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1. - INTROBUCTIQN

In recent years, the problem of bound states of a fermion in a fixed Dirac
monopole [1] or im a 't Hooft-Polyakov monopole [2] has been exteusively discussed
[3-20]. In this paper the bound system of a fermion and a fixed Dirac dyom will be
discussed further [9,17]. As is well known for the system of a fermion and a Dirac
monopole, there is the Lipkin-Weisberger—Peshkin (LWP) difficulty [21] in the
angular momentum states j = lq|-% which shows wup in the fermion's radial wave
functions at the origin. The radial wave functions of the fermion in the angular
momentum state i = |[ql-% do not vanish at the origin. This means that the fermion
in these states goes through the monopole; thus, the Hamiltonian of the system is
ill defined at the origin. To avoid this difficulty, an infinitesimal extra
magnetic moment is endowed to the fermion by Kazama and Yang [5,6]. In Ref. [9] we
showed that for the system of a fermion and a Pirac dyon there is also the LWP
difficulty in the angular momentum states j » |q|4+} when the dyon charge Zd exceeds
some critical wvalue ZS. In order to avoid the LWP difficulty, besides the
Kazama—-Yang term —(Kq/2Mr3)BE.;, the term i(KZZde2/2Mr3)$.? should be considered
also. But in the case Zd < Zc, the Hamiltonian of the system is well defined at the
origin, so we can solve the bound-state energy for j » |ql+} without the
Kazama~Yang term [5] and the term i(KZZde2/2Mr3)$.; [9]. The results show that the

bound-state energy is hydrogen-like [17].

In this paper, wave functions of bound states for a fermion and a Dirac dyon
with charge zy < Zg and for j » |q|+% are obtained. Using these wave functions,
matrix elements of this system in the external electromagnetic field are calculated

and the corresponding selection rules are shown.

2. — THE BASIC EQUATION AND ITS SOLUTION

In this section we first review the basic equation to fix our conventions. The

Hamiltonian of this system is [17]:

H=-(-i7-ZeA) 4 M- N, 2.1

where A is the vector potential of the dyon. In order to remove the string of
singularities, A is defined in terms of two or more functions in a corresponding
number of overlapping regions [3]. A = ZZ eZ, 7 is the electric charge of the

d
fermion which is an integer, and Zd is the electric charge of the dyon which need
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not be an integer. For the states j » |q|+} there are two types of simultaneous

eigensections of 32.JZ, and H [4]:

U L.‘”S(-l,:
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~Lhtr 3](;
L()j‘”
a .
Type B &{’ =-,L (,, , (]31&""/2) (2.3)
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m
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3;1:: ¢ #‘?]d +0) (2.4)
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,h= Semb] W2 ' (2.9)
J (zj‘+2 ) 3,1t 1A, miY
where Y is the monopole harmonic whose basic properties are tabulated in

q,L,M
Appendix A [3,22-24].
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In (2.2) and (2.3), hi(r) (i=1,2,3,4) are defined in a rather different way
than in Ref. [4]); thus, the system of equations satisfied by hi(r) is obtained in
the compact form which is easily treated. According to Lemma I of Ref. [4], from

(2.1)-(2.3), we obtain, for type A:

(M-E-Nr) b4 (31 mA) her=0,

{2.10)

(=) },,(r) +(M+E +?5/r)}1,(r)= 0,

and for type B:

(M-E /P b+ (3p=m/r ) b= 0

(3 4/ (MEEVORN=0 2.11)

where
. 3 12
A=LGrar5] o, 12

qg = ZQj, g 1s the strength of the magnetic monopole; Dirac quantization is that

eg = n/2 (n=0,+£1,+2,...) [1].

