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Abstract

We study a generalized framework fructured
sparsity It extends the well known methods of
Lasso and Group Lasso by incorporating addi-
tional constraints on the variables as part of a
convex optimization problem. This framework
provides a straightforward way of favouring pre-
scribedsparsity patternssuch as orderings, con-
tiguous regions and overlapping groups, among
others. Available optimization methods are lim-
ited to specific constraint sets and tend to not
scale well with sample size and dimensional-
ity. We propose dirst order proximal method
which builds upon results on fixed points and
successive approximations. The algorithm can
be applied to a general class of conic and norm
constraints sets and relies on a proximity opera-
tor subproblem which can be computed numeri-
cally. Experiments on different regression prob-
lems demonstrate state-of-the-art statistical per-
formance, which improves over Lasso, Group
Lasso and StructOMP. They also demonstrate the
efficiency of the optimization algorithm and its
scalability with the size of the problem.

Introduction

model. The goal is to estimate a parameter ve6toe R"
from a vector of measuremengs€ R™, obtained from
the modely = Xp* + £, whereX is anm x n matrix,
which may be fixed or randomly chosen, afide R™

is a vector resulting from the presence of noise. We ar
interested in sparse estimation under additional conditio
on the sparsity pattern ¢f*. In other words, not only do
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we expect thaf3* is sparse but also that it exhibi#sruc-
tured sparsitynamely certain configurations of its nonzero
components are preferred to others. This problem arises in
several applications, such as regression, image dengising
background subtraction etc. — see [9, 11] for a discussion.

In this paper, we build upon the structured sparsity frame-
work recently proposed by [12, 13]. It is a regularization
method, formulated as a convex, non-smooth optimization
problem over a vector of auxiliary parameters. This ap-
proach provides a constructive way to favor certain sparsit
patterns of the regression vectbrSpecifically, this formu-
lation involves a penalty function given by the formula

1B
Q(B|A) —mf{Q; (Ai +)\1) .)\GA}.
This function can be interpreted as an extension of a well-
known variational form for thé; norm. The convex con-
straint setA provides a means to incorporate prior knowl-
edge on the magnitude of the components of the regression
vector. As we explain in Section 2, the sparsity pattern of
3 is contained in that of the auxiliary vectarat the opti-
mum. Hence, if the set allows only for certain sparsity
patterns of\, the same property will be “transferred” to the
regression vectas.

The first contribution of this paper is the introduction of a
tractable class of regularizers of the above form which ex-
tend the examples described in [12, 13]. Specifically, we
study in detail the cases in which the geis defined by
normor conic constraintscombined with a linear map. As
e shall see, these cases include formulations which can
be used for learningraph sparsityandhierarchical spar-
sity, in the terminology of [9]. That is, the sparsity pattern
of the vectors* may consist of a few contiguous regions
in one or more dimensions, or may be embedded in a tree
Qtructure. This sparsity problem may arise in several appli
cations, ranging from functional magnetic resonance imag-
ing [7, 25], to scene recognition in vision [8], to multi-kas
learning [1, 18] and to bioinformatics [20] — to mention but
a few.

is that in many cases of interest the penalty function can-
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not be easily computed. This makes it difficult to solve thethat is,dc(z) = 0 if z € C anddc(x) = 400 otherwise.

associated regularization problem. For example, [12, 13Finally, if ¢ : R™ — R is a convex function, we usgp(z)

proposes to use block coordinate descent, but this methad denote thesubdifferentiabf ¢ atz € R™ [21].

