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Abstract

In this paper, we analyze the capacity of multiple-input tiplé-output (MIMO) Rayleigh-fading
channels in the presence of spatial fading correlatidmo#t the transmitter and the receiver, assuming
that the channel is unknown at the transmitter and perféettywn at the receiver. We first derive the
determinantrepresentation for the exact characteristic function ef ¢apacity, which is then used to
determine thdrace representations for the mean, variance, skewness, ksirnsidl other higher-order
statistics (HOS). These results allow us to exactly evaltab relevant information-theoretic capacity
measures—ergodic capacity and outage capacity—and the ¢fQBe capacity for such a MIMO
channel. The analytical framework presented in the papenlisl for arbitrary numbers of antennas
and generalizes the previously known results for independed identically distributed or one-sided
correlated MIMO channels to the case when fading correlagigists on both sides. We verify our
analytical results by comparing them with Monte Carlo siatioins for a correlation model based on

realistic channel measurements as well as a classical ertiahcorrelation model.

Index Terms

Channel capacity, higher-order statistics (HOS), mugtipiput multiple-output (MIMO) system,

Rayleigh fading, spatial fading correlation.

. INTRODUCTION

Multiple-input multiple-output (MIMO) communication stems using multiple transmit and
receive antennas promise high spectral efficiency and &hdlility for wireless communications
[1]-[3]. Although the linear growth of capacity with the nber of antennas indicates the
potential of MIMO systems, the true benefits of the use of ipl@tantennas may be limited
by spatial fading correlation due to closely-spaced arderonfigurations and poor scattering
environments in realistic wireless channels [4], [5].

Since the pioneering work of [1]-[3] in the area of multigletenna communications pre-
dicted remarkable spectral efficiency of MIMO wireless syss$ in independent and identically
distributed (i.i.d.) Rayleigh fading, much subsequent kvbas concentrated on characterizing
MIMO capacity under correlated fading [4]-[14]. Howevehetexact analytical results for
the capacity such as ergodic (or mean) capacity, capacrignee, and outage capacity (i.e.,

capacity versus outage probabilityjave been known for only a few special cases, largely due

In general, the capacity distribution is required to detearthe outage capacity [2], [3], [15].



2 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. XX, NOX, MONTH 2005

to mathematical intractability (see, e.qg., [3], [6], [16}1.i.d. flat Rayleigh fading and [7]-[9] for
a one-sided correlated MIMO channel). For a more genera oasorrelated fading at both the
transmitter and the receiver, which we will refer todmsubly correlatedVIMO channels in the
paper, some limited results are available: the capacityiloigion for a small number of antennas
(i.e., min {ny,ng} < 3 wherenr and ng are the numbers of transmit and receive antennas,
respectively) [10], upper and lower bounds on the ergodpacay [6], [12], capacity statistics
for the case with a large number of antennas [13], and the pt®fim mean and variance of the
capacity in the limit as the number of antennas tends to tgf{Bi, [14]. The temporal behavior
of the capacity was analyzed in [11] in terms of level crogsites and average fade durations.
In this paper, we focus on deriving the exact analytical egpions for capacity statistics of
doubly correlated MIMO Rayleigh-fading channels using tinethodology developed in [6] and
[7], assuming perfect channel knowledge at the receiver ram#tnowledge at the transmitter

with the average input-power constraint. The principaltdbations of this paper are as follows.

« We derive adeterminantrepresentation for the characteristic function (CF) of NOM
capacity, which generalizes the previous results for.iartl one-sided correlated channels
[7]-[9] to the doubly correlated case.

« We derivetrace representations for the mean, variance, and higher-otdéstecs (HOS)
(e.g., cumulants, skewness, and kurtosis) of the capasitguhe determinant representation
of the CF and the relationship betwepalymatricesand dimatrices?

« We characterize the effect of fading correlation on the capastatistics at high signal-
to-noise ratio (SNR). We show that at high SNR, the variastewness, kurtosis, and
other HOS of the capacity depend only on correlation at ttle iith the larger number of
antennas. Moreover, wheny = ng, these statistics are not affected by fading correlation

at any side.

To verify our analytical results, we also compare them witbnté Carlo simulations for doubly
correlated MIMO channels using a correlation model basephysical measurements [17], [18]
as well as a classical exponential correlation model. lukhbe noted that alternative derivation
of the moment generating function (MGF) of the capacity foully correlated MIMO channels

can also be found in [19]. In this study, the MGF was obtaimetirectly from the case of a

2The definitions of the polymatrix and the dimatrix will be iatluced in Sectiofll.
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square channel matrixo¢ = ng) using thelimiting approach of [20] and then, the first moment
(ergodic capacity) was deduced from it in terms of a sunmaf {nr,ng} determinants.

The remainder of the paper is organized as follows. A briefraiew of the distributions
of complex random matrices required for our analysis, ceanmodel, and associated channel
capacity are presented in Sectldh Il. The CF of the capasitierived and the capacity statistics
are analyzed for doubly correlated MIMO channels in Sedil@inThe effect of fading corre-
lation on the capacity statistics is investigated at highRSN SectionIV. In Sectioli. vV, some
numerical and simulation results are provided to illugtradr analytical results. Finally, Section
VTl concludes the paper.

