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SMALL DATA GLOBAL REGULARITY FOR 3-D ERICKSEN-LESLIE’S HYPERBOLIC
LIQUID CRYSTAL MODEL WITHOUT KINEMATIC TRANSPORT

JIAXTI HUANG!, NING JTIANG?, YI-LONG LUO?, AND LIFENG ZHAO*

ABSTRACT. In this article, we consider the Ericksen-Leslie’s hyperbolic system for incompressible liquid
crystal model without kinematic transport in three spatial dimensions, which is a nonlinear coupling of in-
compressible Navier-Stokes equations with wave map to S®. Global regularity for small and smooth initial
data near the equilibrium is proved. The proof relies on the idea of space-time resonance.

1. INTRODUCTION

The hydrodynamic theory of incompressible liquid crystals was established by Ericksen [3}[5,6] and
Leslie [16,[17] in the 1960’s (see also Section 5.1 of [22] ). The general Ericksen-Leslie’s system consists
of the following equations of the velocity field u(x,t) € R3 and the orientation field d(z,t) € S?, and
(z,t) e R3 x R*:

Ou+u-Vu+Vp=-div(Vd o Vd) + dive,
(1.1) ) divu =0,
pd=Ad+Td+ \(d+ Bd) + \Ad.

For the detailed derivation of (II)) from the original form of Ericksen-Leslie’s formulation, see, for exam-
ple [13].

In the above system, p; > 0 is the inertial constant, and the superposed dot denotes the material derivative
O +u-V,and

A=1(Vu+VTu), B=3(Vu-vTu),

represent the rate of strain tensor and skew-symmetric part of the strain rate, respectively. We also define
N =d+ Bd as the rigid rotation part of director changing rate by fluid vorticity. Here A;; = %(@-ui +0;u;),
B;j = £(0ju; = 0yu;), (Bd); = Byidy, and (Vd © Vd);; = 9;dy0;dy,. The stress tensor & has the following

2
form:

(12) &ji = I/ldkAkpdpdidj + I/deNi + V3diNj + I/4Aij + I/5Aikdkdj + VﬁdiAjkdk .

These coefficients v;(1 < ¢ < 6) which may depend on material and temperature, are usually called Leslie
coefficients, and are related to certain local correlations in the fluid. Usually, the following relations are
frequently introduced in the literatures [3.[16,28].

(13) )\1:V2—I/3, )\2:V5—I/6, Vo + V3 =Vg— V5.

The first two relations are necessary conditions in order to satisfy the equation of motion identically, while
the third relation is called Parodi’s relation, which is derived from Onsager reciprocal relations expressing
the equality of certain relations between flows and forces in thermodynamic systems out of equilibrium.
Under Parodi’s relation, we see that the dynamics of an incompressible nematic liquid crystal flow involve
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five independent Leslie coefficients in (L2). Furthermore, in (LI)), the Lagrangian multiplier I is (which
ensures the geometric constraint |d| = 1):

(1.4) T = —py|dP + |Vd|> = X\pd" Ad..
We remark that the last two terms in the third equation of (L.I) is the so-called kinematic transport, i.e.
(1.5) 9= (d+ Bd)+ X Ad,

which represents the effect of the macroscopic flow field on the microscopic structure. The material
coefficients A\; and A\, reflect the molecular shape and the slippery part between the fluid and particles.
The first term represents the rigid rotation of the molecule , while the second term stands for the streching
of the molecule by the flow.

Recently, the second and third named authors of the current paper studied in the well-posedness in
the context of classical solutions for the hyperbolic case, i.e. p; > 0. More precisely, in under some
natural constraints on the Leslie coefficients which ensure the basic energy law is dissipative, they proved
the local-in-time existence and uniqueness of the classical solution to the system (I.I) with finite initial
energy. Furthermore, with an additional assumption on the coefficients which provides a damping effect,
i.e. A\; < 0, and the smallness of the initial energy, the unique global classical solution was established.
Here we remark that the assumption A\; < 0 plays a crucial role in the global-in-time well-posedness.

Cai-Wang [2]] recently made progress for the simplied Ericksen-Leslie system, namely, the case with
v; = 0,0 =1,-,6, 4 # 4. They proved the global regularity of (I.I) near the constant equilibrium by
employing the vector field method.

In the current paper, we consider the more general case: still 1, = 3 =0 and v, > 0, but v5 = vg > -1y,
and vy > —2(v4 +v5). Of course, from (L3)), we still have \; = A\, = 0, i.e. the kinematic transport vanishes.
The aim of this paper is to prove the global regularity of this more general case (but still special, comparing
to the most general case, say, (I2)) and (I3)) near the constant equilibrium (u,d) = (0,7). More precisely,
we study the Ericksen-Leslie’s hyperbolic liquid crystal model in the following form:

du+u-Vu+Vp = 4Au-div(vd © Vd) +divo,
(1.6) divu =0,
d-Ad = (<|dP + |vd])d.
on R3 x R* with the constraint |d| = 1, where

Oj; = I/ldkdpAkpdidj + 1/5(djdkAki + dzdkAk]) .

1.1. Historical remarks. Important special case of (ILI) p1 = 0,A\; = -1 is the so-called parabolic
Ericksen-Leslie system, which has been extensively studied from the mid 80’s.The static analogue of
the parabolic Ericksen-Leslie’s system is the so-called Oseen-Frank model, whose mathematical study
was initialed from Hardt-Kinderlehrer-Lin [[11]]. Since then there have been many works in this direction.
In particular, the existence and regularity or partial regularity of the approximation (usually Ginzburg-
Landau approximation as in [19]) dynamical Ericksen-Leslie’s system was started by the work of Lin and
Liu in [19], [20] and [21]]. The simplest system preserving the basic energy law which can be obtained
by neglecting the Leslie stress and by specifying some elastic constants. In 2-D case, the existence of
global weak solutions with at most a finite number of singular times were proved by Lin-Lin-Wang [[18]].
Recently, Lin and Wang proved global existence of weak solution for 3-D case with the initial director
field lying in the hemisphere in [23]].
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For the more general parabolic Ericksen-Leslie’s system, local well-posedness is proved by Wang-
Zhang-Zhang in [26]], and existence of global solutions and regularity in R? was established by Huang-
Lin-Wang in [12]. For more complete review of the works for the parabolic Ericksen-Leslie’s system,
please see the references therein above.

If p; > 0, (LI) is an incompressible Navier-Stokes equations coupled with a wave map type system
for which there is very few works, comparing the corresponding parabolic model, which is Navier-Stokes
coupled with a heat flow. The only notable exception might be for the most simplified model, say, in (LI)),
taking & = 0 and u = 0, and the spatial dimension is 1. For this case, the system (L.I) can be reduced to
a so-called nonlinear variational wave equation. Zhang and Zheng studied systematically the dissipative
and energy conservative solutions [29,30].

For the multidimensional case, there has been some progress on the hyperbolic system of liquid crystal.
Very recently, De Anna and Zarnescu [4] considered the inertial Qian-Sheng model of liquid crystals.
They derived the energy law and proved the local well-posdedness for bounded initial data and global
well-posedness under the assumptions that the initial data is small in suitable norm and the coefficients
satisfy some further damping property. Furthermore, for the inviscid version of the Qian-Sheng model,
in [7], Feireisl-Rocca-Schimperna-Zarnescu proved the global existence of the dissipative solution which
is inspired from that of incompressible Euler equation defined by P-L. Lions [24].

1.2. The main theorem. To state our main theorem, we need some notations. Define the perturbed
angular momentum operators by

QZ‘U = QZU + Aiu, Qld = Qld,
where Q = (21,9, §23) is the rotation vector-field €2 = z A V and A, is defined by

0 0 0 0 0 -1 0 10
A= 0 0 1|, A,=1 0 0 0 |, A3=]1 -1 0 O
0 -1 0 10 0 0 00

We define the scaling vector-field S by
S = tat + L@x

it

Let o
[ e{0;,01,04,03,1,0,03}
and Z = SmT% where a = (a;,a’) := (a1, as,+,ag) € Z8, 9 = ['®2T'es...'% we define
uw® = Z%, d@ = Z%.

The main result of this paper is as follows:
Theorem 1.1. Assume that Ny := 60, Ny := 6, h := 6, the fixed coefficients vy, v, and vs satisfy
(1.7) vy >0, 1 >-2(vy +v3), Vs > -1y,
and (ug, dy, dv) are initial data near equilibrium (0,1,0) satisfying the smallness assumptions

(1.8) sup {us™ | v + [V | + A | gnen } < eo,

|a <N;

where N(a) = Ny — |a|h for 0 < |a] < Ny. Then there exists a unique global solution (u,d) of the system
(L.6) with initial data
U(O) = Uo, d(O) = d07 8td(0) = d17
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satisfies the energy bounds

sup sup {[u' (1) v + | VU 2o arvin} + SUp [Vewd(t) [ v § 6o,
0<t<T |a|<Ny 0<t<T

sup sup |V;.d ()| gxw S eo(1+T)°.

0<t<T 1<|al< Ny

forany T € [0, 00), where 6 < 10°7 depends on €y, Ny, Ny, V1, vy, and vs.

Remark 1.2. (i) Even though only the case vy, vs > 0 was considered in [15)], their local wellposedness
results for small data hold true when vy or vs is negative.

(ii) We don’t intend to get optimal regularity, hence we choose Ny, N and h sufficiently large just for
convenience. In fact, the regularity index may be lowered.

To understand the stress tensor dive and the term (—|d|? + |[Vd|?)d more clearly, we introduce the polar
coordinates ¢, ¢o. Precisely, ¢, represents the angle between x-axis and projection of d onto x — y plane
and ¢, represents the angle between d and = — y plane, namely

(1.9) d = (cos ¢1 oS ¢g, Sin ¢q COS Po, Sin Py).

Then by the orientation d near 7, we know that the angles ¢, ¢ are near 0. Now the systerm (L.6) can be
rewritten as the (u, ¢)-system:

Ou+ Lu=—-u-Vu—-Vp- 0;(Vo-0;¢0) +V® (¢p®Vu)+ Errll + Errl2,
(1.10) divu = 0,
2p-Np=-0u-Vo—-2u-Voo—u-V(u-Vep)+ Err2

where the second order linear operator L is defined by

Lu:= —%Au - (%Aul (1 +v5) 0, %(@%W + 01Daur), %(afug + 0105w,

the quadratic terms are

a2(14116151) + a:’,(/1116152) + 251(6151/112 + ¢2A13)
Ve (¢®Vu) =1 01 (A1)
31(1411@52)

O2(1A11) + 03(p2A11) + 01 (P1 A9 + P2 Aszy) + 0j(Pp1Azj + P2 As;)
+ Vs 82(¢1A12) + a3(€Z52Al2) + a1(6151/122 + ¢2A32) + aj(¢1Alj) )
02 (P1A13) + 03(P2A13) + 01 (D1 Asg + P2 Asz) + 0; (P2 Ay)

and the error terms are
Err1l = (Errlly, Errlly, Errlls)", Errl2:=0;(sin® oV 0;¢1),

Err2 = (2tan ¢2(d1o — Vo1 Ves), % sin 202 (|1 > + [V [*)T,
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where

Errll; =110;(Ag [01(<b181 + ¢200)* (didpd;d;) (51, 5¢2) (1 = s)ds)
050y [ (101 + 002 (dy) (561, 502) (1 = )1ds)
vty (A [ (6100 6o (i) (561, 562)(1 - )ds).