IS feagblg only for limited 9h0|ces (.Jf.the skt The second We now review the structured sparsity approach of [12, 13].

contribution of this paper is an efficient accelerated prox-. . :

) . : - Given anm x n input data matrixX and an output vector

imal point method to solve regularized least squares with } : . )
X . y € R™, obtained from the linear regression moge:

the penalty functiorf2(-[A) in the general case of sét X * + ¢ discussed earlier, they consider the optimization

described above. The method combines a fast fixed pointroblem - they P

iterative scheme, which is inspired by recent work by [14] P

with an accelerated first order method equivalent to FISTA | 1 9 ) n

[4]. We present a numerical study of the efficiency of the nf §”X/3 —ylle+pLl(BA) : BER, AN, (2.1)

proposed method and a statistical comparison of the pro-

posed penalty functions with the greedy method of [9], theVherep is a positive parameted is a prescribed convex
Lasso and the Group Lasso. subset of the positive orthaii®’} , and the functionl :

o ) R"™ x R% , — Ris given by the formula
Recently, there has been significant research interest on

structured sparsity and the literature on this subjectasgr 1 < (57

ing fast, see for example [1, 9, 10, 11, 26] and refer- L(5,A) = 52 ()\_i +/\i> :

ences therein for an indicative list of papers. In this work, =1

we mainly focus on convex penalty methods and compar®ote that the infimum oveA in general is not attained,

them to greedy methods [3, 9]. The latter provide a natuhowever the infimum oves is always attained. Since the

ral extension of techniques proposed in the signal processuxiliary vector\ appears only in the second term and our

ing community and, as argued in [9], allow for a signifi- goal is to estimates*, we may also directly consider the

cant performance improvement over more generic sparsityegularization problem

models such as the Lasso or the Group Lasso [26]. The for- ]

mer methods have until recently focused mainly on extend-  min {4\)(5 —yll32+pQp): B € Rn} , (2.2)

ing the Group Lasso, by considering the possibility that the 2

groups overlap according to certain hierarchical strestur \yhere the penalty function takes the form

[11, 27]. Very recently, general choices of convex penalty

functions have been proposed [2, 12, 13]. In this paper we QB) =inf {T'(B,A) : A€ A}.

build upon [12, 13], providing both new instances of the

penalty function and improved optimization algorithms. ~ This problem is still convex because the functibnis
jointly convex [5]. Also, note that the functiof? is in-

The paper is organized as follows. In Section 2, we se ependent of the signs of the components.of

our notation, review the method of [12, 13] and recall some

basic facts from convex analysis. In Section 3, we providd=0r a generic convex sef, since the penalty functiof
some general insights on the method and introduce two neig not easily computable, one needs to deal directly with
classes of set&. In Section 4, we present our technique for problem (2.1). To this end, we recall here the definition of
computing the proximity operator of the penalty function the proximity operator [15].

and the resulting accelerated proximal method. In Sectioefinition 2.1. Let ¢ be a real-valued convex
5, we assess the efficiency and the statistical performanganction on R¢. The proximity operator of ¢

of the method via some numerical experiments. is defined, for everyt e R? by prox,(t) =

argmin{lﬂz —tl3+p(z):z € Rd}.

2 Background 2
The proximity operator is well-defined, because the above

In this section, we introduce our notation, review the learn Mminimum exists and is unique.

ing method which we study in this paper and recall some

basic facts from convex analysis. 3 The setA

We letR, andRR, be the nonnegative and positive real ] ] ] ] o
line, respectively. For every € R™ we defing|s| € R~ I this section, we first provide some general insights on
to be the vectot8| = (|8;|)_,. For everyp > 1, we howthe sef\ can favour certain sparsity patterns/éand,
1 )i=1" e ’ .
define thet, norm of 3 as ||, = (X", \ﬁin)%- We secondly, we introduce two new classes of sethat can

denote by(,-) the standard inner product iR", that is, be used in many relevant applications.
if z,t € R", then(z,t) = Z?le,;ti. If C C R", we We begin by noting that, for every € R"} , , the quadratic
denote by : R™ — R the indicator function of the sét,  functionT'(-, \) provides an upper bound to tie norm,
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namely it holds thaf2(3) > ||8]|: and the inequality is ing of few connected regions/subgraphs of the g@pFor
tight if and only if |5| € A. This fact is an immediate example ifG is a1D-grid we have that\ = {A € R%} :
consequence of the arithmetic-geometric inequality. n pa z;:ll |Ai+1 — Mi| < 1}, so the corresponding penalty will
ticular, we see that if we choose = R’ ,, the method  favour vectors which are constant within few connected re-
(2.2) reduces to the Lasso The above observation sug- gions.

