Stochastic Variance Reduction Methods for Policy Evaluation

A [Eigen-analysis of G

In this section, we give a thorough analysis of the spectral
properties of the matrix

pl 751/2A\T

G = o~
61/214 BC

; (20)

which is critical in analyzing the convergence of the PDBG,
SAGA and SVRG algorithms for policy evaluation. Here
B = ow/0oy is the ratio between the dual and primal step
sizes in these algorithms. For convenience, we use the fol-
lowing notation:

L2 Aax(ATC1A),

b2 Ain(ATE1 ),
Under Assumption 1, they are well defined and we have
L>p>0.

A.1 Diagonalizability of G

First, we examine the condition of [ that ensures the diag-
onalizability of the matrix G. We cite the following result
from (Shen et al., 2008).

Lemma 1. Consider the matrix A defined as

. [A —BT]’

B C (21)

where A = 0, C = 0, and B is full rank. Let T = Apin (C),
§ = Amax(A) and 0 = Apax(BTC7IB). If T > §+2\/70
holds, then A is diagonalizable with all its eigenvalues real
and positive.

Applying this lemma to the matrix G in (20), we have

0 = Amax (BY2AT (BO) 1612 A) = Apax(ATCLA).

The condition 7 > § + 24/70 translates into

Brarin(C) > p+ 24/ BAnin(C) A AT C-1A),

which can be solved as

~.

Vmax@ATE1 A 44/ p+ Ao ATC1 A

=

VB>

)\min(a)

In the rest of our discussion, we choose 3 to be

ﬂ 7 S(P-l- )\max(zzl\rai]-@) . 8(p—|— L) (22)
B )\min(é) B )\min(a) ’

which satisfies the inequality above.

A.2 Analysis of eigenvectors

If the matrix G is diagonalizable, then it can be written as
G=QAQ™,

where A is a diagonal matrix whose diagonal entries are the
eigenvalues of GG, and @) consists of it eigenvectors (each
with unit norm) as columns. Our goal here is to bound
%(Q), the condition number of the matrix (). Our analy-
sis is inspired by Liesen & Parlett (2008). The core is the
following fundamental result from linear algebra.

Theorem 4 (Theorem 5.1.1 of Gohberg et al. (2006)). Sup-
pose G is diagonalizable. If H is a symmetric positive def-
inite matrix and HG is symmetric, then there exist a com-
plete set of eigenvectors of G, such that they are orthonor-
mal with respect to the inner product induced by H :

QTHQ=1. (23)

If H satisfies the conditions in Theorem 4, then we have
H = Q~"Q~*, which implies x(H) = x2(Q). Therefore,
in order to bound (@), we only need to find such an H
and analyze its conditioning. To this end, we consider the
matrix of the following form:

(6~ p)I
VBA

It is straightforward to check that HG is a symmetric ma-
trix. The following lemma states the conditions for H be-
ing positive definite.

Lemma 2. If 6 — p > 0 and BC — 61 — 52 AAT 0,
then H is positive definite.

VBAT

H= !
BC — o1

. (24)

Proof. The matrix H in (24) admits the following Schur
decomposition:

I 0l [6-pI 7 MBAT
= B 35—
=2 0 { S} o 1 |

where S = Bé -6l — %EAAF. Thus H is congruence to
the block diagonal matrix in the middle, which is positive
definite under the specified conditions. Therefore, the ma-
trix H is positive definite under the same conditions. [

In addition to the choice of S in (22), we choose J to be
0=4(p+ L). (25)

It is not hard to verify that this choice ensures 6 —p > 0 and
BC -1 — %AAAr > 0 so that H is positive definite. We
now derive an upper bound on the condition number of H.
Let A be an eigenvalue of H and [#7y”]7T be its associated
eigenvector, where ||z + ||y||? > 0. Then it holds that

(6 — p)a+ v/BATY = Az, (26)
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VBAz + (BC — 861y = \y. Q7
From (26), we have

VB
=——A"y. 28
S N p Y (28)
Note that A — ¢ + p # 0 because if A — d + p = 0 we have
ATy = 0 so that y = 0 since Ais full rank. With y = 0 in
(27), we will have Az = 0sothatz = 0, which contradicts
the assumption that ||z||? + ||y[|*> > 0.

