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Abstract—Accurate channel estimation is essential for achiev-
ing the performance gains offered by reconfigurable intelli-
gent surface (RIS)-aided wireless communications. A variety
of channel estimation methods have been proposed for such
systems; however, none of the existing methods takes into account
the effect of synchronization errors such as carrier frequency
offset (CFQO). In general, CFO can significantly degrade the
channel estimation performance of orthogonal frequency division
multiplexing (OFDM) systems. Motivated by this, we investigate
the effect of CFO on channel estimation for RIS-aided OFDM
systems. Furthermore, we propose a joint CFO and channel
impulse response (CIR) estimation method for these systems.
Simulation results demonstrate the effectiveness of our proposed
method, and also demonstrate that the use of time-domain rather
than frequency-domain estimation in this context results in an
improvement in the mean-squared error (MSE) performance of
channel estimation as well as in a significantly lower overall
computational complexity.

Index Terms—Reconfigurable intelligent surface (RIS), channel
estimation, carrier frequency offset (CFO).
I. INTRODUCTION
N wireless communication systems, the channel is usually
considered to be an uncontrollable entity. To circumvent
this problem, a new approach for controlling wireless channels
has been proposed based on the use of reconfigurable intel-
ligent surfaces (RISs) [1]], [2]]. An RIS is a two-dimensional
structure which consists of a large number of passive reflecting
elements, each of which can adjust the reflections of incoming
wireless signals to target a desirable performance metric such
as the achievable rate [3]], [4]. The RIS performs passive reflec-
tion and operates in the full-duplex mode without using costly
self-interference cancellation or active relaying/beamforming
techniques [1f]. Therefore, RIS-assisted wireless communica-
tions can significantly reduce the system hardware cost and
energy consumption. However, the optimal adjustment of the
RIS reflection coefficients requires instantaneous channel state
information (CSI), which is relatively hard to obtain in the
absence of active elements on the RIS.

To tackle this problem, several channel estimation methods
for RIS-assisted wireless communications have recently been
proposed [S]|-[11]. In [5] and [6], on/off methods estimate
the channel by switching on only one RIS element at a time.
However, since the RIS usually contains a large number of
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reflection elements, the resulting channel estimates can be out-
dated. On the other hand, RIS reflection pattern-based methods
(170, [8[), use a set of known RIS reflection coefficients to
estimate the channel. In [9] and [10], the RIS is equipped
with a small fraction of active elements which estimate angle-
of-arrival (AoA); however, extra hardware costs are required
for the active RIS elements. Furthermore, channel estimation
can also be performed via deep learning-based approaches
([10], [11]); however, such algorithms can incur a lengthy
training time. These existing channel estimation methods
for RIS-assisted wireless communications have considered
relevant tradeoffs between accuracy, pilot/training overhead,
computational complexity, and other metrics. However, to the
best of the authors’ knowledge, the issue of carrier frequency
offset (CFO) has not been considered in any of the channel
estimation methods published in the literature to date. CFO
is an offset error between the carrier frequency of a local
node and that of a reference node. If not accurately estimated
and compensated, CFO can lead to significant performance
degradation. This is especially true for orthogonal frequency
division multiplexing (OFDM) systems, which are highly
sensitive to the presence of CFO [12].

Against this background, the contributions of this letter can
be summarized as follows: (i) For the first time in the literature,
we investigate the effect of CFO on channel estimation in
OFDM-based RIS-assisted wireless networks; (ii) We propose
a joint CFO and channel impulse response (CIR) estimation
method for such systems, and demonstrate its performance
advantage via simulation results. In the presence of CFO,
the proposed time-domain channel estimation method provides
an improvement in the mean-squared error (MSE) compared
to the frequency-domain channel estimation method of [7];
(iii)) We show that the proposed method has a significantly
lower computational complexity compared to the channel
frequency response (CFR) estimation method of [7]], as the
number of estimation parameters is lower in the time domain.
Furthermore, since the same pilot sequences are used for
both CFO and channel estimation, no additional overhead is
required for CFO estimation.

Notation: Lowercase bold symbols denote column vectors;
uppercase bold symbols denote matrices. Superscripts ()T,
()Y, (-)7%, and Tr(-), denote matrix transpose, Hermitian
transpose, inversion operations and trace, respectively. ||A]|,
diag{x}, ((a))p, Ip, 0,, 0px4 and R{c} denote the Frobenius
norm of A, a diagonal matrix with diagonal entries equal to
those of vector x, the operation of a modulo b, a p X p identity
matrix, a p X p zero matrix, a p X ¢ zero matrix, and the real
part of a complex number ¢, respectively. N.(u,X) denotes
the multivariate circularly-symmetric complex Gaussian dis-
tribution with mean p and covariance matrix 3.
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Fig. 1: RIS-aided wireless communication network.

