Exploiting Strong Convexity from Data with Primal-Dual First-Order Algorithms

In the following appendices, we provide detailed proofs of theorems stated in the main paper. In Section A we first prove
a basic inequality which is useful throughout the rest of the convergence analysis. Section B contains general analysis of
the batch primal-dual algorithm that are common for proving both Theorem 1 and Theorem 3. Sections C, D, E and F give
proofs for Theorem 1, Theorem 3, Theorem 2 and Theorem 4, respectively.

A. A basic lemma

Lemma 2. Let h be a strictly convex function and Dy, be its Bregman divergence. Suppose 1) is v-strongly convex with
respect to Dy, and 1/6-smooth (with respect to the Euclidean norm), and

g = argmin {¢(y) +nDr(y.7)},
yel

where C' is a compact convex set that lies within the relative interior of the domains of h and v (i.e., both h and v are
differentiable over C). Then for any y € C and p € [0, 1], we have

YY) +1Du(y,9) = ¥(9) +nDn(§:9) + (n+ (1 = p)v)Duly, 9) + %5 V() = Vo@)|*-

Proof. The minimizer y satisfies the following first-order optimality condition:

(Vp(9) +nVDu(3,9), y—9) >0, VyeC.

Here VD denotes partial gradient of the Bregman divergence with respect to its first argument, i.e., VD(4,5) = Vh(g) —
Vh(g). So the above optimality condition is the same as

(Vo (§) +n(Vh(h) — Vh(D), y—§) >0, VyeC. (17)

Since 1) is v-strongly convex with respect to D, and 1/§-smooth, we have

P(y) = (@) + (Ve(@),y —9) +vDuly, D),

0(5) 2 (0 + (V(i).y — ) + 5| V() - Vo)

2

For the second inequality, see, e.g., Theorem 2.1.5 in Nesterov (2004). Multiplying the two inequalities above by (1 — p)
and p respectively and adding them together, we have

V) > 6(0) + (V0w — ) + (1= oDl ) + 2 [Vty) ~ Vo) |

The Bregman divergence Dy, satisfies the following equality:
We multiply this equality by 7 and add it to the last inequality to obtain

2

U(y) +1Pu(y.5) > »(G) +0Puly,§) + (n+ (1= p)v)Du(9,7) + %6 [V (y) — Vi (y)
(VY (@) +n(VA(G) = VR(G), y — ).

Using the optimality condition in (17), the last term of inner product is nonnegative and thus can be dropped, which gives
the desired inequality. O

B. Common Analysis of Batch Primal-Dual Algorithms

We consider the general primal-dual update rule as:
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Iteration: (Z,9) = PD, ,(Z,7,2,7)
1
£ = argmin {g(m)+g]TAm+||a:—m||2}, (18)
rER4 27
) . . .1 _
§ = argmin {f (y) — yTAx + D(y,y)} . (19)
yERn g

Each iteration of Algorithm 1 is equivalent to the following specification of PD ,:

T=x i=a® 4 9(z® — gt-D)y,
U= y(t—&-l), y= y(t)7 Y= y(t“). (20)

Besides Assumption 2, we also assume that f* is v-strongly convex with respect to a kernel function £, i.e.,
W) = 1) = (V)0 =) = vDu(y,y),
where Dy, is the Bregman divergence defined as
Du(y',y) = h(y') = h(y) — (VA(y),y" — ).

We assume that h is 7'-strongly convex and 1/¢’-smooth. Depending on the kernel function h, this assumption on f* may
impose additional restrictions on f. In this paper, we are mostly interested in two special cases: h(y) = (1/2)||y||* and
h(y) = f*(y) (for the latter we always have v = 1). From now on, we will omit the subscript h and use D denote the
Bregman divergence.

