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A New Table of Constant Weight Codes

A. E. BROUWER, JAMES B. SHEARER, N. J. A. SLOANE, reLLeW, IEEE, AND WARREN D. SMITH

Abstract —A table of binary constant weight codes of length n < 28 is
presented. Explicit constructions are given for most of the 600 cndes in
the table; the majority of these codes are new. The known techniques for
constructing constant weight codes are surveyed, and also a table is
given of (unrestricted) binary codes of length 1 < 28.

I. INTRODUCTION

HE MAIN GOAL of this paper is to givc an exten-
Tsivc tablc of lower bounds on A(n,d,w), the maximal
possible number of binary vectors of length n, Hamming
distance at least d apart, and constant weight w. We also
give a table of lower bounds on A(n,d), the maximal
possible number of binary vectors of length » and Ham-
ming distance at least d apart (with no restriction on
weight).

Thesc functions have been studied by many authors,
and were tabulated for n <24 in [13], [45), [72], [132]). In
the present paper we extend the tables to length n < 28.

Our main concern is with Table I, the table of constant
weight codes. The majority of the 600 codes in this table
are new, either because we have discovered nicer versions
of existing codes, or (more frequcntly) because we have
found better codes than were known before.

Our goal has been to give either an explicit construc-
tion or a reference for every code in the table. With some
exceptions a rcadcr should be able to reconstruct any of
these codes from the information given here. (This is in
contrast to [13], where several codes are simply described
as being found by an unstatcd ““miscellaneous construc-
tion”.) However, because of space limitations, we have
not included explicit listings for the codes constructed in
Section XII (indicated by “y” in Tablc I) when they
contain more than 1500 codewords.

Although [13] gives both upper and lower bounds on
A(n,d,w) and A(n,d), in the present paper we give only
lower bounds, ie. tables of actual codes. We have not
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given upper bounds for several reasons: 1) their calcula-
tion is a separate investigation, requiring analytic as op-
posed to combinatorial methods, 2) all the upper bounds
in [13] for d =10 should be rechecked (see the Errata
section), 3) it is very difficult to check upper bounds
found by others,' und 4) the paper is long enough already.
However, wc do mention the cases where we know that
our lower bound is actually the exact value.

A(n,d,w) and A(n,d) are fundamental combinatorial
quantities. They are also used in thc construction of codes
for asymmetric channels [16], [39], [49]-[51], [90], [180],
DC-free codes [15], [64], [175], and spherical codes [167].

We would appreciate hearing of any improvements to
the tables. Plcase send them to N. J. A. Sloane, Room
2C-376, AT&T Bell Labs, Murray Hill, NJ 07974, USA;
electronic mail address user(@mbhuxo.att.com.

Noration: The following notation will be used through-
out. F, denotes the Galois field of order g, while Z,,
denotes the integers modulo m. An [n,k,d] code is a
linear code with length n, dimension k and minimal
distance d [132]. Bars indicate complements of sets or
binary vectors.

To save space we have sometimes written vectors in
hexadecimal, using 0= 0000,---, 9=1001, A =1010,- - -,
F = 1111, usually omitting leading zeros (so the vectors
are right-justified). Superscripts (for example in Table
XV) indicate the number of vectors in an orbit. Parenthe-
scs inside a vector (for example in Tables XII-XIV)
indicate that all simultaneous cyclic shifts of the paren-
thesized sections are to be used. For example (110)(10) is
an abbreviation for the six vectors 11010,01101,10110,
11001,01110, 10101.

A design (X, %) is a set X (of “points”) together with
a collection % of subscts of X (called “blocks™). A
t —(v, k,A) design is a design in which | X|= v, all blocks
contain exactly k points, and any ¢ distinct points of X
belong to exactly A blocks ([14], [27], [31], [77], [96], [163],
[176]). A Steiner system S(t, k,v) is a t — (v, k,1) design. A
balanced incomplete block design is a 2—(v,k,A) design.
More generally an (r,A)-design is a design in which cach
point bclongs to exactly r blocks and each pair of points
belong to exactly A blocks (but the blocks need not all
contain the same number of points). A symmetric design

'An extreme case is the recent theorem of Lam er al. that there is no
projective plane of order 10 [120]. This result, based on thousands of
hours of computer time and as yet unchecked [141], implies
A(111,20.11) < 110 (see [132, p. 528)).

0018-9448 /90 /1100-1334$01.00 ©1990 IEEE
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TABLE I-A
Lower Bounps on A(n,4,w)
nw 323 4% S 6 7 8 9 10 11 12 13 14
6 4° 3 1 1 0 0 0 0 0 0 0 0
7 |1 7 3 1 1 0 0 0 0 0 0 0
8 |- 8° 145 8 4 1 1 0 0 0 0 0 0
9 125 18 18 12 4 1 1 0 0 0 0 0
10 135 30 36.5 30 13 5 1 1 0 0 0 0
11 175 35r¢ 66.5 66 35 17 5 1 1 0 0 0
12 20° 51° 807 132.5¢ 80 51 20 6 1 1 0 0
13 26.° 65° 123 166" 166 123 65 26 6 1 1 0
14 28 91.% 169¢ 2787 357 278 169 91 28 7 1 1
15 35 1055 23774 3897 585° 585 389 237 105 35 7 1
16 37 1405 3124 6157 836 170" 836 615 312 140 37 8
17 44 156 4247 8547! 1416° 1770° 1770 1416 854 424 156 44
18 48 198 518 12607! 20417° 3186* 3540° 3186 2041 1260 518 198
19 57¢ 228¢ 684° 1596° 3172¢! 46677° 6726° 6726 4667 3172 1596 684
20 605 285°0 874 2280% 42130 7730°° 10039#° 13452¢ 10039 7730 4213 2280
21 705 3155 1071 2856° 61207 10726°" 16856°° 201882 20188 16856 10726 6120
22 735 3852 1386.° 3927 821179 163547} 25570°3 3638172 39688°° 36381 25570 16354
23 83  416/°  1771° 5313 11638° 23276 407867 57436°° 7379471 73794 57436 40786
24 88 4987 1895°% 70845  15554r0 349148 5926270 96496°° 11691470  146552°° 116914 96496
25 | 180 5505 2334P% 777271 210947°  46390°" 8841177 14032000  194756°¢  227168°° 227168 194756
26 | 1045 6502  2670°  10010°'  26920°°  65260°'  1280247°  218853F' 31564870  3948747! 4248687° 394874
27 | 117f 702 3276° 12012°  35510°'  87709°°  184420P'  329076°° 5064447'  672148°° 7745657! 774565
28 | 12123 819 37187%  15288¢ 4474770 1214030  259703°° 5020687 8063037  11545417° 139959770  15202247°
TABLE I-B
Lower Bounps oN A(n,6,w)

nw | 41 5 6 7 8 9 10 11 12 13 14

8 2. 2 1 1 1 0 0 0 0 0 0

9 3 3 3 1 1 1 0 0 0 0 0

10 5.9 6.5 5 3 1 1 1 0 0 0 0

11 65 1 11 6 3 1 1 1 0 0 0

12 93 12.€ 22.hm 12 9 4 1 1 1 0 0

13 | 13¢ 185 26¢ 26 18 13 4 1 I 1 0

14 | 14 28° 42 9m 42 28 14 4 1 1 1

15 | 15 42° 705 69" 69 70 42 15 5 1 1

16 | 205 485  112% 194! 120% 109 112 48 20 5 1

17 20. 68.% 112 166%! 1842 184 166 112 68 20 5

18 | 22 68 132 2437 2600 3048 260 243 132 68 22

19 | 252 76° 172 338 408°* 5048 504 408 338 172 76

20 | 307% &4 2322 462 588'2 8322 944¢2 832 588 462 232

21 315 105 269%3 570% 714 11847 14547 1454 1184 774 570

22 |37 132 319 75942 11397 1792’ 2182 26362 2182 1792 1139

23 | 407% 1477 399 969 1436 22717 2970 3585* 3585 2970 2271

24 | 425 168 532° 1368° 1882 3041 4200 5267 5616 5267 4200

25 | 505 2105 700° 1900° 2590 4127 6036™ 7960 9031 9031 7960

26 | 52° 2605  910°  2600° 35324 5703 8695° 12037  14836%°  15977% 14836

27 | S4<c 260 11705 35100 47804 77274 12368% 18096’ 238798 27553 27553

28 | 635 272 1170 4680 6315  10313%  17447*  283685° 401888  49462%°  52995¢°

(or square 2-design) is a 2-design with as many blocks as
points.

We have included some codcs that are close to the best
presently known when they are easy to construct and the
best code is not. These nonrecord codes are indicated
by %.

II. THe TaBLes OF A(n,d,w) anp A(n,d)

We begin with thc main tables, Tables I and II, which
give lower bounds on A(n,d,w) and A(n,d). The rest of
the paper is devoted to describing the codes in Table I
(Table II being largely self-explanatory).

Most of the entries in Table I are ncw, either because
we have improved the lower bound, or because we have
found a more symmetric code or more compact definition
than was known before. The notes to Table I describe the
simplest construction we know for a code with the given
parameters. We have usually not attempted to indicate
thc original discoverer of a code. For as mentioned in
Section I our chief concern is to describe thcsc codes
explicitly. Those interested in the history of these codes
may consult the extensive bibliography (see for example
(11], [13], [23], [69], [103), [132], [177), [178]) and the
Acknowledgment at the end of the paper. Table II con-
tains one new entry, 4(25,10) > 151.
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Key 1o Table I

a
c
cm
d
dl
d2
ec

8

gf
g

gs
hm
hn

TABLE I-C
Lower Bounps on A(n,8,w)
nw | 5 6 7 8 9 10 11 12 13 14
10172 2 1 1 1 1 0 0 0 0
) 1n | 2 2 2 1 1 1 1 0 0 0
12 | 3/ 4.4 3 3 1 1 1 1 0 0
13 3. 4. 4 3 3 1 1 1 1 0
14 | 4s 74 8. 7 4 3 1 1 1 1
15 | 65 105 15¢ 15 10 6 3 1 1 1
16 | 6. 1692 165 30 16 16 6 4 1 1
17 | 75 17# 0 245 34 34 24 17 7 4 1
18 | 95 2193 33 46 48° 46 33 21 9 4
19 12.° 287 52¢ 78° 88° 88 78 52 28 12
20 | 165 40F 80 130F 160 176° 160 130 80 40
21 | 21€ s6s 1200 2105 280° 336 336 280 210 120
22 21 77 17er 3300 280 616 672° 616 280 330
23 23 77 2530 SU6 400* 616 1288" (288 616 490
24 | 24¢ 78*2 253 7595 640" 9604 1288 2576.4 1288 960
25 30.° 1005 254%2 759 8293 1248 1662'° 2576 2576 1662
26 | 30. 1305 25T 7607 883 1519 1988 30700 3328 3070
27 | 30 130 27%  766% 97 1597 2295 33399 3923 3923
28 | 3370 1300 29¢ 83y 107 1806 2756 4114°  4805°  5280'°
TABLE I-D
Lower Bounps oN A(n, 10,w)
nw | 6 7 8 9 10 11 12 13 14
12 ] 2 2 1 I 1 1 1 0 0
13 2. 2 2 1 1 1 1 1 0
14 2 2. 2 2 1 1 1 1 1
15 | 3/ 3 3 3 3 1 1 1 1
16 3. 44 47 4 3 3 1 1 1
17 3 5/ 6/ 6 5 3 3 1 !
18 | 4/ 6/ 992 107 9 6 4 3 1
19 4. ¥ 12% 19 19 12 8 4 3
20 5° 1092 17m 0 2ar 38M 20 17 10 5
20 | 74 1@o21s o 38 38 27 21 13
22 7. 16.7¢ 244 35 42% 46 42 35 24
23 8.x2 200 33F¢ 45p¢ 547 637° 63 54 45
24 4 9XT 24° 3gF 56° 72 9P 96° 90 72
25 1105 28¢ 48T 72¢ 100° 125 130€ 130 125
26 L1342 28 sa4 g4 130° 1687 18 1917 185
27 | HFY 3693 60 111¢ 1597 2139 257 283° 283
28 1 16m  379% 78 1320 195 280" 356 414° 4357
h3 = Himailiinen (see remark following Theorem 21).
An entry followed by a period is known to be exact. j = Juxtaposing ((1) of Section III). Details are left to
From a trivial design or its dual (Section III). the reader.
Cyclic code (Table XD). m = Miscellaneous construction (Section XI).
Conference matrix code ((19) of Section III). p0 = Partitioning construction with n,=[n /2], e=0
Doubling ((2) of Section III). (Section VI).
2-(25,9,3) design (Section III). pl = Partitioning construction with n,=[n/2], e=1
From (r, A)-design (Section III). (Section VI).
Extended cyclic (or “cyclic with fixed point”) code p2 = Partitioning construction with n,; =[n /2]—1,e=0
(Table XII). (Section VI).
Group code—orbits under a group with more p3 = Partitioning construction with n,=[n /2]—1,e =1
than one generator (Table XV). (Section VI).
= Group code plus extra vectors (Table XV). pc = Orbits under a single permutation (Table XIV).
Group code followed by polishing—group code gi = Quasi-cyclic code, for 2 <i <9—fixed by a pcr-
need not be subcode (Table XV). mutation containing i cycles of length n /i (Table
From S,-sets (Theorem 16 and Table V). XIID).
Hadamard matrix code (Theorem 10). s = Section of code below or diagonally down to right,
From Hadamard matrix of order 12 (Section IT1). obtained from (5) of Section III.
From Theorem 20. sb = Section of code below, obtained by direct exami-

hl
h2

= From Theorem 21.

nation of the code (Section III).
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TABLE I-E
Lowtr Bounps oN A(n,12,w)
aw | 7 8 9 10 11 12 13 14
14| 2. 2 1 1 1 1 1 1
15 | 2. 2 2 l 1 1 1 1
2. 2 2 2 1 1 1 1
17 | 2 2, 2 2 2 1 1 1
18 | 3/ 34 4/ 3 3 3 1 1
19 | 3. 3. 4. 4 3 3 3 1
20 | 3. 54 S/ 6. 5 S 3 3
21 | 3. s, 77 77 7 7 5 3
22 [ 47 6t g7 114 120 11 8 6
23 | 4. 6. 105 16*  23¢ 23 16 10
24 | 4 94 165 240 246 46Pm 24 24
25 | S/ 19> 254t 28 36¢ Som SO 36
26 | S. 134 26¢ 3pe 3997 549 58 sS4
27 | 65 1599 3929 39 s4c g7 g g)
28 | 87 197 39 488 63 84 96" 106"
TABLE I-F
Lowgr Bounps on A(n, 14,w)
aw| 8 9 10 1 12 13 14
16 | 2. 2 1 1 1 1 1
17 |2 2 2 ! 1 1 1
182 2 2 2 1 1 1
19 | 2. 2 2 2 2 1 1
20 (2. 2. 2 2 2 2 1
21 33 3/ 3 3 3 3
22 13 3 4 4 4 3 3
23 13 3 4 4. 4 4 3
24 3 4/ 50 6f 6/ 6 5
25 | 3 s/ 6/ 1 8/ 8 7
26 |4/ 6/ 847 100 1392 14 13
27 |4 6 97 137 199 275 27
28 {4 7/ 1 219% 0 28 28¢ 54k
sd = Section of code diagonally down to right, obtained
by direct examination of the code (Section III).
sf = Section of code below or diagonally down to right,
followed by addition of extra vectors (Scction XI).
sp = Section of code below or diagonally down to right,
followed by polishing (Section XI).
ss = From Steiner systems S(2,3,7), S(3,4,8),
S(5,6,12), §(3,4,14), S(3,4,16), S(5,6,24),
S$(3,4,26), S$3,4,28) for d=4; S@G,5,17),
5(2,4,28), S(5,7,28) for d = 6; S(5,8,24), §(3,6,26)
for d = 8 (Table 1V).
t1 = From translate of Nordstrom-Robinson code
(Section IX).
t2 = Adding tails to translates of Nordstrom-Robinson
codc (Section IX).
t4 = From translate of Golay code (Section 1X).
t5 = Adding tails to translates of Golay code (Section
IX).
t6 = From translate of Karlin's [27, 14, 7] code (Section
IX).
t7 = From translate of [26, 7, 11] code (Section IX).
x = Lexicographic code (Section VIII).
xh = Lexicode with sccd (Table VIII).
xy = Lexicode with seed (Table XVI).
x2 = Complement of lexicode with sum constraint (Ta-

ble VII).
No known structure (Table XVI).

ya
yd

z2
23
z4
z5
28
z9

1337

TABLE I-G
VALUEs OF A(n,16,w)
nw 9 10 11 12 13 14
182 2 1 1 1 1
19 |2 2 2 ) 1 1
20 {2 2. 2 2 1 1
21002 2. 2 2 2 1
2 2. 2. 2. 2 2 2
23 | 2. 2. 2. 2 2 2
24 3/ 34 37 44 3 3
25 3. 3. 3. 4, 4 3
26 | 3 3 4r 4. 4. 4
27 3 3 S/ 5P 6 6
28 13 a4 s 74 7/ g4
TABLE 1-H
VALUES oF A(n,18,w)

nw [0 11 12 13 14

20 / 2. 2 1 11

210 12 2 2 1 1

2 2 2. 2 2 1

23 12 2. 2 2 2

24 (2. 2. 2. 2 2

25 |2 2. 2. 2 2

26 |2 2. 2. 2. 2

27 |3/ 3 34 3S03

28 | 3. 3 3 4l 4

Obtained by extending the code above it in the
table; no other known structurc.

Obtained by extending the code diagonally above
it to left; no other known structure.

[170].

Theorem 4.

Theorem 6.

Theorem 5.

[22].

[95] (see Table XVI).

Key to Table 1
Unmarked entries are either trivial or are obtained by
shortening the code below.

entry followed by a period is known to be exact.

= Extended Hamming code ([132], p. 23).

= Conferencc matrix code ([132], p. 585, [165)).

= Best ([12], [45], p. 140).

=From $(5,6,12), 6 disjoint words of weight 2 and

complements ([45], p. 139, [132], p. 585).

= Romanov [155]—see Section VI.

From Hamming code over GF(5) [79].

= From the ulu + v construction ([132], p. 76, [166)).
= Hadamard matrix code ([132], p. 49).

“Nadler” code ([13], [129], [132], pp. 75, 79).
Nordstrom-Robinson code (Section IX, [5], [132],
p- 73).

Nonlinear code from Construction X ([132], p. 583,
[164], p. 505).

11 =From Construction X4 ([132], p. 585, Example 7,

[164], p. 507).

12 =Wagner [179].
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TABLE 11
Lower Bounps on A(n, d)
nd 4 6 8 10 12 14 16 18 20
s 2. 1. 1. 1. 1. 1. L. L1
6 4. 2. 1. 1. 1. 1. 1. L1
7 8. 2. 1. 1. 1. 1. 1. 1
8 16.! 2. 2. 1. 1. 1. 1. 1.1
9 202 4. 2. 1. 1. 1. 1. L1
10 40.° 6. 2. 2. 1. 1. 1. .1
11 7 12. 2. 2. 1. 1. 1. 1.1
12 1444 243 4. 2. 2. 1. 1. .1
13 256. 323 4, 2. 2. 1. 1. .1
14 512. 64, 8. 2. 2. 2. 1. L1
15 1024, 128. 16. 4. 2. 2. 1. L1
16 2048} 256.° EVAL 4. 2. 2. 2. 1.1
17 2720° 256 362 6.7 2. 2. 2. .1
18 5248 512 64 10. 4. 2. 2. 2. 1
19 10496° 1024 128 20. 4, 2. 2. 2.1
20 1 20480 204810 256 408 6.7 2. 2.2 2
21 © 36864 2560"" 512. g1 4. 2 2.2
22 1 73728 4096 1024. 487 12. 4. 2. 2. 2
23 | 147456 8192 2048. 681? 24. 4, 2. 2. 2
24 12949127 16384'2  4096."° 1282 a8 67 4 2. 2
25 1 524288 16384 4096 1512 522 87 4 2. 2
26 ' 1048576 32768 4096 256 64 14. 4 2.2
27 2097152 65536 §192 512 1283 28. 67 4. 2
28 4194304 102422 128 565 24 2

13107213 1638416

13 = Shortened nonprimitive BCH code of length 32
([132], p. 586).

14 = Reed-Muller code ([132], Chap. 13).

15 = Golay code ([45], Chaps. 3, 11, [132], Chap. 20).

16 = Sclf-dual double circulant code ([45], p. 189, [132],
p. 509, [148])—see (53).

17 =From Hadamard matrices using Levenshtein’s con-
struction ([122], [132], p. 50).

18 = Extended quasi-cyclic code [104].

19 = Extended cyclic code [105] (see Table XI).

20 = Hashim-Pozdniakov linear codc [88].

21 = Cyclic code (see Table XI).

22 = Piret [147].

23 = Linear code ((51) of Section IX, [87], [89], [132], p.
593).

We see from Table I that the exact value of A(n,d,w)
is now known for all lengths n <11 (the first undeter-
mined value being 80 < A(12,4,5) < 84). Similarly, from
Tablc II, A(n,d) (for d even) is known exactly for n < 10,
the first undetermined value being 72 < A(11,4) < 79 (the
upper bound is from [12]).

Of course there is no theoretical difficulty in computing
A(n,d) or A(n,d,w). One “simply” forms the graph with
27 or (;) vertices, corresponding to all possible code-
words, joins two vertices by an edge if their Hamming
distance is at least d, and finds the largest clique. Al-
though several new algorithms have recently been pro-
posed for clique-finding (see [6], (7], [70], [71], [140]), the
unsolved problems in Tables I and II appear to be beyond
their range. Similarly, finding the largest code invariant
under a given permutation group (see Section X) requircs
finding the largest clique in a graph with weights attached
to the vertices.

III. JoHnson ane RELATED BOuNDS

S. M. Johnson [99]-[102] obtained a number ol upper
bounds on A(n,d,w), given in Theorems 2, 8 and (7),
(16), (18). The cascs when equality holds in these bounds
(see Conjecture 3 and Theorems 4-7, 9-13) are of partic-
ular interest, because of their connection with Steiner
systems, block designs and Hadamard matrices. We also
mention some related lower bounds obtained from con-
ference matrices.

Theorem 1 (Trivial values):

a) If d is odd, A(n,d,w)= A(n,d +1,w).

b) A(n,d,w)= A(n.d,n—w).

c) Aln,d,w)=1 if 2w < d.

d) If d =2w then A(n,d,w)=|n/w).

e) A(n,2,w)=(::).

Remark: Let N(a, d,w) denote the inverse of
A(n,d,w), that is, the smallest n for which one can find a
words of weight w at mutual distance d, where d is even.
Then one can show that

N(0,d,w) =0,
N(1,d,w)=w,
and if w>d /2 then
N(Q2,d,w)=w+d/2,
N(3,d,w) =max{3d /2,w +d /2},
N(4,d,w)=max{3d —2w,[d +2w/3],w +d /2}
(if w < d /2 these quantities do not exist).

By juxtaposing two codes—placing them side by
side—we obtain
A(n, +ny,d, +dy,w +w,)

Zmin{A(nlvdlaw’l)’A(n2yd25w2)}' (1)
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In particular we have the doubling construction:
A(2n,2d,2w) = A(n,d,w). (2)

Lower bounds in Table I obtained from (1), (2) are

indicated by “j” and “d” respectively.

Theorem’ 2 (Johnson; [132] p. 527, (176] p. 98):

A(n,d,w)s{%A(n—l,d,w—l)J, (3a)

n
A(n,d,w)s[mA(n—l,d,w)J. (3b)

In particular
A(n,d,w)< A(n—=1,d,w—-1)+ A(n—1,d,w). (4)

We also use the contrapositives to (3a), (3b): if there
exists a code showing that A(n,d,w)> M, then
wM
An-1,d,w-1)=>|—|{,
n

n—w

A(n—l,d,w)z{ M] (5)
Lower bounds obtained from (5) are indicated by “s” (for
“Section”) in Tablc I. In some cases these inequalities
can be improved by examining the code and finding a
column with an exceptionally large number of 0’s or 1’s
(and deleting that column). Bounds obtained in this way
are indicated by “sb” or “sd” in Table L.

The first Johnson bound J(n,d,w) is defined to be the
smallest upper bound on A(n,d,w) that is obtained by
repeatedly applying (3a) and (3b) until Theorem 1 can be
used. For example

n

if n#5 (mod6)

| =
-
x
(ST
—_
fom—

J(na3) =0 (6)
lgl 2.“—1, if n=5(mod6).
Clearly
A(n,d,w) < J,(n,d,w), (7

and thcrc arc recasons for believing that this bound may
be tight when n is sufficiently large.
Conjecture 3: For d,w fixed,

A(n,d,w) =J/(n,d,w) (8)

for all sufficiently large n. If true this would be a remark-
ably strong result (it would imply for example by Theorem
7 that Stciner systems S(z,k,v) cxist for all + and &
provided v is sufficiently large and satisfies the obvious
congruences). Rodl [154] has shown that A(n,d,w)/
J(n,d,w) approaches 1 as n — o for any fixed d and w.
An asymptotic result for certain values of w and d
growing with n was given in [186]. The conjecture is
known to be true in a few cases, as we shall now see.

Theorem 4 (Kirkman [109], Schinheim [157]: see also
[77] p. 237, (106}, [153], [169])

A(n,4,3)=1J,(n,4,3) (see (6)) holds for all n.
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Theorem 5 (Brouwer [21], Hanani [81] Kalbfleisch and
Stanton [106], Schenheim [157]): For n# 5 (mod 6),

A(n,4,4)=J,(n,4,4),
the values of this function being

W, if n=2o0r 4 (mod6), (9)
_ -3

%7 if n=1o0r3(mod6), (10)

n(n2—3n_6) .

——57 > ifn=0(mod6). (11)

For n =5 (mod6) we have A4(5,4,4)=1, A(11,4 4)= 35
([12], [13], [45, p. 141]), but for larger n the values are
unknown. See also [86].

Theorem 6 (Brouwer [22] [29]):
A(n,6,4)=J,(n,6,4) (12)

holds for all » except 8, 9, 10, 11, 17, 19 (for these values
see Table 1-B).

One special case of equality in the first Johnson bound
is particularly important.

Theorem 7 (Schénheim [157] see also [132] p. 528,
[160], [176}, p. 100):

n(n—1) - (n—w+245)
w(w—1)---5

if and only if a Steiner system S(w — 8 +1,w, nn) exists.

In this case equality also holds in (7); the codewords
are the blocks of the corresponding Steiner system. The
codes obtained in this way are discussed in Section IV.

Thecorem 7 enables us to write down immediately the
parameters of the codes corresponding to the blocks of a
Steiner system. The blocks of an arbitrary 2—(v,k,A)
design form a code showing that A(v,d,k)> b, but in
general d is not determined by the other parameters.
However, the blocks of the dual or transpose design
(obtained by interchanging points and blocks) form a code
showing that

A(n,28,w) = (13)

A(b,2(r—A),r)>v. (14)
If the design is symmetric these two codes have the same

paramelters. Theorem 9 describes a case where equality
holds both in (14) and in another of Johnson’s bounds.

Theorem 8 (Johnson [99]: [132, p. 526/) Let A(n,28,w)
= M, and write wM = an + b, 0 < b < n. Then (by consid-
ering the sum of the inner products of all pairs of code-
words)

(n=b)a(a—1)+ba(a+1)<(w—-8)M(M—-1). (15)
Theorem 8 rules out certain combinations of n,d,w,M
(see [132, p. 526] for an example). The second Johnson
bound J,(n,d,w) is defined to be the largest value of M

permitted by Theorem 8 (possibly infinity). Clearly
A(n,d,w) <J)(n,d,w). (16)

The proof of Theorem 8 shows that if equality holds in
(15) then cvery pair of distinct codewords has inner prod-
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uct w— 8, and also that the M X n array formed by the
codewords contains n—b columns of weight a and b
columns of weight a+ 1. This is the dual of an (r,1)-
design with » = w, A =w — § in the notation of Section I.
We mention three examples of such designs.

1) A trivial example occurs when

n=(k),M=k,

b=0,
a

w=(§:}), (17)

and the columns of the array consist of all possible binary
vectors of weight a. Such codes are denoted by “a” in
Table 1.

2) In the special casc a =2 (when wM < 3n), equality
holds in (15) if and only if there is a 1-design consisting of
b triples from M points, such that no pair is covered
more than w — 8 times. For example A4(26,14,9) =6 can
be obtained in this way; we omit the details.

3) To obtain A(26,14,10) =8, by the previous remarks
we must find 24 triples and 2 quadruples from an 8-set. If
the 8-sct is {a,b,c,d, A, B,C, D} we may use the triples
{i,j,K} and {i,J,K} and the quadruples f{a,b,c,d),
{4,B,C, D).

We shall discuss equality in (16) at the end of this
section. We next discuss a weaker version of Theorem 8,
also due to Johnson (obtained by ignoring the condition
that certain variables must be integers), which states that

A 28 on
n, , L—"—"",
( w) w? —wn+ én

(18)

provided the denominator is positive ([99]; [132], p. 525,
[176]), p. 97).

Theorem 9 (Semakov and Zinoviev [160]: [176] p. 99):
Equality holds in (18) if and only if there exists a 2-design
with parameters b=n, r=w, A\=w—28, v =38n/(w? —
wn + 8n), k=28w /(w?—wn + dn).

In Theorem 9 the codewords are the blocks of the dual
design; equality then holds in (14). There are lists of small
block designs in [77], [133]). The entry 4(25,12,9)=25 in
Table I for example is obtained from Theorem 9 using a
symmetric 2—(25,9,3) design. There are in fact 78 in-
equivalent designs with these parameters [58], [133], and
so exactly 78 inequivalent codes showing A(25,12,9) = 25.
One example is given in Table XIV.

Hadamard matrices also determine some values of
Aln,d,w).

Theorem 10 ({160]: see also [13] Theorem 15, [132] p.
528): A Hadamard matrix H, of order n > 1 exists if and
only if

non
A(n,—.—) =2n-2.
22

The code is constructed from the rows of H, and — H,
by making the entries of the first row of H, equal to +1,
then changing +1 to 0 and —1 to 1 in every row. The
optimality of these codes follows by applying (3) once and
then (18).

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL.. 36, NO. 6, NOVEMBER 1990

A modification of this construction shows that
A(14,6,7) > 42. Takc a Hadamard matrix of order 12, with
first row and column containing +1’s, replace +1’s by 0’s
and —1’s by 1’s, omit the first (zero) row, and label the

remaining rows p,,- -, p;o- 1hen the code
Po 01
Po 01

p; 10 (1<i<10)

p; 10 (1<i<10)

potp; 01 (1=i<10)

po+p; 01 (1<i<10)

shows that 4(14,6,7) > 42. This idea appears to succeed
only for a Hadamard matrix of order 12.2

Similarly if a conference matrix ([132], p. 55, [165]) of
order n =2 (mod4) exists then

n—2 n-2
Aln—-1,—, (19)
2

Equality holds in (19) for n = 6, 10, 14, 18; we would like to
know if it holds in general.

Honkala er al. [95] show that if a conference matrix of
order n exists then

>2n-2.