gests a heuristic interpretation of the method (2.2): among

all vectorsp which have a fixed value of th§ norm, the .

penalty functiorf2 will encourage those for whic| € A. 4 Optimization Method

Moreover, wherg| € A the function2 reduces to thé;

norm and, so, the solution of problem (2.2) is expected tdn this section, we discuss how to solve problem (2.1) using

be sparse. The pena|ty function therefore will encourag@n accelerated first-order method that scales Iinearly with
certain desired sparsity patterns. respect to the problem size, as we later show in the ex-

. . periments. This method relies on the computation of the
The last point can be better understood by looking at probyqximity operator of the functio, restricted taR™ x A.
lem (2.1). For every solutioli3, A), the sparsity pattern - gjnce the exact computation of the proximity operator is
of § is contained in the sparsity patternXfthat is, the in-  possible only in simple special cases of s&fsve present
dices associated with nonzero component$afe a subset nere an efficient fixed-point algorithm for computing the
of those ofA. Indeed, ifA; = 0 it must hold that3; = 0 proximity operator that can be applied to a wide variety
as well, since the objective would diverge otherwise (be-of constraints. Finally, we discuss an accelerated proxima
certain sparse solutions af the same sparsity pattern will
be reflected or. Moreover, the regularization tern, A;
favors sparse vectors. For example, a constraint of the
form A, > --- > Ay, favors consecutive zeros at the end pccording to Definition 2.1, the proximal operator bfat
of A and non-zeros everywhere else. This will lead to zerog, ;) ¢ R x R" is the solution of the problem
at the end ofs as well. Thus, in many cases like this, it
is easy to incorporate a convex constraintomwvhereas it  min {EH(@ A) — (Oé»#)Hg +pT(B,N) :BeR", N e A} .
may not be possible to do the same directlyfon 2

4.1 Computation of the Proximity Operator

(4.1)
In this paper, we consider setsof the form For fixed \, a direct computation yields that the objective
A={AeR", : A€ S} function in (4.1) attains its minimum at
;A
Bi(N)

where S is a convex set andl is a k x n matrix. Two - Xi+p
main choices of interest are whéfis a convex cone or the Using this equation we obtain the simplified problem
unit ball of a norm. We shall refer to the corresponding set

A asconic constrainbr norm constraintset, respectively. . 1 A\ 9 P ~ o? W) de A

We next discuss two specific examples, which highlight the i 5” —ult+ 2 Z Xi+p tA)AE ’
flexibility of our approach and help us understand the spar- =t (4.2)
sity patterns favoured by each choice. This problem can still be interpreted as a proximity map

Within the conic constraint sets, we may chogse R _, computa.tion. We discuss how to solve it under our general
sothath = {\ € R", : A\ > 0}. For example, in assumptiom\ = {X : A € R}, A\ € S}. Moreover,
[12, 13], they considered the s&t= {\ € R", : \; >  We assume that the projection on the Se¢an be easily
- > \,} and derived an explicit formula of the corre- computed. To this end, we define the+ k) x n matrix
sponding regularizef2(-|A). This set can be used to en- I
courage hierarchical sparsity. Note that, for a generic ma- B= {A}
trix A, the penalty function cannot be computed explicitly.
In the’nextzectio)rl], we presentan optimizaF'zion metﬁod t%/a"fmd :he functionp(s, £) = @1 (s) +2(1), (s,1) € R xR”,

overcomes this difficulty. where ,

Within the norm constraint sets, we may choése be the p1(s) = g > ( .Oj_ + 8+ 0r,, (Sz’)> ;
¢1-unit ball andA the edge map of a grapf with edge i NS P
setl, so thatA = {/\ eRy, : Z(i_’j)EE N — | < 1}. andys(t) = ds(t). Note that the solution of problem (4.2)

