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1. - INTRODUCTION 

In recent years, the problem of bound states of a fermion in a fixed Dirac 

monopole [1] or in a 't Hooft-Polyakov monopole [2] has been extensively discussed 

[3-20]. In this paper the bound system of a fermion and a fixed Dirac dyon will be 

discussed further [9,17]. As is well known for the system of a fermion and a Dirac 

monopole, there is the Lipkin-Weisberger-Peshkin (LWP) difficulty [21] in the 

angular momentum states j = lql-! which shows up in the fermion's radial wave 

functions at the origin. The radial wave functions of the fermion in the angular 

momentum state j = lql-! do not vanish at the origin. This means that the fermion 

in these states goes through the monopole; thus, the Hamiltonian of the system is 

ill defined at the origin. To avoid this difficulty, an infinitesimal extra 

magnetic moment is endowed to the fermion by Kazama and Yang [5,6]. In Ref. [9] we 

showed that for the system of a fermion and a Dirac dyon there is also the LWP 

difficulty in the angular momentum states j > Jql+! when the dyon charge Zd exceeds 

some critical value Z~. In order to avoid the LWP difficulty, besides the 

Kazama-Yang term -(Kq/2Mr3)~t.t, the term i(KZZde2/2Mr3)y.t should be considered 
c also. But in the case Zd < Zd' the Hamiltonian of the system is well defined at the 

origin, so we can solve the bound-state energy for j > lql+~ without the 

Kazama-Yang term [5] and the term i(KZZde2/2Mr 3)y.t [9]. The results show that the 

bound-state energy is hydrogen-like [17]. 

In this paper, wave functions of bound states for a fermion and a Dirac dyon 

with charge Zd < Z~ and for j > Jql+! are obtained. Using these wave functions, 

matrix elements of this system in the external electromagnetic field are calculated 

and the corresponding selection rules are shown. 

2. - THE BASIC EQUATION AND ITS SOLUTION 

In this section we first review the basic equation to fix our conventions. The 

Hamiltonian of this system is [17): 

(2.1) 

where 1 is the vector potential of the dyon. In order to remove the string of .. 
singularities, A is defined in terms of two or more functions in a corresponding 

number of overlapping regions [3]. A zzde 2 , z is the electric charge of the 

fermion which is an integer, and Zd is the electric charge of the dyon which need 



- 2 -

not be an integer. For the states j ) Jql+! there are two types of simultaneous 

eigensections of 12 .J2 , and H [4]: 

Type A +"'= l [ h."' 5~ l Cj~1~1+V2) (2.2) 

J"' r -i.~(r) 3 (~) ) 
i"' 

[ I "'] (J.'-1 r> :5 f"' 
( j~l~ltif2) Type B ti"'- r -l_~(r) jj~ > 

(2.3) 

where 

J.{j) ~ fl)- fJ.) ' c . 5 ' 
J"' J"' 1"'J 

(2.4) 

0':1.)= f)+ ~(J.) . s ' c • 
7"' Jill 1"' I 

(2.5) 

[ • 1/J 1/JJ} 1/l ( = ~ (2J+Itl~) t(.2jfl-23-) 2.\~\[lj+ I) 
1 ( 2 0 6) 

[ 1/2 1/l] j; 1/. S=~ (2jtlt.2(;-) -(.2jf1-2p .21~1(2 j+J) 1
2 

(2.7) 

(2.8) 

(2.9) 

where Y L M is the monopole harmonic whose basic properties are tabulated in 
q, , 

Appendix A [3,22-24]. 
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In (2.2) and (2.3), h.(r) (i=1,2,3,4) are defined in a rather different way 
1 

than in Ref. [4); thus, the system of equations satisfied by 

the compact form which is easily treated. According to Lemma 

(2.1)-(2.3), we obtain, for type A: 

{ 

(M-t-:Vr )h,(r)+ (;;Jr t ..M/r )hlr)= 0, 

(d,--.M/r )h,cr) +(MH t:Yr )Mr)= 0, 

and for type B: 

where 

{ 

(M-E -)v'r)hir )+ (dy.-A/r) ~Crl::. 0, 

( dr- t.M/r )hlr)f (M t f +Yr )~Cr)= 0, 

h.(r) is obtained in 
1 

I of Ref. ( 4] , from 

(2.10) 

(2.11) 

(2.12) 

q = z~j, g is the strength of the magnetic monopole; Dirac quantization is that 

eg = n/2 (n=0,±1,±2, ••• ) [1]. 

