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Abstract. We study a nonlinear wave equation appearing as a model for a membrane (without
viscous effects) under the presence of an electrostatic potential with strength λ. The membrane has
a unique stable branch of steady states uλ for λ ∈ [0, λ∗]. We prove that the branch uλ has an
infinite number of branches of periodic solutions (free vibrations) bifurcating when the parameter λ
is varied. Furthermore, using a functional setting, we compute numerically the branch uλ and their
branches of periodic solutions. This approach is useful to validate rigorously the steady states uλ at
the critical value λ∗.
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1. Introduction. We consider an idealized device that consists of an elastic
plate suspended above a rigid ground plate. This device falls in the category of
microelectromechanical systems (MEMS). The membrane is taken to be rectangu-
lar with two fixed parallel sides, while the other sides are considered to be thin and
free. When a potential difference is applied between the membrane and the plate,
the membrane deflects towards the ground plate. We assume that dissipation which
might result from viscous effects on the moving membrane can be neglected. Un-
der these assumptions, the deformation of the elastic membrane is described by the
dimensionless equation

(1.1) Utt − Uxx +
λ

(1 + U)
2 = 0, x ∈ [−π/2, π/2],

where U(x, t) satisfies the Dirichlet boundary conditions U(±π/2) = 0, and the pa-
rameter λ represents the strength of the applied voltage. A derivation of the nonlin-
earity leading to a general equation modeling the electrostatic membrane

ε2Utt + νUt − Uxx +
λf(x)

(1 + U)
2 = 0,

for which the nonlinear wave equation (1.1) is a particular case, can be found in [27],
where the parameter ε represents the strength of the inertial term, ν the viscosity and
the function f(x) encodes the dielectric permitivity of the membrane.

In the design of microelectronic devices, it is relevant to study wether or not the
membrane touches the ground plate. This phenomenon is called touchdown or quench-
ing. Mathematically, quenching occurs if there is a point (x, t) such that U(x, t) = −1.
A vast literature exists on the study of MEMS via parabolic and hyperbolic PDE mod-
elling. Equation (1.1) is in fact a special case of the more general MEMS parabolic
and hyperbolic PDE models, and a vast mathematical literature is dedicated to their
study. Let us give a few examples.
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The local existence of solutions and the existence of quenching at a finite time
for a parabolic equation modelling MEMS is analyzed in [12, 18, 19], and references
therein. The case of a nonlocal parabolic equation modelling MEMS is proposed in
[13]. The existence of solutions and the finite-time quenching for a damped wave
equation modelling MEMS is analyzed in [11]. Generalizations of the wave equation
(1.1) have been studied in [5, 22, 31].

The study of periodic orbits in MEMS models have also received their fair share of
attention. Their relevance comes from the fact that they persist as small oscillations
with no quenching. In [21], periodic solutions were observed numerically by solving
an initial value problem for a non-local wave equation modelling MEMS. The study
of periodic solutions in Hamiltonian PDEs (such as equation (1.1)) presents intrinsic
problems associated to infinite-dimensional kernels [28], lack of compactness [10], or
small divisor problems [7]. The small divisor problem was avoided in [1, 24, 28] by
imposing restrictions on the temporal period of the solutions of a nonlinear wave
equation. By imposing similar restrictions, the articles [17] obtains the existence of
continuous branches of periodic solutions for a nonlinear wave equation in a sphere,
and in [6, 15] for a Hamiltonian PDE appearing in the n-vortex filament problem.

The equation (1.1) has a family of stable steady states uλ for λ ∈ [0, λ∗]. For
instance, the existence of steady states of (1.1) in the N -dimension ball was proven in
[16]. In the present work, we prove the existence of continuous families of periodic so-
lutions near the branch of steady states (Theorem 1.1). This is our main contribution,
and to the best of our knowledge, this result is new. The main challenge encountered
when proving the existence of the periodic solutions is that the trivial branch uλ and
its associated spectrum are not known explicitly. Indeed, while the existence of con-
tinuous families of periodic solutions has been obtained before for Hamiltonian PDEs
in [6, 15, 17, 24], in those articles the trivial branch and the spectrum of its linearized
equation are known explicitly. We overcome this problem with delicate estimates of
the spectrum which depend on an accurate estimate for the steady state uλ∗ at the
critical value λ∗. While the critical value λ∗ is known (see for instance [13, 22]), no
estimate for the steady state uλ∗ is known. That leads to our second main contri-
bution, which is to obtain precise and rigorous estimate on the steady state uλ∗ at
the critical value λ∗ (Theorem 1.2). Finally, our third contribution is to present a
systematic approach to compute numerically the families of periodic solutions using
Chebyshev series expansion (in space) and Fourier series expansions (in time) (see
Figures 2, 3, 4 and 5).

Specifically, the linear operator of the stationary equation (1.1) at uλ is given by

(1.2) A(λ)u
def
= −∂2

xu−
2λ

(1 + uλ)
3u : H2

0 ⊂ L2 → L2,

where H2
0 ([−π/2, π/2];R) is the Sobolev space of functions u(x) satisfying Dirichlet

boundary conditions u(±π/2) = 0. The operator A is self-adjoint and positive definite
for λ ∈ [0, λ∗) because the first eigenvalue µ1(λ) is positive (Theorem 4.2 in [16]). Thus
A has eigenvalues 0 < µ1(λ) < µ2(λ) < · · · with eigenfunctions satisfying

(1.3) A(λ)vk(x;λ) = µk(λ)vk(x;λ), k ∈ N.

Our main theorem regarding the existence of periodic solutions is the following.

Theorem 1.1. There is an infinite number of non-resonant parameters λ0 ∈
(0, λ∗), associated with numbers p, q, k ∈ N by the relation µk(λ0) = (p/q)

2
, such
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that there is a local continuum of 2πq/p-periodic solutions bifurcating from the steady
state uλ(x) with λ = λ0. The local bifurcation consists of free vibrations satisfying the
estimates

U(t, x;λ) = uλ0(x) + b cos(pt/q)vk(x;λ0) +OC4(b2),(1.4)

λ = λ0 +O(b),

where b ∈ [0, b0] represents a parametrization of the local bifurcation for some b0 > 0
and OC4(b2) is a function of order b2 in the C4-norm. Furthermore, the bifurcation
has symmetries

U(t, x) = U(−t, x) = U(t,−x), for k odd,

U(t, x) = U(−t, x) = U(t+ pπ/q,−x), for k even.

The existence of a branch of periodic solutions arising from the family of steady
states uλ is set as a branch of zeros for the functional equation

(1.5) L(λ)u+ g(u;λ) = 0, L(λ)
def
= (p/q)

2
∂2
t +A(λ),

where A(λ) is given in (1.2) and g = O(u2) is an analytic nonlinearity defined in a
neighborhood of zero. Here u ∈ Hs

sym represents a perturbation from the steady state
uλ, where Hs

sym(S1×[−π/2, π/2];R) is the Sobolev space of even 2π-periodic functions
u(t, x) satisfying Dirichlet boundary conditions u(t,±π/2) = 0. The spectrum of
the elliptic operator A(λ) is not explicit, but it can be estimated by applying the
Courant-Fischer-Weyl minmax theorem (Chapter 39 in [29]). These estimates are
essential to show that the linear operator L(λ0) has a finite-dimensional kernel, which
is non-trivial for a dense set of values λ0 in the interval (0, λ∗). We implement a
Lyapunov–Schmidt reduction for equation (1.5). The range equation is solved by the
contracting mapping theorem and by proving that the linear operator is invertible
(but not compact) in the range. The bifurcation equation is solved for a non-resonant
value λ0 ∈ (0, λ∗) using the Crandall-Rabinowitz theorem [8]. The proof of the main
theorem is finished by showing that the number of non-resonant points λ0 in (0, λ∗)
is infinite. It is important to mention that the main theorem in [25] and Remark 2.17
imply that the set of bifurcation points λ0 is dense in (0, λ∗), but the bifurcations
arising from these possibly resonant bifurcation points do not satisfy the estimates or
symmetries of our main theorem.

The proof of Theorem 1.1 requires estimating rigorously the minimum value of
the steady state uλ at the critical value λ = λ∗. The proof of a precise estimate for
the steady state uλ∗ is computer-assisted and is done independently using a Newton-
Kantorovich argument based on the radii polynomial approach (e.g. see [9, 20, 32]
and the references therein). To obtain a rigorous control on uλ∗ , we use Chebyshev
polynomials series expansions. Since the Chebyshev polynomials are naturally defined
on the interval [−1, 1], we rescale the space domain [−π/2, π/2] to [−1, 1]. Specifically,
let Ũ(t, x;λ) be a solution of equation (1.1), then the scaled function U(t, y;λ)

def
=

Ũ(αt, x;α−2λ) with α = π/2 and x = αy, is a solution of the equation

(1.6) Utt − Uyy +
λ

(1 + U)
2 = 0, y ∈ [−1, 1], U(±1) = 0.

We denote the critical value of the scaled equation (1.6) by λ∗
def
= (π/2)

−2
λ∗. The

articles [13, 22] study the model in the domain [−1/2, 1/2] and get an exact implicit
formula for the critical value 4λ∗, which later is approximated numerically by the value
1.400016469. Using the radii polynomial approach, we prove the following result.
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Theorem 1.2. The branch of steady states uλ of the MEMS equation (1.6) under-
goes a saddle-node bifurcation at the steady state uλ∗ satisfying the precise estimates

|uλ∗ − ūλ∗ |C0[−1,1] ≤ r = 5.7× 10−12,

where ūλ∗ is the numerical approximation portrayed in Figure 1, and such that

λ∗ ∈ 0.350004119342744 + [−r, r],
uλ∗(0) ∈ −0.388346718912783 + [−r, r].
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Fig. 1. The numerical approximation ūλ∗ (t) obtained in Section 3 for the steady state of
equation (1.6) at the critical value λ∗.
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<latexit sha1_base64="dg4NriaPndZn7hUg4vcX5d6ArwE=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LLaCp7CplTQHoeDFYwXTFtpQNtttu3SzCbsboYT+Bi8eFPHqD/Lmv3HTVlDRBwOP92aYmRcmnCmN0IdVWFvf2Nwqbpd2dvf2D8qHR20Vp5JQn8Q8lt0QK8qZoL5mmtNuIimOQk474fQ69zv3VCoWizs9S2gQ4bFgI0awNpJfTa7q1UG5gmzXcV3UgMhGdce79HJy4TWcGnRstEAFrNAalN/7w5ikERWacKxUz0GJDjIsNSOczkv9VNEEkyke056hAkdUBdni2Dk8M8oQjmJpSmi4UL9PZDhSahaFpjPCeqJ+e7n4l9dL9agRZEwkqaaCLBeNUg51DPPP4ZBJSjSfGYKJZOZWSCZYYqJNPiUTwten8H/SrtkOsp3bWqXpreIoghNwCs6BA1zQBDegBXxAAAMP4Ak8W8J6tF6s12VrwVrNHIMfsN4+AfrLjhs=</latexit><latexit sha1_base64="dg4NriaPndZn7hUg4vcX5d6ArwE=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LLaCp7CplTQHoeDFYwXTFtpQNtttu3SzCbsboYT+Bi8eFPHqD/Lmv3HTVlDRBwOP92aYmRcmnCmN0IdVWFvf2Nwqbpd2dvf2D8qHR20Vp5JQn8Q8lt0QK8qZoL5mmtNuIimOQk474fQ69zv3VCoWizs9S2gQ4bFgI0awNpJfTa7q1UG5gmzXcV3UgMhGdce79HJy4TWcGnRstEAFrNAalN/7w5ikERWacKxUz0GJDjIsNSOczkv9VNEEkyke056hAkdUBdni2Dk8M8oQjmJpSmi4UL9PZDhSahaFpjPCeqJ+e7n4l9dL9agRZEwkqaaCLBeNUg51DPPP4ZBJSjSfGYKJZOZWSCZYYqJNPiUTwten8H/SrtkOsp3bWqXpreIoghNwCs6BA1zQBDegBXxAAAMP4Ak8W8J6tF6s12VrwVrNHIMfsN4+AfrLjhs=</latexit><latexit sha1_base64="dg4NriaPndZn7hUg4vcX5d6ArwE=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LLaCp7CplTQHoeDFYwXTFtpQNtttu3SzCbsboYT+Bi8eFPHqD/Lmv3HTVlDRBwOP92aYmRcmnCmN0IdVWFvf2Nwqbpd2dvf2D8qHR20Vp5JQn8Q8lt0QK8qZoL5mmtNuIimOQk474fQ69zv3VCoWizs9S2gQ4bFgI0awNpJfTa7q1UG5gmzXcV3UgMhGdce79HJy4TWcGnRstEAFrNAalN/7w5ikERWacKxUz0GJDjIsNSOczkv9VNEEkyke056hAkdUBdni2Dk8M8oQjmJpSmi4UL9PZDhSahaFpjPCeqJ+e7n4l9dL9agRZEwkqaaCLBeNUg51DPPP4ZBJSjSfGYKJZOZWSCZYYqJNPiUTwten8H/SrtkOsp3bWqXpreIoghNwCs6BA1zQBDegBXxAAAMP4Ak8W8J6tF6s12VrwVrNHIMfsN4+AfrLjhs=</latexit><latexit sha1_base64="dg4NriaPndZn7hUg4vcX5d6ArwE=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LLaCp7CplTQHoeDFYwXTFtpQNtttu3SzCbsboYT+Bi8eFPHqD/Lmv3HTVlDRBwOP92aYmRcmnCmN0IdVWFvf2Nwqbpd2dvf2D8qHR20Vp5JQn8Q8lt0QK8qZoL5mmtNuIimOQk474fQ69zv3VCoWizs9S2gQ4bFgI0awNpJfTa7q1UG5gmzXcV3UgMhGdce79HJy4TWcGnRstEAFrNAalN/7w5ikERWacKxUz0GJDjIsNSOczkv9VNEEkyke056hAkdUBdni2Dk8M8oQjmJpSmi4UL9PZDhSahaFpjPCeqJ+e7n4l9dL9agRZEwkqaaCLBeNUg51DPPP4ZBJSjSfGYKJZOZWSCZYYqJNPiUTwten8H/SrtkOsp3bWqXpreIoghNwCs6BA1zQBDegBXxAAAMP4Ak8W8J6tF6s12VrwVrNHIMfsN4+AfrLjhs=</latexit>p = 5<latexit sha1_base64="qtrHhnRYgQEpI2pnx5dOCihwGhQ=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LLaCp7CpljQHoeDFYwXTFtpQNtttu3SzCbsboYT+Bi8eFPHqD/Lmv3HTVlDRBwOP92aYmRcmnCmN0IdVWFvf2Nwqbpd2dvf2D8qHR20Vp5JQn8Q8lt0QK8qZoL5mmtNuIimOQk474fQ69zv3VCoWizs9S2gQ4bFgI0awNpJfTa7q1UG5gmzXcV3UgMhGl45X93Jy4TWcGnRstEAFrNAalN/7w5ikERWacKxUz0GJDjIsNSOczkv9VNEEkyke056hAkdUBdni2Dk8M8oQjmJpSmi4UL9PZDhSahaFpjPCeqJ+e7n4l9dL9agRZEwkqaaCLBeNUg51DPPP4ZBJSjSfGYKJZOZWSCZYYqJNPiUTwten8H/SrtkOsp3bWqXpreIoghNwCs6BA1zQBDegBXxAAAMP4Ak8W8J6tF6s12VrwVrNHIMfsN4+AfxQjhw=</latexit><latexit sha1_base64="qtrHhnRYgQEpI2pnx5dOCihwGhQ=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LLaCp7CpljQHoeDFYwXTFtpQNtttu3SzCbsboYT+Bi8eFPHqD/Lmv3HTVlDRBwOP92aYmRcmnCmN0IdVWFvf2Nwqbpd2dvf2D8qHR20Vp5JQn8Q8lt0QK8qZoL5mmtNuIimOQk474fQ69zv3VCoWizs9S2gQ4bFgI0awNpJfTa7q1UG5gmzXcV3UgMhGl45X93Jy4TWcGnRstEAFrNAalN/7w5ikERWacKxUz0GJDjIsNSOczkv9VNEEkyke056hAkdUBdni2Dk8M8oQjmJpSmi4UL9PZDhSahaFpjPCeqJ+e7n4l9dL9agRZEwkqaaCLBeNUg51DPPP4ZBJSjSfGYKJZOZWSCZYYqJNPiUTwten8H/SrtkOsp3bWqXpreIoghNwCs6BA1zQBDegBXxAAAMP4Ak8W8J6tF6s12VrwVrNHIMfsN4+AfxQjhw=</latexit><latexit sha1_base64="qtrHhnRYgQEpI2pnx5dOCihwGhQ=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LLaCp7CpljQHoeDFYwXTFtpQNtttu3SzCbsboYT+Bi8eFPHqD/Lmv3HTVlDRBwOP92aYmRcmnCmN0IdVWFvf2Nwqbpd2dvf2D8qHR20Vp5JQn8Q8lt0QK8qZoL5mmtNuIimOQk474fQ69zv3VCoWizs9S2gQ4bFgI0awNpJfTa7q1UG5gmzXcV3UgMhGl45X93Jy4TWcGnRstEAFrNAalN/7w5ikERWacKxUz0GJDjIsNSOczkv9VNEEkyke056hAkdUBdni2Dk8M8oQjmJpSmi4UL9PZDhSahaFpjPCeqJ+e7n4l9dL9agRZEwkqaaCLBeNUg51DPPP4ZBJSjSfGYKJZOZWSCZYYqJNPiUTwten8H/SrtkOsp3bWqXpreIoghNwCs6BA1zQBDegBXxAAAMP4Ak8W8J6tF6s12VrwVrNHIMfsN4+AfxQjhw=</latexit><latexit sha1_base64="qtrHhnRYgQEpI2pnx5dOCihwGhQ=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LLaCp7CpljQHoeDFYwXTFtpQNtttu3SzCbsboYT+Bi8eFPHqD/Lmv3HTVlDRBwOP92aYmRcmnCmN0IdVWFvf2Nwqbpd2dvf2D8qHR20Vp5JQn8Q8lt0QK8qZoL5mmtNuIimOQk474fQ69zv3VCoWizs9S2gQ4bFgI0awNpJfTa7q1UG5gmzXcV3UgMhGl45X93Jy4TWcGnRstEAFrNAalN/7w5ikERWacKxUz0GJDjIsNSOczkv9VNEEkyke056hAkdUBdni2Dk8M8oQjmJpSmi4UL9PZDhSahaFpjPCeqJ+e7n4l9dL9agRZEwkqaaCLBeNUg51DPPP4ZBJSjSfGYKJZOZWSCZYYqJNPiUTwten8H/SrtkOsp3bWqXpreIoghNwCs6BA1zQBDegBXxAAAMP4Ak8W8J6tF6s12VrwVrNHIMfsN4+AfxQjhw=</latexit>

