avPWaq3Rr/41RuEJA6o0IRjpbqOHWk3wVIzwum00IsVjTAZ4yHtGhQ4oMpNslGn6NQ4A+SH0jyhUeb+7khwoNQk8ExlgPVILWep+V/WjbV/6SZMRLGmgsw/8mOOdIjSvdGASUo0nxjARDIzKyIjLDHR5joFcwRneeVVaFUrznmldlsr10swVx5OoARn4MAF1OEGGtAEAkN4ghd4tbj1bM2s93lpzlr0HMMfWR8/KF2SGQ==</latexit>

x2

1)

2)

3)

4)

5)

6)

7)

8)

9)

10)

11)

12)

13)

14)

15)

16)

17)

Figure 9: All the possible cases for compatibility. Observe
that there are no other cases due to Remark C.3.

<latexit sha1_base64="F+zlIR9DvGDI5/BqahNrs+6Cdak=">AAAB6HicbZDLTgJBEEVr8IX4Ql266YgmrsiMIepOEjcuIZFHAhPS09RAS88j3T1GQvgCNy40Bpf+hb/hzr+xB1goeJNOTu6tSleVFwuutG1/W5mV1bX1jexmbmt7Z3cvv39QV1EiGdZYJCLZ9KhCwUOsaa4FNmOJNPAENrzBTZo3HlAqHoV3ehijG9BeyH3OqDZW9bGTL9hFeyqyDM4cCtefk1TvlU7+q92NWBJgqJmgSrUcO9buiErNmcBxrp0ojCkb0B62DIY0QOWOpoOOyalxusSPpHmhJlP3d8eIBkoNA89UBlT31WKWmv9lrUT7V+6Ih3GiMWSzj/xEEB2RdGvS5RKZFkMDlEluZiWsTyVl2twmZ47gLK68DPXzonNRLFVLhfIJzJSFIziGM3DgEspwCxWoAQOEJ3iBV+veerberMmsNGPNew7hj6yPHwILkXY=</latexit>x
<latexit sha1_base64="qdlcqt9hILUgsKC7ZLyAB7TMIVQ=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWbdQtFO2SPRVZBmcOxZvPSab3arfw1elFLAkw1ExQpdqOHWs3pVJzJnCc7yQKY8qGtI9tgyENULnpdNAxOTNOj/iRNC/UZOr+7khpoNQo8ExlQPVALWaZ+V/WTrR/7aY8jBONIZt95CeC6IhkW5Mel8i0GBmgTHIzK2EDKinT5jZ5cwRnceVlaFyUnMtSuVYuVk5hphwcwwmcgwNXUIE7qEIdGCA8wQu8Wg/Ws/VmTWalK9a85wj+yPr4AQOPkXc=</latexit>y

<latexit sha1_base64="1SS9q6HxhE+MCLLN/ChlbfIDuRw=">AAAB6HicbZDLTgJBEEVr8IX4Ql266YgmrsiMIepOEjcuIZFHAhPS09RAS88j3T0mSPgCNy40Bpf+hb/hzr+xB1goeJNOTu6tSleVFwuutG1/W5mV1bX1jexmbmt7Z3cvv39QV1EiGdZYJCLZ9KhCwUOsaa4FNmOJNPAENrzBTZo3HlAqHoV3ehijG9BeyH3OqDZW9bGTL9hFeyqyDM4cCtefk1TvlU7+q92NWBJgqJmgSrUcO9buiErNmcBxrp0ojCkb0B62DIY0QOWOpoOOyalxusSPpHmhJlP3d8eIBkoNA89UBlT31WKWmv9lrUT7V+6Ih3GiMWSzj/xEEB2RdGvS5RKZFkMDlEluZiWsTyVl2twmZ47gLK68DPXzonNRLFVLhfIJzJSFIziGM3DgEspwCxWoAQOEJ3iBV+veerberMmsNGPNew7hj6yPHwUTkXg=</latexit>z

<latexit sha1_base64="LhAU0VoZa9gx3dk3B0OWI/9Lo2g=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYjaRfLNsVey7yF5wllK8/Zpne6v3iZ28QsSTAUDNBleo6dqzdlErNmcBpoZcojCkb0yF2DYY0QOWm80Gn5NQ4A+JH0rxQk7n7syOlgVKTwDOVAdUjtZpl5n9ZN9H+lZvyME40hmzxkZ8IoiOSbU0GXCLTYmKAMsnNrISNqKRMm9sUzBGc1ZX/Quu84lxUqo1quVaChfJwAiU4AwcuoQa3UIcmMEB4hGd4se6tJ+vVmi1Kc9ay5xh+yXr/BvzWkXE=</latexit>

u

<latexit sha1_base64="i2CImoSJwqr/IZ7L9ONKffly3b0=">AAAB6HicbZDJSgNBEIZr4hbjFvXopUkQPIUZCerNgBePCZgFkiH0dGqSNj0L3T2BMOQJvHhQJB59C1/Dm29jZzlo4g8NH/9fRVeVFwuutG1/W5mNza3tnexubm//4PAof3zSUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3h3SxvjlAqHoUPehyjG9B+yH3OqDZWbdTNF+2SPRdZB2cJxdvP6Uzv1W7+q9OLWBJgqJmgSrUdO9ZuSqXmTOAk10kUxpQNaR/bBkMaoHLT+aATcm6cHvEjaV6oydz93ZHSQKlx4JnKgOqBWs1m5n9ZO9H+jZvyME40hmzxkZ8IoiMy25r0uESmxdgAZZKbWQkbUEmZNrfJmSM4qyuvQ+Oy5FyVyrVysVKAhbJwBgW4AAeuoQL3UIU6MEB4ghd4tR6tZ+vNmi5KM9ay5xT+yPr4Af5akXI=</latexit>

v

<latexit sha1_base64="zS3IGz8dTSdabQ7sg8xHexKCc0Y=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm9AiuCqJFHVnwY3LFuwF2lAm05N27GQSZiZKCX0CNy4UqUvfwtdw59s4vSy09YeBj/8/hznn+DFnSjvOt5VZW9/Y3Mpu53Z29/YP8odHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb6Z58wGlYpG406MYvZD0BQsYJdpYtcduvuiUnJnsVXAXULz+nEz1Xu3mvzq9iCYhCk05UartOrH2UiI1oxzHuU6iMCZ0SPrYNihIiMpLZ4OO7VPj9OwgkuYJbc/c3x0pCZUahb6pDIkeqOVsav6XtRMdXHkpE3GiUdD5R0HCbR3Z063tHpNINR8ZIFQyM6tNB0QSqs1tcuYI7vLKq9A4L7kXpXKtXKwUYK4snEABzsCFS6jALVShDhQQnuAFXq1769l6sybz0oy16DmGP7I+fgD/3pFz</latexit>

w
<latexit sha1_base64="ESmSJ+P45aQe9Mal4K6TvLFMobU=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdkvlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A/hKkW4=</latexit>

r

<latexit sha1_base64="LhAU0VoZa9gx3dk3B0OWI/9Lo2g=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYjaRfLNsVey7yF5wllK8/Zpne6v3iZ28QsSTAUDNBleo6dqzdlErNmcBpoZcojCkb0yF2DYY0QOWm80Gn5NQ4A+JH0rxQk7n7syOlgVKTwDOVAdUjtZpl5n9ZN9H+lZvyME40hmzxkZ8IoiOSbU0GXCLTYmKAMsnNrISNqKRMm9sUzBGc1ZX/Quu84lxUqo1quVaChfJwAiU4AwcuoQa3UIcmMEB4hGd4se6tJ+vVmi1Kc9ay5xh+yXr/BvzWkXE=</latexit>

u

<latexit sha1_base64="i2CImoSJwqr/IZ7L9ONKffly3b0=">AAAB6HicbZDJSgNBEIZr4hbjFvXopUkQPIUZCerNgBePCZgFkiH0dGqSNj0L3T2BMOQJvHhQJB59C1/Dm29jZzlo4g8NH/9fRVeVFwuutG1/W5mNza3tnexubm//4PAof3zSUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3h3SxvjlAqHoUPehyjG9B+yH3OqDZWbdTNF+2SPRdZB2cJxdvP6Uzv1W7+q9OLWBJgqJmgSrUdO9ZuSqXmTOAk10kUxpQNaR/bBkMaoHLT+aATcm6cHvEjaV6oydz93ZHSQKlx4JnKgOqBWs1m5n9ZO9H+jZvyME40hmzxkZ8IoiMy25r0uESmxdgAZZKbWQkbUEmZNrfJmSM4qyuvQ+Oy5FyVyrVysVKAhbJwBgW4AAeuoQL3UIU6MEB4ghd4tR6tZ+vNmi5KM9ay5xT+yPr4Af5akXI=</latexit>

v

<latexit sha1_base64="zS3IGz8dTSdabQ7sg8xHexKCc0Y=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm9AiuCqJFHVnwY3LFuwF2lAm05N27GQSZiZKCX0CNy4UqUvfwtdw59s4vSy09YeBj/8/hznn+DFnSjvOt5VZW9/Y3Mpu53Z29/YP8odHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb6Z58wGlYpG406MYvZD0BQsYJdpYtcduvuiUnJnsVXAXULz+nEz1Xu3mvzq9iCYhCk05UartOrH2UiI1oxzHuU6iMCZ0SPrYNihIiMpLZ4OO7VPj9OwgkuYJbc/c3x0pCZUahb6pDIkeqOVsav6XtRMdXHkpE3GiUdD5R0HCbR3Z063tHpNINR8ZIFQyM6tNB0QSqs1tcuYI7vLKq9A4L7kXpXKtXKwUYK4snEABzsCFS6jALVShDhQQnuAFXq1769l6sybz0oy16DmGP7I+fgD/3pFz</latexit>

w

<latexit sha1_base64="ESmSJ+P45aQe9Mal4K6TvLFMobU=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdkvlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A/hKkW4=</latexit>

r

<latexit sha1_base64="F+zlIR9DvGDI5/BqahNrs+6Cdak=">AAAB6HicbZDLTgJBEEVr8IX4Ql266YgmrsiMIepOEjcuIZFHAhPS09RAS88j3T1GQvgCNy40Bpf+hb/hzr+xB1goeJNOTu6tSleVFwuutG1/W5mV1bX1jexmbmt7Z3cvv39QV1EiGdZYJCLZ9KhCwUOsaa4FNmOJNPAENrzBTZo3HlAqHoV3ehijG9BeyH3OqDZW9bGTL9hFeyqyDM4cCtefk1TvlU7+q92NWBJgqJmgSrUcO9buiErNmcBxrp0ojCkb0B62DIY0QOWOpoOOyalxusSPpHmhJlP3d8eIBkoNA89UBlT31WKWmv9lrUT7V+6Ih3GiMWSzj/xEEB2RdGvS5RKZFkMDlEluZiWsTyVl2twmZ47gLK68DPXzonNRLFVLhfIJzJSFIziGM3DgEspwCxWoAQOEJ3iBV+veerberMmsNGPNew7hj6yPHwILkXY=</latexit>x
<latexit sha1_base64="qdlcqt9hILUgsKC7ZLyAB7TMIVQ=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWbdQtFO2SPRVZBmcOxZvPSab3arfw1elFLAkw1ExQpdqOHWs3pVJzJnCc7yQKY8qGtI9tgyENULnpdNAxOTNOj/iRNC/UZOr+7khpoNQo8ExlQPVALWaZ+V/WTrR/7aY8jBONIZt95CeC6IhkW5Mel8i0GBmgTHIzK2EDKinT5jZ5cwRnceVlaFyUnMtSuVYuVk5hphwcwwmcgwNXUIE7qEIdGCA8wQu8Wg/Ws/VmTWalK9a85wj+yPr4AQOPkXc=</latexit>y

<latexit sha1_base64="1SS9q6HxhE+MCLLN/ChlbfIDuRw=">AAAB6HicbZDLTgJBEEVr8IX4Ql266YgmrsiMIepOEjcuIZFHAhPS09RAS88j3T0mSPgCNy40Bpf+hb/hzr+xB1goeJNOTu6tSleVFwuutG1/W5mV1bX1jexmbmt7Z3cvv39QV1EiGdZYJCLZ9KhCwUOsaa4FNmOJNPAENrzBTZo3HlAqHoV3ehijG9BeyH3OqDZW9bGTL9hFeyqyDM4cCtefk1TvlU7+q92NWBJgqJmgSrUcO9buiErNmcBxrp0ojCkb0B62DIY0QOWOpoOOyalxusSPpHmhJlP3d8eIBkoNA89UBlT31WKWmv9lrUT7V+6Ih3GiMWSzj/xEEB2RdGvS5RKZFkMDlEluZiWsTyVl2twmZ47gLK68DPXzonNRLFVLhfIJzJSFIziGM3DgEspwCxWoAQOEJ3iBV+veerberMmsNGPNew7hj6yPHwUTkXg=</latexit>z

<latexit sha1_base64="vLfPuRb88aGwvgM2iegdM+qCGE4=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYFA8hV0JKl4MeNBjBPOATQizk9lkyOzMMtMrhCWf4cEcFPHqD/gb3vwbZ5McNLGgoajqpqs7iAU34LrfztLyyuraem4jv7m1vbNb2NuvG5VoympUCaWbATFMcMlqwEGwZqwZiQLBGsHgJvMbj0wbruQDDGPWjkhP8pBTAlbyWxGBfhCmt6OrTqHoltwJ8CLxZqR4/fmcYVztFL5aXUWTiEmgghjje24M7ZRo4FSwUb6VGBYTOiA95lsqScRMO51EHuFjq3RxqLQtCXii/p5ISWTMMApsZxbRzHuZ+J/nJxBetlMu4wSYpNNFYSIwKJzdj7tcMwpiaAmhmtusmPaJJhTsl/L2Cd78yYukflbyzkvl+3KxcoKmyKFDdIROkYcuUAXdoSqqIYoUekIv6NUBZ+y8Oe/T1iVnNnOA/sD5+AFQG5Wr</latexit>

G :

<latexit sha1_base64="BwZ0Z1DhtMfQkiAMtvhcdjydhd4=">AAAB63icbZDLSgMxFIbPeK31VnXpJlgUV2VGioobC25ctmAv0A4lk2ba0CQzJBmhDH0FNy7U4taH8DXc+TZm2i609YfAx/+fQ845QcyZNq777aysrq1vbOa28ts7u3v7hYPDho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8C7Lm49UaRbJBzOKqS9wX7KQEWwyq9b1brqFoltyp0LL4M2hePv5lmlS7Ra+Or2IJIJKQzjWuu25sfFTrAwjnI7znUTTGJMh7tO2RYkF1X46nXWMTq3TQ2Gk7JMGTd3fHSkWWo9EYCsFNgO9mGXmf1k7MeG1nzIZJ4ZKMvsoTDgyEcoWRz2mKDF8ZAETxeysiAywwsTY8+TtEbzFlZehcVHyLkvlWrlYOYOZcnAMJ3AOHlxBBe6hCnUgMIAneIFXRzjPzsR5n5WuOPOeI/gj5+MHalSSOQ==</latexit>

Q1 :
<latexit sha1_base64="jy6wilL2aANGgMIMU1W4w/B22kQ=">AAAB63icbZDLSgMxFIbP1Futt6pLN8GiuCozpai4seDGZQv2Au1QMmmmDU0yQ5IRSukruHGhFrc+hK/hzrcx03ahrT8EPv7/HHLOCWLOtHHdbyeztr6xuZXdzu3s7u0f5A+PGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw7s0bz5SpVkkH8wopr7AfclCRrBJrVq3dNPNF9yiOxNaBW8BhdvPt1TTajf/1elFJBFUGsKx1m3PjY0/xsowwukk10k0jTEZ4j5tW5RYUO2PZ7NO0Jl1eiiMlH3SoJn7u2OMhdYjEdhKgc1AL2ep+V/WTkx47Y+ZjBNDJZl/FCYcmQili6MeU5QYPrKAiWJ2VkQGWGFi7Hly9gje8sqr0CgVvctiuVYuVM5hriycwClcgAdXUIF7qEIdCAzgCV7g1RHOszN13uelGWfRcwx/5Hz8AGvZkjo=</latexit>

Q2 :

<latexit sha1_base64="Oks7OjR61auYkARQ3U4X0Usf2YA=">AAAB6XicbZDLSsNAFIZP6q3WW9Slm8GiuCqJFBU3Ftx0WcVeoA1lMp20QyeTMDMRSugbuHGhaLc+ha/hzrdx0nahrT8MfPz/Ocw5x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFSUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpD2+zvPlIpWKReNCjmHoh7gsWMIK1se6r11276JScqdAyuHMo3ny+Z5rUuvZXpxeRJKRCE46VartOrL0US80Ip+NCJ1E0xmSI+7RtUOCQKi+dTjpGJ8bpoSCS5gmNpu7vjhSHSo1C31SGWA/UYpaZ/2XtRAdXXspEnGgqyOyjIOFIRyhbG/WYpETzkQFMJDOzIjLAEhNtjlMwR3AXV16GxnnJvSiV78rFyinMlIcjOIYzcOESKlCFGtSBQABP8AKv1tB6tt6syaw0Z817DuGPrI8fNvmRjA==</latexit>

H :

<latexit sha1_base64="kMa1kucVKu7OxTcvohJgXhNKXrg=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdBTcuXFS0F2iHkkkzbWgmGZKMUIY+ghsXSnXrS/ga7nwbM20X2vpD4OP/zyHnnCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDK+zvPlIlWZSPJhRTP0I9wULGcHGWve3Xa9bLLlldyq0DN4cSlefk0xvtW7xq9OTJImoMIRjrdueGxs/xcowwum40Ek0jTEZ4j5tWxQ4otpPp6OO0Yl1eiiUyj5h0NT93ZHiSOtRFNjKCJuBXswy87+snZjw0k+ZiBNDBZl9FCYcGYmyvVGPKUoMH1nARDE7KyIDrDAx9joFewRvceVlaJyVvfNy5a5SqiKYKQ9HcAyn4MEFVOEGalAHAn14ghd4dbjz7Eyc91lpzpn3HMIfOR8/4yiR6g==</latexit>

L1

<latexit sha1_base64="xOXOGcQ+yuGUFH2EJyL20KO4M3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgEV2WmFHVnwY0LFxXtBdqhZNJMG5pkhiQjlKGP4MaFUt36Er6GO9/GTNuFtv4Q+Pj/c8g5J4g508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5nefORKs0i+WBGMfUF7ksWMoKNte5vu+VuoeiW3KnQMnhzKF59TjK91bqFr04vIomg0hCOtW 57bmz8FCvDCKfjfCfRNMZkiPu0bVFiQbWfTkcdo1Pr9FAYKfukQVP3d0eKhdYjEdhKgc1AL2aZ+V/WTkx46adMxomhksw+ChOOTISyvVGPKUoMH1nARDE7KyIDrDAx9jp5ewRvceVlaJRL3nmpclcpVhHMlINjOIEz8OACqnADNagDgT48wQu8Otx5dibO+6x0xZn3HMEfOR8/5KyR6w==</latexit>

L2

<latexit sha1_base64="PKv6OhQ0aXCNiyX9R5a4bf5LyJQ=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozWtSdBTcuXFS0F2iHkkkzbWgmGZKMUIY+ghsXSnXrS/ga7nwbM20XWv0h8PH/55BzThBzpo3rfjm5peWV1bX8emFjc2t7p7i719AyUYTWieRStQKsKWeC1g0znLZiRXEUcNoMhldZ3nygSjMp7s0opn6E+4KFjGBjrbub7mm3WHLL7lToL3hzKF1+TDK91rrFz05PkiSiwhCOtW57bmz8FCvDCKfjQifRNMZkiPu0bVHgiGo/nY46RkfW6aFQKvuEQVP3Z0eKI61HUWArI2wGejHLzP+ydmLCCz9lIk4MFWT2UZhwZCTK9kY9pigxfGQBE8XsrIgMsMLE2OsU7BG8xZX/QuOk7J2VK7eVUhXBTHk4gEM4Bg/OoQrXUIM6EOjDIzzDi8OdJ2fivM1Kc868Zx9+yXn/BuYwkew=</latexit>

L3

<latexit sha1_base64="KilSWKkhvyooTCaL3VD3imdQfZw=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdBTcuXFS0F2iHkkkzbWgmGZKMUIY+ghsXSnXrS/ga7nwbM20X2vpD4OP/zyHnnCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDK+zvPlIlWZSPJhRTP0I9wULGcHGWve33Uq3WHLL7lRoGbw5lK4+J5neat3iV6cnSRJRYQjHWrc9NzZ+ipVhhNNxoZNoGmMyxH3atihwRLWfTkcdoxPr9FAolX3CoKn7uyPFkdajKLCVETYDvZhl5n9ZOzHhpZ8yESeGCjL7KEw4MhJle6MeU5QYPrKAiWJ2VkQGWGFi7HUK9gje4srL0Dgre+flyl2lVEUwUx6O4BhOwYMLqMIN1KAOBPrwBC/w6nDn2Zk477PSnDPvOYQ/cj5+AOe0ke0=</latexit>

L4

<latexit sha1_base64="7QB/KMItKk/B+2MbUaZROVY4nRo=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCoz4m1nwY0LFxXtBdqhZNJMG5pkhiQjlKGP4MaFUt36Er6GO9/GTNuFtv4Q+Pj/c8g5J4g508Z1v53c0vLK6lp+vbCxubW9U9zdq+soUYTWSMQj1QywppxJWjPMcNqMFcUi4LQRDK6zvPFIlWaRfDDDmPoC9yQLGcHGWve3nbNOseSW3YnQIngzKF19jjO9VTvFr3Y3Iomg0hCOtW55bmz8FCvDCKejQjvRNMZkgHu0ZVFiQbWfTkYdoSPrdFEYKfukQRP3d0eKhdZDEdhKgU1fz2eZ+V/WSkx46adMxomhkkw/ChOOTISyvVGXKUoMH1rARDE7KyJ9rDAx9joFewRvfuVFqJ+UvfPy6d1pqYJgqjwcwCEcgwcXUIEbqEINCPTgCV7g1eHOszN23qelOWfWsw9/5Hz8AOk4ke4=</latexit>

L5

<latexit sha1_base64="kHuP3fSX11EsX0AZ4GFmYZ1UE5A=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozItWdBTcuXFS0F2iHkkkzbWgmGZKMUIY+ghsXSnXrS/ga7nwbM20X2vpD4OP/zyHnnCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDK+zvPlIlWZSPJhRTP0I9wULGcHGWve33Uq3WHLL7lRoGbw5lK4+J5neat3iV6cnSRJRYQjHWrc9NzZ+ipVhhNNxoZNoGmMyxH3atihwRLWfTkcdoxPr9FAolX3CoKn7uyPFkdajKLCVETYDvZhl5n9ZOzHhpZ8yESeGCjL7KEw4MhJle6MeU5QYPrKAiWJ2VkQGWGFi7HUK9gje4srL0Dgre5Xy+d15qYpgpjwcwTGcggcXUIUbqEEdCPThCV7g1eHOszNx3melOWfecwh/5Hz8AOq8ke8=</latexit>

L6

<latexit sha1_base64="LWkjMbb4zIv1JPLuzQPrarjLkec=">AAAB6nicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEevOghsXLiraC7RDyaSZNjSTGZKMUIY+ghsXSnXrS/ga7nwbM20X2vpD4OP/zyHnHD8WXBvH+Ua5ldW19Y38ZmFre2d3r7h/0NBRoiir00hEquUTzQSXrG64EawVK0ZCX7CmP7zO8uYjU5pH8sGMYuaFpC95wCkx1rq/7Va6xZJTdqbCy+DOoXT1Ocn0VusWvzq9iCYhk4YKonXbdWLjpUQZTgUbFzqJZjGhQ9JnbYuShEx76XTUMT6xTg8HkbJPGjx1f3ekJNR6FPq2MiRmoBezzPwvaycmuPRSLuPEMElnHwWJwCbC2d64xxWjRowsEKq4nRXTAVGEGnudgj2Cu7jyMjTOyu5F+fzuvFTFMFMejuAYTsGFClThBmpQBwp9eIIXeEUCPaMJep+V5tC85xD+CH38AOxAkfA=</latexit>