Substituting (28) into (27) and multiplying both sides with
y”T', we obtain the following equation after some algebra

AN —pA\+¢=0, (29)
where
T(BC — 51
P S ! )y
[yl
T(pA T A AT
BC — oI AA
qé((;_p)y( ! )y LY Ly
[yl [yl

We can verify that both p and ¢ are positive with our choice
of § and . The roots of the quadratic equation in (29) are
given by

_pEVDP?—4q
A= (30)

Therefore, we can upper bound the largest eigenvalue as

/2 __
Amax(H) S w
e,
Sp=d-pod S
< —p+ BAmax(C)
+ L ~
= —p + ( A))\max(c>
mln(c)
< 8(p+ L)x(C). 3D

Likewise, we can lower bound the smallest eigenvalue:

P—VP*—49 _p-p+2/p _4

Amin(H) Z =
2 2 p
_ ¥ Cy _ yTAATy\ _
_8(6- R I ) - 36 -p)
—p+ B
yT Cn TAATy
@ 8 (06— P — L) 56 - p)
yTCy
[Pl
5 _yTAATy_(S((S—p). 1
yTCy B vy

vl

Vs pop-20=p

B ﬁ)\min(c)

(c) 3p+4L

o0 (2-36575)

>p+1L (32)

where step (a) uses the fact that both the numerator and
denominator are positive, step (b) uses the fact

yT AATy

L& du (A6 ) > Lo

)

and step (c) substitutes the expressions of § and 3. There-
fore, we can upper bound the condition number of H, and
thus that of (), as follows:

8(p + L)k(C)

Py 8k(C).  (33)

KA(Q) = w(H) <

A.3 Analysis of eigenvalues

Suppose A is an eigenvalue of G and let (§T, nT)T be its
corresponding eigenvector. By definition, we have

“lal =l
U nj’
which is equivalent to the following two equations:
Pt —V/BATn = ¢,
VBAE + 5Cn = An.

Solve € in the first equation in terms of 7, then plug into the
second equation, we obtain:

N1 = Apn + BCn) + BAA 5 + pCn) = 0.
Now left multiply 5 ", then divide by the ||77||§, we have:
AN —pA+g=0.

where p and q are defined as

JTC
AR

TAAT Ta
Tl e (34)
7]l [l

Therefore the eigenvalues of G satisfy:

/2 _
)\:w. (35)

Recall that our choice of /5 ensures that G is diagonaliz-
able and has positive real eigenvalues. Indeed, we can ver-
ify that the diagonalization condition guarantees p? > 4q
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so that all eigenvalues are real and positive. Now we can
obtain upper and lower bounds based on (35). For upper
bound, notice that

Amax(G) <p<p+ BAmaX(a)

7>\max 6
G (@)

IN

p+L)K(C)
(p+1I)

Amax(pI + ATCTTA). (36)

p+8(
9x(C)
95(C)

For lower bound, notice that

N/ - —p+2
N (G) > 2 129 9P p2 q/p:q/p
nT AATy

_ B( nTCn +p)

H7I||

Porey tP
@ B+ AanlO)p+ )
B p/)‘mln(c) + ﬁ 14 + BAmin(C)

—~
o

) 8(p+ L)(p+ )
p+8(p+1L)

g(pﬂt)

= (0t Auin(ATC A))

_38

9
where the second inequality is by the concavity property of
the square root function, step (a) used the fact

v

Amin(pI + ATC'A), (37)

PR T AT
1% £ )\min(A\TC_lA) S M
y'Cy

and step (b) substitutes the expressions of 3.

Since @ is not a normal matrix, we cannot use their eigen-
value bounds to bound its condition number x(G).

