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Abstract

Stochastic high dimensional bandit problems with
low dimensional structures are useful in different
applications such as online advertising and drug
discovery. In this work, we propose a simple
unified algorithm for such problems and present
a general analysis framework for the regret up-
per bound of our algorithm. We show that under
some mild unified assumptions, our algorithm can
be applied to different high-dimensional bandit
problems. Our framework utilizes the low dimen-
sional structure to guide the parameter estimation
in the problem, therefore our algorithm achieves
the comparable regret bounds in the LASSO ban-
dit as a sanity check, as well as novel bounds that
depend logarithmically on dimensions in the low-
rank matrix bandit, the group sparse matrix bandit,
and in a new problem: the multi-agent LASSO
bandit.

1. Introduction

Stochastic multiarmed contextual bandits are useful models
in various application domains, such as recommendation
systems, online advertising, and personalized healthcare
(Auer, 2002b; Chu et al., 2011; Abbasi-Yadkori et al., 2011).
Under this setting, the agent chooses one specific arm at
each round and observes a reward, which is modeled as a
function of an unknown parameter and the context of the
arm. In practice, such problems are often high-dimensional,
but the unknown parameter is typically assumed to have
low-dimensional structure, which in turns implies a succinct
representation of the final reward.

For example, in high dimensional sparse linear bandits, also
known as the LASSO bandit problem (Bastani & Bayati,
2020), both the contexts and the unknown parameter are
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high-dimensional vectors, while the parameter is assumed to
be sparse with limited nonzero elements. There has been a
line of research on LASSO bandits, such as Abbasi-Yadkori
etal. (2011), Alexandra Carpentier (2012), Bastani & Bayati
(2020), Lattimore et al. (2015), Wang et al. (2018), Kim
& Paik (2019), Hao et al. (2020a), and Oh et al. (2021).
Different algorithms are proposed for this problem, and
different regret analyses based on various assumptions are
provided.

When the unknown parameter becomes a matrix, some re-
cent research have worked on low-rank matrix bandits. For
example, Katariya et al. (2017a;b) and Trinh et al. (2020)
considered the rank-1 matrix bandit problems, but their re-
sults cannot be extended to higher ranks. Jun et al. (2019)
studied the bilinear bandit problems where the reward is
modelled as a bilinear product of the left arm, the parameter
matrix, and the right arm. Kveton et al. (2017) first studied
the low-rank matrix bandit, but required strong assumptions
on the mean reward matrix. Lu et al. (2021) extended the
work by Jun et al. (2019) to a more generalized low-rank
matrix bandit problem but their action set was fixed. Hao
et al. (2020b) further studied the problem of low-rank tensor
bandits.

Despite the recent progress in all the above high dimen-
sional bandit problems, both experimentally and theoret-
ically, prior works are scattered and different algorithms
with different assumptions are proposed for these problems.
Although in LASSO Bandits, people have already given
logarithmic dependence on the high dimension, we are sur-
prised that such dependence has not been shown for other
problems and polynomial dependence on the high dimen-
sions still exists. An interesting question here is: does there
exist a unified algorithm that works in all the high dimen-
sional bandit problems, and if so, does such an algorithm
hold a desirable regret bound in the different settings in
terms of the dimensional dependence? In this work, we
provide affirmative answers to these questions.

Our work is inspired by the literature on traditional high
dimensional statistical analysis (Negahban et al., 2012) and
modern high dimensional bandit algorithms (Kim & Paik,
2019; Oh et al., 2021). The only similar prior work we are
aware of is the framework by Johnson et al. (2016), but
they analyzed a completely different problem setting. Their
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algorithm is not only much more complicated than ours,
but also requires very strong assumptions on the arm sets
as well as low-dimensional structural information of the
unknown parameter.

In particular, we want to highlight the following contribu-
tions of our paper:

* We present a simple and unified algorithm framework
named Explore-the-Structure-Then-Commit (ESTC)
for high dimensional stochastic bandit problems and
provide a problem-independent regret analysis frame-
work for our algorithm. We show that to ensure a
desirable regret, one simply needs to ensure that the
two special events defined in Section 3 happen with
high probability after the exploration stage under mild
assumptions.

* We demonstrate the usefulness of our framework by ap-
plying it to different high dimensional bandit problems.
We show that under a mild unified assumption, our
algorithm can achieve desirable regret bounds. We first
prove that our algorithm achieves comparable regret
bounds in the LASSO bandit problem as a sanity check;
we then provide novel bounds in the low-rank matrix
bandit and the group sparse matrix bandit which also
depend logarithmicly on the dimensions. We also show
that a simple extension of our algorithm can achieve
group sparsity with a desirable regret bound in a new
problem: the multi-agent LASSO bandit. We sum-
marize our results and compare them with the most
relevant existing works in Table 1. !

* Our novel framework provides new proofs for different
high dimensional bandit problems. Although prior
works such as Hao et al. (2020a) has proved similar
results in the LASSO Bandit case, the proof techniques
for low-rank matrix bandit and group-sparse matrix
bandit are highly different and novel, which are also
part of the contributions in this paper, e.g., proofs for
Lemma 4.5, 4.8, C.2, C.3, and C.4. Interested readers
can refer to the Appendix for more details.

2. Preliminaries

In this section, we establish some important preliminary
notations and definitions in this paper.

Notations. Given a subspace M of RP?, its orthogonal com-
plement M* is defined as M+ = {v € RP|{u,v) =

'For the first regret upper bound by Hao et al. (2020a), i.e.
O(7s*/*T?/3/log(dT)), we have contacted the authors person-
ally and confirmed that there is a mistake in the proof of Theorem
4.2 in their paper. The \/log(dT’) term is missing in the original
theorem. Explanations are provided in Appendix A.

0 for allw € M}. The matrix inner product for two ma-
trices A, B of the same size are defined as (A, B)) :=
trace (AT B) . We use || - || for vector norms and ||-||| for
matrix norms. Given a norm || - ||, we use the notation
0 a1 to represent the projection of a vector § onto M, i.e.,
O = argming, . \,||0 — €'||, and similarly for 6 .. The
dual of a norm || - || is defined to be |[ul|. := sup,j<; (u,v).
For the rggularization norm R, we denote its dual to be R*.
We use O(+) to hide the non-dominating factors in big-O
notations. We frequently use the notation [T] for T € N to
denote the set of integers {1,2,--- ,T}. For the reader’s
reference, a complete list of all the norms and their duals
used in this paper is provided in Appendix A.

Multiarmed Contextual Bandits. In modern multiarmed
contextual bandit problems, a set of contexts {z;.q, }1£;
for each arm is generated at every round ¢, and then the
agent chooses an action a; from the K arms. The con-
texts are assumed to be sampled i.i.d from a distribution
‘Px with respect to ¢, but the contexts for different arms
can be correlated (Chu et al., 2011). After the action is
selected, a reward y, = f(zy,q,,0") + € for the chosen
action is received, where f is a deterministic function, 6* is
an unknown parameter, and ¢, is a zero-mean random noise
term which is often assumed to be sub-Gaussian or even
conditional sub-Gaussian in a few cases. In this paper, we
focus on bandit problems where 6* is high dimensional but
with low-dimensional structure such as a sparse vector, a
low-rank matrix, and a group-sparse matrix.

Let af = argmax;c (k) f(2t,q;,0") denote the optimal ac-
tion at each round. We measure the performance of all
algorithms by the expectation of the regret, denoted as

T
E[Regret(T)] = E Z f(@ea;,0%) = f(zr,a,,0")
t=1

The goal for all the bandit algorithms studied in this paper is
to ensure a sublinear expectation of the regret with respect
to T, so that the average regret converges, thus making the
chosen actions nearly optimal. Moreover, we require the
regret bounds to depend on the low-dimensional structure
constraint of the parameter, for example, the number of non-
zero elements for a sparse vector, rather than polynomially
depend on the high dimension(s), so that the algorithm
utilizes the low-dimensional structure of the parameter to
reduce the regret.

Optimization Problem. We use the shorthand notations
X: = {wiq}t_; and Y = {y;}}_, to represent all the
contexts of the chosen actions and the rewards received up
to time ¢. Many algorithms designed for multiarmed bandit
problems involve solving an online optimization problem
with a loss function L;(0; X;, Y;) and a regularization norm
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Table 1. Summary of regret bounds by different research works and their assumptions. Parameters: d, (d1, d2) are the dimension sizes
for vectors and matrices respectively; K denotes the number of arms when the arm set is finite; s denotes the support size of a vector;
r denotes the rank of a matrix; 7 is a paper-dependent constant. Arm Set: “fixed” represents that the arm set is a fixed set A; “CBL”
represents that different arms have different parameters. “finite” represents that the number of arms is finite; “contextual” represents that
K different contexts are generated from a distribution at each round. O(-) hides the non-dominating terms.

LASSO REGRET BOUND ARM SET  ASSUMPTIONS
Lattimore et al. (2015) O(sv/n) fixed action set is a hypercube
Bastani & Bayati (2020) O(TKs*log? T) CBL compatibility, margin, optimality
Wang et al. (2018) O(TKs*logT) CBL compatibility, margin, optimality
Kim & Paik (2019) O(1sV/T log(dT)) contextual  compatibility
Oh et al. (2021) O(7sy/T log(dT)) contextual ~ compatibility, symmetry, covariance
Oh et al. (2021) O(7+/sT log(dT")) contextual ~ RE condition, symmetry, covariance
Hao et al. (2020a) O(s*/*T?/3/log(dT)) fixed action set spans R?
Hao et al. (2020a) O(y/sT 1log(KT)) finite, fixed  action set spans R?, minimum signal
Hao et al. (2020a) Q(sY/3172/3) finite, fixed  action set spans R?
This paper (sanity check) O (s'/*T?/3, /log(dT)) contextual  RE condition
LOW-RANK
Jun et al. (2019) O((dy + d2)/?\/rT) fixed the reward function is bilinear
Johnson et al. (2016) O((dr + d2)**\/7T) fixed prior knowledge of parameter
Lu et al. (2021) O((dr + d2)**\/7T) fixed sub-Gaussian sampling distribution
This paper O /3T log((d1 + da)) contextual  RE condition
GROUP-SPARSE
Johnson et al. (2016) O(y/s(dz + log K)d1T) fixed prior knowledge of parameter
This paper O(s'/3\/d;T?/? + s'/3T?/3/logd;)  contextual ~ RE condition
MULTI-AGENT
This paper O(d2s'/3T°/% /log(diT)) contextual  RE condition

R(0),1i.e., We present a few examples of the pair of subspaces and

6, c argmin(,e@{Lt(é);Xt,Yt) + )\tR(G)} (1)

where )\, is the regularization parameter chosen differently
in different algorithms and © is the parameter domain. We
also often use the notation L;(#) to represent L (6; X, Y+).
The solution 6; in Eqn. (1) is a regularized estimate of 6*
based on the currently available data. The reason to use
the regularization R(#) is that it can hopefully identify the
low-dimensional structure of * so that 6, can converge to
0* fast and the action chosen by the algorithm becomes
optimal after a few rounds.

High Dimensional Statistics. Our general theory applies
to M-estimators, i.e., the loss has the form L.() =
%23:1 1-(0), where each [.(6) is a convex and differ-
entiable loss function and R(6) is a decomposable norm.
M -estimators and decomposable norms are well-accepted
concepts in the high dimensional statistics literature (Ne-
gahban et al., 2012). We first establish the definition of a
decomposable norm.

Definition 2.1. Given a pair of subspaces M C M,
the norm R is said to be decomposable with respect to

the subspace pair (M, M) iff RO +v) = R +
R(7), forall§ € M,~ € M

the decomposable regularization, each corresponding to one
application of our general theory in Section 4.

Example 1. (Sparse Vectors and the |, Norm). Let 0* €
R? be a sparse vector with s < d nonzero entries, we
denote S(0%) to be the set of non-zero indices of 0" (i.e.,
the support). The pair of subspaces M C M are chosen
as M= M=1{0 € R | 0; =0, forall j ¢ S(60%)}
.Then l; norm is decomposable with respect to (M,ML)
) —
ie, |0+ = 10l + V|l for all 6 € M,y € M,
since 0 and ~y have non-zero elements on different entries.