L7

<latexit sha1_base64="8c3N4yT3PgsMExzf22M4iiZ/zLA=">AAAB6HicdVDLSgMxFM3UV62vqks3wSq4GjLt0MfKihuXLdgHtEPJpJk2NvMgyQhl6Be4caFIXfoX/oY7/8ZMq6CiBy4czrmXe+51I86kQujdyKysrq1vZDdzW9s7u3v5/YO2DGNBaIuEPBRdF0vKWUBbiilOu5Gg2Hc57biTy9Tv3FIhWRhcq2lEHR+PAuYxgpWWmheDfAGZlVqphhBEpo3KJbuqCSqWUMWGlokWKJy/zlM8Nwb5t/4wJLFPA0U4lrJnoUg5CRaKEU5nuX4saYTJBI9oT9MA+1Q6ySLoDJ5qZQi9UOgKFFyo3ycS7Es59V3d6WM1lr+9VPzL68XKqzoJC6JY0YAsF3kxhyqE6dVwyAQlik81wUQwnRWSMRaYKP2bnH7C16Xwf9IumlbZtJt2oX4ClsiCI3AMzoAFKqAOrkADtAABFNyBB/Bo3Bj3xpMxX7ZmjM+ZQ/ADxssHEvWRhA==</latexit>

A

<latexit sha1_base64="nqb0I1r2IeGD76hu9guiW1jMmx4=">AAAB+3icdVDLSgMxFM3UV62vWpduglVwNaTt0MfKigtdVrAPaGvJpJk2NPMgyYhlmA/RhRsXirh14W+482/MtAoqeiBwOOde7smxA86kQujdSC0sLi2vpFcza+sbm1vZ7VxL+qEgtEl87ouOjSXlzKNNxRSnnUBQ7Nqctu3JSeK3r6iQzPcu1DSgfRePPOYwgpWWBtlcL2CXUc/Famw70WkcD44H2TwyK7VSDSGITAuVS1ZVE1 QsoYoFCyaaIX/0epPgtjHIvvWGPgld6inCsZTdAgpUP8JCMcJpnOmFkgaYTPCIdjX1sEtlP5plj+GBVobQ8YV+noIz9ftGhF0pp66tJ5OQ8reXiH953VA51X7EvCBU1CPzQ07IofJhUgQcMkGJ4lNNMBFMZ4VkjAUmSteV0SV8/RT+T1pFs1A2rXMrX98Hc6TBLtgDh6AAKqAOzkADNAEB1+AOPIBHIzbujSfjeT6aMj53dsAPGC8fzIKZVg==</latexit>

⇡G
A

<latexit sha1_base64="nkQMAnXGF0WPpolG/7GVx7eR9Wo=">AAAB83icdVDLSgMxFM3UV62vqks3wSq6KplSaruy4qbLCvYBnbFk0kwbmpkJSUYoQ39DUBeKuPUD/A13/o2ZVkFFD1w4nHMv997jCc6URujdyiwsLi2vZFdza+sbm1v57Z22imJJaItEPJJdDyvKWUhbmmlOu0JSHHicdrzxeep3rqlULAov9URQN8DDkPmMYG0kxxHsKmlM+8nZ0bSfL6AiMqhUYErsKrINqdWqpVIN2jMLocLp622Ku2Y//+YMIhIHNNSEY6V6NhLaTbDUjHA6zTmxogKTMR7SnqEhDqhyk9nNU3holAH0I2kq1HCmfp9IcKDUJPBMZ4D1SP32UvEvrxdrv+omLBSxpiGZL/JjDnUE0wDggElKNJ8Ygolk5lZIRlhiok1MORPC16fwf9IuFe1KsXxRLtQPwBxZsAf2wTGwwQmogwZoghYgQIAb8AAerdi6t56s53lrxvqc2QU/YL18AEFzljs=</latexit>

⇡H
A0

<latexit sha1_base64="kSDjj3MbBHucj3sGxjek0/ZWcUk=">AAAB6XicdZDLSgMxFIbPeK31VnXpJlhFVyVTSm1XVty4rGIv0A4lk2ba0MyFJCOUoW/gxoWi3foUvoY738ZMq6CiPwQ+/v8ccs5xI8GVxvjdWlhcWl5Zzaxl1zc2t7ZzO7tNFcaSsgYNRSjbLlFM8IA1NNeCtSPJiO8K1nJHF2neumVS8TC40eOIOT4ZBNzjlGhjXZ8f93J5XMBG5TJKwa5g20C1WikWq8ieRRjnz16fU03rvdxbtx/S2GeBpoIo1bFxpJ2ESM2pYJNsN1YsInREBqxjMCA+U04ym3SCjozTR14ozQs0mrnfOxLiKzX2XVPpEz1Uv7PU/CvrxNqrOAkPolizgM4/8mKBdIjStVGfS0a1GBsgVHIzK6JDIgnV5jhZc4SvTdH/0CwW7HKhdFXK1w5hrgzswwGcgA2nUINLqEMDKHhwBw/waI2se+vJms5LF6zPnj34IevlA2Y1ka0=</latexit>

A0

Figure 8: Example of definition of G and morphism type
(𝐻,ℎ) from 𝑄1, 𝑄2. In this case, the injective morphism ℎ

from 𝐻 to G maps each node of 𝐻 to the node in the same
position on G (e.g., the lower-right node 𝑟 of 𝐻 maps to the
lower-right node of G).

Claim C.2. Testing whether a pair (𝐻,ℎ) is a morphism type is in
PSpace.

A morphism type (𝐻,ℎ) is compatible with an abstraction 𝛼 if
there is a mapping 𝜆 from the internal nodes of paths 𝜋𝐻

𝐴
to states

of 𝐴, such that for every atom 𝐴 = 𝑥1
𝐿−→ 𝑥2 of 𝑄1,

• if there is an atom 𝐴′ of 𝑄2 and an infix subpath 𝜋 of 𝜋𝐻
𝐴′

with ℎ(𝜋) = 𝜋G
𝐴

, then ⟨𝜆(𝑠𝑟𝑐 (𝜋))-𝜆(𝑡𝑔𝑡 (𝜋))⟩ ∈ 𝛼 (𝐴) (corre-
sponding to case 1 in Figure 9);
• if there is an atom 𝐴′ of 𝑄2 and a suffix subpath 𝜋 of 𝜋𝐻

𝐴′

with ℎ(𝜋) = 𝜋G
𝐴

, then ⟨𝜆(𝑠𝑟𝑐 (𝜋))-𝑞𝐹 ⟩ ∈ 𝛼 (𝐴) where 𝑞𝐹 is a
final state of 𝐴′ (case 2 in Fig. 9);
• if there is an atom 𝐴′ of 𝑄2 and a suffix subpath 𝜋 of 𝜋𝐻

𝐴′

with ℎ(𝜋) being a prefix of 𝜋G
𝐴

, then ⟨𝜆(𝑠𝑟𝑐 (𝜋))-|-𝑞⟩ ∈ 𝛼 (𝐴)
for some 𝑞 (case 3 in Fig. 9);

• if there are atoms 𝐴′1, 𝐴
′
2 of 𝑄2, a suffix subpath 𝜋1 of 𝜋𝐻

𝐴′1
and a prefix subpath 𝜋2 of 𝜋𝐻

𝐴′2
with 𝑡𝑔𝑡 (𝜋1) = 𝑠𝑟𝑐 (𝜋2) and

ℎ(𝜋1𝜋2) = 𝜋G
𝐴

, then ⟨𝑠𝑟𝑐 (𝜋1)-|-𝑡𝑔𝑡 (𝜋2)⟩ ∈ 𝛼 (𝐴) (case 4 in
Fig. 9);
• if there are atoms 𝐴′1, 𝐴

′
2 of 𝑄2 and a suffix subpath 𝜋 of 𝜋𝐻

𝐴′1
with 𝑡𝑔𝑡 (𝜋) = 𝑠𝑟𝑐 (𝜋𝐻

𝐴′2
) andℎ(𝜋𝜋𝐻

𝐴′2
) = 𝜋G

𝐴
, then ⟨𝜆(𝑠𝑟𝑐 (𝜋))-|-𝑞𝐹 ⟩ ∈

𝛼 (𝐴) where 𝑞𝐹 is a final state of 𝐴′2 (case 5 in Fig. 9);
• if there are atoms 𝐴′1, 𝐴

′
2 of 𝑄2, a suffix subpath 𝜋1 of 𝜋𝐻

𝐴′1
,

and a prefix subpath 𝜋2 of 𝜋𝐻
𝐴′2

with 𝑡𝑔𝑡 (𝜋1) ≠ 𝑠𝑟𝑐 (𝜋2),
ℎ(𝜋1) is a prefix of 𝜋G

𝐴
and ℎ(𝜋2) is a suffix of 𝜋G

𝐴
, then

⟨𝜆(𝑠𝑟𝑐 (𝜋1))-|··|-𝜆(𝑡𝑔𝑡 (𝜋2))⟩ ∈ 𝛼 (𝐴) (case 6 in Fig. 9);
• if there are atoms𝐴′1, 𝐴

′
2 of𝑄2, and a suffix subpath 𝜋 of 𝜋𝐻

𝐴′1
where ℎ(𝜋) is a prefix of 𝜋G

𝐴
, ℎ(𝜋𝐻

𝐴′2
) is a suffix of 𝜋G

𝐴
and

𝑡𝑔𝑡 (𝜋) ≠ 𝑠𝑟𝑐 (𝜋𝐻
𝐴′2
), then ⟨𝜆(𝑠𝑟𝑐 (𝜋))-|··|-𝑞𝐹 ⟩ ∈ 𝛼 (𝐴) for some

final state 𝑞𝐹 of 𝐴′2 (case 7 in Fig. 9);
• if there is an atom 𝐴′ of 𝑄2 and a prefix subpath 𝜋 of 𝜋𝐻

𝐴′

with ℎ(𝜋) = 𝜋G
𝐴

, then ⟨𝑞0-𝜆(𝑡𝑔𝑡 (𝜋))⟩ ∈ 𝛼 (𝐴) where 𝑞0 is an
initial state of 𝐴′ (case 8 in Fig. 9);
• if there is an atom𝐴′ of𝑄2 withℎ(𝜋𝐻

𝐴′) = 𝜋
G
𝐴

, then ⟨𝑞0-𝑞𝐹 ⟩ ∈
𝛼 (𝐴) where 𝑞0/𝑞𝐹 is an initial/final state of 𝐴′ (case 9 in
Fig. 9);
• if there is an atom 𝐴′ of 𝑄2 with ℎ(𝜋𝐻

𝐴′) a prefix of 𝜋G
𝐴

, then
⟨𝑞0-|-𝑞⟩ ∈ 𝛼 (𝐴) where 𝑞0 is an initial state of 𝐴′ and 𝑞 is any
state. (case 10 in Fig. 9);
• if there are atoms𝐴′1, 𝐴

′
2 of𝑄2 and a prefix subpath 𝜋2 of 𝜋𝐻

𝐴′2
with 𝑡𝑔𝑡 (𝜋𝐻

𝐴′1
) = 𝑠𝑟𝑐 (𝜋2),ℎ(𝜋𝐻𝐴′1𝜋2) = 𝜋G𝐴 , then ⟨𝑞0-|-𝜆(𝑡𝑔𝑡 (𝜋2))⟩ ∈

𝛼 (𝐴) where 𝑞0 is an initial state of 𝐴′1 (case 11 in Fig. 9);
• if there are atoms 𝐴′1, 𝐴

′
2 of 𝑄2 with 𝑡𝑔𝑡 (𝜋𝐻

𝐴′1
) = 𝑠𝑟𝑐 (𝜋𝐻

𝐴′2
),

ℎ(𝜋𝐻
𝐴′1
𝜋𝐻
𝐴′2
) = 𝜋G

𝐴
, then ⟨𝑞0-|-𝑞𝐹 ⟩ ∈ 𝛼 (𝐴) where 𝑞0 is an initial

state of 𝐴′1 and 𝑞𝐹 a final state of 𝐴′2 (case 12 in Fig. 9);
• if there is an atom 𝐴′ of 𝑄2 and a prefix 𝜋 of 𝜋𝐻

𝐴′ with ℎ(𝜋)
a suffix of 𝜋G

𝐴
, then and ⟨𝑞-|··|-𝜆(𝑡𝑔𝑡 (𝜋))⟩ ∈ 𝛼 (𝐴) for some 𝑞

(case 13 in Fig. 9);
• if there are atoms𝐴′1, 𝐴

′
2 of𝑄2 and a prefix subpath 𝜋2 of 𝜋𝐻

𝐴′2
with 𝑡𝑔𝑡 (𝜋𝐻

𝐴′1
) ≠ 𝑠𝑟𝑐 (𝜋2), ℎ(𝜋𝐻𝐴′1 ) is a prefix of 𝜋G

𝐴
and ℎ(𝜋2)

is a suffix of 𝜋G
𝐴

, then ⟨𝑞0-|··|-𝜆(𝑡𝑔𝑡 (𝜋2))⟩ ∈ 𝛼 (𝐴) where 𝑞0
is an initial state of 𝐴′1 (case 14 in Fig. 9);
• if there are atoms 𝐴′1, 𝐴

′
2 of 𝑄2 with 𝑡𝑔𝑡 (𝜋𝐻

𝐴′1
) ≠ 𝑠𝑟𝑐 (𝜋𝐻

𝐴′2
),

ℎ(𝜋𝐻
𝐴′1
) is a prefix of 𝜋G

𝐴
and ℎ(𝜋𝐻

𝐴′2
) is a suffix of 𝜋G

𝐴
, then

⟨𝑞0-|··|-𝑞𝐹 ⟩ ∈ 𝛼 (𝐴) where 𝑞0 is an initial state of 𝐴′1 and 𝑞𝐹
a final state of 𝐴′2 (case 15 in Fig. 9);
• if there is an atom𝐴′ of𝑄2 with ℎ(𝜋𝐻

𝐴′) being an infix of 𝜋G
𝐴

,
then ⟨··𝑞0-𝑞𝐹 ··⟩ ∈ 𝛼 (𝐴) for 𝑞0 and 𝑞𝐹 initial and final states
of 𝐴′ (case 16 in Fig. 9);
• if there is an atom 𝐴′ of 𝑄2 where ℎ(𝜋𝐻

𝐴′) is a suffix of 𝜋G
𝐴

,
then ⟨𝑞-|-𝑞𝐹 ⟩ ∈ 𝛼 (𝐴) for some state 𝑞 and some final state
𝑞𝐹 of 𝐴′ (case 17 in Fig. 9).



<latexit sha1_base64="eShUVOZr6zdj+fBTnFYZd9kBznM=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCqJFHUjVty4rGgv0IYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwBzdZ3nikUrFIPOhhTL0Q9wQLGMHaWPfX6LJjF52SMxFaBHcGxavPcaa3asf+ancjkoRUaMKxUi 3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8l25WDmGqfJwAIdwAi6cQwVuoQo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxA4apkbI=</latexit>

A =
<latexit sha1_base64="gUsLDbPSMYXGbw28eUbLJmimc7I=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm9AiuCqJFHVnwY3LFuwF2lAm05N27GQSZiZiCX0CNy4UqUvfwtdw59s4vSy09YeBj/8/hznn+DFnSjvOt5VZW9/Y3Mpu53Z29/YP8odHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb6Z58wGlYpG406MYvZD0BQsYJdpYtcduvuiUnJnsVXAXULz+nEz1Xu3mvzq9iCYhCk05UartOrH2UiI1oxzHuU6iMCZ0SPrYNihIiMpLZ4OO7VPj9OwgkuYJbc/c3x0pCZUahb6pDIkeqOVsav6XtRMdXHkpE3GiUdD5R0HCbR3Z063tHpNINR8ZIFQyM6tNB0QSqs1tcuYI7vLKq9A4L7kXpXKtXKwUYK4snEABzsCFS6jALVShDhQQnuAFXq1769l6sybz0oy16DmGP7I+fgABcZF0</latexit>
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Figure 10: Example for proof of Claim C.4

The following statement is a direct consequence of 𝐻,ℎ, 𝜆 being
polynomially bounded and each of the conditions above being
polynomial-time testable.

Claim C.3. Testing whether a morphism type is compatible with an
abstraction is in PSpace.

The key property of compatible abstractions, is that they allow
to capture whether an expansion of 𝑄1 with a given abstraction is
a counter-example for the containment problem 𝑄1 ⊆q-inj 𝑄2.

Claim C.4. The following are equivalent:
(1) There is a morphism type compatible with an abstraction 𝛼 ;
(2) for every expansion 𝐸1 ∈ Exp (𝑄1) with abstraction 𝛼 there

exists some expansion 𝐸2 ∈ Exp (𝑄2) such that 𝐸2
inj
−−→ 𝐸1;

(3) there is an expansion 𝐸1 ∈ Exp (𝑄1) with abstraction 𝛼 and

an expansion 𝐸2 ∈ Exp (𝑄2) such that 𝐸2
inj
−−→ 𝐸1.

Proof. 1⇒ 2) Assume 𝐸1 ∈ Exp (𝑄1) has abstraction 𝛼 , and
(𝐻,ℎ) is a compatible morphism type through the mapping 𝜆. Fore
every atom 𝐴 of𝑄1, we replace every path 𝜋 of 𝐻 such that ℎ(𝜋) =
𝜋G
𝐴

with the expansion of 𝐴 in 𝐸1. The remaining edges of 𝐻 are all
part of paths which map partially to some 𝜋G

𝐴
, these are replaced

with paths according to the witnessing words for the elements of
the form ⟨𝑞-|··|-𝑞′⟩ and ⟨··𝑞-𝑞′··⟩ in each 𝛼 (𝐴).

For example, in the case depicted in Figure 10, we know that
the expansion 𝑤 ∈ 𝐿 of 𝐴 is of the form 𝑤 = 𝑢 · 𝑠 · 𝑣 such that
there is a partial run of A𝑄2 from 𝑞 to some final state reading
𝑢, and a partial run of A𝑄2 from an initial state to 𝑞′ reading 𝑣 .
Hence, we replace edge 𝑒1 with a path reading 𝑢, and edge 𝑒2 with
a path reading 𝑣 . It follows that by the definition of abstraction
the resulting CQ (i.e., the query represented by the resulting edge-
labeled graph) is an expansion of 𝑄2 that maps to 𝐸1 through an
injective homomorphism.
2⇒ 3) This is trivial since an abstraction of 𝑄1 is the abstraction

of an expansion thereof.
3⇒ 1) Take any 𝐸1 ∈ Exp (𝑄1) with abstraction 𝛼 and 𝐸2 ∈

Exp (𝑄2) such that 𝑔 : 𝐸2
inj
−−→ 𝐸1. We now build a graph 𝐻 from 𝐸2

as follows. In the sequel, whenever we say that we replace a path
𝜋 with a path of length 𝑛, we mean that we (1) remove all internal
nodes of 𝜋 , and all edges incident to these and (2) we add 𝑛 − 1
fresh nodes and 𝑛 edges in such a way that there is a path of length
𝑛 from 𝑠𝑟𝑐 (𝜋) to 𝑡𝑔𝑡 (𝜋). For every path 𝜋 in 𝐸1 corresponding to
the expansion of atom 𝐴 :
• If there is a prefix [resp. suffix] of 𝜋 which has no𝑔-preimage,

we replace the path 𝑔−1 (𝜋) with just one edge, and we send

the variable to the first internal node of 𝜋G
𝐴

. For the remain-
ing cases let us assume that every node of 𝜋 has a𝑔-preimage.
• If 𝑔−1 (𝜋) is a path with no 𝑄2-variables as internal nodes,

then we replace it with an unlabeled path 𝜋 ′ of length 3. We
define ℎ to map the first [resp. second] internal node of 𝜋 ′
to the first [resp. second] internal node of 𝜋G

𝐴
.

• If 𝑔−1 (𝜋) is a path that contains one variable 𝑥 ∈ vars(𝑄2) as
internal node, we replace the first half path of 𝑔−1 (𝜋) until
𝑥 with just an unlabeled edge, and the other half with a path
𝜋 ′ of length 2. We set ℎ to map the variable 𝑥 to the first
internal node of 𝜋G

𝐴
and the internal node of 𝜋 to the second

internal node of 𝜋G
𝐴

.
• If 𝑔−1 (𝜋) contains two variables and two disjoint paths, we

replace each of them with an unlabeled edge. We send the
variables (i.e., the endpoints of the paths) correspondingly
to the two internal vertices of 𝜋G

𝐴
.

The resulting graph 𝐻 and mapping ℎ is a morphism type which is
compatible with 𝛼 . □

Finally, the PSpace algorithm guesses a mapping 𝛼 from the
atoms of𝑄1 to subsets of 𝑃 , checks that 𝛼 is an abstraction of𝑄1 (in
PSpace due to Claim C.1), and checks that there is no morphism type
(𝐻,ℎ) which is compatible with 𝛼 (in PSpace, due to Claims C.2 and
C.3, and closure under complement of PSpace). Due to Claim C.4,
if the algorithm succeeds, then any expansion 𝐸1 of𝑄1 is a counter-
example, and thus 𝑄1 ⊈q-inj 𝑄2; otherwise, for every expansion
𝐸1 with abstraction 𝛼 there is a compatible morphism type, which
means that 𝐸1 is not a counter-example and hence 𝑄1 ⊆q-inj 𝑄2.

First note that if 𝑄2 is not connected, we can adapt the PSpace
algorithm by testing that there are no morphism types for the con-
nected components of𝑄2 such that all of them are compatible with
the guessed abstraction of 𝑄1. Further, observe that the procedure
can be extended to an exponential union of polynomial-sized CR-
PQs: the PSpace algorithm first chooses one CRPQ 𝑄1 from the
left-hand side union, guesses an abstraction of 𝑄1 and checks that
no CRPQ coming from the right-hand side union has a compatible
morphism type. For this reason, combined with Remark C.2, the
same argument extends to (unions of) arbitrary CRPQ’s. □

D FULL PROOF OF THEOREM 5.2
We reduce from Post Correspondence Problem (PCP), a well-known
undecidable problem. An instance of the PCP is a sequence of pairs
(𝑢1, 𝑣1), . . . , (𝑢ℓ , 𝑣ℓ ), where 𝑢𝑖 and 𝑣𝑖 are non-empty words over an
alphabet Σ. The goal is to decide whether there is a solution, that
is, a sequence 𝑖1, . . . , 𝑖𝑘 of indices from {1, . . . , ℓ}, with 𝑘 ≥ 1, such
that the words 𝑢𝑖1 · · ·𝑢𝑖𝑘 and 𝑣𝑖1 · · · 𝑣𝑖𝑘 coincide.

