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Abstract

Acoustic source localization has many important applications. Convex relaxation provides a viable approach
of obtaining good estimates very efficiently. There are two popular convex relaxation methods using either semi-
definite programming or second order cone programming. However, the performances of the methods have not
been studied properly in the literature and there is no comparison in terms of accuracy and performance. The aims
of this paper are twofold. First of all, we study and compare several convex relaxation methods. We demonstrate
by numerical examples that most of the convex relaxation methods cannot localize the source exactly even in the
performance limit when the time difference of arrival (TDOA) information is exact. In addressing this problem,
we propose a novel mixed SDP-SOCP relaxation model and study the characteristics of the optimal solutions and
its localizable region. Furthermore, an error correction scheme for the proposed SDP-SOCP model is developed so
that exact localization can be achieved in the performance limit. Experimental data have been collected in a room
with two different array configurations to demonstrate our proposed approach.

I. INTRODUCTION

Acoustic source localization remains to be an important problem in the signal processing literature owing to their importance
in many applications including radar, sonar, teleconferencing, wireless communications and voice control. Typically, the source
location is estimated in two stages. In the first stage, the TDOA between each pair of microphones is estimated and transformed
into distance measurements between sensors, resulting in a set of nonlinear hyperbolic equations. There are various techniques
that can be used to compute the TDOA, such as cross-correlation (CC) method [1], phase transform (PHAT) and the maximum
likelihood estimator (ML) [2]. In the second stage, efficient algorithms are needed to find the intersection of these nonlinear
hyperbolic equations and obtain an estimate to the location of the source. However, finding the intersection of hyperbolic
equations is a highly nonlinear problem.

One approach is to employ convex relaxation to convert the localization problem into a convex optimization problem, such
as a semi-definite program or a second order cone program. In this way, very efficient algorithms can be derived. Semi-definite
programming (SDP) is a generalization of linear programming (LP) where the decision variables are arranged in a symmetric
matrix instead of a vector, and the non-negative orthant is replaced by the cone of positive semi-definite matrices [3], [4], [5].
Since interior point algorithms can be employed, semi-definite programming has polynomial time computational complexity.
It has been successfully applied to a number of signal processing problems, such as filter design [6], antenna design [7],
beamformer design [8], window design [9], filter bank design [10], sensor network localization [11] and configuration design
[12]. The SDP and SOCP relaxation models have also been considered for solving optimal power flow problem in [13].
Sufficient conditions under which the convex relaxation is exact was presented in [14]. One formulation based on semi-definite
programming for solving localization problems has been studied in [15]. Besides, another formulation using second order cone
programming (SOCP) has been applied in [16]. For the SOCP relaxation, it has been proven in [16] that the optimized source
location always lies in the convex hull of the microphone array. It is unfavourable for acoustic localization since the speaker
is usually standing in front of the microphone array instead of being surrounded by the microphones.

Motivated by the above works, in this paper, we study the convex relaxation method for solving the source localization
problem extensively and propose a novel mixed relaxation model. We first study and compare several convex relaxation
methods. When the sound source is placed in front of the sensor array, we find that most existing convex relaxation methods
in the literature cannot localize the source exactly even in the performance limit when the time difference of arrival (TDOA)
information is exact. Furthermore, we find that the geometry of the array and the speaker location relative to the array are
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important factors affecting the accuracy of the solutions. In order to address these problems, we propose a novel mixed SDP-
SOCEP relaxation model and derive the characteristics of the optimal solution. We study the speaker localizable region, in the
sense that the exact source location can be sought directly in the performance limit. We derive the exact geometry of the
localizable region for the proposed mixed model. Furthermore, an error correction scheme is developed to recover the exact
source location in the performance limit when the speaker is outside the localizable region. To demonstrate the method for
practical applications, we also employ real recordings with two different array configurations collected in a meeting room.

The rest of the paper is organized as follows. In Section 2, we present different convex relaxation models for solving the
source localization problem; then we formulate the mixed SDP-SOCP relaxation model. In Section 3, the characteristics of
the optimal solution to the mixed SDP-SOCP model are derived and the geometry of the exact localizable region is derived.
We present an error correction scheme in section 4 to recover the exact source location for the mixed SDP-SOCP model in
the performance limit. Numerical results are shown in Section 5; comparison results with other convex relaxation models are
also given. Several examples with real recordings are presented to illustrate the effectiveness of the proposed method.

II. FORMULATION AND CONVEX RELAXATION MODELS

Assume we have microphones with locations a; = (a;1,a:2)%, i = 1,--- ,m. Given a source location s = (s1,s2)7, the
time difference of arrivals (TDOA) are given by
Is — ail| = [Is — aj]

Tij = T({ai7aj}7s) = co ) Z,] = 1a o, M, (1)

where ¢ is the speed of sound in the air. The estimate is denoted by 7;; using the signals received at the ith and jth microphone.
The source localization problem is to estimate the source location § from the set of nonlinear hyperbolic equations (1). In the
following, we introduce three relaxation models for solving this source localization problem. The first two models are using
semi-definite programming and second order cone programming, respectively. Then the mixed SDP-SOCP relaxation model is
presented.

A. SDP Relaxation Model

With a set of delay estimates, the problem is to find § such that
Is — aill = [Is = a;l = co7iy, i, j=1,---,m. 2
These equations can also be expressed as !

ﬁi_ﬁj:COfi‘yﬁ i,j:1,~-~,m,

||S_ai||2:ai7 7;:17"'7m7
2 . 3)
O‘izﬁiv Z:L"'vma
61'20, i=1,---,m.
. . 9 1 5 . P .
We relax the equality constraints «; = 3; to B a > 0, which ensures that a;; > 7. Without the relaxation, «; should
K3 K3

be equal to the (7; therefore, c; should be as small as possible after the relaxation. Thus we set the objective function be
min ) ", o; and transform the source localization problem into

||Sfai||2:05ia i:1,~~,m, (4)

Noting that

o=l = (@~ () s (%) = -0 (F 2 (%) ®

Let y = s”'s. Then the above problem is equivalent to

'A different way of transforming (2) has been proposed in [15], which ends up with a different optimization model.
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An effective method for solving this problem is to relax y = s”s to

I s
= = 0.
VA (sT y> =0
Then, the relaxed version of the problem (6) can be represented by the following mixed SDP relaxation model
min Zai
i=1
s.t. ﬂi_ﬁjzcof—i]ﬁ i7j:17"'7m5

T ai = . ) — e
(a’i - 1) Z (_1) = Qi 1= 1a s (7)
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Bi>0, di=1,---,m,
Zidi:d =14, Z = 0,8 = Z1.9.441-

