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Abstract

Stochastic gradient descent (SGD) is the
workhorse in modern machine learning and data-
driven optimization. Despite its popularity, ex-
isting theoretical guarantees for SGD are mainly
derived in expectation and for convex learning
problems. High probability guarantees of noncon-
vex SGD are scarce, and typically rely on “light-
tail” noise assumptions and study the optimiza-
tion and generalization performance separately.
In this paper, we develop high probability bounds
for nonconvex SGD with a joint perspective of
optimization and generalization performance. In-
stead of the light tail assumption, we consider
the gradient noise following a heavy-tailed sub-
Weibull distribution, a novel class generalizing
the sub-Gaussian and sub-Exponential families
to potentially heavier-tailed distributions. Under
these complicated settings, we first present high
probability bounds with best-known rates in gen-
eral nonconvex learning, then move to nonconvex
learning with a gradient dominance curvature con-
dition, for which we improve the learning guaran-
tees to fast rates. We further obtain sharper learn-
ing guarantees by considering a mild Bernstein-
type noise condition. Our analysis also reveals
the effect of trade-offs between the optimization
and generalization performance under different
conditions. In the last, we show that gradient
clipping can be employed to remove the bounded
gradient-type assumptions. Additionally, in this
case, the stepsize of SGD is completely oblivious
to the knowledge of smoothness.
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1. Introduction

Stochastic gradient descent (SGD) has found wide applica-
tions in modern statistical and machine learning (Bousquet
& Bottou, 2007; Bottou et al., 2018; Lan, 2020). As itera-
tive algorithms, SGD works by querying an oracle for an
unbiased gradient estimate built on one or several training
examples in place of the exact gradients. Since its simplicity
in implementation, low memory requirement, and low com-
putational complexity per iteration, as well as good practical
behavior, SGD is becoming ubiquitous in the big data era
(Jain & Kar, 2017; Bubeck, 2015; Hazan et al., 2016; Lei &
Tang, 2018). The success of SGD motivates the researchers
to investigate its theoretical properties (Neu, 2021; Harvey
et al., 2019; Madden et al., 2021; Ghadimi & Lan, 2013).

From a theoretical point of view, existing literature pro-
vides a quite comprehensive understanding regarding the
expected guarantees of SGD (Harvey et al., 2019; Li &
Orabona, 2020). However, expectation bounds do not cap-
ture the behavior of SGD within a single or few runs, which
is related to the probabilistic nature of SGD. In addition,
in practical applications such as deep learning, it is often
the case that the algorithm is usually run only once since
the training process may take a long time. Therefore, ob-
taining a high probability bound is essential to ensure the
performance of the algorithm on single runs (Li & Orabona,
2020; Harvey et al., 2019; Ward et al., 2019; Cutkosky &
Mehta, 2021). In particular, many problems of interest (e.g.,
neural network training) are nonconvex, however, few high
probability analyses of SGD in the nonconvex context exist
(Ghadimi & Lan, 2013; Li & Orabona, 2020; Zhou et al.,
2018; Lei & Tang, 2021; Ward et al., 2019).

Many recent works suggest that SGD exhibits heavier noise
than light sub-Gaussian tails (Madden et al., 2021; Gur-
buzbalaban et al., 2021; Simsekli et al., 2019; Panigrahi
et al., 2019; Simgekli et al., 2019; Zhang et al., 2020a;b;
2019; Gorbunov et al., 2020; Cutkosky & Mehta, 2021). For
example, Zhang et al. (2020b) provide empirical evidence
that large natural language processing models based on at-
tention and transformers (Vaswani et al., 2017; Cutkosky
& Mehta, 2021) have heavy-tailed gradient noise. It was
suggested in (Nguyen et al., 2019; Hodgkinson & Mahoney,
2021) that the heavier-tailed noise of SGD may strongly
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corrupt its generalization performance to testing data. In
this case, many existing theoretical results assuming light
sub-Gaussian tails appear to be restrictive (Li & Orabona,
2020; Zhou et al., 2018; Madden et al., 2021). Therefore, it
is significant to investigate the high probability theoretical
guarantees of nonconvex SGD in a heavy-tailed noise set-
ting since it is towards a more realistic analysis (Cutkosky
& Mehta, 2021; Madden et al., 2021; Barsbey et al., 2021).

Moreover, existing learning guarantees of SGD are mainly
derived separately either from the point of optimization per-
formance or generalization performance (Lei et al., 2021a).
Optimization performance concerns how the learning algo-
rithm minimizes the empirical risk, while generalization per-
formance concerns how the predictive models learned from
training samples behave on the testing samples. However,
with the development of theoretical studies, it is gradually
revealed that the learning performance of models is influ-
enced by both the complexity of models and the optimiza-
tion algorithms used to train the model (Lei & Tang, 2021;
Neyshabur et al., 2017). Bousquet & Bottou (2007) also
show that it is the interaction of optimization and generaliza-
tion that determines the model’s final learning performance.
In this spirit, to investigate the learning guarantees of SGD,
it is necessary to consider both the optimization and gen-
eralization properties. However, for nonconvex learning,
such theoretical studying is still scarce (Lei & Tang, 2021),
since existing works of nonconvex SGD mainly focus on
the optimization (Reddi et al., 2016; Li & Orabona, 2020;
Ward et al., 2019; Cutkosky & Mehta, 2021; Allen-Zhu &
Hazan, 2016; Ghadimi & Lan, 2013; Ghadimi et al., 2016;
Zhou et al., 2018; Madden et al., 2021).

Motivated by the above problems, in this paper, we study
the high probability guarantees for nonconvex stochastic
gradient descent with heavy tails by joint consideration of
the optimization properties and generalization properties.
To be specific, we consider a novel heavy-tailed distribution,
sub-Weibull distribution (Vladimirova et al., 2020), which
generalizes the sub-Gaussian and sub-Exponential families
to potentially heavier-tailed ones (Camuto et al., 2021; Mad-
den et al., 2021; Vladimirova et al., 2019; 2020; Kuchibhotla
& Chakrabortty, 2018). We develop high probability bounds
for the optimization and generalization properties under this
distribution. Our contributions can be summarized below.

(1.) We first investigate the general nonconvex learning, for
which we establish high probability optimization bounds
and generalization bounds of gradients with relaxed assump-
tions. The analysis confirms the trade-off between the opti-
mization and generalization performance.

(2.) We then study the nonconvex stochastic gradient de-
scent with a gradient dominance curvature condition, for
which we derive faster rates for the generalization bound of
gradients and the optimization error. By balancing the two

bounds, we also give fast rates for excess risk.

(3.) We then consider a mild Bernstein-type noise condi-
tion, and further provide sharper learning guarantees for the
generalization bound of gradients and the excess risk. The
analysis reveals that, in this case, optimization will always
benefit the generalization, and the over-fitting phenomena
would never happen.

(4.) We finally study SGD with clipped gradients, for which
we provide a high probability learning guarantee and re-
move a commonly used bounded gradient assumption. To
our knowledge, this is the first high probability bound for
nonconvex SGD with clipping.

This paper is organized as follows. We first review the
related work in Section 1.1 and then introduce the prelim-
inaries relevant to our discussion in Section 2. Section 3
presents the main results, where we derive a series of learn-
ing guarantees for SGD. In Section 4, we conclude this
paper. The complete proofs are provided in the Appendix.

1.1. Related Work

High Probability Bounds of SGD. Most of the literature
proves bounds of SGD in expectation (Harvey et al., 2019;
Lei & Ying, 2021; 2020). The high probability bounds of
SGD are mainly provided for convex learning problems, in-
cluding optimization performance (Kakade & Tewari, 2009;
Hazan & Kale, 2014; Rakhlin et al., 2012; Gorbunov et al.,
2020; Harvey et al., 2019; Davis & Drusvyatskiy, 2020;
Davis et al., 2021; Gorbunov et al., 2021; Jain et al., 2019;
Lei & Tang, 2018) and generalization performance (London,
2017; Lei et al., 2021a;b; Feldman & Vondrak, 2019; Bassily
et al., 2020). As a comparison, there is relatively less high
probability studies on the nonconvex learning (Madden et al.,
2021; Li & Orabona, 2020). In the related work of noncon-
vex learning, Ghadimi & Lan (2013); Li & Orabona (2020);
Zhou et al. (2018); Ward et al. (2019); Lei & Tang (2021);
Madden et al. (2021) provide high probability bounds for
SGD or adaptive SGD. However, most of these works as-
sume the light-tailed sub-Gaussian gradient noise.

Noise in Neural Network. Recently, Simsekli et al. (2019);
Panigrahi et al. (2019); Simsekli et al. (2019); Gurbuzbala-
ban et al. (2021); Camuto et al. (2021) started the topic of
heavy-tailed stochastic gradient noise, mainly focusing on
Langevin dynamics and escaping saddle points. Wang et al.
(2021) provide expected convergence analysis of optimiza-
tion for a a-stable distribution with « € [1, 2) for strongly
convex learning problems. Zhang et al. (2020b); Cutkosky
& Mehta (2021) instead present convergence rates for a con-
dition that the gradients having bounded p-th moments for
some p € (1,2]. Specifically, Zhang et al. (2020b) provide
an in-expectation analysis for nonconvex SGD with clip-
ping. And Cutkosky & Mehta (2021) prove high probability
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bounds with a combination of gradient clipping, momen-
tum, and normalized gradient descent under the noncon-
vex setting. It is not clear whether the proof techniques in
(Cutkosky & Mehta, 2021) can guarantee the convergence
of the vanilla SGD since the momentum brings some expo-
nential terms to accelerate convergence, and the normalized
gradient descent operation is coupled with the momentum.
Meanwhile, Madden et al. (2021) provide high probabil-
ity analysis for nonconvex SGD with the heavy-tailed sub-
Weibull gradient noise. However, they only derive bounds
in the general nonconvex learning regime and focus on the
optimization performance of SGD. Therefore, the high prob-
ability analysis of nonconvex SGD with heavy tails has not
been thoroughly studied, even far from be understood. This
paper makes an effort in this direction.

2. Preliminaries
2.1. Notations

Let P be a probability measure defined on a sample space
Z, many problems of machine learning can be cast into the
following stochastic optimization problem with a hypothesis
space indexed by W C R?

Vrvréilr/b F(w) :=E,.p[f(w;2)],
where the objective f : W x Z +— R, is possibly non-
convex and E, . p denotes the expectation with respect to
(w.r.t.) the random variable z drawn form P.

In statistical learning, F'(w) is often referred to as popula-
tion risk (Li & Liu, 2021b). People want to learn a prediction
model with small population risk. However, F(w) is typi-
cally not accessible since the underlying distribution P is
unknown. In practice, we often sample a set of i.i.d. training
data S = {z1, ..., 2, } from P and minimize the following
empirical risk (Liu, 2021; Yin et al., 2021; Li et al., 2018)

Zf(w;z».

SGD has shown its powerful efficiency in optimizing the
empirical risk Fig(w) (Bottou et al., 2018; Ghadimi & Lan,
2013). The steps of SGD are shown in Algorithm 1.

Fs(w) :=

S|

We then introduce some notations used in this paper. Let
b = sup,cz |V £(0;2)|, where V f(-; z) denotes the gra-
dient of f w.r.t. the first argument and || - || denotes the Eu-
clidean norm. Let B(wy, R) := {w € R? : ||w — wq|| <
R} denote a ball with center wy € R? and radius R. In
this paper, we mainly assume that the set W satisfies W :=
B(0, R), denoted by Br. Letw(S) € arg minyew Fs(w)
and w* € argminyy F(w). We also denote A < B
if there exists universal constants C;,Cy > 0 such that
C1A < B < (ChA.

Algorithm 1 SGD
Input: initial point wy = 0, step sizes {7}, dataset S =
{2’1, ceey Zn}

1: fort=1,...,T do

2:  draw j; from the uniform distribution over the set

{g:5enl}
3:  update Wy = wy — 3V f(Wy; 25,).
4: end for

2.2. Sub-Weibull Distribution

We now introduce the definition of sub-Weibull random
variables, which is characterized by the moment generating
function (MGF) (Vershynin, 2018).

Definition 2.1. (Vladimirova et al., 2020) A random vari-
able X, satisfying

E[exp ((|X|/K)%)} <9 (1)

for some positive K and 0, is called a sub-Weibull random
variable with tail parameter 6, which is denoted by X ~
subW (0, K).

We provide some important preliminaries of sub-Weibull
random variables in Appendix A. This novel class gener-
alizes the sub-Gaussian and sub-Exponential families to
potentially heavier-tailed distributions. Sub-Weibull dis-
tributions are parameterized by a positive tail index 6 and
reduced to sub-Gaussian distributions for § = 1/2 and to
sub-Exponential distributions for # = 1. The higher tail pa-
rameter 6 corresponds to the heavier tails. The light-tailed
distributions are often called the sub-Gaussian ones (Ver-
shynin, 2018). To explicitly show the difference between
the light-tailed distribution and sub-Weibull distribution, we
give the definition of the light-tailed distribution below.

Definition 2.2 (Light-Tailed Distribution). A random vari-
able X, satisfying

E[exp ((X/K)?)| <2,
for some positive K, is called a light-tailed random variable.

Therefore, in the rest of the paper by stochastic gradient
noise with heavy-tailed distribution, we mean such a stochas-
tic gradient noise that satisfies (1) with > 1/2. However,
to complete the picture of high probability bounds of non-
convex SGD, we also provide theoretical results of § = 1/2.
Remark 2.3. One of the appearing difficulties in studying
sub-Weibull distribution is that when 6 > 1, i.e., beyond the
sub-Gaussian and sub-Exponential distribution, the MGF
of X doesn’t exist (Bakhshizadeh et al., 2020). Note that
in Definition 2.1, the MGF is defined on | X |1/ 9. Therefore,
the standard technique, i.e., finding upper bounds for the
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MGEF, clearly fails for the heavy-tailed sub-Weibull distri-
bution, which also means that it is not easy to establish the
concentration of measure inequalities for it. However, the
concentration of measure inequalities for martingales, espe-
cially the Bernstein-type inequality, plays an essential role
in our analysis. With the recent theoretical advances of mar-
tingale inequalities for heavy-tailed distributions (Li, 2021;
Fan & Giraudo, 2019; Madden et al., 2021; Bakhshizadeh
et al., 2020), we use these tools to derive a series of learning
guarantees for nonconvex SGD with heavy tails from both
points of the optimization and generalization properties.

