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Abstract

We study the iteration complexity of the optimistic gradient descent-ascent (OGDA) method
and the extra-gradient (EG) method for finding a saddle point of a convex-concave uncon-
strained min-max problem. To do so, we first show that both OGDA and EG can be inter-
preted as approximate variants of the proximal point method. This is similar to the approach
taken in m, M] which analyzes EG as an approximation of the ‘conceptual mirror
prox’. In this paper, we highlight how gradients used in OGDA and EG try to approximate
the gradient of the Proximal Point method. We then exploit this interpretation to show that
both algorithms produce iterates that remain within a bounded set. We further show that
the primal dual gap of the averaged iterates generated by both of these algorithms converge
with a rate of O(1/k). Our theoretical analysis is of interest as it provides a the first conver-
gence rate estimate for OGDA in the general convex-concave setting. Moreover, it provides
a simple convergence analysis for the EG algorithm in terms of function value without using
compactness assumption.

1 Introduction

Given a function f : R™ x R™ — R, we consider finding a saddle point of the problem

i 1
Join max f(x,y), (1)

where a saddle point of Problem (IJ) is defined as a pair (x*,y*) € R™ x R™ that satisfies

fxy) < fx5y") < flxy7)

for all x € R™,y € R™. Throughout the paper, we assume that the function f(x,y) is convex-

concave, i.e., for any y € R™, the function f(x,y) is a convex function of x and for any x € R™,

the function f(x,y) is a concave function of y. This formulation arises in several areas, including

zero-sum games |Basar & Olsded, M], robust optimization |[Ben-Tal et all, Im)g], robust control

Hast et all, |2J)L§] and more recently in machine learning in the context of Generative Adversarial

Networks (GANs) (see [Goodfellow et all, [2014] for an introduction to GANs and [Arjovsky et all,
for the formulation of Wasserstein GAN).

Our goal in this paper is to analyze the convergence rate of some discrete-time gradient
based optimization algorithms for finding a saddle point of Problem () in the convex-concave
case. In particular, we focus on Extra-gradient (EG) and Optimistic Gradient Descent Ascent
(OGDA) methods because of their widespread use for training GANs (see Dasgmmsﬂ_aj 2018;
Liang & Stokes, [2019]). EG method is a classical algorithm for solving saddle point problems intro-
duced by Korpelevich ﬂJ_QE] Its linear rate of convergence for smooth and strongly convex-strongly
concave functions f(x,y) EI and bilinear functions, i.e., f(x,y) = x' Ay (where A is a square, full

*The authors are in alphabetical order.

fDepartment of Electrical and Computer Engineering, University of Texas at Austin, Austin, TX.
mokhtari@austin.utexas.edu

IDepartment of Electrical Engineering and Computer Science, Massachusetts Institute of Technology, Cambridge,
MA, USA. asuman@mit.edu.

8Department of Electrical Engineering and Computer Science, Massachusetts Institute of Technology, Cambridge,
MA, USA. sarathp@mit.edu.

INote that when we state that f(x,y) is strongly convex-strongly concave, it means that f(-,y) is strongly convex
for all y € R™ and f(x,-) is strongly concave for all x € R™.


http://arxiv.org/abs/1906.01115v3

rank matrix), was established in [Korpelevich |[1976] as well as the variational inequality literature
(see [Tseng, [1995] and |[Facchinei & Pang, 2007]). Its O(1/k) convergence rate for the constrained
convex-concave setting was first established by [Nemirovski |2004] under the assumption that the
feasible set is convex and compactd Monteiro & Svaiter [2010] established a similar O(1/k) con-
vergence rate for EG without assuming compactness of the feasible set by using a new termination
criterion that relies on enlargement of the operator of the VI reformulation of the saddle point
problem defined in |[Burachik et all, [1997]. OGDA was introduced by [Popov [1980], as a variant of
the Extragradient method, and has gained popularity recently due to its performance in training
GANSs (see [Daskalakis et all, 2018]). To the best of our knowledge, iteration complexity of OGDA
for the convex-concave case has not been studied before.

In this paper, we provide a unified convergence analysis for establishing a sublinear conver-
gence rate of O(1/k) in terms of the function value difference of the averaged iterates and a
saddle point for both OGDA and EG for convex-concave saddle point problems. Our analysis
holds for unconstrained problems and does not require boundedness of the feasible set, and it
establishes rate results using the function value differences as used in |[Nemirovski, 2004] (suitably
redefined for an unconstrained feasible set, see Section [). Therefore, we get convergence of the
EG method in unconstrained spaces without using the modified termination (error) criterion pro-
posed in [Monteiro & Svaiter, |2010]. The key idea of our approach is to view both OGDA and
EG iterates as approximations of the iterates of the proximal point method that was first intro-
duced by IMartinet [1970] and later studied by [Rockafellan [1976]. We would like to add that the
idea of interpreting EG as an approximation of the Proximal Point method was first studied in
[Nemirovski, [2004]. He considers the conceptual mirror prox, which is similar to the proximal point
method, and shows that the mirror prox algorithm (of which EG is a special case) provides a good
implementable approximation to this method. Further, [Monteiro & Svaiter [2010] use a similar in-
terpretation and propose the Hybrid Proximal Extragradient method to establish the convergence
of EG in unbounded settings using a different convergence criteria. More recently, IMokhtari et al.
[2020] study both OGDA and EG as approximations of proximal point method and analyze these
algorithms for bilinear and strongly convex-strongly concave problems.

More specifically, we first consider a proximal point method with error and establish some
key properties of its iterates. We then focus on OGDA as an approximation of proximal point
method and use this connection to show that the iterates of OGDA remain in a compact set. We
incorporate this result to prove a sublinear convergence rate of O(1/k) for the primal-dual gap of
the averaged iterates generated by the OGDA update. We next consider EG where two gradient
pairs are used in each iteration, one to compute a midpoint and other to find the new iterate using
the gradient of the midpoint. Our first step again is to show boundedness of the iterates generated
by EG. We then approximate the evolution of the midpoints using a proximal point method and
use this approximation to establish O(1/k) convergence rate for the function value of the averaged
iterates generated by EG. As the convergence results of EG have already been established in papers
including |[Nemirovski, 2004] and [Monteiro & Svaiter [2010], we relegate the proofs of Lemmas and
Theorems corresponding to EG to the Appendix.

