1812.03616v2 [cs.IT] 22 Feb 2019

arxXiv

A Unified Framework for One-shot Achievability
via the Poisson Matching Lemma

Cheuk Ting Li and Venkat Anantharam
EECS, UC Berkeley, Berkeley, CA, USA
Email: ctli@berkeley.edu, ananth@eecs.berkeley.edu

Abstract

We introduce a fundamental lemma called the Poisson matching lemma, and apply it to prove one-shot achievability results for
various settings, namely channels with state information at the encoder, lossy source coding with side information at the decoder,
joint source-channel coding, broadcast channels, distributed lossy source coding, multiple access channels, channel resolvability
and wiretap channels. Our one-shot bounds improve upon the best known one-shot bounds in most of the aforementioned settings
(except multiple access channels, channel resolvability and wiretap channels, where we recover bounds comparable to the best
known bounds), with shorter proofs in some settings even when compared to the conventional asymptotic approach using typicality.
The Poisson matching lemma replaces both the packing and covering lemmas, greatly simplifying the error analysis. This paper
extends the work of Li and EI Gamal on Poisson functional representation, which mainly considered variable-length source coding
settings, whereas this paper studies fixed-length settings, and is not limited to source coding, showing that the Poisson functional
representation is a viable alternative to typicality for most problems in network information theory.

I. INTRODUCTION

The Poisson functional representation was introduced by Li and El Gamal [1] to prove the strong functional representation
lemma: for any pair of random variables (X,Y"), there exists a random variable Z independent of X such that Y is a function
of (X,Z),and H(Y|Z) < I(X;Y) +1log(I(X;Y) + 1) + 4. The lemma is applied to show various one-shot variable-length
lossy source coding results, and a simple proof of the asymptotic achievability in the Gelfand-Pinsker theorem [2].

In this paper, we introduce the Poisson matching lemma, which gives a bound on the probability of mismatch between
the Poisson functional representations applied on different distributions, and use it to prove one-shot achievability results for
various settings, namely channels with state information at the encoder, lossy source coding with side information at the
decoder, joint source-channel coding, broadcast channels, distributed lossy source coding, multiple access channels, channel
resolvability and wiretap channels. The Poisson matching lemma can replace both the packing and covering lemmas (and
generalizations such as the mutual covering lemma) in asymptotic typicality-based proofs. The one-shot bounds in this paper
subsume the corresponding asymptotic achievability results by straightforward applications of the law of large numbers.

Various non-asymptotic alternatives to typicality have been proposed, e.g. one-shot packing and covering lemmas [3[], [4],
stochastic likelihood coder [5]], likelihood encoder [6] and random binning [7]. However, these non-asymptotic approaches
generally require more complex proofs than their asymptotic counterparts, whereas proofs using the Poisson matching lemma
can be even simpler than asymptotic proofs.

Our approach is better than the conventional asymptotic approach using typicality (and previous one-shot results, e.g. [3],
[5]]), in the following ways:

1) We can give one-shot bounds stronger than the best known one-shot bounds in many settings discussed in this paper,
with the exception of channel coding, multiple access channels, channel resolvability and wiretap channels, which are
included for demonstration purposes, where we recover bounds comparable to the best known bounds.

2) Our proofs work for random variables in general Polish spaces.

3) To the best of our knowledge, for the achievability in the Gelfand-Pinsker theorem [2]] (for channels with state information
at the encoder) and the Wyner-Ziv theorem [8]], [9] (for lossy source coding with side information at the decoder), our
proofs are significantly shorter than all previous proofs (another short proof of the achievability in the Gelfand-Pinsker
theorem is given in [1]], though it is asymptotic). Using our approach, we can also greatly shorten the proof of the
achievability of the dispersion in joint source-channel coding [10].

4) Our proofs only use the Poisson matching lemma introduced in this paper, which replaces both the packing and covering
lemmas in proofs using typicality. The Poisson matching lemma can also be used to prove a soft covering lemma. Hence
the Poisson matching lemma can be the only tool needed to prove a wide range of results in network information theory.

5) Our analyses usually involve fewer (or no) uses of sub-codebooks and binning. As a result, we can reduce the number
of error events and give sharper second-order bounds. For example:

a) Conventional proofs of the Gelfand-Pinsker theorem involve one sub-codebook, giving an additional error event,
whereas we do not use any sub-codebook.

b) Conventional proofs of the Wyner-Ziv theorem and the Berger-Tung inner bound [[L1], [12]] (for distributed lossy
source coding) use binning, giving additional error events, whereas we do not require binning.



¢) Conventional proofs of Marton’s inner bound [13] (for broadcast channels) involve two sub-codebooks, whereas
we use only one.

6) In our approach, the encoders and decoders are characterized using a common framework (the Poisson functional
representation), which is noteworthy since the roles of an encoder and a decoder in an operational setting are very
different, and their constructions usually have little in common in conventional approaches.

Notation

Throughout this paper, we assume that log is to base 2 and the entropy H is in bits. We write exp, (b) for a’.
The set of positive integers is denoted as N = {1,2,...}. We use the notation: X% := (X,,...,X;), X" := X} and
[a : b] := [a,b] N Z. The conditional information density is denoted as

dPxy|z=
Px|7—. X Py|z—.

[/X;Y\Z(xay|z) E 1Og d( )(x’y)
We consider ¢x.y|z(z;y|2) to be defined only if Pxy|;—. < Px|z—. X Py|z—..

For discrete X, we write the probability mass function as px. For continuous X, we write the probability density function
as fx. For a general random variable X in a measurable space, we write its distribution as Px. The uniform distribution over a
finite set S is denoted as Unif(S). The joint distribution of X7,..., X, id Px is written as Pf?”. The degenerate distribution
P{X =a} =1 is denoted as J,. The conditional independence of X and Z given Y is denoted as X <> Y < Z.

The Q-function and its inverse are denoted as Q(x) and Q~!(e) respectively. For V € R™*" positive semidefinite, define
Q' (Vye)={z €R": P{X <2} >1—¢} where X ~ N(0,V) and X < x denotes entrywise comparison.

We assume that every random variable mentioned in this paper lies in a Polish space with its Borel o-algebra, and all
functions mentioned (e.g. distortion measures, the function x(u, s) in Theorem [2)) are measurable. The Lebesgue measure over
R is denoted as A. The Lebesgue measure restricted to the set S C R is denoted as Ag. For two measures i, v over X' (a Polish
space with its Borel o-algebra) such that v is absolutely continuous with respect to i (denoted as v < p), the Radon-Nikodym
derivative is written as

d
i X —[0,00).
If v1,v9 < p (but 11 < vo may not hold), we write
dVl dVl dl/g -1
— — 1
o =70 (Fw) b, 1)

which is 0 if (dvy/dp)(z) =0, and is oo if (dvy/dp)(z) > 0 and (dvz/dp)(x) = 0.
The total variation distance between two distributions P, Q over &X' is denoted as || P — Q|lTv = Sup oc ¥ measurable | F(4) —

QA)l.

II. POISSON MATCHING LEMMA

We first state the definition of Poisson functional representation in [1l], with a different notation that allows the proofs to be
written in a simpler and more intuitive manner.

Definition 1 (Poisson functional representation). Let {U;,T;};en be the points of a Poisson process with intensity measure
KX AR, on U X R>o (where U is a Polish space with its Borel o-algebra, and 1 is o-finite). For P < v a probability measure
over U, define B - -

Up ({U“n}iEN) = UKP({Ui;Ti}iEN)’
where

_ P _ \ "
Kp ({U;,T;}ien) := argmin T; < (Ui )> )
i 92.(U;)>0 dp

with arbitrary tie-breaking (a tie occurs with probability 0). We omit {U;, T; };cn and only write Up if the Poisson process is
clear from the context. If the Poisson process is {X’i, T; }ien instead of {Ui, T;}ien, then the Poisson functional representation
is likewise denoted as X p. U, = (XZ-,Yi) is multivariate, and P is a distribution over X x )/, the Poisson functional
representation is denoted as (X,Y)p. We write its components as (X,Y)p = (Xp,Yp).

Note that while dP/dy is only uniquely defined up to a p-null set, changing the value of dP/dy on a p-null set will only
affect the values of Up on a null set with respect to the distribution of {U;, T} };cn, since the probability that there exists U;
on that p-null set is zero. Therefore Up is uniquely defined up to a null set.



By the mapping theorem [14], [15] (also see Appendix A of [1]), we have U p ~ P. This is termed Poisson functional
representation in [[1] since it can be regarded as a construction for the functional representation lemma [16]]. Consider the
distribution Py, x. Let {Ui, T;}ien be the points of a Poisson process with intensity measure Py x Ag.,, X ~ Px independent
of the process, and U := f]pmx( 1x)- Then (U, X) ~ Py x. Hence we can express U as a function of X and {U;,T;} (which
is independent of X). This fact will be used repeatedly throughout the proofs in this paper.

For two different distributions P and @), Up and Ug are coupled in such a way that Up = UQ occurs with a probability
that can be bounded in terms of dP/dQ. We now present the core lemma of this paper. The proof is given in Appendix [Al

Lemma 1 (Poisson matching lemma). Let {U;,T;};cn be the points of a Poisson process with intensity measure ji X AR s
and P, Q) be probability measures on U with P,Q) < p. Then we have the following almost surely:
-1

P{UQ¢Up\ﬁp}s1—<1+jg(Up>> , ()

where we write (dP/dQ)(u) = (dP/dp)(u)/((dQ/dp)(w)) as in (1) (we do not require P < Q). The right hand side of )
is considered to be 1 if (dP/du)(Up) > 0 and (dQ/dp)(Up) = 0.

The exact expression for the left hand side of @) is in (I6).

We usually do not apply the Poisson matching lemma on fixed P, (), but rather on conditional distributions. The following con-
ditional version of the Poisson matching lemma follows directly from applying the lemma on (P, Q) < (Pyx (-|X), Qujy (:]Y)).
The proof is given in Appendix [B| for the sake of completeness.

Lemma 2 (Conditional Poisson matching lemma). Fix a distribution Px yy and a probability kernel Quy (that is not
necessarily Py |y ) satisfying Py x (-1 X), Qu|y (|Y) < p almost surely. Let X ~ Px, and {U;, T; }ien be the points of a Poisson
process with intensity measure 1 X Ag., independent of X. Let U = UPU|X(.‘X) and Y|(X,U,{U;, T;};) ~ Pyixu(-]X,U0)
(note that (X,U,Y) ~ Px yy and Y < (X,U) < {U;,T;};). Then we have the following almost surely:

dPyx(1X) >

P{UQU\Y('IY) #U’ X’U7Y} s1- (1+CIQUY('Y)

The condition that Py x (:|X), Qu|y (-]Y) < p almost surely is satisfied, for example, when p = Py, Quyy = Puyjy.
Pyx < Py x Px and Pyy < Py x Py. Note that since X 1L {U;, T;};, we have UPU|X('|X)‘X ~ Py|x, whereas Y may not
be independent of {U;, T}, so ﬁQU\Y(‘ly) may not follow the conditional distribution Qs|y .

III. ONE-SHOT CHANNEL CODING

To demonstrate the application of the Poisson matching lemma, we apply it to recover a bound for one-shot channel coding
in [S] (with a slight penalty of having L instead of L — 1). Upon observing M ~ Unif[1 : L], the encoder produces X, which
is sent through the channel Py |yx. The decoder observes Y and recovers M with error probability P, = P{M # M }.

Proposition 1. Fix any Px. There exists a code for the channel Py |x, with message M ~ Unif[l : L], with average error
probability

-1
P.<E |:1 — (1 + L2_LX;Y(X;Y)) :|

Proof: Let {(X;, M;), T;};cn be the points of a Poisson process with intensity measure Py X Py X A, (Where Py is
Unif[1 : L]) independent of M. The encoding function is m X Px x5, (1€, X = X Py x5, )» and the decading function is
y— M Px |y (-|y) % Pas (.e., M=M Px |y (-]Y)x p,,)- Note that the encoding and decoding functions also depend on the common
randomness {(X;, M;), T;}sen, which will be fixed later. We have (M, X,Y) ~ Py x Px Py|x.