We can solve (2.10) and (2.11) according to the standard treatment in 

quantum-mechanics textbooks [25]. When r ~ 0, (2.10) is reduced to 

JC:Yr) h.<r) -(dr+ A./r )h,(I·)=O, 

l ( dr-ft/r) h,cr) f (:Air) tcr)-= o. (2.13) 

v v 
Setting h1(r) = ar , hz(r) = br , where a and bare constants, from (2.13) we 

obtain: 

i 
)\ 0... -(.))+AJ b = 0 

(,JJ-}11.) Q... + "\ b:. 0 

From conditions of non-zero a and b, the finiteness of h1(r) and h2(r) when r ~ 0, 

we have 

(2.14) 

Setting 



we have 

and 

If we set 
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( ). ,. ·y/J. +. p==2. M- F J r =2. r r, 

i 
h~<r>=2~(H+ E j12e. -P/.2 P)l (Q.,<~>+~c~>), 

h:lp=1 ~(H-E-J'2-ip/.2 pll ( ~<p>-Gtr>). 

l p&;<f>+())->-F:/~)a 1cp>-(».._ tA.~~ )Q_]p)=o, 

f Q~<f>tCJ)-p+>-E/f)&;.Cr)-(A_ -)\M/f )&fP>= o, 

i 
h;r)=.2~Ct-HF:)'.2 e. -Pil p,))( lX;<r>-~cp>), 

h.<p>=2~(M-E-)I'~ -Pilp-\ &Jr>+~cr>), 
then Q3(p) satisfies (2.18), and Q4(p) satisfies (2.19). 

(2.15) 

(2.16) 

(2.17) 

(2.20) 

Equations (2 .18) and (2 .19) are standard confluent hypergeometric equations. 

Their finite solutions at the origin are the confluent hypergeometric function 

F(a,b,p): 

{ 

Q17)(~)-A 1,)F-(.V-:AF:/~J:ultl> p), 

Q.l/~J=A.J,t f(Y+I-A..E'/~,»ltl, f). 
From (2.2), (2.16) and (2.21), the radial wave functions are 

(2.21) 
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Ri(p)=2~hlPJ/e 

= 4fl(Htt3'J.e -f/J.r~-l~lf(JJ..).~t;lP+1,p )±~fWti-AE/p,uJ+l' p)) 
(2.22) 

When p + 0, F(a,b,p) + 0, from (2.17), we have 

(2.23) 

Similarly, for A3 and A4, we have 

(2.24) 

When p + 

divergence, 

oo, F(a,b,p) + eP, so R.(p) , is divergent. In order to avoid the 

we must set v-AE/p = -n, (n~O,l,2, ••• ) 

(m=O,l,2, ••• ). When n = 0, F(v-;I.E/p,2v+l,p) is finite, but 

and v+l-;I.E/p ~ -m, 

F(v+l-;I.E/p,2v+l,p) is 

still divergent. In order to make R
1

(p) finite, we must haven= m+l, 

(m=O,l,2, ..• ), so 

(2.25) 

Thus we obtain [17] 

-;C.-;:1'1-,-+;1.,1 fl,...J.'">=~-=_,.-) 
-1/.l 

(2.26) 

where n = 1,2,3, .•. ; j) lql+!; q = Zeg ~ 0; eg = ±~,±1,±3/2, ... , 

" 1.1. = [(j+!)2-q2] 2 > 0. A= ZZde2. No'tice 'that the total angular momentum j, which is 

defined in Ref. [ 4], is different from the total angular momentum in ordinary 

quantum mechanics. Here, j can take integer as well as half-integer values. The 

spectrum (2.26) is hydrogen-like, but is different from the atomic or the molecular 

spectrum. If dyons exist in Nature, (2.26) leads to the possibility to look for 

dyonic bound states, for example, from astronomical observations. 
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By the relation 

