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Abstract

We study online prediction of individual se-
quences under logarithmic loss with paramet-
ric constant experts. The optimal strategy,
normalized maximum likelihood (NML), is
computationally demanding and requires the
length of the game to be known. We con-
sider two simpler strategies: sequential nor-
malized maximum likelihood (SNML), which
computes the NML forecasts at each round as
if it were the last round, and Bayesian pre-
diction. Under appropriate conditions, both
are known to achieve near-optimal regret. In
this paper, we investigate when these strate-
gies are optimal. We show that SNML is opti-
mal iff the joint distribution on sequences de-
fined by SNML is exchangeable. This prop-
erty also characterizes the optimality of a
Bayesian prediction strategy for an exponen-
tial family. The optimal prior distribution is
Jeffreys prior.

1 Introduction

The aim of online learning under logarithmic loss is
to predict a sequence of outcomes x; € X, revealed
one at a time, almost as well as a set of experts.
At round ¢, the forecaster’s prediction takes the form
of a conditional probability density g¢;(-| z'~!), where
271 = (21,29, ,74_1) and the density is with re-
spect to a fixed measure A on X. For example, if X is
discrete, A could be the counting measure; for X = R?,
A could be Lebesgue measure. The loss that the fore-

caster suffers at that round is — log q; (x; | 2°~1), where
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x; is the outcome revealed after the forecaster’s pre-
diction. The performance of the prediction strategy
is measured relative to the best in a reference set of
experts. The difference between the accumulated loss
of the prediction strategy and the best expert in the
reference set is called the regret. The goal is to min-
imize the regret in the worst case over all possible
data sequences. In this paper, we only consider i.i.d
canonical exponential families, parametrized by 6 € O,
which is a subset of the class of parametric constant
experts. A parametric constant expert is a parameter-
ized probability density pg such that for all ¢ > 0 and
forallz € X, pg (x| z'™1) = po ().

Let a" = (1,22, ,Ty), xl =

n =
(Tms Tmat, -+ ,2n) and 2° = ().  We call any
sequential probability assignment  of  the  form
q: (-] x'71), a strategy. The regret of a strategy
on sequence x" with respect to a class of parametric
constant experts indexed by O, is defined as follows.

Definition 1 (Regret)
RO (a",q™)

n

= Z —loggi(xs | 271)

t=1
n
—inf ¥ —logpg(z| 2~
€O
t=1
n
= suplog po(z")

pco g™ (zn)’

Note that any sequential probability assignment of
length n defines a joint distribution on the n outcomes
and vice versa [see Cesa-Bianchi and Lugosi, 2006, pg.
248]. In our definition of regret, ¢(™ denotes the joint
probability defined by the product of the n sequen-
tial probability assignments q;(z;| 2'~!). Note that
q(z1] 2%) = qi(z1).

The optimal strategy for this problem is known to be
normalized maximum likelihood (NML) [see chap. 7
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[Grunwald, 2007] and see Definition 3 below]. NML
suffers from two major drawbacks: the horizon n of
the problem needs to be known in advance, and the
strategy can be computationally expensive since it in-
volves marginalizing over subsequences. In this pa-
per, we consider the optimality of two approaches that
address these difficulties: Bayesian strategies, and se-
quential normalized maximum likelihood (SNML). We
consider the questions: what classes is SNML optimal;
for what classes does there exist a prior for which the
Bayesian strategy is optimal; and, in those cases, what
is the optimal prior? For certain parametric classes of
experts, Bayesian prediction with a particular choice of
prior (Jeffreys prior) has been shown to be asymptot-
ically optimal [see Grunwald, 2007, chaps 7,8]. SNML
is within a constant of the minimax regret [Kotlowski
and Griinwald, 2011]. We give characterizations of the
optimality of these strategies in terms of an elemen-
tary property of the joint distribution defined by the
SNML strategy. We show that SNML is optimal pre-
cisely when its joint distribution is exchangeable. In
the case of canonical exponential family distributions
on R?, that is,

po(x) = h(z)exp (z70 — A(0)),

where 0,z € R? h is a reference measure, and the
log normalization A ensures that pg is a probability
distribution, we show that the optimal strategy is a
Bayesian strategy iff SNML is exchangeable and in this
case the optimal prior is Jeffreys prior.

