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Abstract

We propose a collision recovery scheme for symbol-synabuerslotted ALOHA (SA) based on
physical layer network coding over extended Galois Fieldformation is extracted from colliding
bursts allowing to achieve higher maximum throughput wigkpect to previously proposed collision
recovery schemes. An energy analysis is also performedjtaadhown that, by adjusting the trans-
mission probability, high energy efficiency can be achievigte paper also addresses several practical
aspects, namely frequency, phase, and amplitude estimatsowell as partial symbol asynchronism. A
performance evaluation is carried out using the proposgarithms, revealing remarkable performance

in terms of normalized throughput.
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. INTRODUCTION

The throughput of Slotted ALOHA (SA) systems is limited by tbollisions that take place when
more than one node accesses the channel in the same timEhsgdimitation is particularly problematic
in satellite networks with random access, where the longdeuip time (RTT) greatly limits feedback
from the receiver, for example to perform load control or ¢guest retransmission.. Techniques like
Diversity Slotted ALOHA (DSA) [1], in which each packet isatrsmitted more than once, have been
proposed in order to increase the probability of succes$étection. The spectral efficiency of SA
systems can be increased by exploiting the collided sighal€ontention Resolution Diversity Slotted
ALOHA (CRDSA) [2] the collided signals are exploited using iéerative interference cancelation (IC)
process. In CRDSA each packet is transmitted more than omd¢euacollided packets are subtracted
from slots in which their replicas are present.[Ih [3] a padkeel forward error correction (FEC) code
has been applied to CRDSA, while in [4] a convergence armbysi optimization of CRDSA has been
proposed.

Another technique that allows to extract information froofliding signals is physical layer network
coding (PHY NC). PHY NC was originally proposed to increapedral efficiency in two-way relay
communication[[b] by having the relay decoding the collisimf two signals under the hypothesis of
symbol, frequency and phase synchronism. Several studies lbeen reported in the literature about
synchronization issues, gain analysis and ad-hoc moduldaéchniques for PHY NC in the case of
two colliding signals[[6][7][8]. In [9] PHY NC has been apptl in the satellite context for pairwise
node communication. In_[10] and [11] it has been proposegpplyaPHY NC to determine the identity
of transmitting nodes in case of ACK collision in multicagttworks by using energy detection and
ad-hoc coding schemes, under the hypothesis of phase symelwy signal superposition at the receiver.
In [12] the decoding of multiple colliding signals over gealdy complex channels has been studied
from an information theoretical point of view. In[13] PHY N@s been applied for collision resolution
in ALOHA systems with feedback from the receiver, under tesumption of frequency synchronous
transmitters.

In this paper we present a new scheme named Network-Codestddiv Protocol (NCDP), that
leverages on PHY NC in extended Galois Fields for recovedalisions in symbol-synchronous
SA systems. Once the PHY NC is applied to decode the collidedtfy the receiver uses common

matrix manipulation techniques over finite fields to recotrer original messages, which results in a
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high-throughput scheme. The proposed scheme and analifsis fbm previous works on collision

resolutions at both system (SYS) level and physical (PHVglte

SYS: « Unlike in [13], we assume that transmissions are organineftames. We consider two
different setups. In one, the nodes do not receive any fedédbam the receiver. If on the one
hand the absence of feedback leads tmesat-effortscheme, in which there is no guarantee
for a message to be received, on the other hand it notablyliE@sghe system architecture
and decreases the total amount of energy spent per receagetp In the second setup
that we consider, instead, feedback is allowed from theivecdn particular, we consider
an automatic repeat request (ARQ) scheme, in which a nodévescan acknowledgement
(ACK) or a negative acknowledgement (NACK) from the receivecase a message is or
is not correctly received, respectively. A message for WlacdNACK has been received is
retransmitted in a different frame. The retransmissiorc@ss goes on until the message is
acknowledged.

« We evaluate jointly the spectral efficiency (average nundfemessages successfully re-
ceived per slot) and the energy consumption (average ammfuehergy needed for a
message to be correctly received) of the proposed schenwoamghre it with other collision
resolution schemes previously proposed in the literature.

PHY: « We use extended Galois Fields, i.&F(2") with n > 2, instead of GF(2), which is
generally used in PHY NC. This allows to better exploit theedsity of the system, leading
to increased spectral efficiency and, depending on themystad, to an increased energy
efficiency.

« We take into account frequency and phase offsets at thentititess when applying PHY
NC for an arbitrary number of colliding signals. Up to our krledge, the issue of frequency
offsets in PHY NC has been previously addressed only for dise of two colliding signals.
See, e.g.,[14],15] and references therein.

« We show the feasibility of channel estimation for PHY NC ie ffresence of more than two
colliding signals, unlike previous works where only two l@bihg signals were considered
(see, e.g.,[[16]).

« We study the effect of non perfect symbol synchronism on geoder FER for an arbitrary
number of colliding signals and propose four different noeih to compensate for such
effect.

The rest of the paper is organized as follows. In Sediibn llpnesent the system model. Section
[Mdescribes how the channel decoding works in case of argene@mber of colliding signals with
independent frequency and phase offsets. In Sefign IV thposed scheme is described, while its

performance is studied in Sectibd V in terms of both spearal energy efficiency. SectionlVI deals
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with issues such as channel estimation and error detectibich are fundamental for a practical
implementation of the proposed scheme. Sedfion VIl is dddit to the effect of imperfect symbol
synchronization on the decoder performance in case of pheaitiolliding signals, and different schemes
to overcome such effects are presented. In SeEtion VIl vesgnt the numerical results, while Section

[XIcontains the conclusions.

[l. SYSTEM MODEL

Let us consider the return link (i.e, the link from a user tigrath to the satellite/base station)
of a multiple access system with/ transmitting terminalsyy, ....., Ty, and one receiveR. Packet
arrivals at each transmitter are modeled as a Poisson pradtds rate%, which is independent from
one transmitter to the other. Each packget= [u;(1),....,u;(K)] consists of K binary symbols of
informationu;(¢) € {0,1}, for ¢ = 1,..., K. We assume that, upon receiving a message, each terminal
T; uses the same linear channel code of fixed rate % to protect its message;, obtaining the
codewordx; = [z;(1),...,z;(N)], wherez;(I) € {0,1} for I = 1,..., N. For ease of exposition a
BPSK modulation is considered. Each codewgrds BPSK modulated (using the mappifg— —1,

1 — +1), thus obtaining the transmitted signal

si(t) = S bil)glt — IT), (1)