II. SYSTEM MODEL

In this letter, we consider an RIS-aided OFDM system with
N subcarriers transmitting over frequency-selective fading
channels. As shown in Fig. [I] the RIS is deployed to assist in
uplink communication from a single-antenna user to a single-
antenna base station (BSﬂ The RIS consists of M passive
reflecting elements, each of which can independently adjust
the phase of the reflected signal. Consequently, there are M 41
channel paths (i.e., the direct path and the M reflected paths).
To estimate the M + 1 channels, the pilot frame structure has
M + 1 blocks (details to be provided in Section III-A).

For each block k € {0,1,...,M}, a frequency-domain

OFDM symbol s;, = [sx(0), sk(1),...,s.(N — 1)]T and an
RIS reflection coefficient vector @y, = [do.k, P1.ky - - Prr k] ®
are assigned. In this letter, we assume ideal (i.e., lossless)

signal reflection, and thus we have |¢,, | = 1 for every
m, k. Path O represents the direct path and its “RIS reflection
coefficient” is unity, i.e., ¢or = 1 for all k. The pilot
symbols and the pre-designed RIS reflection pattern matrix
(g, b1y, Pp] are assumed to be known at the

BS. The total transmission power is assumed to be equally
allocated over N subcarriers, i.e., E{|sx(n)|?} = P,/N V k,n.
We assume that all channels exhibit frequency-selective
fading. Furthermore, it is assumed that the baseband equivalent
channels from the user to the BS have a maximum delay
spread of L samples. g,,, = [gm(0), gm (1), ..., gm(L — 1)]T
represents the CIR of path m € {0,1,...,M} from the
user to the BS, where ¢,,(I) ~ CN(0,p(l)) and p(l)
represents the channel power delay profile (PDP), where
Zz “ p(l) = 1 (this is justified as the RIS elements are
collocated). h,, = [hm(0), hn(1),. .., hp(N — 1T =
Fylg} Orlrx(NfL)}T represents the corresponding CFR,
where F'y = [fo, f1,--., fn_1] denotes the N x N normal-
ized discrete Fourrer transform (DFT) matrix with the elements

[FN]pq = Fge /¥ for 0 < p,g < N—1. The overall CFR
at pilot block k, hd),k = [hp(0), hg k(1) ... hg x (N —1)]T,
can be written as
M
hok = hmbmi. 1)

m=0
The user’s transmitter performs the /N-point inverse discrete
Fourier transform (IDFT) of s; to obtain the time-domain
signal &), = Fysp = [21(0),2x(1), ..., 2 (N — 1)]T. After
the addition of a cyclic prefix (CP) with length Lcp > L
IThe framework can easily be extended to that of a multiple-antenna BS. In

this case, all BS antennas jointly estimate the CFO, and then each individually
performs CIR estimation.

(xp(u) = xp(u+ N) for —Lep < u < —1), the resulting
time-domain signal is transmitted to the BS. After CP removal
and N-point DFT operations at the BS, the received signal on
subcarrier n at pilot block £ can be written as [12]

N—-1
y(n) =/ 73" 51 (p) fulp — n+ hg i (p) + wi(n),
p=0

2
where € € (—0.5,0.5] denotes the CFO normalized to the sub-
carrier spacing, fs(a) = #%ejﬁ%a, Lp = Lcp+N
is the pilot length of each pilot block, and wy(n) is frequency-
domain circularly-symmetric complex additive white Gaussian
noise (AWGN) having zero mean and variance o2.

Stacking the received signals at pilot block &, y,, = [yx(0),
yr(1), ..., yx(N —1)]T, (2) can be represented in a vector as

2meLpk
yp =€’ ¥ A(e) diag{si} Hey, + wy, 3)

where A(e) is an N x N right-circulant matrix with the
first column [f,(e€), fs(e — 1),..., fs(e = N + )]T, H =
(o, ... ko), and wy, = [w(0), wi (1), .. ., w (N—1)]T.

III. CFO EFFECT ON CFR ESTIMATION

In this section, we provide a brief overview of the CFR es-
timation method in [7] and demonstrate that small CFO values
can significantly affect the channel estimation performance.

