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The goal of the course is to provide a description of the foliation associated to the Painlevé
VI equation:
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Painlevé equations form 6 families of differential equations, the first 5 arising from de-
generescence of the 6th one above, with parameters (ko, k1, ks, Koo) € C*. They were dis-
covered by Painlevé and his students as non linear second order ODE having the Painlevé
property: solutions are well-behaved with respect to analytic continuation. These differen-
tial equations, or their solutions, are now used in many areas of mathematics and physics.
Our goal is to focus on the 6th family and explain how this family arise as isomonodromy
equation, and then provide a description of its phase portrait in C3 3 (¢, ¢, p), its semi-
compactification, its monodromy, and how this has been used to classify algebraic solu-
tions.



Paul Painlevé and his students classified those differential equations y” = f(x, y,y’)
which are rational with respect to y and y’ and analytic with respect to x, satisfying the
following properties:

* Painlevé property: solutions behave well with respect to analytic continuation,

* Irreducibility: integration of the differential equation cannot be reduced by succes-
sive integration of linear differential equations, non linear first order differential
equations and/or algebraic extension field, starting from the field of rational func-
tions C(x).

The first property allows us to define the monodromy representation of the differential
equation. The second property tells us that solutions define new transcendental functions.

The 19th century was the century of special functions: trigonometric, Bessel, elliptic
or hypergeometric functions were discovered and show powerful tools in solving many
differential equations that arise from sciences. All of these share the same properties:
they can be defined by differential equations satisfying the Painlevé Property. Fuchs and
Poincaré independently proved (see Pan and Sebastiani (2004)) that first order differential
equations P(x, y,y’) = 0 having the Painlevé Property either have only algebraic solu-
tions, or reduce by meromorphic change of coordinates/variable to one of the following:

» Riccati differential equations y’ = a(x)y? + b(x)y + c(x) with a, b, c meromor-
phic;
» Weierstrass differential equation (y’)2 =y3+ay+bwitha,beC.

One can check that solutions admit meromorphic continuation (i.e. analytic continuation
with poles) outside the polar set of @, b, ¢ for the first one, and everywhere for the second



one. The dream of Painlevé was to find new transcendental functions for the future, by
looking for a generalisation of Poincaré—Fuchs classification for higher order differential
equations, namely those having the form y” = f(x,y,y’). Constraints given by the
Painlevé Property allow him to reduce to a list of 50 families of differential equations.
Then, Irreducibility constraint allows to eliminate most of them, reducing to a list of 6
families of differential equations, namely Painlevé equations:
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In fact, Painlevé missed some of them, due to computation mlstakes, and it was his stu-
dent Gambier who found the complete list. The particular case Py (0,0, 0, %) was already
known by Mazzocco (2001a) (see Picard (1889)). The reduction to this list is detailled by
Bureau (1964) in 1964. More conceptual approach of this classification can be found in the
work Sakai (2001), and Saito and Takebe (2002) and Saito, Takebe, and Terajima (2002)
at the beginning of the current century. However, the Painlevé Property is translated into
another geometric property without proof of the equivalence between the two. Neverthe-
less, these texts provide a very nice set-up where Painlevé equations can be retrieved in a
natural way.

It is much later that the Painlevé Property and Irreducibility Property were rigorously
proved. Painlevé Property has been proved in Okamoto (1979) for Pyy, following an
idea of Reeb (1974). This consists in considering first the Painlevé foliation defined by
v =0; +q'd; + f(t.q.q")dq in variables (¢,q,q") € C3, and then compactify, reduce
the singular points by blowing-up, and finally prove that non vertical leaves are covering
of the punctured plane with respect to the time projection (¢, ¢, q") — .

Irreducibility Property has been independently proved by Nishioka (1988) and
Umemura (1988) for the first Painlevé equation. Umemura developed some non linear Dif-
ferential Galois Theory to study this problem. A simpler approach using Galois Groupoid
for foliations, defined by Malgrange (2001, 2002), was given in Casale (2008).

Finally, last but not least, Painlevé equations were rediscovered as isomonodromy
equations by Fuchs (1907) for the Painlevé VI equation, and later by Jimbo and Miwa
(1981, 1981/82) and Jimbo, Miwa, and Ueno (1981) for the other families. Bernard Mal-
grange reobtained the Painlevé Property in Malgrange (1983a,b) using isomonodromy
nature of these differential equation. It is not know if there exist differential equations
with Painlevé Property that do not arise from an isomonodromic problem.

The Painlevé Property is exactly what is needed to define the monodromy of the dif-
ferential equation (not only a groupoid or pseudo-group, like it so happens usually for fo-



liations). Then, the monodromy can be explicitely described and studied to derive chaotic
properties of the solutions. This has been used in Cantat and Loray (2009) to prove the
irreducibility of the Painlevé VI equation, based on Casale—Malgrange’s approach. But
the main application is surely the classification of algebraic solutions, that correspond to
finite orbits under the action of the Painlevé monodromy on the set of initial conditions.
This classification was initiated in Dubrovin and Mazzocco (2000), developped by Philip
Boalch in a series of papers Boalch (2005, 2006a,b, 2007a,b, 2010), leading to a list which
has been shown to be complete by Lisovyy and Tykhyy (2014), thereby closing the clas-
sification problem.

In Chapter 1, we provide some basic definitions and properties of linear systems with
rational coefficients on the Riemann sphere, and their monodromy representation. The
notion of Fuchsian systems is introduced (systems with simple poles) and it is shown, as
an example, how to compute the monodromy representation of hypergeometric systems:
rank 2 Fuchsian systems with 3 poles on the Riemann sphere. When we increase rank or
number of poles, the computation of monodromy representation becomes transcendental,
no more explicit. One can only compute local eigenvalues of the system, and derive by
an exponential the eigenvalues of local monodromy around poles. Once we fix these local
datas, we have moduli spaces of systems up to gauge transformations, and representations
up to conjugacy, that turn to have the same dimension. The monodromy map is then almost
an isomorphism. In order to really define an isomorphism (a bijection), one has to consider
logarithmic connections instead of systems, that is to say a holomorphic vector bundle £
equipped with a linear meromorphic connection V having only simple poles.

The notion of holomorphic and meromorphic connection on curves is developped in
Chapter 2, and we establish (in the rank two case) the Riemann—Hilbert correspondance,
which provides a bijection between moduli spaces of connections and moduli spaces of
representations. This is done in the holomorphic and logarithmic setting. Without de-
tails we explain how the two moduli spaces can be constructed in an algebraic way.
The Riemann—Hilbert correspondance provides a transcendental analytic isomorphism be-
tween these quasi-projective moduli spaces. Going back to the Riemann sphere with 4
poles, one can then explicitely describe the two moduli spaces.

In Chapter 3, we define isomonodromic deformations and explain how this notion
leads to the Painlevé VI equation. By considering the Riemann—Hilbert correspondance
in family, we see that we can uniquely deform the poles (and systems) without deforming
the monodromy representation. Schlesinger showed that such a deformation generally
comes from slicing a flat connection on the total deformation space. The notion of flat
logarithmic connection, and its relation ship with isomonodromic deformations, is devel-
opped in Chapter 3. We end the chapter by explaining how to derive Painlevé VI solutions
from coefficients of isomonodromic deformation of a rank 2 system with 4 poles on the
Riemann sphere.

In Chapter 4, we use this correspondence between Painlevé VI solutions and defor-
mations of systems to explain why Painlevé VI equation satisfies the Painlevé property:
this is geometrically traduced into a non linear analytic local system on the deformation
of moduli spaces. This allows us to define the (non linear !) monodromy representation of



the Painlevé VI equation which is a well-known dynamical system since works of William
Goldman: it is the action of the Mapping Class Group on the character variety (moduli
space of linear representations). We end the book by explaining how this dynamical sys-
tem has been used to prove transcendence of first integrals and solutions of Painlevé VI
equation, as well as, to classify all special Riccati and algebraic solutions.

We have omitted numerous aspects of Painlevé equations in this text. The goal was
to offer an initiation through some geometrical aspect of it. We hope that this text will
inspire the reader to learn more about one of the most beautiful subject in the theory of
differential equations.

The author expresses his profund gratitude to IMPA and the Coloquio, giving the op-
portunity to prepare these lectures, and especially to Paulo Ney de Souza for constant help
and suggestions along editing process.



Linear systems
on the Riemann
sphere

In this chapter, we define the monodromy representations of a linear differential equation.
Let C be the line over the complex numbers, and denote by x the variable. We denote by
O the sheaf of homolorphic functions: for any open set U C C, O(U) is the C-algebra
of holomorphic functions on U. Denote by O* the sheaf of non vanishing functions.

1.1 Linear systems of differential equations with rational
coefficients

1.1.1 Linear systems with rational coefficients

In this text, we consider linear systems of differential equations given in matrix form by

Y Ay =0 (1.1)
dx

where A(x) = (a,- i (x))l.j is a matrix of rational functions a;; € C(x), of rank r say, and
the unknown variable Y (x) is a column vector of local functions y; (x). Equivalently, one
can write

D tany+-+ayy, =0

: (1.2)
dyr —
o tann+--+apyy =0



6 1. Linear systems on the Riemann sphere

A local solution of (1.1) is the data of an open set U C C and a holomorphic vector
Y (x) (or holomorphic functions y; (x)) defined on U satisfying the differential equations
(1.1) (resp. (1.2)). The coefficients a;; may have poles, and the union of these poles for
all 1 <i,j < r form a finite set S = {x1,...,x,} C C. The differential system is
holomorphic on C \ S.

1.1.2 Local trivialization

An immediate corollary of Cauchy Theorem yields:

Lemma 1.1.1. For any point xo € C \ S, and any sufficiently small connected open
neighborhood U > xy, solutions of (1.1) form a vector space of dimension r. In other
words, there is a r X r holomorphic matrix B(x) satisfying

dB
I + A(x)B(x) =0 and det(B) #0 (1.3)
X
whose columns B = (Y '(x),...,Y"(x)) form a basis of local solutions.

Proof. On a given open set, one easily checks that solutions form a vector space. By
Cauchy—Lipschitz Theorem, any initial condition Y gives rise to a unique local holomor-
phic solution Y (x) such that Y°(x¢) = Y°. Given a basis (Y!,...,Y") for C", one
easily derives local solutions B := (Y'!,...,Y") on some common neighborhood U of
Xo. One can notice that, maybe shrinking U, det(B(x)) does not vanish on U. O

An equivalent way to state Lemma 1.1.1 is as follows. The system (1.1) defines a
holomorphic vector field

v=0x—(anuyr + -+ awy)dy, == (@nyi + -+ arryr)dy,
which admits a global (w.r.t. coordinate y;’s) flow-box or trivialisation:
®,v =20, where @(x,Y) = (x, F(x)Y) := (x, B"1(x)Y)
is an automorphism of U x C”. It satisfies F ~'dF = A(x)dx, i.e.

d(FY)=0 & dY+F YdFYy =0.
N— —’
A(x)dx

This local trivialization matrix is unique up to composition F(x) ~> M F(x) by a constant
matrix M € GL,(C).
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1.1.3 Gauge transformations

A change of local trivialization Y = M(x)Y (also called gauge transformation) of the
system (1.1), with M € GL,(C(x)), i.e. with rational coefficients, yields in the new

variable Y

dMY -
( )+A(MY)=O
dx
Y ~ -
o™ Mg ami =0
dx dx

dy dM\ ~
& — + (M—IAM + M—l—) =0

dx dx
A(x)
which gives the gauge relation
~ dM
A:M“AM+M_1d—. (1.4)
X

The new system is also with rational coefficients. We will also use gauge transformations
with local holomorphic or meromorphic coefficients. In the case M is constant, the gauge
transformation is just the conjugacy M ' A(x)M .

1.1.4 Trace of a system and reduction to sl,-systems

Lemma 1.1.2. Under notations of Lemma 1.1.1, §(x) := det(B(x)) is solution of the
differential equation

ﬁ + tr(A(x)) -6 = 0.
dx

In particular, if tr(A(x)) = 0, then we can choose B(x), or F(x), taking values into
SL,(C). We then say that A(x) defines a sl,-system.

Proof. Let Cp denotes the comatrix of B: the i column of Cp is given by Z! =
(=DitYU Ao AYE Ao A YT, where hat notation means that Y’ is omitted. We
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have: ‘Cp - B = B -'Cp = § - I. On the other hand, we have:

d d d .
y! Y? Yyr
=d /\Yz/\---/\Y’—i—Yl/\d A---/\Y’+---+Y1/\Y2/\---/\d
dx dx dx
le 1 2 2 r r
—ufct BN Z et __ coal oz
=tr|Cp- = tr(CB-AB)— tr| BCp -A| = —6-tr(A).
dx N——
§-1

If tr(A(x)) = 0, then § := det(B(x)) satisfies d§ = 0, and is therefore constant. If we
choose B(x) so that B(xg) = I corresponds to the canonical basis, then det(B(x)) = 1
and monodromy of F(x) = B~!(x) takes values in SL, (C). O

Remark 1.1.3. More generally, if the matrix A(x) of system (1.1) takes values in a Lie
sub-algebra g C gl,.(C) (the Lie algebra of r x r matrices), then the monodromy will
take value in the corresponding Lie group G C GL,(C), i.e. the minimal algebraic group
that contains the flows of g, provided that we conveniently choose the local trivialization
F(x): for instance, setting F(xo) = I. Indeed, integrating the system is equivalent to
integrating a non autonomous vector field in the Lie algebra. But the converse is not true.
For instance, given any rational function f € C(x), the rank I system di fg; sy =0

has trivial monodromy although taking value in gl (C).

One can easily modify the trace of a system as follows. Let Y (x) be a solution of a
system (1.1) and f(x) be solution of a single linear differential equation (rank 1 system)
af

d—x+k(x)f=0

then Y (x) = f(x)Y(x) satisfies

f

—(fY) Y+ f ar _ =—(Af)Y — f(AY) = =AY — AY

and is therefore solution of the new system

d ~ ~
—Y+QI+A)Y =0.
dx —

A

For instance, if we set A = —@, then tr(/T) = 0 and A is the sly-system associated to
A. It is quite easy to understand solutions of a rank 1 system (see Section 1.5.1) and it is
therefore equivalent to understand solutions (and later monodromy) of system A and A
We will often work with sl,-systems, better than gl,.-systems.
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1.1.5 Compactification on the Riemann sphere

It is natural to consider the system (1.1) on the Riemann sphere C=cCuU {o0} as the
added point x = oo plays no role. For instance, changing x = % yields

dy 1
— —z%4 (-) Y =0 (1.5)
dz z
N e’
A(z)

which is also a linear system with rational coefficients. We notice that x = oo might be
singular (a pole of the new matrix A) or not.

1.1.6 Fuchsian system

The system (1.1) has a pole of order k at x; (finite or infinite) if k is the maximal order of
pole for the coefficients of the matrix (A(x) or A(z)) at x;. We will say that the system

(1.1) is Fuchsian if it has only simple poles on the Riemann sphere C. A straightforward
computation shows that this is the case if, and only if,

A A
A(X) — 1 44 n , A; € GLr((C), (16)

X — X1 X — Xp

. . . l . .
moreover, at x = 0o, after setting x = _, the system is given by

dY (A . S
e + - + holomorphic | Y =0 where As = — Z Aj. (1.7)
i=1

1.2 Monodromy representation

1.2.1 Analytic continuation

The local trivialization F(x) constructed in Section 1.1 can be analytically continued along
any path avoiding the polar set S. Precisely,

Lemma 1.2.1. Forany local trivialization F (x) of system (1.1) defined on a neighborhood
of xo, and any path y : [0,1] — C \ S starting at y(0) = xo, then F can be analytically
continued along y and provides a new trivialization FY at x; = y(1). Moreover, the
resulting local trivialization FV at x1 only depends on the homotopy type of y with fixed
enpoints.
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Proof. We can cover the path by open sets U; equipped with basis of solutions F; in such
a way that 7 is varying from O to n along y. Therefore, we get

F =F, = MO'F, = MO'MV2F, = ... = MYF,=:FY
on Uy 1 on U 0 on U, on U,
U()ﬂUl Ul ﬂUz

where M7 is the composition of transition matrices M?*1 along y. Clearly, after de-
forming a little bit y with fixed extremities, the sequence of discs is still doing the job.
One easily checks for large deformations that we just need to convince that we can add or
delete intermediate open sets along y without modifying the resulting F7. O

Corollary 1.2.2. Over any simply connected open set U C C \ S, there exists a trivial-
ization F(x) of system (1.1).

1.2.2 Monodromy representation

When x; = xg,i.e. y isaloop, then F? is anew trivialization of (1.1) at x¢ and must write
FY = M7 F for some constant matrix M? € GL, (C). This gives rise to the monodromy
representation:

Proposition 1.2.3. Given a local trivialization F of the system (1.1) at xo € C \ S, we
have a morphism of groups

por -1 (C\ S, x0) » GL,(C) ; [y] » MY

where MY F is the analytic continuation of F along y. Moreover, changing for another
local trivialization F' = MF has the effect to conjugate:

prr = MppM~".

Proof. The first part is again a direct consequence of Lemma 1.2.1. For the last assertion,
just note that

(F')Y = (MF)’ = (M")(FY) = M(M"F) = (MMYM~")F’

(since M is constant, we have MY = M). O

1.3 Fuchs local study

1.3.1 Normalization of the residual matrix

Here, we concentrate on the study of solutions and monodromy near a simple pole of the
system (1.1). Assume for simplicity that x = 0 is a simple pole of the matrix:
dY (A_l

I +{—+ holomorphic) Y =0, where A_; € GL,(C). (1.8)
X X

A(x)
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We would like to simplify system (1.8) by local change of coordinates M (x) € GL,(O).
The first remark is that M ~! dd—t’ is always holomorphic, and we promptly deduce:

dx

dy My A My
+ (7

+ holomorphic) Y =0, where My = M(0).

A(x)

We can therefore assume that A_; is already in Jordan normal form, e.g. in rank 2 case:

A_1=(901 902) or ((0) é) (1.9

and eigenvalues and Jordan types are uniquely defined up to gauge transformation. Eigen-
values of the residue matrix are called residual eigenvalues. .
1.3.2 Fuchs’ relation

It promptly follows from (1.7) that
tr(Ay) + -+ + tr(A,) + tr(As) = 0. (1.10)

In particular, if we denote by 0i+, 0., say, the residual eigenvalues at each pole x;, then
we have that the residue of tr(A4;) is 9i+ + 6, and therefore

(O +07) + -+ (6, +6,) + (05 +05) =0 (1.11)

(known as Fuchs’ relation).

1.3.3 Poincaré—Dulac normal forms

For simplicity, we state the complete classification in the rank 2 case:

Theorem 1.3.1 (Poincaré—Dulac in the rank 2 case). Up fo a local holomorphic gauge
transformation, we can assume that the matrix of system (1.8) is transformed into

~ d n o\ d
A(x)dx = (901 902) TX, or (g Q)fl-n) TX for somen € Zxy. (1.12)

Moreover, this normal form is unique up to permutation 61 < 6.

Remark 1.3.2. We note that, in the second normal form, we can assume n = 0 after
meromorphic gauge transformation (1.4) with matrix M = diag(1, x™"). More generally,
using meromorphic gauge M = diag(x™!, x"2), we can shift eigenvalues of normal forms
by arbitrary integer (with only restriction ny < n, + n in the second case).
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Proof. Assume that A_; is in Jordan normal form (1.9). The idea is to delete (or simplify
at most as possible) holomorphic part A(x) by a formal gauge transformation, and then
prove that it is convergent. The formal gauge transformation ¥ = M (x)Y is obtained by

infinite composition of simple gauge transformations of the form Y = (I + Mx*) Y4
with My € gl,(C) so that
M(x) = (I + Mx)(I + Myx?)---(I + Mx*)---

which is convergent in GL, (C[[x]]). Let us see how it works.
We note that
I+ kak)_1 =1 — MxF + o(xk)

so that, for M = I + M x¥, we get
am
M7 'AM + M’ld— = A+ ({A_1, M} + kM) X1 4+ o(x*71)
X

where {A_;, My} = A_1 My — M A_; is the Lie bracket. For the respective Jordan
normal forms (1.9) for A_;, we find:

b k 01— 6, + k)b
Mk:(‘c’ d) > {A—l,Mk}+kMk=((92—91a+k)c “ kd ))
ka+c kb+d—a
or ke kd —c )

In the first case, where A_; = diag(6y, 62), we get two cases:

 if 01 — 0, € Z, then we can successively delete the positive coefficients of A(x) =
A_4q ‘fx—x + D k=0 Arx¥dx by solving Ay + {A_1, M} + kMj = 0 at each step,
and this yields the formal normalization;

« if 0 — 0; = n € Zxy, then at the n'" step, i.e. for k = n, the (1,2)-coefficient
of {A_1, M, } + nM,, vanishes and we cannot kill the corresponding coefficient of
Ap—1: ifnon zero, we get the second normal form of the statement (after normalizing
the non linear coefficient by a constant diagonal gauge transformation). If the (1, 2)-
coefficient of 4,_; was zero, then we end with the diagonal normal form.

When A_; is not diagonal, then one can check that equation Ax_1 +{A_1, My} +kMy =
0 has always a solution and we can reduce A to its residual part.
In order to prove the convergence, assume for simplicity that 8; — 6, & Z* so that
there is an e
M(x) =1+ Mjx + Mpx? + -
such that M 1AM + M~14M — A-1 (with A_, like in (1.9)), i.e.