B. SOCP Relaxation Model

For equation (2), instead of (3), it can also be expressed as

ﬁi_ﬂjzcoﬁ'j» ivj:]-f"am» (8)
||Sia’7:H:ﬂi7 7’:177m
Similar to the method in [16], we relax the equality constraints ||s — a;|| = 8; to 7 < ” inequality constraints, which yields a

second order cone problem. Since without the relaxation, ||s — a;|| should be equal to the j;; therefore 3; should be as small
as possible after relaxation. Thus we set the objective function be min Y ;" | 3; and transform the source localization problem
into the following SOCP relaxation model

m
min Z Bi
i=1

. . 9
s.t. 61'—53‘2007'1‘3" Zajzla"'7m7
||S_ai||§5i> 221,,777,
C. Mixed SDP-SOCP Relaxation Model
For equation (2), we can expressed it as
5i—5j200%ij, . Z.7j:17"'7m7 (10)
ls—a;ll =6, i=1,---,m.
Adding some redundant constraints
Bi — Bj = coTijy,  4i=1,---,m,
Hsfa'i”Q:ﬂia i.:L"'ama (1])
Hs_ai” = Qy, ZZI,"',m,
2

a; = izla"'7m,
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it is equivalent to the following problem

ﬂi_ﬂj:cof—zjﬁ i7j:17"'7m7

Is—aill =B, i=1,-,m,

Is —ai|*=a;, i=1,---,m, (12)
0@261»2, i=1,---,m,

aigﬁ?, i=1,---,m.

P 0y
relax the equality constraints ||s — a;|| = ; to 7 < ” inequality constraints, which yields a second order cone problem. The
source localization problem can be transformed into

m
min E o
i=1

The inequality constraints «; > 32 is equivalent to ( 3 b ’) = 0, and «; < 32 is equivalent to ||s — a;|| < 3;. Thus we

s.t. 51'—53‘:007%]" Z-ajzla"'7m7
||S_ai||§5i7 izl?"'am7 (13)
||Sia’i||2:aia izla"'vmv

1 5 .
(ﬂi ai)zo, 1=1,---,m.

The above problem is equivalent to

min Zai
i=1
s.t ﬂ? Bj - 607/;1',]7 1,] = 17 , M,
Hs_a/7,||<6ia Z_la c,Mm,
I s\ /a (14)
T 1 .
(ai - 1) (ST y) <_1> = Q5 1= 1; U
1B
- =
(Bi ai) - 07 ? ’ y T,
y=s's.

After relaxation of problem (14), the mixed SDP-SOCP relaxation model becomes

m
min E o
i=1

s.t. 51 _ﬂ] :CO%ijv 7’7.7 = 17 uz

Hs_aiHSBia izla"'ama
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In the following section, we investigate thoroughly the optimality conditions for this problem. Indeed, it is obvious that the
solution of (2) is a feasible solution for (15). On the contrary, it is important to learn the conditions for which the solution of
(15) satisfies the original problem (2) in the performance limit when all the TDOA'’s are correct. In fact, it boils down to the
relative position of the speaker to the array and the array geometry. These relative positions form a region in which accurate
speaker localization is possible. We will establish this region in the following section.



ITI. SPEAKER LOCALIZABLE REGION
A. A Representation Theorem for The Mixed SDP-SOCP

For the source localization problem with time difference information of m microphones, we denote

a:(a17a2;"' aam)Ta ﬂ:(ﬁlaﬁQa"' 7Bm)Ta s:(81752)T'

Let
T .
ai:(aihaiQ) ) Z:172a"'7m

be m points in R? with m > 3, and assume
rank{ai,as, -+ ,a,} = 2.
For ease of analysis, the mixed SDP-SOCP (15) written in the following algebraic form will be used:

min op +as + -+

s.t. 51 _Bj :CO'f-ija Zv] = 1723"' , M, (16)
”S - 0'73”2 + (y - ||SH2) =aq; =12 ,m,
yz”SHQa ai261’27 ﬁiz‘ls_ai”7 i:172a"'7m'

Also, we use the notation (s,y, 3, «) to denote a feasible solution for (16). Let s* = (s}, s3)T be the true source location,
i.e., it satisfies
||S* — al|| — |S* — aj|| = Coﬁ‘j,i,j = 1,2, e, M.

Denote by 5 = ||s* — a;||, ¢ = 1,2,--- ,m. In general, we can first establish a simple relationship between the optimal
solution of (16) and the true solution (s*,y*, 3", a*) by the following lemma.

Lemma 1. Ler (8, gj,ﬁ, &) be an optimal solution of (16). Then there exists a X\ > 0 such that
Bi :/61* _>\a 1= 1727"' , M.

Proof. Set B* = (B}, 85, ,B:)T, a* = ((B})2,(B3)%, -+ ,(B:)%)T, and y* = ||s*||%. Then (s*,y*, 3%, a*) is a feasible
solution of the mixed SDP-SOCP (16). Since

oaf = (B))? =|s* —ail?, i=1,2,---,m (17)

and (8, 9, B, &) is an optimal solution of (16), then we have

m m m m
A2 N 2
SRS dwsY ar =S8R
i=1 i=1 i=1 i=1
Notice that Bi,i =1,---,mand 3/, =1,--- ,m are the solution of the linear equations with m variables and 2 equations:
wm_wi:cofmiv i:]-v?v"'vm_]-a

and the rank of the coefficient matrix of the above linear equations is 2, then there exists A € R such that

Bi=Bf—A i=1--,m (18)
From m "
DB =N <D (8
=1 =1
we have A > 0. O

As indicated by the above lemma, it is clear that if A > 0, then the solution of (16) will not be the solution of the original
problem (2) and hence is not the true speaker location. In order to study the property of this A\, we further assume the array
form a triangle. In fact, since most array configurations can be represented by a union of triangular array, it will be sufficient
to derive the conditions for a triangular array and then generalize to other configurations.
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When m = 3, we have a = (a1, a2, a3)T, B = (B1, 2, 83)T, s = (s1,82)7, and a; = (a;1,a:2)T, i = 1,2,3, be three
microphone locations in R?. The mixed SDP-SOCP (15) model becomes

min «; + as + ag
s.t. B — P2 = coTie,
B1 — B3 = coT1s, (19)
Is = ail® + (y = [Is*) = 2, i=1,2,3,
y> sl ai> 87, Bi>lls—a, i=1,2,3.

Let s* = (s%,53)7 be the exact source location satisfying
Is" —a1]| = [Is* — az|| = coma, [|s" — @] —[|s" — as|| = comis.

Define 8 = ||s* —a,|, i = 1,2,3, B* = (87,55, 85)7, o* = (872,832,833, and y* = ||s*||. Clearly (s*,y*, 3", a*)
is a feasible solution of (19). However, the opposite is not straightforward. As a start, we first show that, if the speaker is
surrounded by the microphones, then the optimality of this solution is proven in the following theorem.

Theorem 1. If s* is in the triangle region Ay, 4,4, determined by the three points ay, a2 and ag, then (s*,y*, 3%, a*) is an
optimal solution of (19).

Proof. The proof will be given in the appendix. O

For the more general situation when the speaker is standing in front of the microphone array, the optimal solution of (19)
is not necessary the optimal solution to the original problem. In order to understand the conditions for this to be true, we need
the following lemmas, which summarize some properties of the optimal solution of (19).