P{M#MPX‘YHWPM}
<P {(X, M) # (X,J\Zf)px‘y(.meM}
—E [P{(X,M) # (X, M) py v (1v)x Pas

dPX X5M >_1
1—(1+ X, M
< dPxy (-]Y) XP]W( )

M, X,YH

(@)

<E

=E [1 -1+ L2*LX:Y<X;Y>)*1] ,



where (a) is by the conditional Poisson matching lemma (Lemma. on (X,U,Y,Qujy) < (M,(X,M),Y, Px|y x Pyr) (note
that Px asjp = Px X 0pr). Therefore there exists a fixed {(Z;,m;),t;}ien such that conditioned on {(X;, M;), Ti}ien =
{(Z;,m;),t: }ien, the average probability of error is bounded by E [1 — (1 + L27txv (X5¥))=1], [ |

Compared to the scheme in [5], we use the Poisson process {(Xl, M;),T;} to create a codebook, instead of the conventional
1.1.d. random codebook in [5]. While the codewords for different m’s are still i.i.d., we attach a bias 7T; to each codeword. Our
scheme does not use a stochastic decoder as in [3]], but rather a biased maximum likelihood decoder M Px|y (ly)x Py = = My
where K = argmax; T’ (dpx‘y( |y)/dPx)(X;). In the following sections, we will demonstrate how our approach can lead
to simpler proofs and sharper bounds compared to [3].

Using the generalized Poisson matching lemma that will be introduced in Section [VII} we can prove the following bound.
The proof is in Appendix [C|

Theorem 1. Fix any Px. There exists a code for the channel Py x, with message M ~ Unif[l : L], with average error

probability
P.<E {1 - (1 - min{2—Lx;y(X;y)7 1})(L+1)/2}
if Pxy < Px x Py.
Compare this to the dependence testing bound [17]:
P.<E {min{l';l . 2_LX:Y(X;Y)7 1}] .

Theorem |1|is at least as strong (with a slight penalty of having (L + 1)/2 instead of (L — 1)/2) since

E [1 - (1 — min {2—Lx;y<x;y)’ 1})<L+1>/2}

<E [min{L;rl -2ty (GY) 1H .

Remark 1. Apart from the dependence testing bound [17], there are other one-shot bounds for channel coding such as the
random-coding union (RCU) bound and the s bound in [17], which are tighter in certain situations (e.g. the RCU bound is
suitable for error exponent analysis). The technique introduced in this paper is suitable for first and second order analysis, but
does not seem to give tight error exponent bounds.

IV. ONE-SHOT CODING FOR CHANNELS WITH STATE INFORMATION AT THE ENCODER

The one-shot coding setting for a channel with state information at the encoder is described as follows. Upon observing
M ~ Unif[l : L] and S ~ Pg, the encoder produces X, which is sent through the channel Py |x s with state S. The decoder
observes Y and recovers M with error probability P. = P{M # M }.

We show a one-shot version of the Gelfand-Pinsker theorem [2]]. This is the first one-shot bound attaining the best known
second order result in [18] (which considers a finite-blocklength, not one-shot scenario). Our bound is stronger than the one-
shot bounds in [3], [5], [19] (in the second order), and significantly simpler to state and prove than all the aforementioned
results. Unlike previous approaches, our proof does not require sub-codebooks.

Theorem 2. Fix any Pys and function v : U X § — X. There exists a code for the channel Py |x s with state distribution
Ps with message M ~ Unif[1 : L], with error probability
P, <E [1 —(1+ |_2LU;s(U;S)*LU;Y(U;Y))*l}

if Pus < Py X Ps and Pyy < Py x Py, where (S, U, X, Y) ~ PSPU|S51(U,S)PY\X,S'

Proof: Let {(U;, M;), T;};en be the points of a Poisson process with intensity measure Py x Py x AR, independent
of M, S. The encoding function is (m,s) — :C(UPU‘S( |5)x6mm: 8) (et U = Up, o(|s)xbp» X = 2(U,5)), and the decoding
function is y — Mpwy( ) % Par (.e., M MpU‘y( [Y) ><PM) Note that (M S, U, X Y) Py X PSPU|S(51(U,S)PY\X,S~ We
have

P{M # Mpy, . (|y)xPy }
< P{(U7 M) # (Ua M)PU\Y("Y)XPI\/I}

=E [P { (U, M) # (U’M)PU\Y('\Y)XPM

M, S, U, YH



(a)
<E

3 dPyis(-[S) x dm -
! (1 * dPyy (-]Y) x PM<U’ M>> ]

- F [1 —(1+ L2LU;S(U§S)_LU;Y(U§Y))_1:| )

where (a) is by the conditional Poisson matching lemma on ((M, S), (U, M), Y, Py)y x Pyr) (note that Py arar,s = Pyjg %
dar). Therefore there exists a fixed {(@;, M), t; }ien attaining the desired bound. [ |

Compared to Theorem 3 in [3[]:
P, <P{iy.5(U;8) > log) — 4} + Pliyy (U;Y) <logl)+~} +277 + 7%
for any v > 0, J € N, our result is strictly stronger since
B {1 (14 LQLU;sw;swU;y(U;Y))l]
< P{w.s(U; 5) > log) =~} + Py (UsY) <loglJ + 7}
+E [1 _ (1 + L2LU;S(U;S)—LU;Y(U;Y))71 lew.s(U;S) <logJ—, tyy(U;Y) >logl) +~

< Plw;s(U;S) >logd =} + Plewy (U;Y) <logLJ+9} +27%
< Pluws(U; ) > logd =7} + Pluy (U; V) <logl)+9} +277 + e,
This is due to the fact that the Poisson matching lemma simultaneously replaces both the covering and the packing lemma,

resulting in only one error event.
Next, we prove a second-order result. Fix € > 0. Let C' := I(U;Y) — I(U; S), V := Var[y,s(U; S) — wy,y (U; Y)]. We

apply Theorem 2| on n uses of the memoryless channel with i.i.d. state sequence S™ = (51,...,5,), and
1
L:= {exp2 (nC —VnVQ! (e — \;%) ~3 logn)J ,

where « is a constant that depends on Pg yy. For n > a’e 2, by the Berry-Esseen theorem [20], [21]], [22], we have

P.<E |:min{210gL+LU71.;S77.(Un;sn)—LUn;yn(Un;Y")7 1}:|

1 n.gn n.yn 1
< __ 4P 210gL+LUn;Sn(U ;S™)—yn,yn (U™YT) >
S { "

1 1 < @
< ——+P{—— v (UsYs) = wis(Uis $) = C) < —VVQ ™ (e~ —=
<+ {n;w,w ) ws(U5) - €) < V7@ (« ﬁ)}
< + Oera—l

e —
~—n Vn vn
<e

if we let & — 1 be the constant given by the Berry-Esseen theorem. This coincides with the best known second order result in
[18]], which is stronger than the second order results implied by [3]], [5], [19]. We bound vy 5(U; S) — ty,y (U;Y) as a single
quantity, instead of bounding the two terms separately as in [3]], [15], [19], resulting in a sharper second order bound.

V. ONE-SHOT LOSSY SOURCE CODING WITH SIDE INFORMATION AT THE DECODER
The one-shot lossy source coding setting with side information at the decoder is described as follows. Upon observing
X ~ Px, the encoder produces M € [1 : L]|. The decoder observes M and Y ~ Py |x and recovers Z € Z with probability
of excess distortion P, = P{d(X, Z) > D}, where d : X x Z — R is a distortion measure.
We show a one-shot version of the Wyner-Ziv theorem [8]], [9]]. Our bound is stronger than those in [3], [19]], and significantly
simpler to state and prove. Unlike previous approaches, our proof does not require binning.

Theorem 3. Fix any Py x and function z : U X J — Z. There exists a code for lossy source coding with source distribution
Px, side information at the decoder given by Py|x, and message size L, with probability of excess distortion

P.<E|l- 1{d(X, ARS D}(l + |_—12LU;X(U%X)—LU:Y(U§Y))—1

lfPUX < PU X Px and PUY < PU X Py, where (X,Y;U, Z) ~ PXPY|XPU|X5Z(U,Y)-

Proof: Let {(U;, M;), T; }ien be the points of a Poisson process with intensity measure Py x Py X AR, independent of X,
where Py is Unif[1 : L]. The encoding function is = — MpUlX (Jo)x Py (1€, M = MPle(,‘X) x Py, )» and the decoding function



is (m,y) = 2(Upy y (1y)x6m:Y) (et U = Up,  (1v)xsu> £ = 2(U,Y)). Also define U = Up,, (.|x)xpy- Z = 2(U,Y).
Note that (M, X,K U, Z) ~ Py x PXPY|XPU|X6z(U,Y)~ We have

P{d(X,Z) > D}
<1-P{d(X,Z) <DandU = U}
<E |1 1d(X, 2) <DIP{(U, M) = (U, M), (vywsn | M, X, Y,UY|

1-1{d(X,Z) <D} (1 1 PoixCIX) x Par (U, M)> _1]

(a)
< E
- dPyy (-]Y) x o

<E[1-1{d(X,2) < D}(1 + L7 1gwx U (U)) =1

where (a) is by the conditional Poisson matching lemma on (X, (U, M), (M,Y"), Pyy xéar) (note that Py ps|x = Pyjx X Pas).
Therefore there exists a fixed {(@;,m;),t; }ien attaining the desired bound. [ |

This reduces to lossy source coding (without side information) when Y = (). Note that the encoder is designed in the same
way with or without side information. An encoder for lossy source coding is sufficient to achieve the bound in Theorem [3]
even when side information is present. Binning is not required at the encoder.

Similar to the case in Section [[V] it can be checked that our bound is stronger than that in Theorem 2 in [3]. Compared to
Corollary 9 in [19]:

J 1 /2%

_’,_7

P. <P{iwx(U;X) >~ oryy(U;Y) <ypord(X,Z) >D} + 5wl T3V ]

3)
for any vp,v. > 0, J € N, our result is stronger since

E|1-1{d(X,2) <D}(1+ |_*12LU;x(U;X)ﬂu;y(U;Y))q}

<Pliy,x(U; X) > or iy (U;Y) <vpord(X,Z) >D} + L=19%

) L1 [
27wl 2 J7

<P{iy,x(U; X) > orwy,y(U;Y) <vpord(X,Z) >D} +

where the last inequality is due to
2(b/2)\°
atb>(a+b)? =27 <“+3(/)> > 27a(b/2)? > dab?

by the AM-GM inequality for a,b > 0, a + b < 1 (since the right hand side of (3) < 1 for it to be meaningful). We bound
w;x(U; X) — e,y (U;Y) as a single quantity, instead of bounding the two terms separately, resulting in a sharper bound.

VI. ONE-SHOT JOINT SOURCE-CHANNEL CODING

The one-shot joint source-channel coding setting is described as follows. Upon observing the source symbol W ~ Py,
the encoder produces X € A&, which is sent through the channel Py x. The decoder observes Y and recovers Z € Z with
probability of excess distortion P, = P{d(W, Z) > D}, where d : W x Z — R is a distortion measure.

We show a one-shot joint source-channel coding result that achieves the optimal dispersion in [10].

Theorem 4. Fix any Px and Py. There exists a code for the source distribution Py, and channel Py |x, with probability of
excess distortion

-1
P < B (1+ oWy )
if Pxy < Px x Py, where (W, X,Y) ~ Py x PxPy|x, and Bp(w) := {z : d(w,z) < D}.

Proof: Let {()_(i7 Zi), T, }ien be the points of a Poisson process with intensity measure Px x Pz X )\RZO independent of
W. Let p(w) := Pz(Bp(w)). Let Py, be defined as

Pz(AN Bp(w))/p(w) if p(w) > 0

Pz (Ahw) = {PZ(A) if p(w) = 0.

The eIAlcodiNng function is w — prxp?‘w(.tw) (e., X = prxpz‘w(,|w)). The: decoding function is y > ZPX‘Y(,ly)XpZ
(e, Z = Zpy, (|v)xP,)- Also define Z = prxpz‘w(_‘w). We have (X,Y, W, Z) ~ Px Py|x x Py Py

P{d(W,Z) > D}



<P{p(W)=0}+P{p(W)>0and Z # Z}
< P{p(W) = 0} + E [1{p(W) > O}P{(X, 2) # (X, Z)pyy vy, | X Y. W, 2}

o dPx x Py (W) .\
@ P{p(W) =0} +E |1{p(W) > 0} 1_<1+ déi(-éfv)vipz)(x’z))

=P{p(W)=0}+E [l{p(W) >0} (1 — (1 + (p(W))—12—LX;Y(X;Y))1>:|

_E {(1 + p(W)QLX%Y(X;Y)>1] ,

where (a) is by the conditional Poisson matching lemma on (W, (X, Z), Y, Px|y x Pz) (note that Py z2iw = Px X Py y).
Therefore there exists a fixed {(Z;, Z;), t; }ien attaining the desired bound. [ |

Compare this to Theorem 7 in [10]:
P. < B [min {727 &) 11 L B [(1 = P2(Bo(W)))] @

for any P W J € N. While neither of the bounds implies the other, our bound is at least within a factor of 2 from @ since
-1
B (14 PatBo(w)zr ) |

<E [(1 + (2J)12‘X;Y(X;Y))_l} +P{(2J)7' > Pz(Bo(W))}
<E [min {2J2_”X?Y(X?Y), 1}} +2E [max{1 — JPz(Bo(W)), 0}]
< 2 [min {7275 1} 4 2B [(1 - P2 (Bo(W))].