We shall use the following notation throughout the papeandC denote the natural numbers
and the field of complex numbers, respectively. The supgtsicdenotes the transpose conjugate.
I, andtr (A) represent thes x n identity matrix and the trace operator of a square mafjx
respectively. ByA > 0, we denote thafA is positive definite. For a matrid (t) = [a;; (t)]
whereaq; ; (t) are differentiable functions of, the nth derivative of A (¢) with respect tot is
denoted byA™ () = [d"a;; (t) /dt"].

1. PRELIMINARIES: DEFINITIONS AND MODELS

In this section, we give a brief overview of the distributitreory of complex random matrices
(that serves as a central mathematical tool to analyze MIM@naunication systems), channel

model, and associated channel capacity.

A. Distributions of Complex Random Matrices

Let us denote a complex Gaussian matkixe C™*™ with the probability density function
(PDF) [6, eq. (1)]

px (X) = 77 det ()" det (T) " e~ H{E T XM)THX-M)T} (1)

by X ~ N, (M, 2, @) where¥X € C™™ > 0 and ¥ € C™™ > ( are Hermitian. If
X ~ Nm,n (0,%,1,), m <n, andY = XX, then'Y has a complex (central) Wishart density

Wi, (n, 32) given by [6, eq. (3)].
Definition 1 (Quadratic Form in the Complex Gaussian Matr®{)[ Let

X ~ Npw (0,2, %), m <n.
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A positive-definite quadratic fornY in X associated with a Hermitian matrix € C"*" > 0,
denoted byY ~ Q... (A, X, ®), is then defined a¥ = XAXT.

The PDF of Y ~ van (A, X, W) is given by [21, eq. (57)] and can be expressed in an

equivalent form

1 .
py (Y) = = det ()" det (A®) " det (Y)" " ol (-=7'Y, ¥ TTATY) Y >0 (2)

I',, (n

wherel,, (o) = 7" D2 [ T (a — i), Re (a) > m—1, is the complex multivariate gamma
function, T' (-) is the gamma function, angﬁq”) () is the hypergeometric function of two
Hermitian matrices, defined by [21, eq. (51)]. Note that tlmgity [2) is a counterpart of
the real case in [22, eq. (7.2.5)] and AW = 1, it reduces to the complex Wishart density

Wi (n, 3).

B. Channel Model and Capacity Random Variable

We consider a point-to-point frequency-flat fading MIMONiwith nr transmit anduy receive
antennas. Lek € C"T be a transmitted signal vector with input covariar@Qe= E{xx*}

satisfying the power constraint (Q) < P, then the received signal is given by

y=Hx+n 3)
whereH € C"»*"T is the random channel matrix who$g j)th entriesH,;, i = 1,2,...,ng,
j=1,2,...,nr, are complex propagation coefficients between ftie transmit antenna and

the ith receive antenna witlt {|H,;|*} = 1, andn is the complex:z-dimensional zero-mean
additive white Gaussian noise (AWGN) vector with the cosace matrixo?2L,,,,. For doubly

correlated MIMO channels, the channel matlHxcan be written as [4], [5]
H = ¥;/°H,¥/* (4)

where Hyc ~ N, e (0,1,,,1,.), and ¥y € C*™" > 0 and ¥ € C™=*"= > ( are the
transmit and receive correlation matrices, respectivgbte thatH ~ NnR,nT (0, g, ¥r) and

it has been used in various attempts for studying correlst®ddO channels [4]-[14]. Recently,
this model has also been validated through physical measunts [17].
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In what follows, we refer tong = min {nr,ng} andn;, = max{nr,ng} and define the

random matrix® € C*s*"s > () as

HHT, if nr S nrm
H'H, otherwise

e 2

Also, let us denote, for convenience,

(TR, ¥r), if ng <nr

(lIISa ‘IlL) - .
(Ur,Pg), otherwise

and let0 < Ag1 < Ag2 < -+ < Agpg @NA 0 < Ay < AL < -+ < Ap,, be distinct
ordered eigenvalues dfs and W, respectively. Then® ~ Qnsm (I, ,¥s, ¥y,) for the doubly
correlated MIMO channel.

In general, when the receiver has perfect channel knowl]ettge input distribution that
maximizes the mutual information betwegnandy is circularly symmetric complex Gaussian
for any given input covarianc®. When the transmitter has no channel knowledge, power among
transmit antennas cannot be allocated in accordance wethetilization ofH to maximize the
mutual information, and hence equal power allocation tdhezfctransmit antennas is the most

reasonable strategy, i.e., choosi@y= (P/nr)1,..2 This yields the capacity in nats/s/Hz as

[2], [3]
C =Indet (I, + (n/n1) O) (5)

wheren = P/o? is the average SNR at each receive antenna. Since the chaanex H
is random, the associated channel capacitys also a random variable whose statistics are
determined by the statistical properties of the eigengahfe® ~ Qnsm (I, , Ps, ¥L).

IIl. CAPACITY STATISTICS

In this section, we will investigate the statistical praps of the capacity random variabie
in (8) for doubly correlated MIMO channels. We begin by demiy/the CF ofC, from which
all other functions, such as the PDF, cumulative distrdoutfunction (CDF), and cumulant

generating function (CGF), and statistical momentg’ofan be obtained.

