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Abstract

In scalable machine learning systems, model train-
ing is often parallelized over multiple nodes that
run without tight synchronization. Most analysis
results for the related asynchronous algorithms
use an upper bound on the information delays
in the system to determine learning rates. Not
only are such bounds hard to obtain in advance,
but they also result in unnecessarily slow conver-
gence. In this paper, we show that it is possible
to use learning rates that depend on the actual
time-varying delays in the system. We develop
general convergence results for delay-adaptive
asynchronous iterations and specialize these to
proximal incremental gradient descent and block-
coordinate descent algorithms. For each of these
methods, we demonstrate how delays can be mea-
sured on-line, present delay-adaptive step-size
policies, and illustrate their theoretical and practi-
cal advantages over the state-of-the-art.

1. Introduction

This paper considers step-sizes that adapt to the true de-
lays in asynchronous algorithms for solving optimization
problems in the form
min P(z) = f(x) + R(z), (D
z€R4
where f : R¢ — R is a smooth but possibly non-convex loss
function and R : R? — R U {+00} is a convex nonsmooth
function. Here, R is typically a regularizer, promoting de-
sired solution properties such as sparsity, or the indicator
function of a closed convex set (the constraint set for x).

When either the data dimension (the number of samples
defining f) or the variable dimension d is large, we may
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need to distribute the optimization process over multiple
compute nodes. In a distributed environment, synchronous
algorithms such as gradient descent or block coordinate
descent, are often inefficient. Since they need to wait for
the slowest worker node to complete its task, the system
tends to spend a significant time idle and becomes sensitive
to single node failures. This motivates the development of
asynchronous algorithms which allow all nodes to run at
their maximal capacity without synchronization overhead.

In the past decade, numerous asynchronous algorithms have
been proposed to solve large-scale problems on the form (1).
Notable examples include ARock (Peng et al., 2016), PIAG
(Aytekin et al., 2016; Vanli et al., 2018), Async-BCD (Liu
etal., 2014), AsyFLEXA (Cannelli et al., 2016), DAve-RPG
(Mishchenko et al., 2018), and the widely studied asyn-
chronous SGD (Dean et al., 2012; Recht et al., 2011; Sra
et al., 2016), to mention a few. Algorithms that use fixed
step-sizes often assume bounded asynchrony and require
an upper bound of the worst-case information delay to de-
termine the step-size. However, such an upper bound is
usually difficult to obtain in advance, and is a crude model
for actual system delays. Indeed, actual latencies may be
significantly smaller than the worst case for most nodes, and
for most of the time. This makes the algorithm hard to tune
and inefficient to run, since a large worst-case delay leads
to a small step-size and a slow iterate convergence.

1.1. Algorithms and related work

In this paper, we develop general principles and convergence
results for asynchronous optimization algorithms that adjust
the learning rate on-line to the actual information delays.
We then present concrete delay-tracking algorithms and
adaptive step-size policies for two specific asynchronous
optimization algorithms, PIAG and Async-BCD. These al-
gorithms address two distinct variations of distributed model
training: distribution of data over samples (PIAG) and dis-
tribution of variable updates across features (Async-BCD).
To put our work in context, we review the related literature
below.

PIAG: PIAG solves problem (1) with aggregated loss
flx) = 23, f9(x). Here, each f() could represent
the training loss on sample ¢, on mini-batch ¢ or on the
complete data set held by some worker node. The PIAG
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algorithm is often implemented in a parameter server archi-
tecture (Li et al., 2013), where a master node updates the
iterate z;, based on the most recent gradient information
from each worker. The new iterate is broadcast to idle work-
ers, who proceed to compute the gradient of the training
loss on their local data set, and return the gradient to the
master node. Both master and worker nodes operate in an
event-driven fashion without any global synchronization.

Early works on PIAG (Blatt et al., 2007; Roux et al., 2012;
Gurbuzbalaban et al., 2017) focused on smooth problems,
i.e.,let R = 01in (1). Extensions of PIAG that allow for a
non-smooth regularizer include (Aytekin et al., 2016; Vanli
et al., 2018; Feyzmahdavian & Johansson, 2021) for convex
f and (Deng et al., 2020; Sun et al., 2019) for non-convex f.
In addition, a recent work (Wai et al., 2020) compensates for
the information delays in PIAG using Hessian information.
However, all these papers use an upper bound of the worst-
case delay to determine the step-size.

Async-BCD: Async-BCD splits the whole variable x into
multiple blocks {z(V}7 | and solves problem (1) with sep-
arable nonsmooth function R(z) = 1" | R (z(®). The
algorithm is usually implemented in a shared memory ar-
chitecture (Peng et al., 2016), where the iterate is stored in
shared memory and multiple servers asynchronously and
continuously update one block at a time based on the de-
layed iterates they read from the shared memory.

Existing works on Async-BCD include (Liu et al., 2014;
Liu & Wright, 2015; Davis, 2016; Sun et al., 2017), among
which (Sun et al., 2017) considers smooth problems (R(Y) =
0), (Liu et al., 2014) requires R® to be an indicator function,
and (Liu & Wright, 2015; Davis, 2016) allow for general
convex R, In addition, some asynchronous methods use
updates that are similar to Async-BCD, such as ARock
(Peng et al., 2016; Hannah & Yin, 2018; Feyzmahdavian &
Johansson, 2021) and AsyFLEXA (Cannelli et al., 2016).
All these papers except (Hannah & Yin, 2018) consider
fixed step-sizes tuned based on a uniform upper bound of
the delays. The work (Hannah & Yin, 2018) suggests a
step-size that relies on the actual delays but is relatively
conservative.

1.2. Contributions

This paper introduces delay-adaptive step-sizes for asyn-
chronous optimization algorithms. We demonstrate how
information delays can be accurately recorded on-line, in-
troduce a family of dynamic step-size policies that adapt to
the true amount of asynchrony in the system, and give a for-
mal proof for convergence under all bounded delays. This
eliminates the need to know an upper bound of the delays to
set the learning rate and removes the (typically significant)
performance penalty that occurs when this upper bound is
larger than the true system delays. We make the following

specific contributions:

* We develop simple and practical delay tracking algo-
rithms for PIAG in the parameter server and for Async-
BCD in shared memory.

* We derive a novel convergence result that simplifies the
analysis of broad classes of asynchronous optimization
algorithms, and allows to analyze the effect of a time-
varying and delay-dependent learning rate.