Under the above assumptions, any solution (z*, y*) to the saddle-point problem (6) satisfies the optimality condition:

—ATy* e ag(x*), (21)
Az* = Vf*(y"). (22)

The optimality conditions for the updates described in equations (18) and (19) are
P -
—Atg+ ;(x —&) € 9g(), (23)

i - L(Vh() - Vh@) = V£) 24

Applying Lemma 2 to the dual minimization step in (19) with ¥)(y) = f*(y) — y? AZ,n = 1/o,y = y* and p = 1/2, we
obtain

.1 . . P
f*(y*)*y*TA:H;D(y 9 = f1(9) -9 AT+ —D(5,7)

1 v . ) % BN
+(z+5)2w 9 + 71V W) - v )l 5)
Similarly, for the primal minimization step in (18), we have (setting p = 0)
* ~T * 1 * =112 - ~T A4 1 A =12 1/1 * ~112
9(z*) + 7" Az* + =" —z||* 2 9(2) + ¥ Az + [z — 2| +*<*+/\)||33 — 2%, (26)
2T 2T 2\1

Combining the two inequalities above with the definition £(z,y) = g(z) + y7 Az — f*(y), we get

Liay") - £*5) = g(@)+y" Az = F(y") = g(a") — 57 Aa* + 7(9)
1 1 1/1 1 v
< * _ =12 - * =\ _ — (= * _ AN2 (= - *
< gl =22+ -Dy5) — 5 (- +A) 2" =l - (5 +5) P 9)

2

1o e A b .l
—5-IE=all* = =D(,9) - [V (") = V(@)
+y T Az — 9T Aa* + 5T Ax* — §T Az — T Az + 9T AL



Exploiting Strong Convexity from Data with Primal-Dual First-Order Algorithms

We can simplify the inner product terms as
v T Az — T Ae + 5T Ax* — T Az — T Az + T AT = (g — §)TA@E — 2*) — () — y*)TAGE — ).
Rearranging terms on the two sides of the inequality, we have

Sl P+ Dl g) > L) - L)

+%(1 FX) et =2+ (5 + g)w,m
*||$—$||2 + D (,9) *HVf - V()
+@ -y )TA(:v—fv)—(y—y) A(ff—w ):

2

Applying the substitutions in (20) yields

1 1. X
—z* — 2D + —Dly D) > L@ yr) - Loyt

2T
1/1 1
5 (F Al a4 (S 5)D<y*,y<t+1>>
2\1 o 2
1 1
el O 4 2D 40 1 LV ) - V)P
T g
+ (ytD — y*)TA(x(t'H) — (=™ + g(x(t) — x(t 1))). 27

We can rearrange the inner product term in (27) as

(y(t-i-l) _ y*)TA((E(H_I) _ (:C(t) + e(x(t) _ x(t—l)))
- (y(t+1) — y*)TA(x(tH) — m(t)) — g(y(t) — y*)TA(x(t) _ x(tfl)) _ g(y(tH) _ y(t))TA(x(t) _ x(tfl)).

Using the optimality conditions in (22) and (24), we can also bound ||V f*(y*) — V £*(y+1)]|2:

V5 () = V@
= [Aer - A +0@® — 2t-1)) + é(v;L(y(tH)) ~ Vh(y")) H2

Y

T AN

where o > 1. With the definition y1 = \/Amin (AT A), we also have || A(z* — )| > p2?||z* — (||2. Combining them
with the inequality (27) leads to

1 1
oot = e D)2+ =Dy* ) + 0y -y )T AR —27Y)
T ag

> LYyt = Lty )
1,1 1
37+ - W””Q + (5 +5)PW ) + ) - )T A — a)
" %”w(t-&-l 0|2 4 D( (D) (0)) (gD (T 4(5(8) _ 4(t=1))

) 1 2
+(1- a)%n v 2O — (0 - DG 0AE" — 2t - ~(VAG) = vaO)|| @)
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C. Proof of Theorem 1
Let the kernel function be h(y) = (1/2)||y||?. In this case, we have D(y/,y) = (1/2)||y’ —y||? and Vh(y) = y. Moreover,
~" = ¢ =1 and v = . Therefore, the inequality (28) becomes

2\ 1
Lz ) — £z, y* D)

1 1 * 1 1 ’}/ * *
(Al = 4 2 (2 D)y g () T AR — 00)
S = O — gDy O)T A — 5e0)

g

1/1 1\ o2 1 _
(3= (1= 2) % It =20 4 ol =y 1P + 60/ - )7 A - o)

%

1
5l — 2O 4

1 2
—( D =y )" 29)

)
—(a— 1)ZH9A(SU(t) _ m(t—l))) _
Next we derive another form of the underlined items above:
1 p—
Sy — YO — (D — yO)T A - 51
o1
= = 7||y(t+1) _ y(t)Hz _
2 ((72
o B 9 i
= 5 (Joaw om0 = 20 -y - a0 - o2 )

o 1 2 g?L?
> Zloa(e® — =1y _ 1,00 _® H _ (t) _ pt=1))2
> 2H9 (@ —2) = —(y y') 5 ll2® =%,