This set can be used to encourage sparsity patterns consikt-the same as the proximity map of the linearly composite
functiony o B at i, which solves the problem

IMore generally, method (2.2) includes the Group Lasso .1 n
metno st 1, " @) ° min {SIA = 4l + (B3 s A€ R |
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At first sight this problem seems difficult to solve. How- problem (2.2). LetE(8) = 3|/ X8 — y||3 and assume an
ever, it turns out that if the proximity map of the function upper bound. of | X ™ X || is known? Proximal first-order
¢ has a simple form, the following theorem adapted frommethods — see [4, 6, 17, 23] and references therein — can be
[14, Theorem 3.1] can be used to accomplish this task. Foused for nonsmooth optimization, where the objective con-
ease of notation we sét=n + k. sists of the sum of a smooth term and a non-smooth term, in
our casely andI’ + d,, respectively. The idea is to replace
E with its linear approximation around a poiat specific
to iterationt. This leads to the computation of a proximity
N operator, and specifically in our caseup:= (8¢, \t) +

H(v) = (I —proxe )((I —c¢BB")v + Bp). argmin{ £{|(8,\) — (w; — LVE(w))|3 + pT(B,)) :
Then, for any fixed poirit of H, it holds that B eR" € A}. Subsequently, the point; is updated,
based on the current and previous estimates of the solution
ug, ut—1, - - . and the process repeats.

Theorem 4.1. Lety be a convex function dR?, B ad x n
matrix, © € R™, ¢ > 0, and define the mapping : R% —
R?atv € R? as

Dro%,op(k) = 11— ¢BT0

ThePicard iterates{v, : s € N} C R?, starting atyy €  Algorithm 1

R, are defined by the recursive equatian= H(vs_1).  Proximal structured sparsity algorithm (NEPIO).
Since the operataof — prox,, is nonexpansivé (see e.g. w1, w; « arbitrary feasible values

[6]), the mapH is nonexpansive if {0, %} Because for t=1,2,...do
- card Il c fixed point® of H, by Picard-Opial
of this, the Picard iterates are not guaranteed to converge t ompute a fixed point'’ of H; by Picard-Opia

. . . ipe . . 1 c o
a fixed point ofif. However, a simple modification with an Ut = wp — VE(wy) — £ BT
averaging scheme can be used to compute the fixed point. zéljthrl Tt — (T — Dug
end for

Theorem 4.2.[19] Let H : R? — R< be a nonexpansive
mapping which has at least one fixed point andHet :=
kI + (1 — k)H. Then, for every € (0,1), the Picard
iterates ofH,, converge to a fixed point df .

The simplest (and a commonly used) update rule;is=
u;. By contrast,accelerated proximal methogsoposed
by [17] use a carefully chosem update with two levels
of memory,u;, u;—1. If the proximity map can be exactly
computed, such schemes exhibit a fast quadratic decay in
terms of the iteration count, that is, the distance of the ob-

prox,, (s, t) = (prox,, (s), prox,, (t)) . jective from the minimal value i© () after T itera-
Both prox,,, andprox,,, can be easily computed. The lat- tions. In the case that the proximal operator is computed
ter requires computing the projection on the set The  numerically it has been shown only very recently [22, 24]
former requires, for each component of the vestar R”, that, under some circumstances, the accelerated method
the solution of a cubic equation as stated in the next lemmagtill converges with the raté (7). The main advantages
of accelerated methods are their low cost per iteration and
Lemma 4.1. For everyu,a € R andr, p > 0, the func- . . . .
. k their scalability to large problem sizes. Moreover, in ap-
tion b : R, — R defined ats ash(s) := (s — p)? +

plications where a thresholding operator is involved — as in

r <s+p + 5) has a unique minimum on its domain, which | emma 4.1 — the zeros in the solution are exact, which may
is attained at(zo — p)+, Wherez is the largest real root  be desirable.
of the polynomiaz?® + (r — 2(u + p))z? — ra?.