=1

whereTy is the symbol periodp; (1) is the BPSK mapping of;(I) and g(¢) is the square root raised
cosine (SRRC) pulse. The signalt) is calledburst

In the following we will refer to a time division multiple aess (TDMA) scheme. However, the
techniques proposed in the following can be also appliedth®roaccess schemes, such as multi-
frequency-TDMA (MF-TDMA), in which a frame may include seaécarriers, or code division multiple
access (CDMA), where NCDP can be used to recover collisiansach of the code sub-channels.
It should be noted that the proposed technique still relirssimgle carrier transmission of each
user terminal. From the user terminal perspective no siifichange is required. Transmissions are
organized in frames. Each frame is divided ittdime slots. The numbe$ of time slots that compose
a frame is constant, i.e., it does not change from one franteemther. The duration of each slot is
equal to aboutV burst symbols. When more than one burst is transmitted irséinge slot a collision
occurs at the receiver. A collision involving transmitters is said to have size We assume symbol-
synchronous transmissions, i.e., in case of a collisioa, dignals from the transmitters add up with
symbol synchronism aR. The received signal before matched filtering and sampling,an case of

a collision of sizek (assuming, without loss of generality, the fiksterminals collide), is:

y(t) = ha(t)s(t) + - + ha(t) sk (t) + w(?), ()
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wheres;(t) is the burst transmitted by usérw(¢) is a complex additive white Gaussian noise (AWGN)
process whiléy; (¢) takes into account the channel from termih&d the receiverh;(t) can be expressed

as.
halt) = Al @ravitted, 3)

where A; = |h;| is a lognormally distributed random variable modeling thermel amplitude of
transmitteri, while Av; andy; are the frequency and phase offsets with respect to the dscilator

in R, respectively. We assume that the amplitutleand the frequency offsehr; remain constant
within one frame [[2] whiley; is a random variable uniformly distributed ir-7, +x] that changes
independently from one slot to the other. The fact thathanges from one slot to the other is due to
the phase noise at the transmitting terminals [2]. Assurttiag the frequency offset is small compared
to the symbol ratd /T (AvTs < 1), the sample taken at time after matched filtering of signal(t)

is:
r(t) = ha(t)qi(t) + - + he(t)qr(t) + n(t), (4)

whereq(t) = s(t) ® g(—t), while n(t;)'s are i.i.d. zero mean complex Gaussian random variablés wi
variancelN, in each component. Note that even in case a BPSK modulatioseid, as we are assuming
in this paper, both the | and Q components of the receivedhbigne considered by the receiver. This is
because the phases of the users have random relative @ffgbtsus both components carry information
relative to the useful signal. The random relative offsetsstibe taken into account by the decoder, as
they cannot be eliminated by the demodulator. We considemtiore in detail in Sectiof Il

We assume that the receiver has knowledge of the nodes thatraarsmitting, as well as the
full channel state information at each time slot. As we aresaering a random access scheme, the
knowledge about nodes identity cannot be availablpriori at the receiver. Instead, nodes identity
must be determined by starting from the received signal, even in case a collisiocucs. This can
be achieved by having the transmitting nodes adding an gottal preamble in each transmitted burst,
assuming that the probability that two nodes use the samarie is negligible[[2]. We discuss the

issue of node identification and channel estimation moreetaitlin Sectiori_ V.

. MULTI-USERPHYSICAL LAYER NETWORK CODING

In this section we describe the way the received signal isgesed by the receivét in case of a
collision.

When a collision of sizé& occurs, i.e.k bursts collide in the same slot, the receiver tries to decode
the bit-wise XOR of thek transmitted messages. This can be done by feeding the deaittiethe

log-likelihood ratios (LLR) for the received signal. The@alation of the LLRs for a collision of generic
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size k in case of BPSK modulation was presentedlinl [13]. In the falhy we include the effect of
frequency offset in the calculation of the LLRs, which wag taken into account in_[13].

When signals fronk transmitters collide, the received signalfats given by [2). Each codeword
is calculated fromu,; asx; = C(u;), whereC(.) is the channel encoder operator. All nodes use the same
linear codeC(.). Starting fromr(¢), the receiver wants to decode codewosd = x; ©x2 D ... 3 Xy,
where @ denotes the bit-wise XOR. In order to do this the decodeRzof fed with vectorL® =
[L®(1),...,L®(N)] of LLRs for x,, where:

r(t;)—d°(2i—1,m)T 2
L) (o) e )

]
L@(z) = ln i=1 Zm:l

: (5)

TP (), et
h(t;) being a column vector containing the channel coefficientthef transmitters at time; (which
change at each sample due to frequency offsets), wiilgi — 1, m) andd®(2i,m) are column vectors
containing one (the m-th) of thig,* ) or (}) possible permutations ovérsymbols (without repetitions)
of an odd or even number of symbols with valugl”, respectively. Equatiori{5) is derived considering
that an even or an odd number of symbols with vakieadding up atR must be interpreted by the
decoder as a 0 or a 1, respectively. The derivatiod 8f/) is detailed in the Appendix (sekl[6] and
[8] for an extension to higher order modulations). If the a#ing process is successfuit, obtains the
messager, = u; @ ...® uy. In Sectior{ V] the FER curves for different collision sizestained using

these LLR values are shown.

IV. NETWORK CODED DIVERSITY PROTOCOL

In this section we present our network-coded diversity ggok (NCDP) which aims at increasing
the throughput and reducing packet losses in Slotted ALOHApie access systems. In the first part
of the section we recall some basics of finite field arithnggtichile in the second part we describe the

NCDP at the transmitter and at the receiver side.

A. Basics of Finite Fields

A finite field is a closed set with respect to sum and multipiaa with finitely many elements.
Finite fields are often denoted &&F'(s™), wheres is a prime numberp is a positive integer ané'F
stands foiGalois Field If n = 1 all operations (sum, subtraction, multiplication and siion) in the field
coincide with operations over natural numbers moduldéf n > 1 the field is said to be aextended
Galois Field (EGF). In an EGF each element can be represented as a poblnafndiegree lower than
n and coefficients inGF(s). An element in an EGF can be represented using the coeficarhe
corresponding polynomial representation. Thus, a strihg bits can be interpreted as an element in
GF(2™). Along the same line, a string & = n - L bits, L € A/, can be represented as a vector in an

L-dimensional space oveérF'(2") (see [17] for more details).
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The sum operation in an EGF is done coefficient-wise. The shitwm elements inGF'(2") can
be calculated as the bit-wise XOR of the twebits strings corresponding to the two elements to add.
The product in an EGF can be calculated through polynomidfiptization modulo an irreducible
polynomial which characterizes the field. Subtraction aivikidbn are defined as the inverse operations
of sum and product, respectively, and calculated accolging
Finally, let us consider a system of linear equation&ifi(2") with N variables ands equations,
S > N, with an associated x N coefficient matrixA having elements itGF(2"). The system
admits a unique solution iff the associated coefficient ima has exactlyN** linearly independent

columns (rows).