For an alphabet A, we denote by Â the alphabet Â = {𝑎 : 𝑎 ∈ A}.
Let (𝑢1, 𝑣1), . . . , (𝑢ℓ , 𝑣ℓ ) be a PCP instance and let Σ be its underlying
alphabet. Let I andA be the alphabets I = {𝐼1, . . . , 𝐼ℓ } andA = Σ∪I∪
{#, #∞,□, $, $′, $∞,■,■′}. We construct Boolean CRPQs 𝑄1 and 𝑄2
over alphabetA∪ Â such that the PCP instance (𝑢1, 𝑣1), . . . , (𝑢ℓ , 𝑣ℓ )
has a solution if and only if 𝑄1 ⊈a-inj 𝑄2. In particular, the PCP
instance has a solution if and only if there exists a counterexample
for a-inj-semantics, i.e., an a-inj-expansion 𝐹 of 𝑄1 such that there

is no expansion 𝐸 ∈ Exp (𝑄2) with 𝐸
a-inj
−−−−→ 𝐹 .
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<latexit sha1_base64="FG9kwABaXzYYyOjlAlQsA9HVrTU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68SK0YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9fteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6k0eRwGO4QTOwIMrqMId1KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AKcFjNc=</latexit>

M

<latexit sha1_base64="8yaoKCskarkczxuKjVJDmOoaVJQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD6DGNAg==</latexit>x

<latexit sha1_base64="xMOtnMnf4SvcLzdb23/Nd926bf0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSfdb3+tWaW3dnIMvEK0gNCjT71a/eIGZpxBUySY3pem6Cfk41Cib5pNJLDU8oG9Mh71qqaMSNn89OnZATqwxIGGtbCslM/T2R08iYLApsZ0RxZBa9qfif100xvPJzoZIUuWLzRWEqCcZk+jcZCM0ZyswSyrSwtxI2opoytOlUbAje4svL5PGs7l3UvbvzWuO6iKMMR3AMp+DBJTTgFprQAgZDeIZXeHOk8+K8Ox/z1pJTzBzCHzifPw8ujac=</latexit>y1

<latexit sha1_base64="eYAgKqSiYd8jVtwyJdBmRglvFEY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9av9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uw2t/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbRqVe+y6t1fVOo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEQso2o</latexit>y2
<latexit sha1_base64="us0IGiHIwUNSzx2F86YMQVqjoL0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/WqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AESOI2p</latexit>z2

<latexit sha1_base64="Ti2d3V2GXyveMmN1CuXsDr9FgJM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEQtI2o</latexit>z1

<latexit sha1_base64="XRWB2tRIB+tNELoKRgRRR7K0bkM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbRU0lE1GPRi8cK9gPaUDbbTbt0dxN2N0IM/QtePCji1T/kzX/jps1BWx8MPN6bYWZeEHOmjet+O6WV1bX1jfJmZWt7Z3evun/Q1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeY3OZ+55EqzSL5YNKY+gKPJAsZwSaXngbe6aBac+vuDGiZeAWpQYHmoPrVH0YkEVQawrHWPc+NjZ9hZRjhdFrpJ5rGmEzwiPYslVhQ7WezW6foxCpDFEbKljRopv6eyLDQOhWB7RTYjPWil4v/eb3EhNd+xmScGCrJfFGYcGQilD+OhkxRYnhqCSaK2VsRGWOFibHxVGwI3uLLy6R9Xvcu6979Ra1xU8RRhiM4hjPw4AoacAdNaAGBMTzDK7w5wnlx3p2PeWvJKWYO4Q+czx9xwo3Z</latexit>

z01

<latexit sha1_base64="T4QPxGUPI5UgJapMmivB5o7YYs8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9ktRT0WvXisYD+gXUo2zbahSXZJskJd+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nUeqNIvkg5nG1Bd4JFnICDaZ9DSonQ/KFbfqzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ipp16reZdW7r1caN3kcRTiBU7gAD66gAXfQhBYQGMMzvMKbI5wX5935WLQWnHzmGP7A+fwBc0eN2g==</latexit>

z02
<latexit sha1_base64="PoWjTdDc/llF3iW57UnaaqfvMYQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbRU0mKqMeiF48V7Ae0oWy2m3bp7ibsboQQ+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcv97hNVmkXy0aQx9QUeSxYygk0upcPG+bBac+vuHGiVeAWpQYHWsPo1GEUkEVQawrHWfc+NjZ9hZRjhdFYZJJrGmEzxmPYtlVhQ7WfzW2fozCojFEbKljRorv6eyLDQOhWB7RTYTPSyl4v/ef3EhDd+xmScGCrJYlGYcGQilD+ORkxRYnhqCSaK2VsRmWCFibHxVGwI3vLLq6TTqHtXde/hsta8LeIowwmcwgV4cA1NuIcWtIHABJ7hFd4c4bw4787HorXkFDPH8AfO5w9xwI3Z</latexit>

y0
2

<latexit sha1_base64="zzBgTNiiLjHd6wdwXxAPfSESQX0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbRU0mkqMeiF48V7Ae0oWy2m3bp7ibsboQQ+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcv97hNVmkXy0aQx9QUeSxYygk0upUPvfFituXV3DrRKvILUoEBrWP0ajCKSCCoN4VjrvufGxs+wMoxwOqsMEk1jTKZ4TPuWSiyo9rP5rTN0ZpURCiNlSxo0V39PZFhonYrAdgpsJnrZy8X/vH5iwhs/YzJODJVksShMODIRyh9HI6YoMTy1BBPF7K2ITLDCxNh4KjYEb/nlVdK5rHtXde+hUWveFnGU4QRO4QI8uIYm3EML2kBgAs/wCm+OcF6cd+dj0Vpyiplj+APn8wdwO43Y</latexit>

y0
1

<latexit sha1_base64="rpkhbQ1jpECDV4N+dV0FWDDWLHc=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KomIeix68VjFfkAbymY7aZduNmF3I5bQf+DFgyJe/Ufe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmIyrNY/lgRgn6Ee1LHnJGjZXun066pbJbcacgi8TLSRly1Lqlr04vZmmE0jBBtW57bmL8jCrDmcBxsZNqTCgb0j62LZU0Qu1n00vH5NgqPRLGypY0ZKr+nshopPUoCmxnRM1Az3sT8T+vnZrwys+4TFKDks0WhakgJiaTt0mPK2RGjCyhTHF7K2EDqigzNpyiDcGbf3mRNM4q3kXFuzsvV6/zOApwCEdwCh5cQhVuoQZ1YBDCM7zCmzN0Xpx352PWuuTkMwfwB87nD0i4jTM=</latexit>

x0

<latexit sha1_base64="XY7S4JwEVKGuLuNtmyh4X9+xPU0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi4KHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoNUHA4/3ZpiZFySCa+O6X05haXllda24XtrY3NreKe/uNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupr6rUdUmsfywYwT9CM6kDzkjBor3d/2bnrlilt1ZyB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYKmmE2s9mp07IkVX6JIyVLWnITP05kdFI63EU2M6ImqFe9Kbif14nNeGFn3GZpAYlmy8KU0FMTKZ/kz5XyIwYW0KZ4vZWwoZUUWZsOiUbgrf48l/SPKl6Z1Xv7rRSu8zjKMIBHMIxeHAONbiGOjSAwQCe4AVeHeE8O2/O+7y14OQz+/ALzsc37vGNkg==</latexit>

LI

<latexit sha1_base64="XRfl14sKy9szNnOJiTcyf5RrWPc=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoY2ER0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HDXo71yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+vEyaZ1Xvourdn1dq13kcRTiCYzgFDy6hBrdQhwYwGMAzvMKbI5wX5935mLcWnHzmEP7A+fwBE2CNqg==</latexit>

La

<latexit sha1_base64="0/wVXu+4yaFz9qWMRYntHNOGyIA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxYOHCvYD2lA2m027dLOJu5NKCf0dXjwo4tUf481/47bNQVsfDDzem2Fmnp8IrtFxvq3Cyura+kZxs7S1vbO7V94/aOo4VZQ1aCxi1faJZoJL1kCOgrUTxUjkC9byhzdTvzViSvNYPuA4YV5E+pKHnBI0ktd94gEbEMzuJj3SK1ecqjODvUzcnFQgR71X/uoGMU0jJpEKonXHdRL0MqKQU8EmpW6qWULokPRZx1BJIqa9bHb0xD4xSmCHsTIl0Z6pvycyEmk9jnzTGREc6EVvKv7ndVIMr7yMyyRFJul8UZgKG2N7moAdcMUoirEhhCpubrXpgChC0eRUMiG4iy8vk+ZZ1b2ouvfnldp1HkcRjuAYTsGFS6jBLdShARQe4Rle4c0aWS/Wu/Uxby1Y+cwh/IH1+QML8ZJI</latexit>bLa
<latexit sha1_base64="/q5oyU96dDpZTaxtRBT+XT9jtlU=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegFwUPEcwDkiXMzs4mQ2YfzvRGwpLv8OJBEa9+jDf/xkmyB40WNBRV3XR3eYkUGm37yyosLa+srhXXSxubW9s75d29po5TxXiDxTJWbY9qLkXEGyhQ8naiOA09yVve8Grqt0ZcaRFH9zhOuBvSfiQCwSgaye0+Cp8PKGa3k95Nr1yxq/YM5C9xclKBHPVe+bPrxywNeYRMUq07jp2gm1GFgkk+KXVTzRPKhrTPO4ZGNOTazWZHT8iRUXwSxMpUhGSm/pzIaKj1OPRMZ0hxoBe9qfif10kxuHAzESUp8ojNFwWpJBiTaQLEF4ozlGNDKFPC3ErYgCrK0ORUMiE4iy//Jc2TqnNWde5OK7XLPI4iHMAhHIMD51CDa6hDAxg8wBO8wKs1sp6tN+t93lqw8pl9+AXr4xvngpIw</latexit>bLI

<latexit sha1_base64="KP7qXImtju2ngzxB6I+0EBU37nk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AKnkoioh6LXjxWsB/QhLDZbNqlm03YnSglBPwrXjwo4tXf4c1/47bNQVsfDDzem2FmXpBypsC2v43K0vLK6lp1vbaxubW9Y+7udVSSSULbJOGJ7AVYUc4EbQMDTnuppDgOOO0Go5uJ332gUrFE3MM4pV6MB4JFjGDQkm8euI8spEMMuXtc+LnLRATjwjfrdsOewlokTknqqETLN7/cMCFZTAUQjpXqO3YKXo4lMMJpUXMzRVNMRnhA+5oKHFPl5dPzC+tEK6EVJVKXAGuq/p7IcazUOA50Z4xhqOa9ifif188guvJyJtIMqCCzRVHGLUisSRZWyCQlwMeaYCKZvtUiQywxAZ1YTYfgzL+8SDpnDeei4dyd15vXZRxVdIiO0Cly0CVqolvUQm1EUI6e0St6M56MF+Pd+Ji1VoxyZh/9gfH5A+fXlho=</latexit>b$1

<latexit sha1_base64="McT3Sp7e1UG8yvsdeyYRMr1UGXU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s0l3N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHstHM0nQj+hA8pAzaqzU6upxShX2yhW36s5BVomXkwrkqPfKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5udOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhjZ9xmaQGJVssClNBTExmv5M+V8iMmFhCmeL2VsKGVFFmbEIlG4K3/PIqaV5Uvauq93BZqd3mcRThBE7hHDy4hhrcQx0awGAEz/AKb07ivDjvzseiteDkM8fwB87nD4gEj7M=</latexit>⇤
<latexit sha1_base64="y9PT9qEU+0uGcOOYe47FAW/8rs0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIqMuiG5cV7AOaUCaTm3boZBJnJkqJXfgrblwo4tbfcOffOG2z0NYDFw7n3Dtz7wlSzpR2nG9rYXFpeWW1tFZe39jc2rZ3dpsqySSFBk14ItsBUcCZgIZmmkM7lUDigEMrGFyN/dY9SMUScauHKfgx6QkWMUq0kbr2vvfAQugTnXsBJ3Sg7jIiYdS1K07VmQDPE7cgFVSg3rW/vDChWQxCU06U6rhOqv2cSM0oh1HZyxSk5n3Sg46hgsSg/Hyy/wgfGSXEUSJNCY0n6u+JnMRKDePAdMZE99WsNxb/8zqZji78nIk00yDo9KMo41gneBwGDpkEqvnQEEIlM7ti2ieSUG0iK5sQ3NmT50nzpOqeVd2b00rtsoijhA7QITpGLjpHNXSN6qiBKHpEz+gVvVlP1ov1bn1MWxesYmYP/YH1+QPtP5ax</latexit>b⌅ <latexit sha1_base64="+uQO/GXuXIxApZ7X3n8hqtn8Keg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMFWwtNKJvtpF262cT9EEro3/DiQRGv/hlv/hu3bQ7a+mDg8d7M7syLMs6U9rxvp7Syura+Ud6sbG3v7O5V9w/aKjWSYoumPJWdiCjkTGBLM82xk0kkScTxIRrdTP2HJ5SKpeJejzMMEzIQLGaUaCsFQcQJHalHQyT2qjWv7s3gLhO/IDUo0OxVv4J+Sk2CQlNOlOr6XqbDnEjNKMdJJTAKM/s8GWDXUkESVGE+23ninlil78aptCW0O1N/T+QkUWqcRLYzIXqoFr2p+J/XNTq+CnMmMqNR0PlHseGuTt1pAG6fSaSajy0hVDK7q0uHRBKqbUwVG4K/ePIyaZ/V/Yu6f3dea1wXcZThCI7hFHy4hAbcQhNaQCGDZ3iFN8c4L8678zFvLTnFzCH8gfP5A1YjkeI=</latexit>⌅

<latexit sha1_base64="Prj5rutQvEn24ouZHSEjo/03ZfY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIR9Vj04rGC/YAmlM1m0i7dbOLuxlJif4oXD4p49Zd489+4bXPQ1gcDj/dmmJkXpJwp7Tjf1srq2vrGZmmrvL2zu7dvVw5aKskkhSZNeCI7AVHAmYCmZppDJ5VA4oBDOxjeTP32I0jFEnGvxyn4MekLFjFKtJF6dsUbsRAGROeeesiIhEnPrjo1Zwa8TNyCVFGBRs/+8sKEZjEITTlRqus6qfZzIjWjHCZlL1OQEjokfegaKkgMys9np0/wiVFCHCXSlNB4pv6eyEms1DgOTGdM9EAtelPxP6+b6ejKz5lIMw2CzhdFGcc6wdMccMgkUM3HhhAqmbkV0wGRhGqTVtmE4C6+vExaZzX3oubenVfr10UcJXSEjtEpctElqqNb1EBNRNEIPaNX9GY9WS/Wu/Uxb12xiplD9AfW5w8JgpSC</latexit>b⇤

<latexit sha1_base64="4RheG5qtLymXY/Atg9c6TApcknA=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KhsR9SIUvXhswX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sb7/7a2srq1vbBa2its7u3v7pYPDplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upv6rSemDVfywY4TFsRkIHnEKbFOatZ7GN2gXqnsV/wZ0DLBOSlDjlqv9NXtK5rGTFoqiDEd7Cc2yIi2nAo2KXZTwxJCR2TAOo5KEjMTZLNrJ+jUKX0UKe1KWjRTf09kJDZmHIeuMyZ2aBa9qfif10ltdB1kXCapZZLOF0WpQFah6euozzWjVowdIVRzdyuiQ6IJtS6gogsBL768TJrnFXxZwfWLcvU2j6MAx3ACZ4DhCqpwDzVoAIVHeIZXePOU9+K9ex/z1hUvnzmCP/A+fwABn44a</latexit>

Q1 =
<latexit sha1_base64="NUqSMxg92Kl+MqcTSY1o19N4Icc=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbRL0IRS8eW7Af0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//wD08ammZKkKbRHKpOiHWlDNBm4YZTjuJojgOOW2H47uZ336iSjMpHswkoUGMh4JFjGBjpVajX0U3qO+WvYo3B1olfk7KkKPed796A0nSmApDONa663uJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10HGRNJaqggi0VRypGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGRD8JdfXiWtasW/rPiNi3LtNo+jCCdwCufgwxXU4B7q0AQCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8AAyaOGw==</latexit>

Q2 =
<latexit sha1_base64="qtPXzGcvOBYq9Eni/G9STdoM3gY=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tV8FQSEfVY9OKxgrWFJpTNdtMu3WzC7kQIpX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/eDRJphlvsUQmuhNSw6VQvIUCJe+kmtM4lLwdjm6n9fYT10Yk6gHzlAcxHSgRCUbRWr5/0vOFijAnlqo1t+7ORJbBK6AGhZq96pffT1gWc4VMUmO6nptiMKYaBZN8UvEzw1PKRnTAuxYVjbkJxrObJ+TUOn0SJdo+hWTm/p4Y09iYPA5tZ0xxaBZrU/O/WjfD6DoYC5VmyBWbL4oySTAh0wBIX2jOUOYWKNPC3krYkGrK0MZUsSF4i19ehsfzundZ9+4vao2bIo4yHMExnIEHV9CAO2hCCxik8Ayv8OZkzovz7nzMW0tOMXMIf+R8/gD3Y5D9</latexit>

$1$

<latexit sha1_base64="15YZVj3CeOdlJpGm4mn8fWRi8vA=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LAbBU0lE1GPRi8cK9gOSUDbbTbt0sxt2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZenAluwPO+ncra+sbmVnW7trO7t39QPzzqGJVrytpUCaV7MTFMcMnawEGwXqYZSWPBuvH4buZ3n5g2XMlHmGQsSslQ8oRTAlYKQrdfhFwmMJn2667X8ObAq8QviYtKtPr1r3CgaJ4yCVQQYwLfyyAqiAZOBZvWwtywjNAxGbLAUklSZqJifvIUn1llgBOlbUnAc/X3REFSYyZpbDtTAiOz7M3E/7wgh+QmKrjMcmCSLhYlucCg8Ox/POCaURATSwjV3N6K6YhoQsGmVLMh+Msvr5LORcO/avgPl27ztoyjik7QKTpHPrpGTXSPWqiNKFLoGb2iNwecF+fd+Vi0Vpxy5hj9gfP5A1MjkUo=</latexit>

#1
<latexit sha1_base64="MdaNKaNbGgEVd/Cw+eDtfiPF3/o=">AAACC3icbVBNS8NAEN34WetX1aOXpUHwVBIR9Vj04rGC/YAmlM120y7dbMLuRAmhdy/+FS8eFPHqH/Dmv3Hb5mBbHww83pthZl6QCK7BcX6sldW19Y3N0lZ5e2d3b79ycNjScaooa9JYxKoTEM0El6wJHATrJIqRKBCsHYxuJn77gSnNY3kPWcL8iAwkDzklYKRepeo98j4bEsg9e9zLPS5DyMZ4Tq3YTs2ZAi8TtyA2KtDoVb69fkzTiEmggmjddZ0E/Jwo4FSwcdlLNUsIHZEB6xoqScS0n09/GeMTo/RxGCtTEvBU/TuRk0jrLApMZ0RgqBe9ifif100hvPJzLpMUmKSzRWEqMMR4Egzuc8UoiMwQQhU3t2I6JIpQMPGVTQju4svLpHVWcy9q7t25Xb8u4iihY1RFp8hFl6iOblEDNRFFT+gFvaF369l6tT6sz1nrilXMHKE5WF+/r0ubdA==</latexit>b#1 b#

Figure 11: TheBooleanCRPQs𝑄1 and𝑄2 from the reduction.

<latexit sha1_base64="8yaoKCskarkczxuKjVJDmOoaVJQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD6DGNAg==</latexit>x
<latexit sha1_base64="xMOtnMnf4SvcLzdb23/Nd926bf0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSfdb3+tWaW3dnIMvEK0gNCjT71a/eIGZpxBUySY3pem6Cfk41Cib5pNJLDU8oG9Mh71qqaMSNn89OnZATqwxIGGtbCslM/T2R08iYLApsZ0RxZBa9qfif100xvPJzoZIUuWLzRWEqCcZk+jcZCM0ZyswSyrSwtxI2opoytOlUbAje4svL5PGs7l3UvbvzWuO6iKMMR3AMp+DBJTTgFprQAgZDeIZXeHOk8+K8Ox/z1pJTzBzCHzifPw8ujac=</latexit>y1

<latexit sha1_base64="tjBKw8eXGtCbmVvnKfLqDJUFbOw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWq3v1lpX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPHweQjaI=</latexit>

t1
<latexit sha1_base64="jwC4LrnZNy1I1Fy6MYfLbluNvmA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9P3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwYKjaE=</latexit>s1

<latexit sha1_base64="sdPkexAlGGY/6WhWctoAY8BThq4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0oPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPwSEjaA=</latexit>r1
<latexit sha1_base64="N0v0WiAqi1T5FcyF2OCvhzDcSeY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+zX+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vklat6l1WvfuLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwkUjaM=</latexit>

t2
<latexit sha1_base64="c0iPT0lKudnsXtu1p6ZFzcKE0ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0oPu1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1busevcXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAHjo2i</latexit>s2

<latexit sha1_base64="8yaoKCskarkczxuKjVJDmOoaVJQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD6DGNAg==</latexit>x <latexit sha1_base64="Ti2d3V2GXyveMmN1CuXsDr9FgJM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEQtI2o</latexit>z1
<latexit sha1_base64="0CHscJ9N3vAt0VRMkvcih2YQC+w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9mIqMeiF48VrC20S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbvegrQ8GHu/NMDMvTAQ31ve/vdLK6tr6RnmzsrW9s7tX3T94NHGqKWvRWMS6ExLDBFesZbkVrJNoRmQoWDsc38789hPThsfqwU4SFkgyVDzilNhcOu3jfrXm1/0caJnggtSgQLNf/eoNYppKpiwVxJgu9hMbZERbTgWbVnqpYQmhYzJkXUcVkcwEWX7rFJ04ZYCiWLtSFuXq74mMSGMmMnSdktiRWfRm4n9eN7XRdZBxlaSWKTpfFKUC2RjNHkcDrhm1YuIIoZq7WxEdEU2odfFUXAh48eVl8nhex5d1fH9Ra9wUcZThCI7hDDBcQQPuoAktoDCCZ3iFN096L9679zFvLXnFzCH8gff5A2hWjdM=</latexit>

t01
<latexit sha1_base64="Z83RXemqfzh9u7I/e232fFfs8GQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9mIqMeiF48VrC20S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31ve/vdLK6tr6RnmzsrW9s7tX3T94NHGqKWvRWMS6ExLDBFesZbkVrJNoRmQoWDsc3+Z++4lpw2P1YCcJCyQZKh5xSmwumdM+7ldrft2fAS0TXJAaFGj2q1+9QUxTyZSlghjTxX5ig4xoy6lg00ovNSwhdEyGrOuoIpKZIJvdOkUnThmgKNaulEUz9fdERqQxExm6TknsyCx6ufif101tdB1kXCWpZYrOF0WpQDZG+eNowDWjVkwcIVRzdyuiI6IJtS6eigsBL768TB7P6/iyju8vao2bIo4yHMExnAGGK2jAHTShBRRG8Ayv8OZJ78V79z7mrSWvmDmEP/A+fwBmz43S</latexit>

s01
<latexit sha1_base64="/uhMpDDVnG1pNaht/uPSH0liMhY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9mIqMeiF48VrC20S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31ve/vdLK6tr6RnmzsrW9s7tX3T94NHGqKWvRWMS6ExLDBFesZbkVrJNoRmQoWDsc3+Z++4lpw2P1YCcJCyQZKh5xSmwu6dM+7ldrft2fAS0TXJAaFGj2q1+9QUxTyZSlghjTxX5ig4xoy6lg00ovNSwhdEyGrOuoIpKZIJvdOkUnThmgKNaulEUz9fdERqQxExm6TknsyCx6ufif101tdB1kXCWpZYrOF0WpQDZG+eNowDWjVkwcIVRzdyuiI6IJtS6eigsBL768TB7P6/iyju8vao2bIo4yHMExnAGGK2jAHTShBRRG8Ayv8OZJ78V79z7mrSWvmDmEP/A+fwBlSI3R</latexit>

r01
<latexit sha1_base64="2GIF5UOJ6YH5TKh3YMCWQl3kWso=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbRU0mKqMeiF48V7Ae0oWy2m3bp7ibsboQQ+he8eFDEq3/Im//GbZqDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvZv73SeqNIvko0lj6gs8lixkBJtcOh82htWaW3dzoFXiFaQGBVrD6tdgFJFEUGkIx1r3PTc2foaVYYTTWWWQaBpjMsVj2rdUYkG1n+W3ztCZVUYojJQtaVCu/p7IsNA6FYHtFNhM9LI3F//z+okJb/yMyTgxVJLFojDhyERo/jgaMUWJ4aklmChmb0VkghUmxsZTsSF4yy+vkk6j7l3VvYfLWvO2iKMMJ3AKF+DBNTThHlrQBgITeIZXeHOE8+K8Ox+L1pJTzBzDHzifP2najdQ=</latexit>

t02
<latexit sha1_base64="TdcciE35mdtLfBus9T4PfXNJB6s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbRU0mKqMeiF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcv87hNVmkXy0cxi6gs8lixkBJtM0ufDxrBac+tuDrRKvILUoEBrWP0ajCKSCCoN4VjrvufGxk+xMoxwOq8MEk1jTKZ4TPuWSiyo9tP81jk6s8oIhZGyJQ3K1d8TKRZaz0RgOwU2E73sZeJ/Xj8x4Y2fMhknhkqyWBQmHJkIZY+jEVOUGD6zBBPF7K2ITLDCxNh4KjYEb/nlVdJp1L2ruvdwWWveFnGU4QRO4QI8uIYm3EML2kBgAs/wCm+OcF6cd+dj0Vpyiplj+APn8wdoU43T</latexit>

s02

<latexit sha1_base64="qbLf7pZI9OxWNa/lRALIEmzD5PU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlFpHssHM07Qj+hA8pAzaqx0f9s765UrbtWdgfwlXk4qkKPeK392+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiFHVumTMFa2pCEz9edERiOtx1FgOyNqhnrRm4r/eZ3UhJd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLf0nzpOqdV72700rtKo+jCAdwCMfgwQXU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H9/MD417</latexit>

I5
<latexit sha1_base64="n6yHQa1iqo6zblyYNcYz8foxD7E=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj0oreK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNer9kplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK95Fxbs/L9eu8zgKcAwncAYeXEINbqEODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wfHg414</latexit>

I2
<latexit sha1_base64="DqfwLV/dRso4ZRnmBZs+UA8sloo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbBU0lE1GPRi8cq1hbaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7xZ2dre2d2r7h88miTTjDdZIhPdDqnhUijeRIGSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2il+67bq7pezZuBLBO/IC4UaPSqX91+wrKYK2SSGtPxvRSDnGoUTPJJpZsZnlI2ogPesVTRmJsgn106ISdW6ZMo0bYUkpn6eyKnsTHjOLSdMcWhWfSm4n9eJ8PoKsiFSjPkis0XRZkkmJDp26QvNGcox5ZQpoW9lbAh1ZShDadiQ/AXX14mj2c1/6Lm35279esijjIcwTGcgg+XUIdbaEATGETwDK/w5oycF+fd+Zi3lpxi5hD+wPn8ARgcjRM=</latexit>

