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BETTI NUMBERS OF SEMIALGEBRAIC
AND SUB-PFAFFIAN SETS

A. GABRIELOV, N. VOROBJOV anD T. ZELL

ABSTRACT

Let X be a subset in [—1,1]™0 C R™0 defined by a formula

X = {xo0| Q1x1Q2x2 ... Quxy((x0,X1,...,%Xu) € Xu)},

where Q; € {3,V}, Qi # Qit1, xi € R™, and X, be either an open or a closed set in
[—1,1]m0F+7v heing a difference between a finite CW-complex and its subcomplex. We ex-
press an upper bound on each Betti number of X via a sum of Betti numbers of some sets defined
by quantifier-free formulae involving X,.

In important particular cases of semialgebraic and semi-Pfaffian sets defined by quantifier-free
formulae with polynomials and Pfaffian functions respectively, upper bounds on Betti numbers of
X, are well known. Our results allow to extend the bounds to sets defined with quantifiers, in
particular to sub-Pfaffian sets.

Introduction

Well-known results of Petrovskii, Oleinik [16], [15], Milnor [13], and Thom [19]
provide an upper bound for the sum of Betti numbers of a semialgebraic set defined
by a Boolean combination of polynomial equations and inequalities. A refinement of
these results can be found in [1]. For semi-Pfaffian sets the analogous bounds were
obtained by Khovanskii [11] (see also [23]). In this paper we describe a reduction of
estimating Betti numbers of sets defined by formulae with quantifiers to a similar
problem for sets defined by a quantifier-free formulae.

More precisely, let X be a subset in [—1,1]" C R™ defined by a formula

X = {x0| @1x1Q2%x2 ... Qux,((X0,%1,...,%,) € X))}, (0.1)

where Q; € {3,V}, Qi # Qit1, x; € R™, and X, be either an open or a closed set
in [—1,1]%*F+" being a difference between a finite CTW-complex and one of its
subcomplexes. For instance, if v =1 and @1 = 3, then X is the projection of X, .

We express an upper bound on each Betti number of X via a sum of Betti num-
bers of some sets defined by quantifier-free formulae involving X,,. In conjunction
with Petrovskii-Oleinik-Thom-Milnor’s result this implies a new upper bound for
semialgebraic sets defined by formulae with quantifiers, which is significantly better
than a bound following from the cylindrical cell decomposition approach. In con-
junction with Khovanskii’s result our method produces an analogous upper bound
for restricted sub-Pfaffian sets defined by formulae with quantifiers. Apparently in
this case no general upper bounds were previously known.
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Throughout the paper each topological space is assumed to be a difference be-
tween a finite CW-complex and one of its subcomplexes.

EXAMPLE 1. The closure X of the interior of a compact set ¥ C [—1,1]™ is
homotopy equivalent to

Xes = {x| Iy(lx -yl <8) va(lly —zl| <e) (zeY)}

for small enough d,& > 0 such that 0 > e. Representing X, 5 in the form (0.1), we
conclude that X is homotopy equivalent to X, s = {x| Jy Vz Xz}, where

Xo = {0y, 2)|([x =yl <A (ly -2zl =eVzeY))}

is a closed set in [—1,1]3". Our results allow to bound from above Betti numbers
of X in terms of Betti numbers of Xs.

1. A spectral sequence associated with a surjective map

DEFINITION 1. A continuous map f: X — Y is locally split if for any y € Y
there is an open neighbourhood U of y and a section s : U — X of f (i.e., s is
continuous and fs = Id). In particular, a projection of an open set in R™ on a
subspace of R™ is always locally split.

DEFINITION 2. For two maps f1 : X1 — Y and f> : Xo — Y, the fibered product
of X; and X5 is defined as

X1 Xy X2 = {(Xl,Xg) S X1 X X2| fl(xl) = fg(Xg)}.

THEOREM 1. Let f: X — Y be a surjective cellular map. Assume that f is
either closed or locally split. Then for any Abelian group G, there exists a spectral
sequence I}, , converging to H.(Y,G) with

E, ,=Hy(W,,G) (1.1)
where
Wpy=Xxy...xy X (1.2)
In particular,
dim Hy(Y,G) < > dim Hy (W), G), (1.3)
p+q=Fk

for all k.

For a locally split map f, this theorem can be derived from [5], Corollary 1.3.
We present below a proof for a closed map f.