2 Definitions and Notations

We consider a generalization of the regret of Defini-
tion 1. This is because sometimes some strategies are
only defined conditioned on a fixed initial sequence of
observations x™~1. Refer to Section 4 for two exam-
ples of these kinds of strategies. For such cases we
define the conditional regret of x™, given a fixed initial
sequence ™! in the following way [see Grunwald,

2007, chap. 11].

Definition 2 (Conditional Regret)

RO (y,,q™ [ 2™ 1)

= Z —logqi (x| 271)
t=m

n
_ = f _1 t—1
;g@; ogpe(zy | t71)

= sup log %
0co q(n) (_,L.;Ln | xm—l)

Notice that the strategy ¢(™ defines only the condi-
tional distribution ¢(™ (27, | x™~1). We call such a
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strategy a conditional strategy. In what follows, where
we consider a conditional strategy, we assume that
2™~ is such that these conditional distributions are

always well defined.

Definition 3 (NML) Given a fixed horizon n, the
normalized mazimum likelihood (NML) strategy is de-
fined via the joint probability distribution pg;?ll, defined
as
(n) (omy _ Supgee Po(z")
Ppmi\T - n ni,m)’
) T Stbpea o) N )

provided that the integral in the demominator exists.
For t < n, the conditional probability distribution is

(n) ¢ t
Pl e 1) = Lot
Pr (2171)

nml

(n)

nml

(n)

where p," (z') and p, (z*~1) are marginalized joint

probability distributions of pg;)ll (z™):
PEZBLl(xt) = /X _tpfﬁzll(xn)d)\nft(x?ﬂ)'

The regret of the NML strategy achieves the min-
imax bound, that is, ¢(™ pEZTLT)Ll minimizes
max,n RO (2", ¢™). Furthermore, this strategy is an
equalizer, meaning that the regrets of all sequences of
observations of length n are equal. Note that pg;)ll
might not be defined if the normalization is infinite.
In some cases, there exits an m > 0, such that for all
n > m, we can define the conditional probabilities

(n) Suppee Po(z")

pnml<xﬁt | l‘m_1>

For these cases the conditional NML again at-
tains the minimax bound, that is, ¢ = pgzl
minimizes max,» R® (27, ¢™ | 2™~!) [see Grunwald,

2007, chap. 11].

Definition 4 (SNML) In the sequential normalized
maximum likelihood (SNML) update, the conditional
probability distribution is defined in the following way.

t—1y _ Supgeo Po(z")
psnml(xt | T ) f_)( SUPgeo p@(l't) dA(l‘t) .

This update does not depend on the horizon. Under
mild conditions, the regret of SNML is no more than a
constant (independent of n) larger than the minimax
regret [Kotlowski and Griinwald, 2011]. Once again,
Psnmi 18 not defined if the integral in the denomina-
tor is infinite. In some cases, there exists an m > 0,
such that for all ¢ > m, the conditional probability
Psnmi(z¢ | 2171) is properly defined.

Jn—mir SUPgee Po(x™) dA="F1 (z7)”
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Definition 5 (Bayesian) In a Bayesian strategy,
the joint probability for t observations xt, is defined
in the following way:

pea) = [ mala')dn(o)
6co
The conditional probability distribution is:

Pr (xt)

t—1\ _
prlol ) = L ey

We denote the conditional Bayesian strategy for a fixed

2™t as pr (i, | 2™ 7).

We shall focus on Bayesian strategies for canonical ex-
ponential family distributions. Under mild conditions,
the regret of this strategy is no more than a constant
(independent of n) larger than the minimax regret, and
for Jeffreys prior, the regret asymptotically approaches
the minimax regret [see Grunwald, 2007, chaps. 7,8].

3 Main Results

First, we show in Theorem 3.1 that SNML and NML
are equivalent if and only if pgnm; is exchangeable.
This happens only if NML is horizon-independent.
Then, we show in Theorem 3.3 that exchangeability
of psnmi further implies the equivalence of NML, the
Bayesian strategy with Jeffreys prior, and SNML. This
theorem shows that the SNML and the Bayesian strat-
egy with Jeffreys prior are optimal in this case.

