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1. Appendix
Here we present a more detailed proof of Theorem 1 and 2.

1.1. Proof of Theorem 1

We prove a more general result:
Theorem 1. Consider vectors xi ∈ Rm for i =
1, 2, ..., n and their partitions V1, V2, . . . , VK with sizes
n1, n2, . . . , nK . Take the SON optimization:

min
{ui∈Rm}

1

2

n∑
i=1

‖xi − ui‖22 + λ
∑
i6=j

‖ui − uj‖2 (1)

and its associated centroid optimization:

min
{vα∈Rm}

1

2

K∑
i=1

‖vα − cα‖22nα + λ
∑
α 6=β

nαnβ‖cα − cα‖2

(2)
where

cα =

∑
i∈Vα

xi

nα
.

1. Suppose that for every α ∈ [K],

max
i,j∈Vα

‖xi − xj‖

nα
≤ λ.

Then, ui = vα for i ∈ Vα is a global solution of the
SON clustering.

2. If all cαs are distinct and d
2n
√
K
≥ λ where d =

min
α 6=β
‖cα − cβ‖, then all centroids vα are distinct.

3. If max
α

‖cα−c‖
n−nα ≥ λ where c =

n∑
i=1

xi/n, then at least

two centroids vα are distinct.

Proof. Notice that the solution of the centroid optimization
satisfies

cα − vα = λ
∑
β

nβzα,β

where ‖zα,β‖ ≤ 1, zα,β = −zβ,α and whenever vα 6= vβ ,
the relation zα,β =

vα−vβ
‖vα−vβ‖2 holds. Now, for the solution

ui = vα for i ∈ Vα, define

z′ij =

{
zα,β α 6= β
xi−xj
λnα

α = β
,

where i ∈ Vα, j ∈ Vβ . It is easy to see that ‖z′ij‖2 ≤ 1,
z′ij = −z′ji and whenever ui 6= uj , we have that z′ij =
ui−uj
‖ui−uj‖2 . Further for each i,

λ
∑
j

z′i,j = λ
∑
β

zα,βnβ +
∑
j∈Vα

xi − xj
nα

= cα − vα + xi − cα = xi − vα = xi − ui
This shows that the local optimality conditions for the SON
optimization holds and proves part a.

For part b, denote the solution of the centroid optimization
by vα(λ) and notice that the solution of SON consists of
distinct elements vα = cα and is continuous at λ = 0.
Hence, vαs remain distinct in an interval λ ∈ [0, λ1). Take
λ0 as the supremum of all possible λ1s. Hence, the solution
in λ ∈ [0, λ0) contains distinct element and at λ = λ0 con-
tains two equal elements (otherwise, one can extend [0, λ0)
to some [0, λ0 + ε), which is against λ being supremum).
Now, notice that for λ ∈ [0 λ0) the objective function is
smooth at the optimal point. Hence, vα(λ) is differentiable
and satisfies

δ =

[
dvα
dλ

]
α

= H−1 ∂g

∂λ
(3)

where [. ]α and [. ]α,β denote block vectors and block ma-
trices respectively. Moreover, H and g are the Hessian and
the gradient of the objective function at the optimal point.
In other words,

H =
[
nαδα,βI

+
I‖vα−vβ‖22−(vα−vβ)(vα−vβ)>

‖vα−vβ‖32
λnαnβ

]
α,β

and
∂g

∂λ
=

∑
β

zα,βnαnβ


α

Hence,
δ =[

δα,βI +
I‖vα − vβ‖22 − (vα − vβ) (vα − vβ)

>

‖vα − vβ‖32
λnβ

]−1

α,β

×

∑
β

zα,βnβ


α

Simple calculations show that ‖δ‖2 ≤ n
√
K. Hence,∥∥∥∥dvα

dλ

∥∥∥∥
2

≤ ‖δ‖2 ≤
√
Kn

This yields for λ < λ0 to

‖vα(λ)− vβ(λ)‖2 =

∥∥∥∥∥∥cα − cβ +

λ∫
0

(
dvα
dλ
− dvβ

dλ

)
dλ

∥∥∥∥∥∥
2

≥ ‖cα − cβ‖2 −
λ∫

0

∥∥∥∥dvα
dλ
− dvβ

dλ

∥∥∥∥
2

dλ
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≥ d− 2nλ
√
K

Since at λ = λ0, we have that vα = vβ for some α 6= β, we
get that d − 2nλ0

√
K ≤ 0 or λ0 ≥ d/2n

√
K. this proves

part b.