REMARK 1. In the sequel we use Theorem 1 only for projections of either closed
or open sets in [—1,1]™. If f is a projection of an open set, then (1.3) easily follows
from the analogous result for closed maps which will be proved below, without
references to [5]. Indeed, for an open set Z define its shrinking S(Z) as the closed set
Z\N(0Z) where N denotes an open neighbourhood. For a small enough N(9Z), the
set Z is homotopy equivalent to S(Z) (recall that Z is a difference between a finite



BETTI NUMBERS 3

CW—complex and a subcomplex). Let X be open and S(X) be its shrinking with
a sufficiently small N(0X). It induces shrinkings S(Y) = f(S(X)) and S(W,) =
S(X)Xs(v)---Xs(v)S(X) which are homotopy equivalent to Y and W), respectively.
The statement for open sets X and Y follows from the statement for closed sets
applied to f: S(X) — S(Y).

DEFINITION 3. For a sequence (Fy, ..., P,) of topological spaces, their join P, *
...% P, can be defined as follows. Let A? = {sg > 0,...,s, >0, so+...+s, = 1} be
the standard p-simplex. Then Py *...x P, is the quotient space of Py x...x P, x AP
over the following relation:

(20, xp, 8) ~ (T, ..., 35, 8) if 5= (s0,...,5p) and x; = 2} whenever s; # 0.
(1.4)
Given a continuous surjective map f; : P; — Y for each i =0, ..., p, the fibered join

Py xy ... *y P, is defined as the quotient space of Py Xy ... xy P, x AP over the
relation (1.4).

DEFINITION 4. For a space Z, 1-st suspension of Z is defined as the suspension
(see [12]) of (ZU {point}). For an integer p > 0, the p-th iteration of this operation
will be called p-th suspension of Z.

LemMMA 1. Let f; : P, — Y, i =0,...,p, be continuous surjective maps and
P = Py *y ... xy P, their fibered join. There is a natural map F': P — Y induced
by the maps fo,..., fp. For a point y € Y the fiber F~'y coincides with the join

fo’ly % ...k fp_ly of the fibers of f;.
There is a natural map 7w : P — AP. The fiber of m over an interior point of AP
is Pp Xy ... Xy P,. For each i =0,...,p, there is a natural embedding

¢i2P(Z'):P0*y...*yPZ‘,1 *YPi+1 *y...*pr—>P. (15)
Its image coincides with 7= ({s; = 0}), and the space P/ (|, ¢:(P(i))) is homotopy
equivalent to the p-th suspension of Py Xy ... Xy Pp.
Proof. Directly follows from Definitions 3, 4. |
DEFINITION 5. Let f: X — Y be a surjective continuous map. Its join space
J7(X) is the quotient space of the disjoint union of spaces

JIX)=X#y ..oy X, p=0,1,..., (1.6)

p+1 times

identifying J/_ (X) with each of its images ¢;(J/_; (X)) in J{(X) for i =0,...,p,
where ¢; is defined in (1.5). When Y is a point, we write J,(X) instead of Jg (X)
and J(X) instead of J/(X).

LEMMA 2. Let ¢ : Jp,(X) — J(X) be the natural map induced by the maps ¢;.
Then ¢(Jp—1(X)) is contractible in ¢(J,(X)).

Proof. Let x be a point in X. For ¢ € [0,1], the maps

ge(x,x1,...,xp,8) = (T, 21,...,2p, (L —t +ts0,t51,...,tsp))
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define a contraction of ¢¢(Jp—1(X)) to the point € X where X is identified with
its embedding in J,(X) as 771(1,0,...,0). It is easy to see that the maps g; are
compatible with the equivalence relations in Definition 5 and define a contraction
of ¢(Jp—1(X)) to a point in ¢(J,(X)). O

LEMMA 3. The join space J(X) is homologically trivial.

Proof. Any cycle in J(X) belongs to ¢(J,(X)) for some p, while according to
Lemma 2 ¢(J,(X)) is contractible in J(X). Hence the cycle is homologous to 0. []

Proof of Theorem 1. Let f be closed. Let F': J/(X) — Y be the natural map
induced by f. Then F is also closed. Its fiber F =1y over a point y € Y coincides
with the join space J(f~'y) which is homologically trivial according to Lemma 3.
It follows that H (J(f~'y)) =0, where H* is the Alexander cohomology ([18], p.
308), since H*(Z)) & H*(Z) for any locally contractible space Z ([18], p. 340), in
particular for a difference between CW-complex and a subcomplex.