p = 6
<latexit sha1_base64="otzlIXC2qO5PijGNgWKmavKXT2Q=">AAAB7HicdVDLSsNAFJ3UV62vqks3g63gKkzqI81CKLhxWcE+oA1lMp20QyeTMDMRSug3uHGhiFs/yJ1/46StoKIHLhzOuZd77wkSzpRG6MMqrKyurW8UN0tb2zu7e+X9g7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gsl17nfuqVQsFnd6mlA/wiPBQkawNlKrmlxdVgflCrJdx3VRHSIbnTvehZeTM6/u1KBjozkqYInmoPzeH8YkjajQhGOleg5KtJ9hqRnhdFbqp4ommEzwiPYMFTiiys/mx87giVGGMIylKaHhXP0+keFIqWkUmM4I67H67eXiX14v1WHdz5hIUk0FWSwKUw51DPPP4ZBJSjSfGoKJZOZWSMZYYqJNPiUTwten8H/SrtkOsp3bWqXhLeMogiNwDE6BA1zQADegCVqAAAYewBN4toT1aL1Yr4vWgrWcOQQ/YL19Av3Vjh0=</latexit><latexit sha1_base64="otzlIXC2qO5PijGNgWKmavKXT2Q=">AAAB7HicdVDLSsNAFJ3UV62vqks3g63gKkzqI81CKLhxWcE+oA1lMp20QyeTMDMRSug3uHGhiFs/yJ1/46StoKIHLhzOuZd77wkSzpRG6MMqrKyurW8UN0tb2zu7e+X9g7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gsl17nfuqVQsFnd6mlA/wiPBQkawNlKrmlxdVgflCrJdx3VRHSIbnTvehZeTM6/u1KBjozkqYInmoPzeH8YkjajQhGOleg5KtJ9hqRnhdFbqp4ommEzwiPYMFTiiys/mx87giVGGMIylKaHhXP0+keFIqWkUmM4I67H67eXiX14v1WHdz5hIUk0FWSwKUw51DPPP4ZBJSjSfGoKJZOZWSMZYYqJNPiUTwten8H/SrtkOsp3bWqXhLeMogiNwDE6BA1zQADegCVqAAAYewBN4toT1aL1Yr4vWgrWcOQQ/YL19Av3Vjh0=</latexit><latexit sha1_base64="otzlIXC2qO5PijGNgWKmavKXT2Q=">AAAB7HicdVDLSsNAFJ3UV62vqks3g63gKkzqI81CKLhxWcE+oA1lMp20QyeTMDMRSug3uHGhiFs/yJ1/46StoKIHLhzOuZd77wkSzpRG6MMqrKyurW8UN0tb2zu7e+X9g7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gsl17nfuqVQsFnd6mlA/wiPBQkawNlKrmlxdVgflCrJdx3VRHSIbnTvehZeTM6/u1KBjozkqYInmoPzeH8YkjajQhGOleg5KtJ9hqRnhdFbqp4ommEzwiPYMFTiiys/mx87giVGGMIylKaHhXP0+keFIqWkUmM4I67H67eXiX14v1WHdz5hIUk0FWSwKUw51DPPP4ZBJSjSfGoKJZOZWSMZYYqJNPiUTwten8H/SrtkOsp3bWqXhLeMogiNwDE6BA1zQADegCVqAAAYewBN4toT1aL1Yr4vWgrWcOQQ/YL19Av3Vjh0=</latexit><latexit sha1_base64="otzlIXC2qO5PijGNgWKmavKXT2Q=">AAAB7HicdVDLSsNAFJ3UV62vqks3g63gKkzqI81CKLhxWcE+oA1lMp20QyeTMDMRSug3uHGhiFs/yJ1/46StoKIHLhzOuZd77wkSzpRG6MMqrKyurW8UN0tb2zu7e+X9g7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gsl17nfuqVQsFnd6mlA/wiPBQkawNlKrmlxdVgflCrJdx3VRHSIbnTvehZeTM6/u1KBjozkqYInmoPzeH8YkjajQhGOleg5KtJ9hqRnhdFbqp4ommEzwiPYMFTiiys/mx87giVGGMIylKaHhXP0+keFIqWkUmM4I67H67eXiX14v1WHdz5hIUk0FWSwKUw51DPPP4ZBJSjSfGoKJZOZWSMZYYqJNPiUTwten8H/SrtkOsp3bWqXhLeMogiNwDE6BA1zQADegCVqAAAYewBN4toT1aL1Yr4vWgrWcOQQ/YL19Av3Vjh0=</latexit>p = 7

<latexit sha1_base64="DmTORM7qoh27qtFUGXNxObU/7nY=">AAAB7HicdVBNS8NAEN34WetX1aOXxVbwFDZVSXMQCl48VjBtoQ1ls920SzebsLsRSuhv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeWHKmdIIfVgrq2vrG5ulrfL2zu7efuXgsK2STBLqk4QnshtiRTkT1NdMc9pNJcVxyGknnFwXfueeSsUScaenKQ1iPBIsYgRrI/m19MqtDSpVZLuO66IGRDa6cLxLryDnXsOpQ8dGc1TBEq1B5b0/TEgWU6EJx0r1HJTqIMdSM8LprNzPFE0xmeAR7RkqcExVkM+PncFTowxhlEhTQsO5+n0ix7FS0zg0nTHWY/XbK8S/vF6mo0aQM5FmmgqyWBRlHOoEFp/DIZOUaD41BBPJzK2QjLHERJt8yiaEr0/h/6Rdtx1kO7f1atNbxlECx+AEnAEHuKAJbkAL+IAABh7AE3i2hPVovVivi9YVazlzBH7AevsE/1qOHg==</latexit><latexit sha1_base64="DmTORM7qoh27qtFUGXNxObU/7nY=">AAAB7HicdVBNS8NAEN34WetX1aOXxVbwFDZVSXMQCl48VjBtoQ1ls920SzebsLsRSuhv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeWHKmdIIfVgrq2vrG5ulrfL2zu7efuXgsK2STBLqk4QnshtiRTkT1NdMc9pNJcVxyGknnFwXfueeSsUScaenKQ1iPBIsYgRrI/m19MqtDSpVZLuO66IGRDa6cLxLryDnXsOpQ8dGc1TBEq1B5b0/TEgWU6EJx0r1HJTqIMdSM8LprNzPFE0xmeAR7RkqcExVkM+PncFTowxhlEhTQsO5+n0ix7FS0zg0nTHWY/XbK8S/vF6mo0aQM5FmmgqyWBRlHOoEFp/DIZOUaD41BBPJzK2QjLHERJt8yiaEr0/h/6Rdtx1kO7f1atNbxlECx+AEnAEHuKAJbkAL+IAABh7AE3i2hPVovVivi9YVazlzBH7AevsE/1qOHg==</latexit><latexit sha1_base64="DmTORM7qoh27qtFUGXNxObU/7nY=">AAAB7HicdVBNS8NAEN34WetX1aOXxVbwFDZVSXMQCl48VjBtoQ1ls920SzebsLsRSuhv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeWHKmdIIfVgrq2vrG5ulrfL2zu7efuXgsK2STBLqk4QnshtiRTkT1NdMc9pNJcVxyGknnFwXfueeSsUScaenKQ1iPBIsYgRrI/m19MqtDSpVZLuO66IGRDa6cLxLryDnXsOpQ8dGc1TBEq1B5b0/TEgWU6EJx0r1HJTqIMdSM8LprNzPFE0xmeAR7RkqcExVkM+PncFTowxhlEhTQsO5+n0ix7FS0zg0nTHWY/XbK8S/vF6mo0aQM5FmmgqyWBRlHOoEFp/DIZOUaD41BBPJzK2QjLHERJt8yiaEr0/h/6Rdtx1kO7f1atNbxlECx+AEnAEHuKAJbkAL+IAABh7AE3i2hPVovVivi9YVazlzBH7AevsE/1qOHg==</latexit><latexit sha1_base64="DmTORM7qoh27qtFUGXNxObU/7nY=">AAAB7HicdVBNS8NAEN34WetX1aOXxVbwFDZVSXMQCl48VjBtoQ1ls920SzebsLsRSuhv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeWHKmdIIfVgrq2vrG5ulrfL2zu7efuXgsK2STBLqk4QnshtiRTkT1NdMc9pNJcVxyGknnFwXfueeSsUScaenKQ1iPBIsYgRrI/m19MqtDSpVZLuO66IGRDa6cLxLryDnXsOpQ8dGc1TBEq1B5b0/TEgWU6EJx0r1HJTqIMdSM8LprNzPFE0xmeAR7RkqcExVkM+PncFTowxhlEhTQsO5+n0ix7FS0zg0nTHWY/XbK8S/vF6mo0aQM5FmmgqyWBRlHOoEFp/DIZOUaD41BBPJzK2QjLHERJt8yiaEr0/h/6Rdtx1kO7f1atNbxlECx+AEnAEHuKAJbkAL+IAABh7AE3i2hPVovVivi9YVazlzBH7AevsE/1qOHg==</latexit>

p = 8
<latexit sha1_base64="zZv7/orOib+aXhDHM5Cpmb7zonk=">AAAB7HicdVBNS8NAEN34WetX1aOXxVbwFDZVSXIQCl48VjBtoQ1ls920SzebsLsRSulv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeVHGmdIIfVgrq2vrG5ulrfL2zu7efuXgsKXSXBIakJSnshNhRTkTNNBMc9rJJMVJxGk7Gl8XfvueSsVScacnGQ0TPBQsZgRrIwW17Mqr9StVZLuO6yIPIhtdOP6lX5Bz33Pq0LHRHFWwRLNfee8NUpInVGjCsVJdB2U6nGKpGeF0Vu7limaYjPGQdg0VOKEqnM6PncFTowxgnEpTQsO5+n1iihOlJklkOhOsR+q3V4h/ed1cx144ZSLLNRVksSjOOdQpLD6HAyYp0XxiCCaSmVshGWGJiTb5lE0IX5/C/0mrbjvIdm7r1Ya/jKMEjsEJOAMOcEED3IAmCAABDDyAJ/BsCevRerFeF60r1nLmCPyA9fYJAO6OHw==</latexit><latexit sha1_base64="zZv7/orOib+aXhDHM5Cpmb7zonk=">AAAB7HicdVBNS8NAEN34WetX1aOXxVbwFDZVSXIQCl48VjBtoQ1ls920SzebsLsRSulv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeVHGmdIIfVgrq2vrG5ulrfL2zu7efuXgsKXSXBIakJSnshNhRTkTNNBMc9rJJMVJxGk7Gl8XfvueSsVScacnGQ0TPBQsZgRrIwW17Mqr9StVZLuO6yIPIhtdOP6lX5Bz33Pq0LHRHFWwRLNfee8NUpInVGjCsVJdB2U6nGKpGeF0Vu7limaYjPGQdg0VOKEqnM6PncFTowxgnEpTQsO5+n1iihOlJklkOhOsR+q3V4h/ed1cx144ZSLLNRVksSjOOdQpLD6HAyYp0XxiCCaSmVshGWGJiTb5lE0IX5/C/0mrbjvIdm7r1Ya/jKMEjsEJOAMOcEED3IAmCAABDDyAJ/BsCevRerFeF60r1nLmCPyA9fYJAO6OHw==</latexit><latexit sha1_base64="zZv7/orOib+aXhDHM5Cpmb7zonk=">AAAB7HicdVBNS8NAEN34WetX1aOXxVbwFDZVSXIQCl48VjBtoQ1ls920SzebsLsRSulv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeVHGmdIIfVgrq2vrG5ulrfL2zu7efuXgsKXSXBIakJSnshNhRTkTNNBMc9rJJMVJxGk7Gl8XfvueSsVScacnGQ0TPBQsZgRrIwW17Mqr9StVZLuO6yIPIhtdOP6lX5Bz33Pq0LHRHFWwRLNfee8NUpInVGjCsVJdB2U6nGKpGeF0Vu7limaYjPGQdg0VOKEqnM6PncFTowxgnEpTQsO5+n1iihOlJklkOhOsR+q3V4h/ed1cx144ZSLLNRVksSjOOdQpLD6HAyYp0XxiCCaSmVshGWGJiTb5lE0IX5/C/0mrbjvIdm7r1Ya/jKMEjsEJOAMOcEED3IAmCAABDDyAJ/BsCevRerFeF60r1nLmCPyA9fYJAO6OHw==</latexit><latexit sha1_base64="zZv7/orOib+aXhDHM5Cpmb7zonk=">AAAB7HicdVBNS8NAEN34WetX1aOXxVbwFDZVSXIQCl48VjBtoQ1ls920SzebsLsRSulv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeVHGmdIIfVgrq2vrG5ulrfL2zu7efuXgsKXSXBIakJSnshNhRTkTNNBMc9rJJMVJxGk7Gl8XfvueSsVScacnGQ0TPBQsZgRrIwW17Mqr9StVZLuO6yIPIhtdOP6lX5Bz33Pq0LHRHFWwRLNfee8NUpInVGjCsVJdB2U6nGKpGeF0Vu7limaYjPGQdg0VOKEqnM6PncFTowxgnEpTQsO5+n1iihOlJklkOhOsR+q3V4h/ed1cx144ZSLLNRVksSjOOdQpLD6HAyYp0XxiCCaSmVshGWGJiTb5lE0IX5/C/0mrbjvIdm7r1Ya/jKMEjsEJOAMOcEED3IAmCAABDDyAJ/BsCevRerFeF60r1nLmCPyA9fYJAO6OHw==</latexit>

p =
9

<latexit sha1_base64="YO+FSGD1lwfMMN4pkAfXAUpSxA4=">AAAB7HicdVBNS8NAEN34WetX1aOXxVbwFDZVSXMQCl48VjBtoQ1ls920SzebsLsRSuhv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeWHKmdIIfVgrq2vrG5ulrfL2zu7efuXgsK2STBLqk4QnshtiRTkT1NdMc9pNJcVxyGknnFwXfueeSsUScaenKQ1iPBIsYgRrI/m19MqrDSpVZLuO66IGRDa6cLxLryDnXsOpQ8dGc1TBEq1B5b0/TEgWU6EJx0r1HJTqIMdSM8LprNzPFE0xmeAR7RkqcExVkM+PncFTowxhlEhTQsO5+n0ix7FS0zg0nTHWY/XbK8S/vF6mo0aQM5FmmgqyWBRlHOoEFp/DIZOUaD41BBPJzK2QjLHERJt8yiaEr0/h/6Rdtx1kO7f1atNbxlECx+AEnAEHuKAJbkAL+IAABh7AE3i2hPVovVivi9YVazlzBH7AevsEAnOOIA==</latexit><latexit sha1_base64="YO+FSGD1lwfMMN4pkAfXAUpSxA4=">AAAB7HicdVBNS8NAEN34WetX1aOXxVbwFDZVSXMQCl48VjBtoQ1ls920SzebsLsRSuhv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeWHKmdIIfVgrq2vrG5ulrfL2zu7efuXgsK2STBLqk4QnshtiRTkT1NdMc9pNJcVxyGknnFwXfueeSsUScaenKQ1iPBIsYgRrI/m19MqrDSpVZLuO66IGRDa6cLxLryDnXsOpQ8dGc1TBEq1B5b0/TEgWU6EJx0r1HJTqIMdSM8LprNzPFE0xmeAR7RkqcExVkM+PncFTowxhlEhTQsO5+n0ix7FS0zg0nTHWY/XbK8S/vF6mo0aQM5FmmgqyWBRlHOoEFp/DIZOUaD41BBPJzK2QjLHERJt8yiaEr0/h/6Rdtx1kO7f1atNbxlECx+AEnAEHuKAJbkAL+IAABh7AE3i2hPVovVivi9YVazlzBH7AevsEAnOOIA==</latexit><latexit sha1_base64="YO+FSGD1lwfMMN4pkAfXAUpSxA4=">AAAB7HicdVBNS8NAEN34WetX1aOXxVbwFDZVSXMQCl48VjBtoQ1ls920SzebsLsRSuhv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeWHKmdIIfVgrq2vrG5ulrfL2zu7efuXgsK2STBLqk4QnshtiRTkT1NdMc9pNJcVxyGknnFwXfueeSsUScaenKQ1iPBIsYgRrI/m19MqrDSpVZLuO66IGRDa6cLxLryDnXsOpQ8dGc1TBEq1B5b0/TEgWU6EJx0r1HJTqIMdSM8LprNzPFE0xmeAR7RkqcExVkM+PncFTowxhlEhTQsO5+n0ix7FS0zg0nTHWY/XbK8S/vF6mo0aQM5FmmgqyWBRlHOoEFp/DIZOUaD41BBPJzK2QjLHERJt8yiaEr0/h/6Rdtx1kO7f1atNbxlECx+AEnAEHuKAJbkAL+IAABh7AE3i2hPVovVivi9YVazlzBH7AevsEAnOOIA==</latexit><latexit sha1_base64="YO+FSGD1lwfMMN4pkAfXAUpSxA4=">AAAB7HicdVBNS8NAEN34WetX1aOXxVbwFDZVSXMQCl48VjBtoQ1ls920SzebsLsRSuhv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeWHKmdIIfVgrq2vrG5ulrfL2zu7efuXgsK2STBLqk4QnshtiRTkT1NdMc9pNJcVxyGknnFwXfueeSsUScaenKQ1iPBIsYgRrI/m19MqrDSpVZLuO66IGRDa6cLxLryDnXsOpQ8dGc1TBEq1B5b0/TEgWU6EJx0r1HJTqIMdSM8LprNzPFE0xmeAR7RkqcExVkM+PncFTowxhlEhTQsO5+n0ix7FS0zg0nTHWY/XbK8S/vF6mo0aQM5FmmgqyWBRlHOoEFp/DIZOUaD41BBPJzK2QjLHERJt8yiaEr0/h/6Rdtx1kO7f1atNbxlECx+AEnAEHuKAJbkAL+IAABh7AE3i2hPVovVivi9YVazlzBH7AevsEAnOOIA==</latexit>