For part c, Take a value of λ, where v1 = v2 = . . . = vK .
It is simple to see that in this case vα = c. The optimality
condition leads to

c− cα = λ
∑
β 6=α

zα,βnβ

Hence, ‖c− cα‖2 ≤ λ(n− nα). This proves part c.

1.2. Proof of Theorem 2

Denote by Uk a matrix where the ith column is the value of
ui at the kth iteration. Define

ψµ(U) = E (Uk+1 | Uk = U, µk = µ) , (4)

which by simple manipulations leads to

ψµ(U) =

U +
1(
n
2

)∑
i<j

(
Lij(Π

(µ)
ij (ui, uj))− Lij(ui, uj)

)

where ui denotes the ith column of U and Lij(x, y) is a
matrix where the ith column is x, the jth column is y and
the rest are zero. Also, denote

σ2
µ(U) = Var (Uk+1 | Uk = U, µk = µ)

= E
(
‖Uk+1‖22 | Uk = U, µk = µ

)
− ‖φµ(U)‖22

(5)

We prove a more detailed theorem:

Theorem 2. Starting from Ū0 = U0 (the initializa-
tion of the algorithm), define the characteristic sequence
{Ūk}∞k=0 by the following iteration:

Ūk+1 = ψµk(Ūk)

1. We have that

Pr

(
sup
k
‖Uk − Ūk‖2F +

∞∑
l=k

µ2
l > λ

)
≤

∞∑
k=0

µ2
k

λ

(6)

2. Define Ũ as the unique optimal solution of the
SON optimization and suppose that {µk} is a non-
increasing sequence.

(a) There exists a positive sequence hn = O( 1
n ),

where n is the number of data points, such that

R(Ūk, µk) ≤ hn
k−1∑
l=0

µ2
l e
− 2
n2

k−1∑
s=l+1

µk
1+µk

+R(U0, µ0)e
− 2
n2

k−1∑
s=0

µk
1+µk (7)

where

R(U, µ) =
1

2
‖Ũ−U‖2F +µ

(
Φ(U)− Φ(Ũ)

)
,

(b) There exists a universal constant a such that

‖Ūk − Ũ‖2F ≤ a
k−1∑
l=0

µ2
l e
− 2
n2

k−1∑
s=l+1

µs

+‖U0 − Ũ‖2Fe
− 2
n2

k−1∑
s=0

µs

3. Assume that {µk} is non-increasing
∞∑
0
µk = ∞ and

∞∑
0
µ2
k < ∞. Then, the sequence Uk converges to Ũ

in the following strong probability sense:

∀ε > 0; lim
k→∞

Pr

(
sup
l≥k
‖Ul − Ũ‖2F > ε

)
= 0 (8)

4. Take µk = µ1

kα for k = 1, 2, . . . and 2
3 < α < 1. For

sufficiently small values of ε > 0 the relation

‖Ul − Ũ‖2F = O(
1

l3α−2−ε )

holds with probability 1.

Proof. Denote by Ωk the pair (i, j) which is selected in
iteration k and Ωk = (Ω0,Ω1, . . . ,Ωk−1). Also, denote
ψµ(U, (i, j)) = U+Lij(Π

µ
ij(ui, uj))−Lij(ui, uj). Then,

the iterations can be written as

Uk+1 = ψµk(Uk,Ωk)

Ūk+1 = E(ψµk(Ūk,Ω) | Ūk) (9)

Define ∆k = Uk − Ūk and ηk = ψµk(Ūk,Ωk) −
E(ψµk(Ūk,Ω) | Ūk). Also, denote U = {Ūk}∞k=0. Notice
that the sequence {ηk}∞k=0 consists of zero-mean indepen-
dent elements. Subtracting the two iterations in (9) gives
us:

∆k+1 = ψµk(Uk,Ωk)− ψµk(Ūk,Ωk) + ηk (10)

It is simple to see that Πµ
ij(ui, uj) is a contraction map for

any µ, i, j. Then, it is simple to deduce that ψµ(U,Ω) is
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a contraction map for any Ω and µ. As a result, we obtain
from (10) that

E
(
‖∆k+1 − ηk‖2F | Ωk

)
≤ ‖∆k‖2F,

which can also be written as

E
(
‖∆k+1‖2F | Ωk

)
≤

‖∆k‖2F + 2E
(
〈ψµk(Uk,Ωk),ηk〉 | Ωk

)
− E‖ηk‖2F

Now, it is simple to see that ‖ψµ(U,Ω)−U‖ ≤
√

2µ. Fur-
thermore, Uk only depends on Ω0,Ω1, . . . ,Ωk−1, while ηk
is a function of Ωk. Hence, Uk and ηk are independent and
E(〈Uk,ηk〉 | Ωk) = 0 This leads to

E
(
‖∆k+1‖2F | Ωk

)
≤

‖∆k‖2F + 2E
(
〈ψµk(Uk,Ωk)−Uk,ηk〉 | Ωk

)
− E‖ηk‖2F

≤ ‖∆k‖2F + 2
√

2µk

√
E(‖ηk‖22)− E‖ηk‖2F

Notice that E(‖ηl‖22) = σ2
µl

(Ūl) and

‖Uk+1 −Uk‖2 = ‖ψµk(Uk,Ωk)−Uk‖2 ≤
√

2µk

which leads to
σ2
µ(U) ≤ 2µ2.

We conclude that

E
(
‖∆k+1‖2F | Ωk

)
≤ ‖∆k‖2F + 4µ2

k

Define sk =
∞∑
l=k

µ2
l . We observe that ‖∆k‖2F + sk is a

supermartingale. Hence, from the suprmartingale version
of the Doob’s inequality we obtain that

Pr

(
sup
k
‖∆k‖2F + sk > λ

)
≤ E‖∆0‖2F + s0

λ
=

∞∑
k=0

µ2
k

λ

This proves part (1).

For part (2) from the definition of the proximal opera-
tor, there exists a vector ζ ∈ ∂φΩ(ψµ(U,Ω)) such that
ψµ(U,Ω) = U− µζ. We conclude that

φΩ(Ũ)− φΩ(ψµ(U,Ω)) ≥

1

µ
〈U− ψµ(U,Ω), Ũ− ψµ(U,Ω)〉 =

1

2µ

(
‖Ũ− ψµ(U,Ω)‖2F − ‖Ũ−U‖2F + ‖U− ψµ(U,Ω)‖2F

)
Hence,

Φ(Ũ)−
∑
Ω

φΩ(ψµ(U,Ω))

≥ n(n−1)
4µ

(
E‖Ũ− ψµ(U,Ω)‖2F − ‖Ũ−U‖2F

)
≥ n(n−1)

4µ

(
‖Ũ− ψµ(U)‖2F − ‖Ũ−U‖2F

)
(11)

where the last inequality is obtained by Jensen’s inequality.
Notice that ∑

Ω

φΩ(ψµ(U,Ω)) =

∑
Ω,Ω′

φΩ′(ψµ(U,Ω))−
∑

Ω6=Ω′

φΩ′(ψµ(U,Ω))

≥ n(n− 1)

2
Φ(ψµ(U))−

∑
Ω6=Ω′

φΩ′(ψµ(U,Ω))

= Φ(U) +
n(n− 1)

2
(Φ(ψµ(U))− Φ(U))

−
∑

Ω6=Ω′

(φΩ′(ψµ(U,Ω))− φΩ′(U))

Now, notice that φΩ′(ψµ(U,Ω)) − φΩ′(U) = 0 when Ω
and Ω′ do not overlap. Also, there exists a constant a such
that |φΩ′(ψµ(U,Ω))− φΩ′(U)| < aµ . We conclude that∑

Ω

φΩ(ψµ(U,Ω)) ≥

Φ(U) +
n(n− 1)