Lemma 2. Let (é,Q,B, &) be an optimal solution of (19). Then ||§ — a;| < B, i = 1,2,3 cannot be satisfied at the same
time.

Proof. The proof will be given in the appendix. O

Lemma 3. Let (8,9, B, &) be an optimal solution of (19). Then BAE < &4, ©=1,2,3 cannot be satisfied at the same time.

Proof. The proof will be given in the appendix. O

In the following, for simplicity of notation, we locate the microphones as: a; = (a,0)”, as = (b,0)” and a3 = (0,c)”
where a < 0, b > 0, ¢ < 0. As illustrated in Figure 1, let {2 be the region enclosed by lines uy = 0, u; —a = 7%U2 and
u, —b= —%uz, ie.

Q= {u: (ul,uz)T| uy > 0,u1 —a > —%ug and u; — b < —gug }

Since (s*,y*, 3", a*) is an optimal solution of (19) if s* is in the triangle region A, 4,4, determined by the three points a4,
ay and a3, we only consider the case when the speaker is in front of the array, which means s* € ) with s3 > 0.
For A € [0, miny<;<3 B;], as illustrated in Figure 2, we have

B(ahﬂr - >\) ﬂB(a27B; - >\) C B(ad,ﬂg‘ — )\)7



Fig. 2.
where B(a,r) = {u| |[u —a| <r}. In particular, 85 — A > —c.
Let (8, 9,3, &) be an optimal solution of (19). By Lemma 1, there exists A € [0, min;<;<3 ;] such that
Bi=B—\ i=1,23.
Then
§ € N_,B(a;, B;) = N_, B(ai, Bf — \) = B(a1, Bf — \) N Blas, B3 — \). (20)
By Lemma 2 and Lemma 3, we have one of the following seven cases :
(Cl): , ,
18 —af|” = (BT = A)%,
I8 = az|* = (85 — V)%, @
18 — asl|”* < (85 — N)? = ds;
(C2):
I = arl* = (3 = )* )
(B5 =N =8 = az|* = (65 = X)* — 8 — as||* > 0;
(C3):
I8 — aal® = (85 = X2 .
(B =N =8 —ail> = (85 = N)* = 8 — as||* > 0;

(C4): |8 — a1]|* = (Bf — N2, |8 — @ < (B5 — A)* = d, |8 —as|> < (85 — V)% and
(B3 =N = Is — a2||* > (85 — \)* — |8 — as]|*;

(C5): |18 — @] = (Bf — N2, [18 — @zl < (85 — N2, |8 — as|®* < (85 — A)* = a3, and
(B3 = A)? = |8 —az|* < (B5 = A)* — s — as|%

(C6): |8 — ar]|* < (Bf — A)* = du, |8 — a2 = (85 — )2,
(BT =N = Is = a1> > (85 = \)? — |8 — as*;

(C7): I8 = ax]> < (Bf = N)? |18 — a2l = (85 — N)% |8 — as|” < (85 — A)? = ds, and
(BF =N = lIs —ax]* < (85 — ) = |18 — as]f*.

We will prove that cases (C4), (C5), (C6) and (C7) can never happen by the following theorem. In this way, the optimal
solution of (19) must satisfy only (C1), (C2) or (C3).

s —as)? < (8% — A)?2, and

Theorem 2. (Representation theorem). Assume that —c > |a+b|. Let (8,9, ,CSL &) be an optimal solution of (19). Then 2 > 0
and there exists X\ > 0 such that 3 = 3" — X, and one of (Cl), (C2) and (C3) holds. Furthermore, if §; € [a,b], then (C1)
must be true.

Proof. The proof will be completed by lemma 4-8 given in the appendix. O
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B. A Characterization Theorem

In this section, we study the conditions such that (s*,y*, 8", a*) is also the optimal solution of (19) when s} € [a, b]. Let
(8,9,8,&) be the optimal solution of (19) and assume that §; € [a,b]. Then by Theorem 2, §3 > 0 and § is a solution of
equation (21). Define

D= { A & O.min{57. 55,55 |. 24)
Assume § to be a solution of equation (21), define
M(A) =87 = N + (85 = \)? + [18 — aa® +2((65 = N)?* — |8 — as]?), A€ D.
It follows from Theorem 2 that (s*,y*, 3", a*) is an optimal solution of (19) if and only if
g(A) == M) = ((87))* + (B5)* + (B3)*) > 0 VA€ D. (25)

The following theorem gives a characterization such that the mixed SDP-SOCP (19) model can give the true solution under
the condition —c¢ > |a + b| in Theorem 2.

Theorem 3. (Characterization theorem). Assume that —c > |a+b|. Let (8,7, B, &) be an optimal solution of (19) and assume
that §1 € [a,b]. Set

sy o= = (07 = gy + OO oy )
x (ﬂf — 85— 38 + 2a(§:ﬁ5)) (26)
_ o2 (_9p ((B7)* = (B3)* + (b — a)*)(BF — B3)
2 ( 25 + i )

If U(s*) > 0, then § = s*, i.e., the mixed SDP-SOCP (19) model gives the true solution. Inversely, if the mixed SDP-SOCP
(19) model gives the true solution, then ¥(s*) > 0.

Proof. The proof will be given in the appendix. O

To illustrate the characterization theorem, we give a simple example here. Assume a = —1, b = 1, ¢ = —1, by Theorem
3, we find the localizable region of the mixed SDP-SOCP model (Figure 3). For the SOCP relaxation model, the localizable
region is the convex hull of the microphone array [16]. It is unfavorable for acoustic localization since the speaker is usually
standing in front of the microphone array instead of surrounded by the microphones. From Figure 3, for the mixed SDP-SOCP
relaxation model, we can find that there is an extended region to the convex hull of the triangular array which has the exact
localizable property. That means when the sound source is placed in front of the microphone array, we can still localize the
source exactly when the TDOA information is exact. This result is better than the SOCP relaxation model.

From this illustrative example for a triangular array, we know that the localizable region is shaped like a fan Figure 4.
We further consider and simulate a more complex situation. Assume there are four microphones located at the coordinates



Fig. 4.

Fig. 5. Localizable region with four microphones

{(-1.5,0),(0,0.5), (1.5,0), (0, —1.9)}, its localizable region is shown in Figure 5. We find that the localizable region is like
a combination of several fan-shaped regions. Since the distance between two points is invariant under translation and rotation,
we can state a general form of Theorem 3 in the following theorem.

Theorem 4. Let a1, as,as be three points in R? and r be the foot of the perpendicular from point as to the line segment
between aq and as. Set
a=—lar—rl,b=llaz—7|,c=—[las—7|,

and
Br=|s*—ai, i=1,2,3.

Assume that 7 is between ay and as, and —c > |a + b|. Let (8,9, 3, &) be an optimal solution of (19) and assume that

$1 € [a,b]. If U(s*) > 0, then 8 = s*. Conversely, if the mixed SDP-SOCP (19) model gives the true solution, then ¥ (s*) > 0.