B. NCDP: Transmitter Side

Assume that nodé has a message; to deliver toR during framef. We call active terminalghe
nodes that have packets to transmit in a given frame. Eachagess transmitted more than once within
a frame, i.e., several replicas of the same message arenitirts We will give details about the number
of replicas transmitted within a frame in next section. Befeach transmission, nodgre-encodes;

as depicted in Fid.]1. The pre-coding process works as felloyis divided intoL = % blocks ofn

r oy
h bits ui nbits  Xij Uy
u; —>®—> _
GF(2") a’bj% n bits \;
Channe/

<« Modulation «————

sij = M(x;;) x;j = C(u;

Coding

ij

Fig. 1. NCDP pre-encoding, channel coding and modulatidrese at the transmitter side. The message to be transmitted
is divided into sub-blocks. Each sub-block is multiplied &yoefficienta;; € GF(2"). Coefficientsa;;, j € {1,...,S} are
chosen at random in each time slot. After the multiplicatidre message is channel-encoded, a header is attachedeand th

modulation takes place.

bits each. At each transmission a different coefficientj € {1, ..., S}, is drown randomly according

to a uniform distribution inGF'(2"). If a;; = 0, terminalT; does not transmit in slot. Each of theL
blocksu, r € {1,..., L}, is interpreted as an element /' (2") and multiplied bya;;. We callu;;

the message; after the multiplication byv;;. u;; is then channel encoded, generating the codeword
Xij = C’(u’ij). After channel coding, a headgy is added tax;;. Such header is chosen within a set of
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orthogonal codeword (e.g. Walsh-Hadamard). The same heade used for all transmissions of node
i within frame f, i.e., it does not change within a frame. Once the headertéstatd,x;; is BPSK
modulated and transmitted.

The choice of the coefficients and of the header is done asafslINode; draws a random number
u. 1 is used to feed a pseudo-random number generator, which &the for all terminals and is known
at R. The firstS outputs of the generator are used as coefficients. The hé&adeiquely determined
by u, i.e, there is a one-to-one correspondence between thef selues that can be assumed py
and the set of available orthogonal headers. The orthotipradl the preambles allows the receiver
to know which of the active terminals in framgis transmitting in each time slot. Moreover, as the
header univocally determingsand thus the set of coefficients used by each nétles able to know
which coefficient is used by each transmitter in each slotwiswe will see in Sectioh TV-IC, this
is of fundamental importance for the decoding process. Ad Isefore, the set of headers is a set of
orthogonal words, such as those usually adopted in CDMA. flihdamental difference with respect
to a CDMA system is that in such system the orthogonality ef ¢bdes is used to orthogonalize the
channels and expand the spectrum, while in NCDP the orthadijprof the preamble is used only for
determining the identity of the transmitting node, whichoistained without any spectral expansion,
as the symbol raté /T is equal to the chip rate (i.e., the rate at which the moddlatambols are

transmitted over the channel) [2].

C. NCDP: Receiver Side

The decoding scheme at the receiver side is illustrated atlexample in Fig]2 and Figl 3. In
the example, a frame witl§ = 4 slots andN® = 3 active terminals are considered. In each slot
the receiver uses the orthogonal preamble of each bursttesndi@e which node is transmitting and
which coefficient has been used for that burst. As describegectior TV-B, the coefficients used by a
node in each burst are univocally determined by the preanilile preamble can be determinedrat
using a bank of correlators which calculates in paralleladbeelation of the received signal with each
element in the set of available preambles. The preamblesés wded byR to estimate the channel for
each of the transmitters. The details about the channehastin are given in Sectidn VIIA. Once the
channel has been estimated, the decoder applies PHY NCdolat®l the bitwise XOR of transmitted
messages, as detailed in Section Ill. The receiver trieshemmrel-decode the received signals using
PHY NC. According to what is stated in Section TV-A and Secfi¥-B] the bitwise XOR is interpreted
as a sum inGF(2™). Thus the slots that have been correctly decoded are ietexpas a system of
equations inGF'(2™) with coefficientsa;;, which are known to the receiver through the headers (see
Fig.[2). At this point, if the coefficient matriA has full rank,R can recover all the original messages

using common matrix manipulation techniquesGi#'(2™) (see Fig[B). IfA is not full rank, not all
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N

Decoder ajju; +azjuz = by
N, 4 agal = b _, = Au=b
uy; D uy = aq1u] + azju; =0} Q12U1 + Q22 = bo ,
Linear equation in GF(2") o4y + aigqus = by ap;p a2 0 0

A=10 axn 0 au

az;r 0 0 az
Fig. 2. For each of the slots the receiver uses the
orthogonal preambles to determine the which node is

transmitting. With the same preamble the channel from Fig- 3. The receiver tries to channel-decode all of the

occupied slots, thus obtaining a system of equations in
GF(2"). At this point, if the matrixA of coefficients is

each of the transmitters in the slot tB is estimated.

The channeh;;,j € {1,...,S} changes at each slot due

to phase noise, according to the channel model described fUll rank, R can obtain all the original messages.Af is

in Section[l. Once the channel has been estimated, the MOt invertible, R can decode the “clean” bursts (i.e., the
decoder applies MU PHY NC to calculate the bitwise XOR bursts that did not experience collision), then subtraetrth

of transmitted messages. The bitwise XOR corresponds to from the slots where their replicas are. The procedure goes

a linear equation inGF(2") with coefficientsa;; which on until there are no more clean bursts. In the figdre,

are known to the receiver through the header. In the figure "€Presents the transpose operator.

only bursts with non-zero coefficients are shown.

the transmitted packets can be recovered. However, a pahteaf can still be retrieved using matrix
manipulation techniques such as Gaussian elimination.dBeeding process in case of rank deficient

coefficient matrix is analyzed in Sectiéd V.

