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Boundary controllability of incompressible Euler
fluids with Boussinesq heat effects

Enrique FERNANDEZ-CARA ¥ Mauricio C. SANTOS | Diego A. Souza *

Abstract

This paper deals with the boundary controllability of inviscid incompressible fluids
for which thermal effects are important. They will be modeled through the so called
Boussinesq approximation. In the zero heat diffusion case, by adapting and extending
some ideas from J.-M. Coron and O. Glass, we establish the simultaneous global
exact controllability of the velocity field and the temperature for 2D and 3D flows.
When the heat diffusion coefficient is positive, we present some additional results
concerning exact controllability for the velocity field and local null controllability of
the temperature.
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1 Introduction

Let © C RY be a nonempty, bounded and connected open set whose boundary I' := 99
is of class C°, with N =2 or N = 3. Let 'y C I" be a (small) nonempty open set and let
us assume that 7' > 0. For simplicity, we assume that Q is simply connected.

In the sequel, we will denote by C a generic positive constant; spaces of RY-valued
functions, as well as their elements, are represented by boldfaced letters; we will denote
by n = n(x) the outward unit normal to  at points x € I'.
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In this work, we will be concerned with the boundary controllability of the system:

vi+(y -V)y=-Vp+kb in Qx(0,7),

V.y=0 i Qx(0,7),

O +y-VO=rA0 in Qx(0,7), (1)
y n=0 on (I'\I'g) x (0,7),

y(x,0) =yo(x), 0(x,0)=06y(x) in Q.

This system models the behavior of an incompressible homogeneous inviscid fluid with
thermal effects. More precisely,

e The field y and the scalar function p stand for the velocity and the pressure of the
fluid in 2 x (0,T), respectively.

e The function 6 provides the temperature distribution of the fluid.

e The right hand side k@ can be viewed as the buoyancy force density (k € RY is a
non-zero vector).

e The nonnegative constant x > 0 is the heat diffusion coefficient.

This system is relevant for the study and description of atmospheric and oceanographic
turbulence, as well as other fluid problems where rotation and stratification play dominant
roles (see e.g. [18]). In fluid mechanics, is used to deal with buoyancy-driven flow; it
describes the motion of an incompressible inviscid fluid subject to convected heat transfer
under the influence of gravitational forces, see [17].

We will consider the cases kK = 0 and x > 0. When k = 0, is called the incompress-
ible inviscid Boussinesq system.

From now on, we assume that « € (0,1) and we set

Cl*(LRY) :={ue C™(Q;RY) : V-u=0in Q, u'n=0 on I'},

_ _ 2
C(m,a,Iy) :=={ue C™(QRY) : V-u=0in Q, u-n=0 on I'\I'y}, @)

where C"™%(Q; RY) denotes the space of R"V-valued functions whose m-th order derivatives
are Holder-continuous in € with exponent . The usual norms in the Banach spaces
CO(Q; RY) and C™(Q;R?) will be respectively denoted by ||-||o and || - ||m.a- We will also
need to work with the Banach spaces C°([0, T]; C™*(€; RY)), where the usual norms are

[Wllom,a = max{|w(-, ) m,a-

(0,77

In particular, [ - ||y will stand for || -

0,0,0-
When k = 0, it is appropriate to consider the exact boundary controllability problem
for . In general terms, it can be stated as follows:



1 INTRODUCTION 3

Given yo, y1, 6o and 01 in appropriate spaces with yo-n =y1-n =0 on I'\I'y,
find (y,p,0) such that holds and, furthermore,

v(x,T)=yi(x), 0(x,T)=061(x) in Q. (3)

If it is always possible to find y, p and 6, it will be said that the incompressible inviscid
Boussinesq system is ezactly controllable for (Q,T) at time T'.

Notice that, when k = 0, in order to determine without ambiguity a unique local
in time regular solution to , it is sufficient to prescribe the normal component of the
velocity on the boundary of the flow region and, for instance, the full field y and the
temperature 6 on the inflow section, i.e. only where y - n < 0, see for instance [13] [14].
Hence, in this case, we can assume that the controls are given as follows:

y-non 'y x (0,7), with / y -ndl = 0;
To (4)
y and 0 at any point of 'y x (0,7 satisfying y - n < 0.

Other choices are possible. In any case, once we find a trajectory satisfying and ,
there always exists good boundary conditions that furnish controls that drive the state
(v,0) exactly to the desired target (yi,61).

The meaning of the exact controllability property is that, when it holds, we can drive
the fluid from any initial state (yo,6p) exactly to any final state (y1,6;), acting only on
an arbitrary small part I'g of the boundary during an arbitrary small time interval (0, 7).

When k > 0, the situation is different. Due to the regularization effect of the temper-
ature equation, we cannot expect exact controllability, at least for the temperature.

In order to present a suitable boundary controllability problem, let us introduce another
nonempty open set v C I'. Then, the problem is the following;:

Given yo, y1 and 0y in appropriate spaces with yo-n =y;-n =0 on I'\I'y
and 0 = 0 on '\, find (y,p,0) with 6 =0 on (I'\~y) x (0,T) such that
holds and, furthermore,

yv(x,T)=yi(x), 0(x,7)=0 in Q. (5)

If it is always possible to find y, p and 6, it will be said that the incompressible, heat
diffusive, inviscid Boussinesq system is exactly-null controllable for (2, Ty, ~) at time T'.

Note that, if k > 0 and we fix the boundary data in for y and (for example)
Dirichlet data for 6 of the form

0=06,1, on I'x(0,T),

there exists at most one solution to (1)). Therefore, it can be assumed in this case that
the controls are the following:
y-non Iy x (0,7), with / y -ndl’ = 0;

To
y at any point of Ty x (0,7) satisfying y - n < 0;

6 at any point of v x (0, 7).
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Of course, the meaning of the exact-null controllability property is that, when it holds,
we can drive the fluid velocity-temperature pair from any initial state (yg,6y) exactly to
any final state of the form (y1,0), acting only on arbitrary small parts I'y and + of the
boundary during an arbitrary small time interval (0,7).

In the last decades, a lot of researchers have focused their attention on the controlla-
bility of systems governed by (linear and nonlinear) PDEs. Some related results can be
found in [0, 10, 15 22]. In the context of incompressible ideal fluids, this subject has been
mainly investigated by Coron [4, [5] and Glass [7,, 8, [9].

In this paper, our first task will be to adapt the techniques and arguments of [5] and [9]
to the situations modeled by . Thus, our first main result is the following:

Theorem 1 If k = 0, then the incompressible inviscid Boussinesq system s exactly
controllable for (Q,Tg) at any time T > 0. More precisely, for any yo,y1 € C(2,,T)
and any 6y, 01 € C*%(Q), there exist y € C°([0,T]; C(1,,Ty)), 8 € C°([0,T); C1*(Q))
and p € 2'(Q2 x (0,T)) such that one has and (3).

The proof of Theorem [I| mainly relies on the extension and return methods.

These have been applied in several different contexts to establish controllability; see
the seminal works [19] and [3]; see also a long list of applications in [6].