We refer the readers to the appendix for details.
Now it suffices to consider the system (I.10). For simplicity, we denote

6 = 7%,
We establish the following result:

Theorem 1.3. With the notation and hypothesis in Theorem[[ ] the initial data (uo, ¢; 0, 1) satisfies

2
(1.11) sup {1u$? | nr + DUV ner + 1657 | veer) } < eo.
al<N1 7=1

Then there exists a unique global solution (u, @) of the system ([ 10) with initial data
U(O) = Uy, ¢](0) = ¢j,07 at¢](0) = ¢j,1af0rj = 1a 27
satisfies the energy bounds

sup_sup {|u®) () e + 1Va 2o v} + 9P [Vied (Ol $ e,
0<t<T |a|<Ny 0<t<T

sup sup_ | Veod ()| v S co(1+T)°,
0<t<T 1<|al<Ny

forany T € [0, 00), where § < 1077 depends on €y, Ny, Ny, v, vy, and vs.

1.3. Mainideas. The main strategy to prove global regularity relies on an interplay between the control of
high order energies and decay estimates, which is based on the method of space-time resonances developed
by Germain, Masmoudi and Shatah [8H10]. The main ingredients include decay estimates, energy and
weighted energy estimates and L?-bounds on the derivatives of profile U=F (e~VI®) associated with
normalized solution ¢ = 0,¢ + i|V|¢. However, there are still some difficulties to get around.

In the proof of the Theorem m we need various decay estimates of u. However, for the decay of u,
the presence of linear operator L coming from divo brings the first difficulty. In order to get around the
difficulty, we introduce the vector v and diagonalize the u-equation, i.e

1.12 v=Uu:=(u —i%s Uo + —i03 U —i03 Uo + 102 u2).
(112 ( bz 0 \Jem-az O \[oz-a2 0 \J-oi-o2 2)

Then the system (LI10) can be further rewritten as

3

Oy + Lv =TUP(-Uv - VUv - Y 9;(V9d;0) + V& (¢ ® Vu) + Errll + Errl2),
=1

(1.13) dive =0,

D2p—Adp=-0u-Vo—-2u-Vod—u-V(u-vVo)+ Err2
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where P is the Leray projection and L is the operator

vy + Us 0%(03 + 02) vy + Us 0%(03 + 02) vy
- Avy +v v, — Avg + 1 ——=—209, (——
5 1+ VP 1 5 2+ U] VP 2, ( 5

Thus we can obtain the linear decay estimates of e~*%, which will be used for the decay of v.

(1.14) Lo:=( A—%a%)ug)T.

Remark 1.4. The coefficients condition (L7) is used to ensure that the above v-equation is a parabolic
equation. Note that the system (LI0) is a quasilinear parabolic-hyperbolic system with dissipation and
dispersion effects. Moreover, it is the dissipation of v that ensures the boundedness of the higher order
energies of v which will be used for the higher order energy estimates of ¢. In fact, the global existence of
the system (L_L0) will be tremendously difficult without dissipation effect.

In the proof of the decay of v, the quadratic term V ® (¢ ® Vu) coming from divo brings the second
difficulty. In fact, due to the presence of the quadratic term, the argument for the decay of v is not closed
if we only use the decay of heat semi-group e~ and bootstrap assumptions. Here, we have to exploit the
decay of ¢ in L*° and V?u in L2.

In proving the energy and weighted energy estimates and L2-bounds on the derivatives of profile U, the
quadratic term u - VJ;¢ which comes from the second order material derivative term (J; + u - V)?¢ brings
the third difficulty. More precisely, since the decays of u and V¢ are not good enough, we ultilize the
structure of the quadratic term to gain more decay. To get around the difficulty, we define the normalized
solution ® and its associated profile by

D= 0,0 +1i|V|p, U= VP,
We write Duhamel’s formula in Fourier space for the profile W as follows:
T =B+ Y [ [ e hate - )in®, (n)dnds
ve{+,—-} 0 R

where W, = ¥, U_ = . Then from the phase |£| - v/|n| we know that the time resonant sets are

T ={(&n) &l =Inl =0}, T ={(&n) : [g] +[nl = 0} = {(0,0)},
and space resonant set is
S ={(E&m) : Vy(lElFInl) = 0} = 2.
From this we obtain the space-time resonant set
Hy=T. NS =02.

Then, for weighted energy estimates, by ¢-equation one needs to consider the space-time integrals

(115 [ [ e, )T (€)u (¢ - )Wl (n)decnds,

Hence, by the above resonance analysis, for the contribution of high-low interaction, i.e || ~ | — 1| > |7]
and high-high interaction, i.e |£| < | — 1| » |n|, we may integrate by parts in time and then use the decay
of d,u® and 9,¥(°) to control (LI3). For the contribution of low-high interaction, i.e |¢| ~ || > |€ - 7|,
since the space resonant set . is null, we may use integration by parts in 1 and the decay of | Vu(®) |2
and ®(©) to control the increment of (T.13)
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For the L2-bounds on the derivatives of \17@, by bootstrap assumptions and the following observation
|7 (€[0T @) e S [STD ] e + [QTD ] v + [T v + [0, | v,
it suffices to prove
H&t\ll(a) HHN < Eotflﬂc(a)é.

Since the space-resonant set is empty, we may use integration by parts in 7 to gain the estimate.

1.4. Notations. The set of all Schwartz functions is called a Schwartz space and is denoted S(R?). For
any k € Z, let k* := max(k,0) and k= := min(k,0). For any z € R, denote () := v/1 + 22. For any two
numbers A and B and a absolute constant C', we denote
ASB, Bz A, if A<CB.
Here we will use the following multi-index
(1.16) n:=(a,B,7) € N® and ng € {(1,0,0), (0,1,0),(0,0,1)}.
Denote
|n| =at 5 7, "= 05?3410:(6:20%3'

1.5. Outline. In section 2, we fix notations and state the main bootstrap proposition. We also state several
lemmas, such as dispersive linear bounds, Hardy-type estimate and weighted L> — L? estimate. In section
3, we prove the linear decay estimate first, which is the key lemma to derive the decay estimate of J¢.
Then using the bootstrap assumptions to derive various decay estimates of v = Uu and 9¢.

We then start the proof of the main bootstrap proposition in section 4 and 5, where we obtain improved
energy estimates (2.13) and the L2 bounds (Z.14) on the derivation of \U'.

2. PRELIMINARIES AND THE MAIN PROPOSITIONS

In this section, we start by summarizing our main definitions and notations.

2.1. Some analysis tools. The Fourier transform of f is defined as follows:

FO©=F&)= [ e f(a)da.

We use F~1(f) to denote the inverse Fourier transform of f. Fix an even smooth function ¢ : R — [0, 1]
supported in [-2,2] and equal to 1 in [-1, 1]. For simplicity of notation, we also let ¢ : R? — [0, 1] denote
the corresponding radial function on R3. For any k € Z, I c R, let

or(@) = p(x)28) = p(x/2571), or(x) = ) om(),

melnZ

o) =Y (), por(z) = i),

I<k >k

The frequency projection operator Py, Py, Pe, and P, is defined by the Fourier multiplier ¢ (€), 7 ().
(&) and @1 (), i.e.

Pf(€) = on(©)F(&), Prf(&)=v1(O)F(©),
P f(€) = @ar(€) F(€) and P F(€) = 0ur(€) F(£).

Moreover, we have the following Bernstein inequality: For any k € Z,

1_1
2.1) |Peflia 22672 | Pufllin, 1<p<g<oo.
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Let
J={(k,j)eZxZ,:k+j>0}.

For any (k,7) € J, let
Y p(x), if k+j=0and k<0,

N( )(93) w<o(x), if j=0and k >0,
pj(x), ifk+j>1andj>1,

then for any k € Z fixed, ;5 max(-,0) @gk) = 1. For any (k, j) € J, we define the operator () ;;, by
QN (@) = 3 (2) - Puf (),

and denote
Jin(x) = Proo a1 Qi f ().
Then P, f for fix k € Z can be decomposed as

22)  Pf(2) = PuoopgPof (@) = Puogusy >, @) Pf(2)= Y finla).

j>max(-k,0) j>max(-k,0)

Moreover, for any f € L2(R3) and (k, ) € J, let 5 := 1/1000, we have
(2.3) | el min{ 2272 Qjp f 12, 2772752000 37 Q0% f 12},

laf<1
see Lemma 3.4.].
We state several decay estimates and dispersive estimates.

Lemma 2.1 (Decay estimates). (i) For any Schwartz function f € S(R3), we have

2.4) e 19 Fllwa ST 257072 flljws, 1<p<q<oo.
Proof. By (L], we obtain
Vy I/4+l/ Vy
§|§|2 Bgr - 2¢ 3(522 +&3),
and
1/4+1/5 2, 1/4+V5 21, 5_%_5_%
o €+ €)= (1 2 - )
V4+V5 9 41
> 1,1+ ——1.
> )7 - IIlll’l{ +2(1/4+1/5)}

Then by the above two bounds, we apply a similar argument to decay estimates of heat operator to e~/
and then obtain the bound (2.4).
O

We also need the following Hardy-type estimate involving localization in frequency and space.

Lemma 2.2 (Lemma 3.5, [13]). For f € L?(R3) and k € Z let

[ 2|Qur]”

j>max(-k,0)

3 —_
Fp(f) = Peflze + ;Hsﬁk(ﬁ)a&lf(@HL?, Bi(f):
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Then, for any k € 7Z,
> Fu, ifk>0,
B, < |k'—k|<4 , ’
S B2 R min {1,287k} i k< 0.
k'eZ

Lemma 2.3 (Lemma 2.2, [27)). If f : RS — C and k1, ky € Z, then the following estimate holds:

7 2
H[ f(&,&)et 51”252)9%(51)¢k2(§2)d5152|\L;1 NS > 2" |0 f oo

m=0 j=1

To obtain the energy estimates, one often needs to analyze the symbols. Define a class of symbol as
follows

8% :={m:R® - C, m is continous and | F'm| 1 < oo},
whose associated norms are defined as
[mfls= = |F " ml 1,
and
Imllsg,, ., = 1m(&mer(§)er, (€ =m) @k, (1) s

Then we have
Lemma 2.4 (Bilinear estimate, [14]). Given m € 8% and two well-defined functions fi, f., then the
following estimate holds:

IE ([ me T mRmdn) @)l & lmlse il fole + ==+
P q

By standard Littlewood-Paley decomposition and Holder, we can obtain the following Hardy-type in-
equality.