We can solve (2.10) and (2.11) according to the standard treatment in

quantum-mechanics textbooks [25]. When r + 0, (2.10) is reduced to
Oy hrr =3t s hr=o
(ar«—M/r) Lt(r)-!-(?\/r) Lz(r) =0. (2.13)

Setting hy(r} = arv, hop(r) = brv, where a and b are constants, from (2.13) we

obtain:

i?\o\-(ﬂ*\)bﬂ
W-MAIEANb=0o

From conditions of non-zero a and b, the finiteness of h;(r) and hy{r) when r » 0,

we have

/2

))=(}&1-7Q)Vz= [(j+ /)~ - (22 61)2] >0 (2.14)

Setting



p=2(M> Y =2pr, (p=(v8)") 2

{h.(mﬂ?(m ey%e P P (e ae),

hipr=2p(u-t12e 2 0¥ (agp-6sp), (2.16)
i P&f([’) HO-RE/D)R(~APMP)RPI=0,
PO -H W)= 0, 217)
PAUDHIH-pIE (P~ P=0, 2.19)
PO HH-IBYR (M- /IB )= 219

If we set

{h,({’) 2pres e p? (/p-6p)
hepr=2p -2 07 (Qpt e, 2,20

then Q3(p) satisfies (2.18), and Q,(p) satisfies (2.19).
Equations (2.18) and (2.19) are standard confluent hypergeometric equations.

Their finite solutions at the origin are the confluent hypergeometric function
F(a,b,p):

{ &1,3(931'441,3 F(J)':"E/‘P) 25t P ),

Qy (D=, FOHINE/D, 204,p). (2.21)

From (2.2), (2.16) and (2.21), the radial wave functions are



Ruey=2bhgpr/p
.=4 ‘PQ(H L Jl/ze—Plz Pﬂ-l [ A;F(’} .)E/T,;ml,P)iAzF(JJ+I~)xE/?,2ﬂ+b P)]

(2.22)

When p + 0, F(a,b,p) + 0, from (2.17}, we have
Y-NE/p

= 2.23

A; AXN/b A (2.23)

Similarly, for A3 and Ay, we have

~ne/
A4=%:D\—M/—Pt-A3' (2.24)

When p » =, F(a,b,p) + ep, S0 Ri(p) is divergent. In order to avoid the
divergence, we must set v-AE/p = -n, (n=0,1,2,...) and vy+1-AE/p -m,
(w=0,1,2,...). When n = 0, F(v-AE/p,2v+l,p} is finite, but F(v+l-AE/p,2v+l,p) is
still divergent. In order to make Ri(p) finite, we must have n = m+l,
(m=0,1,2,...), so

V2E/p=-N, (R=)2,300)

(2.25)
Thus we obtain [17]
! -1/2
E%f*”['* )
/2
3 2
MLt 2Z4°
- n[(Gray-P-(zz,e02 [*
(2.26)
where o = 1,2,3,...; 3§ » jql+%; q = Zeg % 0; eg = *3,£1,+3/2,...,

po= [(j+%)2—q2]% > 0. k= ZZdez. Notice that the total angular momentum j, which is
defined in Ref. [4], 1is different from the total angular momentum in ordinary
quantum mechanics. Here, j can take integer as well as half-integer values. The
spectrum (2.26) is hydrogen—like, but is different from the atomic or the molecular
spectrum. If dyons exist in Nature, (2.26) leads to the possibility to look for

dyonic bound states, for example, from astronomical observations.



By the relatlon

Yro= LN £ x
o= N o) FGrytL X))

and us:.ng (2.23) and (2.25), (2.22) is reduced to: W )
2 A2 s <P -l h D/t
R. <F)‘4T’n&j(HtE"']) artie ™ p ir'(z»+=+n)L ¢
n (! P(JJJH)
FasOoom2n® "ot h-!(f’)}

(2.27)
Similari;ﬂ, we have 2 A3 ~pa ey RITOIH) 22
Ra ()= *'F&(“ifhaq) As {FWL“()
t M-(»\k‘:nz-l-.:nﬂ)T’F (n-;'f(,;-(::)ﬂ) L (P}
(2.28)
Because ggi) and 5§i) are normalized, so radial wave functions R (p) satisfy

the following normalization condition

573 Inytabyrofraar =1,

(=13

Using the normalization condition of Ln(x)

oo X, 2 7 retntt) v/
5 1 x)e th(,()Lh,tthJ}n’
°

we have -2
1T rrertn(M ) TEIL20 T i 3 en)BP/

(2.29)

3. — TRANSITION MATRIX ELEMENTS IN THE EXTERNAL ELECTROMAGNETIC FIELD

In this section we show the examples of calculation of matrix elements by

using wave functions of bound states of a fermion with a birac dyon.