Vietoris-Begle theorem ([18], p. 344) applied to F : J/(X) — Y, implies

H*(J'(X),G) = H*(Y,G)

and therefore

H.(J'(X),G) = H.(Y,G).

q<p “q
suspension of W,. Theorem 1 follows now from the spectral sequence associated

with filtration of J7/(X) by the spaces JJ (X). O

By Lemma 1, the space JIJ:(X)/ gU Jf(X)) is homotopy equivalent to the p-th

REMARK 2. For a map f with O-dimensional fibers, a similar spectral sequence,
“image computing spectral sequence” was applied to problems in theory of singu-
larities and topology by Vassiliev [20], Goryunov-Mond [8], Goryunov [7], Houston
[10], and others. For proper maps an analogous “cohomological descent spectral
sequence” appears in [4].

REMARK 3. A continuous map f : X — Y is called compact-covering if any
compact set in Y is an image of a compact set in X. This condition includes both
the closed and the locally split cases and may be more convenient for applications.
For a surjective cellular compact-covering f : X — Y Theorem 1 is also true. A
proof will appear elsewhere.

2. Alexander’s duality and Mayer-Vietoris inequality
Let
M= (] {-i<wz; <i} CR"

1<j<n

Define the “thick boundary” 9I} := I}’ ; \ I}*. The following lemma is a version of
Alexander’s duality theorem.
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LEMMA 4. (Alexander’s duality) If X C I is an open set in I, then for any
q€Z,q<n—1,

H,(I7\ X,R) = H,_41(X UOI,R). (2.1)
If X C I is a closed set in I, then for any q € Z, g <n —1,
H,(I'\ X,R) = H,,_, 1(X Uclosure(dIl),R). (2.2)

Proof. For definiteness let X be closed. Compactifying R™ at infinity as R™ U
oo ~ 8™, we have, by Alexander’s duality [12],

H,(S™\ (X Uclosure(dI"),R) = H,_, 1((X U closure(dI), R).

The first group is isomorphic to H,(I?*\ X, R) when ¢ > 0, and to Ho(I"\ X, R)+R =
Hy(I" \ X,R) when ¢ = 0. Combining these two cases, we obtain (2.2). O

LEMMA 5. (Mayer-Vietoris inequality) Let Xy, ..., X,, C I}* be all open or all
closed in IT. Then

bi( U Xj)S Z bi—\J\+1<ﬂXj>

1<j<n JC{1,...,n} jeJ

and

bi( N Xj)S > bi-HJ\—l(U Xj)7

1<j<n Jc{1,...,n} jEJ

where b; is the ith Betti number.

Proof. A well-known corollary to Mayer-Vietoris sequence. |

3. Thom-Milnor’s and Khovanskii’s bounds

Necessary definitions regarding semi-Pfaffian and sub-Pfaffian sets can be found
in [11], [6]. In this paper we consider only restricted sub-Pfaffian sets.

To apply our results to semialgebraic sets and to restricted sub-Pfaffian sets,
defined by formulae with quantifiers, we need the following known upper bounds
on Betti numbers for sets defined by quantifier-free formulae.

Let X = {¢} C I} be a semialgebraic set, where ¢ is a Boolean combination
with no negations of s atomic formulae of the kind f > 0, f being polynomials in n
variables with coefficients in R, deg(f) < d. We will refer to the sequence (n,s,d)
as to format of ¢. It follows from [19], [13], [1] that the sum of Betti numbers of
X is

b(X) < O(sd)". (3.1)

If X = {p} is a compact semialgebraic set, where ¢ is a Boolean combination with
no negations of s atomic formulae of the kind either f > 0 or f > 0, f being
polynomials in n variables, deg(f) < d, then a combination of results from [19],
[13], [1] and [14], [22] implies that that the sum of Betti numbers of X also satisfies
(3.1).