2.3. Assumptions

We first demonstrate our assumption on the stochastic gradi-
ent noise, shown as follows.

Assumption 2.4 (Sub-Weibull Noise). Conditioned on
the previous iterates, we assume the gradient noise
Vf(wy; 2;,) — VEs(wy) is centered and ||V f(wy; z5,) —
VEs(wy)| ~ subW (6, K) such that 0 > 1, ..,

Ejt [Vf(wt, th) - VFS(Wt)] = 07
and
B, [exp ((IVF(wei 2,) = VEs(wo)ll /K)D)] <2

Remark 2.5. The clear motivation of our study on the heavy-
tailed sub-Weibull stochastic gradient noise is that many
recent works suggest that SGD exhibits heavier noise than
sub-Gaussian (Madden et al., 2021; Gurbuzbalaban et al.,
2021; Simsekli et al., 2019; Panigrahi et al., 2019; Simsekli
et al., 2019; Zhang et al., 2020a;b; 2019; Gorbunov et al.,
2020; Cutkosky & Mehta, 2021; Wang et al., 2021). For
instance, there is strong empirical evidence that the gradient
noise often exhibits a heavy-tailed behavior in fully con-
nected and convolutional neural networks (Simsekli et al.,
2019; Gurbuzbalaban & Hu, 2021) as well as attention-
based neural networks (Wang et al., 2021; Zhang et al.,
2020b). Moreover, Vladimirova et al. (2019; 2020) show
that a Gaussian prior on the weights of a Bayesian neural
network produces a sub-Weibull distribution on the weights.
Thus, the theoretical analysis of this paper may be helpful
to the study of the Bayesian neural network.

Assumption 2.6 (Smoothness). Let 3 > 0. For any sample
z € Z and w,w’ € W, a differentiable function w
f(w; 2) is B-smooth if

IV f(w;2) = V(W5 2)|| < Bllw — wl].

Remark 2.7. This assumption is necessary to have the con-
vergence of the gradients to zero (Li & Orabona, 2020). It
is widely used in the optimization and generalization analy-
sis of nonconvex learning problems (Feldman & Vondrak,
2019; Hardt et al., 2016; Reddi et al., 2016; Foster et al.,
2018; Li & Liu, 2021c; 2022).

Assumption 2.8. There exists G > 0 such that for all
Sezn,

|| VFEs(wy)|| < G,Vt € N.

Remark 2.9. The bounded stochastic gradient assumption,
ie., |[Vf(wg2)|| < GforVt € Nand z € Z, is very
common in the stochastic optimization literature (Hardt
et al., 2016; Kuzborskij & Lampert, 2018; Reddi et al.,
2016; Harvey et al., 2019; Li et al., 2021). Compared to this
bounded gradient assumption, Assumption 2.8 is mild since
the stepsize 7, should goes to zero along with the increase
of iterate number ¢. Typical choices of 7, are O(t~2) and
O(t1) (Ghadimi & Lan, 2013; Lei & Tang, 2021), which
are also our studied ones in this paper. We highlight that we
also show the gradient clipping can be served as a potential
tool to remove this assumption, please refer to Section 3.4.

Assumption 2.10 (Noise Condition). There exists G, > 0
such that forall 2 < k < n,

E. [IVF(w*, )] <27 'KIE. [|V/(w",2)[?] G52,

Remark 2.11. Assumption 2.10 is a classical Bernstein con-
dition (Wainwright, 2019) on gradient norms. This assump-
tion is pretty mild since it was assumed at the optima w*.
Moreover, in our theoretical results, G, will always exist in
the O(1/n?) term, it, therefore, produces little influence on
the learning guarantees.

Assumption 2.12 (PL Condition). Assume that for any
S € Z™, there exists an g > 0 such that

Fs(w) — Fs(w(S)) < (4us) " |[VEs(w)|*, Yw € W.

Remark 2.13. PL condition is also referred to as “gradient
dominance condition” (Foster et al., 2018). This condi-
tion simply requires that the gradient grows faster than a
quadratic function as we move away from the optimal func-
tion value. PL condition is one of the weakest curvature con-
ditions and is widely employed in nonconvex learning, such
as (Xu & Zeevi, 2020; Xu & Zeevi, 2020; Lei & Tang, 2021;
Lei & Ying, 2021; Lei et al., 2021a; Charles & Papailiopou-
los, 2018; Zhou et al., 2018; Reddi et al., 2016; Karimi et al.,
2016), to mention but a few. Under suitable assumptions on
the input, many popular nonconvex objective functions sat-
isfy the PL condition, including mixture of two Gaussians
(Balakrishnan et al., 2017), phase retrieval (Sun et al., 2018),
robust regression (Liu et al., 2016), blind deconvolution (Li
et al., 2019), matrix factorization (Liu et al., 2016), linear
dynamical systems (Hardt et al., 2018), neural networks
with one hidden layer (Li & Yuan, 2017), ResNets with lin-
ear activations (Hardt & Ma, 2016), etc. Moreover, Liu et al.
(2020) recently show that sufficiently over-parameterized
systems, including wide neural networks, generally satisfy
the PL condition locally around random initialization.
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3. Main Results

In this section, we show the main results of this paper. We
first consider general non-convex learning setting in Section
3.1 and then non-convex learning satisfying the PL condition
in Section 3.2. Section 3.3 further considers the Bernstein-
type noise condition (Assumption 2.10). In Section 3.4 we
study SGD with clipping.

3.1. General Nonconvex Learning

We study heavy-tailed SGD with joint consideration of op-
timization and generalization performance, as discussed
before. For characterizing this, we first present high prob-
ability bounds on the gradients of empirical risks, written
as ||V Fs(w)||?, which is relevant for the optimization per-
formance since it corresponds to that the optimization algo-
rithm minimizes the empirical risk Fg.

Theorem 3.1. Suppose Assumptions 2.4 and 2.6 hold.
Let wy be the iterate produced by Algorithm 1. Assume
ne = mt—2 withmyy < 1/(28). For any § € (0,1), with
probability 1 — 6,

(a.) if0 = %, then we have the following inequality

(10g(1/5)10gT>;

\meHVFs(Wt)IIQ JT

(b.) if 0 € (%, 1] and Assumption 2.8 holds, then we have

1 _ (108 (1/8)log Ty
77 2V s = O(ZE=2E):

(c.) if 0 > 1 and Assumption 2.8 holds, then we have

1 < )
N ;mHVFS(Wt)H

log?1(T/6) log(1/6) + log®* (1/6) log T
=o( v ).

Remark 3.2. In the general nonconvex case, since we cannot
guarantee that the algorithm can find a global minimizer, we
therefore use the norm of gradients to measure the perfor-
mance of SGD (Ghadimi & Lan, 2013; Madden et al., 2021).
From Theorem 3.1, one can see that when 6 increases,
the learning guarantees of optimization performance are
growing worse. For instance, when € > 1, an extra term
log?~(T'/6) log(1/5) appears. Nonetheless, the learning
bounds we established are still of the order O(1/+/T') when
hiding the logarithmic terms. Theorem 3.1 also shows that
for the light-tailed sub-Gaussian noise (i.e., § = 1/2), As-
sumption 2.8 doesn’t required, which is because in this
case, the sub-Weibull Freedman inequality in Lemma A.5

is hold for any o > 0 (see (3) for details). But for heavy-
tailed gradient noise, we need Assumption 2.8 to guarantee
a > bmax;c[r) m; (see (4) and (5) for details). We now
compare Theorem 3.1 with the related work of high prob-
ability bounds of nonconvex SGD. Ghadimi & Lan (2013)
are the first to analyze nonconvex SGD, whose bound’s de-
pendency on the confidence parameter 1/6 is linear. As a
comparison, Theorem 3.1 presents a logarithm dependency.
Lei & Tang (2021) then provide the O(log(1/6)/+/T) order
bound, but require assuming /7||V f(w¢; 25, )|| < G. The
work most relevant to us is (Madden et al., 2021). Motivated
by recent research on heavy-tailed phenomena in SGD, Mad-
den et al. (2021) also study the heavy-tailed sub-Weibull
gradient noise. They provide upper bounds of the similar
order, but require assuming ||VFgs(w;)|| < G. By com-
parison, Assumption 2.8 is milder than the corresponding
ones of (Madden et al., 2021; Lei & Tang, 2021), meaning
that we establish the comparable bounds by the relaxed as-
sumption. Additionally, Li & Orabona (2020); Zhou et al.
(2018); Ward et al. (2019) provide high probability bounds
for adaptive SGD under the nonconvex setting. However,
Li & Orabona (2020); Zhou et al. (2018) only focus on
the case of # = 1/2 and the bounds in Ward et al. (2019)
have linear dependency on the confidence parameter 1/0.
Roughly speaking, their bounds are of the order O(1/v/T)
(Li & Orabona, 2020; Zhou et al., 2018; Ward et al., 2019).
Overall, in comparison with related work, our established
learning bounds under the heavy-tailed setting in Theorem
3.1 show pretty strong competitiveness. We highlight here
we also improve the O(1/y/T) order bounds to O(1/T)
order in Section 3.2.

We then provide high probability bounds on the generaliza-
tion error of gradients, written as |V Fg(w;) — VF(w;)]?,
which is related to the generalization performance since it
corresponds to approximating the population gradient by
its empirical counterpart based on training samples (Foster
et al., 2018; Mei et al., 2018; Lei & Tang, 2021).

Theorem 3.3. Suppose Assumptions 2.4 and 2.6 hold. Let
w; be the iterate produced by Algorithm 1. Assume 1, =
mt=z withn < 1/(28). Forany § € (0,1) and uniformly
forallt =1,...T, with probability 1 — ¢,

(a.) if0 = % then we have the following inequality
IVE(Wet1) = VFs(wei)||?
1, 2
:(’)(T2 log (%)(logT) (d + log(%)) )

’
n

(b.) if0 (% 1] and Assumption 2.8 holds, then we have

IVE(Wis1) = VEs(Wer)|

VF
( T4 102+ ( )(1OgT)(d+10g(%)))_
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(c.) if 0 > 1 and Assumption 2.8 holds, then we have

IVF(wis) — VEs(wes) | = O( (d + log(5)

Y(T/6)1og(1/8) + log "™ (1) 1log T) )

Remark 3.4. Theorem 3.3 shows that when 6 € [1/2,1],
the generalization error bounds of gradients are of the order
O(T= (d+1log(%))/n) when hiding other logarithmic terms.
When the tail > 1, the guarantee is clearly worse since
an extra term log? ~*(7'/8) log(1/6) appears. Similarly, for
light-tailed sub-Gaussian noise, Assumption 2.8 is unneces-
sary. Lei & Tang (2021) also study the generalization error
bound of gradient in the general nonconvex case, but they
need assuming /7 ||V f(wy; 2;,)|| < G, which is stronger
than Assumption 2.8 , as discussed in Remark 3.2. More-
over, Madden et al. (2021); Li & Orabona (2020); Zhou
et al. (2018); Ward et al. (2019); Ghadimi & Lan (2013)
only study the optimization performance. The generaliza-
tion bounds in Theorem 3.3 would converge if the sample
size n > O(T% (d +1og(%))). Therefore, it provides novel
high probability learning guarantees for the generalization
property of nonconvex SGD with heavy tails.

Tz (log
X

Based on Theorems 3.1 and 3.3, we present high probability
generalization bounds on the gradients of population risk.

Theorem 3.5. Suppose Assumptions 2.4 and 2.6 hold. Let
w; be the iterate produced by Algorithm 1. Assume 1 =
mt=2 withmy < 1/(28). Selecting T < n/d. For any
d € (0,1), with probability 1 — §,

(a.) if0 = %, then we have the following inequality

a 9 d,1 n 3,10\
;nw wo)lP = O((5)* log(5) 10 () )

H \

(b.) if0 € (%, 1] and Assumption 2.8 holds, then we have

T
d\1 n 1
g IVE(w)|[? = O((5)* log(5) log™ () )

(c.) if 0 > 1 and Assumption 2.8 holds, then we have

1« VF 2_0 dél | (2042) 1
7 2 IVFo)I* = 0((3)* (1oa(G) 1082 (5)

"0 (5)).

Remark 3.6. The analysis of Theorem 3.5 is based on an
error decomposition: ||[VF(w;)||? < 2(|VEs(wy)|* +
|V Es(w¢) — VF(w,)||?), where the latter two terms are
bounded in Theorems 3.1 and 3.3. Clearly, the optimiza-
tion performance in Theorem 3.1 improves as the iterate

+ log

number 7" increases, while the generalization performance
would worsen as shown in Theorem 3.3. Therefore, we need
to trade off the optimization and generalization to reach a
better balance. By choosing the proper iteration number
T < n/d, we obtain the stated bounds of Theorem 3.5.

3.2. Nonconvex Learning with PL. Condition

Analogous to Section 3.1, we first show high probability
bounds for optimization error. Note that we can derive
guarantees for optimization error of function values instead
of gradients under the PL condition.

Theorem 3.7. Suppose Assumptions 2.4, 2.6, and 2.12 hold.
Let w be the iterate produced by Algorithm 1. Assume n, =
m with to > max{ﬁ—g, 1}. Then for any 6 € (0,1),
with probability 1 — 6,

(a.) if0 = %, then we have the following inequality

log(1/6) ) .

T 7
(b.) if0 € (%, 1] and Assumption 2.8 holds, then we have

Fs(wr.1) = Fs(w(s)) = O

Fg(w(S)) =
(c.) if 0 > 1 and Assumption 2.8 holds, then we have
Fs(wri1) — Fs(w (S>)

3 3(60—
(1og<9+z>(;)1og 2 (T/a)long)
T

Remark 3.8. The learning bounds established in Theorem
3.7 are of the order O(1/T) when hiding the logarithmic
terms, which are faster than the order O(1/+/T') in Theorem
3.1. Similar to the analysis in Section 3.1, Theorem 3.7
confirms that when 6 increases, the learning guarantees of
the optimization error are becoming worse.