- 7 =

If the external electromagnetic field is described by the vector potential

x(?‘,f)wauf[(:(ﬁ‘?_wt)]r (3.1)

then the interaction Hamiltonian of the fermion-Dirac dyon system in the external

electromagnetic field is:
AN PR
Hy= ~zelAXL) (3.2)

Treat Hi as the perturbation. Suppose that within the scale of the bound system of
a fermion and a Dirac dyon, i.i << 1, the exp(iﬁ.i) = l+i§.§+... . In order to show
the general method of the calculation of matrix elements, we discuss not only the
first term, but also the ﬁ.% term in the above expansion. Take KD along the X axis,
i along the Z axis, and work in the Coulomb gauge. Let N represent the quantum

number set (n,q,j,m). We have

/ !(0) ra)
.3
HN, + Hon (3.3)

where H' represents the part of Hi separated from the time-dependent factor

exp(—-iwt). 1In (3.3),

Hi=-2ea | (5 R > =-2eA (55

(3.4)

fCl) -b?eAqKJE<+~’]r%m g-,:?)"}['lg)
= 7AK T Yo (2 T Dpin 2.5

For Sectiom A (2.2),

(3.6)



1 2«"3 ] 0 o"']"] 12
H : =FeAK ‘43"[ (Yolov)‘!,.,]m _Q (Yro ')‘L’* ]
qmm),
(3.7)
where
Wl oo RS s
QR h1 e ) t=/)2
_n_st =£ﬁlr R5 (z‘ph,ﬁ,r)Rt (l‘P,,%]r), (s ) .
n&i ryj
cs)&—*mj‘r;d{r;z By TRy Q@Resr), (st=r2)
(3.9)
(6)
i)“' . ‘Ydﬂ_jwmy im (St=l2) (3.10)

o )
(YOIO(T)‘MF’ J;&gximf\ﬂfoqzim) (Sfé"!/.?) (3.11)

From the calculation of matrix elements which will be shown later, the

selection rules of Hﬁ(oéa
bl

Aj::o"i!’ am=%£] (3.12)

In the general co-ordinates, they are Aj = 0,%1, Am = 0,*1.

H! (La

NN are

The selection rules of
Aj: 0,31, 22, am=2%l, : (3.13)
In the general co-ordinates, they are Aj = 0,x1,+2, Am = 0,%1,%2.
For Section B (2.3), we have similar results.
Now we show the calculations of the matrix elements.

(n)

l.a .~ (n=2,3)
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We notice that F(a,b,Z) is reduced to a polynomial when a takes 0 or negative
integer:

H’[ n{r=1)-~ (1-241)
%) L b(bt) (btd-1) P (n=o,bz,m~)

Fnbp)=

From (3.8) we have

\ Ly o
aprir W) ,wy—z J~ o, v
‘D' G fﬂ "&Jm IB’J\J /Png-y

n Y (") (w
[(Z 2- FK c+)2 (+) Z G) (+) )
. ’ ’

VETS &3 Jj-o,!’ h'jx-a ] hyfg”,,_c i § yﬂ ..!1

(3.14)
where
= */2 &J oy
4P .(ME - n _
%&it) ,B!&J h&] , Khj"‘M_’_(Alll_n!_thy)u; ,
3

) 0 (- (-2t

R QM) ¢ ;o
I (2 =(Pys ~,)r‘ IR
Ii)xf"‘,_id re s o

—(D3 uu’ ) |
=(Byyt hgs) RESD)

In (3.14), the upper (lower) sign is taken for st = 12(21).

Ciro s
Similarly, we can calculate Qéi)qn 3l

(O'l)me m and (Y01001)J.m.3m

Using the orthogonal and normalization relations of monopole harmonics [(A.2)

of Appendix A], from (3.10) and (2.4)—-(2.9), we have:
st & “ L2 - g
(0 %*m’jmr_ 2j(]‘+1)[(]+m“)(]"")] , (M=-1-74), when jl—‘], m'.-.}nH/; (345a)

st X L . J -
(U‘;)j.;,nr,j,;—“ﬁg;ﬁ[(rmﬂ)(ﬁm)], (m==({=)>+57 ), when 1’-=1,m’=)n-l,~ (3.15))
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[Gemn) im0 e 8Tl i (oam-25)"
(')1’- 8(1+')[(z]+a)(z]+3)]*’1[( A8 £(18-20) J[(] Bai-23) ]