Corollary 1. For any three point ay, asz, a3 with |a; — asl|| = ||jaz — as]|, set
b=lla1 —az||/2, c¢=—+/|az—as|?— b2

Let (8,79, B, &) be an optimal solution of (19) and assume that §1 € [a,b]. If

02
3((B1)* +(B3)* = 2(83)* = 2% +2¢) 5 — 55 (((B1)” — (B3)) — 4b*(B] + 53)) > 0,

then the mixed SDP-SOCP (19) model gives the true solution.
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Conversely, if the mixed SDP-SOCP (19) model gives the true solution, then

3((81)? + (83)° — 2(85)* — 2% +26%) 85 — 55 ((B1)? - (83)%) — 43(5; +53)) = 0
Proof. Since under the condition a = —b, ag can be Simphﬁed to
a5 = 8U(s*) = 12 ((8])2 + (55)° — 2(85)° — 2% +2¢%) 5
(B — 3 - w5 + ).
Thus, Corollary 1 is a consequence of Theorem 4. O

Corollary 2. Let a1, asy, - ,a, be n points in R?, then the interior of the union of all the localizable regions determined by
any three points in the convex hull formed by these n points is a localizable region for the n points.

Proof. If s* is in this interior, then there exists a triangular convex hull containing s*. Thus we have ¥(s*) > 0. Therefore
the mixed SDP-SOCP (19) model gives the true solution.
O

IV. AN ERROR CORRECTION ALGORITHM

From the previous analysis, we know that if the source location is outside the exact localizable region, then the proposed
mixed SDP-SOCP model cannot find the source location exactly. In this section, a method is developed to recover the exact
solution when the source location is outside the exact localizable region. The method is based on the idea of correcting the
solution to the mixed SDP-SOCP relaxation model by a second order polynomial equation. We consider source localization
with time-difference information of m points. By Lemma 1, from (17) and (18), we know there exists A > 0 such that
5* = B + A, i.e, s* is a solution of the equations

s —aill =B+ X\i=1,2-- m. 27)

This implies . R
Is—aml®—ls—aill> = (B + N> = (Bi + V)% i=1,2,--- ;m— 1.

That is 4 ;
23 (ai; = amy)s; = > (a3, (B2 = B2+ 2A (B — B), i =1, m— L. (28)
j=1 j=1

Define

B = (bij)(’m*l)Xd7 C= (017. t 7C’m—1)T’ D = (dla T 7d’m—1)Ta
where

bij:2(aij—amj), i=1,2,~-~,m—1,j:1,---,d,

and

d ~ A~ ~ ~

j=1

Then the equations (28) can be re-written as
Bs=C+ \D, (29)

which implies
B"Bs = B"C + \B"D.

Therefore,
s=(B"B)"'B"C+ \B"B)"'B'D. (30)

Substituting (BT B)"'BYC + A(BTB)"'B” D for s in ||s — @ ||> = (Bm + A)2, we obtain

(BTB)"'BTC + A\(BTB) " 'BTD — a,,||> = (B + V)% (31)
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It can be re-arranged into the following form
A2 (1 - ((BTB)—lBTD)T(BTB)—lBTD)
A (zém —2 ((BTB)*lBTC - am)T (BTB)lBTD> (32)
+ 3% - (B"B)"'B'C - a,,)T((B"B)"'B"C - a,,) = 0.

By solving this second order polynomial equation, we can obtain the exact solution for the source location from the solution
of the mixed SDP-SOCP relaxation. We summarize the result in the following theorem.

Theorem 5. Let a; = (a1, a2, ,aiq)’, i =1,2,--- ,m, be m points in R? satisfying
rank{ai,as, - ,a,} =d.
Let (8,7, ,5', &) be an optimal solution of (16) and let A (error corrector) be a positive solution of the equation (32). Define
s*=(B"B)"'BTC + A\(B"B)"'B" D, (33)
then s* is the true source location, i.e.,
Is* —a;|| — |s* — aj|| = coTij, %,5=1,2,---,m. 34)
Remark 1. If m = d+ 1, then
(B"B)"'B" =B
Therefore, equation (30) and (32) can be simplified to
s* =B 'C+AB'D, (35)
A2 (1 _ DT(B—l)TB—lD) Y (QBdH —2(B7'C—aq)’ B—1D)
+6%1 — (B7'C — ag)T(B7'C — aqs1) = 0.
Remark 2. If d = 2 and m = 3, then

(36)

2(az —az1) 2(az2 — asz)

5o (2(a11 —as1) 2arz — a32)> |

2 2 2 2 22 22
C— (a1l+a12a31 — a3y, + 3 51>
=\ 2 2 2 2 L p2 a2
ay +asy —az —ajy + B3 — B3

P=(a)

V. EXAMPLES AND APPLICATIONS

In this section, we first present some numerical results for comparison between the three convex relaxation models described
in Section II and also YWL’s model ([15]), under the condition that there are no TODA errors. The SDPT3 ([17]) will be
employed as the solver. Assume there are three microphones located at the coordinates {(—1,0), (0,—1),(1,0)} and the source
location is (0.5,0.35). The results of using SDP relaxation model, SOCP relaxation model, YWL’s model and mixed SDP-
SOCP relaxation model are shown in Figure 6. From Table I, we can see that the proposed mixed SDP-SOCP can indeed find
the exact location subject to some numerical errors, and is therefore more accurate than the other convex relaxation models.

SDP SOCP YWL SDP-SOCP
el | (O (0.4650, (0.7033, (0.5000,
—0.1707) | —0.0023) | 0.5092) 0.3498)
Error | 0.7219 0.3540 0.2582 | 1.6939¢ — 04
TABLE

If the source location is outside the exact localizable region, we can use the developed error correction method to recover
the solution. Assume there are three microphones located at the coordinates {(—1,0), (0, —1),(1,0)} and the source location
is (0.8,2.8). The results of using SDP relaxation model, SOCP relaxation model, YWL’s model, mixed SDP-SOCP relaxation
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0.8l side i
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0.6F O  true source location ]

+  estimator using SDP v
0.4 O estimator using SOCP ® q

v estimator using YWL’s

0.2 *  estimator using SDP-SOCP b
€ 0 N
-0.2 i
-0.4 B
-0.6 B
-0.8 4

Fig. 6. Comparion between various relaxation models

SDP SOCP YWL SDP-SOCP | SDP-SOCP-EC
ESL (—0.0004, (0.2608, (—0.0240, (0.2775, (0.8000,
0.0762) —0.0004) 0.1153) 0.3518) 2.8000)
Error 2.8389 2.8519 2.8083 2.5033 6.0688¢e — 13
TABLE II

model together with the error correction method are shown in Figure 7. From Table II, we can see that the proposed error
correction method can indeed find the exact location if the source location is outside the exact localizable region.

