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One-dimensional Dynamics is a rich and beautiful subject, and the most authori-
tative work entirely dedicated to it still is, unquestionably, the book written by de
Melo and van Strien [1993]. Thus the reader may ask: why bother writing another
book about this subject?

It is a fair question. The main reason is that much has happened since 1993:
more than half of the present book’s contents deals with recent developments in
the area. Moreover, rather than aiming at being comprehensive, our book delves
deeper into a specific topic in One-dimensional Dynamics, namely, the dynamics
of invertible circle maps. Let us say a few words explaining how this topic fits
into the general framework of the modern theory of Dynamical Systems.

One of the major general goals in the area of Dynamical Systems is to solve
the smooth classification problem: given two smooth dynamical systems which
are topologically equivalent, when are they smoothly equivalent? In somewhat
vague terms, this problem is tantamount to understanding the fine-scale geometric
properties of such systems.

In such general setting, and particularly in higher dimensions, the above classi-
fication problem seems rather daunting (perhaps even hopeless). Hence one should
first attempt to understand low-dimensional systems. At least at an intuitive level,
the problem should be much simpler for one-dimensional systems; after all, in di-
mension one the linear order structure and “lack of ambient space” should impose
severe restrictions on the possible geometries of such systems, thereby facilitating
their smooth classification. However, even here the problem turns out to be rather
subtle. A basic distinction that must be made in the one-dimensional context is
between invertible dynamics — to wit, homeomorphisms of the circle — and non-
invertible dynamics, such as the dynamics of unimodal or multimodal maps of the
interval (or the circle).

In this book — written for a series of lectures delivered by both authors at the
33rd Brazilian Mathematics Colloguium — we deal with invertible dynamical sys-
tems on the circle, concentrating on two major classes: global diffeomorphisms



and smooth homeomorphisms with critical points. In the case of smooth diffeo-
morphisms of the circle, deep results have been obtained from the mid to late sev-
enties onwards, starting with M. Herman’s thesis and culminating with the work
of J.-C. Yoccoz, with important contributions by Y. Katznelson and D. Ornstein,
among others. After describing those results, we will focus on the case of smooth
homeomorphisms with critical points, a topic to which both authors have dedicated
several years of research. In this context, the notions of renormalization, rigidity
and universality play a decisive role, and have been widely studied in the last thirty
years.

The material in this book is divided into four parts. In the first part we study
rigid rotations and then circle homeomorphisms, introducing the notion of rotation
number, a dynamical invariant introduced by Poincaré at the end of the nineteenth
century. We also describe some connections between dynamical properties of the
rotation number with the theory of continued fractions. In the second part we study
circle diffeomorphisms, presenting some classical results due to Denjoy and dis-
cussing some of the main ideas in the Arnold-Herman—Yoccoz theory. We present
the subject by developing it from its basic principles in a self-contained way. In
particular, together, these two initial parts can be used in a first graduate-level
course on one-dimensional dynamics. The book contains around 140 exercises,
varying widely in their level of difficulty; these should help the students enhance
their understanding of the subject.

The third part of this book introduces multicritical circle maps, which are
smooth homeomorphisms of the circle with a finite number of critical points, an
important and active topic in the area of one-dimensional dynamics. The fourth
and last part of this book is devoted to renormalization theory, focusing on the anal-
ysis of the fine geometric structure of orbits of multicritical circle maps, as well as
on certain complex-analytic aspects of the subject. We will describe in these final
chapters several important results by K. Khanin, M. Martens, C. McMullen, W.
de Melo, D. Sullivan, A. Teplinsky and M. Yampolsky among others. We would
like to remark that, since these ideas are quite deep, the narrative in this final part
is by necessity very sketchy.

Throughout the book, we provide, for the most part, complete proofs of sev-
eral fundamental results in circle dynamics, such as the Poincaré classification,
Denjoy’s classical results and constructions, Arnold’s conjugacy theorem for ana-
lytic circle diffeomorphisms with Diophantine rotation number (we also describe
his counterexamples to linearizability), a conjugacy theorem for finitely smooth
diffeomorphisms with Diophantine rotation number, Yoccoz’s theorem on mini-
mality of multicritical circle maps, the real bounds, quasisymmetric rigidity, the



fact that exponential convergence of renormalization implies smooth rigidity, Lip-
schitz continuity of the renormalization operator (for maps with a single critical
point) and the complex bounds. We also survey, skipping many details, the proof
of the exponential convergence of renormalization for critical circle maps, both in
the analytic and the smooth case. The book closes with a list of open questions
and three appendices: the first describing some aspects of the ergodic theory of
continued fractions, the second presenting a proof of a linearization theorem for
finitely smooth diffeomorphisms with Diophantine rotation number, and the third
discussing ergodic properties of a certain skew product over the Gauss map.

The present book is primarily aimed at graduate students and young researchers
working in Dynamical Systems, but we hope it will have something to offer to
other mathematicians interested in the subject. As prerequisites, it assumes that
the reader is familiar with the contents of a standard graduate course in Real Anal-
ysis (including Metric Spaces, Measure Theory and basic Functional Analysis) in
addition to some notions of Ergodic Theory and Dynamical Systems. In chapters
4,11, 13 and 14, basic knowledge of Complex Analysis is needed as well.

Due to limitations of time and space, many interesting topics of circle dynam-
ics have been left out of this book. These include interval exchange transforma-
tions, maps with break points, maps with flat spots, mode locking universality, dy-
namics of endomorphisms (including the notion of rotation set), thermodynamic
formalism, random dynamical systems and groups acting on the circle, among
others.

In recent years, we have benefited from conversations with many friends and
colleagues, among them Peter Hazard, Mikhail Lyubich, Marco Martens, Bruno
Nussenzveig, Sebastian van Strien, Dennis Sullivan, Charles Tresser, Bjorn Winck-
ler, Misha Yampolsky and most notably Welington de Melo. Several parts of this
book have been inspired by these interactions.

We are also grateful to two anonymous referees whose keen comments and
suggestions have led to a substantial improvement of our book over the original
colloquium lecture notes.

Finally, we would like to thank the organizers of the 33rd Brazilian Mathe-
matics Colloquium for the opportunity to present the course on which this book
is based. Special thanks go to Paulo Ney de Souza for his extremely professional
editorial help. Readers are encouraged to send comments and suggestions as well
as corrections to our email addresses.

Edson de Faria (edson@ime.usp.br)
Pablo Guarino (pablo_guarino@id.uff.br)
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Part1

Basic Theory



This opening chapter is devoted to the simplest dynamical systems on the circle
that are not entirely trivial: the rigid rotations. Under a rigid rotation, all orbits
look exactly the same. There are only two possible behaviours for such orbits.
Either they are all dense on the circle, or else they are all periodic with the same
period. This dichotomy can be read off from the angle by which points on the
circle are rotated. The ratio of this angle to a full turn is called the rotation number.
If the rotation number of a rigid rotation is rational, then all orbits are periodic.
If the rotation number is irrational, then all orbits are dense. Moreover, the way
the points of an orbit deploy themselves on the circle can be read off from the
continued fraction development of the rotation number. Due to this connection
with continued fractions, it is fair to say that the dynamical study of rotations was
started by the ancient Greeks.

1.1 Topology and combinatorics of rotations

The dynamical systems we wish to study have as their phase space the unit circle,
denoted S! in this book, which can be defined in at least two ways. One way
is to regard it as the affine one-dimensional manifold R/Z, also called the one-
dimensional torus. Another way is to regard it as the boundary of the unit disk in
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the complex plane, namely dD = {z € C : |z] = 1}. These two representations
of the unit circle are equivalent, the equivalence being induced by the exponential
covering map exp : R — 9D given by exp(t) = e?7!. Both representations
make it clear that S is also a topological group, the group operation being addition
modulo 1 in the first representation and complex multiplication in the second. The
reader should keep in mind the equivalence between these two representations. In
most of what we do in this book, we use the additive representation, but will switch
to the multiplicative representation whenever convenient.

1.1.1 A dichotomy

Given a real number «, let us denote by Ry : S — S! the counterclockwise ro-
tation of the unit circle by an angle equal to 27r . This map is given by Ry (x) =
x + a (mod 1) in additive notation, or equivalently by Ry (z) = ¢27!%z in mul-
tiplicative notation. We are interested here in the orbit structure of rotations, both
from the topological and metric viewpoints. When we speak of S! as a metric
space, we always take the distance between two points x, y to be the one induced
from the real line by the exponential covering map, i.e., d(x, y) = min{|u — v| :
exp(u) = x, exp(v) = y}. The group of orientation-preserving isometries of S’
under this metric is precisely the group or rotations.

From the topological viewpoint, the dynamical behavior of rotations is very
simple. There is a dichotomy, according to whether « is rational or irrational.

(1) If « is rational, say @ = p/q in irreducible form, then every x € S! is a
periodic point with period ¢. In other words, we have

Rix)=x+qa=x+p=x (modl),
forall x € S1.

(2) If « is irrational, then every orbit 0% (x) = {R%(x) : n > 0} is dense
in S1. This follows from Lemma 1.1, stated and proved below (see also
Proposition 1.1).

The result alluded to above is a classical one, discovered by Dirichlet in 1842.
Its proof uses the well-known pigeonhole principle. | We need some notation.
Given any real number x, we denote by | x| the greatest integer less or equal to x,
and by {x} the fractional part of x,i.e. {x} = x — |x].

1 Also known as the box counting principle, it simply states that if N + 1 objects are placed in
N boxes, then at least one box will contain at least two objects.
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Lemma 1.1. If« is an irrational number, then

(i) For each positive integer Q there exist an integer p and a positive integer
q with q < Q such that

1
lga — p| < 0 (1.1)

(ii) There exist infinitely many rational numbers p/q such that

< —. (1.2)

Proof. Partition the interval [0, 1) into Q sub-intervals of equal length, namely

J-1J .
A],Q = [T,E) s J=1,2,...,Q.

These are our boxes. Then consider the O + 1 numbers

0, {a}, {2a}, ..., {Qa} €]0,1).

These are all distinct, because « is irrational. By the pigeonhole principle, there
exist j € {1,2,...,Q}andny,np € {0,1,..., O} distinct such thatboth {n o} €
Aj o and {nya} € Aj o hold. Writing my = |njo| and my = |nao |, we see
that

1
0
Hence, taking p = m; — mp and ¢ = n; — np, we deduce (1.1). Equality in

(1.1) cannot happen, because « is irrational. This proves (i), and (ii) is a direct
consequence of (i). O

[(n1 — n2)a — (my —ma)| = [{n1a} — {naa}| < |A4j,0| =

For our next lemma, we shall use the following simple property of fractional
parts: if x, y are real numbers with {x} + {y} < 1, then {x + y} = {x} + {y}.

Lemma 1.2. If « is irrational, then the sequence oy, = {na}, n € N, is dense in
[0, 1].
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Proof. Givene > 0, let N be a positive integer such that 1/N < e. By Lemma 1.1,
there exists a positive integer n with 1 < n < N such that o, < 1/N. Since
oy > 0is irrational, there exists a (unique) k € N such that ko, < 1 < (kK + Day,.
Therefore the points jo, with j = 1,2,...,k are e-dense in [0, 1]. But by the
simple property given before the statement of this lemma, we have

jo, = j{l’lO[} = {jna} = Qjn ,j=1,2,...,k.

In other words, we have proved that the set {ay,, 2p, ..., 0k, } is e-dense in [0, 1].
Since ¢ is arbitrary, it follows that («;,) is dense in [0, 1]. O

As a corollary, we have the following result.

Proposition 1.1. If« is irrational, then for all x € S the positive orbit O+ (x) =
{R"(x) : n € N} of x under the rotation Ry is dense in S*.

Proof. Note that
Ry(x) = Ry(Rx(0)) = Rx(Ry(0)) .

Since Ry is an isometry of the unit circle, it follows that the sequence (R (x))n>0
is dense if and only if the sequence (R}, (0)),>0 is dense. But R}, (0) = {na}, and
this last sequence is dense by Lemma 1.2.

O

This proposition justifies the dichotomy we stated at the beginning of this sec-
tion.

1.1.2 Sequence of closest returns

Let Ry : S' — S! be the rotation of angle 277 on the unit circle, where « is
irrational. We define a sequence of positive integers (¢5) recursively as follows.
Let go = 1, and for each n > 0, let

gn = min {i > gn_1: d(x, R'(x)) < d(x,Rq”*‘(x))} )

Here, x is any point on the circle. It does not matter which x we choose in this
definition, because R, is an isometry. The positive integer g, is called the n-th
closest return time of the orbit of (any) x. The meaning is clear: each iterate
RI"(x) is closest to x than any previous iterate R (x), 1 <i < g.
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It so happens that consecutive closest returns to x occur in opposite sides of
x. Being “on opposite sides of x”” might seem somewhat ambiguous (we are on
a circle, after all!), but the ambiguity disappears if we remove RZ’(x) = Rg(x)
from S1: itis then legitimate to speak of opposite sides of x in the arc S'\{ Ry (x)}.
The precise statement is as follows.

R{;I(x) Rg(ln (x)) R{;—H.In (x)
| |

g L R

REy  ReUn()  pheran
!

L) R

Figure 1.1: Two possibilities.

Lemma 1.3. Let J,,(x) C S! be the interval of endpoints RY"~" (x) and RL" (x)
that contains x, and let J) (x) C Jyu(x) be the interval of endpoints x and RE"™" (x).
Then RY"™ (x) € J) (x).

This lemma, in turn, is a consequence of the following result.

Lemma 1.4. Let In(x) C Ju(x) be the interval with endpoints x and RI™ (x).
Then the intervals R} (I,(x)), with j € {0,1,2,....qgnsr1 — 1}, are pairwise
disjoint.

Proof Let0 < i < j < gny1 — 1 be such that RL(1,(x)) N RS (I,(x)) # O.
Then k = j — i satisfies 1,,(x) N Rloj(ln(x)) # @, and obviously 0 < k < gpn41.
Recall that Ry is an isometry, so |R§ (In(x))| = [In(x)|. Since Ry is orientation-

preserving, we see that either x € R{; (In(x)) or R’oj (x) € I,(x) (see Figure 1.1).
In either case, we have

d(x, RE(x)) < |1, (x)] = d(x, RE"T (x)) .
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But this can only happen if kK > ¢, 1, which is certainly not the case. O

Remark 1.1. The intervals I, (x) defined above are called the closest return inter-
vals associated to the point x. We sometimes omit the point x and write /,, instead
of I,,(x).

1.2 Rotations and continued fractions

In this section we look at rotations from an arithmetic viewpoint. Given Ry :
S! — S, we introduce the continued fraction development of @ and show that
the denominators of the sequence of best rational approximations to « (obtained
by truncating the continued fraction expansion of ) are precisely the closest return
times for R, introduced in Section 1.1.

1.2.1 Basic theory of continued fractions

Let us consider the group G of 2x2 real matrices with determinant £ 1. This group
acts on the extended real line R = R U {oo} (the one-point compactification of R)
as the group .# (R) of real fractional linear (or Mébius) transformations. More

precisely, to each matrix
A = (Z Z) eG

we associate a Mobius transformation 74 given by

Matrix multiplication in G corresponds to composition of maps in . (R), in other
words, if A,B € G then Typ = T4 o Tg. Thus we have a homomorphism
G — #(R), and it is easy to check that such homomorphism is surjective and
that its kernel is {&1}. In particular, .#Z(R) = G/{£1}?

We consider certain special elements of G. Given x € R, let

x 1
Gx:(l 0).

2Through this identification, .2 (R) contains a copy of PSL(2, R) = SL(2,R)/{=£/} (the pro-
jective special linear group) as a subgroup of index 2.
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The associated Mobius transformation 7, is given by

1
TUx (C) = X+ E .
Now, given any sequence Xxg, X1,...,Xp,... of real numbers, we associate to it

the sequence of matrices A, given by

xo 1\ [(x1 1 X, 1
Ap = Oxo0x =+ 0x, = (1 0)(1 0)'”(1’1 0) ’
The sequence of corresponding Mobius transformations 74, is therefore given by

TAn (é‘) = TO’xo © TO’xl ©--+0 Tan (C)

1
= X0+ I . (1.3)

X1+

X2 + 1

1
xn—I—E

The entries of the matrices A, can be determined by recurrence. Writing

An — (pn Pn—l)
dn  4n—1

and taking into account that A, 41 = An0x, ., we see that

Pn+1 = Xn+1Pn + DPn-—1 (1.4)
dn+1 = Xn+1qn + qn-1 - (1.5)
We also have pg = x¢, p1 = xox1 + 1 and g9 = 1,q; = x1. It readily follows

from these facts that p, and g, are given by polynomials of degree n + 1 and n,
respectively, in the variables xg, x1, ..., Xx,. Moreover, since

n
detd, = Hdetaxj = (-t
Jj=0

we see that
Pndn—1—Pn—1qn = ()", ¥n>1. (1.6)
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Let us now specialize our discussion to the case when each x, is an integer,
say X, = ap € 7Z. We assume also that all a,’s are positive, with the possible
exception of ag. For later reference, let us repeat here the defining recurrence
relations for the p,’s and ¢,,’s in this case:

DPn+1 = An+41Pn + Pn—1 (1.7)
n+1 = An41qn + qn—1 - (1.8)

Since gqo = landg; = a; > landa, > 1 foralln > 1, we deduce from (1.7)
that ¢, +1 > ¢n + gn—1. This tells us that the sequence (g, ) grows at least as fast
as the Fibonacci sequence: by an easy inductive argument, it follows from this last

inequality that
n
_ L (1+A5
dn = \/g 3 .

Presently, what is more important for our purposes is that g, — oo exponentially
fast as n — oo. Dividing both sides of (1.6) by gn—1g»n, we have

R N G Vi
4dn dn—1 dn—19n

(1.9)

This shows that the sequence of rational numbers p,/q, is a Cauchy sequence
(recall here that g, — oo exponentially fast), and therefore the limit

¢ = lim 2% (1.10)

n—>0o0 qn
exists. This number must be irrational (why?). We stress that the rational num-
bers py /qn are already in irreducible form, for (1.6) implies that ged(py, gn) = 1.
These rational approximations to « are called the convergents of o, while the co-
efficients a, are called the partial quotients of «.
Next, we note that (1.9) implies, by a simple telescoping trick, the relation

n—1 1
—1)Jt1
Pro_ o+ » e (1.11)
qn =0 qjqj+1

Letting n — oo here yields « as the sum of an infinite convergent series, namely

© .
—1Jt1

a = aO+ZL. (1.12)
j=0 1i4j+1
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These facts tell us that the convergents py, /¢, alternate around « (their limit). In

fact, again using that (g,) is an increasing sequence, we have
&<Q<...<p2n<...<a<...<p2n+1<...<ﬁ<&. (113)
qg0 42 q2n q2n+1 3 41

Furthermore, if we subtract (1.11) from (1.12), we get

0o .
—1Jt1
) D=
qn i=n qjqj+1
and from this it follows that
1 1
< —2 s
dndn+1 qn

foralln > 0.
Summarizing, we have proved one half of the following result.

Theorem 1.1. Given a sequence of integers ag,ay, . ..,an, ... witha, > 1 forall
n = 1, there exists a unique irrational number o with the following properties.

(i) Writing, for eachn > 0
1
Pn = ag + i
n ap +

ar + ——

as an irreducible fraction, we have

< forall n>0.

‘ Pn
a—_
4dn

dndn+1

(ii) The convergents py /qn alternate around «, and their limit is «.

Conversely, given an irrational number o, there exists a unique sequence of inte-
gers ap,ai,...,dn,... withay > 1 for alln > 1 such that

1
o = lim ap+ I . (1.14)

n—0o0
ap +
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Proof. By now, only the converse statement at the end requires proof. Given the
number «, define ag = |« and let g = «. Next, define

1
o = and a; = |o1] .
oo —Aaop

Note that «; is a well-defined, positive irrational number, and that a; is a posi-
tive integer. Now proceed inductively in this fashion: having defined the positive
irrational number o, and the positive integer a,,, let

1

Op —dp

Up+1 = and dp+4+1 = |_Oén+1J .

This produces the desired sequence of integers. We leave to the reader the task of
proving that, indeed, (1.14) is satisfied. O

We close this section with the following remark. Let G : [0, 1] — [0, 1] be
defined by G(0) = 0 and

Gla) = {é} , foralla #£ 0.

This is the so-called Gauss map, which is extremely useful in the study of contin-
ued fractions. Also, leta; : [0,1] — Z™ be given by

ay(a) = LéJ

This is, of course, the first (non-zero) partial quotient of &« € (0, 1]. Then, if a, («)
denotes the n-th partial quotient of v, we have

an+1 = a;oG™(a), foralln > 0. (1.15)

Thus, there is an intimate relationship between the continued-fraction development
of a real number in [0, 1] and the dynamics of the Gauss map. In particular, many
interesting statistical properties of the partial quotients can be derived from the
ergodic theory of the Gauss map. This will be fully explained in Appendix A.

Remark 1.2. We warn the reader that, for notational convenience, later in this book
we will write ag for the first partial quotient of a number « € (0, 1], instead of a;.
Thus, the indices in the sequence of partial quotients will all be shifted by 1.
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1.2.2 Best approximations

The convergents of an irrational number « are the best rational approximations to
o, in a sense that is made precise in the following result.

Theorem 1.2. If p,/qn denotes the n-th convergent of the irrational number «,
forn=0,1,..., then

(i) Foralln > 0, we have

1 DPn
— < |la—— . (1.16)
qn(qn + qn+1) dn dnqn+1
(ii) We have
|go — pol > lq1t — p1| > -+ > [gnat — pn| > -+ .
(iii) If p, q are non-zero integers such that
lgoe — p| < lgn — pal . (1.17)

for somen = 0, then q > qn+1-

Proof. The right-most inequality in (1.16) was proved in Theorem 1.1. Since the
convergent p,+42/qn+2 lies between o« and the convergent p;, /¢y, we have

Pn+2  Pn
dn+2 4n

‘a— Pn (1.18)

dn

The recurrence relations defining p,, g, easily imply the identity
Pn+2qn — Pndnt2 = (—1)"an42 .
Using this identity in (1.18), and taking into account that a, +, > 1, we get

dn+2 An+2 1

= ,
dndn+2 qn(@n+2qn+1 + qn) qn(qn+1 + qn)

' Pn
a —_——
dn

and this establishes the left-most inequality in (1.16). Hence, (i) is established.
In order to prove (ii), we multiply the inequalities in (1.16) by g5, obtaining

1 1
———— < |gna — pn| < .
qn + qn+1 dn+1
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These inequalities are valid for all # > 0. Butifn > 1 then g,+1 = gn + qn—1,
and therefore

1
|gnat — pn| < ——— < |gn—10¢ — pn—1]| .
qn + qn—1

This proves (ii).
Finally, we prove (iii). Let us suppose that (1.17) holds, but 0 < ¢ < ¢n+1.

Note that since the matrix
Pn  DPn+1
dn  4n+1

has determinant equal to 1, there exists a unique pair of integers i, v such that

P = WUpn +Vppt1 and ¢ = pqn + Vqnt1 - (1.19)

We claim that i and v are both non-zero. For if ¢ = 0 then ¢ = vg,+1 and v
is necessarily non-zero, implying ¢ > ¢, +1, contrary to assumption. Likewise, if
v =0, then p = upy, g = gy with u # 0, and so

lga — p| = || - lgnet — pul = |gnot — paul ,

again contrary to assumption. Thus, i # 0 # v. Next, we claim that ¢ and v have
opposite signs. Indeed, if they had the same sign, then from the second equality
in (1.19) we would have ¢ = |¢| > ¢gn+1, again contrary to assumption. Now,
we note that the numbers g, — p,, and g, +10¢ — p,+1 have opposite signs (see
(1.13)). Therefore the numbers

w(gna — pp) and v(gn+1% — pn+1)

have the same sign. Therefore we have

lga — p| = |u(g@na — pn) + v(gn+12 — pp+1)|
= || lgna — pu| + V|- lgn+12 — pn+1l
> |u| - |gno — pul = |gnot — pal .

This is again a contradiction. This proves that ¢ must be greater than or equal to
gn+1, and we are done. O
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We close this section with a word on notation. Given any real number x, it
is customary to denote by || x|| the distance from x to the nearest integer, that is,
lx|| = min{|x —m|: m € Z}. Itis easy to see, from the above discussion, that

lgnall = |gno — pn| foralln >0.
Hence, Theorem 1.2 (ii) tells us that

lgoll > llgreell > -+ > lignaf > -

1.3 Weyl’s equidistribution theorem

The points of a single orbit of an irrational rotation are not just dense in S, they are
also uniformly distributed in some sense. This fact, although intuitively obvious,
requires clarification and proof. This is our purpose in this section.

1.3.1 Equidistribution

Let us start with a definition.

Definition 1.1. 4 sequence of real numbers xg, X1, ..., Xn, . . . is said to be equidis-
tributed modulo one? if for every interval A C [0, 1] we have

1
lim —#{0<n<N-—-1:{x,} €A} = |A] (1.20)

N—oco N

where, as before, {x} = x — | x| denotes the fractional part of x, and | A| denotes
the Euclidean length of the interval A.

Alternatively, (1.20) can be written as

N-1

lim %’;HA({)C”}) = /Ol]lA(x)dx, (1.21)

N—>o0

where 1 4 is the characteristic (or indicator) function of the interval A.
In a classic paper published in 1914, H. Weyl proved the following criterion
for equidistribution.

30r, equivalently, uniformly distributed modulo one.
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Theorem 1.3 (Weyl’s Criterion). For a sequence of real numbers (xn)n>o0, the
following are equivalent.

(a) The sequence (xp) is equidistributed modulo one;

(b) For every continuous function ¢ : R — C, periodic of period one, we have
1 1
lim > et = [ etdr:
e 0
(c) Foreachm € Z*, we have

| N1
lim — Z e2rimxn —
N—ooo N 0

Proof. To see that (a) implies (b), note first of all that it suffices to prove (b) for
real valued functions (periodic of period one). Given such a ¢, approximate it
uniformly on the unit interval by means of a sequence of step functions. Since
each step function is a linear combination of characteristic functions of intervals,
equality (1.21) holds for step functions as well. From the equality in (b) follows,
first for the step functions themselves, and then for ¢ by the uniform approximation.
Now, (b) clearly implies (c¢), for we can simply take ¢(x) = exp{2ximx}. To
prove that (c) implies (b), consider the algebra o7 of so-called Laurent polynomials

£
P(x): Z CmeZnimx

m=—k

where k, { are non-negative integers and ¢, € C for all m. It is clear that o7
contains the constant functions, separates points of [0, 1] and is invariant under
complex conjugation. Therefore, by the Stone—Weierstrass theorem, .27 is dense
in C(g([O, 1]). Thus, given ¢ as in (b) and € > 0, there exists Pe € 7 such that
supyefo,1] |#(x) — Pe(x)| < €. This implies at once that

1 1
‘/ w(x)dx—/ Pe(x)dx| < e, (1.22)
0 0
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and also, for all N > 1, that

1 N-1 1 N-—1
N’;)w(xn)—ﬁgﬂ(xn) <e. (1.23)

If ¢¢ denotes the constant term of P, then applying (¢) we deduce that,as N — oo,

1 N—-1 1
N Z Pc(xp) — co = / P.(x)dx .
n=0 0

Combining this fact with (1.22) and (1.23), we get

N—-1

. 1 !
Nh_r)noo v ,;) ©(xn) _/0 p(x)dx| < 2e.

But since € is arbitrary, (b) follows. Finally, to prove that (b) implies (a), let A C
(0, 1) be an interval, and let € > 0. Take two functions ¢ and v, both continuous
and periodic of period one, with ¢(x) < Ta(x) < ¥ (x) forall 0 < x < 1, such
that

1 1
/0 w<x)dx—/0 P dx < S

Note that the integral of 1 o over the unit interval is squeezed between these two.
Moreover, for all N > 1 we have

1 N-1 1 N-1 1 N-1
N ’;) ¢xn) < nZ:% Lattan}) < ’; W (xn) .

But, by (b), for all sufficiently large N we have

A 1 €

|ﬁ’;¢(xn)—/o o) dx| < 5
as well as

1 N-—1 1 ¢

N};w(xn)—fo y(dx| <5

Combining these facts we deduce (a), and this completes the proof. O
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Corollary 1.1. Every orbit of an irrational rotation Rg: x +— x + 6 (mod 1) is
equidistributed modulo one.

Proof. Since Rp(x) = {x + n6} for all n, we must prove that the sequence x, =
x +n0 is equidistributed modulo one. This we do using part (c) of Weyl’s criterion;
given m € Z*, we see that

1 N-1 ) p2mimx N-1 ) n e2mimx | _ ,2wimNO
- Z eanm(x-i—nG) — Z eZJan —

N N N 1 —e2mimb
n=0

n=0
Therefore
N-1 2nimNO
lim — 2rimGeand)| o L 1ZETT
N—oo N o Nooo N | 1 — e2mimb ’

and we indeed deduce from (c) that the orbit is equidistributed modulo one as
asserted. O
1.3.2 A simple application

Following Arnold and Avez [1968], let us illustrate the usefulness of Weyl’s cri-
terion by solving a simple problem in Number Theory. Write down the list of all
powers of 2 in base 10, in ascending order:

1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048, ...

Consider the sequence consisting of the left-most digits of the above numbers,
namely
1,2,4,8,1,3,6,1,2,5 1,2, ... (1.24)

Then ask a couple of natural questions:

(i) Does the number 7 appear in the above list of first digits?*

(i1) If so, with what frequency?

“In the old days when Arnold and Avez discussed the problem, pocket calculators were not
available. Today anybody with one at hand and a bit of patience can check by brute force that
the answer to the first question is yes. Indeed, the first occurrence of 7 as first digit happens in
246 = 70368744177664.
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Let us see how Weyl'’s criterion — or rather, Corollary 1.1 — can aid us in pro-
viding answers to these questions. First, we need to express the first digit d,, of 2"
written in base 10 as a function of n. If we take the logarithm in base 10 of each
term in our sequence of powers of two, we get the sequence

Xn = nlog;p2.
The simple but crucial observation here is the following:
dpn =k e{l,....,9% < {xp} ={nlog;o2} € [log;gk,log;o(k + 1)) .
But 6 = log, 2 is irrational (why?). Hence, by Corollary 1.1, the sequence (x)

is equidistributed modulo one. In particular, we have

1 1
lim —#{0 < cdp =k} =1 1+ — ,
N1—r>nooN#{0 n<N: d,=k} Oglo( +k) >0
In other words, all digits from 1 to 9 appear with positive (asymptotic) frequency
in the sequence (1.24). The (asymptotic) frequency for the specific case of 7 is

8
logjo = = 0.0579...

This, of course, answers questions (i) and (ii) posed above: the digit 7 does appear
in (1.24), with an asymptotic frequency of about 5.8%.

1.4 Ergodicity of irrational rotations

Throughout this book, we denote by m the normalized Lebesgue measure on the
unit circle. More precisely, if A C S! is an interval, then m(A) is just the
Lebesgue measure of 771(A4) N [0, 1) in the real line, where 7 : R — S is the
standard covering map. Since it lifts to a translation, any rotation preserves the
Lebesgue measure on S'. We finish Chapter 1 by proving ergodicity of irrational
rotations.

Lemma 1.5. The Lebesgue measure is ergodic under any irrational rotation.

Recall that if (X, i) is a measure space and ¢ : X — X is a measurable
map that preserves u, we say that u is ergodic under ¢ if, for every measurable
set A € X which is invariant under ¢ (meaning ¢~!(4) = A), we have either
w(A) =0or u(X \ 4) =0.
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Note that Lemma 1.5 above is certainly not true for rational rotations (why?).
As it turns out, Lemma 1.5 follows from what we have done in Section 1.3.1. In-
deed, if the sequence {xj,},en in Theorem 1.3 is given by an orbit, i.e., x, =
X0 + na (mod 1) for some initial condition x¢ € R, then part (b) of Weyl’s crite-
rion is saying that the Birkhoff averages of any continuous function ¢ : R — C,
periodic of period one, along the given orbit {x,} converges to fol ¢(x)dx. This
establishes the ergodicity of the Lebesgue measure under R,. However, the proof
given below (which uses the notion of Lebesgue density point) is easier to adapt
to more general situations (see for instance Theorem 3.10 in Chapter 3, see also
Section 8.4).

Proof of Lemma 1.5. Leta € [0, 1]\ Q and let Ry, be the rotation of angle « in S*.
Let us assume, by contradiction, that there exist two disjoint R,-invariant Borel
sets A and B in the circle, both having positive Lebesgue measure. Let xg € S
be a density point of A. Recall that this means that

) m((xo—e,x0+8)ﬂA)
lim
e—0 2¢e

=1.

Since A is Ry -invariant and R, is an isometry, we have that
m ((R}(x0) — &, Ry (x0) + &) N A) = m (R} (xo — &, x0 + &) N A)
= m (R} ((xo — &, x0 + £) N A))
= m((xo — & xo + £) N A).
Therefore, R} (x¢) is a density point of A for all n € N. In the same way, let

yo € S! be a density point of B. For any given § € (3/4,1), let & > 0 be
sufficiently small so that

m((xo—s,x0+8)ﬂA) > 2g6 and m((yo—s,yo+s)ﬂB) > 2¢4.

By Proposition 1.1, the positive orbit {RZ (xo)}n e 18 dense in the circle. More-
over, as we just observed, all its points are density points of A. This allows us to
assume that xo € (yo — &, yo + ¢). Finally, since A and B are disjoint to each
other, we obtain
268 < m((yo—&.yo + &) N B)
<m((yo—e& yo+ &) U (xo—ex0+¢) —m((xo—& x0 + &) N A)
< 3e—2¢6.

This implies that § < 3/4, a contradiction. O
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Remark 1.3. Yet another proof of Lemma 1.5 can be given by means of Fourier
series. The equivalence between what we will prove below and ergodicity is a
criterion proved in almost every book on Ergodic Theory; see for instance Walters
[1982, p. 28]. Just as before, let « € [0,1] \ Q and let R, be the rotation of
angle « in S'. We claim that if ¢ : ' — C belongs to the Hilbert space LZ(S!)
of square-integrable functions (with respect to Lebesgue, i.e., [ |¢ |2 dm is finite)
and satisfies ¢ o Ry (x) = ¢(x) at Lebesgue almost every point, then ¢ is constant
almost everywhere. To prove this, we proceed as follows. It is well known that
every such ¢ has a unique orthogonal expansion in L2(S!) of the form

¢ = Z an () en
nez
where the functions e, (x) = e27"* n e Z, form an orthonormal basis for

L2(S1), and the bi-infinite sequence {a,(¢)},ecz of complex numbers, the so-
called Fourier coefficients of ¢, is given by

an(p) = /s1 e(x)e 2% dx  VYnel.

But the function ¢ o Ry, is also in L?(S'), and a simple calculation shows that its
Fourier coefficients are given by

an(po Ra) = [ gl + e d
Sl
= f go(x)e_zmn(x_“) dx = an(9)e*™"® Vnel.
sl

Now suppose that ¢ is Ry-invariant, in the sense that ¢ o Ry = ¢ at Lebesgue
almost every point. By uniqueness of the Fourier coefficients, we must have
an (@) ¥ = g, (¢) foralln € Z. Since « is an irrational number, e27:"% £ |
for all n # 0. This implies that a,(¢) = O for all n # 0. In other words,
@(x) = ao(p) for Lebesgue almost every x € S'. Thus, we have proved that
if o € L?(S) satisfies ¢ o R, = ¢ almost everywhere, then it is constant almost
everywhere. This implies the ergodicity of the Lebesgue measure under Ry, .

In Exercise 1.13 below we outline a proof of the fact that the Lebesgue mea-
sure is the unique invariant measure of an irrational rotation. Dynamical systems
preserving only one probability measure are called uniquely ergodic. As we will
see in Section 2.3, any circle homeomorphism without periodic points is uniquely
ergodic.
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Exercises

Exercise 1.1.

(1) Let G be an additive sub-group of the real numbers. Show that G is either
discrete or dense in R (Hint: Discussona = inf{g € G : g > 0}).

(ii) Let p € [0, 1], and note that the set G, = {np+m : n,m € Z}isa
sub-group of R. Show that G, is discrete if, and only if, p € Q.

(iii) Let R, : ST — S be the rigid rotation of angle p € [0, 1], and note that
ﬁRD(n(x)) =n(x+ Gp)

for any x € R, where 7 : R — 9D is the usual covering map 7 (¢) = 2™,
With this and the previous items, describe the dynamics of any rotation, as
in Section 1.1.1.

Exercise 1.2. Let 0 < «, B < 1 be real numbers, and suppose that there is a
continuous monotone map 4 : S' — S! such that 7 o Ry = Rg o h. Show that

a=p.
Exercise 1.3. 1f g5, n > 0 are the denominators of the convergents of an irrational

number ¢, prove that this sequence always grows at least as fast as the Fibonacci
numbers. Deduce that

1<1+«/§

2_
=5\ 2

Exercise 1.4. Forany n € N, note that (vn2 4+ 1—n)(+v/n? + 14+n) = 1 implies

1
\/ 2+1_ — ,
" " 2n + (Vn2+1—n)

and conclude that the continued fraction expansion of
vn2+1—n=+n?2+1 (modl)

is given by [2n,2n,2n,...].
Exercise 1.5. Prove the identity (1.15).

n
) , foralln > 0.
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Exercise 1.6. Given an irrational number «, let a,, n > 0, be the partial quotients
of its continued-fraction development, and let ¢, n > 0, be the denominators of
the corresponding convergents.

(1) Show that

dn
dn—1

= |an, an—-1, ... ,a1] , foralln > 1.

(i1) Show that, for all n > 2, we have

lgn—1ll = anllgnecll + llgn+1| .

_ Lllqn—lallJ
ap = T .
lgnell

Exercise 1.7. Let the sequence (x,),>0 be equidistributed modulo one, and let
(an)n>0 be a sequence that converges to zero in the Cesaro sense, i.e.

and deduce that

i 1
lim —(ao + o1+ -+ op—1)=0.

n—oon

Prove that the sequence (x;, + o, )n>0 is also equidistributed modulo one.

Exercise 1.8. Let 0 be a positive irrational number, and let (x,), >0 be the sequence
given by xo = 0, x; = 6, and x, = (n + (logn)~1)6 for all n > 2. Show that

(xp,) is equidistributed modulo one.
1+5)"
2

Exercise 1.10. Suppose f : RT — R is a differentiable function such f’(x) — 0
as x — oo. Show that

1 N-1 1 N
Ly s _ L / 270 g o
N = N Jo

Exercise 1.9. Show that the sequence

Xn =

is not equidistributed modulo one.

as N — oo.
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Exercise 1.11. Let f be as in the previous exercise, and suppose in addition that
lim xf'(x) = A€ [—o0,+o].
X—>00

(1) If A is finite, show that the sequence x, = f(n) is not equidistributed
modulo one.

(ii) If A = 400 and f’ is monotone, show that x, = f(n) is equidistributed
modulo one.

Exercise 1.12. Using the criterion provided by the previous exercise, show that

(i) The sequence x, = n? is equidistributed modulo one provided 0 < o < 1.

(i) The sequence x, = logn is not equidistributed modulo one.

Exercise 1.13. Leta € [0, 1]\ Q and let Ry, be the rotation of angle « in S'. Given
a continuous function ¢ : S — R, consider the sequence {¢, : S! — R},en of

its Birkhoff averages, i.e., ¢n (x) = n~! Z?;}) (p(R({; (x)) forall x € S

(i) Endowing the space C%(S!) with the uniform convergence topology, show
that the sequence {¢, } is pre-compact (Hint: Apply the Arzela—Ascoli The-
orem).

(ii) Show that {@,} converges (uniformly) to the constant [ ¢ d m (Hint: Com-
bine Lemma 1.5 with Birkhoft’s Ergodic Theorem, and then apply the pre-
vious item).

(iii)) Deduce that R, is uniquely ergodic (Hint: Using again Birkhoff’s Ergodic
Theorem, show that if u is an Ry-invariant probability measure, then
[eduw = [@dmforany ¢ € CO(S)).

Exercise 1.14. A vector ¢ = (a1,...,0y) € R” is said to be rationally inde-
pendent if whenever a linear combination ij’{ k jo; with integer coefficients
ki,...,k, belongsto Z,thenk; =k, = --- = k,, = 0 (in other words, the n + 1
numbers «q,...,qy, | are rationally independent). Now let T” = R"/Z" =
ST x 8§t x --- x S be the n-dimensional torus. The purpose of this exercise is to
guide the reader to a proof that the Lebesgue measure on T” is ergodic under the
rotation Ry : T" — T" given by

Ro(x1,....xp) = (x1 +a1,...,xn + ) (modl),
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provided the vector « is rationally independent. To do this, we will proceed as
in Remark 1.3 and prove that if ¢ : T" — C belongs to L?(T") and satisfies
@ o Ry = ¢ at Lebesgue almost every point of T”, then it is constant almost
everywhere.

(1) Just as in Remark 1.3, write

S
(X1 X))~ D g,k @ = R
(k1,....kp)ezn

for the Fourier series representation of ¢, where the numbers ag, .., are
the Fourier coefficients® of ¢.

(i1) Show that _
ko gon (1 = T EG=TRI27) =

forall (kq,...,kn) € Z".
(ii1) Show that @(x1,...,x,) = ao,...,0 for Lebesgue almost every (xi. ..., xp).

(iv) Conclude that the Lebesgue measure on T” is ergodic under Ry.

Exercise 1.15. Arguing as in Exercise 1.13, prove that Ry : T” — T” is uniquely
ergodic, provided « is rationally independent.

Exercise 1.16. Leta € [0,1]\ Q, and let Ry be the rotation of angle o in S. As
we have seen in Exercise 1.13, the Lebesgue measure m is the unique probability
measure invariant under R,. By the Riesz Representation Theorem, this amounts
to saying that any continuous linear functional 7" defined in C°(S!), which is
invariant® under Ry, is a scalar multiple of Lebesgue measure. In this exercise we
will extend this result, by showing that any continuous linear functional defined in
C>°(S'), invariant under Ry, also has to be a scalar multiple of Lebesgue measure.
With this goal, let ¢ € C*°(S') be such that [odm=0.

(i) Just as in Remark 1.3, write
» = Z an(¢) en
nez

where e, (x) = e2™"* pn € 7, and the a,,’s are the Fourier coefficients of
. Note that ag(¢) = [ @ dm = 0.

>Givenby ag, .k, = Jpn 9(x1... L xp)e 2k x it tknxn) gy dxy,.
®In the sense that (T,u o Ry ) = (T, u ) forany u € C(S1).
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(ii) Show that there exists a sequence {u,}y>1 C C>(S!) such that the se-
quence {u, o Ry — u, } converges to ¢ in the C *° topology (Hint: For each
nzlletA, =[-n,nNZ\{0}={-n,...,—1,1,...,n}. Consider the
sequence of trigonometric polynomials given by

- Z aj(y) o
n— e2mija 1 "/
JE€An

and note that u, © Ry —un = ) jc 4, @j(p)ej foralln > 1).

(iii) Now let T be a distributionon S', i.e., T is a continuous linear functional de-
fined in C*°(S!). Assume that T is invariant under Ry, i.e., (T,u 0 Ry ) =
(T,u) for any u € C®(S!). Show that if ¢ € C(S!) is such that
[9dm =0,then (T,¢) =0.

(iv) Conclude that any R -invariant distribution 7" is a scalar multiple of Lebesgue
measure. [Hint: By (iii), (T, ¢ — [ ¢ dm) = Oforany giveng € C*°(S").]

Invariant distributions for general circle diffeomorphisms will be discussed in
Section 3.4.3, see also Section 8.4.



We will study the orbit structure of orientation-preserving homeomorphisms of
the unit circle. As is customary, we will identify the boundary of the unit disk
0D = {z € C : |z| = 1} with the one-dimensional torus S = R/Z.

Every orientation-preserving homeomorphism f : S§' — S lifts to an in-
creasing homeomorphism F : R — R such that F(x + 1) = F(x) + 1 for all
x € R, i.e., such that

R—LR

]Tl lf[
st —— St

S

is a commutative diagram, where 7 : ¢ > e2"!! is the exponential covering map.
The lift F is not unique, but any two choices differ by an integer; if we require
that, say, F(0) € [0, 1), then F is uniquely determined. Note that we can write
F(x) = x + ¢(x) for all x, where ¢ : R — R is a continuous periodic function
with period one.

The natural order structure of R (or S') makes it “easy” to understand and
classify f’s as above up to topological equivalence, as we shall see.
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2.1 Translation and rotation numbers

Rotation numbers were first introduced by Poincaré. We will give here three equiv-
alent definitions of rotation numbers and, via lifts, of translation numbers as well.

2.1.1 The classical definition

Following Herman [1979], let us denote by Difﬂ (S1) the class of orientation-
preserving homeomorphisms of the circle, and by D?(S') the class of all lifts of
such homeomorphisms to the real line.
We define the translation number of F € D°(S') to be the limit
F*(x)—
!(F) = lim =% @.1)
n—o00 n

Thus, t(F) measures the limiting average amount by which F translates points on
the real line. For this definition to make sense, we need of course the following
basic result.

Proposition 2.1. For every F € DO(SV), the limit in (2.1) exists and is indepen-
dent of x. Moreover, the convergence is uniform in x.

The proof will come in a moment. For now, note that if we are given two lifts
Fi and F, of the same f € Diffﬂ)r (S1), then t(F;) — ©(F>) is an integer. This
motivates Poincaré’s definition, namely the following.