p
=

10

<latexit sha1_base64="9kuDUX/7gYHsomjRnY9cLhMAI8k=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwNSRVmc5CKLhxWcE+oB1KJs20sZkHSUYoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7j58IrjRCH1ZhZXVtfaO4Wdra3tndK+8ftFWcSspaNBax7PpEMcEj1tJcC9ZNJCOhL1jHn1zlfueeScXj6FZPE+aFZBTxgFOijdSuJpcYVQflCrId7DioDpGNzrF74ebkzK3jGsQ2mqMClmgOyu/9YUzTkEWaCqJUD6NEexmRmlPBZqV+qlhC6ISMWM/QiIRMedn82hk8McoQBrE0FWk4V79PZCRUahr6pjMkeqx+e7n4l9dLdVD3Mh4lqWYRXSwKUgF1DPPX4ZBLRrWYGkKo5OZWSMdEEqpNQCUTwten8H/SrtkY2fimVmm4yziK4Agcg1OAgQMa4Bo0QQtQcAcewBN4tmLr0XqxXhetBWs5cwh+wHr7BGUpjlI=</latexit><latexit sha1_base64="9kuDUX/7gYHsomjRnY9cLhMAI8k=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwNSRVmc5CKLhxWcE+oB1KJs20sZkHSUYoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7j58IrjRCH1ZhZXVtfaO4Wdra3tndK+8ftFWcSspaNBax7PpEMcEj1tJcC9ZNJCOhL1jHn1zlfueeScXj6FZPE+aFZBTxgFOijdSuJpcYVQflCrId7DioDpGNzrF74ebkzK3jGsQ2mqMClmgOyu/9YUzTkEWaCqJUD6NEexmRmlPBZqV+qlhC6ISMWM/QiIRMedn82hk8McoQBrE0FWk4V79PZCRUahr6pjMkeqx+e7n4l9dLdVD3Mh4lqWYRXSwKUgF1DPPX4ZBLRrWYGkKo5OZWSMdEEqpNQCUTwten8H/SrtkY2fimVmm4yziK4Agcg1OAgQMa4Bo0QQtQcAcewBN4tmLr0XqxXhetBWs5cwh+wHr7BGUpjlI=</latexit><latexit sha1_base64="9kuDUX/7gYHsomjRnY9cLhMAI8k=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwNSRVmc5CKLhxWcE+oB1KJs20sZkHSUYoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7j58IrjRCH1ZhZXVtfaO4Wdra3tndK+8ftFWcSspaNBax7PpEMcEj1tJcC9ZNJCOhL1jHn1zlfueeScXj6FZPE+aFZBTxgFOijdSuJpcYVQflCrId7DioDpGNzrF74ebkzK3jGsQ2mqMClmgOyu/9YUzTkEWaCqJUD6NEexmRmlPBZqV+qlhC6ISMWM/QiIRMedn82hk8McoQBrE0FWk4V79PZCRUahr6pjMkeqx+e7n4l9dLdVD3Mh4lqWYRXSwKUgF1DPPX4ZBLRrWYGkKo5OZWSMdEEqpNQCUTwten8H/SrtkY2fimVmm4yziK4Agcg1OAgQMa4Bo0QQtQcAcewBN4tmLr0XqxXhetBWs5cwh+wHr7BGUpjlI=</latexit><latexit sha1_base64="9kuDUX/7gYHsomjRnY9cLhMAI8k=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwNSRVmc5CKLhxWcE+oB1KJs20sZkHSUYoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7j58IrjRCH1ZhZXVtfaO4Wdra3tndK+8ftFWcSspaNBax7PpEMcEj1tJcC9ZNJCOhL1jHn1zlfueeScXj6FZPE+aFZBTxgFOijdSuJpcYVQflCrId7DioDpGNzrF74ebkzK3jGsQ2mqMClmgOyu/9YUzTkEWaCqJUD6NEexmRmlPBZqV+qlhC6ISMWM/QiIRMedn82hk8McoQBrE0FWk4V79PZCRUahr6pjMkeqx+e7n4l9dLdVD3Mh4lqWYRXSwKUgF1DPPX4ZBLRrWYGkKo5OZWSMdEEqpNQCUTwten8H/SrtkY2fimVmm4yziK4Agcg1OAgQMa4Bo0QQtQcAcewBN4tmLr0XqxXhetBWs5cwh+wHr7BGUpjlI=</latexit>

Fig. 2. Several branches of periodic solutions for k = 1, q = 11 and p ∈ {1, . . . , 10}.

Fig. 3. Periodic solutions on the branches appearing on Figure 2 for p = 1 at λ =
0.273478006926454 (left), p = 7 at λ = 0.105151105978289 (center), and p = 8 at λ =
0.180819225410784 (right).
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<latexit sha1_base64="O+p9B5gK5MkAXJ/+iieBml681rA=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZKW0nEhFNy4rGAf0A4lk2ba2ExmSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKOjRFHWppGIVM8nmgkuWdtwI1gvVoyEvmBdf3qV+d17pjSP5K2ZxcwLyVjygFNirNQpx5duvTwsllAFoWrdbcCMuKhWs8TF2K1iiK2SoQRWaA2L74NRRJOQSUMF0bqPUWy8lCjDqWDzwiDRLCZ0Ssasb6kkIdNeurh2Ds+sMoJBpGxJAxfq94mUhFrPQt92hsRM9G8vE//y+okJXC/lMk4Mk3S5KEgENBHMXocjrhg1YmYJoYrbWyGdEEWosQEVbAhfn8L/SadawaiCb6ql5sUqjjw4AafgHGDQAE1wDVqgDSi4Aw/gCTw7kfPovDivy9acs5o5Bj/gvH0CVH6ORg==</latexit><latexit sha1_base64="O+p9B5gK5MkAXJ/+iieBml681rA=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZKW0nEhFNy4rGAf0A4lk2ba2ExmSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKOjRFHWppGIVM8nmgkuWdtwI1gvVoyEvmBdf3qV+d17pjSP5K2ZxcwLyVjygFNirNQpx5duvTwsllAFoWrdbcCMuKhWs8TF2K1iiK2SoQRWaA2L74NRRJOQSUMF0bqPUWy8lCjDqWDzwiDRLCZ0Ssasb6kkIdNeurh2Ds+sMoJBpGxJAxfq94mUhFrPQt92hsRM9G8vE//y+okJXC/lMk4Mk3S5KEgENBHMXocjrhg1YmYJoYrbWyGdEEWosQEVbAhfn8L/SadawaiCb6ql5sUqjjw4AafgHGDQAE1wDVqgDSi4Aw/gCTw7kfPovDivy9acs5o5Bj/gvH0CVH6ORg==</latexit><latexit sha1_base64="O+p9B5gK5MkAXJ/+iieBml681rA=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZKW0nEhFNy4rGAf0A4lk2ba2ExmSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKOjRFHWppGIVM8nmgkuWdtwI1gvVoyEvmBdf3qV+d17pjSP5K2ZxcwLyVjygFNirNQpx5duvTwsllAFoWrdbcCMuKhWs8TF2K1iiK2SoQRWaA2L74NRRJOQSUMF0bqPUWy8lCjDqWDzwiDRLCZ0Ssasb6kkIdNeurh2Ds+sMoJBpGxJAxfq94mUhFrPQt92hsRM9G8vE//y+okJXC/lMk4Mk3S5KEgENBHMXocjrhg1YmYJoYrbWyGdEEWosQEVbAhfn8L/SadawaiCb6ql5sUqjjw4AafgHGDQAE1wDVqgDSi4Aw/gCTw7kfPovDivy9acs5o5Bj/gvH0CVH6ORg==</latexit><latexit sha1_base64="O+p9B5gK5MkAXJ/+iieBml681rA=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZKW0nEhFNy4rGAf0A4lk2ba2ExmSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKOjRFHWppGIVM8nmgkuWdtwI1gvVoyEvmBdf3qV+d17pjSP5K2ZxcwLyVjygFNirNQpx5duvTwsllAFoWrdbcCMuKhWs8TF2K1iiK2SoQRWaA2L74NRRJOQSUMF0bqPUWy8lCjDqWDzwiDRLCZ0Ssasb6kkIdNeurh2Ds+sMoJBpGxJAxfq94mUhFrPQt92hsRM9G8vE//y+okJXC/lMk4Mk3S5KEgENBHMXocjrhg1YmYJoYrbWyGdEEWosQEVbAhfn8L/SadawaiCb6ql5sUqjjw4AafgHGDQAE1wDVqgDSi4Aw/gCTw7kfPovDivy9acs5o5Bj/gvH0CVH6ORg==</latexit>

p = 86<latexit sha1_base64="akAJtWws09esvKVsW3mjMLQ62gc=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW7bgQCm5cVrAPaIeSSTNtbGYyJBmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPX4suDYIfTi5ldW19Y38ZmFre2d3r7h/0NYyUZS1qBRSdX2imeARaxluBOvGipHQF6zjT64yv3PPlOYyujXTmHkhGUU84JQYK7XL8aV7Xh4US6iCUPXMrcOMuKhWs8TF2K1iiK2SoQSWaA6K7/2hpEnIIkMF0bqHUWy8lCjDqWCzQj/RLCZ0QkasZ2lEQqa9dH7tDJ5YZQgDqWxFBs7V7xMpCbWehr7tDIkZ699eJv7l9RITuF7KozgxLKKLRUEioJEwex0OuWLUiKklhCpub4V0TBShxgZUsCF8fQr/J+1qBaMKvqmWGhfLOPLgCByDU4BBHTTANWiCFqDgDjyAJ/DsSOfReXFeF605ZzlzCH7AefsEVgOORw==</latexit><latexit sha1_base64="akAJtWws09esvKVsW3mjMLQ62gc=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW7bgQCm5cVrAPaIeSSTNtbGYyJBmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPX4suDYIfTi5ldW19Y38ZmFre2d3r7h/0NYyUZS1qBRSdX2imeARaxluBOvGipHQF6zjT64yv3PPlOYyujXTmHkhGUU84JQYK7XL8aV7Xh4US6iCUPXMrcOMuKhWs8TF2K1iiK2SoQSWaA6K7/2hpEnIIkMF0bqHUWy8lCjDqWCzQj/RLCZ0QkasZ2lEQqa9dH7tDJ5YZQgDqWxFBs7V7xMpCbWehr7tDIkZ699eJv7l9RITuF7KozgxLKKLRUEioJEwex0OuWLUiKklhCpub4V0TBShxgZUsCF8fQr/J+1qBaMKvqmWGhfLOPLgCByDU4BBHTTANWiCFqDgDjyAJ/DsSOfReXFeF605ZzlzCH7AefsEVgOORw==</latexit><latexit sha1_base64="akAJtWws09esvKVsW3mjMLQ62gc=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW7bgQCm5cVrAPaIeSSTNtbGYyJBmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPX4suDYIfTi5ldW19Y38ZmFre2d3r7h/0NYyUZS1qBRSdX2imeARaxluBOvGipHQF6zjT64yv3PPlOYyujXTmHkhGUU84JQYK7XL8aV7Xh4US6iCUPXMrcOMuKhWs8TF2K1iiK2SoQSWaA6K7/2hpEnIIkMF0bqHUWy8lCjDqWCzQj/RLCZ0QkasZ2lEQqa9dH7tDJ5YZQgDqWxFBs7V7xMpCbWehr7tDIkZ699eJv7l9RITuF7KozgxLKKLRUEioJEwex0OuWLUiKklhCpub4V0TBShxgZUsCF8fQr/J+1qBaMKvqmWGhfLOPLgCByDU4BBHTTANWiCFqDgDjyAJ/DsSOfReXFeF605ZzlzCH7AefsEVgOORw==</latexit><latexit sha1_base64="akAJtWws09esvKVsW3mjMLQ62gc=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW7bgQCm5cVrAPaIeSSTNtbGYyJBmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPX4suDYIfTi5ldW19Y38ZmFre2d3r7h/0NYyUZS1qBRSdX2imeARaxluBOvGipHQF6zjT64yv3PPlOYyujXTmHkhGUU84JQYK7XL8aV7Xh4US6iCUPXMrcOMuKhWs8TF2K1iiK2SoQSWaA6K7/2hpEnIIkMF0bqHUWy8lCjDqWCzQj/RLCZ0QkasZ2lEQqa9dH7tDJ5YZQgDqWxFBs7V7xMpCbWehr7tDIkZ699eJv7l9RITuF7KozgxLKKLRUEioJEwex0OuWLUiKklhCpub4V0TBShxgZUsCF8fQr/J+1qBaMKvqmWGhfLOPLgCByDU4BBHTTANWiCFqDgDjyAJ/DsSOfReXFeF605ZzlzCH7AefsEVgOORw==</latexit>

p = 87<latexit sha1_base64="567GwcyZ4XKw82F8b9sfWmNZnJs=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIp0nEhFNy4rGAf0A4lk2baaCYzJBmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPUEiuDYIfTiFldW19Y3iZmlre2d3r7x/0NFxqihr01jEqhcQzQSXrG24EayXKEaiQLBucHeZ+917pjSP5Y2ZJsyPyFjykFNirNSpJhdeozosV1ANIffMa8CceKhet8TD2HMxxFbJUQFLtIbl98EopmnEpKGCaN3HKDF+RpThVLBZaZBqlhB6R8asb6kkEdN+Nr92Bk+sMoJhrGxJA+fq94mMRFpPo8B2RsRM9G8vF//y+qkJPT/jMkkNk3SxKEwFNDHMX4cjrhg1YmoJoYrbWyGdEEWosQGVbAhfn8L/ScetYVTD126leb6MowiOwDE4BRg0QBNcgRZoAwpuwQN4As9O7Dw6L87rorXgLGcOwQ84b59XiI5I</latexit><latexit sha1_base64="567GwcyZ4XKw82F8b9sfWmNZnJs=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIp0nEhFNy4rGAf0A4lk2baaCYzJBmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPUEiuDYIfTiFldW19Y3iZmlre2d3r7x/0NFxqihr01jEqhcQzQSXrG24EayXKEaiQLBucHeZ+917pjSP5Y2ZJsyPyFjykFNirNSpJhdeozosV1ANIffMa8CceKhet8TD2HMxxFbJUQFLtIbl98EopmnEpKGCaN3HKDF+RpThVLBZaZBqlhB6R8asb6kkEdN+Nr92Bk+sMoJhrGxJA+fq94mMRFpPo8B2RsRM9G8vF//y+qkJPT/jMkkNk3SxKEwFNDHMX4cjrhg1YmoJoYrbWyGdEEWosQGVbAhfn8L/ScetYVTD126leb6MowiOwDE4BRg0QBNcgRZoAwpuwQN4As9O7Dw6L87rorXgLGcOwQ84b59XiI5I</latexit><latexit sha1_base64="567GwcyZ4XKw82F8b9sfWmNZnJs=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIp0nEhFNy4rGAf0A4lk2baaCYzJBmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPUEiuDYIfTiFldW19Y3iZmlre2d3r7x/0NFxqihr01jEqhcQzQSXrG24EayXKEaiQLBucHeZ+917pjSP5Y2ZJsyPyFjykFNirNSpJhdeozosV1ANIffMa8CceKhet8TD2HMxxFbJUQFLtIbl98EopmnEpKGCaN3HKDF+RpThVLBZaZBqlhB6R8asb6kkEdN+Nr92Bk+sMoJhrGxJA+fq94mMRFpPo8B2RsRM9G8vF//y+qkJPT/jMkkNk3SxKEwFNDHMX4cjrhg1YmoJoYrbWyGdEEWosQGVbAhfn8L/ScetYVTD126leb6MowiOwDE4BRg0QBNcgRZoAwpuwQN4As9O7Dw6L87rorXgLGcOwQ84b59XiI5I</latexit><latexit sha1_base64="567GwcyZ4XKw82F8b9sfWmNZnJs=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIp0nEhFNy4rGAf0A4lk2baaCYzJBmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPUEiuDYIfTiFldW19Y3iZmlre2d3r7x/0NFxqihr01jEqhcQzQSXrG24EayXKEaiQLBucHeZ+917pjSP5Y2ZJsyPyFjykFNirNSpJhdeozosV1ANIffMa8CceKhet8TD2HMxxFbJUQFLtIbl98EopmnEpKGCaN3HKDF+RpThVLBZaZBqlhB6R8asb6kkEdN+Nr92Bk+sMoJhrGxJA+fq94mMRFpPo8B2RsRM9G8vF//y+qkJPT/jMkkNk3SxKEwFNDHMX4cjrhg1YmoJoYrbWyGdEEWosQGVbAhfn8L/ScetYVTD126leb6MowiOwDE4BRg0QBNcgRZoAwpuwQN4As9O7Dw6L87rorXgLGcOwQ84b59XiI5I</latexit>