However, (@) does not imply a bound that is within a constant factor from our bound. Theorem 8 in [10] is obtained by
substituting J = |v/Pz(Bp(W))| in @):

P.<E {mm {VPZ(BD(W))*Q—LX“X?Y), 1}} Felo,

which is strictly weaker than our bound with an unbounded multiplicative gap ~ (that tends to co when the bound tends
to 0). Hence our bound is stronger than Theorem 7 and 8 in [10] (ignoring constant multiplicative gaps). Also our proof is
significantly shorter than that of Theorem 7 in [10].

Please refer to Appendix [D] for the proof that Theorem [] achieves the optimal dispersion.

VII. POISSON MATCHING LEMMA BEYOND THE FIRST INDEX

The Poisson functional representation concerns the point with the smallest T;((dP/du)(U;))~!. We can generalize it to

obtain a sequence ordered in ascending order of T;((dP/du)(U;))~*.

Definition 2 (Mapped Poisson process). Let {U;, T;};cn be the points of a Poisson process with intensity measure j X Ag. |,
on U x Rsq (where U is a Polish space with its Borel o-algebra, and p is o-finite). For P < u a probability measure
over U, let ip1,ip2,... € N be a sequence of distinct integers such that U;’;l{ipd} = {i : (dP/du)(U;) > 0} and
{T;.,((dP/dp)(Ui,,)) " }jen is sorted in ascending order with arbitrary tie-breaking (a tie occurs with probability 0). For
j €N, uel, define the mapped Poisson process with respect to P as

{ﬁp ({Ui,Ti}ieNy j) . Tp ({ﬁini}iENv j) }jeN, %)

where 1
. _ _ dP B
Tp ({Ui, T;}ien, j) == Tip, d7( ip) ;
1
[]P ({Ui,Ti}ieNa j) = Uip,f
For P, () < p probability measures over U, define ip;,ip2,... € N and ig 1,iQ,2,... € N as above. Define
YriQ ({Ui, Titien, j) == min{k € N: iq ) = ip;},

where the minimum is oo if such k does not exist. We omit {U;, T; }sen and only write Up(5), Tp(j), Tpjq(j) if the Poisson
process is clear from the context. Note that, with probability 1, we have either Ug(Y po(j)) = Up(j) or Tpq(j) = oo.



Also, for any j,k € N, Tp|o(j) = k < Yqp(k) = j. Loosely speaking, Y p|p(j) can be regarded as “UQ (Up(5))” Gf
there are no atoms in p), i.e., finding the j-th point in the mapped Poisson process w.r.t. P, then finding its index in the
mapped Poisson process w.r.t. ).

While dP/dy is only uniquely defined up to a p-null set, changing the value of dP/du on a u-null set will only affect
the values of {Up(j), Tp(j)}jen on a null set with respect to the distribution of {U;, T} }ien, since the probability that there
exists U; in that p-null set is zero. Therefore {Up(j), Tp(j)} ey is uniquely defined up to a null set. The same is true for

TPHQ( )
By the mapping theorem [14], [15] (also see Appendix A of [1]),

{Uip;s Tir;(dP/dp) (Uip,;)) " Yien = {Up(5), Tr(5)}jen
is a Poisson process with intensity measure P X Ag.,. Hence

Up(1),Up(2),... < P,

We present a generalized Poisson matching lemma concerning the indices beyond the first. The proof is given in Appendix

Al

Lemma 3 (Generalized Poisson matching lemma). Let {U;, T;}ien be the points of a Poisson process with intensity measure
B X ARz, on U X R>o, and P, Q be probability measures over U with P,Q < p. Fix any j € N. Then we have the following

almost surely: p
B[ Triol) | Op()] <5500 + 1,

where we write (dP/dQ)(u) = (dP/dp)(uw)/((dQ/dw)(w)) as in (1) (we do not require P < Q). As a result, we have the
following almost surely: for all k € N,

P{0p() ¢ (U ictin | Ur()} < P{Trio() > k| Ur()}

< win {520, 1}

For k =1, this can be slightly strengthened to

{TPHQ( > 1| Up(j } <1- (1 —min{jg(f]p(j)), 1}>j.

For j =1, this can be slightly strengthened to: for all k € N,

P{Trio() > k| Tr(0} < (1- (1+ S0 @) )’

<1- (L4 55 Or1)

-1

The exact distribution of Y p|(j) is given in (T3).
Similar to Lemma [2] we can state a conditional version of the generalized Poisson matching lemma. The proof follows the
same logic as Lemma [2] and is omitted.

Lemma 4 (Conditional generalized Poisson matching lemma). Fix a distribution Px, ju,y and a probability kernel Qu\y,
satisfying J € N and Py x ;(|X,J), Quyy (|Y) < p almost surely. Let (X, J) ~ Px,j, and {U;, T;}ien be the points ofa
Poisson process with intensity measure [1X \g.,, independent of (X, J). Let U = UPU\X Seixon () and Y((X, J,U{U;, T; }:)

Py x50 (| X, J,U) (note that (X, J,U,Y) ~ Px juy and Y < (X,J,U) <> {U;, T };). Then we have the following almost
surely:

dPy x,;(:| X, J)

E {TPU‘X,J<-|X,J>Hmenm(J)‘ X, J,U, Y} <J dQuyy (1Y)

) +1,

and for all k € N,
J dPy x5 (-| X, J)

<
P{TPU‘X,J<~|X,J>\|QU|Y<~\Y> ) > ’f’ X, LU, Y} mn{k Quy (1Y)

o), 1},

and

[ dPyix (X, ) ’
P{TPU‘X,A-\X,J)ume(-\Y)(J) > 1‘ X, J, U,Y} <1- (1 - mm{w(U), e



If J =1 almost surely, then we also have the following almost surely: for all k € N,

P {Trypieu () > k| XUY ] < (1-(1+ dPUX("X;(U))l)k

dQuy (-|Y
dPle |X) U))—l.

. (-
B 1
<1 (14 iQuyy (1Y)

Remark 2. We can use the generalized Poisson matching lemma to extend Proposition[I]to the list decoding setting with fixed list
size J. The decoder outputs the list {Mp, . (.|v)x Py (1) }jep.0)- The error event becomes (X, M) ¢ {(X, M) py . (.|v)x Py (4) }je[1:9)-
The probability of error is bounded by E [(1 — (1 4 L27¢x (X3¥))=1)J],

VIII. ONE-SHOT CODING FOR BROADCAST CHANNELS AND MUTUAL COVERING

The one-shot coding setting for the broadcast channel with common message is described as follows. Upon observing three
independent messages M; ~ Unif[l : L;], j = 0, 1,2, the encoder produces X, which is sent through the broadcast channel
P)A/I’yzpf. Degode{j observes Y; and recovers M()j and Mj (j = 1,2). The error probability is P, = P{(My, My, My, M3) #
(Moy, Mog, My, Ms)}.

We show a one-shot version of the inner bound in [23, Theorem 5] (which is shown to be equivalent to [24, Theorem 1] in
[25]]). The proof is given in Appendix [

Theorem S. Fix any Py, u, v, and function x : Uy x Uy x Uy — X. For any J,Ki,Ky € N, there exists a code for the
broadcast channel Py, y, x for independent messages M; ~ Unif[l : L;], j = 0,1,2, with the error probability bounded by

P, < E[min{l:()l:lJA2_LU0'Ul:Y1(U"’Ul;yl) + |:1JA2_LU1;Y1\UO(UI;YllUU)
+ EOEQJ_lBQLUl;U2|UO(U1§U2‘U0)_LUO,U2;Y2(U07U2;Y2) + [0[2(1 _ J_l)BQ_LUQ,UQ:YZ(U07U2;Y2)
+ |:2J71B2LU1;U2|U0(U1§U2‘U0)*LU2,Y2\UD(U2§Y2|U0) + [2(1 _ J*l)B2*LU2,Y2‘U0(Uz;Yleo), 1}]

if all the information density terms are defined almost surely, where

Lo := LoK1 Ko,

L, := [Lo/Kg] fora=1,2,

A= (log(Ly 1 t2rmmive iillo) 47y 4 1)2,

B .= (log((f_z_]*lgbul;uzwo(U1;U2\Uo)*LU2,y2|UO(Uz;Y2\U0)

+ I:Q(l — J_1)2_LU2vY2\U0(UQ?Y2|UO))—1 + 1) + 1)2

As a result, for v > 0,
Pe < P{log [1.] > LUl;Y1|UU(U1;Y1|U0) — 7y or IOg |~_2 > LUQ,YQ\UO(UQ;YQ‘UO) -

or logLod™ > 1y, vy v, (Uss Ya|Uo) — tury v (U Ua|Us) — 7
or logloliJ > wyy,v,,v: (Uo, Ur; Y1) — v or loglols > tyy vy, (Uo, Us; Ya) —

or lOg £0£2J71 > LU07U2;Y2(UO7 U2;Y2) — LUl;U2|U0(U1; U2|U0) — ’)/}

+ 277 (8E [(tr, w4 v (Un; Y11U0))? + (b, va vy (Uz; Ya|Uo))?] + 1297 + 84) . (6)

The logarithmic terms A and B (or the last term in (6)) result in an O(n~! logn) penalty on the rate in the finite blocklength
regime, and do not affect the second order result. Ignoring the last term in (), the error event in (6) is a strict subset of those
in [3 eqn (32)] and [4, eqn (49)]. This is because the error event in [5] is a superset of (6) by Fourier-Motzkin elimination
on J, in the error event in [5], but the reverse is not true since Fourier-Motzkin elimination only guarantees the existence of a
random variable for Jo (that depends on the information density terms) satisfying the bounds, but Jo must be a constant since
it is a parameter of the code construction in [5].



Theorem [35| gives the following second order bound. Consider n independent channel uses. Let L, = 2" fora=0,1,2.
By the multi-dimensional Berry-Esseen theorem [26] (using the notation in [5]), we have P. < ¢ if there exists R, Ry, Ro > 0
such that

Ri+R
Ry
Tl g Lo (COV[I],e—B) _ Plogn
Ro+ R+ R vn vn n
Ro+ Ry
Ro+ Ry — R

if n > (%e~2, where 3 is a constant that depends on Py, 17, U,.v:.v,» and Ro = Ro + Ry + Ry, Ry = Ry — R, for a = 1,2,
and

Loy v v, (U Y1|Uo)
LUy, YU, (Uz; Ya|Up)
LU, Y3 Uo (Uz; Yo Uo) — tusu,)0, (Ur; U2|Up)
Lo, Uy;v1 (Uo, Ui Y1)
LUy, Uz Y2 (Uo, Uz; Ya)
LU, UnsYs (Uo, U2; Ya2) — 1,0, 0, (Ut; Uz |Uo) ]

To demonstrate the use of the generalized Poisson matching lemma in place of the mutual covering lemma, we prove a
one-shot version of Marton’s inner bound without common message [13] (i.e., Lo = 1). Our bound is stronger than that in [3]]
in the sense that our bound implies [3] (with a slight penalty of having 217 4+ 2727 instead of 2' =7 +e~2"), but [3]] does not
imply our bound. We also note that a finite-blocklength bound is given in [7]. Nevertheless, the analysis in [7] only works for
discrete auxiliary random variables Uy, Us, and does not appear to yield a one-shot bound due to the use of typical sequences.

In the conventional mutual covering approach in [5], [4], sub-codebooks for both U; and U, are generated, whereas in
our approach we generate a sub-codebook only for U;, and the codebook of U, adapts to the sub-codebook automatically,
eliminating the need for a sub-codebook for Us.