Definition 2.1. The rotation number of f € Diff{_)|r (SY), denoted p(f), is the
residue class modulo one of T(F'), where F is any lift of f.

In other words, p( /) measures the limiting average amount by which f rotates
points on the circle.

Let us now prove Poincaré’s fundamental result concerning rotation (and trans-
lation) numbers, namely Proposition 2.1 above. Consider the periodic function
¢F (x) = F(x) — x. The basic fact to observe is that

sup ¢ (x) < inf @r(x) + 1, 2.2)
xeR xe€R

and that this is true for every F € D?(S!). In particular, (2.2) holds if we replace
F by any iterate F". Therefore it is clear that in order to prove that the limit (2.1)
exists for all x, it suffices to prove that

1
lim — sup @pn(x) (2.3)
n—oon
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exists, and this will be the common limit for all x. There is no loss of generality
in assuming from the beginning that F'(0) > 0, so that «, = sup,cgp ¢Fn(x) =0
for all n > 0. Hence the existence of the limit in (2.3) is reduced to the following
simple but extremely useful lemma.

Lemma 2.1. Let (ay)n>0 be a sequence of non-negative numbers. If (o) is sub-
additive, i.e. if Omin < m + oy for all m,n > 0, then the sequence oy, /n
converges to a limit.

Proof. Givenn > 0 fixed and m > n arbitrary, we can write m = kn + r, where
0 < r < n. Hence, by sub-additivity, a;, < koy + ap. This gives us
am an ar an ar

Im < TR
m\n—l—% m - n  om

and since «, ranges over a finite set of values, we get limsup,,_, o, (0tm/m) <
oapn/n forall n > 0, or yet

. Um . . Oy
lim sup — <lim inf —,
m—oo0 M n—-oo n

and so the limit exists. O

This completes the proof of Proposition 2.1.

2.1.2 The order definition

An alternative way to define the rotation number of f € Diffﬂ)r (S1) is to use the
relative order of points of orbits of f along the circle. As before, let F € DO(S1)
be a lift of f. Consider the sets

Q+(F)={§EQ: Fil(x) < p+x, forall xeR}
Q_(F)={§€Q: Fi1(x) > p+x, forall xeR}

These sets determine a Dedekind cut of the rational numbers; this is left as an
exercise to the reader. Hence we can define the translation number of F' as the
real number « determined by this Dedekind cut. To see that o agrees with the
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number given by the first definition, consider two sequences of rational numbers
Pn/qn € Q7 (F) and P,/ Q, € QT (F), both converging to «; in particular,
P,
Py < 2

dn On

By induction, we have for all x € R
X+ Qnpn < F9(x) < X+ qnPu
Dividing these inequalities by g, O, yields
Fan On — P
Pn _FTE)—x o o Pa
4n qnQn On

Letting n — oo and applying Proposition 2.1, we see that indeed o = 7(F).

2.1.3 The measure-theoretic definition

Yet another way to define the rotation number of f € Diffﬂ)r (S1) is to consider,
for any given lift F € DO(S!) of f, the real function ¥ : S' — R whose lift
under 7 is F —Id, that is: F(x) = x + Yz (e2™'*) for all x € R . We claim that
for any given f-invariant Borel probability measure y we have

p(f) = [S r du (mod1) 2.4)

Indeed, the point here is that the real function % given by

= i j
vF=lim - Z Vrof
is well defined on the whole circle and it is constant, equal to T(F) (note that
this implies at once the identity (2.4), since [q1VF du = [g VF du by the f-
invariance of ). To see that 1// F is well defined and constant, let x € S! and let
X0 € R be such that 7(xg) = x. Then

n—1 n—1 n—1
Y vr(f@) =) vr(r(F (x0) = > (F —1d)(F/ (x0))
j=0 j=0 j=0

n—1
— Z (F7*!(x0) — F7(x0)) = F"(x0) — Xo.
j=0
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By Proposition 2.1, we have %(x) = 1(F), as desired. The equivalent definition
of'the rotation number of a circle homeomorphism given by (2.4) will not be further
mentioned in this book, but it is important in its own right.

2.1.4 Properties of the rotation number

Let us now take stock of some useful properties of the rotation number. The first
one establishes the fact that the rotation number is a topological invariant: two
topologically conjugate (or even semi-conjugate) circle homeomorphisms have
the same rotation number. In other words, the equivalence classes of Diff(_),_(S !
under topological conjugacies are contained in the level sets of p.

Lemma 2.2, Let f, g € Difﬁ)r(Sl) andleth : S — S be a continuous, degree
one monotone map such thath o f = g oh. Then p(f) = p(g).

Proof. Let F,G € D°(S')and H : R — R be lifts of f, g and & respectively,
sothat H o F = G o H in the real line. Given y € R let x € R be such that
H(x) = y. By induction, one easily obtain that G"(y) = H (F n (x)) for all
n € N. Then we write

G"(y) _ (H—-1d)(F"(x)) PG
n o n n

foralln € N .

Since H is a lift of &, the difference H — 1d is bounded in the whole real line, and
then Proposition 2.1 implies Lemma 2.2. O

The next result states that the rotation number behaves additively over any
family of commuting homeomorphisms.

Proposition 2.2. If f. g : S' — S are homeomorphisms such that f og = go f,
then

p(fog) = p(f)+p(g) (modl).

Proof. Let F, G : R — R be lifts of f and g, respectively, with the property that
F oG = G o F (the existence of lifts with this property is left as an exercise). Let
us fix x € R. From the definition of translation number, we see that

(FoG) = nlgréo% [(F o G)"(x) — x]

) 1
= lim {—
n—oo (n

[F"(G"x) — G"x] — % [G"x —x]¢ . (2.5)
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Note that we have used that (F o G)" = F™ o G", which is true because F and
G commute.

Now recall that the periodic function ¢, = F"—1 satisfies sup ¢, —inf¢p, < 1
for each n > 0. In particular, we have —1 < ¢,(G"(x)) — ¢n(x) < 1, and
therefore

1 1 1 1
—— < —[F"(G"x) = G"x] - = [F"x—x] < =,
n n n n
for all n > 1. Taking this information back to (2.5), we get 7(F o G) = ©(F) +
7(G). Reducing modulo 1, we deduce that p( fog) = p(f)+p(g) as desired. [

We remark that Proposition 2.2 implies the useful formula

p(f") =np(f) (modl),

for any circle homeomorphism f.
The third property we wish to establish tells us that the topological invariant
o(f) varies continuously with f,in a sense to be made precise below.
Let us introduce a topology on the set of lifts D(S!). Given F, G € D°(S),
let
d'(F,G) = sup |F(x)—G(x)|.

xeR

This defines a metric in D?(S'), as the reader can easily check (exercise). The
topology in D?(S1), thus, is the topology induced by this metric. We may also
consider the space & of continuous functions ¢ : R — R which are periodic of
period 1, endowed with the metric given by the same expression as above. The
topology given by this metric has the following property: For each x € R, the
evaluation map X : & — R given by X(¢¥) = ¥ (x) is continuous.

Likewise, we may consider in Diff’(S!) the metric given by

d"(f.g) = sup [ f(x)—g)|.

xeS!

The reader is invited to check that this is indeed a metric, and that the natural map
(D°(SY),d’) — (Diff’(S1), d”), associating to each lift the corresponding circle
homeomorphism, is continuous.

Proposition 2.3. The translation number function t : D°(S') — R is continuous.
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Proof. For each fixed n > 0, the map S8, : D°(S') — 2 given by

1 n
F — ;[F —1]

is continuous. Fix x € R. As the reader can check (see Exercise 2.4), we have

I[F”(x)—x]—r(F) < % (2.6)

n
Since .
R0 fu(F) = —[F"(0)—x] .

it follows that the sequence of continuous functions {X o 8, } converges uniformly

to t. Therefore 7 is continuous.
O

Corollary 2.1. The rotation number map p : Diffg_ (SY) — S is continuous.

Proof. This follows at once from Proposition 2.3 and reduction modulo 1. O

2.2 Topological dynamics of homeomorphisms

As already mentioned, the study of the dynamics of circle mappings began at the
end of the 19th century, with the pioneering work of Henri Poincaré. In this section
we discuss the differences in dynamical behavior between homeomorphisms with
rational and irrational rotation number, as noted by Poincaré himself.

Let us briefly recall some simple notions from topological dynamics. If T :
X — X is a homeomorphism of a compact metric space, the w-limit set of a
point x € X under T, denoted w7 (x), is the set of all accumulation points of the
forward orbit of x. In other words, y € wr(x) if and only if there is a sequence
n; — oo such that 7" (x) — y. Similarly, we define the a-limit set of x under T,
denoted a7 (x), to be the set of all accumulation points of the backward orbit of x.
Thus, y € ar(x) ifand only if there is a sequence n; — —oo such that 7" (x) —
y. Both ar(x) and wr(x) are closed, non-empty, and totally invariant (in the
sense that 7' (a7 (x)) = ar(x), and similarly for w7 (x)). A compact invariant
set A is said to be minimal under T if w7 (x) = A for any given x € A. The
non-wandering set of T, denoted £2(T), is the set of all x € X such that for all
neighborhoods U > x we have 7" (U) N U # O for arbitrarily large n € N. The
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non-wandering set is also totally invariant. As the following sections show, and in
marked contrast with other one-dimensional dynamical systems, these sets have a
very simple description in the case of homeomorphisms of the circle.

2.2.1 Rational rotation number

We now take up the task of showing that, for a circle homeomorphism, having
rational rotation number is equivalent to possessing periodic orbits.

Proposition 2.4. For any [ € Diffﬁ)r (S1) we have that p(f) € Q if. and only
if, f admits at least one periodic orbit. In this case, if p(f) = p/q, all periodic
orbits of f have period q.

Proof. Let F € D°(S') be a lift of f. If f has a periodic point (x) (say of
period ¢), then there exists p € Z such that F4(x) = x + p. This implies that
F"4(x) = x 4+ np, and then

. F™(x) . x+np p
lim = lim =
n—oo  nqg n—o0o0  ng q

Therefore, p(f) = p/q (mod 1). On the other hand, by Proposition 2.2, we know
that p( f™) = m p(f) (mod 1) for any m € N. In particular, if p( f) = p/q, we
have p(f?) = 0. This shows that it is enough to prove that if p( /) = 0, then f
has at least one fixed point. To see this, let F € D?(S1) be the lift of f given by
7(F) = 0. If F has no fixed points (and since F' — Id is periodic), there exists
8 such that {F(x) — x} > § forall x € R. Say that F(x) > x forall x € R
(the case F(x) < x can be treated in exactly the same way). Then F(0) > 4,

F?(0) > F(0) 4+ 8 > 26, ..., F™(0) > né, ... and so forth. But then § < an(o),
which goes to zero. This contradiction shows that F (and then f) has at least one
fixed point.

Finally, suppose that p( f) = p/q, and let us prove that all periodic orbits of
f have period g. Let F be the lift of f such that 7(F) = p/q, and let w(x) be a

periodic point for f. Then there exist integers r, s such that F"(x) = x 4+ 5. Now,

kr
p() = 2= tim 2

k—oo kr r

and then s = mp and r = mq for some m. If F4(x) — p > x, then

F?1(x)—2p=F9(Fl(x)—p)—p > Fi(x)—p > x.
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Proceeding inductively in this fashion, we deduce that F/4(x) — jp > x for all
j = 1. In particular, this gives us x < F™4(x) —mp = F"(x) — s, which is
impossible. In the same way, assuming F?(x) — p < x leads to a contradiction.
Therefore 7 (x) is periodic for f if, and only if, F9(x) = x + p. In particular, all
periodic orbits of f have period g. O

Let us present another proof of the fact that if p(f) = p/q, then all periodic
orbits of f have period ¢. Let 7 (x) be a periodic point of period ¢. Then the set
S'\ Oy (m(x)) is made up by ¢ pairwise disjoint intervals /1, ... , I; which are
permuted by f. Moreover, f/(I;) = I; if, and only if, j = g. In particular,
S|y, is an orientation-preserving self-homeomorphism of the interval I, and
then its dynamics are quite simple: any point is asymptotic, both forwards and
backwards, to a fixed point. Now if 7(y) is a periodic point for f* different from
(x), then ﬁf(n(y)) N Iy # 0. Say that w(y) € I1. Then fq(yr(y)) = n(y),
that is, 7 (y) is periodic with period g. Note that this argument also implies the
following fact.

Lemma 2.3. Let f € Diff{_)1r (S1) with rational rotation number. For any given
x € 81, the set a 7 (x) is a periodic orbit of f, and the same for (x).

2.2.2 Irrational rotation number

Proposition 2.5. Let f : S' — S be a homeomorphism without periodic points.
Then 2(f') is a non-empty, compact perfect set, and in fact a r(x) = w(x) =
Q(f) for all x € S'. Moreover, if 2(f) is not the whole circle, then it is also
totally disconnected, i.e., a Cantor set.

Proof. Let x and y be any two points of S1. If y € w #(x), then by total in-
variance we have w¢(y) € wy(x). If y ¢ wz(x), then let J be the connected
component of S\ @ #(x) that contains y. Then J is a wandering interval, i.e.
its images are pairwise disjoint, because f has no periodic points. In particular,
Y ez | f(J)] < 1 = length of S, which implies | f(J)| — 0 as |n| — oo.
Therefore, if a denotes any of the endpoints of J, we have dist( f " (a), f"(y)) —
0 as |n| — oo. Thus, if £ (y) converges to some point z € S', so does " (a).
Since a € w r(x), this shows that w ¢ (y) € w ¢ (x) in this case also. Interchang-
ing x and y we see that in fact w s (x) = w s (y), so the w-limit set of any point
of S under f is the same. Now we claim that £2( /) agrees with @ £(x), for any
x € S'. Indeed, if y € 2(f), theny € wr(y) = wr(x),s0 2(f) € wr(x).
Conversely, if a point y belongs to w £ (x), then it belongs to its own w-limit set,
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and therefore it belongs to £2( ). One shows similarly that o ¢ (x) = 2(f) for
all x. Also, an isolated point of §£2( /) would necessarily have to be periodic, con-
trary to assumption, so §2( f) is indeed a perfect set. To prove the last assertion, if
Q(f) # S, then its boundary 952 ( f) is non-empty, closed and totally invariant.
Hence, if z € 9§2(f), we have 32(f) 2 ws(z) = £2(f),s0 2(f) = 082(f),
and this is only possible if £2( f) is totally disconnected. O

A natural question at this point is: Which Cantor sets can be realized as £2( f)
for some circle homeomorphism f without periodic orbits? The answer is given
by the following result.

Theorem 2.1. Let K C S! be a Cantor set, and let o be an irrational number.
Then there exists a homeomorphism f : S' — S such that p(f) = o and
2(f)=K.

Proof. We give a sketch of the proof and leave the details as an exercise. Take any
point xg € S Land let x,, = RZ(x0), n € Z, be its orbit under the rotation Ry. Let
¢ denote the countable set consisting of all connected components of S\ K (the
gaps of the Cantor set K). Then, using a simple inductive procedure, one shows
that there exists abijectiono : {x, : n € Z} — ¢ which is order-preserving in the
sense that (in the counter-clockwise orientation of S') whenever x lies between
Xm and x5, the gap o (x;) lies between the gaps o (x,,) and o (x,). Accordingly,
write I, = 0(x,),sothat¥ = {I, : n € Z}. Next, define f : S'\ K — S'\ K
by letting f|7, be an affine, orientation-preserving bijection onto /1, for all
n € Z. At the same time, let 4 : S\ K — {x,, : n € Z} be given by h(x) = x,
whenever x € I,,. Then & is order-preserving, and by construction we have ho f =
Ry ohin 81\ K. Hence f is also order-preserving. Since its image is dense on the
circle, f extends to a continuous monotone map of the entire circle, which we still
denote by f. Then f must be injective. Otherwise f would be constant on some
interval J, but this is not possible because J must intersect some /. This shows
that f is a homeomorphism. The map 4 also extends to a continuous monotone
map h : S' — S, and by continuity the equation 4 o f = Ry o h now holds
everywhere, i.e., h is a semi-conjugacy between f and the rotation Ry. Hence,
by Lemma 2.2, we have p(f) = «. Finally, since by construction we also have
f(K) = K, it follows that £2( f) = K, as desired. O

Theorem 2.2. Let f : S — S be a homeomorphism of the circle with irrational
rotation number «. Then f is semi-conjugate fo the rotation by «, i.e., there exists
a continuous, degree one monotone map h : S' — S such thath o f = Ry o h.
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Proof. Let F be alift of f to the real line. Define H : R — R by
H(x) =sup {ma +n: F™0)+n < x} .

Since {ma +n : m,n € Z} is dense in R, H is continuous and monotone. It
clearly satisfies H(x + 1) = H(x) + 1 for all x, so it is the lift of a continuous,
degree one monotone map 4 : S — S!. Now, we have

Ho F(x)=sup {ma+n: F™0)+n < F(x)}
= sup {ma +n: F™"10) +n < x}
=o+ H(x).

Hence we have the commutative diagram

RLR

T

R—— R
To

where Ty, is the translation by «. Descending to the quotient space S'! yields

S

st — 5 ¢

4l I

st — - gt
Ry

Therefore f is semi-conjugate to the rotation by «, as was to be proved. O

Proposition 2.6. Let f : S' — S be a homeomorphism without periodic points.
If there is a sequence nj — oo such that { ™} is equicontinuous on the circle,
then f is topologically conjugate to a rotation.

Proof. Let J be a connected component of the complement of the non-wandering
set £2(f). Then the intervals f"*(J), n € Z, are pairwise disjoint. In particular,
| f7"(J)] - 0asi — oo. Since {f"i} is equicontinuous, for each ¢ > 0
there exists § > 0 such that each interval of length < § is mapped by each f
onto an interval of length < €. In particular, since f” maps f~"i(J) onto J
for all i, it follows that |J| < €. But € is arbitrary, so |J| = 0. This shows that
Q(f) = S, and therefore, by Theorem 2.2, f is topologically conjugate to an
irrational rotation. O
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2.3 Invariant measures and semi-conjugacies

From the measure-theoretic point of view, there is a dichotomy between home-
omorphisms of the circle with rational and irrational rotation numbers. This di-
chotomy is presented in Table 2.1. In this section we supply the missing proofs of
the statements that are implicit in that table.

P
P(f)=5€Q p(f) =« €R\Q (modl)
There is a periodic orbit There are no periodic orbits
of period ¢
Many invariant measures Unique invariant Borel
in general probability measure

W is ergodic

W ergodic, invariant A = supp(u) is compact, perfect,
probability measure invariant and f| 4 is minimal
=— supp(u) = periodic orbit

Table 2.1: Rational vs irrational rotation numbers.

It is useful at this point to introduce the following auxiliary notion. If & :
S — S is a monotone map, we say that J € S! is a plateau for h if J is an
open interval, k| is constant and J is maximal with respect to these properties.
We have the following two easy lemmas.

Lemma24. Let f € Diffﬁ’r (S1) have no periodic points and let h be a continuous
monotone map of S' such thath o f = Ry o h (Where « is irrational). Then, if J
is a plateau of h, we have

(a) Theintervals f"(J), n € Z, are pairwise disjoint;

(b) u(J) = 0 for every f-invariant probability measure |i.
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Proof. Let h map J to apoint p € S!. If m and n are integers such that /™ (J) N
f™(J) # @ then, since f is a homeomorphism, we have J N f™7"(J) # . If
x = f™7(y) is a point in this last intersection, then on the one hand we have
h(x) = p (because x € J), and on the other hand o /™" (y) = RI'""(h(y)) =
R (p) (because y € J). Therefore R))~"(p) = p, and this can only happen
if m = n, for Ry is an irrational rotation. This proves (a). But now we know
that ), n(f"(J)) < 1, and since the measure is invariant, we also know that
w(f™(J)) = n(J) for all n. This forces u(J) = 0, and part (b) is proved. O

Lemma 2.5. If f and h are as in Lemma 2.4, and if w1 and > are invariant
probability measures for f, then hxpt1 = hy iy if and only if 1 = Wo.

Proof. Let P C S be the union of all closed intervals of the form J, where J is
a plateau of i. If A € S! is any Borel set, we have

ACh Y (h(A) CAUP

By Lemma 2.4 (b) we have u; (P) = 0 fori = 1, 2. Therefore, writing A" = h(A),
we see that
hapi (A" = (7 (h(A)) = wi(A)

fori = 1,2 If hept1 = hspto, this forces 1 (A) = uz(A), so u1 = up. The
converse is obvious. O

With the help of this last lemma we can now prove the following important
result.

Theorem 2.3. Every homeomorphism of the circle without periodic points is uni-
quely ergodic.

Proof. Let f € Difﬂ(S 1) be without periodic points and let @ = p(f). Let
h : S' — S! be the semi-conjugacy of f to R, given by Theorem 2.2. If v is
a probability measure on S! such that f,v = v, then & = h4v is an invariant
measure for Ry. Moreover, if v is ergodic for f then u is ergodic for R,. Hence,
by Lemma 2.5, it suffices to show that R, is uniquely ergodic (which has been
proved by the reader in Exercise 1.13. However, we provide a proof here just for
the sake of completeness).

Now, we know that R, leaves Lebesgue measure m invariant, and that m
is ergodic for Ry (recall Lemma 1.5). Suppose then that u is another invariant
measure for Ry, and that p is ergodic for Ry. Let A C S I be any Borel set, and
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let 14 denote its characteristic function. Then by Birkhoff’s ergodic theorem we
have

1% ; n—>00
;Z]leRé(x)—>/Sl ladu = u(A)
=0

for pu-almost every x € S, whereas by Weyl’s equidistribution theorem we also
have

ln—l . 1 .
=S 140 RY() = —card{ogj <n:Ri(x) eA} 2% m(A)
n n

j=0

for every x € S!. Therefore ;1(4A) = m(A) for all Borel sets A, and so m =
. O

A proof of Theorem 2.3 without using Birkhoff’s ergodic theorem and Weyl’s
equidistribution theorem can be found in the recent survey de Faria and Guarino
[2022a, Prop. 2.7]. Here is a simple consequence of Theorem 2.3. Let us agree to
say that a circle homeomorphism f is non-singular with respect to Lebesgue mea-
sure m, or simply measurably non-singular, if the push-forward measure fi m is
equivalent to m, in the sense that they have the same sets of zero measure. In other
words, f is non-singular if m(f~1(B)) =0 <= m(B) = 0 whenever B is a
Borel set. For example, every diffeomorphism of the circle is non-singular.

Corollary 2.2. If f : S' — S is a measurably non-singular homeomorphism of
the circle without periodic points, then its unique invariant probability measure is
either absolutely continuous or purely singular with respect to Lebesgue measure.

Proof. Let u be the unique Borel probability measure invariant under f. By the
Lebesgue—Radon—Nikodym theorem, we can write © = w1 + (2, where p; and
W2 are positive Borel measures with u; <« mand u, L m. Hence fopu =
fxM1 + fepa,and since fiu = u, we have

u(B) = n(f~H(B) = mi(f~H(B)) + p2(f~H(B)) 2.7)
for every Borel measurable set B. There are now two cases to consider:

(1) If m(B) = 0, then w1 (B) = 0 (because p; <K m). Since f is measurably
non-singular, we also have m( f ~!(B)) = 0, and therefore ;1 (f ~1(B)) =
0 (again because j1; < m). Thus, i1 (B) = 1 (f~1(B)) in this case.
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(i) If m(B) > 0, then uo(B) = 0 (because uy L m); in particular u(B) =
w1(B). Since we also have m(f~1(B)) = 0 (again because f is measur-
ably non-singular), it follows that »(f~!1(B)) = 0. From this and (2.7)
we deduce that 1 (B) = 1 (f~1(B)) in this case as well.

This shows that fi 1 = 1. Therefore either ;1 = 0 or the normalized measure
v = p1/pm1(SY) is an invariant probability under f. In the first case, we have
L = [z, and so u L m; in the second case, by unique ergodicity we must have
v=p,andso u K p1 < m. O

Exercises

Exercise 2.1. Let f : S' — S! be an orientation reversing homeomorphism.
(i) Show that f has exactly two fixed points.

(ii) Show that, for any given x € S!, the w-limit set w #(x) is either a fixed
point or a periodic orbit of period 2.

Exercise 2.2. Given f € Diff (S'), the centralizer of f in Diff% (S?) is the
group (under composition) given by Zo(f) = {h € Diffg_(Sl) chof = fohj.

(1) Show that if f is a rigid rotation, then Zo( f) is just the group of rotations
(and then Zo( 1) is topologically a circle).

(i) Show that if f is a minimal circle homeomorphism, then Zy( f) is also
homeomorphic to a circle.

Exercise 2.3. Let [ € Diffﬁ)r (S1) with irrational rotation number p. Show that
any semi-conjugacy between f and R, is unique up to post-composition with
rotations.

Exercise 2.4. Prove the inequality (2.6).

Exercise 2.5. Fill in the details of the proof of Theorem 2.1.

Exercise 2.6. Let f : S' — S be a circle homeomorphism with irrational rota-
tion number, and let i be the unique invariant probability measure for f. Let x €
S1, and let (m;) and (n;) be two sequences of integers such that m; — n; — +oo
as i — oo. Writing

1 <
R S, ,
b= > S

j=n;+1
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where 8, denotes the Dirac point mass (probability measure) at a € S!, prove
that the sequence of measures p; converges to p in the weak*-topology. (See
Katznelson [1977, p. 5].)

Exercise 2.7. Let 1 < p < q be two integers and denote by A, the interval

[é , 1] with the endpoints % and 1 identified. Consider the piecewise affine map

Tpy: Ay — Ay given by

1 1
px , if —<x<—,
q p
Tpge(lx) = |
Ex , If —<x<1.
q p

The map T’ 4 is built out of two linear maps of the real line: one expanding (mul-
tiplication by p > 1), the other contracting (multiplication by p/q < 1); see
Figure 2.1. Through the identification of the endpoints of Ag, the map 7} 4 is a
piecewise affine homeomorphism of the circle.

(i) Show that T}, 4 is topologically conjugate to the rotation Ry : S I st
with & = log, p.

(i1) Show that the conjugating map is differentiable except at one point.

(iii) Show that T 4 leaves invariant the absolutely continuous measure (v given

by
dx
pet) = [ |
4 xlogg

(iv) Show that if ged(p,g) = 1 then T) 4 is minimal, and therefore uniquely
ergodic.

(v) Let1 < p1, p2 < g be integers; show that 7, 4 and T, ;, commute. [Hint:
use (i) and (iii)]

[References: de Faria and Tresser [2014] and Liousse [2004]]

Exercise 2.8. Construct a piecewise affine homeomorphism f : S — S! with the
following properties: (a) f has irrational rotation number; (b) f leaves invariant
the set of rational angles, i.e., f(Q/Z) = Q/Z. The first example of this type
was constructed by Boshernitzan [1993]. [See also de Faria and Tresser [2014]]
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rlq

0 g 1fp 1

Figure 2.1: A piecewise linear circle map built out of two linear maps, one ex-
panding with slope p, the other contracting with slope g.

Exercise 2.9. Consider F : R — R given by

1
F(x)=x + 100 sin?(7rx),

and note that F is the lift of a real-analytic diffeomorphism f : $1 — S1. Show
that p(f) = 0 and that f is uniquely ergodic.

Exercise 2.10. Let f € Difﬁ)r(S 1) with irrational rotation number p. As we saw
in Section 2.3, f is uniquely ergodic and its unique invariant measure j is given
by u(4) = m (h (A)) for any Borel set 4 C S 1 where h is any semi-conjugacy
between f and the rigid rotation R,, and m denotes the normalized Lebesgue
measure in S! (recall that, by Exercise 2.3, the semi-conjugacy / is unique up to
post-composition with rotations, so the measure u is well-defined). Conversely,
given the unique f -invariant measure , fix some x € S' and consider 4 : ! —
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h(y) = exp (2711' /ydu) ,

where, by convention, we measure the arc (x, y) starting from x in the counter-
clockwise sense. Show that / is the unique semi-conjugacy between f and R,
which identifies the point x with the point 1.

S1 defined by

Exercise 2.11. A self-homeomorphism f : X — X of a compact metric space
(X, d) is said to be expansive if there exists a constant § > 0 such that for every
pair of points x and y in X we have that

d(f"(x), f"(»)) <8 VneZ = x=y.

Show that there are no expansive homeomorphisms on the circle.
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The topological theory of diffeomorphisms of the circle was started by A. Denjoy,
almost fifty years after H. Poincaré introduced the concept of rotation number. In
a seminal paper published in 1932, Denjoy [1932] proved that every sufficiently
smooth circle diffeomorphism f without periodic points is topologically equiv-
alent to an irrational rotation. Here, the expression “sufficiently smooth” means
that f is C! and log Df is a function of bounded variation. In that same work,
he also showed that such result is essentially optimal by constructing C! diffeo-
morphisms of the circle without periodic points that leave invariant a Cantor set in
S1 — which therefore cannot be conjugate to a rotation — and have the additional
property that log Df is Holder continuous. An example of this type, without this
extra property, had been constructed 16 years earlier by Bohl [1916].

In this chapter we shall prove Denjoy’s theorem and construct his examples,
the latter with some improvements due to later authors, such as Katznelson [1977]
and Herman [1979]. In the chapter’s last section, we shall examine circle diffeo-
morphisms from the ergodic-theoretic viewpoint.
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3.1 The naive distortion lemma

We will prove first a weaker version of Denjoy’s theorem, in which we assume that
the circle diffeomorphism is C 2. This we will do primarily for pedagogical reasons.
The weaker version provides us with a good opportunity to introduce a very simple,
yet extremely useful tool in one-dimensional dynamics: the nonlinearity of a map.

Definition 3.1. The nonlinearity of a C? diffeomorphism f is

D?f
Df

Note that the nonlinearity of f vanishes identically if and only if f is linear
(or rather, affine). Thus, as the name suggests, the nonlinearity measures how far
a map is from being linear. The nonlinearity satisfies a chain rule: if f and g are
C? diffeomorphisms and f o g is well-defined, then

Nf = DlogDf =

N(fog) = Nf(g)Dg+ Ng.

One can see from this chain rule that, under C2 changes of coordinates, the non-
linearity transforms like a 1-form.

In many situations, the nonlinearity can be used to control the geometric dis-
tortion of a long composition of maps. Suppose we have a sequence of inter-
vals Iy, I1,..., I, ... on the real line or on the circle, and diffeomorphisms f;, :
I,—1— I,,n=1,2,...Letus also assume that

(i) Each f;, is an increasing C? diffeomorphism;

(ii) There exists a constant B > 0 such that sup,.c; |4 fi(x)| < B for all
n=12,...

Let us write F,, = f, o fu—1 0---0 f1, for all n. Then we have the following
result, known as the naive distortion lemma.

Theorem 3.1. Under the hypotheses (i) and (ii) above, if x,y € Iy are any two
points then for all n > 1 we have
n—1
F)(x
exp{—BZ 1| £l
i=0

< =
Fn(Y)

< exp

n—1
BZ|I,~|} . (3.1)
i=0
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Proof. The proof uses the chain rule for the nonlinearity together with the change
of variables formula. For all ¢ € I, we have

NFn(t) = Y Nfi(fimi0--0 fi() D{fimi0---0 fi} (1),

i=1

by the chain rule. Integrating over the interval Jy with endpoints x and y contained
in Iy, and writing J; = f;j o fi_1 0---0 f1(Jp), we see that

n

n

AE0dr =Y [ ApEa@) DR =Y [ s
Jo i=177J0 i=17Ji—1

using over each summand the change of variables ¢ — F;_1(¢). Since |4 f; (¢)| <
B and J;i—; C I;_1, we get

n—1 n—1
AEOd < BY 0] < BY L] (.2
Jo i=0 i=0

But the integral in the left-hand side of (3.2) is equal to £ log (F,, (x)/ F,,(y)), and
exponentiating the resulting inequality yields (3.1), as was to be proved.
O

A typical application of the distortion lemma occurs in cases where the f;’s
are restrictions of a single map f and the intervals /; in its domain are pairwise
disjoint (or quasidisjoint). In such cases, the estimate offered by the distortion
lemma is uniform in n, and can be combined with the mean-value theorem to
force contradictions, e.g. in ruling out the existence of wandering intervals for f.
This is precisely what happens in the proof of the C 2 version of Denjoy’s theorem,
presented below.

3.2 Denjoy’s theorem

The theorem of Denjoy is such an important result that, in this book, we prove it
in three different ways. Two of these are given in this section. The third proof will
be given in Chapter 6 (see Remark 6.2).
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3.2.1 The C? version

As promised earlier, we will prove first a weak version of Denjoy’s theorem. In
this version we assume that the given diffeomorphism is C? smooth.

Theorem 3.2 (Weak Denjoy). If f : S' — S is a C? diffeomorphism whose ro-
tation number « is irrational, then f is topologically conjugate to the rotation Ry.

Proof. Let (qn)n>0 be the sequence of closest return times of f (denominators
of the convergents of o). We already know that there exists a semi-conjugacy
between f and Ry, that is to say a continuous monotone map 4 : S' — S! such
that h o f = Ry o h. The pre-image h~!(p) of a point p € S! is either a point
or the closure of a plateau of h. If we can rule out plateaux, & will be one-to-one,
and therefore a homeomorphism — in other words, a conjugacy.

We argue by contradiction. Suppose A~ !(p) = J, where J is a plateau of
h. Then by Lemma 2.4 (a), J is a wandering interval for f, i.e. the intervals
Jm = f™(J), m € 7Z, are pairwise disjoint. Fix a small neighborhood of p, and
take n so large that R~97(p) belongs to that neighborhood. Let I’ be the closed
interval with endpoints p and R™9”(p) contained in such neighborhood. Define
I = h=1(1'), and note that / is an interval because / is monotone. Note also that
I contains both Jo and J_4,. From our study of the combinatorics of rotations,
we already know that the intervals R, (1"), 0 < i < gn — 1 are pairwise disjoint.
Therefore the intervals I; = f(I),0 < i < gn — 1 are also pairwise disjoint. In
particular, we have Z?;Bl |1;] < 1.

By the mean-value theorem, there exist x € Jo and y € J_4, such that

| /g |Jo]
= and Df?(y) = )
|Jol |~ |

Dfin(x) = (3.3)

We are now in a position to apply the distortion lemma (Theorem 3.1) to the diffeo-
morphisms f; = f|r,_,, 1 <i < gn, and the points x and y. From that theorem
and (3.3), we deduce that

8 _ gl V=g, B
e < T < s (3-4)

where B = sup |/ f| < oco. These inequalities are valid for every sufficiently
large n, and the lower and upper bounds are independent of #. But since we have
Y mez |Im| < 1, it follows that limy, o0 [ S| = limpy—eo |J—m| = 0, which
contradicts (3.4). Therefore 4 has no plateaux, and the proof is complete. O



3.2. Denjoy's theorem 49

3.2.2 The bounded variation version

As it turns out, in Denjoy’s theorem it is not necessary to assume that the diffeo-
morphism £ is C2. It suffices to assume that log Df is a function of bounded
variation on the circle. A function ¢ : ' — R is said to be of bounded variation
if its total variation is finite, that is to say

n
Var(p) = sup Y _ |p(a;) — ¢(bi)| < oo,
i=1

where the supremum is taken over all finite collections of pairwise disjoint inter-
vals (a;,b;) € S', 1 < i < n. The space of all such functions is denoted by
BV(SH)!.

The fundamental tool for the bounded variation version of Denjoy’s theorem
is the following.

Theorem 3.3 (Denjoy—Koksma Inequality). Let f : S' — S be a homeomor-
phism with irrational rotation number o, and let | be the unique Borel probability
measure invariant under f. If the rational number p/q is such that

1
q_z ’

p

o — —

q

<

then for every function ¢ : S' — R of bounded variation we have

qg—1
sup |3 ¢o 70— [ ¢du| < Vartp).
xeSt | = S!

j=0
Proof. First we remark that the points §; = {jg} eSlforj=0,1,....g—1
are precisely the g-roots of unity, and therefore they partition S! into g arcs of
equal length 1/¢. Since foreach j = 1,2,...,q we have
J
g2

<

’

Q| =

ja—j£'<
q

it follows that each such arc contains exactly one of the points Ré 0) = {jua},
j =1,...,q. We label these arcs y1, ..., y4 so that R3(0) € y;.

It is easy to see that BV(S!) is a vector space. It is in fact a Banach space under the norm
lellBy = [(0)] + Var(p).
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Now let x € St and let 4 : ST — S! be the primitive of u given by

h(t) = / du(s) .

S7Hx)
This monotone map, which is normalized so that h(f~!(x)) = 0, is a semi-
conjugacy between f and Ry. Let A; = h™ 1()/j) Then the intervals Aj,

j =1,...,q form a partition of S!, and ff I(x) € Aj for all j. Note also
that u(Aj;) = 1/q forall j.

With these facts at hand, we are ready to prove the Denjoy—Koksma inequality.
Let ¢ € BV(S') be of bounded variation. Then we have

qg—1

qg—1
o (e — _ o £I(y)
jgow £1(0) q/Slde Z(w £ (x) Q/Amwdu)

qg—1
> [, (et n o)) dntoy

q—1

<q Y Var(p: Ajy1) - (4 11)
J=0

q—1
= Var(p:4;41) < Var(p).
j=0

This concludes the proof, because x € S! is arbitrary. O

Theorem 3.4 (Denjoy’s Theorem). Let f : S' — S be a diffeomorphism whose
rotation number « is irrational. Iflog Df is a function of bounded variation, then
f is topologically conjugate to the rotation Ry.

Proof. We apply the Denjoy—Koksma inequality to the function ¢ = log Df". Let
(gn) be the sequence of closest returns of f. The chain rule tells us that

qn—1
log Df9"(x) = Z logDf o f7(x).

j=0

Hence, by Theorem 3.3, we have

log Df9" (x) — qn /Sl log Df du' < Var(log Df) . (3.5)
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Since f97 maps S! diffeomorphically onto itself, there is a point x* such that
Df9n(x*) = 1. Using this point in the above inequality, we see that

Var(log Df)

n

‘/ log Df du‘ <
Sl

Butasn — oo, the right-hand side of this last inequality goes to zero, and therefore

/ logDfdu = 0.
S1

Taking this back to the inequality (3.5), we deduce that |log Df 9" (x)| < V, where
V = Var(log Df). Exponentiating this inequality gives us

eV < IDfI"(x)| < eV .

This implies that the sequence of iterates f9" is equicontinuous. By Proposi-
tion 2.6, f must therefore be topologically conjugate to the rotation Ry. O

Remark 3.1. Yet another version of Denjoy’s theorem was proved by Hu and Sul-
livan [1997], for C! maps whose first derivative satisfies a Zygmund condition.
We say that a function ¢ : 1 — R is Zygmund if for all x and & we have

@(x + 1)+ @(x —h) —2¢(x) = O(|h]) .

The (linear) space of all Zygmund functions is denoted by Z. Although the Zyg-
mund and bounded variation classes have non-empty intersection, neither class is
contained in the other. Hu and Sullivan showed that if £ € Diff' ™2 (S'), in other
words, if f is a C! diffeomorphism and log Df € Z, and Per(f) = O, then
f has no wandering intervals — and therefore it is conjugate to the corresponding
rotation. For more on the uses of the Zygmund class in one dimensional dynamics,
see de Melo and van Strien [1993, Ch. I V].

3.3 Denjoy’s examples

We have seen in Theorem 2.1 that any perfect, totally disconnected subset of S! is
the exceptional minimal set of some homeomorphism of the circle, and we can even
take the rotation number of such homeomorphism to be an arbitrary irrational. The
situation is considerably more rigid for diffeomorphisms, although still sufficiently
flexible to allow for a plethora of examples. We expand on this point a bit.
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To start with, Denjoy’s theorem rules out exceptional minimal sets for diffeo-
morphisms whose degree of smoothness is C!'TBV or higher?. Thus, if we are
looking for diffeomorphisms with exceptional minimal sets, we have to content
ourselves with lower smoothness. Let us agree once and for all on the following
definition.

Definition 3.2. 4 Denjoy example is a diffeomorphism of the circle having an
exceptional minimal set.

In this section, following Herman [1979] and Katznelson [1977], we will con-
struct for each given irrational rotation number, a Denjoy example with that rota-
tion number that is of class C 1€ for every 0 < € < 1. In fact, for fixed rotation
number there are even a countable infinity of topological conjugacy classes of such
Denjoy examples. The question of which Cantor sets on the circle are minimal sets
of C! Denjoy examples is a difficult one, and is still open. We will have more to
say about that later.

3.3.1 The basic construction

The intuitive idea behind the construction of Denjoy examples is to cut the unit
circle along one or more orbits of an irrational rotation and introduce a small in-
terval, or gap, at each cut. This surgery procedure yields a new, larger circle. In
this enlarged circle, the complement of the union of all gaps is a Cantor set (made
up of points of the old circle plus the endpoints of the gaps). We define a self-map
— a homeomorphism — of the enlarged circle by letting it agree with the irrational
rotation on the Cantor set, and by defining it on gaps so that each gap is taken home-
omorphically onto another gap, following their exact order on the circle coming
from the irrational rotation. The Cantor set becomes the exceptional minimal set
of this homeomorphism.

Since we want a diffeomorphism, not merely a homeomorphism, the sizes of
the gaps have to be carefully chosen. Moreover, if we follow the above proce-
dure to the script, we find that it always produces exceptional minimal sets having
positive Lebesgue measure — roughly speaking, equal to the size of the old circle
divided by the size of the enlarged circle. We would like to construct examples
having zero Lebesgue measure also. Hence, the above procedure will have to be
slightly modified.

Let us move to the detailed construction. To start it, we fix an irrational number
a with 0 < @ < 1. We want to produce a C! diffeomorphism f : §' — S! with

2We denote by C 7BV the class of all C! maps f such that log Df € BV(S1).
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o(f) = a having an exceptional minimal set K € S'. We proceed by steps, as
follows.

Step 1: Construction of K. We will construct a perfect nowhere dense set
K C R such that K = n(l/(\ ) € S! is the desired minimal Cantor set. Let us
consider a bi-infinite sequence (A, ),z of positive real numbers such that

D) £=) A, < 1.

nez

A
(D2) lim 2+l — 1.

|n]—o00 n

A
(D3) sup
nez

Foreachn € Z, let a, = {na} € S'; this sequence is dense in S!, because o is
irrational. Define also the sequences

anp = (1 —0Ooy + Z Ai,
i:0<a; <oy

(3.6)
bp=tn+in=0-0an+ > i
i:0<a; <y
Now let I, = (an, by) C R; note that I, C [0, 1], by (D1) above.

Lemma 3.1. The intervals I,, n € Z, are pairwise disjoint, the set
Ko=(0.1\ (I
nez
is perfect and nowhere dense, and its Lebesgue measure equals 1 — {.
Proof. Suppose m,n € Z are such that o, < oo. Then we have

an=(0-Dan+ Y i+ > A

i:0<a; <am iam<a; <o

=bm + (1= —0m) + Y. A > bm. (3.7)

iioy <o <dp
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This last inequality holds even if £ = 1, because («;) is dense in [0, 1]. Thus, we
have a;, < by < an < by, and therefore 1,, N I, = @. This shows at once
that the intervals I, are pairwise disjoint and that the set K¢ has no isolated points.
Moreover, since Ky is closed, it is Lebesgue measurable, and

m(Ko) =1-m(| J I,)=1-¢

nez

It remains to prove that Ko has empty interior. This is obvious if £ = 1, so we
assume that £ < 1. Note that (3.7) tells us that

§=dist(In.Im) = (1 = O(en —am) + Y X

iioy <aj<dp

and also that
v =m(Ko N [bm,an]) = (1 = O)(an — om)

We claim that there exists a gap I, contained in [b,,, a,] that intersects the middle
third of [by,,an]. This is clear if v < §/3, so we assume that v > §/3. Let
oy € (0, ap) be such that

1

am + oy
— | < g —om).

o — 5

Then we have

ap —bm = (1 =0k —am)+ Y, X

I, <oy <o

4
> 6(1 —O)(on —am) > 3
Similarly, a,, — by, > §/3. These inequalities show that the gap Ij is contained in

the middle third of [b,,, a,], proving the claim. From the claim it follows that the
union of all gaps is dense in [0, 1], and therefore K¢ has empty interior. U

We now define K as the union of all integral translates of Ky, in other words,
K=|J@n+Ko.
nez

This set enjoys the same topological properties as we stated for Kop: it is closed,
perfect, and nowhere dense.
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Step 2: Construction of the lift of f. Let us now construct an increasing dif-
feomorphism F : R — R with F(K) = K, which will be the lift to the real line
of f, the Denjoy example we seek to construct. We write F = Id +¢, where ¢
is periodic of period one. We will construct the derivative ¢ = D¢ first, and then
integrate.

We want to have f(J,) = Jp41 for all n, where J, = n(I,) € S!. Hence
F must map each gap [, onto (an integral translate of) of 7,41, and therefore

/ F/(t)dt = An+1 = |In+1l.

This is the same as requiring that

by
/ L+ oO]dt = Aoy
an

or yet
by
f o) dl = Ansr—hn . (3.8)
an

There are many ways to define ¢ inside [, vanishing at the endpoints, so that the
above equality holds. One way is to write

1
for all # € I,,. Here the constant ¢, is chosen so that (3.8) holds. A simple com-
putation yields
o = 4 (Ant1 !
"\ Ay '

In other words, define ¢ so that for each ¢ € [, we have

o(t) = 2(*2’\—“—1) (1—%|2t—an—bn|) . (3.9)

Furthermore, let ¢(¢) = 0 for all t € K. So far we have ¢ defined on the unit
interval only. It is clearly continuous in the union of all gaps /,,. Since by (3.9)
and (D2) we have

lim sup |p(t)| = |m 2

li
In|—>o00 e, [n|—o00
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it follows that ¢ is continuous at all points of K¢ as well. Now extend ¢ outside
the unit interval by making it periodic of period one, so that ¢(z + k) = ¢(¢), for
all k € Z and all 0 < ¢ < 1. The extended function ¢ : R — R is continuous
everywhere, and it vanishes at all points of K.