#
<latexit sha1_base64="McT3Sp7e1UG8yvsdeyYRMr1UGXU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s0l3N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHstHM0nQj+hA8pAzaqzU6upxShX2yhW36s5BVomXkwrkqPfKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5udOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhjZ9xmaQGJVssClNBTExmv5M+V8iMmFhCmeL2VsKGVFFmbEIlG4K3/PIqaV5Uvauq93BZqd3mcRThBE7hHDy4hhrcQx0awGAEz/AKb07ivDjvzseiteDkM8fwB87nD4gEj7M=</latexit>⇤

<latexit sha1_base64="DqfwLV/dRso4ZRnmBZs+UA8sloo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbBU0lE1GPRi8cq1hbaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7xZ2dre2d2r7h88miTTjDdZIhPdDqnhUijeRIGSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2il+67bq7pezZuBLBO/IC4UaPSqX91+wrKYK2SSGtPxvRSDnGoUTPJJpZsZnlI2ogPesVTRmJsgn106ISdW6ZMo0bYUkpn6eyKnsTHjOLSdMcWhWfSm4n9eJ8PoKsiFSjPkis0XRZkkmJDp26QvNGcox5ZQpoW9lbAh1ZShDadiQ/AXX14mj2c1/6Lm35279esijjIcwTGcgg+XUIdbaEATGETwDK/w5oycF+fd+Zi3lpxi5hD+wPn8ARgcjRM=</latexit>

#
<latexit sha1_base64="McT3Sp7e1UG8yvsdeyYRMr1UGXU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s0l3N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHstHM0nQj+hA8pAzaqzU6upxShX2yhW36s5BVomXkwrkqPfKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5udOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhjZ9xmaQGJVssClNBTExmv5M+V8iMmFhCmeL2VsKGVFFmbEIlG4K3/PIqaV5Uvauq93BZqd3mcRThBE7hHDy4hhrcQx0awGAEz/AKb07ivDjvzseiteDkM8fwB87nD4gEj7M=</latexit>⇤

<latexit sha1_base64="Biy8V7GczENrlYHdNAnD2EiWIJQ=">AAAB9HicbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx60VsEs0AyhJ6emqRJz2J3TSQM+Q4vHhTx6sd482/sJHPQ6IOCx3tVVNXzEik02vaXVVhaXlldK66XNja3tnfKu3tNHaeKQ4PHMlZtj2mQIoIGCpTQThSw0JPQ8obXU781AqVFHN3jOAE3ZP1IBIIzNJLbfRQ+DBhmt5PeWa9csav2DPQvcXJSITnqvfJn1495GkKEXDKtO46doJsxhYJLmJS6qYaE8SHrQ8fQiIWg3Wx29IQeGcWnQaxMRUhn6s+JjIVaj0PPdIYMB3rRm4r/eZ0Ug0s3E1GSIkR8vihIJcWYThOgvlDAUY4NYVwJcyvlA6YYR5NTyYTgLL78lzRPqs551bk7rdSu8jiK5IAckmPikAtSIzekThqEkwfyRF7IqzWynq03633eWrDymX3yC9bHN8Sdkhk=</latexit>bI5

<latexit sha1_base64="k8NwvFyZAkFQde6mqLUC46nZqTw=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6jHoRW8RzAOSJczO9iZDZh/O9EbCku/w4kERr36MN//GSbIHTSxoKKq66e7yEik02va3tbK6tr6xWdgqbu/s7u2XDg6bOk4VhwaPZazaHtMgRQQNFCihnShgoSeh5Q1vpn5rBEqLOHrAcQJuyPqRCARnaCS3+yR8GDDM7ia9aq9Utiv2DHSZODkpkxz1Xumr68c8DSFCLpnWHcdO0M2YQsElTIrdVEPC+JD1oWNoxELQbjY7ekJPjeLTIFamIqQz9fdExkKtx6FnOkOGA73oTcX/vE6KwZWbiShJESI+XxSkkmJMpwlQXyjgKMeGMK6EuZXyAVOMo8mpaEJwFl9eJs1qxbmoOPfn5dp1HkeBHJMTckYccklq5JbUSYNw8kieySt5s0bWi/VufcxbV6x85oj8gfX5A8ARkhY=</latexit>bI2

<latexit sha1_base64="qkqiEjmoG+e4kPMzTYW3gWFrX3Y=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIPgqSQi6rHoxWMFWwtNKJvNpF262YTdiVJC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXZoJrdN1vq7Kyura+Ud2sbW3v7O7V9w86Os0VgzZLRaq6IdUguIQ2chTQzRTQJBTwEI5upv7DIyjNU3mP4wyChA4kjzmjaCTff+IRDCkWvjPp1x234c5gLxOvJA4p0erXv/woZXkCEpmgWvc8N8OgoAo5EzCp+bmGjLIRHUDPUEkT0EExu3linxglsuNUmZJoz9TfEwVNtB4noelMKA71ojcV//N6OcZXQcFlliNINl8U58LG1J4GYEdcAUMxNoQyxc2tNhtSRRmamGomBG/x5WXSOWt4Fw3v7txpXpdxVMkROSanxCOXpEluSYu0CSMZeSav5M3KrRfr3fqYt1ascuaQ/IH1+QMMFZGx</latexit>b#
<latexit sha1_base64="Prj5rutQvEn24ouZHSEjo/03ZfY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIR9Vj04rGC/YAmlM1m0i7dbOLuxlJif4oXD4p49Zd489+4bXPQ1gcDj/dmmJkXpJwp7Tjf1srq2vrGZmmrvL2zu7dvVw5aKskkhSZNeCI7AVHAmYCmZppDJ5VA4oBDOxjeTP32I0jFEnGvxyn4MekLFjFKtJF6dsUbsRAGROeeesiIhEnPrjo1Zwa8TNyCVFGBRs/+8sKEZjEITTlRqus6qfZzIjWjHCZlL1OQEjokfegaKkgMys9np0/wiVFCHCXSlNB4pv6eyEms1DgOTGdM9EAtelPxP6+b6ejKz5lIMw2CzhdFGcc6wdMccMgkUM3HhhAqmbkV0wGRhGqTVtmE4C6+vExaZzX3oubenVfr10UcJXSEjtEpctElqqNb1EBNRNEIPaNX9GY9WS/Wu/Uxb12xiplD9AfW5w8JgpSC</latexit>b⇤

<latexit sha1_base64="qkqiEjmoG+e4kPMzTYW3gWFrX3Y=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIPgqSQi6rHoxWMFWwtNKJvNpF262YTdiVJC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXZoJrdN1vq7Kyura+Ud2sbW3v7O7V9w86Os0VgzZLRaq6IdUguIQ2chTQzRTQJBTwEI5upv7DIyjNU3mP4wyChA4kjzmjaCTff+IRDCkWvjPp1x234c5gLxOvJA4p0erXv/woZXkCEpmgWvc8N8OgoAo5EzCp+bmGjLIRHUDPUEkT0EExu3linxglsuNUmZJoz9TfEwVNtB4noelMKA71ojcV//N6OcZXQcFlliNINl8U58LG1J4GYEdcAUMxNoQyxc2tNhtSRRmamGomBG/x5WXSOWt4Fw3v7txpXpdxVMkROSanxCOXpEluSYu0CSMZeSav5M3KrRfr3fqYt1ascuaQ/IH1+QMMFZGx</latexit>b#
<latexit sha1_base64="Prj5rutQvEn24ouZHSEjo/03ZfY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIR9Vj04rGC/YAmlM1m0i7dbOLuxlJif4oXD4p49Zd489+4bXPQ1gcDj/dmmJkXpJwp7Tjf1srq2vrGZmmrvL2zu7dvVw5aKskkhSZNeCI7AVHAmYCmZppDJ5VA4oBDOxjeTP32I0jFEnGvxyn4MekLFjFKtJF6dsUbsRAGROeeesiIhEnPrjo1Zwa8TNyCVFGBRs/+8sKEZjEITTlRqus6qfZzIjWjHCZlL1OQEjokfegaKkgMys9np0/wiVFCHCXSlNB4pv6eyEms1DgOTGdM9EAtelPxP6+b6ejKz5lIMw2CzhdFGcc6wdMccMgkUM3HhhAqmbkV0wGRhGqTVtmE4C6+vExaZzX3oubenVfr10UcJXSEjtEpctElqqNb1EBNRNEIPaNX9GY9WS/Wu/Uxb12xiplD9AfW5w8JgpSC</latexit>b⇤

Figure 12: Example of the 𝐼 -̂𝐼 -condition of well-formed ex-

pansions of 𝑄1. We show the expansions 𝑦1
𝑤𝐼−−→ 𝑥 and 𝑥

𝑤𝐼−−→

𝑧1 of the atoms 𝑦1
𝐿𝐼−−→ 𝑥 and 𝑥

𝐿𝐼−−→ 𝑧1, respectively. The words
𝑤𝐼 = □ # 𝐼2 □ # 𝐼5 and 𝑤𝐼 = 𝐼̂5 #̂ □̂ 𝐼̂2 #̂ □̂ encode the sequence
of indices 5, 2. Dotted blue lines indicate pairs of equal vari-
ables while red lines indicate distinct variables. We have
some extra symbols #, #̂,□, □̂.

The symbols in A are associated with the words 𝑢𝑖 , while the
symbols in Â with the words 𝑣𝑖 . For each 𝑢𝑖 = 𝑎1 · · ·𝑎𝑘 , we define
the word 𝑈𝑖 = 𝑎1 $■𝑎2 $■ · · · 𝑎𝑘 $′ ■′. Similarly, for each 𝑣𝑖 =

𝑎1 · · ·𝑎𝑘 we define 𝑉𝑖 = ■̂′ $̂′ 𝑎𝑘 ■̂ $̂𝑎𝑘−1 · · · ■̂ $̂𝑎1. The CRPQ 𝑄1
is defined as follows (see Figure 11 for an illustration):

𝑄1 = 𝑦1
𝐿𝐼−−→ 𝑥 ∧ 𝑦2

𝐿𝑎−−→ 𝑥 ∧ 𝑥 𝐿𝐼−−→ 𝑧1 ∧ 𝑥
𝐿𝑎−−→ 𝑧2

∧ 𝑥 □−→ 𝑥 ′ ∧ 𝑥 ■̂−→ 𝑥 ′ ∧ 𝑥 ′ □̂−→ 𝑥 ∧ 𝑥 ′ ■−→ 𝑥

∧ 𝑦′1
#∞−−→ 𝑦1 ∧ 𝑦′2

$̂∞−−→ 𝑦2 ∧ 𝑧1
#̂∞#̂−−−→ 𝑧′1 ∧ 𝑧2

$∞$−−−→ 𝑧′2
where:

𝐿𝐼 = (□ # I)+ 𝐿̂𝐼 = (̂I #̂ □̂)+

𝐿𝑎 = (𝑈1 + · · · +𝑈ℓ )+ 𝐿̂𝑎 = (𝑉1 + · · · +𝑉ℓ )+

Intuitively, a word from 𝐿𝐼 corresponds to a choice of indices
from {1, . . . , ℓ}, similarly for 𝐿̂𝐼 . On the other hand, a word from
𝐿𝑎 [resp. 𝐿̂𝑎] corresponds to a choice of words from {𝑢1, . . . , 𝑢ℓ }
[resp. {𝑣1, . . . , 𝑣ℓ }].

We are interested in a particular type of a-inj-expansions of
𝑄1 that we call well-formed and define below. The idea is that
well-formed a-inj-expansions correspond to solutions of the PCP
instance. In particular, if there is a well-formed a-inj-expansion of
𝑄1 then there is a solution to the PCP instance and vice versa. We
then show how to construct 𝑄2 such that an a-inj-expansion of 𝑄1
is well-formed if and only if it is a counterexample for𝑄1 ⊆a-inj 𝑄2.

Let 𝐹 be an a-inj-expansion of𝑄1 such that 𝐹 = 𝐹≡ for 𝐹 = 𝐸 ∧ 𝐽
(here 𝐸 ∈ Exp (𝑄1) and 𝐽 are the equality atoms). We say that 𝐹 is
well-formed if it satisfies the following four conditions:

(1) 𝐼 -̂𝐼 -condition : This condition applies to the atoms 𝑦1
𝐿𝐼−−→ 𝑥

and 𝑥
𝐿𝐼−−→ 𝑧1 of 𝑄1. Let 𝑦1

𝑤𝐼−−→ 𝑥 and 𝑥
𝑤𝐼−−→ 𝑧1 be the

expansions associated to the atoms 𝑦1
𝐿𝐼−−→ 𝑥 and 𝑥

𝐿𝐼−−→
𝑧1 in the expansion 𝐸. The condition requires the words
𝑤𝐼 and 𝑤𝐼 to be of the form 𝑤𝐼 = □ # 𝐼𝑖𝑘 · · · □ # 𝐼𝑖1 and
𝑤𝐼 = 𝐼̂𝑖1 #̂ □̂ · · · 𝐼̂𝑖𝑘 #̂ □̂, for a sequence of indices 𝑖1, . . . , 𝑖𝑘 ∈
{1, . . . , ℓ}. In other words, the expansions of the atoms𝑦1

𝐿𝐼−−→

𝑥 and 𝑥
𝐿𝐼−−→ 𝑧1 correspond to the same sequence on indices.

The 𝐼 -̂𝐼 -condition also requires a particular behavior on the
equality atoms 𝐽 (see Figure 12). Suppose the expansion
𝑦1

𝑤𝐼−−→ 𝑥 is of the form:

𝑦1
□−→ 𝑠𝑘

#−→ 𝑡𝑘

𝐼𝑖𝑘−−→ 𝑟𝑘−1
□−→𝑠𝑘−1

#−→ 𝑡𝑘−1
𝐼𝑖𝑘−1−−−−→ 𝑟𝑘−2 · · ·

· · · 𝑟1
□−→ 𝑠1

#−→ 𝑡1
𝐼𝑖1−−→ 𝑥

and 𝑥
𝑤𝐼−−→ 𝑧1 is of the form:

𝑥
𝐼̂𝑖1−−→ 𝑡 ′1

#̂−→ 𝑠 ′1
□̂−→ 𝑟 ′1

𝐼̂𝑖2−−→𝑡 ′2
#̂−→ 𝑠 ′2

□̂−→ 𝑟 ′2 · · ·

· · · 𝑟 ′
𝑘−1

𝐼̂𝑖𝑘−−→ 𝑡 ′
𝑘

#̂−→ 𝑠 ′
𝑘

□̂−→ 𝑧1

Then the relation =
𝐹

produced by the equality atoms 𝐽 satis-
fies:

(a) 𝑡1 ≠
𝐹
𝑡 ′1, · · · , 𝑡𝑘 ≠

𝐹
𝑡 ′
𝑘

(b) 𝑠1 =
𝐹
𝑠 ′1, · · · , 𝑠𝑘 =

𝐹
𝑠 ′
𝑘

(c) 𝑟1 =
𝐹
𝑟 ′1, · · · , 𝑟𝑘 =

𝐹
𝑟 ′
𝑘

where 𝑟𝑘 := 𝑦1 and 𝑟 ′
𝑘

:= 𝑧1.

(2) 𝐼 -𝑎-condition : This condition applies to the atoms 𝑦1
𝐿𝐼−−→ 𝑥

and 𝑥
𝐿𝑎−−→ 𝑧2 of 𝑄1. Let 𝑦1

𝑤𝐼−−→ 𝑥 and 𝑥
𝑤𝑎−−→ 𝑧2 be the

expansions associated to the atoms 𝑦1
𝐿𝐼−−→ 𝑥 and 𝑥

𝐿𝑎−−→ 𝑧2 in
the expansion 𝐸. The condition requires the words𝑤𝐼 and𝑤𝑎
to be of the form𝑤𝐼 = □ # 𝐼𝑖𝑘 · · · □ # 𝐼𝑖1 and𝑤𝑎 = 𝑈𝑖1 · · ·𝑈𝑖𝑘 ,
for a sequence of indices 𝑖1, . . . , 𝑖𝑘 ∈ {1, . . . , ℓ}. Intuitively,
the word𝑤𝑎 chooses words from {𝑢1, . . . , 𝑢ℓ } according to
the sequence 𝑖1, . . . , 𝑖𝑘 . The 𝐼 -𝑎-condition also requires a
particular behavior on the equality atoms 𝐽 . Suppose the
expansion 𝑦1

𝑤𝐼−−→ 𝑥 is of the form:

𝑦1
□−→ 𝑠𝑘

#−→ 𝑡𝑘

𝐼𝑖𝑘−−→ 𝑟𝑘−1
□−→𝑠𝑘−1

#−→ 𝑡𝑘−1
𝐼𝑖𝑘−1−−−−→ 𝑟𝑘−2 · · ·

· · · 𝑟1
□−→ 𝑠1

#−→ 𝑡1
𝐼𝑖1−−→ 𝑥

and the expansion 𝑥
𝑤𝑎−−→ 𝑧2 is of the form:

𝑥
𝑈𝑖1−−−→ 𝑠 ′1

■′−−→ 𝑟 ′1
𝑈𝑖2−−−→ 𝑠 ′2

■′−−→ 𝑟 ′2 · · · 𝑟
′
𝑘−1

𝑈𝑖𝑘−−−→ 𝑠 ′
𝑘

■′−−→ 𝑧2

where 𝑈𝑖 is the word obtained from 𝑈𝑖 by removing the last
symbol ■′. Then the relation =

𝐹
produced by the equality

atoms 𝐽 satisfies:
(a) 𝑡 𝑗 ≠

𝐹
𝑡 , for every internal variable 𝑡 of the expansion

𝑟 ′
𝑗−1

𝑈𝑖 𝑗−−−→ 𝑠 ′
𝑗

(here 𝑟 ′0 := 𝑥 )
(b) 𝑠1 =

𝐹
𝑠 ′1, · · · , 𝑠𝑘 =

𝐹
𝑠 ′
𝑘



(c) 𝑟1 =
𝐹
𝑟 ′1, · · · , 𝑟𝑘 =

𝐹
𝑟 ′
𝑘

where 𝑟𝑘 := 𝑦1 and 𝑟 ′
𝑘

:= 𝑧2.
(3) 𝑎-̂𝐼 -condition : This is analogous to the 𝐼 -𝑎-condition and

applies to the atoms 𝑦2
𝐿𝑎−−→ 𝑥 and 𝑥

𝐿𝐼−−→ 𝑧1 of 𝑄1. Let

𝑦2
𝑤𝑎−−→ 𝑥 and 𝑥

𝑤𝐼−−→ 𝑧1 be the expansions associated to

the atoms 𝑦2
𝐿𝑎−−→ 𝑥 and 𝑥

𝐿𝐼−−→ 𝑧1 in the expansion 𝐸. The
condition requires the words 𝑤𝑎 and 𝑤𝐼 to be of the form
𝑤𝐼 = 𝐼̂𝑖1 #̂ □̂ · · · 𝐼̂𝑖𝑘 #̂ □̂ and𝑤𝑎 = 𝑉𝑖𝑘 · · ·𝑉𝑖1 , for a sequence of
indices 𝑖1, . . . , 𝑖𝑘 ∈ {1, . . . , ℓ}. That is, the word𝑤𝑎 chooses
words from {𝑣1, . . . , 𝑣ℓ } according to the sequence 𝑖1, . . . , 𝑖𝑘 .
We also require some conditions on the equality atoms 𝐽 .

Suppose the expansion 𝑦2
𝑤𝑎−−→ 𝑥 is of the form:

𝑦2
■̂′−−→ 𝑠𝑘

𝑉𝑖𝑘−−−→ 𝑟𝑘−1
■̂′−−→ 𝑠𝑘−1

𝑉𝑖𝑘−1−−−−→ 𝑟𝑘−2 · · · 𝑟1
■̂′−−→ 𝑠1

𝑉𝑖1−−→ 𝑥

where 𝑉𝑖 is the word obtained from 𝑉𝑖 by removing the first

symbol ■̂′. Suppose also the expansion 𝑥
𝑤𝐼−−→ 𝑧1 is of the

form:

𝑥
𝐼̂𝑖1−−→ 𝑡 ′1

#̂−→ 𝑠 ′1
□̂−→ 𝑟 ′1

𝐼̂𝑖2−−→𝑡 ′2
#̂−→ 𝑠 ′2

□̂−→ 𝑟 ′2 · · ·

· · · 𝑟 ′
𝑘−1

𝐼̂𝑖𝑘−−→ 𝑡 ′
𝑘

#̂−→ 𝑠 ′
𝑘

□̂−→ 𝑧1

Then the relation =
𝐹

produced by the equality atoms 𝐽 satis-
fies:

(a) 𝑡 ′
𝑗
≠
𝐹
𝑡 , for every internal variable 𝑡 of the expansion

𝑠 𝑗

𝑉𝑖 𝑗−−−→ 𝑟 𝑗−1 (here 𝑟0 := 𝑥 )
(b) 𝑠1 =

𝐹
𝑠 ′1, · · · , 𝑠𝑘 =

𝐹
𝑠 ′
𝑘

(c) 𝑟1 =
𝐹
𝑟 ′1, · · · , 𝑟𝑘 =

𝐹
𝑟 ′
𝑘

where 𝑟𝑘 := 𝑦2 and 𝑟 ′
𝑘

:= 𝑧1.

(4) 𝑎-𝑎-condition : This condition applies to the atoms 𝑦2
𝐿𝑎−−→ 𝑥

and 𝑥
𝐿𝑎−−→ 𝑧2 of 𝑄1. Let 𝑦2

𝑤𝑎−−→ 𝑥 and 𝑥
𝑤𝑎−−→ 𝑧2 be the

expansions associated to the atoms 𝑦2
𝐿𝑎−−→ 𝑥 and 𝑥

𝐿𝑎−−→
𝑧2 in the expansion 𝐸. The condition requires the words
𝑤𝑎 and 𝑤𝑎 to be of the form 𝑤𝑎 = ♣♣𝑎𝑛 · · · ♣ ♣𝑎1 and
𝑤𝑎 = 𝑎1 ♣♣ · · · 𝑎𝑛 ♣♣, for a word 𝑎1 · · ·𝑎𝑛 ∈ Σ∗ (recall Σ is
the alphabet of the PCP instance). Here, ♣ is a placeholder
representing some symbol. Intuitively, the word𝑤𝑎 and𝑤𝑎
represent the same word from Σ∗. The 𝑎-𝑎-condition also
requires some conditions on the equality atoms 𝐽 . Assume

the expansion 𝑦2
𝑤𝑎−−→ 𝑥 is of the form:

𝑦2
♣−→ 𝑠𝑛

♣−→ 𝑡𝑛
𝑎𝑛−−→ 𝑟𝑛−1

♣−→𝑠𝑛−1
♣−→ 𝑡𝑛−1

𝑎𝑛−1−−−−→ 𝑟𝑛−2 · · ·

· · · 𝑟1
♣−→ 𝑠1

♣−→ 𝑡1
𝑎1−−→ 𝑥

and the expansion 𝑥
𝑤𝑎−−→ 𝑧2 is of the form:

𝑥
𝑎1−−→ 𝑡 ′1

♣−→ 𝑠 ′1
♣−→ 𝑟 ′1

𝑎2−−→𝑡 ′2
♣−→ 𝑠 ′2

♣−→ 𝑟 ′2 · · ·

· · · 𝑟 ′𝑛−1
𝑎𝑛−−→ 𝑡 ′𝑛

♣−→ 𝑠 ′𝑛
♣−→ 𝑧2

Then the relation =
𝐹

produced by the equality atoms 𝐽 satis-
fies:

(a) 𝑡1 ≠
𝐹
𝑡 ′1, · · · , 𝑡𝑛 ≠

𝐹
𝑡 ′𝑛

(b) 𝑠1 =
𝐹
𝑠 ′1, · · · , 𝑠𝑛 =

𝐹
𝑠 ′𝑛

(c) 𝑟1 =
𝐹
𝑟 ′1, · · · , 𝑟𝑛 =

𝐹
𝑟 ′𝑛

where 𝑟𝑛 := 𝑦2 and 𝑟 ′𝑛 := 𝑧2.