A stochastic process is called exchangeable if the joint
probability does not depend on the order of observa-
tions. In other words, for any n > 0 and any permuta-
tion o, the joint probability of the first n observations
is equal to the joint probability of the same n observa-
tions permuted under o. When we consider the con-
ditional distribution p(x? | ™~!) defined by a condi-
tional strategy, we are interested in exchangeability of
the conditional stochastic process, that is, invariance
under any permutation that leaves ™! unchanged.
Now we are ready to state and prove our main results.
The first result applies to any class (countable or un-
countable) for which the conditional strategies SNML
and NML are defined.

Theorem 3.1 SNML is equivalent to NML and hence
is minimax optimal if and only if psnmi 1S exchange-
able.

Proof Fix the z™~!. Write the conditional regret un-
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der SNML in the following way.

o _
Rsnml (xn ‘ z™ 1)
= R@(‘Tﬁupsnml | xmil)

= log sup py(2") — log psnmi(ayy, | ™)
0cO

ps(@")
Psnml (:L.nm ‘ xmil),

= log

where 6§ is the maximum likelihood estimate of z".
Now we show that the regret of SNML is independent
of z,:

CAE

= psnml(xn | Q:nil)psnﬂnl(xnm
pé('rn) n—1 m—1

= X X .
[ supy po(z™—1,z) dxpsnml( m | )

$m71)

Combining the two previous equations, we get:

- n—1
[ supg po(z™~ 1, ) dx 1)

psnml(zﬁ’b_l | xmil) .

R?nml('rn | xmil) = IOg

Therefore the regret is independent of the last ob-
servation. Now, we show that if pgnm; is exchange-
able, then the regret becomes independent of other
observations, which implies that it is an equalizer and
hence equivalent to NML. Let y" = 2™ 12" be a
sequence of observations where z), is different from
xy,. We show that the regret of y™ is equal to that of
z™. Under any permutation of z7}, supycg po (2")
does not change due to the fact that py(z™) =
[T, po(xi). On the other hand pgpmi(-| 2™ 1) is ex-
changeable meaning that pspmi (x’nib | xm_l) is permu-
tation invariant. Consequently, for any permutation
o of 2" that leaves 2™~ 1 fixed, RO  (z"|2™ 1) =
R® . (o(z™)| ™~ 1). These two properties give us
the following.

Rsenml(‘rmila xnm | xmil)

2" Ty T, Y | 2T

(

= R?nml(zm717ymaxm+la e Tp—1,Tm | $m71)
( m—1
(

— m—1
X sYmy Tm+1, - - )

5 Tn—1,Ym+1 | X

m—1
x y Ymos Ym~+15, Tm+25 - -

Continuing inserting y,,1; at the last position and

swapping it with 2,,+; we see that RS (z" | 2™~1) =
RS,.(y" [ y™?) (remember y™~1 = z™~1). This

means that SNML is an equalizer and hence it is equiv-
alent to conditional normalized maximum likelihood.
Now, we prove the other direction. If SNML is equiv-
alent to NML, meaning that for any n > m and any
xn

m?

(n) n
n o on | me Pt (")
:p’I(’LW)ll(a:’Vn ‘ € 1) = (n) l 1

Dy (2™ 71)

DPsnmi (le | xmil)

<3 Tp—1,Tm+1 ‘ xmil)'
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then SNML is exchangeable. This is because

i (a™) o sup [1pe(zi),

i=1

which makes the probability permutation invariant
and hence exchangeable. That is for any n and z},
the conditional probability pspmi(z?, | ™~ 1) is invari-
ant over permutations of x7.,.

The next theorem shows that some Bayesian strat-
egy is optimal for a canonical exponential family iff
SNML is exchangeable. In that case, the optimal prior
is Jeffreys prior. For the proof of this theorem we
need a different notion of exchangeability that we call
sum — exchangeability and was introduced originally
in [Diaconis and Freedman, 1990]. De Finetti’s theo-
rem says that a binary stochastic process is exchange-
able if and only if it is a mixture of Bernoulli distri-
butions, i.e. there exists a prior m such that for any
n>0

p(z™) = / o= e (1 — 0)(n=Eiiw) (9 do
0€[0,1]

and the prior 7 in this equation is unique. Diaconis
and Freedman extended this to exponential families
[Diaconis and Freedman, 1990], as in Lemma 3.2. We
need two definitions for this lemma. Here x1, x2, x3, . ..
is a sample path of a stochastic process p.