The required proximity operator of is directly given, for
every(s,t) € R” x R*, by

For our purposes, we use a version of accelerated meth-
ods influenced by [23] (described in Algorithm 1). Ac-

Proof. Setting the derivative of equal to zero and mak- . . .
cording to Nesterov, the optimal updateiis; 1 < uy1 +

ing the change of variable = s + p yields the polyno- ] _
mial stated in the lemma. Lej be the largest root of this  f:+1 (— - 1) (ut+1—ut) where the sequenégis defined
polynomial. Since the functioh is strictly convex on its by #; = 1 and the recursive equation

domain and grows at infinity, its minimum can be attained 1— 0,1 1
only at one point, which igg — p, if o > p, and zero ez 2
otherwise. [ i ¢

We have adapted [23, Algorithm 2] (equivalent to FISTA
[4]) by computing the proximity operator of o B us-
ing the Picard-Opial process described in Section 4.1. We

Theorem 4.1 motivates a proximal numerical approach (A|_rephrased the algontr;m using the sequence= 1 — 6, +
gorithm 1 below) to solving problem (2.1) and, in turn, V1 =6+ =1 —0; + 57 for numerical stability. At each

4.2 Accelerated Proximal Method

?A mappingT : R? — R? is said nonexpansive [fT(v) — 3For variants of such algorithms which adaptively learrsee
T2 < |lv—v'|2, for everyv,v’ € R<. the above references.
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iteration, the maH; is defined by x = 0. Our main stopping criterion is based on the de-
c . crease in the objective value of (2.1) which must be less
Hi(v) = (I - prox%)«l -7 BB ) v than10~%. For the computation of the proximity operator,
1 we stopped the iterations of the Picard-Opial method when
N ZB(VE(““) - Lwt)) : the relative difference between two consecutive iterates i
We also app|y an Op|a| averaging’ so that the update ﬁma”er thanl0—2. We studied the effect of Varying this
stages of the proximity computation i®,,; = xv, + tolerance in the next experiments. We used the square loss
(1 — k)Hy(vs). By Theorem 4.1, the fixed point pro- and computed the Lipschitz constdntising singular value

cess combined with the assignment.oére equivalent to decomposition (if this were not possible, a Frobenius esti-
%VE(wt)). mate could be used). Finally, the implementation ran on an

) ) o 8GB memory quad-core Intel machine.
The reason for resorting to Picard-Opial is that exact com-

putation of the proximity operator (4.2) is possible only o .
in simple special cases for the sét By contrast, our °-1 Efficiency experiments

approach can be applied to a wide variety of constraints. . . . .
Moreover, we are not aware of another proximal methodirst, we investigated the computational properties of the

for solving problems (2.1) or (2.2) and alternatives like in Proximal method (NEPIO). Our aim in these experiments
terior point methods do not scale well with problem size. InWaS t0 show that our algorithm has a time complexity
the next section, we will demonstrate empirically the scal-Nat scales linearly with the number of variables, while

ability of Algorithm 1, as well as the efficiency of both the the relative number of training examples is kept constant.
proximity map computation and the overall method. We considered both the Grid and the Tree constraints and

compared our algorithm to the toolbox CVX, which is

an interior-point method solver. As is commonly known,
5 Numerical Simulations interior-point methods are very fast, but do not scale well