%It has been shown in [3] that if the channel has i.i.d. Rayldaing between antenna pairs, the optimum input covagianc
matrix isQ = (P/nt) In,.
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A. Characteristic Function

Theorem 1:Let H ~ NnR,nT (0, PR, ¥r), ie.,0 ~ Qnsm (I,,, ¥s, ¥L). Then, the CF of
the capacityC' in nats/s/Hz is

Do (w) £ E{e}

= Kot T (Jw) det A (jw) (6)
wherejy = +y/—1 and
n ng(ng—1)/2
Koo = (n—) I OGsi—20) JI Ows—A) ©)
T 1<i<j<ns 1<i<j<nr,
ng—1
Tog (w) = [ Gw+07" (8)
=1

and A (yw) is theny, x ny, matrix whose(, j)th entry is given in Tablél I.
Proof: See Appendix B. O

Note that Theorerfil1 requires correlation matrides and ¥y to have distinct eigenvalues.
The case when the correlation matrices have non-distigenealues (some ofg;'s or A ;'s
are equal), we can obtain the CF as a limiting casé&lof (6) £8].[In particular, whent =1,

and ¥y =1, (i.i.d. case),®¢ (yw) is given by [7, eq. (25)]
Oo () = Ky det 2 (jw) ©)

where Kiiq = [[2, (nr, — 0)! (¢ — 1)! and Q (yw) is the ng x ng Hankel matrix whos€j, j)th
entry is given in Tabldll. Theoreid 1 generalizes the previ@ssilts for i.i.d. and one-sided
correlated channels (which are special cases of non-distigenvalues) [7]-[9] to the doubly
correlated MIMO channel given bil(4). Using the analyticainfiulas for the CF in[{6) and](9),
the PDF and CDF o€’ can be expressed in forms of the inverse Fourier transford.afjw),

which can be efficiently calculated by using the fast Foutiensform (FFT) method [7], [24].

B. Mean, Variance, and Higher-Order Statistics

From the CF ofC in (@) and [®) involving the determinants, we derive the éxdesed-form
expressions for the mean, variance, and other HOS such aglantsy skewness, and (excess)

kurtosis of the capacity. To do this, we first introduce thgalgthmic derivative of a determinant.
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1) Logarithmic Derivatives of a Determinanktet R (¢) be a matrix depending on a parameter
t. If each entry ofR (¢) is differentiable with respect to, then so isdet R (¢) because the
determinant is a polynomial in the entriesRf(¢). If R (¢) is invertible, the first-order logarithmic
derivative ofdet R (¢) is given by [25]

dIndet R ()

pr =tr{RT(HRY (1)}. (10)

We now generalize{10) to the arbitrary order of differetbia.

Definition 2 (Polymatrix and Dimatrix)Let R (¢) be an invertible matrix whose elements are

differentiable with respect ta Then, thenth polymatrixof R (¢) with respect ta is defined as
Ry, (1) £ R (1) RM (1), (11)

In particular, we calRp; (¢) the dimatrix of R (2).

Lemma 1: The polymatrices and the derivatives of the dimatrixBft) have the following

relationship
Roy (1) =S Ry,_q (1) RV (¢ 12
) () /-1 n—a () 1] (t) (12)
(=1

and the/th logarithmic derivative ofdet R (¢) is the trace of thg¢ — 1)th derivative of the
dimatrix Ry (¢), i.e.,

d*Indet R () _
ER= {Rff] 2 (t)}. (13)
Proof: By definition, we have
- dn—lR(l) t
Ry (1) =R7' (1) Tl()
@ 1y N (L) R() 7 Ry (1)
=R (t
0% (12))

) w— (n—1 _
05 (521 R ORG 0
=1

where (a) follows from the Leibniz’s identity [26, p. 21] afid) follows from [11). Also, [IB)
follows immediately from[(10),[{11), and by interchangirng torder of differentiation and trace

operators. [
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This lemma says that théh logarithmic derivative of the determinant of a matrix da@
determined by its first polymatrices. For example, the second, third, and fourdleldlogarithmic

derivatives ofdet R (¢) are given by

2 R
%tz(t) =tr {Rpy (t) — R ()} (14)
d®Indet +
%R(t) = tr { 2R}y (t) — 3Ry () Ry (1) + Rey (1)} (19)
d*Indet R (¢
T() = tr {—6R} (¢) + 12RY; (¢) Ry (¢)

—3Rfy (t) — 4Ry (t) Ry (1) + Ry (1) } - (16)

Using the explicit determinantal CF’s in Sectibn1ll-A anéromall, we now derive statistical

moments ofC, which requires determining the polymatrices

Q (1) =27 () Q™ (v), Qp(v) =L (17)

Ap (1) = AT (W) AW (1), A (v) =1, (18)

L

fori.i.d. and doubly correlated MIMO channels, respedtivehere the(i, j)th entries of2(™ (v)
and A™ (v) for n € N are given in Tabll I.

2) Cumulants:The nth cumulant ofC' is by definition expressed as
dn
n = —Ko (v) (29)
dv™ _—
where K¢ (v) = In®¢ (v) is the CGF ofC. Note that the first and second cumulants are the

mean and variance of the capacity, respectively.