X

e~

—  dM
{A—I»M}+W+A0+A1x+A2x2+---=0

Azo(x)
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k—1

The coefficients of x writes

A My + kM + (A Mgy + -+ 4+ Ag o M) = 0.

Let || M || denote the sup norm on gl, (C) (the supremum of modulus of coefficients). For

the convergence of M, we need to prove that ”Mi’i lll T is uniformly bounded. We first note

that

(A MY+kM +A=0 = |M|<c|All. YM,A e gl(C)

where ¢ = supgez m and ¢ = 1. On the other hand, if the local coordinate is such

that A>¢(x) converges in norm on the disc of radius 1, then we have Y ;- | A« || < a for
some constant a € C. Then we deduce

Ml <c-a- ) 1M

which yields by induction that | My || < (¢)¥~'|| M, ||, with ¢/ = Y {1, ¢ - a}, whence the
convergence.

Finally, when 6, = 6; + n with n € Z~ say, we can either modify a bit the previ-
ous proof, of proceed as follows. We first normalize A up to order n by truncating the
formal gauge normalization M by taking its jet J "{j/l\} of order n. Then we may apply
a meromorphic gauge transformation M = diag(1, x™") to shift eigenvalues and get 6;
with multiplicity 2. Then the previous proof applies providing some convergent normal-
izing gauge transformation M (x) (tangent to / up to order n). The one easily check that
the composition J "{M\} - diag(1,x™") - M - diag(1, x") is holomorphic and normalizing
A. O

Remark 1.3.3. In higher rang, we can found a normal form A(x) with monomial coeffi-
cients in a very similar way. When 0; = 0; + n withn € Zxo, then the monomial x" in
coefficient (i, j) of A(x) cannot be killed. A standart assumption due to Deligne (1970) is
0 < N(Y;) < 1 (real part) which implies that there is no resonance 6; — 6; € Z* and the
holomorphic part can be deleted to reduce to the residual matrix in Jordan Normal Form.

1.3.4 Local monodromy

One can now compute the local monodromy around a pole by integrating the normal form.
Precisely, let D C C be a disc centered at the singular point x = 0, small enough so that
normalization of Theorem 1.3.1 holds on D. Denote by D* = D \ {0} the punctured disc,
and fix some base point xo € D*. Then 71 (ID*, x¢) is generated by the loop

Y [0,1] > D*; 1t > 2™ x.

The monodromy representation p € Hom(mry (D*, x¢), GL,(C)) of the system restricted
to D, called the local monodromy of the global system at x = 0, is determined by the
monodromy M7 along y of a local trivialization F(x) at xg.
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Proposition 1.3.4. A (multiform) local trivialization for the normal forms (1.12) is respec-
tively given by
91 0 0+n
x 0 x% x log(x)
F('x) = ( 0 xGZ) or ( 0 x9+n

and the monodromy @V = MY @(x) is respectively given by
e2in 0 sino (1 2im
MY = ( 0 p2ines | O € ' o 1)

-6,
Proof. Inthe first case, after integration, a basis of solutions is givenby B = (x 0 xf)ez)

and the trivialization is given by F = B~!. The second case is similar but needs integra-
tion by parts. O

1.4 Link with scalar and Riccati equations

In this section, we mention the relationship with linear scalar equations of higher order,
and, in the rank r = 2 case, with the Riccati equation. Details can be found in any classical
book of ordinary differential equations.

1.4.1 Linear scalar equation of order r

Consider a linear differential equation
u® 4 fr—l(x)u(r_l) 4+ iU + fo(x)u=0 (1.13)

with rational coefficients f; € C(x), where u® is the i derivative w.r.t. x. One can
associate a system of first order linear equations by setting

yi=u, yo=u, ... yp=ul""D (1.14)

and get a linear system with rational coefficients in (transposed) companion form:

V1 0 1 0 ce 0 1
7 I T R | I w1s)
=1 17| : : : o : :
s o 0o 0o ... 1 ||y
Vr —fo =/ —f2 ... —f Vr

Conversely, given a linear system (1.1), we can recursively define

Yip1 =dY; + AX)Y;
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starting from the constant vector Y; = ej, say. If we are lucky, the matrix M(x) =
(Y1,....Y,) has non identically-zero determinant and M € GL(C (x)) provides a gauge
change transforming system (1.1) into companion form (or its dual, we have to transpose
the matrix), and deduce a order r scalar equation. We note that the starting vector Y7 could
be an arbitrary (even not constant) vector, and we just require that det(M(x)) # 0.

We note that these two operations increase the polar set. The first one increase the
order of poles, while the second one is adding poles at those points where det(M (x)) is
vanishing. Therefore, we cannot deduce a one-to-one correspondance. However, we can
list some remarkable facts without proof:

 If we transform a system-to-scalar, and then scalar-to-system, then the inital and last
systems are related by a birational gauge transformation M (x).

Local solutions of a scalar equation at a point where all f;’s are holomorphic form
a vector space, and we can similarly define the monodromy representation; then
monodromy of scalar equations and systems corresponding by the two operations
above have same monodromy representation (up to conjugacy).

* In some special and important cases, it is possible to construct an almost one-to-one
correspondance between families of systems and families of scalar equations (see
for instance Dubrovin and Mazzocco (2007)).

» Litterature on differential equations around 1900 was dealing mainly with scalar
equation (hypergeometric, Lamé, Heun).

» Some properties of the singular set are easier to characterize on scalar equation (see
next section).

Let us detail, in the rank 2 case, the second transformation from system to scalar. As-
sume we are given a matrix system

d o :3
—Y Y =0
dx + (J/ $ )
and assume that y % 0. Then the matrix M := (1) ?ﬁ) formed by the constant vector
e1 = (1) and its image by the differential operator j—x + A, has non zero determinant.
We can therefore apply gauge transformation and get
B = ,By—a8+doz—oed7y
~ —_—
Mam + mam = (0 B) where ] —det(4) (1.16)
1 4 5§ = o484+
—— Y

tr(A)
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and we derive the scalar equation

u’ — (tr(A) + %) u' + (det(A) + oszV - dOl) u=0 (1.17)

1.4.2 Fuchs’ criterium for regular-singular points

Rational gauge transformations modify poles and their order. It is therefore natural to ask
whether if it is possible to transform a given system into a Fuchsian system, i.e. having only
simple poles. In general, it is not possible: for each pole, one can define a minimal pole
order up to local meromorphic gauge transformation. This is closely related to Poincaré
rank of the system at the singular point. Lazarus Fuchs gave a criterium for the possible
reduction to simple pole.

Theorem 1.4.1 (Fuchs). Let ‘;—)}: + A(x)Y = 0 be a rational (or meromorphic) system
at the neighborhood of x = 0, and let (1.13) be a scalar equation corresponding from
operations of Section 1.4.1. Then are equivalent:

* the system is locally equivalent to a system with a simple pole at x = 0 by a mero-
morphic gauge transformation;

* the coefficients of the scalar equation satisfy: f; has a pole of order < r —i;
» solutions' of the scalar equation have at most polynomial growth at x = 0;

* solutions of the system have at most polynomial growth at x = 0.

Since Deligne (1970), such singular points of linear differential equations are called
regular-singular. Be careful that a system having only regular-singular points needs not
be globally equivalent to a Fuchsian system: the reduction to simple pole by local mero-
morphic transformations might not be simultaneously performed at all poles by a single
rational gauge transformation. This is one of the issue in the Riemann—Hilbert problem
(see Bolibrukh (1990)).

1.4.3 Riccati equations

By linearity, a system fll—f: + A(x)Y = 0 induces a differential equation on projective
coordinate (y; : ---: y,) € P71 Let us detail the rank r = 2 case.

Define (y1 : y2) = (1 : y) € P, i.e. y is an affine coordinate (we identify P! = @)
Starting from the system

d

“ (yl) + ((111 6112) (yl) -0

dx \)2 azy az) \y2
N———’

A(x)

Nocal solutions are multiform, and therefore by solutions we mean here their determinations on sectors
{x; 0, <arg(x) <0, 0<|x|<r}
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we deduce the Riccati equation for y = i—f:

d
% —a12y* + (azs —ap)y +az = 0.

We observe that the trace of the system disappears through the projectivization. In fact, a
Riccati equation

d

£+a(x)y2+b(x)y+c(x) = 0. (1.18)
can be viewed as a PGL, differential equation, by considering the corresponding vector
field

dx — (a(x)y? + b(x)y + ¢(x))dy

whose right-hand-side is a vector field on C with parameter x. The Lie algebra is isomor-
phic to sl; (C), and the Riccati equation lifts uniquely as a SL, system, namely:

dy (-t _g4
E*(Z fz)Y=0
2

i.e. the Riccati equation is closer to a trace-free system. Precisely, there is a unique system
with trace tr(A4(x)) = 0 inducing the Riccati equation by projectivization.
If we start from the 2"¢ order linear differential equation

u” + fiou' + fo(x)u =0
then setting y = “7/, we get the Riccati equation

Yt Ay foo) =0
X

Gauge transformations ¥ = M (x))7 on the system induce Moebius transformations
(with parameter x) y = M (x)y on the Riccati equation. For instance, setting y = % in
equation (1.18) yields

Z—y —c(x)y?—b(x)y —a(x) = 0.
X

If a(x) s 0, then the change y = %;) gives the new Riccati equation
!

+)72+(b—a—)j7+ac=0

dy
dx a

which is equivalent to the scalar equation
a/
u”+(b——)u’+ ac u=0.
a S——

S——— Jfo
Vil
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Finally, it is interesting to note that the change of coordinate y = ¥ + g(x) transforms
the Riccati / scalar equation

u” + fiu' + fou =0

into
u' + (fi+29u + (¢ +¢>+ fig+ fou=0 (1.19)
— ¥
f1 fo

We will use this change to normalize the scalar equation in the next section.

1.4.4 Normalizations of scalar equations

Moebius transformations on the Riccati equation allow to normalize the corresponding
scalar equation in (1.19). The most natural normalization consists in choosing g = — @
in (1.19) so that the scalar equation is in Sturm—Liouville normal form

u’ + ¢(x)u = 0. (1.20)
On the other hand, in the regular-singular case, one might want to have only simple poles.

This is indeed feasible in the scalar equation. To see this, one observes that at a given pole,
say x = 0, the change of coordinate y = y + { transforms

u” + (2 + holomorphic) u' + (v_g + simple pole) u=0 (1.21)
X X
into

2¢ 2 —De
o (m + 2¢ N holomorphic) o (c + (vy _ )¢ + v + simple pole) " = 0:
X X

for a convenient value of ¢, we can delete the pole of order 2. We can easily do this globally
on C at all regular-singular poles. One exazmple is the well-known Gauss hypergeometric
equation (1.27) which is normalized with simple poles.

In order to deduce a Fuchsian system from a scalar equation with regular-singular
points, it is convenient to replace variables (1.14) by

yi=u, y» =P (1.22)

where P (x) is a reduced equation of poles, so that the resulting system

d »1 0 —% Y1\ _
dx (yz) * (Pfo f —P%’) (yz) =0 (1.23)

has only simple poles.
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1.4.5 Local exponents

A differential system is locally characterized at the neighborhood of a simple pole by its
eigenvalues, at least when they do not differ by integers. When we projectivize, only the
difference of eigenvalues make sense. In the rank 2 case, if we compare scalar equation
(1.21) with the corresponding system (1.23)

(0 B )

d vV vy — 1

— (yl) + M + holomorphic (yl) =0
dx \)2 X Y2

we have the following relationship between difference of the two eigenvalues 61, 6, of the
residual matrix, and the corresponding terms vg, v; of the scalar equation (1.21):

(01 —62)* = (v — 1)* — 4vg

This difference 6 := 6; — 6,, defined up to a sign, is called exponent of the differential
equation.

1.5 Some examples

1.5.1 Rank one case

In case r = 1, then A = a(x) is a rational function and integration yields
/a(x)dx = 61 log(x — x1) + -+ 0, log(x — x,) + f(x)
for a rational function f € C(x). Then solutions take the form
y(x)=c(x—x) i (x —xp) e /W et

so that the monodromy representations is given by

p: m(C\{xy,...,xn}) — GL{(C)x~C*
Vi — er/TINOi

for the standard presentation

m(@\{xl,...,xn})= (Yise o sVns Y1 yn=1)

with y; turning once around x; and homotopic to 1in C \ {x;, j #i}.
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1.5.2 Two poles on C: Euler systems
In case n = 1, we get a pole at x = 0, say, and the system writes

dY_}_@

il =0
dx X

and the other pole at x = oo has residual matrix —Ao. The monodromy of the generating
loop turning once around 0 in trigonometric sense is given by

My = exp(2iAy).

1.5.3 'Three poles on C: Hypergeometric systems

Let us consider a rank 2 system with 3 poles on @ ,say at x = 0, 1, co. Let us denote by
9i+, ;" the two eigenvalues at each pole x; = 0, 1, co. Assuming that eigenvectors of 96"
and 0] form a basis, we can express the system in this basis and get (after renormalizing
the length)

(% &) (T )

dy 0 o o

LT LAY =0 with A(x) = o/ LA M (1.24)
dx X x—1

and the constant ¢ is determined by eigenvalues:
+ +
Aoo:_(90 +91 : )» 9;

_ _ 0
¢ by + 67 ==
det(Aoo)

=0 +0,)0y +07)—c. (125

Note that we also have Fuchs relation (1.11)

(O +05) + (05 + 07) + (O + 05) = 0
Following Section 1.1.4, we can further normalize eigenvalues by adding some scalar
term (% + %) I to the system, which translates eigenvalues Gii ~ Gii +c¢,i =0,1.
This preserves the difference 6; = 0i+ — 0. By this way, we can reduce to a sl,-system
(9i+ ,07) = (%’ ,— %’) . On the other hand, it is interesting to note that our system is related

to the famous Gauss’ hypergeometric equation after alternate normalization (9i+, 07) =

(0, -6;):
(O 1) (0 0)
A(x) = 0 X_QO 4 —h :(?

1
x
_b% _ 9_1) :
x—1 X x—1
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Here we have by Fuchs relation and (1.25) that 93; = WITiG“’ and

_ 62, — (6o + 61)*

= 1.26
. (1.26)
Then, from cyclic vector e;, we deduce the scalar equation (see (1.17))
x(x—Du"+ @+ B+ Dx -y +afu=0 (1.27)
with parameters
B0+ 61+ 6 6o + 61 — 6
o = m, B = u, and y = —6p. (1.28)
2 2
The monodromy representation of the sl,-system
0
oy (%0
dY , 0o -% ¢ -3
— + A(x)Y =0 with A(x) = + (1.29)
dx by x—1

can be also determined from eigenvalues differences (g, 01, 00) in general. We know
that such a representation is determined by matrices

My, My, My € SLy(C), with MoM Mo, =1
such that M; has eigenvalues /\iﬂ = otV-176; , and therefore
tr(M;) = 2 cos(r6;).
Assuming that eigenvectors of Ao and A7 form a basis, the monodromy writes in this
basis:
My = ()‘00 Aél) and M, = (t x?—l) (1.30)

and p is determined by

oo + Aog = tri(Moo) = 4+ AoA1 + (Aor1) ™" (1.31)
N e’ N—
2 cos(mho0) 2 cos((6p+61))

Recall that the representation defined by (Mg, M) (or equivalently the group (Mg, M1))
is said reducible if there is a common eigendirection for the two matrices.

Proposition 1.5.1. Let My, My € SL,(C) and denote

to = tr(My), t; =tr(My) and to = tr(Myo).
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The monodromy group (Mg, M) is reducible if, and only if,
1o + 17 + 12 —totiteo — 4 = 0. (1.32)

Moreover, in the irreducible case, i.e. if triple (to, 11, too) does not satisfy equation (1.32),
then all pairs (Mg, My) with triple (to, 11, tso) are SLy-conjugated to the pair (1.30) with
(1.31).

In other words, the set of SL,-conjugacy classes of irreducible representations
(Mg, My) € SL,(C)? is in one-to-one correspondance with the set

{(to. 11.100) € C? ;13 + 17 + 12 — totiteg — 4 # 0.}

On the other hand, in the reducible case, the pair (Mg, M) writes in a convenient basis

(A0 Mo (M om
M() = (O A,O_l) and Ml = (O Al_l) (133)

maybe permuting A; <> )ti_l. Then, one easily check that the pairs defined by (ug, 1) =
(0,0) or (0, 1) are not conjugated (only the first one shares two common eigendirections).
However, they define the same triple of traces.

Proof. Assume that the monodromy group is reducible. Then there is a common eigen-
vector for My and M1, that we can assume to be e; after base change, i.e.

A A

maybe permuting A; <> A;!. We then have

_ (oAt a1
Moo = ( 0 AOAI and 10/11 = Aoo .

This is equivalent to say that

1 1
A — — | AoA =0
Oo+/\oo (Oldl—/\ol])

w

Other possibility, after permuting A; < )Li_l yield the other equality

1 Ao A
A ——|—=+—=]=0
°°+loo (A1+Ao)

After multiplication, we get (1.32) of the statement.
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Conversely, assume first AgA; # Aoiol . Then we can put My, M; into the normal form
(1.30). Eigenvectors are

0 (1) ¢34

0 0 /\1 A1

Therefore, My and M; share a common eigenvector if, and only if, we have

1 1
w="0 ““:(“To)(*l‘x)'

But from (1.31), we deduce that u # 0 and the last equality writes

1 Ao A
A ——|—+—)=0.
*t T (Al * xo)
So we can conclude the proof of the first part of the statement. The second part follows
from the above discussion and normalization. O

We have a family of systems parametrized by (0p, 01, 00) € C3 through formulae
(1.29) with (1.26). This parametrizes a dense open set of SL,-systems with simple poles
0, 1, oo over the Riemann sphere C. Mind that changing signs (£6y, +6;, 6 ) provide
systems that are SL,-conjugated in general, for instance when (Ag, A1) is not reducible:
these systems just correspond to different normalizations.

We conclude that have a monodromy map from our family of system to the correspond-
ing monodromy which is given by

(00,601,000) > (fo,11,t00) = (2cos(mwbp), 2 cos(mhy),2cos(mb0x)).

In particular, the system (1.30) cannot be deformed without deforming its monodromy
representation. On the other hand, the global monodromy is determined by conjugacy
classes of local monodromy around poles, i.e. by local eigenvalues. We say that it is a
rigid system (see Katz (1996)).

1.5.4 Schwarz and Klein

There is a natural group action of the space of our family of hypergeometric systems. As
explained before, we can change signs (£6y, 161, £6) and deduce an action of Z, x
Zy x Z,. We can also permute the poles by a Moebius transformation, and deduce an
action of the symmetric group S3 by permutations on the triple. And last but not least, we
have the following transformation. The gauge change on system (1.29) given by M (x) =



24 1. Linear systems on the Riemann sphere

0 1)._.
yields
(& 9)

6 _o0
Yo C - 1 1
MAM + Mtam =~ T2 >/ (i O
X x—1 0 0

which, after sl,-reduction, gives system (1.29) with parameter (1 — 6y, 1 — 01, ). Com-
bining with previous transformations, we get an infinite group of transformations I" acting
on parameters. A normal subgroup is given by translations by integers:

(90,91,900) = (90 + ng, 01 +n1, 0 —}—noo), ni €72, ng+ni+ne €27.

It is important to note that the monodromy group (My, M) is left unchanged by the action
of the group I on corresponding systems.
The famous classification of Schwarz can be stated as follows.

Theorem 1.5.2 (Schwarz). Are equivalent:
* the linear system (1.24) has only algebraic solutions;
* the monodromy of system (1.24) takes values in a finite group;

* exponents (0, 01, 0x) take value in the finite list below, up to action of I :

- Du: (3.3 %) (dinedran;

(3.1
- S (b

e (500 A (B0 D). (130 () (3.2.2).
(350 (G01.3)) or (2.2.7) Gcosahedra,

The proof contains the following ideas. First of all, if all solutions are algebraic, then
they have finitely many determinations, and monodromy action has only finite orbits. This
implies that the group (M, M) is finite. Secondly, for all finite groups in SL,(C), one can
classify all generating triples of matrices My, M1, M and deduce their traces (¢9, f1, f00):
the list of the statement is a choice of preimages (6, 01, 6 ) for each of them. Conversely,
one has to verify that this list gives rise to only finite groups. Then, solutions are finitely
sheeted; Fuchs property for regular singular points implies analytic extension at each point
x =0, 1, oo; global analytic solutions are algebraic.

In fact, there is an alternate statement due to Klein:

s 3

).

wIN
n|=

W=

Theorem 1.5.3 (Klein). If'the Slz-FuChSlal’l system (S) has finite monodromy group, then
there is a rational map f : C — C such that (S) is rational-gauge equivalent to f*Sg
where (Sg) is one of the following systems:
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o Cy: (% %) (diagonal);

+ Dy: (3. 3.%) ddinedra);

o Ay (% % %) (tetrahedral);

o Sy (% %) (octahedral);

e As: (% % %) (icosahedral).

The first case is not hypergeometric, but a system with only two poles.