Fs(wri1) —

)

3 1
O(log(0+2)((1s) log?2 T).
T

We then develop high probability bounds for the generaliza-
tion error of gradients under the PL condition.

Theorem 3.9. Suppose Assumptions 2.4, 2.6, and 2.12 hold.
Let w be the iterate produced by Algorithm 1. Assume 1, =
with to > max{:t—’g, 1}. Then for any § € (0,1)
T, with probability 1 — 9,

2
ps (t+to)
and uniformly forallt =1, ...

(a.) if0 = % then we have the following inequality

IVE(wii1) —

(d + log(%)
n

VFs(wei)|

1
=0 log2(5) log T);

(b.) if 0 € (%, 1] and Assumption 2.8 holds, then we have
IVF(Wis1) —

B d +log(3)
70( n

VEs(wit1)]?

1
(260+1) 1 )
log (6) log T),
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(c.) if 0 > 1 and Assumption 2.8 holds, then we have

d + log(%
||VF(Wt+1) - VFS(Wt+1)||2 = O(%m

X (log(29+1)(%) +1og? ™ (T/8) log(1/6)) log T).

Remark 3.10. Theorem 3.9 suggests that when the PL condi-
tion is satisfied, the generalization error of gradients would
have a logarithmic dependency on the iterate number 7',
which significantly improves the square-root dependency
in Theorem 3.3. Therefore, compared to the sample size
n in the upper bounds, the increasing optimization process
(i.e., increasing T') has little influence on the generalization
performance due to the logarithmic dependency of 7.

Combined with Theorems 3.7 and 3.9, we show high prob-
ability bounds for excess risk F'(wpy1) — F(w*) (Foster
et al., 2018; Feldman & Vondrak, 2019; Bassily et al., 2020).
Additionally, we assume the population risk F satisfies the
PL condition for some positive constant zi:

F(w) = F(w') £ g [VF(w).Yw W, @)

Theorem 3.11. Suppose Assumptions 2.4, 2.6, 2.12, and
(2) hold. Let wy be the iterate produced by Algorithm 1.
Assume n; = m with to > max{ﬁ—i, 1}. Selecting
T =< n. Then for any ¢ € (0,1), with probability 1 — 0,

(a.) if0 = % then we have the following inequality

F(wrar) - Fiw') = 0 Z285 1052 1og ).

(b.) if0 € (%, 1] and Assumption 2.8 holds, then we have

. d +log(%
Fwry1) — F(w*) = 0(7(5)
n
(c.) if 0 > 1 and Assumption 2.8 holds, then we have
Fwryr) = F(w)

A dH10g(5) 1 mginy, 1
—O(T log (g)log

Ao (%) log n) .
Remark 3.12. Theorem 3.11 suggests that if F's and F' sat-
isfy the PL condition, the excess risk would be of the order
O(1/n) w.rt. the sample size n, which significantly im-
proves the O(1/4/n) order in Theorem 3.5. The previous
Theorem 3.9 also confirms the trade-off between the opti-
mization and generalization even under the PL condition.
Specifically, when the generalization error bound of gradi-
ents dominates the final excess risk bound, more training
processes (i.e., increasing 7'), although reducing the op-
timization error of Theorem 3.7, would still increase the
excess risk bound due to the logarithmic dependency of 7.
By choosing the appropriate iteration number 7' < n, we
obtain the stated bounds of Theorem 3.11.

1
log(20+1) (5) log n) ;

)

3.3. Towards Sharper Learning Guarantees

In this section, we consider the case w € W := B(w™*, R).
When the Bernstein-type noise condition is satisfied, we can
further improve the learning guarantees of the generalization
error of gradients and the excess risk.

Theorem 3.13. Suppose Assumptions 2.4, 2.6, 2.10, 2.12,

and (2) hold. Let w be the iterate produced by Algorithm
. 4

1. Assume n; = m with tg > max{”—g, 1}. When

n > Ol(dHlog(Sslpins))

> m where c is an absolute constant,
then for any § € (0, 1), with probability 1 — 6,

(a.) if0 = %, then we have the following inequality

IVE(Wri1) — VEs(wrg)|® =
O(log(l/é) +log2(1/5) +IE[HW(w*,z)H?}1og(1/5)>_

T n? n '

(b.) if0 € (%, 1] and Assumption 2.8 holds, then we have

log(0+%) (%) log% T

IVE(Wwr41) = VEs(wri)|? = O
L o1/0) | BV 2P los(1/9)),

n2 n '

(c.) if 0 > 1 and Assumption 2.8 holds, then we have

|VF(wry1) — VFs(wri1)
_ O(E[||Vf(w*,z)||2] log(§) N

n n

| 2

log?(1/4)

3(0—1)

log(”%)(%) log~
T

Remark 3.14. Theorem 3.13 demonstrates that when both
the PL condition and the Bernstein-type noise condition
are satisfied, the generalization error of gradients would
be of the order O(1/T) w.rt. the iterate number T
when hiding the logarithmic terms, which significantly im-
proves the logarithmic dependency in Theorem 3.9. This
means that the optimization (i.e., increasing 7") will al-
ways benefit the generalization, and the over-fitting phe-
nomena would never happen. Additionally, note that in
this case, more training processes will reduce the influence

of heavy-tailed gradient noise. For instance, when 6 > 1,
3(6—1)

(log(e"'%) (3)log™ = (T/9) 1og% T) /T will remain to de-
crease as the iterate number 7" increases.

+

(T/6)log? T).

Combined with Theorems 3.13 and 3.7, we further improve
the learning guarantees of excess risk, shown as follows.

Theorem 3.15. Suppose Assumptions 2.4, 2.6, 2.10, 2.12,
and (2) hold. Let w be the iterate produced by Algorithm
1. Assume 1y = m with to > max{ﬁ—g, 1}. Selecting

82 (d-tlog ( Blos(@nR+2) ]
T < n2 Whenn > cB” (d+1og( S— ) \where c is an

"
absolute constant, for any § € (0, 1), with probability 1 — 6,
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(a.) if0 = %, then we have the following inequality
F(wri) — F(w") =
log*(%)  E[|IVf(w*,2)|]log(3
0( og"(5) , ElIVF(w" 2] Og((s));

n? n

(b.) if0 € (5,1

| and Assumption 2.8 holds, then we have

F(wry) — F(w") =
1 0+%) 1] 3
o8 (5)log n
TL2

E[||V.f(w*, 2)||*] log(1/6) ) ,

n

(c.) if 0 > 1 and Assumption 2.8 holds, then we have

F(wrsy) — F(w*) = O(]E[va(vv*,z)lm log(1/6)
n
n log™=" (n/9) IZ§(6+3)(§) log? n)

Remark 3.16. Theorem 3.15 suggests that under an extra
Bernstein-type noise condition, the excess risk would be
of the order O ((E[||V f(w*, 2)||*] log(1/6)) /n). The term
E[|Vf(w*,2)||%]) is tiny since it depends on the optima
w* and involves the expectation operator. Compared to The-
orem 3.11, Theorem 3.15 presents sharper learning guaran-
tees, and another distinctive improvement of Theorem 3.15
is that we successfully remove the dimension d. Indeed,
from Lemma 4.1 of (Srebro et al., 2010), if f is nonnegative
and B-smooth, we have ||V f(w*, 2)||? < 48V f(w*,2),
implying that E[||V f(w*, 2)||?] < 48F(w*). Therefore,
we can show the following Theorem 3.17.

Theorem 3.17. Suppose Assumptions 2.4, 2.6, 2.10, 2.12,
and (2) hold. Let w, be the iterate produced by Algorithm
1. Assume n; = m with tg > max{i—g, 1}. Assume
that F(w*) = O(L). Selecting T < n?®. Whenn >
cf? (d-+log(*EERTHR )

2

m where c is an absolute constant, for
any 6 € (0,1), with probability 1 — 0,

(a.) if0 = % we have the following inequality
) log®(§)
F(wr1) = F(w’) = 0(=52);

(b.) if 0 € (%, 1] and Assumption 2.8 holds, then we have

logw+ )( )logzn
n? )’

F(w*) = (’)(

(c.) if 0 > 1 and Assumption 2.8 holds, then we have

F(WT+1) -

3(6—1)

log(a"’%)(%) log% n

F(WT+1) _ F(W*) _ O<10g 2 (%)

n2

Remark 3.18. The assumption F'(w*) = O(1/n) we used
just to show that we can get improved bounds under low

noise conditions. The term F'(w*) should be independent of
n. This assumption is common and can be found in (Srebro
et al., 2010; Zhang et al., 2017; Zhang & Zhou, 2019; Lei
etal., 2021a; Liu et al., 2018; Lei & Ying, 2020). Theorem
3.17 presents O(1/n?) order high probability generalization
bounds for nonconvex SGD with heavy tails when hiding the
logarithmic terms. The O(1/n?) order bounds significantly
improve the O((d 4 log(%))/n) order bounds of Theorem
3.11. We highlight the sharper learning bounds in Section
3.3 are novel and have not been derived in the related work
of nonconvex SGD (Ghadimi & Lan, 2013; Lei & Tang,
2021; Madden et al., 2021), as well as adaptive SGD (Li &
Orabona, 2020; Zhou et al., 2018; Ward et al., 2019).

3.4. SGD with Clipping

The steps of SGD with clipping are shown in Algorithm
2. In this section, we consider gradient clipping to remove
Assumption 2.8 for nonconvex heavy-tailed SGD.
Theorem 3.19. Suppose Assumptions 2.6 and 2.12 hold.
Let w; be the iterate produced by Algorithm 2. As-
sume 1y = Mt~ B for some constant m > 0 and take
T = max{20K log? ( ), 4K log? \F} Then for any
d €(0,1), with probablllty 1 — 0, we have

—Zmln{HVFs(wt)H IV Fs(w,)| }
T
é

log (T/(S)logT—l—log%‘H( ) log(=)
- O( JT )

Remark 3.20. The bounded stochastic gradient assumption
is very commonly used in previous literature (Hardt et al.,
2016; Kuzborskij & Lampert, 2018; Zhou et al., 2018; Reddi
et al., 2016), but also pretty strong for deep learning (Li &
Orabona, 2020). In Theorem 3.19, we successfully remove
Assumption 2.8 and provide the high probability guaran-
tee under smoothness and sub-Weibull noise conditions.
We now compare Theorem 3.19 with the related work of
SGD with clipping. Gorbunov et al. (2020) focus on con-
vex learning problems, Zhang et al. (2020b) only provide
an in-expectation analysis, and Cutkosky & Mehta (2021)
prove bounds for momentum, as discussed in Section 1.1.
To our knowledge, this is the first high probability bound
for nonconvex SGD with clipping. Another improvement
of Theorem 3.19 to Theorem 3.1 is that its stepsize 7, does
not depend on the smoothness argument /3, i.e., completely
oblivious to the knowledge of smoothness. Thus, the conver-
gence of clipped SGD is robust to the choice of the stepsize.

4. Conclusions

This paper establishes high probability learning guarantees
for nonconvex SGD. In contrast to most theoretical stud-
ies, we consider the stochastic gradient noise following a
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Algorithm 2 SGD with Clippling
Input: initial point w; = 0, step sizes {7, }+, dataset S =
{z1, .., zn},and 7 > 0.

1: fort=1,....,T do

2. draw j; from the uniform distribution over the set

{j:jelnl} B
3:  obtain Vf(wy; 25,) =
Vf(weszg, : .
m min{r, HVf(V_Vt, zj )|}
4:  update wyy1 = wy — 0,V f(wy; 25,).
5: end for

novel class of heavy-tailed sub-Weibull distribution. Our
analysis involves joint consideration of optimization and
generalization performance. Under different assumptions,
we push the learning guarantees to different orders. We
also study clipped SGD to remove a very commonly used
assumption. We believe our theoretical findings can provide
in-depth insights into the learning guarantees of nonconvex
SGD. We also think that further investigating the theoretical
properties of clipped algorithms is of great significance.

Acknowledgments

We appreciate all the anonymous reviewers for their invalu-
able and constructive comments, especially one reviewer’s
suggestion to add more discussion and restructure. This
work is supported in part by the National Natural Science
Foundation of China (No. 62076234, No0.61703396, No.
62106257), Beijing Outstanding Young Scientist Program
NO.BJJWZYJH012019100020098, Intelligent Social Gov-
ernance Platform, Major Innovation & Planning Interdis-
ciplinary Platform for the “Double-First Class” initiative,
Renmin University of China, China Unicom Innovation
Ecological Cooperation Plan, Public Computing Cloud of
Renmin University of China, Beijing Natural Science Foun-
dation (No. 4222029).

References

Allen-Zhu, Z. and Hazan, E. Variance reduction for faster
non-convex optimization. In International Conference on
Machine Learning, pp. 699707, 2016.

Bakhshizadeh, M., Maleki, A., and de la Pena, V. H. Sharp
concentration results for heavy-tailed distributions. arXiv
preprint arXiv:2003.13819, 2020.

Balakrishnan, S., Wainwright, M. J., and Yu, B. Statistical
guarantees for the em algorithm: From population to
sample-based analysis. Annals of Statistics, 45(1):77-
120, 2017.

Barsbey, M., Sefidgaran, M., Erdogdu, M. A., Richard, G.,
and Simsgekli, U. Heavy tails in sgd and compressibility

of overparametrized neural networks.
arXiv:2106.03795, 2021.

arXiv preprint

Bassily, R., Feldman, V., Guzman, C., and Talwar, K. Stabil-
ity of stochastic gradient descent on nonsmooth convex
losses. In Advances in Neural Information Processing
Systems, pp. 4381-4391, 2020.

Bastianello, N., Madden, L., Carli, R., and Dall’ Anese, E.
A stochastic operator framework for inexact static and
online optimization. arXiv preprint arXiv:2105.09884,
2021.