V. THROUGHPUT ANDENERGY ANALYSIS

During each frame users buffer packets to be transmitteusifidilowing frame. Each node transmits
its packet more than once within a frame, randomly choosinevacoefficient inG F'(2™) independently
at each transmission. As described in the previous sectimn coefficients can be generated using
a pseudo-random number generator fed with a seed which i®aally determined by the chosen
orthogonal preamble. Using the preamble the receiver cdd bp a coefficient matrixA for each
frame , with A; ; = ;, a;; € {1,...,2" — 1}, such as the one represented in Tdble I. Columns
represent time slots while rows represent the active talsine., the terminals that transmit in present
frame. If a;; = 0, terminali does not transmit in sloj. During time slotj, R receives the sum of
the bursts witho,;; # 0. From the received signak tries to obtain the bit-wise XOR of the encoded
messages as described in Secfidn Il. The XOR is interpreted as a linear equation i F'(2"), the
coefficients of which are derived through the orthogonahprele as described in Sectibnl IV. Nt®
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TABLE |
EXAMPLE OF ACCESS PATTERN FOR THREE NODES TRANSMITTING IN A FRME WITH S = 4 SLOTS PER FRAME
QG5 € GF(2”) IS THE COEFFICIENT USED BY NODE IN SLOT j. EACH COEFFICIENT CAN ASSUME ONE OF = 2" POSSIBLE
VALUES, INCLUDING VALUE 0, WHICH CORRESPONDS TO THE CASE IN WHICH THE TERMINAL DOES NOTRANSMIT.

Slot1 Slot2 Slot3 Slot4

T1 a1l Q12 13 Q14
1> Q21 Q22 Q23 Q24
T3 as1 Qas2 Qas3 Q34

is the number of active terminals in a frame and assuming ahahe received signals are decoded
correctly, a linear system of equationsGi'(2") is obtained withS equations andV’® variables. Each
variable corresponds to a different source messagaA. lifas rank equal tavi®, then all the messages
can be obtained bjz. A necessary condition foA to be full rank isN® < S, i.e., the number of active
terminals in a frame must be lower than the number of slotsfrarae. Assuming Poisson arrivals with

aggregate intensitg, the probability of such event is:

S

Pr{N™ <5} =3)"

n=0

(GS);e GS7 ©)
which includes also the case in which there are no activeitalsduring a frame. For instance, in
case ofS = 100 slots andG = 0.8 the probability expressed bf/](6) is on the order0df9. Even if
Nt < S, however, it can still happen that is not full rank, i.e., not all the messages can be recovered.
The probability thatA is full rank for a givenN** < S depends on the MAC policy, and particularly
on the probability distribution used to choose the coeffitse

One possibility is to use a uniform distribution for the diménts (i.e., each coefficient can assume
any value in{0, ..., 2™ — 1} with probability2~"). In this case the numbel of transmitted replicas is

a random variable, and the probability thatis full rank is [18]:

Nip—1
P(S,Nw) = |1 <1—m>. (7)

k=0

Using [8) and[{I7) we find the expression for the normalizedubhput:

S
1 GS)me~ ¢S
m=1 ’
S m—1
1 (GS)meGS 1
- s mz::l (m —1)! 1;[ L= m
S—1 m
B (GS)me=G9 1
=G T ka L= s ) (8)
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From Eqgn.[(B) we can see th@tgrows withn, which means that the system throughput increases with
the size of the considered finite field. Moreover, we have:

S—1 m
. L (GS)me=G9 1
o=t 16O =1 {1~ 3 m

k=0
S—1
- (GS)me_GS

From Eqgn.[(®) it can be seen that the normalized throughptends to the probability of having less
than S transmitters in a frame as — oc.

The MAC scheme we just analyzed presents one main drawbaeknrs of the energy efficiency
of the protocol. As a matter of fact, given the frame len§tta node transmits each message on average
E[d] = S x p times,p = (1 — 27™) being the probability to choose a non-zero coefficient, the
average number of transmissions grows linearly withn order to decrease the energy consumption, the
probability of choosing the zero coefficient may be increastowever, a reduction in the transmission
probability p may affect the system throughput. In order to understandrékationship between the
probability p and the throughpu®, we refer to some results in random matrix theory. The prable
can be formulated as follows: consider ai” x S random matrixA over GF(2") with i.i.d. entries,
each of which assumes val@ewith probability p while with probability 1 — p it assumes values in
{1,...,2™ —1}. We are interested in the relationship betwgesnd the probability thaA is full rank.

In [19] the authors show that, if we want to achieve a ra® — O(1) with high probability, then, for
N large,p cannot be lower thaﬁ%. At high loads (i.e.G ~ 1), on averageV* ~ S, which
means that, setting = %, the average number of transmissions (and so the energyrogtion)
for each node iF7[d] = log(9), i.e., it grows logarithmically with the number of slots inframe. On
the other sideS must be kept large enough, as this increases the decodibglglity, which makes
the choice of smallS unpractical. With reference to the example consideredegan this section, in
which S = 100, the average number of transmissions corresponding to iienom requiredp is equal

to about4.6. We evaluated numerically the effect a reductiorpdias on® for the caseS = 100 and

g = 28. We considered three cases. In the first one the transmipsadrability in each slot has been
settop =1—2"" = 0.9961, which corresponds to the case studied in the first part efgbction and
for which the throughput is given by Eq8)( In the second case we sefjust above the threshold,
i.e.,p=0.0625 > @ = 0.0461, while in the last casp has been set exactly equal to the threshold
probability. Fig.4 shows the results together with the nricad validation of Eqn.[). It is interesting

to note how passing from = 0.9961 to p = 0.0628, with a reduction in transmission probability (or,
equivalently, in average energy per message) of abauats, leaves the throughput unchanged, while
a further decrease of of just another.5% leads to al0% reduction in the maximum throughput with

respect to the cage= 0.9961.
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Fig. 4. Normalized throughput plotted against the nornealinffered load for different values of the transmissionbpiaility

p. We setS = 100 slots per frame while the coefficients were choserGif(2%).

To further lower the energy consumption and control the nemdd repetitionsd (which, being
a Bernoulli random variable, can theoretically assume eslas large a$), an alternative is to fix
the number of transmitted replicas priori. Although this solution may lead in some cases to the
impossibility of decoding all the transmitted messagemay still be possible to recover many of them

by using Gaussian elimination.

VI. IMPLEMENTATION ASPECTS

A. Channel Estimation and Node Identification

For each frame the receivét needs to know which of the active terminals is transmittimgeach
slot and must have channel state information for each of #feesu Both needs are addressed including
an orthogonal preamble, such as the spreading codes usdaMACat the beginning of the burst. The
use of an orthogonal preamble was proposed_in [2] for thenasibn of the phase in collided bursts.
In [2] frequency offset and channel amplitude are derivednfthe clean bursts (i.e., bursts that did not
experience collisions) and assumed to remain constanttbgarhole frame. Unlike in_[2], the method
we propose does not rely only on clean bursts. Thus the frexyueffset and the amplitude of each
transmitter must be estimated using the collided burste&mh frame. Although the performances of
the estimator are likely to degrade with respect to the cleast case, especially in case of high order
collisions, the estimation can leverage in the informatiérll the collided bursts, which improves the

estimation. For instance, if a packet is transmitted twiggrdy a given frame and experiences collisions
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of order 2 in the first transmission and 4 in the second, thedstonations can be combined to obtain
a better estimation of amplitude and frequency offset, Wiaite constant during the whole frame.