AQ2n,n,n—1) >2n, (20)
if n is a multiple of 4 then
n n-—
ARn+1,n,n—1)>2n+ A(M’E’ 5 ), (21)

and if n is a multiple of 4 and a conference matrix of
order either n /2 or n +2 cxists then

A(2n+1,n,n—1) > 3n. (22)

For example (22) gives an alternative proof that
A(25,12,11) = 36 (cf. Table 1V).

Finally we return to (16). In 1985 Honkala [92] obtained
a considerable generalization of Theorem 10 by showing
that equality holds in (16) over a wide range of values.
The proof is constructive, by juxtaposing (see (1)) appro-
priate combinations of Hadamard matrices of orders up
to n.

Theorem 11 (Honkala [92]) Provided Hadamard ma-
trices of all orders 4k < n exist,

A(n,d,w)=J,(n,d,w)

holds whenever

n—d<wc<d. (23)
In particular, if (23) holds and n < 2d, then
A(n’d,w)z{Zu, |fl*U.32j§1+U’
2u—1, otherwise,

where i=2d—n,j=d—wand d=ui+ v with0 <v <.

’A fact which ultimately depends on the existence of the outer
automorphism of the symmetric group Sg.
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TABLE 111
SOURCES FOR PROOF THAT CeRr1aIN ENTRIES IN TABLE | MARKED
wrtH PerRIOD ARE ExacT*

Value Reference
AU12,6,5)=12  [132),p. 530.
A(13,6,5 =18 [132], p. 531.
A(14,6,7) =42 Exhaustive search (see Section XII).
A(17,6,4) =20 [20].
A(19,6.4) =25 [170].
A(6,8, =16 Exhaustive search (see Section XII).

AQ17.8,7)=24 Exhaustive search (see Section XII).
A(17,8,8) =34 [149].
A(22.8,5)=21 By the Bose-Conner theorem ([18], [96]) a square

divisible design GD(5,1,2;11%2)
does not exist.
A(24,8,12) = 2576 Linear programming [13].
A(26.8.5) =30 [25).
A(20,10,8) =17 Exhaustive search (see Section XI1).
A(21,10,7)=13 From Theorem 8, if A(21,10,7) > 14 then in fact
A(21,10,7) — 15; but (see [77))
no 2-(15,5,2) design exists.
Exhaustive scarch (see Scction XII).
Exhaustive search (sce Section X1I).
From Theorem 8, if A(28,12,8) > 20 then in fact
A(28,12,8) = 21; but (see [77)
no 2-(21,6,2) design exists.

A(22,10,7)=16
A(23,10,7) =21
A(28,12,8)=19

*Exactness of entries not listed here follows from the Johnson bounds

(3),(7),(16).

The examplc A(26,14,10)=8 previously mentioned
shows that equality may also hold in (16) outside the
“Honkala region” (23).

Most proofs that the entries in Table 1 followed by a
period are exact can be obtained from the Johnson bounds
((3), (7, (16)). Sources for proofs that the other entrics
are cxact are given in Table III.

IV. STEINER SYSTEMS

In this section we give a highly compressed survey of
Steiner systems (defined in Section I). Because some
constructions are available only in obscure sources, and
because in Section VI wc shall require not just a single
Steiner system but as many disjoint ones as possiblc,
Tablc IV contains a number of explicit constructions for
small Steiner systems.

As we saw in the previous section (Theorem 7), if a
Steiner system S(¢,k,rv) exists, it contains b=(‘,')/(f)
blocks, and then A(v,2k —2t +2,k)=>5b. If S(¢t,k,v) ex-
ists then so does the contracted (or derived) design
S(t—1,k—1,v—1), formed from all the blocks contain-
ing (say) the last point.

Steiner triple systems S(2,3,v) exist if and only if v =1
or 3 (mod6) (Kirkman [109]; see Theorem 4). Steiner
quadruple systems S(3,4,v) exist if and only if v =2 or
4 (mod 6) (Hanani [81]; see Theorem 5).

Theorem 12 (Hanani [82), [83]) S(2,4,v) exists if and
only if v >4 and ¢ =1 or 4 (mod12); in these cases

A(r,6,4)=0v(v—1)/12. (24)

S(2,5,¢) exists if and only if © =5 and ¢ =1 or 5 (mod20);
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in thesc cascs

A(v,8,5)=uv(v—1)/20. (239)

Theorem 13 (See [53] [52] Chap. 6; [84]) For any
prime power g and any nonnegative integer d there exist
Stciner systems S(2,q,q“) (from the lines in the affine
geometry AG(d,q)),SQ2,g+1,q%+q* "'+ - +g+1)
(from the lines in the projective geometry PG(d,q)),
§2,g+1,¢g>+1) (from a unital in PG(2,g%)),
§(2,24,24%0 424 —28) for a < b (from a complete 2“-arc
in PG(2,2%)), $§(3,q +1,g°+1) (from an clliptic quadric
in PG(3,q)), or more generally (3,9 +1,q% +1) (from
subficld sublines of a projective line). Thus

d=1( d
g '(q’-1)
A(g"2g-2,9) = ——— (20
qg—1
A(qzl+qd—l+ +q+1,2q,q+l)
d+1 d
q -1 q -1
_ 0Tl
(¢°-1)(g—-1)
Alg’ +1.2q.9 +1)=q*(q* —q +1), (28)

A(20+h 4Qa _2b’2a+l _2,211)
— (20 +1)(2° =209 +1), (29)

d—1 2d
q g —1
A(g4+1,2q-2,q+1) = *(——)

- (30)

The only Steiner systems presently known with >4
are S(5,6,12), S(5,8,24) (Mathieu, Witt [182], [183], [45]),
8(5,6,24), S(5,7,28), S(5,6,48), S(5,6,84) (Denniston
[56]), and S(5,6,72) (Mills [138)]); and their contractions
with ¢ =4. All these 5-designs are invariant under the
group PSL(2,v —1) for the appropriate value of ¢.

Tablc IV lists the known Steiner systems (or 1 — (v, k, 1)
designs) with v <28 and 2 <t < k; b dcnotes the number
of blocks. For each design we give either a construction or
a rcference, as well as information about the number of
inequivalent designs (up to permutation of coordinates)
and the number of disjoint designs. Some designs which
are contractions of others have been omitted.

The Steiner triple systems on at most 21 points are
treated in great detail in [156]. For further information
about Steiner systems see [1], [3], [45], [52], [61], [62], [84],
(96, [117], [118], [121], [127], [128], [139], [152], [168], [182],
[183].

V. GraHAM-SLOANE Tvprr Bounps

We next discuss lower bounds on A(n,d,w), roughly in
order of increasing complexity. The bounds described in
this section require very little computation (and corre-
spondingly produce the weakest results). For d > 6 we
give several different bounds, all roughly comparable (al-
though only codes from Theorem 16 are necdcd for the
present version of Table 1).
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TABLE IV
STEINER SYSTEMS

8(2,3,7)= PG(2,2); b=17. Cyclic: {(1011000)}; unique. Exactly two dis-
joint designs exist, the other being {(1101000)}.

5(3,4,8)= AG(3,2); b=14. Extended cyclic: {(1011000)1, (0100111)0};
unique. Exactly two disjoint designs exist, the other being {(11010001,
(001011130} [32).

5(2,3,9)= AG(2,3); b=12. It is also the unital in PG(2,4); unique. In
each of the following matrices, the 12 triples formed by the rows,
columns and six generalized diagonals form an S§(2,3,9). The 7
matrices together yield 7 disjoint designs, partitioning the set ol all

(:) triples [109].

124 128 125 129 123 126 127
378 943 983 743 469 357 346.
956 765 476 586 785 489 598

There are exactly two inequivalent partitions [9].

8(3,4,10); b = 30. Cyclic: unique. Exactly five disjoint designs exist, in a
unique way [115]. For example, we may take the five designs defined
by the columns of the following array. The six hexadecimal vectors in
a column together with their images under the permutation
(1,2,3,4,5X6.7,8,9,10) form an 5(3,4.10); the five columns give five
disjoint designs (ct. Section X).

69 65 74 T2 6A
Bl A6 B8 A3 AC
L4 FO E2 E8 EI
170 162 168 161 164

5(4.5,11); b = 66. Unique. Exactly two disjoint desi%ns exist, in a unique
way [115). For example. the designs {740*%,712""} and {782°7,748'1}
defined by the group of order 55 generated by (1,2,3,---,11) and
(2,5,6,10,4)3,9,11,8,7) (ct. Table XV).

8(5,6,12); b=132. Unique. Exactly two disjoint designs exist, in a
unique way [115). An S(5,6,12) may be obtained from an $(4,5,11)
by appending 1 and adjoining the complements of all blocks. Two
disjoint S$(5.6,12)'s arise from the two previous disjoint S(5,6,11)’s.
Alternatively, two disjoint designs arise from the supports of the
codewords of weight 6 in the two extended ternary quadratic residue
codes of length 12 whose zeros are the residues and nonresidues
modulo 11 respectively [2], [3].

8(2,3,13); b=26. There are exactly two inequivalent designs ((77], p.
237), one of which is cyclic (Table X1). Denniston [54] (see also [116])

partitioned the set of all ':) triples into 11 disjoint designs.
5(2,4,13)= PG(2,3), b=13. Cyclic; unique. Chouinard [36] partitioned
the set of all 143 4-sets into 55 disjoint designs.

S(3,4,14); b =91. There are exactly four inequivalent designs, one of
which is given in Table XV [137]). A set of four disjoint designs (not
hitherto known to exist) is obtained by applying the permutations
(1,2,4,7,10,13,12,14,3.6,8,5,9,11). (1,4,8,10.2,11,3,5,7,6,12,13,9)
and (1,6,9,14,8,11,12,10,5,4,3X2,7,13) to the design in Table XV.
See also [116].

8(2,3,15); b =35. There are exactly 80 inequivalent designs [38], [78],
one of which is PG(3,2). Denniston [54), [55] partitioned the set of

all (]:) triples into 13 disjoint designs.

85(2,4,16) = AG(2,4); b =20. The weight 4 words in a translate of the
Nordstrom—Robinson code (see Table X); unique. There exists an
5(3,4,16) that is tiled hy 7 copies of $(2.4,16).

5(3,4,16); b =140. For example, the planes in AG(4,2), the weight 4
words in the {16,11,4] Hamming code. There are at least 31301
inequivalent designs [126], [127]. At least 8 pairwisc disjoint dcsigns
exist (see [112], [124], [125] and the Appendix).

8(3,5,17); b = 68. Unique (see Theorem 13 and Table XV). At least two
disjoint designs exist [136], [185].

5(3,4,20); b=1285. From the partitioning construction (Section VI).
There are at least 10'7 inequivalent designs [126], and exactly 29
cyclic designs [142]. At least 15 disjoint designs cxist [67).

5(3,4,22); b= 385. There are exactly 21 incquivalent cyclic designs, and
exactly 5 disjoint cyclic designs [S9]. At least 11 disjoint designs exist
[1443, [1451.

5(5,6,24); b =7084. See Table XV. At least three inequivalent dcsigns
exist [56), [74].

5(5,8,24); b=759. The weight 8 words in the [24,12,8] Golay codc.
Unique [182], [183], [132], {45]. At least 9 disjoint designs exist [114].

8(2,5,25) = AG(2,5); b= 30. Unique.

8(3.4,26); b =210. See Theorem 5 or [81]. At least 13 disjoint designs
exist [146).

8(3,6,26); b=130. Unique (sce Theorem 13, Table XI. [33]).

5(2,3,27); b=117. Many cxamples, one of which is AG(3,3).

5(2,4,28); b =63. See [52], [84), Theorem 13. At least 154 inequivalent
designs exist [24], [26].

5(3,4,28); b=1819 [81]). At least 18 disjoint designs exist [66].

5(5.7,28); b =4680. See [56] or Table XV.

$(2,6,31) = PG(2,5); b = 31. Cyclic: {0,1,3,8,12,18) mod 31; unique.

The prototype of these bounds is the following.
Theorem 14 ([72]):

A(n,4,w)2%($).

(31)

This is established by defining a map f from vectors
a=(ay,a,, " +,a,_,)F} to Z, by

n—1

f(a)= Y ia, (mod n).

i=0

(32)

Then it is easy to see that the sets C{",C™,.--,C™),
where
C™={acF;: f(a) =k,

wt(a)=w}, (33)

form a partition of the set of all (:) binary vectors of
weight w into n disjoint codcs each with Hamming dis-
tance 4. Since one of the C{") must contain at least as
many words as the average, (31) follows.

Furthermore (31) can be rcplaced by

A(n,4,w) > max i, (34)

k=0,1,"--,n—1

although in practice this gives little improvement on (31).

Klgve [110] generalized Theorem 1 by replacing Z,,
with an arbitrary abelian group G of order n, defining f
by

flay= Y a,s.

geCG

(35)

He found an explicit formula for thc best lower bound for
A(n,d,w) (for given n and w) obtained from (34) using
the optimal choice of G. Again these results do not
greatly differ from those obtained from (31). See also
Delsarte and Piret [50].

For d > 6 there are several competing analogues of
Theorem 14.
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Theorem 15 ([72]): 1f 8§ =3 and n is a primc power
then

A(n‘26,w)2%(ﬁ,). (36)

Proof: 1.et n=gq be a prime power, and write [, =

{ag, . a, ). The proof replaces (32) by the map [ from
I3 to F2~' given by

f(a)=(Tl(a)vT2(a)a'”aTﬁ—l(a))’ (37)
wherc
Tl(a) = E a;,
u,=1
'1‘2(‘1) = ).: ala]’
a,;i/:l
I(= L axa.
i<j<k

ai=a;=a;=1

!

For any k €[F2~" it can be shown that the code

C={acFy: f(a)=k  wi(a)=w)

has minimal distance 28, and (36) follows.
A subset S ={s,,--,s,} of an abelian group G is called
an S,-set of size n if all the sums

S ts, + ot
1 2

l
‘

for 1 <i,<i, - <i,<n are distinct in ; (cf. [72], [73],
[75], [76)). S,-sets are relevant here because of the follow-
ing result.

Theorem 16 (Compare [72]) If there exists an S;_-set
of size n in an abelian group of order /n then

A(n,28,w) > %(3)

Proof: Replace (35) by f(a)=L!_;s,a;.
In 1962 Bosc and Chowla ([17], [76]; see also [72])
constructed an S,-set of size g +1in Z, for m=(q'*' -

1)/(g — 1), for any prime power g. Another construction
is the following.

Theorem 17: For any prime power g there is an §,-set
of size g in Z,, for m=gq' — 1.

Proof: Let ¢ be a primitive element of the field of
order ¢, and let F be the subfield of order g. The set
{s€Z,|¢& — &€ F}is the desired S,-set.

Furthcrmore the columns of a parity-check matrix for
an [n,k,d =2t +1] binary linear code, together with the
zero vector, form an S,-set of size n+1 in the abelian
group Z47*. (The corresponding constant weight code is
the collection of words of weight w in some coset of the
code extended with an (anti-) parity check bit.)

Let v,(n) denote the smallest m such that an S,-set of
size n exists in Z,,, and more generally let ¢(n) be the
smallest m such that an S,-sct of size n exists in some
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TABLE V
UpPrER Bounps FOR S, -SETS
m 1$ THE SMALLEST NUMBER KNOWN SUCH THAT 1(n) <m

n m n m n m
2 2¢ 11 vg¢ 20 3814
3 3¢ 12 123/ 21 2
4 6 13 152+ 22 ?
s 114 14 183" 23 ?
6 16" 15 2227 24 512!
7 240 16 259 25 624/
8 404 17 2 26 651"
9 524 18 2565 27 728/
10 72 19 360/ 28 757"

abclian group of order m. In [73] it is shown that ¢,(n) ~
n* as n —, but for v(n) it is known only that

(; ) <r(n) <n?+ 0(n*?).

Table V gives the best upper bounds presently known on
v(n) for2 <n <28

Key to Table V
Elements of the elementary abelian groups 75 are written in
decimal; for example 0101 € 73 is written as 5.

a = Optimal S,-set in Z,, (see Table IV in [73)).

b = In Z3 usc 0 and columns of parity-check matrix for
(5, 1, 5] code.

c = {(0,0). (1,0), (2,0), (4,0), (0,1), (7,1), (0,2)} in 73 X
Z,.

d = {(0,0), (0,1), (0,2), (1,0), (1,4), (1,8), (2,2), (2,5),
(2,8)}) in 75X Z 5.

e = {0,1,2,4,7,15,26,45,54,66,83} in Z..

f = 10,1,2,4,7,14,23,31,48,59,74,92} in Z ;.

g = {0,1,2,4,7,12,20,35,63,77,106,115,132} in Z s,.

h = Perlect difference set [8].

i = {0,1,2,4,7,12,20,29,46,69,92, 116,140,170, 191} in
ZZZZ'

J = Theorem 17.

k = In 78 use 0 and columns of parity-check matrix for
[17, 9, 5] cyclic code.

{ = In Z5 use 0 and columns of parity-chcck matrix for

Wagner’s [23, 14, 5] code [179].

For example, when n =25, Theorem 16 and Table V
imply that

A(25,6,12) > i(%) — 83341
T T 6e24 112 o

(1 indicates a code which does not yicld thc best lower
bound known for this value of A(n,d,w), but is easy to
construct.) The entries labeled “gs” in Table I are ob-
tained in this way. The cntries in the third column of
Table V appear quite weak, and the construction of
better S,-sets would probably improve several entries of
Table I-B.

We also mention an unpublished gencral lower bound
of Zaptcioglu [184], although in the range of our tables it
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does not lead to any new bounds. Suppose C attains
Aln,d,w)=M, where d =28. A d-neighbor of c€ C is
any ¢ €[F5 such that wr(z)=w and dist(z,c)<d. Let
GN(n,d,w,i) denote the number of d-neighbors of the
ith word of C thatare also d-neighbors of the jth word of
C Tor some j <i. Then Zaptcioglu begins with the equai-
ity ’
oM
()+ L GN(n,d,w,i)
A(n.d,w) = 5_'1:2

(7))

=0

(38)

This is proved by multiplying both sides by the denomina-
tor, and using a straightforward counting argument. Since
GN >0 we immediately obtain the “Gilbert bound” of
[72)

A(n,d,w)>G(n,d,w),

G(n,d,W)=$x)n,m
)

Zaptcioglu shows that (38) has thc following stronger
conscqucence.

Theorem 18 (Zaptcioglu {184]): For d >4 and w > 3 we

il
)

[A(n—1.d,w)—-G(n—1,d,w)].

where

o-1

\-M|

0

A(n,d,w) =2 G(n,d,w)+ -~

7

4

VI. THE PARTITIONING CONSTRUCTION

The partitioning construction, used by several authors
([13], [49], [68], [149], [150]), produces good lower bounds
for codes with minimal distance 4. It is related to a
generalization of Theorem 14 (see subsection 4).

A partition I(n,w)=(X,, -+, X,,) is a collection of
disjoint sets or classes X, -, X,,, each of which is a code
of length n, distance 4 and constant weight w, and whose
union contains all (;’) vectors of weight w. The vector

m(n,w)=(X,l---,|1X,]) with integer components is the
index vector of the partition I1(n, w), and

m

m(n,w) w(n,w)= ¥ X[

i=1
is its norm. We always assume (X |> --- >'X, [ When
there are several different partitions available for a given
n and w we often denote them by I1,(n,w), I1,(n,w), - -,
and their index vectors by 7 ,(n,w), m,(n,w), - - .

The direct product 11(n,,w )X II(n,,w,) of two parti-

tions (X, -, X,, ), (Y,,---,Y,, ) consists of the vectors

{(u,t):ue X, veY, Il<i<m},
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where m = min{m,m,}. This set (which is only part of
the final code) clearly has length n,+ n,, distance 4,
weight w, + w,, and contains

m

77("1’W1)‘7T(”29Wz) = Z |X,»||}’;|
i=1

(39)

words.

The construction: To obtain a code of length n, dis-
tance 4 and weight w by the partitioning construction wc
write n=n,+ n,, choose e =0 or 1, and take the union
of the dircct products

II(n,,e)x(ny,w—c¢€),
M(n,,e+2) xM(ny,w—e—-2),
(e +4) XU(ny,w—e€—4),
(40)

It is apparent that this codc does have the required

propertics, and contains

m(ny,e) m(n,,w—e)+m(n,,e+2) m(n,,w—e—2)
+7(n,e+4) w(ny,,w—e—4)+ - (41)

words.

As an illustration we construct a code showing that
A(18,4,7) > 2041. We take n,=8,n,=10, e =1 and form
the union of the direct products

I1(8,1) X I1,(10,6),
11(8,3) x I1,(10,4),
I1(8,5) x I1(10,2),
11(8,7) x I1(10,0),

(42)

(see below and Table VI). The corresponding index vec-
tors are

w(81)=(1,1 1,1, 1,1, 1, 1),
7(10,6) = (30,30,30.30,26,25,22,15,2),
so the first direct product contains

1-30+1-30+1-30+1-30+1-26+1-25
+1-22+1-15=208
words;

T(8,3)=(38, 8, 8, 8,8, 8, 8),
=,(10,4) = (30,30.30,30,30,22,22,12,2,2),
so the second direct product contains
830+ --- +8-30+8-22+8-22 = 1552
words;
7(8,5) =(8,8,8,8,8,8,8),
7(10,2) =(5,5,5,5,5,5,5,5,5),
so the third direct product contains
85+ - 4+8:5=280
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words; and
@(8,7)=(1,1,1,1,1,1,1,1),
w(10.0) = (1),
so the last direct product contains 1-1 =1 word. The total
number of codewords is
208 +1552+280+1 =2041.

Codes obtained from the partitioning construction are
indicated by “p(0”,:+-,“p3” in Table I-A. The values of
n,.n,, € are as follows:

"
for type p(, n,:[; , n,=n-—n, €e=0,
n
for type pl, nl:[; . n,=n-n, e=1,
n
for typc p2, n = ) -1, n,=n-—n, €=0,
n
for type p3. n,=[—2 -1, n,=n-n,, e=1.

The partitions needed are listed in Table VI. (We do not
take the space to indicatc the particular partitions used in
each construction.) Partitioning also gives A(16,4,5) >
305¢%.

We next discuss the choice of a good partition. When
applying the partitioning construction in a situation where
several different partitions are available, we see from (39),
(41) that we should choose pairs [1(n,,w,), TI(n,,w,) so
as to maximize the inner product mw{(n,,w)-m(n,,w,).
(For example we use I1,(10,6) rather than I1,(10,6) in the
first line of (42), so as to maximize the inner product with
(@8, 1)=(,1,1,1,1,1,1,1).)

We say that one partition II(n,w,) dominates another
M'(n,wy) if

m(n.w,) 7w (ny,wy) 2w (n,w) w(n,w,) (43)
holds for all choices of n,,w, and all possible index
vectors w(n,,w,). If a partition is dominated it nced

never be uscd in the construction.
There is a simple test for dominance.

Theorem 19: w(n;,w,) = (a,, -
w'(ny,w)=(b,, b, if and only if

J j
Z"iz me

i—1

-, a,) dominates

forall j=1,-++ , max{m,m'}.
=1

Proof: The componcnts of the index vector w(n,,w,)
in (43) are nonincreasing positive integers, and any such
vector is a positive combination of vectors of the form
(1,1,---.1,0,---,0).

A partition II(n,w) is optimal if it dominates all other
IT1'(n,w) with the same n and w, or just maximal if it is
not itsclf dominated by any other IT'(s,w).

In the remainder of this section we describe techniques
for finding good partitions.

1) By taking complements the cxistence of a I(n,w)
implies the existence of a Il(n,n —w) with the same
index vector.
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2) For w=0 and 1 there are trivial partitions with
index vectors

W(’l,(]) :(1)7
m(n,1)=(1,1," -, (n times)),
and for w = 2 there arc wcll-known partitions

n
575?

77(;1,2)=(

- (n-1 Limes)), n even,

n—1 n—1
W(”,2)=(7—, 5

v (n times)), n odd

see [136]. All these partitions arc optimal.

3) If we have a lower bound A(n,4,w)> M there is

always the partition

m(n,w)= (M,],], 1, ,[[.’L)— M times)).
(This is useful when the inner product with 7(n,8) = (1) is
to be maximized.)

4) The results of [72]—see Theorcm 14—show that a
partition TI(n,w) always exists with m <n classes. In
many cascs—for example if n is prime—the index vector
for this partition is

1 1
m(n,w) = (;(3,),;(:1),---,(11 times)).

5) A numbecr of optimal partitions with w = 3 are avail-
able in the literature. It is known that, if n=1 or 3
(mod 6), n+ 7, then the set of all (’;) triples can be
partitioned into n —2 mutually disjoint Stciner triple sys-
tems—implying that there is an optimal partition

n(n—1)
m(n,3)= | ———(n—2times)|.

This result is due to Lu [130], [131]. (The manuscript of
[131] was incomplete at the timc of the author’s death,
but the six unfinished values of # have since been dealt
with by Teirlinck [174].) Earlier results on this problem
were given by Cayley [32], Denniston [54], [55], [57], Kirk-
man [109], Phelps [143], Schreiber [158], Teirlinck [171],
Wilson [181]. When (as in this case) the set of all (1)
vectors of weight w can be partitioned into disjoint de-
signs all having the same parameters, the designs arc said
to form a “large set.” Further results on partitions may be
found in [4], [19], [60], [65]-[68], [85], [113], [11Y], [144],
[146], [159]-[162], [172], [173].

6) Van Pul [149], [150] and Etzion-Van Pul [68] found
the partitions T1(6,3), 11(7,3), 11(8,4), 11(10,3), 11,(10,4)
mentioned in Table VI. (Hlowever only I1,(10,4) is given
explicitly in [68].)

7) In situations not covered by the preceding comments
we use the computer to find good partitions. Our meth-
ods are based on the following considerations. a) Finding
a good partition is a graph coloring problem. For if we
construct the graph whose vertices represent (") binary
vectors of weight w, and join two vcrtices by an edge if
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and only if the vertices are Hamming distance 2 apart,
then a partition Il(n,w)=(X,, -, X,,) describes a color-

m

ing of the vertices using m colors, the classes X, -+, X,
being the color classes. b) A useful heuristic for finding a
good partition is to maximize the norm of the index
vector. This is only a heuristic, for we already saw in the
previous example that there are situations wherc parti-
tions with less than the maximal norm are preferable.
However, a partition with the greatest possible norm is
always maximal. A second heuristic is to minimize the
number of color classes. ¢) Good methods of choosing the
initial classes X, X,, - of Il(n,w) are to use a maximal
independent set algorithm, to use as many disjoint Steiner
systems as possible (see Tables V), or more generally to
look for as many disjoint (or almost disjoint) copies as
possible of the largest known code of length » and weight
w. (Some partition obtained by repeatedly removing maxi-
mal independent sets is maximal.) We thcen look for a
coloring of the remaining vertices with the greatest norm.

David Johnson [98] has developed a simulated anneal-
ing program for graph coloring, which attempts to maxi-
mize the sum of the squares of the color class sizes. Some
of the partitions given in Table VI below were found (in
part) using this program. Others were found by various
iterative procedures. Johnson’s program uses Kempe-
chain interchanges for graph coloring; a recent alternative
suggestion by Berge [10] may lead to better colorings and
hence better partitions.

8) The methods of 7) are only successful for n up to
about 14. For n > 12 we also made use of Etzion and Van
Pul’s *“Construction B” for combining partitions ([68]).
This construction works as follows. Given partitions
IT(/, %) and II(m,v) (for all u, 0 <u <min(,w) and v,
0<v <min(m,w)) we construct a partition I1(n,w),
where n=1[+m,_ by repeatedly using thc partitioning
construction (cf. (40)). Morc precisely, start with two
sufficiently long rows of empty buckets—the “odd” row
and the “even” row. For each pair (u.v) with u+ v =w
we consider the given partitions I1(/,u)=(X, -, X,)
and I(m,v)=(Y,,---,Y, ), and distribute the r,r, direct
products X, XY, into the first r = max(r,, r,) buckets in
the row with the same parity as u, where each bucket gets
min(r,,r,) codes X;X 7Y, such that no bucket contains
two codes X; XY, and X, XY, where i =i or j=j". The
result will be that the buckets form a partition I1(n,w).
(At least r buckets are requircd because of the conditions
i#i" and j# j. A distribution into r buckets is possible
because the complete bipartite graph K, , has an edge
coloring with r colors.) For example, take (n,w) =(12,4).
Using partitions with index vectors 7(6,0) = 7(6,6) = (1),
7(6,1) = (6.5 =(1,1,1,1, ,, ), (6,2) = w(6,4) =
(3,3,3,3,3), w(6,3)=1(4,4,4,4,2,2) we fill five buckets in
the even row with 1-3+5-3-3+3-1 =51 words each, and
six buckets in the odd row with 7(6,1)-7(6,3)+ 7(6,3)-
(6, 1) = 40 words each, to obtain a partition I1(12,4) with
index vector (51,51,51,51,51,40,40,40,40,40,40).

Table VI gives the index vectors of the nontrivial parti-
tions used in constructing the codes marked “p0,” *“pl,”
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“p2,” “p3” in Table 1. In view of 1) we only give parti-
tions I1(n,w) with w < n /2. The partitions marked “A”
are given explicitly in the Appendix. Partitions known to
be optimal are marked with an asterisk. For some valucs
of n and w several different partitions II1,(n,w) (i =
1,2,-++) are given (i is given in column 3), no one of
which dominates any of the others. In many cases we have
found other partitions besides those in Table VI, which
although not needed for the partitioning construction,
neverthcless are not dominated by the partitions in the
table. It would be nice to replace these with smaller sets
of maximal partitions. For I1(10,4) there are at least two
maximal partitions, and, as will be shown below, certainly
no optimal I1(10,4) exists.

Key to Table 11

» = Optimal.

A = See Appcndix.

B = Construction B.

GS = From Theorem 14.

(1) = Shortened I1(9,3)

(2) = Shortened II(10, 4).

(3) = Shortened I1(13,3).

(4) = Shortened I1(15,3) = (35,35, - -,(13 times)) of [55].

Optimal and maximal partitions: We first show that the
partitions marked with an asterisk in Table VI are opti-
mal. Obviously (n,w) is optimal if all parts (except
perhaps the smallest) have size A(n,4,w), which proves
the optimality of (8, 3), 7(9, 3), etc.

m(6,3)=(4,4,4,4 2, 2) is optimal.

Proof: Any code attaining A(6,4,3) =4 is equivalent
to

1 1.1 0 0 @
/1 0 0 1 1 O
“=lo 1 01 0 1
0 0 1 0 1 1
We must show that (4,4,4,4,4) and (4,4,4,4,3,1) are
impossible. Since C, has column sums 2, the last four
vectors of the partition also have column sums 2, and are

therefore equivalent either to C, or to

1 1 1 0 0 0
/1 1.0 1 0 O

C2_001011'
0 00 1 1 1

The vectors of C, cannot be partitioned 3+ 1, so the last
four vectors of the partition are also equivalent to C,, and
the partition is (4,4,4,4,4). Let the first class bc C,. Then
the four vectors 100011, 100101, 110001, 101001 have
mutual distances 2 and each lies in a different one of the
other four classes. It is now easy to check by hand that
these classes cannot be completed.

m(7,3)=(7,7,6,6,5,4) is optimal.