Theorem 6. Fix any Py, y, and function x : Uy X Uy — X. For any J € N, there exists a code for the broadcast channel
Py, v, x for independent private messages M; ~ Unif[1 : L;], j = 1,2, with the error probability bounded by

P.<E {min{LlJQLUl;Yl(U“Yl) + Lo(1 — J71)27LU2%Y2(U2?Y2) + |_2_]*12LU1;U2(U1§U2)*LU2;Y2(U2;Y2)’ 1}]

if all the information density terms are defined, where (U1, Uz, X,Y1,Y2) ~ Py,u,02u,,0.) Pyy vs|x-

Proof: Let {(Uy;, M1 ;),T1 ;i }ien> {(Ua,i, M2 ;), Toi }ien be two independent Poisson processes with intensity measures
Py, x Py, % /\RZO and Py, X Py, X )\RZU respectively, independent of My, Ms.
The encoder would generate X such that

(My, My, K, {Uy;}jep.0, Ur, Uz, X) ~ Pagy, % Pagy % PKP(%J(SUlKPUﬂUl5z(U1,U2)7 (7

where Px = Unif[l : J], and {Ulj}je[L J € U; is an intermediate list (which can be regarded as a sub-codebook). The
term P%Jégu{ in means that {Ulj}j are ii.d. Py,, and U; = Ujk. To accomplish this, the encoder computes Ulj =
(U1) Py, x6ur, (J )~ for j = 1,...,J (which Poisson process we are referring to can be deduced from whether we are discussing Uy
or Us), Uy = (Usz) ;-1 S0y Pug oy (1035) %61y and (K, U1)|({Us;};,U2) ~ Py, 1404,3,,0, (Where Py 057, 3. 0, is derived
from (7)), and outputs X = x({]l, Us). It can be verified that is satisfied.

The decoding functions are M; = (Ml)pUlw1 (1¥1)x Pag, » M2 = (Mg)p%ly?(wyz)xpm. We have the following almost surely:

P{(Uh M) py, v, (V)< Par, 7 (U1, My)

Ula U27Y17Y27M17K}

(a) o
= P{(Ulle)Pulyl(-Yl)xPMl # (Ur, M)

(2) CHDU1 X 5M1
N dPU1|Y1('D/1) ><]DZ\/h

U17}/1aM17K}

(U, M)



{(U1,5, M1,3), T i b

{16, M3), Taiba {(U2,i, M2,:), T»,i}4
M1 M2 M1 M2 Ml M2
K {Uy} K {Uy}; K& {Uy};

v, —» U u, —» U \:U}K\‘U
NSNS NS
/\ /\ /\

Yi—> Y, Yi—> Y, Yi—> Y,

Figure 1. Left: The Bayesian network described in (7). Middle: The Bayesian network deduced from (7) and Ul]' = (U1)PU1 X8ary (7)- Right: The Bayesian
network describing the encoding scheme. Note that all three are valid Bayesian networks, and the desired conditional independence relations can be deduced
using d-separation.

< |-1J27LU1%Y1(U1;Y1)’

where (a) is by (Us,Ys) « (U1,Y1, My, K) < {(Ul7i,M17i),T17i}i (see Figure (1| middle), and (b) is by the conditional
generalized Poisson matching lemma on (X, J,U,Y, Quy) + (M1, K, (Ur, My1), Y1, Py,|v, X Par,), since Py, ar v k=
.PU1 X 6M1’ (~M17 K) AL {(Ul,i7 Ml,i)uTl i}is and Y7 < (Ul, Ml,K) 4 {(Ul,hMl,i),Tl,i}i’ which can be deduced from @
and Uy = (U1) Py, %6, (7) (see Figure |1f middle).

Also, almost surely,

P{(027M2)PU2‘Y2(-\Y2)><PM2 # (U27M2)‘ U17U27Y1,Y27M2}

@p { (027M2)PU2‘Y2(~\Y2)><PM2 # (Ua, M) ’ Us, UQ,Yz,Mz}

® _ [d S0, Poyjo, (1U15)) % 0ar
<E J= 2% J 2 (Us. M. Ui U Y. M.
- l dPU2|Y2('|}/2) X Py, ( 2 2) 12, 22, 842
[ J
=E | L)™' ) 2wnwa Wila)—wana (U22) | 7y 1, Yy, My
j=1

—E L2J712*LU2:Y2(U2§Y2)(QLUl;UQ(U1§U2) + Z 2LU1§U2(UIJ;U2)> Ui, Us, Ya, Ms
JE[LINK

J-1 )

- E L2J7127LU2:Y2(U2§Y2) (2bul;u2(U1;U2) + Z 2LU1:U2(U1,]‘+1{J‘2K};U2)> Ui, Us, Ya, Ms
j=1

(é) L2J*12*LU2;Y2(U2;Y2)(QLUI;U2(U1;U2) 4+ 1)’

where (a) is by Y <> (U1,Us, Yo, Ms) <5 {(Uz4, M2 ;),To; }; (see Figurer{ght), (b) is by the conditional Poisson matching
lemma on (({Uy;};, M), (Uz, Mz), Ya, Py, |y, X PMQ), and (c) is because {Us j11{;>K1}je:0—1] (the Uy;’s not selected as
Uy) are independent of (U, Us, Y, M), E[2LU1%U2(U111+1UZK};U2) | Us] = 1, and Jensen’s inequality. Hence,

P{(My, M) # (M, My)}
—E [P{(Ml,Mg) ] (Ml,Mz)‘ U1,U2,Y1,Y2H
<E [min {P{M1 ” Ml‘ Ul,Ug,Yl,Y2} +P{M2 ] MQ‘ Ul,Ug,Yl,Y2}, 1}}

<E |:min{L1J2LU1;Y1(U1§Y1) + LQJ*12*LU2;Y2(U2§Y2)(2LU1;U2(U1;U2) +J-1), 1}:| .

Therefore there exist fixed realizations of the Poisson processes attaining the desired bound. [ ]



IX. ONE-SHOT DISTRIBUTED LOSSY SOURCE CODING

The one-shot distributed lossy source coding setting is described as follows. Let (X7, Xg) ~ Px, x,. Upon observing X,
encoder j produces M; € [1: Lj], j = 1,2. The decoder observes M;, M, and recovers Z; € Zy, Zy € Z9 with probability
of excess distortion P, = P{d1(X1,Z1) > D or do(Xs, Z3) > Do}, where d; : X; x Z; — R>¢ is a distortion measure for
7 =12

We show a one-shot version of the Berger-Tung inner bound [11]], [12].

Theorem 7. Fix any Py, |x,, Py, x, and functions z; : Uy X Uy — Z;, j = 1,2. There exists a code for distributed lossy
source coding with sources Px,, Px, and message sizes L1, La, with probability of excess distortion

P. < E[min{udl(xl, Z1) > Dy or do(X2, Za) > Do} 4 Ly t2twnxaive (UrsXalU2)

+ (L;1L2712LU1’U2;X1’X2 (U1,U2;X1,X2) + L512LU2;X2|U1 (Uz;leUl)) (10g(L22_LU2;X2\U1 (U2;X2|Uy) + 1) + 1)2’ 1}:| (8)

if all the information density terms are defined, where (X1, Xo,Uy,Us, Z1, Zo) ~ Px, x, Py, x, Pus | x202, (U1, U2) 020 (UL Us)-
As a result, for v > 0,

P, < P{dl(Xl,Zl) > Dy or dQ(XQ,ZQ) > Dy or log L < LUl;X1|U2(U1;X1|U2) + v

or logly < ty,,x, v, (Uz2; Xo|Ur) +7 or loglila < ty,,us:x,,x,(Ut, Us; X1, X2) +’Y}
+277 (4E[(1u, 0, (Un; U2))?] + 497 +29) . ©)

The logarithmic term in (§) (or the last term in (9)) results in an O(n~!logn) penalty on the rate in the finite blocklength
regime, and does not affect the second order result. Ignoring the last term in (9), the error event in () is a strict subset of
that in [S) eqn (47)]. This is because the error event in [3] is a superset of (EI) by Fourier-Motzkin elimination on Jq, Jo in
the error event in [3]], but the reverse is not true since Fourier-Motzkin elimination only guarantees the existence of random
variables for Ji, Jo (that depend on the information density terms) satisfying the bounds, but J;, Jo must be constants since
they are parameters of the code construction in [5].

We now prove the result. Unlike previous approaches, our proof does not require binning. The encoders are the same as
those for point-to-point lossy source coding.

Proof: Let {(Uy 4, My ;),T1 i }ien> {(Uzi, M2.), T2 }ien be two independent Poisson processes with intensity mea-
sures Py, X Py, X Ar., and Py, X Pur, X Ag., respectively, independent of X, Xy. The encoding functions are M; =
(J\Z/j) Pujix; C1X5)% Pa, » 7 = 1,2 (which Poisson process we are referring to can be deduced from whether we are dis-

cussing M; or Mp). Also define U; = (Uj)puv‘xv(.‘xj)xpM,, Z; = z;j(U1,Uz), j = 1,2. For the decoding function,
o - ~ 7' h J

let Ui = (U1)py, xou, (k) for k € N, Uy = (UQ)ZZOZ1 (k) Pury 0y (1001) X1y where ¢(k) oc k~!(log(k + 2))~2 with

Zz?;l o(k) =1, and Uy = (Ul)Pul\UZ(‘|02)><5Ml’ Z; = Zj(Ul,UQ), j = 1,2. Note that (M, Mo, X1, Xo,Uy,Us, Z1,Z5) ~

Py, X Py, X Pxy x, Puyx, Pug | x2020 (U1 ,Us) 02 (UL, Us) - -

Let K = TPul\x1(~\X1)XPM1 || Py, %621, (1) (using the Poisson process {(U1,;, M1,:), T4 ,i }ien). By the conditional generalized
Poisson matching lemma on (X1, 1, (U, M1), My, Py, x du,) (note that Py, a1 x, = Py, jx, X P, ), almost surely,
APy, x, (| X1) x P,

d,PU1 X 6M1
= Lt WXy 4 g, (10)

E[K| X,,U1,Mq] <

(Ul,Ml) +1

Since {Ulk}k is a function of {(Ulyi’ M171'),T17i}i and Ml, we have {Ulk}k <> (Xl,XQ, Ul, UQ, MQ) (V—) {(Ugﬂ', M27i),T27i}i.
By the conditional Poisson matching lemma on (X3, (Uz, M2), ({Uir}r, M2), >_p—q #(k) Py, (|{Uk) X dar,) (note that
Py, Ma| Xz = PUQ‘ x, X Par,), almost surely,

P{ (027MQ)Z;;¢(k)PU2|U1(-\Ulk)x6MQ # (Uz, M2) ‘ X1,X2,U1,U2,M2}

. { dPU2|X2('|X2) X PM2
< E | min = =
| d(X k=1 #(k)Pyyju, (1U1k)) X S,
[ .1 dPuy,x,(-|X2) }
min{ L1 22 Us), 1
<5 |min{L; S APy, (00
= B [min{Ly" (¢(K)) 12w X000, 13| Xy Xy, Uy, Us, Mo |

(Uy, M), 1} | X1, X0,U;,Usy, My

X1, X5,Uy, U2,M2}




a 2
(S) E [KL2—12LU2;X2U1 (U2;X2|Uy) (log(LQQ*LU;,;XQWI(U2§X2|U1) 4 1) + 1) ‘ X1, X9, Ur, Us, M2:|

(b)

IN

<L1—12LU1;X1 (U1;X1) + 1) L2—12LU2;X2‘U1 (U2;X2|U7) (lOg(L227LU2:’X2‘U1 (U2;X2|Un) + 1) n 1)2
_ (L;1L512LU1.U2;X1.X2(U17U2§X17X2) + L512LU2;X2|U1(U2§X2|U1)) <10g(L22—LU2;X2‘U1 (Uz;X2|U1) I 1) n 1)2 ’

where (a) is by Proposition [6| and (b) is by K « (U1, X1) <> (X2, Us, M>), (T0) and Jensen’s inequality. By the conditional
Poisson matching lemma on (X1, (U1, M1), (U, My), Py, ju, X 0ar,) (note that Py, arx, = Puyx, X Puy), and X <>

(Xl, Ul, UQ, Ml) — {(ULia Ml,i)a TLi}i, almost Surely,

P{(ﬁlaMl)PUlUz(-|U2)><6Ml # (Ur, M)

< dPU1|X1('|X1) X PMl
- dPU]\Uz('|U2) X 5M1
— |_1—12LU1;X1\U2(U1%X1\U2)_

XlaXQ;U17U27M1}

(U17 Ml)

We have
P{dl(Xl,Zl) > D or d2(X2722) > D2}

<E P{dl(Xl,Zl) > Dl or dg(XQ,ZQ) > D2 or UQ 7& Us

O

=

(UQ = U2 and Ul 75 U1)

Xl,X2,U17U2H

<E min{l{dl(Xl,Zl) > Dj or dQ(XQ,ZQ) > DQ} + L;12LU1;X1\U2(U1§X1|U2)

+ (L;1L512LU1,U2;X1,XZ(Ul,UQ;Xl,Xg) + L2712LU2;X2|U1(U2;X2|U1)) (log(L22—LU2;x2ml(Uz;Xz\Ul) T+ 1>2’ IH

Therefore there exist fixed values of the Poisson processes attaining the desired bound.
For (9), if the event in (9) does not occur, by Proposition |§| witha=v—-1,a=7, 8 =1v,.v,(U1;U2) — 7,

L;12LU1;X1|U2(U1§X1 |Uz2)

+ <L1—1L2_12LU1,U2;X1,X2(U11U2§X17X2) + L2_12LU2;X2\U1 (UQ;XQ‘Ul)) (log(L22*LU2;X2\U1 (U2;X2|U7) 4 1) + 1)2

<277 4ot (2(LU1;U2 (Uy; U2))2 +2% 4+ 14)
=277 (40,0, (U13U2))* + 49° + 29) .
n

Remark 3. The reason for the logarithmic term is that we want to translate a bound on E[K] (given by the generalized Poisson
matching lemma) into a bound on E[(¢(K))~!] for some distribution ¢ over N. Ideally, we wish (¢(k))~! oc k, but this is
impossible since the harmonic series diverges. Therefore we use a slow converging series ¢(k) o< k=1 (log(k + 2))~? instead,
resulting in a logarithmic penalty.