Bottou, L., Curtis, F. E., and Nocedal, J. Optimization
methods for large-scale machine learning. Siam Review,
60(2):223-311, 2018.

Bousquet, O. and Bottou, L. The tradeoffs of large scale
learning. In Advances in Neural Information Processing
Systems, pp. 161-168, 2007.

Boyd, S., Boyd, S. P., and Vandenberghe, L. Convex opti-
mization. Cambridge university press, 2004.

Bubeck, S. Convex optimization: Algorithms and complex-
ity. Foundations and Trends® in Machine Learning, 8
(3-4):231-357, 2015.

Camuto, A., Wang, X., Zhu, L., Holmes, C., Giirbiizbalaban,
M., and Simsekli, U. Asymmetric heavy tails and implicit
bias in gaussian noise injections. In International Confer-
ence on Machine Learning, 2021.

Charles, Z. B. and Papailiopoulos, D. S. Stability and gen-
eralization of learning algorithms that converge to global
optima. In International Conference on Machine Learn-
ing, pp. 744-753, 2018.

Cutkosky, A. and Mehta, H. Momentum improves nor-
malized sgd. In International Conference on Machine
Learning, pp. 2260-2268, 2020.

Cutkosky, A. and Mehta, H. High-probability bounds
for non-convex stochastic optimization with heavy tails.
In Advances in Neural Information Processing Systems,
2021.

Davis, D. and Drusvyatskiy, D. High probability guarantees
for stochastic convex optimization. In Conference on
Learning Theory, pp. 1411-1427, 2020.

Davis, D., Drusvyatskiy, D., Xiao, L., and Zhang, J. From
low probability to high confidence in stochastic convex
optimization. Journal of Machine Learning Research, 22:
49-1, 2021.

Fan, X. and Giraudo, D. Large deviation inequali-
ties for martingales in banach spaces. arXiv preprint
arXiv:1909.05584, 2019.



High Probability Guarantees for Nonconvex Stochastic Gradient Descent with Heavy Tails

Feldman, V. and Vondrak, J. High probability generaliza-
tion bounds for uniformly stable algorithms with nearly
optimal rate. In Conference on Learning Theory, pp.
1270-1279, 2019.

Foster, D. J., Sekhari, A., and Sridharan, K. Uniform con-
vergence of gradients for non-convex learning and opti-
mization. In Advances in Neural Information Processing
Systems, pp. 8745-8756, 2018.

Ghadimi, S. and Lan, G. Stochastic first- and zeroth-order
methods for nonconvex stochastic programming. Siam
Journal on Optimization, 23(4):2341-2368, 2013.

Ghadimi, S., Lan, G., and Zhang, H. Mini-batch stochastic
approximation methods for nonconvex stochastic com-
posite optimization. Mathematical Programming, 155
(1-2):267-305, 2016.

Gorbunov, E., Danilova, M., and Gasnikov, A. Stochas-
tic optimization with heavy-tailed noise via accelerated
gradient clipping. In Advances in Neural Information
Processing Systems, pp. 15042—15053, 2020.

Gorbunov, E., Danilova, M., Shibaev, 1., Dvurechensky, P.,
and Gasnikov, A. Near-optimal high probability complex-
ity bounds for non-smooth stochastic optimization with
heavy-tailed noise. arXiv preprint arXiv:2106.05958,
2021.

Gurbuzbalaban, M. and Hu, Y. Fractional moment-
preserving initialization schemes for training deep neural
networks. In International Conference on Artificial Intel-
ligence and Statistics, pp. 2233-2241, 2021.

Gurbuzbalaban, M., Simsekli, U., and Zhu, L. The heavy-
tail phenomenon in sgd. In International Conference on
Machine Learning, pp. 3964-3975, 2021.

Hardt, M. and Ma, T. Identity matters in deep learning. In
International Conference on Learning Representations,

2016.

Hardt, M., Recht, B., and Singer, Y. Train faster, generalize
better: stability of stochastic gradient descent. In Interna-
tional Conference on Machine Learning, pp. 1225-1234,
2016.

Hardt, M., Ma, T., and Recht, B. Gradient descent learns
linear dynamical systems. Journal of Machine Learning
Research, 19(29):1-44, 2018.

Harvey, N. J., Liaw, C., Plan, Y., and Randhawa, S. Tight
analyses for non-smooth stochastic gradient descent. In
Conference on Learning Theory, pp. 1579-1613, 2019.

Hazan, E. and Kale, S. Beyond the regret minimization
barrier: optimal algorithms for stochastic strongly-convex

optimization. Journal of Machine Learning Research, 15
(1):2489-2512, 2014.

Hazan, E. et al. Introduction to online convex optimization.
Foundations and Trends® in Optimization, 2(3-4):157—-
325, 2016.

Hodgkinson, L. and Mahoney, M. Multiplicative noise and
heavy tails in stochastic optimization. In International
Conference on Machine Learning, pp. 4262—4274, 2021.

Jain, P. and Kar, P. Non-convex optimization for machine
learning. Foundations and Trends® in Machine Learning,

10(3-4):142-336, 2017.

Jain, P., Nagaraj, D., and Netrapalli, P. Making the last
iterate of sgd information theoretically optimal. In Con-
ference on Learning Theory, pp. 1752—-1755, 2019.

Kakade, S. M. and Tewari, A. On the generalization ability
of online strongly convex programming algorithms. In
Advances in Neural Information Processing Systems, pp.
801-808, 2009.

Karimi, H., Nutini, J., and Schmidt, M. Linear conver-
gence of gradient and proximal-gradient methods under
the polyak-tojasiewicz condition. In European Confer-
ence on Machine Learning and Knowledge Discovery in
Databases, pp. 795-811, 2016.

Kuchibhotla, A. K. and Chakrabortty, A. Moving beyond
sub-gaussianity in high-dimensional statistics: Applica-
tions in covariance estimation and linear regression. arXiv
preprint arXiv: 1804.02605, 2018.

Kuzborskij, I. and Lampert, C. Data-dependent stability of
stochastic gradient descent. In International Conference
on Machine Learning, pp. 2815-2824, 2018.

Lan, G. First-order and Stochastic Optimization Methods
for Machine Learning. Springer Nature, 2020.

Lei, Y. and Tang, K. Stochastic composite mirror descent:
Optimal bounds with high probabilities. In Advances in
Neural Information Processing Systems, pp. 1519-1529,
2018.

Lei, Y. and Tang, K. Learning rates for stochastic gradient
descent with nonconvex objectives. IEEE Transactions
on Pattern Analysis and Machine Intelligence, 2021.

Lei, Y. and Ying, Y. Fine-grained analysis of stability and
generalization for stochastic gradient descent. In Interna-
tional Conference on Machine Learning, pp. 5809-5819,
2020.

Lei, Y. and Ying, Y. Sharper generalization bounds for
learning with gradient-dominated objective functions. In
International Conference on Learning Representations,
2021.



High Probability Guarantees for Nonconvex Stochastic Gradient Descent with Heavy Tails

Lei, Y., Hu, T., and Tang, K. Generalization performance of
multi-pass stochastic gradient descent with convex loss
functions. Journal of Machine Learning Research, 22:
25-1,2021a.

Lei, Y., Liu, M., and Ying, Y. Generalization guarantee
of sgd for pairwise learning. In Advances in Neural
Information Processing Systems, 2021b.

Li, C. J. A note on concentration inequality for vector-
valued martingales with weak exponential-type tails.
arXiv preprint arXiv:1809.02495V3, 2021.

Li, J., Liu, Y., Yin, R, Zhang, H., Ding, L., and Wang, W.
Multi-class learning: From theory to algorithm. Advances
in Neural Information Processing Systems, 2018.

Li, S. and Liu, Y. Improved learning rates for stochastic
optimization: Two theoretical viewpoints. arXiv preprint
arXiv:2107.08686, 2021a.

Li, S. and Liu, Y. Sharper generalization bounds for cluster-
ing. In International Conference on Machine Learning,
pp- 6392-6402, 2021b.

Li, S. and Liu, Y. Towards sharper generalization bounds for
structured prediction. In Advances in Neural Information
Processing Systems, 2021c.

Li, S. and Liu, Y. High probability generalization bounds
with fast rates for minimax problems. In International
Conference on Learning Representations, 2022.

Li, X. and Orabona, F. A high probability analysis of adap-
tive sgd with momentum. In Workshop on Beyond First
Order Methods in ML Systems at ICML, 2020.

Li, X., Ling, S., Strohmer, T., and Wei, K. Rapid, robust, and
reliable blind deconvolution via nonconvex optimization.
Applied and computational harmonic analysis, 47(3):893—
934, 2019.

Li, X., Liu, M., and Orabona, F. On the last iterate
convergence of momentum methods. arXiv preprint
arXiv:2102.07002, 2021.

Li, Y. and Yuan, Y. Convergence analysis of two-layer
neural networks with relu activation. In Advances in
Neural Information Processing Systems, pp. 597-607,
2017.

Liu, C., Zhu, L., and Belkin, M. Toward a theory of op-
timization for over-parameterized systems of non-linear
equations: the lessons of deep learning. arXiv preprint
arXiv:2003.00307, 2020.

Liu, H., Wu, W, and So, A. M.-C. Quadratic optimization
with orthogonality constraints: Explicit lojasiewicz ex-
ponent and linear convergence of line-search methods.

In International Conference on Machine Learning, pp.

1158-1167, 2016.

Liu, M., Zhang, X., Zhang, L., Jin, R., and Yang, T. Fast
rates of erm and stochastic approximation: Adaptive to er-
ror bound conditions. In Advances in Neural Information
Processing Systems, pp. 4678-4689, 2018.

Liu, Y. Refined learning bounds for kernel and approximate
k-means. In Advances in Neural Information Processing
Systems, 2021.

London, B. A pac-bayesian analysis of randomized learn-
ing with application to stochastic gradient descent. In
Advances in Neural Information Processing Systems, pp.
2931-2940, 2017.

Madden, L., Dall’Anese, E., and Becker, S. High-
probability convergence bounds for non-convex stochas-
tic gradient descent. arXiv preprint arXiv:2006.05610v4,
2021.

Mei, S., Bai, Y., Montanari, A., et al. The landscape of
empirical risk for nonconvex losses. Annals of Statistics,
46(6A):2747-2774, 2018.

Nesterov, 1. E. Introductory Lectures on Convex Optimiza-
tion: A Basic Course. 2014.

Neu, G. Information-theoretic generalization bounds
for stochastic gradient descent. arXiv preprint
arXiv:2102.00931, 2021.

Neyshabur, B., Bhojanapalli, S., Mcallester, D., and Sre-
bro, N. Exploring generalization in deep learning. In
Advances in Neural Information Processing Systems, pp.
5947-5956, 2017.

Nguyen, T. H., Simsekli, U., Gurbuzbalaban, M., and
RICHARD, G. First exit time analysis of stochastic
gradient descent under heavy-tailed gradient noise. In
Advances in Neural Information Processing Systems, pp.

273-283, 2019.

Panigrahi, A., Somani, R., Goyal, N., and Netrapalli, P. Non-
gaussianity of stochastic gradient noise. arXiv preprint
arXiv:1910.09626, 2019.

Rakhlin, A., Shamir, O., and Sridharan, K. Making gradient
descent optimal for strongly convex stochastic optimiza-
tion. In International Conference on Machine Learning,
pp. 1571-1578, 2012.

Reddi, S. J., Hefny, A., Sra, S., P6cz6s, B., and Smola, A.
Stochastic variance reduction for nonconvex optimization.
In International Conference on Machine Learning, pp.
314-323, 2016.



High Probability Guarantees for Nonconvex Stochastic Gradient Descent with Heavy Tails

Simgekli, U., Giirbiizbalaban, M., Nguyen, T. H., Richard,
G., and Sagun, L. On the heavy-tailed theory of stochastic
gradient descent for deep neural networks. arXiv preprint
arXiv:1912.00018, 2019.

Simsekli, U., Sagun, L., and Gurbuzbalaban, M. A tail-index
analysis of stochastic gradient noise in deep neural net-
works. In International Conference on Machine Learning,
pp- 5827-5837, 2019.

Srebro, N., Sridharan, K., and Tewari, A. Optimistic
rates for learning with a smooth loss. arXiv preprint
arXiv:1009.3896, 2010.

Sun, J., Qu, Q., and Wright, J. A geometric analysis of phase
retrieval. Foundations of Computational Mathematics, 18
(5):1131-1198, 2018.

Vaswani, A., Shazeer, N., Parmar, N., Uszkoreit, J., Jones,
L., Gomez, A. N., Kaiser, L., and Polosukhin, I. Atten-
tion is all you need. In Advances in neural information
processing systems, pp. 5998-6008, 2017.

Vershynin, R. High-dimensional probability: An introduc-
tion with applications in data science, volume 47. Cam-
bridge university press, 2018.

Vladimirova, M., Verbeek, J., Mesejo, P., and Arbel, J. Un-
derstanding priors in bayesian neural networks at the unit
level. In International Conference on Machine Learning,

pp. 6458-6467, 2019.

Vladimirova, M., Girard, S., Nguyen, H., and Arbel, J.
Sub-weibull distributions: Generalizing sub-gaussian and
sub-exponential properties to heavier tailed distributions.
Stat, 9(1):e318, 2020.

Wainwright, M. J. High-dimensional statistics: A non-
asymptotic viewpoint, volume 48. Cambridge University
Press, 2019.

Wang, H., Giirbiizbalaban, M., Zhu, L., Simsekli, U., and
Erdogdu, M. A. Convergence rates of stochastic gradient
descent under infinite noise variance. In Advances in
Neural Information Processing Systems, 2021.

Ward, R., Wu, X., and Bottou, L. Adagrad stepsizes: Sharp
convergence over nonconvex landscapes. In International
Conference on Machine Learning, pp. 6677-6686, 2019.

Wong, K. C., Li, Z., and Tewari, A. Lasso guarantees for (3-
mixing heavy-tailed time series. The Annals of Statistics,
48(2):1124-1142, 2020.