In the next example, we study the effect of reverberation via the image-source method (ISM) described in [18]. The
ISM is a well-known technique that can be used in order to generate a synthetic room impulse response (RIR) in a given
environment. Once such a RIR is available, a sample of audio data can be obtained by convolving the RIR with a given
source signal [19]. This provides a simulated sample of the sound signal received at the sensor in the considered en-
vironment. Here we assume the room is 5 x 5 x 2.5m (L x W x H). There are nine microphones located at the coor-
dinates {(0.9,1.4,1),(1.3,1.8,1),(1.7,2.2,1),(2.1,2.6,1),(2.5,3,1),(2.9,2.6,1),(3.3,2.2,1),(3.7,1.8,1), (4.1,1.4,1)} and the
true source location is (2.5,1,1) . The reverberation time Tg is 0.2s. First we use the ISM technique to generate a synthetic
room impulse response. Then we estimate the 7;; using the signals received at the ith and jth microphone by the cross-
correlation method [1]. After that we use the mixed SDP-SOCP relaxation model with error correction to estimate the source
location. We can see from Figure 8 that the estimated source location denoted by star point is almost at the same position as

3.5
3r side 1
O microphone ®
25 O true source location g
+  estimator using SDP
2 ¢ estimator using SOCP B
v estimator using YWL’s
15F *  estimator using SDP-SOCP Bl
£ sr  estimator using SDP-SOCP-EC
s 4
05 1
*
ol 4
-0.5 N

Fig. 7. Comparion between various relaxation models
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Fig. 8. SDP-SOCP-EC method

3
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s A
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a a
€ 0f 1
a a
a a
*
1t o R
2t i
3 . . . . .
-3 -2 -1 0 1 2 3

Fig. 9. SDP-SOCP-EC method with real data

the circle point which is the true source location. The corresponding error is 0.0209.

We continue to study the use of the mixed SDP-SOCP model with error correction method for localization using real data.
In collecting the experimental data, the microphone arrays used for the recording consist of 8 microphones, rectangular shape
and L- shape in a room with 4 x 4.5 x 2.4m (L x W x H). The microphones are custom built and are connected to OctaMic
amplifier, which is then connected to ADI-648 by RME to Hammerfall DSP interface card in computer. All these equipments
are from RME. The sound driver used is ASIO Hammerfall DSP. All the microphone has been calibrated before used. The
speakers are connected using Delta 1010LT sound-card by M-Audio. Note that separate sound devices are used for recording
and playback but their sampling frequency are set to be the same, which is 48000Hz. The speech signals used for the recordings
are from NOIZEUS database.

First we use this real data to estimate the 7;;, and then solve the formulated mixed SDP-SOCP model (15) to get §. A
rectangular array is employed in Figure 9 while L-shape array is applied in Figures 10 and 11, where the circle point is the
true source location and the star point is the estimated source location computed from using error correction method with §
as a starting point. Clearly, the results look promising and the proposed method is very efficient computationally.

VI. CONCLUSION

In this paper, we have proposed a novel mixed SDP-SCOP relaxation model for solving the source localization problem with
TDOA information. The characteristics of the solution to the proposed model have been studied rigorously. Furthermore, based
on the proven representation theorem, we have derived the geometry of the localizable region. When the source point is not
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Fig. 11. SDP-SOCP-EC method with real data

within the localizable region, an error correction algorithm has been developed to recover the exact solution under exact TDOA
information. Numerical results have shown that the proposed model is more accurate than other convex relaxation methods
in the literature. By applying the proposed model on real data, we have demonstrated that the method is an accurate and
effective way of solving the problem. As a future extension, the method can be generalized easily to problems with estimated
microphone locations and this work is well-underway. Moreover, it is of interest to extend the method for localization of
multiple sources.

Acknowledgments This research is supported by RGC Grant PolyU. (152200/14E) and the research committee of the Hong
Kong Polytechnic University. The authors would like to thank the three anonymous reviewers for their constructive comments.

REFERENCES

[1] C. G. Carter, Coherence and time delay estimation: an applied tutorial for research, development, test, and evaluation engineers. 1EEE
Press, Piscataway, NJ, 1993.

[2] M. Brandstein and D. B. Ward, Microphone arrays: signal processing techniques and applications. Springer-Verlag, Berlin, 2001.

[3] H. Wolkowicz, R. Saigal, and L. Vandenberghe, Handbook of Semidefinite Programming, theory, algorithms and applications. Kluwer
Academic, Boston, 2003.

[4] S.J.Li, X. Q. Yang, K. L. Teo, and S. Wu, “A solution method for combined semi-infinite and semi-definite programming,” ANZIAM
Journal, vol. 45, pp. 477-494, 2003.

[5S] X.X.Huang, X. Q. Yang, and K. L. Teo, “A sequential quadratic penalty method for nonlinear semidefinite programming,” Optimization,
vol. 52, pp. 715738, 2003.



[6]
7]
(8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

(19]

15

W. S. Lu and T. Hinamoto, “Optimal design of frequency-response-masking filters using semidefinite programming,” IEEE Transactions
on Circuits and Systems-1:Fundamental Theory and Applications, vol. 50, no. 4, pp. 715-738, 2003.

F. Wang, V. Balakrishnan, Y. P. Zhou, J. N. Chen, R. Yang, and C. Frank, “Optimal array pattern synthesis using semidefinite
programming,” IEEE Transactions on Signal Processing, vol. 51, no. 5, pp. 1172-1183, 2003.

Z. G. Feng, K. F. C. Yiu, and S. Nordholm, “A two-stage method for the design of near-field broadband beamformer,” IEEE Trans.
Signal Process., vol. 59, no. 8, pp. 3647-3656, 2011.

Z. G. Feng and K. F. C. Yiu, “The design of multi-dimensional acoustic beamformers via window functions,” Digital Signal Processing,
vol. 29, pp. 107-116, 2014.

H. H. Kha, H. D. Tuan, B. Vo, and T. Q. Nguyen, “Symmetric orthogonal complex-valued filter bank design by semidefinite
programming,” IEEE Transactions on Signal Processing, vol. 55, no. 9, pp. 4405-4414, 2007.

P. Biswas and Y. Y. Ye, “Semidefinite programming for ad hoc wireless network localization,” in The 3rd International Symposium on
Information Processing in Sensor Networks (IPSN). New York: ACM, 2004, pp. 46-54.

Z. G. Feng, K. F. C. Yiu, and S. Nordholm, “Placement design of microphone arrays in near-field broadband beamformers,” IEEE
Trans. Signal Process., vol. 60, no. 3, pp. 1195-1204, 2012.

S. H. Low, “Convex relaxation of optimal power flow—-part 1: Formulations and equivalence,” IEEE Trans. on Control of Network
Systems, vol. 1, no. 1, pp. 15-27, 2014.

——, “Convex relaxation of optimal power flow—-part 2: Exactness,” IEEE Trans. on Control of Network Systems, vol. 1, no. 2, pp.
177-189, 2014.