Proof: We know from Table IV that there do not
exist three classes of size 7. Also (7,7,6,6,6,1,1,1) is
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TABLE VI

NONTRIVIAL PARTITIONS USED TO CONSTRUCT CONES IN TABLE |

n w i m  Norm Sourcc Index Vector of [T(n,w)
. 6 R} 1 6 72 A* 144422
7 3 1 6 211 A* 7.7.6.6.5.4
8 3 | 7 448 (1)* 8.8.8.8.8.8.8
8 4 | 6 844 A* 14.14.12.12,10.8
9 3 | 7 1008  Table IV*  12.12.12.12.12.12.12
9 4 1 8 2066 A 18.18.18.18.16,15.15.8
9 4 2 10 2036 (2) 18.18.18.18.18.14.13.7.1,1
10 3 | 10 1530 A* 13.13.13.13,13.13.13.13.13.3
10 4 1 10 5620 [68] 30.30.30.30.30.22.22,12.2.2
10 4 2 9 5614 A 30,30.30,30.26.25.22.152
10 5 1 8 8044 A 36.36,34.34,29.29.27.27
11 3 I 10 2731 A 17.17.17.17.17.17.17.16.16,14
11 R} 2 11 2713 A 17.17.17.17.17.17.17.17.16.12.1
11 3 3 11 2705 A 17.17.17.17.17.17.17.17.17.10.2
1 4 1 11 10724 A 35.35.35.34,33.33.33.32,31.25 4
Il 4 2 11 10616 A 35,35,35,35,35.33,33.32,28.21.8
11 5 1 10 25066 A 66.66,60.60.54.45.44.40,26,1
11 5 2 10 25046 A 66.66.60.60.54.45.44.4222 3
12 3 1 11 4400 (3* 20.20,20.20,20,20.20.,20,20.20.20
12 4 | 11 22903 A 5151.51.51.51.46,45.44.443427
12 4 2 12 22843 A 51.51.51.51,49.48,48,42,42.37.23.2
12 4 3 12 22815 A 51.51.51.51.49.48.48,42.42.40.15.7
i2 4 4 12 22795 A 51.51.51.51.49.48.46.44,4337.20.4
12 4 5 12 22755 A 51.51.51.51.49.48.48.45.39.36.22.4
12 4 6 12 22663 A 51.51.51,51.49.48.48.45.41,32.22.6
12 5 1 12 55860 A 80.80.80,80.72.70.69.67.67.62.48.17
12 5 2 13 55350 A 80.80.80.80.75.72.71.69.63,55.40,23 .4
12 6 1 10 99952 A 132,132,120,120.11094.90.76.36.14
12 6 2 10 99776 A 132,132.120.120.110.94.90.72.42,12
12 6 3 10 99072 A 132.132,120.110.110.97.91,75.47.10
13 3 ] 11 7436  Table IV¥  26.26.26.26.26.26.26.26.26.26.26
13 4 1 13 42165 A 65.65.65.65.62.61,60,57.57.53.52.45.8
13 4 2 13 42163 A 65.65.65.65.62,61,60,58,55.54,52.45.8
13 4 3 13 42147 A 65,65.65.65,62.60,60.58.57.54.49.47 8
13 4 4 13 42015 A 65,65.65.65.62.60.60.58.57,56.53.37.12
13 4 5 13 41975 A 65,65,65.65,62.62.,60.59.56.55.49.,40,12
13 4 6 i3 41795 A 65,65.65.65.62.61.61.59.58,54,50.32,18
13 5 1 13 135679 A 123.123.121.115.110,109.109,102.99,92.84,72.28
13 5 2 13 135557 A 123.123,121.115.110.109.109.101.99.93.86.68.30)
13 5 3 14 135437 A 123.122,121.114,110,109.109.102.97.91.85.77.26.1
13 5 4 13 134757 A 123.123.123.116.110.109.106.100.98.92.81.68.38
1375 S 14 134753 A 123,123.123.116.110,109.107.104.97.89.83.62.40.1
13 6 | 14 239106 A 166.166.160.156.143,143,139.135.131.122,107.100.46.2
13 6 2 14 239082 A 166.166.160.156.144,142.138.137,131.,120,106,102.46.2
13 6 3 13 238832 A 166.166,160,156,143,142,138.136.130.120.111.97.51
13 6 3 14 238698 A 166.166.160.156.145.142.139.136.131.118.113.91.50.3
13 6 5 14 238384 A 166.166.160,156.145.142,139.136.131.119,112.88.52.4
13 6 6 13 238116 A 166.166,160,156,145.144,137.132.127.118.111.98.56
13 6 7 14 237556 A 166.166,160.156.145.142.140.136.131,118.106.86.59.5
14 3 1 13 10192 (4)* 28,28.28,28.28.28,28,28,28,28.28.28,28
14 3 ! 13 79393 A 919191.91.81,79,78.77.74,73.71.62.42
14 4 2 14 79357 A 91.9191.91.80.79.78.78.75.74.71.60.41.1
14 3 3 14 79339 A 91919191.81,79.79.77.76.71.67.67.38.2
14 3 4 13 79269 A 91.9191.91.82.79.78.77.75.72.67.62.45
14 5 | 15 291280 A 169.169.165.156.156.152.149,144.143.137.134,121.1 18.80.9
14 5 2 15 290646 A 169.169.165.156.155.153,151.147.143,137.134.120.112.76.15
14 a 3 16 290288 A 169.169.165.156.155.153.151.147.142.137.133.124.109.75.16.1
14 5 4 15 289872 A 169.169.163.156.155.152.149,148.142,139,132,131.102.76.19
14 6 i 14 680081 B 253,252.243.243.243,243.212.212.212.212.212.212.212.42
14 7 | 14 913176 B 282,282.280.280.271,271.271.271.271.271.,271.271.70.70
14 7 2 15 8RTSS2 B 292.292.280.280,272.272.242.242.242.242.242.242.242 48,2
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impossible, for it would shorten to either (6,3)=
(4,4,4,4,4) or (4,4,4,4,3,1). (Any class of size 6 must
shorten in thrce ways to a class of size 4 and in four ways
to a class of size 3.) Therefore (7,7,6,6,5,4) is optimal.
This alsq implies the optimality of

(8,4) =(14,14,12,12,10,8).

Second, we point out that there is no optimal partition
7(10,4). For 7 ,(10,4) =(30,30,30,30,30,22,22,12,2,2) is
maximal, as we now show, while w,(10,4)=(30,30,30,
30, 26,25,22,15,2) has fewer classes. Since 4(10,4,4) = 30,
by Theorem 7, no class has size greater than 30. From
[115]—see Table IV—the maximal number of classes of
size 30 is five, this can occur in an essentially unique way.
We use the particular set of five given in Table IV. When
these are removed the remaining {]4”) —5X%30 =060 vec-
tors consist of

(01111) (00000) (3
(00000) (01111) Q)
(00011)x(00011) (25)
(00101) x(00101) (25).

Each of the first five vectors (and each of the second five)
must be a different color. Among the final 50 vectors
there cannot be a color class of size 21, because if so then
that class would contain at least threec words of form
x % % % x(00011) or three of form = * = * *(00101). Thus
,(10,4) is maximal.

Concluding remarks:
1) If n=2¢, w=1,t odd, we may take € = 0 and obtain

=1

2
A(2t,4,6) = Y norm I1(t,w). (44)
w—0
Similarly if ¢ is even we get
A(2r,4,r)2max{ Y normII(¢,w),
w—0.2, -t
Y normH(z,w)}. (45)

w=1,3, -1

2) Using their Construction B, Etzion and Van Pul [68]
show that if # is of the form 2% (k = 2) or 3-2F (k >2)
and w is even then Theorem 14 can be replaced by

A(n,4,w)2;i—](”). (46)

w
From the partitions in Table VI (especially I1,(10,4)) this
now also holds for n=5-2% (k > 2).

3) Romanov’s construction [155] showing that 4(16,3)
> 2720 (see Table II) also uses partitioning. We write the
codewords in the form (a, b), where length (a) =9, length
(b) =17. On the left side a has weight 0, 3, 6, or 9, and we
make use of Kirkman’s partition

7(9,3) = (12,12,12,12,12,12,12)

of the set of triples on 9 points into 7 disjoint copies
Z, -, %, of 8(2,3,9) (see Tables 1V, VI). On the right
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we partition the set of all 128 7-bit words into eight
disjoint translates %, #7, -, #% of the [7, 4, 3] Ham-
ming code. Romanov’s code then consists of the vectors
0,4, % X #, (1 <i<7),and their complements.

VII. LoweR Beunps OBTAINED BY MODIFYING
Comes WitTH A LARGER MINIMAL DISTANCE

The following inequalities, due to Zinovicv [187], Van
Pul [149], [150], and Honkala et al. [94], resemble those of
Section V in requiring very little computation. They pro-
duce good lower bounds for codes with d = 6. We follow
the treatment of Honkala et al. [94].

Theorem 20 ([187], [149] (150}, (94]*

a) For 0 < g <min{w,d} and 0 < k < n we have
A(n—k,26-2g,w—g)

1 S wy\(n—w
= A(n,25,w) (l.)(k_l. )
i=0
()
b) For 0<g<w, 0<k <n and kK — g <8, wc have
A(n—k, 26 -2k +2g,w—g)

2%A(n,zaw) i (T)(’;(_—vtv)
(k) i-g

Proof: Suppose # attains the bound A(n,28,w). For
any k-subset § of thc coordinates let cg denote the
projection of ¢ € ¢ into §, and let ¢3 denote the projec-
tion onto the other coordinates. A new codc € with
length n'=n—-k, d=256-2g and w'=w—g is ob-
tained by taking all words c5 for which ¢ € " and wt(cy)
=i for some 0 </ < g, and complementing any g — 7 I’s.
A counting argument shows that

81 w\y\(n—W
L (=)

and a) follows. To prove b) we take all words c5 for which
c €+ and wi(cg) =i forsome g <i < k, and complement
any i — g O’s.

The lower bounds on A4(17,6,7) and A(18,6,7) in Table
I-B are obtained from Thcorcm 20a by taking g =1 and
# to be thc Steiner system S(5,8,24). The lower bounds
on A(15,6,7), A(16,6,7) follow similarly using a particu-
lar choice of S.

Theorem 21 (Honkala et al. (94]):
A(n-2,d-2,w—-1)>A(n,d,w).

Proof: We modify the codewords ¢ for a code ¢
attaining A(n, d,w) as follows. If ¢ ends with 00, comple-
ment the final 1, while if ¢ ends with 11, complement the
final 0. Now omit the last two coordinates of all words.

The lower bounds A(22,6,7) > 759, A(22,6,11) > 2576%
follow by taking # to be S(5,8,24) or the code attaining
A(24,8,12) = 2576.

Y o1&l =A(n,28.w)
ISI =k i

H. Hamildinen [80] used a modification of this argu-
ment to show A(21,6,6) > 269. Start with the S(5,8,24)
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TABLE VI1
SUM-CONSTRAINED LEXICODES
Bound N
A(12,4,6) =132 21
A(24,8,18)> 78 175
A(25,8,18) > 254 175
A(26, 8, 18) > 760 175
A(26,8,19) > 2561 188

A(19,10,11) =12 84

A(23,10,17) =8 181
A(24,10,18)=9 203
A28, 10, 14) = 415% 130

lexicodc (see the following section), and take thc 759 —
330 = 429 words that do not end with 00. If such a word
ends with 11 complement the final 0. By omitting the last
two coordinates we obtain 429 words of length 22, dis-
tance 6 and wcight 7. Using this set as the seed for a
lexicographic code (scc the following section) we get
another code # showing A(22,6,7)> 759, in which (label-
ing the coordinates 1 to 22 from right to left) 269 words
have a 1 in coordinatc 2. Hence A(21,6,6) > 269.

VIII. LexicograpHIiC CODES

Lexicographic codes are studied in detail in [44], and
we refer to that paper for the general theory. Here we
just consider constant weight lexicodes, which give easily
computed lower bounds on A(n,d,w) that are often
reasonably good and in some cases give the best bounds
known.

The constant weight lexicographic code (or lexicode, for
short) with length n, Hamming distance d and wcight w
is obtained by starting with the empty code, considering
all binary vectors of the given length and weight in lexico-
graphic order (beginning with 00 - - - 011 - - - 1), and adding
them to the code if they have the desired Hamming
distance from it.

This is a “‘no-input” construction. The most remarkable
example of a lexicode is the Steiner system S(5,8,24) (see
[44], [45]); other examples are indicated by “x” in Table I.

Several variations are possible. The vectors of comple-
mentary weight n —w may be used instead, or the vectors
may be considered in Gray code order, or both. For
example A(25,12,9) =25 and A(27, 12,18) = 39 also arise
as Gray lexicodes.

Another modification, a sum-constrained lexicode, only
considers binary vectors (agy,a,," *,a,_,) that satisfy the
constraint

n-1

Y ia;=s,

i=0

(47)

where s is specified in advance. For example the choice
s = 21 produces thc Steiner system S(5,6,12) ([44], [45)).
Other examples are given in Table VII. Although a con-
sidcrable amount of computing is needcd to discover the
best value of s, once found this gives a succinct definition
of the code.

A more powerful modification is to start with an initial
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TABLE VI
LEXICODES WITH A SEED
Bound Seed
A(18,6,4) =22 1422, 24410

A(26,6,10) > 81894
A(26,6,17) > 5407%
AQ27,6,9) > T198%
AQ7,6,10) > 116561
A(28,6,9)> 95774
A(26,8,13) > 3004%
A(27,8,13) > 3601}
A(21,10,7)=13
A(23,12,10)= 16

A(25,6,9) = 4100% from Table XV
A(25,6,16) =2 41001 trom Table XV
A(25,6,9) > 4100% from Table XV
A(25,6,10) = 5700% from Table XV
A(25,6,9) = 4100% frem Tablic XV
The lexicode A4(24,8,12) = 2576
The lexicode A(24,8,12) = 2576
310CC, 54524

S8AAIC, 60E4A6

set of vectors (the “seed”) instead of thc cmpty set. Some
codcs (labeled “xy” in Table 1) found this way arc best
described in the condensed notation introduced in Sec-
tion X1I, and are listed in Tablec XVI. Others (indicated
by “xh” in Table 1) are given in Table VIIL In the latter
table, if thc seed has shorter word length than the final
code, we pad the seed by adding prefixes 0--- 01 ---1 of
the appropriate weight on the left.

I1X. ConsTANT WEIGHT CODES FROM TRANSI.ATES
oF LINEAR CODES

A number of good constant weight codes may be ob-
tained from translates of linear codes (and from translates
of the Nordstrom—-Robinson code, which behaves in many
ways like a linear code). If ¢ is an [n,k,d] binary linear
code, Ict B™)(u) be the set of vectors of weight w in the
translate u + ¢, u € 4. Then

A(n,d,w) > max |B™(u)|. (48)
uets

Furthermore (cf. [28]) the code

(B*(u),1)U(B*)(1),0)
shows that

Aln+1,d,w) = ma[Fx”{|B(“’”(u)‘+‘B(W’(u)”. (49)

A not very systematic search through known linear
codes has yielded the following cxamples. The 14 vectors

(10000000000000) (11101011100000) (50)

span Karlin’s [28, 10, 8] self-dual codc ([132), p. 509,
column 2, first code). We apply (49) to the [27, 10, 7] code
¢ obtained by delcting the last coordinate. With u =0 we
obtain A(28,8,13) > 4668%, A(28,8,14) > 5280, with u=
1F we obtain A(28,8,10) > 1652%, with u= A4 we obtain
A28, 8,11) > 2666%, and with u =15 we obtain
A(28,8,12) > 37804%.
The generator matrix

011
011
101
101
110
110

110

011(011
101{101
011110
110{011
110{101

101110
110110

011
101
101

011
101
110
110|101
011|110
110)011

101

001111111111
110011111111
111100111111
111111001111
111111110011
111111111100

101/010101010101

(51)
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TABLE IX
WEIGHT DISTRIRUTI®ONS OF TRANSLATES ®F |23, 12, 7] GoLAy CeDE

#\: 0 1 2 3 4 5 6 7 8 9 10 11

1 1. 00 0 0 0 O 253 506 0 0 1288

22 Q1 0 0 0 0 77 176 176 330 616 672
253 0 0 1 0 O 21 56 112 240 400 546 672
1771 0 0 0 1 5 16 48 120 240 400 S60 658

defines a [27, 7, 12] code (a less symmetrical code with
thesc parameters is given in [87]). Again we apply (49) to
the code & formed by omitting the last coordinate. With
u =0 we obtain A4(27,12,12) > 82 and with u = 92120 we
get A(27,12,13) > 81.

Table IX gives the weight distributions of thc cosets of
the [23, 12, 7] perfect Golay code ([132], Chap. 2). The
first column gives the number of cosets with the given
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TABLE X
WEIGHT DisTRiBUTI®NS OF TRANSLATES OF NORDSTROM-ROBINS®ON
Ce®E THAT PARTITION THE SPACE

#i 0 1 2 3 4 5 6 7 8
1 1 0 0o O 0 0 112 0 30
%6 0 1 0 0 0 42 0 8 0
20 0 0 1 0 14 0 63 0 100
M2 0 0 0 S 0 33 0 90 0
7 0 0 0 O 2 0 48 0 120

coordinates, with the first 8 coordinates deleted. Each %,
is a translate of # containing 16 words of weight 6 and
16 of weight 10, and

N =RURJH U UF
is the Nordstrom-Robinson code. Thus .#” consists of thc
words of  that begin with one of

weight distribution. (In both Tables IX and X the weight
distributions are symmetric about n /2.) Using (49) we
obtain A(24,8,9) > 640, as well as the other entries la-
beled “¢4” in Table 1.

The Nordstrom —~ Robinson code: The nonlinear Nord-
strom-Robinson code of length 16, distance 6 and 256
codewords [132], [5], [107] produces a number of good
constant weight codes, as was first observed by Semakov
and Zinoviev [159]. We work inside the [24, 12, 8] ex-
tended Golay code « and represent codewords of & by
4x6 arrays called MOG’s (or miracle octad generators).
These have been described in several references (see [40],
[42), [43), [46]-{48] and especially [45], pp. 303-304) and
we do not repeat the definition here. We label the first 8
coordinatcs as follows (cf. [45], p. 316):

[« JUV BNV
=N O

By deleting these 8 coordinates from the codewords of &
we obtain (two copies of) the [16, 11, 4] Hamming code
#, while the codewords of ¢ that vanish on these 8
coordinates yield the [16, S, 8] first-order Reed—Muller
code #Z. Wc order the coordinates by reading down the
columns, from left to right. When the Golay code defined
by the MOG coordinates is read in this way it coincides
with the lexicographic version of this code ([44], [45],
p- 327).

Let %, (0 <i < 6) denote the words of ¢ that have 1’s
in coordinates « and i, and 0’s elsewhere in the first 8

with thesc first 8 coordinates deleted.

Let a4 denote any of the four octads (weight 8 words in
&) that have 1's at ©, 3, 5, 6 and 0’s at 0,1,2,4. Similarly
a; (0 <i<6) is any octad that meets the first 8 coordi-
nates just in o and 3+ 5+ 4,6+ (mod7). The seven
translates a; +.# (with the first 8 coordinates deleted)
together with %7 itself form a partition of the Hamming
code . We remark that all seven translatcs a, + .#" are
equivalent, all pairs of such translates are equivalent, and
there are two inequivalent ways to choose three trans-
latcs.

The Nordstrom—Robinson codc also has the property
that certain of its translates partition the whole space of
vectors of length 16. The weight distributions of these
translates are given in Table X; thc last row describes the
translates @, +.#. From Table X and (48) we obtain
A(16,6,6) > 112, A(16,6,8) > 120.

The decomposition of ## into 8 translates of .#” shows
in particular that the 448 weight-6 words in &#° can be
partitioned as

448 =112 +7x 48,

where each part has minimal distance 6 (see the i=6
column of Table X). There is however a better partition
of these 448 words. Let .7 denote the words of « that
have exactly two 1’s in thc first 8 coordinates, in coordi-
nates (,0), (,1), (s,2),---, or (e,6), with the first 8
coordinates deleted. Similarly ., is obtained from the
words of # that have 1’s in coordinates (0,1),(0,2), - - -,
0,6); . from (1,2),(1,3),---,(1,6); -5 from
(2,3),(2,4).(2,5),2,6); /% from (3,4),(3,5),(3,6); and .~
from (4,5),(4,6),(5,6). Each .7 is a union of translates of
R. Let A1® denote the weight 6 words in .». Then
A0 AO contain 112,96, 80, 64,48,48 words, re-
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spectively. Since any two pairs defining an .# have a
point in common, and ¢ has minimal distance 8, it
follows that each .#® is a constant weight code of
minimal distance 6. All the 4” are contained in %,
and so they partition the weight 6 words of #” as

448 =112 +96+80 + 64 + 48 +48.

There is a similar result for weight 5 words. Let #”
denote the Hamming code translated by 00---01. Then
#”' is partitioned into 8 translates of .# (one from the
second row of Table X, seven from the penultimate row),
which partitions the weight 5 words in #” as

273=42+7x%33
(see the i =5 column of Table X). An alternative parti-
tion
273=42+36+4x33+3x21

where each part has minimal distance 6 may be obtained
as follows. We denote the nine parts by Z,--- Z§),
where 2/ consists of the weight 5 words in the translatc
of ©, by 00 - - - 01 with thc first 8 coordinates deleted, and
0,=.7, 0,=_7,. For j=0,1,2,3, ©,_; consists of the
words of £ having either two or four 1’s in the first cight
coordinates, such that these 1’s are a subset or superset of
{1,3,4}+ j (mod7). ®, consists of the words of .¢ with
two or four 1’s in the first eight coordinatcs, such that
these 1’s are either the set {2,3} or are a superset of
2,3,»}). ®, and O, are defined in the same way as 0.,
replacing 2,3 by 4,6 and 1,5 respectively.

Adding tails to translates: Thc rcmaining codes in this
section are found by adding tails to translates of the
Nordstrom-Robinson and Golay codes. We denote by B,”
the set of vectors of weight w in a translate of either of
these codes by a vector of weight ¢. Thus | B[ is given by
the entry in Table IX or X in the column headed w and
in the row in which the first nonzero entry occurs in
column ¢.

The following codes in Table I arc obtained from the
Nordstrom-Robinson code ..

A(20,6,6) > 232 =112+6 %20 from B§0000, (B;)'{1100},
0 <i <S5, where (B})' (0 <i < 5) represents the vectors
of weight 4 in six translates of the type @, + ./  de-
scribed in the last row of Table X, and {1100} denotes
all six binary 4-tuples of weight 2.

A20,6,7) > 462 = 30+ (112496 + 80+ 64) +4 20 from
70000, #(1000) (1 <i<4) and (#)(0111) (0
< j<3), where .27 is obtained by complementing
the final 1 in each of the 30 weight-8 words in #, and
A is defined above.

AQ20,6,8) > 588 =120+ (112 + 96 + 80 + 64 + 48 + 48) + 20
from (B$)°0000, #1100}, (B;)°1111, 1 < j <6.

A0, 6,9) > 832 = 4x 120 + (112 + 96 + 80 + 64) from
(B)'(1000),.#%0111), 0<i<3,1<j<4.

A20,6,10) = 944 = 112+ 6 x 120+ 112 from
B%0000,(B5){1100}, B31111, 0 <i < 5.

AQ21,6,10) > 13825 = 112 +7x 120+ 30+ (112+ 96 + 80 +
64 + 48) from B)°00000, (B5){11000}, 0 <i <6,
B300011, #°(01111), 1 < j <5.
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A(22,6,8) > 11161 =6X90+42+42+7x33+7X33+6X
5 from (BJ])(100000), BJ111000, B;000111,
(B3)t;,(B3)1,, (B'(O11111), 0<i<5 0<j<6,
where {t,, -, t,} = {110001, 110010, 110100, 101001,
101010,101100,011001}, and (B])* (0<i<5) repre-
sents the vectors of weight 7 in six cosets of the type
described in the pcnultimate row of Table X, the
cosets being chosen to have Hamming distance 4 apart.
This code contains exactly 21 holes, all of which may be
adjoined, yiclding A(22,6,8)>1137f. Further opti-
mization by the methods described in Section XII gives
A(22,6,8) > 1139 (see Table XVI).

A(22,6,9) > 17361 =6X120+112+112+7X48+7x 48 +
6 X 20 from (B$)(100000), BS111000, B5000111,
(BS)t;, (BT, (BH(O11111), 0<i <S5, 0<j<6. This
can be improved to A(22,6,9)>1768% by first ad-
ding 28 holes in lcxicographic order, then replacing
the eight words FE3,1DDA,2A815A,26419A,30C523,
3300DA, 3304A3,3C01A3 by the twclve words
208F23, 210CE3, 2403E3, 24199A, 26605A. 28155A,
2AA09A,300CDA,30E063,33211A,332223,3C2823. By
shortening this code we obtain A(21,6,9) > 1092%.

A(22,6,10) > 2180F = 6 X 90 + 85+ 85+ 7x90+ 7 x 90 +
(42 + 36 + 4 x 33) from (B3)(100000), B/111000,
BJ000111,(B]Y't,,(B{Yt;, Z{(111110), 0<i <5, 0 <
<6, 1<k <6, where Z> is defined above.

AQ22,6,11) = 2636 = 2 X (448 + 30 + 7 X 120) from
SO011111) (1<i<6), B§111000,(BYt; (0 <j<7),
and their complements.

AQ3,6,5) =147 =7x20+ 7 from (B})*(1000000),
000000000(1000000)(1110100), 0 <i < 6.

The following codcs are similarly obtained from the
[23,12,7] Golay code:

A(26,8,11) > 1858  (B§111, B3110, B}°100, B}'000),
A(27,8,11) > 2047¢  (BJ1111, B{1110, B{'0000),
A(27,8,12) > 3082% (Bf1111, B;'1000, B20000).

The final set of codes in this section come from the
(24,12,8] Golay code .¢. Now B}" denotes the vectors of
weight w in a translate of & by a vector of weight ¢ (see
[46), [132], p. 6Y).

A(25,8,9) > 829 is obtained from the vectors (B3)'1,
(B4?)0, where (B§)' consists of the 759 =210 = 549 words
ol weight 8 in # not ending 000, and (B/?) consists of
the 280 words of weight 12 ending 111 with thesc three 1's
complementcd (Kaikkonen [105]).

A(25,8,10) > 1232% = 960 + 272 is obtained from a
translate of . containing 36() words of wcight 8 (denoted
by B¥) and 960 words of weight 10 (denoted by B,"). We
first take the 960 words BJY0. Any vector ul, where u is
obtained by complementing any 0 in a vector of BY, is at
distance 8 from the initial 96@ words; there are 360 X 16 =
5760 such vectors, and we must find a subset of them at
Hamming distance 8 apart. Wc could take the 240 out of
the 360 that have a 0 in a particular coordinate and
complement that coordinate, obtaining A(25,8,10) >
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960 + 240 = 1200%. However we can do better. Consider
the subset of the 360 words with at most one 1 in a
particular set of three coordinates, and in these coordi-
nates replace 000 by 100, 100 by 110, 010 by 011 and 001
by 101. Consider first a random set of 3 out of the 24
coordinates. The probability that a vector containing 8 1’s
and 16 0’s has at most a single 1 in three coordinates is

——(136)+(?)(]26) ~0.7510+ -,

(24'
3

so at least 360 0.7510 - -+ =270.36 - - - (hence 271) words
can bc added in this way. A particular choice of three
coordinates gives 272. Thus A(25,8,10)>960+272 =
1232%. By computer search it was found that 288 words
can be added, yielding A(25,8,10) > 960 + 288 = 1248.

A(25,8,11)> 1662 = 1218+ 444 is similarly obtained
from a translate of .4 containing 640 words (BJ) of
weight 9 and 1218 words (Bj') of weight 11. We first take
the 1218 words B3'0, and look for a subset of the 640 %
15=9600 vectors ul that can be adjoined, wherc u is
obtained by complementing any 0 in a vector of Bj. If we
take the 400 out of the 640 with a O in a particular
coordinate we get A(25,8,11) > 1218 +400 = 1618%. Again
we can do better by using a subset of the 640 that have at
most a single 1 in a particular set of three coordinates. By
averaging we find that at least 640Xx0.6917--- =
442.68 - - - (hence 443) words can be added in this way. A
particular choice of three coordinates gives 444, so
AQ25,8,11) = 1218+ 444 = 1662.

A(26,8,10) = 1519 = 759 + 760 is found by starting with
the 759 words B{11, and looking for a subset of the
vectors #00 to adjoin, where u is obtained by comple-
menting any two I’s in a word of B}’ We take the
120+4 %160 =760 words of B} that havc at most a
single 0 in a set of four coordinates (see Fig. 2.15 of
[132]), and replace 1111 by 0011, 0111 by 0001, 1011 by
1000, 1101 by 0100 and 1110 by 0010.

A(26,8,12) > 30263 = 2576+ 450 is obtained in a similar
way from B}?00 and Bj11. There are 130 +4 X80 = 450
words in B with at most a single 1 in a set of four
coordinates (see Fig. 2.14 of [132]), and we now apply the
complementary transformation to the previous one (re-
placing 0000 by 1100, etc.). This construction can be
improved as follows. We use the lexicographic version of
.Z, so that the octad 11---100---0 € .¢. There are 256
octads in .# of the form {1000}{1000}y (with each 1 in any
of four positions). For each of these we form the vector
(1100X1100) y11, and adjoin these vectors to B,°00. This
extends by “minimal dcgree lexicography” (see Section
XII) to give A(26,8,12) = 3070.

A(26,8.13) > 3328 = 2576 + 752 is found by starting with
the 2576 words B¢*01. There are 35420 vectors of weight
13 at distancc 8 from this set; they have the form «10,
where u is the union of three words of weight 8 in . all
at mutual distance 8 (see [45], Fig. 10.1, [46]). By com-
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puter it was found that 752 of these vectors can be
adjoined to the 2576.

A(27,8,12) = 31463 = 2576 + 210+ 3 x 120 is obtained
from B,?000 and B§111, modifying the vectors in B that
have at most a single 1 in a set of three coordinatcs.

X. Cobes FrRoM PERMUTATION GROUPS

The codes in this section arc unions of orbits under a
nontrivial permutation group. Let G be a permutation

group permuting the symbols {1,---,n}. The orbit of a
vector x =(x,---,x,) under G is the set of all vectors
X =y X)) 8 EG.

We first discuss groups generated by a single permuta-
tion .

If 7 is a cycle of length n {equal to the length of the
code), the codc is a cyclic code, indicated by “c” in Table
I. Orbit representatives are listed in Table XI.

If 7 is a cycle of length n — 1, the code is an extended
cyclic code, or “cyclic with a fixed point,” indicated by
“ec” in Table 1. Orbit representatives are listed in Table
XII.

If the permutation consists of a number of cycles of
equal length the code is quasi-cyclic (see Table XIII). If
there are ¢ cycles of length n /i the code is indicated by
“qi” in Table 1.

The rcmaining codes defined by a single permutation
(“polycyclic” codes) are listed in Table XIV, and indi-
cated by “pc” in Table 1.