Now let X = {¢} C I} be a semi-Pfaffian set, where ¢ is a Boolean combination
with no negations of s atomic formulae of the kind f > 0, f being Pfaffian functions
in an open domain G D I7* of order p, degree (o, 3), having a common Pfaffian chain
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with coefficients in R. The sequence (n, s, «, 3, p) is called format of ¢. It follows
from [11], [23] that the sum of Betti numbers of X is

b(X) < s"2°0=D/20(nf + min{n, p}a)"*. (3.2)
Let X C I be a semialgebraic set defined by a formula
Q1X1Q2X2 ...C?VXZ,F‘(Xle,...Xl,)7 (33)

where Q; € {3,V}, Qi # Qit1, Xi = (XTi1,...,Tin;) € [, and F is a quantifier-
free Boolean formula with no negations having s atoms of the kind f > 0, where
f’s are polynomials with real coefficients of degrees less than d. The cylindrical
algebraic decomposition technique from [3], [21] allows to bound from above the
number of cells in a representation of X as a difference between a C'W-complex
and its subcomplex. In particular,

b(X) < (sd)

90(n)

(3.4)

A better upper bound can be obtained as follows. According to [2] (which refines
[9], [17]), there exists a Boolean combination

¥(x0) = \/ /\ (91,5 (x0) *i,5 0),
1<iSI1<5<J;
such that X = {¢(x¢)}. Here
*ig € {:a < >}a 9ij € R[X0]7 deg(glJ) < dHiZl O(ni)a

I < smot DIz (nit1) g(no+1) [T, O(ni)

)

Ji < SHizl(anl)dHiZl O(ni)

Applying (3.1) to X = {¢)(x0)}, we get
b(Xo) < SO(”gHi21"i)dO(”g)Hi21O("'i) < (sd)O(ng)Hi21 O(ni) (35)

4. Basic notation

Let X = X, = I\ Xy C I7° be a set defined by a formula (0.1). For example,
X could be a sub-Pfaffian or a semialgebraic set defined by (3.3), where F' is a
quantifier-free Boolean formula with no negations. For definiteness assume that
@1 =3 and X is open in I7°.

Define

Xi = {(x0,., %) Qiy1Xi41Qi12Xi2 . .. Quxy((X0,%1,...,%,) € X))}
for odd 7 and

X =17\ {(x0, - -+, %) | Qit1Xi41 Qi 2Xiga - - Quxu (X0, X1, ..., %) € X))}
for even i. Then m;(X;) = X:, where 7r; : R7ot+n: _, Rrot+ni-1 and tilde

denotes the complement in I7°F+"-1,
For a set I/ x IV x ... x I7"" define (I x I " x ... x I{™) as
(I X I o ) N (I < L2 s x IT™)

for even 7 and as the closure of this difference for odd 3.
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Let p1,...,p; be some positive integers to be specified later. Define

BZ — a(Izﬁ_oii-(pl-H)nl « Ii(522+1)n2 % % I{pifl‘i’l)ni—l) « I{“

For any j, i < j < v define B; = ;_1 X II”, where tilde denotes the complement
in the appropriate cube.

DEFINITION 6.
(i) Let Y C Ipo x TP D™ s @2 o o [Pt o ke where
1<i<i,v>i,and let J C{({i,.--,5i)| 1 <jp <pr+1, 1 <k<i}. Then
define Hﬁ ;Y as an intersection of sets

(1P1+1) ) X(_Pi+1)>|

(1
X, X,

{(xo,x(ll),...,x

xoe I, x{™ e,  (1<k<l-1),

x,gm) eI (I <k<i), (xo,x(ll), .. ,xl(zill‘ﬁl),xl(jl), . ,xgji)) €Y}
over all (jh A ;.]z) e J.
(ii) Let Y C I x L()P1+1)n1 « I(p21+1)n2 % % I(pll—l;l)nl—l > I'l’ll+-~-+ni+ni+l
v o . it .
Define [] ifj‘lY as an intersection of sets

{(Xo,xgl),...,xgpﬁ_l),...,XEI),...,x5p1+1),xi+1)|

xo € I, x\™ e 1™, (1< k<1-1),x(™ € M (1 < k < i), xip1 € [},

(XOaX§1)7 R axl(zil£l+1)axl(jl)7 s 7X§ji)7xi+1) € Y}
over all (j;,...,7;) € J.
(iti) If I =7 and J = {j] 1 < j < p; + 1} we use the notation [}V for [} ;Y.

LEMMA 6. Let

1 i D)n it
Y C 7o x [@itm s pleeihne o et men ke dnitnin,

Then for any J C {j|1 < j < pipa+1}, I C {01, -5 90)|1 < jx < pr+1,1 < k <}

we have
i+1 Litly _ TT!
T I Y =TT <Y
Proof. Straightforward. |

DEFINITION 7. Let Y, [, 4, J be as in Definition 6. Define |_|§’JY and |_|ﬁf]+1Y
similar to [ é,JY and [] é’f,HY respectively, replacing in Definition 6 “intersection”
by “union”.