p = 88<latexit sha1_base64="615B9l1ZWIEbRcj55TCtGXoUoDk=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIp0nEhFNy4rGAf0A4lk2baaGYyJBmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPUEiuDYIfTiFldW19Y3iZmlre2d3r7x/0NEyVZS1qRRS9QKimeAxaxtuBOslipEoEKwb3F3mfveeKc1lfGOmCfMjMo55yCkxVupUkwvPqw7LFVRDyD3zGjAnHqrXLfEw9lwMsVVyVMASrWH5fTCSNI1YbKggWvcxSoyfEWU4FWxWGqSaJYTekTHrWxqTiGk/m187gydWGcFQKluxgXP1+0RGIq2nUWA7I2Im+reXi395/dSEnp/xOEkNi+liUZgKaCTMX4cjrhg1YmoJoYrbWyGdEEWosQGVbAhfn8L/ScetYVTD126leb6MowiOwDE4BRg0QBNcgRZoAwpuwQN4As+OdB6dF+d10VpwljOH4Aect09ZDY5J</latexit><latexit sha1_base64="615B9l1ZWIEbRcj55TCtGXoUoDk=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIp0nEhFNy4rGAf0A4lk2baaGYyJBmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPUEiuDYIfTiFldW19Y3iZmlre2d3r7x/0NEyVZS1qRRS9QKimeAxaxtuBOslipEoEKwb3F3mfveeKc1lfGOmCfMjMo55yCkxVupUkwvPqw7LFVRDyD3zGjAnHqrXLfEw9lwMsVVyVMASrWH5fTCSNI1YbKggWvcxSoyfEWU4FWxWGqSaJYTekTHrWxqTiGk/m187gydWGcFQKluxgXP1+0RGIq2nUWA7I2Im+reXi395/dSEnp/xOEkNi+liUZgKaCTMX4cjrhg1YmoJoYrbWyGdEEWosQGVbAhfn8L/ScetYVTD126leb6MowiOwDE4BRg0QBNcgRZoAwpuwQN4As+OdB6dF+d10VpwljOH4Aect09ZDY5J</latexit><latexit sha1_base64="615B9l1ZWIEbRcj55TCtGXoUoDk=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIp0nEhFNy4rGAf0A4lk2baaGYyJBmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPUEiuDYIfTiFldW19Y3iZmlre2d3r7x/0NEyVZS1qRRS9QKimeAxaxtuBOslipEoEKwb3F3mfveeKc1lfGOmCfMjMo55yCkxVupUkwvPqw7LFVRDyD3zGjAnHqrXLfEw9lwMsVVyVMASrWH5fTCSNI1YbKggWvcxSoyfEWU4FWxWGqSaJYTekTHrWxqTiGk/m187gydWGcFQKluxgXP1+0RGIq2nUWA7I2Im+reXi395/dSEnp/xOEkNi+liUZgKaCTMX4cjrhg1YmoJoYrbWyGdEEWosQGVbAhfn8L/ScetYVTD126leb6MowiOwDE4BRg0QBNcgRZoAwpuwQN4As+OdB6dF+d10VpwljOH4Aect09ZDY5J</latexit><latexit sha1_base64="615B9l1ZWIEbRcj55TCtGXoUoDk=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIp0nEhFNy4rGAf0A4lk2baaGYyJBmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPUEiuDYIfTiFldW19Y3iZmlre2d3r7x/0NEyVZS1qRRS9QKimeAxaxtuBOslipEoEKwb3F3mfveeKc1lfGOmCfMjMo55yCkxVupUkwvPqw7LFVRDyD3zGjAnHqrXLfEw9lwMsVVyVMASrWH5fTCSNI1YbKggWvcxSoyfEWU4FWxWGqSaJYTekTHrWxqTiGk/m187gydWGcFQKluxgXP1+0RGIq2nUWA7I2Im+reXi395/dSEnp/xOEkNi+liUZgKaCTMX4cjrhg1YmoJoYrbWyGdEEWosQGVbAhfn8L/ScetYVTD126leb6MowiOwDE4BRg0QBNcgRZoAwpuwQN4As+OdB6dF+d10VpwljOH4Aect09ZDY5J</latexit>

p = 89
<latexit sha1_base64="GOrcahcr9/ItCDnEWDOEDYFpK6s=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW6XQhFNy4rGAf0A4lk2ba2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKNloihrUymk6vlEM8Ej1jbcCNaLFSOhL1jXn15lfveeKc1ldGtmMfNCMo54wCkxVuqU40u3UR4WS6iCUPXCrcOMuKhWs8TF2K1iiK2SoQRWaA2L74ORpEnIIkMF0bqPUWy8lCjDqWDzwiDRLCZ0Ssasb2lEQqa9dHHtHJ5ZZQQDqWxFBi7U7xMpCbWehb7tDImZ6N9eJv7l9RMTuF7KozgxLKLLRUEioJEwex2OuGLUiJklhCpub4V0QhShxgZUsCF8fQr/J51qBaMKvqmWmo1VHHlwAk7BOcCgDprgGrRAG1BwBx7AE3h2pPPovDivy9acs5o5Bj/gvH0CWpKOSg==</latexit><latexit sha1_base64="GOrcahcr9/ItCDnEWDOEDYFpK6s=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW6XQhFNy4rGAf0A4lk2ba2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKNloihrUymk6vlEM8Ej1jbcCNaLFSOhL1jXn15lfveeKc1ldGtmMfNCMo54wCkxVuqU40u3UR4WS6iCUPXCrcOMuKhWs8TF2K1iiK2SoQRWaA2L74ORpEnIIkMF0bqPUWy8lCjDqWDzwiDRLCZ0Ssasb2lEQqa9dHHtHJ5ZZQQDqWxFBi7U7xMpCbWehb7tDImZ6N9eJv7l9RMTuF7KozgxLKLLRUEioJEwex2OuGLUiJklhCpub4V0QhShxgZUsCF8fQr/J51qBaMKvqmWmo1VHHlwAk7BOcCgDprgGrRAG1BwBx7AE3h2pPPovDivy9acs5o5Bj/gvH0CWpKOSg==</latexit><latexit sha1_base64="GOrcahcr9/ItCDnEWDOEDYFpK6s=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW6XQhFNy4rGAf0A4lk2ba2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKNloihrUymk6vlEM8Ej1jbcCNaLFSOhL1jXn15lfveeKc1ldGtmMfNCMo54wCkxVuqU40u3UR4WS6iCUPXCrcOMuKhWs8TF2K1iiK2SoQRWaA2L74ORpEnIIkMF0bqPUWy8lCjDqWDzwiDRLCZ0Ssasb2lEQqa9dHHtHJ5ZZQQDqWxFBi7U7xMpCbWehb7tDImZ6N9eJv7l9RMTuF7KozgxLKLLRUEioJEwex2OuGLUiJklhCpub4V0QhShxgZUsCF8fQr/J51qBaMKvqmWmo1VHHlwAk7BOcCgDprgGrRAG1BwBx7AE3h2pPPovDivy9acs5o5Bj/gvH0CWpKOSg==</latexit><latexit sha1_base64="GOrcahcr9/ItCDnEWDOEDYFpK6s=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW6XQhFNy4rGAf0A4lk2ba2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKNloihrUymk6vlEM8Ej1jbcCNaLFSOhL1jXn15lfveeKc1ldGtmMfNCMo54wCkxVuqU40u3UR4WS6iCUPXCrcOMuKhWs8TF2K1iiK2SoQRWaA2L74ORpEnIIkMF0bqPUWy8lCjDqWDzwiDRLCZ0Ssasb2lEQqa9dHHtHJ5ZZQQDqWxFBi7U7xMpCbWehb7tDImZ6N9eJv7l9RMTuF7KozgxLKLLRUEioJEwex2OuGLUiJklhCpub4V0QhShxgZUsCF8fQr/J51qBaMKvqmWmo1VHHlwAk7BOcCgDprgGrRAG1BwBx7AE3h2pPPovDivy9acs5o5Bj/gvH0CWpKOSg==</latexit>

p =
90

<latexit sha1_base64="pEMwKyG90pIZ7gZx9iJQ0MWyjRY=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW6XQhFNy4rGAf0A4lk2ba2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKNloihrUymk6vlEM8Ej1jbcCNaLFSOhL1jXn15lfveeKc1ldGtmMfNCMo54wCkxVuqU48sGKg+LJVRBqHrh1mFGXFSrWeJi7FYxxFbJUAIrtIbF98FI0iRkkaGCaN3HKDZeSpThVLB5YZBoFhM6JWPWtzQiIdNeurh2Ds+sMoKBVLYiAxfq94mUhFrPQt92hsRM9G8vE//y+okJXC/lUZwYFtHloiAR0EiYvQ5HXDFqxMwSQhW3t0I6IYpQYwMq2BC+PoX/k061glEF31RLzcYqjjw4AafgHGBQB01wDVqgDSi4Aw/gCTw70nl0XpzXZWvOWc0cgx9w3j4BTmuOQg==</latexit><latexit sha1_base64="pEMwKyG90pIZ7gZx9iJQ0MWyjRY=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW6XQhFNy4rGAf0A4lk2ba2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKNloihrUymk6vlEM8Ej1jbcCNaLFSOhL1jXn15lfveeKc1ldGtmMfNCMo54wCkxVuqU48sGKg+LJVRBqHrh1mFGXFSrWeJi7FYxxFbJUAIrtIbF98FI0iRkkaGCaN3HKDZeSpThVLB5YZBoFhM6JWPWtzQiIdNeurh2Ds+sMoKBVLYiAxfq94mUhFrPQt92hsRM9G8vE//y+okJXC/lUZwYFtHloiAR0EiYvQ5HXDFqxMwSQhW3t0I6IYpQYwMq2BC+PoX/k061glEF31RLzcYqjjw4AafgHGBQB01wDVqgDSi4Aw/gCTw70nl0XpzXZWvOWc0cgx9w3j4BTmuOQg==</latexit><latexit sha1_base64="pEMwKyG90pIZ7gZx9iJQ0MWyjRY=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW6XQhFNy4rGAf0A4lk2ba2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKNloihrUymk6vlEM8Ej1jbcCNaLFSOhL1jXn15lfveeKc1ldGtmMfNCMo54wCkxVuqU48sGKg+LJVRBqHrh1mFGXFSrWeJi7FYxxFbJUAIrtIbF98FI0iRkkaGCaN3HKDZeSpThVLB5YZBoFhM6JWPWtzQiIdNeurh2Ds+sMoKBVLYiAxfq94mUhFrPQt92hsRM9G8vE//y+okJXC/lUZwYFtHloiAR0EiYvQ5HXDFqxMwSQhW3t0I6IYpQYwMq2BC+PoX/k061glEF31RLzcYqjjw4AafgHGBQB01wDVqgDSi4Aw/gCTw70nl0XpzXZWvOWc0cgx9w3j4BTmuOQg==</latexit><latexit sha1_base64="pEMwKyG90pIZ7gZx9iJQ0MWyjRY=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW6XQhFNy4rGAf0A4lk2ba2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKNloihrUymk6vlEM8Ej1jbcCNaLFSOhL1jXn15lfveeKc1ldGtmMfNCMo54wCkxVuqU48sGKg+LJVRBqHrh1mFGXFSrWeJi7FYxxFbJUAIrtIbF98FI0iRkkaGCaN3HKDZeSpThVLB5YZBoFhM6JWPWtzQiIdNeurh2Ds+sMoKBVLYiAxfq94mUhFrPQt92hsRM9G8vE//y+okJXC/lUZwYFtHloiAR0EiYvQ5HXDFqxMwSQhW3t0I6IYpQYwMq2BC+PoX/k061glEF31RLzcYqjjw4AafgHGBQB01wDVqgDSi4Aw/gCTw70nl0XpzXZWvOWc0cgx9w3j4BTmuOQg==</latexit>

p
=

91

<latexit sha1_base64="ckogSKvYJ+Wno5sSWIq40AU/hBE=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW6XQhFNy4rGAf0A4lk2ba2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKNloihrUymk6vlEM8Ej1jbcCNaLFSOhL1jXn15lfveeKc1ldGtmMfNCMo54wCkxVuqU48sGLg+LJVRBqHrh1mFGXFSrWeJi7FYxxFbJUAIrtIbF98FI0iRkkaGCaN3HKDZeSpThVLB5YZBoFhM6JWPWtzQiIdNeurh2Ds+sMoKBVLYiAxfq94mUhFrPQt92hsRM9G8vE//y+okJXC/lUZwYFtHloiAR0EiYvQ5HXDFqxMwSQhW3t0I6IYpQYwMq2BC+PoX/k061glEF31RLzcYqjjw4AafgHGBQB01wDVqgDSi4Aw/gCTw70nl0XpzXZWvOWc0cgx9w3j4BT/COQw==</latexit><latexit sha1_base64="ckogSKvYJ+Wno5sSWIq40AU/hBE=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW6XQhFNy4rGAf0A4lk2ba2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKNloihrUymk6vlEM8Ej1jbcCNaLFSOhL1jXn15lfveeKc1ldGtmMfNCMo54wCkxVuqU48sGLg+LJVRBqHrh1mFGXFSrWeJi7FYxxFbJUAIrtIbF98FI0iRkkaGCaN3HKDZeSpThVLB5YZBoFhM6JWPWtzQiIdNeurh2Ds+sMoKBVLYiAxfq94mUhFrPQt92hsRM9G8vE//y+okJXC/lUZwYFtHloiAR0EiYvQ5HXDFqxMwSQhW3t0I6IYpQYwMq2BC+PoX/k061glEF31RLzcYqjjw4AafgHGBQB01wDVqgDSi4Aw/gCTw70nl0XpzXZWvOWc0cgx9w3j4BT/COQw==</latexit><latexit sha1_base64="ckogSKvYJ+Wno5sSWIq40AU/hBE=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW6XQhFNy4rGAf0A4lk2ba2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKNloihrUymk6vlEM8Ej1jbcCNaLFSOhL1jXn15lfveeKc1ldGtmMfNCMo54wCkxVuqU48sGLg+LJVRBqHrh1mFGXFSrWeJi7FYxxFbJUAIrtIbF98FI0iRkkaGCaN3HKDZeSpThVLB5YZBoFhM6JWPWtzQiIdNeurh2Ds+sMoKBVLYiAxfq94mUhFrPQt92hsRM9G8vE//y+okJXC/lUZwYFtHloiAR0EiYvQ5HXDFqxMwSQhW3t0I6IYpQYwMq2BC+PoX/k061glEF31RLzcYqjjw4AafgHGBQB01wDVqgDSi4Aw/gCTw70nl0XpzXZWvOWc0cgx9w3j4BT/COQw==</latexit><latexit sha1_base64="ckogSKvYJ+Wno5sSWIq40AU/hBE=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIW6XQhFNy4rGAf0A4lk2ba2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee/xYcG0Q+nBya+sbm1v57cLO7t7+QfHwqKNloihrUymk6vlEM8Ej1jbcCNaLFSOhL1jXn15lfveeKc1ldGtmMfNCMo54wCkxVuqU48sGLg+LJVRBqHrh1mFGXFSrWeJi7FYxxFbJUAIrtIbF98FI0iRkkaGCaN3HKDZeSpThVLB5YZBoFhM6JWPWtzQiIdNeurh2Ds+sMoKBVLYiAxfq94mUhFrPQt92hsRM9G8vE//y+okJXC/lUZwYFtHloiAR0EiYvQ5HXDFqxMwSQhW3t0I6IYpQYwMq2BC+PoX/k061glEF31RLzcYqjjw4AafgHGBQB01wDVqgDSi4Aw/gCTw70nl0XpzXZWvOWc0cgx9w3j4BT/COQw==</latexit>p
=

92

<latexit sha1_base64="+5zsBy0c1/Ec2cf3HQIOYR5WLMI=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIp0ulCKLhxWcE+oB1KJk3b2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee4JYcG0Q+nBya+sbm1v57cLO7t7+QfHwqK1loihrUSmk6gZEM8Ej1jLcCNaNFSNhIFgnmF5lfueeKc1ldGtmMfNDMo74iFNirNQux5d1tzwollAFIffCq8GMeKhatcTD2HMxxFbJUAIrNAfF9/5Q0iRkkaGCaN3DKDZ+SpThVLB5oZ9oFhM6JWPWszQiIdN+urh2Ds+sMoQjqWxFBi7U7xMpCbWehYHtDImZ6N9eJv7l9RIz8vyUR3FiWESXi0aJgEbC7HU45IpRI2aWEKq4vRXSCVGEGhtQwYbw9Sn8n7TdCkYVfOOWGvVVHHlwAk7BOcCgBhrgGjRBC1BwBx7AE3h2pPPovDivy9acs5o5Bj/gvH0CUXWORA==</latexit><latexit sha1_base64="+5zsBy0c1/Ec2cf3HQIOYR5WLMI=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIp0ulCKLhxWcE+oB1KJk3b2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee4JYcG0Q+nBya+sbm1v57cLO7t7+QfHwqK1loihrUSmk6gZEM8Ej1jLcCNaNFSNhIFgnmF5lfueeKc1ldGtmMfNDMo74iFNirNQux5d1tzwollAFIffCq8GMeKhatcTD2HMxxFbJUAIrNAfF9/5Q0iRkkaGCaN3DKDZ+SpThVLB5oZ9oFhM6JWPWszQiIdN+urh2Ds+sMoQjqWxFBi7U7xMpCbWehYHtDImZ6N9eJv7l9RIz8vyUR3FiWESXi0aJgEbC7HU45IpRI2aWEKq4vRXSCVGEGhtQwYbw9Sn8n7TdCkYVfOOWGvVVHHlwAk7BOcCgBhrgGjRBC1BwBx7AE3h2pPPovDivy9acs5o5Bj/gvH0CUXWORA==</latexit><latexit sha1_base64="+5zsBy0c1/Ec2cf3HQIOYR5WLMI=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIp0ulCKLhxWcE+oB1KJk3b2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee4JYcG0Q+nBya+sbm1v57cLO7t7+QfHwqK1loihrUSmk6gZEM8Ej1jLcCNaNFSNhIFgnmF5lfueeKc1ldGtmMfNDMo74iFNirNQux5d1tzwollAFIffCq8GMeKhatcTD2HMxxFbJUAIrNAfF9/5Q0iRkkaGCaN3DKDZ+SpThVLB5oZ9oFhM6JWPWszQiIdN+urh2Ds+sMoQjqWxFBi7U7xMpCbWehYHtDImZ6N9eJv7l9RIz8vyUR3FiWESXi0aJgEbC7HU45IpRI2aWEKq4vRXSCVGEGhtQwYbw9Sn8n7TdCkYVfOOWGvVVHHlwAk7BOcCgBhrgGjRBC1BwBx7AE3h2pPPovDivy9acs5o5Bj/gvH0CUXWORA==</latexit><latexit sha1_base64="+5zsBy0c1/Ec2cf3HQIOYR5WLMI=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZIp0ulCKLhxWcE+oB1KJk3b2MxkSDJCGfoPblwo4tb/ceffmGkrqOiBC4dz7uXee4JYcG0Q+nBya+sbm1v57cLO7t7+QfHwqK1loihrUSmk6gZEM8Ej1jLcCNaNFSNhIFgnmF5lfueeKc1ldGtmMfNDMo74iFNirNQux5d1tzwollAFIffCq8GMeKhatcTD2HMxxFbJUAIrNAfF9/5Q0iRkkaGCaN3DKDZ+SpThVLB5oZ9oFhM6JWPWszQiIdN+urh2Ds+sMoQjqWxFBi7U7xMpCbWehYHtDImZ6N9eJv7l9RIz8vyUR3FiWESXi0aJgEbC7HU45IpRI2aWEKq4vRXSCVGEGhtQwYbw9Sn8n7TdCkYVfOOWGvVVHHlwAk7BOcCgBhrgGjRBC1BwBx7AE3h2pPPovDivy9acs5o5Bj/gvH0CUXWORA==</latexit>

p
=

93
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Fig. 4. Several branches of periodic orbits for k = 2, q = 47 and p ∈ {85, . . . , 93}.