with the problem size. We also compared to the non-
In this section, we present experiments with method (2.1)accelerated version of our algorithm, similar to ISTA [4, 6]
The main goal of the experiments is to study both thelSTA has been shown [6] to converge in the presence of
computational and the statistical estimation properties overy general, but summable, errors in the computation of
this method. One important aim of the experiments is tothe proximity operator. In the case of the Tree constraint,
demonstrate that the method is statistically competitive owe further compared with an adapted version of the alter-
superior to state-of-the-art methods while being computanating algorithm (AA) of [12, 13]. For each problem size,
tionally efficient. The methods employed are the “Lasso”,we repeated the experimentstimes and we report the av-
“StructOMP” [9], “GL1", the Group Lasso variant pre- erage computation time in Figure 1 for Grid-C and Tree-C.
sented in [10], and “GL2”, a Group Lasso with overlap- All methods achieve objective values that are withfh of
ping groups. For both Group Lasso methods, we used agach other, apart from ISTA that sometimes did not con-
groups all sets of contiguous variableslD) or the sets verge afterl0° iterations. The proposed method scales lin-
of all neighbours of each variabl2[). Moreover, we used early with the problem size, making it suitable for large
method (2.1) with the following choices for the constraint scale experiments.
setA:

U1 prOX%oB (wt —

In order to empirically assess the importance of the Picard-
Opial tolerance for converging to a good solution, we con-
e A= {)\:[[A)]1 < a}, whereA is the edge map of a sidered a problem with00 variables for both the Grid and
1D or 2D grid — we refer to the corresponding method the Tree constraints and repeated the experiméntsmes
as “Grid-C". with different sampling of training examples. For each con-
straint, we evaluated the average distance from the salutio
e A = {\: A\ > 0}, whereA is the edge map of a obtained by our method with different values of the Picard-

tree graph — we refer to the corresponding method a®pial tolerance to the solution obtained by CVX.
“Tree-C".
We did not observe any improvementin the solution by de-

Wi ved th S bl 1) eith ith th creasing a fixed tolerance frond—2 to 10~2 or by setting
e solved the optimization problem (2.1) either with the y,¢ 51erance to decreaselgd« with « equal tol, 1.5 or

toolb_ox CVX* or wit_h the proximal method presented in 2, as suggested by very recent results [22, 24]. However,
Section 4. When using the proximal method, we found thabecreasing the tolerance remarkably increased the compu-

setting the parameter from Opial's Theorem td.2 gave  y44i0na) overhead from an averagef for a fixed toler-
the best results, even though in [14] they show that con:

) S S ance ofl0~2 to 80s for 1/T? in the case of the Grid con-
vergence of the fixed-point iterations is guaranteed also fostraint

*http://cvxr.com cvx/ Finally, we considered theD Grid-C case and observed

86



A General Framework for Structured Sparsity via Proximal Op timization
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800 —CVX | &g jz‘rﬂdgw’ g, i(szlr'?ic{gMP
H rid— o 0. ria—
= —NEPIO 5 5.4
E 7001 H g 0.6 g 0.6
[t} _|STA 0.4] 0.4
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150 T T
—CVX Figure 2: 1D contiguous regions: comparison between
= —NEPIO different methods for one (top-left), two (top-right), éfer
E ol —ISTA (bottom-left) and four (bottom-right) regions.
g AA
=
)
o
g s0f up to120 (more than half the dimensionality). These errors
s are the average ovéf runs, each with a different* and
i // X. We observe that Grid-C outperforms both Lasso and
: ‘ ‘ StructOMP, whose performance deteriorates as the number

1'600 5’000 10'000 . 15’000
Number of variables

20°000

of regions is increased. The length of the groups for the
Group Lasso variants was selected améng andg, but

only the best performers (lengthsn both cases) are rep-
resented here. Even then, we observe that Grid-C is com-
parable to both methods and sometimes shows a strong im-
provement over them. For one particular run with a sample
size which is twice the model sparsity, Figure 3 shows the
original vector and the estimates for different methods.