LEMMA 7. (De Morgan law)

LIy = (TT07):

LIy = (IT47).

where tildes denote complements in the appropriate cubes.
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Proof. Straightforward. |
DEFINITION 8. Let t; = ng +n1(p1 + 1) + ... + n;(p; + 1). Define projection

maps
T R7ot-F1i _, ROt A1

(XQ, e aXi) — (XQ, PN 7Xi,l),
and for j < 4,
7ri7j . Rt_7+nj+1+...+n7; N Rt_7'+nj+1+...+n7¢_1
(1) (p;+1) (1) (p;+1)
(x0,x%3 RN JKGgly -5 Xq) = (X0, X7, x; J Xl Xio1)
LEMMA 8. Let
n (p1+1)n (I)2+1)n2 (Pi—1+1)ni—1 Nyt tni+nig
Y I x It tx I X T x I .
Then
l li+1
I_li,ﬂfiﬂ,l 1Y) = = Ti+1,i (l_l Y)
Proof. Straightforward. U

5. Case of a single quantifier block
According to Theorem 1,

b (X) = by (X0) < > by (]2 %0): (5.1)
P1+91=qo0

where J{ = {1,...,p1 + 1}

Let v = 1, then (3.3) turns into 3x3 F(xg,x1), where X7 = {F(x0,%1)} and
F(x9,x1) is a Boolean combination with no negations of s atomic formulae of the
kind f > 0.

5.1. Polynomial case

Suppose that X7 is semialgebraic, with f’s being polynomials of degrees deg(f) <
d. For any k < dim(X), we bound the Betti number by (X) from above in the
following way. Observe that []} 1 Jle is an open set in I"OHmH)n1 definable by
a Boolean combination with no negatlons of (p1 + 1)s atomic formulae of the kind
g >0, deg(g) < dint; =ng + (p1 + 1)n; variables.

According to (3.1), for any ¢; < dim(X),

by, (H i]lle) < O(pysd)motprtbm,
Then due to (5.1), for any k£ < dim(X) < nyg,
be(X) < > O(pysd)"ot@Hm < (gsd)@rothm),
pitai=k
5.2. Pfaffian case

Suppose that X C I7* is sub-Pfaffian, with f’s being Pfaffian functions in an open
domain G D I} of order p, degree («, 3), having a common Pfaffian chain. Observe
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that [ i ;1 X1 is an open set definable by a Boolean combination with no negations

of (p1 + 1)s atomic formulae of the kind g > 0, where g are Pfaffian functions

in an open domain contained in Ifﬁ(plﬂ)m of degrees (a, 3), order (p; + 1)p in

no + (p1 + 1)ny variables, having a common Pfaffian chain. According to (3.2), for
any 1 < dim(X),

by, (H 17J11X1) < ((pr + 1)s)mo+ @R+ Dp((pr1)p=1)/2,

O((no + P1n1)ﬂ + min{plp, no + p1n1}a)"°+(pl+1)(nl+p).

Then due to (5.1), for any k < dim(X) < ny,
b(X) < Y bql( i,Jlle) <
p1t+q1=k

E((k + 1)S)no+(k+1)m2(k+1)p((k+1)p—1)/2.

-O((no + kn1)B + min{kp, ng + kny pa)mot kD ma+e)
Let d > a4 . Relaxing the obtained bound, we get
bi(X) < (ks)O otk 2O®oD® (g 4 iy )d)Orothnathe),

6. Cases of two and three quantifier blocks

In this section we obtain a generalization of (5.1) to the case of two and three
blocks of quantifiers, as a preparation for cumbersome general formulae in the next
section. The case of three quantifier blocks is considered separately also because of
a technical difficulty that appears first in that case (see the discussion after (6.1)).

Recall that

T R7ot- AT ]RTLU+...+TL;'—17

for j < 1,
g Rtj+nj+1+...+ni _ Rtj+nj+1+...+ni,1.

Let v = 3, then the original formula becomes 3x;Vx33x35((X0, X1, X2,X3) € X3).

Thereby,
X1 = {Vxa3x3((x0, X1, X2,%3) € X3)}, Xz = {Ix3((x0, %1, %2,%3) € X3)},

X = X, is open in 1.