If we use J711{k < J} instead of ¢(k) in the proof, we can obtain the following bound for any J € N:

P, < El:min{l{dl(Xth) > D or d2(X27ZQ) > D2}
+ Ll—lJ—12LU1;X1(U1;X1) + L2—1J2LU2;X2|U1(U2;X2|U1) + L1_12LU1;X1|U2(U1§X1|U2), 1}:| )
Compared to Theorem [/| this does not contain the logarithmic term, but requires optimizing over J, and may give a worse
second order result.

Another choice is to use g(k) oc k~11{k < J} instead of ¢(k). We can obtain the following bound for any J € N:

P, < E[min{l{dl(Xl,Zl) > Dy or dQ(XQ,ZQ) > D2} + LIIJ_12LU1?X1(U1;X1)

+ Lfngl(an + 1)2LU1,U2;X1,X2(U17U2§X17X2) + L;l(an + 1)2LU2;X2|U1(U2§X2|U1) + L;12LU1;X1|U2(U1§X1|U2)’ 1}]

which gives the same second order result as Theorem [7| Nevertheless, we prefer using ¢ (k) which eliminates the need for a
parameter J at the decoder.



X. ONE-SHOT CODING FOR MULTIPLE ACCESS CHANNELS

The one-shot coding setting for the multiple access channel is described as follows. Upon observing M; ~ Unif[l : L;]
(M3, My independent), encoder j produces X, j = 1,2. The decoder observes the output Y of the channel Py |x, x, and
recovers (M, My). The error probability is P, = P{(My, My) # (M, My)}.

We present a one-shot achievability result for the capacity region in [27], [28], [29]. While this result is slightly weaker
than that in [3]], we include it to illustrate the use of the generalized Poisson matching lemma in simultaneous decoding. Note
that the logarithmic term results in an O(n~'logn) penalty on the rate in the finite blocklength regime, and does not affect
the second order result.

Theorem 8. Fix any Px,, Px,. There exists a code for the multiple access channel Py x, x, for messages M; ~ Unif([l : L;],
7 = 1,2, with the error probability bounded by

2
P.<E |:Hlln{ (L1L227LX1,X2;Y(X1,X2;Y) + L227LX2;X1,Y(X2;X1,Y)) (10g(L2_12LX2;X1,y(XZ;Xl’Y) . 1) ) 1)
+ L127LX1;X2,Y(X1;X2,Y)’ 1}:|
if Px,x,v < Px, X Px, x Py, where (X1,X2,Y) ~ Px, Px, Py|x, x,- As a result, for v > 0,

P, < P{long > x0:x,y (X1; X0, Y) — 7 or logla > tx,.x, v(Xe; X1,Y) —

or loglily > tx, xy (X1, X2:Y) — 7} + 277 (4E[(x, oy (X15 X2|Y))?] + 492 + 29) . (11)

Proof: Let {()_(1714, MM), T }iens {()_(gﬂ-, M27i), T5 ; }ien be two independent Poisson processes with intensity measures
Px, X Prry X ARy, and Px, X Par, X A, respectively, independent of My, Ms. The encoding functions are X1 = (X1)py, x6, »
Xo = (Xo) Px, X0, (which Poisson process we are referring to can be deduced from whether we are discussing X; or X5). For
the decoding function, let X1 = (Xl)le‘y(,ly)ijwl (k) forAk IS N,~ (X9, Ms) = (XQ,MQ)Ezozl¢(k;)PX2‘ley(‘lxlkay)xplwz
where ¢(k) o< k! (log(k +2)) 72 with > p-, #(k) =1, and M; = (Ml)_le|X2,Y('|X2»Y)><P1Wl'
Let K = Tpy wsy,, 1Px 1y (1Y) % Pagy (1) (using the Poisson process {(X1,;, M1;),T1}ien). By the conditional generalized
Poisson matching lemma on (M, 1, (X1, M), Y, Px,|y X Pur,) (note that Px, ar a, = Px, X dar,), almost surely,

dPX X5M
E[K| X1,Y, M| < L L
(K| Xa, YoM < gp s ot

_ L12—Lx1;Y(X1§Y) +1. (12)

(X1, My)+1

Since {Xlk}k is a function of {(Xl,ia Ml,i)aTl,i}i and Y, we Qave {Xlk}k — (Xl,XQ,Y, Mg) <—)v {(XQJ,MQJ),TQ’»L}’L'. By
the conditional Poisson matching lemma on (M, (X2, Ma), ({X1x}k, V), >opeq &(k)Pxyx,,v (| X1k, Y) X Pag,) (note that
Px, mov, = Px, X 0ar,), almost surely,

P{ (X%M?)Z?:l d(k)Pxyixy,y (1 X1k, Y) X Py # (X2, M) ‘ X1, X2, Y, M2}

min{ dPX2 X 5]\12

- d(3°52 ¢(k) Pxyx, v (1 X1k, Y)) % Pag,
i } |
< E |minq L Xo), 17| X1, Xs,Y, M.

<1 min R dPr e,y (X0, 7) 2 Ly | K X2 VoM

= E | min{Ly(¢(K)) L2~ txax1y (XaiX1,¥) 1}‘ Xl,XQ,Y,MQ}

(X2, My), 1} X1, X0,Y, M,

(b) B ‘ _ . _ ‘ 2
< (Lm0 1) Ly (X)) (log(L gt (4Xe¥) 1) 41

— (L1L22_LX1'X2:Y(X17X2;Y) + L22_LX2;X1.Y(X2§X17Y)> (log(L512LX2;X1,Y(X2;X1,Y) + 1) + 1)2 7

where (a) is by Proposition |§|, and (b) is by K < (X1,Y) <> Xs, (I2) and Jensen’s inequality. By the conditional Poisson
matching lemma on (M, (X1, M1), (X2,Y), Px,|x,,y X Pa,) (note that Px, ar,\a, = Px, X dar,), almost surely,

P{(XL M) Py, v (1XaY )5 Par, 7 (X1, M)

X1, XY, M1}



< dPX1 X (51\/[1
= dPx,x,,y (X2, Y) X Pag,
= L12—LX1;X2‘Y(X1;X27Y).

(X1, M)

Therefore there exist fixed values of the Poisson processes attaining the desired bound.
For (T), if the event in (TI)) does not occur, by Proposition @ with o =y =1, & =7, B = tx,.x, v (X1; X2|Y) — 7,

(L1L22*LX1,X2;Y(X1>X2;Y) + L227LX2;X1,Y(X2§X1;Y)) (log(L2—12bx2;xl,y(Xg;Xl,Y) +1)+ 1)2 + L127LX1;X21y(X1;X2}Y)

<28 (2t xa vy (X1 Xo|Y))2 4+ 297 +14) +277
=277 (4(ex,x0 v (X1; X2 |Y))? + 497 +29) .

Remark 4. If we use J~'1{k < J} instead of ¢(k) in the proof, we can obtain the following bound for any J € N:
P, < E[min{LlJ12Lxl;Y(xl;Y) + |_2J2*LX2;X1,Y(X2§X17Y) + |_12*Lx1;x2.,Y(X1§X27Y)7 1}:|

Compared to Theorem [8] this does not contain the logarithmic term, but requires optimizing over J, and may give a worse
second order result.
Another choice is to use g(k) o< k~*1{k < J} instead of ¢(k). We can obtain the following bound for any J € N:

P.<E [min{LlLQ(an + )27y (X0 Xai¥) ) (In J 4 1)27 ey (X2iXaY)
+ |_12—Lx1;x2,y(X1;X2,Y) + LlJ—12—LX1:Y(X1§Y)’ 1}:|’

which gives the same second order result as Theorem [8] Nevertheless, we prefer using ¢(k) which eliminates the need for a
parameter J at the decoder.

XI. ONE-SHOT CHANNEL RESOLVABILITY AND SOFT COVERING

The one-shot channel resolvability setting [30] is described as follows. Fix a channel Py |x and input distribution Py.
Upon observing an integer M ~ Unif[1 : L], the encoder applies a deterministic mapping g : [1 : L] = X on M to produce
X = g(M), which is sent through the channel Py|x and gives the output Y. The goal is to minimize the total variation
distance between Py and Py (Y-marginal of Px Py x), ie., €:=[L™! 22:1 Pyx(-lg(m)) = Py (-)[ITv.

We show a one-shot channel resolvability result using the the Poisson matching lemma. This result can also be regarded as
a one-shot soft covering lemma [31]].

Proposition 2. Given channel Py x and input distribution Px with Pxy < Px X Py. Let {X'm}me[li] i Px, then for any
JeN,

E HLfl ZL: Pyix (| Xm) — PY(')HTV]
m=1
<E {(1 + 2*LX%Y<X%Y>)*J} + %\/JL*l. (13)

As a result, for any 0 < v <loglL,

L
E HL*1 Pyix (-|Xm) — P H
mz::l vix (1 Xm) — Py (-) v
1 1
<P {ixy(X;Y)>logl — v} +277/2 <1+2ﬁ)+2 L-t (14)

Hence there exists a code for channel resolvability satisfying the above bounds.

Proof: Let B = {Y;, T; }ien be the points of a Poisson process with intensity measure Py x ARs,. Let M ~ Unif([1 : L],
{ X Fmen WPy (M AL {X;}; 1L P), and X = X, Let Y = Y, (1x)- and Yj = Yp, (j) for j € N. We have

E [Py 1(x,,,, (1 Xm}m) = Py Ol

(a) .
< B [Py, CHEm s ) = Priss () v



—~
=

E Z ’PYW(yW) - Py\{xm}mm(yHXm}m,m)’
ye{Yj}ien

S | Prm B = Prige,y, p G- b )|
ye{Ys}sena

N (Pl P, 0106 D))

ye{Vitien\{Vi ey

IN
|
&=

1
:gE Z Py (y[B) — L~ ZPypms (Y| Xom, B)
Lye{Ys}jena J

1

+5E [Py|m(y\{57j}je[1:J]|‘J3) + Py iz O\ Vi e | {Xm}m"ﬁ)}

:%E > |Pris®) - Lo ZPYWB X, B)| | +P{Y ¢ (Vidiern }

Lye{V;}ien J

where (a) is by the convexity of the total variation distance, and (b) is because Y € {}Afj}jeN almost surely (note that the
summation Zy €{¥}sen ignores multiplicity of elements in {Y};en). For the first term, note that since Y is a function of
J

(X,B), we have Py x, 3 (Y| X, PB) € {0,1}, and hence

(Z Pyx,ap(yf(mv‘m> "13 ~ Bin(L, Py 5 (y[)).

We have

1
Bl X

ye{YJ}je[l;J

Pyip(y|B) — L~ Z Py xp y|Xm7q3)|

m=1

1
= §E Z E | |Pyipy®B) - L~ Z Py x p( lem7q3)‘ ‘ ‘331
Lye{Y;} e m=1
1 i L
< §E Z Var | L—! Z Py x5 (Y| Xom, B) | ‘13]
Lye{Yi}jeny m=1
1
<5E Z L= Py (y[B)
Lye{Y;}iena
1
< 5E J Z L= Py (y|B)
ye{Yj}jemny
< 1 JL-1
P 2 .