* We demonstrate how a natural extension of the fixed
step-sizes proposed for asynchronous optimization to
the delay-adaptive setting fails, and suggest a general
step-size principle that ensures convergence under all
bounded delays, even if their upper bound is unknown.

* Under the step-size principle, we design two delay-
adaptive step-size policies that use the true delay. We
derive explicit convergence rate guarantees for PIAG
and Async-BCD under these step-size policies, com-
pare these with the state-of-the-art, and identify scenar-
i0s where our new step-sizes give large speed-ups.

Experiments on a classification problem show that the pro-
posed delay-adaptive step-sizes accelerate the convergence
of the two methods compared to the best known fixed step-
sizes from the literature.

Notation and Preliminaries

We use N and Ny to denote the set of natural numbers
and the set of natural numbers including zero, respectively.
We let [m] = {1,...,m} for any m € N and define the
proximal operator of a function R : R? — R U {400} as

) 1
proxp(z) = argmin R(y) + - [ly — /.
yeRd 2

We say a function f : R? — R is L-smooth if it is differen-
tiable and

IVf(@@) =Vl < Lllz -yl Yo,y € R
For L-smooth function f : R? — R and convex function
R :R% — RU {+00}, we say that P(x) = f(z) + R(z)

satisfies the proximal PL condition (Karimi et al., 2016)
with some o > 0 if

o(P(z) — P*) < —LP(x), Yz € dom(P),  (2)

where P(z) = min,cpa {(Vf(2),y — ) + Llly — 2| +
R(y) — R(x)} and P* = min,cra P(x).
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2. Algorithms with delay-tracking

In this section, we first introduce the PIAG and Async-BCD
algorithms and demonstrate how they can record actual
system delays with almost no overhead. The key to this
observation is that delays in asynchronous algorithms are
typically not measured in physical time, but rather in the
number of write events that have occurred since the model
parameters that are used in the update were computed (see,
e.g., (Leblond et al., 2018)). Hence, in the parameter server
architecture and the shared memory systems, delays can
often be computed accurately without any intricate time
synchronization between distributed nodes. We then demon-
strate how the natural extension of the state-of-the-art step-
size rules for worst-case delays fails to extend to actual
delays.

2.1. PIAG in a parameter server architecture

PIAG solves problem (1) with aggregated loss f(z) =
L5 | f9(z) and takes the following form:

I :
S (@) .
9k = ;71 V), 3)
Th1 = ProXy, p(Tr — Vegk); “)

where 7. € [0, k] is the delay of V£ at the kth iteration.

Parameter server: PIAG is usually implemented in a pa-
rameter server framework (Li et al., 2013) with one master
and n workers, each one capable of computing (stochastic,
mini-batch, or full) gradients of a specific f(*). The master
maintains the most recent iterate x; and the most recently
received gradients ¢ = V f()(z, () from each worker.
Once the master receives new gradie?lts, it revises the cor-
responding ¢(*), updates the iterate, and pushes the new
parameters back to idle workers. A detailed implementation
of PIAG (3) — (4) in the parameter server setting without
delay-tracking is presented in (Aytekin et al., 2016).

Delay-tracking: To compute the delays T(l), the PIAG
algorithm needs to know the iteration index of the model
parameters used to compute each ¢(*). In Algorithm 1, we
maintain this information using a simple time-stamping
procedure. Specifically, in iteration [, the master pushes the
tuple (z;,1) to idle workers. Workers return (V £ (z;),1)
which the master stores as g « V£ (z;), s < . At

(@)

any iteration k£ > [, the delay 7, is then given by k — s,

The tracking scheme in Algorithm 1 can be extended to other
approaches that can also be implemented in the parameter
server setting, such as Asynchronous SGD (Dean et al.,
2012; Recht et al., 2011; Sra et al., 2016).

Algorithm 1 PIAG with delay-tracking

1: Input: initial iterate xo, number of iteration k. € N.

2: Initialization:

3: The master sets s() < 0, gt « V) (20) Vi € [n],
and go < = 377, V) ().

4: The master sets k < 1, x1 < prox., r(zo—"70g0) and
broadcast x; to all workers.

5: while k < kp,.x: each worker ¢ € [n] asynchronously
and continuously do

6:  receive (xg, k) from the master.

7. compute V) ().

8

9

send (V£ (2},), k) to the master.

: end while
10: while k < kp,.x: the master do
11:  wait until a set Ry, of workers return.
12: forall w € R; do
13: update (g(*), s(®)) « (V) (x)),1).
14:  end for

150 setgp < 130 g,

16:  calculate the delay T,EZ) =k—sDVicn.

17:  determine the step-size 7 based on T]gl) Vi € [n].
18:  update xj41 < prox., p(Tk — Vrgk)-

19:  setk <+ k+ 1.

20: for all w € Ri do

21: send (zy, k) to worker w.

22:  end for

23: end while

2.2. Async-BCD in the shared memory setting

Block-coordinate descent, BCD, (Hong et al., 2017) can be
a powerful alternative for solving (1) when the regularizer
is separable. Assume that R(z) = 1" | R®(2()) where
r= (W, ., 2(M), 200 € R% and 7" d; = d. At
each iteration of BCD, a random j € [m] is drawn and

m,ﬁjll:proxwmﬁ(xéj) —V;f(zr))

Async-BCD parallelizes this update over n workers in a
shared memory architecture (Peng et al., 2016). Workers
operate without synchronization, repeatedly read the current
iterate from shared memory, and update a randomly chosen
block. More specifically, suppose that at time k, worker 7,
updates the jth block a:,(f ) based on the partial gradient V; f
at T, where 2, is what the server i;. read from the shared
memory. Then, the kth update is

x;(fll:pl"oxykmw(%(j)* YV f(Zr)). )
A specific aspect of Async-BCD is that while ¢ reads from
the shared memory, other workers may be in the process
of writing. Hence, 2, itself may never have existed in the
shared memory. This phenomenon is known as inconsistent
read (Liu & Wright, 2015). However, if we assume that
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Algorithm 2 Async-BCD with delay tracking
1: Setup: initial iterate xg, number of iteration k. € N.
2: while k < kp,.x: each worker ¢ € [n] asynchronously
and continuously do
sample j € [m] uniformly at random.
compute V, f(2) based on 2y, read at time s(*).
calculate 7, = k — s(9).