The final tablc in this section (Table XV) lists codes
that are defined by a group G (of order g) having morc
than one generator. These group codes are indicated by
“g” in Table 1

The first column in Table XV gives the parameters of
the code and [in brackets] the abstract type of G. The
notation ¢ :r indicates that G is isomorphic to a group of
permutations of [, of the form x —ax+ b, where a
belongs to the multiplicative subgroup of F* of order r,
and b €[,. (The colon indicatcs a semidirect product as
in [41]) O(16) is a generalized quaternion group
((97], p. 91).

The final column of Table XV gives orbit representa-
tives for the code, written in hexadecimal and right justi-
fied, with thc orbit size as superscript. For example the
first orbit representative [or A(12,4,6)=132 is BE™,
indicating that the vector

11 10 9 8 7 6 5 4 3 2 1
o 00 10 1 1 1 1 10

defines an orbit of size 55. The coordinates are numbercd
from right to left.

Of course the full automorphism group of a code
constructed in this scction may be much larger than the
group wc use to construct it. For example, the first code
in Table XV has as automorphism group the Mathieu
group M, of order 95040.
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TABLF X1
Cycuic Copes
Bound Other Representatives (in Hexadecimal)
. A(22,9) 2 68 0, C984F, 11BDBS, 284347, 3FFFFF (Ref. [105])

A(25,10)2 151 0,33947, BC5D3, 1492DS, 23EEBF, 2D3ED3, 358D99

A(84,3)=8 B

A(134,3)=26 13,85

A(184,4)=198 17,63,Dl1, 129,303, 419, 445, 885, A09, 1089, 1421
A(19,4,3)=57 43, 89,405

A(25,4,3)=100 D, 841, 2201, 8101

A(26,4,3)=104 D, 441, 4201, 8101

A(1165) =11 97

A(12,65)=12 97

A(1364)=13 Bl

A(1366)=26  1AB, 279

Al464)=14 53

A(14,66)=42 BB, 4C7, 52D

A(15,64)=15 8B

A(19.65276 A7, 1503, 420B, 8449 (Ref. [108])
A(20,6,5 284 3043, 11111, 14025, 20017, 40883 (Ref. [108])
A(21,6,5)2 105 343, 1017, 21049, 28083, 40423 (Rcf. [108])
A(2664)=52  20B, 10811

AQ76,4)=54 8834025

A(158.7)=15 537

A(16,8,7)=16 112F

A(17,8,8) =34 B9D, 2DA3

A(21,8,5)=21 98S

A(238,5)=23 4108

A(24,8,5)=24 20B1

A(268,6) =130  68B, 20139, 49015, 81843, 110A11

A(19,109) = 19 5793

A(20,109) 220 1129¥1°

A(21,108) 2 2] 1112F

A(22,10,11) > 46 12E6F, 3ED19, 155555
A(24,10,7) 224 12E11

A(24,10,9) 2 56 13A35, 84537, BOBOB

A(24,10,10)2 72 5348F, 85DC9, 88CB7

A(24,10,12) 296 4BE2F, 519F7, 1A4EES, 1DAC99

A(25,10,10) 2 100 7B621, 8591F, 9AA4D, 151867

A(25,10,11) 2 125 1D4B7, 42137, B63AS, D954D, 1CF223

A(26,10,10) 2 130 7B20B, 8165F, 1C7131, 235499, 654A49

A(27,109) 2 111 19535, 85A2D, 1518El, 923245, 1249249

A(27,10,12) 2252f  SAEAF, 1322BF, 2A0EEB, 3A55CS, 43F195,
4668DB, SAB943, 62DES1, 9493CD, 9C4E27

A(23,12,11)=23 299AF

A(24,12,10) =24 DE245

A(24,12,11)2 24 A65F1

A(26,12,9) 2 26 289CB

A(27,12,11) 2 54 2CC789, 42FA23
A(28,12,12) 2 84 11DSE3, 532679, A17TAIB

A(28,14,12) > 28 8C97Cs
A(28,14,13) 228 A2993F
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TABLE XII
ExTeNDED Cycric (or " CycrLic wiTH A F1xen Point”) Cobes
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TABLE XIII
Quasi-Cycric Cobks

Bound Orbit Representatives

A(17,4,4) 2 156 (OROUDO0000010111)0, (0000000001 100011)0,
+ (00000001 1000001 1)0, (COGXXDOUNE 1 1001)1,

(8000001000100101)0, (0000000101000101)0,

(0000010000101001)0, (3000000010100001)1,

(0#60010010010001)0, (0000100100001001)0,

(0001000100010001)0

(1110000100010110)0, (1011000010110000) 1

(100100100011 110101000)1, (1010001 11001101110000)0

(000000006 1001089101001 11)0, (000100010001000100010001) 1
(1000100010101000001 101000, (0000000001 1001001010001 1)1
(00088 101(X)0111100101€01)0, (0000010001 10010000110111)0,
(80080001 1010011001000101)1

(000801010101101111100011)0, (000001001110011 101011011)0,
(000010000111110110001011)1, (000100101100111010101001)1,
(000001111010100010001111)1, (001001 11001001 110010011 1)0,
(010101010101010101010101)0

(00001000110101010100100101)1, (WO00011110011000010011011)0,
(00010011001011010100010101 )0, (000001001 1100100011100001 1)1,
(8000100001 1010100100 110111)0, (000000100001 110100111001 11)0,
(00000010001000001011011111)1, (00000001001000111110101013)0
(000000100101000 101 110010001)1, (000000010101001110100001 101)0
(00000101100101001001010001 1)0, (000000001000011110101110001)0,
{000000010111000010001 1 10001)1, (000000001110010010011001101)0,
(00000110101 1000100001010101)0, (001001001001001001001001001)1
(00001000110100001 1100010111)0, (V0000000001 1011010001110011)1,
(00808100010001010100111101 1)0, (000100101010010100100010101)1,
(000010010001100010111011001)0, (000001 101801100100110100101)0,
(0000010101000010000110101 1)1, (000010001110010000111110001)0,
(000000110000110111001001001)1, (000000100101000010011101111)0
(0011010000001 100101011110, (000100101110000100101110)1
(00100000101110010600010111)0, (#6000000101000100111001011) 1

A(178,7)=24
A(22,10,10) 2 42
A(25,10,7)2 28
A(25,10,8)2 48
A(25109) 272

A(25,10,12) 2 130

A(27,10,11) 2 208¢

A(28,10,10) 2 1924

A(28,10,11) > 270%

A(2512,11)2 36
A(27,12,10)> 39

A number of different computer programs were used to
find the group-invariant codes described in this section.
The following seems to be the most efficient method.
Given a permutation group G, we first find its orbits on
the 0-element subset of thc coordinates (there is only
one!). Given representatives for the i-element subsets, we
extend these in all possible ways by a singleton and find
among the vectors thus obtained the (lexicographically
minimal) represcntatives for the orbits on (i +1)-subsets.
At the same time this tells us how often each type of
i-subset occurs in an (i+1)-subset of given type. This
process is continued until representatives for the i-ele-
mcent subsets with { < w have been found.

For t=w—d /2+1, we form a matrix B indcxed by
orbits of w-sets and ¢-sets, specifying how often a t-set is
covered by thc vectors in a given orbit of w-sets. Orbits of
w-sets for which the corresponding row of B contains an
entry greater than 1 can be discarded.

We now define a graph on the remaining w-set orbits,
joining two of them when they do not covcr the same
t-set, i.e., when the corresponding rows are orthogonal.
The largest codes invariant under G are obtained as the
largest weighted cliques in this graph, where the weights
are the orbit sizes. This method requires enough space to
store the T, X T, (0, 1)-matrix B, where T is the number
of orbits on i-sets.

Bound Orbit Representatives

A(16,8,6)= 16
A188,6) =21

(00110101)(00011000), (00011000)(01010011)
(110100)(100000)(110000), (000010)110100)(100001),
(000011X100001)(010100),(010101)(010101)(000000),
(000000)080000)(111111)

A(18,108)=9  (000100111)000101101)
A(200,7)=10  (0000101011)(0000010011)

A(26,10,6) =13 (000000001 1001)(0000010100001)

A(27,106) =14 (010)(008)(000)#81)(001 )(010)101)(000)(000),

(010)(000)(000)(100)(00)(100)(000)(101)(010),
(000)(010)(100)(000)(000)(001)(001)(000)(011),
(000)(001)(100)(000)(110)(010)(SO0)(O1) (X)),
(111)(111)(008)(000)(000)(000)(®00X000)(000),
(000)(000)(1 11)(111)(000)(000)(800)000)(000) (Ref. [105])
(000010111 )(D0SAN0100)(010000100),
(000100011)(001010000)(000 1 18008),
(0OVOVOOL Y(001000001)(100001110),
(000001001 )(01 11001 (K)(000000001)

(000001 1)(0000010)(1000010)(1000001),
(00000 11)(0100000)(001 1000)(0100100),
(OOI)(000001 1)(0001001)(0001101),
(0001001)(1001000)(000NC1)(O01 1000),
(0001001)(0100101)(00001 10)(0000000),

(111 1111)(0080000)(0000088)(800X),
(000BS80)(LXXNNN0)(1111111)(0000000)

A(27,10.7) 2 36

A(2810.7) 237

A(25,12,8)= 10
A(26,12,11) 239

(11000)(11000)(10100)(10100)(00000),(00100)(00001)(11000)(00100)(11010)
(000100111101 1)(0001101010000), (00011 10001 100)(0011000101011),
(0011011001000)(0800111100101)
(001)(000)(010)(000Y(OON)(001)(010)(101)(101),

(100)(010)(010)(001){000)(110)(1 10)(000)(000),

(011)(000)(010)(001){ 101 (008)(001)(000)(010),
(001)(011)(100)(101)(000)(000X000)(010)(100),

(Q00)(0F 1(000)(D00Y(011)(001)(100)(188)(010) (Ref. {105])
(0001001001111)(0001001010111)
(000)(VOO)(111)(111)(111)(000)(000)(Q00)111,
(110)(110)(100)(110)(100)(000X100)(110) 100,

(011)(101)(100)(001)(110)(1 10)(000)(100)010,

(011)(110)(011)(100)(108)(100)(01 1)(®0) 001,
(100)(100)(@00)(011)(100)(010)(011)(011)01 1,

(010)(100)(001)(000)(01 1)(110)(100)(011)101,
(010)(001)(101)(100)(000)(011)(011)(010)110

(1000000)(00 11101)(0110001)(1101000), (1010001) (1000008) (1001110)(1101008),
(0101110)(010001 1)(1000000)(1101000)

AQ27.12,8) = 15

A(26,14,12) = 13
A(27,14,12) 2 19

A(28,14,11)=21

XI. MisceLLANEOUS CONSTRUCTIONS

In this section we give some isolated constructions that
do not fit into any other category.

The group code & showing that A(16,4,8) > 1164% (see
Table XV) leads to three other good codes.

A(16,4,8)>1170. In ¢, replace the ten words FF,
AFS5,11EE,24DB, 7D82,BE41,C03F,CF30, F30C, FF00 by
the sixteen words 1EF, 2F7, 4DF, 8FD, 10FE, 20FB,
07F, 7F02, 80BF, BF01, DF10, EF20, F704, FB08, FD80,
E40.

A(14,4,6) > 276%. Shortcn ¢ by taking the 275 words
with a 1 in the first (i.e., left-most) and tenth coordinates,
and adjoin 58B.

A(14,4,7) > 317%. Shorten # by taking the 314 words
beginning 10, and adjoin BF, B4B, 3F80.

A(22,6,4) = 37. Take a Kirkman triple system of order
15 ([14], [30)). i.e., a Steiner system S(2, 3, 15) in which the
35 blocks are partitioned into seven “parallel classes”
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TABLE X1V
OTHER CopEs GENERATED BY A SINGLE PERMUTATION,
AND ReELATED CODEs

A(11,4,4)=35 (0010000 11)(10), (110001)(100)00), (101000)100)(01),
(000011)(100)(01), (100100)(011)(00), (011011 X000X00),
(100100)(000)(11), (101010)(000)(10)

. (111010000000)(100)(10), (100100100100 X011)(00), (101010101010)(000)(00)

A(17,86)=17

A(21,10,9)227  (1001)(001 1)(1010)(0100)00101, (0001)(0101)(0011)(0011)00011,
(1010)(0010)(001 1001 1)01100,(01 10)(0011)(0001)(N101)10001,
(0011)(0110)(1000)(0101)01010,(0010)X(0101)(0110)(1001)11000,
(1111)(0000)(1 111)(0000)08010,(00)(00)(00X1 1)(00X00X11X11)10110,
(00)(11)(00)(00)(11)(11)(00)(00)10110 (Ref. [105))

A(2210,7)= 16 (11100)(10010)(10000)(10800)00, (10000)(10000)(00110)(01001)10,
(10000)(10000)(01001)(00110)01, (00000)(11111)(00000)(00000) 11

A(22,00,9)235  (0001011)(10)1000)(1001010)} , (0001001)(0100001) (111 1100)0,
(000001 1)(V110011)(010001 1)0, (0001101 (00101 11X 1900880) I,
(0011101)(1100000)0010011)0

A(23,0,8) 233 (11100100000)(001010K0100)1, (10100001 000)(1010010001 10,
(11100010010)(00000011001)0 (Ref [105})

A(23,109)245  (111101001000100010000)10, (11 1010001100001000010)01,
(160100100100100100100)1 1 (Ref. (80])

A(23.10,10)2 54 (0000081011)(0001010011)111,(0011011101)(0101100001 Y000,
(00U1101001)(0000111101)100, (0001001011)(1111000100)010,
(0000111001)(0110010110)001, (0101010101)(1010101010)00,
(0000000000Y 1111111111)000, then adjoin 3DE003

A(23,10,11) 263 (000001010110011101111)00, (QOOVT 11110101 10001001)01,
(00010100111 1100100011)10

A(24,10,8)238 0080 11111111)(00000008), 0000000XO0U00SE)(11111111),
111(1008)0(10X01000)(10001000), 100(1000)0(00110100)(0160001 1),
plus firsi 4 cyclic shifts right of cach of
010(00110)(10001000)(0100001 1),01(XN1001)(10001000)(00110100),
001 (00110)(0100001 1)(10001000),001(01001) 001 10100)(10001000),
BOO(00 110)(001 10100)(00110100), 800(01001)(01000011)(0100001 1)

A(24,10,11) 290 (0010101100110100110101)(00), (0000100110001010011 101)(11),
(008001110101106X)001 111)(10), (0000010110111101100001)(10),
(0101010101010101010101)(00)

A(26,10,8) 254 (000011101001)(000100000001)10, (000CDXIDE] 1)(100100101011)00,
(0000100001 OTXXIN1 001 10100)81, (000001 001 101 )(108081000010)01,
(000101060101)(011000011000)00

A(26,10,9)284  (000000001000001001111011)(01), (00ADG0001000101110000111)(10),
(000010010110001101000101)00), (000010001 101000010001101)(01)
A(26,18,11)> 168 (000001101000010111011001)(10), (000100110100100110010111)(00),
(000001 100010101 111100101)(00), (0000010110001 1000001 1111)(01),
(000010010101110001 110881)(01), (COCDOO1 10010101001010011)(11),
(000001010100001100111101)(10)
(0010010101 11)(10000000000 1)(000), (VUBOS00O1 111)(000101000100)(010),
(000000100101)(100001001010)(100), (000010001 001)(100010000001)(110),
(000000010001)(1000111 10100)(000), (00001 100001 1)(001080001000)(0 1)
A(27.10,10) 2 159 (0QAD00100001001111011101)(000), (000001010011010010100101)(100),
(000010001010001000011111)(001), (000001010100100010010111)(001),
(000001101000101100100011)(001), (0D0OADOA01 10101100011001)(110),
(0000001100110000001 10011)(011), (001001001001001001001001)(110)
(00000000001010001101 100001 )01, (00000000100001000100100111)10.
(00000001001001000011010101)00
A(28,10,9)2 132 (000000080100001 1001001 11)(0101), (000010010100011001001001)(0100),
(960801 1000101 01010000101 )(0001), (§00000000101100001010011)(1100),
(000000101111010080110001)(0000),(00000101100100060101 1001 )(0010)

A(27,10,8) 266

A(28,10,8) 278

AQ2129)=8
A(25.12.9)=25

(11010000)(11010000)(1100)(10)
(000800101101)(001100)(1100)(10)0, (LXE1 100001 1)(100100):010)(00)1,
(001100110011)(010101)(0000)(00)0,(010101010101)(000000X0000)(1 1)1,
(000000000000)(111111)(0000) (1)1
A(25,12,10)228  (QD000D101101)(100001)(00L1)(01)1, (0001110001 11)(100100)(1010)(0V)0,

(001100110011)(101010)(XK0)00)1,(001001001001)(110110)(0000)(11)0,

(010101010101)000000)(0101)(11 )3, (X0GE0A00000)(1 11111)(1111)(00)0
A(26,12,10)230  (111100010010001018000110)00, every 4th shift of (01 1100000000010800111010)t1
A(28,12,8)2 19 1100000000 100)(100)(010)(001)(001)(010),

0011000080( 100)(010)(1 00)(010)(001)(001),

0000110000 100)(001 )(010)(100)(010)(001),

0000001100{100)(001 0O1)(010)(100)(010),

000080001 1(100)(01 0)(001)(001)(010)(100),

101010101 0{111)(000)(000)(000)(000X 000).

1001010101(000)(11 1)(000)(000)(000X000),

0110100101(000X000) (111)(000)(000)(000),

0101011010(000)(000)(000)(1 1 1)(000)(000) (Ref [80])
A(28,1211)263  (001001001001001001001001)(111)0, (AN101 110010010111001)(160)0.

(0000101001001 11101010001)(100)0,(0000000100010001 10101 11)(01 1)1
A(28,12,13)296  (009101100101001110011001)(01 1)0, (00000811001 1010101101 111)(000)1,
(DOOOTTINKT11101000100101)(110)1, Q0000101 1111100011 101001)(001)0

each containing five disjoint blocks. Add one further
point “at infinity” to each parallel class, yielding 35 words
of length 22 and weight 4, and adjoin A(7,6,4) =2 words
on the 7 extra points.

A(22,6,5) > 132. In the weight 5 words of the [11,6,5]
ternary Golay code, replace 0 by 00, 1 by 01 and 2 by 10.

A(28,8,5) = 33. Start with the affine planc AG(2,5),
containing 30 5-sets (the lines) on 25 points, and adjoin
three points X, X,, X;. Choose three noncollinear points
P\, P,, P4, and in the line P, P, replace P, by X, in the
line P,P; replace P, by X, in the line P3P, replace P,
by X, and adjoin the 5-set P,P,P;X,X,. Repeat this
with three further noncollinear points Q,,Q,, 05 (replac-
ing 0,,0,,05 in the three lines by X, and adjoining
0,0,0,X,X,), and again with three noncollinear points
R, R,, Ry, making sure that {P,, P,, P;, 0, (),, 03},
{Ph P27P3? Rl’ RZ’ R3) and (Qly QZ! Q3! Rl’ RZ’ RS} are
conics in the affine plane. The final code is shown in
Fig. 1.

A(20,10,8) =17 is constructed in Fig. 2.

A(28,10,6) = 16 follows by shortening the Steiner sys-
tem S(2,6,31)= PG(2,5).

Finally Kaikkoncn [105] observed that if n is even and
d’'=min{n,2d} then
n
2 )

This is obtained by replacing 0 by 01 and 1 by 10 in the
code attaining A(n,d), and 0 by 00 and 1 by 11 in the
code attaining A(n, d,n /2). For examplc A4(28,12,14) >
A(14,6)+ A(14,6,7) = 106. Many generalizations are pos-
sible, for cxample using ternary codes, but do not seem to
lead to new records in the range of our tables.

A(2n,d',n) = A(n,d)+ A(n,d,

XII. StArcHING FOR CoDES wiTH A COMPUTER;
Copes wiITH NO KNOWN STRUCTURE

In prcparing Table I we made use of several computer
programs that searched for codes. Two kinds of programs
were used, exhaustive search methods and hcuristic (non-
cxhaustive) methods. In discussing running times, besides
the usual variables n, d, w and M (the number of
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codewords), we use U to denote (), the size of the
universe of possible codewords.

Exhaustive search methods: We explain our exhaustive
scarch technique by describing the proof that A4(14,6,7)
=42. A code with 42 words was constructed in Scction
11, so it suffices to show that no code exists with 43
words. In principle we must consider all possible subsets
of 43 words from a universe of size U = 17“) =3432.

However, the size of this search space may be greatly
reduced. First, from (5), any code attaining 4(14,6,7) = 43
must contain a subcode C’' with n=13, d=6, w=7,
M =22, and C' must contain a subcode C” with n=12,
d=6, w=7, M=11. A previous exhaustive search has
determined that there are precisely 95 incquivalent
choices for C”. We may now restrict our search to codes
that contain one of these codes as the first 11 words.

Next, we need not consider every subset of the weight-7
14-bit vectors as a possible code. Only scts of vectors with
all pairwise distances > 6 need be considered. All such
sets may be generated by a standard backtracking algo-
rithm, indeed in lexicographic order.

The search spacc may be further reduced by noticing
that any M-word code C has M!n!/|Aut(C)| isomorphic
versions (obtained by permuting the # coordinates and
the M codewords). We wish our search to find exactly one
(or at any rate very few) of the codes in each such
equivalence class. The M! factor is avoided by requiring
that any code generated must be in lexicographic order—a
condition readily incorporated into the backtracking algo-
rithm. A large part of the n! factor is automatically
removed by the [act that the first 11 words form one of
the subcodes C” previously mentioned, and the first 22
words form a subcode C’.

More generally we may require all generated codcs to
be in “canonical form™ namely lcxicographically least
under any permutation of coordinates and corresponding
resorting of codewords, while preserving the property that
the Johnson subcode A(n —1,d,w) lies in the first n —1
coordinates and constitutcs the first [(n — w)M /n] words
(and so on recursively for the subcodes of this code, ...).

Proving that a code is canonical is difficult, but some
simple tests can readily show that a code is not canonical.
If any dcparture from canonical form does occur during
the backtracking, we may immediately prune that branch
of the search.

The combination of all of these ideas made this initially
intractable search problem solvable (in less than 18 min-
utes on an IBM 3090 model S computer, including the
time to generate the 95 incquivalent codes C”), using a
program written in a combination of Fortran and IBM-370
assembly language. The search tree contained about 90
million nodes, 309704 of them being codes C’ with n =13,
d=6, w=7, M =22 (we did not attempt to sort these
into equivalence classes). Other exact values of A(n,d,w)
found in this way are given in Table III.

Heuristic search methods: For problems too large to be
attacked by exhaustive search, we must be content with
heuristic algorithms. Perhaps the most straightforward
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heuristic is simply to run the exhaustive search described
above, or a variant of it, performing an incomplete search,
and keep the best code found.

Often we are given a good partial code (obtained for
example by shortening another code), and wish to com-
plete it. Several heuristic methods are available. The
lexicographically least code containing some given “seed”
subcode is readily found in O(UM) steps. A similar, but
more powerful code-extension heuristic is ‘“minimal-
degree lexicography.” Consider the H-vertex graph
formed by the H holes in a partial code (two verticcs
being joined by an edge if thc corresponding vectors
differ in less than d places). Remove the lexicographically
least vertex of minimal degree from this graph (as well as
all its neighbors), and place it in the codc; continue doing
this (using the sequcnce of successively smaller graphs
that arisc) until no further augmentation is possible. This
procedure takes O(UM + H?) time.

A simple probabilistic variant of these two methods
uses “coin tossing.” Namely, each time the extension
heuristic could add a new vector to the current code, we
toss a (possibly biased) coin, and add the vector only if the
coin toss comes up ‘“‘heads.” Otherwise (“tails”) we dis-
card the vector and continue. Alternatively, deterministic
skip-selection methods (such as a systematic backtrack
search, or a greedy procedure) may be used.

Another kind of approximate optimization is based on
“local search.” We say that a code is “k-optimal” if its
cardinality cannot be incrcascd (while maintaining the
minimal distance) by deleting & words and adding holes.
Thus lexicodes (and other codes found by a greedy algo-
rithm) are 0-optimal, while codes attaining A(n,d,w) are
k-optimal for all k. If k is small then an M-word code C
may bc tested for k-optimality (and if not k-optimal an
improvement found) in O(UM + (’Z’_‘I‘)k'l‘) time, where T
is the sizc of the following bipartite graph.

This graph, which is constructed at the beginning of thc
search, has two sets of vertices, a blue vertex for every
codeword of C and a red vertex for every vector not in C
that “bites” (lies at distance less than d from) k or fewer
words of C; an edge joins each such vector to the code-
words that it “bites.” Oncc this graph is constructed, no
further hole-finding need be done.

We now consider all possible k-subsets S of C (the
blue vertices), and see if their dcletion will increase the
size of C, using a trivial exhaustive search among the red
vertices that are connected only to S.

The following “polishing” proccdure was often able to
improve even thesc k-optimal codes. We begin by con-
structing the bipartite graph described above, maintaining
the red vertices (those not in the code) in a queue. If
there is a red vertex h of degree 1 we exchange 4 with
the codeword ¢ to which it is connected, adding / to the
code in place of ¢, which is placed at the end of the
queue. When there are several choices for 4 we choose
the one closest to the front of the queue, i.e., which has
been out of the code longest. This procedure is then
repeated. If after some fixed number (c.g., 1000) of itera-
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TABLE XV
CobEes DEFINE® BY GROUPS WITH MORE THAN ®NE GENERATOR, AND RELATED CODES
Bound g Generating Permutations Orbit Representatives
[Group)
A(i2,4,6) =132 55 (1,2,3,...,11),(2,5,6,10,4)(3,9,11,8,7) SF%5, 83D%, ED", 897"
[11:5)
A(14,4,4)=91 42 (1,2,3,4,5,6,7)(8.9.10,11,12,13,14), 1867, 198 1EQY,
[7:6] (1,14)(2,12,5,13,3,10)(4,8,6,11,7,9) 17'¢, D1
A(14,4,5) 2 169 156  (1,2,3,..,13),(1,2,4,8,3,6,12,11,9,5,10,7) 5D™, 2053%, 6B**
[13:12]
A(14,4,7) 2316% 42 (1,2,3,4,5,6,7)(8,9,10,11,12,13,14), 19F*, 3B9*2, 5D5*2, 79342,
[7:6) (1,3,2,6,4,5)(8,10,9.13,11,12) 7A5*2, BAC*?, FBO®, SCB",
FE7, 3F80!
A(15,4,5) > 2343 42 same group as above 19A%, 1A6%, 418C*, 1D42,

3853, TAQ*, 4099% , 43822
then adjoin veciors 1F, 67,79
A(15,4,6) > 382% 42 same group as above 18F%, 399, 3AA*, 5C6%, 7834,
4394*?, 45852, 40BC?, 4193%,
43C8“, 584“.
then adjoin 315, FAO, 1790, 1B88, 1D84, 1E82,
11740, 2F01, 6780, 7980, TE00

A(16,4,6) > 5924 80  (1,15,7,512)(2.9,13,14,8)(3,6,10,11,4), BB¥®, 1F1%,2BC¥®, 297%,
[245) (1,16)(2,3)(4,5)(6.7)(8,9)(10,11)(12,13)(14,15) 30F®, 94E®, 6F*, 3784,
2CE'®, 365'¢
A(16,4,8) > 1164% 168 (1,2,3,4,5,6,7)(9,10,11,12,13,14,15), 75D'®, T6B'®, F78!S®, {F23!%,
[PSL2,7)) (2,3,5)(4,7,6)(10,11,13)(12,15,14), 1F2C'%, 173A%, 737%, 1F15%,
(1,8)(2,7)(3,4)(5,6)(9,16)(10,15)(11,12)(13,14) FOF*, 3KC®, 3FC0O?, 17TE8",
1DE2", FFOO', FF!
A(18,4,5)2516% 72 (1,59)(2,3.8)(4,7,6)(10,14,18)(11,12,17)(13,16,15), 21B™, 64C™, 6A4™ E147,
[3%:8) (1,2,3,4,5,6,7.8)(10,11,12,13,14,15,16,17) E817, F02™, 1E407,

then adjoin 643, C86, 1 AOC, 3418, 6814, C068,
14281, 1A090, 22111, 24422, 28844,31088

A(20,4,6) > 2280 3420 (1,2.3...,19), SF!70, F3°
PSL(2,19)] (2,5,17,8,10,18,12,7,6)(3,9,14,15,19,16,4,13,11),
(1,20)(2,19)(3,10)(4,7)(5,15)(6,16)(8,9)(11,18)(12,13)(14,17)
A(20,4,10)2 13452 3420  same group as ahove BDF*®, FBD**, DFB'"'°,

EF7'°, 12FF'°, 157F", F6I™*

tions the code has not bcen improved, the vector at the 2) Perturb every codeword by “pushing” it until it is
front of the queue is added to the code and its neighbors lexicographically as small as possible.

are removcd and placed at the end of the qucue (tempor- 3) Sort the (permuted and pushed) codewords into
arily decreasing thc size of the code). lexicographic order.

In the range of our tables we are able to achieve 4) Remove the (lexicographically) last k& words [rom
k-optimality for values of k ranging 2--5. A less conserva- the code, and attempt (o replace them by more than
tive attack would allow k-alterations for much larger k words, using somc exhaustive or heuristic search
values of k, considering only a small {raction of possible method.
k-scts, without trying to achievc k-optimality. One such 5) Go back to Step 1) (and repeat as many times as
heuristic code-improver is the following. desired).