In order to prove the feasibility of channel estimation irclswconditions we show the results
we obtained using the Estimate Maximize (EM) algorithm. Weted the approach described|in![20],
where the EM algorithm is used to estimate parameters frgrarsuposed signals. 10 [20] two examples
were proposed related to multipath delay estimation anelction of arrival estimation. We apply the
same approach to estimate amplitudes, phases and freqo#sets from the baseband samples of the
received signal in case of a collision of sizeThe algorithm is divided into af’ step, in which each
signal is estimated, and an step, in which the mean square error between the estimatimte rat the
E step of current iteration and the signal reconstructedgusarameters calculated in previous iteration
is minimized with respect to the parameters to estimatemBtly, once initialized the parameters with

randomly chosen values, at each iteration we have the follpiwo steps:

Estimation step for i = 1,..., k calculate
(n) — bi( I @AV Tot+6(™)
k n)
l Z eI B” nwf“)] : (10)
Maximization step for i = 1,..., k calculate
NPTe . ,
min bi(H)p Al eI @rAvTat+e") |- 11
L g (6)py" (1) - (11)

wherep;(t) is the preamble of burst after the matched filterd’, Av’ and ¢’ are tentative values for
the parameters to be estimated?™ is the preamble lengthy;(t) € {41} is the t-th symbol in the
preamble of the i-th node arnf; is the sampling period, taken equal to the symbol rateare free

parameters that we arbitrarily set fp = 0.8, fori =1,... k.

We evaluated numerically the performance of the EM estimassuming that phase offsets are
uniformly distributed in—m, +], frequency offsets are uniformly distributed[in Av™*] with Ap™**
equal to1% of the symbol rate on the channdl/{s), and amplitudes are log-normally distributed.
Figures[b[ 6 an@]7 show the mean squared error (MSE) of thenatstin error for frequency, phase
and amplitude, respectively. Amplitude error is normalize the actual amplitude value while phase
error is normalized tar. In the simulations we used as preambles Walsh-Hadamardswairlength
128 symbols. The EM algorithm was run twice starting fromd@mly chosen initial values of the
parameters and taking as result the values of the parantetgiead to the minimum of the sum across

the signals of the error calculated in the last E step. This d@ne in order to reduce the probability
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Fig. 5. Mean squared error (MSE) of the frequency offsetnestion, i.e.,E[|E\u — Av|?]. E; is the average energy per
transmitted symbol for each node. The modified Cramer-Ra@rdound (MCRLB) for the case of one transmitter is also

shown for comparison.

-5 transmitters
—o-1 transmitter
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-4

10 10
E;/Ny (dB)

Fig. 6. MSE of the phase offset estimation normalizedrtd.e., E[|¢ — ¢|*]/n>. E; is the average energy per transmitted
symbol for each node.

to choose a “bad” local maximum, which is a problem that affeadl the “hill climbing” algorithms.
For each run 6 iterations were made.

In Fig. [8 the FER curves for different collision sizes ob&anusing the LLR values calculated
in Sectionll are shown. The plots are obtained using ahbitg duo-binary turbo code with rate

1/2 and codeword length equal to 1504 symbols. The phase offseise random variables uniformly
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Fig. 7. MSE of the amplitude estimation normalized to theuacamplitude of the channel, i.&[|A — A|?/A2?]. E, is the

average energy per transmitted symbol for each node.

distributed in[—m, 47| while frequency offsets are uniformly distributed oy Av™*] with Ap™e*
equal to1% of the symbol ratd /T,. The FER curves for the case of estimated channels usinghhe E

algorithm are also shown.

15

Fig. 8. FER for the XOR of transmitted messages for differamnbers of transmitterds; is the energy per information bit
for each node. A tail-biting duo-binary turbo code with rag and codeword length504 symbols is used by all nodes. Phase
offsets are uniformly distributed ifi-7, +7], frequency offsets are uniformly distributed jo, Av™**] with Av™** equal

to 1% of the symbol rate on the channel. Amplitudes are constadtegjual to 1. The FER curves for the case of estimated

channels using the EM algorithm are also shown.
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B. Error Detection

An important issue in slotted ALOHA is the capability of theceiver to determine whether the
received bursts are correctly decoded or not. This is pdatity important in NCDP, where the error
made in the decoding of a collision can propagate possilagiteg to the loss of a whole frame. A
common practice in packet networks is the use of a cyclicmddncy check (CRC), which allows to
detect a wrong decoding with a certain probability. Some GR&: based on a field which is appended
to the message before channel coding, call&®C field As the CRC operations are doneG'(2) and
by the linearity of the channel encoder, the CRC field in thasage obtained by decoding a collision
of sizek is a good CRC fomyg, which is the bitwise XOR of the messages encoded inktleellided
signals. This allows to detect decoding errors, within thets of the CRC capabilities, also in collided

bursts. The implementation aspect of what type of CRC shbeldsed is out of scope of this paragraph.

VII. PERFORMANCE OFMULTI USERPHYSICAL LAYER NETWORK CODING WITH
IMPERFECTSYMBOL SYNCHRONIZATION

In SectiorIl we assumed that signals from different reasieeld up with symbol synchronism at the

receiver in case of a collision. In Figl 9 an example is shofweceived signal and sampling instants in