Example 2. (Low Rank Matrices and the Nuclear Norm).
Let ©* € RU*X% be g low rank matrix with nﬂcﬁ’ <
min{dy, ds }. We define the pair of subspace (M, M) as

M = {0 € R4X%| pow(0) C V, col(©) C U}
M= {0 € RU¥%| row(0) C VL, col(©) C ULY,
where U and V' represent the space of the left and right
singular vectors of the target matrix ©*. Note that in this

case M C M. Then the nuclear norm ||-||,,.... is decom-

10+ Tlle =

nuc

posable with respect to (M ,ML), ie.,
1010+ Tl for all © € M,T € M

Example 3. (Group-sparse Matrices and the 1, , Norm).
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Let ©* € R4* pe g matrix with group sparse rows,
i.e., each row ©F is nonzero only if i € S(©%), and
|S(©*)| = s < dy. Similar to Example 1, we define the

pair of subspace (M, ﬂl) as
M=M={0 cR"*%® | @, =0, foralli ¢ S(©*)}

The orthogonal complement can be defined with respect to
the matrix inner product. Then the 1, 4 norm, defined as

el , = 2221[2?;1 1©,;]9]1/4, is decomposable with
respect to (M,ML).

Given the decomposable regularization R, it is shown in
Negahban et al. (2012) that when the regularization param-
eter Ay > 2R*(VL:(0*)), the error 6; — 6* belongs to a
constraint set C defined as follows.

Definition 2.2. For any decomposable R on the subspace
pair (M, WL), the constraint set C is defined as

C:= {A | R(Agr) < 3R(Axy) + 4R( M))}

Such a set restrains the behavior of the error when the regu-
larization parameter is correctly chosen. Next we present the
definition of restricted strong convexity on the loss function
L:(0).

Definition 2.3. The loss function L;(6) is said to be re-
stricted strongly convex (RSC) around 6* with respect to

the norm || - || with curvature « > 0 and tolerance function
Zy(0%) if

Bu(6,0%) := Ly (0) — Ly(6%) — (VL (6%),0 — 6%)

> a‘ 00| - z.(67)

In the high dimensional statistics literature, restricted strong
convexity is often ensured by a sufficient number of samples
for some specific distributions of X such as the Gaussian
distribution (Negahban et al., 2012). In the online case, we
need some special assumptions to guarantee that restricted
strong convexity holds after a number of rounds. In addition,
the following subspace compatibility constant plays a key
role in restricting the distance between the true parameter
and its estimate by the low dimensional structural constraint,
hence generating a desirable regret bound.

Definition 2.4. For a subspace M, the subspace compati-
bility constant with respect to the pair (|| - ||, R) is given by
¢ := sup, e zq (o3 (R(w)/|[ul])

For instance, ¢ = /s for the (|| - ||2, || - ||1) norm pair and
M defined as in Example 1 because /s||ul2 > |jul|; for
u € M by the Cauchy-Schwarz inequality.

3. Main results

In this section, we present our simple and general algorithm,
as well as its analysis framework. Let o > 0 be a constant
to be specified later, we define the following two probability
events A; and &;

Ay = {x = 207 (VL(07) },

i _Zt(e*)}

where A; represents a correctly chosen regularization pa-
rameter and £; means that L;(6) is RSC with respect to the
undefined norm || - || with curvature « and tolerance Z;(6*)
at round t. As we will show below, ensuring that these two
events happen with high probability is of vital importance.

& = {Bt(a,a*) > aHa — g

3.1. Oracle inequality

We first present a general oracle inequality between the
estimate and the true parameter, which is extended from the
results in Negahban et al. (2012).

Lemma 3.1. (Oracle Inequality) If at round t, the proba-
bility event A; holds and the event & holds for all 0 — 0* €
C, then for the solution 8, of Eqn. (1), the difference 6; — 0*
satisfies the bound

Remark 3.2. The proof of Lemma 3.1 is provided in Ap-
pendix F for completeness. Lemma 3.1 states an oracle
inequality for each choice of the pair of norms (|| - ||, R),
and the corresponding subspaces where R is decompos-
able. The difference converges to zero if both \; and Z;(6*)
decreases when t increases, and therefore the estimate 6,
becomes more and more accurate as rounds progress.

* 2 )‘? 2 1 * *
0 —0"|| <9257 + [2Zt(9 )+ ANR(05,.)

(0%

3.2. The general algorithm

Now we present our Explore-the-Structure-Then-Commit
(ESTC) algorithm for high dimensional contextual bandit
problems. Our algorithm consists of two stages: the ex-
ploration stage where arms are randomly picked and the
commit stage where the best arm explored is chosen. Algo-
rithm 1 shows our procedure in detail.

Remark 3.3. Similar algorithms have been proposed in
some recent papers. For example, Hao et al. (2020a) pro-
posed an Explore-the-Sparsity-Then-Commit algorithm, but
it was only designed and analyzed for fixed action sets and
for LASSO bandits. Oh et al. (2021) proposed a sparsity-
agnostic algorithm in the LASSO bandit problem, which
does not need the sparsity parameter s, but they required
much more assumptions than ours in the multi-arm case
(K > 3). Luetal. (2021) proposed a Low-ESTR algorithm
that solved the same optimization problem as our Section
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Algorithm 1 Explore-the-Structure-Then-Commit

1: Input: Ar,, K € N, L,(6), R(9), f(z,6),00,To
2: Initialize Xo, Yo = (0,0), 6; = 6y

3: fort =1to 1y do

4 Observe K contexts, Ty 1, %2, Lt K

5. Choose action a; uniformly randomly
6

7

8

9

Receive reward y; = f(21,q,,0") + &

X =Xio1 U{zta, ), Ye = Y1 U {ya, }
: end for
: Compute the estimator 07,

GTO € argmin@e@ {LTO (07 XTo? YTO) + /\TOR(G)}

10: fort =Ty + 1to T do
11:  Choose action a; = argmax,, f (2+,q,01;,)
12: end for

4.2 in the low-rank matrix bandit, but they require the lowO-
FUL algorithm by Jun et al. (2019) and the algorithm is
designed for fixed action sets.

Remark 3.4. Our algorithm generalizes over the prior ef-
forts on different high dimensional bandit problems. The
advantages of our algorithm are that (1). it is very simple,
(2). it does not require strong assumptions, and (3). it can
be applied to different problems while it remains unclear
whether prior works can be extended to all the problems
we discuss here. Furthermore, we provide comparable re-
gret bounds for existing problems and novel results for new
problems (see Table 1, Section 4, and 5).

3.3. Regret analysis

To analyze the regret of Algorithm 1, we impose some
weak assumptions on the reward function and the norm of
the context. The two assumptions are listed below for the
general theorem, and we will demonstrate how they can be
easily guaranteed in the specific applications in Section 4.

Assumption 3.5. z is normalized with respect to the norm
I -], ie. ||z]| < k1 for some constant & .

Assumption 3.6. f(z,0) is C-Lipschitz over z and Cs-
Lipschitz over 8 with respect to || - ||. i.e.,

f(x1,0) — f(22,0) < C1H$1 — T

F(a,01) — f(x,02) < czuel - 92H

Remark 3.77. Assumption 3.5 is very standard in the contex-
tual bandit literature, see e.g., Chu et al. (2011); Bastani &
Bayati (2020); Kim & Paik (2019); Lu et al. (2021), where
the /> norm or the Frobenius norm of the contexts is as-
sumed to be either bounded by 1 or a constant x,,4,. In
the case where f is normalization-invariant (e.g., the lin-
ear case), Assumption 3.5 can be achieved without loss of

generality through normalization of the contexts and the
rewards. Assumption 3.6 can also be easily guaranteed with
the help of Assumption 3.5 for linear models, as well as
for some generalized linear models whose link functions
has bounded derivatives such as the logistic model. Given
Assumptions 3.5 and 3.6, we present our novel problem-
independent theorem of the regret bound.

Theorem 3.8. (Problem Independent Regret Bound)
Suppose that Assumption 3.5 and 3.6 hold. Then the ex-
pected cumulative regret of Algorithm I satisfies the bound

T
E[Regret(T)] < 2C1k1 Ty +2C1k1 Y [P (A7) +P(EG,)]
t=T0o
N—_——
(a) (b)
T )\2 1
TO * *
+2Cy Y 90— 0%+ —[221,(07) + Az, R(0},.)]

t=T,

(e)

Proof Sketch. Instead of assuming a particular form of the
model f or the shape of the parameter 6, our proof tech-
niques utilizes the property of all high dimensional bandit
problems solved by Algorithm 1 and thus contributes to a
general bound. As far as we are aware, no such general anal-
ysis have been proved before. The proof starts by showing
the instant regret at round ¢ is bounded almost surely.

J(@iar,0°) = f(2t,0,,0%) <201k

which can be used to bound the regret in Ty and when A,
and &7, do not happen. Then notice that when ¢ > Tp,
our choice of action in the commit phase implies that
f(®ta,,07,) > f(t,ar,01,), we can therefore transform
the problem of bounding the regret into a problem of bound-
ing the distance between 07, and 0* by proving that under
event Ar, and &y, fort > T

f(@tar,07) — f(t,0,,0%) < 2C3|07, — 07|
Therefore for any constant v > 0, either
v < f(@gar,07) = f(24,0,,0) < 20|07, — 07|

or f(2¢,az,0") — f(2¢q,,0") < v, which means that either
the instantaneous regret is bounded by v, or the distance
|01, — 0*]| is large. The proof is finished by taking v to be
the upper bound in Lemma 3.1 multiplied by a constant, and
taking expectations and summations over . ]
Remark 3.9. The full proof is provided in Appendix A. The
above regret bound may seem to be complicated at first
sight, but we can interpret it in the following way. In the
initial 7j exploration rounds, since we pull arms randomly
to collect more samples, we have to consider the worst
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case scenario and bound the regret linearly in (a). After
enough exploration at Tj, when the two events A7, or Er,
do not happen, no conclusions can be made on the distance
between the estimator 67, and the target 6*, contributing
to the second term (b). When both events happen, 07, and
0* are close enough and we can carefully bound the regret
with the help of Lemma 3.1, which generates the third term
(¢). Theorem 3.8 indicates that the expected regret upper
bound of Algorithm 1 depends on the probability of Ar,,
&, after a chosen round Ty, as well as the choice of Ar,
and Zg, (6*). Therefore, to obtain a sublinear regret, we
only need to ensure that the following two things happen in
the specific applications.

1. Ar,, &1, are high probability events.

2. Ar,, Z1,(0*) are carefully chosen so that term (c) is
sublinear

For instance, suppose that term (b) is finite, Ay, =
O(T~'/?), and Zr,(0*) = R(0},.) = 0, then the ex-
pected regret is of size O(¢T 2/ 3) by simple algebra. Such
a result is desirable since the regret bound is sublinear with
respect to 7', and it depends on the subspace compatibility
constant instead of the dimension size, so we utilize the
low-dimensional structure in #*. The final regret bound
in Theorem 3.8 will become clearer when we discuss its
specific applications.

3.4. High probability events

Finally, we address the two high probability events as they
are needed to prove a final regret bound. As we will show
in Section 4, the probability of the event A; is often decided
by the choice of A\; and the model structure. No further
assumptions are needed for A; to hold with high probability
in all the problems in this paper. However, £; does not nec-
essarily hold with high probability even after a large number
of rounds, and we need another assumption to guarantee its
validity.

Assumption 3.10. (Restricted Eigenvalue Condition)
Let X denote the matrix where each row is a context vector
from an arm. The population Gram matrix ¥ = £E[X”7X]
satisfies that there exists some constant oy > 0 such that
BB > ag||Bl?, forall B € C.

Remark 3.11. In the case where the contexts are matri-
ces, Assumption 3.10 represents that the population Gram
matrix built from the vectorized contexts satisfies the afore-
mentioned condition. To perform vetorization, we simply
need to stack the columns of the matrices and then use the
vectorized contexts to obtain the matrix X. We emphasize
that Assumption 3.10 is very general and mild because it is
only a requirement on the population, which is satisfied for
many distributions, for example, the uniform distribution on

a Euclidean unit ball. Apart from Assumption 3.10, prior
works either need many more assumptions such as sym-
metric distribution and balanced co-variance in (Oh et al.,
2021), or very complicated algorithms to make &; a high
probability event (Kim & Paik, 2019). Our algorithm, how-
ever, is simple and general and it can be applied to different
problems with only Assumption 3.10.