B Linear convergence of PDBG
Recall the saddle-point problem we need to solve:
rnein max L(6,w),

where the Lagrangian is defined as
L0, w) = g||9||2 —w A0 — Zw Cw+b w. (38)

Our assumption is that Cis positive definite and A has full
rank. The optimal solution can be expressed as

0.= (A0 A+ pz)*l ATe-1,

Wy = c! (Z_ 2T9*> .
The gradients of the Lagrangian with respect to 6 and w,
respectively, are
w) = pf — ATw
w) =—A0 — Cw +b.

VQ'C (9,
VoL (6,

The first-order optimality condition is obtained by setting
them to zero, which is satisfied by (0,, w,):

G e

The PDBG method in Algorithm 1 takes the following iter-

pl —AT
A C

ation:

6m+1 _ 9m g9 O

ot o R A LS
where

AT
O I N IR [ A
—VuwL(0,w) A C w b

Letting 8 = 04, /0g, we have
0m+1 _ em — 0 PI _EF Gm _ OA
Wt | W “\[BA BC | |wm]| |Bb] )"

Subtracting both sides of the above recursion by (6., wy)
and using (39), we obtain
0. — 0,
Wy, — Wy |

0m+1_6‘* _ am_g* _
wm+1_U)* o Wy, — Wy

We analyze the convergence of the algorithms by examin-
ing the differences between the current parameters to the
optimal solution. More specifically, we define a scaled
residue vector

pl —AT
BA BC

Om — 0
A £ [ 1 | ] , (40)
ﬁ(wm — wy)
which obeys the following iteration:
Am-‘,—l - (I - UOG) Ama (41)

where G is exactly the matrix defined in (20). As ana-
lyzed in Section A.l, if we choose [ sufficiently large,
such as in (22), then G is diagonalizable with all its eigen-
values real and positive. In this case, we let () be the
matrix of eigenvectors in the eigenvalue decomposition
G = QAQ™1, and use the potential function

— 2
£llQ7 Anll,
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in our convergence analysis. We can bound the usual Eu-
clidean distance by P,, as

16 = Oull” + [lwm — wil* < (14 B)070(Q) Prn-
If we have linear convergence in P,,, then the extra factor

(1+ B)o2,..(Q) will appear inside a logarithmic term.

Remark: This potential function has an intrinsic geometric
interpretation. We can view column vectors of Q! a basis
for the vector space, which is not orthogonal. Our goal is to
show that in this coordinate system, the distance to optimal
solution shrinks at every iteration.

We proceed to bound the growth of P,,,:

Pri1 =@ A
= [|Q7 (1 = 00 G) A5
= Q7 (QQ" - 2 QAQ™!) A
= [T = 062) Q' A
<1 - opAI2 QA3
= |[I — ooAll3 P, (42)

The inequality above uses sub-multiplicity of spectral
norm. We choose oy to be

1 1
7= o V) A (G “3)

Since all eigenvalues of G are real and positive, we have

|1 —oeA|* = (1

2
8 1
S 1——- =~ ~n -~ ’
( 8L k(C)k(pl + ATC—lA)>

where we used the bounds on the eigenvalues A, (G) and
Amin(G) in (36) and (37) respectively. Therefore, we can
achieve an e-close solution with

m=0 (n(@)n(p[ + ATE 1 A) log (120))

iterations of the PDBG algorithm.

In order to minimize || — opA||, we can choose
2

)\maX(G) + )\mln(G) ’

which results in || — opA|| =1 —2/(1 + x(A)) instead of
1—1/k(A). The resulting complexity stays the same order.

gg —

The step sizes stated in Theorem 1 is obtained by replacing
Amax 10 (43) with its upper bound in (36) and setting o,
through the ratio 8 = o,,/0p as in (22).

C Analysis of SVRG

Here we establish the linear convergence of the SVRG al-
gorithm for policy evaluation described in Algorithm 2.