(2.27) 

(2.28) 

Because ~~l) and ~~ 2 ) are normalized, so radial wave functions R.(p) satisfy 
JID JID 1 

the following normalization condition 

Soo 2.(4-) ) ll ,L Ri (.2. ~fta-{) rl.d r- = /. 
o L=ln> 

Using the normalization condition of Lv(x) 
n 

J - ¥ -x. ;) )I r (;ltn+r) ~"" ' 
dX x e. Lftt><:)L11 ,0<)= 

111 
onn, 

0 • 

(2.29) 

3. - TRANSITION MATRIX ELEMENTS IN THE EXTERNAL ELECTROMAGNETIC FIELD 

In this section we show the examples of calculation of matrix elements by 

using wave functions of bound states of a fermion with a Dirac dyon. 
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If the external electromagnetic field is described by the vector potential 

(3.1) 

then the interaction Hamiltonian of the fermion-Dirac dyon system in the external 

electromagnetic field is: 

(3.2) 

Treat H. as the perturbation. Suppose that within the scale of the bound system of 
1 

. . + + .~ + .+ + a ferm1on and a D1rac dyon, K.X << 1, the exp(1K.X) ~ 1+1K.X+ •••• In order to show 

the general method of the calculation of matrix elements, we discuss not only the 
+ + 7 first term, but also the K.X term in the above expansion. Take Ao along the X axis, 

+ . K along the Z ax1s, and work in the Coulomb gauge. Let N represent the quantum 

number set (n,q,j,m). We have 

(3.3) 

where H' represents the part of Hi separated from the time-dependent factor 

exp(-iwt). In (3.3), 

(3.4) 

Hrc:~.=-l.,reA9KN <t~n rYoro( ~ d )/1~> 
1/111 

=-ileAoKfl.(rYo,o( ~1 ~ ))N~N. (3.5) 

(3.6) 
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(3.7) 

where 

( s,t=/,2) 
(3.8) 

(3.9) 

(3.10) 

(3.11) 

From the calculation of matrix elements which will be shown later, the 

selection rules of H'~O)a are 
-N ,N 

(3.12) 

In the general co-ordinates, they are ~j = 0,±1, 6m = 0,±1. 

The selection rules of H~~~~a are 

(3.13) 

In the general co-ordinates, they are 6j = 0,±1,±2, 6m = 0,±1,±2. 

For Section B (2.3), we have similar results. 

Now we show the calculations of the matrix elements. 

1. Q<~l c~~z 3) 
st 'I ' 
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We notice that F(a,b,Z) is reduced to a polynomial when a takes 0 or negative 

integer: 

(3.14) 

where 

(~J n 
Kh( A+(...U..~+n2t~n>')v::z: ' 

In (3.14), the upper (lower) sign is taken for st = 12(21). 

(3) ' . ' . 
Similarly, we can calculate Q qn J nJ. 

st 

st st 
2. (crJ)j'm'jm and (YoJOOJ)j'm'jm 

Using the orthogonal and normalization relations of monopole harmonics [(A.Z) 

of Appendix A], from (3.10) and (2.4)-(2.9), we have: 
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(V.)st _ ± ((jtm+l )C1'tm+.1) ]'1\2m+1~ {~ (.lj+3-2~f][Clj + lt.2&-)i(2jtl-.2! t·J 
'floli; B<i+'~(.li+'XlimJvJ r , 

(m= -Cjtr))····) j ), wh01 ]l.jtl, m'=mt/. (3Hc.) 
} 

st [Cj-111-l-lXj-m+r)]
111 

[ lb. rhl r 1/l Ia] 
( Oj ~-J.'j"l- f 8(ftl)[~jtr )(.2] +3) J'!.ll{;lftJh~)±{l.jH-:2~) L(.lj'tlt28-) ±(.ljtl-2a-) 

1 

when j'm' take other values. (3.1~ 

When st = 12(21), the upper (lower) sign is taken. 