Now let F : R — R be given by

t

Fit)=a; +1 +/ o(s)ds . (3.10)
0

We summarize the essential facts about F in our next lemma.

Lemma 3.2. The map F is an increasing C ! diffeomorphism of the real line, and
it has the following properties.

(a) Forallt e R, F(t +1)=F()+ 1;

(b) Foreveryn € Z,

In+1, l'fO(n<1—Ot

F(l,) =
(In) 1+ Iny1, if an >1—o;

(c) We have F(I?) = K;
(d) The translation number of F is equal to .
Proof. Note that F’(t) = 14¢(t), which is continuous, so F is C 1. Moreover, by

(3.9) and (D3), we have () > —2n > —1, and this implies F'(t) > 1 —21n >0
for all . Therefore F is an increasing diffeomorphism. Property (a) is immediate

from
1
/ oty di =0,
0

which in turn follows from (3.8) and the fact that ¢ vanishes on Kg. To prove
property (b), it suffices to show that

if 1—
F(Cln) _ dpn+1, I oy < o

1+anst1, ifo,>1—0a.
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From (3.8) and (3.10), we have

Flam =ai+an+ Y / ol dr

0<a; <oy

=ay +a, + Z Aig1 —Ai) .

0<a; <oy

Using the expressions of a; and a, given in (3.6), this last equality becomes

Fla)=(1=O@+a)+ Y. A+ > A1 (3.11)

0<a; <a 0<a; <oy

Assume first that o, < 1 — . In this case, for all ; € [0, a,,] we have o; + o =
oj+1. Using this fact in (3.11), we deduce that

F(an) = (1 = Oan+1 + Z Aj+ Z Ait1 =dnt1 -

0<a; <a o<1 <0p41

Now assume instead that o, > 1 — «. In this case a4+1 = @ + @ — 1, and
therefore we can write

Z Ait1 = Z Ait1 + Z Ait1

0<a; <oy 0<a;<l—a 1—a<a; <ay
= E Aj+ E Aj. (3.12)
a<a; <1 0<aj <ap41

Substituting (3.12) into (3.11), we get

Flan) =(1=00+ant)+L+ Y Aj=l4an

0<aj <ap+1

This proves property (b). Thus F leaves invariant the union of all gaps I, and its
translates, and since it is a homeomorphism, the complement Kis kept invariant
also, which proves (c).

Finally, to prove (d), let H : R — R be defined as follows. For eacht € [0, 1],
put H(¢) = supy, cpo,1] %n»and extend H to the whole real line writing H (¢ +k) =
H(t) + k for all k € Z. This function is clearly non-decreasing. Hence its only
possible discontinuities are jump discontinuities. To rule out jumps, it suffices to
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show that the image of H is dense in R. To do this, we first calculate H(¢) for
t € I, foreachn € Z. Suppose a;, < oy; then it follows easily that a,, < ap,
and therefore b,, < a, as well. Therefore I, C [0,a,] C [0,¢], and from this it
follows that H(z) = ay, (see Figure 3.1). But {«,, : n € Z} is dense in [0, 1], so
H([0, 1]) is dense in [0, 1]. Since H(t + k) = H(t) + k for all k € Z, we deduce
that H(R) is dense in R. Therefore H is indeed continuous.

It remains to check that the semi-conjugacy equation H o F(t) = Ty o H(?)
holds for all 1 € R. Once again, we only need to check this for # € [0, 1]. Let
t € I, and suppose first that o, < 1 — . Since H(¢) = «p, we have in this
case Ty 0o H(t) = oy + @ = an41. We also have F(¢) € 1,41, and therefore
H o F(t) = ap+1. This shows that the semi-conjugacy equation holds in this case.
The case o, > 1 — « is proved in the same way, mutatis mutandis. Summarizing,
we have proved that forallt € U = |,y In Wwehave Ho F(t) = Too H(t). But
since U is dense in [0, 1] and H, F, Ty are continuous, it follows that H o F(t) =
Ty o H(t) for all ¢ € [0, 1], which proves what we wanted. In particular, the
translation number of F is «, as asserted in (d). O

We can now quotient everything down to the circle S!. Thus, F is the lift of a
C! diffeomorphism f : S — S', while H is the lift of a continuous monotone
map h : S' — 8!, and we deduce that 4 o f = Ry o h. Moreover, we have
£2(f) = K, a Cantor set — in other words, f is a Denjoy example.

Remark 3.2. A bi-infinite sequence A = (A, ),z of positive numbers satisfying
properties (D1)-(D3) stated above is called a Denjoy sequence. Given a Denjoy
sequence A and an irrational o € (0, 1), the Denjoy example constructed with this
data is denoted by fy 4. In what follows, we will denote by W° C Diffﬂ)r (ShH
the class of all homeomorphisms of the circle without periodic points that possess
a wandering interval (in other words, f € W if and only if Per(f) = @ and
Q(f) # SY). We will also write W! = W% n Diffﬂr(Sl), and will denote by
D C W1 the class of all Denjoy examples constructed by the procedure described
above (in other words, f € D if and only if /' = f, 4 for some irrational o €
(0, 1) and some Denjoy sequence A).

3.3.2 Moduli of continuity

Now we go a bit further and show that our Denjoy examples can be made almost
Lipschitz; more precisely, they can be made C 7€ for every 0 < € < 1, with no
restriction on the (irrational) rotation number.
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F
e

Gn by An+1 buy1 R
H H

Figure 3.1: The semi-conjugacy H and its plateaux.

Theorem 3.5. For each 0 < £ < 1, each B > 0 and each 0 < a < 1 irrational,
there exists a C diffeomorphism f : S' — S such that

(i) The rotation number of f is equal to o.
(ii) The non-wandering set 2(f) C S' is a Cantor set with Lebesgue measure
equalto 1 — L.

(iti) The function log Df has modulus of continuity wg(t) =t (log %) H'B.

This last property implies that log D f is §-Hélder continuous for each 0 < § < 1.

Proof. Given the construction performed above and Lemma 3.2, the proof boils
downtotaking f = fy, 4 forasmartchoice of the Denjoy sequence A = (A,),ez.

We take )
= ., Ynez, (3.13)
" (] + D [log (In] + 2]

where 0 < b < 1 is chosen so that ), ., A, = £. This choice of the sequence

(An) guarantees that
An—H ' ( 1 )
—-1=0 3.14
An In| +1 (3.14)
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Let F : R — R be given by Lemma 3.2 for this choice of (1,) and the given
irrational . Then we already know that F is the lift of a C! diffeomorphism
f : 81 — ST which is topologically semi-conjugate to the rotation Ry, and we
also know that £2( f) is Cantor set with m(£2(f)) = 1 — £. Thus, properties (i)
and (ii) are satisfied, and we only need to check property (iii).

Since DF = 1 + ¢ stays bounded away from 0 and oo, to verify the validity
of (ii1) it suffices to show that ¢ itself has modulus of continuity wg. And since ¢
is Z-periodic, all we need to do is to check that

1+8
) (3.15)

for x, y € [0, 1]. Recall the notation introduced earlier: Ko = KN [0, 1], where
K = 7~ 1(2(f)) is the lift of the minimal set of f to the real line. There are
three cases to consider: (a) x,y € Ko; (b) x € Kg and y € I, for some n € Z;
and (c) x € I, and y € [, for some m,n € Z. Case (a) is trivial because, by
construction, ¢ |k, = 0. We prove the inequality (3.15) for case (b) and leave case
(c) to the reader.

Without loss of generality, we may assume that x < y,sothatx < a, < y
(where as before ay, is the left endpoint of 7,,). We may also assume that |x — y| <
tg, where 0 < 1g < 1 is the point where the concave function wg|[g,1] assumes its
maximum. Since x € Ko, we have ¢(x) = 0 and therefore

000 — ()] < Clx — ¥ (1og
|x — y]

lp(x) — )| = lo(W)| < Laly —anl, (3.16)

where L, is the Lipschitz constant of ¢ |7, . But we know from (3.9) that

An+1

Lp=—
n 1,

An

- 1‘ . (3.17)

From (3.17), combined with (3.13) and (3.14), we deduce after some tedious com-
putations that
1 1 An

where Cy > 0 is a constant. Moreover, since

—1| < Collog(|n| +2)]' ¢, (3.18)

b b
>
I+ 1" (In| + 1) [log (|n| +2)]' TP

= |In| > |y —anl,
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we have

1
log(|n|+2)<C110g(|y_a l), (3.19)
n

where C; > 0 is a constant. Combining (3.19), (3.18) and (3.17) and putting the
resulting inequality for L, back into (3.16), we arrive at

1 1+8
|wm—¢@N<QW—m4ﬁg( . )]
|y — anl

1 1+8
<Q“‘”P%(u—ﬂ)} ’

where in the last inequality we have used the fact that wg(t) = ¢ (log % is
increasing for 0 < 7 < tg. This shows that (3.15) holds in case (b). The proof of
that inequality in case (c) is similar, and is left as an exercise. O

)1+/3

3.3.3 Further results

The class of general Denjoy examples, i.e., non-minimal C! circle diffeomor-
phisms without periodic points, has been thoroughly investigated. There are var-
ious questions one can ask about these maps, some of which are still unsolved.
In this section we address some of these questions, limiting ourselves to simply
stating results that are currently known. No proofs will be given; instead, we will
refer the reader to the original sources.

Classification

The topological classification of Denjoy examples is not particularly difficult, and
has been accomplished by Markeley [1970]. Before stating the result, we make
some simple observations.

Given f € WO, leth : S' — S! be a monotone map that semi-conjugates f
to the rotation by @ = p(f),ie, ho f = Ryoh. Then E¢) = h(S'\ (1)) is
a countable dense subset of the circle, and it is invariant under Ry. Thus, E f, is
the union of a collection of full orbits of the rotation R, and such collection can
be either finite or countably infinite. If ¢ : S — S is another semi-conjugacy
between f and Ry, it is easy to see that E r;, and E f4 differ by a rotation of the
circle (exercise). In particular, the cardinalities of the sets of orbits of R, contained
in E ¢y, and Ef4 are the same. Hence this common cardinality is a topological
invariant of f. The theorem proved by Markeley can be stated as follows.
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Theorem 3.6. Let f1, f» € WO with p(f1) = p(f2) = «, and let hy, hy :
S — S be monotone maps such that h; o f; = Ry o h;, i = 1,2. Then f is
topologically conjugate to f» if an only if there exists a circle rotation R such that
Efin = R(Ef, )

Note in particular that if in the theorem above f1, f2 € D, then Ez, ,, and
E ¢, h, both consist of a single orbit of Ry. Since any two orbits of R, differ by a
rotation, it follows that f; and f> are topologically conjugate. But one can say a
bit more.

Theorem 3.7. If f1, fo € D have the same rotation number, then they are topo-
logically conjugate. Moreover, if both $2( f1) and 2 ( f>) have Lebesgue measure
zero and h : S — S is a homeomorphism conjugating f1 and f», then both h
and h™" are absolutely continuous.

For a discussion of this theorem (with an indication of proof), look up the
magnum opus of Herman [1979, p. 146].

By contrast, the classification of Denjoy examples up to C! conjugacy still
has not been completely worked out. The problem can be reformulated as follows.

Problem 3.1. If f.g : S' — S! are C! circle diffeomorphisms which are topo-
logically conjugate to each other, find necessary and sufficient conditions for f
to be C' conjugate to g.

Which Cantor sets are Denjoy?

As we saw in Chapter 2, any Cantor set on the circle is the non-wandering set of
some homeomorphism of !, and the (irrational) rotation number can be arbitrarily
prescribed. Once we ask for more smoothness, however, things become much
more complicated. It is still unknown which Cantor sets appear as minimal sets of
Denjoy examples. The partial results that are known are mostly negative results,
stating that certain families of Cantor sets do not appear as £2(f) for any C!
diffeomorphism f. For instance, regular Cantor sets such as the standard middle-
thirds Cantor set are not C ! minimal. This was first proved by McDuff [1981]. In
order to state her result, we need the following definition.

Definition 3.3. Let K C S be a Cantor set, and let 4 (K) be the set of all gaps of
K —the elements of 4 (K ) are the connected components of S'\ K. The spectrum of
K, denoted o (K), is the set of all lengths of gaps in G (K) ordered as a decreasing
sequence. Thus, 0(K) = {£,, : n > 1}, where (i) Ly+1 < €y foralln > 1; (ii) for
eachn > 1, there exists I € 4 (K) (possibly non-unique) such that £,, = |I|.
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Note that Y 02 | £, < 1.
Theorem 3.8. If f € W' and 0(2(f)) = {{, : n € N} is the spectrum of its

n

minimal set, then the sequence is bounded and has 1 as a limit point.

n+1
An immediate consequence of this result is the fact stated before that the stan-
dard middle-thirds Cantor set is not C! minimal. Indeed, in this case the ratios
£, /€, +1 are constant and equal to 3.
Besides the original paper by McDuff, the reader interested in the full proof of
Theorem 3.8 should look up the nice exposition by Athanassopoulos [2015]. It is

worth remarking that the fact that the sequence of ratios ——

n+1
to prove. Givenn € N, let I € 4 (£2(f)) be such that £, = |I|. Then there exists
m > 1such that £, < |f™(I)| and | fK(I)| < £n41 for all k > m. Thus, if we
set J = f™(I), we have

is bounded is easy

b _ 1|
birr IS
But by the mean value theorem, this last ratio is bounded above by 1/b, where
b = min,c¢1 |Df(x)|. Hence the real issue in proving Theorem 3.8 is to show
that 1 is a limit point of the sequence of ratios.
Given the above theorem, a natural question posed by McDuff [1981] is the
following.

Problem 3.2. If f € W' and 6(2(f)) = {£n : n € N} is the spectrum of its
minimal set, is it always true that

l
lim —~

=17
n—)oo({n_H

Even after four decades since its formulation, this problem remains open.

McDuff’s Theorem 3.8 provides us with a necessary condition for a Cantor
subset of the circle to be C! minimal. This condition is used to rule out several
types of Cantor sets. But many other Cantor sets do satisfy the condition, so they
cannot be immediately ruled out. For generalizations of McDuff’s theorem and
further work, see Norton [2002], Portela [2007, 2009].

Hausdorff dimension

It turns out that the Hausdorff dimension of the minimal set of a Denjoy example
with zero Lebesgue measure depends on the Diophantine nature of its rotation
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number. An irrational real number « is said to be of Diophantine class t > 0 if
the inequality

a—L
q
has infinitely many rational solutions p/q for 0 < n < t and only finitely many
for n > 7 (the Diophantine condition will appear several times in the present book,
see Chapter 4 and Appendix A).
The following theorem was proved by Kra and Schmeling [2002].

<
q1+n

p ' 1

Theorem 3.9. Let 0 < § < 1 and let « € (0,1) be an irrational number of
Diophantine class t > 0. If f : S' — 8! is a C 8 diffeomorphism with
rotation number « and [ has an exceptional minimal set 2( f), then

dimy (2(/) > g .

The lower bound given in this theorem is sharp. Indeed, Kra and Schmeling
showed that the lower bound is achieved by a classical Denjoy example of the
form f = fo 4 € D, the bi-infinite Denjoy sequence A = (1,),ez being given
by

b
C(nl+ D8

where b is chosen so that )", ., A, = 1. In the same article, Kra and Schmeling
also provide a lower bound for the box dimension of Denjoy minimal Cantor sets,
extending previous work by Norton [1999].

n

3.4 Ergodic properties

We have seen already, in Chapter 2 (Theorem 2.3), that every circle homeomor-
phism without periodic orbits is uniquely ergodic. In this section, we examine a
few additional ergodic properties of circle diffeomorphisms.

3.4.1 Ergodicity with respect to Lebesgue measure

It is possible to talk about ergodicity of a map with respect to a measure in phase
space even when the map is not measure preserving. If (X, i) is a measure space
and ¢ : X — X is a (measurable) map, we say that ¢ is ergodic with respect
to u if, for every measurable set A C X which is invariant under ¢ (meaning
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¢~ 1(A) = A), we have either (4) = 0 or (X \ A) = 0. Note that, for this to
make sense, it is not necessary to assume that p is a finite measure.

Our goal here is to prove that C 1BV circle diffeomorphisms without periodic
points are always ergodic with respect to Lebesgue measure. Let us state more
formally this result, and then prove it.

Theorem 3.10. If f : S' — S!is a C! diffeomorphism without periodic points
andlog Df € BV(SY), then f is ergodic with respect to Lebesgue measure.

The proof will use the following lemmas.

Lemma 3.3. Given f as in Theorem 3.10, let M C T C S! be two intervals, and
letn > 1. Suppose the intervals T, f(T), f2(T), ..., f™(T) have multiplicity of
intersection k > 1, i.e., every point in S' belongs to at most k of these intervals.

Then we have |f”(M)| M|
<V 21 3.20
7 SO (3.20)

where V = Var(log Df).

Proof. By the mean value theorem, there exist xo € M and yg € T such that
Df"(xo) = |f"(M)|/IM]| and Df"(yo) = |f"(T)|/|T|. From this and the
chain rule, we get

£ O] M T 1—[ - Df (xi)
/(D IT) g DF i)

where x; = f%(xg) and y; = f¥(yo), for each 0 < i < n — 1. Now write

’ﬁ Df (xi)

n—1
[ Dy =0 |2 (o DFx) —lo D) - 62D

Since the n intervals with endpoints x; and y; are k-quasidisjoint, we have (see
Exercise 3.7):

n—1

> (log Df (x;) — log Df (y:)) < k Var(log Df ) .

i=0

Putting this back into (3.21), we deduce (3.20) as desired. O
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Lemma 3.4. Let [ be as in Theorem 3.10. Then for each ¢ > 0 and each x €
S there exist an interval A C S' containing x and a positive integer N such
that |A| < € and the intervals A, f(A), ..., fN(A) cover the circle and are 3-
quasidisjoint.

Proof. By Denjoy’s theorem, f is topologically conjugate to an irrational rotation
R.Leth : S' — S! be a homeomorphism such that h o f = R oh. Since h™! is
uniformly continuous, given € > 0 there exists § > 0 such that, for each interval
I c S! with |I| < 8 we have |h=1(I)| < €. Given x € S, letz = h~1(x),
and consider for each n > 0 the interval J, C S' with endpoints R4 (z) and
R4n+1(z) that contains z — where {g, }»>0 is the sequence of closest returns for R
(or f). Since R9 (z) — z ask — oo, we can choose n large enough that | J,,| < 8.
It is not difficult to see that the intervals J,,, R(Jy), ..., R¥"+1~1(J,) cover the
circle and are 3-quasidisjoint. The reader can either prove this as an exercise or
else look up the proof (of a slightly stronger fact) in Section 6.4. Hence we can
take A = h~1(J,)and N = gpq1 — 1. O

Proof of Theorem 3.10. The proof uses a Lebesgue density argument (akin to the
one used in Lemma 1.5). Let A C S! be a measurable set invariant under f, and
suppose that m(A4) > 0. Write B = S' \ A, and note that B is also invariant
under f. Let x € A be a Lebesgue density point for A. Given § > 0, let € > 0 be
so small that for all 0 < 5 < %6 we have

m(A N (x—n,x+1n)
2n
or, equivalently, m(B N (x —n,x + 1)) <2nd. Let A C (x — %e, x4+ %e) be as
in Lemma 3.4, and write A = (x — 11, x 4+ 12). Then we have
m(BNA) = m(BN (x—q1,%)) +m(BN (x, x +112)) < 28(71 +12) = 23] 4| .
Now, using efficient covers of B N A by intervals contained in A and applying
Lemma 3.3, it follows that
m(fH(B N A)) <2C8| fi(A)|, i =0,1,....,N,

where C = exp{3 Var(Df)}. But since B is f-invariant, we have f (BN A) =

B N fi(A) for each i, and since the intervals f?(A) cover the circle, we deduce
that

N N
m(B) <Y _m(B N f1(A) <2C8 Y | f(A)| <6CS.
i=0 i=0

But § is arbitrary, so m(B) = 0. This concludes the proof. O
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3.4.2 Zero Lyapunov exponents

When studying ergodic properties of a differentiable dynamical system, an impor-
tant concept is that of Lyapunov exponent (sometimes also called characteristic
exponent). Rather than defining this concept in broad generality, we focus our
attention to one-dimensional maps. For a one-dimensional map f, the Lyapunov
exponent at a point x is a number that essentially measures the exponential growth
rate of the sequence | Df ™ (x)|. More precisely, we have the following formal def-
inition.

Definition 3.4. The Lyapunov exponent at x, denoted y y(x), is given by

1
1y () = lim —log|Df"(x)l.

provided the limit exists. If the forward orbit of x hits a critical point of [, we set
X f(x) = —o0.

When the Lyapunov number y 7 (x) is non-zero, this means that there is asymp-
totic hyperbolicity along the orbit of x: asymptotic contraction when y r(x) is
negative, and asymptotic expansion when y r(x) is positive. Examples of such
situations occur when f has an attracting or expanding periodic orbit, respectively
(see Exercise 3.6).

It is perhaps intuitively obvious that, in the absence of periodic points, a circle
diffeomorphism must have zero Lyapunov exponents everywhere, because there
should be no asymptotic contraction or expansion. This is indeed the case, as the
following theorem shows.

Theorem 3.11. If f is an orientation-preserving C circle diffeomorphism with
irrational rotation number, then x r(x) = 0 for all x € St

Proof. The function ¥ : S — R defined by ¢ = log Df is a continuous function
and therefore, by the unique ergodicity of f, the sequence of continuous functions

1 n—1 )
~) vof
j=0
converges uniformly to a constant, and this constant must be [ log Df dji. By

the chain rule, Z;’-;}) Vo f/ =log Df™ and, therefore, the sequence of continu-
ous functions % log Df™ converges to the constant £ = [¢, log Df du uniformly
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in S1. If £ > 0, then there exists ny > 1 such that, for all n > ng, we have
Df"(x) > 1 for all x. But this is impossible, since f” is a diffeomorphism of S!
onto itself. The same argument rules out £ < 0. Therefore we musthave{ =0 [

3.4.3 Further ergodicity results

In recent years, the study of circle maps from the measurable or ergodic viewpoint
has been considerably expanded, even in the case of diffeomorphisms. At least two
new objects have emerged from this study: automorphic measures and invariant
distributions. We end this chapter with a brief discussion of both of them.

Automorphic measures

As we saw in Section 3.4.1, every sufficiently smooth circle diffeomorphism f :
S1 — S without periodic points is ergodic with respect to Lebesgue measure. It
turns out that there are plenty of other (non-invariant) Borel probability measures
which are dynamically relevant and with respect to which f is also ergodic. An
important class of such measures is the class of so-called automorphic measures.

Definition 3.5. Given a C' homeomorphism f : S' — S and a real number
s, we say that a Borel probability measure v on S is an automorphic measure of
exponent s for f — or an s-automorphic measure for f — if for every continuous
function ¢ : S — R we have

/Sl(pdv=/51gpof(Df)sdv.

Alternatively?, a Borel probability measure v € Z2(S!) is s-automorphic for
f iff its pullback f*v under f is equivalent to v, and the Radon—-Nikodym deriva-
tive of f*v with respect to v is given by (Df)S. It will certainly be clear to the
reader that a O-automorphic measure for f is simply an invariant (probability) mea-
sure for f —and therefore, when f has irrational rotation number, it coincides with
the unique invariant probability measure for f.

In the context of circle diffeomorphisms, the concept of automorphic mea-
sure was introduced by Douady and Yoccoz [1999]. However, this concept makes
perfect sense for C'! self-maps of smooth compact manifolds of any dimension,
provided the one-dimensional derivative D f(x) is replaced by the Jacobian of the

3We denote by Z(S1) the space of Borel probability measures on the circle. Also, we say that
two such measures are equivalent if they are mutually absolutely continuous.
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map f at x, i.e., the absolute value of the determinant of the matrix Df(x). For
complex one-dimensional systems this is exactly the same as the notion of confor-
mal measure introduced by Sullivan [1983]*

In their paper, Douady and Yoccoz [1999] proved the following result.

Theorem 3.12 (Douady—Yoccoz). Let f : S — S! be a C! circle diffeomor-
phism with irrational rotation number. Then for every s € R there exists an auto-
morphic measure of exponent s for f, denoted g. Such measure is unique and

ergodic if f is C1TBY,

In the exercises at the end of this chapter, the reader will be guided to a proof
of this theorem.

Remark 3.3. What are automorphic measures good for? In their paper, Douady
and Yoccoz were particularly concerned with building the tangent space to the
space of C? circle diffeomorphisms with a given irrational rotation number at a
given diffeomorphism f. They showed that this tangent space arises precisely as
the kernel of the automorphic measure p—; for f (viewed, by Riesz duality, as
a linear functional on the space C°(S') ). Another use of automorphic measures
was made by de Melo and Pugh [1994] in their study of the so-called C ! Brunovsky
hypothesis.

Invariant distributions

In this subsection, we assume that the reader is familiar with some basic facts about
distributions.

In order to motivate the discussion, let us consider first the general case of a
continuous self-map f of a compact Hausdorff space M. An invariant measure
for f can be seen, via the Riesz representation theorem, as a continuous linear
functional on C°(M) —i.e., an element of the dual space C%(M)* — which is also
invariant under the so-called Koopman operator ¢ — @ o f. If M happens to be a
compact smooth manifold, it seems natural to consider also invariant linear func-
tionals on the space C¥ (M) of C¥ functions, for each 1 < k < oo. However, in
order to define distributions of finite order below, we need an additional structure:
we assume that M is endowed with a Riemannian metric.

Recall that the space 2'(M) of (Schwartz) distributions on M is the dual of
the Fréchet space C*°(M). We consider in each space CX (M) with finite k the

4Which in turn is inspired by a similar notion introduced by Patterson [1976] and Sullivan [1979]
himself in the context of Fuchsian and Kleinian groups.
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C* norm ||u|)x = maxoc j<k || D’ u| co induced by the Riemannian metric on M.

Definition 3.6 (Finite-order Distribution). We say T € 2'(M) has order at most
k = O if'there exists C > O such that | (T,u) | < C||ullg forallu € C*®(M). The
smallest such k is the order of T.

If T € 9'(M) has order at most k, then it extends uniquely to an element of
7, (M) = Ck(M)* (because C°° (M) is dense in every C¥(M)). Every element
of 7, (M) arises in this way. Hence we can think that each Z; (M) is (linearly)
embedded in 2’(M). By a slight abuse of language we think of such embeddings
as inclusions, writing

DoM) C Dy (M) C---C I (M)C---CZ'(M)

It is a well-known fact that on a compact manifold every distribution has finite
order. Hence we have 2" (M) = y~o Z; (M).

We are now ready to define the notion of invariant distribution. Let f : M —
M beaC" map,andlet0 < k < r.

Definition 3.7 (Invariant Distribution). We say T € @,’c (M) is f-invariant if’
(T,u) = (Touo f) forallu € CK(M); ie, ifuo f —u € kerT for all
u e Ck(M).

Foreach k > 0,let 7, (f) = {T € Z;,(M) : T is f-invariant}. Then we
have, of course,

2oV (f)S--- ST (f)<S---.
Also, let

B(f,Ck(M)) - {(peCk(M): ElueCk(M)s.t.uof—u:go} .

This is a linear subspace of C¥ (M), and its elements are called C* coboundaries
for f. The Hahn—Banach separation theorem implies that

cl, B ( f Ck(M)) = () keT (3.22)

Te7;(f)

where cl denotes closure in the C¥ topology. This fact yields the following result.
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Proposition 3.1. Let f : M — M be a C" endomorphism of a compact smooth
Riemannian manifold M, where 0 < r < oo, and let ju be an f -invariant Borel
probability measure on M. Let 0 < k < r be an integer. Then

I (f) =Rp
if, and only if, the following holds. For any ¢ € C*(M) with [y ¢dp =0, there
is a sequence {¢n = upo f —upip>1 C B (f, Ck(M)) of C*-coboundaries for
f converging to ¢ in the C k topology.

We should remark at this point that an equation of the formu o f —u = ¢ in
which ¢ is given and u is the unknown is called a cohomological equation. Equa-
tions of this type are rather ubiquitous in the study of dynamical systems. In the
present book, cohomological equations appear in a natural way in the solution to
the problem of linearization of circle diffeomorphisms. See the proof of Arnold’s
conjugacy theorem (Theorem 4.4) in Chapter 4, and also the proof of the Khanin—
Teplinsky theorem (Theorem 4.11) presented in Appendix B.

Note that we could form, for each 0 < k < 0o, the quotient of C¥ (M) by the
closed subspace in (3.22). The resulting quotient (Banach) space is called the first
reduced cohomology group of f in C¥, and sometimes denoted by H! (f. Ck(M)).
We will have no use for such cohomology groups in the present book, but the reader
should keep in mind that they are, in some sense, a measure of the obstruction to
the solvability of cohomological equations in each C¥(M).

The problem of finding and describing all invariant distributions in &, (f) for
a given map f can be rather daunting. Indeed, even %, () can be a large space,
because a given map f may have many distinct invariant measures (think of a
map with infinitely many periodic orbits, for example). The smaller the dimension
of .@]/c (f) is, the more manageable the problem becomes. Thus, the best case
scenario is when 7, (f) is one-dimensional. This leads naturally to the following
definition, which seems to have been first proposed by Katok (see for instance
Katok and Robinson Jr. [2001]).

Definition 3.8. Let f : M — M be a C" endomorphism. We say that f is
distributionally uniquely ergodic if for each 0 < k < r the linear space 7, (f) is
one-dimensional (hence spanned by the unique f -invariant probability measure).

SIn  contradistinction to the ‘ordinary’ cohomology group H!(f. ck(m)y) =
ck (M)/B < fC k M )). The latter is not as nice: it is usually non-Hausdorff, because

B (f, Ck(M)) is usually not closed in Ck(M).
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For example, every rigid rotation of the circle with irrational rotation num-
ber is distributionally uniquely ergodic: this fact was already established in Exer-
cise 1.16. Moreover, the property of distributional unique ergodicity is invariant
under smooth conjugacies; see Exercise 3.18.

In general, distributional unique ergodicity is strictly stronger than unique er-
godicity. For an example of a circle diffeomorphism which is uniquely ergodic
but not distributionally uniquely ergodic, see Exercise 3.20. However, the two
notions agree for minimal circle diffeomorphisms with very high smoothness, as
shown by the following theorem due to Avila and Kocsard [2011].

Theorem 3.13 (Avila—Kocsard). Every C° diffeomorphism of the circle with ir-
rational rotation number is distributionally uniquely ergodic.

The analogous result for circle diffeomorphisms with low smoothness was
proved shortly afterwards by Navas and Triestino [2013].

Theorem 3.14 (Navas—Triestino). Every C ' 7BV diffeomorphism of the circle with
irrational rotation number is distributionally uniquely ergodic.

The criterion given by Proposition 3.1 is used in the proofs of both these theo-
rems.

Remark 3.4. We have introduced above two new objects: automorphic measures
and invariant distributions. Is there a relationship between these objects, at least
in the one-dimensional setting? The answer is yes: every 1-automorphic measure
for a map f gives rise to an f-invariant distribution of order at most 1 (see Exer-
cise 3.19).

Exercises

Exercise 3.1. Suppose ¢ : S! — R is a function that has modulus of continuity
w(t) = t|logt|" for some n > 0. Show that ¢ is §-Holder continuous for every
0<d<1.

Exercise 3.2. Let f : S' — S' be a homeomorphism with irrational rotation
number o, and let ¢ : S — R be a function of bounded variation. Suppose

a—g‘ < q%. As we saw in

g is a good rational approximation to ¢, that is,

Section 3.2.2, the Denjoy—Koksma inequality states that, for every x € S!, the
Birkhoff sum oy (x, f) = Z?;h @ o f7(x) stays at a bounded distance away
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from g [¢1 ¢ du, where ju is the unique invariant probability measure under f.
What can be said about the Birkhoff sums o, (x, f) for arbitrary values of n? Not
much in general, but something can be said if we impose certain restrictions on
the rotation number «. Let us assume that the partial quotients aj, of the continued
fraction development of « satisfy the condition a;, < k1% for some fixed § > 0,
for every sufficiently large k. We note en passant that the set of all numbers o
satisfying this condition has full Lebesgue measure in [0, 1] (this follows easily
from Lemma A.2 in Appendix A).

(i) Givenn > 1, let ky be the unique non-negative integer such that g, < n <

dk,+1 (Where, as usual, (¢5)n>0 is the sequence of denominators of the best
rational approximations to ). Show that we can write

kn
n=> big,
i=0

where 0 < b; < a;4q forall 0 <i < ky,and by, > 1.

(ii) Using (i) and the Denjoy-Koksma inequality, show that for all x € S we

have
n—1 . kn
S voriw-—n [ pdu <Vart) Y arnr.
j=0 i=0

(iii) Deduce from (ii) that there exists a constant C > 0 such that

n—1

sup| " 9o f7 ()= [ pdu| < C Var(e) (logm ' .
xSl j=0 Sl
[Reference: Guillotin-Plantard and Schott [2006, pp. 236-237]]

Exercise 3.3. Prove that if f : ! — S! is an orientation preserving C! diffeo-
morphism with irrational rotation number and p denotes its unique invariant Borel
probability measure, then

1/n
lim ( Df”" du) =1.
n—>oo Sl
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Exercise 3.4. Let f : S' — S! be an orientation preserving C! diffeomor-
phism. Show that there exists a point xo € S such that the bi-infinite sequence
(Df™(x0))nez remains bounded.

Exercise 3.5. Show that Lyapunov exponents are C ! conjugacy invariants. That
is, let f,g : 1 — S! be C! maps, and suppose there exists a C'! diffeomorphism
hsuchthat ho f = g o h. Prove that if x € S! is such that y 7 (x) exists, then so
does xg(h(x)), and these numbers are equal, i.e., x s (x) = xg(h(x)).

Exercise 3.6. Let £ € R be an arbitrary number. For each rational number r €
(0, 1), find a smooth diffeomorphism f : S§' — S! whose rotation number is
equal to r and a point xo € S! such that y 7(xo) = L.

Exercise 3.7. Let ¢ € BV(S!) be a function of bounded variation. Given an
interval A C S! with endpoints a and b, write v, (A) = |p(a) — @(b)|.

(1) IfA, Aq,..., Ay C S1 are intervals with A = U:-"Zl A; and the A;’s have
pairwise disjoint interiors, show that

vp(4) <D (A .

i=1

(ii) Deduce from (i) that, if I, I, ..., Iy C S!isacollection of k-quasidisjoint
intervals (for some k > 1), then

N

> " ve(I)) < k Var(p) .

ji=1
This fact was implicitly used in the proof of Lemma 3.3.

Exercise 3.8. Let f : S' — S! be a C! homeomorphism, let s € R, and let
v € Z(8') be an s-automorphic measure for f. Prove that forall ¢ € L!(v) and
n>1,wehave (po f*)(Df™)* € L'(v) and

/Sl pdv = /Sl (9o f")(Df") dv.

[Hint: First prove the result for continuous functions using induction and the chain
rule. Then use approximation by continuous functions and Lebesgue’s dominated
convergence theorem.]
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Exercise 3.9. Let f : S' — S! be a C! homeomorphism, let s € R, and let
s(f) € P(S!) be the set of all s-automorphic measures for f. Show that
s (f) is convex.

Exercise 3.10. Existence of automorphic measures. Let f : S — Sl bea C!
diffeomorphism with irrational rotation number, and lets € R. Let Vy : 2(S') —
2(S1) be the operator implicitly defined — via the Riesz representation theorem
— by the formula

1
dWVev) = —— 0 Sdv 0(s").
Jo o = ey o DDy Ve < ctish

(i) Show that V; is well-defined, and that it is continuous if we endow Z(S!)
with the weak* topology.

(ii) Deduce from (i), as well as the convexity and compactness of Z2(S1), that
Vs has a fixed point. [Hint: Use the Schauder—Tychonoff fixed point theo-
rem. |

(iii) Let u € 22(S!) be a fixed point of V5. Show that for each n > 1 we have

[ @ d = ( [ sy du)l/n |

(iv) Combine (iii) with Theorem 3.11 to show that, in fact, [ (Df)* du = 1.
(v) Deduce from (iv) that u is s-automorphic for f.

This establishes the existence part of Theorem 3.12.

Exercise 3.11. Show that Lebesgue (Haar) measure on S' is automorphic of ex-
ponent s = 1 for every circle diffeomorphism.

Exercise 3.12. Let f : S — S! be a C! Denjoy example, and let 7 be one of its
gaps (i.e., a connected component of S\ 2(f)). Let S : 1 — R+ U {oco} be
given by

S(x)=>_ Df"(x).

nez

andlet E ={x el : S(x) < oo}.

(1) Show that E is a (measurable) set of full Lebesgue measure in /.
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(ii) Fix a point xg € E and define v € Z(S!) by

> Df™(x0)8 1 (xp) -

nez

S()

where, as usual, 8, denotes the Dirac measure concentrated at x. Prove that
v is 1-automorphic for f.

(iii) Deduce from (ii) and Exercise 3.11 that the uniqueness part of Theorem 3.12
breaks down if we do not assume that log Df € BV(S?).

Exercise 3.13. Automorphic measures are ergodic. Let f : S — S!'bea C1TBV
diffeomorphism with irrational rotation number «, and let € Z2(S!) be an s-
automorphic measure for f. The purpose of this exercise is to show that u is
ergodic for f. Given x € 8!, foreachn > 1 let J,(x) C S! be the interval with

endpoints 97 (x) and f~97(x) that contains x, where ¢, is the denominator of
the n-th convergent to «.

(i) Show that for each y € J,(x) the interval Ay , C J,(x) with endpoints x
and y is such that its images up to time g, +1 — 1, namely

Axy . [(Axy). f2(Axy) e ooy 97N (Axy),
have pairwise disjoint interiors.

(i) Deduce from (i) that foreach k = 0,1,...,¢g,+1 — 1 we have

_ Dff) _
K S Dfk(y) S

where K = exp Var(log Df) < oo.

(iii) Now let B C S! be a measurable (Borel) set. Using (ii), show that for each
k=0,1,...,gn+1 — 1 we have

i (BN EUn)) < KU DFEE) (B N Jx))

as well as

i (FEUn ) = K= (D0 1 (Un(0)) -
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(iv) Deduce from (iii) that

dn+1—1
B) < B k Iy \ZKZSM
Miw:2;;4 N 4 Un)) < o)

(v) Now suppose p(B) < 1. Show that there exists a point x € S!\ B such

that
(BN )
n—00 i (Jn(x))

(vi) Combining (iv) and (v), conclude that u is indeed ergodic for f.

Exercise 3.14. Uniqueness of automorphic measures. Once again, let f : S! —
S1 be a C1*BV diffeomorphism with irrational rotation number, and let s € R
be given. Suppose , v € Z(S1) are both s-automorphic measures for f. Show
that 4 = v by arguing as follows.

(1) In the special case when p is absolutely continuous with respect to v and
Y = du/dv is the corresponding Radon—Nikodym derivative, show that ¥
is invariant in the sense that ¢ o f = ¥ at v-a.e. point.

(i1)) Deduce from (i) and Exercise 3.13 that ¢ must be constant v-almost every-
where. The constant must be equal to 1, because both y and v are probability
measures. Hence ;1 = v in the special case.

(iii) If neither of the two measures is absolutely continuous with respect to the
other, let 0 = %(M 4+ v). This measure is s-automorphic for f, by Exer-
cise 3.9. Check that u <« o and v <« ¢ both hold, and conclude using (ii)
that u = o = v.

This establishes the uniqueness part of Theorem 3.12.

Exercise 3.15. Given a C17BV diffeomorphism f : S! — S! with irrational
rotation number, denote by ji, ¢ the unique s-automorphic measure for f, for
each s € R. Prove the following continuity statement: If s, — s and f;, — f in
the C! topology, then i, f. = Mg, ¢ in the weak™ topology.

Exercise 3.16. Let f, g : S — S! be C'*BV diffeomorphisms. Show that if they
commute, i.e., if f o g = g o f, then they share the same automorphic measures.
In other words, in the notation of the previous exercise, we have jg r = s ¢ for
each s € R.
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Exercise 3.17. Using the Hahn—Banach theorem, give a detailed proof of (3.22),
and explain how that equality implies Proposition 3.1.

Exercise3.18. Let f, g : M — M be C° self-maps of a compact smooth Rieman-
nian manifold M, and suppose there exists a C* diffeomorphism iz : M — M
such that h o f = g o g. Show that f is distributionally uniquely ergodic if and
only if the same happens to g.

Exercise 3.19. Let f : S' — S! be a C! map, and suppose that v is an automor-
phic measure of exponent 1 for . Show that T}, : C1(S!) — R given by

(Ty,u) :/ u' dv
Sl

is an f-invariant distribution of order at most 1. What happens if v is Lebesgue
measure?

Exercise 3.20. Let f : 1 — S! be a C! Denjoy example.

(i) Combining Exercise 3.12 with Exercise 3.19, construct an f -invariant dis-
tribution of order 1.

(i) Go abit further than (i) and show that, for each k > 1, the space Z; (f) is
infinite-dimensional.



We have seen in Chapter 3 that every sufficiently smooth diffeomorphism of the
circle without periodic points is topologically conjugate to a rigid rotation. In other
words, the fopological orbit structure of such a diffeomorphism is indistinguish-
able from that of a rigid rotation. The relative order of points of a given orbit on
the circle is the same no matter which orbit we take; everything is determined by
a single invariant, the rotation number.

What can be said about the geometric orbit structure of such a diffeomorphism?
Is it the same, asymptotically at least, as that of the corresponding rotation? As
we shall see in this chapter, this is a subtle question, one whose answer depends
on the arithmetic nature of the rotation number.

We will not attempt at a formal definition of geometric orbit structure. Intu-
itively, the geometric structure of an orbit of a circle map can be defined as the set
of ratios of distances between the various points of that orbit. When we only care
about ratios of distances between points that are close to each other, at smaller and
smaller scales, we speak of the orbit’s asymptotic geometric structure.

When a C! diffeomorphism of the circle f is conjugate to a rotation, and the
conjugacy 4 is a C! diffeomorphism, then, because / is essentially affine at small
scales, the geometric structure of the orbits of f is asymptotically the same as the
geometric structure of the orbits of the rotation. Thus, we can rephrase the question
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posed above as follows: Ifa C! circle diffeomorphism is topologically conjugate
to an irrational rotation, when is the conjugacy a C ! diffeomorphism?

More generally, when f is a C” diffeomorphism one may consider its C”-
smooth structure at small scales. Here, we can have r finite greater than or equal
tol,r = oo, orevenr = w (i.e., f can be a real-analytic diffeomorphism).
Again, we refrain from giving a formal definition of smooth structure, but instead
formulate the general problem as follows: Find necessary and sufficient conditions
fora C" circle diffeomorphism f which is topologically conjugate to an irrational
rotation to be C*®-conjugate to that rotation, where s < r is as large as possible.
This problem has been thoroughly investigated by Arnold (in the analytic case),
Herman, Yoccoz, among others, and our aim in this chapter is to describe some of
their results.

4.1 Herman’s invariants

In this section we will present a fundamental criterion for smoothness of conjuga-
cies that was introduced by Herman [1979, Ch. IV] in his these d Etat. 1t is very
simply stated in terms of what we now call Herman s conjugacy invariants.

Definition 4.1. If f € Diff" (S'), where r is a positive integer, set ;(f) =
supez IDf 1.

Here, given a C¥ function ¢ : ' — R, where k > 1, we write ||¢]cx =
ZI; —0 | D7 ¢||, where || - || denotes the usual sup-norm.

In this chapter, we will only make explicit use of Herman’s first invariant
JA(f). We leave it as an exercise to the reader to prove that 771 () is indeed a
C! conjugacy invariant, in the sense that 7 (h o f o h™!) < oo if and only if
J4(f) < oo, whenever f,h € Diff' (S!) (Exercise 4.1). The proof that .7 (f)
is a C" conjugacy invariant when r > 1 is also not difficult, but depends on the
so-called Faa-di Bruno formula for the higher derivatives of a composition of C”
maps. We once again refer the reader to Herman [ibid., Ch. IV] for details.

With such an invariant at hand, Herman’s criterion reads as follows.

Theorem 4.1 (Herman’s Criterion). If f : S' — S!isa C” diffeomorphism and
J6(f) is finite, then f is C” conjugate to a rigid rotation, and conversely.

We will prove Herman’s criterion only for » = 1, deriving it as a consequence
of the following general result in topological dynamics due to Gottschalk and Hed-
lund [1955].
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Theorem 4.2 (Gottschalk—Hedlund). Let X be a compact metric space, f : X —
X be a homeomorphism all of whose orbits are dense, and ¢ : X — R be a
continuous function. Then the following assertions are equivalent.

(a) There exists ¥ : X — R continuous such that ¢ =y o f —
(b) There exists xo € X such that sup,~ 4 Z’};a @ o fI(xo)| is finite.

Proof. That (a) implies (b) is clear, because if ¢ = 1 o f — 1 then

n—1
Y o fix) = Yo ()~ (),

j=0

and so taking any x € X as xo will do.