Q(y(tﬂ) —_ y(t))TA(x(t) _ x(tl)))
g

1
g

where in the last inequality we used || A|| < L and hence ||A(z() — 2(=1D)||2 < L?||z®) — 2(*=Y||2, Combining with

inequality (29), we have
1/1 1N 6p2 1 o 00212 B
5 (== (1= 2) % ) 12 =22 + =y ® = 512 + 0(y® = )T A@® = 270) 4 T o) — o2
2 2 20 2

> LYy = Lty TY)

1/1 1/1 ~ 1

( + )\) ||l‘(t+1) _ $*||2 4= <a + 2) ||y(t+1) _ y*||2 + (y(t—H) _ y*)TA(x(t—H) _ Z'(t)) + gnx(t—&-l) _ .%‘(t)HQ

T

*s 2

o 1) 1
9 12 () _ =1y _ Lo (1) (1)
+<2 (a 1)4> H(’A(w ") a(y Yy )H

2
: (30)

We can remove the last term in the above inequality as long as its coefficient is nonnegative, i.e.,

Z —(a—1)=>0
g la-bg=
In order to maximize 1 — 1/, we take the equality and solve for the largest value of «v allowed, which results in
20 1 20
=14+ — 1—-—= .
a=itg o 2049

Applying these values in (30) gives
11  oop? 1 ob?L?
( — ) 12 =27 + Iy — 1P + 0" —y) T A —207Y) + ||zl — 27V

2\r 204946
E(!L‘(H_l),y*) _ £($*, y(t+1))

1/1 1/1 »~ 1

T2 et gz 2 (2 (t+1) _ 2 (1) _ T 4( D) _ 40 (t+1) _ (02,

+2(T+ )IIw x||+2 e lly y*I° + (v y*) A T )+27Hff ||
(31)

Y
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We use A1) to denote the last row in (31). Equivalently, we define

1/1 1/1  ~ 1
A®  — 7(7 )\) * o (1))2 7(7 7) * ()2 ) _ VT A(2® — 2E=DY f 20 _ =1))2
S (40l = 2O+ 5 (S + DYy =y + ¢ - y)TAEY - 2t + el — 26D
1/1 ~y 17 2® _ -0 T 17 g7 2(®) _ pt=1)
_ it o2 L Yx @2 Lt p
s VA IRl B R ol e
The quadratic form in the last term is nonnegative if the matrix
1 T
-1 -A
is positive semidefinite, for which a sufficient condition is 70 < 1/ L?. Under this condition,
(t) 11 * @2 L L, x )12
AD > (=4 a) et =22+ Lyt =y > 0. (32)
If we can to choose 7 and o so that
1 S 1 1 1 6212 1
S <o), —<e(o+7), T <o (33)
T 20496 T o o 2 2 27

then, according to (31), we have
A(t+1) +£(x(t+1)’y*) _ﬁ(x*’y(t+l)) < HA(t)
Because A®) > 0 and £(z®,y*) — L(2*,y?)) > 0 for any t > 0, we have
A(tJrl) < QA(t),

which implies
A < gtAO)

and
Lz, %) — L(z*,yD) < 0AO,

Let 6, and 6, be two contraction factors determined by the first two inequalities in (33), i.e.,
1 op? 1 Sp? 1
b = (c—p) [(5+) = (1- 5 7
T 2046 T 204+ ) 147
1 1 1
o, = L/(Ee1) - L
o/ \o 2 14 07/2

Then we can let § = max{6,, 6, }. We note that any # < 1 would satisfy the last condition in (33) provided that

1
ﬁ7

TO =

which also makes the matrix M positive semidefinite and thus ensures the inequality (32).

Among all possible pairs 7, o that satisfy 7o = 1/L?, we choose

1 ~ L A+
TVt T\ 4 o (34

which give the desired results of Theorem 1.
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D. Proof of Theorem 3

If we choose h = f*, then

e h is y-strongly convex and 1/§-smooth, i.e., v/ = v and ¢’ = ¢;

e f*is 1-strongly convex with respect to h, i.e., v = 1.