The key property of well-formedness is that it can be charac-
terized in terms of the non-existence of a finite number of simple
cycles and simple paths having certain labels. In order to do this,
we need to define some finite languages. Recall𝑈𝑖 is obtained from
𝑈𝑖 by removing the last symbol ■′ and 𝑉𝑖 is obtained from 𝑉𝑖 by
removing the first symbol ■̂′. We define 𝑁 to be the maximum
length of the words 𝑈𝑖 . We denote by 𝑒𝑖, 𝑗 , for 𝑖 ≤ 𝑗 , the regular
expression (𝑒𝑖 + 𝑒𝑖+1 + · · · + 𝑒 𝑗 ). We have:

𝐾
𝐼 𝐼̂

= I Î + #∞ Î + I #̂∞
𝑀
𝐼 𝐼̂

=
∑︁
𝑖≠𝑗

𝐼𝑖 𝐼̂ 𝑗 + Î # + #̂ I + # I Î #̂ + □ □̂ + #∞ Î + I #̂∞

𝐾𝐼𝑎 = I Σ + #∞ Σ + I $∞
𝑀𝐼𝑎 = (Σ + $ + $′ + ■) I + (Σ + $ + ■)1,𝑁 # +

∑︁
𝑖

∑︁
𝑗≠𝑖

𝐼𝑖𝑈 𝑗 +

+ # I (𝑈1 + · · · +𝑈ℓ ) + □■′ + #∞ Σ + I $∞
𝐾
𝑎 𝐼̂

= Σ̂ Î + $̂∞ Î + Σ̂ #̂∞

𝑀
𝑎 𝐼̂

= Î (Σ̂ + $̂ + $̂′ + ■̂) + #̂ Σ̂ + Î #̂ (Σ̂ + $̂ + ■̂) +
∑︁
𝑖

∑︁
𝑗≠𝑖

𝑉𝑗 𝐼̂𝑖 +

+ (𝑉1 + · · · +𝑉ℓ ) Î #̂ + ■̂′□̂ + $̂∞ Î + Σ̂ #̂∞

𝐾𝑎𝑎 = Σ̂ Σ + $̂∞ Σ + Σ̂ $∞

𝑀𝑎𝑎 =
∑︁
𝑎≠𝑏

𝑎𝑏 + Σ (̂$ + $̂′) + ($ + $′) Σ̂ + (̂$ + $̂′) Σ̂ Σ ($ + $′)+

+ (■̂ + ■̂′) (■ + ■′) + $̂∞ Σ + Σ̂ $∞

Claim D.1. Let 𝐹 be an a-inj-expansion of 𝑄1. Then:

(1) 𝐹 satisfies the 𝐼 -̂𝐼 -condition iff 𝐹 does not contain a simple cycle
with label in 𝐾

𝐼 𝐼̂
nor a simple path with label in𝑀

𝐼 𝐼̂
.

(2) 𝐹 satisfies the 𝐼 -𝑎-condition iff 𝐹 does not contain a simple
cycle with label in 𝐾𝐼𝑎 nor a simple path with label in𝑀𝐼𝑎 .

(3) 𝐹 satisfies the 𝑎-̂𝐼 -condition iff 𝐹 does not contain a simple
cycle with label in 𝐾

𝑎 𝐼̂
nor a simple path with label in𝑀

𝑎 𝐼̂
.

(4) 𝐹 satisfies the 𝑎-𝑎-condition iff 𝐹 does not contain a simple
cycle with label in 𝐾𝑎𝑎 nor a simple path with label in𝑀𝑎𝑎 .

Proof. Suppose 𝐹 = 𝐹≡ for 𝐹 = 𝐸∧ 𝐽 , where 𝐸 ∈ Exp (𝑄1) and 𝐽

are equality atoms. We start with item (1). Let𝑦1
𝑤𝐼−−→ 𝑥 and 𝑥

𝑤𝐼−−→ 𝑧1

be the expansions associated to the atoms 𝑦1
𝐿𝐼−−→ 𝑥 and 𝑥

𝐿𝐼−−→
𝑧1 in the expansion 𝐸. Suppose that 𝑤𝐼 = □ # 𝐼𝑖𝑘 · · · □ # 𝐼𝑖1 and
𝑤𝐼 = 𝐼̂ 𝑗1 #̂ □̂ · · · 𝐼̂ 𝑗𝑝 #̂ □̂, for indices 𝑖1, . . . , 𝑖𝑘 , 𝑗1, . . . , 𝑗𝑝 ∈ {1, . . . , ℓ}.
Assume also that 𝑦1

𝑤𝐼−−→ 𝑥 is of the form:

𝑦1
□−→ 𝑠𝑘

#−→ 𝑡𝑘

𝐼𝑖𝑘−−→ 𝑟𝑘−1
□−→𝑠𝑘−1

#−→ 𝑡𝑘−1
𝐼𝑖𝑘−1−−−−→ 𝑟𝑘−2 · · ·

· · · 𝑟1
□−→ 𝑠1

#−→ 𝑡1
𝐼𝑖1−−→ 𝑥



and 𝑥
𝑤𝐼−−→ 𝑧1 is of the form:

𝑥
𝐼̂ 𝑗1−−→ 𝑡 ′1

#̂−→ 𝑠 ′1
□̂−→ 𝑟 ′1

𝐼̂𝑖2−−→𝑡 ′2
#̂−→ 𝑠 ′2

□̂−→ 𝑟 ′2 · · ·

· · · 𝑟 ′𝑝−1
𝐼̂ 𝑗𝑝
−−→ 𝑡 ′𝑝

#̂−→ 𝑠 ′𝑝
□̂−→ 𝑧1

We consider first the backward direction of item (1). We have

𝑡1 ≠
𝐹
𝑡 ′1, otherwise there would be a simple cycle 𝑡1

𝐼𝑖1−−→ 𝑥
𝐼̂ 𝑗1−−→ 𝑡 ′1

with label in I Î ⊆ 𝐾
𝐼 𝐼̂

. This implies that 𝑖1 = 𝑗1. If this is not the

case, we would have a simple path 𝑡1
𝐼𝑖1−−→ 𝑥

𝐼̂ 𝑗1−−→ 𝑡 ′1 with a label in∑
𝑖≠𝑗 𝐼𝑖 𝐼̂ 𝑗 ⊆ 𝑀𝐼 𝐼̂ . We claim that 𝑠1 =

𝐹
𝑠 ′1. Note first that 𝑡1 ≠

𝐹
𝑠 ′1

and 𝑡 ′1 ≠
𝐹
𝑠1. Indeed, if 𝑡1 =

𝐹
𝑠 ′1, then there would be a simple path

𝑡 ′1
#̂−→ 𝑠 ′1

𝐼𝑖1−−→ 𝑥 with label in #̂ I ⊆ 𝑀
𝐼 𝐼̂

. If 𝑡 ′1 =
𝐹
𝑠1, then there would

be a simple path 𝑥
𝐼̂ 𝑗1−−→ 𝑡 ′1

#−→ 𝑡1 with label in Î # ⊆ 𝑀
𝐼 𝐼̂

. It follows

that 𝑠1 =
𝐹
𝑠 ′1 as otherwise the path 𝑠1

#−→ 𝑡1
𝐼𝑖1−−→ 𝑥

𝐼̂ 𝑗1−−→ 𝑡 ′1
#̂−→ 𝑠 ′1

would be a simple path with a label in # I Î #̂ ⊆ 𝑀
𝐼 𝐼̂

. Finally, we have

that 𝑟1 =
𝐹
𝑟 ′1. If this is not true, then 𝑟1

□−→ 𝑠1
□̂−→ 𝑟 ′1 would be a

simple path with a label in □ □̂ ⊆ 𝑀
𝐼 𝐼̂

.
We can iterate this argument, replacing in each step the “mid-

dle” variable 𝑥 by the corresponding new “middle” variable 𝑟𝑖 (see
Figure 12). We obtain the following (𝛼 = min{𝑘, 𝑝}):
• 𝑖1 = 𝑗1, 𝑖2 = 𝑗2, . . . , 𝑖𝛼 = 𝑗𝛼
• 𝑡1 ≠

𝐹
𝑡 ′1, · · · , 𝑡𝛼 ≠

𝐹
𝑡 ′𝛼

• 𝑠1 =
𝐹
𝑠 ′1, · · · , 𝑠𝛼 =

𝐹
𝑠 ′𝛼

• 𝑟1 =
𝐹
𝑟 ′1, · · · , 𝑟𝛼 =

𝐹
𝑟 ′𝛼

where 𝑟𝑘 := 𝑦1 and 𝑟 ′𝑝 := 𝑧1. Note that to conclude the 𝐼 -̂𝐼 -condition,
it suffices to show that 𝛼 = 𝑘 = 𝑝 . Towards a contradiction, suppose
first that 𝑘 < 𝑝 . We know that 𝑦1 =

𝐹
𝑟 ′
𝑘

, and 𝑟 ′
𝑘
≠ 𝑧1. In particular,

we have at least the following atoms:

𝑦′1
#∞−−→ 𝑦1 𝑟 ′

𝑘

𝐼̂ 𝑗−→ 𝑡 ′
𝑘+1

We have two cases. If 𝑦′1 =
𝐹
𝑡 ′
𝑘+1 then we have a simple cycle

𝑦′1
#∞−−→ 𝑦1

𝐼̂ 𝑗−→ 𝑡 ′
𝑘+1 with a label in #∞ Î ⊆ 𝐾𝐼 𝐼̂ . On the other hand,

if 𝑦′1 ≠
𝐹
𝑡 ′
𝑘+1 then we have a simple path 𝑦′1

#∞−−→ 𝑦1
𝐼̂ 𝑗−→ 𝑡 ′

𝑘+1 with
a label in #∞ Î ⊆ 𝑀

𝐼 𝐼̂
. In either case, we obtain a contradiction.

Suppose now that 𝑘 > 𝑝 . We know that 𝑟𝑝 =
𝐹
𝑧1, and 𝑟𝑝 ≠ 𝑦1. We

have at least the following atoms:

𝑡𝑝+1
𝐼𝑖−→ 𝑟𝑝 𝑧1

#̂∞−−→ 𝑧′′1
Again we have two cases. If 𝑡𝑝+1 =

𝐹
𝑧′′1 then we have a simple cycle

𝑡𝑝+1
𝐼𝑖−→ 𝑟𝑝

#̂∞−−→ 𝑧′′1 with a label in I #̂∞ ⊆ 𝐾𝐼 𝐼̂ . On the other hand,

if 𝑡𝑝+1 ≠
𝐹
𝑧′′1 then we have a simple path 𝑡𝑝+1

𝐼𝑖−→ 𝑟𝑝
#̂∞−−→ 𝑧′′1 with

a label in I #̂∞ ⊆ 𝑀𝐼 𝐼̂ . We obtain a contradiction in either case. We
conclude that 𝑘 = 𝑝 and hence the 𝐼 -̂𝐼 -condition holds.

The forward direction of item (1) follows directly from the defi-
nition of the 𝐼 -̂𝐼 -condition and inspection of the languages 𝐾

𝐼 𝐼̂
and

𝑀
𝐼 𝐼̂

.

Now we turn to item (2). Let 𝑦1
𝑤𝐼−−→ 𝑥 and 𝑥

𝑤𝑎−−→ 𝑧2 be the

expansions associated to the atoms 𝑦1
𝐿𝐼−−→ 𝑥 and 𝑥

𝐿𝑎−−→ 𝑧2 in
the expansion 𝐸. Suppose that 𝑤𝐼 = □ # 𝐼𝑖𝑘 · · · □ # 𝐼𝑖1 and 𝑤𝑎 =

𝑈 𝑗1 · · ·𝑈 𝑗𝑝 for indices 𝑖1, . . . , 𝑖𝑘 , 𝑗1, . . . , 𝑗𝑝 ∈ {1, . . . , ℓ}. Assume that

the expansion 𝑦1
𝑤𝐼−−→ 𝑥 is of the form:

𝑦1
□−→ 𝑠𝑘

#−→ 𝑡𝑘

𝐼𝑖𝑘−−→ 𝑟𝑘−1
□−→𝑠𝑘−1

#−→ 𝑡𝑘−1
𝐼𝑖𝑘−1−−−−→ 𝑟𝑘−2 · · ·

· · · 𝑟1
□−→ 𝑠1

#−→ 𝑡1
𝐼𝑖1−−→ 𝑥

and the expansion 𝑥
𝑤𝑎−−→ 𝑧2 is of the form:

𝑥
𝑈 𝑗1−−−→ 𝑠 ′1

■′−−→ 𝑟 ′1
𝑈𝑖2−−−→ 𝑠 ′2

■′−−→ 𝑟 ′2 · · · 𝑟
′
𝑝−1

𝑈 𝑗𝑝

−−−→ 𝑠 ′𝑝
■′−−→ 𝑧2

where𝑈 𝑗 is the word obtained from𝑈 𝑗 by removing the last symbol
■′.

We consider first the backward direction of item (2). Suppose

the expansion 𝑥
𝑈 𝑗1−−−→ 𝑠 ′1 has the form:

𝑥
♣−→ 𝑜1

♣−→ 𝑜2 · · ·𝑜𝑚
♣−→ 𝑠 ′1

where ♣ is a placeholder representing some symbol. We claim that
𝑡1 ≠

𝐹
𝑡 , for all 𝑡 ∈ {𝑜1, . . . , 𝑜𝑚, 𝑜𝑚+1}, where 𝑜𝑚+1 := 𝑠 ′1. Note first

that 𝑡1 ≠
𝐹
𝑜1, otherwise there would be a simple cycle 𝑡1

𝐼𝑖1−−→ 𝑥
♣−→

𝑜1, where ♣ ∈ Σ. In particular, the label would belong to I Σ ⊆ 𝐾𝐼𝑎 ;
a contradiction. Now we argue by induction. Suppose 𝑡1 ≠

𝐹
𝑜ℎ , for

some ℎ ∈ {1, . . . ,𝑚}. By contradiction, assume 𝑡1 =
𝐹
𝑜ℎ+1. We have

a simple path 𝑜ℎ
♣−→ 𝑜ℎ+1

𝐼𝑖1−−→ 𝑥 , where ♣ ∈ Σ∪ {$,■, $′} (note that
♣ cannot be ■′). Then the label belongs to (Σ + $ + $′ + ■) I ⊆ 𝑀𝐼𝑎 ;
a contradiction.

We now claim that 𝑠1 ≠
𝐹
𝑡 , for all 𝑡 ∈ {𝑜1, . . . , 𝑜𝑚}. By contra-

diction, suppose that 𝑠1 =
𝐹
𝑡 , for some 𝑡 ∈ {𝑜1, . . . , 𝑜𝑚}. Then there

is a simple path 𝑥
𝑈−→ 𝑡

#−→ 𝑡1, where𝑈 ∈ (Σ + $ + ■)1,𝑁 (note how
we use the fact that 𝑡1 ≠

𝐹
𝑡 , for all 𝑡 ∈ {𝑜1, . . . , 𝑜𝑚}; otherwise the

path would not be necessarily simple). The label of the simple path
belongs to (Σ + $ + ■)1,𝑁 # ⊆ 𝑀𝐼𝑎 ; a contradiction.

We have that 𝑖1 = 𝑗1. If this is not the case, then we would have

the simple path 𝑡1
𝐼𝑖1−−→ 𝑥

𝑈 𝑗1−−−→ 𝑠 ′1 with a label in
∑
𝑖

∑
𝑗≠𝑖 𝐼𝑖𝑈 𝑗 ⊆ 𝑀𝐼𝑎 .

Moreover, we have 𝑠1 =
𝐹
𝑠 ′1, otherwise we would have the simple

path 𝑠1
#−→ 𝑡1

𝐼𝑖1−−→ 𝑥
𝑈 𝑗1−−−→ 𝑠 ′1 with a label in # I (𝑈1 + · · · +𝑈ℓ ) ⊆ 𝑀𝐼𝑎 .

Finally, we have 𝑟1 =
𝐹
𝑟 ′1. If this is not the case, then we have a

simple path 𝑟1
□−→ 𝑠1

■′−−→ 𝑟 ′1 with a label in □■′ ⊆ 𝑀𝐼𝑎 .
As in the case of item (1), we can iterate this argument, replacing

in each step the “middle” variable 𝑥 by the corresponding new
“middle” variable 𝑟𝑖 . We obtain the following (𝛼 = min{𝑘, 𝑝}):
• 𝑖1 = 𝑗1, 𝑖2 = 𝑗2, . . . , 𝑖𝛼 = 𝑗𝛼
• For every 𝑗 ∈ {1, . . . , 𝛼}, we have 𝑡 𝑗 ≠𝐹 𝑡 , for every internal

variable 𝑡 of the expansion 𝑟 ′
𝑗−1

𝑈𝑖 𝑗−−−→ 𝑠 ′
𝑗

(here 𝑟 ′0 := 𝑥 )
• 𝑠1 =

𝐹
𝑠 ′1, · · · , 𝑠𝛼 =

𝐹
𝑠 ′𝛼

• 𝑟1 =
𝐹
𝑟 ′1, · · · , 𝑟𝛼 =

𝐹
𝑟 ′𝛼



where 𝑟𝑘 := 𝑦1 and 𝑟 ′𝑝 := 𝑧2. By using the same arguments as in the
case of item (1) we obtain that 𝑘 = 𝑝 , and hence the 𝐼 -𝑎-condition
holds.

The forward direction of item (2) follows directly from the defi-
nition of the 𝐼 -𝑎-condition and inspection of the languages 𝐾𝐼𝑎 and
𝑀𝐼𝑎 .

The cases of item (3) and (4) are analogous to cases (1) and (2). □

Let 𝑄⟳2 and 𝑄→2 be the following Boolean CRPQs in CRPQfin:

𝑄⟳2 = 𝑥
𝐾⟳−−−→ 𝑥 𝑄→2 = 𝑦

𝑀→−−−→ 𝑧

where𝐾⟳ := 𝐾
𝐼 𝐼̂
+𝐾𝐼𝑎 +𝐾𝑎𝐼̂ +𝐾𝑎𝑎 and𝑀→ := 𝑀

𝐼 𝐼̂
+𝑀𝐼𝑎 +𝑀𝑎𝐼̂ +

𝑀𝑎𝑎 .
From Claim D.1, we obtain the reduction for the case when the

right-hand side query is the union of the CRPQs𝑄⟳2 and𝑄→2 , which
we denote by 𝑄⟳2 ∨𝑄

→
2 .

ClaimD.2. Let 𝐹 be an a-inj-expansion of𝑄1. Then 𝐹 is well-formed
if and only if 𝑄⟳2 ∨𝑄

→
2 (𝐹 )

a-inj = ∅. Moreover, there is a solution to
the PCP instance if and only if 𝑄1 ⊈a-inj 𝑄⟳2 ∨𝑄

→
2 .

From Claim D.2, we obtain the undecidability of containment
under atom-injective semantics of a CRPQ in a union of two CRPQs
from CRPQfin. We conclude our proof explaining how to simulate
the union 𝑄⟳2 ∨ 𝑄

→
2 with a single query 𝑄2 ∈ CRPQfin as in

Figure 11.
We define the following languages:

𝐾𝑑𝑢𝑚𝑚𝑦 = (□ + ■̂ + ■̂′) (□̂ + ■ + ■′)
𝑀𝑑𝑢𝑚𝑚𝑦 = #̂ + $ + $′

𝐿 = 𝜀 + I + # I + #̂ I + □ # I + #∞ + (Σ + $ + $′ + ■) I+

Σ̂ + #̂ Σ̂ + (𝑉1 + · · · +𝑉ℓ ) + ■̂′ (𝑉1 + · · · +𝑉ℓ ) + $̂∞+

+ ($ + $′) Σ̂ + (̂$ + $̂′) Σ̂ + (■̂ + ■̂′) (̂$ + $̂′) Σ̂
Let 𝑄2 be the CRPQ defined as:

𝑄2 = 𝑥
𝐾−→ 𝑥 ∧ 𝑦 𝐿−→ 𝑥 ∧ 𝑦 𝑀−−→ 𝑧

where 𝐾 := 𝐾⟳ +𝐾𝑑𝑢𝑚𝑚𝑦 and 𝑀 := 𝑀→ +𝑀𝑑𝑢𝑚𝑚𝑦 . We conclude
with the following claim:

ClaimD.3. Let 𝐹 be an a-inj-expansion of𝑄1. Then𝑄⟳2 ∨𝑄
→
2 (𝐹 )

a-inj ≠

∅ if and only if 𝑄2 (𝐹 )a-inj ≠ ∅.

Proof. For the forward direction, suppose𝑄⟳2 ∨𝑄
→
2 (𝐹 )

a-inj ≠ ∅.
Assume first that 𝑄⟳2 (𝐹 )

a-inj ≠ ∅. We consider two cases for the
label𝑤 of the simple cycle mapping to 𝐹 and provide an expansion
of 𝑄2 that maps to 𝐹 :

• 𝑤 ∈ 𝐾
𝐼 𝐼̂
∪ 𝐾

𝑎 𝐼̂
: take expansion 𝑥

𝑤−→ 𝑥 ∧ 𝑦 𝜀−→ 𝑥 ∧ 𝑦 #̂−→ 𝑧.

• 𝑤 ∈ 𝐾𝐼𝑎∪𝐾𝑎𝑎 : take either expansion𝑥
𝑤−→ 𝑥∧𝑦 𝜀−→ 𝑥∧𝑦 $−→ 𝑧

or 𝑥
𝑤−→ 𝑥 ∧ 𝑦 𝜀−→ 𝑥 ∧ 𝑦 $′−→ 𝑧.

Note above that 𝜀 ∈ 𝐿 and #̂, $, $′ ∈ 𝑀𝑑𝑢𝑚𝑚𝑦 ⊆ 𝑀 .
Suppose now that 𝑄→2 (𝐹 )

a-inj ≠ ∅. Again, We consider all the
possible cases for the label𝑤 of the simple path mapping to 𝐹 and

provide an expansion of 𝑄2 that maps to 𝐹 . We start with the case
𝑤 ∈ 𝑀

𝐼 𝐼̂
:

• 𝑤 = 𝐼𝑝 𝐼𝑞 ∈
∑
𝑖≠𝑗 𝐼𝑖 𝐼̂ 𝑗 : take expansion 𝑥

□□̂−−→ 𝑥 ∧ 𝑦
𝐼𝑝
−−→

𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 ∈ Î # : take expansion 𝑥
□□̂−−→ 𝑥 ∧ 𝑦 𝜀−→ 𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 = #̂𝐼𝑝 ∈ #̂ I : take expansion 𝑥
□□̂−−→ 𝑥 ∧ 𝑦

#̂𝐼𝑝
−−−→ 𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 = #𝐼𝑝 𝐼𝑞 #̂ ∈ # I Î #̂ : take expansion 𝑥
□□̂−−→ 𝑥 ∧ 𝑦

#𝐼𝑝
−−−→

𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 ∈ □ □̂ : take expansion 𝑥
□□̂−−→ 𝑥 ∧ 𝑦 □#𝐼𝑖−−−→ 𝑥 ∧ 𝑦 𝑤−→ 𝑧, for

a suitable 𝐼𝑖 ∈ I.
• 𝑤 ∈ #∞ Î : take expansion 𝑥

□□̂−−→ 𝑥 ∧ 𝑦 #∞−−→ 𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 = 𝐼𝑝 #̂∞ ∈ I #̂∞ : take expansion 𝑥
□□̂−−→ 𝑥∧𝑦

𝐼𝑝
−−→ 𝑥∧𝑦 𝑤−→ 𝑧.

Note that □□̂ ∈ 𝐾𝑑𝑢𝑚𝑚𝑦 ⊆ 𝐾 and 𝐼𝑝 , 𝜀, #̂𝐼𝑝 , #𝐼𝑝 ,□#𝐼𝑖 , #∞ ∈ 𝐿. For
the case𝑤 ∈ 𝑀𝐼𝑎 we have the following:

• 𝑤 = ♣𝐼𝑝 ∈ (Σ+$+$′+■) I : take expansion 𝑥
□■′−−−→ 𝑥∧𝑦

♣𝐼𝑝
−−−→

𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 ∈ (Σ+$+■)1,𝑁 # : take expansion 𝑥
□■′−−−→ 𝑥∧𝑦 𝜀−→ 𝑥∧𝑦 𝑤−→

𝑧.
• 𝑤 = 𝐼𝑝𝑈𝑞 ∈

∑
𝑖

∑
𝑗≠𝑖 𝐼𝑖𝑈 𝑗 : take expansion 𝑥

□■′−−−→ 𝑥 ∧ 𝑦
𝐼𝑝
−−→

𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 = #𝐼𝑝𝑈𝑞 ∈ # I (𝑈1 + · · · + 𝑈ℓ ) : take expansion 𝑥
□■′−−−→

𝑥 ∧ 𝑦
#𝐼𝑝
−−−→ 𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 ∈ □■′ : take expansion 𝑥
□■′−−−→ 𝑥 ∧𝑦 □#𝐼𝑖−−−→ 𝑥 ∧𝑦 𝑤−→ 𝑧, for

a suitable 𝐼𝑖 ∈ I.
• 𝑤 ∈ #∞ Σ : take expansion 𝑥

□■′−−−→ 𝑥 ∧ 𝑦 #∞−−→ 𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 = 𝐼𝑝$∞ ∈ I $∞ : take expansion 𝑥
□■′−−−→ 𝑥 ∧𝑦

𝐼𝑝
−−→ 𝑥 ∧𝑦 𝑤−→

𝑧.
Observe that □■′ ∈ 𝐾𝑑𝑢𝑚𝑚𝑦 ⊆ 𝐾 and ♣𝐼𝑝 ∈ 𝐿, for ♣ ∈ Σ+$+$′+■,
and 𝜀, 𝐼𝑝 , #𝐼𝑝 ,□#𝐼𝑖 , #∞ ∈ 𝐿. For the case𝑤 ∈ 𝑀

𝑎 𝐼̂
we have:

• 𝑤 ∈ Î (Σ̂ + $̂ + $̂′ + ■̂) : take expansion 𝑥
■̂′□̂−−−→ 𝑥 ∧ 𝑦 𝜀−→

𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 = #̂𝑎 ∈ #̂ Σ̂ : take expansion 𝑥
■̂′□̂−−−→ 𝑥 ∧ 𝑦 #̂𝑎−−→ 𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 ∈ Î #̂ (Σ̂+$̂+■̂) : take expansion 𝑥
■̂′□̂−−−→ 𝑥∧𝑦 𝜀−→ 𝑥∧𝑦 𝑤−→ 𝑧.