Related Work

Several recent papers have studied the convergence rate of OGDA and EG for the case when
the objective function is bilinear or strongly convex-strongly concave. [Daskalakis et all [2018]
showed the convergence of the OGDA iterates to a neighborhood of the solution when the objective
function is bilinear. [Liang & Stoked [2019] used a dynamical system approach to prove the linear
convergence of the OGDA method for the special case when f(x,y) = x' Ay and the matrix A
is square and full rank. They also presented a linear convergence rate of the vanilla Gradient
Ascent Descent (GDA) method when the objective function f(x,y) is strongly convex-strongly
concave. |Gidel et all [2018] considered a variant of the EG method, relating it to OGDA updates,
and showed the linear convergence of the corresponding EG iterates in the case where f(x,y) is
strongly convex-strongly concave (though without showing the convergence rate for the OGDA
iterates). Optimistic gradient methods have also been studied in the context of convex online
learning [Chiang et all, 2012; Rakhlin & Sridharax, 2013a/H].

2The result in [Nemirovski, 2004] shows a O(1/k) convergence rate for the mirror-prox algorithm which specializes
to the EG method for the Euclidean case.



Nedié¢ & Ozdaglan |2009] analyzed the (sub)Gradient Descent Ascent (GDA) algorithm for
convex-concave saddle point problems when the (sub)gradients are bounded over the constraint set,
showing a convergence rate of O(1/v/k) in terms of the function value difference of the averaged
iterates and a saddle point.

Chambolle & Pock [2011] focused on a particular case of the saddle point problem where the
coupling term in the objective function is bilinear, i.e., f(x,y) = G(x) +x 'Ky — H(y) with G and
H convex functions. They proposed a proximal point based algorithm which converges at a rate
O(1/k) and further showed linear convergence when the functions G and H are strongly convex.
Chen et _al! [2014] proposed an accelerated variant of this algorithm when G is smooth and showed
an optimal rate of (i—? + LTK), where Lg and Lk are the smoothness parameters of G and the norm
of the linear operator K respectively. When the functions G and H are strongly convex, primal-dual
gradient-type methods converge linearly, as shown in [Chen & Rockafellan [1997]; [Bauschke et al.
[2011]. Further, [Du & Hu [2019] showed that GDA achieves a linear convergence rate in this
linearly coupled setting when G is convex and H is strongly convex.

For the case that f(x,y) is strongly concave with respect to y, but possibly nonconvex with
respect to x, [Sanjabi et all [2018] provided convergence to a first-order stationary point using an
algorithm that requires running multiple updates with respect to y at each step.

Notation. Lowercase boldface v denotes a vector and uppercase boldface A denotes a matrix.
We use ||v]| to denote the Euclidean norm of vector v. Given a multi-input function f(x,y), its
gradient with respect to x and y at points (xo,yo) are denoted by Vi f(xo,y0) and Vy f(x0, ¥o),
respectively. We refer to the largest and smallest eigenvalues of a matrix A by Apax(A) and
Amin(A), respectively.

2 Preliminaries

In this section we present properties and notations used in our results.

Definition 1. A function ¢ : R™ — R is L-smooth if it has L-Lipschitz continuous gradients on
R™, i.e., for any x,% € R™, we have

IVo(x) = Vo) < Lf|x - x]|.

Definition 2. A continuously differentiable function ¢ : R™ — R is convexr on R™ if for any
x,x € R", we have

(%) = 6(x) + Vo (x)" (% —x).
Further, ¢(x) is concave if —p(x) is conver.

Definition 3. The pair (x*,y*) is a saddle point of a convexr-concave function f(x,y), if for any
x € R" and y € R™, we have

fEy) S fE5YT) < fx 7).
Throughout the paper, we will assume that the following conditions are satisfied.

Assumption 1. The function f(x,y) is continuously differentiable in x and y. Further, for any
y € R™, the function f(x,y) is a convexr function of x and for any x € R™, the function f(X,y)
is a concave function of y.

Assumption 2. The gradient Vxf(X,y), i Lyg-Lipschitz with respect to x and Lg,-Lipschitz
with respect to'y and the gradient Vy f(x,y), is Lyy-Lipschitz with respect to y and Ly,-Lipschitz
with respect to x, i.e.,

[Vaf(x1,¥) = Vi f(x2,¥)|| < Laa|x1 — %2 for ally,

[Vaf (%,51) = Vi f (%, ¥2)[| < Layllyr —y2|  for allx,

[Vyf(x,y1) = Vy f(x,¥2)| < Lyyllyr —y2| for allx,

IVyf(x1,¥) = Vy f(x2,¥)| < Lya|[x1 — %2 for ally.
We define L := 2 X max{Lyy, Lyy, Lya, Lyy}- B

3 In this definition we need an additional factor of 2 because in the analysis we use L as the Lipschitz continuity
of the operator F(-) = [Vxf(-); =Vy f(-)].




Assumption 3. The solution set Z* defined as
Z* = {[x;y] € R""™ : (x,y) is a saddle point of Problem ()}, (2)
18 monempty.

In the following sections, we present and analyze three different iterative algorithms for solving
the saddle point problem introduced in (). The k*" iterates of these algorithms are denoted by
(XK, yr). We denote the averaged (ergodic) iterates by X, ¥i, defined as follows:

k k
1=1 1=1

In our convergence analysis, we use a variational inequality approach in which we define the
vector z = [x;y] € R"™™ as our decision variable and define the operator F': R™*T" — R™*™ ag

F(Z) = [vxf(XaY); _vyf(XaY)]' (4)

In the following lemma we characterize the properties of operator F' in () when the conditions
in Assumptions [Il and (2] are satisfied. We would like to emphasize that the following lemma is
well-known — see, e.g., INemirovski [2004] — and we state it for completeness.

X =

ol B
ol e

Lemma 1. Let F(-) be defined as in Equation [@l). Suppose Assumptions[dl and[@ hold. Then
(a) F is a monotone operator, i.e., for any 71,72 € R™T" we have

(F(z1) — F(22),21 — 22) > 0.
(b) F is an L-Lipschitz continuous operator, i.e., for any z1,zs € R™" we have
[F(z1) — F(z2)|| < Llz1 — 22]|.
(¢) For all z* € Z*, we have F(z*) = 0.