Fig. 5. The periodic solutions on the branches p = 88 at λ = 0.172417160845949 (left), and
p = 90 at λ = 0.130674749789634 (right) of Figure 4. Here, k = 2 and q = 47.

The proof of this theorem is performed by solving the boundary value prob-
lem (4.6) with polynomial nonlinearities. This setting simplifies the estimates of
the computer-assisted proof by considering the Banach algebra property of spaces of
Chebyshev sequences with geometric decay (e.g. see [20, 32]). Note that the compu-
tations of the branch of steady states and the spectrum of the linear elliptic operator
are also performed using Chebyshev series and are set as polynomial boundary value
problems given in (3.2) and (3.9), respectively. For the periodic solutions we use
the fact that U(t, x) is a 2πq/p-periodic solution of equation (1.1) if and only if the
rescaled function U(t, y) is a 4q/p-periodic solution of equation (1.6). The boundary
value problem for periodic solutions of (1.6) is given in (3.15). This setting rep-
resents a control problem where the role of time is taken by the spatial variable y
and the control δ(t) is used to determine the initial conditions U(t,−1) = 0 and
Uy(t,−1) = δ(t) which guarantee that U(t, 1) = 0. Periodic solutions are obtained
numerically by expanding solutions with Fourier series in time and with Chebyshev
series in space. Examples of periodic solutions computed numerically for k = 1 and
q = 11 are portrayed in Figures 2 and 3.

It is important to remark that the Newton-Kantorovich argument based on the
radii polynomial approach can be used to validate rigorously the full branch of steady
states uλ or the eigenfunctions associated to the linear elliptic operator A(λ) (e.g.
using the approach of [33, 14]). On the other hand, the validation of the branches
of periodic solutions requires further investigations due to the lack of compactness of
the inverse of the linear hyperbolic operator L(λ). Indeed, while computer-assisted
proofs have been used to validate the existence of periodic solutions in a nonlinear
wave equations in [2] and in a nonlinear ill-posed Boussinesq equation (modelling
shallow water waves) in [4], in our case the inverse of the linear hyperbolic operator
L(λ) lacks the necessary compactness to apply a similar approach.
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The rest of the paper proceeds as follows. In Section 2, we first prove Theorem 1.1
by combining a Lyapunov-Schmidt reduction and the Crandall-Rabinowitz theorem.
In Section 3, we compute numerically the steady states, the spectrum of the elliptic
operator and the periodic solutions of equation (1.6). Finally, in Section 4 we present
a computer-assisted proof of Theorem 1.2 that allows obtaining rigorous control over
the steady state uλ∗ at the critical parameter value.

2. Existence of an infinite number of branches of periodic solutions.

2.1. Properties of the linear elliptic operator. In this section we analyze the
properties of the steady states uλ of equation (1.1) and properties of the eigenfunctions
of the linear elliptic operator A(λ) defined in (1.2).

Proposition 2.1. The steady state uλ(x) is even in x and increasing in the in-
terval x ∈ [0, π/2]. Moreover, the steady state uλ is decreasing as a function of λ.

Proof. This follows from the maximum principle, for instance see the results in
[13] and [16].

Now we present properties of the eigenvalues and eigenfunctions of the linear
elliptic operator A(λ). By Sturm–Liouville theory the eigenvalues µk(λ) are simple
for all k and λ ∈ [0, λ∗]. Furthermore, we can order the eigenvalues of A(λ) by
0 ≤ µ1(λ) < µ2(λ) < . . . such that the eigenfunction vk(x;λ) corresponding to
eigenvalue µk(λ) has k − 1 simple zeros in (−π/2, π/2).

Remark 2.2. The eigenvalues µk(λ) for k = 1, 2, 3 are computed numerically for

the rescaled problem with λ∗ = (π/2)
−2
λ∗ in Section 3 (see Figure 6). Note that,

while we do not perform this in the present paper, our numerical computations of
the eigenvalues and eigenfunctions could be validated rigorously using a Newton-
Kantorovich argument based on the radii polynomial approach similarly to the proof
of Theorem 1.2 in Section 4.

Proposition 2.3. For λ ∈ [0, λ∗] we have the following estimate for the eigen-
values µk(λ),

(2.1) 2λ ≤ k2 − µk(λ) ≤ 9λ .

Proof. Let A,B : H2
0 ⊂ L2 → L2 be the operators

A = −∂2
x −B, B

def
=

2λ

(1 + uλ(x))
3 .

Then we have that mλ |u|2L2 ≤ 〈Bu, u〉 ≤Mλ |u|2L2 , where

Mλ
def
= 2λ sup

x∈[−π/2,π/2]

1

(1 + uλ(x))
3 and mλ

def
= 2λ inf

x∈[−π/2,π/2]

1

(1 + uλ(x))
3 .

The operator −∂2
x : H2

0 ⊂ L2 → L2 has eigenvalues k2 and eigenfunctions cos kx for
k ∈ 2N + 1 and sin kx for k ∈ 2N+. Since −∂2

x = A + B, the Courant-Fischer-Weyl
theorem implies that

µk(λ) +mλ ≤ k2 ≤ µk(λ) +Mλ.

By the properties of uλ(x), we have that mλ = 2λ and Mλ = 2λ (1 + uλ(0))
−3
. Since

uλ∗(0) is estimated in Theorem 1.2 with uλ∗(0) > −0.38834671892, then

(1 + uλ∗(0))
−3

< 4.5
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and

Mλ = 2λ (1 + uλ(0))
−3 ≤ 2λ (1 + uλ∗(0))

−3 ≤ 9λ .

Proposition 2.4. The eigenvalues µk(λ) are monotonically decreasing for λ ∈
[0, λ∗].

Proof. Let λ1 < λ2. Since uλ is decreasing in λ, then

λ1

(1 + uλ1(x))
3 <

λ2

(1 + uλ2(x))
3 .

Thus the operator

C
def
=

(
2λ2

(1 + uλ2
(x))

3 −
2λ1

(1 + uλ1
(x))

3

)
: H2

0 ⊂ L2 → L2,

is positive definite, that is there exists c ≥ 0 such that 〈Cu, u〉L2 ≥ c 〈u, u〉L2 for
all u ∈ L2. Applying the Courant-Fischer-Weyl theorem to the operator A(λ1) =
A(λ2) + C : H2

0 → L2 we obtain that

µk(λ1) ≥ µk(λ2) + c > µk(λ2).

Proposition 2.5. The eigenfunction vk(x;λ) corresponding to the eigenvalue
µk(λ) of the linear elliptic operator A(λ) satisfies

vk(x;λ) = (−1)k+1vk(−x;λ).

Proof. Since uλ(x) is even, then vk(−x;λ) is also an eigenfunction of A(λ) for the
eigenvalue µk(λ). Since the eigenvalues are simple, then the eigenfunctions are unique
up to a scalar multiple, that is vk(x;λ) = ±vk(−x;λ). But vk(x;λ) has k − 1 simple
zeros in (−π/2, π/2), then vk(x;λ) = vk(−x;λ) if k is odd and vk(x;λ) = −vk(−x;λ)
if k is even.

In particular, we have that

vk(x; 0) =

{
cos(kx), k ∈ 2N + 1

sin(kx), k ∈ 2N+.

2.2. Properties of the linear hyperbolic operator. In this section we ana-
lyze the properties of the spectrum for the linear hyperbolic operator

(2.2) L(λ, ν)u
def
= (p/q)

2
utt +A(λ)u.

We define C2
sym as the subspace of 2π-periodic even functions u(t, x) satisfying

Dirichlet boundary conditions u(±π/2) = 0. Thus functions u ∈ C2
sym have the

expansion

u(t, x) =
∑

(j,k)∈N×N+

uj,k cos(jt)vk(x;λ), uj,k ∈ R.

By the estimates (2.1), the norm

|u|2s
def
=

∑
(j,k)∈N×N+

|uj,k|2
(
j2 + k2 + 1

)s
,



8 C. GARĆıA-AZPEITIA, AND J.-P. LESSARD

is equivalent to the standard Sobolev norm. Thus the standard Sobolev space can be
defined by

Hs(S1 × [−π/2, π/2];R)
def
=
{
u(t, x) ∈ L2 : |u|s <∞

}
.

Definition 2.6. Since the embedding Hs ⊂ C2 holds for s ≥ 3, then the subspace

(2.3) Hs
sym

def
= {u(t, x) ∈ Hs : u(t,±π/2) = 0, u(t, x) = u(−t, x)}

is well defined for s ≥ 3.

The linear hyperbolic map

L(λ, p/q) = (p/q)2∂2
t +A(λ) : D(L) ⊂ Hs

sym → Hs
sym

is a closed operator, where the subspace D(L) ⊂ Hs
sym is closed under the norm

|u|2L = |Lu|2s + |u|2s .

The linear map L has eigenvalues

µj,k(λ, p/q)
def
= − (pj/q)

2
+ µk(λ)

and eigenfunctions cos(jt)vk(x) for (j, k) ∈ N× N+.

Lemma 2.7. Let λ ∈ [ε, λ∗]. If pj/q = k, then |µj,k(λ, p/q)| ≥ 2ε. If pj/q 6= k,
then

|µj,k(λ, p/q)| ≥ (pj/q + k) /q − 9λ.

Proof. If pj/q = k, then

|µj,k(λ, p/q)| = k2 − µk(λ) ≥ 2λ ≥ 2ε.

If −pj/q + k 6= 0, then |−pj/q + k| ≥ 1/q and∣∣∣− (pj/q)
2

+ k2
∣∣∣ ≥ |−pj/q + k| |pj/q + k| ≥ (pj/q + k) /q .

Thus we have

|µj,k(λ, p/q)| ≥
∣∣∣− (pj/q)

2
+ k2

∣∣∣− ∣∣µk(λ)− k2
∣∣ ≥ (pj/q + k) /q − 9λ.

We define N (λ, p/q) as the set of lattice points where L(λ, p/q) has a zero eigen-
value,

(2.4) N (λ, p/q)
def
= {(j, k) : µj,k(λ, p/q) = 0} .

Definition 2.8. Notation b . a means that there is a positive constant C such
that b ≤ Ca.

Proposition 2.9. If λ ∈ [ε, λ∗ − ε], then |µj,k(λ, p/q)| & ε for any (j, k) /∈ N
and N is a bounded set with

(2.5) N ⊂
{

(j, k) ∈ N+ × N+ : pj + qk < 9q2λ∗ + 1
}
.
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Proof. Since the first eigenvalue µ1(λ) is positive for λ ∈ [0, λ∗) and µ1(λ∗) = 0,
then µ0,k(λ, p/q) = µk(λ) & ε for λ < λ∗ − ε, which implies that (j, k) ∈ N only if
j > 0. From Lemma 2.7, we have that |µj,k(λ, p/q)| & ε for any (j, k) ∈ N+ × N+

except when (pj/q + k) /q − 9λ < 1/q2. This inequality is equivalent to

pj + qk < 9λq2 + 1 < 9λ∗q
2 + 1.

2.3. The Lyapunov-Schmidt reduction. The 2πq/p-periodic solutions of equa-
tion (1.1) of the form U(t, x) = uλ(x)+u(pt/q, x), where u(t, x) is an even 2π-periodic
perturbation satisfying Dirichlet boundary conditions u(t,±π/2) = 0, are solutions of
the equation

(p/q)
2
utt − uxx +

λ

(1 + uλ + u)
2 −

λ

(1 + uλ)
2 = 0.

Thus the equation for the perturbation u from the steady state uλ reads

(2.6) L(λ, p/q)u+ g(u) = 0,

where L is defined in (2.2) and the quadratic nonlinear operator g is

g(u;λ)
def
=

λ

(1 + uλ + u)
2 −

λ

(1 + uλ)
2 +

2λ

(1 + uλ)
3u(2.7)

= λ
3(1 + uλ) + 2u

(1 + uλ)
3

(1 + uλ + u)
2u

2.

In this section we make a Lyapunov-Schmidt reduction; namely, we solve the
equation (2.6) in the range of the operator L (the range equation) and we obtain an
equivalent equation to (2.6) defined in the kernel of L (the bifurcation equation).

We start by defining the projection in the kernel of L(λ0) as

Qu =
∑

(j,k)∈N

uj,k cos(jt) vk(x;λ0) : Hs
sym → Hs

sym,

and the projection P = I − Q : Hs
sym → Hs

sym in the complement to the kernel of
L(λ0). We have the following result.

Corollary 2.10. Since |µj,k(λ)|−1 . ε−1 for (j, k) /∈ N , then

(2.8)
∣∣∣(PLP )

−1
u
∣∣∣
s
. ε−1 |Pu|s .

Thus (PLP )
−1

: PHs
sym → PHs

sym is a bounded operator. However, the operator

(PLP )
−1

is not compact because the embedding D(L) ⊂ Hs is not necessarily compact.

For s ≥ 3, the space Hs
sym is a Banach algebra. Since g(u) = O(|u|2) is analytic

in a neighborhood of u = 0, then the nonlinear operator

g(u) = O(|u|2s) : Br ⊂ Hs
sym → Hs

sym

is continuous and well defined in

Br
def
= {u ∈ Hs

sym : |u|s < r}.
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Setting

v = Qu, w = Pu,

then u = v +w. Thus solutions to equation (2.6) are solutions of the kernel equation

(2.9) QLQv +Qg(v + w) = 0,

and the range equation

(2.10) PLPw + Pg(v + w) = 0.

The solutions to the range equation (2.10) in a neighborhood of (v, λ) = (0, λ0)
are fixed points of the operator

Kw
def
= (PLP )

−1
g(v + w) : PBr ⊂ Hs

sym → Hs
sym.

The estimate (2.8) and the fact that g(v+w) = O(|w|2s) imply that K is a contraction
from the domain PBr into itself when we choose r << ε. By the contracting mapping
theorem there is a unique fixed point w(v, λ) ∈ Hs

sym of K for (v, λ) in a neighborhood
of (0, λ0). Thus there is a unique function w(v, λ) ∈ Hs

sym that solves the range
equation (2.10) in a neighborhood of (0, λ0). We conclude that the solutions to the
equation (2.6) are given by the solutions of the bifurcation equation

(2.11) QLQv +Qg(v + w(v, λ)) : QBr ⊂ kerL(λ0)→ kerL(λ0) .

2.4. The bifurcation equation. To solve the bifurcation equation (2.11) we
need to look for values λ0 ∈ (0, λ∗) such that the linearization L(λ0) has a nontrivial
kernel, that is µj,k(λ0, p/q) = 0 for some lattice point (j, k) ∈ N .

Proposition 2.11. Define

Bk
def
=
(√

µk(λ∗), k
)
⊂
(√

k2 − 2λ∗, k
)
.

For each rational p/q ∈ Bk there is a unique λ0 ∈ (0, λ∗) such that µ1,k(λ0, p/q) = 0.

Proof. Since µk(λ; p/q) is decreasing and continuous for λ ∈ (0, λ∗), any λ0 such

that µ1,k(λ0, p/q) = − (p/q)
2

+µk(λ0) = 0 is unique. The result follows from the fact
that the eigenvalue µk(λ) goes from the value µk(λ∗) ≤ k2 − 2λ∗ to µk(0) = k2 for λ
in the interval (0, λ∗).

For each λ0 ∈ (0, λ∗) such that µj,k(λ0, p/q) = 0, the set N (λ0, p/q) representing
the kernel of L(λ0, p/q) may contain additional resonant points. If these resonances
exist, they are contained in the bounded set given in (2.5).

Definition 2.12. We say that λ0 is a non-resonant value if

(2.12) N (λ0, p/q) =
{

(j, k) ∈ N× N+ : µj,k(λ0, p/q) = 0
}

= {(1, k)}.

If λ0 is non-resonant, then the kernel has dimension one, that is

kerL(λ0, p/q) = {b cos(t)vk(x;λ0) : b ∈ R} .

To prove the existence of a simple bifurcation, we need to choose non-resonant
values λ0. The following lemma assures the existence of an infinite set of non-resonant
values λ0.
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Proposition 2.13. The set of non-resonant points λ0 ∈ (0, λ∗) such that

µ1,k(λ0, p/q) = 0

for some p/q ∈ Bk is infinite.

Proof. There is a dense set of rationals p/q ∈ Bk such that µ1,k(λ0, p/q) = 0
for some λ0 ∈ (0, λ∗). Fix one of those points λ0. By (2.5), there is at most a
finite number of resonant elements (jm, km) ∈ N+ × N+ such that µjm,km(λ0, p/q) =

− (pjm/q)
2
+µkm (λ0) = 0 for m ∈ {0, ...,M}. Since the eigenvalues µk(λ0) are simple,

then

(pjm/q)
2

= µkm (λ0) 6= µk0
(λ0) = (pj0/q)

2
.

Therefore, the numbers jm’s are different for different numbers m ∈ {0, ...,M}. This
implies that there is a unique lattice point denoted by (j0, k0) such that j0 is maximal,
that is jm < j0 for m = 1, ...,M .

By choosing p0 = pj0 we have that µ1,k0
(λ0, p0/q) = 0 and µj,k(λ0, p0/q) 6= 0 for

all j > 1; otherwise j0 would not be maximal. We conclude that any λ0 such that
kerL(λ0, p/q) is not trivial is non-resonant for a rational number p0/q ∈ Bk0

, that
is N (λ0, p0/q) = {(1, k0)}. Moreover, the set of non-resonant values λ0 for rational
numbers p0/q ∈ Bk0 is infinite, otherwise there has to be at least one point λ0 ∈ (0, λ∗)
with an infinite number of resonances, which is a contradiction to (2.5).