Remark 3.12. Another popular assumption in the LASSO
bandit problem is the compatibility condition (Bastani &
Bayati, 2020; Kim & Paik, 2019), which would replace the
norm in Assumption 3.10 by the /; norm (the regulariza-
tion norm R in the LASSO bandit problem). Although the
compatibility condition is slightly weaker than the restricted
eigenvalue condition, we can easily replace the norms in all
our arguments by the /; norm and still obtain the favorable
properties similar to Lemma 3.1. The final regret bound
may slightly differ from our results in Section 4.1 in terms
of multiplicative constants if we use the compatibility condi-
tion, but the proof idea is the same. We use the RE condition
in our paper because it is currently unknown whether the
compatibility condition can be extended to the matrix bandit
case. We leave it as a future work direction.

4. Applications on existing problems

In this section, we present some specific applications of
our general framework. Each subsection is organized in the
following way. We first clarify all the unspecified notations
in the framework, such as the loss, the regularization norm,
the compatibility constant, and so on. Then we present
a lemma to give the proper choice of the regularization
parameter \; in each problem. Given the lemma, we derive
corollaries of Theorem 3.8 to present the final regret bound
of the corresponding algorithm. We emphasize that even
though we focus on linear models in all examples for clarity,
it is easy to extend our results to nonlinear models that
satisfy Assumption 3.5 and 3.6. For example, results for
generalized linear models whose link functions are Lipschitz
can be easily obtained. Validation experiments that support
the correctness of our regret upper bounds are provided in
Appendix G

4.1. LASSO bandit

We first consider the LASSO bandit problem. In this case,
the reward is assumed to be a linear function of the context
of the chosen action x¢ o, € R? and the unknown parameter
6* € R e,y = (t,04,0") + €1, where ¢ is a (condi-
tional) sub-Gaussian noise. In the LASSO bandit problem,
the unknown parameter 6* is assumed to be sparse with only
s non-zero elements and s < d. This naturally leads to the
use of [ regularization.

To fit the problem into our framework so that we can get a
regret bound, we first clarify the corresponding notations.
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The loss function and the regularization are defined to be

t

1
Li(0) = 52 > (yi — v14,0)°,

=1

R(0) = (0]

In this case, we let (M, HJ—) be defined as in Example 1,
then [; regularization is decomposable with respect to this
pair of spaces. We choose the norm || - || in & as the [ norm,
and thus the compatibility constant ¢ = 4/s. Following
Chu et al. (2011), we assume that the contexts z; ,, and
the parameter 6* are all normalized so that ||z q, |2 < 1,
[[6*|l2 < 1. Therefore Assumption 3.5 and 3.6 are satisfied
automatically. Now, we present the following lemma, which
provides the choice of \; in the LASSO Bandit problem.

Lemma 4.1. Suppose the noise €; is conditional o-sub-
Gaussian. For any ¢ € (0, 1), use

20
A1, = NS v 2log(2d/9)

in Algorithm 1, then with probability at least 1 — §, we have
Aty = R*(VLg, (07))

Given the above lemma, it is easy to apply Theorem 3.8 to
get a specific regret bound in the LASSO bandit. Corollary
4.2 follows from taking § = 1/72 in Lemma 4.1 and Ty =
@(81/3T2/3).

Corollary 4.2. The expected cumulative regret of the Algo-
rithm 1 in the LASSO bandit problem is upper bounded by

E[Regret(T)] = O (31/3T2/3 log(dT))

Remark 4.3. The proofs and the specific algorithm are pro-
vided in Appendix B. Note that most of the regret bound
depends polynomially on the size of the support s and only
logarithmicly on the high dimension d. Therefore, Algo-
rithm 1 converges much faster than directly applying linear
bandit algorithms such as LinUCB (Chu et al., 2011) to the
sparse setting, which satisfies our requirement. Corollary
4.2 indicates that the regret bound is of size O(s'/372%/3),
which matches the regret upper bound proved by Hao et al.
(2020a) on the fixed action set and the minimax lower bound
up to a logarithmic factor (Hao et al., 2020a).

Remark 4.4. Some recent papers have proved better depen-
dence in terms of the total number of rounds 7" with more
complexly-designed algorithms, e.g. Kim & Paik (2019)
or more assumptions, e.g. Oh et al. (2021). Specifically,
they have provided O(v/T) regret bounds. However, as
mentioned by Hao et al. (2020a), these works all need T’
to be sufficiently large as an additional requirement. In the
so-called data-poor regime where 7" is limited, an Q(7%/3)
regret is unavoidable and thus our regret is optimal (Hao
et al., 2020a). Moreover, since vectors are 1-column ma-
trices, such Q(7'%/3) lower bounds are also unavoidable in

the low-rank and group-sparse matrix bandit problems. Our
result on LASSO bandit serves as a sanity check of the log-
arithmic dependence on the dimension and our main goal is
to show such dependence in the other problems.

4.2. Low-Rank matrix bandit

Next, we consider the implications of our general theory
in the low-rank matrix bandit problems. In this case, the
reward is assumed to be a linear function of the low rank ma-
trix ©* € R4 >4z and the context matrix X; ,, € R%1*%2,
ie., Vi = ((Xiq,,0%) + €, where rank(0*) = r <«
min{d;,ds}. We specify the loss function and the regu-
larization norm to be

t

1

Li(©) =5, D i = (X, O0)%, R(O) =1O]],,
i=1

By Example 2, the nuclear norm regularization is decom-

posable on (M, ﬂl) defined by the left and right singular
vector spaces of ©*. Note that in this case ¢ = v/2r be-
cause the space M contains matrices with rank at most 2r.
The norm we choose in the event &; is the Frobenious norm.
Also, we assume without loss of generality that the matri-
ces are normalized, so that || X; o, || < 1, [0, < 1.
Therefore, Assumption 3.5 and 3.6 are automatically satis-
fied. Similar to Lemma 4.1, the following lemma provides
a good choice of \; for the low-rank matrix bandit.

Lemma 4.5. Suppose the noise €, is o-sub-Gaussian. At
each round t, for any 6 € (0,1), use

My = = [3loa(20/0)log* (2(d + ) o)

in Algorithm 1, then with probability at least 1 — §, we have
Ar, = R*(VL,(07))

Similarly, we can obtain the regret bound by setting § =
1/T? in Lemma 4.5 and T, = O(r!/372/3),

Corollary 4.6. The expected cumulative regret of the Al-
gorithm 1 in the low-rank matrix bandit problem is upper
bounded by

E[Regret(T)] = O (rl/STz/gx/log(T) log((d + dQ)T))

Remark 4.7. The proofs and the corresponding matrix ban-
dit algorithm are provided in Appendix C. The regret bound
in Corollary 4.6 is of size O(r'/3T2%/3log((dy + d3))),
which polynomially depends on the low rank structure but
only logarithmicly on the dimensions and is thus better than
directly applying linear bandit algorithms to the problem,
which is again desirable. We emphasize that our result can-
not be directly compared with some prior results, because
papers such as Lu et al. (2021); Jun et al. (2019) consider
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a fixed set of the context matrices X; ,, instead of a gener-
ating distribution Py, which is different from our setting.
Although our dependence on the total number of rounds 7'
is O(T?/?), we have logarithmic dependence on the sum
of the dimensions (d; + d2) and thus it is more desirable
than bounds that have polynomial dependence on d when
the dimensions d, d, are large.

4.3. Group-sparse matrix bandit

Finally, we also apply our general framework to the group-
sparse matrix bandit problem. Similar to the low-rank matrix
bandit case, we assume that the expected reward is a linear
function of the context matrix X;,, € R%%d2 and the
optimal parameter O* € R4*42 je Y, = (X, ,4,,0%)) +

. Define S(0*) = {i € [d1] | ©F = 0} to be the set of
non-zero rows in ©* and assume that |S(0*)| = s < dy,
so the matrix is group sparse. We again specify the sum of
squared errors to be the loss, but use the I; ; norm as the
regularization norm.

t

Note that if ¢ = 1, the above problem is equivalent to the
LASSO bandit case, because we only need to vectorize
all the matrices by stacking their columns. Then L;(©)
becomes the mean squared error and R(©) becomes the I3
regularization, thus we only consider ¢ > 1 here. Define
the subspaces using S(©*) as in Example 3, then the [; ,
norm regularization is decomposable.

Similarly, we assume without loss of generality that the ma-
trices are normalized with respect to the Frobenious norm,
so that Assumption 3.5 and 3.6 are satisfied automatically.
We define the function 7(dz2, m) = max{1, d5*}. This nota-
tion is used because we need slightly different choices of A;
for ¢ € (1,2] and ¢ > 2. Also, the compatibility constant
¢ = n(dg, * 1" 3)4/s, which varies for different ¢. Similarly,
we provide the following lemma for a good choice of the
parameter \; in group-sparse matrix bandits.

Lemma 4.8. Suppose that ¢; is o-sub-Gaussian. At each
round t, for any 6 € (0,1), use

T](d27 % - %)

VT

20

dl 1/q
\/7

Aty = 2log(2d1/90)

in Algorithm 1, then with probability at least 1 — 0, we have
A1, = R* (VL7 (07)).

Given the above lemma, we can similarly derive a desirable
regret bound.

Corollary 4.9. With the two functions of da

1-1 1 1
Cl(dZ) =d, U(dzvg - 5),
1 1 1 1
Ca(da) = n(da, 5 - i)ﬂ(d% 5~ 6)

the expected cumulative regret of the Algorithm 1 in the
group-sparse matrix bandit problem is upper bounded by

E[Regret(T)]
—0 (Cl(dg)sl/3T2/3 + Oy (dy)s/3T2/3 log(le))

Remark 4.10. The proofs and the algorithm are provided in
Appendix D. The regret bound in Corollary 4.9 depends on
the choice of the regularization norm. For example, if ¢ = 2,
then R(O) is the group-LASSO regularization and the final
regret bound is O(v/dys'/3T%/3 + s1/3T72/3, flog(d,T)).
Besides, the regret bound only has logarithmic dependence
on dq, so it is desirable since we assume that the matrix is
group sparse with s < d;. Again, we emphasize that the
regret bound is not directly comparable to Johnson et al.
(2016) since they consider a fixed action set. Although we
have O(T?/3) dependence on T, our regret bound is more
desirable when the dimension d; is high and our logarithmic
dependence on d; is preferred.

5. Application on a new problem: the
multi-agent LASSO bandit

Apart from direct applications, our general analysis frame-
work can also inspire less-direct use cases. Here we briefly
present a novel application where our framework guides a
new algorithm and a new regret bound.

Suppose there are d, agents solving LASSO bandit prob-
lems synchronously, and each agent k receives a stochastic
reward yt(k) = :cgfl)tTﬁ(k)* + egk) at every round ¢. Here, the
contexts for each problem are similar and thus the param-
eters are required to be group-sparse instead of just sparse.
The major challenges in this problem are that, first, there are
multiple actions and multiple rewards at each round. Sec-
ond, the Lipschitzness assumption may only be guaranteed
for each agent, but not for the whole problem. Therefore, we
propose a variant of our algorithm (shown in Algorithm 5
in Appendix E where the agents jointly solve the following
optimization problem.

To da

argmm{— ZZ (k) Z’fa)LT ok

zlkl

)2+ 2zl 2}

Note that the above problem also has the form of Eqn. (1).
Therefore, following the same logic in our analysis frame-
work, we prove two high probability events that correspond
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to the correctly chosen regularization parameter and the re-
stricted strong convexity in this multi-agent problem, and
then an O(dys'/3T2%/3/log(d,T)) regret bound is proved
in Appendix E.

Theorem 5.1. Suppose that Assumption 3.5 and Assump-
tion 3.6 hold for each agent (with respect to the || - || norm).
Also suppose that Assumption 3.10 is satisfied. Then the
expected cumulative regret of Algorithm 5 is upper bounded
by

E[Regret(T)] = O (dgsl/?’TZ/?’\/log 2d1T>

Remark 5.2. Although the bound in Theorem 5.1 is the
same as applying the LASSO bandit algorithm to each agent
independently, our regularization can ensure group-sparsity
in the parameter, which cannot be guaranteed in the former
case. Again, such a regret bound is desirable since we only
have logarithmic dependence on d;, and s < d;.
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Supplementary Materials to ”’A Simple Unified
Framework for High Dimensional Bandit Problems”

A. Notations and the Main Theorem
A.1. List of Norms

For a vector v € R?,

s ||lv||2 is the Iy norm of v, i.e., ||v|ls = (v + 3 + - - + ©v2)'/2, which is self-dual.
* ||v]|1 is the Iy norm of v, i.e., ||v||1 = |v1| + |v2| + - - - + |v4|, Whose dual norm is the [, norm.