For convenience, we repeat inequality (28) here:

1
—llar =2+ =D(y*,y) + 0y —y*)T A — 27V
g
> L@, yr) - L@, ytY)
1/1 1 v
i * o (t41)))2 - v * o (t+1) (t+1) _ , «\T (t+1) _ .(t)
5 (= A" =D 4 (< + D)D) + (D - ) A - )
* 2i||x(t+1> —z®|? + lp(ywl), y) — Oyt — yOT A(2®) — 4 (=1
T g

LNOR2 o 2 0 () _ pl-1yy _ 1 (1+1) o 17
(1= =) 2ol =22 = (@ = D)7 [0AED —aC0)) - ~(TAE) - TrED)| . 63)
We first bound the Bregman divergence D(y**1), (")) using the assumption that the kernel h is y-strongly convex and

1/6-smooth. Using similar arguments as in the proof of Lemma 2, we have for any p € [0, 1],

Dy, ) = hy™Y) — h(y®) = (VAyY),y T -y )
0 2
(1- p)%Hy(t“) =y 1P+ o5 [[VA(yY) = VA (36)

v

For any 5 > 0, we can lower bound the inner product term

- g
—0(y ) — yNT A (2O — =Dy > _§‘|y(t+1) —yD|? =

%
28

4 — 2tV

In addition, we have
1 2 2
H9A(l‘(” —2l7D)) = =(Vh(y" ™) — Vh(y")) H < 202120 — 2|2 + S| VA(y*D) - Vh(y®)|.
g g
Combining these bounds with (35) and (36) with p = 1/2, we arrive at

1/1 1N\ op2\, . 1 _
3(3= (1= 2) 2 Yl a2 4 200 5) + 0001 — ) A - aD)

2\ 1 «a
62L? 56°L2
— D) 2O — =12
g+l D75 )l =)
> £<x(t+1) y*) _ ﬁ(m*,y(t+1))

1/1 1 1

(Al =l (D4 )Py )+ O =) AR )
v 5 1) a—1)0 2

R B O UM R

1
+ gyl — 2. (37)

We choose v and f3 in (37) to zero out the coefficients of ||y**+1) — y®)||2 and | Vh(y+1)) — VA(y®)||?:

o 0
142 _
a=l+g5,  F=g5
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Then the inequality (37) becomes

2\17 4+ 20

212 2712
+<0’0 L + (50’6 L )|x(t) —x(t_1)||2
4

£($(t+1),y*) _ £($*7y(t+1))

1/1 1 1
b5 (24 )1t = a4 (24 D)D) + () = T A - 50)

1/1 2 1
( i )lx* — O+ =Dy 5 ) + 0y — )T A —2D)
(o

Y

1
+ ;H.Ti(t—i_l) — 1'(t)||2

The coefficient of ||z(*) — z(*~1)||2 can be bounded as

0202 5002 L> 1 6 4+~0 200%L?
. e R L A
gl 4 v o4 dy gl
where in the inequality we used 7§ < 1. Therefore we have
2002 L2

2® - D)2

1/1  odu? w2, L _
il _ ZD(v*. D @) _ T Al — =1
> E(.%‘(t+1),y*) _ £(x*, y(t+1))

1

1/1 1 1
+ 5(; + )\) Hx* _ {E(t+1)||2 + (0, + 2>D(y*,y(t+1)) + (y(t—H) _ y*)TA(x(t+1) _ LL'(t)) + gnx(t—&-l) _ [L'(t)HQ.

We use A1) to denote the last row of the above inequality. Equivalently, we define
A® — 1(1 + /\) 2% — ‘T(t)HQ + 1 + 1 D(y* y(t)) + (y(t) _ y*)TA(x(t) _ .’L'(t_l)) + i”l‘(t) _ x(t—l)HQ.
2\ 1 o 2 ’ 27

Since h is y-strongly convex, we have D(y*,y®*)) > 2y — y® |2, and thus

1,1 1 1
AO > o (; +A) l2* = 22 + 5Py )+ oy =y I + 0 — )T AR =2 D) 4 2 — 2D

-2
T
g1 . w2, 1 . 1 2 _ pt=1) %I _AT 2@ _ pt=1)
= 2(T+)\)Hx — x| —|—2D(y,y )+2 y* — y® —A 2 y* — gy :

The quadratic form in the last term is nonnegative if 7o < «y/L?. Under this condition,