Xu, Y. and Zeevi, A. Towards problem-dependent opti-
mal learning rates. In Advances in Neural Information
Processing Systems, 2020.

Xu, Y. and Zeevi, A. Towards optimal problem dependent
generalization error bounds in statistical learning theory.
arXiv preprint arXiv:2011.06186, 2020.

Yin, R., Liu, Y., Wang, W., and Meng, D. Distributed
nystrom kernel learning with communications. In Inter-
national Conference on Machine Learning, pp. 12019-
12028, 2021.

Zhang, B., Jin, J., Fang, C., and Wang, L. Improved analysis
of clipping algorithms for non-convex optimization. arXiv
preprint arXiv:2010.02519, 2020a.

Zhang, J., He, T., Sra, S., and Jadbabaie, A. Why gradient
clipping accelerates training: A theoretical justification
for adaptivity. In International Conference on Learning
Representations, 2019.

Zhang, J., Karimireddy, S. P., Veit, A., Kim, S., Reddi, S.,
Kumar, S., and Sra, S. Why are adaptive methods good
for attention models? In Advances in Neural Information
Processing Systems, 2020b.

Zhang, L. and Zhou, Z.-H. Stochastic approximation
of smooth and strongly convex functions: Beyond the
O(1/t) convergence rate. In Conference on Learning
Theory, pp. 3160-3179, 2019.

Zhang, L., Yang, T., and Jin, R. Empirical risk minimiza-
tion for stochastic convex optimization: O(1/n)- and
O(1/n?)-type of risk bounds. In Conference on Learn-
ing Theory, pp. 1954-1979, 2017.

Zhang, T. Data dependent concentration bounds for sequen-
tial prediction algorithms. In Conference on Learning
Theory, pp. 173-187, 2005.

Zhou, D., Chen, J., Cao, Y., Tang, Y., Yang, Z., and Gu, Q.
On the convergence of adaptive gradient methods for non-
convex optimization. arXiv preprint arXiv:1808.05671,
2018.

Zhou, Y., Liang, Y., and Zhang, H. Generalization error
bounds with probabilistic guarantee for sgd in nonconvex
optimization. arXiv preprint arXiv:1802.06903, 2018.



High Probability Guarantees for Nonconvex Stochastic Gradient Descent with Heavy Tails

A. Preliminaries of Sub-Weibull Distribution
A.1. Properties

Define the L, norm of random variable X as || X ||, = (E|X[P)'/?, for any p > 1. A sub-Weibull random variable X can
equivalently be characterized using the following properties.

Proposition A.1 (Equivalent definition). (Viadimirova et al., 2020; Bastianello et al., 2021) Given 6 > 0, the following
properties are equivalent:

« 3K, > 0 such that P(|X| > t) < 2exp (f (t/K1)1/9>, vt > 0;
o 3Ky > 0 such that || X || < Kok?, Yk > 1;
* 3K3 > 0 such that Elexp ((\|X|)Y/%))] < exp ((AK3)Y/%), VA € (0,1/K3);

« 3Ky > 0 such that Elexp((| X |/ K4)"%)] < 2.

The parameters K1, Ko, K3, K4 differ each by a constant that only depends on 6.

By the tail probabilities in Proposition A.1, we can derive the following high probability bounds for sub-Weibull random
variables.

Lemma A.2. Let X ~ subW (0, K) according to Definition 2.1, then for any § € (0, 1), with probability 1 — § we have
X] < K log® (2/6).

Proof. According to Theorem 2.1 in (Vladimirova et al., 2020), if the forth property in Proposition A.1 hold, then K; = Kj.

1/6
By setting the RHS of P(|X| > t) < 2exp ( - (%) ) equal to 8, and solving for ¢ we get t = K log”(2/6). Thus, with

probability at least 1 — § there holds | X| < t. O

A.2. Concentration Inequalities

Lemma A.3. (Viadimirova et al., 2020; Wong et al., 2020; Madden et al., 2021) Suppose X1, - - , X,, are sub-Weibull(6)
with respective parameters K1, ..., K,. Then, forallt > 0,

p< 3, zt> e ( (m>/>

i=1
where g(0) = (4e)? for < 1 and g(0) = 2(2¢6)? for 6 > 1.

The following two lemmas provide results for the concentration of the sum of a sub-Weibull martingale difference sequence.

Lemma A4. (Li, 2021; Fan & Giraudo, 2019) Let 6 € (0, 00) be given. Assume that (X;,i = 1,--- , N) is a sequence
of R4-valued martingale differences with respect to filtration F;, i.e. E[X;|F;_1] = 0, and it satisfies the following weak

Dk

exponential-type tail condition: for some 0 > Qandallt =1, ..., N we have for some scalar 0 < K;, E [exp (H

X,
K;
2. Assume that K; < oo foreachi =1, ..., N. Then for an arbitrary N > 1 and t > 0,

1
12 N K2 2 20+1
P <m<a])\§ > t) <434+ (39)29 82—11] exp{ — <t>

# 6455, K7
Lemma A.5. (Madden et al., 2021)[Sub-Weibull Freedman inequality] Let (0, F, (F;), P) be a filtered probability space.
Let (&) and (K;) be adapted to (F;). Let n € N, then for all i € [n], assume K;_1 > 0, E[¢;|F;—1] = 0, and

n

PIRS

i=1

E[GXP ((\5i|/Kze1)1/9) |]:i71} <2
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where 0 > 1/2. If 6 > 1/2, assume there exists (m;) such that K;_1 < m,.
If0 =1/2, leta =2. Then forall x,3 >0, and a > 0, and X € [0, i},
k k k
P U { Zfz > x and ZaKf_l < az& + B’} <exp(—Az +2)\23"), 3)
keln] i=1 i=1 i=1

and forall x,3',\ > 0,

k k
P U {Z&Zxand ZaKf_lgﬂ'} < exp </\a?+>\22ﬂ'>.
i=1

keln] =1

Ifo e (%, 1], let a = (40)%e? and b = (460)%¢. Forall x,3' > 0, and o > bmax;ep,) ms, and X € [O, i]

k k k
rl {Z& >wand Yy aK}  <ay &+ B’} < exp(—Az +20%"), )
k€[n] ~ i=1 i=1 i=1
andfor all l’,ﬂ/ 2 O, and A S |:O, m},

k k
P U{Z§i>xand;af(i21<ﬁ’} <exp<—/\m+)\22ﬁ’>.

keln] ~ i=1

If6>1,let§ € (0,1), a = (22041 4 2)T(20 + 1) + ZLCY 43g b = 210g% ! (n/5), where T'(z) = [° t° e tdt,
Forall x,3" > 0, and o > bmax;e[,) my, and A € [O L ]

' a0
k k k

P U{Zfi>xandZaKfl<aZ§i+B'} < exp(—Az + 2\?B') + 24, 5)

k€ln] © i=1 i=1 i=1
/ 1

and forall x, 3’ > 0, and A\ € [0, W],
k k \2
P ;> d K2 <p < —A —-—pg 2.
U{Zf_xan ga 21_5} _exp( m+2ﬁ>—|—

B. Some Basic Lemmas

Lemma B.1. (Lei & Tang, 2021) Let e be the base of the natural logarithm. There holds the following elementary
inequalities.

(@) If0 € (0,1), then Y, k=0 < t1=9/(1 - 0);
(b)If0 =1, then Y _, k=% < log(et);
(c)If 0 > 1, then 22:1 k0 < %;

(d) 2221 ﬁ <log(t+ 1), where kg > 1.

Lemma B.2 (Properties of Smoothness). (Nesterov, 2014; Boyd et al., 2004) If the function f satisfies Assumption 2.6, then
we have for any z

Flwiz) — F(W'52) < (w =W, VF(W:2)) + 3 Bllw — P

and

23 VAV < fFlwi2) — inf fwi ).
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Lemma B.3. (Lei & Tang, 2021) Let § € (0,1), R > 0, and S = {z1, ..., zn } be a set of i.i.d. samples. Suppose Assumption
2.6 holds. Then with probability at least 1 — 6 we have

sup ||[VF(w)— VFg(w)| < (ﬂR\/%bl) (2 + 2\/486\@(10g2 + dlog(3e)) + \/210g((15)> ,

wEBR

where e is the base of the natural logarithm.
Lemma B.4. (Li & Liu, 2021a) Suppose Assumptions 2.6 and 2.10 hold. Assume the population risk F satisfies F/(w) —
F(w*) < iHVF(W) |. Forallw € W := B(w*,R) and any § > 0, with probability at least 1 — 6, when n >

c,82 (d+10g( 8 10g(2{;zR+2) ))
N2 s

[ 0) - TSl < 9 + 4 25 10808) o [PEIIS o TP lof]

and

TE) < 2 (s + £ 4 20180 o, PRIIVIO PTIogl/)

where c is an absolute constant.

Lemma B.5. (Zhang, 2005) Let 21, ..., z, be a sequence of randoms variables such that z;, may depend the previous
variables 21, ...,zx_1 for all k = 1,...,n. Consider a sequence of functionals i (z1,...,2;), k = 1,...,n. Let 02 =
Sor 1 EL (& — E., [€k])?] be the conditional variance. Assume &, — E., [&]| < b for each k. Let p € (0,1] and
d € (0,1). With probability at least 1 — § we have

n n po_% blog%
ka - ZEZk[fk] < 5 + Y,
k=1 k=1

Lemma B.6. (Cutkosky & Mehta, 2020) For any vector v € R%, (v/||v||, VFs(w)) > HVF?))(W)H - 8””7V;ﬂS(W)H.

C. Proof of Main Results

For better readability, we restate the theorems in the main paper.

C.1. Proof of Section 3.1
C.1.1. PROOF OF THEOREM 3.1

Theorem C.1. Suppose Assumptions 2.4 and 2.6 hold. Let w be the iterate produced by Algorithm 1. Assume 1, = nltf%
with n; < % Forany ¢ € (0,1), with probability 1 — 0,

(a.) if0 = %, then we have the following inequality

3

log(1/9) logT)

T
> mlVEs(wol* = (== 7

1
VT &
(b.) if0 € (%, 1] and Assumption 2.8 holds, then we have the following inequality

i

LT log(1/6)log T
VT tz=;77t||w'“s(""t)”2 = O(T>

(c.) if 0 > 1 and Assumption 2.8 holds, then we have the following inequality

1 & 2 log? = (T'/6) log(1/6) + log*(1/8) log T
ﬁ;ntHVFS(Wt)H —O( JT )
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Proof. According to Assumption 2.6 and Lemma B.2, we have
Fs(Wiy1) = Fs(wi) < (Wigr — wy, VEg(we)) + %ﬁHWHl —wy?
= —n(Vf(wi; 25,) = VEs(We), VFs(wy)) — e[V Es(wy)||* + %ﬁnf”vf(wt; z)|1?
< =V f(wi; 25,) = VFEs(w), VEg(Wy)) — (77t - 5%2) IV Es(Wo)l|* + B2 |V f(wi; 2;,) — VEs(wy)||”
< —ni{Vf(Wi; 2j,) = VEs(Wy), VEs(Wt)) — %nztIIVl“ﬂs(Wt)ll2 + BtV f(wes 25,) — VEs(wi)||?, (6)

where the second inequality follows from that (a + b)? < 2(a? + b?),Va, b € R and the last inequality follows from that

Bn —mn < — It due to the assumption 7, < %

Then, by a summation form ¢ = 1 to 7', we get

Fs(wri1) — Fs(wy)
T 1 T T
<= m(Vf(Wisz;,) — VFs(Wi), VEs(wi)) — 3 S el VEs(wW)lI? + > B2V f(wis 25,) — VEs(wi)|%,
t=1 t=1 t=1

which means that

T
ZntHVFS(Wt)HQ
=1

<2(Fs(w1) = Fs(w(S5))) = D 20:(Vf(Wes 2,) = VEs(we), VEs(w)) + ) 2657 |V f(wis 25,) = VEs(we)|.

t=1 t=1
(7)

It is clear that 2(Fg(w1) — Fg(w(S))) can be seen as a constant.

Now, let us consider the second term — Zthl 20:(V f(wy; 25,) — VFs(wy), VFEs(wy)). Since Ej, [—n:(V f(wy; 25,) —
VFs(wy), VFEs(wy))] = 0, thus the sequence (—n;(V f(wy; z;,) —VFs(wy), VFs(wy)), t € N) is a martingale difference
sequence. We use the sub-Weibull Freedman inequality in Lemma A.5 to bound this term.

Specifically, we set & = —n(V f(wy;25,) — VEs(wy), VEs(wy)), Kio1 = m||[VEs(wy) || K, B/ =0, A = i and
x = 2alog(1/9).

Ifo = %, for all & > 0, we have the following inequality with probability at least 1 — ¢

T T
=D 20 (Vf(wisz,) — VEs(wy), VEs(wy)) < 4alog(1/8) + > IV Es(w)l.

t=1 t=1

20 K?

If0 e (%, 1], according to Assumption 2.8, we set m; = KG. Then for all « > bK G, we have the following inequality
with probability at least 1 — §

T T
20 K2
= 2 (V (Wi 2;,) — VFs(wi), VFs(we)) < 4arlog(1/6) + o > IV Es(we)*.
t=1 t=1

If @ > 1, according to Assumption 2.8, we set m; = K G. We also set 6 = §. Then, for all « > bK G, we have the following
inequality with probability at least 1 — 30

T T
=D 20V f(wis z,) — VEs(wy), VEs(wy)) < dalog(1/8) + > IV Es(w)l.

t=1 t=1

20 K2
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Then, we consider the last term 23:1 2002 ||\V f(we; z5,) — V Es(wy)||. Since ||V f(wy; z;,) — VFs(wy)| is a sub-Weibull
random variable, we get

E

n;K?

oxp (Vs 2) Z VI )1 29] <,

which means that 77 (|V f(wy; 2;,) — VFs(wy)||? ~ subW (20, n? K?). According to Lemma A.3, we get the following
inequality with probability at least 1 — §

T T
D 280tV f(wis z5,) = VEs(wi)||* < 28K%9(20)10g™ (2/6) Y,
t=1

t=1
where g(6) = (4e)? for § < 1 and g(0) = 2(2¢6)? for 6§ > 1.
Taking the above upper bounds into (7), we obtain

T

D mlVEs(w)[” < 2(Fs(wi) — Fs(w(S)))
T
+4dalog(1/0) + 2V Fs (w1 + 28K2g(20)1og™ (2/6) > " n?,

t=1 t=1

implying that

T 9 T
S (1= 2B g (w)|? < 2(Fs(wa) — Fs(w(S))) + darlos(1/5) + 28K(26) log™ (2/5) >t
t=1 =1

2
To continue the proof, we set a > 4a K 27)1. Then we obtain 1 — Miﬁm > % Thus, we derive that

T T
> el VEs(wi)[? < 4(Fs(w1) — Fs(w(S))) + 8alog(1/8) + 48K2g(26) log™ (2/6) Z

t=1

‘We now use the union bound.