Let us give a sketch of the strategy used in the proof of Theorem

e First, we construct a “good” trajectory connecting (0,0) to (0,0) (see Sections

and .

e Then, we apply the extension method of David L. Russell [19]; see also [16, 20]. It
is known that this method turns out to be very useful for a lot of hyperbolic (linear
and nonlinear) PDEs.

e Then, we use a Fized-Point Theorem and we deduce a local exact controllability
result.

e Finally, we use time scale-invariance and the reversibility in time to obtain the
desired global result.

In fact, Theorem [I] is a consequence of the following local result:

Proposition 1 Let us assume that k = 0. There exists 6 > 0 such that, for any yg €
C(2,a,Ty) and any 0y € C**(Q) with

max {||yoll2,a, [foll2,a} <0,

there exist y € C°([0,1]; C(1,,Ty)), 6 € C°([0,1]; C+*(Q)) and p € Z'(Q x (0,1)) satis-
fying in Q x (0,1) and the final conditions

y(x,1)=0, 0(x,1)=0 in Q. (6)
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It will be seen later that, in our argument, the C?>®-regularity of the initial and final
data is needed. However, we can only ensure the existence of a controlled solution that is
CH in space.

Our second main result is the following:

Theorem 2 Let ), Iy and v be given and let us assume that kK > 0. Then 1s locally
exactly-null controllable. More precisely, for any T > 0 and any yo,y1 € C(Q)’O‘(ﬁ; RM),
there exists n > 0, depending on ||yoll2,a, such that, for each 6y € C**(Q) with

0o =0 on T'\v, [oll2.a <,

we can find y € C°([0,T); CL(Q;RY), 6 € C°([0,T); C+*(Q2)) with § = 0 on (T'\7) x
(0,T), and p € 2'(Q2 x (0,T)) satisfying and (F).

The proof relies on the following strategy.

First, we linearize and control only the temperature €; this leads the system to a state
of the form (y¢,0) at (say) time 7'/2. Then, in a second step, we control the velocity field
using in part Theorem [I| It will be seen that, in order to get good estimates and prove
the existence of a fixed point, the initial temperature 6y must be small.

To our knowledge, it is unknown whether a global exact-null controllability result holds
for when k > 0. Unfortunately, the cost of controlling 6 grows exponentially with the
L*-norm of the transporting velocity field y and this is a crucial difficulty to establish
estimates independent of the size of the initial data.

The rest of this paper is organized as follows.

In Section 2| we recall the results needed to prove Theorems [T and 2} In Section
we give the proof of Theorem [I] In Section [d] we prove Proposition [I] in the 2D case. As
mentioned above, the main ingredients of the proof are the construction of a nontrivial
trajectory that starts and ends at (0,0) and a Fixed-Point Theorem (the key ideas of the
return method). In Section [5, we give the proof of Theorem (1| in the 3D case. Finally,
Section [6] contains the proof of Theorem

2 Preliminary results

In this section, we will recall some results used in the proofs of Theorems [1] and [2| Also,
we will indicate how to construct a trajectory appropriate to apply the return method.
The following result is an immediate consequence of Banach’s Fized-Point Theorem:

Theorem 3 Let (By, ||-||1) and (Ba, ||-||2) be Banach spaces with By continuously embedded
in B1. Let B be a subset of B and let G : B — B be a uniformly continuous mapping
such that, for some n > 1 and some « € [0,1), one has

1G™(u) = G" (V)] < ellu—v[ly Yu,v € B.
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Let us denote by B the closure of B for the norm || -||1. Then, G can be uniquely extended
to a continuous mapping G : B — B that possesses a unique fixed-point in B.

Recall that, if E' is a Banach space with norm || - ||g and f : [0, 7] — E is continuously
differentiable, then t — || f(¢)|| g is right-differentiable, with

d

= I Olle < 17 ®)lle

for all t. Later, the following lemma will be very important to deduce appropriate esti-
mates; this is Lemma 1, p. 6, in [I].

Lemma 1 Let m be a nonnegative integer. Assume that u € C°([0,T]; C™T14(Q)), g €
CY([0,T]; C™(Q)) and v € CO([0, T]; C™(; RN)) are given, with v-n =0 on T x (0,T)
and

ou

E+V~Vu:g in Qx (0,T).

Then, us € C°([0,T]; C™(Q)). If m > 1, one has

5 G Dllma < llgC s Dllma + Klv(E Dllmallul, O)llma in (0,T),

where K is a constant only depending on o and m. On the other hand, if m = 0, the
following holds:

= [u( Dl < llg( Dllo.a + VY, loalul-,t)loa i (0,T).

From LemmalI]and a standard regularization argument, we easily deduce the following:

Lemma 2 Let m be a nonnegative integer. Assume that u € C°([0,T];C™*(Q)), g €
C°([0,T); C™(Q)) and v € C°([0, T]; C™(; RN)) are given, with v-n =0 on T x (0,T)
and

E;L+V-Vu:g in Qx(0,T).

Then

I

T T
- ( [ ot Ol + Hu(-,onm,a) exp (K | v Ol dt) ,

where K is a constant only depending on o and m.
We will also use he following technical result (see Lemma 3.1, p. 8, in [9]):

Lemma 3 Let us assume that
WOECI’Q(Q;RN), V-wg=0 in €,
uc C0,T); CH*(Q;RY)), u-n=0 on T x(0,7),
g € C%[0,T;CO(Q,RN)), V.-g=0 in Qx(0,7T).
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Let w be a function in CO([0, T]; CH*(Q;RN)) satisfying

{ wi+(u-Viw=(w-Vju—(V-uyw+g n Qx(0,7),

w(-,0) =wp in Q.
Then, V -w = 0. Moreover, there exists v € CO([0, T]; C>*(Q;RY)) such that
w=Vxv in Qx(0,7).

To end this section, we will recall a well known result dealing with the null controlla-
bility of general parabolic linear systems of the form

u —kAu+w-Vu=wvl, in Dx(0,7T),
u=0 on 0D x (0,T), (7)
u(x,0) = up(x) in D,

where D ¢ RY is a nonempty bounsded open set, k > 0, w € L>®(D x (0,T)), w C D is
a nonempty open set and 1,, is the characteristic function of w.

It is well known that, for each ug € L?(D) and each v € L?(w x (0,T)), there exists
exactly one solution u to , with

u € C°([0,T); L*(D)) N L*(0, T; Hy (D)).
We also have:

Theorem 4 The linear system s null-controllable at any time T' > 0. In other words,
for each ug € L*(D) there exists v € L*(w x (0,T)) such that the associated solution to
satisfies

u(x,7)=0 in D. (8)

Furthermore, the extremal problem

Minimize // lv|? dx dt
(0,T) (9)
Subject to: v € L*(w x (0,T)), u satisfies (8

possesses exactly one solution v satisfying
[9ll2 < Colluoll2, (10)

where )
Co = exp <(11 <1 +5+(1+ T2)HwH§O>>
and C1 only depends on D, w and k.