Lemma 2.5 (Hardy-type inequality). For any 1 < p < oo and two well-defined functions ¢, g2, then the
following estimates holds:

(2.5) l91920l 2 $ 222" [ Pagi el g2l g
k

(2.6) lg1g2lwne S |gilwael gzl + 912 lg2|wws.

Finally, we need to record the following weighted L>° — L? estimate
Lemma 2.6 (Lemma 3.3, [25]). Let f € H*(R?), r =

27 () fli= s S [0, me”2 S|z,

lo|<1 || <2

provided the right hand side is finite.
Lemma 2.7. For any N >0 and Schwartz function f € S(R?), we have

(2.8) |F €IV v S |- T f | +
Proof. This bound is obtained by the relation

[z

where (&) = £ A Ve. O
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2.2. The main bootstrap proposition. By standard argument, after applying vector fields Z to the system
(I.I0) and make a change of unknown
v(@ = Uu®),

we can derive that

O @ + Lo + UPLy (u) = - UP Y Co[u® - vul® +9;(v(S - 1)" IV ¢-0;(S - 1) ¢)]
b+c=a
~UP(S +1)“T70;(¢ ® Vu) + (S +1)1T (Erril + Err12)),
2.9) | divu(® =0,
2P — Ap®) = - Z CP(0u® - v + 20 . v9,¢())

b+c=a

- Z Cou® . v (ul v + (S +2) @) Bri2,
b+cte=a

where L, (u) is the lower order terms from the commutation between S, Q and 0,

Ll(u) = — Z ECél(_l)ariASiFa’u . (LLclU(m)aL2,c2U(02),L3,c3U(03))T,

0<i<ai-1 2

and where L; .. for 1 < j < 3 are second order differential operator,

al al
Cb=—— — (O ——
“bl(a=b)" " blel(a-b-c)!
To state the main proposition we review the normalized solution ® and it’s profile ¥, i.e for |a| < N}
(2.10) D@ = (9, +i|V|)p @, W@ = e VP,

The function ¢ can be recovered from the normalized variable ¢ by the formulas

¢=5|V|"(®-D).

i
Our main result is the following proposition:

Proposition 2.8. Assume that (v, ¢) is a solution to (L13) on some time interval [0,T], T > 1 with initial
data satisfying the assumptions (L11). Assume also that the solution satisfies the bootstrap hypothesis

2.11) sup {0 i) + [ VO | 2o i + ()[R ynw } <
la|<N1 ,t€[0,T]

(2.12) sup ()093 FL(€|0 T @) | vy < €1,
la|<N1-1,te[0,T]

where ¢, = 63/3, 0 =10719,
k(0) =0; k(a) =1, for 1 <la| < Ny - 2; k(a) =2, for Ny —1<|a| < Ny.
N(a) = Ny —l|alh, Ny =60, h=6.
Then the following improved bounds hold

(2.13) sup  {[v ) g + [V | ooy + (80 | v} S €,
|a|<N1,€[0,T7]

(2.14) sup  (t)r(lal+1) |\f-1(|§|85W)|\HN<M+1) < €.
la|<N1-1,te[0,T]
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The bounds (2.12) and (2.14)) are our main L2 bounds on the derivatives of the profile ¥ () in the Fourier
space. They correspond to weighted bounds in the physical space which plays an important role in the
energy estimates.

From the assumption (2.12) and Lemma 2.2 we give the following useful bound.

Corollary 2.9. With the notation and hypothesis in Proposition[2.8 we have for any |a| < Ny - 1,
1/2
(215) Z 22N(|a\+1)k++2k22j HQ]I@\I](G) H%g) / < €1<t>n(\a|+1)5.
(k.g)eT
Proof. The corollary is an easy consequence of Lemma[2.2land (2.12)). Indeed, if k > 0,
+ . 1/2 +
92N (|al+1)k* +2k92; ||ij\11(a) ”%2) S”2N(|a\+1)k +k Z Fk'(‘l’(a))Hzg
(k,5)eTj20,k20 |k'—k|<4

ST grvqaisnn + | F (1[0 @) | grvgoreny
SEl(t)HOaHl)&.

If £ <0, we have

. 1/2
22N(|a\+1)k++2k22] ” ijlll(a) “%2 )
(k,j)eT;j2~k,k<0

$[25 > B (W) 275 F12 min (1, 257F) |
kl

SIS 28 B (W) 22EE 4 57 9 By (U(@) 2002
k'>k k'<k

S[28Fr ()2
<Sey <t>l€(|a‘+1)5.
This completes the proof of the Corollary. U

Once Proposition is proved, Theorem follows directly from the standard continuity argument.
The rest of this paper focuses on the proof of Proposition The key ingredients include Proposition

[4.11{4.3l and Proposition[5.11

3. DECAY OF VELOCITY FIELD AND ORIENTATION FIELD

In this section, we give the various decay estimates of v and ®, which will be useful in the energy
estimates in the next sections.

3.1. Decay of ®. In order for the decay estimates of @, the following frequency localized linear dispersive
estimate is necessary.

Lemma 3.1 (Frequency localized linear decay estimate). For any k € Z and Schwartz function f € S(R?),

we have
(3.1) Hez’t\vlpkaLm < H]SIJCHL‘” (t—122k i t—1+622k+6k) i “ VJDJHH (t_123k/2 i t—1+623k/2+6k)_
Proof. By the similar argument to Lemma 4.1 in [27]], the bound (3.1 follows. 0

Next, we use the dispersive estimates to give the decay of P.
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Lemma 3.2. With the notations and hypothesis in Proposition[2.8| for any k € Z, |a| < N1 -2 and t € [0,T']

we have
(3.2) HPk(I)(a)(t)HLw < 61<t>—1+6+/~a(\a|+2)62k‘/22—N(\a|+1)1'f”'+(h/2+2)k"7
(33) [V @@ (@) ]~ S exft) /22

Proof. On one hand, by (2.3)) and (2.13]) when k > 0, we have

BT s 3 29I Qu @+ X 2RO 1000w
j<hk* j>hk* laf<1

S2hk+/2€l<t>/i(\a|+2)62—N(\a|+1)k+—k + 2—hk+/2€1<t>/i(\a|+2)62—N(|a\+2)k+—k
<6 <t>n(\a|+2)62—N(|a\+1)k++hk+/2—k.
On the other hand, when k < 0 we have
||Pk\11(a) HLOQ < Z 93 /2-k+B(j+k) Z ||ij§2a\1;(a) ||L2

j>-k la|<1
<eq <t>n(\a|+2)52—3k/2.

Meanwhile, by (2.12)) and the definition of P}, we also have

2|V Bl (€12 = |2 0, ()T ()] 12 + 20 () TeT@ |1 § e (1) a5 g-NClae)k*

€l
Thus (3.2) follows from (3.1)) and the above three bounds.
Next by 2.1), Holder inequality, (2.11) and (3.2)), we have for p > 2

1910 (1)1 % X250 B0 (1) |1 5 Y 20| P (1) 27| P (1) | 217
k k

< 61t(—l+6-¢—f@(|a\+2)6)(1—2/10) Z 2(2/p—1/2)k’2(1—2/p)(—N(|a\+2)+h/2+2)k++k+/p'
k

Choosing p such that 2/p — 1/2 = §/4, the bound (3.3) follows. O
As a consequence of Lemmal[3.2] we have

Corollary 3.3. With the notations and hypothesis in Proposition[2.8 we have
(3.4) S VPV | v S €)Y

[bl+[cl<lal

Proof. When |a] > Ny - 1, by symmetry we may assume that || < |¢|, then the bound (3.4)) is obtained by
2.3) and (3.2). When |a| < N7 — 2, the bound (3.4)) is obtained by (2.6) and (3.2). d

3.2. Decay of v. In order for the decay of V'v, [ = 0,1,2, in a function space X, by v-equation in (LI3)
and Duhamel’s formula, it suffices to estimate

t
[V'o(®)x £ e 9 volx + [ e Ibv f(5)]xds,

where f denotes the nonlinearities of v-equation in (ILI3]). Then we obtain the desired decay estimates by
the linear decay estimates (2.4) and the following bound

t
[ le LT f(s) | xds S €(t)C +e1 sup |Viu(s)|x, for some ¢ > 0,
0 se[t/2,t]
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which is the main part in the proof of the decay of V'wv.
Due to the presence of quadratic term V(¢Vu), we begin with the decay of V2v in L? space.

Lemma 3.4. With the notations and hypothesis in Proposition forany t € [0,T],
the decay estimate

(3.5 ||V2U(a)HHN<Ia\+1) S €1<t)_1/2+(3+‘“|)6.

a| < Ny, we have

As a consequence, we have

(3.6) |00 ()| rqareny S € (t) 72+ 3rlabd,

Furthermore, we obtain the estimate

(3.7) H]:_1(|5|V§W)HHN(M+1) S e (£)2BHad for a| < Ny - 1.
Proof. Step 1: Prove the estimate (3.3). We prove the bound by induction. Assume that
(3.8) 720 | ey § € ()2 EHAD - for || < al,

By Duhamel’s formula and (2.9), it suffices to prove

(3.9) le 27208 | nareny S €0t
t
(3.10) f =L (8) | yvgapny ds S e (£) 724D for |e] < al,
0
t
(3.11) f e~ F9E2 £ ()| yrqan ds § €2(t) V3G e sup |V20 @D (5)]| agar -
0

se[t/2,t]
where the nonlinearities (%) is
O =v(6Ovu) +u® . vu) + v (@O Q) + Z4(Errll + Err12).
In fact, once (3.9)-(B.11)) hold, from Duhamel’s formula we have

sup £1/2=(3+lal)? ||V2U(a)(t)||HN(\a|+1) S 6% + €1 sup t1/2_(3+‘“|)6HVzv(“)(t)HHNqam),
te[1,T] te[1,T1]

which implies the bound (3.3).
Now we begin to prove the bounds 3.9)-G.11). (3.9) is a consequence of (LII) and @.4). For the
second bound (3.10), using (2.4), 2.11) and (3.8) we have

t
[ 1 ()] s ds
0
t/2 .
< /(; (t - s)*2”u(0) HHN(W“)dS + /./2<t _ S)*l Hv2u(0) ||HN(\a|+1)dS
t
Sept!+ elt‘1/2+(3+|0‘5) logt < elt—1/2+(3+|a\)6‘

For the last bound (3.11)), the contributions of the error terms Z¢(Err1l + Errl12) can be estimated as
same as the quadratic terms, then it suffices to estimate the following two cases

t2 R t _
[0 He_(t_S)LV2f(a)(8) HHN(\aIH)dS + [t/z He_(t—s)Lv2f(a)(3) HHN(\a|+1)dS =71+ []’
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where f(®) denotes the quadratic terms in f(®). For I we ultilize (Z4) to gain decay. Indeed, by (2.4) and
@.11) we have

t)2
IS f (t - s)‘3/2|\¢(b)Vu(C) +u®qye) | v qareny + (¢ — S)_9/4 ||<I)(b)q)(c) I~ a1y ds
0