Remark 2.14. The choice of the maximal p0 is equivalent to the choice of the
minimal period T = 2πq/p0. This argument is similar to the argument used in [17],
[6] and [15].

Proposition 2.15. If λ0 is a non-resonant value with µ1,k0(λ0) = 0, then equa-
tion (2.6) has a local bifurcation of zeros from (u, λ0) = (0, λ0) such that

(2.13) u(x, t) = b (cos t) vk0
(x) +OC2

sym
(b2), λ = λ0 +O(b) ,

where b ∈ [0, b0) and OC2
sym

(b2) is a function in C2
sym of order b2.

Proof. The estimate

v = b (cos t) vk0(x) +O(b2) , λ = λ0 +O(b),

is a consequence of the Crandall-Rabinowitz theorem. Thus the result follows from
the Lyapunov-Schmidt reduction and the fact that w(v;λ) = OHssym(v2) with Hs

sym ⊂
C2
sym for s ≥ 3. To apply the Crandall-Rabinowitz theorem, we only need to verify

that ∂λL(λ0) (cos t) vk0
(x) is not in the range of L(λ0),

〈∂λL(λ0) (cos t) vk0(x), (cos t) vk0(x)〉L2 6= 0.

This condition is equivalent to∫ π/2

−π/2

(
∂λ

λ

(1 + uλ)
3

)
λ=λ0

v2
k0

(x)dx 6= 0,

which follows from the fact that uλ is decreasing in λ. That is, we have −∂λuλ ≥ 0
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and (
∂λ

λ

(1 + uλ)
3

)
λ=λ0

=
1

(1 + uλ)
3 − ∂λuλ

λ

(1 + uλ)
4 > 0.

2.5. Proof of Theorem 1.1. The proof of Theorem 1.1 is a consequence of
Proposition 2.15 and the fact that

U(t, x) = uλ(x) + u(pt/q, x).

It only remains to obtain the symmetries of the local bifurcations. This is a conse-
quence of the following proposition.

Proposition 2.16. The bifurcation (2.13) has the symmetries u(t, x) = u(t,−x)
for k odd and u(t, x) = u(t+ π,−x) for k even.

Proof. Since uλ(x) is even, the equation

L(λ)u+ g(u) = 0

is equivariant under the action of the group (κ1, κ2) ∈ Z2×Z2 in u(t, x) ∈ Hs
sym given

by

κ1u(t, x) = u(t,−x), κ2u(t, x) = u(t+ π, x).

Since

u(t, x) =
∑

(j,k)∈N×N+

uj,k cos(jt)vk(x),

where vk(−x) = (−1)k+1v(x) and cos j(t+π) = (−1)
j

cos jt, the actions of κ1 and κ2

in the components uj,k ∈ R are given by κ1uj,k = (−1)
k+1

uj,k and κ2uj,k = (−1)juj,k.
In particular, for j = 1 we have

κ1u1,k = (−1)
k+1

u1,k, κ2u1,k = −u1,k .

Then u1,k ∈ kerL(λ0) is fixed by the action of κ1 if k is odd and by κ1κ2 if k is even.
The result follows from the fact that u is fixed by the action of κ1 if it satisfies that

u(t, x) = κ1u(t, x) = u(t,−x),

and by κ1κ2 if

u(t, x) = κ1κ2u(t, x) = u(t+ π,−x).

Remark 2.17. Since the equation L(λ, p/q)u + g(u;λ) = 0 has a gradient struc-
ture and the eigenvalues of L(λ) cross zero in the same direction, because they are
decreasing in λ, then one can use Conley index to prove that every value λ0 where the
kernel of L(λ0) is not trivial is a bifurcation point [25]. Therefore, for every p/q ∈ Bk
there is a (possibly resonant) bifurcation value λ0 such that µj,k(λ0; p/q) = 0. Thus
the set of bifurcation values λ0 is dense when considering all possible values of p and
q. However, the result using Conley index does not guarantee that the bifurcation is
a continuum satisfying estimates (2.13).
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3. Numerical computation of branches of periodic solutions. In this sec-
tion we compute numerically the steady states, the spectrum of the elliptic operator
and the periodic solutions of the scaled equation (1.6). This is done in Sections 3.1,
3.2 and 3.3, respectively. For each of these problems, we introduce an infinite di-
mensional zero-finding problem whose solutions correspond to the wanted objects of
interest. Then, a standard predictor-corrector numerical continuation method is ap-
plied to finite dimensional projections of each problem. The reason of introducing
first the infinite dimensional formulation of the problems is twofold. First, it matches
the formulation of Section 4 involved in the rigorous computation of the saddle-node
bifurcation. Second, it would allow to have the proper formulation for possibly doing
rigorous computations of periodic solutions in the future.

3.1. Continuation of the branch of steady states. The steady states of the
MEMS equation (1.6) satisfy the nonlinear boundary value problem

(3.1) Uyy =
λ

(1 + U)
2 , U(−1) = U(1) = 0.

To compute the solutions of (3.1), we first transform the equation into a differential
equation with polynomial nonlinearities. Letting u1

def
= U , u2

def
= Uy = u′1 and

u3
def
= 1

1+u1
yields that

u′1 = u2

u′2 = Uyy =
λ

(1 + U)
2 = λu2

3

u′3 = − 1

(1 + u1)2
u′1 = −u2u

2
3.

The boundary conditions u1(−1) = u1(1) = 0 are appended. To fix the right condition
for u3, we impose that u3(−1) = 1

1+u1(−1) = 1. The problem of computing a solution

U(y) of the nonlinear non-polynomial equation (3.1) is then transformed into the
polynomial boundary value problem

(3.2)

u′1u′2
u′3

 =

 u2

λu2
3

−u2u
2
3

 ,

u1(−1)
u2(−1)
u3(−1)

 =

0
δ
1

 , u1(1) = 0,

where δ is the unknown initial velocity U ′(−1) which we will solve for. We expand
solutions with Chebyshev series

uj(y) = (aj)0 + 2
∑
k≥0

(aj)nTn(y), j = 1, 2, 3,

where Tn : [−1, 1]→ R (n ≥ 0) are the Chebyshev polynomials.
Denote by u = (u1, u2, u3) and Ψ(u) ∈ R3 the right-hand side of the polynomial

differential equation given in (3.2). Denote aj = ((aj)n)n≥0 for j = 1, 2, 3, and a =
(a1, a2, a3). For each j = 1, 2, 3, the Chebyshev expansion of Ψj(u(·)) : [−1, 1]→ R is
given by

Ψj(u(y)) = (cj)0 + 2
∑
n≥0

(cj)nTn(y), j = 1, 2, 3, y ∈ [−1, 1],
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where

(3.3)

c1c2
c3

 =

 c1(a)
c2(λ, a)
c3(a)

 def
=

 a2

λa2
3

−a2a
2
3

 ,

where a2
3 = a3 ∗ a3 and a2a

2
3 = a2 ∗ a3 ∗ a3 are standard discrete convolutions.

For j = 1, 2, 3, let

(3.4) (f
(eq)
j (λ, δ, a))n

def
=

 (aj)0 + 2

∞∑
`=1

(−1)`(aj)` − αj , n = 0,

2n(aj)n + (cj(a))n+1 − (cj(a))n−1, n ≥ 1,

where

(3.5) αj
def
=


0, j = 1

δ, j = 2

1, j = 3

.

Setting f
(eq)
j = ((f

(eq)
j )n)n≥0 and η(a1) = (a1)0 + 2

∑∞
`=1(a1)` (this is the Chebyshev

expansion of the extra condition u1(1) = 0), the resulting map to solve in the space
of Chebyshev coefficients is given by

(3.6) f (eq)(λ, δ, a)
def
=


η(a1)

f
(eq)
1 (a)

f
(eq)
2 (λ, δ, a)

f
(eq)
3 (a)

 .

Define the operators (acting on Chebyshev sequences) by

(3.7) T
def
=



0 0 0 0 0 · · ·
−1 0 1 0 · · ·
0 −1 0 1 0 · · ·

. . .
. . .

. . .
. . .

. . .

. . . 0 −1 0 1

. . .
. . .

. . .
. . .


,

and

(3.8) Λ
def
=



0 0 0 0 0 · · ·
0 2 0 0 · · ·
0 0 4 0 0 · · ·

. . .
. . .

. . .
. . .

. . .

. . . 0 0 2` 0

. . .
. . .

. . .
. . .


.

Using the above operators, we may write for the cases n > 0

(f
(eq)
j (λ, δ, a))n = (Λaj + Tcj(a))n = 2n(aj)n + (cj(a))n+1 − (cj(a))n−1.
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Hence, for j = 1, 2, 3,

(f
(eq)
j (λ, δ, a))n

def
=

(aj)0 + 2

∞∑
`=1

(−1)`(aj)` − αj , n = 0,

(Λaj + Tcj(a))n , n > 0.

By construction, computing solutions to the nonlinear BVP (3.1) (that is comput-
ing equilibria of the MEMS equation) boils down to computing simultaneously λ, δ, a
such that f (eq)(λ, δ, a) = 0 where f (eq) is defined in (3.6). Letting x

def
= (δ, a) we

can compute branches of steady states by applying a parameter continuation method
(that is a predictor corrector algorithm, see [23]) to a finite dimensional projection of
the problem f (eq)(λ, x) = 0, where λ is a continuation parameter. Figure 2 contains
the image of the stable branch of steady states (black branch) computed numerically
using the presented method.

3.2. Continuation of eigenfunctions and eigenvalues. The eigenfunctions
and eigenvalues of the linearized problem can be computed similarly. The eigenfunc-
tions and eigenvalues are needed in order to find the initial predictor to compute
numerically the branches of periodic solutions. The eigenvalue problem associated to
(3.1) is given by

−Uyy +
λ

(1 + U)
2 = 0, U(−1) = U(1) = 0

−Vyy −
2λ

(1 + U)
3V − µV = 0, V (−1) = V (1) = 0,

where (µ, V ) is an eigenvalue-eigenvector couple associated to the linearization of the
MEMS equation (1.6) about the steady state solution U .

Letting u1 = U , u2 = Uy = u′1, u3 = 1
1+u1

, u4 = V and u5 = Vy yields the system

(3.9)


u′1
u′2
u′3
u′4
u′5

 =


u2

λu2
3

−u2u
2
3

u5

−2λu2
3u4 − µu4

 ,


u1(−1)
u2(−1)
u3(−1)
u4(−1)
u5(−1)

 =


0
δ1
1
0
δ2

 ,

(
u1(1)
u4(1)

)
=

(
0
0

)
,

where δ1 and δ2 are to be (uniquely) determined. Denote δ = (δ1, δ2) and u =
(u1, . . . , u5). The unknown variables in the polynomial boundary value problem (3.9)
are (δ, µ, u). An extra phase condition (that is one which fixes the length of the
eigenvector u4 = V ) will be imposed to isolate the solutions (and therefore allowing
the use of Newton’s method).

We solve the eigenvalue problem (3.9) using Chebyshev series expansion, similarly
to the BVP (3.2). We expand solutions with Chebyshev series

uj(y) = (aj)0 + 2
∑
k≥0

(aj)nTn(y), j = 1, . . . , 5.

Denote by Ψ(u) ∈ R5 the right-hand side of the polynomial differential equation given
in (3.9). Denote aj = ((aj)n)n≥0 for j = 1, . . . , 5 and a = (a1, . . . , a5). Assume that
the Chebyshev expansion of Ψ(u(y)) is given by

Ψ(u(y))j = (cj)0 + 2
∑
n≥0

(cj)nTn(y), j = 1, . . . , 5,
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where c = c(a) = (c1, . . . , c5) is given component-wise by
c1
c2
c3
c4
c5

 def
=


a2

λa2
3

−a2a
2
3

a5

−2λa2
3a4 − µa4

 ,

where a2
3 = a3 ∗ a3, a2a

2
3 = a2 ∗ a3 ∗ a3 and a2

3a4 = a3 ∗ a3 ∗ a3 ∗ a4 are discrete
convolutions.

Denote x
def
= (δ, µ, a). For j = 1, . . . , 5, let

(3.10) (gj)n(x)
def
=

(aj)0 + 2

∞∑
`=1

(−1)`(aj)` − αj , n = 0,

2n(aj)n + (cj)n+1 − (cj)n−1, n ≥ 1,

where

(3.11) αj
def
=



0, j = 1

δ1, j = 2

1, j = 3

0, j = 4

δ2, j = 5

.

For j = 1, . . . , 5, we set gj
def
= ((gj)n)n≥0. Let

η1(a1)
def
= (a1)0 + 2

∞∑
n=1

(a1)n

η2(a4)
def
= (a4)0 + 2

∞∑
n=1

(a4)n

η3(a4)
def
= l(a4)− 1,

where l is linear and acting as a phase condition for the eigenvector V (by fixing its
length). Set η

def
= (η1, η2, η3) ∈ R3. The three extra conditions η(a) = 0 ∈ R3 are

the extra conditions (in Chebyshev) enforcing that u1(1) = 0, u4(1) = 0 and that
the eigenvector u4 = V is locally isolated. The resulting map to solve in the space of
Chebyshev coefficients is given by

(3.12) f (lin)(x, λ)
def
=

(
η(a)
g(x, λ)

)
.

We can then apply a standard predictor-corrector method to continue the eigen-
values µk(λ) for k = 1, 2, 3 and for λ ∈ [0, λ∗). Having fixed k ∈ {1, 2, 3}, we begin
the continuation at λ = 0 knowing theoretically that at the steady state U = 0, the

eigenvalues are given by µ = µk(0) =
(
πk
2

)2
, k ≥ 0 with corresponding eigenvectors

given by

(3.13) V (y) = Vk(y) =

sin
(
kπy

2

)
, k even,

cos
(
kπy

2

)
, k odd.



FREE VIBRATIONS IN A WAVE EQUATION MODELING MEMS 17

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

2

4

6

8

10

12

14

16

18

20

22

Fig. 6. Continuation of the eigenvalues µk(λ) for k = 1, 2, 3, λ ∈ [0, λ∗).

Hence, recalling that u1 = U , u2 = Uy = u′1, u3 = 1
1+u1

, u4 = V and u5 = Vy, we get
that at λ = 0, u1 ≡ 0, u2 ≡ 0, u3 ≡ 1, u4(y) = V (y) as in (3.13) and

(3.14) u5(y) = V ′(y) = V ′k(y) =


kπ
2 cos

(
kπy

2

)
, k even,

−kπ2 sin
(
kπy

2

)
, k odd.

Using these explicit formulas for uj(y), j = 1, . . . , 5, we compute the correspond-
ing Chebyshev series expansions to obtain the sequences ā1, ā2, . . . , ā5. Note that the
sequences ā1 = ā2 = 0 and (ā3)n = δn,0, where δi,j is the Kronecker delta function.
The computation of the Chebyshev coefficients ā4 and ā5 can be done analytically
or using a numerical software. In our case, we use Chebfun to compute ā4 and ā5.
Moreover, we fix δ̄ = (δ̄1, δ̄2) = (u2(−1), u5(−1)) = (0, u5(−1)), where u5(−1) is

determined exactly using (3.14). Letting ā = (ā1, . . . , ā5), µ̄ =
(
πk
2

)2
, we have an

approximate solution x̄ = (δ̄, µ̄, ā) which satisfies f (lin)(x̄, 0) ≈ 0. From that approx-
imate solution at λ = 0 at a given k ∈ {1, 2, 3}, we perform a predictor-corrector
continuation method on a finite dimensional projection of (3.12) to obtain a family
of solutions of the form {x(k)(λ) : λ ∈ [0, λ∗)}. Denote the second component of
x(k)(λ) by µk(λ), we obtain a branch of eigenvalues parameterized over λ ∈ [0, λ∗).
See Figure 6 for a picture of the three branches k = 1, 2, 3.

3.3. Continuation of periodic solutions. The goal now is to compute peri-
odic orbits U = U(y, t) of (1.6). We fix two relatively prime integer (p, q) and fix a
priori the frequency to be ω

def
= πp

2q . We aim at computing 2π
ω -periodic orbits of (1.6).

First, let us transform the problem into a polynomial one. Letting U1(y, t)
def
= U(y, t),

U2(y, t)
def
= Uy(y, t) = d

dyU1(y, t) and U3(y, t)
def
= 1

1+U(y,t) = 1
1+U1(y,t) ,

∂

∂y
U1 = U2

∂

∂y
U2 = Uyy =

λ

(1 + U)
2 + Utt = λU2

3 +
∂2

∂t2
U1

∂

∂y
U3 = − 1

(1 + U(y, t))2
Uy(y, t) = −U2U

2
3 .

The boundary conditions U1(−1, t) = U1(1, t) = 0 for all t ∈ R are appended. To fix
the right condition for U3, we impose that U3(−1, t) = 1

1+U(−1,t) = 1 for all t ∈ R.

After rescaling time from [0, 2π
ω ] to [0, 2π], the problem of computing a solution

U(y, t) of the nonlinear hyperbolic equation (1.6) is therefore transformed into finding
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a 2π-periodic orbit of the polynomial boundary value problem

(3.15)
∂

∂y

U1

U2

U3

 =

 U2

λU2
3 + ω2 ∂2

∂t2U1

−U2U
2
3

 ,

U1(−1, t)
U2(−1, t)
U3(−1, t)

 =

 0
δ(t)

1

 , U1(1, t) = 0,

for all t ∈ R, where δ(t) is the apriori unknown initial velocity Uy(−1, t) which we
will solve for. We look for periodic orbits which are even in time. We expand Uj
(j = 1, 2, 3) and δ in the form

Uj(y, t) =
∑
n≥0
k≥0

(aj)n,kmn,kTn(y) cos(kt) =
∑

(n,k)∈Z2

(aj)n,ke
i(nθ+kt)(3.16)

δ(t) =
∑
k≥0

δkm0,k cos(kt) =
∑
k∈Z

δke
ikt(3.17)

where θ
def
= cos−1(y),

mn,k
def
=


1, n = k = 0

2 n = 0 and k > 0

2 n > 0 and k = 0

4 n 6= 0 and k 6= 0,

and where (aj)n,k = (a1)|n|,|k| and δn,k = δ|n|,|k| for (n, k) ∈ Z2. Denote a1 =
((a1)n,k)n,k≥0, a2 = ((a2)n,k)n,k≥0, a3 = ((a3)n,k)n,k≥0 and δ = (δk)k≥0. The un-
knowns are then given by

x
def
= (δ, a1, a2, a3).