According to Theorem 1,

bqo(XO) < Z bq1< %,J}Xl)'
P1+491=qo

Applying in succession Lemma 7 (De Morgan law), Lemma 4 (Alexander’s duality),
definitions of 7y and 73 ;, and Lemma 8 we get

([T = (U )
< btl_q1_1<|_| %’J%E U 31?) = btl—q1—1(|_|iJ117T2(X2) U a1 (17" % 1?2)) =

= btl—q1—l(ﬂ-2,1 (|_| 1:311X2 U@Ifl X 1?2))
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Due to Theorem 1, the last expression does not exceed

S (U o < 7)) -

p2t+q2=t1—q1—1

= > v (I35 xeuBs)).
1

p2+g2=ti—q1—

In a case of sub-Pfaffian or semialgebraic X it is now possible to estimate

b ([T (LS 20 52))

via the format of X5. This completes the description of the case of two quantifier
blocks. We now proceed to the case of three blocks.
Due to Lemma 7 (De Morgan law) and Lemma 4 (Alexander’s duality),

b (T (U200 8)) = b (LB(IT12 50 B))) = (6)

= bty —g,-1 (U%( 1:311)72 n B%) U1y x [?2(172“)))-

From this point we could have proceeded in a “natural” way similar to the just
considered case of two blocks, namely, replacing in the previous expression the set
X, by m5(X3), then carrying the projection operator to the left to obtain an expres-
sion of the kind by,_g,—1(m32(...)), and after that applying Theorem 1. However,
carrying the projection operator through the symbol ] 131 (which corresponds to
an intersection of some cylindrical sets) would require an introduction of P1No NEew
variables. This would result in a significantly higher upper bound for by, (X). In-
stead we reduce intersections to unions, then carrying the projection operator to
the left does not require new variables.

More precisely, by Lemma 5 (Mayer-Vietoris inequality) expression (6.1) does

not exceed
> )

1<k2<p2+1  j2C{1,..,pa+1}, |J2|=k2

b gt ([12. (I1 1% %o 0 B3) Lo x 120270,

2,J2 1,7}

(We estimate a Betti number of the union of cylindrical sets from the definition of
the symbol | |2 by a sum of Betti numbers of intersections of various combinations
of these sets.)

By Lemma 6,

th—qQ—kQ( gng ( 1’3115(:; N B%) @] 8(1’;1 X I{LZ(IJTH))) _

= : X, 2 B2 ¢ (p2+1)
= btzf!p*kz (H 2,J11><j22X2 N HQ,lexng% U 8([21 X IILQ P2 ))7

with J? = {1}. By Lemma 5 (Mayer-Vietoris inequality) the last expression does

not exceed
) )

1<so<gqatkot+1  JlcjlxJ2, J2CI2xJ2, |JL+|J2|=52

bt2—qz—k2+52—1 (|_| é,JéjX\j? U |_|§,J§B§ U 8(151 X Iiﬂz(pfrl)))’
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taking into the account that
. Tl o +1
dim (|33 Xz U |3 2 BR LA x [72P+HY)) <,
and therefore
L (|_| 2.3 X2U |35 B3 U oy x I{w(mﬂ))) =0

for sg > qo + ko + 1.
We have

bt27q27k2+s2—1 (|_| %ngjé U |_| ;JQQBg U 8([;1 X I?Z(Perl))) =
= bt27q2—k2+5271 <|_| 57J217T3(X3)U|_| §7J227T3,1(B§)U7T3’2(a([§1 XI?2(P2+1)) XI{LJ)) —

_bt2 q2—ko+s2—1 (7T32(|_|2 J1X3U|—|2JQB§UB§))).

Due to Theorem 1 the last expression does not exceed

3 be, ([T3 (L35 % U135 B3 U BY) ).

p3tqs=ta—q2—ka+s2—1

In case of a sub-Pfaffian or a semialgebraic X it is now possible to estimate

bo, ([T3 (L35 XU 135 B3 U BY))

via the format of X3.

7. Arbitrary number of quantifiers

THEOREM 2. For any i the Betti number by, (X) does not exceed

> Y ¥ > )

P1+q1=qo p2t+ge=ti—q1—1 1<k2<po+1 j22C{1,.-.7p2+1}, ‘j22|:’92

2. > 2.