SO gvgan + [[u® [ gavaan ) [wl | gvaap + 4 DO vy [ ] v

SEATIH | 2y-5/Ar5 ¢ (24-1/2425
For 17 we ultilize (3.2)) to gain decay. By (2.4) we have
t
s [/ (t =) 2[00 Vu | yaans + (= 8) (= ) [uDul | oty sana
t2

+(t- S)73/2 Hq)(b)q)(c) | 73 (tatey+sds

S S[Egt](|\@(b)(8)!|w<\al> [Vl ()] o + 0P (8) ] Lo | (8) | raqan)

+ sup [u® ()] 2| V20l (5)] yaqareny + €371

se(t/2,t]
We then use (2.11), (3.2) and (3.4) to bound this by
II S€%tn(b)—1/2+(3+\c|)6 n EIHVZU(Q)HHN(IE\H) + E%15—1/2+26

Se%t’l/%(?’*'“‘)é +€; sup ||V2u(“)(s)||HN(\a|+1).
se(t/2,t]

This completes the proof of (3.3).
Step 2: Estimate (3.6). From v(%)-equation in (2.9) and (3.3) we have

H&tv(a) “HN(\a|+1) S€1<t)71/2+(3+‘a|)5 + Z (HV((?(b)VU(C))HHN(\a|+1) + Hu(b) . VU(C) HHN(\a|+1)
(312) [b]+|c|<a
+ H&j(V(ﬁ(b)aj(ﬁ(C))HHN(\a|+1)) + HET’/‘ll(a) | frvaiaren) + HET’/‘lQ(a) | v aiatsn) -

The estimate of 9;(V¢®) 9;¢()) is obtained by (3.2) and (3.4), we then estimate other terms. By (3.3) it
follows that

[ V(¢(b)vu(c) MW grvaarn S|l V(b(b) | v atareny || v2u(® | zrv(laten)

SE%t—1/2+n(b)5+(3+\c|)5 < G%t—1/2+(3+|a\)5’

and
Hu(b) . VU(C) HHN(|(L\+1) S Hu(b) HHN(\a|+1) HV2U(C) HHN(\a|+1) S 6%1571/2*(3*'&‘)5.

The error terms Err11 and Err12 can be estimated similarly. Hence, the bound (3.6) follows.
Finally, from (2.8) and 2.11)), we have for any |a| < Ny - 1

Hf_1(|f|V§u(a))HHN(\a|+1) SHSU(“) HHN(|a\+1) + HQu(a) HHN(\a|+1) + Hu(a) HHN(\a|+1) + Ht@tu(“) HHN(|a\+1)
SEl + ||t8t'll(a) HHN(|a\+1).

Then by (3.6) we obtain the bound (3.7)). This completes the proof of the Lemma.

Next, we prove the decay estimates of v.
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Lemma 3.5. With the notations and hypothesis in Proposition[2.8 for any t € [0,T], |a| < Ny and p = %,
we have
(3.13) ||U(a) lw~daye S €1<t)73/4+(1+‘a|)5,

Proof. Here it suffices to prove (3.13) for ¢ > 1, otherwise this estimate is obtained by Sobolev embedding
and (2.11). We prove (3.13) by induction. Assume that

(3.14) HU(C) ||WN(\c|+1),p pS €1<t)_3/4+(1+‘c|)6, for |C| < |a|

By (2.4) and Duhamel’s formula, it suffices to prove

t
(3.15) f le™ DL AU | o nqapnypds S €2¢73/47 041D for |¢] < al,
0
t .
(3.16) f e~ =L £ ($) |l nianpds S € sup [0 (s) | e + e2¢73/4+(+lahd
0 se[t/2,t]

where f(2) denotes the quadratic terms, i.e.
J?(a) = V(<z>(b)Vu(c)) +u® .y 4 V(q)(b)q)(c))’ 0] +|c| < |al.
For the first bound (3.13)), it follows from (2.4)), (Z.11)) and (3.14) that

t
[) H e~ (=) H A\ (c) (8) H WN(\a|+1),pdS

t/2 t
S f (t- S)_7/4+3/2p ||u(c) | grvaarsny ds + L (t- S)_l ||u(c) I~ (a2, pds
0 t/2
Sert ™32 Llogt sup [0l (8)]yyvaiyszs
se[t/2,1]

Selt{),/4+5 + 61t73/4+(2+\c|)5 < 61t73/4+(1+\a|)5.

To prove the second bound (3.16)), we divide the left-hand side of (3.16) into
LHS@I) - [ eI FS) s + eI O by s = 1+ 11
We ultilize (2.4) and (2.11) to bound I by
I< [Ot/z(t ~ S)*5/4*3/2p|\¢(b)Vu(c) +u® . @ | ey + (£ = 8)72+3/2p|‘v¢(b)v(¢(c))“WN(\a|+1),1dS

t/2
St50003 [0 g + [u® ancon) 90 Lo ds + 87197100 |y |99 e

SE%tf3/4+(1+‘a|)5 + €%t71+45 S €%t73/4+(1+‘a|)6.

Next for the other term 11, we consider the contributions of V(¢® vu(®)), u®) - ule) and v(P®) ),
respectively. Namely,

t t
]]:f/ ||€(tS)LV(Cb(b)VU(C))||WN<a|+1),pd$+f/ Je= @2 u® - Tul |y ngarin.nds
t/2 t/2

t
+ f/ V(OO D) |y wqapenypds = TI) + ITy + 3.
t/2
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First, we estimate I1,. If ¢ = a, using @2.4), 2.6), @.11), 3.3) and (B.3) it follows that
t
ha = [/2 |e= (3O VUl [ waren) o s
t

t—-1 t
S f/2 (t = 8) 3oV [y nqaer)-s.pds + f 1(t = 8) ¢V ul |y narn -1/ ds
t t—

S S[lj/-g)t](“q)(S)HHN(a) [Vul(s)] Lo+ [6(s) L= [V2u () | prvaany)

S€p sup HVU(“)(S)HLP+€%t’”(5*|a‘)5.

selt/2,t]

And by integration by parts, 2.4), @.11), (3.3) and (3.3), we get
t
Iy = f/ le 9L P v (6O vu©)| ods
t2

t
$ [N Pl T (60 ) ~ V(Tou)]fspds

t t
< [t/z(t -s)! ]|¢u(“) [w2rds + [t/2<t - s)_5/4+3/2p HV(Z)U(“) | ds

et ™72 00gt sup [ul(s)|pep + 27142
se[t/2,t]

Ser sup [0 (s)|wep + 712,
se[t/2,t]

If |c| < |a|, using @2.4), (3.2), 2.11)) and (3.14)), we have

t
][11 < [t/2<t - 8)73|‘¢(b) VU(C) HWN(|a\+1)+1,pdS S sup H(I)(b)(S)HHN(a) HU(C)(S)HWN(Q),;;

se[t/2,t]
SE%tﬁ(b)é_3/4+(l+|c‘)6 S E%t_3/4+(1+‘a|)6,

and

t
IT5 S f/ |e DL P [V (P uD) - V(v ul)]| 1ods
t/2

t t
S[/ (t— 5)4*3/21”“(;5(1’)11(0) Hw2yp/2d3+ [/ (t—s>’5/4*3/2p|\v¢(b)u(0)HHlds
t/2 t/2
SE%tﬁ(b)6_3/4+(l+|c‘)6 S E%t_3/4+(1+‘a|)6.

These are acceptable for /1.
In order to estimate 115, by divu(?) = 0 and (2.4) we have

t
I, 5 f (t - S)_%+% [u® - ul| gnganysds § sup [uPul | grgaps.
t/2 se[t/2,t]

If |a| = 0, by @.11)) we have
sup [[u?| gagernes $§ sup JJul gro |ul= Se sup o,
set/2,4] selt/2,4] selt/2,4]
If |a| > 0, by symmetry we may assume that |c| < |a], then from @2.11) and (3.14) we obtain
< E%t_3/4+(1+|c‘)6.

sup [u®u ) pagarnrs § sup Ju® | v [l e S
se[t/2,t] se[t/2,t]
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Thus the contribution of 7/ is acceptable.
Finally, for the term 15, by (2.4), 2.11) and (3.4) we obtain
II5< [t/;t _ S>75/4+3/2p H(I)(b)q)(c) HHN(\aDdS < e%(t)’”“.
This concludes the bound (3.16)), and hence completes the proof of the lemma. U

Base on the linear decay estimates (2.4)), we prove the following decay estimates of V'v for [ =1, 2.

Lemma 3.6. With the notations and hypothesis in Proposition2.8 Forany t € [0,T],1=1,2 and p = ;.
If |a| < Ny -2, we have

(3.17) |7 0 |y v qater-p S € (¢) 7D/ (AH1ADS,

If|al = N1 = 1 or Ny, we have

(3.18) [V 0 |y a1 S €1 () HHEFDS,

Proof. Step 1: Proof of (3.17). We prove the bound (3.17) by induction. Assume that
(3.19) IV | yynqaisz-ip S €1 (8)2AEDI - for |e] < al.

Then by ([2.4) and Duhamel’s formula, it suffices to prove that

t

(320) H[O ef(tfs)Lvvau(C) HWN(\GIW)*LP < 6%t75/4+(4+|a\)5’ for |C| < |a|7
t

(3.21) Hf e DG (GO TUD) [y napinr1p S € (£) 754D,

0

t
(3:22) | [ e u® - ) s €1t
and
t
(3.23) [ f eI (O TN ds |y niarn-1p S €274 for |a] < Ny - 2.
0

Next, we prove the above four bounds respectively. From 2.4), (2.11)) and the assumption (3.19) we
have

t/2 t
LHS(M) S /(; (t - S)_3/4+3/2p_l/2_1 ||U(C) ||HN(\a|+2)d8 + ft/2<t a s)_l Hvlu(c) HWN<Ia\+2)+1»Pd5
Seqt A2 ¢ 1A (AHEDd |0 4 < ¢ ¢B/AF(44la)d

This implies the bound (3.20).
For the bound (3.21)) with || + |c| < N; — 2. Using (2.4) and 2.11), we have

t/2
f ||e‘(t‘8)LV”1(qﬁ(b)Vu(C)) HWN(|a\+2)4,pd8
0
t/2
S [ (t - 8)75/“3/27’7[/2 H(]ﬁ(b)VU(C) HHN(|a\+2)dS
(3.24) ‘ o
st 15302 [0 |90 g + 16O [0 =

t2
<-5/4+3/2p-1/2 fo 1DD |y xuisny [V | sy dis § 51443120428,
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By @2.4), 2.6), (3.2) and (3.13)), we have
¢
L ||€_(t_8)LVl+l(qb(b)Vu(C))HWN(|a\+2)-L,pdS
t/2

t I+
5 ft/2<tL - S>Tl 6P VUl |y ngararrnds

Slogt sup ](H¢(b) 2= [ T + 1V lyprwgonar |Vl | o)
se(t/2,t
Sté(E%(t>—1/2+26—3/4+(1+|c\)6 + €%<t>—1+46—3/4+(1+|c\)6) < €%<t>_5/4+(3+|c‘)6.