For more details, see for instance Theorem 2.2, p. 1416, in [2].
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2.1 Construction of a trajectory when N = 2

We will argue as in [5]. Thus, let Q; C R? be a bounded, Lipschitz-contractible open set
whose boundary consists of two disjoint closed line segments I'” and I'" and two disjoint
curves ¥’ and ¥ of class C™ such that 0¥’ U 9X” = oI~ U arT.

We assume that Q C €. We also impose that there is a neighborhood U~ of '™
(resp. U™ of T'T) such that QO N U™ (resp. Q1 NU™T) coincides with the intersection of
U~ (resp. UT), an open semi-plane limited by the line containing '~ (resp. I'") and the
band limited by the two straight lines orthogonal to '™ (resp. I'*) and passing through
O~ (resp. OI'"); see Fig.

QCOICO,CQ;

5

Q;

Q

Figure 1: The domains €2, 1, Q5 and 3

Let ¢ be the solution to

—Ap=0 in Q,

p=1 on ',

p=-1 on I'", (11)
0

a—z =0 on X,

where ¥ = ¥’ U X", Then, we have the following result from J.-M. Coron [4], p. 273:
Lemma 4 One has p € C®(Q), —1 < p(x) < 1 for all x € Q; and

Vo(x)#0 Vx € Q. (12)
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Let v € C*°([0,1]) be a non-zero function such that Supp~y C (0,1/2) U (1/2,1) and
the sets (Supp~y) N (0,1/2) and (Supp~y) N (1/2,1) are non-empty.
Let M > 0 be a constant to be chosen below and set

2

Y00.1) 1= MA()V(x), B1) = ~Ma(t)p(x) — 5t IVe(x)P, 8=0

Then (1)) is satisfied by (¥,7,0) for T =1, yg = 0 and 0y = 0. The triplet (¥,7,0) is thus
a nontrivial trajectory of that connects the zero state to itself.

Let Q3 be a bounded open set of class C* such that Q; CC Q3. We extend ¢ to 3 as
a C'*° function with compact support in 23 and we still denote this extension by ¢. Let
us introduce y*(x,t) := M~(t)Vp(x) (observe that ¥ is the restriction of y* to Q x [0, 1]).
Also, consider the associated flur function Y* : Q3 x [0,1] x [0, 1] + 03, defined as follows:

{ Yi(x,t,8) =y (Y*(x,t,5),1)

Y*(x,s,8) =x. (13)

Obviously, Y* contains all the information on the trajectories of the particles transported
by the velocity field y*. The flux Y* is of class C° in Q3 x [0, 1] x [0, 1]. Furthermore,
Y*(-,t,s) is a diffeomorphism of Q3 onto itself and (Y*(-,t,s))"! = Y*(-,s,t) for all
s,t € 0,1].

Remark 1 From the definition of y* and the boundary conditions on €2y satisfied by ¢,
we observe that the particles cannot cross X. Since ¢ is constant on I'", the gradient Vo
is parallel to the normal vector on I'". Since ¢ attains a maximum at any point of I'",
we have Vi -n > 0 on I't, whence y*-n > 0 on 't x [0,1]. Similarly, y*-n < 0 on
'~ x [0,1]. Consequently, the particles having velocity y* can leave ; only through I'"
and can enter €y only through I'". O

The following lemma shows that the particles that travel with velocity y* and are

inside O at time t = 0 (resp. t = 1/2) will be outside Q; at time ¢ = 1/2 (resp. t = 1).

Lemma 5 There exist M > 0 (large enough) and a bounded open set Qo satisfying 1 CC
Qo CC Qg such that

Y*(x,1/2,0) € Qs and Y*(x,1,1/2) ¢ Oy Vx € Q. (14)

The proof is given in [5] and relies on the properties of y* and, more precisely, on the
fact that t — (Y *(x,t,s)) is nondecreasing.

The next step is to introduce appropriate extension mappings from €2 to Q23. We have
the following result from [I1] (see Corollary 1.3.7, p. 138):

Lemma 6 For { =1 and { = 2, there exist continuous linear mappings my : C°(; ]RZ) —
C°(Q3; RY) such that

m(f) =f in Q and Suppm(f) C Qy Vfe CO(QLRY),
7o maps continuously C™(Q; RY) into C™Q5;RY)  Ym >0, VA e (0,1).
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The next lemma asserts that holds not only for y* but also for any appropriate
extension of any flow z close enough to y:

Lemma 7 For each z € C°(Q x [0,1];R?), let us set z* = y* + mo(z —y). There exists
v >0 such that, if |z — ¥y < v, then

Z*(x,1/2,0) € Qy and Z*(x,1,1/2) € Qo Vx € Q, (15)
where Z* is the flux function associated to z*.
Proof: Let us set
A={Y"(x,1/2,0) : x€ Do} U{Y"(x,1,1/2) : x € Qo }.

Both A and s are compact subsets of R? and, in view of Lemma ANQy = 0.
Consequently, d := dist (A, Q) > 0.

Let us introduce W :=Y* — Z*. Then, in view of the Mean Value Theorem and the
properties of w9, we have:

[W(x,t,s)| < M/ o)|[Ve(Y*(x,0,8)) — Vp(Z*(x,0,s))| do
/]mz— Z*(x,0,s),0)|do

< Muwuo/ 1(0) W(x,0,5 |da+/ |(ma(z — 9))( 0) o do

< M|[Vglo / (o)W (x,0,8)|do + C / Iz - 3)(-0)llo dor

where (x,t,s) € Q3 x [0,1] x [0,1]. Therefore, from Gronwall’s Lemma, we find that

Wt/ < € ([ 1o =5lalo)do ) e (319l [ 200 do )

< ceMIVelolhlloz — ¥l

and, consequently, there exists v > 0 such that, if ||z — ¥/ ) < v, one has

[W(x,t,8)| < = V(x,t,5) € Q3 x[0,1] x [0,1]. (16)

2
Thanks to Lemma [5| and , we necessarily have and the proof is achieved. o
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2.2 Construction of a trajectory when N =3

In this Section, we follow [9]. As in the two-dimensional case, ¥ will be of the potential
form “V¢”, with the property that any particle traveling with velocity ¥ must leave ) at
an appropriate time. The main difference will be that, in this three-dimensional case, ¢
will not be chosen independent of .

We first recall a lemma:

Lemma 8 Let O be a reqular bounded open set such that @ CC O. For each a € S, there
exists 2 € C(O x [0,1]) such that supp(¢?) C O x (1/4,3/4),

_A¢a:0 mn Q x (071)7 ( )
. 17
6@%:0 on (F\FO)X(Ovl)

and

$2(a,1,0) € O\ Q,
where ®2 := ®2(x,t,s) is the flur associated to V¢?, that is, the unique RN —valued
function in O x [0,1] x [0,1] satisfying

{ ®(x,t,5) = VP2 (D2(x, 1, ), 1), (18)

®?(x,s,s) = x.

The proof is given in [9] (see Lemma 2.1, p. 3).