1) Perform a permutation on the coordinates of the In this procedure one can use very large values of k, e.g..
code. 20% of the codewords. This is one of a class of possible



1358

IEEE TRANSACTIONS ON INFORMATION TIEORY, vOI.. 36, NO. 6, NOVEMBER 1990

TABLE XV (Centinued)

Bound

Orbit Representatives

8 Generating Permutations
[Group]
AQ244,6)=7084 6072  (1,2.3,..23),
[PSL(2,23)] (2,3,5,9,17,10,19,14,4,7,13)(6,11,21,18,12,23,22,20,16,8,15),
(1,24)(2,23)(3,12)(4,16)(5,18)(6,10)(7,20)(8,14).
(9,21)(11,17)(13,22)(15,19)
A(24,4,8)234914 6072  same group as above
A(28,4,6)>15288 1092 (1,2,5,3,10,6,12,49,11,8,7,13).
[PSL(2,13)) (15,16,19,17,24,20,26,18,23,25,22,21,27),
(1,3,5,7.9,11)(2.4,6,8,10,12)(15,17,19,21,23,25).
(16,18,20,22,24,26),
(1,7)(2,6)(3,5)(8,12)(9,11)(13,14)(15,21)(16,20).
.(17,19)(22,26)(23,25)(27,28)
A(17,6,5) =68 4080  (1,6,13,5,4,2,15,10,14,12,3,9,7,11,8),
[PSL(2,16)] (1,16)(2,3)(4,5)(6,7)(8,9)(10,11)(12,13)(14,15),
(2,3)(4,9)(5,7)(6,8)(10,14)(11,13)(12,15)(16,17)
A(17,6,8) 2 184 16 (12....8)(9,10....16),
[Q(16)] (1,9,5,13)(2,16,6,12)(3,15,7.11)(4,14,8,10)
A(18,6,8) 2 248t 32 (1,2)(3,4)(5,6)...(15,16),

[2*2) (1,3)(2,4)(5,7)(6.8)(9,11)(10,12)(13,15)(14,16),
(1,5)(2,6)(3,7)(4.8)(9.13)(10,14)(11,15)(12,16),
(1,9)(2,10)(3,11)(4,12)(5,13)(6,14)(7,15)(8,16),
(3,4)(7,8)(9,13)(10,14)(11,16)(12,15)(17,18)

A(18,6,9) 2 304 384 (2,3)(6,7)(9,13)(10,15)(11,14)(12,16),
(2,11,12)(3,16,14)(4,6,7)(5,13,9)(8,10,15),
(2,5,3,8)(6,7)(9,16,15,11)(10,12,13,14)(17,18),
(1,2)(3,4)...(17,18)

A(19,6.9)2 504 96 the generators for A(18,6,8) > 248 together with

[24.5,)

(2.3,4)(6,7,8)(10,11,12)(14,15,16)(17,18,19)

6F%%, |CD™™, 197"

SBD%®7 67D, 72F30%,
9DB>*%, ADD, B67°%%,
EES5%, F39%%, FA3®S,
12BD%, 149F™*, 351B™°
CO1C'*2 CO9A'®? COA6'™?,
1COB0'™?, 2C112'*?, 2C700'™,
3C041'%2, 3C208'%2, 4076%°,
412E%S 1C128%¢, 1C888%5,
2C034%¢, 2C2605%, BC100™4,
DC040%¢, C033?", C3037°,
C3307™, ACO0A?™, AC021%"7,
ADO080?"* | 1C1C0'®, 2E420'8,
DB®*, 6C000”

CEGB

195B'¢, 1C37'¢, 2DOF'S,
5267, 6857'¢, 8A4F!®,
CA41F', 10337'¢, 1492B",
18547'%, 1A02F'¢, 6633°,
F12, 55552

11593%2, 11A6C?, 31472%,
147D, 172B'S, 17D4",
1D47'¢, 1E1E'®, 555A',
3111E',31247', 11EE®,
12B7%, 333C*

103F3%, 11B1B%,
10F69**, IFCA®,
307AC*

3162E%, 103CF*, 11R274,
11E4B**, 133694, 13535%,
135CA*, 70356%, 10F55%,
111BB*, 114D7*

optimizers that work on the principle of “cut a hole in the
code, then refill it.” The additional step of “pushing”
codewords in order to artificially “expand” the holc can
further increase the power of the heuristic.

The codes labeled “y,” “ya,” or “yd” in Table 1 were
obtained by one or more of the previous methods. Those
with fewer than 1500 words are listed in full in Table

XVI. Most of these codes are at least 2-optimal. They are
described in compressed notation, obtained as follows.
The words are first sorted into lexicographic order, yield-
ing a sequcnce of words ¢y, ¢, *, ¢y, (say). The com-
prcssed notation for this code is (@, a5, - -, a,.). To find
a, (1<i<M), let u,,u,,-- be the list of all vectors,
arranged in lcxicographic order and following c,_, in the
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TABLE XV (Continued)

Gencrating Permutations

Orbit Representatives

Bound g
[Group]
A(22,8,6)>319 S5 (12,3,..,11)(12,13,14,....22),
{11:5) (2,5,6,10,4)(3,9,11,8,7)(13,16,17,21,15)(14,20,22,19,18)
A(23,6,8) 2 1265% 506 (1,2,3,...23),
[23:22] (2.3,59,17,10,19,14,4,7,13)(12,23,22,20,16,8,15,6,11,21,18)
A(25,6.9) = 41004 600  (1,2,..5)6.,..,10)(11,...,15)(16,....20)(21,...,.25),
[52:2A,] (2,6,25)(3,11,19)(4,16,13)(5,21,7)(8,10,20)(9,15,14)(12,24,22)(17,18.23),

(2,11,20)(3,21,9)(4,6,23)(5,16,12)(7,8,18)(10,13,15)(14,25,24)(17,22,19)

192555, 1BS0%, 5868%,
7881%5, 15D00%, A3AM,
DC4", 4B820", 74804"
A6F22 2ECI1?®, 4B99%53,
6159, B4A3?™

8CAF*®, A4TB*®, EBC2%°,
2CF6®, 9637*®, 9A9B>™,
9D4B2®, C5312%,

1359

A(25,6,10)2 57005 600 same group as above

A(25,6,11) > 7200% 600 same group as above

A(28,6,7) = 4680 9828  (1,14,27)(2,10,4)(3,22,13)(5,19,8)(6,18,21)(7,12,11).

C99E°, CE4D?*®, DACT*™®,
D86E>™, 1A8B3°°, 2B869*®
AT3ES® B375%° D2E7%°,
9E2FS® 73350 1GB965®,
D7F™, 11153D%®, 1DSA6®,
1IEAB2?™, 11A 1762, 2B9692*®
B1EF¥°, BETA®, CFI1F*™,
19D97%°, 1 ASBE®®, 1C6AF™®,
ID772%°, 10B45F%°, 119F2C*®,
12274F%°, 12CCB9%°, 1086 FB3®,
1139793

122F%76, 4Fgi

[PSL(2,27)] .(9,16,26)(15,17,23)(20,24,25),
(13.5,....25)(2.4,6....,26),
(1,14)(2,13)(3,12)(4,11)(5,10)(6,9)(7,8)(15.26)(16,25).
.(17,24)(18,23)(19,22)(20,21)(27,28)
A(28,12,10) 2 48 9 (1,2,3)(4.5,6)...(16,17,18), 90C264C°, 911291A°,
[3?] (4.5,6)(10,11,12)(13,15,14)(16,18,17)(19,21,20)(22,24,23) 9128A25%, 9249143%,

E00ICOF', 1F8000F ',
007007F', 000E38F",
FC00388', 038FCO8',
E07E004', 0001FF4',
03F0382', 1COE072',
E380071', 1C71CO01"

lexicographic order, that have distance >d from the
subcode {cy,"**,¢; }. If ¢;=u, we set a;=r —1. Infor-
mally, given ¢,,"*-,¢,_;, we must skip «; lexicographic
words to get ¢,. Koschnick [111], who independently dis-
covered this compressed notation, refers to (@, -+, a,,)
as a skip-vector for the code.

For example the skip-vector for a lexicographic code
itself is simply 0,0, - -,0 (M times), which we abbreviate
to OM.

The algorithm for decompressing this notation is cqually
simple. To recover a code {c,"*,c,), showing that
A(n,d,w)> M, first form thc sequence ay, :',a, by
cxpanding each symbol a* to a.a, - -,a (k times). Then
¢, 1<i<M)is the (a; +1)st vector ¢ in lexicographic
order starting at c¢,_, such that wt(¢)=w and the dis-
tance from ¢ to {c,, - -,c;_,} is at least d.

In a sense the codes in Table XVI are our failures. At
least one of the authors (NJAS) believes that every value

of A(n,d,w) in the range of our tables should be attained
by a code with some mathematical structure. Expericnce
has shown that sooner or later most random codes in this
range are superseded. We hope this will happen to the
codes in Table XVIL

ERRATA IN EARLIER WORKS

In [13], Table 1I-D. A(16,10,7) = A(16,10,9) = 4 (not
3). In Table III-A, T7(1,2,7,16,10)=8 (not <6),
7(1,3,7,16,10)=12 (not <9), 7(1,4,7,16,10)=16 (not
<12), T(1,5,7,16,10)=16 (not <15). In Table III-D,
7(2,4,7,16,10)>19 (not <18). We do not at present
know how these errors affect the upper bounds in [13]
(nor papers such as [180] that make use of these bounds).
Until further checks are madc, all the upper bounds in
[13] for codes with d = 10 obtained by lincar programming
should be regardcd with suspicion. We have also been
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0111100000]00000 [00000 {00000 001
00000 | 11111 {00000 [00000 |00000 {000
00000 | 00000 | 11011 |00000 00000 | 100
00000 | 0000000000 11111 {00000 |000
00000 /00000 /00000 /0000010111010
‘10000 {00000 | 10000 [ 10000 [ 10000 {001
01000 (01000 {01000 (01000 {01000 |000
£ 00100 00100|00100|00100|00100|000
0001000010 {00000 [00010 00010 | 100
00001 | 00001 | 00001 |00001 |00001 |000
10000] 01000 |00100|00010{00001 {000
01000|00100 00010 {00001 | 10000 |000
00100|00010 | 00001 1000001000 |000
00010|00001 |10000|01000|00100|000
00001 | 10000 | 01000|0010000010{000
10000 {00100 00001 [01000{00010{000
0100000010 | 10000 0010000001 {000
0010000001 | 01000 {00010 | 10000 {000
00010|10000|00100]00001 | 01000000
00001 |01000| 00010 | 10000 {00100 |000
1000000010 01000 [00001 [00100]000
01000 {00001 {00100 | 1000000010000
00100 | 1000000010 {01000 {00001 {000
00010 |01000| 00001 {00100 | 10000 {000
00001 !00000 10000 |00010{01000]010
10000 | 00001 {00010 |00100{01000|000
00000 | 10000 |00001|00010{00100{001
0010001000 | 10000 |00001 {00010 000
0001000100 01000 | 10000 000001010
0000100000 |00100|01000] 10000 100
11000 10000 ] 00000 00000 {00000] 110
0000000100 {00000 | 0000001001 | 101
00000| 00010100110/ 00000{00000{011

Fig. 1. A4(28,8.5) =33

unable to recover the ‘“miscellancous construction” of
[13] that produced A(18,6,6) > 144, and in the present
paper havc rcplaced it by A(18,6,6) > 132. In [13], p. 89,
col. 2, the words “equivalent to determining D(t, k, "),
where” are illegible in some copies. In (5), linc 5, change
197 to 297.

In [44, (5)], the range is a’ < a, b’ < b. On page 348 the
last line of Table XIII should read A(24,10,12) > 80.

In [45], p. 141, caption to Fig. 5.1, the length of code is
11 (not 10).

In [50], p. 12, line 21, IT,| = 112952 (not |1",,).

In [72], p. 40, T(1,6,6,15,10)=8 (not 7). On p. 40,
column 1, linc 3, change 554 to 553. In Table 1V,
A(16,10,7) = A(16,10,9) = 4 (not 3).

In [147], A3 =56 (not 99).

In [150], Table 2, A(19,4,5) > 644 (not 664).
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0001[0011{0101 /1001 [0001
111111110000 0000|0000

Fig. 2. 4(20,10,8)=17.

T. Etzion and C. L. M. van Pul [68] showed A4(17,4,6)
> 854,

H. Himilainen [80] showed .1(18,6,9) > 304, A4(19,6,9)
> 504, A(23,10,9) > 45, A(25,10,8) > 48, A(26,14,11) =
10, A(27,14,11) =13, A(28,12,8)> 19, A(28,12,10) = 48.

I. Honkala [91] showed A(22,12,9)=8, A(25,12,8) =
10. I. Honkala [93] showed A(26,14,9) =6, A(26,14,10)
=8, A(28,14,9)=17.

M. K. Kaikkonen [105] showed A(22,9) > 68, A(25,8,9)
> 829, A(21,10,9)=27, A(23,10,8) > 33, A(24,10,9) >
56, A(25,10,6) =10, A(25,10,8)> 48, A(26,10,6)> 13,
AQ27,10,6) = 14, A(25,12,8) = 10, A(28, 12, 14) > 106,
A(26,14,10) = 8, A(26, 14, 11) =10, A(27,14,11) = 13,
A28,14,9) =17, 1(28,14,11) > 21,

C. L. M. van Pul [149] showed A(17.4,5)> 424,
A(17,4,6) > 854, A(19,6,7) = 338, (19,6,8) > 408,
AQ21,6,7) > 570, A(17,8,8) = 34, A(18, 8,6) = 21,
A(22,10,7)> 16, A(22,10,8) > 24, C. L. M. van Pul [150]
showed A(17,6,7) > 166, A(18,6,7) = 243, and

S. Rankinen [151] showed 4(20,6,8) > 588.

After this paper was submitted wc rcceived a preprint
by K.-U. Koschnick [111], which independently showed
A(12,4,5) > 80. A(18,8,6) =21, A(22,10,7)= 16, and im-
proved one of our entries by showing A4(23,10,7) > 20. A
code with the lattcr parameters and equivalent to
Koschnick’s is given in Table XVL.

Other codes were found by Chen, Jin, and Fan [34],
Cheswick [35], Chung and Kumar [37], Darwish and Bose
[49], Dueck and Scheuer [63], Lin [123], Zaptcioglu [184]
and Zinoviev and Litsyn [188]. We thank all of these
correspondents.

David Johnson kindly allowed us to use his simulated
anncaling graph coloring programs [98]. We also thank
John Conway for many helpful discussions. Iiro Honkala,
Heikki Himiildinen and Markku Kaikkonen for informing
us of a large number of codes that they had found, and
Tuvi Etzion and Kevin Phelps for several helpful com-
ments. Tuvi Etzion also helpcd us find some of the
partitions in Table VI (cf. [65]). Aaron Grosky and Ralph
Knag provided valuable assistance in running our pro-
grams at Bell Labs.

The automorphism groups of certain codes in this pa-
per werc computed using B. D. McKay’s graph-automor-
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TABLL XVI
ConES WITH NO KNOWN STRUCTURE, DESCRIBED BY Skip-VECTORS

A(12,4.5) >80 ]
0. 17.3.1.0.3,2.0.24.4:0.2.0°.1.0 . 1.0°.1.0.2.0.1.0".1.0°,17.0°.1.0.1.0'¢
A(13,4,5>123

02.2.11.0,17.4.2.0.1.0.6.1.4.3.0°.4.0.1.0%.2.4.0.4,0.1.07 .1.07.2.0°.2.3.0.1.07.4.0.2.0°. 1.0°.1.0%.1 %,

0°.1.0°,1.0°.1.0%° .
A(13,4,6) > 166

01737 1.0 1.0.1.2.1.2.1.0,1.0°.2.3.0°, 1.3.0°. 1,07 3. 1.0 1.0° . 12.0.17.0.2.0. 1.0 .1.0"2.1.0" 1.0,

LO7.3.1.0°. 1,07, 1,0 1.0%.1.0°.1.3.2.0°.1.0'®
A(14,4,6) > 278

0°.1.3.0.5.07.1.2.12.0.2.3.2,0.1.0.3.0°. 1.0 .4.0*, 1.0".2,07.4.1,0°.12.2.0* 12,0, 1°.07.2.0, 12,07,

2.0 1L0% 1.0 10 L0 10720720, 1.07,1.07,2,07. 1.0, 1.07.1.0*". 1,05, 1.0°. 1.0, 3.0. 1,03
A(14,4,7) 2 325

0%.6.7.0.1.0°.4.7.2,3.0,4.2.1.0%.3.0°,1,0°.2.0.3,1.0.17 .2.3.0*.17.0°. 1.0 1.0%.17.0.1.0°,1,0%.17.5,0.
4.0.1.4.3.0.1.0,1.0,2.0*.4.0°.1,0.2,1,0.1.07".17.0°,1.0*.3.0.6.1.07.1.0°.1.0°,2.07 1 7,0*. 1.0 17,07,

1.0 1.0 17,00
A(15:4,10) > 237 (has a shortening to A(14,4,10)=91)

07.1.0%,3.27,0.1.07.17.0.1.0%,2,0*.5.4,0,.2.0* 1,0, 1.2° . 1.0.2.0°,1.0% 371,07 .1°.2,0.1°.0.3.2,0.5.
15.07.1.0%1.0.2,0%.1.0.3,0.27.0* . 1.07. 11 2.0, 1.0%.17.07.1,0.2.0%.2.0.1,0°.1.0%,2.0.1.0°.1.0.1.0°,

12.0%,1.0°4.1.07.1.0%
A(15.4,6) = 389

0°.11,3.47.9.5.1.0.5.0.2.17.27.0,1.4.0.3.2.0* 2,3,1,4.0.1.0.2.0.2.11.0.3.5.2.0* 2. 1°.3.0°.2, 1,0, 1.0,
1.0.1.2.0°.2.1.07.1.4.0.4.1°.5.2.07.9.0.2.0.1.07,6.0.3.0°.4.0.1.0" 17.2.0.1.0* . 1.07.12.0° 11,0, 1,0.1,
04.4.5.1.4.3.0*.2.0*.2.07.1.0.17.0.1,3,0° 1,0 102 1.0 1.4.0.1.0% 170" 1,07 .3.0.47.0.1,0. 1.0 1,
0'".2.0.1.2.0°.1.0.2.1.07. 172,107 1,07 1.0, 1.0 1.0.12.0.1.0°.7.07 . 1.0.1.0" 1,07 1.0 7, 1.0 1.0,

1.0
A(16,4,11) > 312

0'.2,3.4.1.0.1,4.3.2.0.4.1.0.3.0*,1.07.27.0.5.1.3.0.1.0.3.0.1.0%.2.1.4,0". 1.0 1.0 1.3.0,27.0.1.
017,07 1.0.5.0. 17,07 1.0 12,0, 1,07 1,05 1.0, 1.0, 1.2, 1.0.3.0°.2.0°. 1.2.0°. 1,00 1.0 123,00 12,

0" 1,05, 1.0, 1.0
A(16,4.6) > 615

01.27.4.9.2.14.0.2,0.2.0.5.2.7.17.0.1.5.0.2,1.4.1.47.2°.0*,1.5,17,0.2,0,2.0.5.0.1.2.0.2,5.3. 170" 1.
0.1.0%1%3.4.0,1.0.6.3.0°.4.2.1.0°.1.0°.3.17.07.17.0.2.0°.1.0. 15,07 1,0.17.07.1%.0°.1,0.4.0°.1.0.2.

N

1,073,055 1,7.07.1.07 . 1.07.2,0.1.07,1.0%.1.0.1.2°,0.2,1.0.2.0°.1,0*.1.0.1,07.1.2.0%,1.0* .3.0°.1.3,
0.17.0.5.0.17.07.1.0.4.2.07.17.07.4.07. 17,07, 1,07, 10 17.0.1.07.2.4 1.0.17.0.1,0,2.0°.1,0.2,0°. 1.
OV 107 1L 0P 1,0 1.0 1200 107 1.070.1.07 . 1.07 1.0 1.0, 1.09.1.00.2,0.1.0" 1,02, 1.0°. 1.0 . 1.0%,

1.07. 1.0, 17,07 1.0% 1.0 1,07

A(18,4.13) >518
07.10.18.7.3.6.4.1.4.27.3.4.0.2.3.4.1.2.1°.0,

02.1°.21.0.5.3.2.1.2.3%.2,0°.4.3.0°.6.07.2.1°.32.0. 1.3.0° . 1.5.1.3.0.1.0°.2.0* .1 .0°. 1,071, 2,02 1.0%.
1.0'.32.9.0.2.5.2.0.7. 1.0.4.1°.0°.3.0°.5.0* 17 .6.3.0, 1.0, 1.27 . 1°.3.1.3.0.2.1 .4.0.1°.0°. 1 7.3, 1.0.4. 1.
0.2.0%.1.0.3.7.3.0°.3.0.1.0.2.0 4. 1.0°.17.02.3.5.0°. 1.0*.1.0%.3.6.2.4.0.1.4.1.2,07.2.0.1 0. 1.02.1.0.
3.0%.1.2.07.4.0737.0.2.0°. 1.0, 1.0%.17.07.4.0*.2.1.07.2,0°.3.0.17.0.4.0°.2.17,0°.1.2.0.4.0.3.0°.2.0.

317.2.003.07.1°.0 1L6.0.4.1°.07.1.07.2.0.1.0.1.0.1.0°.5.0°" 1,20, 1.0, 1.0°.1,07.1.0°. 1.0 1.2,

20

0°
A(20,4.5 > 874

02 13.5.87.5.08.21.1.3.0.1.5.0.15.2.7.0.8.0.2.1.2.1,5.2.11.15.3.5.0.9. 1.7.3.6.7.4.2.0°.2.1.2.1.9.5.3.
0031300111 47.3.0 1,014, 1°.0.17.0%.2.1.6.0.1.15.2.1.3.0.3.1.0°.7.0.1.3.1% 3.1.8.2.0.2.0.2° 4,
1.07.1.0°.2.0.9.2.4.1.0.37.2.074.0°. 1.3 1,07, 1.2.0.1,0.4.0° .27 37.0%.2.0%.2.0.1.6.1.0.1.0°.1.0°.. 2
05.1.0.3.271.0° 2207 4.1.07.2.0.4.04.0.2.07 1.0 1.0 4.2.0° . 1.0.1.07.2.07.2.07.2.0.1.0°.1.0°.1.07
2.0.3.0.2.0° 2.3, 1.0, 1L.2.0.3.0 . 101,07, 1.0, 17,02 1.0°.1.2.0. 1,07 . 1.0%.2.0%. 1.0*. 1.0*.1.07.1.0%.3.0,
107 6.2.0°.2.3.0.1.2.0.4.1.0.2.1.0°.3.0°. 1,270 1.0.1.0° .00 1.0 1.0.1.0°.2.07.1.07. 17,081,

N

1.2.1.07.1.0%,4.15.4.2°.0.2.47 3.0°.3.2,1.3.6.1°.2. 1 4.1,

1361
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TABLE XVI (Continued)

0'7.2.0%.1.07.2.1,0.4.0%.3.0°.2,1.0°.1,0. 1.0, 1.0°.1.07.1.0”.1°.0.1.0"".1.0.2.0" . 1.0. 1.0° . 1.0°". 1.
0™.1.0% 2 L07.2,1.0"1.07.1,2.0°. 1,07 12,0, 1.0 1.0 1.0 1.01 12.0°.1.0%.1.0".1.02" . 1.0™
'A(18,6,8) > 260
0°.102.13.8.9.30.8.1%,0.9.10,9.6.0.2%.5.4.2.0*.1.0.1.0.2.1.3.2.0°°.2.3.1.0.1.0*.1.0".31.16.7°.17.24,
4.1.0.4.1.10.9.2.7.0°.2.0.21.0.7.2.7.37.0.3.2.3° . 1.32.7.14.16.0.10.2. 1.8 .4°.10.1°.4.3.4.12.1.5.2.10.
0.3°,1°,0°.7.2.0.1.0*.1.0°.1.0™

A(21,6,8) 2774

139,694,443,214.933,307,286.778.117.622.712.220.438.242,328.471.22.4.55.10.0.62.23.2.1.2.10.0.
16.12,1,4,12.0.22.6.3.0%.22.10.7.2.4.2.1.7.0.2.0. 1.0* . 1.0%.17.0.1°.11.0°.1.0°.4.0.1.0>*.86.7.54.12.1.
0.1,30.0,19,2.0.2,22.0.1.10.8.7.5%.2.3.0.2.1,0.1.9.5.02.2.0°.1.0".4.2.0°.1.0°.1.0"°.1.0"°.11.79.0.8.
23.1.15.3.5.2,4%.0°,5.1,0°,2.0°.2.1 0* 3. ()4 3.0%.1.0°.5.0.2.0%.2.1° o“’ 6.2.16.3.!.10.6.1.5.3.0.4.0.
4.1.0.3,1.0°.2,1.0,1.07.1,0%,3.0°.3.0*.1.0.13.5.0,1.0.9.1.0.5. on 21.4.0°.1.07.7.07" 2.0"°.1.0". 1.
0%',3.1 .20: 1,2,6.0%,7.2,9,3.1.3.1.3.6.0.15.4.,0. 1.0.7.1.4, 12.10.1.10,12.13.9.0.1.0.2.0.2.0°.17.0".6.
02,5.0.2,0°.1.0".1.3,5,1.0,4.2°.0,1.0° . 1.0, 1.0°.1°.0°.1°.0*, 1.0°*.1.0°*,10.7.20.3.11.2.1.5.0". 1°.
0%,2.1%,0.1.0%.14.15.0,1.8.1.0.1.2,0*.2.0°.1.0°.1.0%.1,0.4.0°.1.0°.1.0" .1 ‘.3.0‘.3.0“.2.0.1.0"
A(21,6,9) > 1184

11591.0.66.15.8.78,9.8,19.0°,3,16,10,2.11.0.5.0.3.2.07.17.5.1°.2.0.1.5.0.2.1.0°" 4.1, 0- 11.07.1.0%,
46.1.49.1,29,8.28.2.0%,1.6,0.1.6,0°.1.0%,1, 40- 1.0*.1.0°7.1. 0‘6 1.4.0.1.2,02.1.0.2.0°.1.0.3.14.0. 1.
4.18.0.22.1.0"",16.1%.0%.6.0,1,2.0,3.0.1,0°.5,6.12.4.6. 10.2. 0°.8.2.0.1.4.3.0°.1.0.4.0.2.0, 1- 0.19.0°,
1.2.0°.1.0'".61.0.7.0.1%,0.2%,0".17,2,0%.3.1.0.1.0°.1.07.1.0.1.0.1.0.1.0*. 1.2.07.1.0%.2°.0*.2". 1.
33.3.0,2.5.0°.2.1%,0%,1.0%.1, 06 | 01.1.0.1.0.|.0 1°.0%, 70* 17.0.2.1.0°.2.0%.1. 0‘2 1.0%.2.0.1.0.1,
04,1.0%%,1°.0.1,0'"%.1.0°.1.0°.2.07,1,0"'2.1.0.6. w* 7.1.2.0.5.1.0°.3.2,6.0.2.0.1.0"° . 1.0%. 1.6.1.0%. 1.
()’.l.()".3.0‘.l,().l.()s.l.().l.0.2.6,3‘(),l‘.().1.2.()5.2.4.I.07.2.0°.l,()“.l,0’.l.().l.()".l,()”.Z.OJ.().l.
04.1.07,1,0%

A(21,6,10) > 1454

0°.6,7.2.0.4.19.10.0.10.5.28.8.5.3.59.3.0.1.67.0.3.1,8.0.4.2.3,0°.1.07 .2.0.27.0.74.0°.24.3.0.3.2.7.3.
3.0%,6.1.0°.9.0.1.0.1.0.13.5.4.7.12.2,3.4.6.0",1.07.4.2.17.0* 47.2.47 0°.2.0°.1.0°.1.0.1.0".5.0.2.0.
1.0,14.4.8.7.0,3.0*,3.1.0%.1.0°.1,2.0°.5.3,1.2,0.1*.0"*.1.0°.2.07.4.1.0"7.1.0".1.0"'*.50.1.2.1.0.1.0".
1.07.3.0.2,0.2.1.6,0%.3.0°,2.0".1.0°.1.2.0%,1.0*. 1.0".12.0™ . 1.0°.1.0.1.2.0*.12.0"7.1.0"%.3.0'"1.0°,
1.0".1.09.10.35.2.5°,0.8.4.0,.2.4.2.0.1.4,18,3.9.2.5.1.0%.1,3.2.0.2,1.0.10.13.1.4.0°.2.4.0.1.0.1.0.1.
6.0.2,1.32.1.3.0.1.0.2.0°.4.07.10.6.0.3%.5.1.0°.2.1.0°.17.2.0°.4.0* .2.3.2.0*.2.1.0° . 1.0*.1.0.1.0°.1.0.
2.1.0™.1°.5.4,7.0.1.0>.3.0.1.0°.17.0.1.0.1.0.3,1,0.1.0, 1.0°.1.0"".2.0*.1.3.0°.1.0.1.0°, 1,0°.1.0°. 1,
0'%,1.0'°.1.0*.2.0',1.0,1,0°.1.0%.8.2,0°.4.0°.1%.3.0°,2.0,1.0.3.1°.3.0.4.5.0.17.0°.1.0'".2.0.17 2.0".
3.1.0,17,2,012.0°.1.2.07. 1.0,1,0° . 12.0.1,0,1.2.1,0.22.0" 1,071, 2.0 12,0" . 1.3.0, 1.0.2° .0+ 1.
0%.2.1,0".1.0%.4.0.1.0.1.0°* 1. 0-9.13.0”.1.0“.1.0"‘.1,0'”

A(22,6,8) 21139
139.694.443,214,933,307,286.778.117.622.712.220.438.242,328.471,22.4.55,10.0.62.23.2.1.2.10.0.
16.12,1.4.12.0.2°.6,3,0°.22.10.7.2.4.2.1.7.0.2.0.1,0*.1.0%.17.0.1°.11.0°.1.0°.4.0.1.0°.1.0 7 .86.7.54.
12.1.0,1.30,0,19.2,0.2.22.0.1.10.8.7,5%.2.3.0.2.1.0.1.9.5.0° . 2.02.1.0".4.2.0°.1.0°.1.0 . 1.0'7.99.0.
8.23.1.15,3.5.2.4%.0%.5,1.02.2,07.2.1.0%.3,0*.3,0%. 1.0”.5.0.2.0°.2.1°.0°.39.5.3.18.8.1.6.5.1.4,0.4.
1.0.4,1.2.0.2.1,0.1.0°.1.07.5.0°,3.0.1.0°.1.0.13.5.0,1.0.9.1.0.5.3.0".32.1.4.0°.1.07.7.0*' . 2.0"* . 1.0°.
1.07°.57.0.11.1.3,1,0,1.0.1,3.0.1.0".2,0%.19.2.5.0°.1.0°.1.0°.1.0" 1.2, 1.0.1.0°.1.0°.1,0*,1.2.0°.1.
0°.1.3.5,1.0.4.22.0,1.0°.1,0°,1.0°.1°.0, 1.0°, 1°.0*.1.07.2.077.49.2.0°.1.07°,1.0° 28,07 . 3.0 . 1.0* . 1.
0.1.0*.2.0.1.0".3.03.2.1,()”,1.0'3.2‘3.037,1.0 9.1°.7.3.0.1.4.0*.1.0°.1.0%.3.0.3.1°.0.1.0°.1.0°. 1.0,
1.0%.1.07.1.0%.1.0%7.7.21,52.3,2.0.4.24.31,17.7.5.15.1.0.3.1.0°.1.0™.23.0°.2.3.1°.0°.1°.0".1.0'" 1.
02.1.0°.1.0™.2.0°".3,0*.4.0%.1.0%

A(23,6,8) > 1436

139.694.443,214.933,307.286. 778. 117.622.712.220,438.242,328.471.22.4.55.10.0.62.23.2.1.2.10.0).
16.12.1.4,12.0,2°.6.3.07.22.10.7.2.4.2.1.7.0.2.0. 1.0*.1.0%.17.0.1° .1 1.0.1.0%.4.0.1.0*. 1.0"7 .86.7.54.
12.1.0.1.30.0,19.2.0.2.22.0.1.10.8,7.5°.2.3.0.2.1.0.1.9.5.0°.2.0°.1.0" .4.2.0°.1.0°.1.0'°.1.0'7.99.0.
8.23.1.15.3.5.2.4°.0°.5.1.0>.2.0°.2,1.0*.8.0*.5.2.0%.3.0* .1.0°.5.0.3.0°.2.12.0* . 1.0.17.0" . 1.0".65.5.
1.1913.63‘1,6.().6‘1.5,6.3.0,7.1-‘.3,0‘.2,1‘10.03.|3.03.5.n.1.03.1.14.5.0‘1.0.9.1.0.5.3.0*.4.&1.4.()3.
1.O7.8.07.3.0" 1.0 1.0, 1.0%.1.0".15.3.43.20.11°.5.3.7.3 ()40 4121007 1.0%10.18.5.6.2.0°.
2,07 1505 1.0.1.07.1.2.1.0.1.0°.1.0.1.0.1.0°.1.0.2.07.1.07 . 1.3.5.1.0.4.2 0. 1.0°. 1.0 1.0~ 1. 3.0, 1.
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TABLE XVI (Continued)

07,1%,04,1,0°%,2,0*°,52,2,1,0,1,0%,2.0,1,0'2,3,1,0°,1,35,0°,3,0*,1,3,0,2,1,2,0,1,0,1.2,1,0%,12,0%,3.2
0,3.1,22,0*,1,02,1%,0'%,1,0,1,0.1,3,0%,1,0,1,2 .IO ()"20461140 ,6,04,1,0%,1,0°.3,02,2,04,1,0,1
. 0%1,3,0,3,0,3,1%.0,1,0*,1,0%,1,0%,1,0°,2,0%,1,0%, 10‘ 1,0'°.2.0,1,0%,2,0'.1 ,0’,24 2.11,0%,3,2,17,
11,2,5,0,12,0°.1, 0" 1,0%,31,0%,12.2,0%,1,02.2,0%,1,0%,32.