K. Yang, G. Wang, and Z. Q. Luo, “Efficient convex relaxation methods for robust target localization by a sensor network using time
differences of arrivals,” IEEE Transactions on Signal Processing, vol. 57, no. 7, pp. 2775-2784, 2009.

P. Tseng, “Second-order cone programming relaxation of sensor network localization,” SIAM Journal on Optimization, vol. 18, no. 1,
pp- 156185, 2007.

K. C. Toh, R. H. Titincii, and M. J. Todd, “On the implementation and usage of SDPT3-a matlab software package for semidefinite-
quadratic-linear programming, version 4.0,” 2006.

E. Lehmann and A. Johansson, “Prediction of energy decay in room impulse responses simulated with an image-source model,” Journal
of the Acoustical Society of America, vol. 124, no. 1, pp. 269-277, 2008.

Z. B. Li, K. F. C. Yiu, and S. Nordholm, “On the indoor beamformer design with reverberation,” IEEE Trans Audio, Speech Lang
Proc, vol. 22, no. 8, pp. 1225-1235, 2014.



16

APPENDIX
Appendix

Proof of Theorem 1
Proof. Let (8,9, B, &) be an optimal solution of (19), then there exists a A > 0 such that

Bi=pr =X\ i=1,2,3.
Thus
s € Ni_1B(a;, 57 = A) € Ni_B(ay, ).
But if s* € Ay, a5a5, then
N1 Blai, B;) = {s| s —ail < B; = [Is* —ail,i=1,2,3} = {s"}.

Therefore S=s*. O

Proof of Lemma 2

Proof. If for all i = 1,2,3, ||§ — a;|| < B;. Then it is clear that § > [|8]|. Let § = minj—1 2.3{8; — ||5 — ai||}, Bi = 5 —04/2.
Given ¢ > 0 such that § — [|8[|* > ¢ and (8; —0/2)* <& —¢, i =1,2,3,let§ =8, § = § —¢, & = G&; — ¢, then (8,9, 3, &)
is also a feasible solution of (19) and &y + &2 + a3 < &1 + do + &s. Thus, (8,7, 3, &) is not optimal. O

Proof of Lemma 3

Proof. 1f for all i = 1,2,3, 32 < @&;. Then it is clear that § > [|8[|>. Choose & > 0, such that &; — & > B2, i=1,2,3 and
g—|8]>>06.Lets =8, 5 =90, Bi = Bi, & =&; — 0,1 =1,2,3. Then (8,9, 3, &) is also a feasible solution of (19) and
a1 + Gg + a3 < Gy + Gg + Gg. Therefore, (8, g, B, &) is not optimal. O

Lemma 4. Let (8,9, 3" — X\, &) be a feasible solution of (19). If (8,9, 3" — A, &) satisfies (C4) or (C6), then (8,7, 3" — X\, &)
is not an optimal solution of (19).

Proof. 'We only consider case (C4) since case (C6) is similar. Assume that (8,9, 3" — A, &) satisfies (C4). If § is below of
x-axis, let §* denote the reflection of § with respect to x-axis, then ||S — az|| = ||$* — a2]|, |$ — a1|| = ||§* — a1]|, and

(85 =N = [I8" — as]|* < (85 = N)* = |8 — as]|?
< (B3 =N = 8 — @l = (65 — N)* — [|I8" — @
Set
g\ ) = (85 = N)? = u —as]|* = (85 = \)? = u — az|?),
w €N Bla;,B; —\).
Then g(\,s*) > 0, g()\,8) < 0 and g()\,8*) < 0, thus there exists § with s7 < §; < 81%, 52 > 0, and || — a1 ||? = (8] — \)?

and ||s — az||? < (B85 — A\)? = do, such that
g(\,8) =0.

Set § = [[3]12 + (85 = \)? — [[5—az[|%, B= 8" —Aand a1 = (8] — N)? + (85 — A)? — |5 — az%,
(8,7,83, &) is a feasible solution of (19), and a1 < (8F — N)? + (85 — A)? — |8 — a2|/?, and so

&y = B3, &3 = B2. Then

ay + ag + ag < Gy + G + as.
Thus, (8,9, 8 — A, &) is not optimal. O

Lemma 5. Assume that —c > |a + b|. Let (8,9,83" — X\, &) be a feasible solution of (19). If 52 < 0 or 51 € [a,b], and
(8,9,8" — X\, &) satisfies either (C2) or (C3), then (8,79,3" — X, &) is not an optimal solution of (19).

Proof. We only consider condition (C2). If s is below z-axis, denote by §* the reflection of § with respect to x-axis. Then

(85 = N2 = IIs" — as]|* <(B5 = X)* — |5 — a3 *.
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If (85 —N)? = [I8* —a3|®> > (85 — N = [I8* — ag?, set § = HS*II2 + (85— N2 — [I8" —asl]>. B = B — X and
ar = (B = A+ (B35 = N)? = [8" — @3], a2 = [|8* — aa|® + (85 — \)* — [|8* — a3]|*, &3 = 3. Then (8%,7,08,&) is a
feasible solution of (19), and &; < &; for ¢ = 1,2, and so

a1+ a9 + a3 < &y + Qo + as.

Thus, (8,9,8"—A d) is not optimal. If (35 —\)?—||8* —as|* < (85 —))? 2, then there exists § with §; < 8, < 85,
5@ = (55~ \) and [ agll < (35 2, such that g(3,5) = 0. Se 5= [B[ + (% ~ A" ~ 5 aal, B = 5" -
and a1 = (67 — N>+ (85 — A)? — I8 — ax|’, a2 = f3, a3 = (3. Then (8,7, 3,@) is a feasible solution of (19), and
a1 < (B = A2+ (B2 —N)? —||8 — a2||?, and so

Gy + G + a3 < Gy + Qo + as,

which implies that (8,9, 3" — X\, &) is also not optimal. Therefore, § must be above z-axis, i.e., 5o > 0, and s7 < 3.
The equation (85 — \)? — [|u — a3|? = (85 — A\)? — ||lu — a2]|? can be written as

2eus = s + (B — N)? — (B — N)* = ¥ + ¢,

which is a straight line with a negative slope. Assume that the straight line intersects the circle {u| ||u — a1H = ])
at s = () 3 (1)) and 82 = (&} 3 A(Z)) , where s(l) <38 A(Q) . Without loss of generality, assume that 52 < 52
52 >0, ands—s(l) or § =383, Ifs—s(l) for e > 0, set

s then

uj = §; — ¢,
b‘E (ﬁ;—)\)z—(ﬁg‘—)\)Z—b2+c2_A b
c 2c

Then when ¢ is small enough, u® = (u§,u$)’ € B(ay, 5; —X) N B(ag, 85 — N),

lu® = a® + (85 = N)? = [[u® — az]* > (8] — V),

and

(85 =22 = lu® = asl* = (85 = A)* = [lu® — aa|* < (65 = N)* — |5 — az|*.