With the help of these @2, we can construct a vector field y* in O x (0,1) that makes
the particles go from €2 to the outside and then makes them come back.

Indeed, from the continuity of the functions ®2 and the compactness of Q, we can find
aj,as, ...,a; in §, real numbers rq,..., 7, smooth functions ¢! = ¢21,..., ¢F := ¢k
satisfying Lemma [§| and a bounded open set Op with Q CC Oy CC O, such that

k .
Qc|JB ccoy and ®(B'1,0)C 0\ 0y, (19)
=1

where B’ := B(a;;r;) and & := ®% fori=1,... k.
As in [9], the definition of y* is as follows: let the time ¢; be given by

1 1

t121+@, ZIO,,2k, (20)
1 1\ 1
tl+1/2:4+<l+2>4k, ZZO,...,QkJ—l
and let us set
0, (x,t) € 0 x ([0,1/4] U [3/4,1]),
¢(X7t> = 8k¢j(x, 8k(t - tj_1)), (X,t) S 6 X [tj_17tj71/2:| s (21>

—8ke (x,8k(t; —t)), (x,t) € O X [tj_1/2,t]
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for j = 1,...,2k, where ¢**? := ¢! for i = 1,...,k. Then, we set y* := V¢ and y :=
y* ’ﬁx[o 1] and we denote by Y™ the flux associated to y*.
If we set p(x,t) :== —¢(x,t) — %|V¢(X,t)‘2 and 0 = 0, then and are verified by

(?,79,9) forT=1,yo=y1=0and 0y =6, =0.

Thanks to and , one has:

Lemma 9 The following property holds for allt=1,... k:
Y*(x,ti1/2,0) €O\ Qg and  Y*(X,tpyi-12,1/2) €0\ Oy Vxe€B.  (22)

For the proof, it suffices to notice that, in O x [1/4,3/4] x [1/4,3/4], Y*(x,t, s) is given
as follows:

P (x, 8k

x, 8k
P (x, 8k
®/ (x, 8k

t—tj1),8k(s —t;—1)) if (x,t,8) € O x [tj_1,tj_1/2) X [ti—1,t1_1/9],
t—tj-1),8k(ti—s)) if (x,t,5) € O x [tj_1,tj_12] X [ti—1/2, 1],
ty—t),8k(s —t1-1)) if (x,t,8) € O X [t;_12,t5] X [ti—1,t-1/2],
t;—1t),8k(t; — s)) if (x,t,8) € O X [tj_19,t5] X [ti_1/2, 8]

(
I (
(
(

~~ I~ —~

forall ,j =1,...,2k, where ®*% the flux associated to V¢F*i for i =1,..., k.
Hence, one has the following for all i = 1, ...,k and for each x € B :

Y (x,ti-1/2,0) = Y (%, ti_1/2,1/4) = Y*(x, t;_1)2,t0) = ®'(x,1,0) € 0\ Op
and
Y (%, thgio1/2:1/2) = Y5 (X, tpgim1jos th) = (%, 1,0) = @'(x,1,0) € 0\ Op.
A result similar to Lemma [6] also holds here:

Lemma 10 For ¢ =1 and ¢ = 3, there exist continuous linear mappings m; : C°(Q; RY) —
C°(O;RY) such that

m(f) =f in Q and Suppm(f) C Oy Vf e CO(QRY),
me maps continuously C (4 RY) into C*MO;RY) Vn >0, VA e (0,1).

Finally, we have that also holds for the flux corresponding to any velocity field
close enough to y:

Lemma 11 For each z € C°(Q x [0,1];R3), let us set z* = y* + m3(z — ). Then there
exists v > 0 such that, if ||z — ¥y < v and i =1,...,k, one has:

Z*(x,ti_1/2,0) € O\ Og and Z*(X,t4i1/2,1/2) €O\ Oy Vx € B,
where Z* is the flux associated to z*.

The proof is very similar to the proof of Lemma [7] and will be omitted.
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3 Proof of Theorem [

This Section is devoted to prove the exact controllability result in Theorem [1, We will
assume that Proposition [I] is satisfied and we will employ a scaling argument and the fact
that, when k = 0, is time reversible.

Let T > 0, 6g,01 € C>*(Q) and yq,y1 € C(2,,T) be given. Let us see that, if

2.0 + |¥1ll2,0 + 100][2,0 + (161

llyo

2,a

is small enough, we can construct a triplet (y,p, #) satisfying and .
If £ € (0,7/2) is small enough to have

max{e[[yollza,€*[0oll2a} <& (vesp. max{elly1lza, e*[01llz.a} <),

then, thanks to Proposition there exist (y°,0°) in C°([0, 1); C*(Q; RV +1)) and a pres-
sure p” (resp. (y!',0') and p') solving (1), with y°(x,0) = eyo(x) and 6°(x,0) = £260y(x)
(resp. y'(x,0) = —ey1(x) and 0'(x,0) = £261(x)) and satisfying (6]

Let us choose ¢ of this form and let us introduce y : 2 x [0, 7] = RY, p: Qx[0,7] — R
and 0 : Q x [0,T] — R as follows:

plx,t) = 40 (x,e M), for (x,1) €2 x [0,2],

Y( ,t)ZO,
p(x,t) =0, for (x,t) € Qx (¢,T —¢),
0(x,t) =0,

x,t) = e~ pl(xﬂgfl(T—t))’ for (X,t) €O x [T—&,T].
X, 1

Then, (y,0) € C°([0,T]; CH*(; RY+1) and the triplet (y,p, 0) satisfies and .

4 Proof of Proposition [1I. The 2D case

Let u € C*°([0,1]) be a function such that 4 =1in [0,1/4], x =0in [1/2,1] and 0 < p < 1.
Proposition [1] is a consequence of the following result:
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Proposition 2 There exists 6 > 0 such that, if max {|lyoll2,a: [|60ll2,a} < 0, then the

coupled system

G+y Vi=-kxV0 in Qx(0,1),

0, +y-V0=0 in Qx(0,1),

V.y=0, Vxy=( in Qx(0,1), (23)
y'n=(y+pyo) n on T'x(0,1),

( €(0) =V xyo, 0(0) =0y in Q,

possesses at least one solution ((,0,y), with
(¢,0,y) € C°([0,1]; C¥*(2)) x C°([0,1]; CH*(2)) x C°([0,1]; (4 R?)), (24)

such that
O(x,t) =0 in Qx(1/2,1) and ((x,1)=0 in Q. (25)

The reminder of this section is devoted to prove Proposition [2, We are going to adapt
some ideas from Bardos and Frisch [I] and Kato [12], already used in [5] and [7]. Let us
give a sketch.

We will start from an arbitrary field z = z(x,t) in a suitable class S of continuous
functions. To this z, we will associate a scalar function 6 (a temperature) verifying

0, +z-VO=0 in Qx(0,1),
0(x,0) = 6p(x) in K.

and
O(x,t)=0 in Qx(1/2,1).