A. Case i: Perfect frequency synchronization

When ¢ = 0 (i.e., no CFO), A(0) is an identity matrix.
From (3)), by taking the N-point IDFT and then truncating it
to the first L elements, the estimate of the overall CIR can be
obtained as

9ok :F%,L diag{s} 'y,
:F%,LH(ﬁk + F%,L diag{sx}"wy,
where Fy g, = [fo.f1,--., fr_1]- Consequently, hyj is

then estimated by padding h j with (N — L) zeros, and then
taking the N-point DFT, i.e., [7]

“4)

by = Fnlag s Orev—r))" = ho + Wi, (5)

where wj is an equivalent no;se vector distributed as
~ ~ No®
NL(0, FNTFY), and T = | P 1t Ouxwv-n
ON-L)xL On-1L ,
F%ﬁLE{diag{sk}’lwkwE(diag{sk}’l)H}FML = N?‘IIL
for all k) .
Horizontally stacking the vectors hy 1, V k yields the matrix

(since

-PA-I@:[’;'(ﬁ,Ovilqﬁ,l?"'ail¢,M]:H¢+wa (6)

where W = [wg, w1, ..., wy]. H can be estimated as [[7]

H=Hs® '=H+Wd . 7)
To minimize the estimation MSE, the matrix @ is chosen
to satisfy ®®" = (M + 1)I,,1, which implies that the
reflection pattern matrix is a (scaled) unitary matrix [7].
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B. Case ii: Imperfect frequency synchronization
In the presence of CFO (e # 0), the expression (3 becomes

hoi(€) = Fnlgs ()T 01 vor)]" = Hyle) gy, + wy.
()

where Hj,(¢) = ¢/ %" dlag{sk} LA(e) diag{sy } H. Hori-
zontally stacking the vectors h¢7 i (€) for all k yields the matrix

Ha(e) = Hol(e) + W, 9)
where Ho(e) = [Hol(€)pg, Hi(€)@y, ..., Hu(e)dy].
Therefore, in a similar fashion as in , the channel matrix
can be estimated as

H=Hy(e)® '=He(e)@ '+ Wa . (10
To simplify the MSE analysis, we assume phase-shift keying
(PSK) modulated pilot symbolﬂ ie., [sk(n)|? =1 for all k
and n. Since ®d" = (M 4 1)I;4q, the normalized MSE

(NMSE) of the CFR estimation in (I0) can be written as
E{|H-H]’} 1

wWa—12 2
sET = Naren EIWe I+ EH)
+E{|Ha(e)27'|”} - 2%{E{Tr(H " Ha ()27 )}})
0'2L M j27reLPm
:]\Wm‘f'l-l-l—M_'_lm{fs(é)mz_:oe N }
oL o 2sin (we)  sin ((M + 1)meLp/N)
- N(M +1) N sin (me/N) (M + 1) sin (meLp /N)
x cos (me(MLp + N —1)/N)],
an
where E{||f)[v/'¢-7 I’} = o?L, E{HH‘P% = N(MlJr 1),
E{IIH<1>() ik } N(M+1), E{Tr{H "Hq(e)® "} =
f(ON m=0¢ eI, and RUE{Tr(H" Ho () 1)}} =

%{fs< NI e .
x cos (me(MLp + N —1)/N).
In Fig. 2| we show the NMSE performance in the presence
of CFO as a function of the number of RIS elements M. In the
simulation setup, the parameters are N = 64, L = 8, Lcp =
10. The PDP is given by p(l) = e~°L/( L e, 1=
0,...,L—1 with « = 1/3. The pilot symbols are chosen from
the QPSK symbol alphabet. In the absence of CFO, the NMSE
improves monotonically by increasing M. This is because in
this case only the last term in is nonzero, and this term
(which is due to noise) decreases with increasing M. In the
presence of CFO, the noise contribution dominates the NMSE
behavior for small values of M. As the number RIS elements
M increases, the noise contribution decreases; however, there
is a value of M at which the NMSE begins to increase due
to the appearance of (M + 1) in the denominator of the
second term in (TI)) (eventually converging to NMSE = 2 as
M — 00). This effect occurs earlier for larger . Moreover, for
practical RIS configurations (large M), channel estimation be-
comes inaccurate even for very small CFO values. Therefore,

sin (7e)
sin (we/N)

sin (M+41)weLp /N)
sin (reLp /N)

2A closed-form expression for the MSE can be obtained for any 2-
dimensional modulation scheme; however, the expression is more complex,
and thus not as easy to obtain insights from, in the general case.
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Fig. 2: Normalized MSE performance as given by for
different values of M. Here N = 64, L =8, and Lcp = 10.

the CFO needs to be accurately estimated and compensated
for RIS-aided OFDM systems.
IV. PROPOSED JOINT CFO AND CIR ESTIMATION
METHOD