(m=-G#1),7), when =it m’:mi-l}. (345¢)

(o) = L]
ot T sGmleinGei 1]

[( 27t 3{.2&)'2: Git32 6_)'/’] [(.ziﬂ\‘zg.)lg(z]"rl—z&)'b]

L

(=], 3¢1), whe j'-:jﬂ m=m-| 5 (3.15¢)

((T)St _ [G-min(5- }n)]
P T 83[Gynin )4
(m=-3,~3-1), when J_j-:,rn=>n+i)- (3-15e)
st LGmGm)”

(RIS | GHERE it )"

- 12, . Wi, . i, . 12
(Oik,= T #ile —1)(21‘4—,)]"1[(’]*‘”3) F(21-29) J ["J* CRHGHEDN)
C=~G-D7) when 3531 m= m-l; (345
t
(O_l )]i'"jm: o, when j'm' take other values. (3.13)

When st = 12¢(21), the upper {lower) sign is taken.

In order to calculate (YDIOUl)J-m im’ we need to use some properties of
monopole harmonics {3,22-24], especially their addition theorem [22], and Wigner

3-j symbols [26], which are tabulated separately, in Appendices A and B. By the

tedious calculation, from (3.11) and (2.4)-(2.9), we obtain

moo‘)h [(zj—sba)'lff(aj-s—zgr)”z] [eititag) % Gi-20"]
b’](} -D@j-1] [(JJ -)(2740)] 2
+ [6m)Gm1)G-m2) G- rn)(ﬁm)(z]—r—zw(zrmzf)]
(M=-(-1),++ (§-2)). when 1:}-)} ;,,’:m{-!). (3.16a)
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(Yo )5,,, {Gistp) :r:(n-a—zb) P Gitas) 5 ain-2p)”
[323G-DC31-0][ej-3054)] 72 "
-[O/n)ﬁw-’xa+m-2)(1+m)(3-m>(z]-:-z-&)(zj—Hzg)] ,

(m==GG-2),5(G-), whan 3'=7-2, mem-1; (3.16b)

(ng-)’h, 833 (GG 1)] o]
o GmlsG-nei-n] [P '-’5‘)] [(23*1“8) ?(JJH*J&) *]
423 (33 2&)"’]

7 3emn[eF-0C] [Gint % 0iH-28)2]
[0 23+ -’-&)"*J

+(5+m+:){4(3+r)(23+:)] [(z,ﬂ-:;—)(zﬁfﬂp] /*’[(z];m&) (;J;f-;&)}
[(liiHl&)er (27 l—zg)'/“]} ,

Om= =y G-0),  when 7‘,,17“-!, e mi (3160
(‘%:90‘,) il =(87) [(3/&)(]1»1)(3»1)] [(zw) 1]-])]
{CJ*MJ[«J—:)GJ-D] [Gi-Hp)a *2&)]
[t % (28 2] [0 A 214-28)7 )
i?;(m-o[(li-l)(li’r')f'[(zm%zp"‘#(zjﬂda-)'é]
TC31423) % (234 23)“]
F G-mi)[GHGEHDT [(ﬂ]’r!-z&)(nwfngr)]
[ % (2711252 [af-1420)" % (4280 1]
(= =-(§-) /]), when j:"— ; ’_m_[} (3.16d)

(Yoo ‘), J:[(S/w)(r?")(rrmrl)] [2 (1‘1“)2]
{[(zw-zaa(zzmz&)] [5iGH)] [opTkamn@it-1 0 28)" ]
F Fom)[Gedo) Y (Gt ]},

O’“i}“"}@"”; When ﬂrj, )n{-:mH/- (3.16e)
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(wi),,f = [omGmG e RejH?]
{[(Jjﬂ-l&)(zgﬂ’r)&)] [3](3“)] [(JM—I)(z]H-?}) 2(23+:+33r) :;(zw)z]

~Fm-n(Gei) T (gneis) 1),
(m=-~7).  when i=7, = -1 (3.16£)