According to Lemmal[ll when f is convex-concave and smooth, the operator F defined in () is
monotone and Lipschitz. The third result in Lemma [l shows that any saddle point of problem ()
satisfies the first-order optimality condition, i.e for all (x*,y*) € Z*, we have:

Vif(x%y") =0 Vyf(x",y") (5)

Before presenting our main results, we state the following well known result (see for example
Nemirovski |2004]) which will be used later in the analysis of OGDA and EG. We present the proof
here for completeness.

Proposition 1. Recall the definition of the operator F(-) in [@) and the points X, ¥r in (B).
Suppose Assumptions[dl and[3 hold. Then for any z = [x;y] € R™", we have

N
N . 1
f(XNay)_f(XayN)SNZF(Zk)T(Zk_Z) (6)
k=1
Proof. Using the definition of the operator F', we can write

F(z) " (2 — 2) = [Vacf (% yi) " (%% = %) + Vy f (%, y5) (v — ¥5)]

=2~

1
N

71

[f(xk, ¥&) = f(%, %) + f(%Xk,y) — f (X, i)

Y2
2]~
1= [1= I1-

[f(xk;y)if(xayk)]a (7)

=z~
=
ﬂ‘



where the inequality holds due to the fact that f is convex-concave. Using convexity of f with
respect to x and concavity of f with respect to y, we have

1

=

N N
T Fy) 2 FEN ) D0 feev) < S ). ®)
k=1 k=1

Combining inequalities (@) and (&) yields

o F () (k) > flosy) — FO9),
k=1

completing the proof. O

3 Proximal point method with error

One of the classical algorithms studied for solving the saddle point problem in () is the Proximal
Point (PP) method, introduced in [Martinet |[1970] and studied in [Rockafellay [1976]. The PP
method generates the iterate {xxy1,yx+1} which is defined as the unique solution to the saddle
point problenﬂ

. 1 , 1 )
—x = x]|? — = lly — . 9
Jnin max {f(x,y) gyl = xl” = oy — il } )

It can be verified that if the pair {Xg4+1,yr+1} is the solution of problem (@), then xx+1 and yx41
satisfy

. 1
s = argnin { o yien) + -l (10)
xER™ 277
1 2
Yi+1 = argmax { f(Xg11,y) — 2—||y —yell® ¢ - (11)
yEeRn? n

Using the optimality conditions of the updates in (I0) and (III) (which are necessary and sufficient
since the problems in ([I0) and () are strongly convex and strongly concave, respectively), the
update of the PP method for the saddle point problem in () can be written as

X1 = Xk — NV Xkt 1, Yit1),
Yit1 = Yk + 0Vy f (Xt 1, Yit1)- (12)

It is well-known that the proximal point method achieves a sublinear rate of O(1/k) when k is
the number of iterations for convex minimization and for solving monotone variational inequalities
(seelGiiler [1991,11992]; Bruck Ju [1977]; [Teboulle [1997]; Nemirovski [2004]). Note that Nemirovski
[2004] in fact analyzed the conceptual mirror prox (the proximal point method) as a building block
to analyze the mirror-prox algorithm. For completeness, we present the convergence rate of the
proximal point method for convex-concave saddle point problems in the following theorem (see
Appendix [A] for the proof).

Theorem 1. Suppose Assumption [l holds. Let {xy,yr} be the iterates generated by the updates
in (I2). Consider the definition of the averaged iterates Xy, yi in (). Then for all k > 1, we have

[xo — x*|I” + [lyo — y*II?
nk '

|f %k, 1) — f(X,57)] < (13)

The result in Theorem [I] shows that by following the update of proximal point method the gap
between the function value for the averaged iterates (Xj,¥x) and the function value for a saddle
point (x*,y*) of the problem (Il approaches zero at a sublinear rate of O(1/k).

4 Again {Xk+1,Yk+1} is unique since the objective function of problem (@) is strongly convex in x and strongly
concave in y



Our goal is to provide similar convergence rate estimates for OGDA and EG using the fact that
these two methods can be interpreted as approximate versions of the proximal point method. To
do so, let us first rewrite the update of the proximal point method given in (I2) as

Zit1 = 2 — NF (Zp41), (14)

where z = [x;y] € R™*" and the operator F' is defined in (). In the following proposition, we
establish a relation for the iterates of a proximal point method with error. This relation will be
used later for our analysis of OGDA and EG methods.

Proposition 2. Consider the sequence of iterates {zy} € R"™™ generated by the following update
Zi1 = Zk — NF(Zk11) + €y, (15)

where F : R"™™ — R*™™ 45 q monotone and Lipschitz continuous operator, €, € R*™™ s an
arbitrary vector, and n is a positive constant. Then for any z € R™™™ and for each k > 1 we have

F(zk41) " (2Zrs1 — 2)

1 1 1 1
= %sz -zl - %sz-i-l —z||* - 2—n||zk+1 —z || + EekT(ZkH — 7). (16)

Proof. According to the update in (IH), we can show that for any z € R™" we have

|zk1 —2)1> = l|ze — 2)|* — 2n(zx — 2) " F(2rs1) + 0% (| F(2r41) | + llex]®
+2¢;, " (zx — 2 — NF (2141)). (17)

We add and subtract the inner product 277z;+1F (zk+1) to the right hand side and regroup the
terms to obtain

|1Z+1 = 2l* = |lzn — 2]|* = 20(2K41 — 2) T F(2k41) = 20(x5 — Xp11) ' F(2811)

+ 02| F (ze1)|” + llexl|” + 261" (2 — 2 — nF(2e41)). (18)
Replacing F(zg+1) with (1/1)(—2zk+1 + 2 + €;), we obtain

|2k41 — 2|
= |z — 2z||> — 20(2k+1 — 2) " F(2041) + 2(26 — Ze+1) | (Zhs1 — 2k — €k)
+ |zrs1 — 2z — erl|® + |lexl|* + 261 (zry1 — 2z — €x)

= |z — 2| = 2n(zrs1 —2) " Flzi11) = 2041 — 20]|* + 268" (2041 — 2). (19)
On rearranging the terms, we obtain the following inequality:
F(zr41) " (Zrg1 — 2)