2
(Φ(ψµ(U))− Φ(U))− 2(n− 2)aµ

Define hn = 8(n− 2)a/n(n− 1) = O( 1
n ). Replacing this

result in (11) and performing straightforward calculations
leads to

hnµ
2 ≥ 2µ

n2

(
Φ(U)− Φ(Ũ)

)
+µ (Φ(ψµ(U))− Φ(U))

+ 1
2

(
‖Ũ− ψµ(U)‖2F − ‖Ũ−U‖2F

)
(12)

Now, we introduce the recursion to (12). We introduce
Rk = R(Ūk, µk) and use monotonicity of µk to conclude
that:

hnµ
2
k ≥

2µk
n2

(
Φ(Ūk)− Φ(Ũ)

)
+Rk+1 −Rk

Finally, we use the fact that Φ(. ) is a 1−strongly convex
function which leads to Φ(U)−Φ(Ũ) ≥ 1

2‖Ũ−U‖2F, and
conclude that

Φ(U)− Φ(Ũ) ≥ R(U, µ)

1 + µ

This yields to

Rk+1 − hnµ2
k ≤

(
1−

2µk
n2

1 + µk

)
Rk ≤ e−

2µk
n2

1+µk Rk

where the last equality holds because 1−x ≤ e−x for every
positive x. It is now simple to see by induction that

Rk ≤ hn
k−1∑
l=0

µ2
l e
− 2
n2

k−1∑
s=l+1

µs
1+µs

+R0e
− 2
n2

k−1∑
s=0

µs
1+µs (13)
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which proves part (2a).

For part (2b), we observe from (11) that

Φ(Ũ)− Φ(U) +
n(n− 1)

2
aµ ≥

n(n− 1)

4µ

(
‖Ũ− ψµ(U)‖2F − ‖Ũ−U‖2F

)
which with the similar argument to above leads to

1

2
‖Ūk+1 − Ũ‖2F ≤

(
1− 2µk

n2

)
1

2
‖Ūk − Ũ‖2F + aµ2

k

≤ 1

2
‖Ūk − Ũ‖2Fe

− 2µk
n2 + aµ2

k

We conclude part (2b).

For part (3,4), define Uk = {Ūk
l }∞l=0 as the sequence ob-

tained by starting from Ūk
0 = Uk and applying

Ūk
l+1 = ψµl+k(Ūk

l )

Take arbitrary (non-zero) positive numbers ε, δ. Take λ

such that λ ≥ 2
δ

∞∑
l=0

µ2
l . Define

Φmax = max
‖U−Ũ‖≤λ

Φ(U)

Define l0, k such that
∞∑
l=k

µ2
l < εδ/8 and

∀l > l0; hn

l−1∑
t=0

µ2
t+ke

− 2
n2

l−1∑
s=t+1

µs+k
1+µs+k

+

(λ+ µkΦmax)e
− 2
n2

l−1∑
s=0

µs+k
1+µs+k <

ε

8

It is simple to see that such a choice exists because of the
conditions in part (3). Now, we define two outcomes H1

and H2:
H1 : ∀k ≥ 0; ‖Uk − Ũ‖2F ≤ λ

H2 : ∀l ≥ 0; ‖Ūk
l −Ul+k‖ ≤

ε

4

Notice that from part (1) we have that Pr(Hc
1) and Pr(Hc

2)
are less than δ/2. Furthermore, under H1 ∩ H2 we have
that:

∀l > l0; ‖Ul+k−Ũ‖22 ≤ 2(‖Ul+k−Ūk
l ‖2F+‖Ūk

l −Ũ‖2F)

≤ 2(
ε

4
+
ε

4
) = ε

This is because according to part (2),

‖Ūk
l − Ũ‖2F ≤ 2R(Ūk

l , µl+k) ≤

2hn

l−1∑
t=0

µ2
t+ke

− 2
n2

l−1∑
s=t+1

µs+k
1+µs+k

+2R(Uk, µk)e
− 2
n2

l−1∑
s=0

µs+k
1+µs+k ≤ ε

4

where we used H1 to conclude that R(Uk, µk) ≤ λ +
Φmaxµk. We conclude that

Pr( sup
l>l0+k

‖Ul − Ũ‖22 > ε) ≤ Pr(Hc
1) + Pr(Hc

2) ≤ δ

which proves part (3).