Sketch of proof. Let G C SL,(C) be the finite group that contains monodromy of (S).
Then, up to conjugacy, G is one of the groups of the statement. Using a cyclic vector,
the system (S) can be transformed into a scalar equation £ : u” + ¢(x)u = 0 whose
solutions have finite monodromy. Let ¢ = u;/u, be the ratio of two local independent
solutions. Then ¢ is a local diffeomorphism whose global monodromy (under analytic
continuation outside poles) takes values into G. Let 7 : C — C be the quotient map by
the action of G by Moebius transformations. Then, themap wog : C\{xy,...,x,} = C
is well-defined and one can check that it extends holomorphically at poles, providing a
holomorphic map f : C — C. On the other hand, if we start with the Fuchsian scalar
equation (Ey) corresponding to G in the statement, then the corresponding local map ¢g
is, up to composition by a Moebius transformation, just a local determination of 7~!. It

follows that

g=nlomop =gyo f.
SN——

f

On the other hand, we can retrieve the differential equation from ¢ (quotient of indepen-

dent solutions): indeed, we have that % is the Schwarzian derivative of ¢ (see de Saint-
Gervais (2016, Chapt. IV)). Then it promptly follows that (E) = f*(Ey). O

1.5.5 More poles

Consider a general Fuchsian system with n + 1 poles

+...+
X — X1 X — Xp

dy (A1
— +

n
T )Y =0, Ao =-) Ai. A €SLy(C). (134)

i=1

or equivalently a n"P'®
(A1,...,A4,) € (SLy(C)"

For generic systems, one can normalize A, A5 like in (1.29), and we need 3n — 3 coeffi-
cients to describe the family of normalized systems: 3 for (41, A2) and 3(n — 2) for the
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remaining n — 2 matrices. Denote by 04, . .., 8, 0 the difference of eigenvalues at each
pole:

(6;)* = —4det(4;).

Clearly, if we prescribe all 6;’s, there remain 2n —4 free parameters: the 6;’s can determine
the system only in the hypergeometric case. For n 4+ 1 > 3 poles, the moduli space of sys-
tems with fixed poles x1, ..., x,, co and eigenvalues :I:% up to conjugacy has dimension
2n — 4.

The monodromy representation of such system is given by

(Mq,....M,), t; =tr(M;) = 2cos(m6;)

and in a very similar way, we can count parameters and check that the space of represen-
tations with fixed traces (¢1, ..., , Zoo) Up to conjugacy has also dimension 2n — 4. The
next chapter will show that the monodromy map between spaces of systems and repre-
sentations (with fixed local spectral data and position of poles) is essentially one-to-one.
After this, we will show that it is possible to deform poles and systems without changing
the monodromy: these are isomonodromic deformations of linear systems, giving rise to
Painlevé transcendents.

1.5.6 Moduli of sl,-systems with 4 poles

Consider a sl-Fuchsian system on the Riemann sphere with polar divisor D = 0+ 1 +

t 4+ o0
Ay (Ao A A
—+(—°+ L+ ’)Y (1.35)
dx

X x—1 x—t

where A;’s are constant matrices, i = 0, 1, ¢, co, satisfying

A = ("i bi ) €sl(C) and Ag+ Ay + A; + As = 0. (1.36)

Ci —da;
The group SL;(C) acts on the Y -variable and thus on residues A; ’s by simultaneous conju-
gacy. Indeed, change of variable Y = MY induces change of residues A; = M A M.
The spectrum of each matrix A; is preserved by this action. Let us fix the spectral data

—det(A;) = a? + bic; = 67 (1.37)

for some 0 = (£6y, £01, £6;, +60,). We want to describe the quotient space of those
systems by this action:

0 — 4. 2 Ai =0,
SYS (X, D) - (A07 A19 Atv Aoo) S (SIZ(C)) s det(Al) — —912 S (©) . (138)
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A straightforward computation shows that Syse (X, D) is expected to be a surface (de-
pending on 4 parameters 6;’s). However, it is non Hausdorff (as a topological space) in
general. For instance, the orbit of the triangular system

0 b
A,»:(O _91') (1.39)

under diagonal conjugacy is not closed; its closure contains the diagonal system (with all
b;’s vanishing) so that they define infinitesimally closed points in the quotient.
Introduce the following functions on Syso (X, D):

x :=det(Aop + A1), y :=det(A; + A;), z := det(Ao + Ar)

and w = tr(A4o[41, Aso]) (1.40)

where [4, B] = AB — BA is the Lie bracket. These functions are clearly invariant under
SL,(C)-action.
Proposition 1.5.4. Assume 64 # 0. Then, the map
(x,y,z,w) : Syso(X, D) — C* (1.41)
sends the moduli space onto the affine cubic surface S® defined by
x+y+z=03+0%+067+06% and
R xyz+ (03— 002 - 62)y + (B2 - 063 —6%)z  (142)
= (63 + 6% — 67 — 62,)(62607 — 6262,
The map (1.41) above is one-to-one over the smooth part of S®. Singularities arise when
* 0, =0and A; =0 fori =1,2,3;
o +0g+6;+0; £ 60 = 0andall A; s are simultaneously triangular up to conjugacy.

In particular, apart from special values of 0 listed just before, the quotient Sys® (X, D) is
Hausdorff and is isomorphic to the smooth cubic surface S°.

0o 0

0 —b
defined up to diagonal conjugacy so that the monomials a; and b;c; are invariant. Using
Ao + A1 + A + Aso = 0, we can now express A, in function of Ag and Ajy:

Proof. Since 0o, # 0, we can assume Ao, = ) This normalization is well-

ag = —ap—a1— b
by = —by — by
Cy = —Co — C1

Spectral data (1.37) gives the following conditions

aj + boco = 63, a} +bicy =607 and

1.4
2apay + 2000(ao + a1) + bocy + bico + 62 + 07 — 07 + 62, = 0. (1.43)
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On the other hand, we get

x = 2000a; + 02 + 67
y = 200a¢ + 030 + 93 and w = 4605 (boc1 — bico) (1.44)
z = 20c0a1 + 0% + 607

Once we know x, y,z,w, we get the invariants ag, a; and bgcy — bjcg. From rela-
tions (1.43), we promptly deduce bgcy, bicy and boc; + bico, and therefore boc; and
bico. The cubic equation (1.42) just says that these invariants satisfy the obvious relation
(boco)(bic1) = (bocy)(b1co). We can thus recover (bg, by, co, c1) uniquely up to the
diagonal action, except when either by = by = 0, or cp = ¢; = 0; in these latter cases,
there are several possible solutions (Ao, A1, A;) up to diagonal action, but all of them are
triangular. O



The
Riemann—Hilbert
correspondance

In order to establish a one-to-one correspondance between families of linear differential
equations and linear representations of fundamental groups, one has to enlarge the set of
objects, namely replace linear systems by vector bundles with linear connections.

2.1 'The language of connections

Let X be a Riemann surface, not necessarily compact. In other words, X is a connected

smooth complex manifold of dimension one; basic examples are C and its connected open
sets. Details can be found in Forster (1991).

2.1.1 Vector bundles

A rank r vector bundle over X is a complex manifold E of dimension r + 1 equipped with
aprojection p : E — X such that fibers are r-dimensional vector spaces and the structure
of vector spaces vary holomorphically on X. This latter property can be explicited as
follows. We have an open covering X = U; U; by open sets (for analytic topology) and
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local trivializations:

Ely, = p \(U) — ¥ Uy xC7

\/

where ¢;’s are biholomorphisms (and pr; projection to the first factor), satisfying compat-
ibility condition of each non empty intersection U;; = U; N U;:

dilu;; = ¢ij o ¢jlu;,; where ¢i; =idy;; x My;, M;; € GL.(O(Ujj)).

Therefore, each fiber p~!(x) has a well-defined structure of r-dimensional vector space
(not depending on the local chart ¢; we are looking at) and surrounding fibers look like a
trivial bundle U; x C”. Of course, the simplest example is the trivial bundle on X defined
by E =X xC".

2.1.2 Sections

A local (holomorphic) section of a vector bundle p : E — X overanopenset U C X is
just a holomorphic map s : U — E|y such that p|y os : U — U is the identity. The set
of holomorphic sections form a vector space H°(U, E) whose dimension can be infinite.
However, when U = X is compact, then H?(X, E) has finite dimension.

It is convenient (see section 2.1.9) to consider the sheaf £ of holomorphic sections of
E which, to an open set U, associates

EWU) (or I'(U,E)) := H*(X,E)

See Forster (1991, sections 6) for more details.

2.1.3 Morphisms

A morphism from a vector bundle p : E — X to another one p’ : E/ — X is given
by a holomorphic map ¥ : E — E’ which sends fibers to fibers, and restricts as a linear
transformation on each fiber. In charts, this means that we have commutative diagrams:

E Y\y; B
|U,~ —_— |U,~

[# |

id
U; X(C’IU—> U; x C"’

where M € M, ,-(O(U;)). We note that, maybe rescalling open coverings, we can assume
that the trivialization open sets U; are the same for £ and E’. We say that ¥ is an isomor-
phism if it admits an inverse, which is equivalent to say that r = r’ and M € GL,(O(U;)).
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A trivialization of E|y over an open set U C X is equivalent to the data of linearly in-
dependent holomorphic sections s1,...,s, : U — E|y on U, i.e. independent at any
point x € U. In that case, we can define an isomorphism (98’ — E|y sending e; to s;.
Automorphisms of p : E — X are isomorphisms ¥ : E — E and form a group.

In sheaf theoretic language, a morphism ¥ : E — E’ induces a morphism ¥ : £ — &’
between sheaves of sections, namely the collection

U :EU)—=EWU); s—>Wos

of homomorphisms between vector spaces of sections over all open sets U C X.

2.1.4 Cohomology viewpoint

In sheaf theoretic language (see Forster (ibid., sections 6, 12, 29)), the collection {¢;; }
defines a cocycle of the Cech cohomology group

(Mij)ij € H'(X,GL,(0))

and any two cocycles define isomorphic vector bundles if, and only if, they define the
same element in H ! (X, GL,(0)), i.e. equivalent cocycles. Precisely, the collection (M;;)
satisfies the cocycle condition

M;; M jx My; onany triple intersection U; NU; N Uy 2.1

and any two collections (M;;) and (Mi’j) (with same open covering) define isomorphic
vector bundles if, and only if, there is a collection of local bundle isomorphism M; €
GL, (O(U;)) such that

M];M; = M;M;; on any intersection U; N U;. (2.2)

Then H'(X, GL,(0)) is the set of equivalence classes of cocycles (M;;) (i.e. satisfying
(2.1)) up to equivalence relation defined by (2.2), for a sufficiently fine covering (Uj).
Therefore, the moduli space of rank r vector bundles on X up to isomorphisms identifies
with H'(X,GL,(0)). When X is not compact, then any vector bundle is trivial on X, i.e.
H'(X,GL,(0)) = 0 (see Forster (ibid., section 30)). However, in the compact case, the
study of the structure of this set is tricky in general.

2.1.5 Sum, tensor product, determinant

The sum E @ E’ of two vector bundles p : E — X and p’ : E’ — X with respective
cocycles (M;;) and (Mi’j) is the vector bundle of rank r + r’ defined by the cocycle

r (M O
ror (" 0)
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The tensor product E ® E’ is the vector bundle of rank r - r’ given by the cocycle
EQ®E : Mij ®Mz/]
In the particular case r’ = 1 (a line bundle), then this is just scalar multiplication by
m ;€ O*(Ujj). The determinant of a vector bundle p : E — X is the line bundle defined
by
det(E) : det(M;;).
We denote by £ @ £, £ ® £’ and det(€) the corresponding sheaves of sections.

2.1.6 Line bundles

Line bundles are particular cases of interest. Since GL{((O) = O* is a sheaf of abelian
groups, then H1(X,O*) is a group. The multiplicative group law on H'(X, O*) cor-
responds to the tensor product of line bundles. The trivial line bundle is the neutral el-
ement, and the inverse line bundle, given by (mi_jl). This group also identifies with the
Picard group of linear equivalence classes of divisors: O(D1) >~ O(D,) iff Dy ~ D, iff
D, — D, = div(f) for some meromorphic function f € M(X). The degree of a line
bundle is the degree of the divisor. When X is a compact curve, then it is well known that

H' (X, 0% ~ Jac(X) x Z

where Jac(X) is a g-dimensional complex torus, where g is the genus of X and Z stands

for the degree of the line bundle. In particular, we have H 1(@ ,O*) = Z and let us
describe these line bundles.

2.1.7 Over the Riemann sphere

We can cover C by two charts Uy = C and Uy, = @ \ {0} >~ C with transition chart
givenby z = 1/x:

Up —— Upso m} Upoo ¢— Us

N N A

C—c* Y yc e C

Then, we define, for k € Z, the line bundle O(k) by the cocycle (¢go0) Where
{Mmooo = xk7mo<>0 = Zk}

The group law is O(k1) ® O(kz) = O(k; + k). Global holomorphic sections of O(k)
are given in charts by polynomials of degree k:

z

1
yo = P(x), yoo =zFP ( ) , deg(P) <k
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(with convention that P = 0 if deg(P) < 0). Therefore, O(k) is characterized by the
dimensions of H%(C, O(k)) and H°(C, O(—k)), and we deduce that O(k,) ~ O(k,) iff
k1 = ks.

Theorem 2.1.1 (Birkhoff-Grothendieck). On C, any vector bundle p : E — X splits as
a product of line bundles and writes

E=0k)® - -®0O(k,) forunique ki <---<k,.
We have det(E) = O(k1 + --- + k).

This theorem has been proved completely by Birkhoff. Later Grothendieck gave a

shorter proof that algebraic vector bundles on C are splitting. Be careful that the decom-
position is not unique: for instance, the trivial bundle decomposes as product of trivial
line bundles in many different ways.

2.1.8 Higher genus

Vector bundles on elliptic curves (i.e. genus g = 1) have been classified by Atiyah (1957);
some of them are not splitting. Narasimhan and Ramanan described the moduli space of
SL,-vector bundles in Narasimhan and Ramanan (1969): most of vector bundles are not
splitting. For general curve with g > 1, rank r and degree d, there is a moduli space
of semi-stable vector bundles using Mumford’s Geometric Invariant Theory, which is an
irreducible projective variety of dimension (g — 1)r% + 1.

2.1.9 Connections

Let p : E — X be a vector bundle and £ the sheaf of holomorphic sections. A linear
holomorphic connection on E is a morphism (i.e. C-linear morphism) of sheaves

V:E—E® Ry,
satisfying the Leibniz rule:
Vig(f-s)=df ®s+ f-Vuls), (23)

forall U C X open, f € O(U) function, and s € £(U) section. In order to avoid
multiplication of notations, we will often write

V:E— EQ®Qy,

and therefore make confusion between E and its sheaf of sections £. But mind that V does
not define neither a morphism of bundles, nor a map between total spaces of bundles.
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In each trivialization chart U; x C”, a section is given by a linear combination
1

s=yi-er+-+yre, < Y =11

yr
where y; € O(U;). Through this trivialization, the connection writes:
Y—dY +A;-Y, A el'U, gl (0)® R
i.e. A; isar x r matrix whose coefficients ax; € £2'(U;) are given by
Vier) = ayer + -+ + aper.

Compatibility condition between open sets is given by

Aj = M'AM;; + MG dM;;. (24

2.1.10 Horizontal sections

Horizontal sections with respect to V (or V-horizontal sections) are those sections s €
I'(U, E) satisfying V(s) = 0; through a local trivialization chart U x C", they are defined
by solutions Y (x) of the linear system of differential equations dY + AY = 0 which,
through a local coordinate x on X, writes ‘% + A(x)Y = 0 where A = Adx. We denote
by £V C & the subsheaf whose sections are V-horizontal sections of E.

Example 2.1.2. The trivial vector bundle O®" = X x C" admits the trivial connection
d : Y v dY. Horizontal sections are constant sections. Conversely, a connection V on
X x C” whose horizontal sections are constant is the trivial connection V. = d.

2.1.11 Morphisms

A morphism of connections ¥ : (E,V) — (E’,V’) is a morphism of vector bundle
sending (local) V-horizontal sections to V’-horizontal sections. We say that it is an iso-
morphism (resp. automorphism) if it is as a morphism of vector bundles.

As an immediate consequence of Lemma 1.1.1, a holomorphic connection (E, V) on
X is locally trivial: for each point x € X, there is a neighborhood U > x and an isomor-
phism @ : (E,V)|y — (O, d) with the trivial connection on U.

2.1.12 Monodromy

Then we can define the monodromy representation of (E, V). Start with a local trivializa-
tion @ : (E,V)|ly — (Oi‘;r,d) at a base point xg € X. Givenapathy : [0,1] - X
strating at xo = y(0), we can define the analytic continuation @? of @ along y in a very
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similar way than in Section 1.2.1. When vy is a loop, then we have ®¥ = MY ® for a
matrix MY € GL,(C). We define the monodromy representation

po : m1(X, x9) - GL,(C) ; [V] = MY

The map @ provides, by restriction, an isomorphism @y, : E|x, 5 €. This allows to
view the monodromy representation as a homomorphism

m1(X, x0) = GL(E|x,)

defined by (®|x,) "' o M? o ®|y,, which is in some sense a more intrinsic representation,
not depending on the choice of @.

2.1.13 Reducible connections

A subbundle F C E is called V-invariant if it is locally generated by V-horizontal sec-
tions. In that case, V restricts to F as a connection V| : F — F ® 2. We then say that
the connection is reducible. This implies that the monodromy group G = image(pg) is
reducible, since it must preserve the subspace F'|x, (viewed as acting on the fiber). There
is a converse.

Proposition 2.1.3. Let G C GL,(C) be the image of the monodromy representation.
There is a one-to-one correspondance between:

1. fixed points of G <> global V-horizontal sections of E;
2. invariant subspaces of G <> V-invariant subbundles F C E;

3. linear transformations ¥ € GL,(C) commuting with G <> automorphisms ¥ :
(E,V) — (E,V) of the connection.

In particular, V is reducible if and only if its holonomy group G is reducible.

Proof. Lets : X — E be a global section; then, clearly, 5|y, C E|x, is fixed by the
monodromy action, i.e. @ os € C7 is fixed by G. Conversely, if v € C” is fixed by
G, then the corresponding section s = @~!(v) can be analytically continued along paths
as any local V-horizontal sections, and satisfies s¥ = s whatever is y € w1 (X, x¢). It
follows that s extends as a global V-horizontal section on X.

Similarly, V-invariant subbundles are generated by V-horizontal sections and we have
a similar correspondance (these sections might have monodromy though).

Finally, if ¢ commutes with G, then the local conjugacy ¥ defined as ¥ := @~ ! o
Y o @ has no monodromy:

W = (@) oy od? =0 loMY) Loy o MY 0 = .
¥

It is therefore globally defined. The converse is left as an exercise. O
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Corollary 2.1.4. On a simply connected manifold X, all connections are trivial (i.e. iso-
morphic to the trivial connection,).

Proof. All local V-horizontal sections extend as global sections; a maximal family of
independent sections 51, . . ., 5, provides a global trivialization @ by sending s oneg. [

In particular, all connections on C are trivial.

2.1.14 Riemann—Hilbert correspondance

More generally, the monodromy representation determines the isomorphism class of the
connection.

Theorem 2.1.5 (Riemann—Hilbert Correspondance: the holomorphic case). Let (E, V)
and (E', V') be two connections of rank r on X, and &, @' be respective local trivializa-
tions at xog € X, and p, p' their monodromy representations.

1. Then
(E,V)~ (E'.\V) < o =MpM™ for some M € GL,(C).

2. Given a representation p € Hom(m1(X, x9), GL,(C)), then there exists a connec-
tion (E, V) such that py,¢ = p for some local V-trivialization ®.

Proof. 1. If we have an isomorphism ¥ : (E, V) = (E’, V'), then for any local trivializa-
tion @’ for V’, we get a local trivialization @ := @’ oW for V. After analytic continuation
alongaloop y, weget MY ® = (M')Y ®'oW. Since ¥ is globally defined, we immediately
deduce that MY = (M')?, i.e. that monodromy representations coincide.

Conversely, assume that monodromy representations of (E, V), (E’, V') are conju-
gated as in the statement. One can first assume that M = [ (the identity) after chang-
ing @ to M®. Then ¥ := (&')"! o @ is a local isomorphism conjugating (E, V) to
(E’, V'). We can make analytic continuation of @, @’ and therefore ¥ along paths. Since
monodromy representations coincide for @ and @', we deduce that ¥ is uniform under

analytic continuation and defines a global isomorphism ¥ : (E, V) = (E', V).

2. We first note that, given a connection (E, V) on X, then we can pull-back 7*(E, V)
on the universal cover 7 : X — X and any local trivialization @ therefore extends by
analytic continuation as a global trivialization Pt (E,V) = (0% d). Moreover, the
natural action by covering transformations on the total space 7 * E preserves (horizontal
sections of) V; it is conjugated by @ to the twisted action (¥, Y) — (y-X, M? - Y). Now,
let p € Hom(r1 (X, xo), GL,(C)). Then we have an action

71(X, X0) X (X xC") = (X xC"); (n, R, Y)) > (v -F.p(y) - Y)

which is discrete and free. The quotient E := (X x C”)/, (x.xo) inherits the structure
of a holomorphic vector bundle over X = X/ 71(X,xo) via the projection (X,Y) — X.
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Indeed, the action on Y is linear. On the other hand, the trivial connection d on X xCris
invariant under the action, inducing a connection V on the quotient. By construction, the
monodromy representation of V is p. O

2.1.15 Trace and sl,-connections

The trace of the connection (E, V) is the rank 1 connection defined in charts by
d + tr(A;)

on the line bundle det(£). When (det(E), tr(V)) is the trivial connection, then we say
that (E, V) is a sl,-connection; in that case, the monodromy takes values in SL, (C). Con-
versely, if the monodromy is in SL, (C), then obviously (det(E), tr(V)) is the trivial con-
nection, and (E, V) is a sl,-connection.