Theorem 2:Let H ~ N,

nR,NT

(0,1,,,1,.), i.e., ® ~ W, (ny,1,.) (ng x np iid. MIMO

channel). Then, theth cumulant of the capacitg¢' in nats/s/Hz is

Ky, = tr {Qfﬁ‘” (0)} . (20)
Proof: It follows immediately from [P),[19), and Lemnfia 1. O

Theorem 3:Let H ~ N,

nR,nNT

(0, \IIR, ‘I’T), i.e., e ~ QHS,TLL (InL7 ‘113, \IIL) (nR X nrt dOUbly

correlated MIMO channel). Then, theh cumulant of the capacity’ in nats/s/Hz is

ng—1

K = tr {Afﬁ—” (0)} (=D -1 e 1)
/=1
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Proof: It follows immediately from Theorerfll 1[_(119), and Lemida 1. O

Using the relationshid{12), the matricééﬁ_l) (v) and Afﬁ‘l) (v) in Theorem¢$2 anfll 3 can
be determined by the polymatrices [017) ahd (18), respelyti
3) Raw and Central MomentsThe nth raw and central moments (i.e., moments about the

origin and the mean, respectively) 6f can be obtained from the general relationships between

moments and cumulants [27]:

m, = E{C"} = Z (Z: 11) Mip—g Ke (22)
=1
EE(C =)} = 3 (") (o)’ 23)
y 0y =3 () ecetom

wherem,, and p,, are thenth raw and central moments @f, respectively. In particular, the
ergodic capacity is given by, = E{C'}.

4) Skewness and Kurtosigihe skewness characterizes the degree of asymmetry ofra dist
bution around its mean and the kurtosis measures the pesd®dn flatness of a distribution
relative to a Gaussian distribution. The skewness and gskdairtosis of”, denoted by3; and
[, respectively, can be obtained from the cumulants in Thesi2 andB for i.i.d. and doubly

correlated cases as

A M3 R3

2 2

ol K
@éu—g—g:é. (25)

Using (14)(16), [(20),[(21)[(24), anf_{25), the trace repmtations for the mean, variance,
skewness, and kurtosis of the capacity are tabulated ine3Bbland[ for i.i.d. and doubly
correlated MIMO channels, respectivélgince the skewness and kurtosis of a Gaussian distri-
bution are equal to zero, nonzero values of these quanititiésate the degree of deviation from
the Gaussian distributioh.

“Alternative expressions for the ergodic capacity and dapaariance of the i.i.d. case, in terms of integrals inogy the
Laguerre polynomials, can be found in [3] and [16], respetyi

>The skewness and kurtosis of the capacity have been usedhjimction with the Gram-Charlier expansion to estimate the
Kullback-Leiblier divergence, as a measure of non-Gaugyichetween the capacity distribution and its Gaussigr@pmation
[24].
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IV. EFFECT OFCORRELATION AT HIGH SNR

The effect of fading correlation on the behavior of capatstyot immediately apparent from
the exact analytical expressions such as the CElin (6) anchtimeents in Tabl&dll. Therefore,
we resort to the asymptotic analysis to investigate suchffanten the following. In particular,
we consider a high-SNR regime since the benefits of the useultiple antennas are more

pronounced at high SNR. In this case, the capa€ity (5) canriieew as
C =ngln(n/nt) +Indet (©) + O (1/n), (26)

which reveals that at high SNR, the capacity is characterize the logarithmic generalized
varianceln det (©) of © ~ Q. (I, ¥s, ¥y). Note in [28) thatmin {ny,ng} (More pre-
cisely, the rank oftl) determines the spatial multiplexing gain of a MIMO channehjle the
logarithmic generalized variande det (®) determines the diversity gain in capacity point of
view. Consequently, if the correlation matrices have fatlik, then the channel matrid in ()
has full rank with probability one. In this case, antennaeation does not diminish the spatial
multiplexing gain and only decreases the diversity gain [6]

Starting with [Z6) and using similar steps in the proof of dteen[1, the CF of the capacity
in the high-SNR regime can be written as

ns
(I)C' (]CU) }77 high = AA< e H Zzw H (Zj — Zz) det (E) ledZQ cee dZns
P1SS2ng <00 py 1<i<j<ng
ns
:A{HF(jw+€)} det K (jw) (27)
(=1
where
A — (n/nT)anS det (\I"S)jw (28)
Hg; I (E) H1§i<j§nL ()‘LJ - )‘L,i)
andK (yw) is theny, x ny, matrix whose(z, j)th entry is given by
PV i=1,...,n.—ng, j=1,...,nL
{K (]W)}i,j = ! , (29)
)\iwj_z_17 i:nL—nS—l—l,...,nL,jzl,...,nL.

Also, from LemmdlL,[(19), and{R7), theh cumulant of the capacity in nats/s/Hz at high SNR

becomes

H"}n high = X {Kfﬁ_l) (0)} + 01y [ns In (1) + Indet (\IJS)] + ZS =D (¢) (30)

n
T =1
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whered;; = {(1] z;g is the Kronecker delta and™ (2) = d"*'InT (z) /dz"*! is the polygamma

function® In particular, ifng = nr, 30) reduces to

nr

il tigh = O1n - [nT In (:—T) + In det (@T@R)} +y (). (31)

/=1
From [30) and[{31), we have the following observations.

. At high SNR, the mean capacity decreases by the amoumtdaf (¥s) due to correlation
at the side with the smaller number of antennas and by the mnudur { K;;;(0)} due to
correlation at the side with the larger number of antennas.

« The variance, skewness, kurtosis, and other HOS of the itaupend only on correlation
at the side with the larger number of antennas and they cgavey finite quantities
determined by[{22)E(25) an@(30), as— cc.