1/1 1
AD > f(f +/\)||x* — 2O 1 Dy, y®) > 0. (38)
2\T1 2
If we can to choose 7 and o so that
1 05u2 1 1 1 1 20622 1
- <9(7 A), ,<9(, 7), <6—, 39
T 4420 T+ o O’+2 ¥ - 27 (39

then we have
ACFD LoD ) — £(a*,y D) < A,

Because A®) > 0and £(z®,y*) — L(2*,y?)) > 0 for any t > 0, we have

A(t-‘rl) < QA(I‘)7

which implies
A < gtAO)
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and
E(:c(t),y*) —E(x*7y(t)) < oA,

To satisfy the last condition in (39) and also ensure the inequality (38), it suffices to have

v
< —.
7o < 12

We choose
1 ¥ 1
= —,/— = —/y(A+6pu?).
AT v A VARG

With the above choice and assuming y(\ + du?) < L2, we have

NeSR T

1
1 1

p %1_7['
% + % 1+0/2 14 Y(A+dp?)/(4L) 4

For the contraction factor over the primal variables, we have

0y =

1 odu? Toou? L}LQ
g T~ Tr3o _1- 150 _ V= smaz= v A Y
* 14+ 1+7A 1+7A 16L2 2L\ X+ 6u2’

This finishes the proof of Theorem 3.

E. Proof of Theorem 2

We consider the SPDC algorithm in the Euclidean case with h(x) = (1/2)|z|?>. The corresponding batch case analysis is
given in Section C. Foreach i = 1,...,n, let y; be

(y— )2
gi = argmin § 67 (y) + = —yla;,2") ¢

Based on the first-order optimality condition, we have

~ ®)
C Ay Wi —y; ")
(ai, 2) pu

Also, since y} minimizes ¢ (y) — y{a;, z*), we have

(ai, a*) € &7 (y7)-
By Lemma 2 with p = 1/2, we have

(t) *\2 ~ *\2
S N (/M /) M (5 SR W C/ el /1) PN
yz <a’lax >+¢1 (y1)+ 20_ - o + 2 2 +¢1 (yl) yl<alvx >
n (Ui _yz(t))Q
20

and re-arranging terms, we get

@t *)2 S ax)2 ~ (t)2
(v . ) ><1+7> @i —yi)® | @iy )®
ag

+ = (0F (@) — o7 (). (40)
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Notice that

B[y gy B U (o — 1)y - yp)?

RO
E[(y — 4 _Wi—y )

Bl ) = 610 + - 0w,

Plug the above relations into (40) and divide both sides by n, we have

(3 ) 0 = = (55 4 3) B0 =i

20 4n 20

1 . B
- (Euyf”” _ 4 Ly >) (a5, 50)

E(y" — ¢y

n

PRI - 6160 + (61 ) — 61 )
g ) o Wi ) :
+ (a;,z\V — %) — —=—2 2| |

and summing over¢ = 1,...,n, we get

LD e (L ) _ ey s Bl @)
I SV _ > —
(35 + P52 ) o1 2 (5 + 3 ) Bl -y 2

FOLY) — i) + % (6 ) - 61 0)

_ <n(u(t+1) —u®) @ — ), J3<t>>

R ON(E

g

L0
4n

where

1 & 1 —
t _ = N (t+1) d uw =~ *
(4 n ;yz a’Lv Z 17 an (% n ;yz a’L-

On the other hand, since z(**) minimizes the % + A-strongly convex objective

— x®]2
g<x>+<u<t>+n<u<t+”—u<t>>,x>+i”m 5 -
T
we can apply Lemma 2 with p = 0 to obtain
) _ *||2
* (t) (t+1) _ (1) % |2 z*||
9(@™) + (u® + () —u®),0%) +
2+ — 212 1 x
Zg(x(tJrl))Jr <u(t) Jrn(u(tJrl) 7u(t))7x(t+1)> + 5 + 27- I (t+1) _ 4 ”2’

and re-arranging terms we get

2 = ]2 (1A (1) ez o Ell2Y = 2O (t+1) .