Amplitude
i

----signal transmitter 1

signal transmitter 2
---signal transmitter 3
-3r ‘ —received signal

@ sampling times

200 300 400 500 600 700
time

Fig. 9. Received signal after the matched filter in case ddettoolliding bursts with no timing offsets, i.eAT: = AT, =
ATs; = 0. The transmitted signals after the matched filter in caseotifson-free reception are also shown. The transmitted
symbols are: [-1 1 -1], [-1 1 1] and [-1 -1 -1] for transmitter2.and 3, respectively. For sake of clarity, frequency analsph
offsets as well as channel amplitudes were not includedearptbt and the signals were considered as real. The samp®sns
with grey circles in the figure, are taken at instants cowadmg to the optimal sampling instants for each of the dgyaa if

they were received without experiencing collision.
the case of three nodes transmitting with no timing offset& transmitted signals, which are also shown,
modulate the sets of symbols [-1 1 -1], [-1 1 1] and [ -1 -1 -IjeTituation depicted in the figure is an

illustrative one, as in a real system both | and Q signal carepts are present, signals may have different
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amplitudes, phase and frequency offsets for each of thedsharsl the signal is immersed in thermal
noise. However, in a real system there will always be a aedginbol misalignment, which grows larger
as the resources dedicated to the synchronization phaseistinisee, e.g./ [21] and references therein
for examples of synchronization algorithms). Being abledpe with non perfect symbol synchronism
can bring important advantages, such as less stringentraors on signal alignment, with consequent
savings in terms of network resources needed for the synidation. In this section we study the effect
of non perfect symbol synchronization and propose possitmtermeasures. Let us consider a slotted
multiple access withk nodes accessing the channel at the same time. We assumadhatransmitter
has its own phase and frequency offsets. We further assusmedich burst falls completely within the
boundaries of a time slot, i.e., no burst can fall between ¢aosecutive time slots. Let us cdll the
time at which the peak of the first symbol of the bursts that firsives atR. We define theelative
delay (RD) AT; of nodei as the temporal distance between the peak value of the fitst jfi burst

i andT”. In other words, the burst which arrives first at the receisassed as reference, i.e., has RD
equal to0. We assume SRRC pulses with roll off facierare used. We further assume that all RD’s
belong to the intervalo, AT™*], with 0 < AT™* < T, /2.

In case of a collision of: bursts, the received signal before the matched filter is:

y(t) = Z si(t) +w(t), (12)

=1
where,

N
si(t) = Ai > bi(l)g(t — IT, — AT;)edravitten, (13)
=1

N being the number of symbols in the burs{¢) is the square root raised cosine pulse and)

represents an AWGN process. The samples taken after thénadafiiter at timeg; are:

k
r(t) = y(t) ® g(=1) li=t,= Y _ a:(t1) + n(t), (14)
=1
where,
N
gi(t) = A > bi()p(ty — 1Ty — AT, ) Crovititen), (15)

=1
p(t) being the raised cosine pulsg, is the convolution operator and(¢) is the noise process after
filtering and sampling. Note that in_(IL5) the exponentiattés treated as a constant. This approximation
is done under the assumption that7, < 1, i.e., the exponential term is almost constant over many
symbol cycles.

The sampled signal is then sent to the channel decoder. lttiglear at this point which is the
optimal sampling time, as the optimal sampling time for eathhe bursts taken singularly may be

different. Moreover, sampling the signal just once may rthe optimal choice. Actually, as we will
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show in next section, the performance of the decoder is guite in case a single sample per symbol
is taken.

In the following we propose several techniques to mitighteimpairment due to imperfect symbol
synchronization. We assume th&thas knowledge of the relative delays of all the transmittetsich
can be derived through the orthogonal preambles. We fughsnme thak has perfect CSI for each
of the transmitters. Without loss of generality and for eakexposition, from now on we will refer to

the sampling time for the symbol humber 1.

A. Single sample

a) Mean Delay: The first method we present Mean Delay(MD). In MD the received
signal is sampled just once per symbol. The sampling timeh@sen to be the mean of the relative

delay, i.e.:

k
™D — % > AT, (16)

m=1

The sample-(TP) is then used to calculate the LLR’s as in Edd. (5). ISI is n&etainto account.

B. Multiple samples

In the following we describe four different methods that éssamples per symbok being the
collision size.

We start by describing two methods in which the symbol is dathp times in correspondence
of the RD’s. Due to the non perfect synchronization, whendigmal is sampled IMAT; the sample
obtained is the sum of the first symbol of each of the usergyhted by the relative channel coefficient,
plus a term of ISI due to signals;, j € {1,...,k},j # 4, which are sampled at non ISl-free instants.
As the LLR's need the channels of each of the users, the ISllghme taken into account. However,
the ISl is a function of many (theoretically all) symbolsdaran not be taken into account exactly. In
Fig.[10 the received signal after the matched filter is shawthe case of three colliding bursts with
timing offsetsATy = 0, AT, = T, /6 and AT5 = T, /4. The transmitted signals after the matched filter
in the case of collision-free reception are also shown. Thebsls transmitted by each terminal are
the same as in Fi¢] 9. The samples, shown with grey circleldrfigure, are taken in correspondence
of the RD’s, which coincide with the optimal sampling indtafor each of the signals as if they were
received without experiencing collision.

b) Mean LLR: In Mean LLR(ML) the received signal is samplédtimes in the instants
correspondent ta\T;, i = 1,..., k. For each of the samples the LLR’s are calculated aglin (5nTh

the average of thé LLR’s is passed to the decoder.
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---signal transmitter 1

Amplitude

signal transmitter 2
- -signal transmitter 3
=3 —received signal (after MF)

@ sampling times
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time

Fig. 10. Received signal after the matched filter in case kdettcolliding bursts with timing offsetdT; = 0, AT, = T5/6
and ATs = T /4. The transmitted signals after the matched filter in the adseollision-free reception are also shown. The
transmitted symbols are: [-1 1 -1], [-1 1 1] and [-1 -1 -1] foarismitter 1, 2 and 3, respectively. The samples, shown gvéti
circles in the figure, are taken at instants correspondinpeécoptimal sampling instants for each of the signals aseif there
received without experiencing collision. Unlike in the easf perfect symbol alignment, here more than one sampleypeic

is taken.

c) Mean Sample:As in ML, also in Mean SamplgMS) r(t) is sampledk times in
correspondence of the relative delays. The difference dmtwthe two methods is that in MS the

samples are averaged out to obtain the mean sample:
1 k
() = > r(AT). (17)

Finally, 7(¢) is used in the[{5) instead oft).

d) Uniform Sampling:In Uniform Sampling(US) the signal is sampleé times as in
previous methods, but the sampling times do not corresponithé RD’s. The sampling times are
chosen uniformly in[0, AT™*], i.e, in case ofk transmitters the samples are taken at intervals of
AT™* /(k — 1). Then, as in MS, the samples are averaged out and used in lihdatian of the
LLRs. This method has the advantage that receiver does ot the knowledge of the RD’s in order
to decode and the sampling itself is simplified as it is doniéoumly in each symbol.