2.1.16 Vector bundles that admit connection

We say that E (resp. (E, V)) is decomposable if there exists a non trivial decomposition
E = F| & F, (resp. with V-invariant subbundles F;), i.e. where F; # {0}, E. In that
case, the connection also splits as (Fi, Vi) @ (F2, V2). André Weil (1938) proved that
a vector bundle £ admits a holomorphic connection on a compact Riemann surface X if,
and only if, for a maximal decomposition £ = F; @ --- @ Fj, we have deg(F;) = 0 for
alli =1,...,1.

Example 2.1.6. Holomorphic connections on the trivial bundle E = O®" are given by
V =d + A where A is a r x r matrix of holomorphic 1-forms on X. We note that Weil
criterium is satisfied as O®" is a (non unique) maximal decomposition and deg(Q) = 0.

Example 2.1.7. The simplest non trivial example of the Riemann—Hilbert correspondance
is given by rank 1 connections on an elliptic curve. Denote X = C/I" where I’ = Z+17Z,
and denote by o and B the loops given by [0,1] — C ; t — t and t — tt respectively.
One easily see that the moduli space of representations is

Hom(m1 (X, xo), GL{(C)) = Hom(7r{ (X, x0),C*) ~ C* x C*

where the latter isomorphism is given by p — (a,b) = (p(a), p(B)). Let us denote by
(Lap, Vap) the (unique) connection on X whose monodromy p is defined by p(a) = a
and p(B) = b. Then we have

Lop >~ Lyypy <= (a,b)=(ea,e"b) forsomec e C.
Indeed, a connection on the trivial bundle O writes d + cdx where dx is the holomorphic

1-form on X given from the universal cover, its monodromy representation is given by
(€€, e°"). The tensor product (Lap, Vap) ® (O,d + cdx) yields a new connection on
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the same line bundle Ly p ® O = L, with monodromy (e‘a,e*b). Conversely, any
two connections V and V' on the same line bundle L differ by a holomorphic 1-form,
(L,V)® (L, V)®CD = (0,d + w), and we can write w = cdx. We conclude that
we get an equivalence relation on the space of monodromies, namely defining isomorphic
line bundles; the cosets for this equivalence relation are given by the integral curves of
the vector field a% + b %

One can rephrase as follows. Consider the universal cover

m:C* > C*xC*; (u.v) = (27, e¥7™).
The covering group is generated by
(u,v) > wm+1,v) and (u,v)— (u,v+1).

The equivalence relation above (of equivalent line bundles) lifts as the equivalence relation
given by integral curves of% + ‘L’%, having first integral (u,v) — v — tu. In new
coordinates

x.y)=@-—tu,—u) <= (W)= (—-1x-X),
the covering group is now generated by
(x,y)=»x+1,y) and (x,y)—~ (x+7,y+1).

Let S denote the quotient: it is analytically equivalent to C* x C* but can be endowed
with an alternate algebraic structure. The projection (x,y) > x induces amap S — X
which cannot be algebraic as a map C* x C* — X since X has genus 1. The surface S
can be interpreted as the moduli space of rank 1 holomorphic connections (L, V) on X,
and the map S — X =~ Jac(X) as the forgetful map (L, V) — L. Then, S has a structure
of an affine A'-bundle over X and its natural compactification is a ruled surface over

X. The map m above induces an analytic isomorphism w : S 5 C* x C*. This is the
Riemann—Hilbert correspondance.

2.2 Logarithmic connections

A meromorphic connection on E is given in trivialization charts U; x C" by V = d +
A; where A; € gl (2! ® M), i.e. coefficients are meromorphic 1-forms, satisfying
compatibility condition (2.4). It is easy to check that poles and their multiplicity do not
depend on the trivialization chart, and are therefore well defined by (E, V). It is natural to
associate the divisor of poles, whichis D = ny[x1]+---+ng[x;] where x; € X are poles,
and n; € Z-o the maximal multiplicity occurring in coefficients of the matrix A. In other
words, the connection defines a C-linear morphism of sheaves V : E — E ® 21(D)
satisfying the Leibniz rule. In this text, we will only consider connections with simple
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poles, i.e. n; = 1, called logarithmic connections. On the trivial bundle, logarithmic
connections correspond to a Fuchsian system. Let us see examples over non trivial bundles.

Example 2.2.1. Let E = O(k1) & O(kz) be any vector bundle over C, k1 < ko, and
setk = ko —ky = 0. We have two trivializations Yo near x = 0 and Yo, near x = oo

related by
k1
z 0 1
YOQZ(O ZkZ)YO’ ZZ;.

A logarithmic connection V on E with poles (at most) x1, . .., Xy, 00 writes

deg(A),deg(D) <n—1
d+ (é’(X) IB)(X)) dx_ with deg(B) <n—k—1 (2.5)
(x) D(x)) P(x) deg(C) <n+k—1

polynomial

where P(x) = (x — x1) .-+ (x — x,). We note that for k = n, the connection is reducible
since B = 0 and the factor O(k,) C E is then V-invariant. Automorphisms of E are
given in the main chart by the action of GL,(C) if k = 0, and by polynomial matrices

Y — (QA&) )&) Y where deg(Q) <k, A €C* ifk>0. (2.6)

We deduce that, if we fix eigenvalues at each pole, then the moduli space of connections
on E up to automorphisms has dimension:

* 2n—4ifk=0,1,
*2n—k—-3if0<k<n,
e n—3ifk =n.

We conclude that, generically, k = 0 or 1.

2.2.1 Residue, eigenvalues and Fuchs’ relation

Let (E, V) be a logarithmic connection on the curve X and x be a local coordinate at a
pole of V. Recall that, in a local trivialization, the connection writes

A
d + (—0 + holomorphic) dx
X

and gauge transformations M (x) act by conjugacy by M(0) on the residual matrix Ag.
Therefore, we have well-defined residual endomorphism Resy=oV € End(E|x=¢) given
in local trivialization by Ag, whose eigenvalues do not depend on trivialization. We call
them residual eigenvalues of the connection V. In particular, tr(Ag) is the residual eigen-
value of the connection tr(V) on det(E).
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Proposition 2.2.2 (Fuchs’ Relation). Let (E, V) be a logarithmic connection on a com-
pact Riemann surface X, and x1, . ..,x, € X the poles. Then we have:

D tr(Resy=x; V) + deg(E) = 0 (2.7)

i=1

Proof. This is aresult on rank 1 connections, namely for (L, {) = (det(E), tr(V)). Indeed,
(2.7) is, by definition, equivalent to

n
ZResx:xié + deg(L) = 0.

i=1

If L = O(D) for some divisor D = ) ;1jlpjlon X, then this means that L admits a
section s with divisor div(s) = D. We can define a birational trivialization ¢ : L --> O
by sending s to the section 1. We can assume that poles of s do not intersect poles of tr(V).
The connection ¢ is transformed into d 4+ w with w a meromorphic 1-form on X. The
1-form w inherits poles and residues of ¢, and has additional poles along p;’s, the support
of D, with eigenvalues given by multiplicity n; of D. Therefore, residue formula gives:

ZResxa) = ZResxié + ZRespjnj =0.
j

xeX i
~—————
deg(L)

2.3 Moduli spaces in the logarithmic setting

Here we restrict to the rank 2 case for simplicity. We fix a complete irreducible smooth
curve X over C (i.e. compact Riemann surface), a polar divisor D = xy + - -+ + x,, with
X1,...,Xn, € X pairwise distinct; we denote by X* = X \ {xq,...,x,}. We also fix
eigenvalues 9i+, 6 € C ateach pole x;, and denote by @ the collection of these numbers,
and 0; := 9i+ — 0;. We assume Fuchs’ Relation:

n
d:=) 6% +67 €Z. (2.8)

i=1
Then we consider the following set of connections

E — X arank 2 vector bundle
Con(X,D,0) =3 (E,V); V:E — (D) alogarithmic connection
Res,, V has eigenvalues Gii
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We say that any two such connections (E, V), (E’, V') are isomorphic, and denote
(E.V) ~ (E".V)

if there is an isomorphism @ : E S FE sending V-horizontal sections to V’-horizontal
sections over open sets U C X*. The moduli (or quotient) space of those connections up
to isomorphism is denoted

Con® (X, D) = Con(X, D, 0)/ ~

We can consider this space just as a set, without more structure. But it is also possible
to put some analytic, even algebraic structure on it, i.e. consider it as a “stack”. Beware
that it is not a manifold: it ca n be singular, even non Hausdorff in general. We discuss in
Section 2.7 how to give more structure to this set.

In a very similar way, we can consider the moduli space of monodromy representations
in which the monodromy of connections from Con? (X, D) are defined. For this, let us
recall that 711 (X ™, x¢) is isomorphic to:

ng,n = (als-~-sagsﬁ1,~-~,/3g»)/1,~--,7/n; [alvﬁl]"'[ag»/sg]yl"‘yn = 1) (29)

where the single relation involves commutators [, 8] = afa~1f~1. Then, we define the
following set of representations

. +
Repg,n = {p € Hom(rrg », GL2(C)) ; p(y;) has eigenvalues AF}, AF = 216
This can be more concretely described as

(M*, .. MY MPv MPs MY ... M7¢) e GLy(C)?&+" ;
Repg,n = (Mo, MP] . [M%, MB|MYV .. MY = ],
MY has eigenvalues Aii
(2.10)
Then, the moduli space of representations up to isomorphism is denoted

Sep? , = Rep® ,/PGL,(C).

We can also define Rep, , and Rep, , in a similar way without requiring nothing about
local eigenvalues. After fixing an isomorphism 71 (X *, xo) >~ 7, ,, we get a well defined
monodromy map

Mon : Con’® (X,D) — Eﬁepg,n. 2.11)

which, to a connection (E, V), associate the monodromy of a local trivialization @ at x,
under analytic continuation: @Y = MY o @. As we shall see later, this map is almost
one-to-one.
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2.4 'The local Riemann—Hilbert correspondance

Here we restrict to a neighborhood U of a pole. In a local coordinate x at the pole, recall
(see Theorem 1.3.1) that the connection V writes d + A and can be normalized to

+ d n d
Alx) = (90 90—) _x7 resp. ((9) 9):_ n) tad for some n € Zxy.
x X

in a convenient local trivialization of the bundle. Then, the connection itself can be trivi-

alized by
ot 0 0+n
0 x% x log(x
D(x) = (xO xg)’ resp. (O x9+§( ))

which makes sense locally on a punctured disc D* = D \ {0} C U. The local mon-
odromy, namely the monodromy of @ along a simple loop y turning positively around 0,
is therefore given by

p2im0 0 vime (1 2im
MV:( 0 p2in6 ) resp. e”'" o 1)

An easy consequence of formulae gives:

Proposition 2.4.1. Fix residual eigenvalues 0,07, Then, the monodromy map induces
a one-to-one correspondance

Mon : (E, V) logarithmic on (D, 0) -~ M € GLy(C) with
on - ResoV has eigenvalues o+ / 2ino*

eigenvalues e } /PGLy(C)

However, there is a subtlety with the injectivity compared with the holomorphic
Riemann—Hilbert correspondance. Indeed, given two logarithmic connections (£, V),
(E’, V') on (D, 0), with local trivializations &, @ near some base point xo € D* with
same monodromy M , then ¥ := (®’)~! o @ can be analytically continued as a conjugacy

U= (®)lod:(E,V)p = (E,V)|p*.

But, even when V, V' have same residual eigenvalues 9{", 6", the conjugacy ¥ needs not
extend holomorphically at 0. For instance, in the following case:

’r_ 0 0 dx _ 0 x"
V—V—d—}-(o 9+n)7 and lI/—(x,, 0)

the conjugacy @ is holomorphic on D* but extends meromorphically at 0. We need the
following more precise lemma:
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Lemma 2.4.2. Let (E, V), (E’, V') be two logarithmic connections on (D, 0), and let
Y (E,V)p — (E',V)|p=*

be a conjugacy on the punctured disc. Then ¥ extends as a meromorphic gauge transfor-
mation on D.

Moreover, if the two connections have the same residual eigenvalues 0,07, then W
extends as a holomorphic gauge transformation on D under the following condition:

0 0

0 6+n
at 0 if, and only if; it conjugates the two invariant subbundles of V, V' that restrict
as the 0-eigendirections at 0.

whenV,V' ~ d + ) de withn € Z, then ¥ extends holomorphically

Proof. We reduce the two connections to their normal form. We first prove the second
statement. The two normal forms must be the same for V and V’, and ¥ is just a holomor-
phic symmetry of a given model over D*. By Proposition 2.1.3, such a symmetry takes
the form ¥ = ®~1C®, where @ gives a local trivialization, and C commutes with the
monodromy.

For the first normal form, we obtain

_( a bx? _fa b o= a4t
lI/_(Cx_Q d) where C—(C d)eGLz((C), 0=06"—-0".

» If 0 ¢ Z, then the only possibility for ¥ being holomorphic is b = ¢ = 0 and ¥ is
any constant diagonal matrix. On the other hand, the monodromy M7 is diagonal
with distinct eigenvalues in this case: its centralizeur consists of all diagonal matri-
ces C. Therefore, each matrix C commuting with monodromy gives rise to a global
holomorphic symmetry over D.

* If 0 = n € Zxy, then holomorphic symmetries on D* take the form

a bx"
V= (cx_” d ) ’

Then we see that they extend meromorphically at 0, and the extension is holomor-
phic at 0 if, and only if, either n = 0, or n > 0 and ¥ is upper triangular in that
case.

For the second normal form, a similar computation shows that symmetries on D* write

n
U/:(a bx)’ aeC* beC
0 a

and extend holomorphically on D.
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Finally, for the first assertion, we observe that existence of ¥ implies conjugacy of the
monodromies and therefore that eigenvalues of V and V'’ differ by integers (their expo-
nential are the same, namely eigenvalues of the monodromy). Then, maybe composing
¥ by a meromorphic gauge transformation, we can assume that V and V' have the same
eigenvalues (see Remark 1.3.2). Then we can apply the previous discussion to ¥ and
conclude. O

2.5 'The global Riemann—Hilbert correspondance

In order to have a true bijection, we need to impose some restriction. The famous one due
to Deligne (1970) is to ask 0 < ?R(/\l.i) < 1 (real part of eigenvalues). We can impose a
weaker one that 9i+ — 07 ¢ Z* which is implied by Deligne’s condition. The goal is to
avoid those singularities of Lemma 2.4.2 where symmetries of punctured neighborhood
do not extend.

Theorem 2.5.1 (Riemann—Hilbert Correspondance: the logarithmic case). Assume 9i+ -
07 ¢ Z* fori = 1,...,n. Then the monodromy map (2.11)

Mon : Con’® (X,D) — %epg,n.
is a bijection.

Proof. For the injectivity, we first use the holomorphic RH correspondance on X* =
X \ | D] (on the complement of the support of D): if (E, V), (E’, V') admits local trivial-
izations @, @' near x¢ with same monodromy, then we get a conjugacy

U= (@) od: (E,V)|x+ = (E',V)|x*

outside of the polar locus. Then, since 6 & Z*, the conjugacy ¥ extends holomorphically
at all punctures by Lemma 2.4.2.

For the surjectivity, we can first realize a given representation by a holomorphic con-
nection (E*, V*) on X*. Then take some small discs ID; at x; and denote D = D; \ {x;}.
The monodromy of V* |D? can be realized by the monodromy of a logarithmic connection
(E;, Vi) on D; having a simple pole at x; with eigenvalues {9;", 0.} (Proposition 2.4.1
). By the holomorphic Riemann—Hilbert correspondance, there is an isomorphism ¥; :
(E*, V*)|D7 = (Ei,Vl-)|D;k and we can patch (E*, V*) with (E;, V;) over DX by ¥; to
construct a logarithmic extension of (E*, V*) at x; with desired eigenvalues. O

There is a weaker version of the Riemann—Hilbert correspondance which is very sim-
ple, though.

Corollary 2.5.2. Any two logarithmic connections (E, V), (E’, V') on (X, D) are mero-
morphically equivalent, i.e. by a bimeromorphic bundle isomorphism ¥ : E --> E’, if,
and only if, they have the same monodromy representation.



2.6. Character varieties 45

Proof. If ¥ : E --» E’is a bimeromorphic bundle isomorphism conjugating the two
connections, then it induces a biholomorphic isomorphism over a Zariski open subset U C
X*. Therefore, we deduce that monodromy of V and V' coincide along loops in U. Since
the inclusion ¢ : U < X ™ induces a surjective morphism ¢4 : 71 (U, x¢) — 71(X™, x9),
we deduce that monodromies coincide along loops in X*. Conversely, if monodromy
representations of V and V' coincide, then we can apply the proof of Theorem 2.5.1 with
the first assertion of Lemma 2.4.2 to conclude. O

2.6 Character varieties

The moduli space of representations §Rep n 1s not HausdorfT in general. For instance, in
the hypergeometric case (1.33), upper—trlangular representation

(A0 o _ (A

MO = (O Ao_l and Ml = 0 A,l_l
with (o, 1) = (0, 1) can be conjugated to (g, 1) = (0, &) after conjugacy by M =
1
0
class (uo, 1) = (0,0) by making ¢ — 0. These two equivalence classes of representa-

tions will give non separated points in the quotient space. But there is a Hausdorff quotient
.‘Repg,n — Repg,n which admits the structure of an affine variety.

g . We promptly see that this conjugacy class is infinitesimally close to the diagonal

Let us consider the Painlevé case (g,n) = (0, 4) as an example. Set {Qii} = {j:%}.
We are considering the set of SL,(C)-representations

Repg,n ={Mo, My, M;, M € SL2(C), MoMiMiM = I, tr(M;) =2cos(m6;)}
We have an action of SL,(C) by conjugacy, and we consider the quotient moduli space:
Repg’4 - SﬁepgA

In order to define natural functions on SRepg’ 4, We are considering the following SL,(C)-
invariant functions

x =tr(MgM,), y=tr(MiM;) and z = tr(MyM,;).

Then, we have the following relation (see Benedetto and Goldman (1999), Cantat and
Loray (2009), Fricke and Klein (1897), and Iwasaki (2003))

x2+y2+22+xyz:cxx—i—cyy—i—czz—i—c (2.12)

where
Cx = apd1 + 1o, Cy = a10;r + Apdco, Cz = Aol + A1doo
and ¢ =4 —apa1a;a0 — a3 —a? —a? —a’

a; = tr(M;) = 2cos(6;).
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It can be shown that C|[x, y, z] is the ring of SL,(C)-invariant polynomial functions on
Repg’n (see Horowitz (1975)). Then the map

2)%138,4 (%) Repg,4 ={(x,9.2); X2+ y2+ 22+ xyz = cxx + cyy +czz+c}

provides a Hausdorff quotient which is one-to-one on a Zariski open set. Precisely, for
generic values of @, the cubic surface Repf’;’4 is smooth and the above map provides a

one-to-one correspondance with the set EJﬁtepg,4 of conjugacy classes of representations.
We note that, for any holomorphic (resp. rational) family of representations, defined by a
family of matrices

§ = (MO(S)5 Ml (S)v Ml‘ (s)v MOO(S))

with coefficients depending holomorphically (resp. rationally) on s, then traces (x, y, z)
are holomorphic (resp. rational) and this makes the complex (resp. algebraic) structure of
Repg, 4 natural, compatible with families of representations.

For special values of 8, singularities arise at the locus of

* reducible representations,
* those representations with a matrix M; = +1.

Then, each smooth point corresponds to a single conjugacy class; on the other hand, sin-
gular points might correspond to several conjugacy classes. For instance, in the reducible
case, the set of reducible conjugacy classes:

Ao Mo _ Al _ Ar o Mg
(o Agl)’ Ml_(o A7t and M; = 1| A7l

can be parametrized by Cin general. Indeed, if Ay # =+1, then one can diagonalize My
and then normalize 1 = 1 by a diagonal matrix; this normalization is unique and we get
a one-parameter family of non equivalent reducible representations parametrized by

Cos—> (/’LO’/’Llsl’Lt) = (Ov l,S).

We complete by adding the representation (io, i1, ) = (0,0, 1) which corresponds to
s = oo. These representations all go to the same point as traces only depend on p;’s.
Moduli spaces of representations admit an affine Hausdorff quotient in general. More-
over, they carry a natural holomorphic symplectic structure, as shown in Goldman (1984)
and Iwasaki (2003), which in this special case is given by the following holomorphic 2-

form
dxndy — dynd:z dz Ndx

w = = = . (2.13)
2Z4+xy—c; 2x+yz—cx 2y+xz-—cy

Note that these different expressions coincide in restriction to the surface.
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2.7 Moduli spaces of logarithmic connections

There is a way to make an open dense set of the moduli space of connections into an
algebraic manifold by Mumford’s Geometric Invariant Theory (see Inaba (2013), Inaba,
Iwasaki, and Saito (2006a), and Nitsure (1993)).

For holomorphic connections (see Hitchin (1987) and Simpson (1994a)), the open set
is given by irreducible connections, and for them, the quotient Con’ (X, D)™ is an irre-
ducible quasi-projective manifold (in particular smooth) of dimension 6g — 6. Moreover,
there is a Hausdorff quotient Con® (X, D) — Con® (X, D) which admits the structure of
irreducible quasi-projective variety of the same dimension, that contains the previous one
as a smooth and dense open set. Mind that this latter one has singular points representing
families of reducible connections. Let us explain how it works in the logarithmic case.