T L > —=+Z)E - E _
=5+ 5 ) Bl — 2t + - +Elg(a*D) - g(2")

+E[(u®

n(u(t+1) _ u(t))7x(t+1) _ .CC*>]
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Also notice that

LY %) — L(a*,y*) + n(L@*,y") — L,y D) — (n— 1)(L(z", y") — L(a*,y D))
_ ! Z W) — o (y)) + (GE ) = L) + gV — g(a*)
=1

+ (u* ,x(tH)) — (w® 2%y + n(u® — oD gy,
Combining everything together, we have

() — 2*||? 1 n—1 . .
B2 (o C ) 0 =y 17+ (0= DL ) - £

1o | B[z — o0 2] | B[y — 5|2
> [ = o (t+1) _ *12 - (t+1) %12
(30 +5) Bl — ot (o + 1) Ellyes -y E = Bl
+E[L(a"Y y%) — L2, y%) + n(L(a*,y*) — L,y )]

5 TONIE
FE[ — w4 (D — @), 5@ _ gy 1 O | - 50y 4 T H ,

3

4n o

Next we notice that

9
4n

2

2
A(.’IJ* _ jj(t)) + n(E[y(H_l)] — y(t))

g

J - (y— y(t))
—— NA(z* — 2O — gA(x® — LDy T I
in (" —z™) — 0A(x x )+

(1) b =
ONTk

0A — g0y T=¥T)

(2

(a1

for some a > 1 and )
HA(J:* _ .Z‘(t))H > MQHx* _ CL‘(t)HQ,
and
Joa® oty + EZED > - ap2aett - a2 - Sy - 02
g g
> = 202120 ® — oV |2 - ZE{ly D -y O],
(o
We follow the same reasoning as in the standard SPDC analysis,

WO — w4 () ) 20D 50y (yD — )T Az — ) B Oy — )T A(zx® — (1)

n n

n—1 _
4 = ) () _ O 4(2(0+1) 40y _ g i1 _ ()T 4(50) _ z0-1)).

and using Cauchy-Schwartz inequality, we have

(D) — YT 42O — 5Dy < (D —yO)TA2  |lz® — g2
- 1/(27) 8T
Jyt+D — y®)2
- 1/@2rR?)
and

t+1 t\T 2 t+1 t)||2
‘(y(t+1) _ y(t))TA(m(IHI) _ x(t))| < ||(y( T —yt )) Al ||x( 1 — o )||
1/(27) 8T

Myt =y

- 1/(27R?)
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Thus we get
( (t+1) _ y )TA( (t+1) (t)) B g(y(t) _ y*)TA(:E(t) _ x(tfl))

<u(t) —u* n(u(tH) — u(t)), 21 j(t)> >

n n
[y —y D2 [+ 2O e — otV )2
- 1/(4rR?) 87 8T
Putting everything together, we have
1 (1 — 1/0[)5M * 1 (Tl — 1)7 * * * ok
(5 - ) ot -+ (4 S ) 1 = g P 0L, ) - £0%,0)
- X 1 a—1)86L32 B O(y® — g )T A(z® — z(t=1)
- (L6 y) — e <t>>>+0( g+ O ) a0 gt Y )

1 A 1 E[(y(t+1) ) A( (t+1) :E(t))]
s 42 (t4+1) _  *|2 L (t4+1) _  *2
> (543 ) B ot (o + 3 ) B - g1+ :

+ ]E[E(x(t+1)7y*) _ £($*7y*) + n(ﬁ(z*,y*) _ E(I*,y(tJrl)))]
(g g ) Bl 200

2r 871
1 (a—1)¢
el 4R2 o\ )7 (t+1)
+ (g5~ arer = o e -y,
If we choose the parameters as
o 1
Tttt T Ry

then we know

2
% T T T T 8 Y
and (a« —1)05L* oL? oR? 1
<—< —<
2n ~ 82 — 8 T 2567’
thus
1 (a-1eor* _ 3
8T 2n - 87
In addition, we have
ol @
a o+46
Finally we obtain
2
(3 - s ) 1@ =P+ (5 + D) I =12 4 01000 — £la%,0)
F(n— (L y) — Ly D)) + 0 inz(t) (=12 4 0y —y*)" Az — 207 1)

n

1 Y 1 E[(y(tJrl) )TA( (t+1) (t))]
> 2R (t+1) _ *2 - (t+1) _ *12
> (543 ) B -t (0 + 3 ) B -y P+ E

* * % * % * 3
+E[L(@ Y, y*) = Lz y") +n(L(z",y) — Lty )] + gE[llm(M) — 20|

Now we can define 6, and 60, as the ratios between the coefficients in the x-distance and y-distance terms, and let § =
max{6,,0,} as before. Choosing the step-size parameters as