1<se<gatko+l  JlcJglxJ2, J2CI2xJ2, |J3|+]J3|=s2 P3tas=tz—hkats2—1

2 by D

1<ki—1<pi—1+1  Ji-lc{1,..pi_1+1}, |Ji7)|=kioy  1SSi-15gi—1tki—1+1

2 2

JLCIl  xJiTh o Tt i ) I T eI T =siey PitiTtici—qici—Rioitsio—1

bqq(Hi( 1111 Jll 1X U U |_|1 1,J7_ B:UBZ))

2<r<i—1

Proof. Induction on i. Suppose (7.1) is true. Due to Lemma 7 (De Morgan law)
and Lemma 4 (Alexander’s duality),

b(h(H;( 1111 Jll 1X U U |_|z 1,J7_ B:UB;)) =

2<r<i—1
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qu<(|_|:( zlzu}le N I BZHEE)))S

2<r<i—1
1 iy
<brg (UI(IT Y0 X0 ) T BB U
2<r<i—1

U a(I; protetna o Il(p'iJrl)"i)).

By Lemma 5 (Mayer-Vietoris inequality) the last expression does not exceed

2 2

1Skispitl  Jic{l,..p;+1}, |Ji|=k;

) 1, -~
bti_Qi_ki (Hz,fj( i 11 I 1X n ﬂ Hz 1,J7_ BZQB;) U

2<r<i—1

K2

Do i)

where, by Lemma 6,

. . — —
btl—qi—ki(HE,J;’( zZ1 JL 1Xim m Hz 1L,Jr Birme)U

2<r<i—1

7

U a(]—flo-‘r(m-l-l)m X ... X I£Pi+1)"i)) _

— 1
= bt —q,— ’%( i,J}fli‘X 0 ﬂ H;J 1><J’ U

2<r<s

9

SR Y )

K2

where J{ ;| = {1}. By Lemma 5 (Mayer-Vietoris inequality) the last expression

does not exceed
> 2

1<siSqithkitl  Jglcgl | xJi, .., JiCJi_ xJi, [T+ +|Ji=s;
1 v - pr no+(p1+1)n1 (pi+1)n;
bti,qi,kﬁsi,l(ui,ﬁxiu U |isBruad x . ox I ).
2<r<s
We have
1 T Dr no+(p1+1)na (Pi+)miy) _
btiflhfkﬁ*si‘*l(u i,JilXi U U |_|1,J[B: U a(Iz XX Il ' l) -
2<r<s
1
=bt,—gi—kits,—1 (|_| i7Ji17Ti+1 Xit1) U |_|Z JrTit1,r—1 BZ+1) U
2<r<s

U 7Ti+1,i(a(lino+(pl+1)n1 X X% I](~pi+1)ni) ~ I:’ln1+1)) —

_ 1,241 ri+1 +1
- bti—(h—k'r‘rsi—l (T‘-H‘Li( i,J1 Xit1 U U |_| i, J7 Bz+1 U leJrl))
) 2<r<i
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Due to Theorem 1 the last expression does not exceed

>

Pit1+qit1=ti—qi—ki+si—1

i+1 1,i+1 ri+1 z+1
by (H i+1( i,J} Xit1 U U |_|z Jr Bz-i-l z+1)>'

2<r<s

8.  Upper bounds for sub-Pfaffian sets

We first estimate from above the number of additive terms in (7.1). These terms
can be partitioned into ¢ — 1 groups of the kind

2 2

Iskjs<pi+1l JIc{l,...p;+1}, |JY|=k;

2 2

1Ssj<qitki+1 glcgl_  xJi,.., JIcJi_ xJi, [JH+..+|J|=s;

> :

Pj+1+gi+1=tj—qj—kj+s;—1
where 1 < j <7¢—1.
The number of terms in

D 2

L<kiSpitl  JIC{l,p+1}, |Ji=k;

is 2Pit1 The number of terms in

2. 2.

1SsjSqjtki+1 glegl_ xJi,.., Jicai_ xJi, [JH+..+]J|=s;

does not exceed 27(4+%i+1)  The number of terms in

>

pi+1+aqiy1=t;—q;—kj+s;—1
does not exceed t; + 1.
It follows that the total number of terms in jth group does not exceed

2pj+1+j(qj'+kj+1)(tj +1) < 90(itj—1)

Since t; = no+n1(p1+1)+...+n;(p;j+1), pp < i1, and therefore t; < 2inony ... nj,
the number of terms in jth group does not exceed 2002’ mom1--n5-1) Tt follows that
the total number of terms in (7.1) does not exceed 20(F°2moni-ni—z),

We now find an upper bound for

bqu(HZ( o xu U Ut 1B;UB;)).
2<r<v-—1

Assume that X, = {F(xo,X1,...,X,)}, where F is a quantifier-free Boolean for-
mula with no negations having s atoms of the kind f > 0, f’s are polynomials or
Pfaffian functions of degrees less than d or (o, 3) respectively. In Pfaffian case, let
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functions f be defined in an open domain G by the same Pfaffian chain of order p.
We assume without loss of generality that 7ot +m C G.