« Whenngr = nr, fading correlation at any side does not affect the variaamog HOS in
the high-SNR regime, while the mean capacity decreasesebgrtiount ofin det (¥ rWg).
Moreover, it follows from [2K),[(25), and{B1) that

C12v6-¢(3)

- < B <0 and 0<fy| .. <24
s n

n high high —

which imply that the capacity distribution has an asymnedtil extending out more to the
left of its mean and ideptokurtic (i.e., more peaked than a Gaussian distribution) in the
high-SNR regime.

« For a single-input single-output (SISO) case & ng = 1), we have
2 124/6 -

T _12v6-¢(3) 94

ml‘n high = 10 (1) = 7, “2‘77 high — g’ 51‘17 high — .3 52‘77 high —

which reveal that-C' at high SNR follows theextreme value distributiof27].

®For z € N, the digamma functiony(”) (z), trigamma functiony)") (z), tetragamma function)® (z), and pentagamma

function v® (z) can be expressed as

z—1
R S T e S P (U RS WS ERE s
n=1

n=1

where~ ~ 0.5772156649 is the Euler-Mascheroni constant agd3) ~ 1.2020569 is Apéry’s constant.
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V. NUMERICAL AND SIMULATION RESULTS

To illustrate our analytical results, we consider the exgraial correlation model

o (p) =[], 1, . pED),

as well as the multiple element transmit receive antenndsT{®A) model [17] in our numerical
examples. The former model is reasonable in the case of thallgegpaced linear array. The
latter model characterizes the correlation properties of® channels using a reduced set
of physical parameters such as antenna spacing, poweraargpéctrum, azimuth spread, and
angle of arrival. This model was validated based on measiataicollected in both picocell and
microcell environments [17], and also has been proposeshtiycfor mobile broadband wireless
access (MBWA) MIMO channels [18].

A. Exponential Correlation Model

In all examples for exponential correlation, we Set = &% (pr) and Ty = &' ().

Fig.[ shows the PDF of' for i.i.d. and exponentially correlateg = 0.5, pr = 0.7) MIMO
channels af) = 15 dB whennt = ng = 3. The analytical curves are plotted by usihg (€], (9),
and [24, eq. (4.33)]. We also compare our analytical resulis the simulated PDF obtained by
generatingl00 000 realizations ofH. It can be seen that analytical and simulated curves match
exactly. The figure also shows that the mass of the PDF is ynabthve a certain level due to
the spatial multiplexing gain (for example, 4 nats/s/Hztfue exponentially correlated case and
5 nats/s/Hz for the i.i.d. case).

Fig.[@ shows the CDF of’ for exponentially correlated MIMO channels with = 0.5 and
pr = 0.7 atnp = 15 dB whennry = ng = 2, 3, 4, and5. The analytical curves are plotted
by using [®) and [24, eq. (4.34)], and they agree exactly whth simulated ones. It can be
seen that the capacity increases linearly with the numbeanténnas for the entire range of
cumulative probability, despite the presence of corretatiThis can be attributed to the spatial
multiplexing gain achieved by increasing the number of amés at both sides. For example,
the capacity at the cumulative probability @fi (i.e., 10% outage capacity) is abodt76, 5.95,
8.12, and10.30 nats/s/Hz fomt = ng = 2, 3, 4, and5, respectively; we can gain approximately
2.18 nats/s/Hz of additional capacity for each increase in thelmer of antennas at both the

transmitter and the receiver. Also, the spatial multipigxgain of MIMO systems guarantees
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a certain transmission rate at arbitrarily low outage phbilig (e.g., 2.00, 4.18, 6.36, and8.54
nats/s/Hz formr = ng = 2, 3, 4, andb, respectively). Figld3 illustrates the effect of exponaiti
fading correlation on the capacity distribution for theea$nt = ng = 3 andn = 15 dB, where
pr andpr range from0 to 0.9. It can be seen that the decrease in capacity due to expahenti
correlation is negligible for a small amount of correlatibat it becomes more significant as the
correlation coefficient increases. Moreover, the capa@atuction is more pronounced at high
cumulative (or outage) probability.

Fig. @ shows the analytical and simulated mean, variana@ysiss, and kurtosis af for
exponentially correlated MIMO channels as a function ofrelation coefficientp for pr =
pr = p, nT = ng = 3, andn = 15 dB. Again, our analytical results are in excellent agreemen
with Monte Carlo simulations that are carried out by genegat00 000 realizations ofH. Fig.
shows the mean, variance, skewness, and kurtosiS wérsus SNR for i.i.d. and doubly
correlated gr = 0.5, pr = 0.7) MIMO channels whem = ng = 2. It can be seen that as the
SNR increases, the variance, skewness, and kurtosis forilnot and doubly correlated cases
converge t02.290, —0.810, and 1.333 according to [(24),[{d5), and{B1), respectively, and the

effect of fading correlation on these statistics diminghe

B. METRA Correlation Model

We now consided x 4 MIMO channels with correlation matrices obtained by the NRAT
model [17], [18]. In all examples, it can be observed thatanalytical results agree exactly with
Monte Carlo simulations. Fidl 6 shows the ergodic capaotyMETRA correlation matrices,
given in [17, p. 82], for picocell and microcell environmsnThe picocell example is a partially
decorrelated scenario selected from a small office enviesimwhereas the microcell case
corresponds to an environment where the receiver (basergta highly correlated (see [17]
for details on the antenna configurations and environmenopsg We can see from Fifjl 6 that
the ergodic capacity ap = 15 dB is 11.25, 9.44, and 6.22 nats/s/Hz for i.i.d., picocell, and
microcell cases respectively. The reduction in ergodi@cayp due to spatial correlation is about
16% for picocell and45% for microcell environments, respectively. F[g. 7 shows @BF of
the capacity at) = 15 dB in the same environments as in Hg. 6. THg., outage capacity
is 9.82, 8.21, and 5.33 nats/s/Hz for i.i.d., picocell, and microcell scenariospectively. The

reduction in10% outage capacity due to spatial correlation is abi@y for picocell and46%
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for microcell environments, which is similar to the amouhtreduction in ergodic capacity.