In order to calculate (Yo!00!)~7 , . , we need to use some properties of 
J m Jm 

monopole harmonics [3,22-24], especially their addition theorem [22], and Wigner 

3-j symbols [26], which are tabulated separately, in Appendices A and B. By the 

tedious calculation, from (3.11) and (2.4)-(2.9), we obtain 
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5t r,( . 112 1/).] r • ,,). ''2] 
(~,t~ Oi)1~.,,7111-c 27-3t23-) f(l.j-3-.2~) L(lJtltl~) f(2)th23-) 

• [ Jlj(j-1 )(2j-1) r' [ ( lj-3 X2j't 1) J -1/; 
1/1 

• [ (3/rr )(it"'~-~ )C i tm-1 )(]+"' )( j-~r~)(J.J'-I-2ls )(lj-1 f2~)] , 

(m= -(j-.2)/ ···:, (j-1)) 1 whR 1''=1'-.2 1 ~t~1=m-li (3.16b) 

t -J Ill/). -1/.l 
('fotoOit ,, =(8j) (G/n'Xi·~~'~)(j-"'-1~ [(2jtf)(;tj-1)] 

1~,.1,., J _, 1/J. •h 'h 
'( (j+w.)[4(j-1)(.2j-1)] (Pj-Jt.2..t)(.lj-l-:lb-)] ((ljt1+28-) f(lj+t·J.a-) ] 

-[ c.>-J-t+ 2~ ia± H-1-2.3- )'a] 
f o<lftltl )[(lj-l)(lj+•>J _,( c .. itlfJ.3-r~(..2jtl-.2~ )'ll 1 
·[(.lj-! f23-)V.lf ~j-J-.2~ )'1-l j 

+ c1+1'1+1 )[ 4(j+I)(J.j +1 > r' rc.ljtl-.2 ~ )(.lJ+I t.2~) 1 '12cc.l1f 1+.2s-/~cJ.jfl-;}.&-J~ J 
• [C.>-jJ:/t.lb-)tf.zfClj! 1-2&-)'/:~. J}, 

(rn:::.-]J' .. >(f-1)), whe.~~ jhj-1, ""'=~'~Hj 

t· st -I ,1''; r -11.2 I...Y.,,a;)f,.jm (8j) [(3k)(]'t~r~)6'tlfi·I)J l(.:lJ'tt)(lj-1)] 

·{ Cj-ml[4(j-l)(lj'-1) t [(:~.j-JN-)(lj-/-.2~) tl 
• [<ljt Jt2t-l'/.l7( .. 1ti-:La-fl] [(2)-1+2~ )'a±(.lj'-1-lb-)'ll J 

± F.)rrt-~)[( .. ]-t)Cljtt)f
1[(2j'+Jt28-/ 1-f( ... jtl-23-)'a J 

. [(.2j-Jtl~ //~ (:l.j' -l-2~ )11.2 J 
t (j-Ill+') [4<jtl)(2j+l) r, rc:~ftl-2o-)(;ljtlt).~ )J''.2 

·fr..lj Ht)-3-)'/.1:1:: (.2 f ti-J8-)1a) ((.2j' ~J t:~.3-)".2f (~j-I-.2J- )'b.] 1 
( M=-(j-l)r> j ), wh._h j'=i-J J Ml= m-/j 

('(o,.OiX~. = :1: [(3/rr)(j-~tt)(jtrrttl) t1
[.:2 Gli+'rt 

(3.16c) 

(3.16d) 

, .. ,.., · t [(.ljtf-.23-)(.ljtlt.28-)J'
1
.2[8j(jtl) t [C.ljtiT-1:(1'"+1 )(.2jtl-1h-/'\1 jtl t 28- ).12 j 

f ~"o~~t+l) [ CjC.lj-l)r~(Cj+l)(ljtJ)T1 ]}, 

()r.=-k··;(j-1)), Whtll ibj, ln~mtlj (3.16e) 
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(3o16f) 