For the second term, by the conditional generalized Poisson matching lemma on (X, 1, Y, 0, Py),

P{Y ¢ {Yj}jeny}

Z1n
n (1 (1 ) )

=E [(1 -1+ 2LX?Y(X?Y))*1)J} .
Hence,
E ["PY\{Xj}j('|{X7r,}m) - py(.)”Tv}
<E [(1 —(1+ 2LX?Y(X§Y))—1>J:| N %\/F



=B [(1+2 ()] 4 %x/ﬁ
For (T4), substitute J = [y277L],
E {(1 —(1+ 2LX%Y<X?Y>)—1)J} - ;m
(2 E [(1 —(1+ (QLW)*IQLX:Y<X%Y>)*1)J<2L2‘”>‘l} + %\/F
<P {ixy(X;Y) >logl — ) 27727 4 % (v2=7L + 1)Lt
<P{ixy(X;Y) >logl -~} +277/2 4 %\/WT—H %\/F
=P {txy(X;Y) > logl — 4} +277/2 (1 + ;ﬁ) + %x/?l

where (a) is because v < logL, 2L.277 > 1and (1— (1 +a) 1) <1—(1+ B ta) L fora>0, 3> 1.

Compare this to Theorem 2 in [32]] (weakened by substituting 5;A,W,c < C): for any o > 0,
1
e<P{xy(X;Y)>loga}l + §VOLL71.

If we assume 1 < o < L and substitute v = log(L/«) in (I4), we obtain the following slightly weaker bound (within a
logarithmic gap from that in [32]):

e <P{ixy(X;Y) >loga} + ValL—! (1 + ;\/log(L/oz)> + %\F

Nevertheless, the bound in [32] does not imply (T3), so neither bound is stronger than the other.

The channel resolvability or soft covering bound in Proposition [2] can be applied to prove various secrecy and coordination
results, e.g. one-shot coding for wiretap channels [33], one-shot channel synthesis [31], and one-shot distributed source
simulation [34]. Hence these results can also be proved using the Poisson matching lemma alone. In the next section, we
will prove a one-shot result for wiretap channels.

XII. ONE-SHOT CODING FOR WIRETAP CHANNELS

The one-shot version of the wiretap channel setting [33]] is described as follows. Upon observing M ~ Unif[l : L], the
encoder produces X, which is sent through the broadcast channel Py, 7 x. The legitimate decoder observes Y and recovers M
with error probability P, = P{M # M }. The eavesdropper observes Z. Secrecy is measured by the total variation distance
€= ||PM,Z — PM X PZHTV-

The following bound is a direct result of the generalized Poisson matching lemma and Proposition |2} It is included for
demonstration purposes. See [32], [35]], [36] for other one-shot bounds (that are not strictly stronger or weaker than ours).

Proposition 3. Fix any Py x. For any v > 0, K,J € N, there exists a code for the wiretap channel Py, 7 x, with message
M ~ Unif][1 : L], with average error probability P, and secrecy measure € satisfying

P.+ve<E [min{LKzﬂvsﬂU%Y), 1}}
Ty (2E [(1 4 27LU;Z<U;Z>)7J} 4 m)

l'fPUy < Py x Py and Pyz < Py X Py.

Proof: Let P = {(Ui, ]\7[1-), T; }ien be the points of a Poisson process with intensity measure Py x Pys X )‘Rzo independent
of M. Let K ~ Unif[l : K] independent of (M, ). The encoder computes U = Up, x5,,(K) and generates X|U ~ Px|y.
The decoder recovers M = Mp, . (.|v)xp,- We have (M,K,U,X,Y,Z) ~ Py x Px X Py xPy,z x. By the conditional
generalized Poisson matching lemma on (M, K, (U, M), Y, Pyjy x Py) (note that Py aar,x = Pu X dum),

P {M 4 M}
<E {P {(U,M) # (U, M) pyyy (1vyxp | MK, U,YH
. dPU X (SM }:|
< E |min< K U M), 1

=E [min{LKQ*‘U?Y(U;Y), 1}} .




For the secrecy measure,
E [[[Parzm (19 = Par () x P (1) ]
= E | [Pz (10 ) = Po (19|
<B|[PrusC1M.9) = Po()|| | + B [||Pas () — P20

< 2E [HPZ|JW,‘,B('|M7;B) - PZ(.)HTV}

—2E -HKl iPZ\U('IﬁPUxm(k)) - PZ(’)HTv]
L k=1

(b)
< 2E [(1 + 2—LU;Z(U?Z))_J:| +VIK-1,

]

where (a) is by the convexity of total variation distance, and (b) is by Proposition [2| since {[7 Py x6m (F) Fre[1:K] i Py for any

m. Therefore there exists a fixed set of points for 3 satisfying the desired bound.

XIII. STRONG FUNCTIONAL REPRESENTATION LEMMA AND NONCAUSAL SAMPLING

The generalized Poisson matching lemma can be applied to give a slight improvement on the constant in the strong functional
representation lemma in [1l], and hence improves on the variable-length channel simulation result in [37]], and the result on
minimax remote prediction with a communication constraint in [38]]. It also gives an achievability bound on the moments for

the noncausal sampling setting in [39].

Proposition 4. Let {U;, T;}ien be the points of a Poisson process with intensity measure p x AR, over U x R>q, and P,Q

be probability measures over U with P < Q < p. For any j €N, g : R>o — R concave nondecreasing, we have

dP
E[g(Tpio(i) — 1] < Eu~p {g (de(U)ﬂ 7
ie, j(dP/dQ)(U) dominates Y po(j) — 1 in the second order. As a result, let
Clzg' (2)|(y) = inf {ay + B : z¢'(z) < azx + BVz >0}

be the upper concave envelope of xg'(x), then

B [g(Yr1o())] < Bur [g (jjganﬂ T eag (@)]).

In particular,
E [log Tpjo(j)] < D(P[Q) +logj+ ;" loge,

and for v € (0,1),
)Y i ar ! iv—1
E[(Tpio(1))'] <5 Eu~p o) |+
— jWQWDerl(P\lQ) + ,Yj“/*17

where D41 (P||Q) = v *logEy~p [((dP/dQ)(U))"] is the Rényi divergence.

Proof: For g : R>o — R concave nondecreasing, we have
E [g(Tpo() - 1)]
— [ E[s(r1al) - 1| Teti) = u] Pldu)

< [ o (B[ tri06)] Tr6) = o] - 1) Plaw

< [o (i) P,

where (a) is by Jensen’s inequality, and (b) is by the generalized Poisson matching lemma. For any «, 8 such that 2g’(z) <

az + 8 for z > 0,

E [9(Tpyo(4))]



<[4 (45500 +1) Plaw

< [o(ifgw) P+ [ 4 (i%w) Pav

= [a(i%gw) Pan+i [ (i w) i% e
< [o (4500 Pl i [ (eif+5) Qan

= [ (45500 ) Pl + i @i+ 5)

For g(z) = logx, x¢'(x) = log e, and hence
E [log Tpjq(7)] < D(P||Q) +1logj + 5" loge.

For g(z) = 27, 7 € (0, 1), 2¢(z) = va" is concave, and hence
)Y .dP v .
E[(Yriq()"] < Evnr (g5 @) |+

=J"Eu~p [(Zg(@) q +yi7
|

Consider the setting in the strong functional representation lemma [I]]: given (X,Y"), we want to find a random variable Z
independent of X such that Y is a function of (X, Z), and H(Y'|Z) is minimized. Take Z = {Y;,T; };en. Applying Proposition
on P = Py|x(:|X), Q = Py, we obtain

E [log Tp, . (1x)1m (1] < B [D(Pyix (X))
— I(X;Y).
Using Proposition 4 in [1]],

H(Y|Z)
< H(Ypy x(1x)1py (1)
<E [log Tr, (e (1] +10g (B flog Tay ey (1] +1) +1
<I(X;Y)+loge+log(I(X;Y)+1loge+1)+1
<I(X;Y)+log(I(X;Y)+1)+loge+1+log (loge + 1)
< I(X;Y) +log (I(X;Y) +1) +3.732.

The constant 3.732 is smaller than that in [1]:

e lloge + 2+ log (6_1 loge + 2) ~ 3.870.

XIV. CONCLUSIONS AND DISCUSSION

In this paper, we introduced a simple yet versatile approach to achievability proofs via the Poisson matching lemma. By
reducing the uses of sub-codebooks and binning, we improved upon existing one-shot bounds on channels with state information
at the encoder, lossy source coding with side information at the decoder, broadcast channels, and distributed lossy source coding.
The Poisson matching lemma can replace the packing lemma, covering lemma and soft covering lemma to be the only tool
needed to prove a wide range of results in network information theory.

In the proofs, random variables (e.g. the channel input and message in channel coding settings, the source and description
in source coding settings, the channel output in channel resolvability) are regarded as points in a Poisson process. The Poisson
functional representation is applied to map the Poisson process to give the correct conditional distribution. Viewing every
random variable in the operational setting as a Poisson process gives a simple, unified and systematic approach to code
constructions.

A possible extension is to generalize the Poisson functional representation to the multivariate case. In the proof of Marton’s
inner bound for broadcast channels, we had two independent Poisson processes for U; and U, respectively. We first used
the process for U; to obtain a list of values for Uy, then used the list to index into the process for Us. A more symmetric
approach where we select (U, Us) together (similar to the conventional mutual covering approach) using a multivariate version
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of the Poisson functional representation may be possible. Similarly, for distributed lossy source coding and the multiple access
channel, it may be possible to decode both sources/messages simultaneously. While it can be argued that the gain we obtained
in broadcast channels and distributed lossy source coding over conventional approaches comes from the asymmetry of our
construction (our bounds are asymmetric unlike previous bounds), a symmetric treatment that does not result in a looser bound
may be developed in the future.
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APPENDIX
A. Proof of Lemmas [I] and [3|

We first prove Lemma [3] For notational simplicity, we use {X;};en ~ 9(1) to denote that {X;};c is the set of points of a
Poisson process with intensity measure p (the ordering of the points is ignored). Let f(u) = (dP/du)(u), g(u) = (dQ/du)(u).
Let {U;, Ti}ien ~ By x ARs,)- Let {U, Ty }ren be the points (U;, T;) where f(U;) = 0. By the mapping theorem [[14],
[15] on the mapping

(0, u, t) if f(u) =

we have {¥(U;,T;)}ien ~ P01 X P X Apy, + 00 X fiff(u)=0} X Ars,) (Where fifr(u)=o} denotes p restricted to the set

{u: f(u) = 0}), and hence {Up(k), Tp(k)Yren ~ P(P x AR, ) (the points in {LZJ(U“ T;) }ien with f(U;) > 0) is independent

of {Uk, Ti tren ~ B(hgs(uy=o} X Ars,) (the points in {)(U;, Ti) fren with f(U;) = 0).

_ Condition on Up(j) = u and Tp(j) = t unless otherwise stated. Assume f(u) > 0 (which happens almost~surely since

Up(j) ~ P) and g(u) > 0 (otherwise the inequalities in the lemmas trivially hold). Recall that Tp(1) < Tp(2) <

by definition. It is straightforward to check that {Up(k), Tp(k)}xs; ~ P(P x Alt,o0)) independent of {Up(k)}rej “op

1ndependent of {Tp(k Vk<j ~ Umf(tAJ 1), the uniform distribution over the ordered simplex tAL™" = {s7=1: 0 < s <
- < sj_1 <t} (ie., {Up(k),Tp(k)}x<; has the same distribution as j — 1 i.i.d. points following P x Unif[0, t] sorted in

ascendlng order of the second coordinate). We have

s t) = {<1> u, t/ () it f(u) >0

Tpie() —1
= |{k: Tu/9(Ur) < tf(u)/g(u)}|
= |{k: f(Ux) =0and Tk/g(Uk) <tf(u)/g(u)}|
+ [{k: f(Ux)>0and Tk/g(Uk) < tf( )/9( )}
= |{k: Tu/9(Ur) < tf(u)/g(u)}|
+Hk: Tp (k) f(Up(k ))/g(UP( ) <tf(u)/9(u)}‘
= Ao+ A1+ B,

where
= |{k: Ti/g(0x) < tf(u)/g(u)}],
Avi= [{k > To(R)F(Op (k) /9(Up (k) < tf(w)/g(w)}]
:Hk<j: Tp(k)f(Up(k)) H

(
(k)/9(Up(k)) < tf(u)/g(u)
Due to the aforementioned independence between {Uk, T Y hens {Up( ), T p(k)}x>; and {ﬁp( ), Tp(k)}k<j» we have Ag LLA; 1L B.