We next consider the METRA correlation matrices, given i@][Tor 4 x 4 MIMO channels
in macrocell Pedestrian A and Vehicular A environments efititernational telecommunication
union (ITU) standard. For these correlation matrices, tigedic capacity is shown in Figl 8 and
the CDF of the capacity af = 15 dB is shown in Fig[B. The ergodic capacityat 15 dB is
6.64 nats/s/Hz for the ITU Pedestrian A afid 1 nats/s/Hz for the ITU Vehicular A, respectively
(see Fig[B). Also,10% outage capacity i$.67 and 6.01 nats/s/Hz for each environment (see
Fig.[@). The reduction in ergodic capacity anels outage capacity due to spatial correlation is

about40% in both environments.

VI. CONCLUSIONS

In this paper, we derived closed-form formulas for the exagacity statistics of Rayleigh-
fading MIMO channels in the presence of spatial fading datien at both the transmitter and the
receiver. In particular, we derived tlieterminantrepresentation for the characteristic function
(Theorem[dL) and thérace representations for the cumulants (Theordihs 2 [And 3) of MIMO
capacity as well as the mean, variance, skewness, and isuffabledIl andTll). These results
are valid for arbitrary numbers of antennas, enabling usatoutate both the ergodic capacity
and the outage capacity without any approximation and géimerg the previous results for
i.i.d. and one-sided correlated MIMO channels. We also gubthat in a high-SNR regime, the
variance, skewness, kurtosis, and other higher-ordeistitat of the capacity depend only on
correlation at the side with the larger number of antennaselgver, when the antenna topology
is symmetric (i.e.nt = ng), these statistics are not affected by fading correlatioargt side
and the capacity distribution has negative skewness gréeta or equal to-12v/6 - ¢ (3) /73,
where( (3) ~ 1.2020569 is Apéry’s constant, and positive (excess) kurtosis lass tor equal
to 2.4. This implies that the capacity distribution has an asymiaéil extending out more to
the left of the ergodic capacity and a leptokurtic shape npaa@ked than a Gaussian one. To
illustrate our analytical results, we presented numenga@mples using the correlation model
based on realistic channel measurements as well as thécalassponential correlation model.
These examples showed that our analytical results are illert agreement with Monte Carlo
simulations and that a considerable decrease in capacikyta spatial fading correlation, can

be observed in realistic MIMO channels.
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APPENDIX A: INTEGRAL IDENTITIES

Let us define the integralg, (a, b, &) and 7, (a,b,&) as

Gn (a,b,&) = / (14az)" 2" ez, a,b>0, neN, £€C (32)
0
¢ 0
Tne(a,0,6) £ %ﬁbg) - / (1+ax) ' (1 +az)a" e *dw  (33)
0

which appear in deriving the analytical expressions fordhpacity statistics in Sectidnllll.
From the integral representation of the confluent hyperggoenfunctionV (a, b; z) in [26,
eg. (9.211.4)] and the identityF}, (a,b; —271) = 2%V (a,a — b+ 1; 2), the integralg, (a, b, &)

can be evaluated as

Gn(a,b,8) =a"(n— 1) <n,n+§; %)

where ,F,, (a1, as, ..., a,,b1,ba, ..., by; 2) IS the generalized hypergeometric function [26, eq.

(9.14.1)]. In particular, fo€ € N, @34) reduces to a finite sum of elementary functions as

-1

__n 5 —1 k |
G (a,b,6) =b kz:%( . )(ab) (n+k— 1L (35)

Since the derivatives of the generalized hypergeometriction with respect to its parameters
are not known, in general, the integrdl, . (a,b,&) cannot be evaluated directly frori{34).

However,G,, (a,b,&) for a,b > 0, n € N and{ € C can be expressed in an alternate form

el/(ab) 221 (n -1 1

Gn (a,b,€) = i ) (=1)" " (ab) T (g +k, %) (36)

CL?’L
k=0
where T (o, z) = fzoo e *z* dx is the complementary incomplete gamma function [26, eq.

(8.350.2)]. Then, usind_(B6) and Leibniz’s identity [26,21], the integral7, . (a,b,&) defined
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in 33) can be evaluated as

jn@(a bg

i{ow o[ (03] M}]

£4+11s
ab) n—1 ——
el/(ab) ket n—1 (ab)EH G20 L 11,1,...,1
L ab erree2| p 0 () 0,5 +k

£+10s

(37)

where G4 (+) is the Meijer G-function [26, eq. (9.301)]. In particulagrfl = ¢ = 1, (34)
reduces to

3
—

Tt (a,0,1) =" (n — 1)1V N" (@)™ T <—k, i) : (38)

ab
0

B
Il

APPENDIX B: PROOF OFTHEOREM[

To proceed with the proof of Theordmh 1, we begin by evaluaéingntegral involving matrix
determinants, which is a continuous analogue of the wedlAknresults in multivariate analysis
[28]. The next lemma adds a new identity to the list of the gelieed Cauchy-Binet formulas
derived in [7, Appendix].