Hence, if 0 = 1, taking o = 4aK?1; = 8K ?1;, with probability at least 1 — 26, we have

T T
Dl VEs(wo)lI* < 4(Fs(wi) — Fs(w(S))) + 64K log(1/6) + 48K >g(1) log(2/9) Z : ®)

If € (3,1], taking o = max{bK G, 4aK?n; } = max{(40)’eKG, 4(40)* €2 K*n, }, with probability at least 1 — 26, we
have
T

Yl VEs(wo)|? < 4(Fs(w1) — Fs(w(S)))

t=1

T
+8Inax{(40) eK G, 4(46)%¢ 2K2n1}log(1/6)+4,3K2 (20) 1og (2/9) Z )

If > 1, taking o = max {bKG, 4aK2771} — max {2 log? ! (T/6) K G, 4((22+1 + 2)T'(20 + 1) + %)K%},
with probability at least 1 — 49, we have

T T
D mllVEs(wi)* < 4(Fs(wi) — Fs(w(S))) + 48K %(20) log™ (2/9) Z
) 2397(360 + 1) )

+ 8 max {2log0_1(T/5)KG, 4((22°1 4 2)T(20 + 1) + .

)21} og(1/9). (10)
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For brevity, we just focus on parameters ¢ and 7. Moreover, note that the dependence on confidence parameter 1/ in (8),
(9), and (10) is logarithmic. One can replace J to §/2 or § /4. Therefore, (8), (9), and (10) mean that with probability at least
1 — 4, there holds

. 0 (1og(1/0) 1.y 1) if6 =},
>l VEs(wa) |2 = 2 0 (10g™ (1/0) 1, 1) ifoe (L1, (11
=t O (log® " (T/8) log(1/5) +1log® (1/6) ST | n?) i > 1,
O (log(1/6)1ogT) if6 =1,
_Jlo 1og29(1/5)1ogT) ifo e (1,1], (12)
O (1og? 1 (T/6) log(1/5) + log® (1/5) logT) if0>1,

where the second equality holds by using Lemma B.1. The proof is complete. O

C.1.2. PROOF OF THEOREM 3.3

Theorem C.2. Suppose Assumptions 2.4 and 2.6 hold. Let w be the iterate produced by Algorithm 1. Assume 1y = mtfé
withn; < % Forany ¢ € (0,1) and uniformly for all t = 1,...T, with probability 1 — §,

(a.) if 0 = % then we have the following inequality

T3 log?(L)log T
IVF(Wit1) — VEs(wii1)]]? = O(#

x (d+ log(%)));

(b.) if0 € (%, 1] and Assumption 2.8 holds, then we have the following inequality

Tz log%“(%) logT
n

IV F(wir) — VFs(wepn)|” = O x (d+1os(5)));

(c.) if 0 > 1 and Assumption 2.8 holds, then we have the following inequality

1 0-1(7/s s (20+1) /1
Tz (log" ' (T/ )log(l/n)—Hog (3)logT) 8 (d—«—log(%))).

IVF(wis1) = VFs(wir) |2 = O

Proof. For better presentation, we introduce a notation Y (T, 8, 0) := log? ~*(T'/8) log(1/6)Ig=1, where Iy~ is an indicate
function that is valued 1 when 6 > 1. Since w11 = w; — 1n(V f(Wy; 25,) — VFs(wy) + VFg(wy)), by a summation and
using w; = 0, we get
¢ ¢
Wi =Y —ni(Vf(wiiz;,) = VFs(w;) = > miVFs(w;).

i=1 i=1

This gives that

Il < | 32 (9 w230 — W stow) | = | S soe)|- (13)
i=1 i=1

Let’s consider the first term H S i (Vf(wi; z5,) — VFs(wi))H. It is clear that the sequence (1;(V f(w;;z;,) —

VFg(w;)),i € N) is a martingale difference sequence. Since ||V f(w;;z2;,) — VFs(w;)|| ~ subW (6, K), we have
1n:(V f(Wi; 25,) — VFs(w;))|| ~ subW (n;0, K') according to Proposition 2.15 in (Bastianello et al., 2021). Then, we can
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z? W
exp — | ———
64 K2 Z;F:1 77i2

1

. . . 2 0
Setting the dominated exponential term 4exp {— (172) o

apply Lemma A.4 to derive the following inequality

S (Vi (wiszj,) — VEs(wy)
i=1

P | max
1<t<T

99 128K? ZZ 2

<4
= 22

3+ (36)

GIKZS T } equal to 6, we get z =

8 log(9+%) (%)K(ZZ;I n2)z . Thus, with probability at least 1 — 36 — %6 we have

Nl

max
1<t<T

< 8log(®+3)( ) (an) : (14)

Since § > 1/2 and § € (0, 1), we have log?’** 3 > 1. Thus, (14) means that with probability at least 1 — 35 — 8(36)2’0,
we have

Z ni(Vf(wi; z,) — VFs(w;))

N|=

max
1<t<T

< 810g(9+ ) (an)

Zm(vf(wv:; zj,) — VFs(w;))

Now, with probability at least 1 — §, we get

max
1<t<T

Z ni(Vf(wi; z,) — VFs(w;))

< 810g(9+%) (W)K(inf)é 15)
i=1

For the second term H Z§=1 17, VFg(w;)
t=1,..,T

, we have the following inequality with probability at least 1 — § uniformly for all

< (imm(wi)nf < (im)(imm(wi)n?)

(Zm) ( (T,6,0) + log (1/9) Zm>7 (16)

where the second inequality follows from the Schwartz’s inequality and the last inequality follows from (11).

t
| > mvEs(w)
i=1

For brevity, in the following proofs, we also just focus on parameters § and 7. Readers can recover the constants by
following the analysis.

Plugging (15) and (16) into (13), we have the following inequality with probability at least 1 — 2 uniformly for all
t=1,...,T

2

Wi 0<log<9+ (s Zm 5) ((Zm) (v(7,5,0) + 1087 (1/9) thn )) (17)
=0 <1og<9+%>(6)1og% T) + ((t%)o(y(T, 5,0) + log (1/6) logt>)

Nl

§@<1< Y3(T,6,0) +log"t2 >(5)log2 )) (18)

where the second equation holds by using Lemma B.1.
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Further plugging (18) into Lemma B.3, by the union bound, with probability at least 1 — 39, we have the following inequality
uniformly forall ¢t = 1,...T

(BRiy1 + 1)

IVE(Wiy1) — VFs(wigr)] < (2 + 2\/486\@(10g2 + dlog(3e)) +4/2 log((ls)>

NG
b/
MULSIEG <2 +2/18evBlog 2 + dlog(39) + 210g<;>>
O (t3(Y3(T,5,0) +1og?t2) (1) 1og= T)) B+ ¥/
< ( (v ( ) +1log (5)log )> ><<2+2\/486\/§(10g2+d10g(36))+ 210g((15)>, (19)

8 v

where the first inequality holds due to the fact that the bound of By, at iterate number ¢ + 1 is R4 1,
where the last inequality follows from (18).

(19) also means that we have the following inequality uniformly for all ¢ = 1, ...T with probability at least 1 — §

T% (Y(T, 5,0) +1og®** D (1) 1og T)

[VF(Wii1) — VFs(wep)]]* = O n

X (d+1og(%)) . (20)

By a transformation of (20), we prove the stated bounds. O

C.1.3. PROOF OF THEOREM 3.5

Theorem C.3. Suppose Assumptions 2.4 and 2.6 hold. Let w be the iterate produced by Algorithm 1. Assume 1, = mtfé
withn; < % Selecting T < %. For any § € (0, 1), with probability 1 — 6,

(a.) if 0 = %, then we have the following inequality
T
dy1 n 1
; IVE(w) |2 = 0( (%) log(5) log () ):
(b.) if0 € (%, 1] and Assumption 2.8 holds, then we have the following inequality
d 1 n 1
- 2 a3 n (2642)  + )
Z IVE(wa)l” = O(()* loa(7) 108 +2(5) )
(c.) if 0 > 1 and Assumption 2.8 holds, then we have the following inequality
= Z IVEGw I = 0((2)* (a2 108 +2)(2) + log” ™ (1) 10g?(5)) ).
t) ogl-;) 108 5 0g a5’ 0% 5
Proof. 1t is clear that

T T T
Sl VEw)II? <2 mil|VF(wi) = VEs(wo)l|> +2> nil|[ VEs(wy)||?
t=1 t=1 t=1
T T
< 227% max HVF(Wt) VEs(wWo)l> +2> mellVFs(we)|?
t=1 t=1
T T
=2 | VF(wr) = VEs(wr) > +2 ) m|VEs(wo)|%, @1
t=1 t=1
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where the last equation follows from the fact that |V F(w;) — V Fg(w;)||? increases as the iterate number ¢ increases (see
(19) for details). Then, we have the following inequality with probability at least 1 — 29

T

1

= IVE(w)|? <
t=1

TV/2 (Y(T, 5,0) +1log®** D (1) 1og T)

n

T
2 /1
IVEwOI? < 2 (57 2IVE(wr) = VEs(wr) | + 3 e VEs(wo)l?)
t=1

=0

x (d + 1og(%)) +0 (Y(T, 5,0) + log® (1/5) 1ogT) ,

where the second inequality follows from that Zthl n < %mTl/ 2 by using Lemma B.1, where the last equality follows
from (12) and (20), and where Y (T, 8,0) := log? " (T'/8) log(1/6)Ig>1.

Taking T' =< %, then we have the following inequality with probability at least 1 — 2§

*ZIIVF wil? =0 ((£)7 (o109 + ¥(5.6.0)100(1/9)) ).

which also means that with probability at least 1 — § we have

*ZIIVF sl =0 ((2)" (toe(Groe ™3+ v(5.5.0)10501/5))

= 0((£)" (toa(5) 108 ) + 108~ () log* 1/ ) ) @

By a transformation of (22), we prove the stated bounds. O

C.2. Proof of Section 3.2
We first prove Theorem 3.9.

C.2.1. PROOF OF THEOREM 3.9
Theorem C.4. Suppose Assumptions 2.4, 2.6, and 2.12 hold. Let wy be the iterate produced by Algorithm 1. Assume
N = m with ty > max{f:—i7 1}. Then for any 6 € (0, 1), with probability 1 — 6,

(a.) if0 = % then we have the following inequality

d—l—log(%)

IVE(Wii1) = VEs(wi)||2 = O log?( 5) log 7);

(b.) if0 € (%, 1] and Assumption 2.8 holds, then we have the following inequality

d—l—log(%)
n

IVF(wis1) = VEs(wisn)P = O( log®+)(5) log T);

(c.) if 0 > 1 and Assumption 2.8 holds, then we have the following inequality

IV F(Wer) — VEs(wern)|? = O(%Og(g) < (108 (L) + 108 (1/6) og(1/8)) og T ).

Proof. Since to > ;‘:—i and n; = W we have 7; < 5=. Thus, we can use (17) to bound ||w; || under this stepsize.
According to (17), with probability at least 1 — § we have

t

||w,f+1||=o<1og<9+ b5 Zm (im)é(Yé(T@@)+10g9(1/5)<z77¢2) ))

=0 <(10g(9+;)((15) +Y3(T,5,0)) log? t) , (23)

m\»—t
Nl
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where Y (T, 8,0) := log”~!(T/6) log(1/8)Ig>1, and where the second equality follows from 7, =
and using Lemma B.1.

2 .
EC=D) withtg > 1

Plugging (23) into Lemma B.3, by the union bound, with probability at least 1 — 24, we have the following inequality
uniformly forallt =1,...T

IVE(Wip1) — VEs(weyr)] < W\/ybl) (2 + 2\/486\/§(log2 + dlog(3e)) + \/210g((15)>

_(Blwiia]| +5) (2 + 2\/486\/5(10g 2+ dlog(3e)) + 210g(1)>

NG 3

O ((log @ ) (1) + Y3 (T,6,0)) log? t) B + V/
) (( ) \/(5 ) ) X<2+2\/486\/§(10g2+d10g(3e))+M), (24)

where the first inequality holds due to the fact that the bound of By, at iterate number ¢ + 1 is Ry41, that is ||wy41||, and
where the last inequality follows from (23).