1 1 1 1
= Q_UHZk —z||* - 2—n||zk+1 —z||* - %sz-i-l -z || + ;ekT(ZkH —1z), (20)

and the proof is complete. o

4 Optimistic Gradient Descent Ascent

In this section, we focus on analyzing the performance of optimistic gradient descent ascent (OGDA)
for finding a saddle point of a general smooth convex-concave function. It has been shown that
the OGDA method achieves the same iteration complexity as the proximal point method for both
strongly convex-strongly concave and bilinear problems; see [Liang & Stoked [2019], |Gidel et al.
[2018], Mokhtari et. all [2020]. However, its iteration complexity for a general smooth convex-
concave case has not been established to the best of our knowledge. In this section, we show
that the function value of the averaged iterate generated by the OGDA method converges to the
function value at a saddle point at a rate of O(1/k), which matches the convergence rate of the
proximal point method shown in Theorem [l



Given a stepsize > 0, the OGDA method updates the iterates x; and yj for each k > 0 as

X1 = Xk — 20V f (Xk, Y&) + VxS Xi—1,Yr-1),
Yi+1 =Yk +20Vy f (Xk,¥%) = nVyf (Xk—1, Y1) (21)

with the initial conditions xg = x_1 and yg = y_1. The main difference between the updates
of OGDA in (2I) and the gradient descent ascent (GDA) method is in the additional “momen-
tum” terms —n(Vxf (xk, ¥r) — Vxf Xi—1,¥%-1)) and n(Vy f (xx,¥x) — Vy f (Xg—1,¥x—1)). This
additional term makes the update of OGDA a better approximation to the update of the proximal
point method compared to the update of the GDA; for more details we refer readers to Proposition
1 in [Mokhtari et al! [2020].

To establish the convergence rate of OGDA for convex-concave problems, we first illustrate
the connection between the updates of proximal point method and OGDA. Note that using the
definitions of the vector z = [x;y] € R™"™ and the operator F(z) = [Vxf(x,y); —Vyf(x,y)] €
R we can rewrite the update of the OGDA algorithm at iteration k as

Zoy1 = 2k — 201 (z) + nF (2p-1). (22)

Considering this expression, we can also write the update of OGDA as an approximation of the
proximal point update, i.e.,

Z+1 = 2k — NF(Zk11) + €y, (23)
where the error vector e is given by
ex = N[(F(2r41) — Fzx)) — (F(zr) — F(2-1))]- (24)

To derive the convergence rate of OGDA for the unconstrained problem in (), we first use the
result in Proposition2to derive a result for the specific case of OGDA updates. We then show that
the iterates generated by the OGDA method remain in a bounded set. This is done in the following
lemma (Note that boundedness of OGDA iterates can be deduced from [Popov, [1980], whereas a
result similar to Lemma [2(b) was shown in a recent independent paper by Malitsky & Taml [2018]).

Lemma 2. Let {z} be the iterates generated by the optimistic gradient descent ascent (OGDA)
method introduced in [22)) with the initial conditions xg = x—1 and yo =y-1 (i.e. 2o =2z_1). If
Assumptions [, 3, and[3 hold and the stepsize n satisfies the condition 0 < n < %, then:

(a) The iterates {z} satisfy the following relation:

F(zp11)" (2141 — 2)

1 1 L L
< gyl = z|* - oy 71— 2|* = S llzess — zell” + Sz — 2o |
+ (F(zr41) = F(21) (2141 — 2) = (F(zr) = F(zr-1)) " (2 — 2). (25)
(b) The iterates {z} stay within the compact set D defined as
D= {(x,y) | Ix = x"> +[ly = y*[I> <2 (IIxo — x*|* + llyo = y"*) }, (26)

where (X*,y*) = 2* € Z* is a saddle point of the problem defined in ().

Proof. Since OGDA iterates satisfy Equation (23)) with the error vector e given in Equation (24)),
using Proposition [2] with this error vector g4 leads to

F(zg11) " (241 — 2)

1 1 1
= %HZk —z|)* - 2_n||zk+1 —z|)? - %”ZkJrl —z)?

 (F(zna) — F(zi) (2 —2) — (F(a) — Flax-1) (a1 — 2). (27)

We add and subtract the inner product (F(zx) — F(zx_1))' (zx — z) to the right hand side of the
preceding relation to obtain

F(zp11)" (2141 — 2)

. 1 2 1 2 1 2
= %HZk —z||” - Q_UHZkJrl —z||° — 2_n||zk+1 — 2|
+ (F(zk41) — F(z1) " (2hs1 — 2) — (F(2k) — F(z1-1)) " (2 — 2)
+ (F(zr) = F(zr-1)) " (21 — 2141)- (28)



Note that (F(zx) — F(zx—1)) " (zx — z1+1) can be upper bounded by

(F(zk) = F(zr-1)) " (2 — Z11) < || F(20) — F(z-1)| 121 — 2011 |
< Lz — ze-alllzk — zi4a |
L L
< §||Zk*Zk71H2+EHZk*ZkHHQv (29)
where the second inequality holds due to Lipschitz continuity of the operator F' (Lemma[(b)) and
the last inequality holds due to Young’s inequality[] Replacing (F(zx) — F(zk-1)) " (2 — Zk41) in
([28)) by its upper bound in 29)) yields

F(zk41) " (2Zrs1 — 2)

IN

1 1 1
2_77|le - Z||2 - %sz-i-l - ZH2 - %sz-i-l - ZIc||2
+ (F(zri1) — F(z1) " (241 — 2) — (F(z1) — F(z1-1)) " (21 — 2)

L L
+ EHZk —zp | + §||Zk+1 —z)|?