Hence, the bound (3.21)) follows.
Next, for the bound (3.22)) with |b] + |¢| < Ny. using 2.4), @.11) and (3.13), we have

t
f le= D9 (W® - 9w |y w10 ds
0
12 ' 3
Sf (t — 8) 734312072 ) 4O L uriny dis + f/ (t—S)lTl”u(b)u(c) I~ ale2ye1.pds
0 t/2

t/2
S(t)75/4+5 HVu(b) HHN(a) HVU(C) HHN(a)dS +logt sup Hu(b)(s) HWN(|a\+1),p Hu(C)(S) HWN(|a\+1),p
0 [t/2,¢]
s€ ,
SE%t_5/4+6 + €%<t>_3/2+(3+‘a|)6 S G%t_5/4+6,
Finally, for the bound (3.23) with || + |c| < N7 — 2. By (2.4), (2.11) and (3.2)) we have
t
[0 e LG (TS THO) 1w rods
Kb AT T o 1+1)/2)| g (b
Sf (t— S) 2 2 2 H(I)( )pl©) HwN(\a|+2),1dS+ /./ <t - 8>_( D/ H(I)( )q)(C)HWN(|a\+2)-L,pd8
0 t/2
t
+ [ (t—S)_l/zﬂ(ID(b)(I)(c) |~ dat2).pds
t-1
SETO 4 2472 |ogt < 270,

Hence, the bound (3.23)) follows. This completes the proof of (3.17).
Step 2: Proof of (3.18). We prove (3.18) by induction. From (3.17) we may assume that

(3.25) |79 |y wetay-rn S € (8) D for |e] < al.

By the assumption and (2.4)), we have the bounds (3.22)) and

|[Ot e~ D2y O vy S €270 for |¢| < |a] < V.
Then by Duhamel’s formula, it suffices to prove that for any |b| + || < |a
(3.26) LI (GODU) |y s 5 D,

t
(3.27) |\ f e~ LG (GO TGO ) ds ||y nqara-1p S €67 for Ny =1 < |a| < N,
0
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For the first bound (3.28), if |c| < |al, using 2.4) and (3.23) we have
t
L ’|6_(t_8)Lvl+l(¢(b)vu(0))HWN(|a\+2)—l,pd8
t/2

t
5[/2@_ S)*(l+1)/273/2p H¢(b)Vu(C) [

< s[up ]Hq)(b)(S)HHN(\aIH) Hvlu(c)(s)”WN(\alﬂ)m < 6%tn(b)&u(6+\c|)5 < E%t—1+(6+|a\)5;
se[t/2,t

If ¢ = a, we have to use the bounds (2.3)), (3.3)) and (3.3)),
t
[/ Je”EDETH (6O TulD) |y napizr-1ds
12

t
s [t/2<t B 8>7(M)/2 H(qu(“) lw N a2y 1.0 dS
Slogt sup (3 2V R(s)lp + [9(5)|oo) [V*0 (5) [ ten
SE[t/2,t] k>0

Sté(elt—1+4é n 61t—1/2+26)Elt—1/2+(3+|a\)6 < E%t_1+(6+‘a|)6.

which, together with (3.24), gives the bound (3.26).
For the second bound (3.27) with |a| = N7 — 1 or Ny, from 2.4), @2.3), @.11) and (3.4) we have

t
/(; ||6_(t_8)LVlaj(V¢(b)aj¢(c))||WN(\a|+2)fz,pd8
t/2 . ¢
S [ (t— ) 25 5 [ DO DO | nuny s + [/ (t = ) 313202 | GOV D) | ooy ds
0 t/2
<€%t_l 4 G%t—1+f€(|b|+2)6+6+ﬁ(0)(5 < E%t_l+46.

This concludes the bound (3.18)).

As a consequence of (3.17) and (3.18]), we obtain the following estimates.
Lemma 3.7. With the notations and hypothesis in Proposition2.8 For any t € [0,T] and p = %, we have
(3.28) 10,0 ||y v a2 S € (£) 4D i ) < Ny -2,
(3.29) 10,0 |y v a2 S € ()OS i N -1 < fa] < VY.

Finally, we prove the following //"-norm estimates.

Lemma 3.8. With the notations and hypothesis in Proposition2.8 For any t € [0,T],

a| < Ny, we have

(3.30) |00 | g S (£)? > |V gner + ()1 for n < N(Ja|) -1,
lcl<lal
(3.31) [0 | e + [V26( g S () (1+ D [Vl gnn), for n = N(Ja]) -1, N(|a]),
lc|<lal

(332) 02 v 5 €3{)H1=Coi=05
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Proof. First, we prove (3.30). In fact, we have from «(%)-equation in (2.9) that
100D 10§ T IVuO g+ 3 [[u® - 6@ gn + 85 (6O 7|

Hn
lcl<al [6]+|c[<]al
+]0;(VoW ;0 [ | + Y [PZ(Err1l + Errl2)| .
|cl<lal
Moreover, from 2.11)) it follows that
(3.33) [u® - vu ] g $ [P | [ VUl n S €[ VU,

and
[V(@PVu) [ | V(6O VU D) |12 + 05 (6P VulD) |
SIVOO 2 [V + 16O s [V 1o + [0 | 1o | VD ] e
IO g |V e

sert? | vul®|

Hn+l.

The term |Z*Err11| g~ can be estimated similarly. Finally, |P9;(V¢®d;¢(?))| g- has beed estimated
in (3.4), and the term | Z®Err12| g~ can be estimated using similar argument. Hence, the bound (3.30)
follows.

Second, we prove (3.31) and (3.32)). The bound (3.31)) can be obtained directly from (3.30), (2.9) and
@.17). Then we prove the bound (3.32). In view of (2.9)), it suffices to prove that

Z (Hatu(b) : qu(c) ”HN(a)—S + ||u(b) . V@tgb(c)HHN(a)-s)

(3.34) bresa \ 5
+ 2 Ju® v ) | ynrs + [ 20 Err2] s e (8) Do,

b+c+e=a

Here we only estimate the first term 9,u(® - V¢(¢) in detail, the other terms in (3.34) are similar.
Case 1: |a| > Ny - 1.
If |b] < |c], using (B.28) and @Z.11)), it follows that

[0:u® - v | s SC3 2O P® | o + [0 1) |9 rvcar-s

k>0
(3.35) Ser () u® [y worezr -2
$e () 1050 |y xpre2r-2.
sei{t) .
If |b| > |¢|, it follows from (3.2) and (3.30) that
(336) 10 V6O s 10 s ¥ 2VOIE 5O 5 (t) 1,
k
Case 2: |a| < Ny - 2.
Using (3.29), 3.2), (3.30) and 2.11)), we get
(3.37) 10:u® - V| ynars S [0u® ] prviar-s |9 | Lo + |85 | Lo | @€ praviar-s S 1),

From the above two cases, the bound (3.34) for the first term follows. This completes the proof of the

Lemma.
O
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4. ENERGY ESTIMATES

In this section we prove the energy bounds (2.13)).

4.1. The bound on v and ®. We start with the Sobolev bound in (Z.13).
Proposition 4.1. With the notation and hypothesis in Proposition 2.8 for any t € [0,T], we have
t
ol + [ 10 s + [ 6

Proof. From (I.7) and (I.14), the operator L'/2? can be defined as

82(82+82) 3 [Us+V 02(92 +02)13 (v 0%\ 3
1/2._ 2, 2 3 4 1|2 1\¥2 3 Y4142 1
L dlag{[ |V| IE ] ,[ 5 [V[* + TTWE ] 7(2 | ) }
Then we define the energy functional
1 t 1
B()= > (Glomld+ [ 10m L oluds + S10n0l).
[nle{0.N (0)} 0
Recall the system (I.10), we have

—Eo(t) = f 0"v-0"UP(-u-Vu-0;(Vp0;¢ + pVu) + Errll + Errl2)dx
Inje{0.N (0)} 7R

- f3 "0 - " (Ou-Vo+2u-Voo+u-V(u-Vo)+ Err2)dx.

Inje{0,N(0)} 7R

4.1)

Next, we begin to estimate the right-hand side of (4.1)) and finish the proof of the proposition.
Step 1: We prove the bound

t
4.2) I = f [ 9" 9"UP(u- Vu+ V(VOVH+6Vu) + Errll+ Err12)duds $ €.
0 Jr
Using integration by parts, Sobolev embedding, (2.11]) and (3.2)), it follows that

t
I = f f "0 O"UP(u- Vu) - 0;0™v - O"UP(V¢0;¢ + ¢Vu + 9; ' (Errll + Errl2))dazds
0 R3

t
s [
0
t
S€1HVUH%2([O¢]:H")+€1£ HVU|

Step 2: We prove the bound

Vul

1 |Vl + V0] | e (| 2] 2 + | V] 110 )ds

Hn €1 <8>71+25d8 S 6215.

t
4.3) L= fo fR 90,0 0" (O~ Vo + 2u- VO,0)drds 5 €.

Integration by parts in time gives

t t
I = ./11.<3 anas¢.an(u.v¢)da:\g + fo fRa "0y 0" (u - VOs¢)dads — fo ,/]1.@ 8326 - " (u - Vo)dwds.
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By (3.2), 3.17) and divu = 0, the first two terms can be estimated by

[ oro0-omu-voyasl+ [ t f 00,6 0" (u - VO,0)duds
Hn+[ [ 0" 0y - (0™ u- VO™ 0sp)dxds

n1+n2 n,ma2<n
Sed + [ |P|
0

t
5€?+€1f0 (€%<S>75/4+45+ ||Vu||Hn(s)’“25)ds

sei{’.

S| Fn

V)T [+ [Tl o | (V)20 )

Hn ( | < Hn

For the third term, it follows from (I.10) that

fofR 00,9 0" (u- V)dads

:[0 [RSE%A(b.&n(u.ng)dxds—[o nga"as(u-W)-8"(u~v¢)dxds
_ [0 [RS 0" (u- VOs) - 0" (u- Vé)duds — [0 []RS 0" (u-V(u- Vo)) 0" (u-Vé)duds
! fo t fR O"Err2-0"(u-Ve)duds

=Io1 + Iop + Ing + Ipy + Ips.

By integration by parts in z, 2.11)), (3.17) and (3.2)), we have
t
It = f f 9056 0" (u- VO + B - Vo) dds
f f G0, - (- VO™ 0,0) — 0 " (dyu - V)dads

ni +TL2 n,n2<n

: fo 107 0:6 ] 12 (VI V o [ @] 2 + |V ul 2o [(V) V20 1) ds

Sei’.