Recall the finite sum structure in /T band C:
~ 1 ~ 1 o~ 1<
A:fE Ay, b:fE b, szE C;.
n n n
t=1 t=1

t=1
This structure carries over to the Lagrangian £(f,w) as
well as the gradient operator B(f, w), so we have

1 n
B(0,w) = - ZBt(ﬁ,w),
t=1

where

o[l BB

Algorithm 2 has both an outer loop and an inner loop. We
use the index m for the outer iteration and j for the inner
iteration. Fixing the outer loop index m, we look at the
inner loop of Algorithm 2. Similar to full gradient method,
we first simplify the dynamics of SVRG.

gmajJrl _ em,j . Op
|:U)m,j+1:| - [’wm’j Ou X | B(Om-1,Wm—1)
+ Btj (am,j7 wm,j) - Bt(em—la wm—1)>
— Hm,j _ Op
B W, 5 Ow
X -pI _A\T- 61 B 9
A C _wmfl b
_pI 7A1—5|—_ _em,j . 0
1A Ct | W, by

_ _pI _A;r_ _emfl + 0
_At Ct _’U)m—l bt .

+

Subtracting (6., w, ) from both sides and using the optimal-
ity condition (39), we have

9m,j+1 — 04 _ 9m,j — 0. |90
W4l — We| Wi, — Wi Ow
% -pI _;{T- [ emfl - 9*
A C _wm_l — Wy

pI —AT] [0, — 0.
Ay Cy 1| [Wm,j — Wx

ol —A]T '9m_1—9*]>

Ay Cy ] [Wm—1 — Wk

+
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Multiplying both sides of the above recursion by
diag(I,1/+/BI), and using a residue vector A,, ; defined
similarly as in (40), we obtain
Am»j-ﬁ-l = Am,j - UQ(GAm—l + th Am,j - th Am—l)
= —09G) Ay
+ 0p (G — th) (Am,] —

where th is defined in (18).

For SVRG, we use the following potential functions to fa-
cilitate our analysis:

Amfl) ) (45)

P AE U\Q—lAmyﬂ : (46)
P, 2E {HQ*IAm,jHQ] . 47)

Unlike the analysis for the batch gradient methods, the non-
orthogonality of the eigenvectors will lead to additional de-
pendency of the iteration complexity on the condition num-
ber of ), for which we give a bound in (33).

Multiplying both sides of Eqn. (45) by Q !, taking squared
2-norm and taking expectation, we obtain

E[HQ%[(F 70G) A ;
00 (G ) (B~ B)]|]
D B[ 7 = 00) @ A

L(E=Gr,) (B

Prjt1 =

+U§E_||Q_ _A'rn—l)||2:|
(b)
< 17— oAl E[J|Q7 A ]
+ 03 E HQ_thj (A — Am—l)HQ}
D1 = o6l P,y
+ 3 E[ QG (A — An)]*]. @®)

where step (a) used the facts that G, is independent of
Apj and Ay, and E[Gy;] = G so the cross terms are
zero, step (b) used again the same independence and that
the variance of a random variable is less than its second
moment, and step (c) used the definition of P, ; in (47).
To bound the last term in the above inequality, we use the
simple notation 6 = A, ; — A,,_1 and have

[Q7 Gl =57 GEQTQ Gy 5
< Amax(Q™TQ™HIT GGy 0.
Therefore, we can bound the expectation as

E[|Q™"Gy,d]’]
S)\max(Q_TQ_lﬂE [6TG£ th 6]

nnx(Q TQil)]E [5TE[GZ; Gtg]é]

max(Q~ Q™ LEE[670]

Amax (@ TQ™HLEE[0T QT QT QQ 4]
=Amnax (@77 Q™) Amax (QTQ)LEE [T Q" Q714]
<k(Q)’LZE[Q"4|], (49)

where in the second inequality we used the definition of LZ,
in (18), i.e., Lg, = |[E[G G4,]|. In addition, we have

_ _ 2
E[lQ7"1°] =E[[|Q 7" (Ams = Am-1)]]

< E[|Q7 An|’] + 2 E[[Q7 A ]
— 2P, + 2P 1.