Set § = [|u72 + (85 = 1)* = [u° — as|®, B = B" — Xand a1 = ||u — as||* + (85 — \)* — ||u” — as[]*, G2 = B, &5 = B5.
Then (uf,§,3, &) is a feasible solution of (19), and a1 < (85 — X)? + (85 — X)? — |8 — a2]|?, and so

a1+ ag +az < Gy + ao + ag.
Therefore, (8,4, 3, &) is not optimal.
If § =8 and §; > a, for £ > 0, set
uj =38 —e, uj=35 —e.
Then
[u —ai]|* = (87 = A)* = 22(|51 — a| + 82) + O(£?),

and so, for € small enough, u® € B(ay, 57 — A). Set

Br—A

A=A+ (B — 2
+(61 ||u —ai H)| a|+s

Then
A=A +e+0(e?),

and
* V€2 _ * _ \e\2 _ 12 2 * __ X
Zui_i_(ﬁz A°) (/B?éc A —b 4 :§2_W6+0(62)_

Since |85 — 85| < VB2 + 2 < b—c, we have 85 — B85 +b > ¢, ie., 255 5 1 which yields
€ b e (65_)‘8)2_(6;:_)‘5) —b2+C2

Uy < —u; +
2t 2c

Noting that §; > 0 and s7 < §;, we see that (85 — A\)? > ||8 — az||?. Then we can choose £y > 0 small enough such that for
all € € (0,e9), u® € B(a1,f; — A°) N B(az, B35 — X9),

lu® = ax|* + (85 — A%)? = u® — as|* > (87 — X°)?,
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and
(6; _ )\5)2 _ (ﬁ; _ )\5)2 _ b2 +C2
2c ’

b
€« Zuf
Us cul +
Noting that
(85 = A9)? = llu — as|* > (B3 = X°)* — ||u - az|?

if and only if

b *7}\527 *7/\827b2 2
uQ<7u1+(BQ )? — (B3 ) +C7
c 2c

thus we have
(85 = A°)? = |lu® — as||* > (85 — A°)? — |lu® — aq|®.

Set § = [[uf||? + (85 — A°)? — |[w® — as|?, B = B" — A° and @1 = ||uf — a1||® + (85 — A)? — |[u® — as]?, a2 =
[lu — az||? + (85 — X)? — ||u® — a3, @3 = B3. Then (u®,§,3, &) is a feasible solution of (19). Since

[u® —ai]|? — I8 — a1 [|* = =2 ((31 — a) + 52) + O(<?),
[u® = ao|” = I8 — az]|* = —2¢ (31 — b) + 82) + O(e?),
[u® — as||” = I8 — as]|* = —2¢ (31 + (32 — ¢)) + O(c?),

and
(B3 =A%) = (B3 = \)* = —2¢(B5 — A) + O(¢?),

we have B 5 5 . . N e 2 A 2 e 2
G142+ a3 — (G1+ G2 + d3) = [[u” — ar[|” = [|8 — a1 [|” + [[u® — az

— I8 = a2)|* = 2 (u” — asl* = |18 — aal*) + 3 ((85 — A*)* = (85 = \)?)
= —dce +2e(a +b) — 62(B5 — \) + O(?).

Therefore, under the condition —c > |a + b|, when ¢ is small enough, &; + dg + g < &1 + o + G, and so, (8,7,8° — X, &)
is also not optimal. This is a contradiction. O

Lemma 6. Assume that —3c > |a+b|. Let (8,9,3" — X\, &) be a feasible solution of (19). If 3 = 0 and either (C5) or (C7)
is true, then (8,9,3" — A, &) is not an optimal solution of (19).

Proof. We only consider condition (C5). Suppose that 3 = 0, then 81 = 37 — A +a. If (85 —A)?2 —[|s—a3|]? > (B85 —\)? —
I8 — az||?, then

a1+ G+ s = 8 — au]* + 18 — aa|® +2((85 = X)* — [I8 — as®) + (55 — A)?
= (B =N+ (B = A+ a—b)+2((85 = N = (B] = A+ a)® =) + (85 — V).
Choose ¢y > 0 such that for any ¢ € [0, &),
(B3 = X°)? = [I8° — as|* > (B3 — A9)? = [[8° — x|,

where A* = A+ ¢ and §° = (81 —£,0)7. Set § = [|8°[|> + (85 — A°)* — [|8° — as]?, B=p"—X and & = ||5° — a1|® +
(85 = A°)? = 15" — as?, G2 = [|8* — a2 + (85 — X%)* — [|8° — as]|*. G5 = 5. Then

01+ G+ a3 = 8= an]* + 18 — azl® + 2((8; = N)* |18 — @sl|*) + (85 — N)* = 22(8] - )

+e? —2e(Bf —A+a—b)+e?—6e(B5 —\) + 3% +4e(Bf — X+ a) — 263

=G +ag + a3 +2e(at+b—3(85 — )+ 3%

Therefore, noting that 35 — A > —c, under the condition —3c > |a+b|, when ¢ is small enough, &; + &2+ a3 < &1 +dag + ds.
Therefore, (8,7, 8" — A, &) is not optimal. O

Lemma 7. Assume that —c > |a + b|. Let (8,9,8" — X\, &) be a feasible solution of (19). If one of (C5) and (C7), then
(8,9,8° — X\, &) is not an optimal solution of (19).

Proof. We only consider the condition (C5). Suppose that (8,9, 3" — X\, &) is an optimal solution of (19). Then by Lemma
6, 5o > 0, and § is above z-axis by a similar argument in the proof of Lemma 5. Thus, § is above z-axis with 5o > 0 and
Si\ < 81.

For ¢ > 0, set
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Then
|uf —ai]|® = (BF — N\)? — 2¢ (|81 — a| + 82) + 2% 4+ O(£?),

and so, for & small enough, u® € B(ai, 87 — A). Set

€ * 5 6*_)\
A=A (8] = o - anl)
Then

A=A +e+0(?),

Noting that for 5, > 0 and s7 < §;, we can see that (35 — \)2 > ||§ — az||%. Then we can choose £y > 0 small enough such
that for all € € (0,&¢), u® € B(as, 55 — A°). _

Set § = [lut [+ (55~ A)? ~ [[u = aal?. § = B~ X and & = [u — anlP + (8 ~ W) ~ [[u” - s’
luf — as* + (85 — A°)% — ||u® — a3, &3 = (3. Then (u®, 7,3, &) is a feasible solution of (19). Since

, g =

|u® —ay||* = |8 — ay||®* = —2¢ <M(:§1 —a)+ .§2) + 0(e?),
1
o~ aalP ~ s~ aalP = =26 ({22261 =) 52 + 0,

X a)
o~ aal? s - aal = 2 ({222

and

(B = X°)? = (B5 = \)?* = —2¢(B5 — \) + O(e?),

we have ~ ~ ~ ~ ~ . 9 R 2 2 A 2
Q1+ g+ a3 — (G1 + G + G3) = [[u® — ai1]]” — [|8 — a1” + [[u® — azf|” — |8 — a2
—2(lu® — as||* — |8 — as]|®) + 3 ((85 — X°)* — (85 — \)?)