• 𝑤 = 𝑉𝑝 𝐼̂𝑞 ∈
∑
𝑖

∑
𝑗≠𝑖 𝑉𝑗 𝐼̂𝑖 : take expansion 𝑥

■̂′□̂−−−→ 𝑥 ∧ 𝑦
𝑉𝑝
−−→

𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 = 𝑉𝑝 𝐼̂𝑞 #̂ ∈ (𝑉1 + · · · + 𝑉ℓ ) Î #̂ : take expansion 𝑥
■̂′□̂−−−→

𝑥 ∧ 𝑦
𝑉𝑝
−−→ 𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 ∈ ■̂′□̂ : take expansion 𝑥
■̂′□̂−−−→ 𝑥 ∧𝑦 ■̂

′𝑉𝑖−−−→ 𝑥 ∧𝑦 𝑤−→ 𝑧, for
a suitable 𝑉𝑖 ∈ (𝑉1 + · · · +𝑉ℓ ).

• 𝑤 ∈ $̂∞ Î : take expansion 𝑥
■̂′□̂−−−→ 𝑥 ∧ 𝑦 $̂∞−−→ 𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 = 𝑎 #̂∞ ∈ Σ̂ #̂∞ : take expansion 𝑥
■̂′□̂−−−→ 𝑥∧𝑦 𝑎−→ 𝑥∧𝑦 𝑤−→ 𝑧.



Note that ■̂′□̂ ∈ 𝐾𝑑𝑢𝑚𝑚𝑦 ⊆ 𝐾 and 𝜀, #̂𝑎,𝑉𝑝 , ■̂′𝑉𝑖 , $̂∞, 𝑎 ∈ 𝐿. For the
case 𝑤 ∈ 𝑀𝑎𝑎 we have (♣ ∈ {■̂, ■̂′} and ♠ ∈ {■,■′} are suitable
symbols in each case):

• 𝑤 = 𝑝𝑞 ∈ ∑𝑎≠𝑏 𝑎𝑏 : take expansion 𝑥
♣♠−−→ 𝑥 ∧𝑦

𝑝
−→ 𝑥 ∧𝑦 𝑤−→

𝑧.
• 𝑤 ∈ Σ (̂$ + $̂′) : take expansion 𝑥

♣♠−−→ 𝑥 ∧ 𝑦 𝜀−→ 𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 = ⋄𝑝 ∈ ($+$′) Σ̂ : take expansion 𝑥
♣♠−−→ 𝑥∧𝑦

⋄𝑝
−−→ 𝑥∧𝑦 𝑤−→

𝑧.
• 𝑤 = ⋄̂𝑝𝑞⋄ ∈ (̂$ + $̂′) Σ̂ Σ ($ + $′) : take expansion 𝑥

♣♠−−→

𝑥 ∧ 𝑦
⋄̂𝑝
−−→ 𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 = ⋆̂⋆ ∈ (■̂ + ■̂′) (■ + ■′) : take expansion 𝑥
♣♠−−→ 𝑥 ∧

𝑦
⋆̂⋄̂𝑎−−−−→ 𝑥 ∧ 𝑦 𝑤−→ 𝑧, for suitable ⋄̂ ∈ (̂$ + $̂′) and 𝑎 ∈ Σ̂.

• 𝑤 ∈ $̂∞ Σ : take expansion 𝑥
♣♠−−→ 𝑥 ∧ 𝑦 $̂∞−−→ 𝑥 ∧ 𝑦 𝑤−→ 𝑧.

• 𝑤 = 𝑝$∞ ∈ Σ̂ $∞ : take expansion 𝑥
♣♠−−→ 𝑥 ∧𝑦

𝑝
−→ 𝑥 ∧𝑦 𝑤−→ 𝑧.

Note that ♣♠ ∈ 𝐾𝑑𝑢𝑚𝑚𝑦 ⊆ 𝐾 , and 𝑝, 𝜀, $̂∞ ∈ 𝐿, and ⋄𝑝, ⋄̂𝑝, ⋆̂⋄̂𝑎 ∈ 𝐿,
for ⋄ ∈ ($ + $′), ⋄̂ ∈ (̂$ + $̂′), and ⋆̂ ∈ (■̂ + ■̂′).

For the backward direction, suppose that 𝑄2 (𝐹 )a-inj ≠ ∅. If suf-
fices to show that the expansion of 𝑄2 mapping to 𝐹 cannot use
simultaneously words in 𝐾𝑑𝑢𝑚𝑚𝑦 and 𝑀𝑑𝑢𝑚𝑚𝑦 . It is possible to

check that any mapping of an expansion 𝑥
𝑤−→ 𝑥∧𝑥 𝑤′←−− 𝑦∧𝑦 𝑤′′−−→ 𝑧,

where𝑤 ∈ 𝐾𝑑𝑢𝑚𝑚𝑦 ,𝑤 ′ ∈ 𝐿 and𝑤 ′′ ∈ 𝑀𝑑𝑢𝑚𝑚𝑦 , maps 𝑦 to a vari-
able • such that the labels of all outgoing edges of • belongs to the
set

{□, I, #, ■̂, ■̂′, Σ̂, $̂, $̂′, □̂, Î,■,■′, Σ, #∞, #̂∞, $∞, $̂∞}
However, this set of symbols is disjoint from 𝑀𝑑𝑢𝑚𝑚𝑦 and hence 𝑧
cannot be mapped to any variable. □

E FULL PROOF OF THEOREM 6.2
We show that even when all languages on the right-hand side are
of the form {𝑤} with |𝑤 | ≤ 2 we have Π

𝑝

2 -hardness for contain-
ment. For this, we show how to adapt the proof of Π𝑝2 -hardness
of [15, Theorem 4.3], which shows Π𝑝2 -hardness for CRPQfin/CQ
containment for the standard semantics.1

We use a reduction from ∀∃-QBF. The main idea is to use sets
{𝑡, 𝑓 } in 𝑄1 to encode true or false.

More precisely, let

Φ = ∀𝑥1, . . . , 𝑥𝑛 ∃𝑦1, . . . , 𝑦ℓ 𝜑 (𝑥1, . . . , 𝑥𝑛, 𝑦1, . . . , 𝑦ℓ )
be an instance of∀∃-QBF such that𝜑 is quantifier free and in 3-CNF.
We construct boolean queries 𝑄1 and 𝑄2 such that 𝑄1 ⊆a-inj 𝑄2 if
and only if Φ is satisfiable.

The query 𝑄1 is sketched in Figure 13 and built as follows: The
basis is an 𝑎-path of length 4. We add 4 gadgets 𝐸 to the outer nodes
of the path and one gadget 𝐷 at the innermost. The choice of 4
𝐸 gadgets surrounding the 𝐷 gadget will be made clear once we
discuss𝑄2. Basically, the 𝐸-gadgets will accept everything while the
𝐷-gadget will ensure that the chosen literal evaluates to true. The
1Actually, it shows hardness for the fragment where the left-hand side can only have
regular expressions of the form 𝑎1 + · · · + 𝑎𝑛 . In some sense, we simulate disjunction
with the choice of an atom-injective expansion for a CQ.

gadgets are also depicted in Figure 13. The gadgets are constructed
as follows.

The gadget 𝐷 is constructed such that the root node has one
outgoing edge for each variable in Φ, that is,𝑛+ℓ many. Each edge is
labeled differently, that is, 𝑥1, . . . , 𝑥𝑛, 𝑦1, . . . , 𝑦ℓ . After each 𝑥𝑖 -edge
we add a 𝑡-edges which leads to a different node. From each of these
nodes we have cycle of length 2 reading 𝑡 𝑓 . For each 𝑖 ∈ {1, . . . , ℓ}
we do the following. We add a 𝑡-edge to a node we name 𝑦𝑖,𝑡 after
the 𝑦𝑖 -edge and an edge labeled 𝑓 that leads to a node we name 𝑦𝑖,𝑓 .
We named these nodes because we need those nodes also in the
𝐸-gadgets. Nodes with the same names across gadgets are actually
the same node.

Each gadget 𝐸 is constructed similar to the 𝐷 gadget. The root
node has one outgoing edge for each variable in Φ, that is 𝑛+ℓ many.
Each edge is labeled differently, that is 𝑥1, . . . , 𝑥𝑛, 𝑦1, . . . , 𝑦ℓ . After
each 𝑥𝑖 -edge we add path of length 2 reading 𝑡 𝑡- and an 𝑓 -edge.
Each of those edges leads to a different node. After each 𝑦𝑖 -edge
we add a 𝑡-edge and an 𝑓 -edge to both 𝑦𝑖,𝑡 and to 𝑦𝑖,𝑓 .

We now explain the construction of 𝑄2. An example is given
in Figure 13. For each clause 𝑖 , query 𝑄2 has a small DAG, which
might share nodes (𝑦𝑘,𝑡 𝑓 ) with the DAGs constructed for the other
clauses. For clause 𝑖 , we construct 𝐶1

𝑖
, with an 𝑎-edge to the gadget

𝐶2
𝑖

, and from there again a 𝑎-edge to the gadget 𝐶3
𝑖

.
The gadget 𝐶 𝑗

𝑖
represents the 𝑗th literal in the 𝑖th clause. Since

the QBF is in 3-CNF, we have 𝑗 ∈ {1, 2, 3}. If the literal is the positive
variable 𝑥𝑘 , 𝐶 𝑗

𝑖
is a path labeled 𝑥𝑘 𝑡 𝑡 . If it is the negative variable

¬𝑥𝑘 , 𝐶 𝑗
𝑖

is a path labeled 𝑥𝑘 𝑓 . If the literal is the positive variable
𝑦𝑘 , 𝐶 𝑗

𝑖
is a path labeled 𝑦𝑘𝑡 and it ends in a node we call 𝑦𝑘,𝑡 𝑓 and,

if it is the negative variable ¬𝑦𝑘 , 𝐶 𝑗
𝑖

is a path labeled 𝑦𝑘 𝑓 and it
ends in 𝑦𝑘,𝑡 𝑓 , too.

This completes the construction. We will now give some intu-
ition. The gadget 𝐷 controls via the {𝑡, 𝑓 } (simple) paths, which
variables 𝑥𝑖 are set to true and which to false. We will consider it
false whenever there is a (𝑥𝑖 𝑓 )-path, meaning that the two nodes
non-related via 𝑟 are equal in the a-inj-expansion of𝑄1. Otherwise,
𝑥𝑖 is set to true. Observe that whenever 𝑥𝑖 is false, it is not possible
to map in an injective way any path 𝑣

𝑥𝑖−−→ 𝑣 ′
𝑡 𝑡−−→ 𝑣 ′′ coming from a

clause encoded from 𝑄2. And vice-versa, whenever 𝑥𝑖 is true there
is no way to map a (𝑥𝑖 𝑓 )-path. Hence, depending on this, we can
either map𝐶 𝑗

𝑖
into it or not. The 𝐸 gadgets are constructed such that

every 𝐶 𝑗
𝑖

can be mapped into it. The choice of the a-inj-expansion
of 𝑄2 determines which path should be mapped into 𝐷 and, there-
fore, which literal should be verified. The structure of 𝑄1 where
two 𝐸 gadgets each surround the 𝐷 gadget aids in embedding the
clauses 𝐶1

𝑖
,𝐶2
𝑖
,𝐶3
𝑖

for each 𝑖 in a-inj-expansion 𝐸1. If the 𝑖th clause
is (𝑥2 ∨¬𝑦1 ∨¬𝑥3), we have the assignment of 𝑓 to 𝑥2, 𝑡 to 𝑥3, then
we can embed 𝐶1

𝑖
,𝐶3
𝑖

in the second and third 𝐸’s, and ¬𝑦1 can be
embedded in 𝑦1𝑓 in 𝐷 . Embedding ¬𝑦1 in 𝑦1𝑓 fixes the assignment
𝑓 to 𝑦1 across all gadgets 𝐸, 𝐷 , and all clauses in 𝑄2. Likewise, for
a clause (𝑥1 ∨ ¬𝑥4 ∨ 𝑦5) in Φ, and an assignment 𝑓 to 𝑥1, 𝑡 to 𝑥4
in the canonical model 𝐺 , we can embed 𝑥1,¬𝑥4 in the first and
second 𝐸’s and 𝑦5 to the node 𝑦5𝑡 .

We will now show correctness, that is: 𝑄1 ⊆a-inj 𝑄2 if and only
if Φ is satisfiable. Let 𝑄1 ⊆a-inj 𝑄2. Then there exists an injective



<latexit sha1_base64="M+gpDv+effk7yETwRDfXyhNiq8U=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8aguAozEtSdARFcJmAekAyhp1OTtOl50N0jhJAvcONCkbj0L/wNd/6NPUkWmnih4XBvFV1VXiy40rb9bWVWVtfWN7Kbua3tnd29/P5BXUWJZFhjkYhk06MKBQ+xprkW2Iwl0sAT2PAGN2neeESpeBTe62GMbkB7Ifc5o9pY1dtOvmAX7anIMjhzKFx/TlK9Vzr5r3Y3YkmAoWaCKtVy7Fi7Iyo1ZwLHuXaiMKZsQHvYMhjSAJU7mg46JifG6RI/kuaFmkzd3x0jGig1DDxTGVDdV4tZav6XtRLtX7kjHsaJxpDNPvITQXRE0q1Jl0tkWgwNUCa5mZWwPpWUaXObnDmCs7jyMtTPi85FsVQtFcqnMFMWjuAYzsCBSyjDHVSgBgwQnuAFXq0H69l6syaz0ow17zmEP7I+fgC1SpFF</latexit>

E
<latexit sha1_base64="E1hpdLg2T7BAo+OLg71jEmVjFtg=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8aguAozEtSdAV24TMA8IBlCT6cmadPzoLtHCCFf4MaFInHpX/gb7vwbe5IsNPFCw+HeKrqqvFhwpW3728qsrK6tb2Q3c1vbO7t7+f2DuooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOENbtK88YhS8Si818MY3YD2Qu5zRrWxqredfMEu2lORZXDmULj+nKR6r3TyX+1uxJIAQ80EVarl2LF2R1RqzgSOc+1EYUzZgPawZTCkASp3NB10TE6M0yV+JM0LNZm6vztGNFBqGHimMqC6rxaz1PwvayXav3JHPIwTjSGbfeQnguiIpFuTLpfItBgaoExyMythfSop0+Y2OXMEZ3HlZaifF52LYqlaKpRPYaYsHMExnIEDl1CGO6hADRggPMELvFoP1rP1Zk1mpRlr3nMIf2R9/ACzxpFE</latexit>

D
<latexit sha1_base64="M+gpDv+effk7yETwRDfXyhNiq8U=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8aguAozEtSdARFcJmAekAyhp1OTtOl50N0jhJAvcONCkbj0L/wNd/6NPUkWmnih4XBvFV1VXiy40rb9bWVWVtfWN7Kbua3tnd29/P5BXUWJZFhjkYhk06MKBQ+xprkW2Iwl0sAT2PAGN2neeESpeBTe62GMbkB7Ifc5o9pY1dtOvmAX7anIMjhzKFx/TlK9Vzr5r3Y3YkmAoWaCKtVy7Fi7Iyo1ZwLHuXaiMKZsQHvYMhjSAJU7mg46JifG6RI/kuaFmkzd3x0jGig1DDxTGVDdV4tZav6XtRLtX7kjHsaJxpDNPvITQXRE0q1Jl0tkWgwNUCa5mZWwPpWUaXObnDmCs7jyMtTPi85FsVQtFcqnMFMWjuAYzsCBSyjDHVSgBgwQnuAFXq0H69l6syaz0ow17zmEP7I+fgC1SpFF</latexit>

E
<latexit sha1_base64="M+gpDv+effk7yETwRDfXyhNiq8U=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8aguAozEtSdARFcJmAekAyhp1OTtOl50N0jhJAvcONCkbj0L/wNd/6NPUkWmnih4XBvFV1VXiy40rb9bWVWVtfWN7Kbua3tnd29/P5BXUWJZFhjkYhk06MKBQ+xprkW2Iwl0sAT2PAGN2neeESpeBTe62GMbkB7Ifc5o9pY1dtOvmAX7anIMjhzKFx/TlK9Vzr5r3Y3YkmAoWaCKtVy7Fi7Iyo1ZwLHuXaiMKZsQHvYMhjSAJU7mg46JifG6RI/kuaFmkzd3x0jGig1DDxTGVDdV4tZav6XtRLtX7kjHsaJxpDNPvITQXRE0q1Jl0tkWgwNUCa5mZWwPpWUaXObnDmCs7jyMtTPi85FsVQtFcqnMFMWjuAYzsCBSyjDHVSgBgwQnuAFXq0H69l6syaz0ow17zmEP7I+fgC1SpFF</latexit>

E
<latexit sha1_base64="M+gpDv+effk7yETwRDfXyhNiq8U=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8aguAozEtSdARFcJmAekAyhp1OTtOl50N0jhJAvcONCkbj0L/wNd/6NPUkWmnih4XBvFV1VXiy40rb9bWVWVtfWN7Kbua3tnd29/P5BXUWJZFhjkYhk06MKBQ+xprkW2Iwl0sAT2PAGN2neeESpeBTe62GMbkB7Ifc5o9pY1dtOvmAX7anIMjhzKFx/TlK9Vzr5r3Y3YkmAoWaCKtVy7Fi7Iyo1ZwLHuXaiMKZsQHvYMhjSAJU7mg46JifG6RI/kuaFmkzd3x0jGig1DDxTGVDdV4tZav6XtRLtX7kjHsaJxpDNPvITQXRE0q1Jl0tkWgwNUCa5mZWwPpWUaXObnDmCs7jyMtTPi85FsVQtFcqnMFMWjuAYzsCBSyjDHVSgBgwQnuAFXq0H69l6syaz0ow17zmEP7I+fgC1SpFF</latexit>

E

<latexit sha1_base64="+or2sO1U5C7qvnba1B6OZZ8bsis=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWjXYLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMTo3TI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlTOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+AN+6kWE=</latexit>

a
<latexit sha1_base64="+or2sO1U5C7qvnba1B6OZZ8bsis=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWjXYLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMTo3TI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlTOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+AN+6kWE=</latexit>

a
<latexit sha1_base64="+or2sO1U5C7qvnba1B6OZZ8bsis=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWjXYLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMTo3TI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlTOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+AN+6kWE=</latexit>

a
<latexit sha1_base64="+or2sO1U5C7qvnba1B6OZZ8bsis=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWjXYLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMTo3TI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlTOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+AN+6kWE=</latexit>

a
<latexit sha1_base64="zPTJPvc9BoO+yb23GtfoIn0PZWo=">AAAB63icbZDLSgMxFIbPeK31VnXpJlgUV2VGiroRC25ctmAv0A4lk2ba0CQzJBmhDH0FNy7U4taH8DXc+TZm2i609YfAx/+fQ845QcyZNq777aysrq1vbOa28ts7u3v7hYPDho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8C7Lm49UaRbJBzOKqS9wX7KQEWwyq9b1brqFoltyp0LL4M2hePv5lmlS7Ra+Or2IJIJKQzjWuu25sfFTrAwjnI7znUTTGJMh7tO2RYkF1X46nXWMTq3TQ2Gk7JMGTd3fHSkWWo9EYCsFNgO9mGXmf1k7MeG1nzIZJ4ZKMvsoTDgyEcoWRz2mKDF8ZAETxeysiAywwsTY8+TtEbzFlZehcVHyLkvlWrlYOYOZcnAMJ3AOHlxBBe6hCnUgMIAneIFXRzjPzsR5n5WuOPOeI/gj5+MHbuCSPA==</latexit>

Q1 =

<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t

<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f <latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f

<latexit sha1_base64="Hfvf5xb5i8ys8UBfmru0wZk2b1Q=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm2AVXEhJpKg7C25cVrAXaEOZTKft0MkkzJwIIfQh3AhWxK2v4Gu4822ctF1o6w8DH/9/DnPO8SPBNTrOt5VbWV1b38hvFra2d3b3ivsHDR3GirI6DUWoWj7RTHDJ6shRsFakGAl8wZr+6DbLm49MaR7KB0wi5gVkIHmfU4LGaibd1D3HcbdYcsrOVPYyuHMo3Xy+ZJrUusWvTi+kccAkUkG0brtOhF5KFHIq2LjQiTWLCB2RAWsblCRg2kun447tU+P07H6ozJNoT93fHSkJtE4C31QGBId6McvM/7J2jP1rL+UyipFJOvuoHwsbQzvb3e5xxSiKxAChiptZbTokilA0FyqYI7iLKy9D46LsXpYr95VS9QRmysMRHMMZuHAFVbiDGtSBwgieYAKvVmQ9W2/W+6w0Z817DuGPrI8fLd2T2w==</latexit>y1,t
<latexit sha1_base64="u7PaLe48yYCbuA/keUtPm9FzCZE=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8EquJCSSFF3Fty4rGAv0IYymU7aoZNJmJkIIfQh3AhWxK2v4Gu4822cpF1o6w8DH/9/DnPO8SLOlLbtb6uwsrq2vlHcLG1t7+zulfcPWiqMJaFNEvJQdjysKGeCNjXTnHYiSXHgcdr2xrdZ3n6kUrFQPOgkom6Ah4L5jGBtrHbST51zf9IvV+yqnQstgzOHys3nS6Zpo1/+6g1CEgdUaMKxUl3HjrSbYqkZ4XRS6sWKRpiM8ZB2DQocUOWm+bgTdGqcAfJDaZ7QKHd/d6Q4UCoJPFMZYD1Si1lm/pd1Y+1fuykTUaypILOP/JgjHaJsdzRgkhLNEwOYSGZmRWSEJSbaXKhkjuAsrrwMrYuqc1mt3dcq9ROYqQhHcAxn4MAV1OEOGtAEAmN4gim8WpH1bL1Z77PSgjXvOYQ/sj5+ABiXk80=</latexit>y1,f

<latexit sha1_base64="vpyMYYZgMCoxmGLuOTxuvJQLvtw=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm2AVXEhJpKg7C25cVrAXbEOZTCft0MkkzJwIIfQt3FRQxK1P4Gu4822cti609YeBj/8/hznn+LHgGh3ny8otLa+sruXXCxubW9s7xd29ho4SRVmdRiJSLZ9oJrhkdeQoWCtWjIS+YE1/eD3Jmw9MaR7JO0xj5oWkL3nAKUFj3afdrMOEOMVRt1hyys5U9iK4P1C6+hhP9FTrFj87vYgmIZNIBdG67ToxehlRyKlgo0In0SwmdEj6rG1QkpBpL5tOPLKPjdOzg0iZJ9Geur87MhJqnYa+qQwJDvR8NjH/y9oJBpdexmWcIJN09lGQCBsje7K+3eOKURSpAUIVN7PadEAUoWiOVDBHcOdXXoTGWdk9L1duK6XqEcyUhwM4hBNw4QKqcAM1qAMFCY/wDC+WtsbWq/U2K81ZPz378EfW+zfI7JVh</latexit>y`,t
<latexit sha1_base64="9KTrZxc66boGx6OS3YOu8KQNcB0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm2AVXEhJpKg7C25cVrAXbEOZTE/aoZNJmJkIIfQt3FRQxK1P4Gu4822cti609YeBj/8/hznn+DFnSjvOl5VbWl5ZXcuvFzY2t7Z3irt7DRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPryd58wGlYpG402mMXkj6ggWMEm2s+7SbdZDz02DULZacsjOVvQjuD5SuPsYTPdW6xc9OL6JJiEJTTpRqu06svYxIzSjHUaGTKIwJHZI+tg0KEqLysunEI/vYOD07iKR5QttT93dHRkKl0tA3lSHRAzWfTcz/snaig0svYyJONAo6+yhIuK0je7K+3WMSqeapAUIlM7PadEAkodocqWCO4M6vvAiNs7J7Xq7cVkrVI5gpDwdwCCfgwgVU4QZqUAcKAh7hGV4sZY2tV+ttVpqzfnr24Y+s92+zppVT</latexit>y`,f