Lemma 2:Suppose thalf; andg,, : = 1,2,...,m, j = 1,2,...,n, m < n, are arbitrary

Y

integrable functions oveD. Let F (o1, 02, .., 0m) and G (o1, 02, .. ., 0m) bEM X m andn x n
matrices whose entries depend @no., ..., 0., given by
{F<QI7Q277Qm)}ZJ:fJ(gz)7 Z7j:17277m (39)

Cijs 1=1,....n—m, 7=1,....n

{G (01,00, Qm>}i,j = (40)

9j (Oicnsm), t=n—m+1,....,n, j=1...,n

wherec; ; are scalar constants. Then,

/---/detF(gl,Qz,---,Qm)detG(gl,Qz,.--,Qm V[ 7 (e0) dordos - - - doy, = m! det (®)
D D (=1

(41)
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whereh () is an arbitrary function an@ is then x n matrix with (¢, j)th entry ¢, ; given by

Ci g izl,...,n—m,jzl,...,n
bij = | | (42)
f@fz—n—i—m(g)gj(g)h(g)dga G :n_m+17"'7n7 J = 17"'7”'
Proof: Leta = (ay,as,...,a,) andb = (by,bs,...,b,) be the permutations of integers
1,2,...,n and 1,2,...,m, respectively. Then, the integration of the left-hand side(@l),

denoted byZ, becomes
I - Z Sgn Z SgIl H Cz,ai H ¢n—m+bj,an,m+j ) (43)
b a i=1 j=1
wheresgn (-) denotes the sign of the permutation. Note that the sequerice..,n —m, b, +
n—m,bp+n—m,...,b,+n—mis a permutation of, 2, ... n with the sign equal tagn (b).

Therefore, using [7, eq. (38)], we get
T =Y det(®)=m!det(P). (44)

[

Proof of Theorenid1The CF ofC can be written as
Oc (yw) = / det (Is +7©)™ pe (©) dO (45)
O=01>0

where; = n/np and from [2), the PDF 00 ~ Qg ., (I, ¥s, ¥y) is given by
1 .
re (©) = = - det (Ws) ™" det (®r) ™" det (©)"™ 7" /™ (~05'©, ¥ Y) . (46)
ng (L

The typical approach for the evaluation of the integral[iB) (% to perform eigenvalue decompo-

sition using the unitary transformation & and to exploit the knowledge of the joint eigenvalue
distribution of ®. However, the correlation matriwg in the argument of the hypergeometric
function in [46) prevents the removal of the unitary matronfi its arguments after the eigenvalue
decomposition, which makes it difficult to directly use tloénj eigenvalue distribution 06.
We alleviate this difficulty by performing two successivartsformations as follows. The first
transformation is given by, = w;'/?@Ww;"/? with Jacobiand® = det (¥)™ dZ. Using the
fact that

EM (w50, W) = () ( o Pew; ' wr ) (47)
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we have
det (I)" "8
(I)C (]w) = e~<7L)/ det (Ins + 77‘1’5Z)jw
[hg (nL)  Jz=zt>0

~det (Z)"7" ™ (~2, 91 dZ. (48)

Let us denote a unitary manifold ofs x ng unitary matrices with real diagonal elements
by U (ng). SinceZ is Hermitian, there existdJ € U (ng) such thatZ = UDU' and D =
diag (21, 22, .. ., Zns) Where0 < z; < z < --- < 2, are ordered eigenvalues & We then
make the second transformati@= UDU' with JacobiandZ = [Ticicjcns (25 — 2)? dUdD
[29, Theorem 3.1], [30, Theorem 4.4], yielding
_ det (¥

s
det () — / / det (I,s + 7¥sUDU')™ det (D)™ 7"
ny) Jo Jueing)

e (yw) o

[I —=)7F™ (-D,®;')dUdD  (49)

1<i<j<ng
where we have used the fact that the hypergeometric funatitmmatrix arguments is invariant
under unitary transformations of its argumehts.is now apparent that the above two transfor-
mations enable us to remove the dependencV ain the hypergeometric function. Recall that
the total volume ofl/ (ng) is [30, Corollary 4.3.1]

ans(ns—1)
/ dU=>—. (50)
UEU(ns) Fns (ns)

We can now carry out the integration with respectUousing [30, eq. (6.1.19)] and [21, eq.
(52)] as

ns(ns—1) _
/ det (I, + 7¥sUDU')™ qU = ") (—yw:D, —7Ws). (51)
uel(ns) Ihg (ns)
Substituting [(5]1) into[{49) gives
7s(s=1) det (Wy,) ™" T
Pc (Jw) =—= ~( 2 / HZZL ° H (Zj—zz')z
1—‘nS (nL) Fns (ns) 0<21S"'Szns <oo /=1 1<i<j<ng

A F) (—gwi D, —0s) o Fy ™ (~D, O dzidzy - dzng. (52)

"Note that]], ;<. (2 — 2i) is thens x ns Vandermonde determinant ef, 22, ..., zng, i.€.,

H (zj — 2zi) = det ([zfl]) .