e) Equivalent Channel:The received signal is sampldd times in the instants corre-
spondent taAT;, ¢ = 1,..., k. In the methodEquivalent Channe{EC) the amplitude variation of the
channel of each user due to imperfect timing is taken int@atfor the current symbol. Note that the
ISI is not taken into account, but only the variation in arygle of present symbol due to imperfect
timing is accounted for. Assuming that the received sigaabimpled at timé = AT;, then the channel

coefficient of bursty that is used in the LLR is:

hea(t) = Aged Crava T ATt ed) p(AT, — AT,), (18)
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p(t) being the raised cosine pulse. After the sampling,ittsamples per symbol are averaged together
and used in the LLR instead of(t). This sampling procedure is equivalent (apart from the i8I)
filtering the received signal using a filter which is matchext to the single pulse, but to the pulse
resulting from the delayed sum aff pulses. In Fig[Il1 the frame error rate is shown for the cage of
transmitters with delays uniformly distributed iy 7 /4]. Constant channel amplitudes were considered,
while phases and frequency offsets are i.i.d. random viesain [0, 2] and [0, Av,,..] respectively,
where Av,,,q. is equal tol/(1007%). The results for the 5 different methods are shown togethir w
the FER for the case of ideal symbol synchronism. The metiioalsuse more than one sample per
symbol perform significantly better than MD, which uses onlye sample per symbol. Among the
methods based on oversampling, MS and EC perform slighttieibthan the other two. The FER of
all methods present a lower slope w.r.t. the ideal case. 3¢®ib about 1 dB abf ER = 102 for the

methods that use oversampling.

10" ¢
10"
-
=
=
1072 -o-Mean Delay
~<-Mean LLR
-+Mean Sample
-sUniform Sampling
-»-Equivalent Channel f
—-Ideal synchronism :
1073 T T | | |
5 55 6 6.5 7 7.5
Eb/No (dB)

Fig. 11. Frame error rate for decoding a collision of size thwidependent frequency and phase offsets across thenitters
and delays uniformly distributed if0, 7, /4]. A roll-off factor of & = 0.35 was used. The results for the 5 different methods
are shown together with the FER for the case of ideal symhattgpnism. Oversampling significantly improves the FERhwit
respect to the case of single sample. The two methods thiiekpowledge of relative delays, i.e, MS and EC, perforigtsly
better than the others. The FER of all methods present a lslope w.r.t. the ideal case, losing about 1 dBFER = 10~2

for the methods that use more than one sample.
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VIII. NUMERICAL RESULTS

In this section we present the numerical results. Our perémce metrics are the normalized

throughput® defined as:
d=G(1-7), (19)

whereY € [0,1] is the average packet loss rate (i.e, the ratio of the numblesbpackets to the total
number of packets that arrive at the transmitters), and teeage energy consumption per received
messagen, defined as the average number of transmissions needed fozsaage to be correctly
received byR. We consider two benchmarks. The first one is a system thdemmgnts the contention
resolution diversity slotted ALOHA (CRDSA) protocol, whidas been proposed inl [2]. In CRDSA a
node transmits two or more copies of a burst (twin bursts)ifieregnt slots randomly chosen within a
frame. Each of the twin bursts contains information aboet fibsition of the other twin bursts in the
frame. If one of the twin bursts does not experience a cofligi.e, it isclear) and can be correctly
decoded, the position of the other twin bursts is known. &hlesrsts may or may not experience a
collision with other bursts. If it happens, these are rendayeough interference cancelation using the
decoded bursts. In order to do tiismemorizes the whole frame, decodes the clean bursts, tegotss
the modulated signals and, once the effect of each usermehaas been included in the reconstruction,
they are subtracted from the slots in which their replicaslacated. The IC process is iterated for a
numberN“e" of times, at each time decoding the bursts that appear to learft after the previous
IC iteration. The second benchmark is a slotted ALOHA system

We consider two different setups. In one, the nodes do na&iveany feedback by the receiver,
while in the second setuf gives some feedback to the active terminals. For this last @a& consider
an automatic repeat request (ARQ) scheme, in which a nodsvescan acknowledgement (ACK)
or a negative acknowledgement (NACK) from the receiver iseca message is or is not correctly
received, respectively. An alternative to the NACK is to ingvthe transmitters using a counter for
each transmitted packet, indicating the time elapsed stricas been transmitted. If the timer exceeds
a threshold value (which depends on the system’s RTT), thesage is declared to be lost. A node
that receives a NACK (or whose timer exceeds the threshdk) eaters abacklog state Backlogged
nodes retransmit the message for which they received thekNiA@nother frame, uniformly chosen at
random among the nex® frames. We callB the maximum backlog timerhe process goes on until the
message is acknowledged [22]. In both setups we assume #avgeypopulation of users. Furthermore,
we assume that the average SNR is high enough so that the FIBR @dceiver is negligible.

In the first setup, in which no feedback is provided by the ikerethe average amount of energy
spent by a node for each message which is correctly receiwed dot change with the system load
G, and is equal to the average number of times a message igedpeihin a frame. In Figl_12 the

normalized throughpu® is plotted against the normalized traffic lo&d The normalized traffic load is
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-o-NCDP d = 2
= NCDP d = 3
# NCDP E[d] = 6.795 (p = 0.0453) .
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Fig. 12. Normalized throughpu® vs normalized traffic load7. The normalized traffic load is the average rate at which new
messages are injected in the network, and is independenttfite number of times a message is repeated within a sloteln th

simulation the frame size was set $o= 150 slots. No feedback was assumed from the receiver.

the average rate at which tinew messaggse, messages which are being transmitted for the first)time
are injected in the network, and is independent from the rarmbtimes a message is repeated within
a slot. In the figure, the throughput curves of NCDP and CRD&#emes in case of = 2 andd = 3
replicas are shown. The throughput curve for NCDP in case obrestant retransmission probability
p = 0.0453 is also shown. Note that this probability is above the thoélvalue we mentioned in
Section¥, as forS = 150 we havelog(S)/S = 0.0334. The scheme witlp = 0.0453 outperforms
all the others in terms of throughput, achieving a peak vali@about0.8. It is interesting to note
how increasing the number of transmissions per messages(atite energy consumption) leads to an
increase in the peak throughput of the system. Howa@véncreases abouk2 when passing fromd = 2
to d = 3 repetitions, while the increase in the peak throughput iy about0.05 when passing from
d = 2 repetitions per message to an averag&i] = 6.795 in case of a fixed transmission probability.
In the second setup, in which retransmissions are allowedvaluate jointly the spectral efficiency
(average number of messages successfully received pérasidtthe energy consumption (average
number of transmissions needed for a message to be correcdived) of the schemes under study. In
Fig.[1I3, @ is plotted against: for a frame sizeS = 150 slots and a maximum backlog tin®@ = 50
frames. The figure shows ho® increases linearly witlt up to a threshold load value. Such threshold
increases with the (average) number of repetitions of thesidered scheme. Thé curve of NCDP

upperbounds that of CRDSA. The reason for this lies in the t@&ydecoding process is carried out
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by the receiver? in NCDP. R first tries to decode the whole frame, which is feasible if ¢befficient

matrix A has rankN®*. If the whole frame can not be decoded, thempplies Gaussian elimination on
A, in order to recover as many messages as possible. It carsite\emified that Gaussian elimination
in NCDP is the equivalent, in a finite field, of the IC proces€C&DSA, which is applied in the analog

domain. In order to compare jointly the spectral and the gnefficiency of the different schemes,