* ||v]|oo is the lso norm of v, i.e., ||v||cc = max;—12....q |v;|, whose dual norm is the /; norm.
For a matrix M € R4 *d2

« ||M]|  is the Frobenius norm of M, i.e., [|M]|» = (2%, Z(jil MZ)/?, which is self-dual.

is the nuclear norm o , which is defined as =y 27 0,, where {o;}’s are the singular
M]|..... is the nucl f M, which is defined as |[M]],, = S mntded} 5 wh he singul

values of M. The dual norm of the nuclear norm is the /5 induced operator norm.

o |[|M is the operator norm of M induced by the vector norm || - ||, i.e., |||M = sup _1 ||[M=x]|2. An important
op P oy op llzll=1 p
property of [[-[|,,, is that [ M]],, = max?:rll{dl’dz’} o;, where {o;}’s are the singular values of M. The dual norm of

the induced operator norm is the nuclear norm.

(i

regularization. The dual norm of /1 ; norm is the [, norm, defined as [|M|| , = max{!, [2?2:1 |M;;|P]}/?, with
the relationship 1/p+ 1/¢ = 1.

a7l

1q= Z?;l [Z;iil |M;;|9]*/4 s the I; , norm of M. For example if ¢ = 2, this corresponds to the group lasso

= max®, max;lil | M;;].

is the element-wise maximum norm of M, which is defined as || M|

max max

A.2. Explanations for the Regret Bound by Hao et al. (2020a)

For the results in this subsection, we have personally contacted the authors and confirmed that the logarithmic term is
missing in their proof. For clarity, we follow their notations where they have used n instead of 7" for the total number of
rounds and n; instead of T} for the exploration rounds. The other notations are either the same as ours (e.g. sparsity level
of the target vector is denoted by s, dimension size is denoted by d) or just constants (e.g., Riax 1S the maximum reward,
which is 1 in our case). Please refer to the original paper for more detailed notations. Now in their “Section B.3: Proof of
Theorem 4.2: regret upper bound”, on page 17, the authors have proved that the regret is upper bounded by the following
terms in “Step 3: optimize the length of exploration”.

With probability at least 1 — §.

R9 (n) S anmax + (n - nl) + 3ana.x €xXp (—Clnl) (2)

4 252 (log(2d) + log (n1))
Chin n

In the final step, Hao et al. (2020a) have taken n; = n2/3(s2 log(2d))Y/3 Rmat’(2/C2..)/3 = ©(n?/3) and compute the
final regret bound. However, they have ignored the log(n4) term on the numerator of the fractional under the square root
sign. In other words, when taking n; = n?/3(s? 10g(2d))1/3Rr}§43 (2/C2. )3 = O(n?/?), we get

m

Ro(n) < n*/3(s*log(2d))/3(2/C2,,) /PRI, + n*/3s*/R

1z 4-213 [ (log(2d) + 2log (n) + )
o (log(2d))*/3

min 3
+ 3anax exp (701711) ( )

=0 (32/3n2/3 log(dn))
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)1/3

where a = log ((82 log(2d))Y/3 Rmal® (2/C2
the same order as our regret bound in Corollary 4.2.

) is a constant. Therefore, the regret bound in Hao et al. (2020a) has

A.3. Proof of Theorem 3.8

Proof. By the Lipschitzness of f over x with respect to || - ||,

, we have

f(ﬂft,a;79*) - f(zt,a“o*) < Cl||xt,a; — Tt,a, || < 2C1ky

Then we can decompose the one-step regret from round ¢ into three parts as follows,

f(@taz,0%) — f(2t,0,,07)
= [f(xt,aZae*) _f(iﬂt at s )] ( < T ) [f(xt a;me*) _f(xt,atye*ﬂ ]I(t>T075TO)
+ [f(@taz,0%) = f(@t,a,,0%)] 1t > T, EF,)
<201k 1(t < To) + [f (@07, 0%) — f@t,a,,0%)] 1t > To, En,y) + 2C1 k1 1(E > T, EF,)
=201k 1(t < To) + [f(@t,az,0") = f(@t,a,,0%)] 1t > To, f(2t,0,,07) > f(@t.ar,0m,), En,) + 2C1 K1 1(E > To, E5,)

where I(-) is the indicator function. The last equality is due to the choice of a; = argmax,, f (x4, 01, ), and thus we know
that f(z¢,a,,07,) > f(2t,a;,07,). We focus on the second indicator function now. By the Lipschitzness of f over 0, we
have

I(t>To,Er)

(t > To, f(xt,a,,01,) = f(Tr,az,0m,),Em)

(t > To, f(xt,a,,01) — f(@tar,01) + f(Zta7,0 ) f(@t0,,0%) = f(@t07,0%) — f(t,0,,0%),Eny)

(t > To, [f(@t,a05010) = f(@tia, 0)] + [f @tar,0%) — f(@tar,01)] = Flr,a:,0°) = f(@4,0,,0%),En)
(t > To,2C: |07, — 0% = f(2t,ar,0%) — f(%1a,,0 ),ETO)

I
I
I
<I
Substitute the above inequality back and take expectation on both sides of the one-step regret from round ¢, we get

E [f(zta:,0%) — f(2t,a,,0%)] < 2C1ky fort < T

For ¢t > T}, and any constant v € R, the expectation is bounded by

E [f(l‘tafae*) - f(xt,a“‘g*ﬂ
<E[(f(ztar,0%) — f(@t,0,,0%)) L (2C2 |07, — 0 || = f(2t,ar,0%) — f(%t.0,,0%),En, )| + 2C1 k1 P(EF,)
SE[(f(zt,ar,0%) — f(@t,0,,0%)) L (2C2)|07, — 07| = f(2t,0:,0%) — f(@t,0,,0%) > 2C20,Ex, )| + 201 k1 P(EF,)

+E [(f(xt,afvg*) - f(xt,atae*)) :

1(2Co)0z, — 071l > F(2raz:0%) — F(ray.0%), f (2ras, 07) — F(@ray07) < 2C30,E7,)]

<E[(f(x07,07) = f(@,0,,0)) T(2Co||07, — 07| > f(x4,07,0%) = f(2t,0,,0) > 2C20,Ex, )]

20k P(E5, ) + 2Ca
<2C1 k1P (|0, — 07| > v, Ex,y) + 201k1P(5%0) + 2C%v
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Y 1

Now take v to be the upper bound of ||f, — 6*|| in Lemma 3.1, i.e., v* = 9l2°¢2 + =[2Z7,(6%) + 4\1, R(07,.)]. We
! e!

know by Lemma 3.1 that P(||01, — 0%|| > v, Er,) < P(A%,, €1, ). Then the expected cumulative regret becomes

T
E[Regret(T)] < 2C1k1TyH + Z [QClkl]P( %O,STO) + 201](511?(5%0) + 2021)]

t=To
&l ) A2, 1
<201k To + 2C1k P (A7) +P(EL)| +2C 9—=20¢2 + —[2771,(0%) + 4\, R(6% |
1k1To 11;;‘0[(%) (&5,)] 22;() 2+ (227, (67) 7o R(0},.)]

O

A.4. Regret Bound with the Regularization Norm

In this subsection, we provide a regret bound when Assumption 3.5 and 3.6 are assumed base on the regularization norm R,
which would correspond to, for example, using /; norm and the compatibility condition in LASSO bandit. The regret bound
we derive in Corollary A.4 can be easily extended to the LASSO bandit, the low-rank matrix bandit and the group-sparse
matrix bandit problems. We first provide the second oracle inequality (Negahban et al., 2012).

Lemma A.1. (Oracle Inequality) If the probability event A; holds and & holds for 0 — 0* € C N B(r;), where r? >

92—z¢)2 + 2L (2Z,(0%) + 4R(6 (1 )). Further suppose that R(07, . ) = O, then the difference 0; — 0 satisfies the bound

. A2 2\
R(6, —6") < 4¢\/9a;¢>2 + = Z(67)
Assumption A.2. We assume z is normalized with respect to the norm R., i.e., R(z) < k; for some constant k7 .

Assumption A.3. Here we assume similar Lipschitzness conditions on f and boundedness on R(x), as what we have done
in Section 3. We assume f(z, 8) is Cy-Lipschitz over 2 and Cy-Lipschitz over § with respect to the norm R. i.e.,

f(x1,0) = f(x2,0) < CrR(x1 — x2)
f(.’L‘, 91) — f(l}@g) S CgR(Gl — 92)

We show that based on such conditions, we can get a similar result as in Theorem 3.8.

Corollary A.4. (Regret Bound) Let Ty € N be a constant. Suppose that Assumption A.2 and A.3 hold. Also suppose that
0* € M, then the expected cumulative regret satisfies the bound

T T 2
c c )‘T
E[Regret(T)] < 201k1To + 2C1 kK t ET []P) ( To) + ]P)(STO)} + 802¢t ET Q?QOQSQ +
=To =To

2X 1, .
o ZT0(€>

Proof. By the Lipschitzness of f over x with respect to R(-), and the boundedness of R(x), we have

f(@ear,0°) = f(2t,0,,0%) < CLR(Tt0r — T10,) < 2C1k1

Then we can decompose the one-step regret from round ¢ into three parts as follows

f(@ta:,0") = f(T1,0,,0%)
= [f(xt,a;fvg*) — f(xt,0p5 )] I(t <Tp) + [f(mt af’e*) _f(xt,awe*)} I(t > To, €x,)
+ [f(@tar,0%) — f2t,0,,0%)] L(t > Tp, E5,)
<201kt < To) + [f (@0, 07) = f (00, 09)] Ut > To, Ex,) +2C1kall(t > To, £7,)
= 2C1kll(t < To) + [f(@t,03,0") = F(@t,00,0%)] 1t > To, f(Tt,0,,07,) = f(@t,01,01,), Emy) + 201 ka1t > To, E5,)
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where I(-) is the indicator function. The last equality is due to the choice of a; = argmax,, f(x,q, 01, ), and thus we know
that f(z¢,a,,07,) > f(2t,a;,07,). We focus on the second indicator function now. By the Lipschitzness of f over 6, we
have

I(t > To,En,)

(t > To, f(2t,a,,01) = f(@tar,01,), E10)

(t>T07 (@t,a,,01,) — flay, af,9T0)+f(iUt als ) f(xt,a,,0%) Zf(mt,af,e*)_f(xt,at,e*)75To)
(t>To, [f(@t,a0:0m0) = [(@t,00,0°)] + [f @tar,0%) = f(@ar,01)] = Flrar,0) = f(@4,0,,0%),En)
(t > T0,2C2R(0; — 07) > f(24,ar,0%) — (xt,at,Q ),ETO)

I
I
I
<I

Substitute the above inequality back and take expectation on both sides of the one-step regret from round ¢, we get

E [f(zta:,0%) — f(2t,0,,0%)] < 2C1ky fort < T

For t > T}, and any constant v € R, the expectation is bounded by

E [f(zta;,0%) — f(l"t ais07)]
SE[(f(zrar,0°) = f(®1a,,0%)) L (2C2R(01, — 0%) > f(%t,07.0%) — f(@t,0,,0%),En,)] + 2C1E1P(EF,)
<E[(f(®tar,0) — f(@,a,,0)) T (2C2R(O1, — 0%) > f(@rar,0%) — f(r,a,,0%) > 2Co0,Eq,)] + 201k P(EF,)
+ E [(f(xt,af79*) [y, ataa*))
I (202R(9T0 —0°) > f(@t,0:,0%) = [(#1,0,,07), f(@t,05,07) = [(%4,0,,07) < QCgv,gTo)]

<E[(f(zt,a:,0%) — f(@,0,,0%) 1 (2C2R(01, — 0%) > f(@t,07,0%) — f(21,a,,0) > 2Cov,Ex) |

+ 201k P(ES,) + 2050
<20,k P (R(0g, — 0%) > v, Ex,) + 201 ks P(ES, ) + 2030

Y 2X

Now take v to be the upper bound of R(f1, — 6*) in Lemma A.1, i.e., v = 4¢\/97;)gb2 + 2210 7. (6*). We know by
(0% o

Lemma A.1 that P(R(f1, — 0*) > v,Er,) < P(A%,, €1, ). Then the expected cumulative regret becomes