To prove that (b) implies (a), consider the map H : X xR — X xR given by
H(x,t) = (f(x),t 4+ ¢(x)), an example of what is usually referred to as a skew
product. Then H is continuous and invertible; in fact,

H ' (y.s) = (f7'0). s —o(f 1))

so the inverse is also continuous. Hence H is a homeomorphism. Note that for all
n > 0 we have

n—1
H"(x.t) = (f"(x).0+ > o f/(x). (4.1)

Jj=0

Now (b) implies that the positive orbit ﬁl’; (x0,0) = {H"(x0,0) : n > 0} is
bounded. Therefore the w-limit set 2 of ﬁ;} (x0,0) is a compact subset of X x R,
and obviously H -invariant.

Claim: The set $2 is the graph of a continuous function ¥ : X — R.

To prove this claim, we must show that each vertical line {x} x R cuts §2 at
exactly one point. First note that this happens for the vertical line {xo} x R, its
intersection with £2 being the point (x¢, 0). Indeed, if (x¢,?) € 2 then there is a
sequence n; — oo such that H" (xg,0) — (xo,1), and using (4.1) we see that this
implies that H™i (xg,?) — (xo,2t). By induction we deduce that (xo,nt) € 2
for all n, but since §2 is bounded this can only happen if t = 0. Now, if some
vertical line {x} x R cuts §2 at two points, say (x, 1) and (x, t2), then every other
vertical line must do so as well: for any y € X, since the orbit of x under f is
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dense in X, we find a sequence m; — oo such that H™i (x,t1) — (y,t) for some
t € R, and therefore H™i(x,t;) — (y,t + (t2 — t1)). But this contradicts the
fact that {xo} x R intersects §2 at (xg, 0) only. This proves that §2 is the graph of
a function ¥ : X — R, necessarily continuous because §2 is closed in X x R.

Finally, since now we know that every point in §2 is of the form (x, ¥ (x)) for
some x € X, we see that

Hx,y(x)) = (f(x). ¥(x) +9(x) = (f(x). ¥ o f(x) .

by the H-invariance of §2, and therefore ¥ (x) + ¢(x) = ¥ o f(x), thereby
establishing the desired cocycle identity. O

We are ready for the promised special case of Theorem 4.1.

Theorem 4.3 (Herman’s Criterion). 4 C! diffeomorphism f : S' — S'is C!-
conjugate to a rotation if and only if 74 (f) < oo.

Proof. First suppose that 741 (f) < oo, i.e. sup, ||log Df"| < oco. Since by the

chain rule,
n—1

log Df" = Zlongofj,
j=0
condition (b) of the Gottschalk—Hedlund theorem holds for ¢ = log Df and xg
any point in X = S'. We deduce from that theorem that log Df = ¢ — ¥ o f

for some continuous function ¥ : ST — R. Adding a suitable constant to ¥ if
necessary, we may assume that

/s1 exply()tdt = 1. (4.2)

Now we define 1 : S — S! by

hx) = / exp{y (1)} dt .

Here and throughout, it is implicit that all calculations are performed modulo 1.
The normalization (4.2) makes / a well-defined, degree one map. Itis a C! dif-
feomorphism because V¥ is continuous. Moreover, writing

f(x0)
o= / exp{Y (1)} d .

0
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we see that
f(x)
ho f(x) = « +/ exp{y(¢)} dt .
(x0)
Applying the change of variables t = f(s), this becomes
X
hof() = a+ [ explire GIDS(5)ds 43)
X0

Using the cocycle relation ¢ = v o f + log Df in (4.3), we get

ho f(x) = oz+/ exp{¥ o f(s) +log Df(s)}ds

0

= a+ /X exp{w(s)}ds

0

= o+ h(x)

Therefore h o f(x) = Ry o h(x). The converse is left as an easy exercise to the
reader. O

For an interesting use of Herman’s criterion in the context of one-parameter
families of circle diffeomorphisms, see Section 4.3.2.

4.2 Small denominators: Arnold’s theorem

In this section we present a fundamental theorem due to Arnold [1961] stating that
every analytic circle diffeomorphism with “good” rotation number o and which is
sufficiently close to the rotation Ry, is analytically conjugate to R, .

Arnold’s analytic conjugacy theorem can be regarded as a toy model for what
is known as KAM theory'. This theory was developed as an attempt (largely suc-
cessful) at making rigorous certain perturbation arguments used by physicists in
their studies of nearly integrable Hamiltonian systems arising in Celestial Mechan-
ics. The major difficulty in dealing with the perturbative series expansions of the
solutions of the differential equations coming from these problems is that the coef-
ficients of these series often involve rational expressions with small denominators,
rendering the task of proving convergence extremely difficult.

"The acronym stands for Kolmogorov, Arnold and Moser.
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It is fair to say that the taming of small denominators started with Siegel [1942].
His paper deals with the problem of linearization of analytic functions near an
irrationally indifferent fixed (or periodic) point, say with multiplier A = e27i®
for some irrational . Siegel wrote down the conjugacy equation (in which the
unknown is an analytic change of coordinates transforming the given map into
the linear map z +— Az), expanded everything in power series, and compared
coefficients. This resulted in complicated recursive relations for the coefficients
of the desired conjugacy; in these relations, factors of the form A” — 1, n # 0,
appeared in the denominators. In order to control such factors (so as to prove
convergence) Siegel had to assume that « is a Diophantine number. The required
estimates are quite difficult to carry out, and Siegel’s paper, despite being short,
is a real four-de-force. But in some sense it also shows that the method of direct
comparison of coefficients (followed by brute force estimates) for perturbative
series is not viable in the general KAM setting.

A different approach was proposed by Kolmogorov [1954] in his ICM address.
He laid down a strategy to deal with such problems that, roughly speaking, consists
of two steps:

(1) linearize the equations of motion and solve the linear problem, obtaining an
approximate solution to the original non-linear problem.

(2) Improve the approximate solution obtained in (1) by an iterative procedure
akin to Newton’s method.

It is in the first step that the small denominators mark their presence. The second
step is usually the more difficult one; here the hope is that the successive approxi-
mate solutions are such that the distance to the exact solution at the (n + 1)-st step
is of the order of the square of the corresponding distance at the n-th step. It is
this quadratic decay that is meant by the expression “akin to Newton’ method”.

This strategy was first carried out by Arnold [1961] for analytic systems, and
later by Moser [1966] for C¥-smooth systems. The first case analysed by Arnold
was the one we mentioned in the beginning of this section, namely the problem
of analytically conjugating an analytic circle diffeomorphism sufficiently close to
a “good” rotation to the rotation itself. Such diffeomorphisms arise as (global)
cross-sections for flows on the two-dimensional torus. This problem is the exact
analogue for maps of the circle of the linearization problem for local analytic dif-
feomorphisms studied by Siegel.

Before giving a precise statement of Arnold’s theorem, let us introduce some
notation and formulate a definition. For each r > 1, let A, denote the annular
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region A, = {z € C : r~! < |z| < r} in the complex plane. Let us also consider
the horizontal strips S¢ = {z € C : |Imz| < o}, for each given ¢ > 0. We
denote by exp : C — C/Z = C* the exponential covering map exp(z) = e27Z,
Note that, in the notation just introduced, exp(Sy) = A 270 .

Definition 4.2. We say that an irrational number o is Diophantine of type (K, v),
where K > 0 and v > 2 are given constants, if

K
‘a—£'>—v,forall£€(@.
q q q

Remark 4.1. We note the obvious but useful fact that, if & is Diophantine of type
(K,v) and K’ < K, then « is Diophantine of type (K’, v). Thus, we can always
assume that K is as small as necessary.

We are ready for the statement of Arnold’s theorem.

Theorem 4.4 (Arnold). Letr > 1, K > 0and v > 2 be given, and let o € (0, 1)
be a Diophantine number of type (K, v). There exists ¢ = e(r,v, K) > 0 with the
following property. Suppose f : S' — SV is a diffeomorphism with p(f) = «
such that

(i) f has a univalent extension to the annulus A, (which we still denote by f);
(ii) supzeq, | f(2) — Ra(2)] <&

Then there exists a univalent map h : A 5 — C with h(SY) = S! such that h
conjugates f to the rotation Ry, i.e., satisfies the conjugacy equation f oh =
h o Ry, in an annular region around St

In light of Kolmogorov’s strategy, the proof goes as follows.

(1) First linearize the conjugacy equation f o h = h o Ry and, expanding
everything in Laurent series, get an approximate solution i; : A,, — C
which is holomorphic univalent in a smaller annulus (1 < r; < r) and
preserves the unit circle. To prove convergence of the series for 41 in the
smaller annulus, it is necessary to use that « is Diophantine. Then define
f1 = hl_1 o f o hy. This new map is holomorphic univalent in a smaller
domain than the original f; we refer to this as a loss of analyticity. Note

that p(f1) = p(f).
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(2) Repeat step (1) with f; replacing f, getting h2 : A, — C holomorphic
univalent in a yet smaller annulus (1 < r, < rp) and preserving the unit
circle. Then define f, = h;l o f1 o hy, and so on, inductively. As a
result, we obtain two sequences of univalent maps, namely %, : A4,, — C
and f, : A,, — C (where | < rp41 < r, < r for all n) such that
fnt1 = Yo f, 0 hy for all n (all maps preserving the unit circle). Again,
note that p( f,) = p(f), and in fact

fn = (h1ohzo---ohn)_lofo(hlohzo---ohn) , foralln .

Denoting by A, = || fu — Rallcog 4,,) the C O_distance between f;, and Ry,
in the appropriate annular domain, the estimates will show that A,4+; =
O(ALT€) foralln > 1 and some € > 0. They will also show that r,, >
A/r > 1, and from this it will follow that 7 = lim, 00 i1 0 hp 0 -++ 0 hy,
exists as a holomorphic univalent map with domain A - and is the desired
analytic conjugacy.

What will make this inductive procedure work is that the faster-than-linear
decay in step (2) beats the loss of analyticity in step (1) at each stage.
Having presented the general idea, we now move to the rather painful details.

4.2.1 'The linearized equation

It will be much more convenient to deal with the /ifts of f, Ry through the expo-
nential covering map. The lift of R,, is, of course, the translation Ty : z — z + «.
The lift of f is a holomorphic univalent map F : S — C defined on the strip
So = {z : |Im(z)| < o} with e?™° = r, satisfying F(z + 1) = F(z) + 1 for all
z € Sy, and such that the diagram

F

So F(Sy) cC

exXp \ J exp

A, —— f(4,) C C*
- fr) C

commutes; the restriction F|R is the lift of our circle map f|g1. Of course, F is
determined only up to addition by an integer, but we choose it so that 0 < F(0) <
1: this ensures that || F — T || co(s,,) is of the same size as || f — Rq || co4,)- Thus,
if f is a small perturbation of the rotation R, then F is a small perturbation of
the translation Ty, .
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Our ultimate goal is to find a holomorphic univalent map H : S;/, — C, with
H(z+1) = H(z) + 1 forall z € S5/, and H(R) = R, satisfying the conjugacy
equation

FoH(z)=HoTy, forallz € Sy, . 4.4)
In particular, it should be the case that H(S4/2) € So.

Letus write F(z) = z + o + ¢(z) and H(z) = z + ¥ (z), where ¢, { are
holomorphic and periodic of period one. Here ¢ is given, and v is the unknown.
If a solution to (4.4) exists, then we must have

Y(zt+a)-y(@) =0z +¥(2).

This rather non-linear equation in the unknown v is, not surprisingly, too diffi-
cult to be solved directly. We try to do the next best thing, which is to find an
approximate solution by considering the linearized equation

Yz +a)=v(2) =92). (4.5)

However, a necessary condition for (4.5) to be solvable is that fol p(x)dx =0,
which is not reasonable to expect. Hence we replace (4.5) by

Yz +a)—v() =) —90). (4.6)

where ¢(0) = /01 @(x) dx. If we solve (4.6), then H = Id +  will not be an
exact solution to (4.4), but rather an approximate solution (we will deal with the
problem of determining the correct domain strip on which H (or ¥) is defined in
due time).
Since we are dealing with periodic functions, it is natural to use Fourier series.
Let us write .
v(2) = ) pme™"e (47)

nez

where the Fourier coefficients ¢(n) are given by
1
on) = / @(x)e™2TInx g (4.8)
0

Note that, since ¢(x) is real when x is real, we have (—n) = @(n) forall n € Z.
The series in (4.7) is absolutely convergent in the strip S;: see Exercise 4.2. Let
us also consider the formal expansion of the unknown 1 in Fourier series, namely

Y =Y Pm)e?™ (4.9)

nez
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Putting (4.7) and (4.9) back in (4.6) and solving for the coefficients of v, we get
¥(0) = 0and

T = o)

2wina _ |

foralln € Z* . (4.10)

Here we see the small denominators making their presence felt. In order to esti-
mate the coefficients of ¢, we need the following two lemmas.

Lemma 4.1. If o is Diophantine of type (K, v) then

4K

2wina
)"’ _1‘ Z T

foralln € 7*.
Proof. See Exercise 4.3. O

Remark 4.2. Aboutnotation: from now on we shall write [|||¢ instead of ||| cos,,
for the C° norm of functions defined on S, .

Lemma 4.2, Let & : S — C be holomorphic and periodic of period one, and let

1
Em = [ s a
0
be its n-th Fourier coefficient. Then

[E| <Ml . foralin ez,

Proof. See Exercise 4.4. O

With these two facts at hand, we now prove the following.
Lemma 4.3. For each 0 < § < o the series
g(n) ;
W(Z) = Z e2mwina _ | 627””2
nez*

converges absolutely and uniformly for |Im(z)| < o — 68, and ¥ (R) € R. More-
over, there exists Co = Co(v, K) > 0 such that (i) |V ||g—s < Cod7"||l¢llo, and
(i) [/ lo—25 < Co8™ " gllo-
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Proof. Letz € S;_5. Using Lemma 4.1 and applying Lemma 4.2 with § = ¢,
we have

VOIS Y e 1

nez*

X

”90[!0 Z |n|v—1e—2mr\n| e—Znn(Im(Z)) )

nez*

But, as the reader can easily check, e ~277(m(2)  27Inl(0=8) whenever [Im(z)| <
0 — 6. Therefore

()| < ||§0||o Z in [P 1=27lnls

nez*

This last series is convergent, as we see by the integral test:

00
Z |n|v—1e—2n|n|5 < 2/ xv—le—2n5x dx

nezZ* 0
_ 2 /oot"_le_’ Jr— 2I(v) ’
2nrd)Y Jo 2mé)Y

where I denotes, as usual, the standard gamma function. This shows at once that
the series for ¥ (z) converges absolutely and that |y (z)| < Coé"||¢|ls, Where
Co = % Hence the convergence is also uniform on S;_g, and ||V | s—s <
Cod7"||¢|lo as stated in (i).

To prove (ii), note that if z € S;_»5 then the closed disk D of center z and

radius § is contained in S;_g. By Cauchy’s integral formula, we have

1 Y(§)d¢

2ni Jop (§—2)*

HenceW )| <6 1sup;eaD | ()|, and therefore, using (i), we get |/ || g—25 <

TN llo—s < Cos™ el
Finally, note from (4.10) that the the Fourier coefficients of i satisfy the rela-

tion ¥ (—n) = ¥ (n) for all n € Z. This shows that ¥ (Z) = ¥ (z) for all z, and
therefore i preserves the real axis. This finishes the proof. O

Y'(z) =

Remark 4.3. Note that, by taking K to be sufficiently small, we can (and will)
always assume that Co > 1 (¢f Remark 4.1).
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4.2.2 Non-linear estimates

Now that we have bounds on the solution i to the linear equation (4.6), we proceed
to the analysis of the holomorphic map H = Id + ¥, which we will show to be
univalent on a neighborhood of the real axis. We will derive good estimates on
how close H and H ! are to the identity map.

Lemma 4.4. If0 < § < o/4 and ||¢|ls < Cy 18" %Y, then: (i) H is univalent in
So—28 (i) H(Sg—28) S So—s, (iii) H(Sg—28) 2 Sg—35-

Proof. We already know that H = Id + ¥ is holomorphic in the strip S;—s D
Ss—25, S0 we only need to show it is injective in the latter strip. Note that second
estimate in Lemma 4.3 and the hypothesis on ¢ imply that ||{'||;_2s < 1. Let
z1, 22 be two distinct points in S;_55. Then

|H(z1) — H(z2)| 2 | |21 — 22| — [¥(z1) — ¥ (22)] | -
But by the mean-value inequality,
¥ (z1) = ¥ (22)| < ¥ llo—26l21 — 22| < |21 —z2] .

Therefore H(z1) # H(z2), and so H is injective. This proves (i). Next, for each
z € Sy—»s, the first estimate in Lemma 4.3 and the hypothesis on ¢ imply that

ImH(z)| <|Imz|+ |Imy(z)| < (60 —28)+8=0-9§,

so H(z) € Sy;_g. This proves (ii). Finally, the proof of (iii) is more of the same,
since

[Im H(z)| > } Imz| — [Imy(z)| } >(0—-25)—8=0-35.
O

This lemma implies, in particular, that H has an inverse H ! : H(Sy_55) —
So—_os Which, of course, is also univalent. Let ¢ : H(S,;_,5) — C be the holo-
morphic function given by

H Y2 =z—v(@) +9().
Lemma 4.5. We have

19ll5—as < C5872" "Ml -
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Proof. From the identity z = H ™! o H(z), valid for all z € S;_,5, we get the
equation

Pz +v(@) =vE+v(@)-v(). (4.11)

We would like to bound the right-hand side of (4.11) using the mean-value inequal-
ity, but to do that we need H(z) = z 4+ ¥/ (z) to be a point inside S;_,5. Hence
we assume that z € S;_35, and we get

19z + v @) < [V lo—28¥ (2)]
< (Co8™"llglls) (Co8™Higllo) = C3872"Hlgllz . (4.12)

But H(S;_35) 2 Ss_45 (mimic the proof of assertion (iii) in Lemma 4.4). This
means that for each w € S,_45 there exists (a unique) z € Sy_35 such that
w = z + ¥ (z). Using this fact in (4.12) we deduce that

19645 = sup [9(w)| < CZE2 |2,

WESs—45

as required. O

Now that we have estimates on H and H ~! on strips around the real axis that
are narrower than the original strip domain of F', we would like to know how close
G = H~'o F o H is to the translation T,. Our hope is that G will be much closer
to Ty than F. This will indeed be the case, provided we shrink even further the
strip domains on which these maps are defined.

Lemma 4.6. Let 0 < § < min{l,0/6} and, as before, suppose that ||¢|ls <
Cy 18"+, Then the composition G = H™' o F o H is a well-defined univalent
map with domain S;_gg. Moreover, if 1 1 Sy_es — C is the holomorphic function
given by n(z) = G(z) —z — «, then

Inllo—6s < 8CF8™""Mllell -
Proof. Writing down G(z) explicitly in terms of ¢, i and ¢, after some straight-

forward computations we deduce that n(z) = G(z) — z — « can be written as a
sum of three terms, namely

n(z) = A(2) + B(2) + C(2) .
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where

A(2) Y(z) -y +a)+o(z+v(2)

B(2) Yz t+a) -y +at () +o+9(()

Clz) = 9z+a+v(z)+ei+v()

Note that, since v is a solution of the linearized equation (4.6), the first term A(z)
can be re-written as

A(z) = oz + ¥ (2)) — ¢(2) + 9(0) .
We are going to bound these three terms in reverse order.

(1) The term C(z) is easy to estimate from Lemma 4.5. Indeed, if z € S, _gs,
thenz + o + ¥ (z) + ¢(z + ¥ (2)) € Sy_45, and therefore

IC(2)| < C58~ > HgllZ . (4.13)

(2) Inorder to bound the term B(z), we combine the mean-value inequality with
Lemma 4.3 and get

|B(2)| < ¥/ lg—25 [V (2) + @(z + ¥ (2))]
< (Co8™" Melo) U llo—s + l@llo)
<2C38 " Migl2 (4.14)

where in the last line we have used that Co5™" > 1.

(3) Finally, let us find an upper-bound for |A(z)|. We have, of course,

14| < le(z + ¥(2)) —p@)| + [9(0)] .

The first absolute value on the right-hand side is estimated using the mean-
value inequality. We have

oz + ¥ (2) =@ < ¢ llo—25 - 1V llo—s5 -

But |¢’|lg—2s < 87 !l¢|ls (this follows from Cauchy’s integral formula for
¢’ just as in the proof of Lemma 4.3). Also, ||/ ]ls—s < Cod™"|l¢|ls (again
by Lemma 4.3). Therefore

oz + ¥(2) — 9(2)] < Cos™" Mol - (4.15)
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It remains to bound |@(0)|. To do this, we use the fact that, since G has
translation number «, there exists some xo € R such that n(xg) = G(xo) —
xo—a = 0 (see Exercise 4.5). This means that A(xg)+ B(x0)+C(xg) = 0,
that is

9(0) = —(p(xo + ¥ (x0)) — ¢(x0)) — B(xo) — C(xo) -
Using (4.13), (4.14) and (4.15), we get
(0)] < (3CF872" 71 + Cos ™) llelly < 4C58™> Mgl -
From this and (4.15) we deduce that

|A(2)| < 5C3872 Hpll2 . (4.16)

Putting together (4.13), (4.14) and (4.16), we finally get the inequality
()] < 8C557* " igllz -

Since this holds for every z € S,_gs, the lemma is proved. O

4.2.3 Proof of Arnold’s theorem

We are now in a position to describe the inductive procedure leading to the proof
of Arnold’s local conjugacy theorem. The key to the induction is Lemma 4.6.

We are given ¢ > 0 and want to consider univalent maps F : S; — C of the
form F(z) = z + o + ¢(z), where o € (0, 1) is a fixed Diophantine number of
type (K, v), which are very close to the translation T, preserve the real axis and
have translation number equal to «.

We start by defining three sequences of positive numbers (8,)n>0, (0n)n>0
and (e,)n>0 as follows. First we set 09 = o and take §o = %min{l, o/6}. We

also let
§2v+1 1 4
_ . 0

The reason for such a strange choice will become apparent later. Then we define
recursively, for all n > 0,

1
. . 3/2
8n+1 = 581’[ ’ Un+1 = Onp — 68}1 ) 8n+1 = En/ .
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Note that o, > %00 for all n. It is also easy to check that e, < Cy 18,‘;‘“ for all

n.

Given these preliminaries, we proceed through the following steps.

(1)

2)

Basis of induction. Suppose that Fy : Sg, — C is given by Fyo(z) =
z + o + @o(z) with @9 holomorphic, periodic of period one, and such that
leolloy < €o. Let Yo : Sgy—s, — C be the holomorphic solution to the
equation

Yo(z +a) — Yo(z) = @o(z) — 9o(0)

whose existence and uniqueness are guaranteed by Lemma 4.3. By that
same lemma, we have || /ol5,—s, < CoSq " |90lloy» as well as (| [l oo—25, <
COSE"_I ll¢ollo, Let Hy = Id + 9. By Lemma 4.4, this map is univalent
in S5,—25,, and by Lemma 4.5 the function 99 (z) = HO_1 (z) —z + Yo(2)
is holomorphic in S, _45, and satisfies ||Fo||5,—48, < COZ(SJZ"_I ||<p0||(2,0.

Induction step. Now suppose we have already defined a univalent map Fj, :
Ss, — C and a holomorphic map Hy : S;,—5, — C having the following
properties:

(i) The map F, preserves the real axis and Fy|Rr has translation number
.
(ii) If o = F,, — Ty, then @, is periodic of period one and ||@, o, < €.

(iii) The map Hj is univalent on S, _5s,, and we have H, (S5, —25,) <
Son—S,, and Hy (Scrn—28n) 2 Scrn—38n-

(iv) If ¢y, = Hp, — 1d, then ¥, is periodic of period one, and we have
1¥nllo,—s, < Co8y”l¢nllo, and ¥ llo,—25, < Cody " lgnlls,-

Applying Lemmas 4.5 and 4.6 to H = H, and F = F},, we define Fj,+1 =
Hn_1 o Fy o Hy on the strip S5, 65, = So,,,- Then Fy11 is univalent,
preserves the real axis, and has translation number equal to «. Moreover,
writing gp+1 = Fn4+1 — Ty, it follows from Lemma 4.6 and (ii) that

lnttlonsr < 8CE8, 2 ignl2, < (8C38, 2 ey/?)edl? . (417)
Butg, = 8(()3/ z)n, and our choice of gg implies after some calculation that

2¢—2v—1 %(%)n
8Cyd, &6 <1.
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3)

Putting this back into (4.17) we deduce that ||@n+1llo,,, < 83/2 = &n+1.
This shows that F;, 1 satisfies the analogues of properties (i) and (ii) above.
Finally, let ¥, 1 be the solution to the equation

VUn+1(Z + ) = Ynt1(2) = @p+1(2) — Pu+1(0) .

whose existence and uniqueness, once again, are guaranteed by Lemma 4.3
(with ¢ = @p41). That lemma also implies that the analogue of (iv) above
holds for ¥, +1, and from this and Lemma 4.4 it follows that H, 4+, = Id +
Y41 satisfies the analogue of (iii) as well. This completes the induction.

The conjugacy. Now that we have constructed the sequences (F),>0 and
(Hyn)n>o0 with the above properties, we know in particular that || F, — Ty ||, <
en and ||Hy — Id||g,—5, < Cod, " en, for all n. We also know, applying
Lemma 4.5 with H = Hp, that ||[H, ' — Id||y, 45, < 2C38;,%" ey, for
all n. Moreover, the strip S,/ is contained in the domain of all of these
maps. It follows that, on this strip, we have F,, — T,, H, — Id and
H, 1 1d, and the convergence is uniform in each case. In addition, for
each z € S;,/2, we have

Fn(z) = (H()OH]O"'OHn_l)_IOFOO(HOOHlO"'OHn—l)(Z) (4.18)

We claim that the sequence of univalent maps ¥, = Hopo Hyo---0o Hy_1 :
S5, — C when restricted to the strip Sy, /> converges uniformly to a holo-
morphic map H : S,,/2» — C which is necessarily univalent. To prove this
claim, we first estimate ||¥y+1 — ¥y | 5,/2 for all n. Using the mean-value
inequality, we have

|l1/l’l+1 - lI/”l”O'n—Sn = ||l1/n o Hn - ljl/n”()'n_Sn

¥ llow | Hn —1d]l6,,—5, < Co8y, " enl¥pllo, -
(4.19)

||l1/n+1 - lI’n”cro/z <
<

|
|
Now, by then chain rule,

n—1

Uy =[] HjoHjt10m 0 Hy
j=0
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Since H J’ =1+ W} for each j, it follows that

19110, < H (1+ 19,25, )

(1 +C05 v=lg ) lo_o[ (1 +C05;v_18j> .

= \.

’—'O

<.
Il
(=)

But the latter product converges, because the series Z;o:o 8;])_18 j con-
verges. This shows that there exists a constant By > 0 such that |¥] ||, <
By for all n. Taking this back to (4.19), we see that || ¥, 11 — Wnllgy/2 <
B16,Ven, where By = BoCy. Therefore, for all m > n > 0, we have

”Lllm l[/n||00/2 BIZS

Since the series Z?ozo 8;”8 j is also convergent, we deduce that (¥y),>0
is a uniform Cauchy sequence in S, /». Therefore H = lim,— o0 ¥y exists
and is holomorphic (and univalent) in S, /2. Going back to (4.18) and let-
ting n — oo, we finally get the conjugacy equation T, = H ™! o Fyo H in
the strip S, /2, which is what we wanted.

(4) Now that all the hard work has been done, to complete the proof of Theo-
rem 4.4, all one needs to do is to quotient everything down to C/Z using
the exponential covering map. This task is left to the reader as an exercise.

This concludes the proof of Arnold’s theorem.

4.3 Counterexamples to linearizability

In the same paper where he proved his analytic conjugacy theorem, Arnold [1961]
also gave examples of analytic circle diffeomorphisms without periodic points
which are not C ! conjugate — in fact, not even absolutely continuously conjugate —
to an irrational rotation. Of course, the rotation number of such a diffeomorphism
must be an irrational that can be well approximated by rationals.
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4.3.1 One-parameter families

The examples we seek will be found in suitable one-parameter families of analytic
diffeomorphisms. We will in fact show that they are, in a suitable topological
sense, abundant.

Let f : S! — S! be an analytic diffeomorphism, and consider the one-
parameter family f, = Ry o f, where « € R/Z. We will refer to this fam-
ily as the standard family generated by f, or simply the standard family of f.
We know from Chapter 2 that the rotation number varies continuously and mono-
tonically with the parameter «, i.e., the function ® y : R/Z — R/Z given by
O r(a) = p(fa) is continuous and monotone non-decreasing®. We call this func-
tion the rotation number function associated with f.

We say that a surjective, monotone function ¢ : R/Z — R/Z is a devil
staircase if ¥ is continuous, and there exists a countable dense set C C [0, 1] such
that (i) ¥ ~1(c) is a closed interval with non-empty interior, for each ¢ € C; and
(i) K = (R/Z) \ U,.ec int(¥ ~1(c)) is a Cantor set.

Lemma 4.7. Let f : S' — S be an analytic diffeomorphism, and let f, =
Ry o f be its standard family. Suppose we have f,] # 1d for all o € [0, 1] and all
n = 1. Then the rotation number function © ¢ is a devil staircase.

Proof. We already know that ® ¢ is continuous and monotone, and it is also sur-
jective. Let C = Q/Z. For each rational r € C, the pre-image A, = @}l(r)
is a non-empty closed interval. We claim that this interval has non-empty inte-
rior. To see this, write » = p/q in irreducible form, and let @ € A,/,. Let
Fy : R — R be the lift of fy with 0 < F,(0) < 1. Consider the (periodic) func-
tion @y (x) = F9(x) —x — p. Its graph Gr(¢y) intersects the real axis, because
fo has a periodic orbit of period ¢g. Note that ¢, cannot vanish identically, for if
it did, we would have f; = Id, contrary to our hypothesis. Hence there are three
cases to consider:

(1) The graph Gr(gy) crosses the real axis. In this case, by continuity of the
map B +— g, we see that there exists § > 0 small such that , for each
B € (@ — 48, a + &), the graph Gr(pg) also crosses the real axis, so that
p(fg) = p/q. In other words, we have A/, D (¢ — 8, + §).

(2) The graph Gr(g,,) touches the real axis, but ¢4 (x) > 0 for all x. Here, since
®a(x0) > 0 for some xo, it follows from the continuity of 8 — ¢g that

2Here and throughout we think of R/Z as the interval [0, 1] with the endpoints identified, and
the induced order relation via this identification.
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there exist § > 0 small such that, for each B € (o — 4§, ], the graph Gr(¢pg)
intersects the real axis, so that p(fg) = p/q. Hence A,y O (¢ — 4, ] in
this case.

(3) The graph Gr(gy) touches the real axis, but this time g (x) < 0 for all x.
This case is analogous to case (2). Proceeding as before, we deduce in this
case that there exists § > 0 small such that A/, D [, a + ).

Whichever case occurs, we see that A ,/, has non-empty interior, as claimed. Fi-
nally, if y € (R \ Q)/Z is an irrational point, then @;1 (y) reduces to a single
point. This follows from the fact that ®  is strictly increasing at each point & for
which p( fy) is irrational. This fact is left as an instructive exercise to the reader
(see Exercise 4.6). Putting all these facts together, we deduce that

Ky=®R/z)\ | J int(4,) (4.20)
reQ/Z

is compact, totally disconnected and without isolated points, i.e., a Cantor set.
Therefore © ¢ is indeed a devil staircase. O

Remark 4.4. The fact that the intervals A/, have non-empty interior is known
as phase-locking or mode-locking phenomenon. Accordingly, these intervals are
called phase-locking or mode locking intervals.

The reader may wonder how easy it is to produce examples of (standard) one-
parameter families satisfying the hypothesis of Lemma 4.7. It turns out that if
f has a lift to the real line which is the restriction of a holomorphic map of the
entire complex plane, then the hypothesis in question is always satisfied — see
Exercise 4.7. This is what happens with one-parameter families extracted from
the so-called Arnold family, which depends on two parameters. The maps in the
Arnold family have as lifts the restrictions to the real line of the entire maps given
by

Fop(z) =z +a+ Bsin2nz.

Here, we have 0 < @ < land 0 < B < 1/2m. These entire maps project
down to holomorphic self-maps of the cylinder C/Z ~ C* — call them f, g
— whose restrictions to the unit circle are analytic diffeomorphisms. Note that
Ja.p = Ra © fo,p. Thus, by fixing B and varying o, we get a one-parameter
family satisfying the hypothesis of Lemma 4.7. In Table 4.1 the reader can see
the plots for two values of 8 smaller than 1 /2. When 8 = 1/27 we still have a
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Of(a) Of(a)
1 1
/
3 // 3 j/
4 4 /
1 1
2 2
1 / 1 /
L/ L/
(07 / (07
0

EN[M
—
(e

EN[M
—

SN
NI=
NI
Nl—

Table 4.1: Devil staircases in the Arnold family for § = 0.125 (left) and for
B = 0.158 (right). In each case, /' = fy g.

family of circle homeomorphisms, but these are not diffeomorphisms: x = 1/2 is
now a critical point. Such maps are called critical circle maps, and will be the main
object of study in parts III and IV of this book. For 8 > 1/2x the corresponding
maps in the Arnold family are no longer invertible; these maps will not be studied
in this book.

Remark 4.5. For each fixed value of B in the range 0 < B < 1/2m, we may
consider the Cantor set Kg C [0, 1] obtained as the closure of the complement of
the union of all phase-locking intervals in the one-parameter family « — f, g. As
shown by Herman [1979], Kg has positive Lebesgue measure when 8 < 1/27.
By contrast, when f = 1/2x the corresponding Cantor set has zero Lebesgue
measure; this was first proved by Swiatek [1988].

Remark 4.6. An interesting picture emerges if one looks at the Arnold family in
parameter space. For each rational p/gq € [0, 1], the set of all pairs of parameters
(o, B) inside the rectangle [0, 1] x [0, iﬂ] for which the map f, g has rotation
number p/q is a connected set known as an Arnold tongue. See Figure 4.1 for a
computer-generated picture of some of these tongues (for selected values of the
rotation number p/q).



100 4. Smooth Conjugacies to Rotations

il

Figure 4.1: Arnold tongues in the family x — x +« + 8 sin 27z x) for0 < o < 1
and 0 < B < %
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=
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4.3.2 Residual sets of non-linearizable parameters

We now combine what we learned in Section 4.1 about Herman’s C'! conjugacy
invariant with a simple Baire category argument to show the existence of mini-
mal analytic circle diffeomorphisms which are not C! conjugate to a rotation (of
course, they are always topologically conjugate to a rotation, by Denjoy’s theo-
rem).

Recall that a subset £ of a complete metric space X is residual if it contains
a countable intersection of sets which are open and dense in X. Baire’s theorem
says that residual subsets of a complete metric space X are always dense in X. Itis
easy to see that the intersection of any finite collection of residual sets is residual.

Let f : S — S be an analytic circle diffeomorphism satisfying the hypoth-
esis of Lemma 4.7, let f, = Ry o f be the standard family it generates, and let
K ¢ be the Cantor set in (4.20).

Theorem 4.5. There exists a residual subset A C K f such that, for every o € A,
the analytic diffeomorphism fy is not C! conjugate to R 0(far)-

Proof. Let Dy C Ky denote the set of all endpoints of phase-locking intervals
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in the complement of K s in R/Z. Then D s is a countable dense subset of the
Cantor set K r. For each o € Dy the corresponding diffeomorphism f, has
rational rotation number, say p( fy) = p/q, but it cannot be C! conjugate to the
rotation R,/,. If it were, then a fortiori we would have £l = 1d, contrary to
hypothesis. Hence, by Theorem 4.3, we must have J#1(fy) = oo foralla € D .
Here, as in Section 4.1, 71 (f) = sup,> || Df"|| is Herman’s (first) invariant.
Now, for each positive integer k, let Vi = {a € Ky : J(fo) > k}. Then
Vi is open, and we clearly have D s C Vg, forall k > 1. In other words, each V
is an open and dense subset of K ¢. Since K ¢ is a compact subset of the complete
metric space R/Z, it is itself complete, and therefore, by Baire’s theorem, Voo, =
N k>1 Vk is residual in K y. But every o € Vo obviously satisfies FA(fo) = 00,
so by Theorem 4.3 the corresponding diffeomorphism f,, is not C !-linearizable.
Hence we can take A = V. O

4.3.3 Singular measures and conjugacies

We now wish to go beyond Theorem 4.5 and show that there are plenty of analytic
diffeomorphisms that are minimal but not absolutely continuously conjugate to a
rotation. The examples can be constructed so as to be as close to a rigid rotation as
desired. Rather than a Baire category argument, we will employ an approximation
argument.

To achieve our goal, the following criterion will be crucial. In what follows,
we denote by m the Lebesgue measure on the circle.

Lemma4.8. Let f : S' — S be a homeomorphism, and let ju be an f -invariant
Borel probability measure. Suppose f has the following property: for eachn > 1,
there exist a Borel set A, C S and a positive integer ky, such that (i) f*n(S! \
An) C Ay, and (ii)) m(A,) < 27", Then u is not absolutely continuous with
respect to m.

Proof. Since w is invariant under f, we have
kn (gl _ 1 -
p(An) = (FF5 (ST A0)) = w(S"\ An) = 1= i(An) |

so w(Ay) = % for all n. Consider the set

oo

Ao =limsup A, = () | 4n .
k=1n>k
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Since pt (Upsg An) = 5 for every k, we have j1(Aoo) > % as well. But at the
same time, for all k > 1 we have

mias) < Uan ) < 30 5 =

n>k

and therefore m(Aso) = 0. This shows that p cannot be absolutely continuous
with respect to Lebesgue measure. O

Adapting the terminology of Cornfeld, Fomin, and Sinai [1982, p. 88], we
introduce the following definition.

Definition 4.3. Given a rational number p/q in irreducible form, we say that a
circle homeomorphism f is (p, q)-stable if f has a lift F to the real line such that
Fi(x) = x 4 p forall x € R and the equality F4(xo) = xo + p holds for some
X0-

Note that if f is (p,q)-stable® then in particular f has a periodic orbit of
period ¢, and in fact p(f) = p/q. The following lemma states that, in any stan-
dard one-parameter family of diffeomorphisms, there are (p, g)-stable diffeomor-
phisms for all rationals p/q € [0, 1].

Lemma 4.9. Let f : S' — S be a diffeomorphism, and suppose the standard
family fo = Ryo f it generates is such that its rotation number function © (o) =
p(fa) is a devil staircase. If Ap/q = [ap/q. Bpjql is the phase locking interval
corresponding to the rational p/q, then fg  is (p,q)-stable.

Proof. This is left as an exercise to the reader (Exercise 4.8). O

Our next lemma states in essence that, arbitrarily near any analytic (p, q)-
stable diffeomorphism we can find another analytic (p, g)-stable diffeomorphism
having exactly one periodic orbit of period q. We formulate the result in terms
of lifts. We assume these lifts are defined on the horizontal strip S; = {z :
|[Im(z)| < 1}. Given two holomorphic maps F, G defined on this strip, we let
d(F,G) = sup,cs, |F(z) — G(z)| denote the C 0 distance between them.

3Note that the (p, ¢)-stability property can always be destroyed by a small perturbation. This
suggests that it would be more appropriate to use the moniker (p, q)-unstable when referring to
such maps. We will nevertheless conform to the terminology used in Cornfeld, Fomin, and Sinai
[1982, p. 88].
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Lemma 4.10. Let F : S1 — C be a univalent map with F(R) = R such that
F|R is the lift of a (p, q)-stable diffeomorphism f : S' — S'. Foreach § > 0
there exists a univalent map G : S1 — C with the following properties:

(i) d(F,G) <§;

(ii) G(R) =R,
(iii) G|R is the lift of a (p, q)-stable diffeomorphism g;
(iv) g has a unique periodic orbit of period q.

Proof. Let xog € R be such that F9(x9) = xo + p, and write x; = FJ(xg) for
each j € Z. Also, let z; = e?7ixj e S (so that Zj+q = z; forall j), and
note that {zg, z1,...,z4—1} is a periodic orbit for f. Let ¢ : C — C be the
holomorphic function given by

qg—1
o(z) = 1_[ sin? (7 (z —Xj)) .

Jj=0

This function is periodic of period one. Note that ¢(x) > 0 for all x € R, and
equality holds only for x € {xo, x1,...,x4—1} + Z. Now, consider the holomor-
phic map G(z) = F(z) 4+ €¢(z). Taking € > 0 sufficiently small, G becomes
univalent in Sy, and d(F, G) = esup,cg, [¢(2)| < 8. Moreover, its restriction
to the real line is the lift of an analytic circle diffeomorphism g. Note also that
G/ (xg) = F/(xg) forall j € Z. In particular, we have G?(x¢) = x¢ + p, and
our choice of ¢ implies that G9(x) > x + p forall x ¢ {xo,x1,...,xX9-1} + Z.
This shows that g is (p, ¢)-stable, and also that {zo, z1, ..., zg—1} is its only peri-
odic orbit (of period g). O

Lemma 4.11. Let f : S' — S! be a (p, q)-stable homeomorphism having a
unique periodic orbit of period q. Then for each ¢ > 0 there exist an open set Ag
containing that periodic orbit and a positive integer k¢ such that m(A;) < ¢ and
SR (ST Ae) € Ae.

Proof. Let 0 = {z¢,z1,...,z4—1} be the periodic orbit in question. For each
j=0,1,...,q— 1, write z; = ¢2™*/ as before, and let J(z;,&) C S! denote
the arc centered at z; with endpoints 21 =35) and 2™ +33)  Consider the
open set
g—1
4= J J@zj.0) € S,
j=0
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whose Lebesgue measure is equal to %8. As we saw in Lemma 2.3, the omega-
limit set of every point on the circle is equal to the periodic orbit &. This means
that the orbit of every z € S\ A, enters A, after some time k(z) and never
leaves it. Since S\ A, is compact and f is continuous, it follows that k, =
Sup,esi\ 4, k(2) < 0o, and the lemma is proved. O

The next result yields the crucial inductive procedure for the construction of
the examples we promised above. For convenience of notation, let us denote by
2 the class of all univalent maps F : §1 — C defined over the strip S1 = {z €
C : |Imz| < 1} such that F(z) — z is periodic of period one and F(R) = R, so
that F'|R is the lift of an analytic diffeomorphism of the circle.

Proposition 4.1. Given po/qo € (0,1) and §¢ > O, there exist a sequence of
univalent maps (Fy)n>0 with F, € 7 for alln > 0 and a sequence (8n)n>0
of positive numbers with 8p+1 < 8,/2 for all n = 0, such that the following
properties hold.

(1) The restriction of F; to the real line is the lift of an analytic diffeomorphism
fn : St — S with rational rotation number p(f,) = pn/qn.

(2) We have fo = R4, and foralln > 1, the diffeomorphism f is (pn. qn)-
stable and has a unique periodic orbit (of period qy).

(3) We have d(Fy, Fut1) < 38n+1.

(4) Foreachn > 1, there exist a positive integer ky, and an open set A, C S!
with m(Ay,) = 27" such that, for all G € 2 with d(F,,G) < 6,41, we
have g(S'\ A,) C A,, where g : S' — S is the diffeomorphism with lift
G|r.

(5) We have, for alln > 0,

1
2n? maxo<<n 4;°

Pn+1 Pn

dn+1 dn

Proof. We start by taking Fo = T),/4,, s0 that Fy is the lift of fo = R,/4,-
Now, suppose that 6; > 0 and F; € % have already been constructed for all
J < n. In particular, Fy|R is the lift of a (p,, gn)-stable circle diffeomorphism
fn,and f, has a unique periodic orbit &), of period ¢;,.

First, we define §,,+1. Applying Lemma 4.11 to f = f,, we know that there
exists an open €, -neighborhood V;, of 0,,, where €, = 1/(qn 2"+2) and apositive
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integer k, such that f,,(S'\V;) C V,. Letn, > 0be small enough that, if G € %
is such that d(Fy,G) < ny, then d(F,f”, Gk") < €. Then every such G will
have the property that g&» (S1\ V,,) C V¥, where g is the circle diffeomorphism
of which G is the lift and where V" is the open 2¢,-neighborhood of &,. Thus,
if we let A, = V,*, then gk (ST \ A,) C A, for all G with d(F,,G) < np,
and moreover m(A,) = 4qne, = 27". Having done this, we define 6,41 =
min{7y, %Sn}

Next, we define F;, 1. To do this, we first look at the standard one-parameter
family f, o = Rq© fn. We know from Lemma 4.7 that the rotation number func-
tion @ :a + p(fu,«)isadevil staircase. Choose arational number py+1/¢n+1
such that

4 Pn+1
,O(fn) = q_n < qn < p(fn,8n+1/4) s

n n+1

and choose it so close to py, /g, that the inequality in (5) is satisfied. Then the phase-
locking interval A, .\ /g, = @;ﬂl (pn+1/9n+1) is contained in the interval
(0, %8,,“). Let ay, be the right endpoint of A, ./, . . Then the map fy 4,
is (Pn+1.qn+1)-stable, and its lift F, o, € % satisfies d(Fy, Fn,0,) < %8,1“.
However, there is no guarantee that f, o, has only one periodic cycle. To fix
this problem, we need to perturb f, q, slightly. Here we apply Lemma 4.10 with
F = F,4,and § = %8,,“. We get a new univalent map Fy,4+; € % whose
restriction to the real line is the lift of a circle diffeomorphism f,4; which is
(Pn+1,9n+1)-stable, and has a unique periodic orbit of period g,+1. We now
have

1
d(Fn, Fn—H) < d(Fn, Fn,an) + d(Fn,any Fn+1) < §8n+1 .
This completes the induction, and finishes the proof. U
We are finally ready for the main result of this section.