We integrate the BVP (3.15) in x to get the integral formulation

(3.18)

U1(y, t)
U2(y, t)
U3(y, t)

 =

 0
δ(t)

1

+

∫ y

−1

 U2(ξ, t)

λU2
3 (ξ, t) + ω2 ∂2

∂2tU1(ξ, t)
−U2(ξ, t)U3(ξ, t)2

 dξ, y ∈ [−1, 1]

supplemented with the boundary condition U1(1, t) = 0. We denote by Ψ(U1, U2, U3)
the right-hand side of the polynomial problem (3.15). That is,

Ψ

U1(y, t)
U2(y, t)
U3(y, t)

 def
=

 U2

λU2
3 + ω2 ∂2

∂t2U1

−U2U
2
3

 ,

and for j = 1, 2, 3, we have the expansion

Ψj

U1(y, t)
U2(y, t)
U3(y, t)

 =
∑
n≥0
k≥0

(cj)n,kmn,kTn(y) cos(kt) =
∑

(n,k)∈Z2

(cj)n,ke
i(nθ+kt),

where the terms c1, c2 and c3 involve discrete convolution terms. Explicitly,

(c1)n,k = (a2)n,k,

(c2)n,k = λ(a2
3)n,k − ω2k2(a1)n,k,

(c3)n,k = −(a2a
2
3)n,k,
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where a2
3 = a3 ∗ a3 and a2a

2
3 = a2 ∗ a3 ∗ a3 are standard two-dimensional discrete

convolutions; for instance,

(a ∗ b)n,k =
∑

n1+n2=n
k1+k2=k
ki,ni∈Z

an1,k1
bn2,k2

.

For j = 1, 2, 3, let

(3.19) (gj)n,k(x)
def
=

(aj)0,k + 2

∞∑
`=1

(−1)`(aj)`,k − (αj)k, n = 0,

2n(aj)n,k + (cj)n+1,k − (cj)n−1,k, n ≥ 1,

where

(3.20) (αj)k
def
=


0, j = 1

δk, j = 2

1̂k, j = 3.

Setting gj = ((gj)n,k)n,k≥0 and

ηk(a1)
def
= (a1)0,k + 2

∞∑
n≥1

(a1)n,k = 0,

which is the Fourier-Chebyshev expansion of the extra condition U1(1, t) = 0 for all
t. The resulting map to solve in Fourier-Chebyshev coefficients space is given by

(3.21) f (per)(x, λ)
def
=


η(a1)
g1(x)
g2(x, λ)
g3(x)

 .

Having identified a map whose zeros correspond to periodic orbits, we wish to
compute (once more) branches of solutions (that is of periodic orbits) using a contin-
uation method. The continuation requires first providing an initial point. Fix k ≥ 1.
For each rational λ0 such that µk(λ0) = ω2 with ω = πp

2q , there is a local continuum of

2π-periodic solution bifurcating from the steady solution uλ(y). The initial periodic
orbit (that is the predictor) is given by

û(t, y)
def
= uλ0(y) + b cos (t) vk (y;λ0) ,

for a small b. After having transformed this initial point as a sequence of Fourier-
Chebyshev coefficients, we initiate the pseudo-arclength continuation (e.g. see [23])
on a finite dimensional projection of the map f (per) defined in (3.21). Using that
approach we performed several branch continuation, which are portrayed in Figures 2
and 3 for k = 1 and q = 11, and in Figures 4 and 5 for k = 2 and q = 47.

4. Rigorous computation of the saddle-node bifurcation. In this section,
we prove Theorem 1.2. The proof of the theorem is computer-assisted and is based on
the successful verification of the contraction mapping theorem of Newton-like operator
acting on a ball of radius r = 5.7 × 10−12 centered at a numerical approximation of
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a carefully chosen map defined on a Banach space X of fast decaying Chebyshev
coefficients (the saddle-node map as defined in (4.6)).

To define the space X we require first to define the sequence space

(4.1) `1ν
def
=

α = (αn)n≥0 : ‖α‖ν = |α0|+ 2
∑
n≥1

|αn|νn < 0

 ,

for some fixed number ν ≥ 1. An important property of `1ν is that it is a Banach
algebra under discrete convolutions, that is ‖a ∗ b‖ν ≤ ‖a‖ν‖b‖ν for all a, b ∈ `1ν . This
is useful to perform the necessary estimates to analyze the nonlinear map . We also
denote by

(4.2) ˜̀1
ν

def
=

α = (αn)n≥0 : ‖α‖ν = |α0|+ 2
∑
n≥1

|αn|
νn

n
< 0

 ,

to the corresponding space of Chebyshev coefficients with slightly less decay (regular-
ity) than `1ν . Note that for any ν ≥ 1 and for a fixed λ, one can show that the map
f (eq) defined in (3.6) satisfies

f (eq) : R× (`1ν)3 → R× (˜̀1
ν)3.

In order to construct the saddle-node map F , we let

(4.3) g(λ, a, γ, b)
def
= Dδ,af

(eq)(λ, δ, a)(
γ

b
) =


η(b1)
g1(b)

g2(λ, a, γ, b)
g3(a, b)

 ,

where

(gj)n
def
=

(bj)0 + 2

∞∑
`=1

(−1)`(bj)` − α̃j , n = 0,

(Λbj + Tdj(a, b))n , n > 0,

for j = 1, 2, 3, with

(4.4)

d1

d2

d3

 =

 d1(b)
d2(λ, a, b)
d3(a, b)

 def
=

 b2
2λa3b3

−a2
3b2 − 2a2a3b3

 ,

and

(4.5) α̃j
def
=


0, j = 1

γ, j = 2

0, j = 3.

According to (3.6), computing the saddle-node bifurcation point (λ, δ, a) requires
solving the augmented system

(4.6) F (x)
def
=

 `(γb )− 1
f (eq)(λ, δ, a)

Dδ,af
(eq)(λ, δ, a)(γb )

 =

 `(γb )− 1
f (eq)(λ, δ, a)
g(λ, a, γ, b)

 = 0,
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where

(4.7) x
def
= (λ, δ, a, γ, b) ∈ X def

= R× R× (`1ν)3 × R× (`1ν)3,

b = (b1, b2, b3) ∈ (`1ν)3, and ` : R × (`1ν)3 → R is a linear functional acting on the
eigenvector (γb ). We call the map F in (4.6) the saddle-node map. By construction,
a non-degenerate zero x̃ of F yields the existence of a saddle-node point, that is a
point such that f (eq)(λ, δ, a) = 0 and such that Dδ,af

(eq)(λ, δ, a) has a one-dimensional
kernel.

We endow the space X with the product norm

(4.8) ‖x‖X
def
= max {|λ|, |δ|, ‖a1‖ν , ‖a2‖ν , ‖a3‖ν , |γ|, ‖b1‖ν , ‖b2‖ν , ‖b3‖ν} .

Moreover, recalling (4.2), we define

(4.9) Y
def
= R× R× (˜̀1

ν)3 × R× (˜̀1
ν)3,

and one can easily verify that F : X → Y is well defined.
In this section, we present a computer-assisted approach to solving the saddle-

node map (4.6) using the tools of rigorous numerics in order to obtain a rigorous
control over the value of λ∗. This approach will give a proof of Theorem 1.2. The idea
of the computer-assisted proof is to demonstrate that a certain Newton-like operator
is a contraction on a closed ball centered at a numerical approximation x̄. To compute
x̄, we consider a finite dimensional projection of the saddle-node map F : X → Y .

Given a number m ∈ N, and given a vector a = (an)n≥0 ∈ `1ν , consider the
projection

πm : `1ν → Rm

a 7→ πma
def
= (an)m−1

n=0 ∈ Rm.

Given N ∈ N, we generalize that projection to get πmN : (`1ν)N → RNm defined by

πmN (a(1), . . . , a(N))
def
= (πma(1), . . . , πma(N)) ∈ RNm,

and Π(m) : X → R6m+3 defined by

Π(m)x = Π(m)(λ, δ, a, γ, b)
def
= (λ, δ, πm3 a, γ, π

m
3 b) ∈ R6m+3.

Often, given x ∈ X, we denote

x(m) def
= Π(m)x ∈ R6m+3.

Moreover, we define the natural inclusion ιm : Rm ↪−→ `1ν as follows. For a =
(an)m−1

n=0 ∈ Rm, we define ιma ∈ `1ν component-wise by

(ιma)` =

{
an, n = 0, . . . ,m− 1

0, n ≥ m.

Similarly, let ιmN : RNm ↪−→ (`1ν)N be the natural inclusion defined as follows. Given
a = (a(1), . . . , a(N)) ∈ (Rm)N ∼= RNm, we define

ιmNa
def
=
(
ιma(1), . . . , ιma(N)

)
∈ (`1ν)N .
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We define the natural inclusion ι(m) : R6m+3 ↪−→ X, for x ∈ R6m+3, by

ι(m)x = ι(m)(λ, δ, a, γ, b)
def
= (λ, δ, ιm3 a, γ, ι

m
3 b) ∈ X.

Let the finite dimensional projection F (m) : R6m+3 → R6m+3 of the saddle-node
map (4.6) be defined, for x ∈ R6m+3, as

(4.10) F (m)(x) = Π(m)F (ι(m)x).

Assume that a numerical approximation x̄ ∈ R6m+3 of (4.10) has been obtained using
Newton’s method, that is F (m)(x̄) ≈ 0. We slightly abuse the notation and denote
x̄ ∈ R6m+3 and ι(m)x̄ ∈ X both using x̄.

The following result is a Newton-Kantorovich theorem with a smoothing approx-
imate inverse. It provides an a-posteriori validation method for proving rigorously
the existence of a point x̃ such that F (x̃) = 0 and ‖x̃− x̄‖X ≤ r for a small radius r.
Recalling the norm on X given in (4.7), denote by

Br(y)
def
= {x ∈ X : ‖x− y‖X ≤ r} ⊂ X

the ball of radius r centered at y ∈ X.

Theorem 4.1 (Radii Polynomial Approach). For x̄ ∈ X and r > 0 assume
that F : X → Y is Fréchet differentiable on the ball Br(x̄). Consider bounded linear
operators A† ∈ B(X,Y ) and A ∈ B(Y,X), where A† is an approximation of DF (x̄)
and A is an approximate inverse of DF (x̄). Observe that

(4.11) AF : X → X.

Assume that A is injective. Let Y0, Z0, Z1, Z2 ≥ 0 be bounds satisfying

‖AF (x̄)‖X ≤ Y0,(4.12)

‖I −AA†‖B(X) ≤ Z0,(4.13)

‖A[DF (x̄)−A†]‖B(X) ≤ Z1,(4.14)

‖A[DF (x̄+ z)−DF (x̄)]‖B(X) ≤ Z2r, ∀ z ∈ Br(0).(4.15)

Define the radii polynomial

(4.16) p(r)
def
= Z2r

2 + (Z1 + Z0 − 1)r + Y0.

If there exists 0 < r0 ≤ r such that

(4.17) p(r0) < 0,

then there exists a unique x̃ ∈ Br0(x̄) such that F (x̃) = 0.

The proof of the theorem, which is a generalization of the usual Newton-Kantorovich
theorem can be found (for example in [26]).

4.1. The operators A† and A. To apply the radii polynomial approach of
Theorem 4.1, we need to define the operator A† (an approximation of the derivative
DF (x̄)) and the operator A (an approximation of the inverse of DF (x̄)). Consider
the finite dimensional projection F (m) : R6m+3 → R6m+3 given in (4.10), and assume
that we computed x̄ ∈ R6m+3 such that F (m)(x̄) ≈ 0.
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We denote by DF (m)(x̄) ∈ M6m+3(R) to the Jacobian matrix of F (m) at x̄. For
the sake of simplicity, given any N ∈ N, we denote the differentiation operator D
acting on u ∈ (`1ν)N as

(4.18) (Du)n
def
= 2nun =


2n(u1)n
2n(u2)n

...
2n(uN )n

 .

And given x ∈ X, we define

(4.19) A†x = ι(m)Π(m)A†x+ (I − ι(m)Π(m))A†x,

where Π(m)A†x = DF (m)(x̄)x(m) and

(I − ι(m)Π(m))A†x =


0
0

(I − ιm3 πm3 )Da
0

(I − ιm3 πm3 )Db

 .

Recalling the definition of the Banach space Y in (4.9), we can verify that the
operator A† : X → Y is a bounded linear operator. For m large enough, it acts as an
approximation of the Fréchet derivative DxF (x̄). Its action on the finite dimensional
projection is the Jacobian matrix (the derivative) of F (m) at x̄, while its action on
the tail only keeps the unbounded terms of the differentiation D defined in (4.18).

Now we consider a matrix A(m) ∈ M6m+3(R) such that A(m) ≈ DF (m)(x̄)
−1

. In
other words, this means that ‖I − A(m)DF (m)(x̄)‖ � 1. The computation of A(m)

is done using a numerical software (MATLAB in our case). We decompose the matrix
A(m) block-wise as

A(m) =


A

(m)
λ,λ A

(m)
λ,δ A

(m)
λ,a A

(m)
λ,γ A

(m)
λ,b

A
(m)
δ,λ A

(m)
δ,δ A

(m)
δ,a A

(m)
δ,γ A

(m)
δ,b

A
(m)
a,λ A

(m)
a,δ A

(m)
a,a A

(m)
a,γ A

(m)
a,b

A
(m)
γ,λ A

(m)
γ,δ A

(m)
γ,a A

(m)
γ,γ A

(m)
γ,b

A
(m)
b,λ A

(m)
b,δ A

(m)
b,a A

(m)
b,γ A

(m)
b,b

 ,

so that it acts is defined on x(m) = (λ, δ, a(m), γ, b(m)) ∈ R6m+3. Thus we define A as

(4.20) A =


Aλ,λ Aλ,δ Aλ,a Aλ,γ Aλ,b
Aδ,λ Aδ,δ Aδ,a Aδ,γ Aδ,b
Aa,λ Aa,δ Aa,a Aa,γ Aa,b
Aγ,λ Aγ,δ Aγ,a Aγ,γ Aγ,b
Ab,λ Ab,δ Ab,a Ab,γ Ab,b

 ,

where the action of each block of A is finite (that is they act on x(m) = Π(m)x only)
except for the two diagonal blocks Aa,a and Ab,b which have infinite tails. More
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explicitly, for each j = 1, 2, 3,

((Aa,aa)j)n =

{(
(A

(m)
a,a πm3 a)j

)
n

for n = 0, . . .m− 1,
1

2n (aj)n for n ≥ m,

((Ab,bb)j)n =

{(
(A

(m)
b,b π

m
3 b)j

)
n

for n = 0, . . .m− 1,
1

2n (bj)n for n ≥ m.

Having defined the operators A and A†, we are ready to define the bounds Y0, Z0,
Z1 and Z2 (satisfying (4.12), (4.13), (4.14) and (4.15), respectively), required to built
the radii polynomial defined in (4.16).

4.2. Y0 bound. Denote by x̄ = (λ̄, δ̄, ā, γ̄, b̄) ∈ X the numerical approximation
with ā = (ā1, ā2, ā3) ∈ (`1ν)3 and b̄ = (b̄1, b̄2, b̄3) ∈ (`1ν)3. Recalling the definition of
f in (3.6) (which involves the convolutions in (3.3)) and the definition of g in (4.3)
(which involves the convolutions in (4.4)), one has that

(I − ιm+1πm+1)f1(ā) = 0 ∈ `1ν ,
(I − ι2m−1π2m−1)f2(δ̄, ā, λ̄) = 0 ∈ `1ν ,

(I − ι3m−2π3m−2)f3(ā) = 0 ∈ `1ν ,
(I − ιm+1πm+1)g1(b̄) = 0 ∈ `1ν ,

(I − ι2m−1π2m−1)g2(λ̄, ā, γ̄, b̄) = 0 ∈ `1ν ,
(I − ι3m−2π3m−2)g3(ā, b̄) = 0 ∈ `1ν .

This result follows from the fact that the product of p trigonometric functions of degree
m−1 is a trigonometric function of degree p(m−1), and the n entry of the Chebyshev
map fj (resp. gj) has entries of the form (cj)n+1− (cj)n−1 (resp. (dj)n+1− (dj)n−1).
Using that information, one concludes that only finitely many entries of F (x̄) are
non-zeros, and therefore the computation of the bound Y0 satisfying

(4.21) ‖AF (x̄)‖X ≤ Y0

is a finite computation that can be performed using interval arithmetic (INTLAB in
our case, see [30]).

4.3. Basic functional analytic background. In this section we present some
elementary functional analytic background used to computing the bounds Z0 and Z1.

For an infinite sequence of real numbers a = {an}n≥0, and ν > 1, we defined

‖a‖ν
def
= |a0|+ 2

∑
n≥1

|an|νn =
∑
n≥0

|an|ωn,

where

ωn
def
=

{
1, n = 0,

2νn, n ≥ 1.

The dual norm of ‖ · ‖ν is

‖a‖∞,ν−1
def
= sup

n≥0

|an|
ωn

,
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and the set

`∞,ν−1
def
=
{
{an}n≥0 : ‖a‖∞,ν−1 <∞

}
,

is a Banach space.
We have the following known results (e.g. see [20]),

Lemma 4.2. If a ∈ `1ν and c ∈ `∞ν−1 , then∣∣∣∣∣∣
∑
n≥0

cnan

∣∣∣∣∣∣ ≤ ‖c‖∞,ν−1‖a‖ν .

Lemma 4.3. Given ν ≥ 1, k ∈ Z and a ∈ `1ν , the function lka : `1ν → C defined by

lka(h)
def
= (a ∗ h)k =

∑
k1+k2=k

ak1hk2 , h ∈ `1ν ,

is a bounded linear functional, and

(4.22) ‖lka‖ = sup
‖h‖ν≤1

∣∣lka(h)
∣∣ ≤ sup

j∈Z

|ak−j |
ν|j|

<∞.