3

4

5

6:  determine the step-size V.
7. (9)
8

9

0

1:

compute ;" by (5).
write on the shared memory.

o osetk«+— k4 1.
10:  set s = k and read z;, from the shared memory.
11: end while

each (block) write is atomic, then we can express x as

T = Tk + Z (Tj41 — xj). (6)
J€Jk

where J;, C {0,1,...,k}. The sum represents all updates
that have occurred since 75 began reading 2, until the block
update is written back to memory. We call 7, = k —min{j :
j € Ji} the delay of &y, at iteration k.

Delay-tracking: To track the delays in Async-BCD, work-
ers need to record the value of the iterate counter when they
begin reading from shared memory, and then again when
they begin writing back their result. When worker ¢ begins
to read x from the shared memory in Algorithm 2, it stores
the current value of the iterate counter into a local variable
s()_ In this way, it can compute the delay 75, = k — s(¥
when it is time to write back the result at iteration k. We
assume that during steps 5-9, worker i, is the only one that
updates the shared memory. This is a little more restrictive
than standard Async-BCD that only assumes that the write
operation on Line 8 is atomic, but is needed to make sure
that vy, calculated in step 6 is used in (5) to update xff 4)_1.
The tracking technique in Algorithm 2 is applicable to many
other methods for shared memory systems, such as ARock
(Peng et al., 2016), asynchronous BCD (Recht et al., 2011),
and AsyFLEXA (Cannelli et al., 2016).

2.3. Intuitive extension of a fixed step-size fails

Several of the least conservative results for PIAG (Sun et al.,
2019; Deng et al., 2020; Feyzmahdavian & Johansson, 2021)
and Async-BCD (Davis, 2016; Sun et al., 2017) use step-
sizes on the form v, = —%7 where b and c are positive
constants (independent of the delays) and 7 is the maximal
delay. A natural candidate for a delay-adaptive step-size
would be one where the upper delay bound is replaced by

the true system delay, i.e.

C
Tk+b.

Tk = (N

However, as the next example demonstrates, this step-size
can lead to divergence even for simple problems.

Example 1. Consider problem (1) withn =d =1, f(z) =
%xQ, and R(z) = 0. Suppose that 7, = kmod T for all
k € Ny for some T > b(e?/¢ — 1). Then, the delays are
bounded by T—1 and both PIAG and Async-BCD update as

1 = Tk — VS (Tr—r,) = Tk — P71 k/T) 5

so that x4y = (1 — ZZ:Ol Yer+t)Zrr. Then, {xir}
diverges if ZtT;()l YeT+t > 2, which is indeed true by (7):

T+b
c c T+b
E’chTHZE tJFbZ/b gdS:cln 5 > 2.

However, as we will demonstrate next, convergence can be
guaranteed under a slightly more advanced step-size policy.

3. Delay-adaptive step-size

In this section, we prove that both PIAG and Async-BCD
converge under step-size policies that satisfy

k—1
0 <y <max(0,9' = > ) (8)

t=k—Tg

provided that also >, v+ = +oc. Here, the constant '
only depends on loss function properties, and there is no
need to know the maximal value of the system delay to tune,
run, or certify the system.

The convergence analysis is based on a new sequence result
for asynchronous iterations, that could be applicable to many
algorithms beyond the scope of this paper. We provide
convergence results for PIAG and Async-BCD for several
classes of problems in sections 3.2 and 3.3, respectively. In
Section 3.4, we introduce a few specific step-size policies
that satisfy the general principle (8) and demonstrate how
they extend and improve existing fixed step-sizes both in
theory and practice.

3.1. Novel sequence result for delay-adaptive sequences

Lyapunov theory, and related sequence results, are the basis
for the convergence analysis of many optimization algo-
rithms (Polyak, 1987). Asynchronous algorithms are no
different (Aytekin et al., 2016; Peng et al., 2016; Davis,
2016; Bertsekas & Tsitsiklis, 1989). Several convergence
results for asynchronous algorithms are unified and gen-
eralized in a recent work (Feyzmahdavian & Johansson,
2021). However, previous work has focused on only sce-
narios where the maximum delay is known, and existing
results cannot be used to analyse delay-adaptive step-sizes
like (8). The following theorem generalizes these results to
allow adaption to the actually observed delay.
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Theorem 1. Suppose that the non-negative sequences {Vy.},
{Xeh AWi} {pr}, {ra}, and {qi} satisfy
k—1
Xip1+Vir S @V +pr >, We—nmWi (9
b=k—T

for all k € Ny, where g, € (0,1] and 7, € [0,k]. Let

Qr = H?;éqj, k € Ng. If for all k € Ny, either pi, = 0 or
, k—1
Db T P vie k- k], (10)
Qi1 ~ Qe 7 Qi
then
Vi < QxVo, Yk €N (11)
and
X,
S 2 <w (12)
= Qk
Proof. See Appendix A. O

The theorem is a tool for establishing the convergence and
convergence rate of X and V. The condition (9) is quite
general, so the result may be useful for many methods be-
yond PIAG and Async-BCD that we focus on in this paper.

The theorem can be used to establish a linear convergence
rate of algorithms. In particular, if g, < g for all £ € Ny
and some ¢ € (0, 1) then (11)—(12) imply the linear rates

Vi <¢"Vo, Xi <¢*Vo.
If we can only say that g < 1, then (12) yields that

oo
ZXk < 400,
k=1

from which we conclude that limy_, o, X = 0.

3.2. Convergence of PIAG under principle (8)

With the help of Theorem 1, we are able to establish the fol-
lowing convergence guarantees for PIAG under the general
step-size principle (8). The main proof idea is to show that
some quantities generated by PIAG satisfy the equation (9)
when (8) holds (see Lemma 1 in the Appendix).

Theorem 2. Suppose that each f*) is Li-smooth, R is
convex and closed, and P* := min, P(x) > —oo. Define

(1/n) Y1, L2, Let {xy} be generated by the PIAG
algorithm with a step-size sequence {v;} that satisfies (8)
withy' = h/L for some h € (0,1). Then,

(1) Foreach k € N, there exists §, € OR(xy,) such that

2(h? —h+1)(P(x0) = P*)
1-h '

Z% LIV () +&kl|* <

(2) Ifeach f () is convex, then

. Plxo) =P+ *Ilwo —z*|)?
P(xk) - P S 9
L+ 25 ao Zt oVt
where ag = ZE}F_L;L))

(3) If P satisfies the proximal PL-condition (2), then

* —ng(jj*ﬁ) Ef;ol Yt *
P(zy)—P(x*)<e 102D (P(wo)—P7),
where h = er and ¢ = min (1 Thh%)
Proof. See Appendix B. O

The three cases roughly represent non-convex (1), convex
(2) and strongly convex (3) objective functions, but note that
the proximal PL condition is less restrictive that strong con-
vexity and can be satisfied by some non-convex functions.