Theorem 4.6. Given a circle rotation Ry and ¢ > 0, there exists an analytic
diffeomorphism f : 81 — S without periodic points such that d( f, Ry) < €
and whose unique invariant measure is not absolutely continuous with respect to
Lebesgue measure. In particular, no conjugacy between f and the corresponding
irrational rotation R, ry can be absolutely continuous.

Proof. We can of course assume that « is rational. Applying Proposition 4.1 to
Fo = Ry and 8¢ = &, we get a sequence of univalent maps F;, € % possessing
properties (1)-(5) in the statement of that proposition. In particular, from property
(3) and the way the sequence (8,)n>0 is constructed, we see that (Fy),>0 is a
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uniform Cauchy sequence in the strip S1. Let F € %4 be its limit, and let f :
S1 — S be the analytic diffeomorphism whose lift is F.

First we claim that 8 = p(f) is irrational. We know by continuity of the
rotation number that

0= lim p(fy) = lim 2%
n—>oo

n—>oo q
Hence we can write

&_gzi(l’_{_m),

4n i=n q;  4j+1

and from the inequality in property (5) we get
ad 1
<2

j=n

il 7r2<l
o0t 24 g

‘_P_n
dn

2j2 maxXogk< qr> 2(],,

Thus, we have infinitely many rational solutions to the inequality |0 — (p/q)| <
g2, and this means that @ is irrational®.
Next, note that from property (3) that

1 o0
d(F,Fn)gi Z 5j§5n+1-
j=n+1

In particular, d(F, Ry) < 8; < e. Then, by property (4), we see that f(S! \

Ap) C Ay, where A, C S is an open set with m(A4,) = 27". Since this holds
forall n > 1, we deduce from the criterion in Lemma 4.8 that the unique Borel
probability measure invariant under f is not absolutely continuous with respect to
Lebesgue measure. The last assertion in the statement follows immediately from
this. The proof is complete. O

4.4 Further local theory: the Brjuno condition

As before, an irrational number p in (0, 1) is said to be Diophantine of order § > 0
if there exists a constant C > 0 such that

C
p-Ll>
q q2+5

“It is easy to see that the inequality in (5) implies that g,+1 > 2n%gy, so the sequence (¢n) is
strictly increasing.



4.4. Further local theory: the Brjuno condition 107

for any rational number p/q. As it is not difficult to prove (see Lemma A.4 in
Appendix A), for any given § > 0 the set of Diophantine numbers of order § has
full Lebesgue measure.

In Section 4.2 we have proved a local linearization result, namely Theorem 4.4,
which says that any real-analytic circle diffeomorphism with Diophantine rotation
number p, which is a small perturbation of the rigid rotation R,, is analytically
linearizable (i.e., it is conjugate to R, by a real-analytic diffeomorphism). On the
other hand, we have constructed in Theorem 4.6 examples of real-analytic diffeo-
morphisms with irrational rotation number (as close to a rigid rotation as desired)
for which any conjugacy with the corresponding rotation is not even absolutely
continuous.

Still dealing with analytic diffeomorphisms close to a rotation, we proceed to
state two fundamental results due to J.-C. Yoccoz [2002]. For any given b > 1,
we say that f € Diffy (S 1) if f is a real-analytic circle diffeomorphism, whose
holomorphic extension is defined in the annulus

Ap=1{zeC:b7 ! <|z| <b}.

Definition 4.4. An irrational number p € (0, 1) satisfies the Brjuno condition if

1
Z 0g2dn+1 < 0,

neN n
where pn/qn are the convergents of p.

As it is not difficult to prove (see Exercise 4.12), any Diophantine number sat-
isfies the Brjuno condition. Therefore, the following result extends Theorem 4.4.

Theorem 4.7 (Yoccoz [ibid.]). For any Brjuno number p and any b > 1 there
exists € = &(p, b) > 0 with the following property. If f € Diffy) (S') has rotation
number p and satisfies H f - RPH co,) < & then any topological conjugacy

between f and R, belongs to Diffy) /2(S b,

Yoccoz also proved that the Brjuno condition in Theorem 4.7 is sharp in the
analytic class, as expressed by the following result.

Theorem 4.8 (Yoccoz [ibid.]). If p € (0, 1) is an irrational number which is not
Brjuno, the following holds. For any given b > 1 and ¢ > 0 there exists f €
Diffy) (S1) with rotation number p and satisfying ”f - Ry ”CO(Ab) < g, which is
not analytically linearizable.
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4.5 Global theory: Herman—Yoccoz results and beyond

The linearization results of the previous sections are /local, in the sense that they
hold for real-analytic dynamics whose holomorphic extensions are small pertur-
bations of a linear rotation. In this final section we survey, without proofs, some
of the most relevant global linearization results, starting with the seminal works
of Herman [1979] and Yoccoz [1984a].

Theorem 4.9 (Herman—Yoccoz). If f is a C” diffeomorphism of S, with r > 3,
whose rotation number is Diophantine of order § then, provided r > 25 + 1, f is
cr—1-8-¢ -conjugate to the corresponding rigid rotation, for every ¢ > Q.

Note that no assumption on being close to a rotation is needed here. Herman
proved that such a global linearization result holds for Lebesgue almost every rota-
tion number, while Yoccoz proved that it holds in fact for any Diophantine number.
A proof of Theorem 4.9 can be found in de Melo and van Strien [1993, Section 1.3].
Let us mention that Herman’s proof was simplified by Khanin and Sinai [1987] and
Stark [1988], through the use of renormalization methods.

Theorem 4.9 was subsequently sharpened by Katznelson and Ornstein [1989],
who proved the following result.

Theorem 4.10 (Katznelson—Ornstein). If f € Diff" (S1) and its rotation number
p is Diophantine of order §, then any topological conjugacy between f and the
rigid rotation of angle p is a C" —1-d—¢ diffeomorphism for any ¢ > 0, provided
r>§8+ 2.

In this statement 7 > 2 belongs to R, and the condition f € Diff" (S') means
that f isa C "] diffeomorphism whose | r |-th derivative satisfies a Holder condi-
tion with exponent {r}.

More recently, Khanin and Teplinsky [2009] were able to prove that, in the
particular case 2 < r < 3, rigidity holds without the need of any €. More precisely,
they proved the following result.

Theorem 4.11 (Khanin—Teplinsky). If f € Dif?"*(S') and its rotation number
o is Diophantine of order §, then any topological conjugacy between f and the
rigid rotation of angle p is a C1t=9 diffeomorphism, provided 0 < § < a < 1.

A detailed proof of Theorem 4.11, following the original work of Khanin and
Teplinsky [ibid.], will be provided in Appendix B.

The previous statements are given for the lowest possible smoothness and are
sharp, as the examples constructed in Katznelson and Ornstein [1989, App. 3]
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show. The case of highest possible smoothness has been completely solved by
Herman and Yoccoz.

Theorem 4.12 (Herman—Yoccoz). Every C° circle diffeomorphism with irra-
tional rotation number p € (0, 1) is C*-conjugate to a rotation if, and only if,
p is Diophantine.

Theorem 4.13 (Herman—Yoccoz). Any real analytic circle diffeomorphism with
Diophantine rotation number is real analytically conjugate to the corresponding
rigid rotation.

Finally, we remark that in Yoccoz [2002, Section 2.5], Yoccoz introduced a
set 7 C (0, 1) of irrational numbers, that contains all Diophantine numbers and
is contained in the Brjuno class, which is sufficient and, in some sense, necessary
to solve the global linearization problem in the real-analytic case. More precisely,
Yoccoz [ibid., Th. 1.4] proved the following result.

Theorem 4.14 (Yoccoz). Any real-analytic diffeomorphism with irrational rota-
tion number in F€ is real analytically conjugate to the corresponding rigid rota-
tion. Moreover, given p ¢ JC, there exists a real-analytic diffeomorphism with
rotation number p which is not analytically linearizable.

We refer the reader to the survey by Eliasson, Fayad, and Krikorian [2018] for
much more on Yoccoz’s seminal contributions to the theory of circle diffeomor-
phisms (see also Yoccoz [1984a, 1995a,b, 2002]).

Exercises

Exercise 4.1. If f : 81 — Sland i : S — S! are both C! diffeomorphisms,
prove that s4 (ho f o h™!) < oo ifand only if J4 (f) < oc.

Exercise 4.2. Let ¢ : S¢ — C be holomorphic and periodic of period one.

(1) Show that there exists a unique holomorphic function ¢ : 4, — C, where
r = e?7% such that (z) = ¢(exp(z)) for all z.

(i) Deduce from (i) and the Laurent series for ¢ that ¢ has a Fourier series
expansion
p(z) =Y @)™
nez
which is absolutely convergent in the strip Sy, and that its Fourier coeffi-
cients are precisely the Laurent coefficients of ¢.
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Exercise 4.3. Prove Lemma 4.1. [Hint: Note that for all n,m € Z we have
|e27ina=—m) _ 1| = |sin (w(noe — m)).]

Exercise 4.4. Prove Lemma 4.2. [Hint: Apply Cauchy’s theorem to the holomor-
phic function g, (z) = £(z)e™27'"7 in a suitable rectangle.]

Exercise 4.5. Let F : R — R be a homeomorphism given by F(x) = x + o« +
¢(x), and suppose that F has translation number ««. Show that there exists xg € R
such that ¢(x¢) = 0.

Exercise 4.6. Let f : 81 — S! be a homeomorphism with irrational rotation
number. Show that for all @ > 0 small we have p(Ry o f) > p(f).

Exercise 4.7. Let F : C — C be an entire holomorphic map. Show that, if there
exists n > 1 such that F* = Id, then F is complex affine, i.e., it has the form
F(z)=az +b.

Exercise 4.8. Prove Lemma 4.9.

Exercise 4.9. Recall from Dirichlet’s Lemma 1.1 that for any irrational number
p € (0, 1) there exist infinitely many rational numbers p/g such that
1
‘p_ﬁ‘ <. (4.21)
q q
Conclude from (4.21) that there are no Diophantine numbers of order § < 0.

Exercise 4.10. Show that an irrational number p is Diophantine of order § if, and
only if, there exists a constant M > O such that g, 41 < M q}, t foralln € N
(Hint: From (1.16) in Theorem 1.2 we have the estimates

1
) <I|gnp— pnl < .
dn+1 dn+1

In particular, |g, p — pn| q%""g < q;""g /qn+1. If p is Diophantine of order &, then

lgn p — pn|q,1l""s > C and we are done taking M = 1/C. On the other hand,
consider ¢ € Z with g, < g < gn+1. As also showed in Theorem 1.2 (see (1.17)),
lgo—p| > |gn p— pn| forall p € Z. Since § > 0, we have ¢' T4 > ¢1+9 and then
lgp—plg* ™t > |gn p— pal q;""g > q,1+8/2 gn+1- By assumption, this last ratio
is bounded from below by the positive constant 1/2M, and then p is Diophantine

of order §).

Exercise 4.11. Conclude from the previous exercise that an irrational number p is
Diophantine of order 0 if, and only if, p is of bounded type: sup{a,(p)} is finite
(Hint: From the identity ¢,+1 = a5 qn + gn—1 we know that a, = |_qn+1/an).
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Exercise 4.12. Show that any Diophantine number satisfies the Brjuno condition
given in Definition 4.4 (Hint: Use Exercise 4.10 and the fact that the sequence
{qn} grows at least exponentially fast as n goes to infinity).

Exercise 4.13. Fix some constant ¢ € (0, 1) and consider an irrational number
o = |aog,ai,...] such that

forall n € N. Show that p is a Liouville number that satisfies the Brjuno condition
(in other words, the inclusion given by Exercise 4.12 is a proper inclusion).
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This chapter is to be regarded as an intermezzo. We want to move on to the study
of homeomorphisms of the circle having one or more critical points.

The distortion techniques we used in our study of diffeomorphisms (bounded
variation, boundedness of nonlinearity, the naive distortion lemma) are not imme-
diately applicable to the study of maps having critical points. For instance, the
nonlinearity of a map clearly explodes at a critical point.

A major breakthrough in one-dimensional dynamics achieved in the early eight-
ies was the discovery that one could oftentimes understand the topology and/or
the geometry of a one-dimensional map through a careful analysis of the way such
map distorts cross-ratios. Several tools were introduced to control the distortion
of cross-ratios. In the present chapter we will introduce some of these tools, which
will then be used extensively in the next chapters.

5.1 Cross-ratios

There are several types of cross-ratios used in one-dimensional dynamics. We
describe here two of the most ubiquitous.

Let us denote by N either the unit circle S! or the real line R. Given two
intervals M C T C N with M compactly contained in the interior of 7, let
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us denote by L and R the two connected components of 7\ M. We define the

a-cross-ratio and the b cross-ratio of the pair (M, T), respectively, as follows:

_M|T|
ILIIR|

|LIIR]

M,T — .
«(M.T) |LUM|[|M UR|

b(M,T)

One easily checks that b(M, T)~! = 14-a(M, T). Both cross-ratios are preserved
by Mdébius transformations; the latter is weakly contracted by maps with negative
Schwarzian derivative (see below), whereas the former is weakly expanded (see
Exercise 5.4)

Unlike, say, de Faria and de Melo [1999], where the a-cross-ratio was used
throughout, in the present text it will often be more convenient to use the b-cross-
ratio. The latter has the advantage that its logarithm is given by the Poincaré length
of M inside T'. More precisely,

logh(M,T) = —/ pr(x)dx ,
M
where pr(x) is the Poincaré density of T = [«, B], given by
B—a
pr(x) = ———7——.
(x —a)(B —x)

From now on, since the b-cross-ratio will be the cross-ratio most used in this
book, we will simplify the notation a bit and write [M, T'] instead of (M, T').

We end this section with the following useful observation. Suppose M =
(b,c)and T = (a,d) are such that M C T, and let ¢ be the Mobius transforma-
tion determined by ¢(a) = 0, ¢(c) = 1 and ¢(d) = oo. Then

M, T]=¢(() = (i::) (Z:Z) '

5.2 'The Schwarzian

The Schwarzian derivative is a somewhat mysterious object discovered at the end
of the nineteenth century by H. A. Schwarz, in the context of complex-analytic
function theory. Its use in one-dimensional dynamics was initiated by D. Singer
[1978].
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5.2.1 Definition

In Chapter 3 (see Definition 3.1) we introduced the concept of nonlinearity of a
C? one-dimensional map f, namely .4 f = Dlog Df = D?f/Df. When f
is C3, we define its Schwarzian derivative to be

1 2
Sf:D(JVf)—E(JVf) .
A simple computation yields the alternative formula

_Df 3(D2f\?
st =505 (%)

Just as log Df and the nonlinearity, the Schwarzian derivative is a dynamical
co-cycle, i.e., it satisfies a chain rule: if f, g are C3 maps for which f o g makes
sense, then

S(fog)=Sg+SfoglDgl . (5.1)

The chain rule (5.1) indicates that Sf behaves as a quadratic differential under
smooth changes of coordinates; indeed the expression g*(Sf) = Sf o g [Dg]?
appearing in the right-hand side of (5.1) is the pull-back of S f by g as a quadratic
differential.
From (5.1) we easily deduce a chain rule for iterates, namely,
n—1 ' =
Sf" =3 SfofI [fo] .

J=0

Now, since the Schwarzian derivative is a differential operator, it is important
to identify its kernel.

Proposition 5.1. The kernel of the Schwarzian derivative is the group of Mobius
transformations. In addition, if ¢ is a Mobius transformation and f is a C3 map,

then S(¢po f)=Sf.

Proof. The fact that the Schwarzian derivative vanishes at Mobius transformations
is a straightforward computation. On the other hand, given an increasing C 3 dif-
feomorphism ¢, consider the C2 map g = (D¢)~1/2. An easy computation
shows that S¢p = —2 D?g/g. Hence ¢ has zero Schwarzian derivative if and only



116 5. Cross-ratios and Distortion Tools

if D2 g vanishes identically. In other words, g must be affine, say g(x) = ax + b.
But then D¢ (x) = (ax + b)~2, and integrating we get

where c is a constant. This shows that ¢ is a fractional linear (i.e., Mobius) transfor-
mation, and the first assertion is proved. To prove the second assertion, it suffices
to apply the chain rule for the Schwarzian, namely

S(go f)=Sf+S¢o fIDT .

If ¢ is Mobius, then S¢ = 0, and therefore S(¢ o f) = Sf as asserted. O

5.2.2 Koebe’s nonlinearity principle

As we will see shortly, when the Schwarzian derivative of a C3 one-dimensional
map ¢ has a definite sign, then ¢ has a monotonic behaviour with respect to its
action on cross-ratios, and one can control its distortion in certain places. The first
result in this direction is known as Koebe s nonlinearity principle. 1t states that if
the Schwarzian derivative of ¢ is non-negative, then the nonlinearity of ¢ on any
interval sitting in the domain of ¢ with definite space on both sides is bounded by
a constant that depends only on said space.

Let us be more precise. First, let us define what we mean by space. Given two
intervals M, T in the domain of ¢, with M compactly contained in the interior of
T,let L, R C T be the connected components of 7\ M. The space of M inside
T is defined to be the number

_ .{ILI IRI}
T=mn{—, — .
(M| M|

Now we can state Koebe’s nonlinearity principle as follows:

Proposition 5.2 (Koebe’s nonlinearity Principle). Let ¢ : T — ¢(T) be a C3-
diffeomorphism. If S¢(x) = 0 for all x € T, then |V ¢(x)| < 2/, where T is
the space of M inside T .

Here, we will prove the following generalization of this principle, which first
appeared in de Faria and de Melo [1999, Lem. A.3].
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Proposition 5.3. Given constants B > 0 and © > 0, there exists K; g > 0
such that the following holds. If ¢ is a C3-diffeomorphism mapping an interval
I D [—1,1 + 7] into the reals, and if Sp(t) > —B for allt € I, then for all
t € [0, 1] we have

‘¢"(I )

¢'(1)

Proof. Writing y = ¢”/¢’, so that S = y’ — %yz, we have the differential
inequality

< Kr,B . (5.2)

/2_ 2—B.
y.z35)

Let 0 < 79 < 1 be a point where |y(¢)| attains its maximum in [0, 1] and suppose
that yo = (o) is such that |yg| > /2B = B. If z(r) is the solution of the
differential equation
’ 1 2
z==-z"—B
2

with initial condition z(f9) = yg, then by a well-known comparison theorem' we
must have y(t) > z(¢) forall t > 19 and y(¢) < z(¢) for all ¢+ < 9. Now, if
yo > P then integration of the ODE yields the explicit formula

(yo+ B) + (yo — ,B)eﬂ(t_t())
(yo + B) — (yo — B)eP—t0)

Since this solution explodes at time

z(r) = p

1
lelo+—10g(
p

so does y(t). Hence t; ¢ I, i.e., t; —ty > T, which gives us

J’o+,3)
yo—B)

$'(t) A
o P

If instead yo < —p, then we get

(B + y0) — (B — yo)eP ¢~
(B + y0) + (B — yo)ePT—i0)

1Look up Gronwall’s inequality in any good book on differential equations.

z(1) =B
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and arguing as before for ¢ < 79 gives us

9" (to) P41
e~ =Vo> B —F—r.
¢’ (10) et —1
Therefore the lemma is proved if we take
Bt
eft +1
K: B ='Beﬂf—1 .

O]

Proof of Proposition 5.2. 1f S¢ > 0, then of course S¢p > —B for every B > 0.
Applying Proposition 5.3, we get the bound in (5.2) for each B > 0. But now it
suffices to note that K; p — 2/t as B — 0. This finishes the proof. We have
recovered the classical Koebe principle. O

5.2.3 'The minimum principle

Another important consequence of assuming that the Schwarzian of a given map
has a definite sign is the following result, known as the Minimum Principle (cf-
de Melo and van Strien [1993, Section 1.6, Lemma 6.1]).

Lemma 5.1 (Minimum Principle). Let ¢ : T — N be a C3 diffeomorphism onto
its image, where T = [a,b] C N is a closed interval, and suppose ¢ has negative
Schwarzian at all points of T. Then, for any given x in the interior of T, we have

|D¢(x)| > min{[D(a)|. [DP(b)]} . (5.3)
In other words, x — | D¢ (x)| does not have a local minimum inside T .
Proof. Note that, since D¢ never vanishes, the function ¢(x) = |D¢(x)| is in

fact smooth. Suppose this function has a point of local minimum x¢ lying in the
interior of 7. Then we must have D2¢(x0) = 0, and this tells us that

D3¢ (xo)
Df (xo)

Hence D¢ (xo) and D3¢ (xo) have opposite signs, and so there are two possibili-
ties:

0> S¢(xo0) =
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(i) If D¢(xg) > 0, then D3¢(xo) < 0 and therefore xq is a point of local
maximum for x — D¢(x); but since in this case we have ¢(x) = D¢@(x)
for all x, it follows that x¢ is a point of local maximum for ¢.

(i) If Dp(xo) < 0, then D3¢ (xo) > 0 and therefore x is a point of local
minimum for x — D¢(x); but since in this case ¢(x) = —D¢(x) for all
x, it follows that xg is a point of local maximum for ¢.

Therefore ¢(x) = | D¢ (x)| has no local minimum inside 7', and this in particular
implies (5.3). O

5.3 Distortion and cross-ratio distortion

5.3.1 Koebe’s distortion principle

Let f : N — N be a smooth map, and suppose we have an interval T C N whose
iterates up to a certain time k stay away from the critical points of f. The Koebe
distortion principle states that the distortion of f* restricted to a slightly smaller
interval M C T is bounded independently of k, where the bound depends solely
on f, the amount of space that M has inside T, and the total sum of the lengths of
the images of T up to time k. This principle is one of the most important tools in
one-dimensional dynamics, and it will be used quite a few times in the chapters to
come. To state it in a precise way, let us agree to say that an interval 7' contains a
t-scaled neighborhood of M if the space of M inside T is at least t. Here is the
formal statement.

Lemma 5.2 (Koebe distortion principle). For each £,t > 0 and each map f :
N — N there exists a constant K = K({, t, f) > 1 with the following property.
IfT C N is an interval such that f*|r is a diffeomorphism onto its image and if
it satisfies the summability condition

k—1 .
dSIfm<e.
j=0
then for each interval M C T for which f*¥(T) contains a t-scaled neighborhood
of f¥(M) one has
1 _[p/Fm)l
K [DfR(y)l
forallx,y e M.
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The proof of this lemma can be found in de Melo and van Strien [1993, p. 295].

5.3.2 Distortion and the Schwarzian

The concept of cross-ratio distortion we are about to introduce has become funda-
mental in one-dimensional dynamics.

Let f : N — N be a continuous map, and let U € N be an open set such
that /|y is a homeomorphism onto its image. If M C T C U are intervals, with
M compactly contained in T (written M & T'), the cross-ratio distortion of the
map f on the pair of intervals (M, T') is defined to be the ratio

/(). /(D))

CiD(f:M.T) = T

If f|r is the restriction of a projective (Mdbius) transformation, then one can
easily see that CrD(f; M, T) = 1.

Let us examine a few important properties of cross-ratio distortion. The first
is that it satisfies a chain rule.

Lemma 5.3 (Chain Rule). Let f : N — N and U C N be as before. Given two
intervals M € T C U, and given n € N, we have

n—1
CD(f" M. T) = [T D (f:f' (). £1(D)) -
i=0

Proof. The proof is by direct computation using a simple telescoping trick — the
details are left as an exercise. O

Also, when f'|7 is a diffeomorphism onto its image and log Df | has bounded
variation in T, then an easy calculation using the mean value theorem shows that
CrD(f: M, T) < e?V, where V = Var(log Df |7).

Now, if f|y is a diffeomorphism onto its image, we define 7 : U x U — R

by
SRR (R
Sr(x.y) = Y
log Df(x), if x=1y

If f is C3 then § ¢ is C2, and the following facts are straightforward (see also
Exercise 5.5).
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(1) ForalM Cc T C U,

928
log CrD(f: M, T) = [ / S dxdy . (5.4)
MxT 0x3y
(i) For all x € U we have
325f 1
1' ) = _S )
P Sy (x,y) 7 f(x)

where Sf is the Schwarzian derivative of f.

Remark 5.1. The mixed partial derivative appearing in (5.4) is, up to a multi-
plicative constant, what one calls the bi-Schwarzian of f. More precisely, the
bi-Schwarzian B  is defined as

By = 65 (x,y)
sy = dxdy e
Clearly, Bs(x,y) — Sf(x) as y — x, hence the name. The bi-Schwarzian is a
cocycle, in the sense that it satisfies a chain rule: if f, g are C3 maps for which

f o g makes sense, then Brog(x,y) = g'(x)g'(y)Br(g(x),g(y)) + Be(x, ).
This is entirely consistent with the chain rule for the Schwarzian, to wit,

S(fog)=Sfog-[Dg)*+ Sg.

Unlike the Schwarzian, which is used extensively, the bi-Schwarzian will not be
used in the present book.

The cross-ratio is preserved by maps with zero Schwarzian derivative (since
these are Moebius transformations, as we have seen in Proposition 5.1). As it turns
out, it is weakly contracted by maps with negative Schwarzian derivative. This is
the content of our next lemma.

Lemma 5.4. If f is a C3 diffeomorphism with Sf < 0, then for any two inter-
vals M C T contained in the domain of [ we have CrD(f; M, T) < 1, that is,

[f(M). f(T)] <[M.T]

Proof. 'The proof is the one given in de Melo and van Strien [ibid., Section IV.1].
Let M =[b,c] € T = [a,d]. Letus call L and R the two connected components
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of T\ M. Let ¢ be the (unique) Mébius transformation such that ¢ ( f(a)) = a,
d(f (b)) = b and ¢(f(d)) = d. Note that ¢ o f is a C3 diffeomorphism with
negative Schwarzian derivative, since S(¢ o /) = Sf < 0 by Proposition 5.1.

We claim that ¢ ( f(c)) > c. Indeed, if this is not true, then by the Mean Value
Theorem there exist zg € [a, b], z1 € [b,c] and z5 € [c, d] such that

$(f(@) —¢(f() _

D(¢ o f)(zo) = T L

Do fiey = LD IO g
a)) —

Do S = DI =IU@)

If zy € (zo, z2), the previous inequalities contradict the Minimum Principle for
diffeomorphisms with negative Schwarzian derivative.> Therefore, ¢( f(c)) > ¢
as claimed. With this at hand we get:

[6(f(M)),¢(f(T))]  |MUL[|$(f(c))—d|

CtD(¢po f; M, T) = = <1.
[M.T] [R|]a—¢(f(0))|
Since ¢ is a Mobius transformation, CrD(¢ o f; M, T) = CtD(f; M, T) and
the lemma is proved. O

5.3.3 Behavior near critical points

The circle maps we are interested in from now onwards possess critical points —
more specifically, non-flat critical points. Here is what we mean by non-flat.

Definition 5.1. We say that a critical point ¢ of a C" one-dimensional map f is
non-flat of degree d > 1 if there exists a neighborhood W of the critical point such
that f(x) = f(c) + ¢(x) |¢(x)‘d_1 forallx € W, wherep - W — ¢(W)isa
C7 diffeomorphism such that ¢ (c) = 0. The number d is also called the criticality,
the type or the order of c.

%In the special case z; = zq, we obtain z; = zg = b, and then D(¢ o f)(b) = 1 and
¢(f(c)) = c. This implies that D(¢ o f)(c) < 1 (otherwise, the Minimum Principle would imply
that D(¢ o f)(x) > 1 forall x € (b, ¢), which is impossible since ¢ o f fixes both b and ¢). Again,
this contradicts the Minimum Principle since ¢ € (b, z). The remaining case z; = z3 is analogous.
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Example 1. Every critical point of a real-analytic map is non-flat, and its criticality
must be a positive integer.

The following proposition clarifies the geometric behavior of a map near a non-
flat critical point. It shows, among other things, that the Schwarzian derivative is
always negative around such a critical point.

Proposition 5.4. Given a C3 map f with a non-flat critical point ¢ of criticality
d > 1, there exists a neighborhood U € W of ¢ such that

(i) f has negative Schwarzian derivative on U \ {c}. More precisely, there
exists K = K(f) > 0 such that for all x € U \ {c} we have

Sfx) <—

(x—c)?’
(ii) There exist constants 0 < o < B such that for all x € U
alx —c|47' < Df(x) < Blx — |47,
Moreover, o and B can be chosen so that B < (3/2)a.

(iii) Given a non-empty interval J C U and x € J we have

o

Df(x) < 3d 7]

(iv) Given two non-empty intervals M C T C U we have

CrD(f; M, T) < 9d?.

Proof. From Definition 5.1, there exists a neighborhood of the critical point ¢ such
that f(x) = g(d) (x)) + f(c), where g is the map given by

d

X ifx >0

g(x) =
—(=x)? ifx <0,

and ¢ is a C3 diffeomorphism with ¢(c) = 0. A simple computation shows that
for all x # 0 we have
(@ -1
S =——F".
g(x) 2

We proceed to the proof of all four assertions in the statement of our proposition.

(5.5)
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(i) The chain rule for the Schwarzian derivative gives Sf = Sg(¢)(D¢)>+S¢.
From (5.5), we get:

DMM)2<_ A

1
S D 2—_——(d-1d 1( ,
g(@(x))(Dp(x)) 2( (d + 1) 50) B2

1
where A = E(a’2 — 1) miny |D¢(x){ > 0. In particular:

—A+ Sp(x)(¢(x))*
(¢(x))*

Sf(x) <

On the other hand, since ¢ is a diffeomorphism, [S¢(x)| < M for some
M > 0. Then we can choose § > 0 such that for all x € (¢ — 8,c¢ + §) we

have |¢(x)| < /4, and this implies that Sf < 0in (c —8,c + §) \ {c}.
Finally, since ¢ is bi-Lipschitz we have |¢(x)| < |x —c| and this proves (i).

(i) This follows at once from Taylor’s formula, since:

D
(Ej%%:):aDaoﬂ>o.

lim
X—>C

(iii) With (i1) at hand the proof of (iii) goes as follows. Let J = (a,b) C U. By
symmetry it is enough to consider the following two cases:

(a) We have ¢ < a < b. In this case, given any x € (a, b), we see that
Df)IJ] _ px - )b —a)
SO o P —eyd—1di
(ﬂd)@—wﬂ‘%b—c—a+d

o (b—c)¥ —(a—c)4
(a —o)?—b-c)"Ya-0)
( ) (b—c) —(a—c)

<3d)2.
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(b) We have a < ¢ < b. Without loss of generality, we may assume that
la —c| < |c—b|. Ifx € J, then

Df)I| _ Blx —c|?7'|b —a
f(D [P Df () di
28lb—c|?  2Bd
S Pa—odtar @

Cc

<3d .

(iv) Finally, let us call L, R the two connected components of 7\ M. By the
Mean Value Theorem there exist zo € L and z; € R such that

Df(z0) Df(z1) [L UM||M U R|
|f(LUM)||f(M UR)|

CiD(f;M.T) =

Since zp € L U M and z; € R U M we deduce from (iii) that

CrD(f; M, T) < (3d)>.

O

Remark 5.2. Using property (ii) above, it is not difficult to see that, when f is
injective, there exists a constant y = y(f) > 0 such that, for any two points in
the domain of f with |x —¢| < |y — ¢|, we have

f@) = f@)] _ (|x —c|)d
N4 .
f0) = F@1 = \ly =l

This remark will be used in the proof of Proposition 6.1.

5.4 'The Cross-ratio Inequality

One of the main reasons why cross-ratio distortion is a useful tool in one-dimensio-
nal dynamics is the Cross-ratio Inequality. Various essentially equivalent formu-
lations of this tool were given during the eighties. The reader will find extensive
material on this topic in de Melo and van Strien [1993, Ch. IV].

Our purpose in this section is to prove the following version of the Cross-
ratio Inequality which, apart from notational differences, is essentially the one in
Swiatek [1988]. First, let us introduce a useful terminology. As before, we denote
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by N either the unit circle or the real line. Given a family of intervals .%# in N and
a positive integer m, we say that .# has multiplicity of intersection at most m if
each x € S! belongs to at most /m elements of .%.

Theorem 5.1 (Cross-ratio Inequality). If f : S — S is a C3 strictly monotone
smooth map all of whose critical points are non-flat, there exists a constant C > 1,
depending only on f, such that the following holds. If M; € T; C S, where i
runs through some finite set of indices .7, are intervals on the circle such that the
Sfamily {T; : i € 7} has multiplicity of intersection at most m, then

[TeDsmi Ty <cm. (5.6)
€S

This theorem was first obtained by Yoccoz in a slightly different form involv-
ing a certain degenerate cross-ratio, see Yoccoz [1984b, Section 4]. The specific
version stated above can be found in Swiatek [1988, Section 2]. We provide only
a sketch of the proof, and the reader is invited to fill in the details as an exercise.

Proof of Theorem 5.1. Let % = | J W;, where the W;’s are as in Definition 5.1,
and let ¥ be an open set with 7 U # = S! whose closure does not contain any
critical point of f'. We assume without loss of generality that the maximum length
of the T;’s is smaller than the Lebesgue number of the covering {%, ¥'}. Write
the product on the left-hand side of (5.6) as P; - P,, where

Py = [] D(f:M.T;) . Py = [] GD(f:Mi, T).
T, v T, cw

Then on the one hand we claim that P; < e2™V, where V = var(log Df|y).
Indeed:

log P, = Z log CrD(f; M;, T;) (5.7)
T, v

= > log Df(w;) —log Df (x;) + log Df (y:) — log Df (z;) < 2mV ,
T, v

where the points w;, x;, y; and z; belong to 7; and are given by the Mean Value
Theorem. On the other hand, the factors making up P, are of two types: those
such that f|7; is a diffeomorphism onto its image, and those such that 7; con-
tains some critical point of f. By Proposition 5.4, all factors of the first type have
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negative Schwarzian and therefore, by Lemma 5.4, satisfy CrD(f; M;, T;) < 1.
Factors of the second type are easily controlled by the non-flatness condition:
CrD(f; M;, T;) < 9d?, where d > 1 is the order of the critical point that belongs
to 7; (again, see Proposition 5.4). Since there are at most m N such factors (where
N is the number of critical points of f), the result follows. For more details, see
Swiatek [ibid., Section 2]. O

When used in combination with the chain rule (Lemma 5.3), Theorem 5.1 is a
great tool for estimating the cross-ratio distortion of large iterates of multicritical
circle maps (to be defined in the next chapter).

5.5 A cancellation lemma

In this final section of Chapter 5 we state and prove a technical result called the
cancellation lemma (see Lemma 5.7 below), which is due to Swiatek [1992]. We
will not provide specific applications of Lemma 5.7 in this book, rather we refer to
the original paper by Swiatek (but see some remarks after the proof of Lemma 5.7).
Its proof is a nice illustration of the power of some of the tools we have presented
in this chapter, such as the Schwarzian derivative and cross-ratio distortion.

Let 2" = Diffi ([O, 1]) be the group (under composition) of orientation-pre-
serving C3 diffeomorphisms of [0, 1] fixing the boundary, and let % = Diffi (R)
be the group (under composition) of orientation-preserving C3 diffeomorphisms
of the real line. There is a natural group isomorphism between 2" and %. In-
deed, consider first the real-analytic diffeomorphism ¥ : R — (0, 1) given by
V(x) = 1/(1 4+ e™*), whose inverse ¥~ ! : (0,1) — R is given by v~ 1(y) =
log (y/(1 — »)), and then consider the isomorphism ¥ : 2~ — & given by
w(f)=y o foy.

v
R ) R

v| I
0,1) —— (0,1)
S
The isomorphism ¥ is natural from the hyperbolic geometry viewpoint: given

x < yin (0, 1) write (0,1) = LU M U R, where M = (x, y) and L and R are
the connected components of (0, 1) \ M, and define a distance dj,,, between x
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and y by

|L| |R|
dpyp(x,y) = —log[M.T] = —log(|L UM||MUR|)’

In other words,

x l—y
(o) = —tog (2 ).

It is easy to see that ¥ is an isometry® between the Euclidean distance in the real
line and the hyperbolic distance in (0, 1). By Lemma 5.4, elements in 2~ with
non-negative Schwarzian derivative weakly expand the cross-ratio [M, T'], and
then they weakly contract the hyperbolic distance. This gives us the following
fact.

Lemma 5.5. Let f € 2 with Sf > 0. Then 0 < D(Ll/(f))(x) < 1 for all
x eR.

The isomorphism ¥ identifies the family {7} }1cr C % of translations of the
real line, T3 (x) = x + A for any x € R, with the family {M; },cg C Z of
Mobius transformations

x

Myx) = (1—et)x+e*

for x € (0,1).

Indeed, note that (M,\ ) w)(x) =Y(x +A) forany x € Randany A € R. In
particular, { My} R is abelian under composition, and M, o My, = M), 4,,
forall A1, A, € R, as well as M;l = M_, forall A € R.

Let us point out another nice property of ¥.

Lemma5.6. Forany f,g € 2 we have Hf_gHCO([O,l]) < Hllf(f)—llf(g) ”CO(R)‘

Note that Lemma 5.6 follows at once from the fact that

1
DY) = Ty e € @ /4 forallx e R,

The following cancellation lemma is due to Swiatek [1992], and is the main
result of Section 5.5.

3Actually, the diffeomorphism v extends to a biholomorphism between the R-symmetric strip
{z eC: —n/2<Imz < 71/2} and the R-symmetric open disc with diameter (0, 1). In particular,
the distance dj,,, defined above coincides with the standard Poincaré distance on (0, 1).
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Lemma 5.7. Let {A,} C R and let {¢,} C X be such that S¢, > 0 for all
n € N. Then we have

[Ms, 0 @n 00 My 091 = oo oo <2 max > A

foralln € N.

Our proof of Lemma 5.7 follows the original paper by Swiatek [ibid., Section 3,
pages 91-93].
Proof of Lemma 5.7. By Lemma 5.6, it is enough to prove that
J
[9(My, 0 ¢n 00 My, 0$1) = ¥(dn o0 h1)| coy <2 max |S A

1<j<n |*

For each ¢ € [0, 1] consider 7/, € % defined by
My = Ti, 0 W(@n) 0 Triyy 0 W(n—1) 00 Ty, 0 W(dh2) 0 Typ, 0 Wiehr) -
In other words, for any x € R we have

N x) =¥ @)(x)+1Ar and  7hy 1 (x) = ¥ (@ur1)(15(X)) + 1 Anyr.

Note that
0 = W(hn o puot 0+~ 0 P2 0 1)

and also that
My =W(M), 0¢noMy,  ofp10-0My,o¢yoM ogi).
In particular, for all x € R and n € N we have
[(W(Mj, 000 My, o) —W(pno---061)) (x)|

{1 _ .0
= |(m —19) )] < max,

9115,
—2(x)| .
5 (x)
To bound these derivatives, note that

0 t

ant ont
S =1 and S () = DY) (1)
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from which it follows that

0 My 1 . - t

5, ) =Anrt Y a4 [T ¥ @i (ni(x)

j=1 i=j
forallx e R, ¢t € [0,1]andn > 1. Now, foreachx € R, € [0,1] andn € N,
define 81, B2, ..., Bn+1 € (0, 1] by setting 8,+1 = 1 and
n
Bi =] DP¥@i+1)(ni(x)) . V1I<j<n.
i=j

With this notation we have

n+1

0
”"“()—ZA B

Therefore, we need to prove that ‘Z;’-Zl AjBj ‘ is bounded by 2M , where

To do that, let us write

n—1 J
ZA ﬁj—ﬁnzk “ > | Biv1—Bi) D A
i=1 j=1 i=1

Since B, € (0, 1], we have |8y Y i—1 Ail = Bn |[D i1 Ai| < |2z di| < M
Moreover, since S¢, > 0 for all n € N, we know from Lemma 5.5 that the
sequence {f1,B2,-..,Pn, Bn+1} C (0, 1] is non-decreasing:

Bj(x.t.n) = DW(hj1+1)(1;(x)) Bj+1(x.t.n) < Bjr1(x.1.n).
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Therefore,
n—1 J n—1 J
S B =B) DA || <D0 (B —B) DA
j=1 i=1 j=1 i=1
n—1 J
=Y (Bir1=Bi) D A
j=1 i=1
n—1
MZ Bj+1— =M Bn—B1) <M

O]

Remark 5.3. The monotonicity of {B,} is crucial in the proof. Indeed, consider
An = (=D)"//nand B, = 1 + A,. Then {B,} — 1 and )_ A, is finite, but
> An Bn is unbounded. This is the reason why the non-negative Schwarzian con-
dition is needed in Lemma 5.7.

Let A = C°([0, 1]) be the space of continuous functions from [0, 1] to the real
line, and recall that A is a Banach space when endowed with the sup norm. We
can consider a homeomorphism from 2~ onto A, called the nonlinearity function
(see also Section 12.4), defined by

sz
N Df og Df
We then define the weight w(f) of any given f € 2 as
1 Df(1)
= N f =log——=,
w(f) | f =log Df(0)

which is a homomorphism from 2~ onto (the additive group) R, i.e.,

n

o(fio fao--o fu) =) o(fi)

i=1

for{ f1, f2,-.., fu} C Z . The weight of an element of 2 carries its signed total
distortion. The main point of the cancellation lemma (Lemma 5.7) is that it pro-
vides a bound in terms of the sum of the weights of the Mdbius transformations
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involved (note that w(Mj) = —2 A for any A € R), thus allowing cancellations.
For instance, similar to what we did in the proof of the Cross-ratio Inequality
above, we may consider a long composition of backwards iterates of a certain
map f (under the same hypothesis of Theorem 5.1). Iterates around the critical
point (those related to the product P,) will have non-negative Schwarzian deriva-
tive, while iterates disjoint from the critical neighborhoods (related to the product
P1) might be close to Mobius transformations (identifying the same intervals, and
having the same weight). If the weights of these iterates almost cancel (even if the
sum of their absolute values is not small), the cancellation lemma says that we still
get an efficient approximation of the whole composition if we replace the Mobius
transformations involved just by affine maps (identifying the same intervals). This
is a rather technical but useful result, and we refer the reader to the original paper
by Swiatek [1992] for the implementation of these ideas.

Exercises

Exercise 5.1. Let f be a C3 map into the reals defined in a neighborhood of 0,
which we assume is a regular point for f.

(i) Prove that there exists a unique fractional linear transformation ¥ such that

L Yo S) —x
m ——-

x—0 x3
exists and is finite.
(i) Show that the limit in (i) is in fact equal to %S £(0).

(iii) For each i > 0, write My, = [h,2h] and T}, = [0, 3h], and let A r(h) be

given by
_a(f(My), f(Ty))
Arth) = a(Mp,Ty)
Show that T
3 —
S0 = -3 fim, L5

(iv) Find a similar formula to the one in (iii) in terms of distortion of the h-cross-
ratio rather than that of the a-cross-ratio.
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Exercise 5.2 (Constant negative Schwarzian). Given a positive constant ¢, con-
sider f, : R — R defined as

B tanh(Mx) B 1 e@x 1
Jale) = tanh (\/a_/2) - tanh(\/oz_/2) ev2ax 41’

Show that fy is a real-analytic diffeomorphism onto its image, fixing —1, 0 and 1,
and such that S f, = —« on the whole real line.

Exercise 5.3. Let f : S' — 8! be a C3 circle diffeomorphism with irrational
rotation number, and let @, be its (unique) 2-automorphic measure (recall Sec-
tion 3.4.3). Show that the sequence

Ly
nJst neN

is constant, equal to [¢i Sf dus .

Exercise 5.4. Prove that cross-ratios are preserved by fractional linear (i.e., Mobius)
transformations.

Exercise 5.5. Let f be a C3 diffeomorphism between intervals, and recall from
Section 5.3.2 that the bi-Schwarzian B s has been defined as

928 f
dxdy

Show that By (x,y) — Sf(x) as y — x (Hint: A straightforward computation
gives

By(x,y) = 6 (x, ).

P ey = L @G
oxdy " (f) - f()? =P

Write f(y) and f’(y) as Taylor expansions around x, and take limit).

Exercise 5.6. Prove the chain rule for the bi-Schwarzian.

Exercise 5.7. Letn > 1 and let f be a polynomial of degree n + 1 with real
coefficients. Suppose that all zeros of Df are real, so that Df (x) = ¢ []/_;(x —
o;), where ¢, aq,...,a, € R.

(i) Show that

n 2
1 3 1
Sfx) =2 Z (x—ai)(x—aj)_i[i;x—ai} '

1<i<j<n
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(ii) Deduce from (i) that Sf < 0.

Exercise 5.8. Consider the sequence { fy}n>1 C 2 = Diff>.([0, 1]) of Mébius
transformations given by

X
(1 —el/n)yx 4 el/n’

fu(x) =

(1) Note that { f,,} converges to the identity in 2.

(i) Show that the sequence {ON_, fu} v, has no limit in 2.



In this chapter we go beyond the theory of circle diffeomorphisms and begin the
study of topological and geometric properties of smooth circle homeomorphisms
having critical points. These dynamical systems are called multicritical circle
maps (see Definition 6.1 below), and will be the main object of study in the re-
mainder of this book.

After introducing some classical examples, we will prove that multicritical cir-
cle maps with irrational rotation number are topologically conjugate to a rotation
(Theorem 6.2). This theorem is due to J.-C. Yoccoz [1984b], and is an extension
of Denjoy’s Theorem from Chapter 3. The proof of this result, to be given in Sec-
tion 6.2, relies on the distortion tools presented in Chapter 5.