1 ~ 1 [nA+dp?
= T 5=
AR\ n\ + op2’ AR ~

gives the desired result.
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F. Proof of Theorem 4
In this setting, for -th coordinate of the dual variables y we choose h = ¢, let
Dilyi, i) = 5 (vi) — &7 (w) + ((&7) (wi), i — i),

and define

Fori=1,...,n,lety; be

) L Dty )

§i = argmin {dn (y) + Dy ) _ ylas, #1) ¢ .
Based on the first-order optimality condition, we have

(. 50y ©1'@) = (6D )

g

Also since y; minimizes ¢} (y) — y{a;, *), we have
(as,27) € (67) ()
Using Lemma 2 with p = 1/2, we obtain
* ~ * [ % Dl y:ay(t) 1 1 * ~ * [~ ~ ~
—y (ai, ) + 67 (y)) + Dlvioui ) {513 Di(y;,5s) + &5 (5:) — Fiai, )

oy
# DY) Gy ) — (@),

and rearranging terms, we get

Dilyt, y." Di(§i, 9" _ - _
PO > (2 5) Putot) + P Gy 0, 2) 4 (01(30) — 0500

o 2 o
6 * ~ *
+ 780 (@) = (67) (w)*. (41)
With i.i.d. random sampling at each iteration, we have the following relations:
1 -1
Ely" ™) =— i+ -y,
n n
Di (5 u* — 1D (P y*
E[Di(y§t+1)7yf)} _ (i, y7) + (n )Di(y; 7?!1)7
n n

Di(5i, y,"

]E[,Di(ygt—‘rl)a yft))} :¥7

Elg; ()] = 610 + T g,

Plugging the above relations into (41) and dividing both sides by n, we have

1 (n—-1) ) 11 i) . 1 ) (1)
—+—— Dy, ) > [ =+ = ) Dily; N 4 ZRID, (4 (
<0+ o )Dz(yz W) 2 o5 ) Dily Ly + SEBIDiy w0

Lo - y:>) )

- (B -0+

PG - 61 60) + (61 ”) — 61 0))

¢ 2
. % << 0 _ gy _ ((asz)'@i)—wz)'(yﬁ))) |

g
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and summing over¢ = 1,...,n, we get

n— (t4+1) ,(0)
<1 + (in)> 'D(y(t)’y*) > (i + ;) ]E[D(y(t+1), y*)] + E[D(y Y )]

g g

n

oY) — g ) 12 o) — 6t (1))

3

_ <n(u(t+1) —u®) 4 (@® — ), 5:(”>

A 30y 4 @@ = @O

g

N
4n

where ¢*' (y(*)) is a n-dimensional vector such that the i-th coordinate is

6" ()i = (¢7) (™),

and

1 1 1 «
D N P
[t [t
On the other hand, since z(**!) minimizes a % + A-strongly convex objective

— 2(®)]2
g(x)+<u(t)+n(u(t+l) _u(t))7x>+ |z ; | ,
T

we can apply Lemma 2 with p = 0 to obtain

t) _ *||2
() + (u® £ () — 40 ) 4 |2 . ||
T
t+1 )2
> g(z D) 4+ (u® + (D — O Dy 4 [|lzY — 202 n S n A 2D — 2|2,
2T 2r 2
and rearranging terms, we get
(t) _ %2 Elllz&+D — 4(8) ]2
x x N x x N
I = ( ) att — oy 4 EI 2T | gy a0 — g
+E + ( (t+1) _ u(t))7x(t+1) _ JC*>]

Notice that

L y) = Ly n(Ly") = £ty D) = (0= DLy - £t y)
= 5 ) = 010 + G0 - i) + o) — gta)

=1
+ (u, 2Dy — (w® %) 4 nu® — oD g*),

3\>—‘

SO

) — |2 n—
B (2 D) D)+ 0= (8 ) - £ )

o 2n
! 1,1 B[z — o2 | B[R,y )]

) |
> | = 2 E (t+1) _ *12 - 2\ gD (t+1) . * \
_(27+2) (|| xll]+<0+2) Dy, y*)] + - . _
+ E[ﬁ(q;(t-i-l)’y*) — L(z*,y*) + n(L(z*,y*) — £<x*’y(t+1)))}