1 1 L L
2_77|le —z|® - %szﬂ —2l” = Sz — 2zl + Sllze — 2 |
+ (F(zr+1) — F(z1) " (2641 — 2) — (F(zr) — F(z4-1)) (26 — 2), (30)

where the second inequality follows as 7 < 1/2L and therefore —ﬁ llzkt1 — 2kl < —L||Zrs1 — 2k ]2

This completes the proof of Part (a) of the lemma. Now, taking the sum of the preceding relation
from k=0,---,N — 1, we obtain

=

-1

F(z441)" (2141 — 2)
=0

o

1 L L
< 2_77”Z0 -zl - %HZN —z||? - §||ZN —zna|? + §||Zo —z_q|
+ (F(zn) — F(zn-1)) " (25 — 2) — (F(20) — F(2-1)) " (20 — 2). (31)

Now set z = z*, where z* € Z*, to obtain

N—1
F(zk41) " (2Zpg1 — 2*)
k=0
1 1 L L
< 2_77”Z0 -z - %HZN —z*||? - 5 llzn — zy_1|* + 3 llzo — z_4|?
+ (F(zn) — F(zn-1)) ' (z2n — 2") = (F(20) — F(2-1)) ' (20 — 2"). (32)

Note that each term of the summand in the sum in the left is nonnegative due to monotonicity
of F' and therefore the sum is also nonnegative. Further, we know that zy = z_;. Using these
observations we can write

1 1 L
0< 2—77||Zo -z - Q—UHZN — 2| - 5 llzn — zn|?
+(F(ZN)7F(ZN,1))T(ZN72*). (33)

Using Lipschitz continuity of the operator F(-) (Lemma [I{b)) and Young’s inequality in the pre-

5We use the following form of Young’s inequality throughout the paper:
2 2
a b

a'b <
2 2



ceding relation, we have
1 1 L
0< 2_77”Z0 —z"|” - Q—UHZN —72 7 = Slay —zv

+ Lllzn — zn-1llllzy — 27|

IN

1 1 L
2_77”Z0 —z*|* - Q—UHZN —z"|* - §HZN —zn_1|?

L L
+ Sllan =zl + Sllax — 27|

IN

1 1 L
2—77||ZO—Z*H2—Q—WHZN—Z*||2+§HZN—Z*||2 (34)

Regrouping the terms gives us

lzy —27|* < |lzo — z"*. (35)

(1—-nL)
Using the condition n < 1/2L, it follows that for any iterate N we have

lzy — 2" )|* < 2]lzo — 2%, (36)
and the claim in Part (b) follows. O

According to Lemma [2 the sequence of iterates {xx,yr} generated by OGDA method stays
within a closed and bounded convex set. We use this result to prove a sublinear convergence rate
of O(1/k) for the function value of the averaged iterates generated by OGDA to the function value
at a saddle point, for smooth and convex-concave functions in the following theorem.

Theorem 2. Suppose Assumptions[d, [2 and [3 hold. Let {xx,yr} be the iterates generated by the
OGDA updates in 2I)). Let the initial conditions satisfy xg = x—1 and yo = y—1. Consider the
definition of the averaged iterates Xy, yn in @Bl) and the compact convex set D in [28). If the
stepsize ) satisfies the condition 0 < n < 1/2L, then for all N > 1, we have

[ max f(fcw,y>—f*]+[f*— min £ gw)| < ZOLF20) (37)

y:(%n,y)ED x:(x,yN)ED N ’
where f* = f(x*,y*) and D = ||xg — x*||? + |lyo — y*||*.

Proof. From Lemma [Zl(a), we have that the iterates generated by the OGDA method satisty Equa-

tion (25). On taking the sum of this relation from & = 0,--- | N — 1, we obtain for any z
N-1
F(2k41) " (2Zrs1 — 2)
k=0
1 1 L L
< 2_77”Z0 —z|” - %HZN — 2| = Sllzn —znall* + S llzo — 2|
+(F(zn) = F(zn-1)) ' (z2n —2) — (F(20) — F(2z-1)) " (20 — ). (38)

Note that for any z1,z2 € D, we have:
|21 — 22| < 2||z1 — 2" ||* + 2|22 — 27||
< 2o — 2|2 + 4120 — 2"
<8D (39)

where we have used the fact that ||z — z*||? < 2||zo — z*||? for all z € D along with the fact that
for all a,b € R?, ||a+ b|? < 2||al|? + 2||b||?. As z_; = 2o and 5 < 1/2L, for any z € D we have

1 N71F(Z s —2) < %Hzo —z||? + (F(zn) — F(zn_1)) " (zy — 2)
N k+1 k+1 = N
k=0
D(8L + &)
B 7 40
< - (40)



This inequality follows since:

(F(zn) = F(zy-1))" (25 —2) < [|F(zn) — F(zn-1)| 2y — 2|
< Llzy —zy-allllzy — 2] (41)

and for any x,y € D, we have:

% =yl < lx =2 + [y — 27

<2v2D (42)
Therefore, we have:
(F(zn) — F(zn-1)) " (zn —2) < 8LD (43)

which immediately gives us Inequality [@0). Combining relation [#0) with Proposition [Il we have
that for all x,y € D

) ) DL+ 5)
which gives us the following convergence rate estimate:
max XN,Y) — —  min X, < )
yv:(Xn,y)ED NoY x:(x,yN)ED yN N
where f* = f(x*,y%). O

Note that convergence in Theorem[2lis shown in terms of the Primal-Dual gap maxy.(xy y)ep f(Xn,y)—
miny. (x y)ep f (x,¥~) which is a common measure to capture closeness to the solution in convex-
concave setting (see |[Nemirovski, 2004]). Indeed, the duality gap is zero if and only if (Xx,¥n)
is a saddle point of the problem. The primal-dual gap also has the following game theoretic
interpretation. If Player x is playing Xx, then maxy. (s, yjep f(Xn,y) quantifies how much
Player y can gain by playing an action in the set D. Similarly, if Player y is playing yx, then
— miny,(x 3 v)ep f(X, y~) quantifies how much Player x can gain by playing an action in D. There-
fore, the quantity maxy. sy ,y)ep f(Xn,¥) — Ming:(x yx)ep f(X, ¥N) is a measure of the sum of how
much each player can gain if they unilaterally deviate from the strategy (Xy,yn). This goes to
zero at the Nash Equilibrium (saddle point), where no player can gain by unilaterally deviating
from the equilibrium strategy.

Also, note that the result in Theorem [2] also implies that |f(Xn,¥n) — f*| < 9LD/N as we
show in the following corollary.