Then it follows from (48) that
P g1 < = ogA||* P s
+ 2035%(Q) L3 (Pru + Ponc).
Next, let Apax and Ay, denote the largest and smallest

diagonal elements of A (eigenvalues of (), respectively.
Then we have

T — opA|? = max {(1 — 0pAmin)?, (1 — 0oAmin)?}
<1-—209Amin + 09)\2

max

S 1- 20—0>\min + 0—95 (Q)Lév
where the last inequality uses the relation
Max SIGIP =[EG|* < [EGY Gl = LE < £*(Q) L.
It follows that
Prjs1 < (1= 209 min + 0557 (Q) LE) P
+ 205 K2 (Q) LE( P j + Pr—1)
= [1 =209 min + 307k2(Q) L2 &) P
+ 207 12(Q) LE Pt

If we choose oy to satisfy

)\min
0< < —FF7— 50
g9 > 3’{2 (Q) LQGa ( )

then 307£2(Q) L% < 09Amin, which implies

Pm,j+1 < (1 - 09)\min) Pm,j + 20-5 KQ(Q) L2GPm71-

Iterating the above inequality over j = 1,--- , N — 1 and
using P, 0 = Pp,—1 and P, v = P,,, we obtain

P = m,N
N-1 ]
(1=orin) 2@ S 1) [P
=0
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[ N 2 2 21_(1_09)\min)N
= [(1- )\min 2 L Pm*
-( 06 ) + Ogk (Q) G 17(170—9>\min) 1
r 2 2.2 L2
< (1 —UG)\min)N + W] mel
i 2 2 L2
= O—WMWW+(Wy®ﬂRwL (51
We can choose
)\min 1 552(Q)L2G
e 5'%2(@)14%" O-QAmin A?nin ’ ( )

which satisfies the condition in (50) and results in
P < (et +2/5)Pp1 < (4/5)Pp_1.

There are many other similar choices, for example,

/\min 3 9/%2 L2
09 = 2 5 s N = = (QQ) G7
3K (Q)LG 0—9)\111111 )\min

which results in
P < (e 4+2/3)Py_1 < (3/4)Pp1.

These results imply that the number of outer iterations
needed to have E[P,,] < €] is log(Py/€). For each outer
iteration, the SVRG algorithm need O(nd) operations to
compute the full gradient operator B(6,w), and then N =
O(Kk*(Q)LZ/N2,,) inner iterations with each costing O(d)

operations. Therefore the overall computational cost is

0] <<n—|— Rzig)[%) d log (?)) .

Substituting (33) and (37) in the above bound, we get the
overall cost estimate

KO L

Of|n+ ~ dlog(PO) .
Nom(pl + ATC 1) e

Finally, substituting the bounds in (33) and (37) into (52),
we obtain the oy and NV stated in Theorem 2:

Amin(pI + ATC—1A)
48k (C) L2,

51&2(CL)L§; _
(pI + ATC-1A)’

gg =

)

:)\2

min
which achieves the same complexity.

D Analysis of SAGA

SAGA in Algorithm 3 maintains a table of previously com-
puted gradients. Notation wise, we use ¢} to denote that

at m-th iteration, g; is computed using 64m and wyr. With
this definition, ¢;* has the following dynamics:

TH{M’H%#u 53

m ift,, =t.

We can write the m-th iteration’s full gradient as

1 n
B==3% Bi(0op,wor)-
i
For convergence analysis, we define the following quantity:

Agp 2 [1%”;_9*1” )} : (54)
VBNeE T

Similar to (53), it satisfies the following iterative relation:

A m
Ay { ‘l’t
‘ A,

With these notations, we can express the vectors used in
SAGA as

L [pl —AT] [y, 1<T0
B == t [oH _
S el | ey ol ]
b — pl  —AT 1716m] [0
tm T A, Ct,, W be, |’

_ el AL [fer] _[ O
gtm B Atm Ctm w(j);n btm ’