<latexit sha1_base64="Eq3an5ZCt+PUC608yOTTldeF6yU=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgFV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6sU4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVY5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AJ3OSGg==</latexit>x1 <latexit sha1_base64="SlFZt8kTSUdIQQXG2ZXfd3tdIm0=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EquCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjVODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0UqycwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACj3khs=</latexit>x2
<latexit sha1_base64="psCsutBwK6t3fiKU9rFIaolhk9I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgFV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rEjOoWiW3InQovgzaB49TnO9FbtFL7aXUmSiApDONa65bmx8VOsDCOcjvLtRNMYkwHu0ZZFgSOq/XQy6gidWKeLQqnsEwZN3N8dKY60HkaBrYyw6ev5LDP/y1qJCS/9lIk4MVSQ6UdhwpGRKNsbdZmixPChBUwUs7Mi0scKE2Ovk7dH8OZXXoT6Wck7L5Vvy8XKMUyVg0M4glPw4AIqcANVqAGBHjzBC7w63Hl2xs77tHTJmfUcwB85Hz+D55JX</latexit>xn <latexit sha1_base64="bNnnPrOIqTjqQu4sK24Wak8BVbM=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8EquCqJFHVnwY3LivYCbSiT6aQdOpmEmYkQQh/BjQuluvUlfA13vo2TtAtt/WHg4//PYc45XsSZ0rb9bRVWVtfWN4qbpa3tnd298v5BS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+CbL249UKhaKB51E1A3wUDCfEayNdZ/0nX65YlftXGgZnDlUrj+nmd4a/fJXbxCSOKBCE46V6jp2pN0US80Ip5NSL1Y0wmSMh7RrUOCAKjfNR52gU+MMkB9K84RGufu7I8WBUkngmcoA65FazDLzv6wba//KTZmIYk0FmX3kxxzpEGV7owGTlGieGMBEMjMrIiMsMdHmOiVzBGdx5WVonVedi2rtrlapn8BMRTiCYzgDBy6hDrfQgCYQGMITvMCrxa1na2q9z0oL1rznEP7I+vgBKPmSGw==</latexit>y1 <latexit sha1_base64="Wxhm7IUx+zj1Rz1BNW7v2bnW6FI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EquCozUtSdBTcuK9gLtEPJpGkbm0mGJCMMQ9/BjYsWcesz+BrufBszbRfa+kPg4//PIeecIOJMG9f9dnJr6xubW/ntws7u3v5B8fCooWWsCK0TyaVqBVhTzgStG2Y4bUWK4jDgtBmM7rK8+UyVZlI8miSifogHgvUZwcZajaTboZx3iyW37M6EVsFbQOn2c5JpWusWvzo9SeKQCkM41rrtuZHxU6wMI5yOC51Y0wiTER7QtkWBQ6r9dDbtGJ1bp4f6UtknDJq5vztSHGqdhIGtDLEZ6uUsM//L2rHp3/gpE1FsqCDzj/oxR0aibHXUY4oSwxMLmChmZ0VkiBUmxh6oYI/gLa+8Co3LsndVrjxUStUzmCsPJ3AKF+DBNVThHmpQBwJP8AITmDrSeXXenPd5ac5Z9BzDHzkfP75Hk6E=</latexit>y`

<latexit sha1_base64="vSAw20FJ9+IAQ+/O9bi0BeJly1I=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm8EquCqJFHUjFnThsoq9QBvKZDpph04mYWYilNA3cONC0W59Cl/DnW/jpOlCW38Y+Pj/c5hzjhdxprRtf1u5peWV1bX8emFjc2t7p7i711BhLAmtk5CHsuVhRTkTtK6Z5rQVSYoDj9OmN7xO8+YjlYqF4kGPIuoGuC+YzwjWxrq/uewWS3bZngotgjOD0tXne6pJrVv86vRCEgdUaMKxUm3HjrSbYKkZ4XRc6MSKRpgMcZ+2DQocUOUm00nH6Ng4PeSH0jyh0dT93ZHgQKlR4JnKAOuBms9S87+sHWv/wk2YiGJNBck+8mOOdIjStVGPSUo0HxnARDIzKyIDLDHR5jgFcwRnfuVFaJyWnbNy5a5Sqh5BpjwcwCGcgAPnUIVbqEEdCPjwBC/wag2tZ+vNmmSlOWvWsw9/ZH38ADTXkYk=</latexit>

D =

<latexit sha1_base64="qSdgbeR+uNHJoT49LFDrOd/EdM4=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm8EquCqJFHUjFkRwWcVeoA1lMp20QyeTMDMRSugbuHGhaLc+ha/hzrdx0nShrT8MfPz/Ocw5x4s4U9q2v63c0vLK6lp+vbCxubW9U9zda6gwloTWSchD2fKwopwJWtdMc9qKJMWBx2nTG16nefORSsVC8aBHEXUD3BfMZwRrY93fXHaLJbtsT4UWwZlB6erzPdWk1i1+dXohiQMqNOFYqbZjR9pNsNSMcDoudGJFI0yGuE/bBgUOqHKT6aRjdGycHvJDaZ7QaOr+7khwoNQo8ExlgPVAzWep+V/WjrV/4SZMRLGmgmQf+TFHOkTp2qjHJCWajwxgIpmZFZEBlphoc5yCOYIzv/IiNE7Lzlm5clcpVY8gUx4O4BBOwIFzqMIt1KAOBHx4ghd4tYbWs/VmTbLSnDXr2Yc/sj5+ADZckYo=</latexit>

E = <latexit sha1_base64="Eq3an5ZCt+PUC608yOTTldeF6yU=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgFV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6sU4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVY5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AJ3OSGg==</latexit>x1 <latexit sha1_base64="SlFZt8kTSUdIQQXG2ZXfd3tdIm0=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EquCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjVODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0UqycwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACj3khs=</latexit>x2
<latexit sha1_base64="psCsutBwK6t3fiKU9rFIaolhk9I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgFV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rEjOoWiW3InQovgzaB49TnO9FbtFL7aXUmSiApDONa65bmx8VOsDCOcjvLtRNMYkwHu0ZZFgSOq/XQy6gidWKeLQqnsEwZN3N8dKY60HkaBrYyw6ev5LDP/y1qJCS/9lIk4MVSQ6UdhwpGRKNsbdZmixPChBUwUs7Mi0scKE2Ovk7dH8OZXXoT6Wck7L5Vvy8XKMUyVg0M4glPw4AIqcANVqAGBHjzBC7w63Hl2xs77tHTJmfUcwB85Hz+D55JX</latexit>xn

<latexit sha1_base64="bNnnPrOIqTjqQu4sK24Wak8BVbM=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8EquCqJFHVnwY3LivYCbSiT6aQdOpmEmYkQQh/BjQuluvUlfA13vo2TtAtt/WHg4//PYc45XsSZ0rb9bRVWVtfWN4qbpa3tnd298v5BS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+CbL249UKhaKB51E1A3wUDCfEayNdZ/0nX65YlftXGgZnDlUrj+nmd4a/fJXbxCSOKBCE46V6jp2pN0US80Ip5NSL1Y0wmSMh7RrUOCAKjfNR52gU+MMkB9K84RGufu7I8WBUkngmcoA65FazDLzv6wba//KTZmIYk0FmX3kxxzpEGV7owGTlGieGMBEMjMrIiMsMdHmOiVzBGdx5WVonVedi2rtrlapn8BMRTiCYzgDBy6hDrfQgCYQGMITvMCrxa1na2q9z0oL1rznEP7I+vgBKPmSGw==</latexit>y1

<latexit sha1_base64="Wxhm7IUx+zj1Rz1BNW7v2bnW6FI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EquCozUtSdBTcuK9gLtEPJpGkbm0mGJCMMQ9/BjYsWcesz+BrufBszbRfa+kPg4//PIeecIOJMG9f9dnJr6xubW/ntws7u3v5B8fCooWWsCK0TyaVqBVhTzgStG2Y4bUWK4jDgtBmM7rK8+UyVZlI8miSifogHgvUZwcZajaTboZx3iyW37M6EVsFbQOn2c5JpWusWvzo9SeKQCkM41rrtuZHxU6wMI5yOC51Y0wiTER7QtkWBQ6r9dDbtGJ1bp4f6UtknDJq5vztSHGqdhIGtDLEZ6uUsM//L2rHp3/gpE1FsqCDzj/oxR0aibHXUY4oSwxMLmChmZ0VkiBUmxh6oYI/gLa+8Co3LsndVrjxUStUzmCsPJ3AKF+DBNVThHmpQBwJP8AITmDrSeXXenPd5ac5Z9BzDHzkfP75Hk6E=</latexit>y`

<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="Hfvf5xb5i8ys8UBfmru0wZk2b1Q=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm2AVXEhJpKg7C25cVrAXaEOZTKft0MkkzJwIIfQh3AhWxK2v4Gu4822ctF1o6w8DH/9/DnPO8SPBNTrOt5VbWV1b38hvFra2d3b3ivsHDR3GirI6DUWoWj7RTHDJ6shRsFakGAl8wZr+6DbLm49MaR7KB0wi5gVkIHmfU4LGaibd1D3HcbdYcsrOVPYyuHMo3Xy+ZJrUusWvTi+kccAkUkG0brtOhF5KFHIq2LjQiTWLCB2RAWsblCRg2kun447tU+P07H6ozJNoT93fHSkJtE4C31QGBId6McvM/7J2jP1rL+UyipFJOvuoHwsbQzvb3e5xxSiKxAChiptZbTokilA0FyqYI7iLKy9D46LsXpYr95VS9QRmysMRHMMZuHAFVbiDGtSBwgieYAKvVmQ9W2/W+6w0Z817DuGPrI8fLd2T2w==</latexit>y1,t

<latexit sha1_base64="u7PaLe48yYCbuA/keUtPm9FzCZE=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8EquJCSSFF3Fty4rGAv0IYymU7aoZNJmJkIIfQh3AhWxK2v4Gu4822cpF1o6w8DH/9/DnPO8SLOlLbtb6uwsrq2vlHcLG1t7+zulfcPWiqMJaFNEvJQdjysKGeCNjXTnHYiSXHgcdr2xrdZ3n6kUrFQPOgkom6Ah4L5jGBtrHbST51zf9IvV+yqnQstgzOHys3nS6Zpo1/+6g1CEgdUaMKxUl3HjrSbYqkZ4XRS6sWKRpiM8ZB2DQocUOWm+bgTdGqcAfJDaZ7QKHd/d6Q4UCoJPFMZYD1Si1lm/pd1Y+1fuykTUaypILOP/JgjHaJsdzRgkhLNEwOYSGZmRWSEJSbaXKhkjuAsrrwMrYuqc1mt3dcq9ROYqQhHcAxn4MAV1OEOGtAEAmN4gim8WpH1bL1Z77PSgjXvOYQ/sj5+ABiXk80=</latexit>y1,f
<latexit sha1_base64="vpyMYYZgMCoxmGLuOTxuvJQLvtw=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm2AVXEhJpKg7C25cVrAXbEOZTCft0MkkzJwIIfQt3FRQxK1P4Gu4822cti609YeBj/8/hznn+LHgGh3ny8otLa+sruXXCxubW9s7xd29ho4SRVmdRiJSLZ9oJrhkdeQoWCtWjIS+YE1/eD3Jmw9MaR7JO0xj5oWkL3nAKUFj3afdrMOEOMVRt1hyys5U9iK4P1C6+hhP9FTrFj87vYgmIZNIBdG67ToxehlRyKlgo0In0SwmdEj6rG1QkpBpL5tOPLKPjdOzg0iZJ9Geur87MhJqnYa+qQwJDvR8NjH/y9oJBpdexmWcIJN09lGQCBsje7K+3eOKURSpAUIVN7PadEAUoWiOVDBHcOdXXoTGWdk9L1duK6XqEcyUhwM4hBNw4QKqcAM1qAMFCY/wDC+WtsbWq/U2K81ZPz378EfW+zfI7JVh</latexit>y`,t

<latexit sha1_base64="9KTrZxc66boGx6OS3YOu8KQNcB0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm2AVXEhJpKg7C25cVrAXbEOZTE/aoZNJmJkIIfQt3FRQxK1P4Gu4822cti609YeBj/8/hznn+DFnSjvOl5VbWl5ZXcuvFzY2t7Z3irt7DRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPryd58wGlYpG402mMXkj6ggWMEm2s+7SbdZDz02DULZacsjOVvQjuD5SuPsYTPdW6xc9OL6JJiEJTTpRqu06svYxIzSjHUaGTKIwJHZI+tg0KEqLysunEI/vYOD07iKR5QttT93dHRkKl0tA3lSHRAzWfTcz/snaig0svYyJONAo6+yhIuK0je7K+3WMSqeapAUIlM7PadEAkodocqWCO4M6vvAiNs7J7Xq7cVkrVI5gpDwdwCCfgwgVU4QZqUAcKAh7hGV4sZY2tV+ttVpqzfnr24Y+s92+zppVT</latexit>y`,f

<latexit sha1_base64="2yLG/Xv5M1Q7BVkvaL523+GhgLc=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OjRUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA8oak6k=</latexit>· · ·

<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f
<latexit sha1_base64="ElEeVlwkxBk8plF1eqF1wjCD59I=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0E6yCq5JIUXcW3LhswV6gDWUyPWnHTiZhZiKU0Cdw40KRuvQtfA13vo2Ttgtt/WHg4//PYc45fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSHt1nefESpWCTu9ShGLyR9wQJGiTZWLegWik7JmcpeBncOxZvPSab3arfw1elFNAlRaMqJUm3XibWXEqkZ5TjOdxKFMaFD0se2QUFCVF46HXRsnxmnZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw7aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzRHcxZWXoXFRci9L5Vq5WDmFmXJwDCdwDi5cQQXuoAp1oIDwBC/waj1Yz9abNZmVrljzniP4I+vjB+a0kWQ=</latexit>

f<latexit sha1_base64="77O9P7HTbU36xDRe3j/auYbWyX8=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgFV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXcLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMzozTI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlVOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APvskXI=</latexit>

t

<latexit sha1_base64="2yLG/Xv5M1Q7BVkvaL523+GhgLc=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OjRUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA8oak6k=</latexit>· · ·<latexit sha1_base64="2yLG/Xv5M1Q7BVkvaL523+GhgLc=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OjRUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA8oak6k=</latexit>· · ·

<latexit sha1_base64="2yLG/Xv5M1Q7BVkvaL523+GhgLc=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OjRUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA8oak6k=</latexit>· · ·

<latexit sha1_base64="+or2sO1U5C7qvnba1B6OZZ8bsis=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWjXYLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMTo3TI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlTOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+AN+6kWE=</latexit>

a
<latexit sha1_base64="+or2sO1U5C7qvnba1B6OZZ8bsis=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWjXYLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMTo3TI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlTOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+AN+6kWE=</latexit>

a
<latexit sha1_base64="nWhBbkJhbUL167g0K72EOVya+NE=">AAAB63icbZDLSgMxFIbP1Futt6pLN8GiuCozpagbseDGZQv2Au1QMmmmDU0yQ5IRSukruHGhFrc+hK/hzrcx03ahrT8EPv7/HHLOCWLOtHHdbyeztr6xuZXdzu3s7u0f5A+PGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw7s0bz5SpVkkH8wopr7AfclCRrBJrVq3dNPNF9yiOxNaBW8BhdvPt1TTajf/1elFJBFUGsKx1m3PjY0/xsowwukk10k0jTEZ4j5tW5RYUO2PZ7NO0Jl1eiiMlH3SoJn7u2OMhdYjEdhKgc1AL2ep+V/WTkx47Y+ZjBNDJZl/FCYcmQili6MeU5QYPrKAiWJ2VkQGWGFi7Hly9gje8sqr0CgVvctiuVYuVM5hriycwClcgAdXUIF7qEIdCAzgCV7g1RHOszN13uelGWfRcwx/5Hz8AHBlkj0=</latexit>

Q2 =
<latexit sha1_base64="jMgyCfGIW/eyS2yexZAGydcuubE=">AAAB7HicbZDNTsJAFIVv8Q/xD3XpZgIxcUVaQ9CdJGxcYmKBBCqZDlOYMJ02M1MT0vAMblyIxq3v4Gu4822cAgsFTzLJl3Puzdx7/ZgzpW3728ptbG5t7+R3C3v7B4dHxeOTlooSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/3Mjy9iOVikXiXk9i6oV4KFjACNbGchsPTt/pF8t2xZ4LrYOzhPLN5yzTa7Nf/OoNIpKEVGjCsVJdx461l2KpGeF0WuglisaYjPGQdg0KHFLlpfNhp+jcOAMURNI8odHc/d2R4lCpSeibyhDrkVrNMvO/rJvo4NpLmYgTTQVZfBQkHOkIZZujAZOUaD4xgIlkZlZERlhios19CuYIzurK69C6rDi1SvWuWq6XYKE8nEEJLsCBK6jDLTTBBQIMnuAFZpawnq03631RmrOWPafwR9bHD/qrkoY=</latexit>

C1
1

<latexit sha1_base64="njjFO/opUFXyb82LhN61tmVpwE0=">AAAB7HicbZDNTsJAFIVv8Q/xD3XpZgIxcUVaQtSdJGxcYmKBBCqZDlOYMJ02M1MT0vAMblyIxq3v4Gu4822cAgsFTzLJl3Puzdx7/ZgzpW3728ptbG5t7+R3C3v7B4dHxeOTlooSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p21/3Mjy9iOVikXiXk9i6oV4KFjACNbGchsP1b7TL5btij0XWgdnCeWbz1mm12a/+NUbRCQJqdCEY6W6jh1rL8VSM8LptNBLFI0xGeMh7RoUOKTKS+fDTtG5cQYoiKR5QqO5+7sjxaFSk9A3lSHWI7WaZeZ/WTfRwbWXMhEnmgqy+ChIONIRyjZHAyYp0XxiABPJzKyIjLDERJv7FMwRnNWV16FVrTiXldpdrVwvwUJ5OIMSXIADV1CHW2iCCwQYPMELzCxhPVtv1vuiNGcte07hj6yPH/wxkoc=</latexit>

C2
1

<latexit sha1_base64="1522w7A/9U9NVZ60kIJMlBCNBu8=">AAAB7HicbZDNTsJAFIVv8Q/xD3XpZgIxcUVaJepOEjYuMbFAApVMhylMmE6bmakJaXgGNy5E49Z38DXc+TZOgYWCJ5nkyzn3Zu69fsyZ0rb9beXW1jc2t/LbhZ3dvf2D4uFRU0WJJNQlEY9k28eKciaoq5nmtB1LikOf05Y/qmd565FKxSJxr8cx9UI8ECxgBGtjufWHi57TK5btij0TWgVnAeWbz2mm10av+NXtRyQJqdCEY6U6jh1rL8VSM8LppNBNFI0xGeEB7RgUOKTKS2fDTtCpcfooiKR5QqOZ+7sjxaFS49A3lSHWQ7WcZeZ/WSfRwbWXMhEnmgoy/yhIONIRyjZHfSYp0XxsABPJzKyIDLHERJv7FMwRnOWVV6F5XnEuK9W7arlWgrnycAIlOAMHrqAGt9AAFwgweIIXmFrCerberPd5ac5a9BzDH1kfP/23kog=</latexit>

C3
1

<latexit sha1_base64="1GwjgEqJZQXDTYgpY9MvPRhduw4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8GiuCozUtSNWOjGZQV7gXYsmTTTxmaSIckIpfgObly0iFufwddw59uYabvQ1h8CH/9/DjnnBDFn2rjut5NZWV1b38hu5ra2d3b38vsHdS0TRWiNSC5VM8CaciZozTDDaTNWFEcBp41gUEnzxhNVmklxb4Yx9SPcEyxkBBtr1SsPXse77uQLbtGdCi2DN4fCzec41aTayX+1u5IkERWGcKx1y3Nj44+wMoxw+pxrJ5rGmAxwj7YsChxR7Y+m0z6jE+t0USiVfcKgqfu7Y4QjrYdRYCsjbPp6MUvN/7JWYsIrf8REnBgqyOyjMOHISJSujrpMUWL40AImitlZEeljhYmxB8rZI3iLKy9D/bzoXRRLd6VC+RRmysIRHMMZeHAJZbiFKtSAwCO8wBgmjnRenTfnfVaaceY9h/BHzscPfrCS0Q==</latexit>

C1
1 =

<latexit sha1_base64="IAQbg13jNLJTXnI6VtWEiN5JzSE=">AAAB7XicbZDLTgIxFIbP4A3xhrp000g0rsgMIerGSMLGJSZySWAkndKBSmc6aTsmZMI7uHEBMW59Bl/DnW9jB1go+CdNvvz/Oek5x4s4U9q2v63M2vrG5lZ2O7ezu7d/kD88aigRS0LrRHAhWx5WlLOQ1jXTnLYiSXHgcdr0htU0bz5TqZgIH/Qoom6A+yHzGcHaWI3qY6nr3HTzBbtoz4RWwVlA4fZzkmpa6+a/Oj1B4oCGmnCsVNuxI+0mWGpGOB3nOrGiESZD3KdtgyEOqHKT2bRjdGacHvKFNC/UaOb+7khwoNQo8ExlgPVALWep+V/WjrV/7SYsjGJNQzL/yI850gKlq6Mek5RoPjKAiWRmVkQGWGKizYFy5gjO8sqr0CgVncti+b5cqJzDXFk4gVO4AAeuoAJ3UIM6EHiCF5jA1BLWq/Vmvc9LM9ai5xj+yPr4AYA3ktI=</latexit>

C2
1 =

<latexit sha1_base64="FuSZh41S3fjXHOo+B9kWuhV4JUg=">AAAB7XicbZDLTgIxFIbP4A3xhrp000g0rsiMEnVjJGHjEhO5JDCSTulApdOZtB0TMuEd3LiAGLc+g6/hzrexAywU/JMmX/7/nPSc40WcKW3b31ZmZXVtfSO7mdva3tndy+8f1FUYS0JrJOShbHpYUc4ErWmmOW1GkuLA47ThDSpp3nimUrFQPOhhRN0A9wTzGcHaWPXK40XHuenkC3bRngotgzOHwu3nONWk2sl/tbshiQMqNOFYqZZjR9pNsNSMcDrKtWNFI0wGuEdbBgUOqHKT6bQjdGKcLvJDaZ7QaOr+7khwoNQw8ExlgHVfLWap+V/WirV/7SZMRLGmgsw+8mOOdIjS1VGXSUo0HxrARDIzKyJ9LDHR5kA5cwRnceVlqJ8Xncti6b5UKJ/CTFk4gmM4AweuoAx3UIUaEHiCFxjDxAqtV+vNep+VZqx5zyH8kfXxA4G+ktM=</latexit>