2 )* = [amamiam2)]” [sGn] [(JJH)(lJH)J
Jem (2]”*23')(’]“*2&)] *[4iGit)] e Ferp) ]
Jeihe) G *+3-z&> ~]
7 gm0 [epeg)] T8 i(zw-z&)”l [eisop)3aio5)")
+(]ml)[(zﬁ}:&)(zﬁsp&)] "LGei] Teseg) :l:(23+l'2&)/2]
(G132 Git-2]},
(Imisq), when -ILJ‘.H, h'n'r-th

(3.16g)

(\ﬂnﬁf: (3/@(1-"'“)(1-*"*3)] ‘o] [(-21+l)(211‘3)]
{(7”")[(21*"‘26‘)(2]H’rl&)]v [ﬂ(:zjﬂ)] [(2]+l+23~) ;(z].u 23.) }

Teiprp) bej1-98)"]
k gon-n[EiH0eit)]) [(=J+:+>H”iom-zw ey (inosf )

+(-JH’h‘l)[(?]+3"15‘)(2]+3‘]'25~)] [4(i+1)(2]f3)]-,
[(z]+:+33)’%£(z]+1-2&>”’][(2J+3+’o‘) EGib)? ]}
(Imi<7), when  J=gt, mm-1; (3.16h)
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(%.ov)h, -i[(B/rr)(J-m’rf)(#Ml)(3+“+2)(3+M+3)(2J+3~28-)(2 ]+3+2&)J

[32(3H)(1+2)(2J+3)] [(2]+5 )@J“)}
Tejtstpl R egs23)] [<zi+t+z&>"2£ 28" ]
(==, 57),  when v =3+l, nhmi I} (3.161)

(N, ,),,, [(snr)(g+m+z)cg-+a)(j-m+2)(g‘-m+s)(2jf3-2&)(25+3+25)] "

[eGrGr)e] [c:ﬁs)@w)] ,
[ 2]+5+25)/23:( T 2&)'/2] [(zﬁﬁzﬁ-) i(JjH-lG*) 2:}

(m M==3(GH)), when 7= j:z m’=m—1; (3.163)

(\/Mo [)ynr]'m—- when j'm' take other wvalues. (3.16k)

In the above, when st = 12(21), the upper (lower) sign 1s taken.

Reference [8] presents analytic approximate results for dyon-fermion biunding

energies and the corresponding bound-state wave functions for angular momentum

j » lq|+% with the Kazama~Yang term. But their results are only valid in the limit

of weak binding, M-E << M, and for small dyon charges sze2 << 1.
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APPENDIX A - SOME PROPERTIES OF MONOPOLE HARMONICS [3,22-24]

N
L L= YLm,

/L\z \/a'rLfM::M\{a'/L’M;
=%, 15140, 8142, M=-L L0, (A.1)

2 en 2
j Smbd BSDJ ? \/;L,} M;(D.(f)\é ,L,Mw’(f )= J}LJWM‘

(A.2)
For the fixed g, Yq L.M is orthogonal and normalized.
3.
0.¢)= ,
\/9,1.,:»4( (F) \/L.,H(@ (f) (A.3)
which is ordinary harmonics.
Py Mot ! 112
CNG NG =T AL {(;ux)(u_’ﬂ)@ﬁﬁn )J
o~ =
3M Ty M T4 an
LL ’L" L L,L”
' Lall I ot \Kg" Yy
MM M & & & ey . (a.4)[22]
where M" = -M-M', q" = —q—q', L" takes all the possible values of coupled { and 1.

(A.4) is the addition theorem cf monopole harmonics.
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APPENDIX B — WIGNER 3-j SYMBOLS AND C—G COEFFICIENTS [26]

1. Definition:

s xo Y R 2] . Sy
( Tl ]3>=(_|)‘]' 1 }(.ILH) <:f]m|?zmz 317*]3-M3>

iy Py My

2. Some symuetry properties

‘jr j?- j} >=(]\t i)jl )-___(53 5|‘j:>
mmy M3 m, s myimy s /¢

(fz 1 f,)= (_DJ;HJ‘B ( 73 )

3. ~ ~ ~ 8 ‘;+ ) - y N h) Yoy o=
<7AM.\]bM,,],\ij ’"> =Hﬂ T j<75mb7‘\m'\’7t7'\7 M>

(B-1)

(B.2)

(B.3)

(B.4)



- 16 -

REFERENCES

[1]

[2]

[3]
[4]
[5]
[6]

(8]

(9]
(10]

(L1}

(12]

[13]

[L4]

[15]
[16]
[17]
[18]
[19]
[20]
[21]

(22]

P.A.M. Dirac - Proc.Roy.Soc.London, Series A, 133 (1931) 60; Phys.Rev. 74
(1948) 817.