With the help of 0, we will then construct a function ¢ (an associated vorticity) satisfying

Ct+z-v<:7k><v0 in QX(Ovl)a
¢(0) = V X yo in Q.

and

((x,1)=0 in £

Then, we will construct a field y = y(x,t) such that V x y = and V -y = 0. This way,
we will have defined a mapping F' with F(z) = y. We will choose S such that F maps S
into itself and an appropriate extension of F' possesses exactly one fixed-point y. Finally,
it will be seen that the triplet (¢, 6,y), where ¢ and 6 are respectively the vorticity and
temperature associated to y, solves and satisfies .

Let us now give the details.

The good definition of S is as follows. First, let us denote by S’ the set of fields
z € C°([0,1]; C**(Q;R?)) such that V -z = 0in Q x (0,1) and z - n = (¥ + uyo) - n on
I' x (0,1). Then, for any v > 0, we set

S, ={zeS :|z—¥loz2. <V}
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Let v > 0 be the constant furnished by Lemma [7] and let us carry out the previous
process with S := S,. To guarantee that S, is nonempty, it suffices to assume that the
initial data yq is sufficiently small in C%%(Q; R?), since, if this is the case, ¥ + uyo € S,

Let z € S, be given and let us set z* = y* + ma(z — ¥). We have the estimates

12°(-, )ll2.0 < 1Y* (5 D)ll2a + Cll(z =35 Dll2a VEE€[0,1] (26)
and the following result holds:
Lemma 12 The fluz Z* associated to z* satisfies Z* € C'([0,1] x [0, 1]; C%(Q3;R?)).

Recall that Z* = Z*(~\, t, s) is, by definition, the unique function satisfying

{ Z;(x,t,5) = 2*(Z*(x,t, 5), ), (27)
Z*(x,s,s) =X,

and
Z*(x,t,s) € Qs V(x,t,s) € Qs X [0,1] x [0,1].

For the proof of Lemma [I2] it suffices to apply directly the classical existence, unique-
ness and regularity theory of ODEs.

Since Z* € C'([0,1] x [0,1]; C>*(Q23;R?)), 6y € C?%(Q) and 7; maps continuously
C?2(Q) into C*%(Q3), there exists a unique solution §* € C°([0,1/2]; C*%(Q3)) to the
problem
{ 0 +2° VO =0 in Q3x(0,1/2), 28)

9*(X, 0) = 71'1(90)(){) in Qg.

Note that, in , no boundary condition on #* is needed. Obviously, this is be-
cause Supp z* C (3.

The solution to verifies Supp 6% (-, t) C Z*(§22,¢,0) for all ¢ € [0,1/2]. In particular,
in view of the choice of v, we get:

Suppe*(- s 1/2) C Z*(QQ, 1/2,0) C Q3 \QQ,

whence 6*(x,1/2) =0 in Q.
Let 6 be the following function:

] r(xt), (x,t) €Q2x[0,1/2),
b, ) = { 0, (x,1) € 0 x [1/2,1].

Then 0 € C9(]0,1]; C*>%(Q)) and one has

0, +2z-VO=0 in Qx(0,1),
0(x,0) = p(x) in €.
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For the construction of ¢, the argument is the following. First, let us introduce (; :=
V x (m2(yo)) and let ¢* € C°([0,1/2]; C1%(Q3)) be the unique solution to the problem

{ G+7 V= —kx VO in Qgx(0,1/2),
¢ (x,0) = () n 0
With this (¥, we define (/5 € C1(Q) with
Cry2(x) :=C*(x,1/2) forall x € Q.
Then, let ¢** € C°([1/2,1]; C1*(Q3)) be the unique solution to the problem
{ =Yt =0 i Q3% (1/2,1),
¢ (x,1/2) = m1(Cry2)(x) in Q.

We have (**(Z*(x,t,1/2),t) = m1(¢12)(x) for all (x,t) € Q3 x [1/2,1] and, again from the
choice of v,

Supp ¢**(-,1) € Z*(Q2,1,1/2) C 23\ Qs
and (**(x,1) = 0 in Q. Finally, we can define ¢ € C°([0,1]; C1*(€2)), with

e, (k) ex(0,1/2),
(0ot = { CH(x,1), (x,t) € Qx [1/2,1),

Obviously, ( is a solution to the initial-value problem

{Ct+z.vgz—k><V9 in Qx(0,1), (30)

((x,0) = (V xyo)(x) in Q.
With this ¢, we can now get a unique y € C?([0, 1]; C?%(Q; R?)) such that V x y = ¢

in 2x(0,1),V-y=0in Q2 x (0,1) and y -n = (¥ + uyo) -n on I' x [0,1]. Indeed, let
Y € CY([0,1]; C*>%(Q)) be the unique solution to the following family of elliptic equations:

{_A¢=<—quyoinﬂwa% (31)

Y=0 on I' x (0,1).

Then, let us set y := V x9+y+yo. We have that y € C°([0, 1]; C?(Q; R?)) and satisfies
the required properties. Since y is determined by z, we write y = F(z). Accordingly,
F:S, — S is well defined.

The following result holds:

Lemma 13 There exists § > 0 such that, if

maX{Hy()”Q,ow ”90”2704} < 67 (32)

then F(S,) C S,.
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Proof: Let z € S, be given. Then F(z) —y =V x ¢ + pyo and we have:

1E(2) (1) =¥ Dll2.a < CUICC Blle + [Yoll2.a)-

Applying Lemma 2 to the equations of 8* and (*, we get

16°C . D)1z < [[71(60) |20 exp (K [ 1 dT) (33)

saren (K [ 1Cm)

and

1€ B)lha < C(llma(yo)ll2.a + [I71(60)]

2.0 dr> . (34)

With similar arguments, we also obtain

1€ Dla < Clm2(yo)ll2a + 171(60)ll2.0) exp (K/O 127 (- 7T)H2,a(7)d7> (35)

for all t € [1/2,1]. Thanks to and (35)), we get the following for ¢:

t
1CCD)lha < Cllyollz.a + [160]l2.0) exp <K/O ||z*(-,7)||2,adr>. (36)

Using , and the definition of S,, we see that

[1F(z)(-,t) =¥ (-, )20 < Ci(llyoll2.a + [I00]12,a) exp <C2 /Ot 12(-,7) = ¥(, 7)l2.a dT)
< Ci(llyoll2.a + 160]l2,a) exp(Cav).
Let § > 0 be such that 2C8e¢€2” < v and let us assume that is satisfied. Then
IF() — Flo2.e < v

and, consequently, F' maps S, into itself. O

Now, we will prove the existence and uniqueness of a fixed-point of the extension of
F in the closure of S, in C°([0,1]; C»*(€2;R3)). For this purpose, we will check that F
satisfies the hypotheses of Theorem

To this end, we will first establish two important lemmas. The first one is the following:

Lemma 14 There exists C > 0, only depending on lyo

l2.0s [|00|2,0 and v, such that, for
any z', z> € S,, one has:

(¢t =) t)loa < 5/0 (2" —2°)(.5)[[Lads ¥t e€(0,1], (37)

where C' is the vorticity associated to z'.
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Proof: First of all, let us introduce w* := z*! — z%? and ©* := §*! — %2 (where the
notation is self-explaining). Obviously, the estimates and (resp. (33]) and ) hold
for z*! and z*2 (resp. %! and 6*? and ¢*! and ¢*?). Furthermore, it is clear that

OF + 271 . VO* = —w* . Vo2

Applying Lemma [1] to this equation, we have

10°C. Ol < W Oll1all0( t)ll2.a + K25 ()

dt+ () (38)

In view of Gronwall’s Lemma, and , we see that
1"t < Co [ 1w Colnads Vi€ 0172 (39)

The equations verified by T* := ¢*! — ¢*2 and T** := ("1 — **2 are
T +2z°1 - VT = —w* - V("? —k x VO*

and
T:* + Z*,l . v'r** — —W* X VC**,Q’

respectively. Consequently, applying Lemma [1| to these equations, we get:

T Ol < (W - VE2 +k x VO) (-, 1)llo.a + K2 () |1al T*( ) lo.a (40)

dt+ |

and

+ K|jz5 (- )

(5 )llo.a- (41)

I Dl < lw* - V(1)

Applying Gronwall’s Lemma, we deduce in view of that

» t
1T D)o < Gl o / [ 8)rads Yt € [0,1/2]

and
TG ) lloe < 02||C*2||o,1,a/ W (s 8)ll1ads Vi€ [1/2,1].
Finally, we see from these estimates and (| . ) that (37)) holds. O

Note that y' — y? = V x (¢! —?), whence V x (V x (! — 9?)) = ¢! — ¢(? and V x
(Pt =) -n=00onT x[0,1].

Let us denote by M the set of fields w € C?(]0, 1]; C1¥(Q; R?)) such that V- w = 0
in 2 x(0,1) and w-n=0onTI x (0,1). Note that, for any w € M, the norms ||[w/||1
and ||V x wl|o o are equivalent; we will set in the sequel |||w||[1,o := ||V x W|g, for any
w e M.
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Lemma 15 Let C be the constant furnished by Lemma . For any z',2*> € S,,, one has

(Ct™m
m!

[I(F™(2") = F™ (2%)) (- t)l[[1.0 < Iz = 2*[lo1. Vm > 1. (42)

Proof: The proof is by induction.
For m = 1, this is obvious, in view of Lemma

Let us assume that holds for m = k. Applying Lemma (14| to y' = F*(z') and
y? = F¥(z?), we have

IEE) = F*) e < @/0 17" =¥ 8)llads V€ [0,1].

Therefore, using the induction hypothesis, we obtain:

k4+1/,1\ _ k4172 12 ! (és)k
[(F57(z) — F*7(2°) (5 Dl 1,0 < Cllz" — 270,10 T ds
(ét)k—f—l
~(k+1) 2" = 2"llo.1.
This ends the proof. O

We deduce that, for some C > 0, any m > 1 and any z',2% € S,, one has

éem
m (1 m(,2
e [ (a1) = @) 0 < S

L2y .
max} l|(z )G, )Hla)

T€[0,1

Consequently, if m is large enough, F™ : S, — S, is a contraction, that is, there exists
~v € (0,1) such that

|1F™(z") — F™(2%)[0,1,0 < Vl|l2" — 2*]j01.a V2',2* €S,. (43)
Thus, we can apply Theorem [3] with
By = C°([0,1]; CM*(; R?)), By = C°([0,1];C*>*(Q;R?)), B=S, and G=F

and deduce that F' possesses a unique extension F with a unique fixed-point y in the
closure of S, in C°([0, 1]; CL(Q; R?)).

It is easy to check that y is, together with some ¢ and 6, a solution to satisfying
and .

This ends the proof.

5 Proof of Proposition [I. The 3D case

In this Section we are going to prove Proposition [I] in the three-dimensional case.
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The situation is nor exactly the same considered in the previous section, since the
vorticity (which was fundamental for the fixed-point argument) is now a field and not a
scalar variable.

Let he times t;, the balls B® and the functions p’ be as in Section and let us set
wo =V x m3(yp). Proposition [1is a consequence of the following result:

Proposition 3 There exists 6 > 0 such that, if max{||yo

2,(13”90”2,04} < 5, then the
coupled system

wit+ (y Vw=(w-V)y—kxVe in Qx(0,1),
b +y-V6=0 in Qx(0,1),
V.y=0, VXy=uw i Qx(0,1), (44)
y-n=(y+uyo) n on T'x(0,1),
L w(0) =V xyq, 6(0) =6 in Q

possesses at least one solution (w,0,y), with
(w,8,y) € C°([0,1); C™* (4 R?)) x C%([0,1]; 1 (@) x C°([0,1]; CH*(%R?)),  (45)
such that
0(x,t) =0 in QX (tg_1/2,1) and w(x,t)=0 in QX (tap—1/2,1) (46)

Let us give the proof of this result. We will repeat the strategy of proof of Proposition[2]
but we will have to incorporate some ideas from Bardos and Frisch [I] and Glass [9]; this
is mainly due to the complexity of the field y* in this case. We will use the notation
in Section 2.2

First, let us denote by R’ the set of fields z € C°([0, 1]; C>*(2; R3)) such that V-z = 0
in Q2x (0,1) and z-n = (¥ + pyo) -nonI' x (0,1). Then, for any v > 0, we set

R,={zcR |z —¥llog,a <v}.

Let v > 0 be the constant furnished by Lemma As before, if the initial datum yq
is sufficiently small in C2(Q;R3), the set R, is nonempty.

Now, we are going to construct a mapping F': R, — R,.

We start from an arbitrary z € R, and we set z* := y* + 73(z — y). Then, we denote
by 6* the unique solution to

07 +z*-Vo* =0 in Ox][0,1/2],
0"(x.0) = Yi_ ¥ () 1 (6p) (x) i O.

Obviously, 8* = Zi?:l 6%, where 6’ is the unique solution to

0 +z*- Vo' =0 in O x[0,1/2],
0'(x,0) = ¥ (x) 71 (6p)(x) in O.
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The identities
Qi(Z*(x,t,O),t) = @Di(x)m(ﬁo)(x) V(x,t) € O x [0,1/2]

imply that
Supp 6'(-,t) C Z*(B',t,0) Vt€[0,1/2].

Hence, in view of Lemma [T} we deduce that
Supp 60(-,t;_1/2) C Z*(B',t;_1/2,0) C O\ Oy,

whence
0'(- ti—12) =0 in Q. (48)

Now, we set 0(x,t) := 0*(x,t) in O x [0, ] and we say that, in O x [to,1/2], § is the

unique solution to

0 +2*-VO=0 in <t0,1/2\U{t 1}>,
) k ‘ (49)
0(x,ti—1/2) = Zel(xvti—l/Q) —0'(x,,t;i_10) in 0,1<i<k

l=t

We notice that é( sth—1/2) =0 in 0. Hence, § =0 in O x [tk—1/2,1/2]. Moreover,
Z@lxt Hlxt) in 6X(ti,1/2,ti+1/2), 1SZ§I€—1

Note that the lateral limits of 6 at the points {t;_; /Q}le are not necessarily the same in
the whole domain O.
Let 6 be the restriction of 6 to 0. Due to and , we see that 0 is continuous at
the ;1o with i = 1,...k, satisfies
{ 0, +2z-VO=0 inQx (0,1/2), (50)
0(x,0) = Op(x) in Q

and belongs to C°([0, 1]; C1*(Q2)).