Figure 1: Computation time vs problem size for Grid-C and
Tree-C for different optimization methods. For the Tree
constraint, CVX was not able to deal with problem sizes
bigger than1600.

wo dimensional contiguous regions.We also repeated
the same experiment in the case that the sparsity pattern of
B* € R29%20 consists of2D continuous regions. For the
sparsity pattern, we consider either a single 7 region,
two 5 x 5 regions, thred x 4 regions or four x 3 regions.
In all the following statistical experiments we used a fixedFigure 4 shows the model error versus the sample size in
tolerance ofl0—2. this case. Figure 5 shows the original image and the images
estimated by different methods for a sample size which is
twice the model sparsity. Note that Grid-C is superior to
both the Lasso and StructOMP and that StructOMP is out-
performed by Lasso when the number of regions is more
periment we chose a model vectdt € R20 with 40  than two. Again, we observe that both Group Lasso vari-
nonzero e|ement5, whose values are randamWe con- ants for ContigUOUQD regions are never better than Grid-
sidered sparsity patterns forming one, two, three or foufC, and sometimes show a higher model error. For brevity,
non_overlapping Contiguous regionsy which have |engths oyve will not include these methods in the next eXperimentS
40, 20, 13 and 10, respectively. We generated a noiselessgackground subtraction. We replicated the experiment
output_from_ a _mat_rlxX whose elements have a stand_ardfrom [9, Sec. 7.3] in which the underlying mod#! corre-
Gaussan distribution and whose columns are normallgedspomS to the nonzero pixels of the foreground of a CCTV
The estimates for several models are then compared with jmage We measured the output as a random projection plus
the original3~. Figure 2 shows the model errof gﬂ 2”2 as  Gaussian noise. Figurel#ftshows that, while the Grid-C
the sample size changes fram(barely above the sparsity) outperforms the Lasso, it is not as good as StructOMP in

that the number of Picard-Opial iterations needed to reach
tolerance ofl0~2 scales well with the number of variables
n. For example, when varies betwee00 and6400, the
average number of iterations varied betweemand40.

5.2 Statistical experiments

One dimensional contiguous regions. In the first ex-
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(bottom-left) and four (bottom-right) regions. the experimental protocol of [9]. Natural images can be
well represented with a wavelet basis and their wavelet co-
efficients, besides being sparse, are also structured as a hi
erarchical tree. We computed the Haar-wavelet coefficients
of a widely used sample imageameraman We gener-
ated a projection matriX whose entries are i.i.d. draws
original Lasso StructomP Grid-¢ from a standard Gaussian distribution. Zero-mean Gaus-
sian noise with standard deviation= 0.01 was added to
the measurements. StructOMP and Tree-C, both exploiting
the tree structure, were used to recover the wavelet coeffi-
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cients from the random projection measurements and com-

Figure 5:2D-contiguous regions: Original regression vec- Pared to the Lasso. The inverse wavelet transform was used
tor and regression vector estimated by the Lasso, GLItO reconstruct the images with the recovered wavelet co-
GL2, StructOMP and Grid-C (left to right) for one region efficients. The recovery performances of the methods are

(top) and two regions (bottom). reported in Figure Right which highlights the good per-
formance of Tree-C.
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6 Conclusion

(7]

We proposed new families of penalties and presented a
new algorithm and results on the class of structured spar-

sity penalty functions proposed by [12, 13]. These penal- 8

—_—

ties can be used, among else, to learn regression vectors
whose sparsity pattern is formed by few contiguous re-
gions. We presented a proximal method for solving this
class of penalty functions and derived an efficient fixed- 9]
point method for computing the proximity operator of our
penalty. We reported encouraging experimental results
which highlight the advantages of the proposed penalty
function over a state-of-the-art greedy method [9], the
Lasso and two Group Lasso variants. At the same time, ouj10]
numerical simulations indicate that the proximal method is
computationally efficient, scaling linearly with the prebt
size. An important problem which we wish to address in

the future is to study the applicability of the recent result [

regarding accelerated proximal method with inexact com-
putation of the proximity operator [22, 24] to our case and
determine whether the optimal rat¥ 1) can be attained. [12]
Finally, it would be important to derive sparse oracle in-
equalities for the estimators studied here.
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