In Section 6.3 we state and prove one of the most fundamental results in this
book: the real a-priori bounds (Theorem 6.3), first proved in the eighties by Her-
man [1988] and Swiatek [1988]. We would like to remark that the Cross-ratio
Inequality, namely Theorem 5.1, will play a major role in our proof of the real
bounds. Theorem 6.3 (see also Theorem 6.4) is a cornerstone in the geometrical
study of multicritical circle maps, and it will be invoked throughout the book.

We will close Chapter 6 with some of the first consequences of the real bounds,
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such as the C !-bounds and the negative Schwarzian property (see Section 6.4 and
Section 6.5).

6.1 Definition and examples of multicritical circle maps

Let us start by defining the maps which will be the main object of study in the
present chapter and beyond. The reader should make sure to recall the notion of
non-flat critical point introduced in Chapter 5 (Definition 5.1).

Definition 6.1. 4 multicritical circle map is an orientation preserving C? circle
homeomorphism having N > 1 critical points, all of which are non-flat.

Being a homeomorphism, a multicritical circle map f has a well defined ro-
tation number p € (0,1). We will assume that p is irrational, in which case it
follows from Theorem 2.3 that there exists a unique f-invariant Borel probability
measure /L.

Definition 6.2. We define the signature of f to be the (2N + 2)-tuple
(p; N3 do,dr,...,dN-1; 0,81,...,0N-1),

where d; is the criticality of the critical point ¢; for 0 < i < N — 1, and §; =
Jlci, ci+1) (With the convention that cy = cg).

In this section we provide some interesting families of real-analytic critical
circle maps.

6.1.1 Blaschke products

Conforming with standard notation, we denote by C=cCu {oo} the Riemann
sphere. Consider the two-parameter family f; , : C — C of Blaschke products
in the Riemann sphere C given by:

zZ—a

fa,a)(z) — leriw 22 (_

) fora >3 andw € [0, 1). 6.1)
1—az

As it happens with any Blaschke product, every map in this family commutes
with the geometric involution around the unit circle @(z) = 1/Z (note that @ is
the identity in the unit circle), and therefore it leaves invariant the unit circle (in
fact, every rational map leaving invariant the unit circle is a Blaschke product).
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Moreover, its restriction to S! is a real-analytic homeomorphism (the fact that
Ja,» has topological degree one, when restricted to the unit circle, follows from
the Argument Principle since it has two zeros and one pole in the unit disk). When
a > 3, each f; 4, has four critical points in the Riemann sphere, which are all
different and non-degenerate (quadratic), given by 0, oo,

w, a’?+3 N V(@ +3)a+1)(a—1)(a-3) y
4a 4a

1 and (6.2

a*>+3  J@a+3)@+Da-1)(e-3)

1 =
/Wa 4a 4da

€ (0,1). (6.3)

In particular, the restriction of f; 4, to the unit circle is a real-analytic diffeomor-
phism for any a > 3. When a — 3, both critical points w, > 1 and 1/w, € (0, 1)
collapse to the point w = 1, as we can see from (6.2) and (6.3). In other words,
when a — 3, the family f; ., converges to the boundary of the space of circle dif-
feomorphisms: for any w € [0, 1), the restriction of f3 4 to S! is a real-analytic
multicritical circle map with a single critical point at 1, which is of cubic type, and
with critical value e27%¢,

Now let p,q € C with [p| > 1, |g| > 1, letw € [0, 1) and consider g 4.0 :

C—-C given by

; Z—p zZ—q
pagw(z) =073 (1 _ﬁz) (1 _C_IZ). (6.4)

Just as before, every map in this family leaves invariant the unit circle. The fol-
lowing fact was proved by Zakeri [1999, Section 7].

Theorem 6.1. For any given p € (0,1)\Q and § € (0, 1) there exists a unique
8p.q.0 Of the form (6.4) such that g p q4.0|s1 is a bi-critical circle map with signa-
ture (03;2;3,3; 5,1 —=246).

Remark 6.1. 1t would be interesting to extend Zakeri’s construction in order to ob-
tain representative families of Blaschke products that restrict to multicritical circle
maps with N > 3 critical points. Such construction should be useful to understand
rigidity and renormalization problems for multicritical circle maps with any given
number of critical points (to be discussed in the fourth and last part of this book).
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Figure 6.1: Topological behaviour of the Blaschke product f3 4 (6.1) around the
unit circle, for w approximately equal to 1/8. At the left of Figure 6.1 we see the
preimage under f3, of the annulus around the unit circle drawn at the right (in
both planes, the unit circle is dashed). The complement of the annulus AU B in the
complex plane has two connected components, C and D. The preimage of C is the
union C’ U C”, where the notation C” means that f3 , : C’ — C has topological
degree 1 (equivalently f3, : C” — C has topological degree 2). In the same
way, the preimage of D is the union D’ U D”, the preimage of B is B] U B, U B}
and the preimage of 4 is A”.

6.1.2 'The Arnold family

Consider the two-parameter family F,, ;, : C — C of entire maps in the complex
plane given by

b
Fap(z)=z+4+a— T sin2rz) fora €[0,1)andb > 0.
b/

Since each F, ; commutes with unitary horizontal translation, it is the lift of
a holomorphic map of the punctured plane f,; : C \ {0} — C \ {0} under the
universal cover z > e27Z_ Since F, p preserves the real axis, f, ; preserves the
unit circle. This classical two-parameter family of real-analytic circle maps was
introduced by Arnold [1961], and it is known as the Arnold family.

For b = 0, the family f, 5 : S! — S! is just the family of rigid rotations
z > €274z As it is easy to check, for b € (0,1) the Arnold family is still
contained in the space of real-analytic circle diffeomorphisms. For b = 1, how-
ever, the Arnold family belongs to the boundary of the space of circle diffeomor-
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p(fa,l)

EN[M)
\\

D=

INTS
N

A=
D=
EN[M

Figure 6.2: The rotation number, as it varies in the one parameter family f, 1 :

XH—>x+a-— % sin 27 x, produces a devil staircase.

phisms: each Fj, ; projects to an orientation preserving real-analytic circle home-
omorphism fy 1, which has a critical point (of cubic type) at the point z = 1. The
rotation number of f, ; varies with the parameter a in a continuous, monotone,
non-decreasing way, and as we saw in Chapter 4 the resulting graph is a devil stair-
case; see Figure 6.2. Each interval {a € [0,1) : p(fa,1) = 0} degenerates to a
point whenever 6 is irrational and moreover, the set {a €[0,1): p(fa,1) € R\Q}
has zero Lebesgue measure (Swiatek [1988]). For integers 0 < p < g, the set
{a €[0,1): p(fa,1) = p/ q} is a non-degenerate closed interval (a phase-locking
interval, in the language of Chapter 4). Its interior is made up of parameters whose
corresponding critical circle maps have two periodic orbits (both of period ¢), one
attracting and one repelling, which collapse to a single parabolic orbit when the
parameter reaches the boundary of this interval, see Epstein, Keen, and Tresser
[1995].

Finally, we remark that for b > 1 the maps f, 5 : S! — S! are no longer in-
vertible (they possess two quadratic critical points). The dynamics of these maps



140 6. Topology and Real Bounds

is much richer than the case of homeomorphisms: the rotation number becomes
a rotation interval, and typical dynamics here have positive topological entropy,
infinitely many periodic orbits (coexisting with dense orbits) and, under certain
conditions on the combinatorics, they preserve an absolutely continuous proba-
bility measure (see Boyland [1986], Chenciner, Gambaudo, and Tresser [1984],
Crovisier, Guarino, and Palmisano [2019], and Misiurewicz [1986] and references
therein).

The examples presented in both Sections 6.1.1 and 6.1.2 show how multi-
critical circle maps arise as bifurcations from circle diffeomorphisms to endo-
morphisms, and in particular, from zero to positive topological entropy (com-
pare with infinitely renormalizable unimodal maps, de Melo and van Strien [1993,
Ch. VI]). This is one of the main reasons why multicritical circle maps attracted
the attention of physicists and mathematicians interested in the boundary of chaos,
see Dixon, Gherghetta, and Kenny [1996], Feigenbaum, Kadanoff, and Shenker
[1982], Kadanoff and Shenker [1982], Lanford [1987, 1988], MacKay [1983, 1993],
Ostlund et al. [1983], Rand [1987, 1988, 1992], and Shenker [1982].

6.2 Topological classification

Being a homeomorphism, a multicritical circle map f has a well defined rotation
number. Just as before, we will focus on the case when f has no periodic orbits.
In the early eighties, Yoccoz [1984b] proved that f has no wandering intervals.
More precisely, we have the following fundamental result.

Theorem 6.2 (Yoccoz). Let f be a multicritical circle map with irrational rotation
number p. Then f is topologically conjugate to the rigid rotation Ry, i.e., there
exists a homeomorphism h : S* — S such thatho f = R, o h.

It is not possible to remove the non-flatness condition on the critical points
(recall Definitions 5.1 and 6.1). Indeed, Hall [1981] was able to construct C*°
homeomorphisms of the circle with no periodic points and no dense orbits.

As we have already observed in Chapter 5, in the presence of critical points,
the standard distortion tools used for diffeomorphisms no longer apply, at least not
directly, since log Df is unbounded (see Figure 6.3). We will need instead the
tools introduced in Chapter 5, especially the Cross-ratio Inequality (Theorem 5.1).



6.2. Topological classification 141

log Df

i,,Sl

Figure 6.3: The cocycle log Df is unbounded for a multicritical circle map f.

6.2.1 Dynamically symmetric intervals

The proof of Theorem 6.2 that we wish to present differs considerably from Yoc-
coz’s original proof'in Yoccoz [1984b] (which uses a certain degenerate cross-ratio
instead of the one we use here).

The key to our proof'is a comparability result for general dynamically symmet-
ric intervals, that is, any pair of intervals with an endpoint in common x € S, the
other endpoints being 197 (x) and f~97(x), for some n > 0. This comparability
result — Lemma 6.3 below — is also a crucial step in the proof of the real bounds
to be presented in Section 6.3.

In order to accomplish our goal, we need the following two lemmas. The first
lemma is proved by what is called the seven-point argument in Estevez and de
Faria [2018]. The reader may find the name a bit puzzling, since only five points
appear in the statement, but in fact seven points are used in the proof.

Lemma 6.1. There exists a constant C1 > 1 depending only on f satisfying the
following. For each n > 0 there exist z1,22, 23, 24 and zs points in S' with
Zj41 = f9(zj) such that

Zi—1 — Zj
C1—1 < |l 1 l|

< < Cyp, fori =2,3,4. (6.5)
|zi+1 — zi]
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Proof. Letz € S! be a point such that, for all x € S,

|f9(z) = 2] < | f 9" (x) — x].

Then consider the seven points
20 = fT(2), 21 = [T(), 2 = fTR(2), 23 = fT(2),

za=z,25= fI(2), 26 = [29"(2).

Note that, by our choice of z,
|Z4—Z5|§|Zi—2i+1|, fora110<z§5 (66)

These seven points are cyclically ordered as given (either in clockwise or counter-
clockwise order in the circle), provided # is sufficiently large. Let J C S! be the
closed interval with endpoints zg and z¢ that contains z = z4. Foreach 0 < i < 3,
let T; = [z, zi4+3] C J and M; = [zj+1, zi+2] C T;. Then the homeomorphism
f9 maps T; onto T;4+1 and M; onto M, 41, for 0 < i < 2. Moreover, the collec-
tion of intervals {7; , f(T;), ..., f9"(T;)} has intersection multiplicity equal to
3.

(i) Let us first prove (6.5) for i = 4. Applying the Cross-ratio Inequality to
f 47 and the pair (M3, T»), we have

M3, T 73 — 24|25 — z6l|z2 —
CID(f9; My, Ty) = [M3. T3] _ |z3 — zallzs — zel|22 — 24|

(M. 2] |z4 — z6llz2 — z3||lza — 25| ~
where B > 1 is a constant that depends only on f. But then, using (6.6),
we see that

|23 — z4] |z4 — z6| |z4 — 25|
LnkSlb APy Lk L =4~ =51
|z4 — z5] |z5 — z6] |z5 — z6]

+ 1) < 2B.

Therefore, defining B; = 2B and again using (6.6), we get

73— 2
—1<M

: < B . (6.7)

~ ~
|24 — z5|

(i1) Let us now prove (6.5) for i = 3. Applying the Cross-ratio Inequality to
f97 and the pair (M1, T1), we have
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(iii)

My, T . . .
CID(f 9 My Ty) = (M2, T3] |22 — z3]|z4 — 25]|z1 — 23]

’

M1, Th]  |z3—zsl|z1 — 22|23 — z4|

or equivalently, using (6.6) and the upper bound in (6.7),

|z — z3] < |z3 — z5] < (MJrl)gB(BlJrl).
|z3 — z4] |z4 — 25| |z4 — 25|
On the other hand, using (6.6) once again,

z3 — Z z3 — Z
|23 — za4] < |23 — z4] < B,
|z2 —z3| " |z4 — z5]

Taking B, = B(B1 + 1) and putting the last two inequalities together, we
get

Zy —Z
Rkt |

3 <B,. (6.8)

~X ~X
|z3 — z4]

Finally, let us prove (6.5) fori = 2. As before, applying the Cross-ratio
Inequality to f'97 and the pair (Mo, Tp), we have

My, T z1 — 22|23 — z4llzo — 2
CrD(fq”;Mo,To) — [M1, T1] _ |z1 2llz3 4llzo 2|

9’

[Mo,To] |72 —z3l|z0 — z1]]22 — 23|

From this, using (6.6) and (6.8), we get on the one hand

- - Zy—z
|z1 22|< |22 Z4|< (|2 3]

|22 — z3] |z3 — z4] |z3 — z4]

On the other hand, the inequalities (6.7) and (6.8) tell us that

|24 — 25|

Zy—z Z3 — Z4
122 3|< 123 |<B2B1
|z1 — 22|

X 2 X
|z1 — z2] |z1 — z2]

< BB . (6.10)

Defining B3 = max{B(Bz + 1), B, B1} = B1 B>, and using inequalities
(6.9) and (6.10), we obtain

1 _ |71 =22
SlgEmTa2l g,

~ ~
|22 — z3]
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Summarizing, we have proved (6.5) with C; = max{B;, B>, B3} = B3 > 1,a
constant that indeed depends only on f. O

Lemma 6.2. There exists a constant Cy > 1 depending only on f satisfying
the following. Let z1,z2,23,z4 and z5 be the points given by Lemma 6.1. If
Wo, W1, W2, W3 and W4 are points on the circle such that wj1 = f9"(w;) and
such that wy lies in the interval with endpoints zy and z, that does not contain z3,
then

|lwi — wa| |wi—1 — w;|

<Cy and C;'< <Gy, fori =2,3. (6.11)

[wo — w1 |w; — w41

Proof. To prove the first inequality, we consider the interval 7" with endpoints wy
and w3 containing zy, wy, Z2, W2, 23, and the subinterval M = [wy,wy] C T.
Note that {T, f(T),..., f92(T)} has intersection multiplicity equal to 3. Hence,
applying the Cross-ratio Inequality to f'9" and the pair (M, T'), we get

[f 9 (M), f4(T)] < BIM.T]

or equivalently

w1 — wa||lwz —w wo — wl|wy —w
lwy — w2 ||ws — wal < |lwo — wi||w2 3|. 6.12)
lwy — w3 ||wz — wy| |lwo — w2 ||lwy — w3

Since the points wo, z1, W1, ..., Z4, W4, Z5 are cyclically ordered as given, we

have the inequalities |27 — z2| < |wo — wal, |w2 — w3| < |z2 — z4|, and
|wy — wq| < |z2 — z5|. Moreover, we have |z4 — z5| < |ws — wyl, by our
choice of z = z4 in Lemma 6.1. These facts, when put back into (6.12), yield

|lwi — wa| |22 — z4]|z2 — z5|

< < B(C1 +CHA+C1 +CP).
lwo — wi| |z1 — 22|24 — z5|
where we have used the inequalities of Lemma 6.1.
To prove the upper bound in the last two inequalities in (6.11), we simply note
that |{w; — wj+1| > |z4 — z5| and that |w;—1 — w;i| < |zi—1 — zi+1]|. Using the
inequalities (6.5), we deduce that

lwi—1 —wil| _|zi-1—zi|  |zi —zi+1]

< <26}

lwi —wiy1] ~ [z4 —z5] |z4 — z5]
The lower bound for the same inequalities in (6.11) is proven in exactly the same
way (the value obtained is (2C 13)_1). Thus, (6.11) is established, provided we take
C, = max{2C}, B(C1 + C3)(1 + C1 + CP)}. O
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We are now in a position to show that dynamically symmetric intervals are
always comparable. In the lemma below, we make use of the following simple
remark. Given § € S!, let J,(§) C S! be the interval with endpoints f =9 (£)
and f97 () that contams €. Then Uq"+1 FTHJn(8)) = SL.

Lemma 6.3. There exists a constant C3 > 1 depending only on f such that, for
alln > 0 and all x € S, we have

Cillx — [0 (x)| < | f9"(x) — x| < Cslx — £~ (x)]. (6.13)

Proof. Note that it suffices to prove the second of the two inequalities in (6.13) for
all x (to get the first inequality from the second, just replace x by f~97(x)).

Thus, let x € ST and let 0 < i < gn41 such that £7(x) lies on the interval J
with endpoints z; and z3 that contains z5, where z1, z5, . . ., z5 are the points given
by Lemma 6.1. Such an i exists because of the simple remark preceding the present
lemma, applied to £ = z (so that J,(z2) = J). Theneither f¥(x) € [z1,22] C J,
or f1(x) € (z2,z3] C J. We prove the lemma assuming the former case (the proof
in the latter case being similar).

Let us consider the points wg = fi~9(x), w; = fi(x),wp = fite(x)
and w3 = f?124(x). Then we are in the situation of Lemma 6.2. Consider the
interval T with endpoints f~97(x) and f297(x) that contains x, and let M =
[x, f97(x)] C T. Note that

x = ST SO () = S| _ x = ST ()

M, T . (6.14
M= o = @i = 2] S e —x ¢
From the inequalities (6.11) in Lemma 6.2, we also have

Py, ()] = 1o = willwa = ws] ! (6.15)

lwo — wallwy —w3| ~ (1+C2)?°
Since {T, f(T)...., f'(T)} has intersection multiplicity at most equal to 3, the
Cross-ratio Inequality tells us that [ f* (M), f*(T)] < B[M,T], where the con-

stant B is the same as in the previous lemmas. Combining this fact with (6.14)
and (6.15), we deduce that

| /7 (x) = x| < B(1 + C2)*|x — [0 (x)|.

This proves (6.13), provided we take C3 = B(1 + C»)>. O
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6.2.2 Proof of Yoccoz’s theorem

Yoccoz’s Theorem 6.2 is now a straightforward consequence of Lemma 6.3.

Proof of Theorem 6.2. Suppose, by contradiction, that there exists a wandering in-
terval J = (a,b), which we can assume to be maximal. For each n € N, let
A, C S be the open interval with endpoints f =97 (a), f97(a) that contains a.
Since J is a wandering interval, its iterates are pairwise disjoint, so f ¥4 (a) ¢ J,
and from this it follows that A, must contain J for all n € N. Hence the se-
quence {| Ay |}, cn 1s bounded away from zero. However, since J is maximal, the
point a is recurrent, and therefore there exists a subsequence 7; — oo such that
f9i(a) — a asi — oo. But then, by Lemma 6.3, we have also f~?"i (a) — a
as i — 00, and this tells us that |A,,| — 0 asi — oo. This contradiction shows
that no such wandering interval J exists, and the proof is complete. O

Remark 6.2. The argument above gives a new proof of Denjoy’s Theorem 3.4,
since the Cross-ratio Inequality (Theorem 5.1) certainly holds whenever f is a
C! diffeomorphism and log Df has bounded variation (note that the Schwarzian
derivative is not needed in this case: estimate (5.7) holds on the whole circle).

6.3 Real a priori bounds

Now that we understand the topology of a multicritical circle map f, we move to
the more delicate task of understanding its geometry.

Our ultimate goal is to understand the geometry of f at fine scales, in other
words the asymptotic scaling structure of f. A general, informal principle in one-
dimensional dynamics is that, in order to understand the geometry of a map at
fine scales, it suffices to understand the asymptotic geometry of the orbits of the
critical points of the map. The first step towards this goal is to get some bounds on
finite pieces of the orbit of a given critical point ¢ € S!, say up to a closest return
time: ¢, f(c),..., f9°71(c). The bounds we look for are bounds on the ratios of
distances between (some of) these points, with constants that are independent of
n. In fact, we will see that these constants are even asymptotically independent of
f itself.

The above description is admittedly rather vague, since we have not explained
what we mean by expressions such as “geometry at fine scales” or “asymptotic
scaling structure”, but precise statements (and proofs) will be given below.
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6.3.1 Dynamical partitions

Let f be a homeomorphism without periodic points, i.e., with irrational rotation
number p € (0, 1), and let {g, }»>0 be the corresponding sequence of return times
(the denominators of the best rational approximations to p; see Chapter 1).

Let us fix some base point x € S!. For each non-negative integer , let I, (x)
be the closed interval with endpoints x and 97 (x) that contains f97+2(x). Con-
sider the following collection of closed intervals:

Za(0) = {1 Un () 1 0< i < ot = UL fT U1 (0) : 0< j < g — 1
The following fact is fundamental.

Lemma 6.4. For each n > 0, the collection &, (x) is a partition of the circle
modulo endpoints.

Proof. Since the families &7, (x) are dynamically defined, we may assume by
Yoccoz’s Theorem 6.2 that f is the rigid rotation of the unit circle of angle p.
Let { pn/qn} be the sequence of best rational approximations to p. As we saw in
Chapter 1, eq. (1.6), for all n € N we have

dnPn+1 —qn+1Pn = (=D". (6.16)

The arithmetical properties of the continued fraction expansion of p described in
Chapter 1 imply that, for any point x € S!, the iterates { f97(x)},eN are the
closest returns of the orbit of x under the rigid rotation f, in the following sense:

d(x, f7(x)) <d(x,fj(x)) forany je{l,...,qn—1}

where d denote the standard distance in S!. In particular, all members of the
family
n(0). fIn (). fO 47 (I (1))

are pairwise disjoint, and all members in the family

{In+1(X), f(ln-i—l(x))’ RRE) fqn_l(ln+l(x))}

are pairwise disjoint too. Moreover, we claim that any two members in the union
of these families (which is precisely &7,) are disjoint. Indeed, suppose, by contra-
diction, that there existi < ¢n+1 and j < ¢, such that fi(I,) N f/(I,11) # 9.
Without loss of generality, we may assume thati < j =i + /, for some / < gy,
and that the g,,-th iterate of every point z € S! is on the right-hand side of z,
and consequently the g, 1-th iterate is on the left-hand side of z. We have three
possible cases to consider:
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« If f1(In(x)) S f7(Int1(x)), then f7(Ip11(x)) intersects f7 (Ln+1(x))
and this is impossible as explained above.

o If f/.'(InH(x)) = f1(I,(x)), then the point f7(x) = fi*!(x) is closer
to f7(x) than f'T9(x), which is impossible since [ < g,.

« Ifboth differences between f/ (I,,41(x)) and f*(I,(x)) are non-empty and
connected, then we have two sub-cases:

either f7(x) € fi(In(x)) or fIFin+1(x) e fi(l,(x)).

In the first case, f/(x) = fit!(x) is closer to fi(x) than fiTan(x),
and since [ < ¢, this is a contradiction. In the second case, the point
fitan(x) = fI(fIT =7 (x))iscloserto f/(x)than f/+9n+1(x), which
again is impossible since g, +1 — j < gn+1-

Therefore, any two members of &2, (x) are disjoint, as claimed.

Finally, since we are assuming that f is the rigid rotation of angle p in the
(normalized) unit circle, the lengths of the intervals [, (x) and I,,+1(x) are |gnp —
Pnl = qnlp—Pn/qn| and gn+1|pn+1/qn+1 — p| respectively. Therefore, the total
length of the union of the members of &7, (x) is equal to

DPnt+1 Pn

dn+1 dn

By (6.16), this absolute value is equal to 1, that is, the union of the members of
P, is a compact set of full Lebesgue measure, and therefore it covers the whole
circle. O

dndn+1 ( )‘ = |qnPn+1 — Pnqn+1l-

We call &y, (x) the n-th dynamical partition associated with x. The intervals
of the form f*(/,(x)) are called long, whereas those of the form f/ (1,,+1(x))
are called short. The initial partition &y (x) is given by

Po(x) = {[fi(x),fi+1(x)] i el0,.. . ap— 1}} U{[£%x). x]}.

where aq is the integer part of 1/p.

Example 1. Figure 6.4 shows the dynamical partition &1 (x) associated to a circle
homeomorphism with rotation number p(f) = ~2—1=1[2,2,2,...], for which
q1 = 2 and q» = 5. Explicitly, writing 11 = I1(x) and I, = I>(x), we have

Pi(x) = {1, f(), A1), 2. f4HUI)} UL, f(12)}
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f3)

f2y)

f)

P s

Figure 6.4: Dynamical partition &1 (x) of a circle homeomorphism with rotation
number p(f) = v2—-1=1[2,2,2,..].

Remark 6.3. We end this section with the simple but very important observation
that the dynamical partitions &7, (x) of a given point x are nested. Indeed, it fol-
lows directly from the definition that every short atom of &2, (x) becomes a long
atom of &, +1(x), whereas each long atom of &7, (x) is partitioned into a disjoint
union of short atoms of &, 1(x).

6.3.2 The real bounds

We are now in a position to state and prove the following absolutely fundamen-
tal result in the theory of critical circle maps, known in the literature as the real
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a priori bounds theorem, or simply the real bounds theorem. This theorem, in
slightly different formulation, was first proved in the eighties by Herman [1988]
and Swiatek [1988]. Our exposition here follows very closely the one in Estevez
and de Faria [2018, § 3]. See also Petersen [2000] for a different treatment.

Theorem 6.3 (Real A-priori Bounds). Let f be a multicritical circle map. There
exists a constant C > 1 depending only of f such that the following holds for
every critical point ¢ of f. For alln > 0 and for each pair of adjacent atoms
1,J € P,(c) we have

chJI< <.

Intuitively, this theorem is saying that, in every dynamical partition &2, (c),
any two consecutive atoms are comparable. See Section 6.3.3 below, where the
notion of comparability will be made more precise.

Note that for a rigid rotation (and any point x € S') we have |I,(x)| =
an+1 [ Ins1(X)| + [In42(x)|. If ay41 is very large, then |I,(x)| is much larger
than |7,41(x)|. Thus, even for rigid rotations, real bounds do not hold in general.

The main tools to be used in the proof of Theorem 6.3 are the Cross-ratio In-
equality (Theorem 5.1) and Lemma 6.3. All constants appearing in the proof, in-
cluding constant C3 of Lemma 6.3, can be traced back to the constant appearing
in the Cross-ratio Inequality. We will denote these constants C4, Cs, . .. in succes-
sion, keeping track of how each constant being introduced depends on the previous
ones.

Comparability of closest returns and beyond

The major step in the proof of Theorem 6.3 states that the atoms of the partition
Py, (c) that are closest to the critical point ¢, including the closest return inter-
vals I,(c) and I,+1(c), are pairwise comparable. This is the contents of Proposi-
tion 6.1 below. In order to simplify the notation a bit, from now until the end of
this section we write I, = I,(c) and I,4+1 = I,4+1(c), as well as I,’; = fi(I,)
for all i and I,{_H = f/(I,41) forall j.

Proposition 6.1. The six intervals in Figure 6.5 are pairwise comparable. More
precisely, there exists a constant C4 > 1 depending only on f such that, for all

n>landforall1,J € {ly Inpr, L L™ L% L0, we have
S

! |J| (6.17)
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Figure 6.5: The six intervals of Proposition 6.1.

Proof. We break up the proof into several steps, as follows.

() The intervals I,, and I]" are comparable. Indeed, these two intervals are dy-
namically symmetric with respect to their common endpoint 97 (c). Hence,
by Lemma 6.3 we have

Ci 'l < 17| < Cs|ly| (6.18)

(ii) The intervals L™ and L' are comparable. Indeed, these two in-
tervals are dynamically symmetric with respect to their common endpoint
f49n+1(c). Hence, again by Lemma 6.3 we have

Cy UL < | LI < s L. (6.19)

(i) The intervals I,I"*' ™" and I, are comparable. Consider the interval I,, 7,
with endpoints ¢ and f~97(c). Since such interval is dynamically symmet-
ric to the interval I,,, we have by the Lemma 6.3

C3 ' 179 < | < Ca| 17, (6.20)

From the right-hand side of (6.20), the inclusion 7, " C I dnb17dn | pInt
and the left-hand side of (6.19), we deduce that

[In] < C3(C3 + DL (6.21)
Now, we have I,/"*! C In+1U Iy, and also |41 < C3|In__z’{+1 |, because

the intervals 7,41 and and / n_f’{“ are dynamically symmetric. Moreover,
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we have the inclusion /,{™" C I,. Combining these facts with the right-

hand side of (6.19), we get
LT < C3(Cs + D] -
From this and (6.21), we arrive at

C; O3+ )N < L7 < C5(Cs + D). (6.22)

The intervals I, and I,,41 are comparable. 1t is here that we use the power-

law at the critical point ¢ in an essential way. First note that /, _ f’l”rl c I

and that the intervals /,/{™" and I,4 are dynamically symmetric with

respect to their common endpoint c¢. Hence, using Lemma 6.3 we get
|1n+1| < C3|In| :

The real issue here, thus, is to prove an inequality in the opposite direc-
tion. Let us consider the interval T = 1,11 U I,, U I and its image
f(T) under f, which contains the critical value f(c); note that the fam-
ily {T, f(T), ..., f9+1~1(T)} has intersection multiplicity equal to 3. We
look at the cross-ratio distortion of f97+1~1 on the pair (In1 , f(T)). By the
Cross-ratio Inequality, we have

[£p" ', fan1(T))]

CiD(f 9+ I £(T)) = < B. (623
" [1;. f(T)]
But
. |Iqi-+1—l | |IQn+1+‘1n|
(1" fI (D) = — . - (6.24)
L T 12 e
Since the intervals 1 ,(,1”+1+q" and I,/"*! are dynamically symmetric with

respect to their common endpoint, we see from Lemma 6.3 that the sec-
ond fraction on the right-hand side of (6.24) is bounded from below by
Ccy 1/(1 4+ C3). The intervals I:ff{l and [+ are also dynamically sym-
metric with respect to their common endpoint, so again by Lemma 6.3 we

have C57 | Lyq1| < |L'| < C3lIngr; in addition, I C Iny1 U I,

so that |I;1r{1 | < |[In+1| 4+ |1n]- Putting all these facts back into (6.24), we
deduce that
dnt1 qnit | Tn+1]
[(L,"", fU(T)] = 61 , (6.25)

[ 1n]
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v)

where 6; = C3_2(1 + C3)7 M1 + C3 + Cf + C33)_1. This bounds the
numerator of (6.23) from below, so we proceed to bound the denominator
from above. We have

1+
1o "]

AN
[}, £(T)] = s :
" 1Ly q ] + 11, |1nl|+|1nl+q"|

1+qgp

(6.26)
Since the intervals 7,! and 1, are also dynamically symmetric with re-
spect to their common endpoint, applying Lemma 6.3 yet again yields

Cs |14
1+ Cs |Inl|

[, f(T)] < (6.27)

Here, using the power-law at the critical point (at last!) we see that

Il S0
| n41-1| <y0(|1n+1|) ’
115 ||
where yo = po(f) > 0 is a constant as in Remark 5.2, and 59 > 1 is the

criticality of the critical point ¢. Carrying this information back to (6.27)
gives us

(1), £(T)] < 6> (|I|"I+|1 | )SO , (6.28)

where 6 = y9C3/(1 + C3). Combining (6.25) and (6.28) we get the in-

equality
1
so—1
UHM>(%)0 o
| 1| B,

Summarizing, we have proved that

93|1n| |In+1| C3|In| . (6-29)

The intervals I, and 17" i1 are comparable. Note that Iq” Y1 C In,s0 |In+1| <
|1,,|. We must prove an inequality in the opposite dlrectlon For this pur-
pose, let us consider the interval 7* = I,‘l]il urL"u I,,2 9 We shall look

at the cross-ratio distortion of the pair (1,, T*) under the map f97+1=9r,
Clearly, the family {T*, f(T*),..., f9+1747(T*)} has intersection mul-
tiplicity equal to at most 3. By the Cross-ratio Inequality, we have

[1‘1n+1 fan+1=4n(T*)]

CrD(f 4170 [dn T*) = 07T
n »

< B (6.30)
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Now, the intervals / :f r;' and /41 are dynamically symmetric with respect

to their common endpoint f9+1(c). Also, the intervals f4n+179n (], ,% any =
[37+1%97 and 12+ are dynamically symmetric with respect to their com-
mon endpoint f+174(¢). Moreover, we have I,/"*'  I,,Ul,4,. Com-
bining these facts with (6.29) and Lemma 6.3, we deduce after some com-

putations that

| QnJrl | |I¢1n+1+qn|
[1,‘,1"+1,fq”+1_q”(T*)] n+1 n
[ T 1T 2| 4 s
C3_293

= . 6.31
Z 0+ C)(1+ G+ CD) (63D

We proceed to bound the denominator in (6.30) from above in similar fash-
ion. Since the intervals I,/ and I ,,2 n are dynamically symmetric with re-
spect to their common endpoint f9(¢), applying Lemma 6.3 one final time
yields

an Ian an C
[Inqn’ T*] = Qn| | dn | |2 < | qn | - —1
L+ L 2+ 1129 ] 1+ G
C2 |Iq" | (6 32)
1+ G50 (Il '
Putting (6.31) and (6.32) back into (6.30), we deduce at last that
Oalln| < L1, < ||, (6.33)

where
1+ C3_1)C3_493

B(1 + C3)(1 +C5+ C3)

4 =

The above estimates — more precisely the inequalities (6.18), (6.19), (6.22), (6.29)
and (6.33) — provide bounds for 5 of the 15 comparability ratios involved in (6.17).
Each of the remaining 10 comparability ratios is obtained by suitable telescoping
products of at most 4 of these 5 ratios. Thus, define K to be the largest of all
constants greater than 1 appearing as bounds in the above estimates, namely K =
max{C3(C3 + 1), 05 1 0, 13 With this choice, all 15 inequalities involved in
(6.17) are established provided we take C4 = K*4. O
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Proof of Theorem 6.3

Finally, to obtain Theorem 6.3, we use the Cross-ratio Inequality to propagate the
information in Proposition 6.1 to any pair of adjacent intervals in the dynamical
partition &, (c). Fix an atom M € Z,(c), and let L, R € Z,(c) be its two
immediate neighbors; write 7 = L U M U R. It suffices to show that the cross-
ratio [M, T is bounded from below by a constant depending only on the constant
C4 of Proposition 6.1. There are two cases to consider, depending on whether
M is a short or a long atom of the dynamical partition &2, (c). If M is a short
atom, say M = I,{ 41 With j < gp, then L and R are both long atoms. In fact,
the combinatorics tells us .that one of them, say R, is the interval I}, whereas the
other, L, is the interval I;] T4n 174 Byt then the homeomorphism 97~/ maps
M onto M* = I,’fil and T onto T* = /"' U I,’fil U ;7" . By Proposition 6.1,
the cross-ratio [M *, T*] is bounded from below (by a constant depending only
on Cy). Since the intervals T, f(T),..., f9=/(T) = T* have multiplicity of
intersection at most 3, it follows from the Cross-ratio Inequality that

[M*, T

CID(f4 7 M, T) = LT

Therefore [M, T is also bounded from below (by a constant depending only on
C4). The same argument applies, mutatis mutandis, when M is a long atom. This
finishes the proof. O

6.3.3 On the notion of comparability

The proof of the real bounds was given in such a way as to allow us to keep track
of the constants involved in all the estimates — in other words, so that one could
actually write down the constant C in Theorem 6.3 explicitly, if necessary. For
most of what we do from now on, however, it will not be necessary to keep track
of such constants. Instead, we will adopt the same notion and notation of compa-
rability introduced in de Faria and de Melo [1999]. To wit, given two positive real
numbers « and B, we will say that « is comparable to f modulo f (or simply that
o and B are comparable) if there exists a constant K > 1 depending only on the
real bounds constant C = C( f) such that K~ 8 < o < Kp. This relation will be
denoted @ < B. Asobserved in de Faria and de Melo [ibid., p. 350], comparability
modulo f is reflexive and symmetric but not transitive: if we are given a compa-
rability chain o1 < oy < -+ < af, we can only say that o1 < o if the length
k of the chain is bounded by a constant that depends only on f. In everything we
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do in this chapter, the lengths of all comparability chains are in fact universally
bounded.

6.4 First consequences

The real bounds given in Theorem 6.3 have many important consequences. In this
section we present two of the most basic such consequences.

6.4.1 C' bounds

The first corollary to Theorem 6.3 is the fact that the first returns of a multicritical
circle map (to any one of its critical points) are uniformly bounded in the C!
topology. This is a consequence of the following lemma.

Lemma 6.5. Given a multicritical circle map f there exists K = K(f) > 1 such
that, for each ¢ € Crit(f),n e N, x € Iy(c)and j € {0,1,...,qn+1}, we have

|7 Un ()]
[In()]

The detailed proof will be given below. Let us first show how this lemma
implies the C'! bounds we mentioned above.

Dfi(x) < K (6.34)

Corollary 6.1. The sequence {fq”+1 |1, (c)} is bounded in the C' metric.

This statement is perhaps a bit too informal. To be really precise, what we
mean to say is that, if A, : R — S! = R/Z is the unique affine map with
An(0) = ¢ and A, ([0, 1]) = I,(c), then the sequence of normalized maps A} ! o
f9+1 0 Aylo,1] is bounded in the C! topology.

Proof of Corollary 6.1. By combinatorics, I,+1(c) C f9+1(I,(c)) C In(c) U
In+1(c). Then:

1@ _ /" En(@)] | e ©)
@] = @l T )]

By the real bounds (Theorem 6.3) we have |I,+1(c)| < |I,(c)|, and from this
it follows that | f9+1(I,(c))| < |Ix(c)|. Therefore Corollary 6.1 follows from
Lemma 6.5. Ul
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The remainder of this section is devoted to proving Lemma 6.5. For ease of
notation, in the proof we adopt the same convention we used in the proof of Theo-
rem 6.3: we drop the dependency on ¢ and write I, = I (¢), etc.

Proof of Lemma 6.5. For eachn € N consider L, = I,,4+1, R, = f9(I,) and
T, =1; =L, UI,UR,. We have three preliminary facts:

Fact 6.1. The family {Ty,, f(Ty), ..., f9+171(Ty)} has intersection multiplicity
bounded by 3.

Fact 6.1 follows from the following general fact: given z € S' andn € N let
I = [z, qu” (Z)], where R, is the rigid rotation of angle 2mp in the unit circle.

Then the multiplicity of intersection of the family {I JRo(1), ..., Rg”“_l 04 )} is
3 foranyn € N.

Fact 6.2. There exists a constant T > 0 (depending only on the real bounds of f)
such that . . . .
|L)| > t|I;]| and |R}| > |I]|

foreach j €{0,...,qn+1} and for alln € N.

Proofof Fact 6.2. For j = 0, observe that the intervals L,, I, and R, are ad-
jacent and belong to the dynamical partition &7,, then by the real bounds they
are comparable by a constant that only depends on f'. Let us prove now that for
J = qn+1 the three intervals L,j,, I; / and Rj are comparable too.

On the one hand, the intervals [+ and I:ﬁ' are adjacent and belong to
Pn+1, hence they are comparable (again by the real bounds). Moreover 7,41 C
LI+ < [,,,UI,. Bythereal bounds || < |I,4+1|andthen |[,/"*!| =< |13f;1|,
that is:

|LG+1 | = |Iql’l+l | (635)

On the other hand, the intervals I,, and I,/ are adjacent and belong to &7, hence
they are comparable. Moreover:

anl C I‘In+4n+l C I U Iq”

From Figure 6.5 we know that |/, || < |I,| and then |127 91 < |1,]. But
Ini1 C L™ € I, U I,41 and then by the real bounds:

|RIHY | = | [Tty L < [T (6.36)
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Therefore, for j = g1, the three intervals Ly, 1] and R;, are comparable. Now,
let 1 < j < gnt1 — 1. Consider the intervals |Ly|, ||, |R;| and their images
by the map f9»+1=J. By the Cross-ratio Inequality (combined with Fact 6.1) we
have that there exists a constant Ko = Ko(f) > 1 such that

dn dn j j i j
|Ly" IRy LA U I |17 U Ry |
i j dn dn dn dn =
|LA | Ry |1 Ly" U L U Ry

Using (6.35) and (6.36) in the last inequality, we get

;] |17
I+ — |1+ — ] <K,
L7 R3]

and we are done. O

Remark 6.4. We can always assume, whenever necessary, that ng = no( f) given
by Lemma 6.5 is such that for all n > ng and j € {0,...,gn+1} Wwe have
Card(f/(T,) N Crit(f)) < 1, where Card denotes the cardinality of a finite
set, and Crit(f) is the set of critical points of f (this is because, by minimality,
} fI (Tn)‘ goes to zero as n goes to infinity).

Definition 6.3 (Critical times). We say that j € {1,...,qn+1} is a critical time if
S (Tw) NCrit(f) # O.
Remark 6.5. Note that Card({critical times}) < 3N

Fact 6.3. Let 1 < j1 < j2 < qn+1 be two consecutive critical times. Then for all
x € fNTI(I,) we have:

o ()|
DTN = T

with universal constants (depending only on the real bounds).

Proof of Fact 6.3. Note that f/2=/1=1 : f/+1(T,)y — fJ/2(T,) is a diffeomor-
phism. Fact 6.1 implies that Z’z -1 |fi(fjl+1(Tn))| < 3, and by Fact 6.2 the
interval f/2=711=1( f/1+1(T,)) contains a t—scaled neighborhood of the interval
fR=h=1(fh+1([.)). By Koebe Distortion Principle (Lemma 5.2) there exists
a constant Ko = Ko(f) > 1 such that for all x, y € f/1*t1(1,) we have that

1 - Df72=/1=1(x)

Ko = DfR==l(y) ~7°
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Lety e [, n] 1+ e given by the Mean Value Theorem such that

. £ 2(1,)]
DI O) = Ty
Then for all x € f/1+1(1,),
U £ S £ (1)
Kol = T S Ko,

O]

We finish the proof of Lemma 6.5 by combining Fact 6.3 and item (iii) in
Proposition 5.4 with the help of the chain rule:

ij(x) < (3d)3NK3N |fj(1n)|
[ 1n]

forany x € I, and j € {1,...,qn+1},
where N = Card (Crit( /) is the number of critical points of f, d is the maxi-
mum of its criticalities and Ko = Ko(f) is given by Fact 6.3. O

6.4.2 Sums of polar ratios

Here is a purely geometric property of dynamical partitions that also follows from
the real bounds. It is very useful in situations that require bounding the Schwarzian
derivative of first returns — for example in the study of Lyapunov exponents of
multicritical circle maps, see Chapter 8.

Let f be a multicritical circle map, and let ¢ be one of its critical points. Let
I € Z,(c) be an atom of the n-th dynamical partition of f associated to c. If /
does not contain c, i.e., if I # I,(c), I,,+1(c), we define the polar ratio of I with
respect to ¢ to be the ratio |/ |/dist(c, 1), where dist(-, -) denotes the usual distance
in the circle.

The result we have in mind states that the sum of all polar ratios for atoms at
level n grows at most linearly with n. It holds under the general assumptions of
Theorem 6.3, for maps with an arbitrary number of critical points. For eachn > 1

let: |
Sn(c) = Z dc. 1)’

1€ 2,()\{In(c), Int1(c)}

where d(c, I) denotes the Euclidean distance between an interval / C S! and the
critical point c.
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Sn(c)

Lemma 6.6. For each critical point ¢ of f, the sequence { } is bounded.
n>1

Proof. As before, for simplicity of notation we write &%, I instead of & (c),
I (c) respectively, for each k € N. Note that the transition from &2, to &4+,
can be described in the following way: the interval I,, = [c, f97(c)] is subdivided
by the points f79n+1%97 (¢) with 1 < j < an41 into a1 + 1 subintervals. This
sub-partition is spread by the iterates of f to yield sub-partitions of each long
atom f7/(I,) = f7([c, f2(c)]) with 0 < j < gn41. The other elements of the
partition 22, namely the intervals £/ (I,4-1) with0 < j < ¢y, remain unchanged.
Now, on one hand, for any I € &2, \ {I, I,,+1} we have:

|J | 1 ||
2 dc.n SdeD 2 |J|_d(c,1)'

IDJEPy 1 IDJePy11

On the other hand:
|| 1 [1n \ In+2|
X Geh STl 2 VIET
P13 Ty \In+2 ’ " P13 Cp\In+2 "
This gives us:
I, \ 1
0< Sps1— Sy < n N ntal oo > 1.
|In+2|

But, by the real bounds, we have

|In\ln—|-2|< |In| <C2
|In+2| In+2|

foralln > 1, where C = C(f) is the constant in Theorem 6.3. Telescoping, we
deduce that S,, < So + C2n, as desired. O

Remark 6.6. More generally, we may consider sums of powers of polar ratios; see
Exercise 6.4. Such sums appear in several places in the study of renormalization
of one-dimensional maps, e.g., in de Faria and de Melo [1999]. Similar sums (with
weights) are used in the study of unimodal maps: see de Faria, de Melo, and Pinto
[2006], and also Clark, de Faria, and van Strien [2022].
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6.5 A negative Schwarzian property

The study of the fine geometry of a smooth one-dimensional map is usually facil-
itated if the Schwarzian derivative of said map happens to be negative (see Chap-
ter 5). Such negative Schwarzian property is therefore certainly desirable.