The dynamics of SAGA can be written as

[9m+1] _ [em} — [09 ” } (Bm + ht,, — 9t,,)

Wm+1 W,

el A

L~ [pl —AT[0sp] , 1[0
{nZ[At o ]+l

t=1
+ p[ — Ag:ﬂ Gm _ p[ — qun 9¢?7Ln
Atm Ctm W Atm Ctm ’U.)d);?:n

Subtracting (6, w,) from both sides, and using the opti-
mality condition in (39), we obtain

9m+1 - 9* _ em - 0* _ (7]
Wm+1 — Wk N W — Wy Ow

Ly~ ol —AL] [ Oop — 0
n At Ct ’lUd);n — Wy

it o £
it t, =t

t=1

[t

Atm, Ctnl W — Wx
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pl —Af

Ospr, — 04
A, G,

[l

Multiplying both sides by diag(7,1/v/BI), we get

)

PN (Am - A(i,%) .

o n
Am-&-l = A171 - (TLO ZGtAQﬁ?L

t=1

(55)

where G, is defined in (18).

For SAGA, we use the following two potential functions:

P’rn =E |‘Q_1Am||§7

tm

I _
an =[0G [f] =0t

P)

2} '
The last equality holds because we use uniform sampling.
We first look at how P, evolves. To simplify notation, let

0p —
Uy = (n ;GtA¢:ﬂ> —+ (Tthm (Am — A‘?%) 5

so that (55) becomes A, 11 = A, — v,,. We have

Pt =E [|Q7 A}
=E[[@7" (A —vw) ]
= E[[QAn/-225.077Q v+ @ v ]
= P~ E2AT.Q7TQ un] +E[ Qv 3]
Since A,, is independent of ¢,,, we have
E[28],Q7TQ  vn| =E[281,Q7TQ'Ey, [vnl]-

where the inner expectation is with respect to ¢,, condi-
tioned on all previous random variables. Notice that

1 n
Etm [Gtm A¢;ﬂm] == ﬁ Z GtAd);n,
t=1

which implies E; [v,,] = 0By, [Gt,, |Am = 06GA,,.

Therefore, we have

Pyt = Py —E[20,AL,Q77Q7 G A + B[ [ @ vn[3]
= Py~ E209[ALQ TAQ ' Ay | +E[[|Q v ]
< P = 200 0B [ Q7 A |’] + E[ Q0]

— (1 _ 20’9)\min)Pm +]E |:HQ_1’UmH§:| ) (56)

where the inequality used Amin 2 Amin (A) = Amin (G) > 0,
which is true under our choice of § = 0, /0 in Sec-
tion A.1. Next, we bound the last term of Eqn. (56):

E[ @ vm?]
—E [HQ—l (= é Gl +09Gr,,(Am—LDgp ) )

< 2038 [[Q G, 2]

I 2]
+ QUgE |:HQ_1 (ﬁ Z GtA(bzn — Gthd;;’:n) H
t=1 .
_ 2 -
< 203E[[Q'G1,, A |+ 203E[1Q 7 Gr Ay |1
- 2
= 207E[[Q7'G,, An[; | + 2030,
where the first inequality uses |la + b||§ <2 ||a|\§ +2 ||b\|;,
and the second inequality holds because for any random

. 2 2 2 2
variable £, E[|€ —E[¢][l; = E|€]l; — [[EE]; < E|€]f;-
Using similar arguments as in (49), we have

E[ QG Anlly| < AQLEPM,  57)
Therefore, we have
P7rz+1 < (1 - 209)\rr1i11 + 20’3’62 (Q) LQG) Prn
+ 20§Qm. (58)

The inequality (58) shows that the dynamics of P,,, depends
on both P, itself and @Q),,. So we need to find another
iterative relation for P, and @Q),,. To this end, we have