T
E[Regret(T)] < 2C1k1To + Y [2C1k1P (AG,, Ex,) + 2C1 k1 P(E5, ) + 2C3v)]
t=Top O
a c To 2 4 2)‘T0 *
<201k Ty +2C1ky Y [P (AS,) +P(EG,)] +8Ca0 Z 3O+ = 2 (07)

t=Top t=Ty

B. Proof for the LASSO Bandit
B.1. Notations and Algorithm

We first clarify the notations we use throughout the proof for the LASSO bandit. We use the notations X; € R**? Y},
e; € R? to represent the context matrix, the reward and the error vectors respectively, i.e., [(Xi]i = ®ia, € R4, [Yi]: =
Yi, [et]i = €i, Vi € [t]. The loss function now becomes L;(f) = % |Y; — X:0||3. The derivative of L;(0) evaluated at *
can be computed as

1 1
VL(6%) = —EXtTyg + X7 X0 = —EXtTet
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Algorithm 2 The ESTC Algorithm for LASSO Bandit

: Input: A\, K € N, L;(0), R(9), f(,0),To

: fort =1to T, do
Observe K contexts, Ty 1, T2, , Ty K
Choose action a; uniformly randomly
Receive reward y; = (21,q,,0") + €

end for

Compute the estimator 07, :

NN R

To
) 1
O7, € argming g {QTo Z(yi - $g:ai9)2 + )\To||9|1}
i=1
8: fort =Ty + 1toT do
9:  Choose action a; = argmax,, (T.q4,,01;,)
10: end for

The Bregman divergence By (6, 0*) can therefore be computed as

B(0,0%) = Lt(0) — L:(0%) — (VL (07),0 — 0%)
1 1 Lo 1 .
= 2*t||Yt - X,0|3 - 2*t||Yi — X073 — ¥<_X;Tet79 —0%)

1
5(9 —0TXT X (0 —0%)

Therefore the event A, is equivalent to {\; > 2||VL;(6%)||oc = 2| X €/|o}. The event & (RSC condition) is equivalent
to

1
57 (0 =0 X[ X,(0 - 607) > a0 — 073 — Z,(67)

Based on the above Bregman divergence, we define the matrix 3, € R4 a5 follows .

t
- 1
— T
Zt - z E xTyU«—er,aT
T=1

B.2. Technical Lemmas

The following two Bernstein-type inequalities are very useful in our analysis.

Lemma B.1. (Lemma EC.1 of Bastani & Bayati (2020)) Let { Dy, F. }32 | be a martingale difference sequence, and

suppose that Dy, is o-sub-Gaussian in an adapted sense, i.e., for all o € R, E [e‘lD k |.7-"k_1} < e’ * /2 glmost surely. Then,
forallt > 0, we have

P (I > Dl > t) < 2¢71/CneY)

k=1

Lemma B.2. (Lemma EC4. of Bastani & Bayati (2020)) Let z1,22, -,z be i.i.d. random vectors in RY with
2|l < 1forall 7. Let © =E [z,2T] and &, = 1 Z:—:l z.xl.. Then for any w > 0, we have

21 2 1 2
b 22<w+ G 4y [2108(@ +d) | log(d +d)>

)Hzt — 3 < exp (—tw)

t 4
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B.3. Proof of Lemma 4.1

Proof. Denote X, ™ to be the 7" -th column of the matrix X;. Since we assume that each ||a¢||2 < 1, then the matrix X} is
column normalized, i.e., ||X ||2 < +/t. From the union bound, we know that for any constant ¢ € R, we have

2 r ct
P <t||XtTet||oc < c) =P (Vr € [d], [{er, X7 < 2)
>1—ZE”( e XN 2 5)

Note that {{e;, Xt(r)) * _, is a martingale difference sequence adapted to the filtration 73 C Fo C --- C F;, because
E[{es, Xt(r)> | F;—1] = 0. Also note that each ¢, is o2-sub-Gaussian, therefore

E {exp( (et, X )) | Fro— 1} =E

t
exp (a Z Xf?@) |.7:k11

Eyem [ etlos lexp (QZX“ 61) | Fro— h%H
i=1

Exm lexp (ZQQXQ(T) 2/ > fk—l]
2

< exp (a’0?t/2)

Hence we can use Lemma B.1 and thus
2 d c
P (tHXtTetHOO < c) > _;p( en X)) > 2)
Z 1— 2de—c2t/(80'2)
If we take A\, = ¢ = /(802 log 2%) /t, then with probability 1 — &, we conclude that

2
P(2irele < x) 210 0

B.4. Proof of Lemma B.3

Lemma B.3. Suppose Assumption 3.10 is satisfied, then with probability at least 1 — exp (f %(S)) we have Br, (0,6*) >
2019 — 6*|13, for all Ty > 2log(d? + d)/C(s) and 0 — 0* € C, where C(s) > 0 is a constant that depends on s.

First, we introduce the following two technical lemmas.

Lemma B.4. ( Lemma 9 of Oh et al. (2021)) Suppose that ©1, %5 € R¥*? 3 € CNRY, and that the matrix ¥ satisfies
the restricted eigenvalue condition $7%13 > ol|B||2 with o > 0. Moreover, suppose the two matrices are close enough
such that |||X2 — 4| < 6, where 3256 < . Then

max —

8728 > 18I

Proof. The proof here modifies the proof by Oh et al. (2021), and we provide it for completeness. By the Cauchy-Schwartz
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inequality, we have

187518 — BT5:8| = |87 (51 — 22) 8
< (1 — 22)Bllool1Bllx
<151 = Sl e 1811
< dlIBIIT

For 3 € C, we have the inequality || 571 |1 < 3||B37[/1. Thus

1811 < 41837l < 461837l < 4618l < 490/ 6715

Therefore since we assume that 3256 < «, we have

T T 2 _ 16976 1 Lor
187518 — BT SaB8| < 41813 < . BB < 55 Y18
By some simple algebra on the above inequality, we know that
o)
BTSaB > 5”5”% =

Lemma B.5. (Distance Between Two Matrices) Define C(s) = (/&% + 1 —1)> = O(s™'), where « is defined in
Assumption 3.10. Then for all Ty > 21og(d? + d)/C(s), we have

> 20 < exp <_TOC<5))
max 32s 2

(-5

Proof. Since we sample uniformly in the exploration stage, we know that the contexts {z, 4, }20:1 are i.i.d., and thus for
any constant w, by Lemma B.2 we have

21 2 log(d?
> w4 V3D 4 og(d +d)+ og(d* + d)
max To To

11~
P 5( Sr - %

< exp (—wTp)
Now our choices of w and T} are to let both terms concerning w and 7§ to be small, i.e.,

Qg 2log (@2 +d)  log (d* + d) ap
Vow < -9 and <
WHVIWS Tog, An T, T S ass

Solving the two inequalities leads to

1 (7)) 2 2 (%)) 2
= — —+1-1 d Ty > 2log(d d —+1-1
w 2(\/64s+ )° an 0 > 2log(d” + )/(\/648"‘ )

then we have the following inequality

1~
P (5l -]

Finally, we provide the proof of Lemma B.3.

(&%) T()C(S)
> — < — = —_—
I 64s> < exp (—wTp) = exp < 5 O
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Proof. The proof follows from combining Lemma B.4 and Lemma B.5. Since we have that the restricted eigenvalue
condition holds for ¥ by Assumption 3.10, i.e.,

(0 —6*)TS(0 — 6%) > agll6 — 6*]|5,V6 — 6" € C

Also, the two matrices X, i]TO are close enough when 7j is large by Lemma B.5,

=

o TOC(S)
> 0) < Do
max 323) P ( 2

where C'(s) is a constant defined as in Lemma B.5. By Lemma B.4 we can claim that
0 — 0TS, (0 —0%) > %He — 02,9 — 0" € C
with high probability 1 — exp(—22S)) when Ty > 21og(d? + d)/C(s). Therefore

1 N
Br, (8,6%) = 5(0—67)" S, (6 = 67) = 20— 0*[3,¥6 — 6" € C

B.5. Proof of Corollary 4.2

Now given the results in Lemma 4.1, Lemma B.3 and Theorem 3.8, we can easily derive an upper bound for our LASSO
bandit algorithm. We specify all the constants here. For example, the Lipschitz constants C; = C5 = 1, the bound of the
norm k1 = 1, and we set Ty > 2log(d? + d)/C(s), where C(s) is a constant defined in Lemma B.5. The restricted strong
convexity holds with & = /4. The compatibility constant ¢ = /5. Also, . = 0so R(¢;,.) = 0.

Proof. Using Theorem 3.8, we can get the following upper bound

o T 144x2, 8
E[Regret(T")] < 2Tp + 2 Z [P (AS,) +P(EG)] +2 Z —Tos 4

A

o 7, (0%)
Qo
t:To t:T()

Note that Z7, (6*) = 0. Since we take § = 1/T% in Lemma 4.1, P(A%, ) < 1/T. Furthermore,

o 111

DPUAR) <Y m<d m sy

=T t=Tp t=1

Also by our choice of Ty = ©(s/3T2/3), we know that
T T
c T()C S T()C S)

S R(ER) <Y e () < pep (- T _ oq)
t=Ty t=Ty

3

where the last equality is by the fact that 23/2¢ =% is bounded above by a constant (%) e~ when a > 0. Therefore we

arrive to the following bound
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) 144)2 8\
E[Regret(T)] < 2Ty +2 Y [P (A5,) + P(E5,)] +2 Z — T 4 22T 7 (67)
t=Ty t=To O &o
T )\T
<2y +2 ) [P(AG) +P(ER)] +24(T — To) aoﬂ Vs
t=To

T
T 4
<2y +2 ) [P(AG) +P(EG)] + irl 80\/§«/2log(2dT)
t=Ty 0 o

Matching the two dominating terms, we get the choice of Ty = s'/3(%2)%/3T%/3 and the regret upper bound

24
E[Regret(T)] < 4s*/3(=— 7 2/3T2/3\/210g 2dT) + 2 Z )+ P(EE,)]

t=Tpo

=0 (51/3T2/3 log(dT))

C. Proof for the Low-Rank Matrix Bandit

C.1. Notations and Algorithm

Algorithm 3 The ESTC Algorithm for Low Rank Matrix Bandit

Input: \p,, K € N, L,(0), R(9), f(x,0), T,
fort =1to 7Ty do
Observe K contexts, X; 1, Xy 92, -, Xy K
Choose action a; uniformly randomly
Receive reward y; = (X¢.q,,0%)) + €
end for
Compute the estimator O, :

AN A SR ey

To
. 1
O7, € argming g {2T0 (yi — (Xia,, ON) + )‘t|||6||nuc}
i=1

8: fort =Ty + 1toT do
9:  Choose action a; = argmax,, ((X¢.4,, O, )
10: end for

We first establish the notations and the corresponding algorithm in low rank matrix bandit problems. We use the shorthand
vector notations X;(0*),Y;, e; € R such that [X;(0*)]; = (X;.4;, 0%), [Yi]: = vi, and [e;]; = ¢;. For any matrix A ,
vec(A) denotes the vectorization of the matrix by stacking all rows of the matrix into a vector, i.e., if A has entries

All A12 v Aln
A21 A22 v A2n
Aml Am2 o Amn

then 'UGC(A) = (Allv A127 e A1n7A217 A227 e 7A2n7 o AmlaAm27 e 7Amn)T9 and <<A7 B>> = (ATB) =
vec(A)Tvee(B).
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The loss function now becomes L;(0) = 3;||Y; — X;(©)||3, and the derivative with respect to ©* can be computed as
* 8 ]' *\\ T *
VL(©7) = @%(Yt — X (07))" (Y — X(07))
1 8 * *
= 5597 (200 Yi+ (07T X, (67))

¢
1
= i Z Xia,€i
i=1

where the differentiation is based on the chain rule of matrix calculus and the following facts

I(—2X,(0%)TY, + X,(0%)T X,(6%))

=2
9X,(6%) “
X (O _ (XL, 0 _
* = * = 1,053,k
907, 907, J

Therefore the Bregman divergence B;(©, ©*) in the low rank matrix setting is

B,(©,0%)
- Lt(@) ~L(0%) - (VLt(G)*), 6 - 0%

S 1Y = KO — IV~ 2O+ (5 D X1, — O7)

i=1
_ ;t[ 22,(0)7Y; + X,(0)TX,(0) + 2,(0°)Y; — (0 (0] + <<% ;Xe 0 - 0%
= ;t[ 2X,(0) e, — 2X,(0)TX2,(0%) + X:,(0)TA,(0) + 2X,(0%) e, + X,(0%)T X, (0%)] + <<% Z X a,€,0 — )

i=1

=5 L[X(0)7X,(0) - 2,(6)TX,(67) + X,(6")T 4,(0")]