2

17,6,0%,7.1,0%,14,4,2.6,7.2,7,20,0,5.1,0,
2

1,11 0,1
0'%.2,0%,1,0%,1,0%,1,0%,2,02.1,02.1,0.2,0%.2.1, .02._.1 0.22,0,6,0%,1,0,1.0%,

1,0.1,0%.2,1.0°,1,0°
0'3,1,0“10710"71032,101 .020.1,02,1, 1 ,5,1,02 72,010-12031 ,0.3,0%.1,0,1.0°.2,
0°,12,02,22,1,0.1,0,1,0%,1, 2203,1.0‘,1.031 3024,3,2,40703,h|‘)131031020’1

0.2,0,1,2,0.3,0%,1,0,4,0%,1,07,12,2.1,07,1,3,0%, x, 21,02, ,2,0‘1 3,2.0,4,0,1,0%,12,2,07,3,0".1,0.
1.0,1.0%,1,0*,17,0*,1,02,7,2.0%, l“o‘ 1.02,1.0",1,3,2,0'°,2,0% 0410*501020‘|~041-0-
12.2,02,1,0",1,0%.1,0%

A(28,6,5) =272

0°.148,162,22,123,80,17,71,291,299.220,5,37,183,19,28.123,9.90,55.9,260, 121,70.8,101,1.11,46.48.
75,2,4,31,21,6,24,2,14.0,48.7,58.4,1,41,35,1,17,2,12,0,9,19.7, 1,29661%1 ,5,9.0°,7.2 8, 2,15.6,
0.3,1,15,3,13,0.3,1,0.,4,0,9.2,0.1,0%,15.16,3,11,0,15,7,0,18,0,7.22,4,1,0,1.0,1,0%,112,5,2.4, 11 23,3.
|.0.3.5.2.0,2,0-,1.0‘,1,0,1.0",7.0,5.0,5,3.10,12,4,1,0.3.0.4.0.2.0.1~.0.1.04.1.0-,1-.04,1,4 0.1%.7.2,
0.3,1,0°,1.0%,1,0*.1,0%,1,0%,1,0*,3,0.1,2.1.02,1,0,2.1,0',3,0*

A(25,8,10) > 1248
196702,124,0%,22.0,5.3,0.8,0°,6.0%.3,0%.18,7,0°,2,0.1,0%.2,0°,2,0%,6,0%*.12,0%,850.0°*,10,0%* .4,
02,8, o’” 478,0%%.4,0%.,2,0%,4.0%7,444,0',8.0'%,4,0%,192,0'?, 240, 07.120.0'5,1138.0'.162.0' .
17.15.7%,0,2,3,0°.12.0%,16,6.0, 14, 01 1,07,14,0%23,1,4,5,0'%,12,0%*
A(26,8.19) > 257
30027,1557,7514,6608,3164, 1865,3262,695.400, 12,243,460,241,614,94.0,391,195,111,212,252,1065,
316,234,17.32,140,1833,132.8.0,483,34,5,0,3.9,4,0°,10,0%,13,188,0,7.8,21.1,0.3,0,1,2°,0%.,1.4,0.1 .4,
1,2,1,0,1,0,1,0%,1.0,2.0%,1,0,11,0,12,0%,1,0'.1,0,1,0°,3,0"7,1,0"¥.1,0>*,1.0*".1,0%,1,0'°,1,0,2,0%,
12,08
A(26,8,9) > 883
0%,1,9,2%,0,6.2,1,7,0,113,65,138,32,409,5.0,53,0,5.11,0,3,9,51,43,0,1,33,0,25,4,0,39.0,4,6,0”,5.52.
30,02,5,02,1,0°,2.4,2,4,0%,6,0'%,30,3,0%.1,0%.2,07,12,07,1,0",1,0'%,21.14,0%.1,0,1,0%,1,0,1,0'" 1,
07.1,0%.1,0%,1,0',1,02*,1,0°,1.0°,1,0%,2,0%,1,0°.1,0¥,1.0%¥.1,0,2.0"%,1,07,12,0%,1,0°,1,0'2,1,0%. 1,
05,1,0',12,4,02,1,0°.1,0%.1,0%,1,0.2,0°.1,0,1.0°.1,0°.1.0%.1,0°.1,0°. 1.0",1,0%.12.0'2,0°.1.0".1.
0'7,1,0",1°,0"%,1,02,1,0",1,0',5,10,0%.1%,0°.4,2,1,0.1,5.0%,2,1,0.1,2.4,1,0,2.1%,3,1,4.0,2,0 1,5,
P,o.13,0,3,1,0‘,1,2,02,2,02,1,23‘3.0,1.0,1,0, 1,0.3,1,0,2,0,2.0%,1,3,4.1,0%.2,0,1,0,1,0,1,0°.4.,3.0,
11,0%,1,0,1.22,1*,0,12,0*,12,6,1.0%,1,0%,1,0%.2,1,0%,1.0,12,0,3,0,2,1,0,1,3,2.0,1,3,0,12.0,22,0*.3,
0°,3,0,2,0,3,0°,3,0%,2,0°,3,0.1,3,0%,32,0*,1,0°,1,0,1,8.1,6,0,6.0,1,0°,1,0,1,0** ,12,0%
A(27,8,7)>278
2273,164.5,224,161,154,40.2,44.135,02.45,4,9,15,2°.8,4.7,12.100,13,0%,8,0%.2,4,3,2,0.4,0.9,0*,2.0°,
1.3,2.0%,9.22,0.4,0%,1,0,1,0,12,0,1.07,1,0%,1,0%.12,0",1,0'",1.0,2,0%.12,0*.12,0°,11,5,0.1*,0%.1*.0,
0%,1.0%.1,0,1,0,1,0*.12,0%,2,1.0*,1,0%,1.0°,1,0°,1,0,15,48.13.4,6,8.12.17.26.1,53,43,16.8. 14,13,
0.4.0.6,7°.4,5.0.1.0,15.3,8,25,6*.0°,12,8,1,3.0% 2,1,0°.4,0°,4.0".1,0,2,07.1,0'"%
A(27,8,19) > 766
1,0.1,07,1%,0% 1,0'%.1,0°%
A(27,8,9) > 970
0%,1,9,2°.0,6,2,1,7,0,3.0,1.9,1%.0,3,1.0%,2,0,49.17,84.,12,44,64,3,50,163.1,0,43.,0.12,8.0,5,0*.7.2.0.
159,6.10,21,0,23,1,7,0°,1,0°,30,0,3,0%,4.0'°,1,8.,5,21,30,02,1.2.0%,3.0*,1,0°,1,0",1.07,1,0",2. 16,1,
22,0,1,0%,1,0,1,07.1,4.0,1,0',5,0%*,1,0,1,0',1.0°,1.0'*.11.1%,4,0"°,1,0,1,2,0%,1,0'%,2,02",1%.0"*.
1,0°,1,0°,1,2,1,0%,1,0%,1,0%.2,0°.1,0.1,0",1.0'",1,0°,6,0'°,1,0%,1,0,1,0°,1,0%,1,0°,1,0°,1,07 .1,
0'“,13,07_1,3,05,1.0“.|,04,1,03,11,05,1,03.13‘0",1,04,2,04_1.0,1.0*.1,04,1,04_1_01,1.06.1,0",2.0‘2,5.
0-,1%,0,1,0.2.0°,1.0%,3,0,1,0.1,5.0%,1,0%, 1‘.-0,20.3 15,0,19,0%,2,1,2,0,1.0%.4,0°.2%.3,1,02.3.0,1°,
5.0%,2,02,1.0.1,0,3,2,0°,3.0%,2%.0,1,0.2,1,2,4,0.1.3.0°, 1-010-1%07l21‘2z20- 1,07.1.0°,
3.12,0%.3.9.0%.7.1.0° ,I.0,13.8.15.3.0.l“.lI.O,15.3,4.\,-.8.4,8,3,0,I‘O“‘l,6,0'.l.0‘l.3.4 2.1%.4,0°,
3.2,5.0.4,2°.1%,0%,2.0%,3.0*.22.0.1,0,2.0%,3,0,1.6,0,22.0,17 .0°,1,0% 2,07 .1.5.1.7.4.1,7,2.0,4,2.0% 20,
17.0,1.3,2.1.0.4.3.0°.4.0,13.0,8.2,1,0%,12.0,3,1%,2,0° .22.0°,1,0°.1,0.1,0.1,0%.9. 1.3,0.1,2.1.5,0%,
3.0°,1.0,1.0*.1.0.1.0°,1,0%,1,0,1,0*.1,0'*
A(28,8,21) > 296
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TABLE XVI (continued)

2616.169.1019.39.2937 484, 166.831.33.369.134.377.17.34.69.1.215.201.406.7.220.1.91.52.39.5.193.
219.0.89.2.61.1.40.26.13,5.3.10,50.7.60.4.38.57.1.0.2.1.7.20.1.6.0.11.5.6°.3.21.6.22.0.16.6.5.10.3.
16.10.27.6.1.2.3.1.4.1.50.434.82.4.6.79.17.20.38.29.166.1.7.3.8.6.7.40.24.12.9.27.25.5,12.6.24.6.
11.2.11.0.4.1.4.5.51.0.27.11.0.1.2.0.2° 1.7.13.0.6.1°.0.27.4,14.18.85.28.1.35.31.14.64.0.6.7.1,0.3. 1.
6.19.0.2.3.11.1.8.0.4.17.1.10.11.7.0. 1.2.8.1.13.8.12.2.0.3.0*.1.2.07 . 1.9.2.0.7.1°.2.14.0.27 4.8.0".2.
0.1.3.4.1.07.1.3.0*.2.0°.1.0.8.6.0.2.02.2.0.4.0.2.1.0.2.0°.2.0.2.1.0* 3. 1.0. 1.0>.12.0*.1.0%.1.0".1.0°
A(28.,8,20) > 833

0°.5.21.15.2,23.30.8.2.19.8.2.87.22.8.1.2.51.6.0.4.17.7.2.9.24.7.9.2°.7.1.0.20.0. 14. 13.48.12.2°.0.
14.4.2.0°.177.6.12.24.10.0°.1.9.1.5.33.22.9.17.0.27 13.2.1.2.1.3.0. 1.0.1.2.23.10.2.4.1°.7.1.21.2.4 5.
12.0.2.0.59.2.9.12.3.1.4.2.6.12.9.0.5.2.1.7.0.16.0.25.10.0.5.3.24.0.3.1 1. 1.2.12,0.3.19.3.2".7.0.1.22.
0.1.07.2.1.0%.20.0,2,0°.27.8.0. 1.0. 1.11.3.0.3*.8.0. 1°.0*. 1.3.2.0°. 1.0*.1°.19.22.07.1.0.4.0.2.0* 3.
02.220.4.1.4.1°.0%.3,0°.4.0.1.0° . 1.0°.9.0°. 1.0 1 1.3.1°.2.1.0. 1.2.1°.0. 1.0.17.7.6.0.1.07.2.1.0°.1.0°.
27.0%.6.0.1.2.1.14.2.3,0,17.2.1°.2.7.12.1.8.7.1.0.1.0°.8.0.2.1.0°.5.2.12.0.8.0. 14. 1 1.3.0.2.3.0.1%.0.3.
0.4.22.0.5.07.2.9.0,3.0.3.0.1°.2.0.2.0°.2.0°.2.6.0°.5.10.1,3.0.5.1.0°.9.0.1.2.0.1.0.4.0. 1.0.1.2.0.2.
7.0°.3.1.4.0°.2.11.0%.1.0%.8.07.12.1.0.10.2.0.1.0°.1.0* . 4.0*.3.0.1.0°.4.2.1.0.1.0" . 1.0*. 1.0.1.0.3.
0%.6.0.2.0°.2.7.0.18.0%,5.18.27.0.1.0.3. 1.2.3.0.2,1.2.1.4.3.2.1.02.17.0.12.7. 1.2, 1.2.37.1.07.2.0.4.
02.2.0.1.0.1.2.0.2.1,07.5.0*,8.0°.4.17.07.3.0°.2.0°.6.0.3.1.2.07.6.0°.3.0° . 1.0.2. 1.0* . 1.0*.2.0. 1°.
0°.2.0.5.4.0.4.1.07.1*.0.1.0°.1,0%.3.2.37.1°.0°.1.0°.6.0.4.2.0.1.0.1.07 . 1.0. 1.0°.2.0.4.1°.0°. 1.0°. 1.
0°.17.0°.2.0.3.07.1.4,.0°.1.07.2.07.1.4.1.07.1.0°.2.0.1*.072.1.0.27 .0 1.0.1.0°. 1.0 1.0 1.0. 17,07,
2.0°.4.0".1.0°.1.0' 1.0 .22 0"

A(28,8,19) > 1107

0°.28.0%.33.12.13.0.9.5.0*.13.11.17.9.2.19.0* .4.3.0.7.0°.10.0>.7.0°.8.1.2.0.1.0.19.0°.9.0.12.0'" 5.
0.4.0%,103.1.0.4.0%.132.0.2,07.14.392.13.0".56.0 .28.0.2.0.4.46.0°.4.0.52.0° 8.1.0.335.0* .42.0. 16.
11.0.22.0.6.0.2.0.14.0,1.0.291.0°.69.0,21.07.5.3%.0.9.0°.5.0°. 104.586. 14, 1 2.8 0° .3.4.0°.1.0.17.0".
13.0°.3.0°. 1.3.0.4.07.37.5.90.2.0°.273.13.0.49.150.07 .407.98.22.46.57.55.0* .82.07.7.312.46.281 .9.
47.36.07.173.73.459.0.2.07.2.0" .214.43.45.133.14.65.30.15.50.67.64.56.24.6.1.253.07.3.0.3.0.237.
161.176.0.94.38.0°.1.0°.1.82.61.42.51.95.11.0%.2.0"",28.82.41.120.0.27.21.25.0°.32.0°.18.0.1.0".
28.107.81.62.2.14.1.0°.9.0*.1.0*.4.0.94.2.59.40.28.10.12.10.0.9.7.9.2.0°.3.0'7 .2.0°.1.21.47.15.9. 26.
308.9.1.3.17.0".1.0%.2,1.29.9.23.9.18.20.1.0. 13.1.0. 11.6.1°.25.0.15.91.1.0°.30.1.0°.2.3.0".6.16.9.
12.0.22.0%.11.2.0.23.286.0°.84.44.5.8.16.07.6.0*.1.3.0°.1.0.4.0.15.75.2.35. 1.0*.61.36.0° . 12.2.0°.
15.76.4.12.6.9.3.0°.10.2.1.8.47.15.25.0%.9.07.2.0.1.0.5.1.0°.31.71.82.26.19.5.0*.4.0*.56.4.70.0° . 10.
9.3.1.0°.3.8.3.9.8.0.9.97.3.6.0.11.24.2.8.9.6.5.6°.07.1.0.5.0°.3.0°.1.07. 1.83.5.20.8 7.2, 11.2.0.1.5.
0%.1.0°.2.1.0°.6.0°.1°.0Y.2.1.6.40,3.0.4.0.1.0.5.15.0.4.2.12.2.3.308.7.2.1.23.10.3.124.1.12.35.0°.
17.0.6.0.4.07.11.9.12.42.0.2.1°.0%.2.0.1.0°.10.4.0.3.0.9.3.0.5.0.4.0" . 1.4.1.0.1°.5.2°.0.5.49.10.0" . 4.
1.0.2.0.3.15.7.2.0.8.2.0%.2.0.10.5.0° 4.7.9.8.1.2.0*.12.5.9.0.65.12.7.19.0.3.0°.6.0.5.07 .4.1.2.0.1.5.
307 1.0%.5.1.0.1.0%.2.0"2.1.00.8.39. 1.0°.4.0.1 1. 1.7.1.6.2.0".1.3.0%.3.9.3.0.3.2°..0.3.0%.3.1.0"".1.5.
10302107 1,00 1.0.1.0%. 1.0 4.07.1.07.2.0.13.2.1.4.0.1.07.3.0°.2.1.0°.1.0. 1.0*.22.0.1.0°. 1.0,
1O 12,00 1,00 1.0 2,00 1.0°.1.0°.1.07 1.0 1.0

A(23,10,7) 220

31030.8098.707.3722.291.84.959.43.9.2.39.0*.3.0°

A(26,10,12) > 185

0%.9.804.1634.31.0.653.287.18.333.12.7.19. 1108.2. 108.41.8.10.177.2.0.9. 11.13.3.1.6.23.45.6. 16.1.
07.21.0.18.4.25.0.5.21.1.0°.1.3.1.2.1°.0° . 1°.0.52.18.3.6.7.0.12.4°.2.0.1°.0.7.0°.2.0.2.0".15.9.2.1".
31°.6.12.2.0.10.0.10.58.1.2.9.1.9.6.7.0.7.0.1.5.27.0".4.3.0.28.9.10.9.24.7.0-.8.4.3.0.6.5.0°.1.0".
54.36.0.13.5.1.18.1°.2.4.1.14.1.0°.1.0"

A(26,10,13) > 191

07.56.420.4213.616.3042.732.98.10921.2166.577. 1 260.0.299. 606. 249.4566. 1 544.579.478.0. 143. 145,
150.224.361.38.431.267.241.0. 34.2033.404. 108. 1062.0. 1172.89.242 160.371.0.74.22° . 17.129. 101.
105.31.14.64.14.31.27.12.0.67.3.33.0°. 11.3.94.119.63.15.1°.6.40.75.69.30.0.45.31.7.93.71.24.41. 14.
98.40.7.6.2.3.2.5.2.18.14.2,39.22.1.3.0.11.3.0.1.2.0.2.3.1.6.0.2.0°.2.07.3.62.0.23.150.5.6.79.29.%.6.
72.8.13.2.12.62.29.42.0.4.0°.4.0.2.0.5.1°.0.9.7.1.2.0.2.4-.1.0°.2.7.0°.1.0"

A(27,10,11) > 213

32263.46674.39014.12594.7191.49805.257.1176.8505.2624.2904. 102441 1.5583.9562.3356.214.1045.
361 1.2612.201.935.641.227.406.430.2926.3213.1039.2077.44.486.200.22. 156. 171,48 1. 183.51.412.27.
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TABLE XVI (continued)

93,42,38,91,9.17,3,1410,278,244,96,100,17,33,132.24,10.6,31,106,11,7,4,15.74,11,55,6,3,22,4,8,0, 1,
0,29,0,10,6,11,0,1%,0'",190,10,52,15.5.37,3,0,5,2,8.21,1.3,1,0%.15,02.9,5,0*,2,0.5,0,1,0%,1.0%,47,3,
17.2,5,1,0,12,3,2,1,0,1,0%,2,0".1,0°,1,0%,12,0

A(27,10,12) > 257

0*,1212.865,887,143,95.906, 134,674, 11,56,2,0,44,58,634,6.0,39,157,8,47,14,82,23,9% 50,31,11,0,32,
5,17,0%,5,0,7,0,4,6,0,3,0,5,0%.1,0*,38,20,9,5,13,3,11,17,2,17,4,0,2,13,4,02,3,0°,12,0,2,11,2%,1,0%,2,
02,23,42,20,16,10,0,6,3,7,0,2.0,13,3,0,1,0,6.0%,17,3,0°,36,35,4,0,5,0,3",4,0%,7,0,1,0°.8,11,6,7, 1.4,
3,12.4,1,0,8,22,0,1,0%,3,0,1,0°,23,8,2,1,4,2,3,0%,18,8,12,5,12,1,2,1,4,0,4,1%,0°,1%,0,1,2,0,17.6,13,
2,26.4,18,3,6,27,0*,12,2,0,2.0%,2,0*,2,0°

A(27,10,13) > 283

0%,56,420,4213,616,3042,732,98.10921,2166,577.1260.0,299.606,249,4566, 1544,579.478.0, 143, 145,
150,224,361, 38,431,267, 241,0,34,2033,404,108,1062.0,1172,89,242, 160, 371,0,74.22%,17,129. 101,
105,31,14,64,14,31.27,12,0,67,3,33,02.11,3,94,119,63,15,12,6,40.75,69,30,0,45,31,7,93,71,24,41, 14,
98,40,7,6.2,3,2,5,2,18,14,2,39,22.1,3,0.11,3,0,1,2,0,2,3,1,6,0,2,02,2,0°,3,62.0,23,150,5,6,79,29.,8.6,
72,8,13,2,12,62,29.42.0,4.0%,4,0,2,0.5,12,0,9.7,1,2,0,2,4%,1,02,2,7,0%,1,0'7,43,14,13,20,7,0,1,9, 14,
19,10,4,0,10,0,3.1,0%,1,16,4,3.0°,6,0,4.1,0*,83,23.1,76.8,0%.46,0,10,1,0%,21,2,7.0%,3,2,0°,2,0.4, 1,
02%,2,0°,1,0"

A(28,10,18) > 195
0%,56,286,1296,3684,5186,1441,138,0,833,5,115.4737,1382.956,86,373,96,51.2263,1799,21, 135,242,
103,342,104,49,48,113,75,17,8,2,1,667,1,269.55,58,19,35,365,86,2,92,15,37,4,21,0,11,0%,12,15,12.
0.10,16,1.3,16,0,31,8,2,1°,9,0,1,0.2,5,1,2,0%,10,0,4,0%,2,4,0°.6,0%,1,0,1,0°,1,0;,649. 1 16 £43,515.
44,27,21,20,33,258,58,39.14,49,30,3,7,6,21,31,49,29,30,2,9.1,8,0,22,23,1,6,13,7,93,5,55,10,6. 1,0.
10.3,0,2.1,2,0,1,0,16,0'*,17.0.9,0%,1,0'?

A(28,10,11) > 280
52263,46674,39014,12594,7191,49805,257,1176,8505,2624,2904,1024,411,5583,9562.3356,214, 1045,
3611,2612,291,935,641,227.406,430,2926,3213,1039,2077,44,486,200,22,156,171,481,183,51.412,27,
93.42,38,91,9,17,3,1410,278,244,96,100,17,33,132,24.10,6,31,106,11,7,4,15,74.11,55,6,3,22,4,8,0,1,
0,29,0,10,6,11,0,1.0'*,190,10,52.15,5.37,3,0,5,2.8.21.1,3,1,02,15,02,9,5,0,2,0,5,0,1,0%.1,0%,47.3,
1%,2,5,1,0,1%,3,2,1,0,1,0%,2,0"*,1.0°,1,0%,1%,0,11,4.5,0,3,1,0,3,0,1%.0%.1,0%,1,0°,1,0,1,65.17,13,16,
6.4,2,0*,3,5.0%,1,2.4,12,2,1,2,1,2,0,2,0°,1°,0*

A(28,10,12) > 356
0%,1212,865,887,143.95,906.134,674.11,56.2,0,44,58,634,6,0,39,157,8,47,14,82.23,92,50,31,11,0,3°,
5,17,0%.5,0,7.0,4,6,0.3,0,5,0°,1,0%,38,20,9,5,13,3,11,17,2,17,4,0,2.13,4,0%,3,0°.1%,0,2,11,2*,1,0% 2,
02.23,42.20,16,10,0,6,3,7,0,2,0%,13,3,0,1,0,6,0%,12,3,0%,36,35.4,0,5,0,32,4,0%,7,0,1,0°.8,11,6.,7, 1,4,
3.1°.4.1,0,8,22,0.1,0%.3,0,1,0°%,23,8,2.1,4,2,3,0",18,8,12,5,12,1,2,1.4,0,4,12,0,12,0,1,2,0*:17.6,13,
2.26,4.18,3,6,2%,0*.12,2,0,2,0°,2,0%,2,0%,6,1,0,10.7,4,3,1,22,5.1,7,1,17,7,6,13,19,0,16,8,3%,0% 1,3,
1,02,12,3,1,0%,1,2.0,87,16,64,31,6,28,23,3,2,18,9,16,7.8,1,0°.1,0%,2,1,4,0,6.1,3,0,2,12,0%,3,0,1,0"”
A(28,10,13) > 414

0°,56,420,4213.616,3042,732,98,10921,2166,577,1260,0,299,606,249,4566, 1544,579,478,0, 143,145,
150,224,361,38,431,267,241,0, 34,2033, 404, 108, 1062,0, 1172,89,242,160,371,0,74,222,17,129,101,
105,31,14,64,14,31,27.12,0,67,3,33,02,11,3,94,119,63.15,12,6,40,75,69,30,0,45.31,7,93,71,24,41,14,
98.40,7,6,2,3,2.5.2,18,14,2,39,22.1,3.0,11.3,0,1,2,0,2.,3,1,6,0,2,02,2,0%,3,62,0,23,150,5,6,79,29,8.6,
72,8,13,2,12,62,29,42,0,4,0°.4,0,2,0,5,1%,0,9,7.1,2,0,2,4%1,0%,2,7.0%,1,0"7,43,14,13,20,7,0,1.9, 14,
19,10,4,0,10,0.3,1,0°,1,16,4.3,0%,6,0,4,1,0%,83,23,1,76,8,0%,46,0,10,1,0%,21,2,7,0%,3,2,0%,2.0,4, 1,
0°,2,0°,1,0'%,1,7,6,19,3,2.8,4,6.0,6.5,1,5.0,7,3.4.1,0,14,30,15,10,20,3,0,2,4°,7,0%,2,3,0,3,0%,1,4°.0,
2,1,0.5,0,1,0.1,0%,26.,67,37,6,28,22,19.4,7,2,9.2,19.0,5,18,3,7,24,0°,8,1.0,1.0,1,0,9,0,2% ,0%,6,1,3.0,
2,1,02,1,0,2,1,0%,2,1,0%,1,2,0°,1,0,1,0"

A(28,10,14) > 435
0%,1150.96,5557.4719,2069,4941,1017,10572,1545.2879,3746,675,0,842,229,295,389,1949, 163,2268,
2130,9212,0.47,1563,161,174.210,429,0,218,1161.3037,254,700,65,4877,681,5297,706,0, 330,820,60,
34,411,436, 1620, 124,873,885, 1639,503,513.0,408, 643, 160, 1301, 1860,396,5°, 28,444,558, 161,286,
344.544,305,183.0,65.2416.95,3964,1032, 1720, 38, 105,851, 58, 1061, 312, 32,980, 1003, 187, 198.0.60,
508,221,249.117,53.187,28.107,1.424,210,12,460,305,176,6,4,0,214.19,0.82,84,0, 100, 165,42,26.32.
5.13,0,34.2.16.24,0,25,0,22,8.11,2,6,0%,2.,4,1,0,130.398,240,208, 257.40,52,232.106,6,22,106,3.17.
523.4,215,115.17.20,6,142,3,1.12,93.1,0.8.4,71,43,15,2,24,5,13,16,26,0,3.1.0.4,2,13,1,0,2,3,2.4.3,
7,8.2,1,0,2,0,1,3,0%.42,1,35,0,12,0,1%,2,0%,6,1%,2,0,2.1,2,1,0.1,0,10,0,1%,0,1%,0°.1,0.3,1,0%,1,0, 1,
022,69,270,157,82.24,3,97,54,9,184,7,32.28,21,47.48.5,6,52,21,7,13,2,50,8.3,54,02,31,2,11,67,2,21,
42,3,2,11.1,9.17,5,21,0,34,0,6,0%,2,0.2,1,0,11,6,2°.3,1.3%,0'%,7.4.2,6,1*,3.0,1,3,4,8.0%,3,2,0%,2.7.2.
0,1.2,0%,2,1*,0.2,0%1,0%220,1,07, 12,0, 1, 0"
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APPENDIX TABLE

n(7.3)=(7,7,6,6,5,4). norm=211: 32165426131543522314621534146242315

n(8.4) = (14,14,12,12,10,8), norm=844
5214334215143251362435261246153612442163516421625342631523415124334125

m,(94) = (18,18,18,18,16,15,15,8). norm=2066
17623428635817463454125177316422563873426148517253184325231283746465712458534721
6133574126187263635452417345612167327645741523

n(10,3) = (13,13,13,13,13,13,13,13,13,3), norm=1530
594279368731456885696A815924134132727981346526724153678986723131249257A794658148
5932136745528129734872A96981635445986137

n,(10.4) = (30,30,30,30,26,25,22,15,2), norm=5614
54712763112843623648312585431276459317626584345225436176184725341716326423357614
21487575321755814263362415413281825637142436751247573365365542824145671317242816
39246314182173853275647321562417418366342578654321

m(10,5) = (36,36,34,34,29,29,27.27), norm=8044
28657343817173624561257134426131247583724512686231547863743812415158264512867245
38645273718164382552658738264312368411347415623164551244873216281724536372485163
72416563782738537214614567332718412585622361476418737325413364815225814354218471
312648782563

T (11,3) = (17,17.17,17,17,17,17,16,16,14), norm=2731
7A453288175962311934912386465964A5768914257463279AA1372816496A7593475825382A12A1
586423157964A27A8658571324358916A82413974536989A1581276279483786A34532714A691643
79A25

m(11,3) = (17,17.17.17.17,17,17,17.16,12,1), norm=2713
5A13869754634872517937298A2483491561863279716289436A4157927415163A7286485627353A
8219748246325B93A18569712A9254686A13954729156843A11A632A75498743985238475916857A
64312

n.(11.3) =(17.17,17,17,17.17.17,17,17,10,2), norm=2705
25816741797459633968436A349852128571936255A2328741891746369782851454A12217639478
9635817496A385612747A9163364A952925B78419583A74236831256729A4A5618931645978224A8
1B573

m,(11.4) =(35,35.35.34.33.33,33.32.31.25.4), norm=10724
89546341268B217762426598A84675BA7131A59832B319A46B37A545933761472218A9A291324175
169568453A452893718693A42645742596832791A815365163718A4227A375534938152949371426
842798A6195856127654A393645782A3A81266A41571386742293745172979583619251A84A58341
5239637615497864812369285751368AA6742A47837629181932548492613A686184795732A52374
917429138A

mH(11,4) =(35.35,35.35,35,33,33,32,28,21,8), norm=10616
A951842513754A3B3251A287473914656828946261735593672A9486145874B3921AB7517464329A
962389871528196338614A57973A8219576148A2B324A638B978431261775828A995642163758B43
1175243569A426133A8625428A361257513467598426945871763285694718AA3B62915437182913
9875442B159378276145825A6331947571282546364A25158634972615A445363452717298693A71
8486719A32