1 — 2
=Y HQ—thAwH
n =1 t 2

1
— E[IIQthmAwHP
n tm
1 _
+-> e 1GtA¢:n+1||2}
t#tm

Qm+1 =E

(@) |1, ~_
@ E[Q Gy A2
n
1 _
L1300 G ]
t#tm
1 _ 1 _
=E[||Q Gy A2 — 110 Cr By |
n n m

NN
SIS0 Gy ]

t=1

1 _ 1 _
= ~E[|Q7Gr,, Aul*] - ~E[|Q7G1,, Mg, ]

tm
2:|

1 n
+E[n D IQTIGAy
t=1
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1 _ 1 _
"E[1Q e, Al - ~EIIQ G, Ay, IP]

+EQT Gy, Agpr |I?

1
= ~E[|QGy, Al +

(b) 2 2 _
2Ly 1 L. (59)

n—1

Qm

where step (a) uses (53) and step (b) uses (57).

To facilitate our convergence analysis on P,,, we construct
a new Lyapunov function which is a linear combination of
Eqn. (58) and Eqn. (59). Specifically, consider

nJGAmin (]- - 00>\min)
QL%

Now consider the dynamics of 7},,. We have

Ty = P+

Qm-

N9 Amin (1 — 0o Amin)
w2(Q)Lg Ot
< (1 — 200 Mmin + 20367 (Q) LE) Py + 203Qum,
106 Amin (1 =06 Amin) (Hz(Q)LéP

Q)L "

= (1 — 09Amin + 20’352(@) L%} - Ug)‘?nin) P,

202k2(Q) LE+(n—1) 09 Amin (1— 09 Amin)

#2(Q)Lg

Tm+1 == Pm+1 +

+

Let’s define
P = 09Amin — 202/@2(62) Lé.

The coefficient for P, in the previous inequality can be

upper bounded by 1 — p because 1 — p — g2A2, < 1—p.
Then we have
Tm+1
20’3"{2 (Q) L%J—i_(n_]-) 09 Amin (1_09)\min) Q
K2(Q)L "
ﬂUa)\min (1 - UQArnin) )
=(1-p (Pm + Qum
(= QL%
2 2 L2 + -1 Amin 1- )\min
4 0 2007 QULE + (10~ D1 = 70 in)
K (Q)LG
=(1-pTn
2 2 L2 + -1 )\min 1— )\min
4 0,200 QL+ (10~ Dhnin (L= 00hu)
& (Q)LE
(60)
Next we show that with the step size
)\min
og = 3 (61)

3 (k2 (Q) LE + nA

min)

+n—1Qm)
n

Qm-

(or smaller), the second term on the right-hand side of (60)
is non-positive. To see this, we first notice that with this
choice of oy, we have

/\2 . /\2 .
2 II121I1 2 S p S 2 IH2III 2 ,
9 (k?*(Q) LG +nAin) 3(k*(Q) LG +nALin)
which implies
nAZ. 1 2
—1< min 1< =-—-1=——.
TS (Q) LN, ) T3 3
Then, it holds that
209k°(Q)LE + (np — 1) Amin(1 — 09 Amin)

2
§209K2(Q)L%} - g)\min(l - C79)\min)

_ (67’L B 2)/\?n1n <0
B 9 (K2 (Q)L2G + n)\?nin) .

Therefore (60) implies
Tnt1 < (1= p) T

Notice that P,, < T,, and Qg9 = F,. Therefore we have
TO S 2P0 and

Using (61), we have

A2,
p = UGAInin(G) - 20’3’€2(Q)L%} > P

= 9(m2(Q)LE + n\2y)

min

To achieve P,, < ¢, we need at most

meo (e S e ()

iterations. Substituting (37) and (33) in the above bound,
we get the desired iteration complexity

ﬁ(a)L%

Of|n+ ~ log(PO) .
)\fnin(p‘[ + ATC_IA) €

Finally, using the bounds in (33) and (37), we can replace
the step size in (61) by

Hp
3 (8/-;2(6)1;% + n,u%) ’

gg —

where 1, = A2, (pI + ATC—1A) as defined in (14).

min