To get explicit convergence rates, we need to specialize
the results to a specific step-size policy; we will do this in
Section 3.4. Still, we can already now notice that the sum
of the step-sizes, Zf:_ol v¢, dictates the convergence speed.
This is immediate in case (2) and (3), but is also true in case
(1), since the non-convex result also implies that

2(h%—h+1)(P(xg)— P*)
(1- )Zt O’Yt

. 2<
in [ (o) + &l <

3.3. Convergence of Async-BCD under principle (8)

Next, we establish the convergence of Async-BCD with
adaptive step-sizes for non-convex optimization problems.
The following assumption is useful.

Assumption 1. f is differentiable and there exists L>0
such that for all i, j € [m] and x € R? the following holds'

IVif(x+Ujhy) — Vif(2)| < L|hyl|, Vh; € RY.

The assumption implies that f is L-smooth for some L €
[L, mL]. We consider the block-wise constant L rather than
L because the former one is smaller, which in turn leads to
larger step-sizes and faster convergence.

By showing that some quantities generated by Async-BCD
satisfy equation (9) in Theorem 1 (see Lemma 2 in the
Appendix), we derive the following theorem.

Theorem 3. Suppose that each R™") is convex and closed,
P* := min, P(x) > —oo, and Assumption 1 holds. Let

'U; : R% — R maps 2 € R% into a d-dimensional vector
where the jth block is ") and other blocks are 0.
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{wk} be generated by the Async-BCD algorithm with a step-
size sequence {7 } that satisfies (8) with~' = h/ L for some

h € (0,1). Then,

- = dm(P(zo) — P*

> B[V P < TEEI =)

k=0
where VP (x) = [A/(prox%R(a:k — %Vf(xk)) — k).
Proof. See Appendix C. O

The theorem establishes the convergence of Async-BCD
under adaptive step-sizes. Note that VP(z) = 0 if and only
if 0 € OP(z), i.e., x is a stationary point of problem (1).
Moreover, Theorem 3 implies

' . o1 _ 4m(P(xo) — P¥)
min E[|VP(z, = )
1<t<k IV E)I7] < (1-h) Zf:o Ve

Similar to PIAG, a larger step-size integral leads to a smaller
error bound in the above equation, which intuitively implies
faster convergence of Async-BCD.

3.4. Delay-adaptive step-size satisfying (8)

By the analysis in Section 3.2-3.3, all step-sizes satisfying
Zfi 0%t = oo and the principle (8) guarantee conver-
gence of PIAG and Async-BCD. In this section, we make
these results more concrete for two specific adaptive step-
size policies that both satisfy (8):

Adaptive 1: for some a € (0, 1],

k—1
e =amax{y = Y 4,0} (13)
t=k—T1g
Adaptive 2:
ol ol k-1
v =4 el Tl S e DA I3 (14)
0, otherwise.

In contrast to existing step-size proposals for asynchronous
optimization algorithms, these step-size policies use the
actual system delays and do not depend on a (potentially
large) upper bound of the maximal delay. When the system
operates with small or no delays, these step-sizes approach
+', and if the delays grow large, the step-sizes will be auto-
matically reduced (and occasional updates may be skipped)
to guarantee convergence. The performance improvements
of these policies over fixed step-size policies depend on the
precise nature of the actual delays.

We begin by proving that the two adaptive step-size policies
are no worse than the state-of-the-art step-sizes (that require

knowledge of the maximal delay). As shown in sections 3.2—
3.3, the convergence speed depends on the sum of step-sizes.
Our first observation is therefore the following.

Proposition 1. Suppose that T, < 7 for all k € Ny. Under
the step-size policy (13), it holds that

,.y/
Z%_ (k+1)- m—— (15)

while the step-size policy (14) guarantees that

k /
gl
(k+1) ——. 16
; + e (16)
Proof. See Appendix D. O

The lower bounds in Proposition 1 are comparable with
k + 1 applications of the state-of-the-art fixed step-sizes for
PIAG (Sun et al., 2019; Deng et al., 2020) and for Async-
BCD (Davis, 2016), respectively. This suggests that the
adaptive step-size policies should be able to guarantee the
same convergence rate. The next result shows that this is
indeed the case.

Corollary 1. Suppose that 7, < T for all k € Ny and that
the step-size is determined using either (13) or (14). Then

e for PIAG under the conditions of Theorem 2, in case
(1) miny <<, |V f(24) + &> = O(1/k), in case (2)
P(z)—P* = O(1/k), and in case (3) P(xy)— P* <
O(N¥) for some X € (0,1).

* for Async-BCD under the conditions in Theorem 3,
ming<;<x E[| V() 2] = O(1/k).

Proof. Immediate from Theorem 2-3 and Prop. 1. O

Although the two adaptive step-sizes do not rely on the
delay bound, the rates in Corollary 1 still reach the best-
known order compared to related works on PIAG (Aytekin
et al., 2016; Vanli et al., 2018; Sun et al., 2019; Deng et al.,
2020; Feyzmahdavian & Johansson, 2021) and Async-BCD
(Davis, 2016; Sun et al., 2017; Liu et al., 2014; Liu &
Wright, 2015) that use such information in their step-sizes.

On the other hand, there are time-varying delays for which
the adaptive step-sizes are guaranteed to perform much
better than the fixed step-sizes. At the extreme, if the worst-
case delay only occurs once and the system operates without
delays afterwards (we call this a “burst” delay) the adaptive
step-sizes will run with step-size v/. The sum of step-sizes
then tends to a value that is 7 + 1 times larger than for the
fixed step-sizes, with a corresponding speed-up.

To obtain a more balanced comparison, we simulate the two
adaptive step-size policies under the following delays:
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Figure 1. Comparison of delay-adaptive step-size and fixed step-size in delay models. The legends in (b),(c) follow those in (a).

delay delay delay
T T T
& & &
0 0 0
k k k
step-size step-size step-size
Adaptive 1 I
Adaptive 2
= = = = *Fixed = =
[ - I
A A L ARAN “
MW AWAVWAVAVAVAVAN/ P
k k k
step-size integral step-size integral step-size integral
Adaptive 1
& Adaptive 2 & &
LT |m == Fixed 1 - - .1
n == | n| el _--- - A
0 0 - e m === =277
k k k

(a) constant delay

1) constant: 7, = 7.
2) random: 7y, is drawn from [0, 7] uniformly at random.