2

= g[(/'\ft((a) — X,(07))1(X,(8) — X,(©"))]
1 : o* 2

- %Z:Zl zau >>

Note that one important property of the above Bregman divergence is

1 *
_272 'Laz7 >>2

i=1

o
- vt

t
[vee(X;.0,) T vec(© — ©%)]2
1 vee( X0, )vec(Xia,)  Jvec(© — ©%)

=1

Based on the above discussions, we define the matrix f]t € Rdrd2xdidz g follows

t
. 1 T
3 = - Eﬁ vec(Xrq, Jvec(Xra,)
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Also by Assumption 3.10, we know that for any B € C
vee(B) " Svee(B) = agllvec(B)|3 = aol| B

C.2. Technical Lemmas

The following matrix version of the Bernstein inequality is useful in our analysis of matrix bandits.
Lemma C.1. (Theorem 3.2 of Recht (2011)) Let X1, ..., X, be independent zero-mean random matrices of dimension
d1 X da. Suppose pi = max { IE[XkXF] |||Op, IE [XTXk] } and || Xl|,, < M almost surely for all k. Then for any

T > 0, we have

llop

—72/9
>T S(d1+d2)eXp< - 72—/ )
D h1 PR+ MT/3

L

>

k=1

P

op

C.3. Proof of Lemma 4.5

Proof. The requirement on \; in terms of the spectral norm of VL. (©*) is

PlA>2 =1-P| <2

t

1

E E Xi,affi
i=1

t

1

E E Xi,aiei
i=1

Here we define the high probability event B := {max;—1 . ¢ |€;| < v}, and we first concentrate on the probability of the
event conditioned on fixed matrices {X; ,, }7_ ;. By the definition of sub-Gaussian random variables.

op op

2

t
v

P(B¢) = P(iirllaxt le;| > v) < E P(le;| > v) < texp(——QUQ)

i=1

where the first inequality is due to the union bound. Hence if we take v = 01/21og(2t/d), then P(B°¢) < §/2. Under the
event B, the operator norm of each X; ,,€; can be bounded by

di do

X .a.€illl,p < M Xiac€illp = o[ DY X2 k€2 < vl Xia,
j=1k=1

= 0v/2log(2t/6)

Moreover, under the event 3, we have the following bounds

1,5 1,5

max { (B[ X0, X7, | {Xia Vol X, X, | {0 Holll,, } < 202 108(21/0)

Therefore we have

PA>2 {Xia iz

1 t
? ZXi,aiei
i=1

op

:1—P )\t§2 786

op

{Xia Yy | =P <2

) B‘{Xi,ai 725:1

t

1

g E Xi,aiei
i=1

t

1

; g Xi,aiei
i=1

op

>1-P(B)-P A <2

t
1
; E Xi,aiei

i=1 op

5 —\7t?/8
>1-— <2 + (dy + d2)eXp(2t02 log(2t/5) + )\tta\/m/6)>

78‘{Xi7ai}’ti—1
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where the last inequality is by Lemma C.1 with the corresponding upper bound constants computed above. Now we can
further bound the probability using a specific choice of )y, i.e., we want that

—tA2/4

4021og(2t/6) + Mo (y/21log(2t/5) /3

(d1 + da)exp(

Reversing the above inequality, we get

IAZ > 1602 log(2t/0) + MJW )log (dlgdﬂ)

Therefore if we take A? > 12852 log(2t/5) log (M) + 3202 og(2t/6), then the above inequality holds. This claim

is true because

tAZ tAZ

ZL > 160%log(2t/5) and 5 2

[SUNRTN

\o\/210g(21/9) log ( (d1 + dZ))

Note that d; 4+ d2 > 2 and hence log(2(dy + d2)/d) > 1, and thus if we use

2= 47802 log(2t/6) log®(2(dy + d2) /)

then we have

t t
1 1
P )\t 2 2 % ZXi,aiei = E{Xlﬂl}tzl ]P) >\t Z 2 E ZXZ"M €; {Xi’ai})z?:l
i=1 op i=1 op g
o 9
>1l—(=+=)>1-9¢
> (2 + 2) >
C.4. Proof of Lemma C.2
Lemma C.2. Suppose Assumption 3.10 is satisfied, then with probability at least 1 — exp (—W), we have

BTO(G, @*) Z %m@ — @*” 2F’ fOF all TO Z 210g(d1d§ + d1d2)/0(d1,d2) and © — ©* S C, where C(dl, dg) >0isa
constant that depends on dy, ds.

First, we introduce the following two technical lemmas.

Lemma C.3. Suppose that 1,5, € R4dxddz A\ ¢ C, and the matrix ¥, satisfies the strongly convex condi-
tion vec(A)TS1vec(A) > a|||A|||§, with a > 0. Moreover, suppose the two matrices are close enough such that
132 = 21|, < 0, where 26 < . Then

(6%
vee( &) Sgvec(8) = A7

Proof. The proof here is inspired by the proof of Lemma 6.17 in Buhlmann & Van De Geer (2011) and Lemma B.4 in
Appendix B. A similar argument can be made using the nuclear norms [|A[], ... since [|A[| » < [|All,,,..- That is, the RSC

nuc nuc
condition can also be assumed in terms of the nuclear norm. Interested readers may take a deeper look at them by replicating

all the lemmas in this section. Note that

|vec(A)TElvec(A) - vec(A)TEgvec(A)| = ’U@C(A)T(El — So)vec(A)|
< I(E1 = Xp)vec(A)[2llvec(A) ]2
<181 = B2l lvec(A)|13
=11 = Sall NANE < SIANE
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where the first inequality is by Cauchy-Schwarz and the second inequality is by the definition of the matrix induced norm
|| - ||- Therefore since we assume that 20 < «, we know that

1
|vec(A)TElvec(A) — vec(A)Tngec(A)’ < (5|HAH|2F < gvec(A)TElvec(A) < ivec(A)Tzlvec(A)
Therefore

vec(A)T Sovec(A) > %vec(A)TElvec(A) > %|||A|||§7 O

Lemma C4. (Distance Between Two Matrices) Define C(dy,d2) = (
Assumption 3.10. Then for all Ty > 21og(d3d3 + d1d2)/C(dy,ds), we have

(Il > ) o180

Proof. Since we sample uniformly in the exploration stage, we know that the contexts { X ,_ }Z":l are i.i.d., and thus for
any constant w, by Lemma B.2 we have

4\/% +1 - 1)2, where « is defined in

1
Pl:=

"

< exp (—wTp)

Ty To

max

> w0+ V2w 4 \/2log(d%d§ +didy) log(d3d3 + dydy)

, therefore we get

max

(7))
-3)
op 4

Note that by the property of matrix norms, we have H‘ ¥ — f]TO

1 N
F (AHE ~

Now our choices of w and Tj is to let

< a5

max 4@) (2‘“2_2“

w+ V2w <

< and 2log(d3d3 + dids) N log(d3d3 + dids) <%
8\/d1d2

To To ~ 8V/dida

which leads to the following choices

1 Qo 2 2 12 Qo 2
=-(/—F——=+1-1 d Ty > 2log(did; + did —41-1
2( 4\/m+ ) an 0= Og(12+ 12)/( 4\/m+ )

Then we have the following inequality

1 A~ ao 1 ~
P fmz—z > %) op {Hz—z
(2 Tolll,, =2 ) =" \2 To

Finally, we provide the proof of Lemma C.2.

ToC(dy,ds2)
2

) < exp(—Tow) = exp(— ) O

> Qo
max = dr/dydy

Proof. The proof follows from Lemma C.3 and Lemma C.4. Since we have that the restricted eigenvalue condition holds for
Y by Assumption 3.10, i.e.,

vec(® — 0*)T8 vec(© — ©%) > ]|© — O*||2,V0 —O* € C
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Also, the two matrices 3, iTo are close enough when Tj is large by Lemma C.4,

Z C!()) S exp <_T()C(d1,d2)>
op 2

e ([}=-2n 2

where C'(dy, dz) is the constant defined in Lemma C.4. By Lemma C.3 we can claim that
vec(® — 0TSy, vee(© — ©%) > %n@ 0|2, V0 - 0" e C
with high probability 1 — exp(fW) when Ty > 2log(d3d3 + dids)/C(dy, dz). Therefore

1 ~
Br,(6,67) = 5(0 - 025, (0 - 67) > %H@ —O*|2,¥0 - 0" e O

C.5. Proof of Corollary 4.6

Now given the probability of A; and &; in Lemma 4.5 and Lemma C.2, we can easily derive a regret upper bound for our
low rank matrix bandit algorithm. We specify all the constants here, for example, the Lipschitz constants C; = Coy = 1,
the bound of the norm k; = 1, and we set Ty > 2log(d3d3 + d1d3)/C(dy, dz), where C(dy, ds) is a constant defined in
Lemma C.4. The restricted strong convexity holds with o = a/4. The compatibility constant ¢ = /27 Also, O =0
so R(©%,.) =0.

Proof. Using Theorem 3.8, we can get the following upper bound

T _ T 14402, 8\r
E[Regret(T)] < 2Ty + 2C1ky > [P (AG) + P(EF)] +2C2 Y A $? + - ° Z1, (©%)
t=To t=T, 0 0

Since we take § = 1/7? in Lemma 4.5, then P(A¢) < 1/t2. Furthermore

d 1 &1 1
D PMAR) Y mSd msy
t=T, t=Tp t=1
Also by our choice of Tj, we know that
d d ToC(dy, ds) ToC(dy, ds)
c 0 1,42 0 1, w2
S B(ER) < 3 exp (- L)) g (T o)
2 2
t:To t:TO
where the last equality is by the fact that 2:3/2¢ %" is bounded above by a constant (%)36_% when a > 0. The last

summation term in the regret can be written as

L1443 8y, = 48061 \/10g(2T%) log(2(dy + d2)T?)
Z 2 ° + o ZTO(® )S Z o \/T
t=Tp “0 0 t=Tp 0 0
- L 480v/6r \/10g(2T%) log(2(dy + do)T?)
T To
1 480/ :
< (T = Ty)—= 27V g (0T ) log(2(ds + da)T?)
\/T() (7))

Therefore we arrive to the following final regret bound
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r T (14422, 8\r,
E[Regret(T)] < 2Ty +2 Y [P (Af,) +P(EG)] +2 > S0 $2 + =2 7, (©%)
t=Tp =T, Qg Qg
T
: T 9606
<2y +2 ) [P(AG) +P(EG)] + ﬁz\/?./log@T?') log(2(dy + d2)T?)
=T, 0 0

Matching the two dominating terms, we get the choice of Ty = 7!/ 3(%)2/ 372/3 and the regret upper bound

T
48v/6 : ,
E[Regret(T)] < 47‘1/3(#)2/3T2/3\/2 log(2dT) log(2(dy + d2)T%) +2 Y [P (AF,) + P(£5,)]
0 t=To O
=0 (r1/3T2/3\/log(T) log((d1 + dg)T))
D. Proof for the Group-sparse Bandit
D.1. Notations and Algorithm
Algorithm 4 The ESTC Algorithm for Group-Sparse Matrix Bandit
1: Input: A\, K € N, L, (6), R(9), f(z,8), T,
2: fort =1to 1y do
3:  Observe K contexts, X; 1, X2, -, X¢ K
4:  Choose action a; uniformly randomly
5: Receive reward y; = (X;4,,0%)) + ¢
6: end for
7: Compute the estimator Oy :
1 &
O, € argming g {2TO Z(yi — {(Xia:s 9>>)2 + /\t|||@||1,q}
i=1
8: fort =Ty + 1toT do
9:  Choose action a; = argmax, (X 4,, O1,))
10: end for
We first clarify the notations we use through out this section. As we discuss in Section 4, ©* = [#(1)* 9= ... §(d2)] jg

used to denote the matrix whose columns are vectors with similar supports, so that |S(0*)| = s < d;. Similarly, we use
the shorthand vector notations X;(©*), Yy, e; € R such that [X;(0*)]; = (X a,, ©*)), [Yi]: = vi, and [e;]; = €;. By our
results in the low-rank matrix bandit problem, the derivative with respect to ©* is

VL") = 50 (¥, — X(O0) (Y, ~ (")
1 0 s\ T EAVA *
= 5 e+ (24 (O7)Y + X,(67)7 X,(67)

t
1
= _g Z Xi,a.; €;
i=1

Therefore the event A; is equivalent to

da

)y = QZmax(Z \VLt(@*)ij|q/(q71))(q71)/q

A = 2|V L(©") o
j=1

|Hoo,q/(q—1
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D.2. Proof of Lemma 4.8