€(§1 —(l) 2

—— 2 —6e(B5 =N +0(e?).

|81 7a| (63 ) ( )

Therefore, under the condition —c > |a + b|, when ¢ is small enough, &; + d + g < &1 + G + a3, and so, (8,7, — A, &)
is also not optimal. This is a contradiction. O

= —4dce+2(a+b)

Lemma 8. Ler (8,9,3" — X\, &) be an optimal solution of (19). If (8,4,3" — X\, &) satisfies (C1), then 33 > 0.
Proof. If 55 < 0, denote by §* the reflection of § with respect to x-axis. Then
18" —ai]|* = (87 = N2, 18" —aa|® = (85 = V), 8" — a3 < (85 — N)?
and
(B35 = N2 = 18" = as]* <(85 = N)* — [Is — as]|*.
Set = [|8*2+ (85 — N2 — [§" —as|>. B=B"—Xand &1 = (Bf — N2+ (85 — \)? — 8" — as|®. d> = ||8* — aa® +
(B3 — \)? — ||8* — as]|?, az = 33. Then (8*,7, 3, &) is a feasible solution of (19), and &; < &; for i = 1,2, and so
a1+ a9 + a3 < Gy + Qo + Gs.

Thus, (8,9, 8" — X, &) is not optimal.
If S =0, then §; = 57 —A+a and §; = 85 — A —D. Therefore, b—a = 5 — 7. This is a contradiction of that b —a, 87, 85
are three edges of the triangle Ag,q,s*- O



Proof of Theorem 3
Proof. By ||8 —a1]|?> = (Bf — \)? and |8 — a2||? = (85 — \)?, we have

(b—a) (251 — (a+b)) =(B] = N)? = (85 =N = (81 — B5) (BT + 5 — 2\,
which yields

(51 52) a+b

=065 - 27 = (G522 61+ 55 - 29+ 25

V3
[y

Therefore,

Noting that o > 0, we obtain

§2=\/</3f—A)2 (G o -2m+ 257

By some algebraic manipulations, we have

* 2 (B —B3) b—a\’
35 -2 - (G2 o 5 -2+ 250

= (b_la)z ((b—a)* = (87 = 53)°) (A_ﬁﬁﬁé‘;(b—a)) y (A_B;‘w;;(b_a))
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Noting that the sum of the lengths of any two sides of a triangle is always greater than the length of the third one, we have

_BitB-(b-a)

; < min{8], 55}

Let §y denote the point of intersection of the lines ags* and ajas. Then we also have 57 —||a1 —Sol| < 53, 53

B35, and |la1 — So|| + |laz — So|| = b — a. Thus
Pi+065—(b—a)
2

SEET R

< B,

and so

< min{f7, 53, A3 }-

Bi+B5—(b—a)
2 b

-0 = (G2 e ms-2m+ 250 >0

Thus, when 0 < \ <

Bi+B; —(b—a) Bi+B5+(b—a)
2

<A< e

-3 = (G2 e -2n+ 250 <o,

and when

Since min{8;, 83, 83} < L= from 0 < A < min{g;, B3, B3} and

-3 - (G52 64— 2+ 250 20,

we obtain \ < w, that is, D = (0’ W)

—llaz =50l <
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Now, since
(Bs — N2 — 18— a3 = (B — N2 — &2 — 82 + 2c8; — ¢
=55 -0 = (G5 v -+ 15
— (B — ) ((26(16 62)) (BT + B35 = 2X) + b;a) -

) (B — B3) b—a\®
20\/(ﬁ1_)‘)2_ ( 2(h— 2) (BY +B5 —2X) + 5 )
—w;‘—ﬁ;)(ﬁnﬁ;—zx)—a(wl %) (57 + 85 - 22 >+b)—

e v (B85 L a b—a\’

20%51 we - (G o g - o 250
we obtain

g(A) = 3X* = 2X (Bf + B5 + B3) — 2(B7 — B3)(B; + B3 — 2))
—2a ((51 %) (B] + B3 —2X) —|—b> —2¢2

* Q% —a 2
4c\/(6r—A>2—((§gb%)) i+ 85 -2+ 150

From Theorem 2, we know that (s*,y*, 3", &*) is an optimal solution of (19) if and only if g(\) > 0, which is equivalent to
g(A) > 0, where

G = (W N8} + B+ BY) — 2081 — B)(BE + B — 2N

2a<51 62(ﬁ1+B22)\)+b>202)2
_16c2<(5f—>\)2—<§(1b =51+ 55— 20+ b;a)2>.

R e EL

BltBi—(=a) ) < BIABiH(b=0)
2 — 2

Notice that

and for any

b—a\?
+62 ) 9 ) Soa

which implies that for any Z-t82—-(0=a) +52 (b=a) <\ < & +B2+(b o)

g(\) > 0.

Therefore, we can write
GN) = A (9N + a1 A* + a2\ + a3)
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where

aj .

12 (5 - 55—+ 2L ID) g (g (05— 5)

—a b—a

<12(=3p83 +|a+b|) < —2453 <0,
- 2 *\2 *\2
a9 = 4 BT _ ﬁ; _ 3ﬁ§ 4 2a(§1_ aﬁZ)) _ 12((6;)2 _ (ﬁ§)2) _ 12a(<ﬁ1b)_ - (52) )
16(57 — 85)* 2
+W—12ab—280 N
as : = 8¥(s™)

= -8 <(ﬁi‘)2 — (B3 + —a((ﬁf);__a(ﬁ;)Q) + ab+ 02)

2a (87 — B3) 5 o, (B2 = (B3)* + (b—a)*)(Br — B5)
b2)—16c (—251+ ! 2 b a)? 2 )

This implies that (s*,y*, 3%, a*) is an optimal solution of (19) if and only if for any A € D

‘ (ﬂi‘—ﬂé‘—3ﬁ§+

FO =903 + a1 A2 + ag\ + a3 > 0.

In particular, ag = f(0) > 0, and so, az > 0 is a necessary condition.
Conversely, if ag > 0, then by limy_, o, f()\) = —oo, we see that there exists A\g < 0 such that

f Qo) = 0.
Let A; and Ay denote other two roots of the equation f(\) = 0. Then
Ao+ A+ A= —%al.
Therefore, by —+a1 > $85 > B + B85 — (b—a),
AL+ A2 > B1 + B3 — (b—a),

which implies that one of A; and A, is bigger than (87 + 83 — (b — a))/2. On the other hand, since
KB 0m0) g

f(0)>0, andf( 5

if f (W) > 0, then the number of roots in ((0, 3F + 85 + b —a)/2) of f(\) = 0 must be even number. Therefore,

cither f (%*(H)) — 0, or both A; and Ao are in (8] + 85 + b — a)/2, 00); thus, the mixed SDP-SOCP (19) model
gives the true solution. The proof is completed. O