Definition 6 (sum-compatible) Let h be a non-
negative, finite, and locally integrable Borel function

on R?. We call a general stochastic process p sum-
compatible with respect to h if Vn > 0

P (0 < h™ (i a?i) < oo> =1, (2)

where h\"™) is the nth convolution of h, i.e.
n—1 n—1
R () = / (H h(:z:i)> h (s - Zx) dazy - dan_q
i=1 i=1
(3)

Definition 7 (sum-exchangeable) Let h be a non-
negative, finite, and locally integrable Borel function
on R?. We call a general stochastic process p sum-
exchangeable with respect to h if ¥n >0 ,¥s € R?

- o o H:L: h(%‘)
Z%S>M7 (4)

where h™ is the nth convolution of h.
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Lemma 3.2 ([Diaconis and Freedman, 1990])
Consider a canonical maximal exponential family
po(x) = h(z)e* ?=40) over © = {0 € R?| A(f) < oo}
where the carrier density h is a non-negative, finite,
and locally integrable Borel function on R?. A
stochastic process p is a mizture of distributions from
this family if and only if p is sum-compatible and
sum-exchangeable with respect to the carrier density
h.

Theorem 3.3 Suppose the class of parametric con-
stant experts is a canonical mazximal exponential fam-
ily as defined in Lemma 3.2. Then the following are
equivalent.

(a) SNML is exchangeable
(b) SNML = NML

(¢) SNML is sum-exchangeable and sum-compatible
with respect to h

(d) SNML = Bayesian with Jeffreys prior
(e) NML = Bayesian

(f) NML = Bayesian with Jeffreys prior

Proof See the appendix.

4 Examples

Bernoulli Distribution In this setting, the experts
are Bernoulli distributions, p,(z") = ,u(zz;lxi)(l -
u)("_zz;lg”) with parameter space (0,1). Con-
verting this to the canonical form we get py =
exp (31, 0 —log (¢? +1)) with © = R, where we
use the transformation § = In 15#' The SNML
is not defined for n = 1. However if 2™~ ! con-
tains at least one 0 and one 1, the conditional
SNML strategy is defined. Fix 2? = 10. Consider
2% = (10011) and y® = (10110). Then 2° is a
permutation of 3® with the initial 22 fixed. How-
ever psnmi(23] %) = penmi(011]01) = 0.0930 #
Psnmi(110 ] 01) = pepmi(y3 | ¥?) = 0.0932. This means
that psumi(. | 22) is not exchangeable, hence SNML
and NML cannot be equivalent and neither is equiv-
alent to a Bayesian strategy. It turns out that the
regret of SNML in this case is better than Bayesian
with Jeffreys prior but worse than NML [Azoury and
Warmuth, 2001].

Exponential Distribution The distributions are of
the form py(z) = Se~%/? with © = (0,00). It is easy
to check that for n = 1, pepmi(z) %e*x/‘” x % which
does not normalize. Jeffreys prior is proportional to
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1/6 which does not normalize either. However for

x1, subsequent conditionals for Bayesian with Jeffreys
prior and SNML will be properly defined. For n > 1

the maximum likelihood estimate for 0 is fm and

~1) is proportional to

1 n Zn s
( 2 i ) exp ( P T

1
X n

(D img )"

Normalizing this we get

therefore pgpmi(y | 2™

SUp Py (") =

(z2=)
5 (srw) don
e (Tigte)
a (i ;)" .
The conditional SNML becomes:
e-1)(sHie)
(Z?:l xi>2
e-n(sk w;)“
(Z?:l xl)

DPsnmi (xn | "

psnml(xg | ml) =

Cen (T
(i ;)"
o (n—=1)lay
()"

AS pspmi (2% | 1) depends on Y[, x; only, we get ex-
changeability, which in turn implies that SNML and
NML are equivalent. On the other hand, the exponen-
tial distribution can be converted to an instance of a
maximal canonical exponential family distribution by
the change of variable A = _71. Hence Theorem 3.3
implies that SNML and NML are also equivalent to
the Bayesian strategy with Jeffreys prior, conditioned
on the first observation. It is straightforward to verify
this.