2.7.1 Parabolic structures and stability condition

It is convenient to consider an additional structure called parabolic structure. For each
pole x; of the connection, we have a linear subspace FiJr C E|x; which is the eigenspace

associated to eigenvalue 9i+ for Res,; V. This is a line except when 9i+ = 67 and
Resy, V = 9i+ - I. A parabolic structure is a choice at each pole of a one dimensional
linear space /; C Fi+, and we denote by 1 = (/4, ..., I,) the collection of these lines. We

call (E, V,1) a parabolic connection.
Let us fix weights o = (i1, ..., un) € [0, 1]*. We will say that a connection (E, V)
is p-stable (resp. p-semi-stable) if we have

€ = -1 ifL|xi = li

€ =1 ifL|xi ?é [; 219

n
deg(E)—2deg(L)+ Zeip,,- >0 (resp. = 0), where

i=1
for any V-invariant line bundle L C E. Then, denote by

Con?(X, D)™ < Conf_,,,(X.D) C Conf_ (X.D) C Con®(X,D)

the subsets of irreducible, u-stable and p-semistable parabolic connections. We note that
irreducible admit no V-invariant line bundle by definition, and are automatically p-stable.

Theorem 2.7.1 (Inaba (2013), Inaba, Iwasaki, and Saito (2006a), and Nitsure (1993)). The
moduli space of u-stable parabolic connections

Con’__,,,(X.D) = Conl,_, ., (X.D)/ ~

is an irreducible quasi-projective complex manifold of dimension 2(4g — 3 + n).

On the larger set of semi-stable bundles, there are already non Hausdorff phenomena.
Then we have to consider a weaker equivalence &~ which will identify some equivalence
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cosets that are infinitesimally close to each other, and the moduli space of p-semistable
parabolic connections

Con®__ (X.,D)=Con’__ (X, D)/ ~

n—ss n—sS

is an irreducible quasi-projective variety that might contain singular points. There are also
unstable connections, i.e. that are not semi-stable, that we have to take away in this story.

Remark 2.7.2. If 0 satisfies
0" #0607 for i=1,....n, (2.15)

then we deduce that the parabolic structure 1 is determined by the connection (E, V), and
the moduli spaces above are rather moduli spaces of logarithmic connections (without
parabolic structure).

2.7.2 Generic eigenvalues

Given a logarithmic connection (E, V) as before on (X, D), if it is reducible, then there is
a V-invariant line bundle L C E and Fuchs’ Relation for the restricted connection gives

D 67 4 deg(L) =0, € €{+.—}
i=1

Therefore, if we assume the following generic condition

n
295[ ¢ 7, forall choices ep,...,€, € {+,—} (2.16)

i=1
then, all connections are irreducible and we have equalities
Con’ (X, D)™ = Con®_, ,(X.D) = Conf ((X.D) = Con’(X.D).
In that case, Theorem 2.7.1 can be rephrased:

Corollary 2.7.3. If 0 satisfies (2.8) with genericity conditions (2.15) and (2.16), then the
naive moduli space of logarithmic connections

Con’ (X, D)

coincides with Conz_ stap (X, D), and is an irreducible quasiprojective manifold of dimen-
sion 2(4g — 3 + n).

This corollary makes sense if there is at least one pole, otherwise condition (2.16)
cannot be fulfilled, and moreover n = 3 when g = 0.
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2.7.3 Elementary transformations

We start recalling what is an elementary transformation of a rank 2 vector bundle £ — X.
Given a point xo € X and a parabolic structure at xo, i.e. a linear subspace [ € P(E|,)
in the fibre over x¢, one usually defines two birational bundle transformations

+ .
elmeJ :

E --> ET and elm; ;: E - E~,

that are uniquely defined up to post-composition by a bundle isomorphism. In restriction to
the punctured curve X* = X \ {xo}, both elme, ; induce isomorphisms. At the neighbor-
hood of x¢, they can be described as follows. Choose a local coordinate x : U — C at x¢

together with a trivialization of Y : E|y — C? for which the linear subspace / is spanned
by Y = ((1)) This, in particular, induces a trivialization of E|x+ on U* = U \ {p}. Ele-

mentary transformations elm;to, ; can be defined by the following commutative diagram

E E|x+ +—— E|lyr ——> U*xC2 < Uy xC2
I

feimE Hid id id LF
\I,

+ Y * 2 * 2
E E|x« ¢ > E|y= — U*xC* —— U xC

where
pt(Y) = (g (1)) Y and ¢~ (Y) = ((1) I?x) Y.

All three bundles E and E¥ are constructed by gluing the local trivial bundle U x C? to the
same restricted bundle E|y= through different bundle isomorphisms (either the identity,
or ¢¥) over the punctured neighborhood U*. Isomorphisms E |y« — E¥|x= given by
this construction extend as birational bundle transformations. We have

det(E¥) = det(E) ® O(%[xq]).
On the other hand, elme, ; induce the same birational P I_bundle transformation
elmy,;: P =P(E) --> P’

since ¢ and ¢~ coincide both in PGL(2, O(U*)) and PGL(2, M(U)).
One still has to verify that our construction only depends on the parabolic structure
(x0, 1), not on the choice of the local trivialization Y. For another choice

Y=M-Y, MeGL2,0U)),

one has to check that ¢t (Y) = ¢t (M -Y) = M - ¢+ (Y) for some M € GL(2, O(U)).
Indeed, if M = (Ccl Z),thenﬂ = (c?x bdx);sincelhas tobe spannedby? = ((1)),

we have ¢(0) = 0 and M is holomorphic with det(M) = det(M) # 0.
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A similar computation shows that the line [* C E |)ﬂf0 , spanned by ((1)) in the construc-

tion above, does not depend on our choices. In other word, given a bundle E equipped
with a parabolic structure over xo, I C E|,, elementary transformations define a bira-
tional transformation

elmi : (E.l) - (E*,1%)

between parabolic bundles which is well defined up to left-and-right composition by para-
bolic bundle isomorphisms. It also follows from computations above that

elm;'[0 oelmi : (E.l)— (E'.I)

are parabolic bundle isomorphisms. In this sense, elmj{0 and elm,  are inverse to each
other. We can also consider a general rank 2 parabolic bundle (E,1) over (X, D) where
D C X is a finite subset, and 1 : D — P(E|p) a section of the projective bundle

induced over D. The elementary transformations elmfo :(E,1) ——> (E*,1%) are defined

between parabolic bundles over (X, D) like above when xo € D (note that elmfo’l(x())

induces an isomorphism of parabolic bundles over (X*, D*)) and as the identity when
xo € D. Finally, if x1, x, € D are two distinct points, elementary transformations elmfl
and elmff2 commute (up to parabolic bundle isomorphisms) so that one can define elm%,
for any subset D’ C D.

Now, we would like to describe how elementary transformations act on parabolic con-
nections (£, V,1): (E,1) is a parabolic bundle over (X, D) like above and V a mero-
morphic connection on E. Let xo € D and denote by V* the push-forward of V by the
elementary transformation elmfo :(E,1) --> (E*,1*): V* is a meromorphic connection
on E*. Under notations above, if V is defined in coordinates (x, Y) by

_(* B
Y > dY +AY, A_(y 5),

then V¥ is defined in the E¥ local trivialization Y * = ¢*(Y) by Y ¥ > dY* + ATV +
where
_dx o xpB
A+=(a x xﬁ) and A_=( d)‘
¥ 8 o545

If xo is not a pole of V, then V¥ has a logarithmic pole at xo. If xq is a simple pole of
V, and 1(xo) is an eigendirection for V, then B vanishes at x and V* is also logarithmic.
One can choose the coordinate Y such that V is normalizedas Y — dY + AY ”;—x with

Y AR 6 x" 0+n 0 _ 1
=5 ) (0 0%n) o (57 5): 1=2()
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with the restriction n > 0 in the last case. Then V¥ is given in coordinate Y+ = ¢¥(¥)
by Y+ dY* + AiYi‘i—x with respectively

L _(6t=1 0 6—1 xnt! 6+n—1 0\ 4 (0
A—(o o=) Lo o4n) @ L et p) =C

and

(0 o g xntl O+n 0 -
“\o o+1) \o 6+n+1) & \Lxt g41) =+

We now understand in detail how are related local models (1.12) with same monodromy
under bimeromorphic gauge transformations, as was already noticed in Remark 1.3.2. In
any case, if {07, 07} denote the eigenvalues at xg, and if / is the eigenline associate to
6%, then V¥ (resp. V™) has eigenvalues {#+ — 1,07} (resp. {61,6~ + 1}); V* are of
diagonal type if, and only if, V is; the new parabolic structure of /* over xo corresponds
to the eigenvalue 6~ (resp. 6~ + 1).

Let L C E be a V-invariant line bundle, and denote L* := elmffi L C E*. One
easily check from previous formulae that

« if L|y, = lj,then LE|y, # 15, LT ~ L ® O([x;])and L™ ~ L
« if L|y, # lj,then LE|y, =[5, LT ~ Land L™ ~ L ® O(—[x;]).

The trace of the connection is changed by
tr(VE) = (V) @ ¢+

where ¢ is the unique logarithmic connection on Oy (£[p]) having a single pole at p
with residue 1 and trivial monodromy. Indeed, the monodromy does not change by a
birational bundle transformation.

2.7.4 Isomorphisms between moduli spaces

There are several natural transformations that can be applied in family, giving rise to iso-
morphisms between moduli spaces of parabolic connections.
Firstly, there is an action of (Z/,)" on parameters 6 given by changing signs

0 =0F....05) =0 =(,....0), €=(e1.....€n) € {+.—}":

Obviously Con? (X,D) = (Sono/(X, D) since the eigenvalues at each pole are {9i+, 0~}.
For generic @ (see Corollary 2.7.3), we have natural isomorphism

Con’ (X, D) >~ Con__, ,(X.D)
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and we can deduce an isomorphism

€ : Con®_ . (X.D)— Conl_, ,(X.D): (E.V.l)~> (E.V.I);

mind that the parabolic structure changes with 6: if 0i+ <> 6, then [] is the other eigendi-
rection, attached to 0;". For special values of @, these isomorphisms might be birational,
only defined on a Zariski open set. Indeed, p-stability changes with 1+ 1'.

Secondly, there is an action of rank 1 logarithmic connections on (X, D) by tensor
product. Given L — X aline bundle, and ¢ : L — L ® £2'(D) a connection with simple
poles along D, then denote by (91, ..., ¥,) € C” the corresponding residual eigenvalues:
Resy,; ¢ = ¥;. Then we have the following isomorphism

(L.D)® : Conl_, (X, D) —> Con®_ ,(X.D): (E.V.)> (L®E.{®V.I)

r—sta
where [/ is the direction induced by /; C E|x; on L ® Ely,, and 0’ is the translate
0=@0E.....05) =0 =0OF+01.....05+9,).
In trivialization charts, this twist operation can be described as follows
(L,¢) : d + w; withcocycle (m;;)
(E,V) : d +A; withcocycle (M;})

~ (L, 0)®(E,V) : d + A; +w;I withcocycle (m;; M;j)

Rank 1 logarithmic connections on (X, D) form a group for the tensor product. We note
that determinant changes as follows

det(L ® E) = L®? @ det(E) and tr({ ® V) = 2tr(¢) + tr(V).

Using this operation, we can deduce that any moduli space Conzfst (X, D) with even
degree Z?=1 9i+ + 07 € 27 is isomorphic to a moduli space with holomorphic trace, i.e.
with 0" = (£% ) where 6, = 6 — ;"

Thirdly, elementary transformations (see Section 2.7.3) also provide isomorphisms:

elm} : Con®_, ,(X.D)—> Conf,_, ,(X.D)
where (0, ) — (0’, n') is given by
9;“ —67, 6 — 9i+ -1, puir>1—p;

and all remaining parameters/weights left unchanged. Here, the change of weights is ex-
actly what is needed to preserve stability: this follows from discussion in Section 2.7.3.
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When 6 is generic, all above transformations preserve the complex algebraic structure,
and are therefore biregular isomorphisms between moduli spaces. The combination of
them allow to modify

o— (07 6T L g (VT e 6T+,
00 - 6 O + v+ - O +v, + 0,

n

where vE € Zand 9; € C, Y1, ¥ € Z.
We deduce that any moduli space of connections on the Riemann sphere C with generic
0 is isomorphic to a moduli space of sl,-connections, i.e. with ' = (:b%‘, e, :I:%")

2.7.5 'The Riemann sphere with 4 poles

We saw in Section 1.5.6 how to explicitely describe the moduli space of sl,-systems with
4 simple poles on C. This corresponds to logarithmic connections on the trivial bundle.
However, there are many non trivial bundles on C (see 2.1.1).

Proposition 2.74. Let X = C. For any choice of 0, there are finitely many possible
vector bundles E = O(k1) ® O(ky) occurring in the moduli space Con® (X, D).
Forn = 4, and generic 0 with Zi 9i+ + 07 +d = 0, the possible vector bundles are

« O(k) ® O(k) or O(k — 1) ® O(k + 1) if d = 2k (even),
« Ok) @ O + 1) ifd = 2k + 1 (odd).

Proof. 1t is a straightforward application of formulae in Example 2.2.1 (beware that the
number of poles is #n + 1 in that example). We obviously have k; + k» = d; so we just
have to upper-bound k», or k, — k1. If (E, V) is irreducible (which is the case for generic
#), then B(x) cannot be zero. This promptly implies by (2.5) that k, — k1 < n — 2; for
n = 4, we get ko — k1 < 2, whence the list of possible bundles. On the other hand, for
non generic @, we might have reducible connections, i.e. with B(x) = 0. This means
that O(k) is invariant and we deduce a relation of the form ;' + --- + 6, + ko = 0,
€; € {+,—}. There are finitely many ¢;, and therefore finitely many possible k. O

On the Riemann sphere @ , a connection (E, V) is slp, i.e. with det(E) = O and
tr(V) = 0, ifand only if 67 + 67 = 0 fori = 1,...,n. Indeed, it is exactly the
condition for which (det(E), tr(V)) is holomorphic, and since Cis simply connected, its
monodromy is trivial, and the rank 1 connection is trivial too (by the Riemann—Hilbert
correspondance). In particular, £ = O(—k) & O(k).

We deduce from Proposition 2.7.4 that the moduli space of logarithmic sl -connections
with 4 poles on the Riemann sphere C splits into those defined on the trivial bundle (Fuch-
sian systems, see Section 1.5.6) and those defined on O(—1) & O(1). These later ones can
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be uniquely normalized to

0 dx
V=d-+ ( X(x—l)(x—t))
w 0

where

_(ﬁ (1—062 1t —1)6?

ax =1 " ax—1) +c+w;—1y)¢x

Indeed, we can use (2.5) with (n, k) = (3, 2), and action of (2.6) to normalize B = 1 and
A = 0; then, tr(V) = 0 gives D = 0, and C(x) is almost determined by the fact that the
residual eigenvalues are + %. The free parameter ¢ € C stands for the parametrization of
the moduli space of connections on £ = O(—1) & O(1).

If we denote by Cion?k | k) (X, D) the moduli space of connections on the bundle
O(k1) ® O(k,), then we deduce:

[0} o1 O [0
Corollary 2.7.5. Let (8,01, 6:,0s) € C* and set § = <_29_0 _29_1 _2& _gﬁ).
2 2 2 2

Assume genericity conditions

€0bo + €101 + €6y + €000 €27, Ve € {+,—},

0:; 7, Vi=0,1,t 00. (2.17)

Then, the moduli space of connections Con® (X, D) is an irreducible and smooth quasi-
projective surface, which splits into

Con® (X, D) = (Eon?o’o)(X, D)u @on?fl’l)(X, D).

The moduli space of representations is an irreducible and smooth affine surface ERepg, 4 C
C3, and we get a biholomorphic map

RH : Gon’ (X,D) = ERepgA.
For larger n, and generic sl,-parameters (64, ..., 8,), we get a stratification
Con’ (X,D) = (Son?o,o)(X, D)u (Son?fl’l)(X, Dyu---u Gon?fk’k)(X, D)
with 2k < n — 2, with decreasing dimension. In the case n = 4 however, there is a
way to explicitely describe Con® (X, D) as an irreducible variety. The idea is to apply

one elementary transformation, so that the degree is deg(E£) = 1 and there is only one
possible vector bundle (see Proposition 2.7.4).
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2.7.6 Explicit description as 8-blow-up of a line bundle

A ruled surface S — X on a curve X is a locally trivial bundle with fiber P!. Examples
are given by the total space of the projectivization P (E) where E — X is a rank 2 vector
bundle. In fact, all ruled surfaces are of this type (see Maruyama (1970)). Precisely, E
and E’ will define the same ruled surface if, and only if, E’ = L ® E for a line bundle L.

It follows from the Birkhoff—Grothendieck Theorem 2.1.1 that, on the Riemann sphere C s
ruled surfaces are so-called Hirzebruch surfaces:

S =PO®0Kk) > C, kelso. (2.18)

The subbundle O(k) defines a section 4 : C— Xk, with image H = h(@) C X, and

X \H — C can be viewed as the total space of a line bundle L; whose zero-section is
given by the subbundle O. In coordinates, this writes (with notations of Section 2.1.7)

1
Up x P! 3 (x,y0) = (2, Yoo) = (;))c]_’(:) € Uy x PL.

Then, H is defined by yp = oo or yoo = 00, and we have Ly = X \ H.
Let§ = (:I:%O, :I:%‘, :I:%[, :I:e%") be generic as in (2.17). Consider the following 8
points on the surface X:

py =O.tkg) pf=0.(0-0k1) pf=@10t-Dk)  pE=1(0.—p)
P = (0,0) pry = (1,0) p; = (t.0) Poo = (0, —p — ko)

(x,y0) (z,¥00)

(2.19)
where k;’s and p are defined by

(B0, 61, 60;,000) = (Ko, K1, kr, 1 —Koo) and ko + k1 + Kk + koo +2p=1. (2.20)
Now, define the blow-up ) 2 — X at the 8 points pijE and define

. EijE c %, the exceptional divisors over pii;

s F; C ) » the strict transform of the fiber of X, at x;;

« H C X, the section at infinity;

e Z=HUFyUF|UFUF.

Theorem 2.7.6. Let 6 = (:I:%O, :l:%‘, :l:%‘, :I:g%") be generic as in (2.17). Then, the

moduli space of connections Con® (X, D) is smooth, isomorphic to 5, \ Z.
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Sketch of proof. We start by twisting (E, V) by

6o dx 6; dx 0; dx
L = d+ ——— 4+ — i
(.9 = (O, +2x+2x—1+2x—t

),

so that we get new eigenvalues

o/ — (fo 01 O P
“\0 0 0 p—-bx
Then, we mimic the cyclic vector in formula (1.16). Assuming first £ = O @ O, we
diagonalize Ao, = diag(p + 0, p). Then we see that

_ A(x)  B(x) dx
V=d+t (C(x) D(x)) x(x —1)(x —1)

with B, C polynomials of degree < 1: the expected degree is 2 but one root is at x = oo.
We apply the gauge transformation

) 10
M I(X)Z(A(x) B(x))

and get the following normalized connection

0 1 dx 0 0
V// — d _— .
(o ain)sa=imn * agman )
This transformation can be thought as an elementary transformation
elm; oelm:E=000 - 0O(-1)® O0(1)
where parabolic at x = ¢ is spanned by e,. The new eigenvalues are

0//_(90 0 6 0 P—Qoo-f-l)_(lfo k1 ke 0 P+Koo)
=lo o o -1 0 =

connection writes:
dx = (L +c0+clx) dx
v'=d+(° 0D with Y= \a
Y § § «
for some constants p, cg,c; € C. The connection at x = oo writes

-1 1 dz .
V=d- (Cl Ko + K1 + Kt) = + holomorphic
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so that we deduce, by looking at the determinant, that
c1 + ko + k1 + K + p(p + ko) = 0.
On the other hand, at x = ¢, the matrix connection expands as

0 0

N
A(x) = l;— + < K q(qll)(q—t)x

—q cotcq Tt

) + O(x —q)
and this singular point is apparent (i.e. of diagonal type, without monodromy) if, and
only if, the eigenvector (;) of the residual matrix corresponding to 0-eigenvalue is also
eigenvector of the constant matrix-term, yielding
Pz Ko K1 Ky
“ T 4q-Dg-0n _p(? T +qu) Pt o).

It follows that, for ¢ € C \ {0, 1,¢}, we can uniquely determine V" from p € C, or

. . 1 . .
equivalently from the parabolic structure P associated to the 0-eigenvalue at x = g.