3) burst: 7, = 7 at one epoch and 7, = 0 otherwise.

and compare these with the fixed step-size v, = v/ /(7 + 1).
This step-size satisfies (8) and is comparable to state-of-the-
art fixed step-sizes for PIAG and Async-BCD.

We visualize the three delay models, the step-size 7y, and
the step-size integral Zf:o v in Figure 1, in which we set
o = 0.9 in Adaptive 1 and 7 = 5 in all three models. We
can make the following observations:

¢ In all three delay models, the sum of step-sizes for the
two adaptive policies are at least similar to that of the
fixed step-size, which validates Proposition 1.

» The adaptive policies show the greatest superiority
compared to the fixed step-size under the burst delay,
where the sum is asymptotically a(7 + 1) and 7 + 1
times that of the fixed step-size, respectively.

* When the proportion of small delays increases
(constant—random—burst), so does the sum of step-
sizes for the two delay-adaptive policies, reflecting
their excellent adaption abilities to the true delay.

* Adaptive 2 is smoother and closer to its average be-
haviour than Adaptive 1, which often implies better
robustness against noise.

(b) random delay

(c) burst delay

4. Numerical experiments

Although the case for delay-adaptive step-sizes should be
clear by now, we also demonstrate the end-effect on a sim-
ple machine learning problem. We consider classification
problem on the training data sets of RCV1 (Lewis et al.,
2004), MNIST (Deng, 2012), and CIFAR100 (Krizhevsky
et al., 2009), using the regularized logistic regression model:

N

1 b (aTa A
1) = 5 3 (o147 ) 4 2ol
i=1
R(z) = M|lz(1,

where a; is the feature of the ith sample, b; is the corre-
sponding label, and N is the number of samples. We pick
(A1,A2) = (1073,107%) for all three datasets. We run
both PIAG and Async-BCD on a 10-core machine and com-
pare the performance of delay-adaptive step-sizes and fixed
step-sizes. In the first adaptive policy (Adaptive 1), we let
a=0.9.

4.1. PIAG

We split the samples in each data set into n = 8 batches and
assign each batch to a single worker. We choose one core as
master and 8 cores as workers.

. . . /] h
We compare the two delay-adaptive step-sizes with " = ¢

against the fixed step-size v, = m from Sun et al.

(2019); Deng et al. (2020), where h = 0.99 for all three step-
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Figure 2. Convergence of PIAG

N —— Adaptive 1 035 I\ —— Adaptive 1
1504 \\\ — Adaptive 2 . —— Adaptive 2 104
N - Fixed (Sun, Deng) 00 N Fixed (Sun, Deng)

0.25 1

objective value
objective value

0.20 4

0.15 1

objective value

0.24

0 500 500

iteration number

1000 0

(a) RCV1

sizes (larger step-sizes usually lead to faster convergence).
In each iteration, the master updates all mini-batch gradi-
ents that it has received. The distributions of the realized
delays {7} are plotted in Figure 3(a). Note that the maxi-
mal delays for the three datasets, 19, 27, and 28 iterations,
respectively, are much larger than the typical 7’s (over 94%
7k’s are smaller than or equal to 10, 19, 18, respectively,
for the three data sets). Moreover, in repeated runs of this
experiment, the delay distribution remained similar, but the
maximum delay varied and could be as large as 50, which
reinforces our message that the maximum delay is hard to
estimate and can be much larger than the average delay.

The objective value of PIAG with the three step-sizes is
shown in Figure 2. Clearly, PIAG converges much faster
under the delay-adaptive step-sizes than under the fixed step-
size on all data sets. For example in Figure 2(a), compared
to the fixed step-size, PIAG with Adaptive 1 and Adaptive
2 only need approximately 1/3 and 1/2 the number of it-
erations, respectively, to achieve the objective value of 7.5.
This demonstrates the effectiveness of our adaptive policies.

4.2. Async-BCD

We use n = 8 workers and split « into m = 20 blocks
almost evenly, with some blocks having one dimension
more than the others. We compare the two delay-adaptive
step-sizes with v = % against the fixed step-sizes v, =
W from Sun et al. (2017) and ~;, = m
Davis (2016). In all cases, we use h = 0.99.

from

Figure 4 plots the objective value of Async-BCD with the
aforementioned step-sizes. For all datasets, Async-BCD
needs a substantially longer time to converge under the fixed
step-sizes than under the adaptive policies. This exhibits
once again the advantages of our delay-adaptive step-sizes.
The distributions of the realized {7} } for the three data sets

iteration number

(b) MNIST

1000

500
iteration number

lUb() 1500 0

(c) CIFAR100

are plotted in Figure 3(b), where the maximal delays are 23,
19, and 14 for RCV1, MNIST, and CIFAR100, respectively.
Once again, these are much larger than the typical 7 ’s (over
95% 73’s are smaller than 8, 10, 9, respectively). Moreover,
in repeated runs of this experiment, the delay distribution
was similar but the maximal delay could be as large as 55.

5. Conclusions

We have shown that it is possible to design, implement and
analyze asynchronous optimization algorithms that adapt
to the true system delays. This is a significant departure
from the state-of-the-art, that rely on an (often conservative)
upper bound of the system delays and use fixed learning
rates that are tuned to the worst-case situation.

Although many of the principles that we have put forward ap-
ply to broad classes of algorithms and systems, we have pro-
vided detailed treatments of two specific algorithms: PIAG
and Async-BCD. Explicit convergence rate bounds and nu-
merical experiments on different data sets and delay traces
demonstrate substantial advantages over the state-of-the-art.

Future work includes developing delay-adaptive step-sizes
for other asynchronous algorithms such as Asynchronous
SGD (Dean et al., 2012; Recht et al., 2011; Sra et al., 2016)
and extending the adaptive mechanism to also estimate the
Lipschitz constant (and possibly other parameters) on-line.
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Figure 3. Delay distribution (the largest xtick is the observed maximal delay)
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A. Proof of Theorem 1

Dividing both sides of (9) by Q1 and summing the resulting equation from £ = 0 to k = K — 1, we obtain

Vi = Xi
iﬂ;Q V°+Z< Qkﬂ Q,M Z Wf) a7

b=k—Tx

Define Tp :={t € Ny : £ € [t — 7¢,t — 1]}. We have

k—1 K-2
Z Qk+1 . ;n, We < ; <k€zﬁ Qk+1> 1%

To see (18), note that in the left-hand side, W, occurs only if £ € {0, 1,..., K — 2} and QI::} Wy occurs only if k € 7. Fix
¢ € Ny. For any k € Ty, because ¢ € [k — i, k — 1] and because of (10), either p;, = 0 or

Dk
Qr+1 ~ Qe+1 Z

t=(+1

Qt—H
Let k' := max{k € T; : pr > 0}. By the above equation,
k/

T
>
Quy1 — Qt+1 Z Qt+1

t=(+1 teTe

Substituting (18) and the above equation into (17) gives

,
+Zf<Vo ngK 1< Vo,

which derives the result.