In this section, we propose a joint CFO and CIR estimation
method for RIS-aided OFDM systems. First, the CFO is
estimated from the correlation of the time-domain received
signal. Then, after compensating the estimated CFO, the CIRs
of all paths are jointly estimated using a least-squares based
approach. The key feature is that all received pilot samples for
channel estimation are also used for CFO estimation.
A. Correlation-based CFO estimation

The time-domain pilot sequence xj; of length N is divided
into Ny consecutive subsequences of length L (here we assume
that N/L = Ny € Z and Ny > 2). The first N, subsequences
(each of which is equal to the length-L sequence z) are used
for CFO/CIR estimation, and the following Ng = Ny — N,
subsequences (the i-th being denoted by dj, ;) are used for

data transmission, i.e., ¢y = [2},2],.. zk,d,c 1,dk 9y ens

dz Nd]T'
The time-domain received signal at discrete time u of pilot
block k, after CP removal, can be written as [[12]

M

re(u) =7 TFT ST F (W) b + 0k (w),

m=0

where r, = Fiy, = [r(0),7e(1),...,re(N — 1)]T,
Trem (W) Zf;ol 2k (((w —1))1)gm (1), which represents
the time-domain received signal via RIS element m when
there is no CFO or phase shift, and v, = FI]f,w;~C =
[v5(0), vk (1), ..., (N — 1)]T.

The value of € can be estimated by averaging the correlation
of ri(t) and ry(t+ L) fort € {L—-1,L,...,(N,—1)L—1}
and k € {0,1,..., M}. The correlation of samples ry () and
ri(t + L) can be calculated as

RkJ,(L) =r(t)ri(t+L) =e"’ e L

12)

(L) + Vi (L), (13)

M M g
where Ck,e(L) = >0 —o Tkma ()P ke D mmg—o Thomy (E+ L)
mo ko Which  represents  the useful signal, and



SUBMITTED TO IEEE WIRELESS COMMUNICATIONS LETTERS

zw(ka+r+L)

Vk t(L) = Vi (t) —J

vk (t + L)eJ 27re(ka+t)

is the noise term.
Averaging Ry, (L) over all ¢ and k, we obtain

M o
ZmzzO rk,mg (t + L) ma,k +
qu\i:o Pr,ma () Pmy e + 0k () v (¢ + L)

N,—1)L—1
r= Rios(L
(N, —2)L+1 )M +1) Z tzL:l et L) g
—e 27\'5LC+V
— (N,—1)L—1
where & = —2)L+1)(M+1) Zk(}(\)[ _1t)LL11 Cr(L)
and V' = ((NZ—Q)L+1)(M+1) Zk:o D=t 1 Viet(L).

Since xy (t+ L) = x1(t), based on the definition of 7, ,,, (u),
we have 7y, (t + L) = 7k, (t). Therefore, it is easy to show
that C} ,(L) = Cx (L), i.e., Cy (L) and C' are real numbers.
Since the noise term V/ converges to 0 due to averaging, € can

be estimated as ¢ = —N<E
2L

B. Least-squares CIR estimation
In this phase, the CFO is first compensated to produce

ri(u).

The CFO-compensated time-domain received signal at pilot
block k£ can be written as

. 2me(Lpktu)

rp(u)=e 77 N (15)

;:k = diag{pe,k}ngqb,k + 'Ekv (16)

where Fk = [?k(O),?k(l),,?k(N - 1)}T, p€7k(u) =

27 (e—&)(Lpk+u)

e N Pk = [per(0), (1), - per(N — DT,
X, is an N x L matrix whose (u,l)-entry
is given by xp(((v — 1))n), where wu,l > 0,

s 9o k(L — 1)] s 9o

9o = [96,6(0),9¢,k(1), ... K
o(1),..., 0x(N — 1)

Ym0 9 Dbm i, B = [0(0),
= ‘ome(Lpktu)
vp(u) =e 77~ wu(u).

When € ~ € (diag{p, 1} = In), (16) can be written as

a7)

T

b =
|

T %INng(i),kJr'lN)k :ng¢k+77k-

We may write X = [X;l,ng,.. XkN] , TR =

~T ~T ~T T ~ _ ~T T
[Tk,llec,2>"'aTk7Ns] and vy = [Uk l’vk 295 U, N~] >
where X, ; is an L x L matrix, each 7 p, and Vk,n, 1S an

L x 1 vector. Because of the periodicity of N,L samples of
Ty, Xpi = Zy, fori € {2,3,...,N,}, whose (u,l)-entry is
given by z,(((u —1))1), where u,l > 0. The N, — 1 vectors
T, can then be averaged to obtain

N
1 =
r. = r =7 v s 18
U v E ke k9p.x + Uk (18)
ng=2
where U, = Z::/::Q Vkn,. Therefore, g4, can be

estimated as

Go =23 ' P = gyp + Z1, ' Vs (19)

By horizontally stacking g, ; over all pilot blocks into a
matrix G¢, we obtain

Gy = [g(p,o;g(m, s 7Q¢>,M] =G®+V, (20)
where G = [90,91,---,9), and V =
[X(i}l{’o,LaXilL'El,Lw~-7X]7V[17L’DM,L]-
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Fig. 3: Variation of the computational complexity with the
number of RIS elements M.