(24) also means that we have the following inequality uniformly for all ¢ = 1,...T" with probability at least 1 — §
d +log(: 1
I9F (wii) = Tsowen) P = 0 (S22 (1005 4 ¥(1,8.0)) e T (5)
By a transformation of (25), we prove the stated bounds. O

C.2.2. PROOF OF THEOREM 3.7

Theorem C.5. Suppose Assumptions 2.4, 2.6, and 2.12 hold. Let w; be the iterate produced by Algorithm 1. Assume

= m with tg > max{ﬁ—i, 1}. Then for any § € (0, 1), with probability 1 — 6,

(a.) if0 = %, then we have the following inequality

Fs(wry1) — Fs(w(S)) = (’)(%);

(b.) if0 € (%, 1] and Assumption 2.8 holds, then we have the following inequality

)

003 (1) ]1oa3
Fs(wrin) - Fs(w(s)) = 02— o2 T

(c.) if 0 > 1 and Assumption 2.8 holds, then we have the following inequality

(10g(9+g)(é) logS(egl) (T/9) log% T)
T :

Fg(wry1) — Fs(w(5)) =0
Proof. From (6), we know that

Fs(wiia) = Fs(wi) < —nu(V f(wes23,) = VEs(wi), VEs(wp)) = o[ VEs(wo) | + BV f(wis 23) — VEs(wi)|
< (¥ (w5 23,) — VFs(w0), VEs(w) = [ VEs ()
s (Fs(w(S)) — Fs(wo) + B2 IV f(wis 23,) — VFs(w) |,
from which we have
T ES(w0) P+ Fs(wess) — Fs(w(S) < (9 (Wi 23) = VFs(wi), VEs(we))
+ (1= neps) (Fs(wi) — Fs(w(S))) + B [V f (Wi zj,) = VEs(wy)|*.
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Since n; = multiplying both sides by (¢ + t)(t + to — 1), we get

2
ps(t+to)’

(tJr2’;OS_1)||VFs(wzs)|2 + (t+to)(t +to — 1)(Fs(wip1) — Fs(w(S))) <

+(t+to— 1)(t+to — 2)(Fs(wy) — Fs(w(S))) — (t +to)(t + to — 1)ne(V f(Wy; 25,) — VFs(Wy), VEs(Wy)).

iﬁnwwt,zﬁ) V Es(wi)|?
S

Taking a summation from ¢ = 1 to ¢ = T, we derive that

T T
ZH?S)IIVFs(vaI2 (T + to)(T + to — 1)(Fs(Wry1) — Fs(w Zéuw (Wi 2j,) — VFs(we)||>
t=1 t=1 Hg

T

+to(to — 1) (Fs(wy) — ) = > (t+to)(t+ to — Dne(V f(wis 25,) — VEs(wy), VEs(we)). (26)

t=1

o TP () [2 B
Since ||V f(wi; 25,) — VEs(wi)|| ~ subW (6, K), we get E [exp e ) } < 2. By Lemma A3, we
get the following inequality with probability at least 1 — §
4p

T
Z |V f(Wy;25,) — VEs(wy)|]? < FTK29(29) log?(2/4).
s

t=1

o &

Furthermore, since E;, [—(t + to)(t + to — L)ne(V f(Wy; 25,) — VFg(wy), VEs(wy))] = 0, we know that the sequence
(—(t+to)(t+to — V)ne{V f(Wy; 25,) — VFs(wy), VEs(wy)), t € N) is a martingale difference sequence. Thus, we can
apply Lemma A.5 to bound it.

Weset & = —(t+to)(t +to — )m(V f(wy; 2z5,) — VFs(wy), VFg(w,)) and
Ky = (t+to)(t +to — V) K[|V Fs(wy)|| = 205 (t + to — 1) K[|V Fs(wy ).
We also set /= 0, A\ = 5, and z = 2arlog(1/6).
Moreover, according to Assumption 2.6, we know
IVEs(wo)ll < (Blwell + IVFs(0)]]) < (Bllwill +b). @27)
In the next, the bound in (27) will be used to give the bound of m;.
Ifo = %, for all @ > 0, we have the following inequality with probability at least 1 — ¢

T T
=S+ o)t 4 to — Ve (Vf(wis 23,) — VEs(wy), VEs(wy)) < 2alog(1/6) +

t=1 =

I VEs(wy)||*.

If 0 € (3,1], according to (27), we set m; = 2ug' (t + to — 1)K (B|w¢| + V'). Then for all o > b2ug" (T + to —
1)K (B|lwr| + b'), we have the following inequality with probability at least 1 — &

T 5 T
=St to) (t+ to — D (V (Wi 23,) — VEs(wr), VEs(wy) < 2alog(1/6) + 455; St +to — 12 VEs(wi)| >
t=1 t=1

If § > 1, according to (27), we set m; = 2ug" (t +to — 1)K (B||wy|| + b') and § = &. Then, for all o > b2ug" (T + to —
1)K (B|lwr| + b'), we have the following inequality with probability at least 1 — 30

T o T
Z(t +to)(t+to — D)ne(V f(wy; 25,) — VEs(wy), VFg(wy)) < 2alog(1/6) + 45%12 Z(t +to—1)?||VEs(w,)|>
t=1 t=1
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Taking the above bounds into (26), we have

T
> (e - 08 sty 17) IVES I + (2 + )T +t0 = D(Fswrsa) — Es(w(S))

— 2ps Mg
SigTﬂg(%) log™ (2/6) + to(to — 1)(Fs(w1) — Fs(w(S))) + 20 log(1/d).

2 _
When o > w, we have

t+ty—1 4aK?
2us Jopter

In this case, we derive that

(T'+ to)(T +to — )(Fs(wri1) — Fs(w(5)))
4p

<7
1

TK?9(20)10g> (2/6) + to(to — 1)(Fs(w1) — Fs(w(S))) + 2alog(1/5).

‘We now use the union bound.

Hence, if 6 = %, taking o = SaK2(Z:t°71) = 16K2(Z:t“71) , with probability at least 1 — 24, we have

(T +1t0)(T' + to = 1)(Fs(Wry1) — Fs(w(5)))

4 32K%(T 4+ tg— 1

< TR 108(2/8) + talt — (Fs(wr) = Fs(w(s)) + 20— L0 =D og(1/5)
5
6 e (L1, we take a = max{w,bzuglq oty — DEKB|lwr| + b’)} -
6

max { 8(40)° ezfz(T'Ho_l) , (4«9)962,u§1(T +to— DK (B||wrl| + b’)}.
From (23), we know the bound of [wr]. Thus with probability 1 — 4§, « =

max { 8(40)* ¢ K* (T +t9—1) ,(40)0e2us (T +to — 1)K(6O((log(9+%)(%) +Y2(T,6,0)) log% T) + b’) }

us

Thus, with probability at least 1 — 39, we have

(T + o) (T +to = ) (Fs(Wri1) — Fs(w(95))) < :LTETKQQ(%) log™(2/8) +to(to — 1)(Fs(w1) — Fs(w(S)))
S

20,2 172 _ ) ) )
+ max { 8(46)"e KT+t — 1) ,(40)e2p g (T + to — 1)K<B(’)((log(9+§)(%) +Y2(T,6,0))log> T) + b’) }

Hs
x 21o (1)
It 9 > 1, we take a = max{%,bmgl@ oto — DEQ@B|wr| + b’)} -
2041 239T7(3041) ) 72 _
max{s((2 +2)F(20+1)+HS 3 )K (T+to 1)’2]0g0_1(T/5)2,u,§1(T+t0—I)K(ﬂHWTH—Fb/)}.

From (23), we know the bound of ||w||. Thus with probability 1 — ¢,

)

{8((229+1 +2)T(20 + 1) + ZECHDY (T g — 1)
G = max
Hs

2log? 1 (T/8)2ug (T + to — 1)K(6(’)((log(9+%)(%) +Y3(T,5,0)) log? T) + b’) } .
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Therefore, with probability at least 1 — 56, we have

(T +to)(T +to — D)(Fs(Wri1) — Fs(w(5))) < igTKQQ(%) log™(2/6) + to(to — 1)(Fs(w1) — Fs(w(S)))
+ i { 8((2201 4+ 2)1(20 + 1) + ZECHDY g2 4 4 1)
Hs

,21og(T/8)° 1 2u5 (T + to — 1)K<ﬁ(’)((log(9+%)(%) +Y(T,5,0)) log? T) + b’) } log(1/6).

We just focus on parameters § and 7. Finally, the above bounds mean that with probability at least 1 — §, there holds

o (10 ito =},
O+3) (1) ]og s i
o (Wlog(;)> if 0 € (5,1];
Fs(WTJ,-l)—FS(W(S)): 1 1 1
(1og<9+§>(§)+Y7(T,6,0)> log2T
) - log”~H(T/6)log(}) | if6>1,

which means that with probability at least 1 — § we have

o (14/m) 01
log(9+%)(l)log§ T . 1
Fs(wry1) = Fs(w($)) = ¢ © (T it6 e (3.1] (28)
3 (6-1) 1
o <1og<9+3)<§>log3Tz 2 (1/6) log? T) 0> 1.
The proof is complete. U

C.2.3. PROOF OF THEOREM 3.11

Theorem C.6. Suppose Assumptions 2.4, 2.6, 2.12, and (2) hold. Let w be the iterate produced by Algorithm 1. Assume
= m with ty > max{i—i, 1}. Selecting T < n. Then for any 6 € (0, 1), with probability 1 — 6,

(a.) if0 = % then we have the following inequality

d—&-log(%)

Fwry) — F(w*) = o( -

1

log?(5) log )
)

(b.) if 0 € (%, 1] and Assumption 2.8 holds, then we have the following inequality

d—|—log(%)

1
(20+1) -
o (5)

F(wri) — F(w") = O( log 5 logn);
(c.) if 0 > 1 and Assumption 2.8 holds, then we have the following inequality

d—i—log(%)

1 300-1) N
F(wpyi) — F(w*) =0 ( log(29+1)(5) log~ 2z (=) logn> .

( )
Proof. According to (2), we know

1
F(wri) = F(w) € o [VE(wr )| < p= (IVE(wra) = VEs(wren) |2 + [VEs(wren) 7). 29
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From the smoothness property in Lemma B.2 and the optimization error bound in (28), with probability at least 1 — J, we
have

IVEs(wri1)[* < (28) 7' (Fs(wr41) — Fs(w(S)))

log(1/5) it =3
O (%) 1f9 =3
1 (9+%)(L)1 37 ;
o (ng ifo e (1,1, (30)
3 3(0—1) 1
o (log(H%)(%)log T2 : ) if 0 > 1.

Plugging (30) and (25) into (29), we have the following inequality with probability at least 1 — 24
F(wry) — F(w?)
0 (bg(%/&) + dHc;g(%) logQ(%)logT> ifo =1,
0+3) (1y10g3 og(L
B 0(10g 2 (Tk)ngTer—&-lf(é)l g(20+1)( )IOgT) 1f9€(% ]
lo w*%)(l)lo o1
0 ( g s 13 -

Selecting T' < n, the above abounds means that with probability at least 1 — §, we have

+ dﬂc;g(%) (1og(20+1)(%) + loge_l(%)log(%)) 10gT> if6 > 1.

O (2 10g? (1) log n) it =1,
F(wrar) - F(w*) = { O (TH2G) 1og20+1) (1 Jlogn, if0 e (4,1],
0<7d“‘j§<%)1 g@+) (1y1og™ T (g)logn) i > 1.

The proof is complete. U

C.3. Proof of Section 3.3
C.3.1. PROOF OF THEOREM 3.13

Theorem C.7. Suppose Assumptions 2.4, 2.6, 2.10, 2.12, and (2) hold. Let w; be the iterate produced by Algorithm 1.

A 2 . 46 cﬁz(d+10g( 810g(26nR+2) ))
SSUme 1y = T—res with tg > max{ﬂ—s, 1}. Whenn >

any ¢ € (0,1), with probability 1 — 4,

e where c is an absolute constant, then for

(a.) if0 = %, then we have the following inequality

T n? n

(b.) if0 € (%, 1] and Assumption 2.8 holds, then we have the following inequality

VP (W) — VEs(wis)[2 = O <1og<"+ ((D)log? T log”(1/6) | E[|VS(w",2)|] 1og<1/6>> |

T n2 n
(c.) if 0 > 1 and Assumption 2.8 holds, then we have the following inequality

<log<9+3><;>log T ()d)ogt T +log2(1/5)+E[IIVf(W*,Z)IIQ]log(1/5)>_

IVE(wr1) = VEs(Wepa)|? = O T 2 n

Proof. According to Lemma B.4, by Assumptions 2.6, 2.10, and (2), with probability at least 1 — § we have
iy gGelosys) ,, [IEIIVI G, P Tlog(4/6)
n

IVF(Wry1) = VEs(wri)|? < (||VFS(WT+1)H + 42 -

G2 log®(4/9) L GBIV, 2)[]log(4/0) | p?

§4<||VFS(WT+1)||2+4 - 5

). G1)



High Probability Guarantees for Nonconvex Stochastic Gradient Descent with Heavy Tails

In (30), we have proved that the following optimization error bound holds with probability at least 1 — §
log(1/9) g — 1
o0 (Ogﬁ if @ = 3
log(eJr%)(l)log%T . 1
|VEs(wri)|2 =4 © (f if9 € (3.1 (32)

3(6-1)

3 ( 1
o (log(GJr%)((ls)log - (T/6)log? T) FO> 1

Plugging (32) into (31), we have the following inequality with probability at least 1 — 24

IVF(wri1) — VEs(wri)|?

o (log<T1/6> + g0/ E[\|Vf<w*,z73\|2]10g<1/6>) ifg =1,
_Jo (1og<9+%><T;>1og%T Ll | IE[IVf(WﬁszIZ]log(l/é)) i e (1,1],
0 (l°g<9*3)<é>log3:2” (T/o)tog T | 10g(1/0) | BT Sow I logu/é)) 0> 1,
which also means that with probability at least 1 — § we have
IVE(Wri1) = VEs(wri)|®
o (log<T1/5> + g0/ E[HVf(w*,zT?Hz]log(l/eS)) if6 =3,
o (1og<9+%><T;)1ogé T | le(/8) E[Wf(w*,zgﬁ]log(l/é)) if0c (1,1] 33
0 (log““%)(é)loga:?”(ff/& o} T log(1/9) E[IVf(W*»zrzlz]log(l/é)> 0> 1.
The proof is complete. O

C.3.2. PROOF OF THEOREM 3.15

Theorem C.8. Suppose Assumptions 2.4, 2.6, 2.10, 2.12, and (2) hold. Let wy be the iterate produced by Algorithm 1.