B. Proof of Theorem 2
For any k € N, if y,_1 > 0, then
1
= —
Vk—1

Otherwise, £ can be any subgradient of R at x;. By the first-order optimality condition of (4),

(g — Tp—1) — G—1-

&k € OR(xy), Yk € N. (19)

The proof mainly uses Theorem 1 and the following lemma, which shows that some quantities in PIAG satisfy the
asynchronous sequence (9).

Lemma 1. Suppose that all the conditions in Theorem 2 hold. Then, the asynchronous sequence (9) holds with

1 2
. 11— xk||%, > 0,

Wy = § e lmer =l Yk € Ny,
07 Ve = 07

and

(1) Non-convex:

Y 1—=h
Xiy1 = Emva(l‘k-H) +fk+1||
hL
Vi = P(xx) — P, pk:7k2 )
h2
g =1, 1k = — Dk

2



Delay-adaptive Step-sizes for Asynchronous Learning

(2) Convex: If each f () js convex, then
1
Xk = 0, Vk = ak(P(wk) - P*) + §||£Ck — {E*HQ,

k a
Dk = é (axL +1), rp = o PR k= 1,

where aj, = ZE}IH_;L) + Zz 0 Ve

(3) PL: If P satisfies the proximal PL-condition (2), then

1
Vi = P(zx) — P7, Qk:ﬁ
1 + co ")/
h2—h+1

ywhL qh®  hL

X =0 = . LA
k+1 y Pk 2 y Tk 2 2 5

where h = 1+h and ¢ = min (1, 12_hh 5)

In all the three cases, either p;, = 0 or (10) holds.

Using Lemma 1 and Theorem 1, the result on nonconvex and convex case in Theorem 2 is straightforward. To see the
proximal-PL case in Theorem 2, note that because ¢ < 1, v, < ' = % < %, ando < L,

ca(1_ﬁ)7 _c h(1—h) - h(1—h)

1
—h+1 " T LR2—h+1 R—h+41 3

cv

< 1— 3¢ < e~ €. Therefore,

In addition, for any € € (0,1/3], — e < 7€

1 3 co(1—h)

7(1 3 <e AR R R ,
co(l—

L+ S

which further gives

Qk S 67% Zf;ol ’Yt'
Using the above equation and (11), we obtain the result.
B.1. Proof of Lemma 1

When v, = 0, pr, = 0 in all three cases. Below, we assume 7, > 0 and prove (10) in all the three cases.

B.1.1. PROOF OF THE NONCONVEX CASE

We first prove that for any k € Ny,

k—1

N 1 L
Playsr) = P* = (Ple) = P*) S5l Y. Wi = i SV I @) + e - 2% Wi. (20)
J=k—Tk
By (19) and the convexity of R,

R(wpy1) — R(wr) < (Skt1s Tha1 — Tk)- (21)

Moreover, f is L—smooth due to the L;-smoothness of each f(). Then,

L

F@ren) = flaw) SVF(r), mren — o) + 5 e — ol (22)

By adding (21) and (22), we have

L
P(zki1) = Plar) < (Vf(z) + Gerrs T — 2) + S ll2ner — i )?, (23)
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where

(Vf(xr) + Eht1, Thr1 — 2x) = WV f(@k) + Ept1s %(ﬂckﬂ — 1))

24)
Vi 1
||Vf($k) + ot + o ($k+1 —a)|” - 5 IV far) + Epl® - m”xlﬁl — a*.
From the definition of £, 1, we have
1
Vf(zk) + Ees1 + %(xk+1 — i) = V() — gk
Substituting this equation into (24) yields
Vi 1
(Vf(@k) + k1, Thog1 — Tg) *||Vf(xk) grll* = 5 IV f(zk) + &~ R”mlﬁl — ]| (25)
By the L;-smoothness of each f() and the definition of gy,
1 & . ,
—al? == Q) i v2'{0) V)2
IVf@e) = aull® =1 ;(Vf (@) = V2, o))l
1. < i i 2
=l ;(Vf( J(ax) - VI )(xk_fg)))ll
1 <& . )
- (@) _ (@) 12
s - ; IV (@) = VS (Ik_ngw)” (26)
1 n
< = Ny — o l1?
<= Z:Lz o =2, _ ol
k—1
= *ZLQH Z $a+1 — ;)|
j=k— ‘r
In addition,
k—1 k—1 k—1
> (=)l <C Y o — )7 1Wi)?
j=k—7’,§i) j=k—7'( j=k— 'r
k—1 )
Z VI 2 VW) 27)
j=k— T (i) j:kffr,ii)
k—1 k-1 P
Yoo Y, wy< T > W,
j=k—7’,ii) j=k—7’,§i) J=k=T
where the second inequality is due to the Cauchy—Schwarz inequality and the last step is due to T]gi) < 7k, (8) withy/ = %,
and v, > 0. By (26), 27),and 2 31" | L2 = L2,
k—1
IV f(wx) = gull> <hL > W
J=k—Tx
Combining the above equation with (25) and (23) yields (20).
Next, we use (20) to derive (9). The equation (20) can be rewritten as
P(ays1) — P* — (P(ay) - P)
1 1—h%—(1—h)yL h? — ykhL (28)
o W — )+ el - L Wby, =y,

j=k—Tk
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Because of (8) with v/ = % we have v, < % and

1—h?—(1=h)ywL
T )+ g |2+ L I
1—h?—(1=h)yL
=L (19 (x) + P+ T L2 — ) ©9)
k

> DIV F @)+t [P+ = L llzss =l ),

where the last step is due to 1 — h? — (1 — h)y,L > 1—h*— (1 —h)h =1—h > 0and yZL? < h%. By the L-smoothness
of f and the AM-GM inequality, for any 1 > 0,

IV (@rt1) + Erall®
=(Vf(@r41) = V() + (Vf(2x) + &) |12
<AV F(@r) + il + 1+ 1|V f(@rr1) = Vf(z)|?
<A+ IV () + e ll® + 1+ 1/n) L2 {|loga — .