For Ay, since {Up(k),Tp(k)}xL{Ux, Tk }x. conditioning on (Up(5),Tp(j)) = (u,t) does not affect the distribution of
{ Uk, Tk} &, and hence Ag follows the Poisson distribution with rate

(hir=0y X A) ({(v,8) = s/g(v) <tf(u)/g(u)})

= [ 1170 =0y 200 )

For Ay, since {Up(k), Tp(k)}rsj ~ B(P x Alt,00))» A1 follows the Poisson distribution with rate

(P % At,o0)) ({(v,8) s f(v)/g(v) <tf(u)/g(u)})
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N LG R I
-/ {f(v)g(u) 0y Fo)uldv)

- t/l{f(v) > 0} max{g’(z)(z;“) ~ f), o} 1u(dv).

Hence A := Ag + A; follows the Poisson distribution with rate

¢ [ (100) =028 4 15(0) > 0 max { 205 g0), 0} ) i

_ t/max {“Z)(J;g“) ~ fw), o} u(dv)

o fme {85313 o

=: ta(u).

For B, since {Up(k), Tp(k)}r<; has the same distribution as j — 1 i.i.d. points following P x Unif[0,#] sorted in ascending
order of the second coordinate, B follows the binomial distribution with number of trials j — 1 and success probability

(P x Unif[0,#]) ({(v,5) : sf(v)/g(v) <tf(u)/g(u)})

=t [omin S o s
f

s [ 25 12}
= B(u).

Conditioned on Up(j) = u (without conditioning on ~Tp(j)), we have Tp(j) ~ Erlang(j, 1), and (A, B)|{Tp(j) = t} ~
Poi(ta(u)) x Bin(j — 1, 3(u)). Hence, conditioned on Up(j) = u, the distribution of Y p|o(j) —1 = A+ B is

NegBin (j, 1— + Bin(j — 1, B(u)), (15)

1
1+ a(u)
i.e., the sum of a negative binomial random variable and an independent binomial random variable. The mean is
E[Triol)| Up() =u| -1
=jo(u) + (5 = 1)B(u)

#0500 [win { S0 HO 0

=j5f(u max M— v
= ifo) [ {g<u> ) 0}’“‘“) J o)’ Flu)
—if0) [ X utae) ~ so) [ min{ 20, L0 (av)
f(u)
=7 4w
—j%w).

Also,
P {TPHQ(1) > 1| Up(j) = u}

:1—P{A:0andB=0|Up(j):u}
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(1w )Y

P{Tpio(1) > k| Up(1) = u}
= (1 (1 +a()™"
k

(1 1+ f(u /max{%—;gg,o}u(dv)>l> (16)
Nk

(1 1+ f(u /;’Egu(d@ 1)

= (1= (14 f(w)/g(u)™)"*

(1- (H* ) ")

R (COES)

<on(-n(e(p) 1)

:1—(1+k‘1jg( )

For j =1,

IN

B. Proof of the Conditional Poisson Matching Lemma

The conditional Poisson matching lemma is intuitively obvious. The Poisson matching lemma can be equivalently stated as:
for any probability measures v, ¢ < p, the following holds for v-almost all u:

- dv -1
Pty 0 0T 20 <1 (14 500)
where P{Q“Tj}i | Ty =u is the conditional distribution of the Poisson process given U, = u. Intuitively, we can consider the
Poisson matching lemma to be a statement with 3 parameters v, £, u (ignore the almost-all condition on u for the moment).
Since the statement holds for (almost) any (v, &, u), it also holds for any random choice of (v, £, w). In particular, it holds for
(v, &u) = (Pyix(-1X), Quiy (-]Y), U), where (X,U,Y) ~ Px y,y, which gives the conditional Poisson matching lemma.
Note that the probability in the conditional Poisson matching lemma is conditional on (X, U,Y), where (X,U,Y) < (v,§,u) <>
{U;,T;}:, and hence conditioning on (X,U,Y) has the same effect on {U;,T;}; as conditioning on the parameters (v, &, u).

We now prove the conditional Poisson matching lemma rigorously. Let (2, F, P, 1y, ) be the probability space for
{U;, T;};, the points of a Poisson process with intensity measure j x Ars, on U x R>q (let £ be the Borel o-algebra of
U). The Poisson matching lemma can be equivalently stated as: for any probability measures v,{ < p, and x : U x F — [0, 1]
a regular conditional probablhty dlStrlbuthIl (RCPD) of {U;, T;}; conditioned on U, ({UZ, T;};) (i.e., k is a probability kernel,
and Pyg, 1,3,(AN U; = [k v(du) for any A € F, B € £ , where U, *(B) denotes the preimage of B under
U, : Q — U, note that U ({UZ,T} ) ~ u) then we have

[ 10 1) # bt dfn k) < 1- (1 + 2 >) am

for v-almost all u.
Consider the conditional Poisson matching lemma. We have the following for Px y y-almost all (z, u, y):

P{ﬁQU‘YHY) #U’ X:%U=u,Y:y}
= /1{UQU‘Y(~\y)({ﬂivti}i) # ut Prg, 1y, x,0y (@@, titile, u,y)
@

[ 100y 00 {308009) 2 WPy, o @ sl )

® dPy x (] )‘1
=1 <1+ dQuyy (-ly) ! ’
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where (a) holds for Px g y-almost all (z,u,y) due to Y < (X,U) « {U;,T;}:, and (b) is by (I7) with (v,&, k) «
(Pux (-|7), Quiy (ly), Pio, 1y, 1x,u (|7, ), which holds for Py x (-|z)-almost all u, and hence holds for Py v,y-almost all
(z,u,y). We now check that Py, 1,3, x,0 (|, ) satisfies the RCPD condition for Px-almost all z. Since X L{U;, T;};, we

have Py, 13,(-) = P, 1,3,x (-|z) for Px-almostall z. Since U = ﬁpu‘x(.‘x)({ﬁi, T;}:), we have P{Ui,Ti}i\X,U(U;;‘X(.\z)({“})
| z,u) =1 for Px y-almost all (x,u). Hence the following conditions are satisfied for Px-almost all x:

P, 1.() = Pro, 1y x Cla), (18)
P{U“Ti}i‘X7U(U1§U|X(_|x)({u})|x,u) = 1 for Py x (-|)-almost all u. (19)
For any z satisfying (I8) and (T9), we have the following: for all A € F, B € &,

P, 7y, (AN Up, (s (B))
@

= P, 1.y, \X(AHUPUI‘X( |x)( )|z)

— [ Pmy o (A0 TE o (B) |20 P (dulo)

—~
=

Y [ Py (AN U5 (B) N T3y (1) [0 Pop(du)
_ /1{u € BYPg, 1y x0 (AN T3 oy () | 2.0) Py (dula)

©
/BP{U“T} X, u(Alz, U)PU\X(dU|33)

where (a) is by (I8)), and (b), (c) are by (T9).

C. Proof of Theorem |

Let {X;,T; }16N be the points of a Poisson process with intensity measure Px X Ar., independent of M. The encoding

function is m — Xp, (m) (i.e., X = Xp, (M)), and the decoding function is 3 —> Tryy (ly)Px (1). We have (M, X,Y) ~
Py x Px Py x,

P{M # Yp\, (v)px (1)}
(@)
P{TPX”PX\Y( |Y)(M) > 1}
=E |:P {TPXHPX\Y( |y)(M >1 ’ M, X, Y}}
M

10““{%( >,1}> ]
—E [1 - (1 — min {Q_LX:Y(X;Y)’ 1}>M]
(g E {1 - (1 — min {Z—Lx;y(x;Y)7 1})<L+1)/1 |

where (a) is by the definition of T, (b) is by the conditional generalized Poisson matching lemma on (0, M, X,Y, Px|y), and
(c) is by M UL (X,Y) and Jensen’s inequality. Therefore there exists a fixed {Z;, ¢; };cn attaining the desired bound.

(b)
<E

A noteworthy property of this construction is that both the encoder and the decoder do not require knowledge of L. The code
can transmit any integer m € N with error probability E [1 — (1 — min{27*»(X¥) 1})™] assuming unlimited common
randomness {X;, T; }ien between the encoder and the decoder.

D. Dispersion of Joint Source-Channel Coding

We show a second order result for joint source-channel coding using Theorem [] that coincides with the Etlmal dispersion
in [10]. Consider an i.i.d. source sequence W* of length k, separable distortion measure d(w”, 2%) = 1 >/ | d(w;, %), and
n uses of the memoryless channel Py |x. Let Pz attain the infimum of the rate-distortion function

R(D) := inf I(W; Z).
Pzyw:E[d(W,Z)]<D
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The D-tilted information [40] is defined as

w(w,D) := —logE ov" (D—d(w,2)) |
where Z ~ Py (the unconditional Z-marginal of Py Pyz), and v* = —R'(D) (the derivative exists if the infimum in R(D)
is achieved by a unique Pz [40]). We invoke a lemma in [40]:

Lemma 5 ([40], Lemma 2). If the following conditions hold:
o inf{D>0: R(D) < 0o} <D < inf,cz E[d(W, 2)],
o the infimum in R(D) is achieved by a unique Pz,
o there exists a finite set Z C Z such that E[min, 5z d(W, 2)] < oo, and
e Ep, xp,[(d(W, Z))°] < 0o (computed assuming W, Z independent),
then there exist constants «, 3,7, ko > 0 such that for k > ko,

k
{ log Py (Bp (W Z (W;,D) +alogk+ﬁ} %,

i )
where W* X5 Py, and Pyx = Pg’k.
We now show a second order result.

Proposition 5. Fix Px, 0 < € < 1, n,k € N. We have P, = P{d(W*, Z¥) > D} < e if the conditions in Lemma |5| are
satisfied, k > ko, and

n 1
nC — kR(D) > /nV + kV(D)Q~ ———— | +alogk+ —logn+ 3,
( \/min{n,k}> BET e v

where C' == I(X;Y), V := Var[ux.y (X;Y)], V(D) := Var[yw (W, D)], and n > 0 is a constant that depends on Pxy and
the distribution of jw (W, D).

Proof: We have
P, = P{d(W*, Z*) > D}
(a) b
<P {—IOgPZk(BD(Wk)) > yw(W;,D) +a10gk+6}

i=1

+E[ 1427 Ef1JW<WﬂD>—alog’f"32LX"?y"(X";Yn)>1]
(b) "y 1 { k n,yn . 1
<-4+ — 4P 22_1 Jw (Wi,D)—itxn,yn (X™Y"™)+alogk+3 > }
Vi Vn vn
n k
1
S > (xw(Xi3Y:) = C) = > (w(W;, D) — R(D)) < —nC + kR(D) + alogk + logn + 8
\/E \/ﬁ =1 =1
n k
ol 1 -1 n
< L4 - 4P txy (X V) = C) — Wi, D) — R(D)) < —/nV +kV(D)Q™" | € —
© 5y 1 U n—y-1
< —=+—+e— +
“Vk Vn \/min{n,k:} \/min{n, k}

[0}

where (a) is by Theorem |4} (b) is by Lemma E} and (c) is by the Berry-Esseen theorem [20], [21], [22] if we let n —~v — 1
be a constant given by the Berry-Esseen theorem. [ ]

This coincides with the optimal dispersion in [10]. Although this is not a self-contained proof (it requires the lemma in [40]
for the dispersion of lossy source coding), it shows how we can obtain the achievability of the dispersion in joint source-channel
coding from a result on the dispersion of lossy source coding with little additional effort, using the Poisson matching lemma.
This proof is considerably simpler than that in [10].

E. Properties of ¢(t)

Let ¢ : Rog — Rsq, ¢(t) = ct~(log(t + 2))~2, where ¢ > 0 such that Z]oil #(j) = 1. Note that (¢(¢))~! is convex. It
can be checked numerically that 1 < ¢ < 2. We prove a useful inequality about ¢().
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Proposition 6. For any s > 0, t > 1, we have
min{s(¢(¢))~!, 1} < min {st (log(s™" +1) + 1)2 , 1} .
Moreover, if st <27 t—1<2° and & > max{a, 0}, then
min {st (log(s ™' + 1) +1), 1} <27 (2(a+ B)* +2&° + 14).
Proof: Write ¢~ 1(t) for the inverse function of ¢. Since

p < c > _ t (log (c/t +2))

> t,
t (log (¢/t + 2))? ¢ >
(log (t(log<c/t+2>>2 + 2))
we have ‘
o) > ——————.
() t (log (¢/t +2))?