Proof. The proof here basically follows from Lemma 5 in Negahban et al. (2012), except for the functionn : N x N - N
which we introduce later. From the union bound, we know that for any constant \; € R, we have

da
P\ 2 2IVLU(O oo gy gy ) =P | Vi € [di], Ao = (3 IVLo(7) 5|2/ 0= 1) a1/
j=1
dy do
>1— Zp A < (Z |V Ly (©%);;]9/ @~y a=1/a
i=1 j=1

Next, we establish a tail bound for the random variable (252:1 |V L (©%);;]%/(a=D)a=1/a Let X be the i-th row of
X,, and define X = (X7 x0T ... x0T,

For any two o-sub-Gaussian vectors w, w’, we have

1 1 1
15 Xwlas@1) = 13X g/ -] < FIX (W = w)llg/q-1)

sup (X760, w —w')
101lq=1

S| = | =

IN

sup [ X70]2]w — w2
l6llq=1

Now if ¢ € (1,2], we have

sup [|XT0ll2 < sup [IXTOl2 < [ XT|p < V2
I6ll,=1 I6ll2=1

If ¢ > 2, then we have a different inequality

sup [|IX70], < dy/*777 sup | X70)p < dyf> "MV
18lla=1 10]l2=1

Therefore if we define (dz, m) = max{1,d3"}, we have |[[$ Xwl|g/(q—1) — |+ X0 ||¢/(q=1)] < Mj{l/q)ﬂw —w'||2-

Thus the function is Lipschitz with constant (ds, 1/2 — 1/q)/+/t. Based on the concentration inequality of measure for
Lipschitz functions (Bobkov et al., 2015; Negahban et al., 2012), we know that

52
2n(dz,1/2 — 1/q)*

1 1
P ( F1Xelasia—n > B3I Xeulyyqmn] + 08 ) < 2exp(- )

1
By Lemma 5 in Negahban et al. (2012), we know that the mean is bounded by Zd; 70 /\/1, therefore

1-1/q 52

1 d 1 1 t
P <t||Xet|q/(q_1) > 20 2\/£ + on(da, 5~ q)(5> < Qexp(—7).

By change of variables and the union bound, we can get the claim in the lemma. 0.
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D.3. Proof of Corollary 4.9

Now given the probability of A, and &; in Lemma 4.8 and Lemma C.2, we can derive a regret upper bound for our
group-sparse matrix bandit algorithm. Similarly, We specify all the constants here, for example, the Lipschitz constants
C; = Cy = 1, the bound of the norm k; = 1, and we set Ty > 2log(d?d3 + d1da)/C(dy,ds), where C(dy,dz) is
the constant defined in Lemma C.4. The restricted strong convexity holds with & = o /4. The compatibility constant
¢ =n(d2,1/q —1/2)y/s. Also, ©% . =0s0 R(©},.) =0.

Proof. Using Theorem 3.8, we can get the following upper bound

d 144A§b 8A7,
E[Regret(T)] < 2Tp + 2 Z (AG,) +P(EG)] + Z o2 ¢* + o Z1,(0%)

t=To t=To 0

Since we take § = 1/7 in Lemma 4.8, P(A%, ) < 1/T?. Furthermore,

T T 1 T
> <D ms)
t=Tp t=T, t=1

Also by our choice of Ty = ©(s/3T?2/3), we know that

T T

Y OP(Eg) <D exp(—zﬁgxgbf@l)SfTeXP(—ZEEK§55§2)==O(D

t=Top t=To

3/26—ax

where the last equality is by the fact that z is bounded above by a constant (%)36_& when a > 0. The last

summation term in the regret can be written as

144)\2 A
T0¢2 8AT, 2,(0%)
Qo

Z

1— l
r 240\/57](6527% - %)dQ 120‘\[77 d27 q %) (d27% ) 210g(2d1T2)
: ey

it @0 t=To @0 Vo
1—1
T T, [240/sn(da, ; — 3)dy * 12y/500(da, 3 — 5)0(d2, 3 — ¢) :
< JTo 5 + - 2log(2d,T?)
0 0 0

Therefore we arrive to the following bound

T 144)2, 8AT,
E[Regret(T)] < 2Ty +2 Y [P (A5,) +P(&5,)] +2§: VA CY
t:To t= TO 0 0
T
<2y +2 ) [P(AF) +P(EG)]
t=Ty

1—1
T [ 24v/s0n(ds, 5 — 3)dy N 12/s01(d2, ¢ — 5)n(da, 5 — )
To ap o

2log(2d,T?)
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Matching the two dominating terms, we get the choice of

1 2/3
1207(dz, 2 — L)dy * Gon(da,t — L)n(de, § — L
Ty = s*/3 (e g~ 5)da + m(ds iz, ~ ) 21og(2d,T?) T2/3 (4)
Qo Qo
and the following regret upper bound
T
E[Regret(T)] < 2 Z [IF’( CTU) + P(E%U)]
t=Ty
19y/Fon(ds,  — DA 6y/Fon(ds L~ H(da i~ 1) o
I 451/3 2> 2/%2 T 2> g 2 2y 9 q 210g(2d1T2) T2/3
& Qo
=0 (81/3 (C1(da) + Ca(da))** T?/* (10g(d1T2))1/3)

_ 11y _ 11 11

where C1(dz) = n(dz, ; — 5)dy " and Ca(dz) = n(dz, § — 5)n(d2, 5 — 7). O

E. Proof for the Multi-agent LASSO

E.1. Notations and Algorithm

Algorithm 5 The ESTC Algorithm for Multiple Agent LASSO Bandit

1: Input: {\}7 |, K,d1,d2 € N, L(0), R(9), f(z,0), Ty

2: fort =1to 1y do

3:  Observe K contexts, oy 1,2, " , T K

4:  Each Agent k choose action agk) uniformly randomly

5 Each Agent receives reward y(k) f(x,gka) 00y 1 egk)
6: end for

7: Compute the estimator O, = (9%), H(Ti), - ,95%2)):

2
k k)T
Or, € argmln@e@{2T Z ST - 2T 1ol )
i=1 k=1
8 fort =Ty + 1toT do
9:  Each agent k choose action aik) = argmax, f (:cgka), 0(12))
10: end for

Define ©* = [#(V)* 92 ... ld2)*] ¢ Rixd2 and §(O©*) = {i € [d1] | ©F = 0} as the set of zero rows, then by our
setting |S(©*)| = s < dy. Let the loss be the sum of squared error function and the regularization function be the I, , norm.

More formally,
da

t

1 k R)T (k)

(0) =5, 2> ~ = 6®")* R(O) = ||el],,,
z:lk:l

— . . )
Define (M, M) as in Example 3, then the /; ; norm is decomposable and @*ﬂ . = 0. For each agent j, we use
the notations Xt(j ) € Rthl,Yt(j ), eij ) € R! to represent the context matrix, the reward and the error vectors, i.e.,

[Xt(j )] 2 [Y;(j )]i = ygj ), [egj )]Z- = egj ) Vi e [t], 7 € [d2]. The derivative with respect to ©* can be computed as

101Z

t
VorLi(6" ZZVe* (" — w60y
k=1

=1
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Note that if we take partial derivatives, we get

OL:(© ! (k)T (k)2
o6 2t ZZ ae ~Tha )
_ () _ )T gli)*)2
—EZ;W(% —Lia, 0'77%)
1 g s
— _EXt(J)Tei(fj)
Therefore VL, (0*) = f%[Xt(l)Tegl), Xt(Q)TeEQ), e ,Xt(dz)Teidz)]. Now we can compute the Bregman divergence as

follows.

By(6,0°) = Ly(0) — Li(") — (VL,(6"),0 — %)

do ds
1 k K 1 k & . R )
= 5 2 IV = xBPeW )3 — =3y - xPe®e|3 + Z (T x () (k) _ (k)
k=1 =1
da
1 * k)T k %
= 5 (0% — g TXPTX S () — g
k=1

Therefore the event A; is equivalent to
da

At > 2H|th(®*)|Hoo,q/(q71) = 22[%)1(](2 ‘VLt(@*)ij|‘1/(q—1))(q—1)/q
j=1

The event & (RSC condition) is equivalent to

da

]- * * * *

{Qt D00 — 0TI OW —90%) > af|© - ©°|F - Zu(© >}
k=1

E.2. Useful Lemmas

Lemma E.1. (Good Choice of Lambda) Suppose that ¢; is o-sub-Gaussian. For any 6 € (0,1), use

dia 1 21og(2d, /6
A\t = 202 —|—07I(d27 q) 7Og(t 1/9)

at each round t in Algorithm 5, then with probability at least 1 — 6, we have \y > R*(VL;(0*)).

Proof. From the union bound, we know that for any constant \; € R, we have

P (A > 2VL(O )l g ry) = P [ ¥i € 1], Z VLi(0%),;]¢/ (=) (a=1)/a
dy do
>1— Zp A < (Z |VLt(@*)Z.j|q/(q—1))(q—1)/q
i=1 j=1

Note that the j-th row of VL;(©*) consists of [Zl(xfla))Jegl), >z, (2) w)i€ 52), > ,Zi(ngjji))jeEQ) , which are all v/to-
sub-Gaussian random variables.
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For any two \/fa-sub-Gaussian vectors w, w’, we have

| 1
1= lla/ta-1) = 150" las@-n)| < 511w = w)llg/g-1)

sup {6,w — w')
l6llq=1

sup ||60]|2]jw — w'[|2

llq=1

S e e

Now if ¢ € (1,2], we have ||0]]2 < ||0]|, = 1. If ¢ > 2, then we have a different inequality ||6]|2 < dl/2 1/qHQH

dé/z_l/q. Therefore if we define 7)(d2, m) = max{1,d3'}, we have ||| 2w]|,/(g—1) — | +0']l4/(q—1)] < wﬂw —
w'||2. Thus the function is Lipschitz with constant n(ds, 1/2 — 1/¢)/t. Based on the concentration inequality of measure

for Lipschitz functions (Bobkov et al., 2015; Negahban et al., 2012), we know that

1262
2n(da,1/2 — 1/q)%*to?

ZWLt |q/(q Dyla=b/a > g[( Zth *)ij|q/(q—1))(q—1)/q]_|_5 < 2exp(— ).

j=1

By similar arguments as in the proof of Lemma 4.8, we know that

1-1/q 1 1 2
+ on(da, 3 6)5 < Qexp(—T).

Zth |q/ q- 1))(q /e > di

By change of variables and the union bound, we can get the results in the lemma. L.

Lemma E.2. (RSC condition) Suppose Assumption 3.10 is satisfied, then with probability at least 1 — daexp (7%(5))

we have Br,(©,0*) > ¢ ||© — @*|||§,,f0r all Ty > 21og(2d3 + d1)/C(s) and © — ©* € C, where C(s) is a constant
defined in Lemma B.5.