Appendix

Proof of Theorem 3.3 Fix an appropriate 2™ ! as
before. We prove the equivalence by showing that
(a) = (b) = (¢) = (d = (¢) = (f) and
(f) = (e) and (e) = (b) and finally (b) = (a).
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(a) <= (b): We showed this in Theorem 3.1.

(B) = (¢): Ponm(aly | &™) = pT) (a7, |

For ease of notation we let q(z) =

Psnmi(@p, | ™) = pg;)zl( ap [ 2™, Let
S e =t and let Y7 x; = 5. The maximum
likelihood estimate is then 6 = (vA) ™" (). Writing
Tp=85—) i éxz and Z1 =21,...,Tm—1 = Tm_1, We

have
Phi (Zx = ﬂnl)
f Hlf e(s-l—t)TG nA(G)dx
pfm)ﬂ(l‘m_l)
(I i) x eeH070mA@ ) s pln=mid ()

pg:,)ll(afm_l)

mfl)

d-i‘nfl

This is exactly the density of Y, = X,, + ... +
X, | X™ = 2™~ where X; are random variables gen-
erated by NML of horizon n. By Lemma 3.1a in [Dia-
conis and Freedman, 1990] this density function should

be finite and positive with probability one under pgﬁil.

Since e(s+0)70mA®) apq p(") (™1 and TT75" R(2)
are finite, so is h("~™*V)(s). Clearly h("=m+1(s) > 0
almost surely under p(n) . Hence the conditional NML

nml
which is equivalent to the conditional SNML is sum-
compatible with respect to h. Furthermore, with the

same notation, we have

q (cv"m

Ja(@n)dzy, - dz,—1
P (@ | 7 1)
fpnml (zn, | xmfl)dfm
P (@) /o) (1)
fp(Z)L am—L zn)dz,, ~'d:17n_1/p£::7)1l(:cm*1)
HZL mh( )e(s+t)T9—nA(9)
Z;)els+0T6-nA0) 4z, ..

dZp_1

di‘n—l

T

T, o
h(n7m+1) (S) :

Therefore pspmi(. | ™7 1) is sum-exchangeable with
respect to h as well.

(¢) = (d): When pspm is sum-compatible and
sum-exchangeable with respect to h, by Lemma 3.2,
Psnmi(- |z 1) is a mixture of h(z)e* =4©):

Penmt (a0 | 2™ 1) = / po(am)n(0)do.  (5)



Exchangeability and Optimality of SNML and Bayesian Prediction

Now we let
m(0)
po(z™1)
for a K > 0 chosen so that m; is a density. Substituting
this into Equation (5) we get:
m-1y _ Jo po(z")mi(0) db
Jopo(zm=1)m1(0) do”

Now, we consider the regret of psnml(ac’,;l_l | x
If the maximum likelihood estimate 6 lies in a fixed,
bounded, closed subset of © which is bounded away
from the boundary of O, then the regret of a Bayesian
strategy with prior w is [see Grunwald, 2007, chap. 8]:

d n A -
B log 5=~ logw(6) + log \/detI(0) + o(1).

n—m+1 —

m(0) = K x (6)

Psnml (I?n ‘ X

m—l).

We apply this theorem to z xp and 7. Note
that éwn is the maximum likelihood estimate of x7.,.
The reason we can apply Grunwald’s theorem here is
twofold. First, the maximum likelihood estimate al-
ways exists because the family is full rank and A in-
vertible. Second, the parameter space © is open and
for any maximum likelihood estimate there should ex-
ist a bounded subset that contains the maximum like-
lihood estimate and is bounded away from the bound-
ary of the parameter space. Let’s denote the regret of
a Bayesian strategy with prior m on a sequence zP by
R2(2P) and the regret of SNML on 2P by RS, (7).
Then

RY ()
_ g o n—m-+1
T 2% T o

+ log 4/ det](ém) + o(1).