1<i<j<ng
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Using the results in [23, Lemma 3] and [20], the hypergeoimé&inctions with matrix arguments

in the integrand of[{32) can be expressed in terms of detemtsnas

(—im) "SSP, (ng) det [(1 4 iihs j2) T 7]

ns

o (Fgw—mns +1),, H1§i<j§ns (2 — 21) (Asj — As,i)

i,j=1,2,.., ns

VS (g D, =) =
(53)

W_"S(ns_l)/zfns (nL) det (\IJL)nS det (E)

OFO(NL) (—D7 ‘Ilil) = n ny,—mn
o1 2t H1§i<j§ng (2 — 2) H1§i<j§nL (ALj — ALi)

(54)

where (o), = a(a+1)---(a+n—-1), (o), = 1, is the Pochhammer symbol arx is the

ny, X ng, mMatrix whose(z, j)th entry is given by

P\l i1=1,....,n,—ns, j=1,...,ng
}i’j: J (55)

ny,—ng—1 Zi—np, +ng . -
ALY exp(—T), t=n,—ns+1,....,n, 7=1,...,ng.

(11

{

Combining [52)-£(Eb) together with

ns ng—1
=1 (=1
we get
T, (w ~ e _
o (Jw) = %/ det [(1 + fAg 2" 1Lj:1 - (B)dz - - - dzng
cor 0<21 <+ <zng<oo ’ 7
T ()

— 2ns U OO... - A\ sz, JJotns—1 =
= i /O /0 det [(1 + 17Xs %) L’j:m ..... o det () dz; - - - dz,g (57)

where the last equality follows from the fact that the ingegt is symmetric ir, 2o, . . ., 2.

Finally, applying the integral-type Cauchy-Binet formufa Lemmal2 to [[5)7) and using the
identity (34) complete the proof.
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TABLE |
SOME MATRICES INVOLVED IN THE ANALYTICAL EXPRESSIONS FOR THECAPACITY STATISTICS(SEEAPPENDIXA FOR

DETAILS ON THE EVALUATION OF INTEGRALS). DENOTE n= n/nT.

Notation Dimension | (4, j)th entry (wherez = i — ni, +ng andn € N)
i—1
{A (V)}i:I,Q,H,,nL7ns,j:1,2,.4.,nL = )\L,j
{A (V)}i:nL—ns+1,nL7nS+2,H.,nL,j:1,2,4.4,nL
A (v) nL X N, -
= Agfjf"S*l/ (14 7As,2) T8 e */ Midy
0
= )\zf‘jins 2Fo (1, —v — ns + 1; —7jAs,. AL,j)
{A" W)} =0
i=1,2,...,n1,—ng,j=1,2,...,n1,
{A(n) (,j)}
i=np,—ng+1,n, —ng+2,...,n1,,57=1,2,...,n71,
A™ (v) ny X ny = )\zf{nsfl / (1+ ﬁ)\s,zz)wr"s*l In" (1 + 7As,.2) e i gy
Jo
— + —1 yv+ny—1
=nl([MAs) T TIAL T exp (ﬁ)
n+2,0 1 1,1,...,1
XG e (7'77)‘5,1)‘L,j o,o,A.A,o,quns)
{Q (V)}i,j:1,2,m,ns
" oo . .
Q (I/) nsg X ng _ / (1 —|—’F]Z)V Zanns+z+Jf2efzdz
Jo
=(mL—ns+i+j—2)2Fo(nL—ns+i+j—1,—v;-7)
{Q(n) (,j)}
1,j=1,2,...,ng
— / (14+72)"In"™ (1+72) Zr s TR 272 g,
Q(n) v nsg X ns 70 7 ny,—ng+it+j—2
( ) _ nle!/n (_l)anns+i+j7k72
ﬁannsﬁ»iJﬁjfl
k=0
ny,—ng+i+j—2\ -v+k n+2,0 1,1,...,1
><( Lons tits )77 + +1G7i+1,n+2 (,l-, (),0,4.4,(),u+k+1)“
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TABLE I
MEAN, VARIANCE, SKEWNESS AND KURTOSIS OF THE CAPACITY IN NATYS/HZ FOR 1.1.D. MIMO CHANNELS,

H ~ Nugnr (0,1, Iy ) . DENOTE Q4 = Q) (0).

my (mean) tr (924)
p2 (variance)  tr (Q2 — 07)
tr (29} —302:Q2 + Q)
[or (€22 — Q)3
tr (=697 + 12070 — 303 —402:Q3 + Q)
[tr (22 — Q)]

B1 (skewness)

B2 (kurtosis)

TABLE 11l
MEAN, VARIANCE, SKEWNESS AND KURTOSIS OF THE CAPACITY IN NATYS/HZ FOR DOUBLY CORRELATEDMIMO

CHANNELS, H ~ N,y oy (0, TR, ¥1). DENOTE A, = Apy (0).

m1 (mean) tr (A1) — (nsg — 1)

p (variance) tr (Az — A7) + Z o1
=1

tr (2A7 — 3BA1A2 + As) — Y8 12072
[t (Az — AZ) + Y08 01?2

tr (—6A1 + 12A7A2 — 3A3 — 4A1As + Ag) + 37871 6073
[ir (A2 — AF) + 303501

51 (skewness)

B2 (kurtosis)

23
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Fig. 1. PDF of the capacity for i.i.d. and exponentially etated pr = 0.5, pr = 0.7) MIMO channels.nt = ngr = 3 and
n =15 dB.
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Fig. 2. CDF of the capacity for exponentially correlated MMMhannels wittpr = 0.5 andpr = 0.7. nT = nr = 2, 3,4,5

andn = 15 dB.
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