Letting 7 = 1% in the above equation, we have
1—h (1—h)L?
m”vf(l“kﬂ) + &l <IIVF () + & l® + Tﬂxkﬂ — )%,
which, together with (29) and (28), gives
P(axpy1) — P* — (P(xg) — P)
k-1
1 h? — y,hL v 11— (30)
<—~vihL N LAkl ¢ L
<5 ij w; DR~ 2 IV ) + Gl
—h—1y

i.e., (9) holds.
Finally, it is straightforward to see that (8) with 4/ = h/L guarantees (10).

B.1.2. PROOF OF THE CONVEX CASE

Define ay = h(htl) and ar = ag + Ze o Ve for all £ € N. Multiplying both sides of (20) by a;, and using h < 1 gives

L(1=h)
T = ar(l — L)
ar(P(wr41) = P*) — ax(P(a) — P7) <= > oW fwk. (31)
J=k—Tx

In addition, using a similar derivation of equation (47) in (Feyzmahdavian & Johansson, 2021), we have

*II? P = Nrwrs = all?),

1
Ve (P(Tr41) — <%Z*||$k e 17+ 5 (2 = 2% = llzpsr — @

which, together with (27), h < 1,and 2 3" | L; < /13" L2 = L, leads to

k—1
. 1 1 1 N N
W(P(zr1) = P*) < S > W- VWi + (2 — @ 12 = llzgtr — =*)1?). (32)
J=k—Tk

Adding (32) with (31) gives

1 1
ki1 (P(@igr) = P+ g llonis =277 = (an(Plax) = P*) + Sl = 2*)

k—1
1
§%(akL+l) WJ 5( k(l*’)%L)‘i”)/k)W
Jj=k—T7k
Vi -« 1
:?(akL + 1) WJ i(ak - ’Yk(akL + 1))Wk7
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i.e., (9) holds.

Finally, we prove (10). In this case, (10) reduces to
k
> yi(a;L+1) < ap V€ k-7, k], Vk €N,
j=¢
Since ay is monotonically non-decreasing, the above equation is equivalent to

k
> vila;L+1) <ag_r, k€N, (33)

J=k—Tk

Since for each j € [k — 7, k], a; < ap = ap—r, —|—Z] B T by (8) and 4/ = %,wehave

k
h(ag—r, L+h+1
Z vila;L+1) < (a kL+ ha )

j=k—Tk

Lak—~

MOreOVer, SINCe ag— 2 (o)) and m

increases at ag_r, ,

Lay—-, S Lag _
h(ag—r L+h+1) = h(agL +h+1)

Combining the above two equations, we have (33), so that (10) also holds.
B.1.3. PROOF OF THE PROXIMAL PL CASE

By Appendix G in (Karimi et al., 2016), (2) is equivalent to:

2
o(P(z) — P*) < ”‘92” , Vs € OP(z), Yz € RY. (34)

Because Zf: ke Nt S % < % (30) with h being replaced by h also holds by its derivation, which, together with (34) and
c < 1, yields

Cg(l_il)’yk * *
(1 m)(—’)(ﬂ%ﬂ)—]) )= (P(zr) — P7)
ko1 = 35)
1 - h hL
< i’ykhL Z W; — ;k Wi.
Jj=k—Tk
Dividing both sides of (35) by 1 + % ensures
. Play) - P
Plagg) = P = L col—hn
h2—h+1

Q’YkhLZ] =k—7y Wj B 7W + %Wk
1+ co’(l h)'n

h+1
k—1 5 5
1 - bl P2
S5khL > Wit 2 AL
j=k—m 20+ 500)

i.e., (9) holds.
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Below, we derive (10). Since Qr+1 < Qur1 Vt € [k — 7%, k], (10) can be guaranteed by

Z pt<7“ng+l Ve e [k —Th k], VkeN,.
t=0+1 Qe+1

Note that because Qr+1 < Qry1,

Qk+1 _ Qi WPqr WBL)
Qi Qur 2 2
S Qe h%q  yhL
T Q2 2
2
> (Mg t)hQ W;L
il2 ’}/gilL

11 _
( tk:qut)2 9

Because o0 < L, h = i c < T% and because of (8) and 7/ = %, we have

and therefore,

1
k k
I @ = iy Ty co—h)y
TR2—ht1
co(l - h)y
> H?:k)*‘l'k(l - ~27~)
h?2—h+1
. M
t=k—T1y W —h+1
O ~h(ljh)
= L+cop?2—-h+1
L
> )
~ L+co

where the last step is due to - “hi) < 1 because of h € (0,1). By (37), (38), (8), 7/ = h/L, and ¢ < "
{ e [ — Tk, ]f],

Qk+1 1 Lh2
_ <
E Dt é E Tt — 5T T o = 0,

t=t+1 +1

i.e., (36) holds, which guarantees (10).

C. Proof of Theorem 3

(36)

(37

(38)

=, for any

The proof mainly uses Theorem 1 and following Lemma, which indicates that some quantities produced by Async-BCD

satisfy (9).
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Lemma 2. Suppose that all the conditions in Theorem 3 hold. Then, (9) holds with

Wi = {%CE[HJUIH-I =kl w >0,
0,

=0,
1—h ~
X =20 g5 by ),
L h
Vie=E[P(z)|=P", pr= ;k, G =1, 76 = 5 =P

In addition, (10) holds.

By Theorem 1 and Lemma 2, Theorem 3 is straightforward.

C.1. Proof of Lemma 2

If v, = 0, then pr, = 0. Below we consider the case where v; > 0 and prove (9) and (10).

IRETNED)
Suppose that at the kth iteration, the j’-th block is updated. Define v, = —*~—"*= — V;/ f(Z;). By the first-order

Bt
optimality condition of (5), *

uy, € RV (z0),

which, together with the convexity of RU ), yields

R(2p41) — R(zx) = RV (20)) = ROV (20"

< (s oy — o).