However, here we are calculating the conditional re-
gret. It is easy to verify the following relationship:

~log (0,

Re(le) = Ra(m;‘l | xm_l) — log sup pg(z™)
9
+ logsup pe(z;,)-
9

Hence for conditional SNML we get the following,
where ny =n —m + 1:
ngnml(x:vlz | $7n_1)

+ log Sup po(z") — log Sup po(zy,)

d . -
= Zlog ™ logm(fyn ) +log \/detI(Byn )
2 27.[- m m

Py, (z")

+o(1) + log .
Pi,, (7)

(7)
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If conditional SNML is Bayesian then it is exchange-
able, and hence because (a) = (b), conditional SNML
is also equivalent to conditional NML and hence has
equal regret for all x]y. Hence the conditional regret
in (7) should not vary for fixed n and different a7,. We
denote the value of this regret as c,, (z™~!), empha-
sizing the fact that it depends on n; and ™! only.
Simplifying (7) we get

71'(671%) = (Z—;)d/z X \/detl(éajrﬁ)

o(1) 5 (™
» e « pemn( ) (®)

Cny (2m71)

Fix 6y = é:r:‘n We let N = kny (k is a positive integer).
There exists a sequence 3" whose maximum likelihood
estimate is 6y. This sequence is nothing but k copies of
xy,, concatenated. The family is of full rank, therefore
A is strictly convex and its gradient invertible. This
means éyN, the maximum likelihood of YV, is

by~ = (vA)™! (Z%Nﬂ yi)

N
(kxS
_ A 1 i=m T
oar (2]
= (vA)™ (Zi;;" “) = Oy, = bo.
1

As N grows to infinity then é(wmyN) — Oy~ = 0.
This means that % in Equation (8) converges

O,n
T

to pg, (z™ 1) as N — oo. Using this and Equation (8)

Iimpy oo W(éyN) converges to:
) N\ Y2 1

00)+/detI(6 m= — — .
o) @ot T, ") (Jim (5) e
Since cy(z™~!) does not depend on 6y, w(6y) =
c(z™ 1)pg, (x™ 1) /detI(fy), for some function ec.
Hence 7(0) oc pg(x™~1)\/detl(f), which in turn by
Equation (6) means my(6) o< /detI(6).
(d) = (e): This is because, SNML being Bayesian
implies exchangeability of SNML and hence SNML

is equal to NML (by (a) = (b)) which makes NML
Bayesian too.

(e) = (b): NML being Bayesian means that there
exists a prior 7, such that for any n > m and ]}, we
have

lim
N—o0

I mla)n(0)do
J po(zm=1)m(0)do"

(n)

Prmi (x| @

mfl)
For n > m, let A(n) be:

A(n) = /sgp po(x™ L, L) gproml
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With this new definition we get :

supy po (2" ")

A(n —1)

—1 _ _
P @t et

We can also get pg:n_ll) by marginalizing pg:;r)n (re-

member NML is horizon independent because it is
Bayesian). Then for n > m:

-1 _
pgr;nl )(xz

Therefore for n > m,

supy py (") :/ po(z" )

Aln — 1) P Am)
Hence
/xsgp po(a" ! x) do = msgp po(z" ™). (9)

This is also true for n = m if we define

A(m — 1) = sup py(z™ ).
6

We know from Equation (1) that the conditional regret
of 2™ under SNML is

n—1
R,.(z"| 2™ 1) = log ( J supy po(a" " x) d:c) |

snm Psnmil (x?n_l ‘ xm—l)

Using Equation (9) we get

R(?nml(xn | szl)
n—1
_ log{ Alm) - supy po(a™) ]
A(n_l) psnml(xm |xm71)
A
= BO(a ) + log )

Aln—1)
Continuing this we get

R?nml(xn|$mil)
1) me - A(i)
_ ] m—1|,,m—1
A(n)

A(m —1)

=m

log sup pg (¢~ ") + log
0
= log A(n).

This shows that the conditional regret is fixed for a
fixed ™! and hence the conditional SNML is an
equalizer and equivalent to conditional NML.

() = (f): If NML is Bayesian then it is equal to
SNML and therefore SNML is Bayesian with Jeffreys
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prior and hence so is NML. This is by (e¢) = (b) =
(€)= (d).

(f) = (e): This is trivial because Bayesian with
Jeffreys prior is a special case of being Bayesian.

Note that (d) = (f) was proved in Theorem 5 in
[Kotlowski and Griinwald, 2011].
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