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A. proofs
A.1. proof of Lemma 1

Proof. For any t and i  t,
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here, the second equality holds by the limit properties. The last second equality holds by L’Hôpital’s rule.

A.2. proof of Proposition 1

Proof. from (11):
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Rearranging, we obtain
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A.3. proof of Proposition 2

Proof. (13) can be rewritten as (apart from a constant)
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Let zt = (1� �t
1)
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Substituting zt into (17), we have
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Rearranging, we obtain
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A.4. proof of Proposition 3

Proof. When �1 = 0, we have wt,t = 1 and wi,t = 0 for all i < t. Thus, �t = dt, and (13) reduces to:
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We can rewrite above as
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analogous to (10) and Lemma 1,
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Combining with ⌘t = ⌘/
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A.5. proof of Proposition 4

Proof. When �1 ! 1, we have
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Substituting this into (13), we obtain
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Combining with ⌘t = ⌘
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Substituting back into (20), we recover FTRL with adaptive learning rate. by using the equivalence theorem in (McMahan,
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A.6. proof of Theorem 1

Proof. Note that wi,t =
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wi,t�1. with ⇥ = Rd, consider the first term in the objective of (17): with zt defined
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where the second equality follows from the definition of zt. The third equality holds since ⇥ = Rd and therefore ✓t =
�zt/dt by Proposition 2. Thus, combing this expression into (17), we obtain
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With the definition of dt, it can be seen that solving above problem (taking gradient w.r.t. ✓ and setting it to zero) leads to
a gradient descent style update rule:

✓t  ✓t�1 � diag

0

BB@
1� �1

1� �t
1

⌘t✓q
vt

(1��t
2)

+ ✏t1

◆

1

CCA gt.

which concludes the proof.

A.7. proof of Proposition 5

Proof. Note that (15) can be rewritten as

min
✓2⇥

 *
tX

i=1

wi,tgi, ✓

+
+

1

2
k✓ � ✓t�1k2Pt

i=1 wi,tdiag
⇣

�i
1��1

⌘

!

= min
✓2⇥

0

@
*

tX

i=1

wi,tgi, ✓

+
+

1

2
k✓ � ✓t�1k2

diag
✓

dt
1��t

1

◆

1

A .

Thus, with the definition of dt, solving above problem, we obtain (16).