Fix a truncation mode to be m. Given h ∈ `1ν , set

h(m) def
= (h0, h1, · · · , hm−1, 0, 0, . . .) ∈ `1ν ,

h(∞) def
= h− h(m) ∈ `1ν .

Corollary 4.4. Let N ∈ N and let ᾱ = (ᾱ0, ᾱ1, · · · , ᾱN , 0, 0, . . .) ∈ `1ν . Suppose

that 0 ≤ k < m and define l̂kᾱ ∈ `∞ν−1 by

l̂kᾱ(h)
def
= (ᾱ ∗ h(∞))k =

∑
k1+k2=k

ᾱk1
h

(∞)
k2

.

Then, for all h ∈ `1ν such that ‖h‖ν ≤ 1,

(4.23)
∣∣∣l̂kᾱ(h)

∣∣∣ ≤ Ψk(ᾱ)
def
= max

j=m,...,k+m−1

(
|ᾱk−j + ᾱk+j |

2νj

)
.

Proof. Notice that

l̂kᾱ(h) = (ᾱ ∗ h(∞))k =
∑
|k2|≥m

ᾱk−k2hk2 =
∑
k2≥m

(ᾱk−k2 + ᾱk+k2)hk2 =
∑
j≥0

cjhj ,

where

cj
def
=

{
ᾱk−j + ᾱk+j , if j ≥ m,
0, if 0 ≤ j ≤ m.

Since ᾱk = 0 for all |k| > N , we use (4.22) to obtain

∣∣lkᾱ(h)
∣∣ ≤ sup

j≥0

|cj |
ωj
≤ max
j=m,...,k+m−1

|ᾱk−j + ᾱk+j |
2νj

= Ψk(ᾱ).
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4.4. Z0 bound. We aim at computing a bound Z0 satisfying (4.13). Let B
def
=

I −AA†, which we denote block-wise by

B =


Bλ,λ Bλ,δ Bλ,a Bλ,γ Bλ,b
Bδ,λ Bδ,δ Bδ,a Bδ,γ Bδ,b
Ba,λ Ba,δ Ba,a Ba,γ Ba,b
Bγ,λ Bγ,δ Bγ,a Bγ,γ Bγ,b
Bb,λ Bb,δ Bb,a Bb,γ Bb,b

 .

Note that the tails of B vanish by the definition of the diagonal tails of A and A†.
We can compute the bound

Z
(α)
0

def
=


∑

α̃∈{λ,δ,γ}

∣∣∣Bα,α̃∣∣∣ + ∑
α̃∈{a1,a2,a3,

b1,b2,b3}

‖Bα,α̃‖∞,ν−1 α ∈ {λ, δ, γ},

∑
α̃∈{λ1,λ2,λ3,
α1,...,αn−1}

‖Bα,α̃‖ν +
∑

α̃∈{a1,a2,a3,
b1,b2,b3}

max
s=0,...,m−1

1

ωs

∑
`=0,...,m−1

∣∣∣∣(Bα,α̃)`,s
∣∣∣∣ω` α∈{a1,a2,a3,

b1,b2,b3}.

letting

(4.24) Z0
def
= max

{
Z

(α)
0 : α ∈ {λ, δ, γ, a1, a2, a3, b1, b2, b3}

}
,

by construction we get that

‖I −AA†‖B(X) ≤ Z0.

4.5. Z1 bound. For any h ∈ B1(0) ⊂ X, let

z
def
= [DF (x̄)−A†]h ∈ Y.

Denote

(4.25)
h = (hλ, hδ, ha1 , ha2 , ha3 , hγ , hb1 , hb2 , hb3),

z = (zλ, zδ, za1 , za2 , za3 , zγ , zb1 , zb2 , zb3).

Note that

zλ = 0, zδ = 2
∑
`≥m

(ha1)`, zγ = 2
∑
`≥m

(hb1)`.

Moreover, for j = 1, 2, 3, we have

(zaj )n =

2
∑
`≥m

(−1)`(haj )`, n = 0

(Tψaj )n, 0 < n

,

where

(ψaj )n
def
=



{
0, 0 < n < m

(ha2
)n, n ≥ m

, j = 1{(
2λ̄ā3h

(∞)
a3

)
n
, 0 < n < m(

2λ̄ā3ha3
+ ā2

3hλ
)
n
, n ≥ m

, j = 2{
−
(

2ā2ā3h
(∞)
a3 + ā2

3h
(∞)
a2

)
n
, 0 < n < m

−
(
2ā2ā3ha3

+ ā2
3ha2

)
n
, n ≥ m

, j = 3.
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Similarly, for j = 1, 2, 3, we have

(zbj )n =

2
∑
`≥m

(−1)`(hbj )`, n = 0

(Tψbj )n, 0 < n

where

(ψbj )n
def
=



{
0, 0 < n < m

(hb2
)n, n ≥ m , j = 1


2λ̄

(
ā3h

(∞)
b3

+ b̄3h
(∞)
a3

)
n
, 0 < n < m(

2λ̄(ā3hb3
+ b̄3ha3

) + 2ā3 b̄3hλ

)
n
, n ≥ m

, j = 2


−
(

2ā3 b̄3h
(∞)
a2

+ 2(ā3 b̄3 + ā2 b̄3)h
(∞)
a3

+ (ā2
3 + 2ā2ā3)h

(∞)
b3

)
n
, 0 < n < m

−
(
2ā3 b̄3ha2 + 2(ā3 b̄2 + ā2 b̄3)ha3 + ā2

3hb2
+ 2ā2ā3hb3

)
n
, n ≥ m

, j = 3.

Using Corollary 4.4, for each n = 0, . . . ,m, we can easily compute upper bounds
ψ̂aj , ψ̂bj ≥ 0 such that

|(ψaj )n| ≤ (ψ̂aj )n and |(ψbj )n| ≤ (ψ̂bj )n, for all n = 0, . . . ,m.

More explicitly, we set (ψ̂a1 )n = (ψ̂b1)n = 0 for n = 0, . . . ,m, and

(ψ̂a2
)n = 2|λ̄|Ψn(ā3),

(ψ̂a3)n = 2Ψn(ā2ā3) + Ψn(ā2
3),

(ψ̂b2)n = 2|λ̄|
(
Ψn(ā3) + Ψn(b̄3)

)
,

(ψ̂b3)n = 2Ψn(ā3b̄3) + 2Ψn(ā3b̄2 + ā2b̄3) + Ψn(ā2
3) + 2Ψn(ā2ā3).

Using these bounds, for n = 0, . . . ,m − 1, we compute (ẑaj )n and (ẑbj )n such that
|(zaj )n| ≤ (ẑaj )n and |(zbj )n| ≤ (ẑbj )n. More explicitly, for each j = 1, 2, 3, set

(ẑaj )0 = (ẑbj )0 =
1

ν
,

and
(ẑaj )n

def
= (|T |ψ̂aj )n (ẑbj )n

def
= (|T |ψ̂bj )n,

for n = 1, . . . ,m − 1, where |T | represents the operator with entries given by the
component-wise absolute values of the entries of T . Moreover, set

ẑλ
def
= 0, ẑδ =

1

ν
, ẑγ =

1

ν
.

Recall that z
def
= [DF (x̄)−A†]h. Denote w = Az and

w = (wλ, wδ, wa1
, wa2

, wa3
, wγ , wb1 , wb2 , wb3).

Thus, for each α ∈ {a1, a2, a3, b1, b2, b3}, we have the estimate

‖wα‖ν =

m−1∑
n=0

∣∣∣∣((A(m)z(m)
)
α

)
n

∣∣∣∣ωn +
∑
n≥m

1

2n
|(wα)n|ωn

≤
m−1∑
n=0

((
|A(m)|ẑ(m)

)
α

)
n
ωn +

1

2m

∑
n≥m

|(Tψα)n|ωn

≤ z(1)
α

def
=

m−1∑
n=0

((
|A(m)|ẑ(m)

)
α

)
n
ωn +

1

2m
‖T‖B(`1ν)ψ̂

(∞)
α ,
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where

ψ̂(∞)
α

def
=


2λ̄‖ā3‖ν + ‖ā2

3‖ν , α = a2

2‖ā2ā3‖ν + ‖ā2
3‖ν , α = a3

2λ̄(‖ā3‖ν + ‖b̄3‖ν) + 2‖ā3b̄3‖ν , α = b2

2‖ā3b̄3‖ν + 2‖ā3b̄2 + ā2b̄3‖ν + ‖ā2
3‖ν + 2‖ā2ā3‖ν , α = b3.

Therefore, we set

(4.26) Z1 = max
{
z

(1)
λ , z

(1)
δ , z(1)

a1
, z(1)
a2
, z(1)
a3
, z(1)
γ , z

(1)
b1
, z

(1)
b2
, z

(1)
b3

}
,

where

z
(1)
λ

def
=
(
|A(m)|ẑ(m)

)
λ
, z

(1)
δ

def
=
(
|A(m)|ẑ(m)

)
δ
, z(1)

γ
def
=
(
|A(m)|ẑ(m)

)
γ
.

4.6. Z2 bound. We look for a bound Z2 in (4.15) such that

‖A[DF (x̄+ z)−DF (x̄)]‖B(X) ≤ Z2r, ∀ z ∈ Br(0).

Let z ∈ Br(0) and h ∈ B1(0) (which we denote component-wise as in (4.25)), and
denote

w = w(z, h)
def
= (DF (x̄+ z)−DF (x̄))h.

Note that wλ = wδ = wγ = 0, wa1
= wb1 = 0 ∈ `1ν . Moreover, for each α ∈

{a2, a3, b2, b3}, we have wα = Tŵα with

ŵa2
= 2ā3hλza3

+ 2ha3
λ̄za3

+ hλz
2
a3

+ 2ā3ha3
zλ + 2ha3

za3
zλ,

ŵa3
= −2ā3ha3

za2
− 2ā3ha2

za3
− 2ā2ha3

za3
− 2ha3

za2
za3
− ha2

z2
a3
,

ŵb2 = 2b̄3hλza3
+ 2hb3 λ̄za3

+ 2ā3hλzb3 + 2ha3
λ̄zb3

+ 2hλza3
zb3 + 2b̄3ha3

zλ + 2ā3hb3zλ + 2hb3za3
zλ + 2ha3

zb3zλ,

ŵb3 = −2b̄3ha3
za2
− 2ā3hb3za2

− 2b̄3ha2
za3
− 2b̄2ha3

za3
− 2ā3hb2za3

− 2ā2hb3za3 − 2hb3za2za3 − hb2z2
a3
− 2ā3ha3zb2 − 2ha3za3zb2

− 2ā3ha2zb3 − 2ā2ha3zb3 − 2ha3za2zb3 − 2ha2za3zb3 .

Thus

‖ŵa2
‖ν ≤

(
4‖ā3‖ν + 2|λ̄|+ 3r

)
r,

‖ŵa3
‖ν ≤ (4‖ā3‖ν + 2‖ā2‖ν + 3r) r,

‖ŵb2‖ν ≤
(
4‖b̄3‖ν + 4‖ā3‖ν + 4|λ̄|+ 6r

)
r,

‖ŵb3‖ν ≤
(
4‖ā2‖ν + 2‖b̄2‖ν + 4‖b̄3‖ν + 8‖ā3‖ν + 9r

)
r.

Note that ‖T‖B(`1ν) ≤ 2ν, because

‖Th‖ν = 2
∑
j≥1

| − hj−1 + hj+1|νj ≤ ν

2
∑
j≥1

|hj−1|νj−1

+
1

ν

2
∑
j≥1

|hj+1|νj+1


= ν (|h0|+ ‖h‖ν) +

1

ν
(‖h‖ν − 2|h1| − |h0|)

=

(
ν +

1

ν

)
‖h‖ν +

(
ν − 1

ν

)
|h0| −

2

ν
|h1|

≤
(
ν +

1

ν

)
‖h‖ν +

(
ν − 1

ν

)
‖h‖ν = (2ν)‖h‖ν .
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Fix r∗ ≥ r (a condition that needs to be checked a posteriori), and set

z(2)
a2

def
= 4‖ā3‖ν + 2|λ̄|+ 3r∗,

z(2)
a3

def
= 4‖ā3‖ν + 2‖ā2‖ν + 3r∗,

z
(2)
b2

def
= 4‖b̄3‖ν + 4‖ā3‖ν + 4|λ̄|+ 6r∗,

z
(2)
b3

def
= 4‖ā2‖ν + 2‖b̄2‖ν + 4‖b̄3‖ν + 8‖ā3‖ν + 9r∗.

Under these assumptions, we can verify that

‖A[DF (x̄+ z)−DF (x̄)]‖B(X) ≤ ‖A‖B(X)‖T‖B(`1ν) max
α∈{a2,a3,b2,b3}

{‖ŵα‖ν} .

Therefore, we can set

(4.27) Z2
def
= 2ν‖A‖B(X) max

(
z(2)
a2
, z(2)
a3
, z

(2)
b2
, z

(2)
b3

)
,

where the computation of ‖A‖B(X) is obtained with the same approach in Section 4.4.

4.7. Proof of Theorem 1.2. We fix m = 65 and obtain (using Newton’s
method) a numerical approximation x̄ ∈ R6m+3 = R393 such that F (m)(x̄) ≈ 0.
We fixed ν = 1.05, and combining the explicit and computable bounds Y0, Z0, Z1 and
Z2 given respectively by (4.21), (4.24), (4.26) and (4.27), we defined the radii poly-
nomial p(r) as in (4.16) and applied the radii polynomial approach of Theorem 4.1
to show that p(r0) < 0 with r0 = 5.7 × 10−12. This yields the existence of a unique
x̃ ∈ Br0(x̄) ⊂ X such that F (x̃) = 0. This rigorous error bound implies the proof of
Theorem 1.2. The graph of the solution is portrayed in Figure 1.

Choosing the values for m and ν is heuristic, non unique and done essentially so
that the bound Z1 satisfies Z1 < 1 (this is indeed a necessary condition for (4.17) to
hold for some r0 > 0). Recalling (4.26), and the definition ẑδ = ẑγ = 1

ν , it is clear that
Z1 < 1 only if ν > 1. However, it cannot be taken too large as the solution itself may
not have enough regularity to be in the space `1ν . Also, taking ν > 1 provides decay in
the bound Ψk(ᾱ) in (4.23). Finally the choice of m needs to be large enough so that

the defect bound Y0 is small enough and so that the tail terms 1
2m‖T‖B(`1ν)ψ̂

(∞)
α in the

definition of z
(1)
α are less than 1. While other choices would have worked, we found

that the choice m = 65 and ν = 1.05 yielded the best rigorous error bound possible
in that of r0 = 5.7× 10−12.

5. Conclusion. In this paper, we studied a particular one-dimensional model
for a microelectrical device in equation (1.1). This equation forms part of a wide
range of Hamiltonian PDEs modeling physical phenomena such as the nonlinear wave
equation, the nonlinear Schrödinger equation, beam’s equation, and Euler’s equation
and its multiple approximations appearing in water waves. All these Hamiltonian
PDEs exhibit trivial or steady solutions, and near these steady solutions there are
periodic and quasiperiodic solutions. However, proving existence of such solutions
exhibits a small divisor problem unless one imposes a special relation between the
period and the domain of the equation. In that case the equation can be solved
with a Lyapunov-Schmidt procedure by separating the equation into the kernel and
range equation. Even if the small divisor problem can be avoided, there are other
mathematical difficulties associated to the existence of periodic solutions such as the
lack of compactness of the linearized operator for the range equation or the infinite
dimension of the kernel equation.
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Equation (1.1) has a family of stable steady states (uλ, λ) for λ ∈ [0, λ∗]. In
this paper, we proved the existence of an infinite number of continuous branches of
periodic solutions arising from the steady solution uλ. The local branches have fixed
periods satisfying a rational relation with the space length and arise from uλ for
bifurcation values λ ∈ [0, λ∗]. In order to tackle the difficulties associated to prove
this fact we used a combination of analytic estimates and computer-assisted proofs.
We also introduced a systematic setting to compute numerically these branches of
solutions.

The specific features of equation (1.1) imply that the set of bifurcation values λ is
not only infinite, but actually it is a dense subset of parameters in [0, λ∗]. Moreover,
in the complement of the dense set of [0, λ∗], KAM theory for Hamiltonian PDEs may
be used to prove the existence of periodic solutions for a subset of almost full measure
of [0, λ∗]. However, in such case the periods must satisfy some Diophantine relations
and the periodic solutions form cantor-like sets, that is they do not form continuous
families as in our results.

We finish our conclusion by mentioning some of the possible extensions of our
work:

1. The methods presented here can be used to solve similar problems in other
Hamiltonian PDEs. In particular, the same procedure can be implemented
to prove the existence of periodic solutions in the equation of MEMS with
other dielectric permitivity properties f(x) 6= 1 or for other nonlinear wave
equations of the form utt − uxx = f(x, u).

2. In order to prove our result, in Section 4 we implement a computer-assisted
proof to validated the steady solution uλ∗ at critical value λ∗. Actually, the
numerical setting in Sections 3.1 and 3.2, and the methods of Section 4 can be
used to validate also the trivial branch uλ and its spectrum (eigenfunctions
and eigenvalues). Furthermore, similar procedures can be used to validate
also radial steady solutions for the nonlinear equation in more dimensions

∆u = λf(u), u∂B = 0,

with analytic nonlinearities such as f(u) = up or f(u) = eu (e.g. see [3]).
3. Unfortunately, there are no readily available methods to validate numerically

the periodic solutions obtained in Section 3.3. The problem is that the inverse
of the hyperbolic operator L is only bounded but not compact. Indeed, the
methods of Section 4 depend strongly on the compactness of the inverse oper-
ators to validated the numerical solutions, because the compactness allows to
obtain estimates for the Galerkin approximation or truncation of the linear
operators. Further research and new ideas are required to validate rigorously
the numerical computations of the periodic solutions.
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[15] C. Garćıa-Azpeitia. Standing waves in a counter-rotating vortex filament pair. J. Differential
Equations, 264(6):3918–3932, 2018.

[16] N. Ghoussoub and Y. Guo. On the partial differential equations of electrostatic MEMS devices:
stationary case. SIAM J. Math. Anal., 38(5):1423–1449, 2006/07.
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