In a similar way, we can introduce a field @ in O x [0, 1] whose restriction to 2 is a
function w satisfying the first PDE in with y replaced by z. The definition of @
will be made in three parts, respectively associated to the three time intervals [0,1/2),
(1/2,t11/2) and [tr112,1].

Let us introduce wp := V X (m3(yo)) and let w* be the solution to

{ Wi+ (2° - VIw* = (W* - V)z* — (V-2%)w* — K x Vm(8) in O x (0,1/2),
w*(x,0) = wo(x) in O.
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With this w*, we set w7, € Che(Q) with w1/2( X) := w*(x,1/2) for all x € Q. Let us
consider the solution w** to the problem

w4 (z* - V)w™ = (W™ - V)z* — (V-z2")w™ in 0x(1/2,1),

w*(x,1/2) = Z:lw (x) 71'3((.01/2)()() in O.

As before, we can decompose w** as a sum of functions. More precisely, let w!, ..., w" be
the solutions to the problems

wi+ (2" V)w' = (w'-V)z* — (V-z")w’ in Ox(1/2,1), (52)

wi(x, 1/2) = @Zﬂ(x) 773(wr;2)(x) in O.
Then

k .
W =Y "w' in 0x[1/2,1]
=1

Each w' satisfies

t

WH(ZF(%,,1/2), 8) = (x, 1/2)+ /1 /QW V) —(V - 7)) (Z*(x,0,1/2), &) do

Consequently,
W' (Z7(x,1,1/2),1)] < |w'(x,1/2)[ + CHZ*Ho,l,o/ w"(Z*(x,0,1/2),0)|do.
1/2
Notice that, if x ¢ B® we then have
t
(2 (x,,1/2),0)] < Cllloso | Wwi(Zx,0,1/2),0)| do
1/2

and, from Gronwall’s Lemma, we necessarily have
Wi (Z*(x,t,1/2),t) =0 V(x,t) € (0\ BY) x [1/2,1].
A consequence is that Supp w'(-,t) C Z*(B% t,1/2), whence we get
wi(x,tk+i_1/2) =0 forall xecQ.
Then, we simply set @(x,t) 1= w*(x,t) in O x [0,1/2] and &(x,t) = w**(x,t) in

O x [1/2,t41/2] and we say that, in O X [tj11/2,1], @ is the unique solution to

Gt Vo=@ V(T2 w0 (e N\ U e a})
- (53)

DX,y 1 (%t 1) =@ (Xt 1) In 0, 1<i <k

Ier
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We notice that @(x,ty,_1/2) = 0 in 0. Therefore, &(x,t) = 0 in O x (tor—1/2,1]-
Moreover,

k
w(x,t) = Zwl(x,t) —w'(x,t) i O X (tpyi1/2 thpivrye), 1<i<k—1
=i

Let w be the restriction of & to Q x [0, 1]. It belongs to C°([0, 1]; CL*(; R3)), satisfies

- .

wi+(z-Viw=(w-V)z—k xVO in Qx]I0,1],
w(x,0) = (V X yo)(x) in Q

and, also, w(x,t) =0 in Q x [tor—1/2,1]-
Thanks to Lemma (3| w is divergence-free in € x (0,1). Consequently, from classical
results, we know that there exists exactly one y in C°([0, 1]; C*>*(Q;R?)) such that

(54)

VXy=w, V-y=0 in Qx(0,1),
y'n=(uyo+y)-n on I'x(0,1).

Since y is uniquely determined by z, we write F(z) = y. The mapping F : R, — R/ is
thus well defined.
In view of some estimates similar to those in the two-dimensional case, we see that the

initial data can be chosen small enough to have F(R,) C R,. More precisely, one has:

Lemma 16 There exists 6 > 0 such that, if {||yo
forallz e R,.

2.0 [|00ll2,a} < 6, one has F(z) € R,

The end of the proof of Proposition [3]is very similar to the final part of Section

Essentially, what we have to prove is that, for some m > 1, F™ is a contraction
for the usual norm in C°([0,1]; CY*(Q;R3)). Indeed, after this, we can apply Theo-
rem [3| with By = C°((0, 1]; CH*(Q; R?)), By = C°([0,1]; C>**(%;R?)), B = R, and G =
F and deduce the existence of a fixed-point of the extension F in the closure of R,
in C°([0, 1]; C1(Q; R?)).

But this can be done easily, arguing as in the proof of Lemma[I5 For brevity, we omit
the details.

6 Proof of Theorem 2

Theorem [2] is an easy consequence of the following result:
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Proposition 4 For any T* > 0 and any yg € Cg’a(ﬁ; RN), there exists n > 0 such that,
if 0y € C*%(Q), 6p =0 on T\ and ||0||2.a < 7, the system

i+ (y-V)y=-Vp+ko in - Qx(0,T%),
V-y=0 in  Qx(0,T%),
0:+y-VO=rAb in  Qx(0,7%), (55)
y-n=0 on T x(0,T%),
0=0 on  (I\v) x (0,T7),

([ ¥(%,0) =yo(x), 0(x,0) =bo(x) in Q,

possesses at least one solution y € C°([0,T*]; C>*(Q; RY)), 6 € C°([0,T*]; C*>%(Q)) and
p e D' (2 x(0,T*)) that satisfies

0(x,T*)=0 in Q. (56)

Indeed, if Proposition 4] holds, we can consider and control first the temperature
0 exactly to zero at a time T* < T. To do this, we need initial data as above, that is,
Yo € Cg’a and 6y € C**(Q) such that 6y = 0 on T'\y and ||fp||2.« < n. Then, in a second
step, we can apply the results in [5] and [9] to the Euler system in Q x (T*,T'), with initial
data y(-,7*). In other words, we can find new controls in (7%, T') that drive the velocity
field exactly to any final state y;.

Proof of Proposition [ For simplicity, we will consider only the case N = 2. We will
apply a fixed-point argument that guarantees the existence of a solution to —.