-o-NCDP d =2
--NCDP d =3
4« NCDP Ed] = 6.795 (p = 0.0453)
-8-CRDSA d =2 *
-=CRDSA d=3 -
—-Slotted ALOHA

0.8

0.6

0.4

0.2

Fig. 13. Normalized throughpu vs normalized traffic loads in a system with retransmission. In the simulation the frame

size was set t& = 150 slots while the maximum backlog time was setBo= 50 frames.

we plot the curves for the normalized throughput vs the aerenergy consumption per received
message), which is shown in Fig._14. The increase in throughput confiogh an increased number of
transmissions implies a higher energy consumption for argivansmitter in a given frame. However,
this does not necessarily implies a loss in energy efficieAsya matter of facts, the simulation results
we are going to present show that there is not a scheme tha¢rfoitms the others in terms of both
energy and spectral efficiency, but which scheme is bestrdispen the maximum throughput we want
to achieve. In Figl_I4 we see that SA achieves a higher thpmutghith a lower energy consumption
with respect to the other schemes in the regior 0.35. In the region® > 0.35, instead, both NCDP
and CRDSA achieve a higher throughput with lower energy eonion with respect to SA. NCDP and
CRDSA behave almost in the same way in the cas2 kdpetitions, achieving a maximum throughput
of 0.5 for an average energy consumption2ofin the case o8 repetitions NCDP achieves a maximum
® of 0.7, higher than CRDSA, for which the peak valuelis, for n = 3. In the NCDP scheme with
a retransmission probability gf = 0.0453 a peak throughput di.8 is achieved in correspondence of

an average energy consumptionmpf= 6.795. For comparison, we also show the throughput-energy
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Fig. 14. Normalized throughput vs average energy consemgter decoded message fér= 150 and B = 50 frames.

curve for NCDP in case of = 0.9961, i.e., coefficientsy are chosen uniformly iz £(2%). The high
p leads to a high throughput, but also to a high energy consompwith a minimum ofny = 149.415.
Moreover, we note that the gain with respect to the schemie pvit 0.0453 is negligible (about%),

especially when compared to the energy saving of abdlit of this last one.

IX. CONCLUSIONS

We have proposed a new collision recovery scheme for sysyjouthronous slotted ALOHA
systems based on PHY layer NC over extended Galois Fields.allows to better exploit the diversity
of the system, leading to increased spectral efficiency @eplending on the system load, to an increased
energy efficiency. We have compared the proposed scheméwathenchmark schemes in two different
setups. One is a best-effort setup, in which the nodes deeneive any feedback from the receiver. In the
second setup feedback is allowed from the receiver and an sREhanism is assumed. In the second
setup we have evaluated jointly the spectral efficiency dmedenergy consumption of the proposed
scheme and compared it with other collision resolution sw previously proposed in the literature.
Once the PHY layer NC is applied to decode the collided butkts receiver applies common matrix
manipulation techniques over finite fields, which resultaihigh-throughput scheme. The increase in
throughput coming from an increased number of transmissiomlies a higher energy consumption
for a given transmitter in a given frame. However, this does mecessarily implies a loss in energy
efficiency. We showed that NCDP achieves a higher spectfialezfcy with respect to the considered

benchmarks, while there is not a single scheme that outpesfthe others in terms of both energy and
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spectral efficiency, but the best scheme depends on the maximchievable throughput.

Furthermore, we carried out an analysis of several phytagalr issues related to multi-user PHY
NC. We extended the analysis on and proposed countermsaasgaist the effects of physical layer
impairments on the FER when applying PHY NC for a generic nemalb colliding signals. In particular,
we took into account frequency and phase offsets at therhistiess which, up to our knowledge, have
been previously addressed only for the case of two collidiggals. Finally, we showed the feasibility
of channel estimation for PHY NC in the presence of more tham ¢olliding signals and studied the
effect of non perfect symbol synchronism on the decoder RiBposing four different methods to
compensate for such effect. Up to our knowledge, this kindrwdlysis has been carried out only for

the case of two colliding signals and mainly in the contextvad-way relay communication.

APPENDIX

Starting from the samplest;) the receive? wants to decode the codewaxd £ x; ©xo®. . . DXy,
where® denotes the bit-wise XOR. In order to do this we must feed #moder of R with the vector
L® = {L®(1),...,L®(N)} of LLRs for x;. We have:

Lo & ln{

} . (20)

The last equality follows from the symmetry of the XOR operairovided thatz; ({)’s are independent
and identically distributes (i.i.d.) witlr[z; (1) = 1] = Pr[z;(I) = 0] = 3. Equation [(2D) reduces to
the calculation of the ratio of the likelihood functions «f;) for the cases:;(I) =1 andx(l) = 0.
We indicate these functions &s(r(¢;)) and fo(r(t;)) respectively. Functiongy(r(¢;)) and f1(r(t;))

are Gaussian mixtures:

9—k L%J 21'111) |7‘(tl)—d°(2i—l,7n)Th(tl)|2
fi(r(t) e ZNo ) (21)
vV 27TNO ; me1

h(t;) being a column vector containing the channel coefficientthef: transmitters at time; (which
change at each sample due to frequency offsets), wlii2i — 1, m) is a column vector containing one
(the m-th) of the(%’i 1) possible permutations ovérsymbols (without repetitions) of an odd number
(2i — 1) of symbols with value 4-1". As for the case withz; = 0 we have:

k
2 |r(tl)—dc(2i,m)Th(tl)|2

L
- 2N, 22
Norn No Z 0 ; (22)

fo(r(t))

<.
=

whered®(2i,m) is a column vector containing one (the m-th) of t@i;:) possible permutations ovér

symbols (without repetitions) of an even numbgi) (of symbols with value 41”. Finally using [21)
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and [22) in [2D) we find the following expression for the LLR:

|T(tl)7d°(21171,m)Th(tl)|2

L5 (aitn) - N,
LO(l) = In { 2=l 2m=a € ° (23)
SR @) s gmTeent
=1 m=1
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