Similarly, using divu = 0, @.11), (3.17) and (3.2)) it’s also easy to obtain

t_f / Z O™y - vam(u VCb) an(u V¢)dId$

na2<n

1
Loy + Iy = - §||5"(U V)72

S sup fu(s) [ |2 (s) 7 +
s€[0,t]

Hn N

and

t
B s [ 100 (14 [ul3) (G0) P20l [ @] + [Tl | (7)) s 5 €
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Finally, by integration by parts, (2.11) and (3.28)) we have

by== [ [ 0"u-90,0) (- 90"0) + ¥ 0"(u-90,0) (0w VO g)duds

na<n

- fo f[M@s(u-vﬁ"¢)2—(8su-va"¢)-(u.va"¢)+ S (9" vIR0,0) - (u- V)

ni+na2=n,nza<n

- > 0" (u-Vs0) - 0(0™u - VO™ p)dxds

ni+na2=n,nzx<n

S sup fu(s) [ 2(s) 3 |n‘+f (losull e [ Vee] o

s€[0,t]

o[ |n\+HVUH Hinl H‘I)”Hw)

Se‘f.

Hence, the desired bound (@.3)) follows.
Step 3: We prove the bound

(4.4) = t [070.0-0" (- V(- 99))dwds 5 ¢

By integration by parts, we have

t
= n . . . i 1 . ni,, . na,, ns
L= [ [ 000 (uT@ T e 5 306 (0 V@ T00)duds

=ilq + Lyo.

The term I, can be estimated directly using (2Z.11)). From divu = 0, I; can be further rewritten as
t
Iy =- fo fR (uVO"0.8) - (u- V0" G)dids

t
- [ f L (- V07 8)2 = (0,u-V"6) - (u- V") dwds.
0 Jr3 2
From this and (3.28) we obtain

I s sup]l\U(S)llHW o(s)[ n|+f|\(9 ull oo [Vl o[ @10 ds S €5

s€[0,t

The bound (.4) is obtained.
Step 4: We prove the bound

t
4.5) I = f f 90,0 0" Err(s)duds § ¢t
o Jr
In fact, this is a consequence of
|07 Brr2(s)] z2 S | @] gimt | @] 2o [V @] 2 S €}(s) 7",

which is given by (3.3).
From ({.2)-(.3) and the assumption (LII]), we have

E°(t) = E°(0) + [8E0(s)ds<eo+else§,

which completes the proof of the Proposition.
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4.2. The bound on v(®) and (@),
4.2.1. The bound on v(®.
Proposition 4.2. With the notations and hypothesis in Proposition2.8| for any t € [0,T], 1 <|a| < Ny,

t
(4.6) [0 2 e + [0 V0@ |2 o ds § €b.
Proof. We prove the bound (4.6)) by induction. From Proposition4.1] we assume that

@) [Py + [ 190 s $ &, forlel <al

Define the energy functional

1 t
Bi)= ¥ (510 [ oL@ 3 ,ds).

[n|e{0,N (a)}
It follows from (2.9)) that
—E“(t) 3 f 9@ . GPUPL, (u)da
[nle{0,N (a)} &
- C’b/ o@D . gnUP(u® - vul®)dz

Inle 0, N(a)}b+c a

Py f 90 . UP(S + 1) T (V(6Vu) - Errll)de

Inle{0,N (a)}

_ be 0@ . PUP, (V(S — 1TV 6 - 9,(S — 1) T ¢)du

[n|e{0,N(a)} b+c a

+ f o0 - 9"UP(S + 1) T Errl2da
Inle{0,N (a)} 7%
=[P+ 5+ 15+ I8+ I8,
For I¢, by integration by parts, Holder and (4.7]), we have
t
[ r(s)ds= 3 f 8" 10(@ . g UPL, (u)dxds
0

Inle{0,N (a)} R
la|]-1

1 ¢ 13 a 13
< 3o el s 0 S vt l)ds
Infe{0,N(a)} < 70 =

1
s ¥ [ [0 T0@2,ds + Ce2.
In|e{0,N (a)}

For I, from (2.11)) and Holder inequality we have
t t
[ @ s [ e [va® o [vu© gvods 5 €.
In order to estimate /9, it suffices to prove that

t
(4.8) > [ [3 o @ . gy UP(pP vu'®)dads S €, forb+c=a
R

Ine{0,N(a)}



Huang, Jiang, Luo, Zhao
25

If |a| < Ny -2, by 2.6), (3.3) and (3.17) we have
6996 v SI6® L= 1956 Lo + 190 o |90 1=
S€1< ) 1/2+36HVu(c) HHN@) te ( ) 5/4+(5+\c|)6
If Ny - 1< |a] < Ny, |b] < ||, by 2.5) and (3.3]) we have

[6@ VU gy § (10 1w + 22V [P ® 1) [Vl | veer S €2{s) 22 vulD | v
k

And if Ny -1 <a| < Ny, |b] > ||, by 3.17) and 2.11) we have

[0 Vu O v S| v |90 1w + [0 |17 [0l [y warnas
S| o®) | grvea | vul® I~ ays1aass
C 7 C
Sei(s )25HVU( )H;{/N(a)m HVU( )||?/[//7N(a)+2,3/26
9 7 e)15/7 _
/ HVU( )H]{/N(a)+2<8> 514440,

Then using integration by parts, the above three bounds, Holder and (2.11)), we obtain the bound (4.8)), and
hence conclude the estimate of /5.
Finally, in order for I{ and I¢ it suffices to prove that

(4.9) 3 [ v @ . "YUP(VoB 7o) duds S €, for [b] +|c| < al,
Inle{0,N (a)} RS

which is obtained by integration by parts, (3.4), Holder and (2.11]). Hence, this concludes the estimates of
If and I¢.
As a consequence of the above estimates of I¢,---, I¢ and (LII), we have

E%(t) = E*(0) + f DE(s)ds<~ Y f |07 o @ |2,ds + O,
(0. )}

which implies

t
S (@ [0 vv @ ads) s 6.

In|e{0,N (a)}

This completes the proof of the Proposition. U
4.2.2. The bound on ®(@).

Proposition 4.3. With the notation and hypothesis in Proposition2.8 for any t € [0,T], 1 < |a| < Ny,
(4.10) D@ ()] yveay S €oft) (0.

Proof. Define the energy functional

1
Eg(t)y:=5 > ([0"0:0 |7 + 0"V 1.).

Ine{0,N (a)}
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Using the gb(“)—equation in (2.9) we calculate

E¢<t) =-2 3 Ci X 70, - 8" (u® - V0,6 d

b+c=a [n|e{0,N(a)} R?

Sy y f 000 -0 (0u® - Vo) du

b+c=a |n|e{0,N(a)}

-3 e ¥ [R 900 0" (v () 7)) da

b+cte=a In|e{0,N (a)}

. f 9@ - 9(S + 1) T Err2 da
\n|e{o N(a)
0T TI - I8+ I,

Step 1: We prove the bound

t
@.11) fo [18(s)ds § ()@
By divu = 0 and integration by parts, //{ can be rewritten as
I18(s) = 3 [ 50,6 - (9w - V20,0 ) da
R3

ni+n2=n,ln2|<|n|=N(a)

e f 80,6 - " (u® - v,6())dx
b+c=a,|b|>1 |n\€{0 N(a)}
= IT8 + T3,

First, we estimate //¢,. When |a| > 2, from (3.17) and Sobolev embedding we have
L1165 5 [ 1009 By [09) O Tl s
< /;t€%<8>2ﬁ(a)6|VU’|WN(a)—1,3/25d8 S fotei{’(s)*/“(%(“)”)‘;ds S el
When |a| = 1, by (3.17) and (3.2) we have
[ 1r()ds s [ 10,09 o (U9 OR9u 1 [,6@ o + [Tl e | (712,60 1 )ds
$ [ euts P ()0 4 ea(s) P [Tl e s

Sei{’.

Second, we estimate I1¢, when |b| > Ny — 1. (3.2) and (2.11)) imply that
t t
[ 15ss)ds 5 [ 106 v [u® g 3 2VOH |0, Bl | mds
0 0 o
t
< [ 6§<8>—1+45d8 < €?<t>2n(a)5_
0
Finally it remains to prove that when 1 < [b| < Ny -2, |n| € {0, N(a)}

t
(4.12) fo fR3 0"05¢(a) '0"(u(b) . V@Sgb(c))d:lfds < €?<t>2n(a)6.
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We decompose dyadically in frequency and rewrite the functions 9,¢(), 9,¢(¢) in terms of the variables
P(a) ple) it suffices to estimate

t . e N S
@13) = [ [ D6 ) PO (€) Peu® (€ - ) P B (n)dédnds,
1 Jr
forany t € [1,T], m(&,n) :== (1 +&*)n, |n| = N(a),b+c=a. By divu® =0 and [V, ] = 0, we have
(4.14) - Pru®(€-n)=(n-&+&) Pru®(€-n) =& Pru® (€ -n).

Then denote
mpp = (1+E2)E,
we obtain from (@.14)

m(&,n) - P, u® (& = 1) =1hyares - m(E,m) - Py u® (€ =n) + Ligspas - m(8,m) - P u® (€ =)
=Lpyckes - m(E,m) - Peyu® (§ =) + Lpysres - man(§,m) - Pryu® (€ =1n)
=m*(&,1n) - Pru®(§-n).

Case 1: Low-high, i.e ky € [k -5,k +5].

Integrating by parts in 7, we have

t . — — - ——
M= [ [0, (m(e.m) PE®(€) P (¢ - 1) P30 (n)dednds

t . — -
+ [1 [RG 571 ﬂm(g, n)Pkcb(a)(g)ampklu(b)(g _ U)Pk2®(c)(n)d£dnds

7]
t ] - - . —
’ fl fR 81%7”(5 ,7) P @@ (€) Py u® (& = )€™, B, WO (1) dédnds.

Then estimating (%) in L> and the other two terms in L2, it follows from Lemma 2.4 that

Z Z I[k,kl,kz;m

kK1 koe[k—5,k+5]

t
s[s Y Y VO R (| Py u® e P 0]
1 |ko—k|<5 k1<k+6

b 2| (T Pyt ® ()= | P02 + 2] Py u® = |9 P (€)1 ) ds
t
S [1 s HHN@(HVU(b) L1 2 ncar + 2 17) Pry ™ [ o= [ @€ raviarn
k1

+ [ vul® | Hj:_l(ﬂas‘l’(c))HHN(a))dS-
Then by @.11), 2.12) and @2.7) we get

t
g s [ s @590 eafs) 407 4 (s))ds
koK1 koe[k—5,k+5] 1

S€?<t>2ﬁ(a)6.