Corollary 1. Suppose Assumptions[, [4 and [ hold. Let {xi,yr} be the iterates generated by
the OGDA updates in [2I)). Consider the definition of the averaged iterates Xn,yn in @). If the
stepsize ) satisfies the condition 0 < n < 1/2L, then for all N > 1, we have

D(8L + &)
|f()A(N7$’N) 7f*| < T%v

where f* = f(x*,y%).

Proof. Note that [maxy.(x, y)ep f(Xn,y) — f*] and [f* — ming.x y)ep f(X,¥n)] are both non-

negative. To verify note that

max_ f(xn,y) > f(xn,y") > f(x",¥7)
y:i(kn,y)€D
and
H}in f(xayN)Sf(X*ayN)Sf(X*ay*)
x:(x,yn)ED

(since (x*,y*) € D). Further, note that (Xn,¥x) belongs to the set D. Hence, it yields

i 53) — < o) — g < 2L 2w
XN, —fr< a xN,y) — fF < ———1,
NN y:(&mw,;()ep Ny N
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Also, we can show that

P Fgn) < £ n g )<D(8L+ﬁ)
XN;YN) = x:(xI,I)}/an)eD X, yn) < ~ )
1
Therefore, |f(xn,yn) — [*| < %_ O

The result in Corollary [[] shows that the function value of the averaged iterates generated by
OGDA converges to the function value at a saddle point of problem (Il) at a sublinear rate of
O(1/k) when the function is smooth and convex-concave. To the best of our knowledge, this is
the first non-asymptotic complexity bound for OGDA for the convex-concave setting. Moreover,
note that without computing any extra gradient evaluation, i.e., computing only one gradient per
iteration with respect to x and y, OGDA recovers the convergence rate of proximal point method.

5 Extragradient Method

In this section, we consider finding a saddle point of a general smooth convex-concave function
using the Extra-gradient (EG) method. Similar to our analysis of the OGDA method, we show that
by interpreting the EG method as an approximation of the proximal point method it is possible
to establish a convergence rate of O(1/k) through a simple analysis.
Consider the update of EG in which we first compute a set of mid-point iterates {X,H_% , yk+%}
using the gradients with respect to x and y at the current iterate
Xpy 1 =Xk = NV [ Xk Vi),
Yie+i = Yk +77vyf(xkaYk)- (45)
Then, we compute the next iterates of the EG method {Xj11,yk+1} using the gradients at the
mid-points {Xk—i-% Vit }, ie.,
X1 = Xk = NVoef (X1 1, ¥iy 1)
Yi+1 = Yk +77vyf(xk+%a3’k+%)- (46)
We aim to show that EG, similar to OGDA, can be analyzed for convex-concave problems by
considering it as an approximation of the proximal point. To do so, let us use the notation
z = [x;y] € R"™™ and F(z) = [Vxf(x,y); —=Vy f(x,y)] € R™™™ to write the update of EG as
Tyl =2k — nF(zy),
Zp41 = Z — nF(sz,-%)- (47)
To better highlight the connection between proximal point and EG, let us focus on the expression
for the update of the mid-point iterates in EG. Considering the updates in ([@T), we have
Zpyl =2 — nF(z),
=2zp—1 — NF(z_1) — nF(2k)
=z 1 +nF(zk-1) —nF (2, 1) — nF(zx)
where the second equality follows by replacing z; by its update zy_1 — nF' (zk_%), and the second

equality follows by considering the update z;_ 1= 21— NF(zi—1). Therefore, rearranging this
equation, we can rewrite the updates as

Zyppr =21 — F(z_1) = 0(F(zk) — F(zk-1)). (48)

One can consider the expression F'(zy) — F'(zx—1) as an approximation of the variation F(z;,1) —
F(z_1). To be more precise, if we assume that the variations F(zx) — F'(zx—1) and F(z,1) —
F(2),_1) are close to each other, i.e., F(z, 1) — F(2,_1) ~ F(zy) — F(z,-1), then the update in
(@8)) behaves like the proximal point update with. respect to the mid-point iterates, i.e.,

Zpyt =21 —NF(Z41). (49)
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We first derive a result similar to Proposition [ for the specific case of EG iterates (Lemma [B(a)).
We then show the the boundedness of the EG iterates in Lemma B[(b) (Note that the boundedness
of the EG updates can also be deduced from the convergence results of [Korpelevich |1976] and
Monteiro & Svaiter [2010]).

Lemma 3. Let {2y}, {2y 1} be the iterates generated by the extra-gradient (EG) method introduced

in {@0). If Assumptions[D, [A and[3 hold and the stepsize n satisfies the condition 0 < n < 1/L,
then:

(a) The iterates {z},{z) 1} satisfy the following relation:
F(zk+%)T(zk+% —1z)
1 1 L
< Q—UHZIC—% — 2| - 2_77||Zk+% —z||” + §||Zk—% — 7z
 (Flayy) — F@) (2py —2) — (Pl y) — Flox 1) 5y — 7). (50)

(b) The iterates {zi}, {2y 1} stay within the compact set D defined as

* * 2 * *
D= {6y x = x24Iy =¥ < (24 7oz ) (o = x4 o = ¥, (51

where (X*,y*) = z* € Z* is a saddle point of the problem defined in [{l). Moreover, the sum
Yo 12y 1 — zi||? is bounded above by

- > _ llzo —z*||
2 Moy =l < T (52)
Proof. See Appendix [B] for the proof. O

The result in Lemma [ shows that the iterates generated by the update of EG belong to a
bounded and closed set. Now we use this result to show that the function value of the averaged
iterates converges at a sublinear rate of O(1/k) to the function value at a saddle point for the EG
method in the following theorem.