A general (C 3-smooth) multicritical circle map does not have, in general, neg-
ative Schwarzian, but in some sense this property emerges as we iterate the map.
This is expressed in more precise terms through the following result.

Proposition 6.2. Given a multicritical circle map [ there exists a constant ny =
no(f) € N such that, for all n > no and each ¢ € Crit( f) the following facts
hold.

(i) Forall j € {1,...,qn+1}and each x € Iy(c) regular point of f7, we have
Sf7(x)<O.

(ii) Forall j € {1,...,qn} andeachx € I41(c) regular point of f7, we have
Sf7(x) <O.

Remark 6.7. Later in this book (see Chapter 10) we will introduce the notion of
renormalization of a multicritical circle map (around one of its critical points).
Roughly speaking, given a map f and a point x in its domain, a renormalization
of f around x is simply a first return map to a neighborhood of x (linearly rescaled
to unit size, say). In this language, Proposition 6.2 is saying in particular that ev-
ery sufficiently deep renormalization of a multicritical circle map has the negative
Schwarzian property.

Remark 6.8. The fact that S f 971 (x) < 0 is most likely true for any regular point
x of f4n+1 not necessarily contained in I, (c) (and the same with the second
assertion in Proposition 6.2). For bounded combinatorics, a proof of this fact can
be found in Section 8.2.3.

Proof of Proposition 6.2. In the proof we adapt the exposition in de Faria and de
Melo [1999, pp. 380-381]. We give the proof only for the case x € [, regular
point of £/ forsome j € {1,...,¢n+1} (the other case being entirely analogous).
From item (i) in Proposition 5.4, we know that for each critical point ¢; there
exist a neighborhood U; € S! of ¢; and a positive constant K; such that for all
x € U; \ {c;j} we have
K;
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Letus call 7 = Uif)v -1 Uj,and let ¥ C S! be an open set that contains
none of the critical points of f and such that %7 U ¥ = S!. Since f is C3,
M = sup,cy !Sf(y)} is finite. Let §, = maxo<j<q, |I]|. We know that
8n — O0asn — oo, because f is topologically conjugate to a rotation. We choose
no = no(f) so large that 8, is smaller than the Lebesgue number of the covering
{%, 7} of the circle for all n > ng. Using the chain rule for the Schwarzian
derivative, we have for all n > ng and all x € I,,(c) regular point of f/

j—1
SH = Y SAE ) [prrw] (6.38)
k=0

We can decompose this sum as 21(")()6) + Eén)(x) where

00 = Y st [prtw] (639

k:Ifcw
and Ez(n) (x) is the sum over the remaining terms.
Now we proceed through the following steps:

(i) Since I, C %, the sum in the right-hand side of (6.39) includes the term
with k& = 0, namely S f(x). Since all the other terms in (6.39) are negative
as well, and since |x — ¢| < |1, we deduce from (6.37) that

, K
sMx) < — |In}2' (6.40)
(i1) Observe that,
2
=P < Y Isrtol[prfw] . 64y

Ikcy

By choosing ng large enough, we know from Equation (6.34) that there
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exists K = K(f) > 1 such that

|12
=< 3 IS IR
IkC“I/
|2 RIAR (6.42)
Ikcy
2 k k
1 1
T o 1] > K
Ifcy
K2
<M——=6,.
1,2

Choosing ng so large that K 2M§, < K, forall n > ng, we deduce from (6.40)
and (6.42) that, indeed, Sf/ (x) < Oforall j € {I,...,gn+1}and forn >ng. O

6.6 Beau bounds

As we have already observed, the comparability constant C we obtained in Theo-
rem 6.3 depends on the map /. In this section we will show that, asymptotically,
we can replace C = C(f) by a universal constant. Uniform bounds of this type
are called beau by Sullivan [1992]. The precise result is the following.

Theorem 6.4 (Beau Bounds). Given N > 1 in N and d > 1 there exists a uni-
versal constant C = C(N,d) > 1 with the following property. For any given
multicritical circle map f with irrational rotation number, and with at most N
critical points whose criticalities are bounded by d, there exists ng = no(f) € N
such that for each critical point ¢ of f, for all n > ng, and for every pair I, J of
adjacent atoms of Py (c) we have

cTHI<I<cl.

The proof of this theorem is the same as the proof of Theorem 6.3, but we
must replace Theorem 5.1 with the following result (originally given in Estevez,
de Faria, and Guarino [2018, Th. B]).

Theorem 6.5. Given N > 1in N and d > 1 there exists a constant B =
B(N,d) > 1 with the following property. Given a multicritical circle map f,
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with at most N critical points whose criticalities are bounded by d, there exists
ng = no(f) such that for alln > ngy, A € P, (c) and k € N such that f*(A) is
contained in an element of Py (c) for all 1 <i < k, we have that

CrD(f*; A, A*) < B,
where A* denotes the union of A with its left and right neighbours in %2, (c).

The following decomposition will be crucial in the proof of Theorem 6.5 given
below (recall that, for a given J € £2,, we denote by J* the union of J with
its left and right neighbours in &?,). For each critical point ¢; we consider its
neighborhood U; given by Proposition 5.4. Moreover, let n; € N be given by
Proposition 6.2.

Lemma 6.7. Given ¢ > 0 there exists ny € N, ny = na(e, f) > ny, with the
following property: givenn = ny, A € Py and k € N such that f/(A) is
contained in an element of Py, for all 1 < j < k, we can write

fRIA* =grogr_ro0---0¢1,
where:

1. For at most 3N + 1 values of i € {1,...,k}, ¢; is a diffeomorphism with
distortion bounded by 1 + .

2. For at most 3N values of i € {1,...,k}, ¢i is the restriction of f to some
interval contained in Uj.

3. For the remainder values of i, ¢; is either the identity or a diffeomorphism
with negative Schwarzian derivative.

The above statement and its proof below are borrowed from Estevez, de Faria,
and Guarino [2018, pp. 853—855], which in turn is an adaptation of the argument
given in de Faria and de Melo [1999, pp. 352-353].

Proof of Lemma 6.7. Let Co = Co(f) > 1 be given by the Koebe distortion
principle (Lemma 5.2). Let C > 1 and u € (0, 1) given by Theorem 6.3. Let
8 € (0, 1) be such that (1 + §)2exp(Co8) < 1 + ¢, and let n, € N be such that

4log(81%/2/C)

np, >ni+
log
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Note that 0 < (u'/4)"2="1 < §u3/2/C. Givenn > n» consider

m=m<n>={”*;”1j,

the integer part of %(n + n1). Let A and k as in the statement, and consider
Jm € Pp such that A C Jp,, and consider also J,, € Py, with J,, € Jp,.
Taking n sufficiently large, we may assume that A* C Jy,.

Lets > 0 be the smallest natural number such that f*(J,,) contains a critical
point of f.

Claim 6.6.1. The distortion of 5 on A* is bounded by 1 + ¢.
Proof of Claim 6.6.1. The proof uses the Koebe Distortion Principle (Lemma 5.2).
Replacing n1 by n1 + 1 if necessary, we may assume that f/(J,,) € &, forall

Jj €1{0,...,s — 1}. By the real bounds, the space v of A* inside J,;; is bounded
from below by

L(n—m)/2] (n—m)/2
oLl 11 (1
C|A*| ™ C \u C\u

Since m < "Jr%,wehaven—m 211—”% = 5% and then
1 C C
- < ﬁu(”‘”’)/z < ;(;ﬁ/“)"—"1 < Ju8<§. (6.43)

Now we estimate the sum £ of the lengths of the iterates of J,,; between 1 and
s — 1. Since "J“% < m + 1, we have m —ny > “5* — 1, and then for all
je{0,...,s—1}%

| £ ()| < pllm=m/2)) g g2 <
1/4\n—n 1 32 i o 7* ) i ok
< (L) 1O < El el

Therefore:

s—1 38
(= TUH < =<$§ 6.44
j§=0|f (Umll <& <98. (6.44)
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since Zj‘_:lo fI (J4)| < 3 by combinatorics (and assuming C > 3). From
inequalities (6.43), (6.44) and Koebe distortion principle (Lemma 5.2) we get that
the distortion on A* is bounded from above by

(14 8)%exp(Co8) <1+¢.
0

To prove Lemma 6.7 we decompose the orbit of A* under f according to the
following algorithm. Foreachi € {0, 1,...,k —1} we have two cases to consider:

1. If £¥(Jy,,) does not contain any critical point of f, we define the correspond-
ing ¢ to be 5, where s > 1 is the smallest natural such that f+5(J,,)
contains a critical point of f. Arguing as in Claim 6.6.1 above, we see that
this case belongs to the first type of components in the statement.

2. If f%(Ju,) contains a critical point ¢ of f we may assume, by taking n»
large enough, that f*(A*) C I, (c) U I, +1(c). We have two sub-cases
to consider:

(i) If f7(A*) does not contain ¢ (and therefore no other critical point)
let s > 1 be the smallest natural such that ?¥5(A*) contains a crit-
ical point of f, and we define the corresponding ¢ to be f°. By
Proposition 6.2 (and the fact that composition of diffeomorphisms with
negative Schwarzian derivative is a diffeomorphism with negative
Schwarzian derivative too) this case belongs to the third type of com-
ponents in the statement.

(i) If the critical point belongs to f#(A*) we define the corresponding ¢
to be just a single iterate of f (and this sub-case belongs to the second
type of components in the statement).

Note finally that, by combinatorics, the first case happens at most 3N + 1 times,
while the second case occurs at most 3N times. O

With Lemma 6.7 at hand, we are ready to prove our main results.

Proof of Theorem 6.5. Theorem 6.5 follows at once from the decomposition ob-
tained in Lemma 6.7, by combining Lemma 5.4 and item (iv) of Proposition 5.4.
The constant B depends only on the number and order of the critical points of f,
but noton f itself. Itis in fact enough to consider B = (141/2)2GN+1(942)3N

O
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Proof of Theorem 6.4. As we have already explained, the proof of Theorem 6.4 is
the same as the proof of the real bounds (Theorem 6.3), the only difference being
that the Cross-ratio Inequality is replaced by Theorem 6.5. O

Exercises

Exercise 6.1. Give another proof of Lemma 6.4 as follows.

(1) Show that

Po(x) = {[f"(x),f"“(x)] i elo,... ap— 1}} U{[£%(x). x]}

is a partition of the circle (modulo endpoints), where a¢ is the integer part
of 1/p.

(i1) Using Remark 6.3, show that if &, (x) is a partition of the circle, then
P +1(x) is a partition as well.

Exercise 6.2. Let f : ST — S! be a circle homeomorphism with irrational rota-
tion number p, and with unique invariant measure . Show that for any x € S!
and any n € N we have

u(In) = [ G/ (0) = pG(p) G*(p) -+~ G"(p), (6.45)
j=0

where I, is the interval with endpoints x and f'97 (x) containing f9+2(x), and G
denotes the Gauss map from Chapter 1 (see also Appendix A). (Hint: see de Faria
and Guarino [2022b, Lem. 2.3]).

Exercise 6.3. The following consequence of the real bounds is extracted from de
Faria and de Melo [2000, Lem. 2.2]. Let f be a unicritical circle map with arbitrary
rotation number and critical point ¢, letn > 1, and let J_; = f9+17I(I,(c)) for
0 <i < gquny1- Givenm < n,leti; < ip < .-+ < ip be the moments in
the backward orbit {J_; } before the the first return to /,,4-1(c) such that J_; C
Im(c).

(i) Show that £ = az,+1, and that

J_iy © famt@mir=kt Dt (g, (c))
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(i1) Show that, given an integer M > 1, there exists Cps > 0 such that for
all sufficiently large n we have C;I1|I,,| < |J-ip | < Cuplly|, provided
<k<Morapy1 — M+ 1<k <apt1.

[Hint: The largest j < gn1 such that £/ (I,,(c)) € Ini1(c) is easily computed
as j = qn+1 — gm+2. SINC€ m+2 = gm + Am+19m+1, there are exactly a,;+1
subsequent moments j < i < ¢u41 such that f*(I,(c)) € Iu(c). The rest
follows from the real bounds (Theorem 6.3) and the Koebe distortion principle
(Lemma 5.2).]

Exercise 6.4. Let f be a multicritical circle map, let ¢ € Crit(f), and fix p > 1.
Foreachn > 1, let

S ¢y = 3 ( 1] )"
" dc, 1))

12y ()\Un(c)In+1(c)}

Show that the sequence {S,(,p )(c)} . is bounded. [Hint: Imitate the proof of
Lemma 6.6.] -

Exercise 6.5. Let f bea C3 critical circle map with irrational rotation number and
a unique critical point ¢ € S'. Show that there exists a constant K1 > 1 such that
the following facts hold for each n > ny:

(1) Forall x,y € f(I,+1(c)), we have

!Df""_l(x)|
\qu"‘l(y)\

(ii) Forall x,y € f(I,(c)), we have

‘Df‘In-H—l(x)‘
1 [Dft=l(y)| T
Do these statements remain true if f has two or more critical points? Explain.
Exercise 6.6. Let f be as in Exercise 6.5. Prove that there exists C > 1 such that

1
E < qun+1(x) <C.

forall x € I,(c) \ In4+2(c) andalln € N.
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Exercise 6.7. In Ergodic Theory, a famous lemma due to Kakutani and Rokhlin'
states that, if (X, 4, () is anon-atomic probability measure spaceand 7 : X — X
is an ergodic measure-preserving invertible transformation, then for eachn € N
and each ¢ > 0 there exists B € % such that B,TB,...,T" !B are pairwise
disjointand u(BU TB U---U T" 1 B) > 1 — . Using the dynamical partitions
Py, (x) of Section 6.3.1 and Yoccoz’s Theorem 6.2, prove the Kakutani—Rokhlin
lemma in the special case when X is the unit circle, & is its Borel o-algebra, T
is a multicritical circle map f with Per( f) = @, and u is the unique f-invariant
Borel probability measure.

ILater generalized by Halmos [1956, p. 71].



In addition to the real bounds, another important preliminary step towards estab-
lishing the smooth rigidity of multicritical circle maps (to be examined in Sec-
tion 10.1) is to answer the question: When are two topologically conjugate mul-
ticritical circle maps quasisymmetrically conjugate? This question pertains to the
general study of quasisymmetric rigidity of one-dimensional systems. Our purpose
in this chapter is twofold:

(a) To derive useful geometric criteria that allow us to decide whether a given
homeomorphism is quasisymmetric, or perhaps even smooth; and

(b) To use one such criterion to prove a quasisymmetric rigidity theorem for
multicritical circle maps.

The main theorem in this chapter is Theorem 7.2, which provides an answer to the
question raised above and yields the quasisymmetric rigidity alluded to in item (b).
It states that if we are given two (minimal) multicritical circle maps with the same
number of critical points, say f and g, and we know that there is a topological
conjugacy /h between them that maps each critical point of f to a critical point of
g, then 1 must be a quasisymmetric homeomorphism.

In Chapter 9 we will go a bit further and examine the geometric structure of
individual orbits — more specifically, we will examine with a reasonable amount
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of detail the problem of classifying the orbits of such a map up to quasisymmetric
equivalence.

7.1 Quasisymmetry and fine grids

The concept of quasisymmetry stems from the theory of quasiconformal map-
pings. Quasisymmetric homeomorphisms arise as boundary values of quasiconfor-
mal homeomorphisms of the unit disk or the upper half-plane (see Ahlfors [2006,
Ch. 4]). Roughly speaking, an orientation-preserving self-homeomorphism of the
unit circle or the real line is quasisymmetric if it maps every triple of equally spaced
points onto a triple of almost equally spaced points. Here is the formal definition.

Definition 7.1. An orientation-preserving homeomorphism of S = R/Z, say
h: 8! — S is said to be quasisymmetric if there exists a constant K > 1 such
that

1 h t)—h
LMD =h) e v e Standallt > 0. (1)
K h(x) —h(x —1)
If K is such that h satisfies (7.1) for this K, then we say that h is K -quasisymmetric.
The smallest K with this property is called the quasisymmetric distortion of h.

The kind of regularity possessed by a quasisymmetric homeomorphism is very
weak. Indeed, most quasisymmetric homeomorphisms are purely singular with re-
spect to Lebesgue measure. They are, however, always Holder continuous. More-
over, the composition of quasisymmetric homeomorphisms is quasisymmetric,
and the inverse of a quasisymmetric homeomorphism is also quasisymmetric. These
properties are not obvious from the definition given above, but they are easily
proved once it is established that quasisymmetric homeomorphisms are precisely
the boundary values of quasiconformal self-homeomorphisms of the disk (once
again, see Ahlfors [ibid., Ch. 4]; see also Exercise 7.1).

There is a relationship between quasisymmetry and distortion of cross-ratios,
but a full discussion of it would constitute a lengthy digression. There are in fact
only a couple of places in the present book where a particular instance of this
relationship is required. What we need is a simple consequence of the following
result, which we state without proof (¢f. de Faria and de Melo [2008, p. 130]).
Here, we will be using the b-cross-ratio, i.e., [M,T] = b(M,T), but both the
proposition below and its corollary can be easily recast in terms of the a-cross-
ratio.
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Proposition 7.1. If ¢ : S' — S is quasisymmetric, then there exists a non-
decreasing function o : [0,00) — [0,00) with 6(t) — 0 ast — 0 such that
[p(M),p(T)] < o([M, T)) for every pair of intervals M, T C S* with M com-
pactly contained in the interior of T .

A proof of this result may be found in Astala, Iwaniec, and Martin [2009].
In order to state the corollary in simple terms, it is best to introduce a definition.
We say that a homeomorphism ¢ : S' — S has weakly bounded cross-ratio
distortion if for every pair of constants 0 < o < B < I there exists By g > 0 such
that CrD(¢, M, T) < By, g for every pair of intervals M, T (with M compactly
contained in the interior of T') such that @ < [M, T] < B.

Corollary 7.1. Every quasisymmetric homeomorphism of the circle has weakly
bounded cross-ratio distortion.

Proof. Follows easily from Proposition 7.1; the details are left as an exercise. [

This corollary will be used in its contrapositive, as a criterion for non-quasi-
symmetry (see Chapter 9).
7.1.1 A criterion for quasisymmetry

Let us now describe a criterion for quasisymmetry that is particularly useful in the
study of circle maps. In order to formulate it, we first need to introduce the concept
of a fine grid. Here is the definition, reproduced almost verbatim from Estevez and
de Faria [2018, Def. 5.1].

Definition 7.2. A fine grid is a nested sequence {2y}, >0 of finite interval parti-
tions of the circle (modulo endpoints) having the following properties.

(a) Each 2,41 is a strict refinement of 2y,.

(b) There exists an integer a > 2 such that each atom A € 2y, is the disjoint
union of at most a atoms of Zp41.

(c) There exists o > 1 such that 0| A| < |A'| < o|A| for each pair of
adjacent atoms A, A" € 2,.

The numbers a, o are called fine grid constants.
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Remark 7.1. Given a fine grid as above, it is not difficult to check that there exist
0 < Ao < A1 < 1 depending only on the fine grid constants a, o such that,
whenever A € 2,, A* € ©,_1and A C A*, we have

AolAT| < |A] < Aq]AT]. (7.2)

In fact, one can take Ag = (ac® 1)"land A; = (1 +0~1)~!. The details are left
as an exercise for the reader. In particular, there exists a constant Co > 1 such that

Cy M8 < |A] < CoAt

for all n and each A € 2,,. When called upon, the constants A¢, A1 will also be
referred to as fine grid constants.

The notion of fine grid was first introduced in de Faria and de Melo [1999, §4].
Its usefulness lies in the fact that one can sometimes tell how regular a homeo-
morphism is by looking at the effect it has on a suitable fine grid. This will be
illustrated by two results we proceed to present, namely Propositions 7.2 and 7.3,
the first of which is the criterion for quasisymmetry that we promised above.
First we need the following lemma.

Lemma 7.1. Given a fine grid {2, }n>0 with fine grid constants a, o as above, let
I C S! be an interval with non-empty interior, and let n = n(1) be the smallest
natural number such that I O A for some atom A € 2. Then there exists an
interval U D I with the following properties:

(i) U is the union of at most 2a atoms of 2y,;
(i) |U| < )Lal(l ~+ o) |1 |, where Ao is the constant in (7.2).

Proof. Suppose I intersects 3 distinct consecutive atoms of 2,,_1,say Ay, As, A3,
with A, lying between A; and Az. Then we necessarily have A, € [; but this
contradicts the definition of n = n (/). Hence I is contained in the union U of
at most two atoms of 2,,_;. Since each atom of 2,,_ is the union of at most
a atoms of 2, part (i) follows. To prove (ii), given that I D A € 2,, let A*
be the unique atom of 2,,_; that contains A. By part (i), U contains A* and at
most one other atom A** € 2,,_; adjacent to A*. Therefore, using property (c)
in Definition 7.2 and (7.2), we have

Ul <A™ +]A4™] < (1+0)[A"| < Ao (1L + o)Al < A5 (L + o)1)

This establishes (ii) and finishes the proof. O
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Proposition 7.2. Let {2y }n>0 be a fine grid in S' whose fine grid constants are
a,o,andleth : S — S' be an orientation-preserving homeomorphism such that
Ayl 1A
|h(A™)] A"

for each pair of adjacent atoms A, A" € 2, for alln > 0, where A is a positive
constant. Then there exists K = K(a,o,A) > 1 such that h is K-quasisymmetric.
Proof. We will veritfy the quasisymmetry condition

1 < h(x 4+t) — h(x) <
K = h(x)—h(x—1)

forall x € S' = R/Z and all t > 0, with K > 1 a constant to be determined in
the course of the argument. Let I = [x —¢, x 4+ ¢] be the interval on the circle that
contains x, and write / = I~ U I, where I~ = [x —¢,x] and [x, x + ¢]. By
Lemma 7.1, there exist n = n(/) and an interval U D [ such that U is the union
of at most 2a atoms of 2, and |U| < 01|/ |, where 01 = )Lo_l(l 4+ o). Let p be
the smallest positive integer such that k{’ o1 < %. Write U as the union of atoms
of @4 p, say
U=J1UJ,U---UJg,

where the J; € £, p, 1 <i < s are assumed to be in counterclockwise order on
the circle. Note that we must have s < 2a?T1. By (7.2) and induction, we have
[Ji] < /\f |J*|, where J* C U is the unique atom of 2, that contains J;. Hence
we get

1
il S AP < APWU| < Ao 1| <1|1|-

But this means that at least one of the J;’s, say Jj,, is contained in /. Thus, we
have on the one hand J;, C /™ and on the other hand / T c Jio+1UJig2U---UJs.
Moreover, by the hypothesis (7.3), forall 1 <i < s — 1 we have

|h(Ji+1)] [Ji+1]
——— <A+ <A+o,
| (J;)] [ ;]

from which it follows by telescoping that

|h(Jitv)|

<A +o0) forallv=1,2,...,s —i.
|h(Ji)]
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Therefore

hx + 1) —h(x) _ R _ Yizigr1 [0
h(x)—h(x—1)  |h(I7)| ~ |h(Jiy)]
s—ig 24711

<Y (A+0)< > (A +0).
v=1 v=1

. . . . . +1
This proves that /1 is K-quasisymmetric with K = Z%ipl (A + o), a constant

that indeed depends only on the constants @, o, A. O

Now, let us agree to say that an orientation-preserving homeomorphism 4 :
S1 — S'isafine grid isomorphism if it maps fine grids to fine grids. Then the cri-
terion for quasisymmetry given by Proposition 7.2 has the following consequence.

Corollary 7.2. Let h : S' — S! be an orientation-preserving homeomorphism.
Then the following are equivalent.

(i) h is quasisymmetric;
(i) h maps some fine grid onto another fine grid;
(iii) h is a fine grid isomorphism.
Proof. The proof'is left as an exercise to the reader. O

As we shall see in the sequence (Section 7.2 below), the characterization of
quasisymmetry provided by Corollary 7.2 is extremely helpful in the study of crit-
ical circle maps.

7.1.2 A criterion for smoothness

Our next goal is to present a criterion for C 1™ smoothness involving fine grids.
This criterion will be extremely important later, in our study of renormalization
convergence and smooth rigidity (see Chapter 10).

Proposition 7.3. Let h : S' — S be a homeomorphism and let {2y, }n>0 be a
fine grid. If there exist constants C > 0 and 0 < A < 1 such that

1] |h(D)]

= AUt n

1 DI ’
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for each pair of adjacent atoms 1,J € 2,, foralln > 0, then h is a C1T%-
diffeomorphism for some for some o« > Q0.

The proof uses the following calculus lemma concerning lateral derivatives. If
¢ is a real-valued function in an interval or oriented arc on the circle, we define
the right derivative of ¢ at x to be

p(x +1)— ()
; ;

DT = li
¢(x) t{%

provided the limit exists. When D ¢(x) exists for every x, we say that ¢ is right-
differentiable.

Lemma 7.2. Let ¢y, : [0, 1] = R be a sequence of continuous, right differentiable
functions such that the sequence of right derivatives D ¢,, converges uniformly
to an a-Hélder continuous function ¢ : [0, 1] — R, and such that each D¢y, is
Riemann-integrable. If ¢, converges uniformly to ¢, then ¢ is C1 % and D¢ = ¢.

Proof. Exercise. O

Proof of Proposition 7.3. Let ¢, be the piecewise affine C°-approximations to
h determined by the vertices of 2,. Then ¢, is differentiable on the right, and
DT ¢, is a step function, so in particular it is Riemann integrable. First we show
that {D+¢n }n>0 is a uniform Cauchy sequence, and then that the limit is Holder
continuous. Take an atom I of 2,, and consider the decomposition

I = JJUJLU---UJ,,

with J; € 2,41 consecutive and pairwise disjoint and p < a. Then DT ¢, is
constant on / and D ¢, 1 is constant on each Ji, say

_ lén(D)
7]

D*éuir(t) = sp = |pn+1(Jx)]
| Tk

From this, and the fact that |¢,(])| = ng:l |Pn+1(Jx)| » we get

Dt gu(t) =s (Vtel),

(Yt € Jy) .

p
i) = selJil
k=1
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and in particular s" = mins; < s < maxsg = s”. Also, s'/s"” < s/sp < s5"/s
for all k. Since by assumption |1 — (sx11/sx)| < CA"T1, an easy telescoping
trick gives us
"
s
o

< (L+CAthe <1+ cartt,

A similar lower bound holds for s’ /s”. Therefore we have

N

1—CA" < = < 14+CA", (7.4)

Sk

forall k = 1,2,...p. This shows that the sequence {D T ¢y} _, is uniformly

bounded, and moreover that forall m > n > 0 and all r € S!, we have

m—1
+ + i c n
|DFm(t) — DT ()] < CZAJ < A (7.5)
J=n
Hence {D T }n> o 1s a uniform Cauchy sequence as claimed. Letg = lim D T
be its uniform lirﬁit, and let o > 0 be such that A§ = A, where A is the fine grid
constant appearing in Remark 7.1. We prove ¢ is a-Holder as follows. It suffices
to consider points x, y € S! whose distance is smaller than inf;c g, | |. Take the
smallest # such that x and y belong to distinct elements of 2,,. Then eithern = 0
or x and y lie in a common element of .2,,_;. Either way we have by (7.4)

|DTpu(x) = DT n(y)] < CA". (7.6)
Combining (7.5) and (7.6), we deduce that

lo(x) — ()| < |@(x) =Dt pu(x)| + | DT dn(x)— DT ()]
+ [ DT u(y)—0(»)|
C C

< — ML CA' 4 — )" L CA™
T 12 0

< Clx—yl%,

and so ¢ is «-Holder as claimed. But then, since the sequence {¢,, },>0 converges
uniformly to 4, we deduce from Lemma 7.2 that Dh = ¢, whence A is indeed
C 't This completes the proof. O
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Remark 7.2. The reader who happens to be familiar with probability theory will
have no difficulty in translating the above result to the language of conditional ex-
pectations. Indeed, viewing each Dt ¢, € L! as a random variable, the sequence
{DT ¢y tn>0 satisfies D ¢p+1 = E (D"‘d)n | %n), where %, is the o-algebra!
generated by 2, and therefore constitutes a martingale. Thus, the existence of a
pointwise a.e limit ¢, merely as an integrable function, is a special case of J. Doob’s
martingale convergence theorem, see Billingsley [1986, p. 490].

7.2 Quasisymmetric conjugacies

What we have done so far already allow us to give a short proof of the follow-
ing theorem, originally due to Herman [1988]. In this section, since we will con-
sider dynamical partitions associated to different maps, we shall use the notation
Pa(x, ), In(x, f), instead of &2, (x), I,(x), etc. to emphasize the dependency

on f.

Theorem 7.1. A multicritical circle map without periodic points is quasisymmet-
rically conjugate to a rigid rotation if and only if its rotation number is of bounded

type.

Proof. Let us first assume that £ : S! — S! is a multicritical circle map whose
rotation number p = [ag, d1,d2,...] is an irrational of bounded type, say a, < 4
foralln. Letc € S! beacritical point of /. We claim that the dynamical partitions
Pon(c, ), n = 0 constitute a fine grid. Indeed, every atom of 5, (c, f) is
partitioned into at least 2 and at most (a2,+1 + 1)(@2n42 + 1) < (4 + 1)% atoms
of Pan42(c, f), and these are all comparable by Theorem 6.3. Hence conditions
(), (b) and (c) of Definition 7.2 are met, and the claim is proved. Let 4 : S' — S1
be a topological conjugacy between f and the rigid rotation R, (say h o f =
R, o h), which exists by Yoccoz’s Theorem 6.2. Then one can easily check that
the dynamical partitions &%, (h(c), Rp), n = 0, also constitute a fine grid (for
Ry). But then £ satisfies property (ii) of Corollary 7.2, and therefore it must be
quasisymmetric.

For the converse, suppose 4 : S! — S! is a homeomorphism satisfying 4 o
J = Ry o h, and suppose the rotation number of f is not of bounded type. Then
there exists a subsequence (n;) with a,; 11 — oo asi — oco. Again we take ¢ to
be a critical point of f, and let x = h(c). By the real bounds, the scaling ratios

n fact, B, is a finite algebra: each one of its elements is a finite union of atoms of 2;,.
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[In;+1(c, f)|/|In;(c, f)| for f remain bounded, whereas for the rigid rotation
we have

|h(1ni+1(c’ f))l _ |Inj+1(xa Rp)| > Gpr1 — 0O as i — 0o
- nj )
|h(In; (c, /)] [1; (x, Rp)]
and therefore & cannot be quasisymmetric. m

Remark 7.3. In the above proof, the only reason we did not use the full collection
of dynamical partitions as our fine grid is that 92,11 (c, f') is not a strict refinement
of 2, (c, f) (the short atoms of &, (c, f) are not decomposed at all in the next
step; they become long atoms of &2,41(c, f)). This is why we skipped every
other level.

Remark 7.4. An interesting application of Theorem 7.1 to holomorphic dynamics
goes as follows. In the complex quadratic family Py : z +— €279z + 22 one
knows that for each Diophantine 8 the fixed point at the origin is linearizable, so
it belongs to the Fatou set of Py. The component of the Fatou set containing 0 is
a Siegel disk; call it £2y. In Douady [1987], Douady proved that if 6 is a number
of bounded type, then 052y is a quasicircle that contains the critical point of Py.
The rough idea is to start with a Blaschke product B from the family introduced
in Section 6.1.1 (see eq. (6.1)) whose restriction to S! is a critical circle map f
with rotation number 6. Then, using Theorem 7.1, one applies quasiconformal
surgery to B, cutting out the unit disk and glueing it back in using as sewing map
the quasisymmetric conjugacy & between f and the rigid rotation with the same
rotation number. Redefining the map in the interior of the unit disk to be that same
rotation, and applying the measurable Riemann mapping theorem, the unit circle
is mapped onto a quasicircle, and the post-surgery map becomes Py, thereby prov-
ing Douady’s theorem. This result was later generalized by Petersen and Zakeri
[2004]. Their theorem allows the rotation number € to belong to a certain class
of unbounded type numbers, and the proof is accomplished through the use of
trans-quasiconformal surgery.

More important for our purposes is the following immediate consequence of
Theorem 7.1.

Corollary 7.3. Any two multicritical circle maps f and g with the same irrational
rotation number of bounded type are quasisymmetrically conjugate, and in fact ev-
ery topological conjugacy between f and g is a quasisymmetric homeomorphism.

Note that in Corollary 7.3 the number of critical points of f and the number
of critical points of g need not be the same! But the bounded type hypothesis on
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the rotation number is essential. In full generality, the above statement is most
definitely false for unbounded combinatorics; see Chapter 9.

What can be said, then, for arbitrary irrational rotation numbers? If f and
g have the same number of critical points and there is a conjugacy between f
and g that maps each critical point of f to a critical point of g, the first part of
the statement of Corollary 7.3 continues to hold. This will be the main result in
Section 7.4.

7.3 Almost parabolic maps

When studying the geometry of dynamical partitions of a multicritical circle map
whose rotation number is of unbounded type, one has to deal with the fact that,
at certain levels, some short atoms can be much smaller than long atoms. For
instance, let f be a unicritical circle map with critical point ¢, and consider the
first return map to a small neighborhood of ¢, say I,,(c) U I,+1(c). If the partial
quotient’ a, 41 is very large, then the restriction of f47+1 to I,,(c) is very nearly
a parabolic map at the center of a saddle-node bifurcation. The consecutive in-
tervals® A; = fi9n+17dn ([, 1(c)) C I,(c) with0 < i < apy1 — 1 work as
Sfundamental domains for the dynamics of f97+1|y (). By the real bounds, the
two outermost of these intervals, Ag and Ag,, -1, are comparable to I, (c), but
the ones in the middle, i.e., the A;’s with i close to ay+1/2, are much smaller. The
map f 9+ () is an example of what one calls an almost parabolic map.

Such maps can be described abstractly as follows (see de Faria and de Melo
[1999, p. 354] or Estevez and de Faria [2018, Def. 4.1]).

Definition 7.3. 4n almost parabolic map is a C3 diffeomorphism
¢Z A1UA2U-'-UA@ — AzUA3U'-'UAg+1 y

where Ay, Aa, ..., Agyq are consecutive intervals on the circle (or on the line),
with the following properties.

(i) One has ¢(Ay) = Agqq foralll <k <L

(ii) The Schwarzian derivative of ¢ is everywhere negative.

2See Remark 1.2.
3By the expression consecutive intervals we mean a pair of intervals that share a common end-
point and have no other points in common.
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The positive integer £ is called the length of ¢, and the positive real number

1Ay 1Al
|US_, Al TUE_| Axl

0 = min

is called the width of ¢.

Remark 7.5. Note the negative Schwarzian hypothesis (ii). As we saw in Sec-
tion 6.5, Proposition 6.2, for sufficiently large n we have Sf 9 +1(x) < 0 for
every regular point x € I (c¢). Thus, in the unicritical case at least, the restriction
St a0un, UUlg, ;-1 is an almost parabolic map with length £ = a,+1 — 1,
provided # is sufficiently large.

7.3.1 Yoccoz’s inequality

The basic geometric control of an almost parabolic map is provided by the follow-
ing fundamental inequality due to Yoccoz.

Lemma 7.3 (Yoccoz). Let ¢ : U£=1 A —> Uiilz Ay be an almost parabolic
map with length £ and width o. There exists a constant Cy > 1 (depending on o
but not on £) such that, forallk = 1,2,...,£, we have

~1
__Co ] Sy —_ L ,
[min{k, £ + 1 —k}]? [min{k, ¢ + 1 —k}]?

(7.7)

where I = Ui:l Ay is the domain of ¢.

Yoccoz never published a proof of this result, but he was kind enough to ex-
plain the idea to the authors of de Faria and de Melo [1999], and as a result the
first complete proof appeared as an appendix to that paper.

The main geometric idea behind the proof is to use the negative Schwarzian
property of f to squeeze the graph of f between the graphs of two Mobius trans-
formations. The required estimate for f will then follow from the corresponding
estimate for Mobius transformations. Hence the first thing we do is to state and
prove the estimate for Mdbius transformations.

Consider the fractional linear transformation 7(x) = x/(1 + x), and given
e > 0,let Te(x) = T(x)—e. We are interested in certain quantitative aspects of the
orbit x, = T}'(xg) for xo = 1. Observe that this sequence is strictly decreasing.
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Lemma 7.4. Let N > 0 be such that xy+1 < 0 < xy. Then we have N < 1/ /¢
and moreover X, — xp+1 =< 1/n? forn =0,1,...,N.

Proof. Writing §, = T"(x9) — T} (x0), we have

8n—1
Oy =€+ (7.8)
! (L+3) (L4 5 = 8n—1)
foralln =1,2,..., N + 1. We claim that
% < 8, < ne. (1.9)

The last inequality is clear. To prove the first, we note from (7.8) that

2
n
5, > St .
n 8+(n+1) n—1

By induction, this gives us

&

5 S € nn+1)Q2n+1) S e
n = (n+1)2

2 2 oo 2 — JR—
(17 +2° +---+1n?) CEME g e

which proves the claim. Now, from the fact that xy4+; < 0 < x5 we have the
inequalities
1 1

by < ——. 6 Z 05 -
NS NI N2

Then, using (7.9), we get

1 6

NiDWN+2) SE S NNED) (7.10)

which proves the first assertion.
Next, note that since [xy4+1,xn] € [T:(0), T, 1 (0)] = [—e.¢/(1 —¢)], we
have
£ < XN —XN+1 < 3¢ (7.11)

Hence, by (7.10), we get xy —xy 41 =< 1/N? and the second assertion is proved
when n = N. To prove it in general using this information, observe that

Xn—1 — Xn _ Xn—1 — Xn
(14 xp—1)(1 + xp) (1+ %—8,,_1)(1 +#—8n)

Xn —Xn+1 =
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implies
Xn — Xn41 2 nt2 (Xn—1—Xn) .
By induction, this gives on one hand
2 1
Xp—Xp+1 =2 ——————— (X0 —x1) =

(n+1)(n+2) n+1Dn+2)°

and on the other hand, using (7.10) and (7.11),

N-—n .
n+j+ 2) 54
Xp — X < (xy —x —_— ) < .
n—Xnt1 < (XN —XN41) 11:[1( — T D T2)
This proves the second assertion in all cases. O

Now recall that¢ : A{UAU---UA; — Rsatisfiesp(A;) = A forall .
Without loss of generality, we can assume that ¢ (x) < x for all x. Thus, if we call
Xo the right endpoint of Ay and write x; = @7 (xg), we have Aj = [x;,x-1]
for all j. Since ¢ is a negative-Schwarzian diffeomorphism, there exists a unique
z in the domain of ¢ such that ¢ = |¢(z) — z| < |p(x) — x| for all x. Since the
statement we want to prove is invariant under affine changes of coordinates, we
may assume also that z = 0 and x¢ = 1. In this setting, we want to prove that
|Aj| =< 1/j2 forall j such that A; C [0, 1]. Note that ¢’ (0) = 1.

Next, let A be the Mobius transformation on the line such that A(xg) = ¢(xo)
and A(0) = ¢(0) and A’(0) = ¢’(0) = 1. This determines A uniquely, and in fact

X
1+ Ax

Alx) =

’

for some A > 0. Since S¢ < 0, we see that A(x) < ¢(x) forall x € [0, 1].
Likewise, let B be the Mobius transformation such that B(xy) = ¢(xp),
B(0) = ¢(0) and B’(0) = ¢'(0) = 1. This determines B uniquely, and in fact

X

B =
(x) 1+ pux

for some > 0. This time, since x; < 0 and S¢ < 0, we have ¢(x) < B(x)
for all x € [0, 1]. In particular, A > u. It is easy to see that A/ < ¢, Where ¢4
depends only on the constant ¢ in the statement.
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Lemma 7.5. Let x € [0,1] and k > 0 be such that A(x) < B¥(x). Then k <
1+ A/p.

Proof. By induction we have

X

B¥  ——mMMM —
(x) 14+ (k—Dpx ¢

Therefore A(x) < B¥(x) implies (k — 1)ux < Ax. O

Now, letus write o, = A" (x¢) and B, = B"(x¢). By Lemma 7.5, the number
of B,’s inside each interval of the form [x, 41, o] is bounded independently of
n. Moreover, since o, < x, < By, for all n, the number of x;’s inside each
[@n+1,@n] is also bounded independently of n. To prove that |[A;| < 1/j2, we
proceed as follows. Let m > 0 be such that 8,11 < x; < B < x;—1. Then
Lemma 7.5 says that m < Cj, and we have also

|Bm+1 = Bml < |B(xj-1) —xj-1] < |xj —xj-1].
Since by Lemma 7.4 we have

1 1
|Bm+1—Bm|l < — = 3

m2

it follows that |Aj| = |x; — xj_1| = 1/Cj2.

To prove an inequality in the opposite direction, let p be the largest integer

such that ), > xj;_1. Then, again by Lemma 7.5, we have j < Cp. Since

A(x) < ¢(x) < x for all x, we also have A; C [ap42,0p]. Using Lemma 7.4
once more, we deduce that

C

|4;] < 2

C
= <

This completes the proof of Yoccoz’s Lemma.

Remark 7.6. Let us define the order of a fundamental domain Ay as above to be
ord(A,) = min{k, £ + 1 — k}. Then the conclusion of Lemma 7.3 reads: for all
k=1,2,...,4,wehave |Ag| < (ord(Ag)) 2|1 | with comparability constant de-
pending only on o. This can be expressed in simple words as follows: the relative
size of a fundamental domain in an almost parabolic map is inversely proportional
to the square of its order.
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7.3.2 Balanced decompositions

The following lemma exhibits a special way of grouping together the fundamental
domains of an almost parabolic map.

Lemma 7.6. Let ¢ be an almost parabolic map with domain I = Uf::l Ay, and
let d € N be largest such that 2411 < £/2. There exists a descending chain of
(closed) intervals (see Figure 7.1)

I=MyD>M;D---DMi4

for which, letting L;, R; denote the (left and right) connected components of M; \
M+ forall 0 < i < d, the following properties hold.

(i) Each of the intervals L;, R; is the union of exactly 2! consecutive atoms
(fundamental domains) of 1.

(ii) We have

d d
I=JLiuMg R (7.12)

(iii) For each 0 < i < d we have |L;| < |M;+1| =< |Ril|, with comparability
constants depending only on the width o of ¢.

Proof. We define, foreach 0 <i < d,

2itl—1 +1-2!
Li= |J A R = U 4.
v=2I1 v={+2-2i+1

Also, foreach0 <i < d + 1, we let

{4127

M= ) 4

p=2¢

Then we immediately have (i) and (ii). Hence all we have to do is prove (iii). Let
us fix 0 < i < d. In all that follows, the implicit comparability constants are
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L() RO
M,

M;

Mg

Figure 7.1: Balanced decomposition of the domain of an almost parabolic map.

either universal or depend on the constant Cy of Yoccoz’s Lemma 7.3. Applying
that lemma, we see that

2i+1_1 2i+1_1 1
Ll = ) 1A= | X | HI=27] (7.13)
v=2i v=2i
Similarly, we have .
|R;| <271 (7.14)

Moreover, we can write

2i+21
1
Minl = 3 la=2| 3. S |UI=24l11. (715
y=2i+1 2i+1<pg
where the number A satisfies

2i+2_1 00

1
> = > - (7.16)

y=2i+1 v=2i+l1

N
'
N
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Both sums appearing in (7.16) are comparable to 27~ (use the integral test).
Hence (7.15) and (7.16) put together yield

|Mi 1] =< 27°|1]. (7.17)

Combining (7.13), (7.14) and (7.17), we see that (iii) holds as well, and the proof
is complete. O

Remark 7.7. Given an interval I partitioned into atoms A,, 1 < v < £, as above,
a decomposition of the form (7.12) satisfying properties (i), (ii), (iii) of Lemma 7.6
is called a balanced decomposition of I (relative to its given partition into atoms).
Thus, Lemma 7.6 can be re-stated as saying that the domain of an almost parabolic
map always admits a balanced decomposition. In such balanced decomposition,
the intervals M;, 0 < i < d + 1, are said to be central, whereas the intervals
L;,R;,0 < i < d, are said to be lateral. The positive integer d is the depth of
the decomposition.

Remark 7.8. The following fact, more general than what was used in the proof of
Lemma 7.6, holds for the fundamental domains A, (1 < v < £) of any almost
parabolic map ¢: Forall 1 < k </ <m < £, one has

A1l + A2l + -+ [Am| _ k(m=1)
Ak 1] + Ak g2l + -+ + 4] m(l —k)’

with comparability constant depending only on the width o of ¢ * Again, this
follows from Yoccoz’s Lemma 7.3. This fact will be useful in the proof of Propo-
sition 7.6.

Remark 7.9. Let I, I'™* be two closed intervals with I™* contained in the interior of
I. Let I'* be partitioned into a finite number £ of atoms, consecutively labelled
Ay, 1 < v < £ as before, and suppose such atoms satisfy the inequalities (7.7)
(for some choice of the constant C, ) — so that we have a balanced decomposition
of I* (as in Lemma 7.6). Then, adding both lateral components of I \ I* to
the collection of A, ’s and re-labelling these £ + 2 atoms from first to last, one
sees that the inequalities (7.7) hold for the new collection also (with a different
comparability constant, in general) Thus, we get a balanced decomposition of I as
well. This remark will be used in the proof of Corollary 7.4.