Case 2: High-low and high-high, i.e ky € (=00, k —5) U (k + 5, 00).
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Since the phase |¢| — |n| in ({.13) doesn’t equal to zero, by integration by parts in times, it suffices to
prove that

t
(4.15) S (M= [ I+ TR+ T ) 5 00,
k,k1,k2

where

104 4 = Qi BU@, Pu®, P, @Y I}, o= Qi 0,0, Py u® | B, 0],
][lz,kl,kg = Q[mu Pk\Il(a)a 88Pk1u(b)7 PkQ\II(C)]v []Ig,kl,kz = Q[m7 Pk\Il(a)v P’ﬂu(b)vaspkz\II(C)]v

and

m(&,n) = m*(&n)/([§] = n)),
QUivs f,9.h) 1= [ i W&, n) F€)T(E - () decn

To prove the bound @.13)), we need the S* norm of symbol m(&, 7). By Lemma.3] we have
(4.16) Im(¢, ﬁ)Hs;:Jkl . < 92N (a)k* +min(k—ks.k>—k)

Case 2.1: The contribution of 11 187 .
We estimate the lowest frequency factor P, ¥(®) or P, ¥() in L* and the other two factors in L2, using

@.16)), Holder and 2.11) we have
IRy s > > 2N R Bw@] ) Py u® | 2| Py @ L

k,k1 kze(foo,k75)u(k+5,oo) ‘k*k1‘<4 ko<k-5
+y y 2NORERI RO | Py u® 2 | Py U
k k2>k+5,|k1fk2|<4
s 3 2NONREO| ] Py u® ] e 3 P, U
k,k1;|kfk1|<4 ko
PO e 3T 2VOR R L] Py 12
k

k1, kas|k1—ko|<4

S H (b(a) HHN(G) “u(b) HHN(a) H®(6) HHN(G) S E?<t)2n(a)6

Case 2.2: The contribution of I}, . and 11}, | .
When a =b,c=0,ky < k-5, by (@.16), 3.31)), (3.32) and (3.2), one obtain
Z II/i,li@
k,kl ko<k-5

S Y Y BNOR R @ || Py 2| Py @
|k—Fk1|<4 k2<k-5

10T yvcar2 [ VUl v 3 2% Py @ o + 10,9 2| 2 1 Py @ £
kz k2

S€%<S>—1+66 ” Vu(“) ” NG + €z11<8>—7/4+(\a|+3)5‘
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When a =b,c=0,ky >k + 5, from @.16), (3.32) and (3.2)) it follows that

Z Z I[/i,khkz

k,k1 ka>k+5

S > 22N @K k2| 5 DLW @ 12 || Py 2 | P, @ v
k ko>k+5,|k1—ka|<4

S > 25720, oW | 2 | Py | 2| Py @ 1
k<0 ko>k+5,|k1—ka|<4

+ Z Z 2(N(a)—3)k+(N(a)+4)(k—k2)+(N(a)+3)k2 “aspk\l,(a) “L2 HPklu(“) HL2 HPI@(I)HLW
k>0 k2>k+5,‘k1fk2‘<4

SN0 T 2 [l 12| @] Lo + 99 | gravcar-s [u® [ gy sup 2| P
<€ (s) T+ al+3)5,
Then the other cases, i.e. |b| < |a| can be estimated, using (3.32) and 2.11)),
[y s Y, 2 2VORRo Ba@ | | Byu® | 2] P @ s

k,k1 koe(—o0,k—5)u(k+5,00) |k—F1|<4 ka<k-5

+ Z Z 92N (a)k* +k-ks Haspkqj(a) I 2 ||Pk1u(b) |22 Hsz‘I)(C) =
k k2>k+5,‘k1fk2|<4

105 T | prviar-s [ Vu® || vy |2 pyacar

S€%<S>—3/4+(|a\+3)6 H Vu(b) ”HN(b) )
Similarly, by (@.16), (3.32) and (2.11), we have

I i) o ST | v [ VU | oy 08 | rvier-s
k,k1 koe(—o00,k=5)U(k+5,00)

S {s) 8 TuO i,

By Holder, the bound @.13)) for 11 ,i ko A0 TT ,i’ ok, fOLlOWS.
Case 2.3: The contribution of 11} . .
The contribution of the triplets (k, k1, ko) with ko > k + 5, k1 € [ky — 3, ko + 3] can be estimated using

B29), i.e

> Iwsy, Y 2NORERIPO@] 4|0, Py u®| e | Py @ 12
k,k1 ko>k+5 k k2>k+5,‘k1—k2‘<4

SN rcar [D5u® [ o= [ D | pyviay € ()24,
Then we consider /17,  when ky <k —5.1If |c[ > Ny — 1, we obtain from (4.16), (3.29) and .11)

Y IR S Yy 2N B @] 1L |9, Py u® | e | Py @) 12
kkyka<k—5  |k—k1|<d ka<k—5

1B w32V | Py 0, o [0 o 5 ) 4005
k1
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If || < Ny - 2, by @.16), @.11), (3.30) and (3.2), we have

oY IR s Yy > 2N PO o]0, P u® | 12 | Pr, @ Lo
kkyka<k—=5  |k—k1|<d ka<k—5

SIPW | gveor | 0su® || a1 Y 282 | Py @ o
ko

et () I vuD ] gvoy + € (s) 2
I<b

These imply the bound @.13) for 11 13 ki.kp Then the bound #@.13) is obtained, and hence we obtain the

bound @.12)).
Step 2: We prove the bound

t
4.17) [ [18(s)ds § ()9
0
Notice that when |b| < |¢|, (3.29) implies
[ - 762 10, = [T 3 5 cHs) 510215
and when |b] > |c[, (3.30) and (3.2) give

||88u(b) . V¢(C)HL2 < “asu(b)HL? Hqu(C) s Z €1<3>_1+56va(l)HHN(b) + 6?(8)_%86.
[£] <ol

Therefore,

t
> Cf;[ [RS 9,0 - (8,u® - Vo) )drds < €.

b+c=a 0

Now it suffices to prove that

t . ¢
fo Ty(s)yds=5 % [0 fR 90,0 (0 VOO duds $ (1),

bre=a|n|=N (a)

I1 ; can be divided into three terms, i.e.

M=y fR 90 (90 - V) de

In|=N(a)

vy [ 0ae@. X (@m0 voe)ds

[n|=N(a) R ni+no=n,ni<n
+ Z Z Cabf3 anas¢(a)_an(asu(b)_v¢(c))dx
b+e=a,|bl<|al [n|=N(a) R
=TTy, + 1oy + 1o
We estimate 11 ‘;1, I1 32, I1 ‘53 respectively. Firstly, we consider the term /1 ;1. Integrating by parts, we
have

1= 3 o [R 90,0 (0" -V )da + [R O () V) de

In|=N (a)

- f 90, - (9"u® - 70,0)dx].
R3



Huang, Jiang, Luo, Zhao
31

Using (3.2) and (3.31)), it follows that

t . a
[ ass 3 [ sup 0706 |12 [0"a () |12 9o(5) e

In|=N(a) s€[0,t]

t
+ fo 107020 | 12| VUl | yxvcar V)2 @ Lo s
' 9"0.0(® (a) o
+ n 2 a Vua Ny . oods
4.18) fo 167856 | 2 V' | gyvcar | Vs . ls]
t
S€§>(t>n(a)5+[0 €%<8>—1+65(1+ Z Hv“(l) HHN(G))HVU(l)HHN(a)dS

[l|<]al
t
+A e%(s)“(“)é’”%HVu(“)HHNm)ds

Se ()™

Second, we consider the term I ;2. If |a| > Ny - 1, it follows from (3.2) and (3.30) that

00 v las Y 070, 290" 6 1

ni+na=n,|ni|<n|=N(a) ni+na=n,ni|<|n|

Seq(s)71H49 Z [ Vu(l)HHN(a) +e3(s) 2T,
[?]<|al

If |a| < Ny - 2, from (3.29) and (3.2]) we have
E& 8su(“) V"2 2

ni+n2=n,/n1|<|n|=N(a)

SUVITOPOUD | e [V s + 105l viara [(V) V20 v

Sef{s) D 4y (5) 0 S VU v
I<a

Using these it follows that

t ., t
(4.19) fo ITy(s)ds S fo 1056 pravcar 3 0" 0u(D) - VO || 12ds S €.

ni+n2=n,/n1|<|n|=N(a)

Finally, we consider the term 115, When Ny — 1 < |a| < Ny, [b| > |¢|, using (330) and (32), it’s easy to
obtain

> 10" 0u® v N s Y 0w | g Y2V ON [PV 1
k

b+c=a;|bl<|al b+c=a;|bl<|al

< Z 61<s>’1+55 HVu(l)HHN(b) + ei’(s)’%&g.
l1l<[o|

When N; - 1 <a| < Ny, |b] < |¢|, using (3.29), it follows that

2 10 @u® v Nl 3 F2VON PO 1 [V e § ()

b+c=a;|bl<|al b+c=a;|bl<|al k
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If |a| < N1 -2, by (3.29), (3.30) and (3.2), we have

> or@u® - veNs 3 (106 gV [p= + [05u® 1= [V | rvear)

b+c=a;|bl<|al b+c=a;|bl<|al
$e(s) P+ 3 e(s) 7 vul | g
liI<[el
By the above bounds, we get
t .4 t
(4.20) [ Ty(s)dss S % f 1856 | e |07 (Bu® - V) | 12l €.
0 0

b+c=a,|bl<|a| |n|=N(a)

Hence, from @.18)-@.20), we have
t g
/ I1,(s)ds s e3(t)"Y forb+c=a.
0

This completes the proof of the bound (£.17).
Step 3. We prove the following two bounds

t
421) fo T12(s)| + |T18(s)|d S € ()27
By divu = 0, we rewrite 11§ as
=y f 99,6 - (u-V(u- VI D))dx
R3

In|=N (a)

4 3 fR 0.6 M V(0" VO )

ni+n2+nz=n,|n3|<|n|=N(a)

D e fR 00D -0 (v (- Vo)) )da

b+cte=a,le|<|a| |n|=N(a)

Y e fR 0.6 (u® V(- Vo)) da.

b+cte=a

(4.22)

The first term in the right hand side of (@.22)) can be estimated using divu = 0 and (3.30),

t
[ [ "0 - (u-V(u-vo"e))drds
0 R3
t
_ f f Lo (0 VY@ @) 4 (D TON@ @) . (4 YOV () s
0 Jr3 2

t
S sup [lu(s) 72|V () [} + fo [0sull 2| Vel [ VSO 15 vy ds

s€[0,t]
Selll<t>2li(a)5'

The other three terms in (4.22)) can be estimated similarly by Holder and 2.11)). The bound (.21)) for I7¢
can be estimated directly, using (3.2)) and (3.3). Hence, the desired bound (@.21)) follows. This completes
the proof of the Proposition. U
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5. BOUNDS ON THE PROFILE: WEIGHTED L? NORMS
In this section we prove (2.14), namely,
Proposition 5.1. With the hypothesis in Proposition2.8 for any t € [0,T], 0 < |a| < N1 - 1, we have

(5. |71 (€[ TeT@) | prgarny § eoft)ebs.
Proof. By @.8), [¢*IV], S] = eVl Q] = 0 and @.13)), we have
(5.2) |FLEVeT@(E)) [ n $ eoft)=1eHD 4 [0, v,

Then it suffices to estimate the last term in the right-hand side of (3.2)). Using ¢-equation in 2.9) and
(.10, it suffices to prove

(5.3) 10:u® - VO | gvgany $ €2(t)7L,

(5.4) Hu(b) . V@tgb(c) ||HN(\a|+1) S 6%(15)_1%('““1)6,

forb+c=a, ke€Z,and

(5.5) [u® -7 (u - Vo) | yrgar S €(t)7L,
P®)

(5.6) |—2©@ D | yngarn) $ €3(t)7Y,

V|
forb+c+e=a,keZ.