T, (11,5) = (66,66.60,60.54,45.,44,40.26.1). norm=25066
93521728164179693243516743257448136274353299216532181547423817125643546365741675
25683212178596213428531647372912411395784842638345269411247539513641279275842586
14327215816738125637418268474354913212365681944526373712724418825616354873541462
32148535621771625945236881453412935878271537412329657214814563127359148724153326
48651385742923196815231822463941435764293146317587247635212164789931513289425643
67251524614A36514533842842712371653458722135796185813721286934

n-(11.5) = (66,66,60,60,54,45,44,42,22.3), norm=25046
63521827184179693243519843258446137264353287218532171548423718125743546365941695
25673212187576213426531648382712411385794742637345268411249539513641289285A42576
1432821561793712573841728749435461321236569174452638361282441772561A354683541482
32147535621881725745239661453412635676281538412329758214614573128357146824153326
47651385742823196715231722463941435864293146317578248635212164978831513279425A43
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69251524714638514533742642812381653457822135896175713821276934

1 (12,4) =(51.51.51,51,51.46,45.44,44,34.27), norm=22903
864134B319A5564215638972A89AA4241791542B782763566978421634839A51B2B856396B5978A2
678235123BB413872456596182A57683145471A91A24737694241A575231863B824152A89634B743
586A31513B97294A59762115247179A38AB94639512B432658B275754318A82479236A5A36941825
3618B497A81623415A377152948291434617B1465978B3A53B9826938532BA96645B182617926475
83A5782341532713269526B9A8781397845157481356278314B469AA1425B2673941A519A3843527
686329469732B5AB97238461467593129A895187342846517A6418B69572593142493673A2516872
5AB81417A4325B9

71(12.4) = (51.51.51.51.49,48,48,42,42,37,23.2), norm=22843
A234B42B3B37A42659717886A9851B65A19185698567959B71A186B7392484321624375B898A1156
17A68596873427136452279436274313248A43255869A189156BA518A6187979562A43829534437A
2473A242B1336254815769736247432952431BA15861596782B6717199858A659865B1453A242B63
312743421A3R4722754395168A2643725A34431A219A87B718596412743632479432876891569A85
13A85167CB7168596B916599A781A58214353247743262A43527A3443162167A9541352427B33B21
495861A895B673342763147225843596BA197B18AC61A8597493524A432612437679158586719BB6
79852A8A1596423

1m5(12,4) =(51,51.51,51,49,48,48,42,42,40,15.,7), norm=22815
BC41343A1136B94758626897A8952C75A28295789576858962B2B7A63A4191342741365A989A2257
26A7B587963146237154468137461323419A13455978A2982578A529A7296868574A1394B531136A
4163A41492337451C25678637416134A541329A25872587694A7626298B59B75897582153A414C73
324613142A3A1644651385279A4713645A31132A428A96B629587C24613734168134967982578A95
2BA952763162795B7A827588A692A59421353416613474A13546A3113274276A8512354146833942
185972A985B761314673216445913587BA286C2BA972A9586383541A1347241367682595976283C7
68954A9A258714B

ny(12,4) = (51,51,51,51,49,48,46,44,43,37,20,4), norm=22795
31AC2821CB233186579498B6A9A54865A4747568B569757A849476AA372181324621395B977R4456
4B96A58679312843615227813628134321891325596A74A845687549764B9798562B1372A531139A
2193A212A43362518459679362181327521347A458645R698B768494B785A9657B65A4153A212763
342913124A3A1922851375468B2613925A311348248B79A8475B61429136321A813279678456B875
4AA754692394685768746577BAA4957241353219813262813529B31134624697A514352129833824
1A576497A596B831296341A225813586C74B9748A3649A5712835217132642138698457576849296
AB753C7A4596B18

ns(12,4) =(51.51.51,51.49,48,48,45,39,36,22,4), norm=22755
3C24B4C92327B43658717996ABA51965A181856BA567858971B186A72843932416432759A8891156
17A6B5A6872347126354479326473212439932455B6A81AB156B8519861A787956493284A523327B
43729434A1226453B157687264373248543218A159615967A4867171A895AB658A6591352A434862
214732341A29374475328516B94632745B233219419A87B7185A6C14732624379324876891569A85
12A851673B7169586A816588A791B58413252437732464932547923321641678A531254347A22941
395861A8A5B672234762137445A32596A81A781B9C61B9587392543832461432767915858671A3B6
7A85498A1596B42

Te(12.4) = (51,51,51,51,49,48,48,45,41.32,22,6), norm=22663
A24C34392B352946785159B6A9A71B67C181876AB765878951B186A52843932416432579B8891176
15A6C7A685234512637445932645321243993247796A819B176A8719861A585A764B328495233259
4352943491226473A175685264353248743218B17A617965AC865151B8ATAB678A67913729434862
214532341929354457328716A94632547923321941AB85C5187B62145326243593248568B176BA87
13A87165945169786A816788A591B78413272435532464932745B233216416589731274345A22941
397861A8A7B654234562135447A32796A81B581A9261B9785392743832461432565917878651ABB6
5A87398A17964C2

1, (12.5) = (80.80.80,80,72,70,69,67,67,62,48,17), norm=55860
965317A143671252437CB371B58274431A6998C15246383524931865165783A927244BA4953895B2
156A364A179A427312893B4953895B1238AB976A487123B362414C99765235247762915A8B63135A
84782B983A65BA185672B61354A897221974283A481A7B6A7216135C3761525B3694CA21659612C4
5723484AB815782614583A92B84B6143798528319A667512A4865394AC1561B89731673254A1774A
8253B9B4C1A527BC4156377A248724631985B98675CA1923A294B3415691565A7438B68372241642
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A793164A527498312B972B1934A5A5863BA1362438294598A815B73547361242783A8311B9245839
26A718491457A8A261B5996C4217C69A253484BA267319A6581B72A6A3B9124851976813C2164B43
8772385693384B45621AB71965246518845B9A293764AB811398A624134852732761B16378413972
495A95443972683A254B7AC91CB82A63392541A36B657429756AA46B1852392CB345741362785A83

.718B246916857389749346235921A421A357782A47619219AB393C586BA5842126B15749

n»(12,5) = (80,80,80,80,75,72,71,69,63,55,40,23,4), norm=55350
9A5416712486135324B9A46185B37224167BA691532A474532861A851756A46838322B92854985C3
1579472A1689236413984A2854AC57134B7A8679286134C4732129896753453266739158BA741459
62963A584CA5891A5763871452C8963317923A49291B687A6317145C4671535A47928A31758713B2
56342A28A6156B37125B4A93C82891246A5C3B418A77651372A9A4B2CC15A188B641764352816629
C354A862D19536A92157467932B6327418B598B76597183493B2A42157A15758624967B493321723
9684172B53628D4136B6371B42D595874A914732483A2598B8159645264913236B489411A9325946
3756152A1256898371A5887A2316C7853542A28537441B87CA166397A488132B51867614B31A2B24
A6634955A44B2B257319C8197532751BB25A8C3D46728CB114889732142B53A4367191746A214963
2B5885224A637949352769C819A83C74483521C47875623A6579627719834A39C42B621473695984
615A327B1795649B628427345831A2318456C93B2671A31A8C4A4B597895A23137C1562B

m,(12.6) = (132,132,120,120,110,94,90,76,36,14), norm=99952
31542766754122374813646275134216576238594A15381925782131482843564917156629872265
431786214546523A7123816493125445218367389185472361253487154215732837446328132588
144171278567253249634819A71562351245617322735348162485618563431277124381438A2635
1732747453261152546721345636198791632572315424A32712543898165826451246549153269A
132581A7843173425341612936543922361147725475564283169427256133871464215814279538
46123746272715345324151786786143352893124153351846226473427615516724374622648153
35142139825334168768715142354351727264732164835972418512464178331652724961382465
5745277411632293456392161435243713487A185231A96235194564215462856189834521723942
45132752361978A163654312764525116235474723715362A8341834217721343658165842618435
3722371654215326517A918436942352765872171441885231823644738237512451784352163274
5819837638125445213946183217A325645412687134562278926651719465348284131287529183
51A49583267561243157264631847322145766724513

m,(12,6) = (132.132.120.120,110,94,90.72.42.12), norm=99776
31542766754122374913646275134216576239594815381925782131482843564917156628872265
431786214546523A7123816493125445218367389185472361253497154215732837446328132588
144171279567253249634819A71562351245617322735348162485618563431277124381438A2635
17327474532611525467213456361A8791632572315424832712543899165826451246549153269A
132581A7843173425341612936543922361147725475564283169427256133871464215814279538
46123746272715345324151786796143352883124153351846226473427615516724374622648153
35142138825334169768715142354351727264732164835972418512464178331652724961382465
5745277411632293456392161435243713487A185231A96235194564215462856199834521723842
45132752361978A163654312764525116235474723715362A8341834217721343658165842618435
3722371654215326517A918436942352765972171441885231823644738237512451794352163274
5819837638125445213946183217A325645412687134562278826651719465348284131287529183
51849593267561243157264631947322145766724513

n3(12.6) = (132,132,120,110,110,97,91,75.47,10). norm=99072
32541677654211364923747165234127567139596825382415681232481843574926257718861175
432687124547513A8213827693215445128376389285461372153496254125631836447318231588
244262169576153149734829A6257135214572631163534827148572857343216621438243981735
2631646453172251547612345737289692731561325414A31621543898265816452147549253179A
231582A6843263415342721937543911372246615965574183279416157233862874125824169538
47213647161625345318252687687243351843219253352847117463916725527614364711748253
3524123A815334278678625241354352616174631274835961428521474268332751616972381475
5645166922731193457391272435143623986A285132A97135294574125471856289834512613491
65231651372969827375432167451522713546461362537189342834126612343758275841728435
3611362754125317526A928437941351675961262442885132813744638136521452694351273164
5829836738215465123947283126A315745421786234571168817752629475348184232186519283
52849593176572143256174732946311245677614523
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n,(13,4) = (65,65,65,65,62,61,60,57,57,53,52,45,8), norm=42165
B326A54137863947341925B4383296BD3A16124572A89C9A7B6245C41952831C7674AB2C588C491B
349A721A75ABC85A67822164C9836A7461352B197859A34975CB95B11ACC29482A6C32A612495B18
775883B9A3636751B5248CB914632D68658B33471591CA27469A361584522B761ACB185A418C769A
4A852BC1975834B183262CB35961B729A9368453D932B4735642A132ABC86473796458157B34291C
BA574A12C816C249D83792B5A861CBC68A755A16759248453CA17B5B314A963128576B913B54C836
212439A249D87B23718476828453949AB36C169427A327C18578324BB261A64733B79816A2895441
A5796C9516AC23BC897B4116C6782C5523D25A69DA87514C79A3B451698281237C36B451A5346732
ADB194463C18B748562516A1237549346C7C836224C7BA182B597A34625349CB7359BAB7123676AC
1482A718C59C839214563B47B325A9476188124B3527639A9C8265716A9C1B584195A42CB37
1,(13,4) = (65,65,65,65,62,61,60,58,55,54,52,45,8), norm=42163
B24685312B962A3A23194573272496B827161435C487A87CB96435C31954C216B6B3A94759C7391C
23A68419858C7A586B944163CA82CB7361254B177C56823C758A95B11B884937466824A614385917
B957A286D2926A51B54378B913624A67C57B223B15A18C4B3989261573544A9D1CCD175631B9B6CA
3A854CB17A592361724848725C61C84AA82B7352692473B256349124A68B73829C635A15C923491C
B65739148A16843BAA299475CA61D8B76C755C16D5C4373528B1975A213B9A2147568BA127538B27
41432A943R9C6B42B19396C47352A389B26816734CA24C8175R924378461B639229A8716B4CA5331
B59AC8C51AB8426789CA3116768B475542B45869AC7B51398AB2A35178949142682D7351A5236824
ABC193362B1767385A4516B142C53A23C89B726443B6A71748596C23C45236BA8257A97C1426A68B
1394A91785C89274135B2D37B2458C3A617A1439254CA286C974658167A81B593185634B72D
n1(13.4) = (65,65,65,65,62,60,60,58,57,54,49,47.8), norm=42147
B326A54137963D47341825C43932867B3A16124572AC8C8A786245941852931C7A74B62C599C481B
348A721A75ABC95A67922164C8936A7461352B187958A34875CB85B11ACC28492A6C32A612485B19
775993B8A3636751B5249CB814632D69659B33471581CA27468A361594522B761ACB185A419C768A
4A952BC1875934B1932D2CB35861B728A83C94536832B4735642A132ABC96473786459157B34281C
BA574A12C916C248C93782B5A961DCC69A755A16758249453BA17B5B314A863129576B813B54C936
212438A248D97B23719476929453848AB36C168427A327C19579324BB261A64733B78916A2985441
A5786C8516AC23BC987B4116C6792C5523B25A68BA97514CA8A3B451689291237C36D451A5346732
ADB184463C19B749562516A1237548346C7C936224C7BA192B587A34625348CB73589AB7123676AC
1492A719C58C938214563B47D325A8476199124B3527638A8C9265716A8C1B594185A42CB37
m,(13,4) = (65,65,65,65,62,60,60,58,57,56,53,37,12), norn=42015
A236B54127A6284724183594292386CC2916134573B98A8D7B6345C41A5392167674AD3B599B481A
24AC731C75C98A5B67C33164A8C26A7461253B187958B24875B985A11CBA3849376A23C613485A19
B75992B8C2626751B53498A814623D69659B224715C1BA374689261594533B761A8A195C41AD76AB
4B853BA1875924A1923738B25C61B738A8269452BB2394725643A123ACB96472786459157C24381B
DA574A138916C348AA2783C5A961DBA6BB755C1675A349452CA1795B214A8621395769812B54A926
313428B348BC7A32719476B39452848CA26A168437C237A19579234BB361C64722978D16A3985441
A578CD85169A32B9C87A41169678395532A35C68AB97514B78D2B45168A39132BA28B451A5246723
BDB184462C19B749563516B1327548246C7B926334C7DA193B587A2463524CB87259B687132A76DC
1493A719C58A928314562B47B235C8476199134A2537628C8C9365716A8C1B594185R436B27
m5(13.4) = (65,65,65,65,62,62,60,59,56,55,49,40,12), norm=41975
B235861429C52C1A214C3671272395A827454316A387B87CAB53169148639245A591CD3765A71D49
219C834D86897A6859C33451AC82B97154263A477B65821A7689B6944B883C17355823C543186A47
976A9285D2C25964A631789A41B23C57567A221D46B48C3A19892A4691633AB548BA476514BCASBY
18D63B94786C215472383A726B54C83B9B2A71625B2371C2651394237B597182C9516946AC213B49
A56A1C43874C831DAA2CB3769B5498975D766845A6831A1625RA4C86C241BBD24376589R427618C27
34312B931BC95A329481C5737162A1BA925845713CB23584767C23178354951A22C9874593BA6114
A6CB58A64DB832978A9B1445758A376632A36C5AB97864198B92B1647893B432582A7164D621C823
B9B451152947571A683645C432A61A2198B8725331D5B7473B69CA21B36215CA8267B9794325A589
41C38947A6B8B27341652917B236B918547C431A263C82A5A9735684578A4B6914A6513B72C
me(13,4) = (65,65,65,65,62,61,61,59,58,54,50,32,18), norm=41795
C24765312ABC293A23194583282497B6271714359468B689CB7435A31654821A97A3DB495ABA3C1D
237A641D65689B567AB441C39A627C9371254A18985A623AB568A5B11A6649384C7624C714365918
A958826BD2727B51A543868913724C78758B223A15D16D493B682715935449D716CB185731ACD78B
36A54CB1A95823D182464B925C71864B96278352AA2483725734B124B9687362BA735815D9234A1C
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97593A146817643D892AB4A5C88196D97A955617C564383526C1B65D2137BC21485768B129536827
414328B43BDA97429183A7C49352B3A8B27617A349B24961C59824396471A73B228B6A17A4895331
A5BC96C5178642D968B8311797684A5542B45C78AAB6513968B2A3517684A1429627B351B5237624
ACB18337291A8936574517C1429538237696B27443C9AD1A465B9823A4523BAD625C97C9142B976C
1384C91865A682B413572C3BD245B83971A814392549726A9A8475617BA61C583165A347B29
®y(13.5) = (123,123.121.115.110.109.109,102,99,.92.84.72.28), norm=135679
1C4269A6943D73559B1427352C6DA3BCAS172491189765318294673B8B6AD2BO9A978371531473225
B647C28A16D4ACB2174987D1162549C8A65D79B43BC5A247C35185BAB376D3289B1A587C62431294
CA91889B63A52CB794215654CA33521A1768C172D6184C3A62D3152BA2867A43D98BC57B83356765
2C948A1294C3BAD7486213155BA4562821A792B39A776C89356642B81174C2B29837351C853A24B6
511237596132C69A8C4A3997B415BC8614235DBB64981C535A762A1B7827A39C8416B47158849219
634C625B58AD3C612B41A39965A789B74265A9CB2B477216CC532194721DB6327CAB512C3143B815
63A4628429A8C8A7512699588438477A81526A733522C19C6B1494218455C9183695B6A226A8B319
C77514353CB7463D1A26374186596A9748C192275314986A541BCD76931739B3B2465C14764A239B
68A571BD38A2365A9743451822879B1D59481B9265796843624761773A45313152942AA17376C531
9BB2C4873A2C5D741B2B7185849261652A438346215378A92B12A85C47593281B164937C284563A4
812C85318C72753CABA66194387B6347611A92855B1364254AB26C8B4742C5ACB33C4D1751B74662
5A4899A25618283B9192285B5364379837C1A65361642278794C2A5B749BCA5484363A58147D8C2A
9CB1863D23197B23746998A5BC8137163246AB7125619AB3762B4C2B3598613582631A4589142813
45CD457A798C917A637258B1A9D4D642762A73C5C63214A8B58775132139A47219632A684C13CA65
894B85513A8496A267749C73B491912B52436CA693B4275B134A1D973865812C2B6337281B3754A7
41A9521297433ABD43152C5A25C5781694854B76932713728CA9158A3A4687B694D1254A36591896
5C473B2

m-(13.9) = (123,123,121,115,110,109,109,101,99,93,86,68,30), norm=135557
1C4269A6943D73559B1427352C6DA3BCA9172491189765318294673B8B6AD2BIA978371531473225
B647C28A16D4ACB2174987D1162549C8A65D79B43BC5A247B35185BAB376D3289D1A587C62431294
AA91889B63A52CB794215654CA33521A17689172C6184C3A62D3152BA2867A43D98BC57B83356765
2C948A1294C3BAC7486213155BA4562821A792B39A776C89356642B81174C2B29837351C853A24B6
511237596132C69A8D4A3997B415BC8614235DBB864981C535A762A1B7827A39C8416B47158849219
634C625B58AD3C612B41AD9965A789B74265A9CB2B477216CC5321947213B6327DBB512C3143C815
63A4628429A8B8A75126D9588438477A81526A733522C19C6A14C4218455A9183695B6A226A8B319
C775143539B7463B1A26374186596A9748C1922753149768541BCD76931D39B3C2465B14764B2397
68A571BC38A2365A9743451822879D1B59481B9265796843624761773A45313152942AA17376C531
9BB2C4873A2D5C741B2B7185849261652A43834621537AA92B12A85C47593281B164937C284563A4
812C85318C72753BABA66194387B6347611A92855B1364254AB26C8B4742C5ACB33C4D1751B74662
5A4899A25618283B9192285B5364379837C1A65361642278794C2A5B749BCA5484363A58147D8C2A
9CB1863D23197B23746998A5BC8137163246AB7125619AB3762C4C2B3598613582631A4589142813
45DD457A798C917A637258B1A9B4D642762A73C5C63214A8B58775132139A47219632A684C13CA65
894B85513A8496A267749B73B491912C52436CA693C4275B134A1D973865812D2B6337281B3754A7
41A9521297433ABD4315268A25C5B81694854B76932713728CA9158A3A4687B694B1254A36591896
5C473D2

T+ (13,5) = (123.122,121,114,110.109.109,102,97.91.85.77,26,1), norm=135437
1C427A97A43B63559C1426352E78939ABC1624A118A6753182A476388B79C2BA9C68361531463225
D746C28817A4ACB2164D86B1172549B8975C6B943AB5D246B351A5BDC36783287C195868724312A4
BA9188D7739539B6A4215754CB335219167CC1629718A43972831529A2876943BCBCA56B833576C5
2DA4C812C4A3A9C648721315AB94572B2186A2A398667BCB357742981164D2B2A8363519853924C7
511236587132A7B5C44938CB9415A8C7142359D8749C1A585C672A1B692693AB841794615C84A216
C34B72595B9A3D712C419CAAT596B8A64275AA9D2B966217C95321846213B7326C99512B3143B815
B3B472842AAC7C965127CA58843C4669815279633522B1CB7914A4218455BA1837A5A7C227C8731A
9665143539B6473B19273641895C78A648B1C2265314987A541BAC67A31639D392475B14674C23AC
789561D938C23759B64345182286AD1B59481AC2756B7843724671663945313152842AA16367B531
C982C4A6392C5B64192861B5B4A271752843B347215368CA2B12985B465B32818174A36928457394
812985318C62653B9CD771A4386D73467119D2855B13742549B27A8B4642C59CB33C4A1651A64772
5C48B9A25718283B91A228585374369A36D1C7537174226B6B4C29AC64B9AA5484373958146C8A29
BAC1873D23196B23647AB8D58BC1361732479B612871D9D367284C2B35587135827319458A142A13
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45CB45696A8CC16A736258B19AB43792672A63C5C73214CAB5866513213D94621A73297845138C75
BA4A85513B8487B27664AD63D491912A52437BC793A4265A134B1A56387581292C73B6281C3654D6
41C9521296433AC94315278B25A5681794A54B67932613628B9C15893A4786B784D12949375A1B97
5A463C2

m4(13.5) = (123.123,123.116,110.109,106,100,98,92.81.68.38), nonn=134757
B23968695A47B912864A516A4C937B4C1173823D315D16624C9A589281497A739574B313D1284D6B
8158A4D392745C67B38D28152C46285C9B7A52673B36149478161A48275B92A73C3B162419826654
3365A59224778C451B3A61A7984498A3A571B325659A83C419671A6258641B72A927358278179314
BAB2376412594712A8A1365C8241359B629C7CD52Y8A431B785CA9631247B463A2947C162874591B
36C9AB2387653B65124B9D72AC8313B282465651327946ACD381A984C7D2B7A1339653A7859DBC94
8651219BB3247824A137B5816924526C38192DC4B571648B33D5A6143A625B758C3C645A19312492
Al178B215621DCC3B62468B8776513A5292C48759A37942C8B14A9154C6229B283C8697546B1879DA
354C7213AD9B3459176BA31246858B162AD6A495B2384637395C4D576871A92A4189218C3647D526
31BC4D772A831D3591BA923465C64A87A53239BD784219B7B56A2837144953369589162CB5234A35
1768A912B756A1A14C19A32546D7B8725B4376C4D9C425824611B72AD35876B4263897C138612145
67452C7A185423C7983C732B1A8C827254358B63A1C96D49466417ACB127535B7A3DB5146271288D
3926436C9C5AC51B618243BC8A73496B57391A754816A935A92673341AB5129AAD74D6819419726D
C315849285236B93C841278673AC5189734B65A91C2C615B6A439C435A138B69D42B38165B692A38
59D41728C175235A944132796928A8547B1754375413263A51628247217D674385A67B4A315B63D9
28B29C9314B63A8B9162C5C17583864D245A76751A4A3B9472313182568C6A5214735147A73A1282
9186CBD2331775921C64842CB13CBD54A96AB9C2531498352CA17A324A52CB1B4C6897328B569A98
1A35624

ns5(13,5) = (123,123,123,116,110,109,107,104,97,89.83.62.40.1), norm=134753
C319686A5D478923864B526A49917C4B2271831A125926634A985893824B7A719574A121B2384C69
A258D4C1A3745A67C18B38253A46385A9B7C53671C1624A478262C4D375CA3C71B1926342BB36654
1165B59334778A452A1D62A7D844A8B1C572B13565A981C42867296358642D73BC37158378279124
A9B31764235A4723A8B216598342159963AD8CB53A7D412C785DAB612347C461A3B47D263874592A
16DACB3187651965234BA973A981219383465652137946DA9182B584A793B7A211B651C79598BD64
885232A9A1347834921795826934536A182A3DC4B572648A11B576241B6C5975DA1C64582A123493
B278C325632CAA1C63468B8776521B5393948759B17643A8A24B9254C633A8381C86B7546A28799B
15497321BA9D1459276CB12346858B263BC69495D31B461719AA45576872893A428C328A1647A536
129D4D773C812B1592AB831465964387A51319DB87432978C56A3817244A51169589263BA5314B15
27A8B923B75692A24C2AB13546B7D8735B4176B4A9D435834622973CB15876C4361897A218623245
67453A7C285431B79A19713C2B8B837354158561B2A96C49466427BAC23751597A19B5246372388C
1B36416BAD5SE952A628341CB8D71496A571928754826DA15B936711429D5239A987486D2A4297368
C12D84C3B5316981CC42378671BD52A9814A65B92C3C625B69419A415D218C89B43C1C2657693A18
59B42738C2753158944213796938B8547C275417B42136185263C34732786741B5C67A4B125D61A9
38D39C9124B61B8A9263D5B27581864D345B76752A4A1B947312128356AC6B5324715247971D23C3
C286DBC3112775932A64843B6219DC54BA6BA9C35124981537A27B134653AB2C4D6897138D569AA8
2C15D34

m,(13.6) = (166,166,160,156,143,143,139,135,131,122,107,100,46.2), norm=239106
14B2365C352A813897972A1B6493B27856617298514BA3CA784A3164753821C4C3A267554624B619
971279A4B22813636C1914579A69132B87C91365B475549AB2A589C463713DC95514863923D4A5B3
62481C97B2A81C6752D15882C913CA64BASD311982AB774235273C843791A684259126C9A45681DB
6199375A68B2C314CA3541D25A5817346AC26A372B481C3D62512973648B1271A5B7CD8D51B2374C
59D426C13AB3A786B534D12568CB61395A46D37C84B51973A2446C1D7227A73A482B56C187B23941
52B968A869421A6B3829411C5821C3725B496D357B9ED356931A6472456AC1A4867356BC219D6459
8146154BA89173CB422D3C98473136712825A6D23683C89194AB1A2B354716A7C5482326591C78A3
295B2856B6A734169A4B128A937413259672CB451A6D84A7B1D57582345AD3C53B242A618174A938
2B7CA32791864461B989A4A16B732B16575824B29716C4521349B6DB4C1954A3752182753CC97315
318AB642A41298A554623A67B137972A33681C94C275651D86B14B5CA329843B1B9665C8A487B215
C536362A572983541CAA85382421713A497C915224751849829A38B92715A58C31429A71C2681D5A
4A6536C81439287553712873AC4A63D96B41821C68BD386749CE57152A783C14272165C5124738DB
A943C1826A681386AB97AC98493C1A2862331982563BC4628657549165979B432834278516A5277C
B893113A4C41628BA6328795A73B949D82412A4B8B6539236AD4BC734571919248625A171C9C732D

1371
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2B1C5437A67A6592C4B168524317A5381724CA984361D627B8ABD649148A7A425152DB62756A8B43
931491369A563BC9C17232976A43C8143915257687DCB4723B3D55C15B318986748CAB949127A782
3CA88162A49492CB6213D58C9273614C67937BA342B4168D257B526C1523A98489684157D6543A95
4457B28321C6973916417B253897DB6213A3AB2C8846B12A983A43759C71B3C286593AC9B6435D84

- 97CD81742B5542A35842B31C59617946495797457163D421B3826CAB3148675912385276A5C78624

31458B24719D216AC23B8669714B8114AC7322AC659543A819D3652C788B3C64ACB955327B41BA84
21369576156794C359732C7641BC54214A9718524AB32623869142973AA762324B11D38B9B675384
3DC2135AB7152A884A5C3726C19B6819472A