One can then go back to a connection (E, V) on E = O @ O by applying elementary
transformation elm, ., and then twist by (L, ¢ YD,
When ¢ — 0, 1,¢, then the normal form(O @ O(2), V") has a limit if, and only if,

the parabolic [; = C (I]’) € P(O @ O(2))|x=q tends to one of the eigendirections

pijE € P(O & O())|x=i given by 2.19 over poles i = 0, 1,¢. Moreover, the resulting
limit depends on the slope of the limit: the set of limit connections at pii is parametrized by
the exceptional divisor Eii after blowing-up this point in the surface ¥, = P(O & O(2)).
Then the new eigenvalues are, for instance when /; — p(')" (resp. py)

n_ (ko—1 k1 K¢ P Ko K1 Kt P
6" = ( 0 0 0 p—l—icoo) resp: (—1 0 0 p—i—Koo)
and then elmg , provides a connection on the trivial bundle with eigenvalues 6 (after
twisting by (L, £)®1) for the limiting parabolic structure

1 1
Iy, =C (t/co) resp. C (O)

When g — oo, there are two cases depending whether /, coincides or not with /. If they
coincide, then we have to apply two successive elementary transformations to retrieve
a connection on O @ O with expected eignevalues. On the other hand, if they do not
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coincide, then the two elementary transformations annihilate and provide just a twist by
(O(—1), decan) Where d.yy, is trivial in the affine chart Uy. Then, we get a connection on
O(—1) ® O(1) with the expected eigenvalues after twisting by (L, £)®1. We conclude
that the exceptional divisor E_ stands for those connection on the non trivial bundle. [

The proof implies:

Corollary 2.7.7. The locus of those connections (E,V) in Con? (X, D) with non trivial
bundle E = O(—1) & O(1) coincides with the curve E_.



In the Riemann—Hilbert correspondance, we have two moduli spaces, Con’ (X, D) de-
pending of the complex structure of the punctured curve (X, D), and E}%epg,n depending
only on the topology of the curve. We can therefore consider deformation of the curve
(X, D) and the Riemann—Hilbert correspondance with parameters. In fact, it is possible,
when deforming the curve t — (X, D;), to deform a given connection (Eg — Xp, Vo)
ast — (E; — X;, V) in such a way that its monodromy representation is constant (up to
conjugacy). This provides a local analytic trivialization of the family ¢ — Con’ (X:, Dy):
fibers of the Riemann—Hilbert correspondance with parameter

U, Con? (X;, Dy) — S‘tepg,n

are isomonodromic deformations. It turns out that we can explicitely compute the non lin-
ear differential equations defining the isomonodromic foliation (whose leaves are isomon-
odromic deformations). The way of doing this goes back to Schlesinger who noticed that
isomonodromic deformations (E; — X;, V;) are induced by a flat logarithmic connec-
tion V on the total space X' := Ll; X;. Then, integrability of V provides isomonodromic
differential equations. The particular case of (g,n) = (0, 4) gives rise to the Painlevé VI
differential equation.
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3.1 Flat holomorphic connections

Let X be a complex manifold of dimension m. Let E — X be a (locally trivial holomor-
phic) vector bundle of rank 7. A holomorphic connection on E is a C-linear morphism of
sheaves V: E — E ® £2 }( satisfying the Leibniz rule (2.3) as in the case dim(X) = 1.
Locally, through trivializations of Y : E|y — C7, the connection writes:

V:Y—dY +AY, Ac HU, gl (2Y)).

The main difference with dimension 1 case is that there needs not exist local horizontal
sections. In local coordinates x = (x1,...,X;), we can split A = A;(x)dx; +--- +
A (x)dx,, so that the differential equation for horizontal sections dY + AY = 0 is more
a PDE, that can be viewed as a combination of several systems:

dYy dy
— +Ax)Y =0, -+ ,— +A,(x)Y =0.
dxq dxm,

These equalities define a m-dimensional distribution on the tangent space TE transversal
to the (fibers of the) projection p : E — X, i.e. a m-dimensional linear subspace of T, E
at each point p € E. From this point of view, it is a connection in the sense of Ehresmann
(this is much more general, without requiring linear condition), and the existence of local
invariant manifolds is given by Frobenius Integrability Theorem.

Lemma 3.1.1. Are equivalent:

e V. V=0

* dA + A A A = 0in each trivialization chart U x C';

* (E, V) admits a local trivialization at the neighborhood of any point x € X.
We say that V is flat (or integrable) in that case.

When X has dimension one, all these properties are automatic, because 2-forms are
trivial on X .

Proof. 1f we iterate twice V, we get a C-lincarmap V-V : E - E® .Qf( In local
trivialization, it is given by
Y 5 dY +AY S d(dY)+(dA)Y —AAdY +AA(dY +AY) = (dA)Y +AAAY.
——’
0

This gives the equivalence between the two first assertions.
For the third assertion, first observe that the existence of a local trivialization

®:(E.V)y — (0%.d) & A=0"'do
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implies that

dA=—-0 ' do ' NdD = (@7 1dDP)A (@71 dDP) = —ANA
N—
d(@1)

giving one implication. For the converse, observe that fx—fn + Am(x)Y can be viewed as
a family of systems of a single variable x,, with parameter (x1, ..., X;;—1). Then, we can
solve in family and provide a trivialization @ with respect to x,,-variable: after applying
@, we may assume A,, = 0. Then, integrability condition gives

m—1
dA; dA; dA;
dA+ANA = — Z dei/\dxm—i- Z (de - dx: + [A4;, A_j]) dx;ndx;

i=1 1<i<j<sm-—1

where [4;, A;] = A;Aj — A;A; is the Lie bracket. We promptly deduce by examining

terms in dx; Adx,, that % = 0fori = 1,...,m—1. So the variable x,, has disappeared
from the story and we can reiterate with trivialization along x,,—; variable, and so on, until
the connection only depends on x; variable. O

Remark 3.1.2. A4n alternate proof'is given by considering V as a distribution, and flatness
as Frobenius integrability condition for foliations. Let us explain in the rank r = 2 case.
Locally on X, the system rewrites

a B wy =dyr+ay1 + By, =0
dYy Y=0 <«
+ (y 5) {wz=dyz+yy1 + 8y, =0

The kernel of w1 A wy defines a corank 2 subbundle D C TE (i.e. a distribution) which is
transversal to fibers. By Frobenius Theorem (see Camacho and Lins Neto (1985, Apendix)),
this defines a foliation if, and only if

i Awpy Adw; =0 fori =1,2.

One easily checks, examining coefficients of yidy1 A y2 i = 1,2, that this condition is
equivalent to

_(do dp BAy aAB+BASY
dA”LAAA—(dy d5)+(y/\oz+8/\y anp =0

Under this vanishing condition, the distribution D defines a codimension 2 foliation whose
leaves form V-horizontal sections, by construction. The existence of a basis of sections is
enough to prove local trivialization.

If (E, V) is a flat connection, then local trivializations admit analytic continuation, and
we can define the monodromy representation. Then, the holomorphic Riemann—Hilbert
correspondance still holds, replacing connections by flat connections:
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Theorem 3.1.3 (Riemann—Hilbert Correspondance: the holomorphic case). Let X be a
connected complex manifold. Then, the monodromy map induces a one-to-one correspon-
dance

Mon

Flat rank r connections ~ Group homomorphisms
(E,V) over X /n m1(X, x9) — GL,(C)

/GL(C)

3.2 Flat logarithmic connections

A meromorphic connection on E is given in trivialization charts by V. = d + A where
A € gl (2'®M), i.e. coefficients are meromorphic 1-forms. It is easy to check that poles
and their multiplicity do not depend on the trivialization chart, and are therefore globally
defined on X. It is natural to associate the divisor of poles, whichis D = k; Dy + --- +
kn D, where D; C X are irreducible components of the hypersurface of poles of A4, and
k; the maximal multiplicity occurring in coefficients of the matrix A. In other words, the
connection defines a C-linear map V : E — E ® £2!(D) satisfying the Leibniz rule. In
this text, we will only consider connections with simple poles, i.e. k; = 1, and moreover
with D;’s smooth and two-by-two disjoints. A meromorphic connection is flat, if it is flat
in restriction to the open set where it is holomorphic (complement of poles); equivalently
dA+ANA=0.

Proposition 3.2.1 (and definition). Let (x1, ..., Xx,) be local coordinates on X such that
the connection V = d + A (on the trivial rank r bundle) has a pole of order 1 along
D : {x; = 0}, and is flat; denote x’ = (x3,...,Xm). We say that the pole D is logarith-
mic, if both A and d A have simple pole along D. This property does not depend on the
trivialization, and implies that, after local holomorphic gauge transformation, we have
that A only depends on x.

Proof. Since A has simple pole along x; = 0, we can write:

A (xXNdxy A A A (X d X
X1

A 4+ Bi(x)dx1 + -+ + Bp(x)dx,,

with Ay, By holomorphic. Then, d A has simple pole if, and only if, 4 = --- = 4, = 0.
This implies that the partial connection

V' =d + By(x1,x")dxy + -+ + Bp(x1,x")dxm

viewed as a family of connections along fibers of x; : U — C, is holomorphic. It
is also flat as restriction of a flat connection. We can integrate in family and assume
V' = d. Therefore, A = A(x)dx—xl1 and integrability condition shows that dA A % =0,
ie. A(x) = A(xy). O



3.2. Flat logarithmic connections 63

In the rank 2 case, a logarithmic connection can be locally reduced to models (1.12) in
x1-variable. We can then talk without ambiguity about the type of logarithmic singularity
along an irreducible component D; of the polar divisor, as well as about its eigenvalues.
Here follows a particular case of Deligne’s version of the Logarithmic Riemann—Hilbert
Correspondance (see Briangon (2004) and Deligne (1970)).

Just before this, fix a point xo € X, and for each component D;, a small loop §; based
at x; turning around D; and a path o; from xg to x;; then denote by y; = o}~ 18,0,

Theorem 3.2.2. Let X be a connected complex manifold. Let D = Dy + ---+ Dy be a
smooth divisor with irreducible components D;. Let = (91i, e, Qf) e C?" such that

9i+ — 07 & Z*. Then the monodromy map induces a one-to-one correspondance

Flat logarithmic connections B Group homomorphisms
(E,V) over (X, D) of rank 2 — { p:m(X \ D,xo) — GLz((C)jE
. Mon
Resp, V has eigenvalues Gii I~ 0 p(v:) has eigenvalues o2V —16; P

where y; are the loops previously defined.

Proof. The proof is essentially the same as in the one-dimensional case. Denote X* =
X \ D and cover each D; by polydiscs (U; x )x with coordinates like in Proposition 3.2.1,
and denote U*, = U;x \ Dilu, ;-

Injectivity. If (£, V), (E’, V') have same monodromy representation, then there is an
isomorphism ¥* : (E, V)|x+ — (E’, V')|x+. On each Uj x, the restrictions (E, V)|y;, .,
(E’,V')|y; , are like 1-variable connections, and ¥*|y, , like a 1-variable isomorphism
between them, and therefore extends holomorphically (and uniquely) along D; |y, , by

Lemma 2.4.2. By this way, ¥ extends holomorphically all along D.

Surjectivity. Any representation can be realized as the monodromy of a holomorphic
connection (E*, V*) on X *. We have to construct a logarithmic extension along D with
prescribed exponents. On each open set U ¢, one can do this by applying Proposition 3.2.1
with the 1-dimensional Logarithmic Riemann—Hilbert correspondance (Theorem 2.5.1):
from the 1-dimensional model (E;, V;) defined by the monodromy, we deduce a model
(Ei . Vi) on the polydisc by taking the product with a polydisc of dimension m — 1.
Since (E*, *)|U’j( and (E; g, V; k)|U* have the same monodromy, then we get an iso-
morphism ¥; ;. over U ", between the restrlctlons of (E*,V*) and (E, k> Vik). Over in-
tersections U; x N Uj 1, we can define 1somorphlsms Wi k1 from (E; k., Vig) to (Ei 7, Vi)
by extending along D the symmetry ¥; ; o ¥, ! which is defined on U, N U, All these
maps provide a way to patch all local connectlons (Eik.Vig)to (E*, 3 V ) 1nt0 a global
logarithmic connection over (X, D). O
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3.3 Deformation of curves and flat extension of logarith-
mic connections

Let (X, D) be a punctured curve. We would like to consider its deformation, and especially
its maximal non trivial deformation.

A deformation of the curve (Xg, Do) of genus g with n punctures D = x1 + -+ + X,
is

* a parameter space 7' 3 fy, i.e. a connected complex manifold,;

* a holomorphic fiber-bundle = : X — T (i.e. a proper submersion) whose fiber is a
(complete smooth) curve of genus g;

+ disjoint holomorphic sections Dy, ...,D, : T — X
* an isomorphism ¢ : (Xy,, Dy,) = (Xo, Dy).
where we denote
t > (X, D) i= (271 (1). Di(t) + -+ + Du(0).

For any (g,n) # (0,0), (0, 1), (0,2), (1, 0), there is a moduli space M, , of compact
smooth irreducible curves of genus g with n distinct punctures up to isomorphisms pre-
serving the numbering of points D = x; +-- -+ x,. This is an irreducible quasi-projective
variety of complex dimension 3g — 3 4 n which can be singular (due to automorphisms
of (X, D)), with non trivial topology. On the other hand, there is a Teichmiiller space
Teichg ,, which takes into account a marking of the surface, i.e. a presentation of the
fundamental group 71 (X \ D, x¢) =~ g, as in (2.9). Equivalently, we add a homeomor-
phism ¢ : (X, D) — (Xg, p1 + --- + pn) to a fixed topological model, equipped with a
system of generators for the fundamental group. This is an analytic (not algebraic) con-
nected manifold of complex dimension 3g — 3 4 n that can be embedded as a topological
ball into C3873%" In fact, the forgetful map

TeiChg,n - Mg,n y (X,D’(p) = (X9D)

which is the orbifold universal cover, is an infinite ramified covering. The Galois group is
given by the action of the Mapping Class Group Mody ,, on 7g 5.
There is a universal curve on Teichg ;, i.e. the data of

* a deformation (X, D) — Teichg ,;
* atopological marking @ : (X, D) — (Xg, p1 + -+ + pn);

* the restriction (X, D, ¢) = (X, D, ®@)|, is arepresentative of the isomorphism class
t € Teichg 5.
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Let us consider the case g = 0 as an example.
We can fix x = 0, 1, co and consider variations of remaining points xp, ..., Xx,—3. The
moduli space is smooth in this case, given by

Moy = {(x1,....x0—3) € C" > 1 x; # x;, x; #0,1}
and a universal curve is given by
« X = Moy xPl > (x1,...,X5-3,2);
*D; :{z=x;}fori =1,...,n—3,
» {z = 0,1, oo} for the remaining sectionsi =n —2,n — 1,n.

Here, the bundle (X, D) is even not topologically trivial over the open set My, n It be-
comes topologlcally trivial when lifted on Teichy ,, and we can define amap @ : (X D) —
(S?, p1 + - + p,) there. Equivalently, we can provide a retract by deformation ®q : @ :
(A?, 73) — (Xo, Do), to afiber at ty € Teichy .

In Malgrange (1983a), B. Malgrange constructs a maximal isomonodromic deforma-
tiont — (X, Dy, E;, V;) of a given logarithmic connection (Eg, Vg) ona curve (Xg, Do).

Corollary 3.3.1 (Malgrange). Let (Eo, Vo) be a logarithmic connection over the punc-
tured curve (X, Do) of genus g with n points. Let (X, D, @) be the universal curve over
Teichg , with @ : (X, D) — (Xo, Do) a retraction. Then, (Eg, Vy) is the restriction of a
unique logarithmic connection (€, V) on (X, D).

Idea of proof. Since @ : (X,D) — (Xg, Do) is a retraction, we deduce that @* :
71(X \ D,x0) — (Xo \ Do, xp) is an isomorphism. In particular, there is a one-to-
one correspondance with the spaces of representations in GL, (C). In the rank 2 case, and
assuming that eigenvalues of (Xg, Do) satisfy 9i+ — 07 ¢ Z*, then we can use Theo-
rem 3.2.2 to deduce a one-to-one correspondance between flat logarithmic connections on
(X, D), and their restriction to Xj. O

3.4 Schlesinger Theorem

A deformation of a logarithmic connection (Eq, V) over (Xy, D) is the data of
* adeformation v : (X,D) — T > ¢y of the punctured curve (X, Dy);
 avector bundle £ — X;

« a partial connection Vy 1 : £ —> £ ® 2} /T(D)

* an isomorphism ¢ : (Ey,, Vi) = (Eg, Vy) over (Xo, Do)
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where we denote
t— (X¢, D¢, Et, Vi) where (E;, V) = (Elx,,Va/rlx,).
Locally, in coordinates, the projection is defined by
X = (X1, X0, ..., Xm) >t = (X2,...,Xm)
and the connection takes the form
Vy/r =d +A where A= A(x)dx;, Aegl.(O(D)).

The deformation ¢ — (X;, D;) is locally topologically trivial, i.e. over an open neighbor-
hood xo € V C T, we have a topological trivialization

XDy =77 (V) ——2—— V x (Xo. Do)

Then we can define the monodromy representation in family: we deduce, for instance in
the rank 2 case, a map:
Mon : T — Rep, ,

where Rep, , is the moduli space of representations without fixing local eigenvalues. We
say that the deformation is isomonodromic if, and only if, this map is constant.

A flat logarithmic connection (£ — X,V : & — & ® 2%(D)) induces a partial
connection V y, 7, and therefore a deformation t — (X;, D;, E;, V;). But the monodromy
of (X¢, Dy, Ey, V) is that of the flat connection (€, V) on (X, D) because the topology is
the same after restricting to the transversal X; C X to the divisor D. So the monodromy
must be constant. Therefore, the flat logarithmic connection induces an isomonodromic
deformation. The first result of Schlesinger is that the converse is often true. We state it
in the rank 2 case:

Theorem 3.4.1 (Schlesinger). Let (Ey, Vo) be a logarithmic rank 2 connection on (Xg, Dg)
with eigenvalues 0 satisfying 0i+ — 07 ¢ Z* Lett — (X;, Dy, E;, V;) be an isomon-
odromic deformation induced by a partial connection (€, V) on the total space (X, D) —
T of the deformation. Then, the partial connection V is induced by a flat logarithmic
connection V' on (X, D).

Proof. Let us start considering the partial connection (£, V) at a the neighborhood U of
a generic point of Xy (i.e. outside of the polar set) in local coordinates:

=d + A(x)dx;.
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There exists a local trivialization @(x) (in family) given by solving

,d®
@ yr A(x).

If we choose @ such that @(0,¢) = I, then @(x) will depend holomorphically on all vari-
ables x = (x1,¢) on U. The corresponding monodromy representation will also depend
holomorphically on ¢. By assumption and Lemma 3.4.2 below, there exists a holomorphic
family of matrices t +> M(t) € GL,(C) such that the monodromy of M o @ along paths
in fibers of ¢ does not depend on ¢. Then, replacing @ by M o @, we can assume that
@ has constant monodromy. We note that eigenvalues of the partial connection restricted
to curves (X;, D;) must have constant eigenvalues, since their exponential are constant
(they are eigenvalues of the local monodromy), i.e. given by 6 as in the statement.

On the other hand, the connection (Ey, V) extends as a flat logarithmic connection
(&', V') on (X, D), and admits a local trivialization @’ with the same monodromy repre-
sentation as @. Then ¥ := (@')~! o @ extends by analytic continuation along curves
(X¢, D;) as a holomorphic isomorphism of vector bundles ¥ : £ — £’ conjugating V to
V' along curves (X;, D;); by assumption on 6, the conjugacy ¥ extends holomorphically
on D. Then ¥*V provides the flat extension of V. O

Lemma 3.4.2. Lett — (Mi(t),..., Mag_244(t)) be a holomorphic family of represen-
tations in Rep, , (see (2.10)) and assume they are two-by-two conjugated. Then there is
holomorphic family of matrices t > (M(t)) such that M~ M; M is not depending on t
anymore.

Proof. Since M; (t) has constant eigenvalues, we can choose eigenvectors depending holo-
morphically on #. We start with the case where matrices M;(¢) are not commuting. Then
we can find M; (1), M; (t) with distinct eigenvectors v; (t) # v;(¢). In the basis (v;,v;)
(depending holomorphically on ¢), the matrices write

AF ci(t)) (A* 0)
M, = 2 s d M: = J _ 1.
i (0 A ) TG A

1
Then, one of the non-diagonal coefficients is not zero (otherwise commutative), say ¢;, and
we can set ¢; = 1 after conjugating by diag(c;, 1) (holomorphic in #). This normalization
is unique, and any conjugacy between two such normalized pairs of matrices should be the
identity. In particular, under this normalization, the matrix M(¢) of the statement should
be the identity, and therefore holomorphic. In the commutative case, we can proceed
similarly with adapted normal form (diagonal or Jordan block). O

3.5 Schlesinger equations

We now restrict to the rank 2 case with 4 poles for simplicity. Consider a Fuchsian system
dY (AO Aq Ay

dx X x—1+x—t) *© 0 ! !
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s 0 6 6 oo o
with eigenvalues 6 = (:t?" +5,+75, :I:T> satisfying 0; & Z*.
Theorem 3.5.1 (Schlesinger equations). 4 small holomorphic deformation of the previous

system:
Ao) | A | A

t—> A(x,t) = P —

is isomonodromic if, and only if, up to holomorphic gauge transformation t — M(t), we

have: 0o [Ao.A] 041 [Ar 4l 9o
0 0, ¢ 1 1, At
- = y = and —— =0. 3.1
ot t ot t—1 ot (-1
Proof. From Theorem 3.4.1, the assumption can be translated into the existence of a flat
logarithmic connection inducing the partial connection d + A(x,t)dx. Precisely, there
exists a flat logarithmic extension:

V =d+ A(x,t)dx + B(x,t)dt
where B, having only simple poles at x = 0, 1, ¢, oo, must be of the form:

B(x,t) = B‘;(t) + fl_(? + f’(t) + C(1) + Boo(t)x.