(' st r. ~V2 -1 -1/J <Yo•• rr,~,7,. L(3Ar)(jtmH)(jtMt .2)1 [8Cjtl) J [ (ljtl)( .ljf3) J 
·{cj-m)[(ljtJ-.2~)(2jtlN-) ]'11

[4 j(.1jt•) ]- 1[(2jtJ+l~/~(2]+•-.2~ )'ll] 
0 [(2]f3f2~{2± (lJtJ-lff") l/.l J 

f ~CJmtJ) [C2i+'X.)imf1[czitlt2b/a±Clj+I-J&r1] [c.lif3t2~/"i(2]+ N& )'/;.] 

t (j-111H)[C2ftJ-2~ ){.lJt3f23-)] 
112 

[4(jtl)(.ljt3) f 1
[(ljtlt%f

1
± (ljtl-l"lf)

112
] 

-[(2jt3t2~)'/.lf (2jt3-l"~Jl.l J t 
(IMI~i ), wktll jkj't/, }n~}l)t/j (3o16g) 

( 
-fl r , ,1v.1 -1 ~~l 

:'fo~o0i-1f..~,., l(Mr' )(1-m+~)(j-tt~+:l)J [8(jtl)) (C.ljtl)(.ljt 3)] 

0 
{ <it"'J[(2jtl-l~)(2j+lt2a-) JV.lr 4j(?.jtl) r'r(ljt•+2~/'1f(l)tJ-)u-f 2 J 
. [(~jt)t23-/').±(.ljtJ-.23-ytJ.] 

± ~(.2111-J)[Cli+•)(ljtJ)r'r c21t/t2d-J'1±c.l1tt-.2& )"1] [C.li+Jt%/
12
± HtJ-:l! f] 

+ (jt~t~+•)( (2jt)-lff)(ljt3+l~) J"1[4(Jt:l)(2jt3) r' 
o[(ljtlfJ~)".2::1:(2j+l-.2~)~] ((ljt3+2~ )1

/.lf(ljtJ-2&)'1.2]}. 

(lml~j ). w~t11 j 1=j+l, m'=m-1; (3o16h) 
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when j'm' take other values. (3.16k) 

In the above, when st ~ 12(21), the upper (lower) sign is taken. 

Reference [8] presents analytic approximate results for dyon-fermion binding 

energies and the corresponding bound-state wave functions for angular momentum 

j ~ lql+! with the Kazama-Yang term. But their results are only valid in the limit 

of weak binding, M-E << M, and for small dyon charges ZZde 2 << 1. 
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APPENDIX A- SOME PROPERTIES OF MONOPOLE HARMONICS [3,22-24] 

~:.. 
L t l&,L,M=L(Lti)~,VI, 
~ "{a.,L,M= M Ya-,L,M I 

L-=la-1, I~J+I,J&-Jt),"", M=-L,-Ll-1, '">L. 

For the fixed q, Y M is orthogonal and normalized. q,L, 

which is ordinary harmonics. 

1 11 If I! 1 I 1/2 
4. ""'/ \/ -\ L+I:+L +~ tM [(.lL+I)(lLtl)(lL

1-i-1)] 
l t L H r t-1 L' "' ""'L (-I) 11 n /JI J fT) 1 1"1 f.}f '1'" 

• II 1/ !/ L L 
1 
L

11 
( L J..

1
L

11
) 

( t-n-1'M11 ) (; fr''f/' Y-~,L,-M. 

(A.l) 

(A.2) 

(A.3) 

(A.4)[22] 

.. .. 
where M" = -M-M', q" = -q-q', L" takes all the possible values of coupled Land L'. 

(A.4) is the addition theorem of monopole harmonics. 



- 15-

APPENDIX B - WIGNER 3-j SYMBOLS AND C-G COEFFICIENTS [26] 

1. Definition: 

(B.l) 

2. Some symmetry properties 

(B.2) 

(B.3) 

(B .4) 
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