By the Lipschitz continuity in Assumption 1,

Flanin) = Fln) S(Virf o), ol — 2 )+ ||x<:+>1 |
Adding two equations above gives
Plai4r) = Plaw) (V50 (o) Fu, el ol 95 ey~ 1 (39)
In the above equation,

(V0 f () +up, ) — )

(4" (3" 40)
X — X
=9 @) + e ZED = BT )~ el e
Vi 2
By the definition of uy,
sy - o2 1)
IV f(@r) + up + TH = IV fz) =V f(@e)]".
Substituting (40) and (41) into (39) gives
P(zpy1) — P(ak)
, 42)
Yk ~ / ’ (
<DV @)=V F @I = TNV o) el = o),
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In addition,

, HPTOXWRW(J?;(CJ Yy flan)) — 2 2
k

) y

<= prox, pon (2 = WV flax)) — 2P )1
Tk 43)

2 y y

+ 7”‘%(3 ) xl(cy )”2

<2V o f (@) = Vo f () |2+ —||wk+1 22,

where the last inequality comes from the non-expansive property of the proximal operator. Multiplying both sides of (43) by
% and adding the resulting equation with (42), we derive

P(zpq1) — P(xk) < ‘M
H prOX'ykR(J)( ( — rykv f(xk)) — xl(c] ) ”2
, Tk “
9 _
. L>||v ) = Vi @)l
h/'}/k ” (3" —

Trt1 5”1@ ||2
Moreover, by (6), Ji, C [k — 7, k], Assumption 1, the step-size condition (8), 7' = % and the Cauchy-Schwartz inequality,
IV f (xx) = Vo f (@)
=1 > Vi f @) = Vi fla)]

teJy

k—
> Vif(@e) = Vi f(a)|?

t=k—11
k—1
<O IV fxer) — Vi f(a)l)?
t=k—Ty (45)
k—1
_ IV f(@er1) = Vi f()l]
<t:;m\/% Yo )
AT Y W) = VoSl
t=k—Ty t=k—Ty Tt
& Nz — @
<Lh u7
B t:;ﬂc ’yt

and according to Lemma 1 in (Karimi et al., 2016), because y;, < %,

prox., p(vx — %V f(zr)) — o

| | > VP ()] (46)
YTk
Substituting (45) and (46) into (44) and using (2 — h)h < 1, we have
E[P(zg41)|zr] — P(2k)
- k—1
v&(1—h) 2 L% h— Ly,
<= VPP + kZ Wi = ———Wi.
Tk

Therefore, (9) holds.
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D. Proof of Proposition 1
Proof of (15): To derive (15) for adaptive step-size (13), define {t};2,asto =0, tpy1 =min{t: t — 7 >t} Vk € Ny
and N = 1+ max{j : t; < k} Vk € Ny. Because 7; < 7 Vj € N, by the definition of ¢;,
tiv1 <tj+7+1, VjeN.
In addition, ¢y = 0. Then, we have t; < J(7 + 1), which implies tik/(r+1)] < k. By definition of Ng,
Nip > 14+ max{j:t; <k}

k+1

>1+4+|k/(t+1 >
Note that because t5, + 1 < g1 — 74, >

tht1 tht1

Z Vi = Z Vi

Jj=tr+1 J=tep1—=Tey
In addition, by the definition of Ny, tn, —1 < k, which, together with the above equation, gives

tNk 1 —2 toga

k
Z'Yj_ Z7j—70+ Z Z Vi
=0

(=0 j=te+1
Np—2 toy1

e R DD D2

=0 j:tk+17Ttl{+l

47

tey1—1
J=ter1—Te,

If v, =0, thenay,,, <~ =) ~;» which implies

tg+171

Z V>

J=ter1—Te,

Otherwise, v¢,,, = a(y’ — St 7;) and

J=te41—Tey

tot1 try1—1

Yo =y +(0-a) >

J=ter1—Te, J=ter1—Te,

From the above two equations, we have Zé“;@ﬂ e Vi 2 ay'. In addition, because 7, € [0, k] Vk € Ny, 79 = 0 and

Yo = ay’. Substituting these into (47) yields (15).

Proof of (16): We use mathematical induction to prove (16) for adaptive step-size (14). Suppose that the following equation
holds at some k € Ng:

T Y+
g S > W <k-1 48
j:O'Vj_T_Fl 11 = , (48)

which naturally holds when k& = 0. Below, we prove that (48) holds at k£ + 1 by showing

T A(k+1)
> > ALY 49
A B “49)

7) T T+ 1)y
Z > kY > .<k )’77
T + 1 T+1 T+1
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where the last step is due to T +1)2 > (TH)Q when 75, € [1, 7]. In addition, because k — 7, — 1 < k — 1, by (48),

k— Tk—

> k=)
%*T—&—l T4+1

Addmg the two equatlons above and using v = 0, we have (49). If 7, > 0, then by (14), v, >

- +1 > T—H In addition,
Z o 'yj > - +1 by (48). Then, we have (49), which indicates (48) at k + 1. Conclude all the above, (48) as well as (16)
holds for all k£ € Ny.

E. Wall-clock-time Convergence and Comparison with Synchronous Counterparts

We also plot the convergence of PIAG and Async-BCD in terms of wall-clock time and compare them with their synchronous
counterparts by solving the same problem in Section 4 under the same experiment settings. We provide the details of the
three simulated datasets in Table 1

Table 1. data sets

Dataset | sample number | feature dimension
RCV1 20242 47236
MNIST 60000 784
CIFAR100 50000 3072

E.1. PIAG

The synchronous version of PIAG is distributed proximal gradient (PG) method, where at each iteration, the master updates
after it received mini-batch gradients from all the workers. We set the step-size in distributed PG as 1/L and plot the
experiment result in Figure 5.

Figure 5. PIAG vs. distributed PG.
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Observe from Figure 5 that in terms of running time, PIAG with the two adaptive step-sizes still converge significantly
faster than that with the fixed step-size. Although intuitively, asynchronous algorithms are supposed to outperform the

synchronous version in terms of running time, it is nof true for PIAG in our experiment. This may mainly because of the
small step-sizes in PIAG caused by delays.
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E.2. Async-BCD

The synchronous counterpart of Async-BCD is synchronous distributed BCD. We run synchronous distributed BCD with
8 workers and randomly sample 8 blocks over 20 blocks to update at each iteration. We set the step-size in synchronous
distributed BCD as 8/ L (still significantly smaller than 1/ in the experiment), which is a standard step-size because each
iteration of synchronous distributed BCD updates 8 blocks. The experiment result is plotted in Figure 6.

Figure 6. Async-BCD vs. synchronous distributed BCD.
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Observe from Figure 6 that Async-BCD with two adaptive step-sizes outperforms not only Async-BCD with fixed step-sizes
but also synchronous distributed BCD.