. . s .. 9A
Now, the logarithmic condition, requiring that %7 —

%—f has only simple poles, implies
BOZBl =Boo=O and BtZ—At.

Finally, integration of d 4+ C(¢)dt gives a trivialization ¢(¢,Y) = (¢, M(¢)Y) which,
applied globally to the flat connection allows us to make C = 0. We arrive at the normal

form d d d
—t
Ved+An®™ + a0 14,00
X x—1 X —t

Then, the flatness of V is equivalent to (3.1). Indeed, flatness writes

04 Ao, Af]\ dx N dt 0A Aq, A\ dx N dt
o+[o])x +( 1+[1])X

dA+A/\A=(

at t X at r—1 x—1

=0.

8A, [AO,A,]_[AI,A,] dx N dt
ot t t—1 x—t

The vanishing of the two first coefficients gives the two first conditions of (3.1), and the
vanishing of the sum of the three coefficients

gives the third condition of (3.1) after recalling Ao = —Ag — A1 — A;. O
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Remark 3.5.2. There is a small gap in the presentation of Schlesinger Theorem. First of
all, the vector bundle E; deforms along isomonodromic deformations. However, upper
semi-continuity of t > dim H®(X;, E;) shows that t > k; is upper semi-continuous in
Birkhoff decomposition E; = O(—k;) ® O(k;): the set of parameters for which k = 0
(minimum) is open. Therefore, if we start with a system, i.e. a connection on the trivial
bundle Ey = O & O, then small deformations E; will also be the trivial bundle. On the
other hand, this also implies that £ is trivial on a neighborhood of X. Indeed, one can
apply Fischer and Grauert (1965) to trivialize P (), the deformation of compact surfaces
P(E;), and then it remains to locally trivialize det(E) which is easy.

3.6 The Painlevé VI equation

Letus explain how to derive Painlevé VI equation from the Schlesinger PDE under generic
assumptions. In what follows, we denote P(x) = x(x — 1)(x —¢) and

dy A A A,

—_— Y =0, A =—40— 41— Ay, 3.2
dx X Y—1 + X —1 S 0 1 t 3.2)
A(x)
with
_(ax)  b(x) (@ by . _

Ax) = (c(x) —a(x) and A; = o —a ) 1= 0,1,1, 0.

We have
02
—det(A;) = a} + bic; = TI’ i =0,1,t, 00. (3.3)

Since we can apply a constant gauge transformation to the Schlesinger system without
changing equations, we will assume for simplicity 8o, 7# 0 and normalize

s
Aoo = ( 2 ) , Boo # 0. 3.4)
o =
We have the following equations
ap+ay+a = 9%'0
bo+b1+b = 0 (35)
co+ci+c = 0

Our normalization of the system is not unique, and we can still conjugate by a constant
diagonal matrix. Invariant functions under this action are given by a;’s and b;c;’s. They
generate the ring of polynomial functions invariant under the action: they define polyno-
mial functions on the moduli space.
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We introduce rational coordinates on the moduli space of systems, namely:

tho d —ao+97° —a1+97‘ —at+%’

= ————— an = .
tho+—Dby "7 g =1 " q-

In what follows, we will work on the open set where ¢ and p are well defined. We note that

g and p are invariant under diagonal conjugacy: x = g is the zero of the (1, 2) coefficient

b(x) of the system, i.e. the point where the f%"’—eigenvector of Ao is also an eigenvector

of A(x) with eigenvalue

q (3.6)

Bo 0, 6,
2¢ 2g-1) 2¢q-—1)

We claim that we can reconstruct the system from generic (¢, p) € C? uniquely up
to conjugacy. In order to do this, we first notice that equations (3.5) allow us to express
as, by, ¢y in term of ag, aq, by, b1, ¢1, co. Moreover, equations (3.3) fori = 0, 1 allow us
to express ¢, ¢o in terms of ag, ay, by, b1, and we thus get:

p_

92
0 2
~4 —a
co = 4b0 0
07 >
2 —a
¢ = 4b 1
1
9 3.7
a = —ap—ar+ =3 SR
by = —bo — by
2 5 6
¢ — _To_ao _ Tl_al
t bo by
It is therefore enough to know
by
ag, a; and —
bo

to reconstruct the system up to conjugacy. But there is an extra relation on these three
variables which is (3.3) for i = ¢, inducing after substituting (3.7) the following

0\ 2 2 ) ot _a? 02
(a0+al_7) + (bo + b1) 4b00+4b1 : :It
By definition of g (see (3.6), we have
Z—(‘) = —3% (3.8)

and we can rewrite the previous equality as

gg—1D \ (1t r—1 \* (t6\> [((t—10\?
T {(E“Hq—l‘“) (%) _(2«1—1))} G2
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05+ 07 —62 462,
1 =
On the other hand, substituting (3.7) in the definition (3.6) of p, we have

—Ooo(ao +a1) + 0

! -1 LI S (3.10)
p = a a —_— .
qq@—0"" @-Dg-0"""2¢ 2q-1D  2q-1)
from which we deduce
t t—1 6o 2} 0 — 0o
—ap + a;=(q-—1) (p——— — ) (3.11)
g ' g1 2g 2¢q-1) 2g-1)

This later equation allows us to eliminate quadratic terms in ag, @1 in (3.9), so that the

combination of (3.9) and (3.11) provide a system of linear equations for ag,a; which

allow to express these coordinates in term of g and p. So far, we have constructed a

birational map (p, q) : Con’ (P1,{0,1,t,00}) — C? and we are now going to express

the differential constraints (3.1) in terms of variables (p, ¢), and then finally only on g.
For simplicity, we denote a; the derivative %it’ and so on. Equations (3.1) write

a. = cobi—boci ad = _cobi=bocy.

o = ] bod L b B bie

by = 2004129001 P0%e  gpd  (pp = —2204129001 _ D1 (3.12)
/ apc1—coal coboo / __n4a0cf1—¢Co4a1 €100

Co 2 7 + =3 51 2 t—1 + 50

A combination of above equations yields simpler ones

tag + (1 —)ay = 0
thy+(t —1)b) = —(bo+ b1)0o (3.13)
tecg+ @ —Dep = (co+c1)boo
Now, derivating (3.8), one has
b, b} 1
"=qq-D (- : 3.14
g9 =q(q )(b1 b0+t(t—1)) (3.14)

Using equations (3.12) for b;, and b}, we get

b/l b(/) ao bl aop aq 900 aq b()
L Z0 0 (L 2 -2 -2 2). @315
b be 1 (b0)+( —1 77 t(t—l)) =1 (bl) (3.15)

Substituting (3.15) in (3.14) yields

—1 t t—1 1-86
Y C) a0t +an n )
tit—1) q qg—1 2

(3.16)
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Substituting (3.11), we get

,_261(q—1)(q—t)( b 6 et—1)
7= 1t —1) :

— 3.17
24 24— 2q-0 @17

In a very similar way (a bit more complicated though), we can differentiate equation (3.10)
with respect to 7, and then substitute (3.12) and (3.7) and get
s _Bd?—20+1a+0p? =B +6) + 6 —DRa—1) =6t =01 — 1)+ pp+ 1 —0o0)

7= —n 618

where p is defined by (2.20)
(B0, 61, 0;,000) = (Ko, k1, k1, 1 —Koo) and ko + k1 + k¢ + koo +2p = 1.
We can resume the discussion as follows

Theorem 3.6.1 (Fuchs—Malmquist). Consider a system (3.2) with generic 0 defined by
parameters (p,q) € C2. Then, a deformationt — (p(t), q(t)) of system (3.2) is isomon-
odromic if, and only if, eigenvalues 0; are fixed, and parameters (p(t), q(t)) defined by
(3.6) satisfy the non autonomous Hamiltonian system

dqg 0H Bp_ BH

where H is defined by

H = 26060 ( PP (K Ky sl pgi;o—tf))' (3.20)

The differential system (3.20) can be expressed as a vector field

8+8H8 oH
vV = _— _—
! ap 1 9g ?

and is also defined by the kernel of the closed rational 2-form
w=dpndqg+dtndH.
Finally, we deduce

Theorem 3.6.2. Consider a system (3.2) with generic @ normalized by (3.4), and define

parameter q = m € C\{0,1,t}. A small deformation A; = A;(t) of the

normalized system is isomonodromic if, and only if, 0; s are constant and q(t) satisfies
dq g—1 q q(¢ —1)

o = 20y T2+ (-6 )t(t 1) 321
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and the Painlevé VI equation

d’¢ 1(1 1 1 dg\> (1 1 1 d

d?q _L(L 11\ (da) (L L1\ (dg

di2 2\q g—-1 g—t)\dt t t—1 q—t)\dt

glg—1)(q—1) (k2 k3t K2 t—1 L—«21(t—1)
e (55 ) e

2 2427 24— 2 (@-1?
with parameter k = (Ko, K1,Kt,Koo) = (6o, 01,0, 1 — O0).
Proof. Rewriting (3.17) as

t—1) , b N 0, N 6, —1 (3.23)
P=5 7., _ 975 .
2q(q=D(g—-0)" 2 2g-1) 2@g-1)
we can substitute in (3.18), which gives a second order differential equation in g, namely
the Painlevé VI equation. Conversely, given a solution ¢(¢), we can define p(¢) as above
and check that (p(¢), g(¢)) satisfies Hamiltonian system (3.20). O

3.7 Symmetries of the Painlevé VI equation

A symmetry of the Painlevé VI equation is a birational transformation of (k, ¢, g, p) that
is preserving Painlevé VI solutions. There are countably many, and they have been de-
scribed in Okamoto (1987), named canonical tranformations. Most of them arise from
isomorphisms described in Section 2.7.4, that we can perform in family along deforma-
tion ¢ of the polar locus.

First of all, we can permute the role of the 4 poles of system (3.2). For instance,
changing x — 1 — x in the system yields a new system with parameters

0—(01) . (90»91,9t9900»t,q7p)'_>(9159079“900,1_1‘,1_(],_17)
This induces a transformation
6(01) . (KO’KI’KviOO5t’Q7p)'_>(K17K07Kt7K0051_t’1_q’_p)
on the Painlevé VI parameters, which preserves (globally) the family of solutions g (t).
Similarly, x +— 7 induces
lgq
O ¢ (Ko K1 Ke Koo, 1.4, P) > | K. Ki K1 Koow —y 1P

andx»—>%

11
O-(OOO) : (K07K1aKt7K009t7Q7p) = (K007K17KI7K07 ?759_‘](pq +p))
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These 3 transformations generate the symmetric group S4. If we do not want to change the
value of 7, only the 4 Klein group is acting. For instance, changing x — Jt—c in the system
yields the transformation

t _q4(pg+p)
O(OOO)(lt) : (K()?Kl?Kt»KOOat?q’ p) = (KOO»Kt5K15K0?t7 5?_7 .

We can also change sign of exponents k;’s, which does not change g, but changes the
definition of p:

Ko
60 : (K()’Kl’KlsKOOvtaqvp)'_) (_K()vKvit»KOOsquap_?)

K1
€1 (K07K17KI7KOO9Z7Q7P)'_> (KOs_KlsKl,KOO7tsq7p_q_l)

Kt
€ (KO’KI’Kvi(X)vt,qvp)'_) (KOsKls_KlsKoovtsq,p_q_t)

€0 - (KO»KvihKOO’[»qs p) = (KOsKIsKts_Kmvtsq, ]7)

Last but not least, the following symmetry has no direct interpretation as a natural trans-
formation of the system and we call it Okamoto symmetry:

st (Ko,k1,Kt,Koost,q, D) > (Ko+p,1<1 + p, Kkt + pkoo +p, 1, g + g,p)

where p = w as usual. The 8 involutions

O0(000)(12)> O(100)(0t)> O(to0)(01)s €0, €1, €, €0, §

generate the group W of Bdcklund transformations found by Okamoto (1987). It is iden-
tified to some affine Weyl group related to the root system D4 in Boalch (2006a) and
Noumi and Yamada (2002). In fact, the induced action on parameter space « is faithful
and W identifies to a group of affine transformations of C* > k generated by the above 8
involutions.

The group W is infinite since it contains translations

(Ko, K1, K¢, Koo) > (Ko + o, k1 + N1,k + Nt Koo + Noo), N € Z, Zni e 27.
i

The corresponding transformations on moduli spaces coincide with symmetries arising
from elementary transformations (see Section 2.7.3). For instance, an elementary trans-
formation at x = 0 and x = oo induces a transformation

elemg oo : (Ko,K1,Kt,Koost, g, p) = (1 — ko, K1, K¢, 1 — Koo, t,G, D)
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where
2 _ (k1 4 ke plo+Ko+Koo—1)
G=1 p (q— + q—t) p+ (g—1)(g—1)
ap? + (20— 4y — %) p + Al
and

q—

(rr i) (v a)

One easily checks that this transformation coincides with the involution

2 K t p(pg—t(p+Ki)—p—«1)
ar”+ <2p— ‘ITll B Lt’) P+ (q—pl)g—t;) <t

P =—(pq+p)

0(000)(17) ©€0 O S O €1 0 € O

of W. We promptly deduce the translation

O0(000)(17) ©€0 O 5 O €1 O € OS5 0€Q O €co -

elemg 00

(KO’KlaKl’vat’qvp) = (KO + 17K17Kt7KOO + 1’t76’ﬁ)

where we omit the explicit expression of g and p.
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4.1 'The Painlevé Property

Given a local meromorphic function f onadisc D C C, and givenapathy : [0,1] — C
starting at y(0) = x¢ € D, we say that f admits an analytic continuation with poles along
y (or meromorphic continuation) if there is a sequence of discs D = Dy, Dy, ..., D, the
path y successively passes through, and meromorphic functions f; : D; — C such that
filp;np; = fjlp;np;. Then, the germ of meromorphic function f7 defined by f, at
x1 := y(1) € Dy is called analytic continuation (with poles) of f along y.

A differential equation P(x,y,y’,...,y"™) = 0 with P polynomial is said to have
the Painlevé Property if there exists a finite set S C C such that for any local meromorphic
solution f(x) at the neighborhood of some point xg € C\ S, and for any path y : [0, 1] —
C \ S starting at y(0) = xo, then f admits an analytic continuation with poles along y.
Likely as in the holomorphic case, ' only depends of the homotopy class of y with fixed
endsinC \ §.

A first consequence of the Painlevé Property is that we have a one to one correspon-
dance between local meromorphic solutions at x¢ and local meromorphic solutions at x
for any two points xg, x; € C \ S. Indeed, we can define an isomorphism

f:(C,x9) —> C local - g:(C,x1) —> C local
meromorphic solution at xq meromorphic solution at x;
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for any path y : [0, 1] — C \ S from xq to x;.

A second consequence is that, for any xo € D C C \ S, any local meromorphic
solution at (a neighborhood of) x( extends uniquely as a meromorphic solltion on the
whole of D. After lifting the differential equation on the universal cover C \ § — C \ S,
all local meromorphic solutions actually come from global meromorphic solutions. For
instance, Painlevé I equation has Painlevé Property for S = @ so that all local solutions
are actually meromorphic over C.

Example 4.1.1. The functions f.(x) = /x — ¢ are solutions of the differential equation
1= % which does not satisfy Painlevé Property. Indeed, each f. define local meromor-
phic solutions, but there is no disc D C C on which all these functions are meromorphic:
we are missing those f, with ¢ € D. The obstruction is given by branching x = ¢ around
which the function f. is multiform. We call this movable singular points, because their
position ¢ depends on the solution f,. This illustrates the strength of Painlevé Property.

A third consequence of the Painlevé Property is that we can define the monodromy
representation:

f:D— @
m1(C\ S, x0) —  Perm meromorphic solution

Y s [f = /7]

which, to a loop y based at x(, one associates the permutation of meromorphic solutions
on D by analytic continuation along y, where D is any disc such that xo € D C C\ S
(remind that any local meromorphic solution at xy extends on D). Here, Perm denotes the
symmetric or permutation group of the set of solutions. The set of meromorphic solutions
on D (or local at xg) is called space of initial conditions, and can be endowed with a
complex structure.

Kazuo Okamoto (1979) proved the Painlevé Property for Painlevé equations y” =
f(x,y,y") by considering the foliation defined by trajectories x — (x, y(x), z(x)) of the
vector field v = 0, + 29, + f(x, y,z)d;: these are of the form x > (x, y(x), y'(x)) and
correspond to solutions y(x) of the second order differential equation y” = f(x,y, y’).
These trajectories define a foliation by curves F° on Y = X* x C? which is transversal
to the projection

7Y’ > X" (x,y,2) > x

where X* = C \ S with
* § =0 for Py, Pry,
* § = {0} for Pyyy, Prv, Py,
« § ={0,1} for Pyy.

But solutions have poles, meaning that leaves (or trajectories) escape at infinity of the fiber
77 (xp) at some (in fact any) point xo € X*. We have to compactify fibers in order to
better understand.
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Theorem 4.1.2 (Okamoto (1979)). For each choice of parameters 0, there exist quasipro-
Jective manifolds Y° C Y* C Y™ such that:

1. 7 extends as a submersion 7w : Y — X* with (compact) projective fibers,
2. coordinates (p,q) on Y extend meromorphically on Y
3. the foliation F° extends as a singular holomorphic foliation F on YT

4. the (singular) divisor ¥ := Y \ Y* is F-invariant, and the restriction F|y is
vertical, i.e. tangent to ker(sm*dx),

5. the restriction F := F|y~« is everywhere transversal to T,

6. the pair (m : Y* — X*, F) is locally analytically trivial over X* in the following
sense: for each xo € X*, there is an open neighborhood U > x¢ and an analytic
diffeomorphism ® : 1= (U) — U x = (xo) such that

o T =mgo® where my : U x m~Y(xg) — U is the first projection,
* Fla—1 () is just the pull-back @*Fy of the horizontal foliation Fo, whose
leaves are fibers of the second projection U x w1 (x¢) — w1 (xg).

The meaning of the last item is that the foliated bundle (Y *, F) can be thought as a
non linear analogue of a flat (i.e. locally trivial) connection. This local triviality is exactly
what is needed to derive a (non linear) monodromy representation. But let us first derive
the Painlevé Property.

Corollary 4.1.3. For each choice of parameters 0, the Painleve VI equation (3.22) satis-
fies the Painlevé Property.

Proof. Let q(t) be a local meromorphic solution of (3.22). If g(¢) is constant, then there
is nothing to prove: it admits analytic continuation everywhere. Assume now that g () is
not constant. Then, p(¢) is also meromorphic by (3.23). The curve ¢ +— (¢, p(t),q(t)) is
an integral curve of v, and therefore coincides, outside of the poles of p and ¢, to a piece
of a leaf of F. Let L denotes the complete leaf in Y *. By item 6 of Theorem 4.1.2, the
restriction of |, : L — X* is a covering. On the other hand, item 2 implies that p and
q are meromorphic on L C Y *. Therefore, any path y : [0, 1] — X * starting at xo can be
lifted on L: this gives the analytic continuation of & |zl along y. We deduce the analytic
continuation ¢ o 7|;! of ¢(¢). O

We now turn to ideas of proof of Theorem 4.1.2 following Okamoto.

Idea of proof- We start considering some minimal fiber-wise compactification of
7 : Y% — X*: Okamoto choose a fiber-wise compactification 7; by Hirzebruch surfaces
X5 (see 2.7.6). Then, the vector field v is rational, defining a singular foliation Foon 73.
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Then, there are singular points where infinitely many leaves intersect a the same point.
This occur along curves of singular points that are sections of the bundle r : 7; - X*
We have to blow-up these points in order to separate the leaves. Then Okamoto proceeds
to 8 successive blow-ups after which we are in the following situation. The new manifold
isn:Y — X*, the foliation satisfies items 1-5. The divisor Z = Y \ Y* splits as a
simple normal crossing divisor:

Z=HUF,UF;UF, U Fa 4.1

where each irreducible component H and F; intersect each fiber of n : Y' > X*asa
rational curve. They intersect along 4 sections 0; := H N F;,i = 0, 1,1, oo which are the
singular points of the foliation F. In fact, the restriction to a fiber of the blow-up process
is exactly that one described in Section 2.7.6; we will see why, later in the text.

Now, assume by contradiction that there is a path y : [0, 1] — X * starting at xo which
can be lifted as ¥ in a leaf L of F via v along [0, 1), but not at # = 1. Consider the limit
set £2 (or accumulation set) of lim, . y(¢) inside the fiber a7 (x1), x1 = y(1). If 2
contains a regular point p of F, then ¥ must be contained in the (regular) leaf passing
through p, which in turn, coincides with L; but there is a limit in this case, what we
excluded. Consequently, £2 is contained in the singular set of F, i.e. in the intersection
point o; N 771 (x;). But a careful study of singular points shows that this cannot occur:
non vertical leaves cannot accumulate on this type of foliation singularities. We conclude
that the foliation F has the lifting-path-property with respect to the projection 7 : Y* —
X*. O

4.1.1 Isomonodromic approach

Isomonodromic approach provides a more conceptual proof of the Painlevé Property,
see Jimbo and Miwa (1981, 1981/82), Jimbo, Miwa, and Ueno (1981), and Malgrange
(1983a,b). We start proving the following.

Theorem 4.1.4. Fix generic 0. Then, there is a one-to-one correspondance between lo-
cal meromorphic solutions q(t) of Painlevé VI equation at ty € C \ {0, 1} and local
isomonodromic deformations t +— (E;, V;) of connections (Ey,, Vy,) with poles Dy =

{0, 1, ty, 0o} and eigenvalues 8, i.e. points in Gon® (X, Dy).