C3
1 =

<latexit sha1_base64="Mi7moKVEjmcnzjVaa9jkVydexgc=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm6FFcFWSUtSdBTcuK9oLtKFMppN26GQSZiZiCX0ENy6U6taX8DXc+TZO0i609YeBj/8/hznneBFnStv2t5VbW9/Y3MpvF3Z29/YPiodHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG174+s0bz9QqVgo7vUkom6Ah4L5jGBtrLvHfrVfLNsVOxNaBWcB5avPWaq3Rr/41RuEJA6o0IRjpbqOHWk3wVIzwum00IsVjTAZ4yHtGhQ4oMpNslGn6NQ4A+SH0jyhUeb+7khwoNQk8ExlgPVILWep+V/WjbV/6SZMRLGmgsw/8mOOdIjSvdGASUo0nxjARDIzKyIjLDHR5joFcwRneeVVaFUrznmldlsr10swVx5OoARn4MAF1OEGGtAEAkN4ghd4tbj1bM2s93lpzlr0HMMfWR8/KF2SGQ==</latexit>

x2

<latexit sha1_base64="eovzkhjbVR6Ic4YcWrbXy0AG690=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm6FFcFUSqZedBTcuK9oLtKFMppN26GQSZiZiCX0ENy6U6taX8DXc+TZO0i609YeBj/8/hznneBFnStv2t5VbWV1b38hvFra2d3b3ivsHTRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG15o+s0bz1QqVgo7vU4om6AB4L5jGBtrLvH3lmvWLYrdia0DM4cylef01Rv9V7xq9sPSRxQoQnHSnUcO9JugqVmhNNJoRsrGmEywgPaMShwQJWbZKNO0LFx+sgPpXlCo8z93ZHgQKlx4JnKAOuhWsxS87+sE2v/0k2YiGJNBZl95Mcc6RCle6M+k5RoPjaAiWRmVkSGWGKizXUK5gjO4srL0DytOOeV6m21XCvBTHk4ghKcgAMXUIMbqEMDCAzgCV7g1eLWszW13melOWvecwh/ZH38ACzpkhw=</latexit>

x5

<latexit sha1_base64="kv1h2YwJbSWF01tTi9XtwTPRj6A=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm6FFcFUSKerOghuXFe0F2lAm00k7dDIJMxMhhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n2yqsrW9sbhW3Szu7e/sH9uFRS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++CbP249UKhaJB53G1AvxULCAEayNdZ/2a3274lSdmdAquAuoXH9Oc701+vZXbxCRJKRCE46V6rpOrL0MS80Ip5NSL1E0xmSMh7RrUOCQKi+bjTpBp8YZoCCS5gmNZu7vjgyHSqWhbypDrEdqOcvN/7JuooMrL2MiTjQVZP5RkHCkI5TvjQZMUqJ5agATycysiIywxESb65TMEdzllVehdV51L6q1u1qlXoa5inACZTgDFy6hDrfQgCYQGMITvMCrxa1na2q9z0sL1qLnGP7I+vgBLOuSHA==</latexit>

y4

<latexit sha1_base64="DVp5pw8NHKqVFyskD4ymGep91G4=">AAAB7XicbZDLSgMxFIYzXmu9VV26CS2CCykzUtSdBTcuK9gLtEPJpJk2NpMMyRmhDH0HNy5axK3P4Gu4823MtF1o6w+Bj/8/h5xzglhwA6777aytb2xubed28rt7+weHhaPjhlGJpqxOlVC6FRDDBJesDhwEa8WakSgQrBkM77K8+cy04Uo+wihmfkT6koecErBWA3DnAkO3UHLL7kx4FbwFlG4/J5mmtW7hq9NTNImYBCqIMW3PjcFPiQZOBRvnO4lhMaFD0mdti5JEzPjpbNoxPrNOD4dK2ycBz9zfHSmJjBlFga2MCAzMcpaZ/2XtBMIbP+UyToBJOv8oTAQGhbPVcY9rRkGMLBCquZ0V0wHRhII9UN4ewVteeRUal2Xvqlx5qJSqRTRXDp2iIjpHHrpGVXSPaqiOKHpCL2iCpo5yXp03531euuYsek7QHzkfP5dHkt4=</latexit>

t t

<latexit sha1_base64="BDWuAm9CE3NH6IS8hs8fFnD0ijQ=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDb9fLNsVey7yF5wllK8/Zpne6v3iZ28QsSTAUDNBleo6dqzdlErNmcBpoZcojCkb0yF2DYY0QOWm80Gn5NQ4A+JH0rxQk7n7syOlgVKTwDOVAdUjtZpl5n9ZN9H+lZvyME40hmzxkZ8IoiOSbU0GXCLTYmKAMsnNrISNqKRMm9sUzBGc1ZX/Quu84lxUqo1quVaChfJwAiU4AwcuoQa3UIcmMEB4hGd4se6tJ+vVmi1Kc9ay5xh+yXr/BuYakWI=</latexit>

f

<latexit sha1_base64="BDWuAm9CE3NH6IS8hs8fFnD0ijQ=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDb9fLNsVey7yF5wllK8/Zpne6v3iZ28QsSTAUDNBleo6dqzdlErNmcBpoZcojCkb0yF2DYY0QOWm80Gn5NQ4A+JH0rxQk7n7syOlgVKTwDOVAdUjtZpl5n9ZN9H+lZvyME40hmzxkZ8IoiOSbU0GXCLTYmKAMsnNrISNqKRMm9sUzBGc1ZX/Quu84lxUqo1quVaChfJwAiU4AwcuoQa3UIcmMEB4hGd4se6tJ+vVmi1Kc9ay5xh+yXr/BuYakWI=</latexit>

f
<latexit sha1_base64="zJ8i/ujqCbtOfgslGRFjCD0U8JE=">AAAB73icbZDJSgNBEIZrXGPcoh69NEbBg4QZCerNgBePEcwCyRB6Oj1Jk57F7hohDHkJL+KCePURfA1vvo09SQ6a+EPDx/9X0VXlxVJotO1va2FxaXllNbeWX9/Y3Nou7OzWdZQoxmsskpFqelRzKUJeQ4GSN2PFaeBJ3vAGV1neuOdKiyi8xWHM3YD2QuELRtFYzWEnLZ+gP+oUinbJHovMgzOF4uXnU6bnaqfw1e5GLAl4iExSrVuOHaObUoWCST7KtxPNY8oGtMdbBkMacO2m43lH5Mg4XeJHyrwQydj93ZHSQOth4JnKgGJfz2aZ+V/WStC/cFMRxgnykE0+8hNJMCLZ8qQrFGcohwYoU8LMSlifKsrQnChvjuDMrjwP9dOSc1Yq35SLlUOYKAf7cADH4MA5VOAaqlADBhIe4AVerTvr0Xqz3ielC9a0Zw/+yPr4AfSHlE4=</latexit>y4,tf

<latexit sha1_base64="6MhDHdBkPwebieWTwWBqhstLrs4=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EquCqZUmq7suDGZQV7gXYomTRto5nMkGSEMvQd3LhoEbc+g6/hzrcx0yqo6A+Bj/8/h5xz/EhwbTB+dzIrq2vrG9nN3Nb2zu5efv+gpcNYUdakoQhVxyeaCS5Z03AjWCdSjAS+YG3/7jLN2/dMaR7KGzOJmBeQkeRDTomxVqvnE4VUP1/ARWxVqaAU3Cp2LdRq1VKphtxFhHHh4nWWat7o5996g5DGAZOGCqJ118WR8RKiDKeCTXO9WLOI0DsyYl2LkgRMe8li2ik6tc4ADUNlnzRo4X7vSEig9STwbWVAzFj/zlLzr6wbm2HVS7iMYsMkXX40jAUyIUpXRwOuGDViYoFQxe2siI6JItTYA+XsEb42Rf9Dq1R0K8XydblQP4GlsnAEx3AGLpxDHa6gAU2gcAsPMIO5EzqPzpPzvCzNOJ89h/BDzssHnqyTkA==</latexit>

r̄
<latexit sha1_base64="6MhDHdBkPwebieWTwWBqhstLrs4=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EquCqZUmq7suDGZQV7gXYomTRto5nMkGSEMvQd3LhoEbc+g6/hzrcx0yqo6A+Bj/8/h5xz/EhwbTB+dzIrq2vrG9nN3Nb2zu5efv+gpcNYUdakoQhVxyeaCS5Z03AjWCdSjAS+YG3/7jLN2/dMaR7KGzOJmBeQkeRDTomxVqvnE4VUP1/ARWxVqaAU3Cp2LdRq1VKphtxFhHHh4nWWat7o5996g5DGAZOGCqJ118WR8RKiDKeCTXO9WLOI0DsyYl2LkgRMe8li2ik6tc4ADUNlnzRo4X7vSEig9STwbWVAzFj/zlLzr6wbm2HVS7iMYsMkXX40jAUyIUpXRwOuGDViYoFQxe2siI6JItTYA+XsEb42Rf9Dq1R0K8XydblQP4GlsnAEx3AGLpxDHa6gAU2gcAsPMIO5EzqPzpPzvCzNOJ89h/BDzssHnqyTkA==</latexit>

r̄
<latexit sha1_base64="6MhDHdBkPwebieWTwWBqhstLrs4=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EquCqZUmq7suDGZQV7gXYomTRto5nMkGSEMvQd3LhoEbc+g6/hzrcx0yqo6A+Bj/8/h5xz/EhwbTB+dzIrq2vrG9nN3Nb2zu5efv+gpcNYUdakoQhVxyeaCS5Z03AjWCdSjAS+YG3/7jLN2/dMaR7KGzOJmBeQkeRDTomxVqvnE4VUP1/ARWxVqaAU3Cp2LdRq1VKphtxFhHHh4nWWat7o5996g5DGAZOGCqJ118WR8RKiDKeCTXO9WLOI0DsyYl2LkgRMe8li2ik6tc4ADUNlnzRo4X7vSEig9STwbWVAzFj/zlLzr6wbm2HVS7iMYsMkXX40jAUyIUpXRwOuGDViYoFQxe2siI6JItTYA+XsEb42Rf9Dq1R0K8XydblQP4GlsnAEx3AGLpxDHa6gAU2gcAsPMIO5EzqPzpPzvCzNOJ89h/BDzssHnqyTkA==</latexit>

r̄

Figure 13: Query 𝑄1 used in Theorem 6.2 and the gadgets 𝐷 , and 𝐸 used in its definition. For the 𝑟 edge relation (in blue) we
depict the edges of its complement (i.e., the edges which are not in relation 𝑟 ). Example of𝑄2 for the formula𝜑 = (𝑥2∨¬𝑥5∨¬𝑦4).

homomorphism from 𝑄2 to each a-inj-expansion of 𝑄1. The a-inj-
expansions of 𝑄1 look exactly like 𝑄1 except that each some pairs
of vertices non-related via 𝑟 may have been identified together.

Let 𝐵 be an arbitrary a-inj-expansion of 𝑄1 and 𝐷𝐵 the gadget
𝐷 in 𝐵. We define 𝜃𝐵 (𝑥𝑖 ) = 1 if there are two distinct vertices non-
related via 𝑟 accessible via 𝑥𝑖 , and 𝜃𝐵 (𝑥𝑖 ) = 0 otherwise. Let ℎ be
an injective homomorphism mapping an a-inj-expansion of 𝑄2 to
𝐵. We furthermore define 𝜃𝐵 (𝑦𝑖 ) = 1 if ℎ maps 𝑦𝑖,𝑡 𝑓 to 𝑦𝑖,𝑡 and
𝜃𝐵 (𝑦𝑖 ) = 0 otherwise, i.e., if 𝑦𝑖,𝑡 𝑓 is mapped to 𝑦𝑖,𝑓 . We now show
that 𝜃𝐵 is well-defined and satisfies 𝜑 . It is obvious that each 𝐶 𝑗

𝑖
will be mapped either to the gadget 𝐷𝐵 or to 𝐸 and that for each
𝑖 ∈ {1, . . . ,𝑚} exactly one 𝐶 𝑗

𝑖
is mapped to 𝐷𝐵 . If 𝐶 𝑗

𝑖
corresponds

to 𝑥𝑘 , i.e., it is a path labeled 𝑥𝑘𝑡 , then it can only be mapped
into 𝐷𝐵 if 𝜃𝐵 (𝑥𝑘 ) = 1. Analogously, if 𝐶 𝑗

𝑖
corresponds to ¬𝑥𝑘 , it

is a path labeled 𝑥𝑘 𝑓 , and can therefore only be mapped into 𝐷𝐵
if 𝜃𝐵 (𝑥𝑘 ) = 0. If 𝐶 𝑗

𝑖
corresponds to 𝑦𝑘 or ¬𝑦𝑘 , it can always be

mapped into 𝐷𝐵 , but since 𝑦𝑘,𝑡 𝑓 can only be mapped either to 𝑦𝑘,𝑡
or 𝑦𝑘,𝑓 , we can either map positive 𝑦𝑘 into 𝐷𝐵 or negative ones,
but not both. Therefore, the definition of 𝜃𝐵 (𝑦𝑘 ) is unambiguous,
and it indeed satisfies 𝜑 .

Since 𝐵 is arbitrary, we obtain a choice 𝑦1, . . . , 𝑦ℓ for all possible
truth-assignments to 𝑥1, . . . , 𝑥𝑛 this way. Therefore, Φ is satisfiable.

For the only if direction let Φ be satisfiable. Then we find for each
truth-assignment to 𝑥1, . . . , 𝑥𝑛 an assignment to𝑦1, . . . , 𝑦ℓ such that
𝜑 (𝑥1, . . . , 𝑥𝑛, 𝑦1, . . . , 𝑦ℓ ) is true. Let 𝜃 be a function that, given the 𝑥𝑖 ,
returns an assignment for all 𝑦𝑖 such that the formula evaluates to
true. We will show how to map𝑄2 into an arbitrary a-inj-expansion
𝐵 of 𝑄1.

Let 𝐵 and 𝜃 be given. Let 𝐷𝐵 be again the gadget 𝐷 in 𝐵. We
use 𝜃 to obtain truth-values for 𝑦1, . . . , 𝑦ℓ as follows. Since this
assignment is satisfiable, there is a literal that evaluates to true in
each clause. We map this literal to 𝐷𝐵 and the others in this clause
to gadgets 𝐸. If this literal is 𝑥𝑖 , then we can map to the (𝑥𝑖 𝑡 𝑡)-path
in 𝐷𝐵 . If it is ¬𝑥𝑖 , then we can map to the (𝑥𝑖 𝑓 )-path in 𝐷𝐵 . If
the literal is 𝑦𝑖 , we can map the (𝑦𝑖 𝑡)-path ending in 𝑦𝑖,𝑡 𝑓 to 𝐷𝐵 .
This also implies that each 𝑦𝑖,𝑡 𝑓 in𝑄2 is mapped to 𝑦𝑖,𝑡 , which is no
problem since each path mapped to 𝐸 can choose freely between𝑦𝑖,𝑡

and 𝑦𝑖,𝑓 and, since 𝜃 is a function, we only have either 𝜃 (𝑦𝑖 ) = 1
or 𝜃 (𝑦𝑖 ) = 0. Analogously, if the literal is ¬𝑦𝑖 , we can map the
(𝑦𝑖 𝑓 )-path ending in 𝑦𝑖,𝑡 𝑓 to 𝐷𝐵 , which implies that each 𝑦𝑖,𝑡 𝑓 in
𝑄2 is mapped to 𝑦𝑖,𝑓 . □

Observe that under standard semantics, the right-hand query𝑄2
in the reduction of Theorem 6.2 above would be in fact equivalent
to a CQ, but under a-inj semantics this is not the case.

F OTHER RESULTS
The following theorem summarizes all other complexity results
which complete the picture of complexity results of Figure 1, whose
proofs can be found below.

Theorem F.1 (Restatement of Theorem 6.3).
(1) The CQ/CRPQ and CQ/CQ containment problems are NP-

complete under query-injective semantics. (Proposition F.2)
(2) The CQ/CQ containment problem under atom-injective se-

mantics is NP-complete. (Corollary F.4)
(3) The CRPQ/CQ and CRPQfin/CQ containment problems are

Π
𝑝

2 -hard, under standard and atom-injective semantics. (Propo-
sition F.6)

(4) The CRPQ/CQ and CRPQfin/CQ containment problems are
in Π

𝑝

2 , under all semantics. (Proposition F.7)
(5) The CRPQ/CRPQfin containment problem is PSpace-hard

under all semantics. (Proposition F.8)
(6) The CRPQ/CRPQfin containment problem is in PSpace under

standard semantics. (Proposition F.9)
(7) The CRPQfin/CRPQ containment problem is in Π

𝑝

2 , under all
semantics. (Proposition F.10)

Proposition F.2. The CQ/CRPQ and CQ/CQ containment prob-
lems are NP-complete under query-injective semantics.

Proof. For the upper bound, let 𝑄1 (𝑥) be a CQ and 𝑄2 (𝑦) a
CRPQ. Remember that for any ★ ∈ {a-inj, q-inj}, we have that
𝑄1 ⊆★ 𝑄2 iff 𝑥 ∈ 𝑄2 (𝑄1)★, where 𝑄1 is seen as a graph database.
By Proposition 3.1 we then have NP-membership.



The lower bound follows by a direct reduction from the respec-
tive evaluation problem for CQ together with Proposition 3.1. □

Let us call a homomorphism ℎ : 𝐴→ 𝐵 contracting if for some
𝑥

𝑎−→ 𝑦 in 𝐴 such that 𝑥 ≠ 𝑦, we have ℎ(𝑥) = ℎ(𝑦). Observe that
the composition of two non-contracting homomorphism is non-
contracting.

Lemma F.3. For any two CQ 𝑄1, 𝑄2, the following are equivalent:
(1) there is a non-contracting homomorphism 𝑄2 → 𝑄1,
(2) 𝑄1 ⊆a-inj 𝑄2.

Proof. From top to bottom, letℎ : 𝑄2 → 𝑄1 be a non-contracting
homomorphism, that is, such that for every atom 𝑥

𝑎−→ 𝑦 of 𝑄2 we
have ℎ(𝑥) ≠ ℎ(𝑦). Let 𝐸1 ∈ Expa-inj (𝑄1). Observe that there exists
𝑔 : 𝑄1 → 𝐸1 which is not contracting, and hence their compo-
sition 𝑔(ℎ) : 𝑄2 → 𝐸1 is non-contracting either. Let 𝑈 be the
conjunction of all atoms 𝑥 = 𝑦 such that 𝑔(ℎ(𝑥)) = 𝑔(ℎ(𝑦)), and
observe that 𝐸2 = (𝑄2 ∧ 𝑈 )≡ ∈ Expa-inj (𝑄2). Further, we have

𝑔(ℎ) : 𝐸2
inj
−−→ 𝐸1. Summing up, for every 𝐸1 ∈ Expa-inj (𝑄1) there is

𝐸2 ∈ Expa-inj (𝑄2) such that 𝐸2
inj
−−→ 𝐸1, which by the characteriza-

tion of Proposition 4.6 proves that 𝑄1 ⊆a-inj 𝑄2.
From bottom to top, observe that 𝑄1 ∈ Expa-inj (𝑄1), and hence

by Proposition 4.6 we have that there is some 𝐸2 ∈ Expa-inj (𝑄2)
such that ℎ : 𝐸2

inj
−−→ 𝑄1, which in particular means that ℎ is non-

contracting. On the other hand, as argued before, there must be
a homomorphism 𝑔 : 𝑄2 → 𝐸2 which is non-contracting. Since
the composition of non-contracting homomorphisms yields a non-
contracting homomorphism, we obtain that ℎ(𝑔) : 𝑄2 → 𝑄1 is
non-contracting. □

Corollary F.4. The CQ/CQ containment problem under atom-
injective semantics is NP-complete.

Proof. The upper bound follows from Lemma F.3 above. For
the lower bound, it is easy to see that the standard reduction from
3-colorability for CQ under standard semantics [10] still applies in
this setting. □

Corollary F.5. The CQ/CRPQ(𝐴) containment problem under
simple-path semantics is NP-complete.2

Proposition F.6. The CRPQ/CQ and CRPQfin/CQ containment
problems are Π𝑝2 -hard, under standard and atom-injective semantics.

Proof. The lower bound for standard semantics follows from
[15, Theorem 4.3]. Further, it is easy to see that the Π

𝑝

2 -hardness
proof of [15, Theorem 4.3] goes through for atom-injective seman-
tics. This is because, in the reduction, all atoms of queries contain
languages of words of length 1, and they have no self-loops. Indeed,
as a consequence of Lemma F.3, under such restrictive conditions
the a-inj and standard containment problems coincide. □

Proposition F.7. The CRPQ/CQ and CRPQfin/CQ containment
problems are in Π

𝑝

2 , under all semantics.
2In the jargon of [15], CRPQ(𝐴) are CRPQ whose regular expressions are of the form
𝑎1 + · · · + 𝑎𝑛 .

Proof. Let ★ ∈ {𝑠𝑡, q-inj, a-inj}. Given𝑄1, 𝑄2, let 𝑁 be the num-
ber of atoms of𝑄2. Consider the set 𝑆 of all expansions of𝑄1 where
every atom expansion 𝑥

𝑤−→ 𝑦 of size greater than 2𝑁 is replaced
with 𝑥

𝑢#𝑣−−−→ 𝑦, where # is a fresh symbol, and 𝑢 [resp. 𝑣] is the
𝑁 -prefix [resp. 𝑁 -suffix] of 𝑤 . Observe that every element of 𝑆
is of polynomial size, and that we can check in polynomial time
whether any given polysized CQ is in 𝑆 . Consider the following Σ

𝑝

2
algorithm for non-containment. We check that there exists some
connected component 𝑄̂2 of 𝑄2 and element 𝐸#

1 ∈ 𝑆 such that the
following two conditions hold:

(i) 𝐸#
1 ⊈★ 𝑄̂2 (which is in co-NP due to Proposition F.2 for q-inj

and [15, Theorem 4.2] for standard);
(ii) for each atom 𝑥

𝑢#𝑣−−−→ 𝑦 of 𝐸#
1 associated to an atom 𝑥

𝐿−→ 𝑦

of 𝑄1, there is no𝑤 such that (a) 𝑢𝑤𝑣 ∈ 𝐿 and (b) 𝐸𝑤1 ⊆★ 𝑄̂2,
where 𝐸𝑤1 () = 𝑥

𝑢𝑤𝑣−−−−→ 𝑦.
Since 𝑄̂2 is connected it has to be mapped through a homomorphism
[resp. injective homomorphism, a-inj homomorphism] either to the
𝑁 -neighbourhood of a variable of 𝑄1, or entirely inside an atom
expansion. The two items above ensure that none of these cases
can occur, and hence that there exists a counter-example for the
containment 𝑄1 ⊆★ 𝑄2. Observe that in item (ii), if a ★-expansion
of 𝑄̂2 maps into a directed path, it means that 𝑄̂2 is ★-equivalent to
a directed path, and hence that𝑤 can be taken of polynomial size.
This, in turn, means that (ii) can be done in co-NP. □

Proposition F.8. The CRPQ/CRPQfin containment problem is
PSpace-hard under all semantics.

Proof. First observe that for Boolean queries𝑄1, 𝑄2 of the form

𝑄𝑖 () = 𝑥
𝐿𝑖−−→ 𝑦, we have𝑄1 ⊆𝑠𝑡 𝑄2 iff𝑄1 ⊆a-inj 𝑄2 iff𝑄1 ⊆q-inj 𝑄2.

In [15, Theorem 4.5] it was shown that the containment problem
(under standard semantics) for this kind of queries is PSpace-hard,
even when 𝐿2 is a star-free expression and the alphabet is of fixed
size. □

Proposition F.9. The CRPQ/CRPQfin containment problem is
in PSpace under standard semantics.

Proof. Given 𝑄1, 𝑄2, let 𝑁 be the maximum number of atoms
of an expansion of 𝑄2. Consider the set 𝑆 of all expansions of 𝑄1,

where every expansion 𝑥
𝑤−→ 𝑦 of an atom 𝑥

𝐿−→ 𝑦 thereof such that
|𝑤 | > 2𝑁 is replaced with 𝑢 · # · 𝑣 , where 𝑢 [resp. 𝑣] is the 𝑁 -prefix
[resp. 𝑁 -suffix] of𝑤 , and # is a fresh symbol. The PSpace algorithm
then guesses an element 𝐸#

1 of 𝑆 and checks whether there exists
some expansion 𝐸1 of 𝑄1 from which 𝐸#

1 could be obtained such
that no expansion 𝐸2 of 𝑄2 can be homomorphically mapped to 𝐸1.
For this, we check that there exists some connected component 𝑄̂2
of 𝑄2 such that the following two conditions hold:

(i) 𝐸#
1 ⊈ 𝑄̂2 (which is in co-NP [15, Theorem 4.2]);

(ii) for each path of the form 𝑥
𝑢#𝑣−−−→ 𝑦 in 𝐸#

1 associated with the

expansion of an atom 𝑥
𝐿−→ 𝑦 of 𝑄1, there is no 𝑤 such that:

(a) 𝑢𝑤𝑣 ∈ 𝐿 and (b) 𝐸𝑤1 ⊆ 𝑄̂2, where 𝐸𝑤1 () = 𝑥
𝑢𝑤𝑣−−−−→ 𝑦.



Since 𝑄̂2 is connected it needs to be mapped either to the 𝑁 -
neighbourhood of a variable of 𝑄1 (ruled out by item i), or entirely
inside an atom expansion (ruled out by item ii). On the other hand,
𝐸1 ⊈ 𝑄2 iff 𝐸1 ⊈ 𝑄̂2 for some component 𝑄̂2. These two items
hence ensure that none of these cases can occur, and that there
exists a counter-example for the containment 𝑄1 ⊆ 𝑄2. Observe
that item (ii) can be seen as an instance of the intersection empti-
ness problem for regular languages, that is, the problem of whether

⋂
𝑖∈𝐼 𝐿𝑖 = ∅ for a given set {𝐿𝑖 }𝑖∈𝐼 of regular expressions, which is

a PSpace-complete problem [21]. □

Proposition F.10. The CRPQfin/CRPQ containment problem is
in Π

𝑝

2 , under all semantics.

Proof. Let ★ ∈ {𝑠𝑡, a-inj, q-inj} and let 𝑄1 (𝑥), 𝑄2 (𝑥) be an in-
stance. One can test non-containment by guessing a ★-expansion
𝐸1 (𝑥) ∈ Exp★(𝑄1 (𝑥)) (of linear size) and test that 𝑥 ∉ 𝑄2 (𝐸1)
under ★ semantics, which is in co-NP by Proposition 3.1. □
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