We start from an arbitrary 6 € C°([0, T*]; C**(2)). To this #, arguing as in Section
we can associate a field y € C°([0, T*]; C%(€; RY)) verifying

yi+(y-V)y=-Vp+kf inQx(0,T%),

V-y=0 in Q x (0,77"),
y-n=0 on I' x (0,7%),
y(x,0) = yo(x) in Q

and
[¥ll0.2,0 < C(llyoll2,a + [10]l0,2,0)-

Let © C R? be a connected open set with boundary I' = 9§ of class C? such that
QcQand 'NT =T\ 7 (see Fig. . Let w € Q\ Q be a non-empty open subset.
Then, as in Theorem 4 we associate to y a pair (0, 7) satisfying

!

i+ 7(y) - VO = kA + 51, in Q x (0,7,
on I x (0,T7),

0
0(x,0) = 7(0p)(x), O(x,T*)=0 in ),
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Figure 2: The domain © and the subdomain w.

where 7 and 7 are extension operators from € into ) that preserve regularity. Let 6 be
the restriction of 6 to € x [0,T*]. Then, 0 satisfies:

0: +y-VO=rA0 in Q x (0,7%),
0 =01, on I' x (0,T%),
0(x,0) = Op(x), 0(x,7*)=0 1in Q.
Moreover, from parabolic regularity theory, it is clear that the following inequalities

hold:
18¢l10,0.0 + 10]l0,2,0 < Cl80]3.4 €Y l020 < |12, eCUFollzatlEll02.0),

Now, let us introduce the Banach space
W ={6€C(0,T*];C**(Q)) : 6, € C°((0,T"]; C**(Q)) }
and let us consider the closed ball

B:= {0 %0, T*];C"*(Q) : |0]0.1.0 < 1}

and the mapping A, with
AB) =6 VO C0,T*); CH()).

Obviously, A is well defined. Furthermore, in view of the previous inequalities, it maps
continuously the whole space C°([0,T*]; C%*(2)) into W, that is compactly embedded
in C°([0,T*]; C1*(Q)), in view of the classical results of the Aubin-Lions kind, see for
instance [21].
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On the other hand, if n > 0 is sufficiently small (depending on ||yol/2,o) and [|6p|2,o < 7,

A maps B into itself. Consequently, the hypotheses of Schauder’s Theorem are satisfied

and A possesses at least one fixed-point in B. O

Acknowledgements: The authors are grateful to the anonymous referees for their

valuable comments and suggestions, that have allowed to improve a previous version of

the paper.

References

1]

8]

[9]

[10]

C. BARDOS AND U. FRISCH, Finite-time reqularity for bounded and unbounded ideal
incompressible fluids using Holder estimates, in Turbulence and Navier-Stokes equa-
tions (Proc. Conf., Univ. Paris-Sud, Orsay, 1975), Springer, Berlin, 1976, pp. 1-13.
Lecture Notes in Math., Vol. 565.

E. FERNANDEZ-CARA AND S. GUERRERO, Global Carleman inequalities for parabolic
systems and applications to controllability, STAM J. Control Optim., 45 (2006),
pp- 1395-1446.

J.-M. CORON, Global asymptotic stabilization for controllable systems without drift,
Math. Control Signals Systems, 5 (1992), pp. 295-312.

J.-M. CORON, Contrdlabilité exacte frontiere de l’équation d’Euler des fluides parfaits
incompressibles bidimensionnels, C. R. Acad. Sci. Paris Sér. I Math., 317 (1993),
pp. 271-276.

J.-M. CORON, On the controllability of 2-D incompressible perfect fluids, J. Math.
Pures Appl. (9), 75 (1996), pp. 155-188.

J.-M. CoroN, Control and nonlinearity, vol. 136 of Mathematical Surveys and Mono-
graphs, American Mathematical Society, Providence, RI, 2007.

O. Gurass, Controlabilité exacte frontiére de l’équation d’Euler des fluides parfaits
incompressibles en dimension 3, C. R. Acad. Sci. Paris Sér. I Math., 325 (1997),
pp- 987-992.

O. Grass, Controlabilité de l’équation d’FEuler tridimensionnelle pour les fluides par-
faits incompressibles, in Séminaire sur les Equations aux Dérivées Partielles, 1997—
1998, Ecole Polytech., Palaiseau, 1998, pp. Exp. No. XV, 11.

O. GuAss, Ezact boundary controllability of 3-D Fuler equation, ESAIM Control
Optim. Calc. Var., 5 (2000), pp. 1-44 (electronic).

R. Growinski, J.-L. Lions, AND J. HE, Ezact and approximate controllability
for distributed parameter systems, vol. 117 of Encyclopedia of Mathematics and its
Applications, Cambridge University Press, Cambridge, 2008. A numerical approach.



REFERENCES 27

[11]

[12]

[13]

[14]

[16]

[17]

R. S. HAMILTON, The inverse function theorem of Nash and Moser, Bull. Amer.
Math. Soc. (N.S.), 7 (1982), pp. 65-222.

T. KATO, On classical solutions of the two-dimensional nonstationary Fuler equation,
Arch. Rational Mech. Anal., 25 (1967), pp. 188-200.

A.V. KazHikKHOV, The correctness of the nonstationary problem about the flow of
the ideal fluid through the given domain, Dinamika Sploshn. Sredy 47 (1980) 37756
(Russian).

A.V. KAZHIKHOV, Initial-boundary value problems for the Euler equations of an ideal
incompressible fluid (Russian), Vestnik Moskov. Univ. Ser. I Mat. Mekh. 1991, no. 5,
13-19, 96; translation in Moscow Univ. Math. Bull. 46 (1991), no. 5, 10-14.

I. LAsiEckA AND R. TRIGGIANI, Control theory for partial differential equations:
continuous and approxrimation theories. I and II, vol. 74 of Encyclopedia of Mathe-
matics and its Applications, Cambridge University Press, Cambridge, 2000.

W. LITTMAN, Boundary control theory for hyperbolic and parabolic partial differential
equations with constant coefficients, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 5 (1978),
no. 3, 567-580.

A. J. MAJDA AND A. L. BErTO0zZI, Vorticity and incompressible flow, vol. 27 of
Cambridge Texts in Applied Mathematics, Cambridge University Press, Cambridge,
2002.

J. PEDLOSKY, Geophysical fluid dynamics, Springer-Verlag, New York, 1987.

D. L. RUSSELL, Fzact boundary value controllability theorems for wave and heat pro-
cesses in star-complemented regions, in Differential games and control theory (Proc.
NSF—CBMS Regional Res. Conf., Univ. Rhode Island, Kingston, R.I., 1973), Dekker,
New York, 1974, pp. 291-319. Lecture Notes in Pure Appl. Math., Vol. 10.

D. L. RusseLL, Controllability and stabilizability theory for linear partial differential
equations: recent progress and open questions, STAM Rev. 20 (1978), no. 4, 639-739.

J. SmMON, Compact sets in the space LP(0,T; B), Ann. Mat. Pura Appl. (4), 146
(1987), pp. 65-96.

M. TucsNAK AND G. WEISs, Observation and control for operator semigroups,
Birkh&user Advanced Texts: Basler Lehrbiicher. [Birkhduser Advanced Texts: Basel
Textbooks], Birkhduser Verlag, Basel, 2009.



	Introduction
	Preliminary results
	Construction of a trajectory when N=2
	Construction of a trajectory when N=3

	Proof of Theorem 1
	Proof of Proposition 1. The 2D case
	Proof of Proposition 1. The 3D case
	Proof of Theorem 2