We start by proving two lemmae.
Lemma 4.1.5. Constant Painlevé solutions are of the form q(t) = i fori = 0,1, and
occur exactly when 0; = 0 respectively. Painlevé solutions q(t) = t only occur when

0; = 0. In that case, p(t) satisfies a Riccati differential equation.

When 6, = 0, there is also a stationary leaf that corresponds to ¢(¢) = oco.
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Proof. Straightforward computation allows to conclude in the constant case ¢ = 0, 1.
Now, substituting g = ¢ in (3.20) yields

6; =0 and

dp 5  (l—ko+k 1—ki+K p(p + Koo)
s =0.
dt+p+( : (=1 MO

O

Lemma 4.1.6. Let (Eg, Vo) belongs to Con® (X, Dy), andlett — (E;, V) be an isomon-
odromic deformation with poles D = {0, 1,t, 0o}. Then, there is a punctured disc D* =
D\ {to} around ty such that E; = O® O fort € D*, provided that (Eg, Vy) is irreducible.

This is proved in Bolibrukh (1990).

Idea of proof. We have E; = O @ O or O(—1) & O(1). Following the proof of Corol-
lary 2.7.7, the locus of Con’ (X, D) is ES,. First of all, this means that the set of pa-
rameters ¢ for which E; is the trivial bundle is open. Therefore, if Eg = O & O, then
there is a disc D > ¢ on which £, = O & O. Now, it remains to prove that there are no
(non trivial) isomonodromic deformations on O(—1) & O(1). Here, we need that O(1)
is not Vj invariant, otherwise isomonodromic deformation and Fuch’s relation impose
the existence of a V-invariant line bundle of degree 1 along the deformation, i.e. the the
bundle is E; = O(—1) & O(1); whence irreducibility assumption. One way to prove
is to apply elementary transformations, for instance elmg, o, and check that the resulting
connection is on O @ O with ¢ = 0. We can do this in family, and isomonodromy is
preserved (monodromy is preserved by elementary transformations). Then Lemma 4.1.5
leads to a contradiction. Another way to prove, is to restrict the flat connection (inducing
the isomonodromic deformation) to the section given by O(1) in P(O(—1) & O(1)) and
see that this gives a foliation trivializing the deformation of the poles, again contradiction
(see Heu (2009)). We conclude that the locus of the non trivial bundle is a strict analyti-
cally closed subset in the parameter space. Therefore, even if Eqg = O(—1) & O(1), E;
must be trivial nearby, when ¢ lying on a punctured disc. O

Proof of Theorem 4.1.4. A local meromorphic solution ¢g(¢) gives rise to an isomonodromic
deformation of system (3.2) by means of Theorem 3.6.2 for # belonging to a punctured disc
(as t = tp might be a pole for g or for coefficients of the system). This can be viewed as
an isomonodromic deformation of a connection ¢t +— (E;, V;) with E; = O & O. Then
Corollary 3.3.1 allows to extend ¢ — (E;, V;) att = f( as a connection on a possibly
non trivial bundle E;,. Conversely, given an isomonodromic deformation of a connection
t — (E;, V;) neart = ty, we can assume by Lemma 4.1.6 that E; = O @ O fort # ¢ty
(but ¢ close enough to #¢) and normalize this deformation of system, and derive a solution
¢q(t) of Painlevé VI equation like in section 3.6. O

Now, if we construct the family of moduli spaces 7 : Con® — X* whose fiber at
t € X*is Con? (P!, D;) with D; = {0,1,t, 00}, then isomonodromic deformations
provide a foliation F on the total space Gon? that satisfies items 5 and 6 of Theorem 4.1.2.
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These are the main points of Painlevé Property, since items 14 are dealing with fiber-
compactification. It turns out that the fiber-bundle = : Con’ - X*is algebraic (see
Inaba, Iwasaki, and Saito (2006a,b)) and g defines a rational function on it. Then, through
a t-parametrization of a leaf of the foliation JF, the function ¢ restricts as a meromorphic
function. Then, Painlevé Property promptly follows from item 6. This approach can be
immediately generalized to all isomonodromy equation, which in turn satisfy Painlevé
Property. Up to now, we do not know an equation satisfying Painlevé property that cannot
be derived from an isomonodromic problem. Going back to Painlevé VI case, remind
that Con’ (P!, D;) as constructed in section 2.7.6 exactly coincides with Okamoto space
Y* — X™*. One finds in Inaba, Iwasaki, and Saito (2006c) a modular interpretation of
the fiber-wise compactification Y* C Y™ which is given in terms of A-connections and
¢-connections.

4.2 Non linear monodromy of the Painlevé VI foliation

Item 6 of Theorem 4.1.2 allow us to define a monodromy representation for the pair (7 :
Y* — X* F). Precisely, given fp € X* and y : [0, 1] — X™* aloop based at 75 in X*,
one can lift in F to deduce an automorphism ®” € Aut(Yy), where Yo = 7~ !(¢o) and
@7 is an analytic automorphism, i.e. a biholomorphism of Yy. This can be thought as the
monodromy of a non linear local system. Precisely, given a starting point yo € Yy, one
can lift y into the leaf of F passing through y¢, by lifting path property: the lifted path
y starts at ¥(0) = yo and ends at y(1) = y;. One derives a (Poincaré, or) return map
yo > y1 which to any initial condition associates the corresponding ending point. By
classical result on the dependance of solutions of ODE on initial condition, the return map
is holomorphic; by construction, it can be reversed just by changing y by y~1. In fact, let
us choose @7 to be the inverse map y; > Yy, so that we get a (direct) group morphism

m1(X*,t0) — Aut(Yy) ; y > DV, 4.2)

The analytic automorphisms @7 are transcendental and this is not the right way to under-
stand the global dynamics of the Painlevé foliation F. It is therefore convenient to switch
to the space of representations, the monodromy side, where monodromy maps become
polynomial, and explicit.

Recall first that we have a natural identification Y* ~ Con®, and in particular for the
to-fiber, Yy =~ Con’ (P!, Dy). On the other hand, the Riemann—Hilbert correspondance
(see Theorem 2.5.1)

Mong : €on® (P!, Do) — 5)‘{6138’4, Doy = {0, 1,1, 00},

is an analytic diffeomorphism. The right-hand-side does not depend on #y, but only on an
identification of the fundamental group of C \ Dg with g 4. Of course, this can be done
in family for # close to ¢y and we can therefore define a local map

Mony : Con? |y — E)Ctep&4
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where €on® |y denotes the restriction of the fiber bundle to a small open neighborhood
to e U C X*: l_I,GUGono (P, D,), D; = {0,1,1ty,00}. This map is clearly holomor-
phic, and its fibers coincide with (connected components of) leaves of F over U: they are
isomonodromy leaves. However, the map Mon cannot be extended as a global holomor-
phic map on Gon’. Indeed, the identification m; ((6 \ Do) =~ mp,4 cannot be globalized
over X*. The reason is that, when ¢ deforms in the large, one has to deform the genera-
tors of 7y ((6 \ Dyp). Deforming along loops in X* yields a non trivial transformation on
the generators of the fundamental group: thinking of X* as a moduli space of punctured
curves, we get an action of the Mapping Class Group on the space of representations. This
natural geometric action is precisely the obstruction to globalize Mon on X*, and is the
origin of non trivial monodromy @?. Precisely, the local map Mon := Mony admits
analytic continuation along any path y by using the isomonodromic foliation: we can lift
y into isomonodromy leaves, and Mon must be constant along the leaves.

Letusfixt = typ € X* asaboveand xo € X* \ {to} = C \ Dg. Then fix loops
Y0, Y1, Yt» Yoo Such that y; turns around i = 0, 1,7, oo and y; is homotopic to the constant
loop in C \ Do U {i}. Assume moreover Yo - ¥1* ¥ * Yoo = 1. When we deform ¢ turning
around 1, then we have to deform y; into:

* Yo = Yo,
* 7= voriny)™h
* =)y

* Yoo = Yoo-
Then, starting from a representation
Yo = Mo,
Y1 My,
Ye > M,
Yoo > Moo

we get, after deformation, the new representation

Yo = Mo,
y1 > (M M) My (M My),
Yt = (MlMt)_lMt(MlMt)»
Voo F Mso.

One easily checks that this provides a non trivial automorphism of SRepgA. In order to

get things more explicit, we can compose with the Hausdorff quotient E}{epg’ 4= Repg’ 4
given in section 2.6. Then, the above transformation writes

X > —X — Yz + Cx,
LIW yey,
Z> —z+xy +y2z —cxy +cs.
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where ¢y = aopa1 + a1a00, €y = a1a; + Aoloo, C; = Aods + A1dco. This is done by
computing the action of previous transformations of M;’s on traces of words. In a very
similar way, turning ¢ around oo induces the transformation

X = X,
Uoo : sy > —y +x2+x2y —czx + ¢y,
Z —Z =Xy + ;.

Therefore, setting
X —X —YyZ+Cx,
Y yr—>—y+xz+y22—cxz+cy,
Z>z.

we get generators ¥y o ¥y o WU, = Id of the monodromy representation of Painlevé

Repg' 4
VI foliation computed on the character variety

Repf, : {(x.y.2) € C?; x? + y2 + 22 + xyz = cxx + ¢yy + ¢z + ¢}

4.3 Irreducibility

The dynamics of transformation group generated by ¥y and ¥; on Rep0 4 has been studied
at several places Benedetto and Goldman (1999), Cantat (2009), Dubrovin and Mazzocco
(2000), Iwasaki and Uehara (2007), and Previte and Xia (2005). On the other hand, Casale
(2008) reproved the irreducibility of Painlevé I equation in a dynamical way. One can as-
sociate to a foliation the Galois groupoid, following Malgrange (2001, 2002), as a kind of
Zariski closure of the holonomy groupoid: we lift the groupoid of tangent-to-F transfor-
mations to jet spaces, then take Zariski closure in fibers, and then take projective limit over
jet spaces order. The resulting groupoid is the smallest groupoid of transformations that
contains the tangent pseudo-group and which can be defined by polynomial differential
equations on the total space. For instance, the Painlevé I foliation has no dynamics from
the topological point of view (all solutions are meromorphic on C), but the transcenden-
tal oscillation feature near infinity provides an obstruction to trivialize the peudo-group
algebraically. At least, there is an algebraic symplectic 2-form transversal to the folia-
tion which is invariant under holonomy dynamics, namely dp A dg + dH A dt (the
defining closed 2-form for F), or by @ (2.13) in Repg, 4 Therefore, the Zariski closure
of transversal dynamics must preserves this symplectic structure, as it is the case for all
Painlevé equations. Now, if the closure coincides with the full symplectic groupoid, then
Casale (2008) proved that the corresponding Painlevé equation is irreducible, i.e. cannot
admit two independant first integrals that can be obtained from C (z, ¢, p) by using succes-
sively integration of closed 1-forms, solving linear differential equations, and finite field
extensions. Then, Guy Casale used Lie’s classification of pseudo-groups in dimension
2 to deduce that it suffices to exclude the existence of invariant curves, webs and affine
structure to deduce irreducibility of the Painlevé equation; and he proved irreducibility
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of Painlevé I equation by this way. In Cantat and Loray (2009), this approach is used
to prove irreducibility of all Painlevé VI equations except those related to Picard case
Ko = K1 = Kt = Koo = 0 via the symmetry group W:

1 1 1 1
K = (no,n1, Nz, Noo) OF §+”0,§+n1,§+nt,§+l’loo )

where (ng,n1,n:,n00) € Z*  with Z”i e 27.

14

In fact, it is proved, using dynamics of ¥, and ¥; on Repg, 4» that there never exist invariant
curves or invariant webs for the dynamics; and there exist invariant affine structure only for
Picard parameters as above. It is proved in Casale (2007) that, for these special parameters,
the Painlevé VI equation is indeed reducible.

So far, we are dealing with transcendance of first integrals. There is however another
notion of irreducibility which is closer to the original idea of Painlevé, namely the tran-
scendence of solutions, which is Nishioka—Umemura irreducibility. Let us detail a bit
more. A local holomorphic function f(x) is said reducible if there is a tower of extension
of differential fields

Qx)=KoC Ky C--CKp

such that f € K, and each K; is obtained from K; by one of the following elementary
extensions:

* K; C Kj41 is an algebraic extension,

* K; C K41 is a Picard—Vessiot extension, i.e. K;j4; = Kj(m;;) where M =
(m;;) is a fundamental matrix (basis of solutions) of a linear system of differential
equations M’ = A(x)M, with A € GL,(K;),

* K; C Kj4 is an Abelian extension, i.e. K;41 = K;(f1,..., fn) where f;’s form
a basis of the field of meromorphic functions on an abelian variety defined on K,

* K; C Kj4 is an order one extension, i.e. K;+1 = K;(f) with P(f, f') = 0 for
some polynomial P € K;(X,Y).

The results of Nishioka (1988) and Umemura (1988) prove that the general solution of
the Painlevé I equation is irreducible. It is proved in Watanabe (1998) that Painlevé VI
equation is irreducible whatever are the parameters 6, therefore even in the Picard case:
solutions are transcendental enough, but first integrals are special. It is proved in Casale
(2009) that irreducibility of first integrals, as considered first, imply irreducibility of the
general solution. However, we have to inform that there exist special reducible solutions,
even algebraic solutions, as we will see in the next section.

Let us just explain how dynamics on the character variety can be used here, following
Cantat and Loray (2009). The cubic affine surface Repg’ 4 1s quadratic when we omit one
variable. For instance, fixing z = zo, we obtain a conic, say C;,. The automorphism ¥,



4.3. Irreducibility 85

fixes the z-variable and induces an automorphism of each conic C,. Except for possibly

finitely many, C,; has smooth compactification ~ C and the restriction ¥ |c. is a Moebius
transformation with fixed points at infinity. The type of the Moebius transformation is
given by the trace after lifting to SL,(C), which can be computed:

trace(Wo|c.) = 2% — 2.
Therefore, the Moebius type of ¥y along conic fibers is varrying. We promptly deduce:
+ if z = £2, then ¥y| ¢, is parabolic or the identity;

» if z € (—2,2) (real interval), then ¥p|c, is elliptic; it is moreover periodic if, and
only if, z = 2 cos(wf) with 6 € Q \ Z;

» if z ¢ [-2,2], then ¥y|c, is hyperbolic or loxodromic, and has unbounded orbits.

Now, it is easy to prove the non existence of invariant algebraic curves or webs. Indeed,
such a curve I must intersect all but finitely many fibers C,. On the other hand, the
iterate WS’N for N € Z~o will be the identity in restriction to those zx , = 2cos(kmw/N),
k € {1,..., N — 1}, and not the identity in restriction to other conic fibers. If I" is not
contained in a z-fiber, we must find infinitely many points where I” intersects transversely
a curve of fixed points C;, ,; but I" cannot be locally invariant by lI/SN since nearby
dynamics are unbounded. In fact, even the tangent line of I" is not invariant under action
of the differential of ¥ N Therefore I must be contained in a z-fiber; on the other hand,
a similar argument with ¥ proves that I” is also contained in a y-fiber, contradiction. The
same type of arguments can be used to exclude invariant foliations or webs.
Finally, let us notice that Picard parameters correspond to the Cayley cubic

1111
C:= Rep(()’z4’2’2’2) X+ 2 xyz =4}
Then, after lifting on the infinite covering
C?+ C; (u,v) — (—2cos(mu), —2 cos(nv), —2 cos(ruv))

the dynamics become affine transformations

YZ(I;)HAY-I—T, AeSLy(Z), TeC? A=1mod2

where ¥ and W, respectively lift as 1171 = ((1) %) and '1700 = (_12 (1)), translations

Y = Y + T and +£17 arise from deck transformations. We note that Painlevé equation
with parameters § = (%, %, %, %) correspond to deformations of systems with dihedral
monodromy:

(0 A (0 (0 & (0 1
MO - (_k—l O) ) Ml - (_/'L_l 0) B M() _ (_% 0 9 and M() - _1 0 B

or with parabolic generators. The two options correspond via Okamoto symmetry s.
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4.4 Special solutions, algebraic solutions

In the work Watanabe (1998), it is proved that reducible solutions of Painlevé VI equation
(in the sense of Nishioka—Umemura) are either Riccati or algebraic solutions. Riccati
solutions correspond to isomonodromic deformations of

« either reducible systems, yielding a relation ) _ €;6; € 2Z,¢; = £1,

* or systems with one apparent singular point (i.e. with &7 local monodromy), yield-
ing 0; € Z.

They arise as one-parameter family and correspond to (—2) rational curves in the moduli
space Con(X, D, #), and to singular points of the character variety (see Saito and Tera-
jima (2001)). For each relation on @ as above, there is a one parameter family of special
solutions parametrized by a rational curve. The Riccati equation corresponds to an hyper-
geometric equation, i.e. with only 3 poles.

Algebraic solutions have been studied and classified in many papers, among which
Boalch (2005, 2006a,b, 2007a,b, 2010), Dubrovin and Mazzocco (2000), and Lisovyy and
Tykhyy (2014). Of course, the Okamoto group W acts on the set of algebraic solutions,
and one has to classify up to W-action. The classification up to symmetries is as follows.

+ There are algebraic solutions occuring as special Riccati solutions; they can be clas-
sified by Schwarz’ list.

« There is a 2-parameter family of degree 2 solutions, namely ¢(¢) = /7, for param-
eters of type (ko, K1, Kz, Koo)-

* There is a 1-parameter family of degree 3 solutions, namely ¢(¢) implicitely defined
by ¢3 — 3tq + 2t* = 0, for parameters of type (2«, %k, k).

* There is a 1-parameter family of degree 4 solutions, namely ¢ (¢) implicitely defined
by 3¢g* — 4(1 + t)g> + 619> — t? = 0, for parameters of type (k, &, k, 3k).

* There is a discrete countable family of solutions for Picard parameter k = (0, 0, 0, 0)
that correspond to torsion points on the elliptic curve.

There are 45 exceptional solutions, each of them arising for a single parameter «,
whose degree varries between 5 and 72, and genus in 0, 1,2, 3, 7.

Algebraic solutions occuring in Riccati families can be classified through the Schwarz’
list of algebraic solutions to hypergeometric equation. In Dubrovin and Mazzocco (2000),
Dubrovin and Mazzocco classified algebraic solutions with parameter k = (0,0,0, 8)
with 6 & Z. Picard solutions have been found by Picard (1889), and also appear in
Hitchin (1995) and Mazzocco (2001a). It turns out that finite order points along the Leg-
endre family of elliptic curves y? = x(x — 1)(x —t) deform to define algebraic functions
t +— (x(2), y(2)); forall of them, g (t) := x(¢) is a solution of Picard—Painlevé parameters.
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The three continuous families of degree 2, 3, 4 were classified in Cantat and Loray (2009).
Most of the list has been completed by Boalch in Boalch (2005, 2006a,b, 2007a,b, 2010).
Most of them come from representations into finite subgroups of SL,(C): indeed, as gen-
erators have to be sent into a finite group, there are finitely many possibilities. Among
exceptional solutions, 1 tetrahedral, 7 octahedral, and 33 icosahedral solutions. One ex-
tra exceptional solution does not arise from finite subgroups of SL,(C), but from finite
subgroup of SL3(C) in Boalch (2005) through the Fourier transform.

Another way to construct algebraic solutions, is to construct algebraic isomonodromic
deformations. A nice idea is to construct such as pull-back of a fixed differential equation
by an algebraic family of ramified covers. This is used to construct algebraic solutions
in Doran (2001), and then in Andreev and Kitaev (2002) and Kitaev (2005). They are
already in the list above. In fact, every algebraic solution is W -conjugated to a solution
obtained by pull-back. For instance, those corresponding to finite subgroups of SL,(C)
correspond to families of pull-back of a fixed hypergeometric equation in Klein’s list, due
to Theorem 1.5.3. Doran also found the special exceptional solution not related finite
subgroups of SL, (C).

The classification of algebraic solutions is as follows. One first classify all finite orbits
on Repg’ 4 up to the non linear Painlevé monodromy (¥, ¥;). Those of length < 4 can be

done by hands. From length 5 and more, we can check that the point (X, Y, Z) € Rep(";,4
must have coefficients taking value in the countable set 2 cos(7Q), other wise the orbit
under one of the ¥;’s, i = 0, 1, 0o, must be infinite. On the other hand, the image of
(X, Y, Z) by one of the ¥;’s must also be a point with coefficients in 2 cos(7 Q). In fact,
replacing W by a larger group W', that contains W with finite index, one breaks these
constraints into simpler ones, namely some diophantine equations that can be handled. Of
course, finite orbits under W' are related to finite orbits under W as [W' : W] < oo.
Then, we have to check that we recover the list above. This is the strategy succesfully
followed in Lisovyy and Tykhyy (2014). Then we have to check that the corresponding
finite branching solution is indeed infinite. This had been done previously by Boalch, who
computed the asymptotics of the solution g(¢) when t — 0, 1, 0o in terms of the local
monodromy of the solution, and then found bounds for the bidegree of the solution. Once
you know the bidegree of the defining polynomial P (¢, g) = 0, then is is straightforward
(I mean theoretically, i.e. neglecting complexity) to find the polynomial which gives the
solution by linear algebra. By this way, Boalch constructed explicitely all exceptional
algebraic solutions.
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