2 8log(2nR+2)
m with to > max{ﬁ—g, 1}. Selecting T < n?. Whenn > b (d+10g(u2 g )
constant, for any § € (0,1), with probability 1 — 0,

Assume 1, = where c is an absolute

(a.) if0 = % then we have the following inequality

)

F(wry1) - F(w") =0 (1og2(§) + E[[Vf(w*,2)]’] 1Og(§)>

n? n

(b.) if0 € (%, 1] and Assumption 2.8 holds, then we have the following inequality

)

O(0+%)l0%n W*ZQO
F<WT+1>_F<W*>:0<1 g é;ﬂ gin  E[IV/( ,n>|| 1 g(1/5>>

(c.) if 0 > 1 and Assumption 2.8 holds, then we have the following inequality

3(6—1)

T (n/8)og D (§)logt n | E[[VS(w", )| logu/a)) |

o log
F(WTJrl)_F(W)—O( n2 "

Proof. According to (2), we know

1
F(wri) = F(w) € o [VE(wr ) < p7 (IVE(wra) = VEs(wran) |2 + [VEs(wren) 7). (34
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Plugging (33) and (32) into (34), we derive that the following inequality holds with probability at least 1 — 26

O (Tosllfa) | log(1/8) | BIVI(w" o) log(1/5) ifg =1,
log "+ (1)10g3 T | 10g2(1/8) | E[|Vf(w".2)|[]log(1/6) : !
Fwry) — F(w*) = @( 7 + oG 4 B Jlllies if 0 € (3,1,

n2 n

o <1og<e+%><;)1og3;f{” (@/5)log T | log?(1/8) EHVf(wﬁz)F]log(l/s)) £ 1

Choosing T < n?, the above abounds means that with probability at least 1 — &, we have

0 (log2<1/5> 4 VS )] logu/s)) ifo=1
log“*3)(1)log? n | E[|VF(w",2)]?] log(1/6) ~
F(wri) — Fw*) =0 o3 + & E— if 0 € (3,1],

n2 n

3(0—1) :
o <log2 (n/0)log" " D (3)log? n B[V (w" 2)]] logu/a)) o> 1,

The proof is complete. O

C.4. Proof of Section 3.4

Theorem C.9. Suppose Assumptions 2.6 and 2.12 hold. Let w be the iterate produced by Algorithm 2. Assume 1y = nlt*%
for some constant n; > 0 and take T = max {ZOK log? ( ), 4K log? \F} Then for any 6 € (0, 1), with probability 1 — 4,
we have the following inequality

T . ,
%Zmin{HVFs(Wt)H, ||VF5(wt)||2} _0 <10g (T/6)log T +log® ™ (T) 1og(§)> .

VT

Proof. Itis easy to verify that |V f(wy; 2, )|| < 7. We consider two cases: ||Fs(wy)|| < 7/2 and || Fs(wy)|| > 7/2.

We first consider the case || Fg(w:)|| < 7/2. With the smoothness property in Lemma B.2, we have
Fs(wei1) = Fs(we) < (wisn = we, VEs(we) + 2 Bllwesa — will?
< {9 (s 23,), Vs (w) + 3 i (39)
= (VWi 2j,) = Ej,V [(We; 2j,) + Ej, V(W5 25,) = VEs(We), VEs(Wt)) — 1| VFs (wi) || + %577?7'2
= —n(Vf(wi; 2,) = Ej, V f(Wis 25,), VEs (W) — (B, V f(Wis 25,) — VEs(wy), VEs(wy))
— IV Es(wo) | + 3 B

By a summation from ¢ = 1 tot = 7, it gives

T T
1
ZntHVFS(Wt)”Z < Fs(wi) — Fs(ws) + Z 5577372

t=1 t=1

—Zm F(we;2,) = Bj, V f(Wi; 25,), VEs (W) (B, V f(Wis 25,) — VEFs(w), VEs(We)).

HMH

Since B, [ (V f(wii 2,) — Ejtvﬂwt;zthVFs(wt)n — 0, thus the sequence (—m(VF(wiiz,) —
E;, Vf(wi;25,), VEs(wy)),t € N) is a martingale difference sequence. Denoted by & = —n(Vf(wy;25,) —
E;, V f(wy; z5,), VFs(wy)). We have

[€el < me(IV f(wes 25,1 + 1B, V f (wes 25,) DIV Es () || < mar.
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According to the inequality Ej, [(§; — E;,&)?] < Ej, [€7], we have

T T T

D E;lE —Ej&)% Z B IV f(weizj,) = By V(w25 [PV Es(we)||°] < 472 ) nf | VEs (wa) 1.

t=1 t=1 t=1

According to Lemma B.5, with probability 1 — J, we have

T
Zg P4T m Y, 1TItHVFS(Wt)||2 m7?log(1/6)
te mr p '

Taking p = we derive

16’

T T 2
F
e < thlmﬂz s(w)ll + 16m, 7% log(1/9).

Thus, we have the following inequality with probability 1 — 4,

T T

3 1
12 mIVEs(w)|* < Fs(wi) = Fs(ws) + Y _ 58 + 16m7% log(1/9)
t=1 t=1
T —
= (B, V f(wi; 2;,) — VFs(wy), VEs(wy)). (36)
t=1

Furthermore, we bound term — Zthl ne(E;,V f(wy; 25,) — VEs(wy), VFs(w¢)). We have

T
=Y (B, Vf(wi; 2,) — VFs(w;), VFs(wy)) < ZntHEJtvf(wt?ZJt) VFEs(w)|? + Z:77t||V1[75‘("Vt)||2

(37
Define 2 = (v f(weiz;,)1>71 A Y = L9 f(w,iz,, )~V Fs (wo) > 4o} Since [|[Fs(wy)[| < 7/2, we have

IVF(wes 2 )| < IVF(Wi525,) = VEs(w) || + [V Es(we)|

1
< IVF(wesz5,) = VEs(wo)| + 5,

which implies that x; < y;.
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For the term ||E;, V f(wy; 2j,) — VEs(w,)],

1BV F(wes 25) = VEs(wa) | = B, [(VF(we3 23) = Vf (wis 25,))e |

= ||Ej, {Vf(wté Zﬁ)(m - 1)%} |

R oy TV (w2l

- ||E]t |:Vf(wt7 Z]t)( va(wt7 th)]H )mt:| ||
[ oy T IV (w25l

< B IV v 5) (g et el

IV £ (wis 25 = i
ANV F w1z 2501 = [V Es (wa) e
[|||Vf<wt,zﬁ> VFs(wi) ||z

1V5(wi323,) = VEs (w0l

INIA

IA

E;,
E;,
E;
E;,
< B 19w 20) — V(w2

2K2T(20 + 1)/ E;, 42, (38)

where the first inequality holds due to Jensen’s inequality, the second inequality holds due to ||V Fs(w)| < 7/2 and
IV f(wy; zj,)|| > 7, the fifth inequality follows from the Schwartz’s inequality, and the last inequality follows from Lemma
22 of (Madden et al., 2021). Moreover, we can derive the following inequality with probability 1 — ¢

1
By = Piuyi = 1) = Py, (IVF (Wi 2,) = VFs(wi)|| > 57)

1
T 0
<2exp (- (1)) 39
< 2exp Ve (39
where the inequality holds due to the tail bound of the subWeibull random variable in Lemma A.1. Thus, Combined (37)
with (38) and (39), we have the following inequality with probability 1 — 70

— > (B, V(Wi;25,) — VFs(wi), VEs(wy))
t=1

T 1 T
<2KT(20 + 1) Z mexp (- (4K)9)+%Zm|\VFs(wt)ll2- (40)
t=1

Plugging (40) into (36), and by a rearrangement, we have the following inequality with probability 1 — 7' —

T
1
1l VFs(w)|?

t=1

S

T

T T
1
<Fs(w1) — Fs(wg) + Z iﬂnsz + 161,72 log(1/6) + 2K*T(26 + 1) Z 7 €Xp ( — (E)
- t=1

).

To continue the proof, we let

Then we get
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Thus, when 7 = 4K log? /T, with probability 1 — 7' — 6 we have

T
ZU:&HVFS(Wt)HQ

t=1
T T 1
SA(Fs(ws) = Fs(ws)) + 3 26mi7? + 64mrlog(1/0) + 8K°T(20 + 1) 3 e exp (- (%))
t=1

T
<4(Fs(wy) — Fs(wg)) + 16K?10g® VT 2/327% + 641,16 K2 1og®’ VT log(1/6) + 8K*T'(20 + 1) \F Znt

t=1

Since n; = m W’ according to Lemma B.1, we can further get the following inequality with probability 1 — 7§ — ¢

T
Z t||[V Fs(wy)]

iﬁa

4(Fs(wy) — Fs(ws)) + 16 K21og? VT28n? log(eT) + 64m 16 K2 log?’ VT log(1/8) + 4K>T(260 + 1)771)

o

7N

% (log29 \/Tlog(T) 10g(1/5))> )

which implies that with probability 1 — §

T

1

= IVEs(w)l <
t=1

Zmnws(wt)n? (10" (1) 10(5)) ).

1 1
i °(ur
Secondly, we consider the case ||Fs(w;)|| > 7/2. Recall that from (35) we have

Fs(Wei1) = Fs(we) < —ne(V (i3 25,), VEs (W) + %anf?
We now analyze the term —1;(V f (wy; z;,), VFs(w,)). Specifically,

—ne{V F(Wt; 25,), VEs (W)
== (VI (Wi 2,), VES(W ) pwizs )15 — 1V (Wi 25,), VES(We) L9 f(waiz, )1 <
= =0 (V (Wi 25,) IV F(We5 25 )l VES (W) v pwisz i = 1V (Wi 25, ), VES (W) v £ (waszy, ) <
Then, according to Lemma B.6, we have

=T (Vf(wWes 25) IV f(Wes 25, s VES (W) Ly £ (wyiz;, )57

VFEFg(w 8
<—mr (Hs(t)”(l — HHVf(Wt;th)HST) — g”Vf(Wt;th) — VFS(Wt)H) .

3

Moreover, we have

= eV (W5 25,), VEs(W)) v f(wyiz;,) 1 <
= —m(IVFs(w)|I> + (VEs(wt), V(W5 2,) = VEs (W) L9 fweizy, ) <7
— e (|VEs(wo)[I> = [VEs(wo) |1V f (Wi 25,) = VEs(Wo)DIjw fowyizy,) 1<

== (HVFs(Wt)IIZHuwwmh)usT —IVFs(W)llIVf(We: 2j,) = VES(W LI p(weszs ) 1<V £ (weszg, )~V Fs (wo) | < /8™
IVEs (W) [llIV f (w5 25,) — VFs(Wt)IIHHVﬂwuzh>HgnHVf(wf,;zn)—VFs(wi)Hzf/s)
0 (CITFs () PTyw swese i<r — I Fs(w) 19 £ (wes ) — VEs(w) )

< =y (%THVFS(Wt)HHHVf(wt;zH)HST —IVEs(Wo) IV f(wi; 25,) — VFS(Wt)H)

1
<- 77t(§T||VFS(Wt)|\H|\Vf(wt;zjt)\|gf —IVEs(wo)[llIV f(we; 25,) — VFS(wt)H),
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where the first equation holds due to (V f(wy; z;,), VFEs(wy)) = [|[VFs(wy) |2 + (VEs(wy), V f(we; 25,) — VFs(wy)),
where the second inequality follows from that if || Fis(w)|| > 7/2 and ||V f(wy; 2;,) — VFs(wy)|| < 7/8, then

IV B V(v 2) — VEs(awy)| 2 T > IVESCE
and where the third inequality holds due to ||Fs(w¢)|| > 7/2. Thus, we have
— (Vw3 2j,), VEs(we))
<= <IT||VFS(Wt)||HHVf (wezl<r — IVEs(W)[[|V f(wes 25,) — VFS(Wt)”)

e (V)

(1= Ty stw <) ~ §IVF (323 = TEs(wi)
= (GrIVEs(wll = 57V (wes 23,) = TEswoll = [V Es(woll [V (wis 23,) ~ VEs(wo)])-
According to Lemma A.2, with probability at least 1 — §, we also have
IV F(wiiz3,) = VEs(woll < Klog! ().
Thus, with probability at least 1 — &, there holds
Fs(wisn) = Fs(we) < 3 fr?

1 16 2 2
— e (5TIVFs(w) | = IV Fs(w)ll K log” () — [V Fs(wi) [ log”(5)),

where the inequality also follows from ||Fs(w;)|| > 7/2. Taking a Summation form ¢ = 1 to t = T, with probability at
least 1 — T'6, we have

T
1
Fs(wry1) — Fs(wy) <5 Z
2 0,2
—Zm( PV Fs(w)l — 5 IV Fs(w) K log? (5) ~ [V Fs(w) | K Tog”(5))
which means
119 2 1
> (57 - gKloge(g))mHVFs(Wt)H < Fs(w1) — Fs(ws) + Y i,
t=1 t=1
To continue the proof, we take 7 > 20K log?( 2). Then we get
d 2 d 2 1
2 2
g(gmog (5)) el VFs(we) Z::( r— LK l0g” () ) [V s (wo)| < Fs(w) = Fs(ws) + 3 i
It implies that
T T
3(Fs(wy) — Fg(w 3
S IV Es(w) | < W) “Fsws))  gv 3 g0
et Klog’(%) — 2K log’ (%)

Therefore, with probability at least 1 — 76,

T
1 3(Fs(w1) — Fs(ws 1 n2r?
§ VFs(w,)| < § .
VT t:177tH s(woll < VTKlog®(2) VT 2K10g 2K log?(2)

t=1 E
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Taking 7 = 20K loge(%) and since 1y =y % we get the following inequality with probability at least 1 — 7',

Lz [ 1og’(1/6)log T
ﬁ;ntl\VFs(Wt)“ =0 (ﬁ) ,

implying that with probability at least 1 — 4,

1 & 1 T IOgG(T/é)logT
F IV < e STl T Rl = O (ﬁ |

Till here, combined with the two cases and taking 7 = max {2OK 1og‘9(%), 4K log’ VT }, we finally obtain the following
inequality with probability 1 — ¢

i win { ||V Fs(wo)||, |V Fs(wi) 2} = (W) +0 (\/IT (log29+1(T) 10g(§))>

o log? (T/6)log T + log* ™ (T') log(%)
T .

The proof is complete. O