Consequently, the CIR matrix G can be estimated as
G=Gs® '=G+Vd L

— 2

Since E{|[Ve® |2} = %1 Sormo E {1125 (1}, the
effect of noise on the MSE decreases with increasing IN,.
Therefore, given a fixed channel length, the MSE performance
is improved as N, is increased.
C. Complexity analysis and comparison

In this subsection, we analyze and compare the computa-
tional complexity of the proposed CFO/CIR estimation method
with the method in [7] in terms of the number of complex
multiplications.

The computational complexity of the CFR estimation
method of [7]] (expressed in (7)) is given by

2

Cerr = O((LN] + N*)M + NM? + M?®),  (22)

where IV, is the number of subcarriers used for CFR estima-
tion [7].

The total computational complexity of the proposed joint
CFO/CIR estimation method in this letter can be calculated as

Cioint = Ccro+Cer = O((LN,+L*)M+LM?+M?), (23)

where Ccpo = O(LNZM) and Ccr = O((L2 + NZ>M +
LM? + M?) represent the complexity of the each proposed
CFO estimation and CIR estimation method, respectively.
The expressions (22) and (23 show that the computational
complexities of both channel estimation methods for RIS-
aided networks increase rapidly with M, which is usually
large. However, the computational complexity of the proposed
method is significantly lower than that of the CFR estimation
method in [7] for the same values of M and NN, as shown in
Fig. B This is due to the fact that the number of parameters
to be estimated in the time domain is significantly lower than
in the frequency domain (L < N), ie., Ccr < Ccrr. In
practical applications, the channel length is usually approxi-
mately equal to 10% of the number of subcarriers. In this case,
the proposed method leads to approximately 1000 times lower
complexity than the CFR estimation method for M = 100.
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Fig. 4: Performance of the proposed joint CFO/CIR estimation
method as a function of SNR with different M/ and N.

V. NUMERICAL RESULTS AND DISCUSSION

In this section, we provide simulation results to demon-
strate the effectiveness of the proposed joint CFO and CIR
estimation method. We consider a system with L = 32 and
Lcp = 34. The same PDP is used as for Fig. |Z[ For the
proposed method, a Zadoff Chu (ZC) sequence is used for
2. The CFO is generated from a uniform distribution within
the range (—0.5,0.5]. The results are obtained after 5000
independent realizations of the channel and CFO.

The MSE performance of CFO estimation is illustrated in
Fig. fa). The performance is shown as a function of the
signal-to-noise-ratio (SNR), i.e., P/ o2, for different M and
N. The NMSE performance of the proposed CFO estimation
method improves with increasing M, N and N,, as in each
case a larger number of samples Ry (L) are used to average

out the noise. The proposed method is therefore particularly
suited for RIS-aided OFDM systems which use a large number
of subcarriers and RIS elements.

Fig. B{b) shows the NMSE performance for the proposed
CIR estimation method; this is compared to a similar method
where the proposed CFO estimation technique is used in
conjunction with the CFR estimation method in [7]]. The per-
formance is shown as a function of the SNR with different M,
N and pilot resource usage (N, or N},). For a fair comparison,
the NMSE for our method is measured in the frequency
domain. Also, a non-periodic ZC sequence is used for the
pilot sequences in the CFR estimation scheme. The proposed
method shows a performance improvement of approximately
a factor of 30 with respect to the benchmark with the same
parameters (N, = N,), mainly due to the improved noise
averaging in (I8). The NMSE performance of both methods
improves with increas\i/nlg Zg , N, and Opilot resource usage.

. CONCLUSION

We have analyzed the effect of CFO on the MSE per-
formance of least-squares channel estimation for RIS-aided
OFDM systems in closed form. Also, we have proposed a
joint CFO and CIR estimation method applicable to such
systems. The proposed method exhibits improved channel
estimation MSE as well as a significantly lower complexity
when compared to a benchmark scheme using frequency-
domain channel estimation. Finally, the CFO estimation comes
at no additional cost in terms of the overhead, as the same pilot

symbols are used for both channel and CFO estimation.
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