By the convexity of (¢(t))~ !,

1)

<m n{tc log (c/s+2))%, 1}
{
{

< min{ st (log (2/s + 2))?, }

min 1 st (log(s e+ )2,1}.
If st <27 t — 1< 27 and & > max{«, 0},

rmn{ (log(s™ +1)+1)2, 1}

t
— min {st (log(t/(st) + 1) + 1)°, 1}
<27 (log((2° +1)2% +1) + 1)
<27 (log(2+ + 2% 4 1) 4 1)’
< 27% (max{a + 3, a} +log3 + 1)
<27 (2(a + 8)% +2a% + 14)
where the last inequality follows from considering whether 3 is positive or negative, and the inequality (x + y)2 < 22 4212

E. Proof of Theorem P3| for Broadcast Channel with Common Message

The parameters Ky, Ko correspond to rate splitting. We can split M; € [1: L] into Myo € [1: Ky] and M7 € [1: [Ly Kl_l]],
and treat M as part of My to be decoded by both decoders. Although M7g and M7; may not be uniformly distributed, we
can apply a random cyclic shift to M; such that M; ~ Unif[l : K{[L; Kl_l]] (and hence Mg, M4, are also uniform), and

condition on a fixed shift at the end. Also M5 can be split similarly. Therefore we assume K; = Ky = 1 without loss of
generality.

Let Bo = {(Uo,i, Moo,i) To,itiens B1 = {(Ur,is Mor,s, M1;), T tiens Ba = {(Uzis Mo2,s, Ma;), T i tien be three
independent Poisson processes with intensity measures Py, X Ppry X Ars. o, Puy X Pag X Pary, X AR, and Py, X Pagg X Prg, X AR,
respectively, independent of My, M, Ms. - - -

The encoder would generate X such that

(Mo, My, M2, Uo, J,{U1;} e Ur, Us, X)

~ Pary X Pry X P, X PUOPJPU1|U06U1JPUg\UO,Ul(;z(Ug,Ul,Uz)v (20)
where Py = Unif][1 : J], and {Ulj Yien € U3 is an intermediate list (which can be regarded as a sub-codebook). The term
P(%J\ Uo 5U1J in (20) means that {U 1j i 4 are conditionally i.i.d. Py, |y, given Uy, and Uy = Uy . To accomplish this, the encoder

computes Uy = (UQ)pUUX(;M0 Ulj (Ul)PUl‘UO( |U0)><6]WO><6A11( j) for j=1,...,J,

Uy = (UQ)J_l S Puyug.vy (U0 0) X 6arg X811 (which Poisson process we are referring to can be deduced from whether we
j=1 21V0,V1 = 0 2
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are discussing Uy, Uy or Us), (J,U1)|(Uo, {U1,};,Uz) ~ ~ Py, q0,15,0. (Where Py v, 07,3, v, is derived from o)),
and outputs X = z(Uy, Uy, Us). It can be verified that (20) is satisfied. o

For the decoding function at the decoder a € [1 : 2], let (Upaj, Moaj) = (Uo, Moo) Py, ., (1Y) x Py (3) TOr j € N,
(Uaa MOaa Ma) = (Ua7 MOG? Ma)z;il d)(j)(PUa‘UOyya(-\UOQJ',YQ)X(SMOM_)><PMa where ¢(J) o8 J_l(log(]+2))_2 with Z;il (b(]) =
1.

Let K, =7 Pug %8101 Purg v (-1 Ya) X Parg (1) (using the Poisson process Po). By the conditional generalized Poisson matching
lemma on (Mo, 1, (Uy, Mo), Ya, Py,|y, X P, ). almost surely,

dPUo X (51\/[0
~ dPy,|y, (-[Ya) x P,
= L2 vovaUoi¥e) 4 (21)

By @0). Uo = (Uo) Py, b, Utj = (Ul)PUﬂUO( U0 xnig xons, (4)> and (Uo1g, Mory) = (Uo, Moo) by v, (-11)x Par, (4)> We
have (Mg, M1,Uy, J) 1L Py and ({(Uo1j, Mo1j)};, Y1) < (Mo, My, Uy, J,Uy) <> Py (see Figure (2) middle). Hence by
the conditional generalized Poisson matching lemma on ((Mo, M1, Uy), J, (U1, Mo, M1), ({(Uo1j, Mo1;)};, Y1), Z;’;l (J)
(Pu, vy, v; (1015, Y1) x (5Mmj) X Pnr, ), almost surely,

[K | U(),Ya,Mo]

(Uo, M()) +1

P{(ﬁhMOhMI)Z;’C:l d)(j)(PUl\Uo,Yl("001J7Y1)><6Mmj)xle 7é (U17MOaM1) U03U17U2a']7}/1aY27M07M1}

(a)
{(UI’MOI’Ml)ZOC ¢(3)(Puyug, v, (¢ \U01;7Y1)><5Mm )X Pary 7 (UI’MO’Ml)

U07 U17 J? YlvMOaMl}

(b) dP, U x & X O
<E|min{J— b o (1U0) X Oty X Oy (U1, My, My), 1y | Uy, Uy, J, Y, Mo, My
d(32521 9(3) (Puyve,va (NUo1j, Y1) X g, )) X Pary
. LlJ dPUl\UO('|UO) X 5M0 } :l
<E |min Ui, My), 15| Uy, Uy, J, Y1, My, M
= { {¢<K1>dPU1|U0,y1(-|Uo,Y1>xaMo( 1 Mo), 1p | Uo, Uh, J Ya, Mo, My

L .
E |:min{¢(;;1)2LUl%Yon(Ul’Y1|U0), 1} ‘Uo,UhJ, Yl,M07M1:|

c 2
(<) E [KIL J2 7 v v (U1iYa|Uo) (1og(L;1J—12LvuYqu(U“Ylon) +1)+ 1) ‘Uo,Ul,J, Yl,MO,Ml]
)

)

< (Lo2tvos v (oY1) 1)LyJ2 v v, [Ug (U1;Y11Uo) (log( L1 = 1Totuy vy jug (Un3Y1|Uo) +1)+ 1)

where (a) is due to (Us,Y2) + (Mg, My,Uy, J,U1,Y1) < P1 (see Figure [2| middle), (b) is due to the aforementioned
application of the conditional generalized Poisson matching lemma, (c) is by Proposition [6] and (d) is due to 2I) and
Ky < (Uo, Y1, Mo) <> (J,U1, My) (see Flgurelmlddle)

Also, since (M, My, Uy, {Uy,};) L P2 and ({(U02J,M02J)}], Ya) < (Mo, Mz, Uy, {U1;};, Us) <> P2 (see Figureright),

by the conditional Poisson matching lemma on (Mo, Ma, Uy, {U1;};), (Uz, Mo, M), ({(Uoz;, Mo2;)};, Y2), 30521 9(5)(Pos vg.va
(-\Uogj,Yz) X 51\7102j) X Phr,), almost surely,

{(UZ"MO?vM?)z*m)(PUZUU o 1Tz Ya) <810, )% Pary 7 (U2 Mo, M)

a

anUhUz,YhY%Mo,Mz}

/—\
v

P{(U2’M02’M2)Zw1 #(3) (Puyiug,vs (¢ |U02_]7Y2)><6M0 )X Par, 7& (UQ’MO’M2)

U07 U27 }/27 M07M2}

©) dJ='y - . P \Uo, Ur3)) X gy X O,
Y &|B|min ((>o Z{_l U2|U0,U1(! 0, U15)) X 6nte X Onr (Us, My, My), 1
d(>25=1 ¢(3)(Poyju,ys (1Uo2, Y2) X Ojy,,.)) X Puay
{U1;},Uo, Us, Yo, Mo, Ma | | Ug, Ua, Ya, Mo, M
d(J=t Z Py (-|U; U )) X0
j=11U2|Uo,Ux 0, Y15 Mo
Us, My), 1 3 | Uy, Us, Yo, My, M-
mm{ Porytny. (100, ¥2) X one (Uz, My), 0, Uz, Yo, My, Mo
J 1 J .
min ¢) Z 'U1?U2\U0(UlﬁU?‘UO)_"Uz:Yz\UO(UQ;Y2|UO), 1 Uo,Ug,X/Q,Mo,MQ
mln{ L LU2 Y2‘U0(U27Y2|U0)<2LU1 U2‘U0(U1’U2|UO) + _J - 1), 1} ’ UO’ U27}/27M0?M2:|
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—

%) E |:K2L2J12LUQ,Y2|UO(U2§Y2UU)(QLUI;UglUO(Ul?U2UO) 4+ )= 1)

2
(log(L2—1J2LU2,Y2|U0(U2§Y2‘UU)(2LU1;U2\UO(U1§U2|UO) +J o 1)71 + 1) 4 1) UO,UQ,}/Q,MQ,MQ

—
3
~

(LOQ*LUO;YQ(Uo;Yﬂ + 1)|_2_J*12*LU2,Y2\U0(Uz;Y2|U0)(2LU1;U2\U0(U1;U2|U0) +J-1)

IN

<log(L51J2LU2,Y2|U0(U2§Y2‘U0)(2LU1;U2‘U0(U1;U2|UD) +J . 1)_1 + 1) " 1)27

where (a) is due to (Uy,Y7) < (Up, Us, Yo, My, Ms) <> PBo (see Figure [2| right), (b) is due to the aforementioned application
of the conditional Poisson matching lemma, (c) is by the same arguments as in the proof of Theorem [6} (d) is by Proposition
[6l and (e) is due to @I)) and K <+ (Up, Y2, M) <+ (U2, M>) (see Figure [2 right). Hence

P{(Mo, My, My, My) # (Moo, Moy, My, Ma)}
< E[min{(L02—LUO:Y1(U0;Y1) + 1>L1J2_LU1;Y1\UO(UI;YllUO) (log(LIIJ_12LU1;Y1\UO(U1§Y1|U(J) + 1) + 1)2

+ (LOQ—LUO;Yz(Uo;Y2) + 1)L2J_12_LU2,YQ‘U0(U2;Y‘2‘U0)(2LU1;U2‘U0(U1;U2|U0) 4+ - 1)

(log(LglJQLUQ,YﬂUO(U2?Y2‘U0)(2LU1;U2\U0(U15U2|U0) 4+ )= 1)*1 + 1) 4 1)2 , 1}}

< E[min{LoLlJA2LUO,UI;Yl(U07U1§Y1) + LlJAQﬂUl:yl\UO(Ul;Y1|Uo)
4 LOL2J71-BQLU1;U2|U0(U1§U2‘UO)7LU0,U2;Y2(U07U2§Y2) 4 LOL2<1 _ J*l)BQ*LUO,UQ;YQ(U07U2;Y2)

4 |_2J—1BQLU1;(12|UO(Ul;Uz‘UU)—LUQ,YQ\UO(U2;Y2|U0) + L2(1 _ J—l)BQ—Luz,Yz\UO(U2;Y2|U0)’ 1}:|7

where A = (log(Ly 1= 12tvimive(Uiiilto) 4 1) 4 1)2, B = (1og((|_2_1—12w1;u2w0(U1;U2\Uo)ﬂu2,y2|uo(Uz:Yfz\Uo) + Ly(1 —
J—1)2—L02,Y2\U0(U2;Y2|U0))—1 +1) + 1)2'
For (6), if the event in (6) does not occur, by Proposition [6]

(LO2_LUU;Y1 (UosY1) + 1)L1J2_LU1;Y1\UO(UUYIIUO) (log(LflJ_l2bU1;Y1\UO(Ul?YllUO) + 1) + 1)2

+ (Lo2~ ‘o2 (Uo;Yz) 4 1lyJ™ 12*LU2,Y2|UO(U2§Y2\UO)(2LU1:U2|UO(U1;U2\U0) +J-1)

( ( 1J2LU2,Y2\UO(U2>Y2|UD)(2LU1 Ua|Ug (U13U2|Uo) - ) 1+1)+1)2

21 ( LU1,Y1\U0 Ul’ Y1|U0))2 + 272 + 14) + 2277 (Q(LUz,Y2|U0 (UQ, Y2|U0))2 + 2’72 + 14)
<277 (8(buy i v (U1 Y11UO))? + 8(ewry, va uy (Uz; Ya|Uo))? + 129 + 84) .
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