Theorem 3. Suppose Assumptions[, [2 and[3 hold. Let {xk+1/2, ka/g} be the iterates generated
by the EG updates in ({A3)-[G). Let the initial conditions satisfy xo = X_1/5 and yo = y_1/2
Consider the definition of the averaged iterates Xn,yn in B) and the compact conver set D in
(BI). If the stepsize n satisfies the condition n = ¥ for any o € (0,1), then for all N > 1, we have

DL (16 + 5:257) .
a XN, y)— [+ | = i X,y < ,
y:(&ns,yx)epf( NyY)— f } [f x:(xlggl)epf( YN)] ~ (53)
where f* = f(x*,y*) and D = ||xo — x*||%> + ||yo — ¥*[|*.
Proof. See Appendix [C] for the proof. O

Now, similar to Corollary [l we have:

Corollary 2. Suppose Assumptions[d],[d and[3 hold. Let {xk+1/2, ka/g} be the iterates generated
by the EG updates in ([@5)-[@G). Let the initial conditions satisfy Xo = X_1/2 and yo = y_1/2 Con-
sider the definition of the averaged iterates Xn,yn in @)). If the stepsize n satisfies the condition
n =% for any o € (0,1), then for all N > 1, we have

DL (16 + 5:2)

|f()A(N7$’N)7f*|§ N )

where f*

f(x*y%).
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Figure 1: Number of Gradient computations required (z-axis) to reach any error level (y-axis) for
both OGDA and EG for the problem in Equation (54)

6 Discussion and Numerical Experiments

The main message of this work is that the OGDA algorithm obtains the same convergence rate
of O(1/k), the best achievable rate (see [Nemirovski, 2004]), also achieved by EG. However, the
advantage of OGDA is that we need only one gradient computation at each step, as opposed to
two gradient computations needed in EG. This shows the computational advantage that OGDA
has over EG.

We compare the performance of OGDA and EG in terms of gradient computations, on the
bilinear minimax games considered in [Nemirovski, [2004], without any constraint. In particular,
we consider the following minimax problem:

. T
B 54
Ian s x By 54

where B € R™*" is a sparse random matrix generated as follows. Each element is nonzero inde-
pendently with probability p. If an element is chosen to be non-zero, it is chosen uniformly from
[—1,1]. We compare the number of gradient computations required to reach a desired accuracy
level for this problem in Figure [l As we observe, both EG and OGDA converge to the saddle
point of the bilinear problem at a sublinear rate of O(1/k), but OGDA slightly outperforms EG in
terms of number of gradient evaluations. Once again, this is due to the fact that for both descent
and ascent updates of OGDA requires only one gradient computation each, while EG requires two
gradient computations for both updates at each iteration.

Note that the Lipschitz constants for the considered problem can be estimated from data using
standard line search techniques. In particular, Beck & Teboulle |2009] discuss a backward tracking
algorithm (ISTA with backtracking) which can be used to estimate the Lipschitz constants, in
particular L, and L,,. Several variants of this algorithm, including the Lipschitz line-search algo-
rithm (Algorithm 2) in [Schmidt et al), [2015], can also be used to estimate the Lipschitz constants
L., and L,,. For the specific case of saddle point problems, a recent paper [Hamedani & Aybatl,
2018] proposes a line search algorithm, to estimate the Lipschitz constant Lyy, Lyy, Lyy and Ly,.
They propose an algorithm - Accelerated Primal Dual with backtracking (Algorithm 2.3) which
uses a backtracking procedure, similar to |[Malitsky & Pock, [2018], to locally estimate the Lips-
chitz constants of the problem. Also, regarding the initial error, we would like to highlight that
in the analysis of convex minimization problems or convex-concave saddle point problems, we of-
ten have a term of the form ||xo — x*||? in the upper bound (for instance see |[Nesterov, [2013;
Monteiro & Svaiter, [2010]) which shows the effect of initial error. This parameter is hard to es-
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timate in general but can be upper bounded in specific cases. For example, if we are looking at
for mixed strategies in zero-sum games, we know that we are looking for a solution lies in the
probability simplex, so we can bound the initial error simply by the diameter of the simplex. In
general, if we know that our iterates of the algorithm are going to lie in some compact set, we can
upper bound the initial distance to the solution simply by the diameter of the compact set.

7 Conclusions

In this paper, we established convergence guarantees of the optimistic gradient ascent-descent
(OGDA) and Extra-gradient (EG) methods for unconstrained, smooth, and convex-concave saddle
point problems. In particular, we showed a sublinear convergence rate of O(1/k) in terms of
function value error for both OGDA and EG by interpreting them as approximate variants of the
proximal point method. This result leads to the first theoretical guarantee for OGDA in convex-
concave saddle point problems. Moreover, it provides a simple and short proof for the convergence
rate of EG in convex-concave saddle point problems when we measure optimality gap in terms of
function value.

A Proof of Theorem [

The update of the proximal point method can be written as:
Ziy1 = 2k — NF(Zk11) (55)
According to this update we can show that
1Z+1 — 2l* = [|lzk — 2[|> — 2n0(2 — 2) " F(2ps1) + 17| F (241 || (56)

Now add and subtract the inner product 2nz,, | F(2x+1) to the right hand side and regroup the
terms to obtain

|Zk+1 — 21> = |20 — 2]|* = 20(2401 — 2) " F(2141) — 20(xs = Xp1) " F(Zg1)
+ 17| F (20| (57)

Replace F(zp4+1) with (1/1)(—2zk+1 + 21) to obtain

|Z5+1 — 2]

= |lzr — 2[* = 20(zrs1 — 2) " F(241) + 2(20 — 2041) " (Zrs1 — 21)

+[|zks1 — 2zl

= |z — 2| = 2n(zrs1 — 2) " F(zi11) = 2001 — 2] (58)

On rearranging the terms, we get the following

2 ”2

1 1 1
o T —z)= —||zp — - - - = — 7|2 59
(1) (o = 2) = g llon = 2l = 5ol — 2l = oo — 2l (59)

Now, on substituting z = z*, and noting that F(zx11)" (zx+1 — z*) > 0, we have:
|Zir1 —2°|* < 2 — 2°|1* = [|Zas1 — 2] (60)

and the proof of boundedness is complete.
On adding Equation (B9) from k =0,--- N — 1 and diving by N, we get:

S 20 — 2]

T 0 —
N};F(zk) (z1, —2z) < N (61)
Now, using Proposition [Tl we can write

%0 — x||* + [lyo — yI?
niN

and the proof is complete.
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B Proof of Lemma

(a) Considering the updates in ([Z8) and [@3J) we can write the update of mid-points in EG as

Zk-i—%zzk—%_nF(Zk—i-%)—’—ek’ (63)
where,
ex =1 |(F(zy1) = F(zy,_1)) = (F(zx) — F(26-1)) | - (64)

Therefore, we can simplify the last term in Equation (I8) of Proposition 2] as follows:

%ekT(ZH% z)
= L [0 1 3) — nP ) — (1P (e y) — i) (g — )
= (Flagey) — F@) @y —2) — (Fla_y) — Flze) @y —2)

— (Flzy_3) = F(zr-1)) (2ry 3 — 2 3)- (65)

Using Lipschitz continuity of the operator F' (Lemma [I(b)) and Young’s inequality, we have

EEkT(Zk-k% —z)
< Flzgyy) = F(21) (23 —2) = (F(z_y) — F(z1-1)) " (2-1 — 2)

+ Lllzy_1 — ze-1llllzy 1 — Zp— 1]

< Fzgyy) = F(zw) " (2 g —2) = (Fzg_y) = Flz)) " (21 —2)

L L
S T L CAEE A (66)

Substituting the upper bound in (G8) into Equation (@) of Proposition 2] implies that

F(Zk+§)—r(zk+% —1z)

1
< 2_n||zk—% —z||” ~ %HZH% —z||” ~ %”ZHQ Zp—1L I
+ (F(zs1) = Fzr) (201 —2) = (F(z_1) = F(z1-1)) " (7_1 — 2)
L L
+ 37y =zl + S llzisy — 2y 1% (67)

Since n < 1/L, we have f%Hz,ﬁ% - zk_%H2 + %HZ,H% - zk_%”2 < 0 and therefore

F(Zk+§)—r(zk+% —z)

1 L
< gollzmy 2l = gollzey ol + Gllaey )
+ (Flegsy) — F@) (244 g —2) — (Flzy_y) — F(zio1) (2 —2). (68)

which completes the proof of Part (a).
(b) Based on the update of EG in (7)), we can write

lzx — z||®
= ||z — Zhs1 + 2z — 2°
= |lzis1 —2l” +2(2 — 2611) " (Zas1 — 20) + [|201 — 2]
= |lzisr —2ll” +2(2 — 241 1) " (2141 — 21
+ 2211 — 2ke1) | (21 — 2k) + |2k — 22

— lzrr1 — 2?2 — 20 ) @1 —2) + 2y — 2l — 2y —zina®. (69)
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Now we proceed to bound the difference ||z, 1 — zr+1]|%. Using the fact that the operator F is

L-Lipschitz (Lemma [T(b)), we have
12013 — 2l = 2 F (2 y — F )2
<PL? ||y s — 2. (70)
Substituting this upper bound back into (69) and taking z = z* implies
1z, — 2"

> zkss — 272 + 22" — 24 3) (21— 2) + (1= 2L |2y —zel®. (71)
Further, since the operator F' is monotone, we have

(2" = 2 y) (@1 — 20) = 0(F(z 1)) (24 — ")
> 0(F (2 1) = F(2°) (243 —2")
>0, (72)
where in the first inequality we used the fact that F(z*) = 0 (Lemmal[Il(c)), and the last inequality

holds due to monotonicity of F (Lemma [[la)). Therefore, we can replace the inner product
2(z* — zk+%)—r(zk+1 —z,) in ([T1) by its lower bound 0 to obtain

lzi — 2°||* > |lzesr — 2" | + (1= 0" L7)||zg 4 — 2| (73)

The result in (73) shows that the seqeunce ||z — z*||?

k, it holds that

is non-increasing. Therefore, for any iterate

Iz — 2*[|” < [lzo — 2°*. (74)
Now, for all £ > 0, we have:

|1Zgs 1 — 2°)1* < 2|21 — 2% + 2||24p 1 — 2]
2 *12
< <2+1—7772L2) zx — 2" ||
2 * (|12
< 2+1—7772L2 zo — 2| (75)

where the first inequality follows from the fact that for all a,b € R?, |la + b||? < 2|a||? + 2|/b||?,
the second inequality follows from (73]) and the third inequality follows from (74). Therefore from
(@) and (T3), since 0 < 1 —n?L? < 1, we see that the iterates {zx}, {2, 1} belong to the compact

set D defined in (BI)).
Now by summing both sides of ([T3]) for k = 0,..., 00, we obtain

(1=1"L?) Y llzpy s — 2])” < 20 — 2°|° (76)
k=0

Therefore, by regrouping the terms we obtain

- | z0 — 2*?
o —
Z Izt — z||* < FErEa (77)
k=0

and the claim in (52]) follows.

C Proof of Theorem [3

Using Equation (B0) of Lemma Bla), summing it from k = 0,--- , N — 1 and dividing by N, we
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obtain

1 V=1
N F(Zk+%) (211 —2)
k=0
1 2 T N-1
3 1Z0—2]° + (F(ZN—é)_F(ZN—l)) (ZN—% -z) L
<= ¥ tox 2 Iz —zal®. (78)
k=0
The bound in Equation (52)) from Lemma Bi(b) yields
| V-1
N ZF(Zk-r%)T(ZkJ,-% —z)
k=0
< Llzo — 2| + (Fzy_1) — F(ZNfl))T(ZN—é —2z)  Llzg —z*|?
= N 2(1 — 2L2)N
Llzo —2l” + Lllzy 3 —zn-1lllzy 1 — 2l + sptsm 20 — 27| (79)
— N )

where in the last inequality we use Lipschitz continuity of the operator F' (Lemma [I[(b)) and the
fact that 7 = ¥. Note that for any z;,z2 € D, we have:

121 = 22l < |21 — 27| + [|lz2 — 27|

2 . 2 .
S\/(2+17772L2)|Z0—Z||+\/(2+17772L2)||Z0—Z|
<2/D(2+ 2 (80)
- 1-02)°

Therefore, for any point z in the set D, we can substitute the preceding relation in Equation (79)
to get

2

- DL (16 + 523
1 T ( 2(1—02))
~ . F(zpy 1) (21 —2) < N : (81)

i

Now, using Proposition [[l we have that for all x,y € D:

DL (16 + 57224
fGn.y) = FxF) < ( — >), (82)

where Xy = & ZkN;J Xpi1/2 and §n = & ZkN;J Yik+1/2 which gives us the following convergence
result:

) ) DL (16 n —2(1?;302))
max _ f(Xn,y) — f*} + [f* —  min f(x,yN)] < ~ ,

v:(kn,y)ED x:(x,yN)ED

where f* = f(x*,y%).
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