Al 50 4 (&7 =" @) H |

]
Elu® — o* (t+1) _ (Y L+ _ %t _
+E[{(u u* 4+ n(u u'), x x>]+4

n g
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Next, we have

'~ %’ t 2
Alz* — 2®) — AW — 20D 4 (0" (7) — ¢* (y™))

r — X
g

“an

2 (12 3) =

0O _ g0y 4 7@ =07 (D)) |

(6 (3) — 67 (4®)) H 5

2

f(afl)%

)
a

for any o > 1 and
2
|G =) 2 w2lle - 202,

and

2
iy, (07 @) = o (™) _ 2

OA(z) — 271 + > — 207 A(z™ — 2072 - gllaﬁ @) — ¢ ()]

g

_ 2n « o
> — 20222 — 2" V|2 - ZE[6 (4 +D) - ¢ (4 ) 7.
Following the same reasoning as in the standard SPDC analysis, we have

W® — w4 (D) O, g0+ 50y = (yD — )T A2 — ) _ Oy — y*)TA(x® — (1)

n n

n—1 _
n %(yuﬂ) YT A2+ _ 50 gD yOVT A(p(0) _ 5t-1)).

and using Cauchy-Schwartz inequality, we have

|(y(t+1) — y(t))TA(x(t) . x(tfl))| - ||(y(t+1) — y(t))TA||2 ||x(t) — x(t71)||2
- 1/(27) 8T
(t+1) _ , (8)]]2
Ny Ul
-  1/(27R?)

and
(5D — YT Az D _ 40y < (D —yO)TA|2 [zt — 202
- 1/(27) 8T
[yt — ]2
- 1/(27R?)
Thus we get

(y(t+1) _ y*)TA(x(H'l) _ x(t)) H(y(t) _ y*)TA(x(t) _ x(t—l))

<u(t) —ut n(u(t+1) — u(t)),x(ﬂrl) — i-(t)> > —
n n

Iy —y @2 2D — @2 gz — g D)2
- 1/(4rR?) 87 a 8T ‘

Also we can lower bound the term D(y**1 4(®)) using Lemma 2 with p = 1/2:

D(y(t“),y(t)) _

v

Il
-

(1) = ) = (@) i)™~ "))

K2

-

(30 =2 + 5@ 6 - (6162

N2 i
—

6 « «
||y<t+1)—y<t)\l2+§\\¢ (y') — " (y)|2.
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Combining everything above together, we have

(- (11/“)5“) ! x*||2+(i+(”2n”> DO, y") + 6L,y — L)

_ 2 ) — =\T (1) _ (t=1)

2T B -
+ ]E[E(x(t+1)7y*) _ E(:z:*,y*) + n(ﬁ(:z:*,y*) . E(I*,y(tJrl)))]

1 1 o
- (t+1) _ .(t))2 o 2 (t+1) (t) 2
+ (27 8T>EW 2|2 + (5 —4R7) Ely¢ I

' (250- - ((12021)5) Ellg™ () = " ().

If we choose the parameters as

a Y
a:Z—i—L UT_TSRQ’
then we know - - ~
—— —4RT ="~ >0
20 T 200 4o =5
and 5 (a-15 3§
o —
I - _ 59
20 202 20 8o -
and
(a« —1)06L? _o6L? _ JoR? oy 1
< < < < ,
2n — 8n2 — 8 T 2567 — 2567
thus
1 (a — 1)96L2 < i
8T 2n — 87
In addition, we have
polo ¢
a o+4

Finally we obtain

(21 - m) o — 2| + (i + T) Dy, ") + (L@, y7) — £, y"))

* * 3 _ 0(yD — T A(x() — 2(-1)
+ (n—1)(L(z",y*) — L(z vy(t)))+9'§||$(t) — D)2 4 (" —y) n( )

1A 11 cp2r . Bl — )T A — g0
> (545 Bl a2+ (34 3 ) Bl - ) +

2T n

* * * * * * 3
+Ewwm”w)—£@7y)+n@@7y)—ﬁwﬁﬁﬂnﬂ+§ﬁmﬁ””—ﬂmﬂ-

As before, we can define 0, and 0, as the ratios between the coefficients in the x-distance and y-distance terms, and let
¢ = max{6,, 6, }. Then choosing the step-size parameters as

1 v __L¢444‘7
=1V °T iR y(nA + du?)

n\—+ou?’

gives the desired result.