The set | | 11/’7”17!]3 1Xl, C Rt—1+7 i5 defined by a Boolean formula with no nega-
tions having |J}_i|s < s,_15 < (2t,_2 + 1)s atoms of degrees less than d (for
polynomials) or less than («,3) (for Pfaffian functions) and at most 2t,_1 + 2n,
linear atoms (defining 17",

For any 2 < r < v the set B C Rtr-1tnr is defined by a Boolean formula with
no negations having 4t,._1 + 2n, linear atomic inequalities. Therefore, all sets of
the kind B} for j > r are defined by Boolean formulae with no negations having
4t,_1+2(ny+...4n;) linear inequalities. In particular, the set Bl, C Rfr—t+nrt-4nv
is defined by 4t,_1 + 2(n, + ...+ n,) linear atomic inequalities.

For any 2 < r < v — 1 the set UZ’ZIW(,;._lB; C Rtv—11" jg defined by a Boolean
formula with no negations having at most

(Atr—1 +2(np + ...+ 1)) 1| + 2ty—1 + 21, <
< (dtp—14+2(ny + ...+ n))sp—1 +2t,—1 +2n, <

< (4tT,1 + 2(n7~ + ...+ ny))(2tl,,2 + ].) + 2tl,,1 + 2TLV

linear atoms.
It follows that the set Uy, <,y LI}71 j  BJ, C R=2¥7 is defined by a Boolean
formula with no negations having at most
((4ty—14+ 22+ ...+ n,))(2ty—2+ 1)+ 2t,_1 +2n,) (v — 2)

linear atoms.
The set

HZ( llfflyJLlX” J U UZ’Zl,JgleZ UBZ) C R™ (8.1)
2<r<v-—1

is defined by a Boolean formula with no negations having at most

((2ty—o+1)s+2t, 1 +2n,+((4t,—1+2(no+. . .4n,)) (2t —2+1)+2t,_1+2n,) (r—2))-

(o +1) < stO)

atoms of degrees less than d for polynomials or less than («, 3) for Pfaffian functions.
Similar calculation shows that, in the Pfaffian case, the set (8.1) is defined by
Pfaffian functions having the order at most p(2t,—o+1)(t,—1+1) < O(pty—at,—1).

8.1. Polynomial case

Let functions f in formula F' be polynomials of degrees deg(f) < d. Then, ac-
cording to (3.1),

b, ([T Xow U it BouBr)) <

v—1
2<r<v-—1
< O(ds)t”t?£t1”) < (2%dsngny ... nl,_l)o(zunonl“‘””).
Using (7.1) in case i = v, we get
by, (X) < (2”2dsn0n1 S SR

(compare with (3.4) and (3.5)).
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8.2. Pfaffian case

Let f be Pfaffian functions in an open domain G D I} of order p, degree («, (),
having a common Pfaffian chain. Then, according to (3.2),

bg, (HZ< Iifl,JLlXVU U leyzl,Jgle;UBL’)) <

2<r<v-1

< 20062100 (st, )0 O(t, B+ min{t,, pya)OtrTrtv-2tv-1) <

254v 4 4 4 2 v
2 ”0"1"'”v—2”u—1)80(2 nomni...ny) |

< 20(p

'(21/’/1077,1 o ny(a + ﬂ))O(Q”ngnl...n,,+p22"n(2)nf...n?,_2nu_1)'

Using (7.1) in case i = v, we get

by, (X) < 20(u2"n0n1..An,,+p224”nén‘1*.A.n?,fznﬁfl)sO(Q”ngnl...n,,)_
0 <

(nona -1y (a4 3)) 0T mom e b2 gy ane ),
Introducing the notations:
uy = 2ngny ... Ny, v, = 22”71(2)71% .. .n,%fgn,,,h
we can rewrite this bound in a more compact form

Do (X) < 200040700 O (4 (o 4 )0 trvn),

Acknowledgements. Authors are very grateful to D. Dugger, D.B. Fuchs, and
V.A. Vassiliev for useful discussions.
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