Proof. Note that the RSC condition (event &, ) is equivalent to

da

* k k * * *
S D69 — 60 TX T X (90— 907) > alle - ©7[I} — Z(67)
k=1

do
= allp® —o"*|5 - z,(07)
k=1

By the results in Lemma B.3 in the LASSO bandit problem, we know that with high probability 1 — exp(— %(S))

1 * &(k * e *
5(9(’@) _ )TE(TO)(Q(k) — k%) > Z()”e(k) I ONT
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when Ty > 2log(d? + dq)/C(s), where C(s) is defined in Lemma B.5. Therefore by the Frechet inequality, we know that

da
1 o
Z (k) _ g\ T x (BT 5 (k) 019(k) _ p(k)*2
P<;2t(9 oW T X x5 (0™ >Z Il 0 |2>
1 . )T < (k o < Q0 .
> P (50— 0T X6 - 601 > Lo — o v € [aa]
O
* k)T 5 (k * Qg .
> Z P (G0~ 60X - 607) > S - 6073 ) — (a2 - 1)
T
> 1 — doexp (— 00(3))
2
E.3. Proof of Theorem 5.1
Proof. By the boundedness of ||z||2 and ||0||2, we know that
k - k * k)T (k) k)T (k) k)T k)T x
Flagt) 007 — faft) o8y = pFITgWr — 5T ok < (3717 — 2 (T < 9
Then we can decompose the one-step regret from round ¢ across different agents into three parts as follows
da
k * k *
S F@h 000 = faft) o0
k=1
da ds
= lz P, 00 — f(aft) o0 >] (t<To)+ | D @, 00%) — f(aft) 60| 1t > To, Ex,)
k=1 k=1
do
+ D fat: 007) — faila,, 9““)*)] I(t > Ty, )
k=1
da
< 2d1(t < To) + | Y flafl,00") = f(a 2,,0<’€>*)] I(t > To, Ex,) + 2da1(t > To, E5,)
k=1
do
= 2d1(t < Tp) + | D f(afly, 00°) - f(xi,’ffﬁ(’“’*)] Wt > To, f(ad, 05)) = f(ofly; 0)). Vh € [da). Er,)
k=1
+ 2do1(t > T, £7,)
where I(- ) is the indicator function. The last equality is due to the choice of ag ) = = argmax, f (wt v G(k)) and thus we know

that f (xt " G(k)) > f(@t,ar, 9510)) We focus on the second indicator function now. By the Lipschitzness of f over 0, we
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have

I(t>To,Em,)
=1(t> T, f(off),,0)) > £l 00)), vk € o] €7, )
= (> Ty, (i), 00)) = Flall 00)) + Flall 0007 = f(alt), 05)
> £l 00°) - Flaf), 00, i, £,
=1 (t> Ty, [f(lh), 08)) = £l 000 + (£l 00%) = f(all:, 080 >

f(xz(f,k(z)z*70§“]z)*) f(xgkit,Q(Tﬁ)*) Vk € [do], &,

ta,a

da
Sﬂ<t>To722||9¥€ P >fo§€3,9<’“>* ) — [zt o >6To)

k=1

<T(t> Ty, 2008 — 00" o = f(all 08)) — f(all), 08,k € [da), &r, )

sz[(t>Towdz|||@To @*|\|F>Zf () 0%)7) — f(at), 0% >5T0)

where the last inequality is by the Cauchy-Schwarz Inequality. Substitute the above inequality back and take expectation on
both sides of the one-step regret from round ¢, we get

da

S Fat) 007) — k) o ’“>*>] < 2dj for t < T
k=1

E

For ¢ > Tj and any constant v € R, the expectation is bounded by

E

da
S ) 00 — f(xifift,@(’“’*)]
k=1

B d2 d2
<E (Zf(wik’*,e““)*)—f(wi,’“al, “”*) (2\/ 05, -0l = 3 fal 60%) — pa) o )gToﬂ
L \k=1 k=1
+2d,P(E5, )
o
<E (Z Flagt), 00 f<x§f2t,9<’“>*>>
L \k=1

(w 2oz, — e |||F>fo§’%, 6()%) —f(xifii,w“*)>z\@v,en)

+ 2d2]}b((€qcﬂo) + 2\/ dQ’U

+ 2d2]P)(87610) + 24/dov

do
(Z Flagt). o) —f(xif“;,0<’“>*>>ﬂ<|||@n—@*||sz>,en

k
S 2d2]P (|||@To @*lHF Z v, ETO) + 2d2]P)(576~0) + 2\/ d2’U

By Lemma E.2, the RSC condition is satisfied when Ty > 2log(2d3 + dl)/C’(s) where C(s) is defined in Lemma B.S.
A2
Now take v to be the upper bound of ||©7, — ©*||» in Lemma 3.1, i.e., v* = 9 To o+ [2ZTO (0) + 41, R(07L ). We
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know by Lemma 3.1, the expected cumulative regret becomes

T
E[Regret(T)] < 2d2Tp + > [zdzp( ¢ En) + 20, P(ES,) + 2\/6721;}

t=To

T
A
< 2dyTo +2dy Y [P (AF,) + P(E5,)] +2V/d Z Aty R 2o 2221, (0%) + 4R(03,.,)]
t=T
By setting § = 1/7"2 in Lemma E.1 and Lemma E.2, the second term can be bounded as
T T
ToC(s)
2 C ]P> c i S — 1
dgt;[(A+ £f) ;[ xp(——5) | = O(1)
-7, —

The last term can be bounded as

2v/ds Z T"<z52 [2ZT0(9*)+4ATOR(9M)J

A2 A
< 2\/dy Z 144@—2%2 + &ZT (6*)

144 dy e 1 2log 2d, T2
< 2 dg ¢ 22 +O"I7(d2, ) Ogj_,il
0

T 1 1/q

ol - D%

=1

4
< 48 dg, dos—— <0d1 a + 0'77(d2, - — 6)\/210g 2d1T2>

040

1 2log 2d,T?
+o d7 —_—
n(dz q) T

Take ¢ = 2 and match the two dominating terms, we get the choice of Ty = ©(dys'/3T?/3), Therefore the final regret
bound is of size

T

2dyTy +2d> » [P (AF,) +P(E5,) +2fz Aty R [2ZT0(9*) + 4, R(07%, )] -
t=To

=0 (d231/3T2/3\/10g 2d1T)

F. Proofs Related to the Oracle Inequalities

Recall the definition of the constraint set C. We define the subset with bounded norm K(4) := C N {A|A < 4}. Also define
the function F;(A) as

Fi(A) = L0 + A) — Ly(6) + M(R(6" + A) — R(9%))

F.1. Proof of Lemma 3.1

First, we introduce the following two lemmas from Negahban et al. (2012)
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Lemma F.1. (Lemma 3 of Negahban et al. (2012)) For any vectors 0*, A, and a decomposable norm R on M, MJ_, we
have the following inequality

R(6" + A) — R(6%) = R(Ay2) — R(Axq) — 2R(0,1)

Lemma F.2. (Lemma 4 of Negahban et al. (2012)) If F;(A) > 0 for all vectors A € K(9) for a constant §, then
[0 — 07| <6

Now, we provide the proof of Lemma 3.1

Proof. Note that 62 < 77, by the restricted strong convexity of L;(6*) on K(§), we have

Fi(A) = Ly(0* + A) — Le(67) + M (R(0" + A) — R(67))

> (VLy(07), A) + || Al = Zy(0%) + \e(R(0" + A) = R(67))
(VLi(07), A) + o Al* = Z,(07) + Me(R(Axze) — R(Axg) — 2R(0).))
~HVL(07), A)| + al|AlI* = Ze(07) + Ne(R(Agze) — R(Az) — 2R(031))

—R*(VL(0*))R(A) + af|A||* — Z4(0%) + M (R(A2) — R(Axp) — 2R(071))

)
M
> al|Al* = Zi(0%) + M(R(Agpr) — R(Axg) — 2R(03,1)) — T R(A)

(AVARAVARRAY}

> af| A2 = Ze(0%) + M(R(Agge) — R(Agp) — 2R(031)) — - %
= all A2 - Z4(0) + 2 (R(A

5 R(Az7)

wt) — BR(Axg) — AR(0}.))

where the second inequality is by Lemma F.1. The fourth inequality is by the generalized Cauchy Schwarz inequality.
The fifth inequality is because of our setting A\; > 2R(V L;(6*)). The last inequality is because of the triangle inequality
R(A) = R(Agze + Axg) < R(Axze) + R(Azz). Now by the subspace compatibility constant, we know that

R(Axzp) < 0| Axqll = &[Tz (A) = Lz (0)]| < ¢l|A = 0]

where the last inequality is because 0 € M and because the projection operation is non-expansive. Therefore we can
continue to lower bound F3(A) in the following way.

2 (3R(Ax) + 4R(0}0))

3\
2

Fy(A) = al|Al]* = Zy(67)

> af|Al? = Zy(07) -

[A=2AR(0}2)

Now since we take [|A||? = 6% = 92—24%)2 + L[22,(67) + 4\ R(07,. )], by the same algebraic manipulations in Negahban

et al. (2012), we have F;(A) > 0. Now by Lemma F.2, we know that

A2 1
18— "2 < 9206 + ~[2Z,(67) + AN R (g2 )]
The second oracle inequality in Lemma A.1 can be proved easily by the triangle inequality decomposition and the definition
of C. That is

R0 —07) = R((0 = 0") 57+ + (6 = 0%)x5) < R(( — 0")5+) + B((0: — 0")x0)
< AR((0; — 0")x7) + AR
< 4910 = 0%)xqll + 4R(0)42)
< 49|10 — 07| + 4R(0},.)
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If 0 € M, then R(0} . ) = 0. Therefore we know that

* )\% 2 2 *
R(6, —67) < 46\[9°56% + ~Z,(6")

G. Validation Experiments
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Figure 1. The experimental results in LASSO Bandit problem when 7" = 200 and 7" = 10000

In this section, we provide some experiments in order to validate our claims in the theoretical results. We choose to run
our algorithms in the different high dimensional bandit problems and validate the corresponding regret upper bounds in
Corollary 4.2, Corollary 4.6, Corollary 4.9 and Theorem 5.1. For each problem, we plot the cumulative regret R(T") as well
as R(T')/B(T'), where B(T') is the upper bound derived in the specific application. For each setting in each problem, we
run the algorithm for 10 independent runs and plot the mean results with one standard deviation error bars.

* LASSO Bandit. We generate our true §* by randomly choosing its non-zero indices, and then generate each of its
non-zero values uniformly randomly from [0,1] and then perform the normalization. We set K = 10 so that there
are ten different contexts available at each round. The contexts {z; o, } X ; are generated from the zero-mean and
identity-covariance normal distribution. We choose three different dimension sizes d = 10, 20, 100. The sparsity level
is chosen to be s = 5 in all three settings. The experiment results are shown in Figure 1. As we can observe, the
figures show that the regret is at most a constant times s*/372/3, / log(dT'), which only depends on the dimension d
logarithmically and thus satisfies our requirement. Therefore, our bound correctly delineate the order of the regret.

* Low-rank Matrix Bandit. We first randomly generate r vectors of dimension ds, and then we generate our true ©*
by randomly choosing its rows from the generated r vectors, and thus the matrix is low-rank. We set K = 10 so that



A Simple Unified Framework for High Dimensional Bandit Problems

— (a1, d2)=(5,5) | — (drd2)=(5,5)
| (d1, d7) =(10. 10) = 1504 (d1.d7) =(10, 10)
—— (dy, d2)=(20,20) 3 —— (d1,d2) =(20,20)
+
_ & 125
= =
] g
) F 1.00
@ [=J
o 2
g Q’ 0.75 4
E =
E L 050
° =
E 0.25
H
o
0.00
o 260 460 660 860 1000 o 260 4(')0 660 860 1000
Decision Point T Decision Point T
(a) Cumulative Regret(7), T = 1000 (b) Cumulative Regret(7T")
3000
— (dy,d5)=(5,5) — (d1,dy)=1(5,5)
2750 (a1, d2) = (10, 10) e 127 (dh.d>) =(10.10)
—— (d1,d2)=(20, 20) = —— (d1,d;) =(20, 20)
2500 * 104
=
g
2250 2 08
e
2

Cumulative Regret(T)
= .
3 =1
] 8

1500 +

Regret(T) /ri3T3
°
s

N

2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Decision Point T Decision Point T

(c) Cumulative Regret(7"), T = 10000 (d) Regret(T) /r'/3T2/3, flog(T) log((d1 + d2)T)

1250 4

1000
o]

Figure 2. The experimental results in Low-rank Matrix Bandit problem when 7" = 1000 and 7" = 10000

there are ten different contexts available at each round. The contexts { X, ., } X | are generated from the zero-mean and
identity-covariance normal distribution. We choose three different dimension sizes (d1, ds) = (5, 5), (10, 10), (20, 20).
The rank is chosen to be » = 2 in all three settings. The experiment results are shown in Figure 2. As we can observe,
the figures show that the regret is at most a constant times '/372/, /log(T') log((d; + d2)T'), which only depends on
the dimensions d; + da logarithmically and thus satisfies our requirement. Therefore, our bound correctly delineate the
order of the regret.

* Group-sparse Matrix Bandit. We first randomly generate s row indices from the set [ds], where do = 5 and then we
generate our true ©* by setting the selected rows in ©* to be non-zero and generated uniform randomly from (0, 1).
The other rows are set to be zero. We then perform the normalization. We set K = 10 so that there are ten different
contexts available at each round. The contexts { X; ,, } X ; are generated from the zero-mean and identity-covariance
normal distribution. We choose three different row dimensions d; = 5, 10, 100. The group-sparsity is chosen to be
s = 3 in all three settings. The experiment results are shown in Figure 3. As we can observe, the figures show that the
regret is at most a constant times dé/ 3g1/32/3 log(dyT'), which only depends on the dimension d; logarithmically
and thus satisfies our requirement. Therefore, our bound correctly delineate the order of the regret.

In conclusions, all the experimental results validate all our claims in Section 4.
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Figure 3. The experimental results in Group-sparse Matrix Bandit problem