Step 1: Proof of (3.3).
When |a| = Ny - 1, |b] > |¢|, by (3.6) and (3.2), we have

[0:u® - 96 | yxan $ 10U a3 2VIHDR Pev gl o 5 € (1) 22+ (6000,
k

When |a| = Ny - 1, |b] < |¢|, using (3.29), it follows that

[0u® - Vo | rvgersny $ (3 2N ® oo + |00 ® 1) [ VO [ iy S €3 ()24 CFD,
k=0

When |a| < N7 — 2, we obtain from (3.6), (3.2) and (3.29)
o 76O g § 10 L |96 L + 10O o |96 g $ et 42,
Hence, the bound (3.3)) follows.
Step 2: Proof of (B.4). If |a| = [b| = Ny - 1,¢ = 0. (3.2) implies
(5.7) Hu(b) ) VathHHN(IaM) S ||U(|b|) ”HN(\aIﬂ) Z 2N(|a‘+1)k++k”at¢”L°° S €%<t>7lm(|a‘+l)5-
%

Now it suffices to consider the case |[b| < N7 — 2, |c| > 0.
Decomposing dyadically in frequency, we have

[u® - V0,0 || gvarn S (Z 92N (lal+ DRT [2)1/2.
k

where

=1 Y @) [ eI Pea® (€ - n) PO (n)dn .
k1,k2

We further divided [}, into high-low, low-high, high-high case,

hl lh hh
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where

L= Z ler(€) ng 6”"7‘77P[k73,k+3]u(b)(5 =) Py, U () dn| .2,

ko<k—-5

[zih = H‘Pk(f) [RS eitwﬂpmmu(b)(g - U)P[k—s,ms]‘l’(c)(U)dUHB,

It = Z lenr(€) f3 eit‘”|fp[k273,k2+3]u(b)(5 =) Pe, W (n)dn] 2.
k1 koska>k+5 R

Step 2.1. The contribution of I!". Integration by parts in 7 yields

L St’lkzk: [Hf (| | 1) Pot s i u® (€ = 1) P, @O ()| 2
2< 5

+| 778 P 3,k+3]u(b)(€ = 1) P, @) (1) dn| 2

RS ]
o, —— —
+ |‘[]R3 mnp[k,&kﬁﬂU(b) (6 _ n)e t'"‘anj PkZ\I]( )(n)dn“LQ]

When |a| = |b| < N7 —2,¢ =0, by Lemma 24 @.11), (2.12) and (3.7) we have

a + 1/2 _ c — c
[ 3o 22N DR 2 1 <t [ u ] gravaren [ D€ 2 + [1€]06u® (€) ] gravqarsny DD | o0
k ko

+ [ 0O gravqersn 1100 | ynvaiaten ]
SEME () + e (1)1 4 ety

S€%<t>fl+n(|c\+1)57
When |b] < Ny - 2,|c| > 1, it follows from @2.11)), @.12) and @2.7) that

[0 22V b0 (] St [ g [0z + {2804 DE Py agu® = e [99
k

+ [ rorsn 1610 U ravgaren ]
SEUEW P+ S 9,002 L, 1202 ® 2

HN(
a1<l,a0<2

+e < )n(|c\+1)6)
<€1<t>fl+li(|a‘+1)5’

~

HN(\a|+1) <t>ﬁ(0)5

Therefore, we have

(58) [ Z 22N(‘a|+1)k+(lgl)2]1/2 < €%<t>—1+n(|a\+1)6.
k
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Step 2.2: The contribution of I" and I'". We only give the bound I}", I"" is estimated similarly.
Integration by parts in 7, it follows that

. T E— _
el fRs O (|_77J|77)P<’“6“(b)(5 = 1) Plis. k51 1) (1) 2

" |fRa %n&” Pt ® (€ = 1) Flios s 20 (1) 2

+ H[W %Updcwu(b)(f - n)eitwanjP[k—5,k+5]\ll(c)(U)d?]”LQ]

Then by Lemma 2.4 @.11), @.12) and 2.7), we have
[ 3 2280k Dk (2] 10 gaion [ D | g2 + [ru® | Lo [ B | graarenson
k

(5.9) + Hu(b) | vaarn | |§|85‘1’(C) | el |
St—l(%@)n(e)é+€%<t>n(\c|+1)6)
S€%<t>fl+n(\a|+1)5.

From (3.8)) and (3.9)), the bound (3.4) for |[b] < N1 —2,|c| > 0 is obtained immediately. This completes

the proof of (3.4).
Step 3: Proof of (3.3).
When |e| < Ny - 2, using (3.13) and (3.2)), we get

[u® - v (@' V) [ gcan SJu® | grcan (|Va = [V | o + [0l o |72 1)
[ ® ] oo (|| vy [V [ 1= + [l = [V rvopenr)
sef (),
When |e| > N; - 1, by (3.13), we have

[u- v (u- V) [ gnaen SO 2NEDRE Pou] o + | Prou] =) [V pravierenen $ €4(8) 7,
k>0

Hence, the bound (3.3)) follows.
Finally, the bound (3.6) is an consequence of (3.2]) and (3.3)). This completes the proof of the proposi-
tion. U

APPENDIX A. DERIVING THE SYSTEM (I.10)), (I.I3)) AND (2.9)

A.1. Deriving the systems (1.10) and (1.13) from (L.6).
Step 1: we derive the following system from ([.6))

O+ Lu = —u-Vu—Vp-0;(Vo-0,0) +V ® (¢ ® Vu) + Errll + Errl2),
(A.1) divu =0,
Ot —Ap=-0wu-Vo-2u-Vd—u-V(u-Ve)+ Err2
where the two order linear operator His defined by
Lu=—Z A= (FAuy + (v +15)0fu, 5 Bz + 0101, 5 (Fus + 01051))".



36 Global regularity for Liquid crystal

Firstly, we proceed to derive the equations satisfied by ¢. From the third component of d-equation in
(I.6) and (L.9), by directly computation we have

. 1 .
(A2) $2= Ago = 5 5in 25(=¢1 + [Von[?),
After taking the first component of d-equation of the system (I.6), by (A.2)) we obtain
(A.3) b1 — Ay = 2tan go(d1do — Vo1V a).

Hence, the ¢-equation in (A.I) follows.
Now we derive the u-equation in (AI)). By (I.9), the i-th, 1 < i < 3 component of div(Vd ® Vd) in the
first equation of the system (I.6]) can be rewritten as

Z (9]- (0,(1 . @d) = Z Oj(algb@]gb) - Z (9]- (sin2 ¢28¢¢1aj¢1).
J J J

Since the orientation field d is near 7 = (1,0, 0). By (I.9) and Taylor series expansion we have

(dudydsd;) (61, 62) =(dudydid; ) (0,0) + (610y + o) (dudlydid; ) (0, 0)
1
t [ (0101 + 0200)* (duclydidy) (61, 562) (1 = s)dss

and

(didi) (1, d2) =(didyp)(0,0) + (4101 + 205 (d;di,) (0,0)
+ /(;1(¢131 + (3209)2 (dydy,) (81, s¢p9) (1 = s)ds.

Then for divo, from the above two expression we obtain the linear term
811411 81A11 + ainj ”—;Aul + (Vl + 1/5)8%1,61
141 0 + Us 81A12 = ”—25(8%u2 + 81821,61) ,
0 81A13 %(8%2@, + 8183u1)

the quadratic terms

a2(14116151) + a:’,(/1116152) + 251(6151/112 + ¢2A13)
V® (¢®Vu) =1, (A1)
01 (A1)

O2(1A11) + 03(p2A11) + 01 (P1 A9 + P2 Asy) + 0j(Pp1Azj + P2 As;)
+ Vs 02(p1A12) + 03(P2A12) + 01 (P1 Az + 2 Asy) + 8j(¢1A1j)
Oa(p1A13) + O3(P2A13) + 01 (P1 A3 + P2 Asg) + 0;(P2A1;)

and the error terms
Errll = (Errlly, Errlly, Errlls)’,

where

Brrii=nd;(Ay [ (6101 + 0202 Gy (561, 562)(1 - 5)ds)
+ V58j(Aki [01(¢181 + ¢282)2(djdk)(3¢17 5¢2)(1 - s)ds)
vty (A [ (0101 + 620 (i) (561, 562) (1 - 5)ds).
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Thus the u-equation in (A.I)) follows, and hence we obtain the system (A.T)).
Step 2: We derive the v-equation in ([_L3) from u-equation in (A.1).
Applying the Leray projection IP to u-equation in (A.T)), we obtain
(A.4) dpu+PLu =P(~u-Vu - 0;(Vp-0;¢) + 110;(¢ ® Vu) + Errll + Errl2),

where PL is a two order operator, i.e

2

( (05 + 83)u178182u1a8103u1)
1 1
- V5(§AU1, 5(81u2 - 010quy), 5(8%%3 - 8183u1))T.

By divu = 0, we further have

02(02+02
”4+”0A +1; —(|v2\2 ) 0 O Uy
7 . . 0202
Lu = 0 —HEEN+ 2 82 + 2 MQ (- \Vl2 )8283 Us
: 0202
0 —(V — V= \V|2 )8283 _atls A 4 1/5 82 + 1 \V|23 us

In order to diagonalize u-equation (A.4), let
(A.5) v = Uu,

where the operator U is

1 0 0
—i0o —103

(A.6) U:= \/ 03-03  \/-03-03
—7,83 109

\/ 03-03  \/-03-03

From the definition of U, we can recover u by

Then applying U to (A.4), we obtain
0w +ULUv = UP(~u-Vu-0;(Vo-0;0) + V& (¢ ® Vu) + Errll + Errl2).
Using Fourier transformation, the operator ULU can be rewritten as

F(ULUv)(€) = U(E)L(EUE)T(E) = Lu(€)

2 2
(g e S Sy ), (g, SELE)

Thus the v-equation in (IL13)) follows.

S+ &)
€2

Vy + Vs

736, (16 + SE)m(E)).
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A.2. Deriving the system (2.9). By the standard argument, from (A.Il) we can derive that

' + Lu'® + Ly(u) = - > Chu® - yul®) - ypl@

b+c=a

- 2 CL(V(S - 1) T - 0,(S - 1) T ¢)
b+c=a

A +(S+1D)UTYV® (¢ Vu) + (S + 1T (Errll + Errl2)),
. divu® =0,
D2 — Ap(®) = - Z CP(0u® - v + 2u® . v9,0())

b+c=a

— Z Cs7cu(b) . v(u(c) . V(b(e)) + (S + 2)(a1)r(a,)E7‘T27
b+ct+e=a

then by divu(® = 0, v(® = Uu(® and the same argument as Step 2 in Appendix [A.1l applying UP to
u(®)-equation in (A7), the system (2.9) is obtained.
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