For part (4), define kr = rγ , λr = r−β , where γ =
1− ε2
1−α ,

β < γ(2α− 1)− 1, and the outcomes:

Qr : sup
l≥0
‖Ul+kr − Ūkr

l ‖
2
F > λr.

By part (1), we have that

∞∑
r=1

Pr(Qr) <∞.

Hence by Borel-Cantelli lemma, Qcr0 , Q
c
r0+1, Q

c
r0+2, . . .

simultaneously hold for some r0 with probability 1. For
simplicity and without loss of generality, we assume that
r0 = 0 as it does not affect the asymptotic rate. Then for
any r > 0, we have that

sup
l≥0
‖Ul+kr − Ūkr

l ‖
2
F ≤ λr

In particular,

‖Ukr+1
− Ūkr

lr
‖2F ≤ λr

where lr = kr+1 − kr. From part (2b), we conclude that

‖Ūkr
lr
− Ũ‖2F ≤ A

lr−1∑
t=0

1

(t+ kr)2α
e
−2a

lr−1∑
s=t+1

1
(s+kr)α

+‖Ukr − Ũ‖2Fe
−2a

lr−1∑
s=0

1
(s+kr)α

where we introduce µ1 = bn2 and A = 4an4b2 for sim-
plicity. This leads to

‖Ukr+1−Ũ‖2F ≤ 2λr+A

lr−1∑
t=0

1

(t+ kr)2α
e
−2b

lr−1∑
s=t+1

1
(s+kr)α

+2‖Ukr − Ũ‖2Fe
−2b

lr−1∑
s=0

1
(s+kr)α

≤ LeLk
1−α
r −Lk1−αr+1 ‖Ukr − Ũ‖2F+

2λr +A

lr∑
t=0

1

(t+ kr)2α
eL(kr+t)1−α−Lk1−αr+1
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where L denotes ”some suitable constant” which may vary
in difference occurrences. Notice that

lr∑
t=0

1

(t+ kr)2α
eL(kr+t)1−α−Lk1−αr+1 =

kr+1∑
t=kr

1

t2α
eLt

1−α−Lk1−αr+1

≤ L
kr+1−Lkαr+1(1+ρ log(kr+1))∑

t=kr

1

t2α
e−Lρ log(kr+1)

+

kr+1∑
t=kr+1−Lkαr+1(1+Lρ log(kr+1))

1

t2α

≤ L

(
1

(kr+1 − Lkαr+1(1 + ρ log(kr+1)))2α−1
− 1

k2α−1
r+1

)

+L
e−Lρ log(kr+1)

k2α−1
r

≤ L log(kr+1)

kαr+1

≤ L log r

rγα
<

L

rβ

where ρ is a sufficiently large constant and we use the fact
that γα > γ(2α− 1)− 1 > β. Moreover,

k1−α
r − k1−α

r = rγ(1−α)− (r+ 1)γ(1−α) ≤ −Lrγ(1−α)−1

We conclude that

‖Ukr+1
− Ũ‖2F ≤

L

rβ
+ Le−Lr

γ(1−α)−1

‖Ukr − Ũ‖2F

which leads to
‖Ukr − Ũ‖2F ≤

L

r−1∑
s=1

1

sβ
e
−L

r−1∑
t=s+1

tγ(1−α)−1

+ e
−L

r−1∑
t=0

tγ(1−α)−1


≤ L

(
r−1∑
s=1

1

sβ
eL(sγ(1−α)−rγ(1−α)) + e−Lr

γ(1−α)

)
With a similar approach to the above, we observe that

‖Ukr − Ũ‖2F ≤
L log r

rβ−
ε
2
≤ L

rβ−ε

Take kr < l ≤ kr+1. We observe that

‖Ul − Ũ‖22 ≤ 2(‖Ukr − Ũ‖22 + ‖Ukr −Ul‖22)

≤ 2λr +
L

rβ−ε
≤ L

rβ−ε
≤ L

l
β−ε
γ

By taking β = γ(2α− 1)− 1, we obtain part (4).