12(13,6) = (166,166,160,156,144,142.138,137.131,120,106.102.46.2), nonn=239082
14C2356B362A813897972A1B5493C27865517298614CA3BA884A3154763821B4B3A257664524C519
971279A4C22813535B1914679A59132C87B91356C476649AC2A689B453713DB9661485392374A6C3
52481B97C2A81B5762D16882B913BA54CA9D311982AD774236273A843791A584269125B9A46581BC
5199376A58C2B314BA3641D26A6817345AB25A372C481B3D52612973548C1271A6C7BC8D61C2374B
69D425B139D3A785C634D12658DC51396D45A37B84C6197BA2445E1D7227A73A482C65B187B23941
62C95858B9421A5C3829411B6821B3726C495D367B9CD365931A5472465AB1A4857375B8219A5469
C1451C4DA89173BB42263B9C473135712826A5D23583B89194AC1A2B364715A7C6482325691C78B3
296C2865B5A734159A4A128BD37413269572BC461A5D84A791D67682346AB3863B242A518174A938
2C7BA32791854451C989A4A15C732B156C6824C29715B4621349C5DE4B1964A3762182763AB97316
318B2542A41298D664523A57C137972A33581B94C276561D85914C6BA328943C1C9556B8A487C216
C635352A672983641BAA86382421713A497BC16224561849829A38C93716A68C3142CA71B258196A
4A5635B8143D2876637128739B4A53DD5A41821B58C9385749B967162D783B14272156B6124738DC
A943B1825A581385AC97AB98493B1A2852331982653CB4528567649156979C432834278615A6277B
C893113A4B4152CCA5328798A73C94BD82412A468C5639235AD4CB734671919248526A171C9B732D
2C1B6437A57A5692B4C158624317A6381724CA984351D527C8ACB549148A7A426162BC52765A8C43
931491359A653CB9B17232975A43B8143916267587DBC4723C3D66B16C318985748BAC949127A782
3CA88152A49492BD5213C68B9273514B57937CA342C4158A267C625B1623A98489584167D5643A96
4467C28321B5973C15417D263897DC5213A3AC2B8845612A983A437C9B71A3B285693AB9D5436C84
97BC81742D6642B36842C31B69517945496797467153C421B3825BAC3148576912386275A6D78524
31468B24719C215AB23C8559714C8114AB7322AB569643A819C3562D788B3D54ADC966327C41CA84
21359675165794B36A732B7541C864214A9718624AC32523859142973AA752324C11C38B9B576384
3BD2136BA7162A88496D3725B19C5819472A

m+(13,6) = (166,166,160,156,143,142,138,136,130,120,111,97,51). norm=238832
14B2365C352A813897972A1B6493D2785661729D514BA3CA7B4A3164753821C483A267554624B619
971279A4B22813636C1C14579869132B67D91365B475549AB2A588C463713BC95514863923C4A5B3
62481897B2AD186752615882B913CAD4BA9C311982AC774235273A843791A684259126C9A45681DB
6199375A68B2C314CA3541D25A5817346AC26A372B481C3D62512973648B1271A5B7CD8D51B2374C
59D426C139B3A786A534B12568CD61395D46A37C84B51973A2446C1C7227A73A482B56C187B23941
52B96868B9421A6D3829411C582183725B496D357B9DD356931A6472456AD1A4867356BC219D6459
8146154BA89173CC422D3CA8473136712825A6723683C89194AB1A2B354716A7C5482326591CD8A3
295B2856B6A734169A4B128DC37413259672B9451A6C84A791D57582345AD3C53B242A618174A938
2B79A32791864461B989A4A16B732B16575824D29716C4521349B6DB4C1954A3752182753AC97315
318C2642A41298B554623A67B137972A33681C94B275651D86914B5CD328943B1B9665C8A487B215
B536362C572983941ACA85382421713A4957B1A22465184C82BA38CI9D71BA5B93142DA71C268195A
4A6536D8143C287553712873954963AB6A41821C68B9386749C957152A783C14272165B5124738DB
A943C1826A681386AB97AC98493C1A2862331982563BC4628657549165979B432834278516A5277D
B893113C4D41628CAD328795A73B94CD82412A4B8B653923BAD4BC734571919248625A171B99732C
2B1C5437A67A6592C4B168524317A53C1724CA984361DD27B8AB9C46148A7A425152CB62756A8B43
9314D1369A563BC9C17232976A43C8143915257687DB94723B3D55C15B318986748CAB949127A782
3CA88162A49492CB6213C58C9273614C67937BA342B4168A257B526C1523A98489684157C6543A95
4457B28321C6973D16417B253897DB6213A3AB2C8846B12A983A43759C71B3C286593AD9D6435B84
97BD81742C5542A35842B31C59617946495797457163B421A3826CAB314867591238527BA5C78624
31458B24719D216AC23B8669714B8114AC7322AC65D543A819D3652C788B3C64ACB955327B41BA84
21369576156794C35A732C7641B854214A9718524AB32623869142973AA762324B11B3856B675384
3DC2135AB7152A88495C3726C19B6819472A

ny(13.6) = (166.166.160.156.145.142.139.136.131.118.113.91.50.3). norm=238698
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1472356B36AC71927AA82B1BC493A2896551827C614DA3BA89473154B63921B4B3D258664524751A
78129AB4822A1353591714687758132C58971356C48664D972E65BA4D3813CD76614B53723A4C6A3
524919B872CC195D62C169B28B13A9D4AB773118B2B7A842362B3C943D7195A4268125CAC46571D9
51A7386B5C8273149E3641A26B69183457825B3727491B3552612A835497128146B8A97CA192384C
6ARC925813AC3BD75863471265AD951396B45738CA4C61989B2445C1D822B983B472C65A1A8723B41
62D95757A9421C5B392B411C6921C3B26A475736D97AD3657316548246598164A57385B9219B5467
Al1451C4897A183DB4226377D483135812996A5723593B9A1B48C192A364815B8764723256C18D973
2A6A2B657578341A9C4A127B9384132CA582CC46175DA498B17686A2346253963B242B5171849D3A
29897325A1A544C17B89D4715A832C15686924B278159462134A75AE471D64938621C29635978316
317B2542A412B9A664523958D13B7827335917B4C28656179591496CB327A4381AB556A9D498C216
7635352C672793641BC7D63B242181394A8DB1622456194D927B3AB9381CC6A93142CB8172AB1C6A
4756359A1437289663B12C83764A53B75D4192185C7A35784AAB68162C893514282159B6124839CB
7943318B565913752A78D5C94A381B2952331B926D3BA4529568647156B8CA432734289615A6258D
797311384B4152CC9B32A8CB9837B4C7A2412946ABC63A235CB476A3468171724B526C1819D78325
2B186438758756C2D4C159624318B63A1824879A4351C52AB9A9D54C14BD894261B2A952865A9C43
B314B1357A653B77A18232685A43B9143A16269578CB94823C3766A16C31BA95849DBA74C1287892
3B9D7152C4B492C75213D6BC9283514658738C73427415AD268962571623A984A75B416895643AA6
4467B29321B5A83A15418C2637B89A5213939C268C45612AC73A438C7781B3A2C5673BDC75436D94
78A971842B9642A36842D3B71C517C454A6D7846A1537421A39258B93149586C123B62879687A524
3146D724817A215B8239D5578147C114998322AB56D643C91BA3562C8BAB3954DC7A66328741A7C4
2135C785165BC4D36B732A85419B64214B981B624A732523C5A1429D38A852324711C39B5C5763B4
3782136BA8162D9A4967382571CB571A4829

n5(13,6) = (166.166.160.156.145.142.139.136.131.119.112.88,52 4), norm=238384
1472356C36AD71927AA82D1CB493B2896551827C614DA3BA89473154B63921B4B3C258664524751A
78129AB4822A1353591714687758132D589A1356E48664C972C65BA4D3813DC76614B53723A4D6A3
524919B872DC195C62D169B28B13A9C4AB773118B2B7A842362B3C943C7195A4268125CAB46571C9
51A738DB5C8273149B3641A26B69183457825B3727491B3552612A835497128146C8A97CA192384D
6A6925813AC3BC75863471265AD951396B45738CA4C61989B2445D1D822B983B472C65A1A8723B41
62D95757A9421D5B392B411C6921C3B26A475736D97AC36573165482465981D4A57385B9219B5467
A145164897A183CB422A377B483135812996A5723593B9A1B48C192A364815B8764723256D18C973
2A6A2B657578341A964A127B93841326A582DC46175B7498D1C686A2346253963C242B5171849C37
29897325A1A544B17C89B4715A832C15686924A278159462134B75AE471D64938621629C35978316
317B2542A412B9A66452395CD13B7827335917B4D28656179691496CB32754381AD556A9B498C216
7635352C872793641AC7B63D242181394A8CD16224561947927B3AB9381CC6A93142CB8172AB1C6A
4A56359A1437289663D12C83764A53B75B4192185C7A35784AAB68162C893514282159C6124839CB
7943318C565913752A78C5A94A381€2952331B926C3BA4529568647156B8BA432734289615A6258C
797311384B4152CD9B3258CB9837B4C7A2412946ABC63A235CD476A3468171724B526D1819B78325
2B186438758756C2D4C159624318B63A1824879A4351C52AB9A9D54C14BD894261B2A952865A9D43
B314B1357A653B77A18232685A43B9143A16269578CD94823A3766D16C31BD95849DBA74C1287892
3B9D7152C4B492C75213D6BC9283514658738C73427415AD268962571623A984A75B416895643AA6
4467B29321B5A83A15418C2637B89A5213939B268C45612AD73A438D7781B3C2A5673BDB75436C9%4
78A971B42C9642A36842B3D71C517C454A6D7846A1537421A39258A93149586C123B62879687AB24
3146C724817A215B8239E5578147E114998322AB56C643D91DA3562C8BAB3954DC7A6B328741A7C4
2135A785165BD4C35B732A8C419B64214B981B624A73252385A1429B38A852324711639B5C5763B4
3782136BA8162D9A4967382571CB571A4829

116(13.6) = (166,166,160,156,145,144,137,132,127,118,111,98,56), norm=238116
14D23599368CB182A747281BA4C3B27C659172AB614D93A87C4A3154BA3A21D9A34257664B28951D
C7125A84722713C3591A14678837142C57D91356C47664B982B658A45371398A6614D53A23B4A653
52491C78B2A81C5D62B167B25A1379C4B8A8311C82A97942362936843CA1B584276125A7A465B1DC
518A37D95AB29314AC364182DB8D17345A62593A264C18355261277354C812D1968C97D891C2374B
67B425713AC3B685C634812659DC513B6D45937D54A61973B2445A18C22CB7394D2B658187C23A41
628B5C57BA421C59382941186721C382674A5A369B788365931654B246598184C59373BC21965478
81451C4ADA71739D422834965731357129A6C5D235738C91847B152B364915D7A64A2325671A8B93
29692B6545A7341C965812AB83741A26B5D2C346185DC488B1A6768234B253963B24285191A49B3C
2B7A9325C17A4491688B747159C3291A68692492A519C482134C75C94A1A64837621627D35A97316
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31BB25426412CD8664923A56813BCC2933B7168482B7561A96714B658329543719655CAA84CB8217
963539287A2B736419AA56342421B13CA8C981622486174B928C37A9A71D75993142C8B1D2691B68
4D5635C7143D279A63712C83B64B53CA5641821A579B359746CA67162B783514242158A6124739AD

'BA93314B5C5D13B52967A59848371A2B52331D82673B5452856764915677C9432B342C8615B62579
"A9C3113B4A61C2AB983257AB183AB4C952412A46C9CB37235ABD867346B1918249526D1718AA732D

2D1964371C7A56A2B49859624318A63917248AA843519527DCCBD54814597C42A1A2B8527659BD43
8314D135A965386CD17232675943DC143C1826759768C4723D3166CB6D31B98574C899A4A127B8A2
39ABB15284A4A2795213BD9B5273514657837B6342A418C9267BC25A16239AC4BA584167B5643986
4467928321C5A73B154179263AB7A1521386BA297948612C983A437CAD71B392C5A637BC954368B4
C7C85174296642836742D31C69517B45486A8746D153B42183C2BD8B3148576A123A6279C8979824
3D469C2471C6215B923B6C58714BD114A6C322A85986435B15B3562A7B8C39547C8969327D418674
2638BA75195CC483BA732D754189642149CD19A24A832523BAD142C538B75232461163B8565793B4
3BA21358971628B6485A3725B1DCC91A4728

n;(13,6) = (166.166,160,156,145.142.140,136,131,118.106.86,59.5), norm=237556
1482356D36AC813287472A1A94C3A27C6551728B614AC39D79483154763D2194A3B257B64529851C
8712CAB4722913535C1814678857132C97981356B47664A982A65B94C37138D96614853C23A4A6B3
524919A782DB195762C169B27B13AD54AB88311792C8A742362C36B4378195942D9125CEA465B1A9
51D837CA5B9283148D3641B26A69173458725B3828491C3552612A7354981271D6B7DB8AC192374A
6B6425A139C3C785763481265CA9513A6D45837DA4B61B73A2445B1B722A973A482D65B197823A41
62D859C85A421A5B392B4117692193C26B485836C98BC36583165472465B71B49583759D21A65478
C145164C89B173AD422B388C473135712996D5C2359389A1A47B192A364715B7864923256B1D7983
2A6C296585873415964A128BA3741326A572CD46185C8497B1A6769234B253963C24275181A48B3B
297D8325A19544816AD984A15C732B15676924B287158462134A759A481764937621627C35987316
31BA25429412ABA664523957D13B872833D918A492765618C6B14C65A32A54371AB556A9C497C216
86353528B728C3641CA8A6342421713BA979816224A61548928C39D8EB1A96DB31429C71A26A1867
49563597143B298C637129B3864A53DA5B41921C5A8D35874AAD6716297C3514272159A6124739BD
8943B16A5C5B13852A87859B4D3A1B2952331CD26A3B9452D567648156B7AC432834279615A6277C
8983113D4B4152BC8D3257BC9738C4A8C2412946A9B639235AB486A34671C1824C526B1719D87325
2B17643785785692A4D159624317B63A1724C89A4351C527B9D9A54C14CA79426162D952765ABC43
D314A1358A653D88C17232875A43C9143916267587BC9472393866A16B31BC95749ABB84D1278792
3C9A8152D49492D85213A6B9C273514657837B83428415A9267B62581623AC7498594167B5643AA6
4468C29321A5B73C15417D2638D7A9521393BC267B456129B839437C8871A3C2A56837BBC5436A94
879C81742A6642B36742C3B81A517B454A698746A1538421B3C25DA93149576A123B6278E6B89824
3146BA2471AE2159723AC55D714871149DC322A856A643B91A93562D7B983D54CD896B327841A874
2135B875165AC4D35C732B7D41BA64214B9D1B624D832523D591428C3DA752324811639B5657B3C4
39C21368B7162C9D486E3C2581B75B1A4729

n,(14.4) = (91,91,91,91.81,79.78,77,74.73,71,62,42), norm=79393
61B8473919C812581BA53DA7141B2976148C74235A9D3A6586B472A2736BC19B25C94342A7C7349B
156C4235D762C835B28CA83699B13CD2B417385CC4A9612A397A6C8DB4A6582D7B9517424396C263
55D82168217143D63D48CB3659B1542389CA11ABD74A674925A8134672592347C6D3B47C95649C23
8A5B762BA45718CB81354561A2592DA8A8164BA1231D74C1732D9B18D4273A515629C6B3A8193CB4
A77C45B328597C24B612823574A463392456DA5BB6CD24391A8B675C1A29A71348ACDB83179A6219
B7B4135D56784261483595343CB1828791A7B2CD56418267C3CB13BD89A7957A1148263524936C23
54C89AA7962451D9428AB27365ADBA3861CC643D928747325DB16C5764D83241B918A5673B16491C
52C7844512AB582B3A78735CA194291543A6C1B847B3AC2B297863134591B5B3A17829B2AC148A96
2D3C963758424186B95A1D7A213D894B9655938C1235417D84AC2369CA6B7248568254C7B133CDB8
293A76B248A5C36D4592374653781B184531A5C42B791B6278AB1A716D6529D43859741242987634
971646189731248CAB29C95A381283CA56B958672124BC195A2318D63CAD64984B937A5B5637D421
7A6249C318195B761DA9498B62353C254A8152C7B63494A3152B7682C189547A1D46721AB63C7D32
954638AB1DC3B2D5A764A67483512CB543682A719

13(14.4) = (91.91.91,91.80,79,78,78.75.74.71,60.41.1), norm=79357
61B8472A1AC813581B952D97141B3A76148C743259AD296586B473937268C1AB35CA424397D724AB
156C4329D763CD25B38C9826AAB12CD3B417285C849A61392A796D8CB496583D7BA5174342A6C362
95D83168317142C62945DB265AB154328AC911DB8749674A3C981246735A3247C6D2B47CA564AC32
895B763B945718CB81254561935A3B9898164B91321D74C1723DAB18D4372951563AC6B2981A2CB4
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977C45B2385A7C34B61383257494622A3456C95BB6C9342A198B675C193A9712489CDEB217A9631A
B7B4125D567843614825A5242CB18387A1D7B3DC5641836792CB12B98AD7A57D1148362534A26C32
,54C8A997A63451DA4389B372659DB92861DC642BA38747235CB16C5764D82341BA1895672B164A1C
53C78445139B583B2978725C91A43A154296C1B847B29D3B3A78621245A1B5B291783AB39C1489A6
"3C2CA62758434186BA591D79312C8A4BA655A28D1325417B849C326AC96B734856835497D122CDRS
3A2976B34895C26D45A3274652781B18452195C43B7A1B63789B19716C653A54285A741343A87624
A7164618A721348C9B35CA59281382C9B6DA58673134BC1A593218D62C9D64A84BA2795B5627D431
79634AD2181A5B761DCA4A8B63252C35498153C7B624A492153B7683C18A54791D467319B62A7D23
A546289B1DC2B3D59764967482513CB542683971A
m(14.4) = (91.91,91.91.81.79,79.77.76.71.67.67.38.2). norm=79339
71C9462818C913591BA52CDE141B3867149C64325E8B2A7597B463A36279C18B35C842435696248B
1D7C43258673DA28B39C8927A8B12CA3A416295DC45B713D286B7A9CB4A7593D6B8516434287C372
55A9317931D142672A456B2758B1C43298CA116A9D4D764538A9124763583246C7D2B46C85748D32
9A5B673BA45C196B91254571A3583DA9AC174BA1321B64C1623B8D19C4362A515738C7B2A9182DB4
AC6D458239586C34A713932564A4722834579B56B7DC342D1A9B765C1A38A61249AC8B9216DA7318
B6C41259576C4371492585242CB1939681A6B3CA57419376B2CB12BA68CD85691149372534827B32
549D8AA6873451CD439A836275A8BA2971DC7426D39646235CB17C5674D92341B819A5762B174D1C
53C69445138B59382A69625CA1843D1542A7C1B946B2C83B386972124581B5B2A16938B3AC149A87
3C2C872659434197B85A196A312CB84BC755829A1325416C84AC327BCATB6349579354A6D1225ABD
382A67B349C5C27B4583264752691B194B21A5C43B681D7369AC1A6178753AD42958641343896724
861747198621349CDB38C85A291392CA57B859763134BC185A3219C72DAC74894C826A5B5726D431
6D7348C219185B671CA8489B73252B354C9153A6B72484A2153D6793C198546A1847631A872D6C23
854729AB1CD2B3D5A674A76492513CB542793A618
ny(14.4) = (91.91,91,91,82.79.78,77.75.72,67.62,45). norm=79269
638C49283B7C315B3A55279A343617CC348794125BA62865BCA49171927DB3CD15B742415B7924C7
3C764125AD618B2D8165AD29BCB32891A4372856D4A6731B2C9DA67864BA5D1869A53841429B7182
55C913771353426D284A69285D635412BA9C339B7A467D4815DA3246815D12496782947C9584AD12
6A5B7B1C64593A8A73254583B15A17D8D93B48631237A4C3621CB93B741A2C535918BD62C8382694
C79B45621A5CBD149531A12DB464822814677B5C98BA142835C8769C391A6A324DB6A9723DB65138
CC54327A97B541D34725A5242CA3717D9369618C5B43C19D82893296B67A75DC334A192514726C12
54896D6A8B14537C419D8172A5D8CA297369742B818B4B215A63A876B47C21438A3C956826354635
819B744731989D1A2CB79258B36418354265A37C4C829A1A179B623245B3C5B293DA1C81673478BD
192CA9275D41436A79583AB6132ACB467955C2D6312543B8748C12A6B96A81475D71548BA32257AA
152B97A14865D2C84C612D4A725D36384D2368C416B93B7189CD39A3CC6818B4297A54314167BA24
6839483BAC23149B751AAD5B2731C2875699568713146B385A123DC92A9C74664B9278575C296413
6C7148923D3957BA36B847CA612528154693519C6824A4B235178CD1B39D5496364CB1369A27CB21
A5452A6D3C82A1759864AC7482531B8)427A19B36
Ty (14.5) = (169.169.165.156.156.152.149.144.143.137.134.121.118.80.9), nerm=291280
864C73E574DB519391AB23D415CE4B1A7B989A7CC34E2B68AD132D6CAC65219B8A358D1219448B35
ADE62AC62747B29568714453327DB9A3AD571BE2998B659126BAB828C695A4C276AC189978345B73
656A8A9E3727245AEE2F11E2B3D8B75451793841BD9AC7297736142B5CE6939352A14DCD1C95B463
D6EDC87A98121EBA7382528A64B72B616289EC5493DD8C5275D873DE9A6816C95425C16844A81372
AEB37CD41283ED241A53E9918EDS5A6DB7538169AA4812BCBC1D78B7234853492DC386E9AD14157AD
371A3514126BA3B742664AB8B39COCS5E2D46516D7AC538B26B72C892143956DA19C7TASE62B37469A
3B17D481326874A51B5623492B7215C4A58D67588D996C3A94B7543727DB3634C16D9182ED172B59
ECB495D8C4DA5SA71E7D2832C3481C3754825A3D6321B791829A461C1B75BC929311C4FD59B6734D4
62A87B6CB235418A54E187A63E38629596CA7384515B17281E6DD453B2239686A4B486913BC28E39
5A12B75C123594845AAB73CCA617235DBF69E1BD7EA672C4D636985F758CA12392A8D1475B3C9213
45684251D82E235A14A7C6E19D86C917826839ED756361D84B245D597B2C9A47638A614B67BAC227
43C3A48771C6531BE2B5E6D937281A4C19834D7A16C34E1D3B1697ABOCB659E442838C2A54F3DBC2
9B4185275DA16395DB286E194531D24B5A6372A5BCA4E86159D47C65A9BC3139C153C4A221B76B39
83251DAD47B87E6CB5587DB139271D56A62495C48C562A1422C587E69EA32E67D94A517368C394B7
1D324B951762B9AD318D7AAC9B166849758231A7398C4654C3E2E32A16D1295A4A38C867B865D2A6
B91D5752884913ABE74563FECD172DF8ABA1C37294864AE7D2C3392C55718ED2D567147CB2143EBA
314829627A3483A1B5218934C82D6615E4C82B758D48D7621536D762C58437B659E219A85394BD51
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69B3DEC769E4346A5A57B3DC8171B29318B4DA3ADBC5E12E24C67615A3E8891435C646C72819D565
42A2ADE12CD743D54C91BDA378FE6C723792164BD18946A1B5A85273D5D434C9E6219BBE6371A68A
5719EB3A97C491C35EABS5F42D86243B7183492B65712AC78D1942673264957A1687123DD325BCB42
‘68E69187A598AE43C17B9865CDA9D4452A3CB52B1A4EC32C7136CE3A6172B43A8914175D269A2181
-B2952BA73DC648B96354AA4792CBE9618A75735B846B283C9D435A62137284551476C312B8DSASDE
A29B6471C3DE82563C914B967D14C258C1397CDABE7E43C98B746851235A12BBDE9AB235C61D3EB2
1895529A3E8D19562D4D43786BEDB4329657526B8A138C98C751421A463C792BEC1A736B854294D2
61367842C9A6D3CB8134C9A15B248658337D121E64D2A75B954CA78E3746912C91A236E81B9D8AC3
57

T~ (14.5) = (169.169,165,156,155,153,151,147,143,137,134,120,112,76,15), norm=290646
964D72E574CB518281AB32C415DC4B1A7B898A76D24C3B69EE123A6DAE65318B9A259E1318449B25
ACE63AD63747B38569714452237CBDA2AC571BE3889B658136BAB939D685A4D376AD1988C9245B72
656A9A8E2737345E8E2B11E3B2C9B75451782941BC8AD7387726143B5DE6828253A14CDC1D85B462
C68AD97A89131DBAE293539A64B73CB1639A7D5482EC8D5375C972FD8A6916D85425D16844C91273
AEB27DC41392ED341A528C819EC5A6CB7529168AA4913BEBC1879B7324952483CC29678EA14157AB
271A2514136BA2C7D3664AB9B24D8D5SE3C46516C7AE529B36C73D983142856CA18D7A5E63B27468A
2C17D491236974D51B5632483B7315D4A59C67599E886D2A84B7542737CB2624D16C8193EC173B58
ECB485A9E4CAS5A71D7E3923D2491D2754935A2C6231B781938A461E1B75BD838211C4FD58B6724C4
63A97B6EB325419A54E197A62D2963C586EA7294515B17391C68B452D3328696A4B496812BE39C28
5A13B75D132584945AAB72DDA617325DBC68E1BB7DA673D4C626895C759EA13283A9B1475B2C7312
45694351C938325D14A7D6C1CE96D817936928EC756261C94B345A587C3D84476298614B67BAC337
42D2A49771D6521B83B5E6DD2739184E1892CA7A16C24B1D2B1687ABSEB658E443929D3A54D2CBE3
8C4195375CA1628ACD396E184521C34B5A6273A5BDA4B9615E847C65B8BD2128D152D4A331B76B28
92351DAD47E97A6DB5597CA12B3718E6A63485D49F562E1433D597B68CA23E67C84A517269B284D7
1C234BD51763B8AC219E7AADBE166948759321A7289C4654D2F3B23C16C1385A4A29D967B965D3C6
BC185763994812ACE74562FCBD173BD9AES51D27384964AE783C22F3D55719E83C567147DB3142ACA
214938637A2492C1B5319824F93D6615E4D93A759C49D7631526F763A59427B658C318A95284BC51
68B2ECD7A864246E5A57B2CC9171B38219B4EA2A8BD5C13E34D67615D2E9981425A646D72918C565
43A3ABE13BC742C54D819BA27DFE6E732783164BC1984691B5A95372C5C424C8D6318BB86271A69A
5718DB2AC7D481D25EAB5C43A96342B7192483B65713A579F1843672364E57A1697132EC235BDB43
69E68197A58DAC42B17B8965CEA8F4453A2DB53B1A4BF23D7126EC2A6173942CE814175C368A3191
B3853BA72CD649B86254AA4783CDC8619A75725D946B392D8C425A63127394551476D213E9C8ASDA
F38B6471D2CB93562F814E867A14D359C1287BD8A67B42B89A746951325913CBCESAB325D61A2EB3
198553CA2E9D18563E4C42796B5CB4238657736C9A129C89A751431D462A783ECF1D726B9543C483
61267B438CD6A28B912498A15D34965D227B131C94C3A75B854BA79A2746813B81A326C91B8C9AD2
57

1 (14.5) = (169,169.165,156,155,153.,151.147,142,137,133,124,109,75,16,1 ). nonm=290288
964E73E574DB518381AB23D415CD4B1A7B898A76C34D2B69EE132A6CAC65218B9A359C1218449B35
ADE62AC62747B28569714453327DBCA3ADS571BE2889B658126BAB929C685A4C276AC1988F9345B73
656A9A8E3727245A8E2B11D2B3C9B75451783941BD8AD7287736142B5CE6838352A14DCD1C85B463
E6EAC97A89121EBA6392529A64B72DB1629A7C5483ED8C5275D973EC8A6916C85425C16844D91372
AEB37CD41293ED241A538E819ED5A6DB7539168AA4912BDBC1879B7234953482DD3967CAEL4157AE
371A3514126FA3B7C2664AB9834C8C5D2B46516D7AC539B26B72C982143856DA18C7ASE62B37468A
3D17C491326974C51B5623482E7215C4A59D67599B886C3A84D7543727DB3634C16D8192ED172B58
EDB485A9C4DA5SA71C7D2932C3491C3754925A3E6321B781928A461E1B75BC828311D4DC58B6734C4
62A97B6CB235419A54E197A63E39628586CA7394515B17291D68B453C2238696A4B496813CB29D38
5A12B75C123584945AAB73CCA617235DBE68D1BB7EA672C4D636895D759CA12382A9B1475B3C7213
45694251D928235C14A7C6D1DE96C817926938DA756361D94B245A587B2C84476398614B67BAD227
43C3A49771C6531B82B5E6DC3729184E1893DA7A16D34E1D3B1687AB8CB658E442939C2A54E3DBF2
8C4195275DA1638ADB296C184531D24B5A6372A5BCA4B9615F847E65B8BC3138C153C4A221B76B38
93251DAC47E97A6CB5597DA13B271856A62485C49C562E1422C597B68DA32D67B84A517369C384E7
1D324BC51762B8DE319E7AAC8B166948759231A7389B4654C3B2F32E16D1285A4A39C967B965C2D6
BE185762994813ABD74563FEDC172DC9AB51C37284964AD782C33F2C55719E82E567147CB2143AEA
314928627C3493E1B5219834C92D6615E4C92A759D49D7621536F762C59437B658E218A95384BD51
68B3DEC7A864346D5A57B3DC9171B28319B4DA3A8BCS5E12E24C67615C3E9981435C646C72918D565
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APPENDIX TABLE (Continued)

42A2ABE12CA743B54D81DBA379FC6C723782164BD19846A1B5A95273D5A434C8GD218BB86371A69A
5718CB3AD7C481C35EAES5F42F96243B7193482B65712AC79D1842673264D57A1697123CE325BCB42
69D68197A589AD43B17B8965EBA8D4452A3EC52B1A4BE32C7136CE3A6172B43A9814175D268A2191
C2852BA73DC649B86354AA4782DCD8619A75735B946B293C8D435A62137294551476C312E9D8ASFD

" A28B6471D3EB92563E814C867A14C259D1387BC8A67B43B89A746951235912CEDF8AB235C61A3EB2

198552EA3C9E18562F4D43796B5DB4328657726D9A139D89C751421E463A782FEC1D736B9542D482
61367B428DE6A38B9134C8A15E24965C337D121C94D2A75B854DA79A3746812B81A236F91B8ESAC3
57

m,(14.5) = (169,169,163,156,155,152,149,148,142.,139,132,131.102.76,19). norm=289872
B4763834A858B2AC52D415EC2DB86C294F956DB47DA9134A772E1EB69D5A12AB346A8B2127B6B743
679416531898F1797C32835D419C637A496C25B1EF568A721949C51386E57A91D8C326B5EBA7469D
3C4366B57F17139B8D1A2281C8AAC74362583B42AE9C751A57962E1DCD65A89D41423C552BAEC436
B8A439B457212976E391D14CC3BB146231587A7985CODAE1379A53B4A58A2646871892A784962CB1
F5C6EA38219CBD1328A5945289D3CA5B6CE724368B52146792ADD3C1848AC3C1B4D86B7D42523645
C629752A216B4B4ES51D37CEACS7BEAB31976425BD8A393C17391468127956FD82C6537BD1357AC65
732EB942419C6869239E1B4713B129BA3AC6857D8BF64CAE85D7A43C1546A9C8625472C1862C1DAS
385B734D9576A8E2D641E51784924E6A7A1D83A3C12D9B24198352426774A81852274CD8945763F 3
E15B6B78313CD2D8EB62EC6BI9E9351CA75844BD3B2862A19295D9A57A11786D3B4C6C8426D51C37D
5421493A213D8796E54DA63B492D1ACB3785326B956A71CE4388B3C9594A8216518A427D6C37A129
55A9B1625C1B16672DBC3982A7C7A42481DBCC3857B7324E5B1373598914AF578D89326E64BC411C
DA93EA8472C5832BE164E53BA51A2C682DF947D829937A2DB72F634D586457C651A9C81DB3EABDS1
8432961CD7C26E4C831A6524579231B7E869C187B34D5B6259C37C64A7DB8236724A8E41125639AD
681C2B5B493EFC3BADA79B32E4182835641BC9A57843162911E4B36735A91AF85D7762C9848D56C4
2A91A3A628514D76D23849784D299C5EA531D2B634859378BAC14A152632159B47839A58BE6AT71CC
87263B51E9B724B6E3857B9D432619EAD8726C9154B3AE6D71945C1BACD23B9135A8276541278947
C2561B31AES53C5829B12A4786F1E872A6D3C1745C8D69831247EA7514AEBDCIO93ES5A1264D8D9B3432
67C5D8B83967C537EBS5CES598E2C2A1462E3B9DA4959C821C173FEB2A546C392D4AB39A8E13294BCB
7151C8621F4EC75A3862BD7756F9AE719431286C62A4A8B23737A1C5D64D7B74A51298EC33627C8D
3926394574AB72CCEB9D834168A145672DAB5144C32145B87268196517B3A532786215B8B15C96A1
83D3924ECBAEC9D5827BE5399C7BED4616483E16243DFB13925A46BD527156C3492B2A781FD81252
B14A1BD9934A785AC83769C3518864A276C56A59CDAEL13B844597E312A5163AC26875C21487B5689
31EBD3729AEC41CB43A276893C24B148324A8D873549AB65C9D37B6215C92166C7AD61E9A824BCCl
24B73169B5A326781AD7EBCD45A566717E9C91C46823A454B892312345B8961E382958C669B14D51
7283A4D17996DA7C32C473A2B51675CA4B3A21297C51C86497DB453843E5621382D1B7CA2E85D3A6
B9

1377

phism program NAUTY ([134]. [135]). We thank him for
letting us use this program.
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