G. 't Hooft — Nucl.Phys. B79 (1974) 276;
A.M. Pelyakov — Pis'ma ZETF 20 (1974) 430 [JETP Lett. 20 (1974) 194].

T.T. Wu and C.N. Yang - Nucl.Phys. B107 (1976) 365.

Y. Kazama, C.N. Yang and A.S. Goldhaber - Phys.Rev. D15 (1977) 2287.

Y. Kazama and C.N. Yang ~ Phys.Rev. D15 (1977) 2300.

+N. Yang - Proc. of the Monopole Meeting, Trieste, Italy (Dec. 1981), eds.
S$. Craigie, P. Goddard and W. Nahm (World Scientific, Singapore, 1982),
237.

A.S. Goldhaber - Phys,Rev., D16 (1977) 1815;
Y. Kazama - Phys.Rev. D16 (1977) 3078.

P. Osland and T.T. Wu - Nucl.Phys. B247 (1984) 421, 450; B256 (1985) 13, 32,
44G91; B261 (1985) 687.

Li Xin-zhou, Wang Ke-lin and Zhang Jian-zu - Phys.lett. 148B (1984) 89.

R. Jackiw and C. Rebbi - Phys.Rev. D13 (1976) 3398;

R. Jackiw and J.R. Schrieffer - Nucl.Phys. B190 [FS3] (1981) 253;

J. Goldstone and F. Wilczek - Phys.Rev.Lett. 47 (1981) 988.

R. Jackiw and C. Rebbi - Phys.Rev.Lett. 36 {1976) 1122;

P. Hasenfratz and G. 't Hooft - Phys.Rev.Lett. 36 (1976) 1119;

A. Goldhaber - Phys.Rev.lett. 36 (1976) 1112Z.

J. Preskill - Phys.Rev.Lett. 43 (1979) 1365.

C. Callan - Phys.Rev. D25 (1982} 2141; 26 (1982) 2058; Nucl.Phys. B212 (1983)
391;

V. Rubakov — Pis'ma ZETF 33 (1981) 658 [JETP Lett. 33 (1981) 644]; Nucl.Phys.
B203 (1982) 311;

F. Wilczek — Phys.Rev.Lett. 48 (1982) 1l44.

Li Xipn-zhou, Wang Ke-lin and Zhang Jian-zu -~ Nuovo Cimento A75 (1983) 87; 80
(1983) 311.

Li Xin-zhou, Wang Ke-lin and Zhang Jian-zu - Phys.Lett. 140B (1984) 209.

Wang Ke-lin and Zhang Jian—-zu - Phys.Energiae Fortis Phys.Nucl. 9 (1985) 161.
Li Xin—-zhou and Zhang Jian-zu -~ Phys.Rev. D33 (1986) 562.

Li Xin-zhou, Yu Feng and Zhang Jian—-zu — Phys.Rev. D34 (1986) 1124.

Qi Yong-chang - Phys.Lett. Bl76 (1986) l15.

Qi Yong-chang - Phys.Energiae Fortis Phys.Nucl. 10 (1986) 545.

H.J. Lipkin, W.I. Weisberger and M. Peshkin - Ann.Phys. (N.Y.)} 53 (1969) 203.

T.T. Wu and C.N. Yang - Phys.Rev, D16 (1977) 1018.



[23] T. Dray - J.Math.Phys. 26 (1985) 1030.
[24] T. Dray - J.Math.Phys. 27 {1986) 781.

{25] V.B. Berestetskii, E.M. Lifshitz and L.P. Pitaevskili - Relativistic Quantum
Theory, Part 1 (Pergamon Press, New York, 1971).

[26] A.R. Edmonds - Angular Momentum in Quantum Mechanics (Princeton University
Press, Prianceton, NJ, 1960).