“In fact, the comparability constant can be taken to be equal to (a universal constant times) Cg,
where Cy is the constant in Lemma 7.3.
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Remark 7.10. Note that the comparability bounds given in Lemma 7.6 (iii) depend
only on the width o of ¢, via the constant C; in Lemma 7.3. If ¢ is small, then
Cy is potentially very bad. However, in the present text we only apply Lemma 7.6
to the cases when ¢ = f'97+1 for some n and the domain of ¢ is what we call a
bridge at level n (roughly speaking, a bridge is the interval between two consecu-
tive critical points of a return map f9"+1|; () — see Section 7.4.2 for the precise
definition). In these cases, o is uniformly bounded from below by a constant that
depends only on the real bounds.

7.4 Quasisymmetric rigidity

In this section we will prove the first major theorem of this chapter, establishing
that (minimal, C ) multicritical circle maps are quasisymmetrically rigid.This was
informally stated in the introduction to the present chapter. More precisely, we will
prove the following theorem, which first appeared in Estevez and de Faria [2018].

Theorem 7.2. Let f,g : S' — S be two C3 multicritical circle maps with the
same irrational rotation number and the same number of (non-flat) critical points,
and let h : S' — S be a homeomorphism conjugating f to g, i.e., such that
ho f = goh. If h maps each critical point of f to a corresponding critical point
of g, then h is quasisymmetric.

In the special case of maps with a single critical point, this theorem was first
proved by Yoccoz (unpublished, but see de Faria and de Melo [1999, Cor. 4.6]).
Here, the presence of at least one critical point is absolutely crucial: the statement
is false for diffeomorphisms. Indeed, there exist diffeomorphisms of the circle,
even analytic ones, that are topologically conjugate to an irrational rotation and yet
no conjugacy between them is quasisymmetric — as the reader will be able to check,
this is precisely what happens with the Arnold examples given by Theorem 4.6 (see
also de Melo and van Strien [1993, p. 75]).

The basic idea behind the proof of Theorem 7.2 is to build for each multicriti-
cal circle map f an associated fine grid in a canonical way, and then apply Corol-
lary 7.2. By canonical here we mean that the partitions making up this fine grid
must be defined in a dynamically invariant way, i.e., in purely combinatorial terms.
An obvious first attempt is to use the dynamical partitions &, (c, f), where c is a
critical point of f, all of whose vertices lie in the forward orbit of ¢. But even if
we skip levels (to circumvent the fact that &7, 11 (c, f) is not a strict refinement
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of Z,(c, f)) and look at a subsequence of this sequence of partitions, we are in
trouble because, whenever a partial quotient a, 4 is very large, there are atoms of
Pp+1(c, f) which are much smaller than the atoms of &7, (c, f) in which they
are contained. We need to group some of these small atoms together, but to do
that we first need to understand their geometry.

7.4.1 More on the geometry of dynamical partitions

Let us present some further geometric consequences of the real bounds that will
be crucial in the proof of Theorem 7.2. The results below refer to the dynamical
partitions &, (cr) (0 < k < N — 1, n € N) of a multicritical circle map f for
which the real bounds of Theorem 6.3 are satisfied. Recall that the atoms of each
partition &2, (cy) are of two types: the long atoms, i.e. those of the form I} (cy),
0 < i < gn+1, and the short atoms, i.e. those of the form I,{H(ck), 0<j <qn.
In what follows, we use the notion (and notation) of comparability introduced in
Section 6.3.3.

Intersecting atoms are comparable

The first result states that any two intersecting atoms belonging to dynamical par-
titions of two distinct critical points at the same level n are comparable.

Lemma 7.7. Let ¢, ¢’ be any two critical points of our map f. If A € Py (c) and
A" € P, (') are two atoms such that A N A" # @, then |A| < |A|, i.e. they are
comparable.

Proof. Let C = C(f) > 1 be the constant given by the real bounds (Theo-
rem 6.3). There are three cases to consider, according to the types of atoms we
have: long/long, long/short, and short/short. More precisely, we have the follow-
ing three cases.

(i) We have A = Ii(c) and A’ = I (c"), where 0 < i, j < gnt1. Here
we may assume that 7 (c’) € A = [f'(c), f*T9(c)]. Then f'T9n(c) €
A = [fI(c"), f/T97(c")], and we have the situation shown in Figure 7.2(a).
Using the monotonicity of f97, we see that A’ C A U f97(A). Apply-
ing Lemma 6.3 to x = fiT9(c), we see that A = [f~9(x),x] and
fIn(A) = [x, f9(x)] satisty | f97(A)| < C|A]|, and from this it follows
that |A’| < (1 + C)|A|. Conversely, we also have A C =9 (A") U A'.
Again applying Lemma 6.3, this time to x = f7/(c’), we deduce just as
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before that | f 797 (A”)| < C|A’|, and therefore |A| < (1 + C)|A’|. Hence
A and A’ are comparable in this case.

(ii) We have A = I}(c) and A" = I,{_Fl(c"), where 0 < i < gp4+1 and 0 <
Jj < qn. Here, we look at the interval I,lli{f" (c) C A. This interval shares
an endpoint with A (namely f+97(c)) and it is also an atom of £, 1 1(c).

In particular, |/ ;i‘f” (¢)| < |4|, by the real bounds. There are now two sub-

cases. IfA'N I,ii‘f" (¢) # 9, then, since A’ also belongs to &2, 4+1(¢’), case
(i) above tells us that |A’| < |1 ;i‘f” (¢)|, and therefore A’ is comparable to

A in this sub-case. On the other hand, if A’ N éi‘f” (c) = 9, then we must
have f/(c’) € A (see Figure 7.2(b)). In this sub-case, we consider the
interval I,/ (c') € Pu(c’), which also has f J(c') as an endpoint. Then we
have AN, (¢) # @, and again by case (i) we have |A| < |I,] (¢')|. But by
the real bounds we have |I;] (¢/)| < |I.] | (¢")| = | A", s0 A’ is comparable
to A also in this sub-case.

(iii) Wehave A = I ;(c)and A’ = I,{H(c’),whereo <i,j < ¢p. This case
is entirely analogous to case (i).

O]

Remark 7.11. The above lemma still holds if one of the critical points, say ¢/, is
replaced by an arbitrary regular point xo € S!, see de Faria and Guarino [2021,
Lem. A 4] for the details.

Critical atoms are large

Let us now consider the first return map to the interval I, (co) U I,+1(co), or
equivalently the pair of maps [y, (o) » S+ |1, (co)- Besides co (which is
critical for both maps in the pair), this return map has at most N — 1 other critical
points: some in I, (co), and some in [,4+1(cp). Our next auxiliary result states
that the intervals of the dynamical partition at the next level (£,+1(co)) which
contain these critical points of the return map at level n must be comparable with
their parent atom (7, (co) or I,+1(co)).

Lemma7.8. Let0 < k < ap41 besuch that the interval fantkan+1([, . (co)) C
I, (¢co) contains a critical point of f49n+1. Then

f4n+k4n+l(1n+1(00)) = |In(CO)| . (718)



7.4. Quasisymmetric rigidity 191

(a)

A=L) T @

S Ay T A=) T

(b)
~  A=1I (c)
: ﬂ?@‘*
¢ : !
TA=ILD T ) B

Figure 7.2: The cases long/long and long/short of Lemma 7.7.

Proof. 1f k = 0 there is nothing to prove, since we already know from the real
bounds that | 9" (1,,4+1(co))| < |1 (co)|. Hence we assume that 1 < k < ap4+1—
1. Let us write A = fnFkdn+1(], | (co)) in this proof. Let 0 < j < gn41 be
such that f J(A) 3 ¢y, where ¢; # cg is another critical point of f. Note that

Ii (co) = f7(In(c)) D f7(A). We claim that | f/(A)| < | f7 (In(co))|- This
is a consequence of the following two facts.

(i) We have |I,{ (co)| =< [In+1(c1)|. Indeed, these two intervals have non-
empty intersection (they both contain c1), and since 7,/ (co) € Pn(co) and
In+1(c1) € Py(cr), their comparability follows from Lemma 7.7.

(ii) We have |I,11(c1)| =< | f7 (A)|. To see why, first note that
J+dn tkgnt1 < gqn + (kK + Dgnt1 < gn + ant1qn+1 = gn+2

from which it follows that
j n+kan
f(A) = LT o) € Putileo) -

Since In41(c1) € Ppy1(c1),and f7(A)NIy11(c1) D {c1} # O, we may
again apply Lemma 7.7 to deduce that 1,11 (c1) and f/ (A) are comparable.
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We now proceed as follows. Consider the (closure of the) gap between A and

I:llil inside /5, (co), namely the interval J = f:ll I;]flriq"“ (co). Note that if
k = 1then J = @; in this case A and 1;?11 are two adjacent atoms of %, 41 (co),
hence they are comparable by the real bounds (Theorem 6.3) and there is nothing
to prove. Therefore we assume that k > 2, so that J/ # . We already know
from the above claim that | f/(A)| = |I;] (co)|, and the real bounds also tell us

that |1/ (co)| = |I779" (co)|. Moreover, we have 17T T4+ (coy c £7(J)

n+1 \ n+1
1] (co). Since |I,{:1q"+q”+l(co)| = |I,{:_rlq" (co)|, because these two intervals
are consecutive atoms of %, 11(co), it follows that | £/ (J)| < |I,{_:'1q” (co)|. In

other words, the consecutive intervals f7 (A), f7(J)and I ,{ Lq "(co) are pairwise
comparable. In particular, the b-cross-ratio determined by these three intervals is
bounded from above and from below, i.e. there exists a constant K > 1 depending
only on the constant C of the real bounds such that

K</ f/M<K. (7.19)

Here we have written T = A U J U I,‘l]il(co). Note that T, f(T),..., f/(T)
are pairwise disjoint. Therefore, by the Cross-ratio Inequality applied to the home-
omorphism f7 (and m = 1), we have CrD(f/;J,T) < C, or equivalently
[f/(J), f/(T)] < C[J,T]. Using the lower estimate in (7.19), we see that
[J.T] > C 'K~ thatis,

AL (co)]
AU J[IJ U L7 (o)l

> (CK)™'. (7.20)

But, since J D I ,ffqunﬂ (co), and since 1 ,ﬁqu"“ (co)and I nqil (co) are adjacent

atoms of %, +1(co), we have by the real bounds
n+ n - n
AU > ] > 14" (o)l = CTHILY (co)l -

Moreover, |I,?il (co)| = C~1,(co)|, again by the real bounds. Putting these
facts back into (7.20), we deduce that
1Al = C2K7HT U L% (co)l > CTK ™ In(co)| -

This shows that A and [, (co) are comparable. Hence (7.18) is established, and
the proof of Lemma 7.8 is complete. O

Remark 7.12. Similarly to what we observed in Remark 7.11, the statement of
Lemma 7.8 is still true if we replace the critical point co by an arbitrary regular
point on the circle (see Exercise 7.9).
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7.4.2 Building a suitable fine grid

Recall that our aim is to build, for each multicritical circle map f, a fine grid
G(f) = {Zn(f)}n>0 which is adapted to f in the sense that all of its vertices are
dynamically labeled (in a canonical way that depends solely on the combinatorics
of p(f)). The vertices are taken from the forward orbit of one of the critical points
of f, say co € Crit(f). For each n > 0, the atoms of 2, (f) will be built as
unions of atoms belonging to the dynamical partitions &, ( f) with m > n. The
construction is subtle, and involves first building certain auxiliary partitions, using
what we already know about the geometry of dynamical partitions and Yoccoz’s
inequality, and then applying a recursive scheme.

Auxiliary partitions

The first step is to construct a suitable refinement of the dynamical partition &, (co)
(for each n > 1). This auxiliary partition, which we denote by Z2; (co), is finer
than &2, (co) but coarser than &, 1(co). Such auxiliary partition will be needed
in the construction of the fine grid presented in Proposition 7.6.

From now on we write, for 0 < k < a1, A = fITRan+1(1, 1 1(co)).
Note that each A is an atom of the dynamical partition &7, 41 (co), and that

anp+1—1

U 4k = In(co) \ Tn2(co) -

k=0

We consider the times 0 < k1 < ky < -+ < ky < ap+1 having the property that
Ay, contains a critical point of f9+1. These are called the critical times at level
n. For convenience of notation, we also define kg = 0. Note that f9#+! has at
most N critical points in [, (co), where N is the total number of critical points of
f. Since each such critical point belongs to at most two of the Ay ’s, we see that
r < 2N. Thus, although the non-negative integer r may depend on 7 (the level
of renormalization), it nevertheless ranges over only finitely many values. The
critical times k; also depend on n. The intervals Ay, for 0 < i < r will be called
critical spots.

Foreachi =0,1,...,r—1,letG; C I,,(co)\In+2(co) be the gap between the
two consecutive critical spots Ay, and Ay, | inside I,(co), namely the interval

kiy1—1

Gi= |J 4.

k=k;+1
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We also define, fori = r,
anp+1—1

G-= |J 4.

k=k,+1

We call G; the i-th bridge of I,,(co). See Figure 7.3. We remark that it may well
be the case that G; = O for some (or all!) values of i.

G G

O
co | A Aki 4y Ay Ay 1S (co)

Iyt2(co) |

In (CO)

Figure 7.3: Primary bridges and critical spots.

Lemma 7.9. Each non-empty bridge G; is comparable to I,(co).

Proof. 1f G; # @, then G; contains at the very least the atom Ay, ;, adjacent to
Ag;,and so we have |G| > |Ag, 41| < | Ay, |, by the real bounds. By Lemma 7.8,
we have |Ag. | < [I4(co)|. Since we also have G; C I,(co), it follows that
1Gi| = | In(co)l. 0

Thus, we have the following decomposition of 1, (co) \ I,+2(co) as union of
at most 2r + 2 < 4N + 2 intervals:

In(co) \ Int2(co) = | J A, U Gi. (7.21)
=0 i=0

In view of Lemmas 7.8 and 7.9, as well as the real bounds, each interval in the
above decomposition is comparable to I,,(cg). In particular, they are all pairwise
comparable.

Remark 7.13. Note that the image of each critical spot A, under f9"+! is also
comparable to I, (co): this is simply because f9"+!(Ay,) = Ak, 41 is adjacent
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to Ay, in #,41(co). Likewise, the image of each bridge G; under f97+! is also
comparable to I, (co), because either i < r and f97+1(Gj;) contains the critical
spot Ag, . ,,ori = r,in which case f9"+!(G;) contains /n42(co)-

Let us now map the decomposition (7.21) forward by f to get corresponding
decompositions of all long atoms I, (co) € Pu(co), for j = 1,2,...,qn+1 — 1.
We get in this fashion a new partition 27 (co) of the circle (modulo endpoints).
More precisely, let

Prico) = [FT(M) 1 0<i<r0<j<quii—1}  (722)
U{FG):0<i<ri 0< ) <gni—1}
ULF 7 (Un2) 0 < < g = 1
UL ) s 0< b < g1} .

This partition refines &, (co), although not strictly because each short atom of
P, (co) is left untouched by the above procedure.

Remark 7.14. Generalizing the nomenclature introduced earlier, all atoms of
P*(co) of the form f/ (A, ) are called critical spots, and all those of the form
f7(G;) are called bridges. We sometimes refer to bridges and critical spots con-
tained in /5, (c) (i.e., those with j = 0) as primary, and to the remaining ones as
secondary.

Proposition 7.4. Any two consecutive atoms of 2 (cq) are comparable.

Proof. By the real bounds (Theorem 6.3), the partition &2, (co) has the stated com-
parability property. Hence it suffices to check that all bridges and critical spots

of Z(co) inside each long atom 7, J (co) € Pu(co) are comparable to 1] (co).
We already know this for j = 0 (see Lemma 7.9 and the paragraph following
its proof). For the other values of j, map I;] (co) forward by f?»+1=J onto
LI+ (¢o) C In(co) U Ing1(co) and apply the Cross-ratio Inequality, combined
with Remark 7.13.

O

Balanced decompositions of bridges

We distinguish two types of atoms belonging to the partition &2, (co):
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(a) Regular atoms: These consist of all short atoms of &2, (cp), all of which
belong to Z2*(co), all intervals of the form f7 (I,42) (With 0 < j <
gn+1 — 1), all critical spots fj(Akl.) with0<i <r,0<j <gns1—1),
together with all those bridges G; ; = f/(G;) that have less than 1,000
atoms of &), +1(cp) init (i.e., those with k; +1 — k; < 1,000).

(b) Saddle-node atoms: These are the remaining bridges; to wit, those G; j
whose decomposition as a union of atoms of %, 4+1(co) has at least 1, 000
such atoms in it (i.e., those with k; +1 — k; > 1,000).

Proceeding by analogy with a procedure first described in de Faria and de Melo
[1999, §4.3], we will show, with the help of Yoccoz’s Lemma 7.3, how to get a
balanced decomposition of a saddle-node bridge.

The following lemma is the key to showing that, on every primary saddle-node
bridge, say G; C I, (co) given by

kit1—1

Gi= U Ak,

k=k;+1
the return map f97+! acts as an almost parabolic map.

Lemma 7.10. There exists a positive integer ng = no( f) such that the following
holds for all n > ng. For each non-empty primary bridge G; C I,(co), the
restriction f9"+1|g, has negative Schwarzian derivative everywhere, i.e., for all
x € G; we have S f9n+1(x) < 0.

Proof. This is an immediate consequence of Proposition 6.2 (see Section 6.5). [

From Lemma 7.10, we deduce the following result concerning the bridges G;,
0 <i < r, contained in the closest return interval 7, (co) (see Figure 7.4).

Proposition 7.5. For all n > ngy, where ng is as in Lemma 7.10, and each i =
0,1,2,...,r for which the bridge G; C I,(co) is non-empty, the restriction

fintig, : Gi — fI+1(G))

is an almost parabolic map with length {; = ki+1 — ki — 1 and width o; > o,
where 0 = 6(C) > 0 depends only on the constant C in the real bounds.



7.4. Quasisymmetric rigidity 197
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Figure 7.4: Two consecutive critical spots and the bridge joining them: the dy-
namical picture.

Proof. By construction, the map ¢ = f97+!|g, has no critical points, hence it
is a diffeomorphism onto its image. Since G; = U];’: kl,-_+11 Ay and ¢(Ag) =
fIt1(Ag) = Ag4q forall k, it follows that the length of ¢ is as stated. Moreover,
by Lemma 7.10, we have S¢ = Sf97+! < 0 throughout. Finally, since the
intervals Ay, 41 and Ag, ., are both comparable to G; (by the real bounds and
Lemma 7.9), the last statement concerning the width of ¢ follows as well. O

Combining Proposition 7.5 with Lemma 7.6 and the Koebe distortion principle,
we deduce that every saddle-node bridge admits a balanced decomposition. More
precisely, we have the following result.
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Corollary 7.4. Foralln € N, each non-empty bridge G; ; = f/(G;) € 2 (co)
admits a balanced decomposition (with uniform comparability constants depend-
ing only on the real bounds for f).

Proof. We may of course assume that n > ng, where ng is as in Lemma 7.10.
For primary bridges, namely G; 0 = G; C In(co) (i.e., those with j = 0), the
assertion follows from Proposition 7.5 and Lemma 7.6. For secondary bridges,
namely G; ; = f7(Gi), 1 < j < gny1 — 1, use the fact that £/ : int(G;) —
int(G;,;) is a diffeomorphism and apply Koebe’s distortion principle (the image
under f/ of the balanced decomposition of G; yields a balanced decomposition
of G;,;, as desired). O

The recursive scheme

Now we define an auxiliary collection of intervals &2, *(co), for each n > 1. The
intervals belonging to &2, *(co) are all atoms of &, (co) which are not saddle-
node, together with the atoms of the balanced partitions of all saddle-node atoms
of 27 (co). We warn the reader that, unlike 22, (co), the collection &2, *(co) is
not a partition of S (modulo endpoints), since it contains, for instance, all central
intervals of any given saddle-node atom of 27 (c¢), and these are in fact nested.
The partition 2, ( f) that we want is constructed using elements from 2,,* (co)
and &, (co) for various values of m < n. The construction follows a recursive
scheme that we proceed to describe.

Proposition 7.6. There exists a fine grid {2, (f)} in S' with the following prop-
erties.

(a) Every atom of 2y (f) is the union of at most a = 4N + 3 atoms’ of
o@n-i-l(f)'

(b) Every atom A € 2,(f) is a union of atoms of Z,,,(co) for some m < n,
and there are three possibilities:
(b1) A is a single atom of P, (co);
(bz) A is a central interval of 2,*(co);

(b3) Ais the union of at least two atoms of &, __, (co) contained in a single
atom of Py (co).

SAs we saw in Section 7.4.2, each long interval I,‘; (co) € Pn(cp) is decomposed as the union
of 2r + 3 < 4N + 3 atoms of &, (o).
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Proof. The proof is by induction on n. The first partition 21 ( f) consists of all
atoms of &} (co) which are not saddle-node atoms together with the intervals L,
M and Ry of each saddle-node interval I € &} (co) (I = Lo U My U Ry). Itis
clear that each atom of 2; (/') falls within one of the categories (b1)-(b3) above.

Assuming 2, ( f) defined, define 2,4+1(f) as follows. Take an atom [ €
2,(f) and consider the four cases below.

(1)

2)

)

If I is a single atom of .,y (co) then one of two things can happen:

(i) I is a saddle-node atom: In this case write I = Lo U M; U Ry as
above and take Lg, Ro and M as atoms of 2, ;. Note that the lateral
intervals Lo and Ry are atoms of type (b;), while the central interval
M is of type (b2).

(i1) [ is not a saddle-node atom: Here, there are two sub-cases to consider.
The first possibility is that [ is a single (regular) atom of %2, (cg), in
which case we break it into the union of at most a atoms of &, (co)
and take them as atoms of 2,41 (f), all of which are of type (b1). The
second possibility is that / is a (short) bridge, in which case we break
it up into its < 1, 000 constituent atoms of &y, +1(co) and take them
as atoms of 2, +1(f), again all of type (b1).

If I is a central interval of &7, (co) which is not the final interval, consider
the next central interval of (c¢g) inside 7, say M, and the two corresponding
lateral intervals L and R such that / = L U M U R, and declare L, R and
M members of 2,11(f). Note that L and R are of type (b3), while M is
of type (b2).

If I is a union of p > 2 consecutive atoms Jy, ..., Jp of &1 1(co) inside
a single atom of 22, (co) (this happens when / is contained in a lateral
interval of the balanced decomposition of a long bridge), divide it up into
two approximately equal parts. More precisely, write p = 2q + r, where
r =0or 1, and consider I = L U R where

p
L=\J1.r= | J;.

Jj=1 Jj=q+1

We obtain in this fashion two new atoms of 2, 41(f) (namely L and R)
which are either single atoms of %, +1(co), and therefore of type (b1), or
once again intervals of type (b3).
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This completes the induction. That {2, ( f)},>1 constitutes a fine grid follows
easily from the real bounds, Lemma 7.6, Remark 7.8 and Corollary 7.4. Indeed, it
suffices to verify that condition (c) of Definition 7.2 is satisfied (for some constant
p > 1 depending only on the real bounds). Given two adjacent atoms A, A’ € 2,,,
there are two cases to consider.

(a) There exist m,m’ < n such that A is a single atom of &,,(co) and A’ is a
single atom of 22,/ (co). In this case, either m = m’, or m and m’ differ by
1 (this is easily proved by induction on 7 from the construction of 2, given
above). But then we have |A| < |A’| by the real bounds (Theorem 6.3).

(b) Forsome m < n, at least one of the two atoms, say A, is the union of p > 2
atoms of Py, 41(co) inside a single atom of &2, (co), which is necessarily
a bridge. This implies that both A and A’ are contained in the same bridge
G € Z; (co). Looking at the balanced decomposition of G (given by Corol-
lary 7.4), we see that there are two possibilities. The first possibility is that
both A and A’ are contained in the same lateral interval (L;, R;) or the same
central interval (M;) of said balanced decomposition. In this case, A and
A’ are both unions of the same number of fundamental domains of G, and
we have |A| =< |A’| by Lemma 7.6 and Remark 7.8. The second possibility
is that A and A’ are contained in adjacent intervals of the balanced decom-
position of G. In this case, one of the two atoms, A or A’, is the union of
at most twice as many fundamental domains of G as the other, and we have
|A| < |A’|, again by Lemma 7.6 and Remark 7.8.

This establishes the desired comparability of adjacent atoms of 2, ( f) in all cases,
with uniform constants depending only on the real bounds, and the proof is com-
plete. O

7.4.3 The punchline

The proof of Theorem 7.2 is now within reach.

Proof of Theorem 7.2. By hypothesis, the conjugacy / sets a bijective correspon-
dence between the critical points of f* and the critical points of g. Let ¢ be a critical
point of £, and let /1(c) be the corresponding critical point of g. Then /2 maps each
partition &, (c, f) onto the corresponding partition &2, (h(c), g), sending critical
spots to critical spots and bridges to bridges. Therefore if ¥y = {2, (c, f)} and
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Ye = {Zn(h(c), g)} are the fine grids for f and g, respectively, given by Proposi-
tion 7.6, it follows that 2 maps ¢ bijectively onto &, . But then, by Corollary 7.2,
h is quasisymmetric. This finishes the proof. O

Exercises

Exercise 7.1. Let ¢ : S' — S! be a quasisymmetric homeomorphism. Given
an interval T C S, let my > 1 be the infimum over all C > 1 such that
C Uy (D] < |[w(J)| < Cly ()] for all pairs of adjacent intervals I,J C T
of equal length.

(i) If I ¢ T C S! are intervals sharing an endpoint and satisfying 6 =
[1]/|T| < 1/2, show that

gpr@ < WL gy
1Y ()

where
pr6) = (14 = ) omt+mn) . yr(®) = (1= 1 ) log 4z,

and where k > 2 is the unique integer such that 2% < § < 2=&=1_ [Hint.
Foreachn > 1, let T,, C T be the subinterval sharing an endpoint with
both I and T and having length 27"|T'|. First estimate | (T, +1|/|V (Ty)|
and then use a telescoping decomposition.]

(ii) Deduce from (i) that every quasisymmetric homeomorphism is bi-Holder
continuous.
[Reference: de Faria [1996].]
Exercise 7.2. Prove Corollary 7.1.
Exercise 7.3. Prove the assertions made in Remark 7.1.
Exercise 7.4. Prove Corollary 7.2.
Exercise 7.5. Prove Lemma 7.2.

Exercise 7.6. Let f be a multicritical circle map with irrational rotation number
6 = p(f) of bounded type, and let & : S — S! be a quasisymmetric homeo-
morphism conjugating f to the rotation Rg (such an 4 exists by Herman’s Theo-
rem 7.1). Show that & is purely singular with respect to Lebesgue measure, i.e.,
Dh(x) = 0 for Lebesgue almost every x € S?.



202 7. Quasisymmetric Rigidity

Exercise 1.77. Prove the assertion made following the statement of Theorem 7.2,
namely, that the Arnold analytic diffeomorphisms given in Theorem 4.6 cannot be
quasisymmetrically conjugate to a rotation.

Exercise 7.8. Given a quasisymmetric homeomorphism ¢ : S' — S, consider
its scalewise logarithmic quasisymmetric distortion €5 : RT™ — R defined by

€p(t) = sup log Pir +7)—¢(x) .
xeR, |t|<t ¢(x)—¢(x—r)

Note that €4(#) is a non-decreasing function of 7. The purpose of this exercise is
to guide the reader to a proof of the following theorem due to L. Carleson [1967].

1 2
€p(l
Theorem. 1f / M dt < 0o, then ¢ is absolutely continuous, and in fact its

0
derivative D¢ belongs to L2(S1).

Let (¢, )n>0 be the sequence of dyadic C° approximations® to ¢, and for each
n > 0let
K. — Pn((k +127") — ¢pn(k27")
n = sup — — .
1<k<2n—1 Pn(k27") — ¢ ((k — 1)277)

For eachn > 0, let ¢, = D¢,. Note that, since ¢, is piecewise affine, ¢, is a
step function, and we have

Gn(x) = Bu(0) + /0 on()dt . (7.23)

(i) Show that log K, < €4(27"), and deduce from this that

o0
> (Kn—1)?<o0.
n=0
(i1) Show that for each m > n > 0 we have
lom —all®> = llgmll* = llgnll® .

(iii) Using (i) and (ii), show that (¢, ), >0 is a Cauchy sequence in L2(S!); hence
it is also a Cauchy sequence in L (S!) (why?).

6As usual in this book, we think of the circle R/Z as [0, 1] with the endpoints 0 and 1 identified.
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(iv) Combining (iii) with (7.23) and the fact that (¢, ) converges uniformly to ¢,
deduce that ¢ is absolutely continuous, and that D¢ = ¢ (Lebesgue a.e.),
where ¢ = limg, € L?(S1).

[Reference: See the expository note de Faria [n.d.]]

Remark. In the language of probability theory, what we have in Exercise 7.8 is an
instance of an L2 martingale convergence theorem.

Exercise 7.9. Let f : S1 — S! be a multicritical circle map with irrational rota-
tion number, andlet x € S'. If0 < i < a,41issuchthat A = f9nTidn+1(],(x))
is a critical spot at level n, show that |A| < |I,(x)|. Do this by working through
the following steps:

(i) Let £ € A be a critical point of f9»+1, say £ = f~/(c) for some ¢ €
Crit(f) and some 0 < j < ¢gn+1. Show that the interval L C I,,(x) with
endpoints £ and f97+1(§) is comparable to A.

(i) Show that the interval M with endpoints £ and f 97 (¢) that does not contain
X is comparable to 15, (x).

(iii) Let R be the interval with endpoints 97 (£) and f 29 (§) that does not con-
tain x, and let 7 = L UM U R. Show that the cross-ratio [/ (M), f/(T)]
is bounded from below.

(iv) Using (iii) and the Cross-ratio Inequality, show that |L| =< |M|, and deduce
from this that |A| < |I,(x)|, as desired.



In this chapter we examine multicritical circle maps from the point of view of mea-
surable dynamics. We have seen in Theorem 2.3 that every homeomorphism of the
circle without periodic points is uniquely ergodic. In particular, every multicriti-
cal circle map f with irrational rotation number is uniquely ergodic. If i denotes
the unique Borel probability measure invariant under f', then we also know from
Corollary 2.2 that u is either absolutely continuous or purely singular with respect
to Lebesgue measure. Can we resolve this dichotomy?

The answer is yes. As we will see in Section 8.2, Khanin [1991] proved that
the measure u is always purely singular with respect to Lebesgue measure. After
establishing this fact, we will prove in Section 8.3 that the Lyapunov exponent of
f under p is equal to zero (compare with Theorem 3.11 in Section 3.4.2). We will
close this chapter with the statements of some results on the Hausdorff dimension
of the invariant measure u (see Section 8.5).

8.1 The integrability of log D f

As before, let f be a C3 multicritical circle map with finitely many non-flat critical
points and with irrational rotation number p( f), and let i be its unique invariant
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Borel probability measure. By Yoccoz’s Theorem 6.2, there exists a circle homeo-
morphism / : §! — S which is a topological conjugacy between f and the rigid
rotation by angle p( /), namely R,(r). More precisely, the following diagram
commutes.

St w) —— (S

3l [

(St,m) —— (S'.m)
Rpr)
where m denotes the normalized Lebesgue measure in the unit circle (the Haar
measure for the multiplicative group of complex numbers of modulus 1). There-
fore, ju is just the push-forward of Lebesgue measure under 27!, that is, (A4) =
(h;1 m) (A) = m (h(A)) for any Borel set A in the unit circle (recall from Exer-
cise 2.3 that the conjugacy 4 is unique up to post-composition with rotations, so
the measure u is well-defined).

In this section we prove that log Df belongs to L'(1). Let us denote by
1.2, ..., cy thecritical points of f. Letg : ST — Rbe givenby ¢ = |log Df|.
Foreach1 < j < N andeachn > 1, let J,(cj) = In(c;) U Int1(c;). We will
use the following four facts:

F1. From the real bounds (Theorem 6.3) there exists 0 < A < 1 such that
| (cj)| = > Ak forallk > landeach1 < j < N.

F2. Asexplained above, the measure u is the pullback of the Lebesgue measure
under any topological conjugacy between f and the corresponding rigid
rotation. In particular, for each 1 < j < N and for all &k > 1, we have
w(Ik(cj)) = |qxf — px| and by Theorem 1.2(i):

< u(lx(cj)) < forallk > landeach1 < j < N.

qdk + gk +1 qk+1

F3. By combinatorics, we have u(Ix(c;j)\ Ix+2(cj)) = ary1u(Ix+1(cj)), for
allk > 0Oandforeach 1 < j < N.

F4. Since each c¢; is a non-flat critical point, there exist Co > 0 and a neighbor-
hood V; of c¢; such that for all x € V; we have

p(x) < Colog 8.1

lx —cjl”
We may assume, of course, that the V;’s are pairwise disjoint.
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¢ = |log Df|

1
L *—O S

F T\ 41 4‘ ¢ Flk\lk-i-zq

~ T —
— T —

Figure 8.1: Bounding the integral of ¢ = |log Df| near a critical point c.

With all these facts at hand we are ready to prove the desired integrability result.
This result was first obtained by Przytycki [1993, Th. B], but the proof presented
here is taken from de Faria and Guarino [2016].

Proposition 8.1. The function log Df is u-integrable, i.e., log Df € L'(u).

Proof. Foreachl < j < N and eachn > 1, we define E,, = Uﬁ-vzl Ju(cj) and
consider ¢, : S' — R given by

¢n =1lgn\E, "¢,

that is, ¢, = 0 on each J,(c;) and ¢, = ¢ on the complement of their union.
Note that the sequence {¢, } converges monotonically to ¢ = |log Df|. Let ng
be the smallest positive integer such that J,,(c;) € V; forall1 < j < N. We
only look at values of n greater than ng. Then, since ¢, is identically zero on E,,
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and agrees with ¢ everywhere else, we can write

N n-—1

/Sl on it = /Sl\En dut ) Z/ pdp  (82)

J=1k=nq I (cj)\Ir42(c))

The first integral on the right-hand side is a fixed number independent of n. Hence
it suffices to bound the last double sum. Using (8.1) and the fact that in Jx(c;) \
I +2(cj) the closest point to ¢ is f9k+2(c;), we see that (see Figure 8.1)

n—1

/ pdp <
k=no I (cj)\ Ik +2(c;)
n—1
< Co Pk (cj) \ Ix+2(cj)) log (8.3)
k; / 2 [Ixe+2(c;)l
=no
Applying facts F1, F2 and F3 to this last sum, we see that
n—1
k(i) \ Tg+2(cj)) log ———— <
k; PR T )l
=no
n—1
<Cr Y (k+2) ars1lgrs10 — pres1l (8.4)
k=ng
However we know from Theorem 1.2 that
G410 = praa] < — 1 1 (85)
qk+1Y — Pk+11 X = < .
- * dk+2 Ak+19k+1 T dk Ak+19k+1
Putting (8.5) into (8.4) we get
n—1
1 (k + 2)
D uUi(e) \ Tega(cj)) log m———— < C Z (8.6)

ka2l — 2 | Gk

k=ng

Since the gz ’s grow exponentially fast (at least as fast as the Fibonacci numbers),
we have

> k+2) _
>

k—o 1k+1
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Hence the left-hand side of (8.6) is uniformly bounded. Taking this information
back to (8.3) and then to (8.2), we deduce that there exists a constant C, > 0 such
that

/Qﬂndu < Cy, foralln > 1.
Sl

But then, by the Monotone Convergence Theorem, ¢ is u-integrable, as desired.
O

Remark 8.1. The proof of Proposition 8.1 yields, mutatis mutandis, a slightly
stronger result, namely that log Df € L?(u) for every finite p > 1.

8.2 No invariant o-finite measures

As mentioned before, the unique Borel probability measure which is invariant un-
der a minimal multicritical circle map is purely singular with respect to Lebesgue
measure. This result was first proved by Khanin [1991, Th. 4] in the late eighties,
with the help of a certain thermodynamic formalism (see also Graczyk and Swiatek
[1993, Prop. 1]). We will follow a very different approach from the one used by
Khanin. We will in fact prove a stronger result, namely the following theorem.

Theorem 8.1. Let f : S' — S be a C3 multicritical circle map with irrational
rotation number. Then f does not admit a o-finite invariant measure which is
absolutely continuous with respect to Lebesgue measure.

This theorem was recently proved by the authors, see de Faria and Guarino
[2021]. Our entire exposition here is extracted almost ipsis verbis from that paper.

The fact that a circle map f is uniquely ergodic does not eliminate the pos-
sibility that f leaves invariant an infinite, o-finite measure which is absolutely
continuous with respect to Lebesgue measure. For instance, if f happens to be a
Denjoy counterexample, it is easy to construct a plethora of such measures (see
Exercise 8.1). In fact, examples of minimal C *° diffeomorphisms of the circle pos-
sessing infinite, o -finite invariant measures have been shown to exist by Katznel-
son [1977] (see Exercise 8.2 for a non-smooth example).

Theorem 8.1 is saying that the above phenomenon cannot occur in the realm
of multicritical circle maps. For its proof, one can argue by contradiction. If f is
a minimal multicritical circle map and w is an infinite, o-finite invariant measure,
let us denote by ¥ = du/dm the Radon—Nikodym derivative of p with respect
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to Lebesgue measure m. Then i is a Borel function such that 0 < ¥ < oo
Lebesgue-a.e., and the following cocycle identity is satisfied:

V(x) =y o f(x)- Df(x) forLebesguea.c.x € S!. 8.7)

The rough idea will be to show that, due to the presence of (non-flat) critical points,
/ has the following property. Near every point x on the circle, and at every scale,
one can find two intervals of very different lengths, say I and J, and an iterate
of f mapping one of them onto the other diffeomorphically, say J = f*(I),
with bounded distortion. However, if E denotes a positive Lebesgue measure set
of points on the circle where i is approximately constant, we can take x to be
a Lebesgue density point of £, and choose / and J so close to x that they are
both almost filled-in by points of E. The cocycle identity (8.7) and a bounded
distortion argument then imply that Df* is approximately equal to 1 inside I.
But this implies that / and J have approximately the same length, a contradiction.

Let us turn this rough idea into a formal criterion.

8.2.1 The Katznelson criterion

The proof of Theorem 8.1, given originally in de Faria and Guarino [2021] and
reproduced in Section 8.2.2 below, is based on a criterion for non-existence of o-
finite measures which is a generalization of a criterion given by Katznelson [1977,
Th. 1.1].

Recall from Chapter 7 that a nested sequence of partitions {Zn}n>0 1s a se-
quence of finite interval partitions of S! (modulo endpoints) with the property
that each atom of .2, is a union of atoms of 2,41, for all n > 0, and such that

mesh(Z2,) — 0asn — ool.

Definition 8.1. 4 C! circle homeomorphism f has the Katznelson property if
there exist a nested sequence of partitions {2, }n>0 and constants 1 < by < b;
and 0 < 6 < 1 such that the following holds. For each A € 2y, the collection
dA ={J € Dy41: J C A} can be decomposed as a disjoint union o4 =
szflA U MZA U Q%A with the following properties:

(i) Foreach Jy € ;zflA and each J, € dzA we have |J1| = bo|J2],

! As customary, the mesh of a partition is the maximum length of its atoms.
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(ii) Foreach J, € ;zflA and each J, € MZA there exists k € N such that f¥| I
is a diffeomorphism mapping J1 onto Jo, and we have Df¥(x) > bl_1 for
all x € J1.

(iii) We have A(£2) > 0|A|, where

o= 7.

JedPuap

(iv) The sub-collections MIA and szzA have the same number of elements.

Remark 8.2. The sub-collection .!Z{?,A, about which nothing is said in the above
definition, plays no role in the arguments to come. Only gflA and %A matter.

Theorem 8.2. Let f : S' — S! be a C' minimal homeomorphism, and suppose
that f has the Katznelson property. Then f does not admit a o-finite invariant
measure which is absolutely continuous with respect to Lebesgue measure.

We refer to this theorem as the Katznelson criterion.

Proof. Assume by contradiction that there exists a o-finite measure p which is
invariant under f and is absolutely continuous with respect to Lebesgue measure.
Let v = du/dm be the corresponding Radon—Nikodym derivative. This is a
Borel measurable function that is positive and finite Lebesgue a.e., and it satis-
fies the cocycle identity (8.7). By an easy induction, that cocycle identity can be
written more generally as

Y(x)=1vyo fk(x) . ka(x) for Lebesgue a.e. x € S!, forallk € Z . (8.8)

Fix a small number 0 < § < 1; we will need it small enough that (14 8)~1hg > 1.
For each real number ¢ consider the Borel set E. = {x € S! : ¢ < ¥(x) <
¢(146)}. Then we have m(E.) > 0 for some choice of ¢. We choose such ¢ and
from now on write £ = E,.

By the Lebesgue density theorem, m-a.e. x € E is such that the density of £
at x is 1. Hence for each € > 0 we can find a suitable level » € N and an atom
A € 2, such that

m(E N A)

>1—ec. (8.9)
14|
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We will show that the assumption at the start of this proof contradicts our standing
hypothesis on f if we take € sufficiently small. How small ¢ has to be will be
determined in the course of the argument to follow.

Let «74 and y%iA, i = 1,2, 3 be as defined before, and fori = 1,2 let £2; =
Uy e J. Then (iii) in our standing hypothesis tells us that 2 = £2; U £2,

satisfies m(§2) > 6| A|. Hence from (8.9) we have
m(E N £2)

>1—ep! .
) >1-—ef!, (8.10)

provided e is so small that e§~! < 1. Note that our standing hypothesis also tells
us that bg m(£2;2) < m(£21) < by m(£2,). These inequalities imply that

m(22) < (1 +by)y m(21) and m(2) < (1 + by) m(25) . (8.11)
Using (8.10) and the first inequality in (8.11), we get

m(21) < m(E N 21) + m(2\ E)
m(E N £21) + €07 m()

<
<mENK2y) + €071 +bgh)y m(2y) .

Hence we have
m(E N .Ql)

m(§21)

and this lower bound will be positive (in fact close to one) provided € is sufficiently
small. Similarly, using (8.10) and the second inequality in (8.11), we deduce that

>1—e0 (1 + b5ty

m(E N .Qz)

>1—€e01(1+by).
m(£22) ( 1)

Thus, writing n = €6~ max{1 + bgl , 14+ b1} =€671(1 + by), we have

m(E N $2;)

>1—n, fori=1,2. 8.12
() L (512

Note that n — 0 when € — 0. Now, since both £2; and §2, are disjoint unions
of atoms in 2,11, it follows from (8.12) that there exist atoms J; € szlA and
Jo € %A such that

m(JiNE)>0—=n|Ji|, fori =1,2. (8.13)
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Letk € N be such that f k maps J; diffeomorphically onto J5, and let us estimate
the Lebesgue measure of £ ~%(J, \ E). By (ii) in our standing hypothesis and the
chain rule we have Df ~K(y) < by forall y € J,. Since by (8.13) we have
m(J2 \ E) < n|J2], we get

m(f (I \ E)) = / Df* dm < binlJa . (8.14)
JIo\E

Letting J' ={x e INE : f¥*(x) € E}, it follows from (8.13) and (8.14) that
m(Ji) = m(1 N E) =m(fT*(J2\ E)) > [(1 = mbo —nb1] | 12| .~ (8.15)

But now observe that the equality ¥ = (¢ o f%¥)Df¥ holds Lebesgue almost
everywhere: this is simply the cocycle identity (8.8). Since for every x € J;* we
have both x € F and f k(x) € E, it follows from this equality and the definition
of E that for Lebesgue a.e. x € J;* we have Df¥*(x) > (14 8)~!. Therefore

1> m 0 = [ Dffdm s e 9T mon. 610

1

Combining (8.15) and (8.16) and cancelling out |J>| from both sides of the result-
ing inequality, we deduce at last that

(148" —n)bo —nb1] < 1. (8.17)

But since (1 + §)"1bg > 1, the inequality (8.17) is clearly violated if 7 is suf-
ficiently small, which is certainly the case if we choose ¢ sufficiently small. We
have reached the desired contradiction, and the proof is complete. O

8.2.2 Proof of Theorem 8.1

The proof of Theorem 8.1 entails two separate arguments, presented in separate
sections below as first step and second step, respectively. Which argument applies
for a given map f depends on the nature of its rotation number — more precisely,
on the behavior of the partial quotients of the continued fraction development of
p(f).

The first argument deals with all irrational rotation numbers except those num-
bers (of bounded type) whose partial quotients are bounded by a certain constant
B that depends only on the real bounds (Theorem 6.3). The second argument



8.2. No invariant o-finite measures 213

takes care of the bounded type case. They are presented as two separate theorems,
namely Theorem 8.3 and Theorem 8.4, respectively.

The arguments presented in both proofs have different flavors, exploiting dif-
ferent aspects of the geometry of multicritical circle maps. In particular, while the
proof of Theorem 8.3 uses the real bounds and Yoccoz’s inequality (Lemma 7.3),
the proof of Theorem 8.4 uses only the real bounds.

First step

The precise result we shall prove here is the following weaker version of Theo-
rem &.1.

Theorem 8.3. Given N > 1in N and d > 1 there exists a universal constant B =
B(N,d) € N such that the following holds. If f is a multicritical circle map with
at most N critical points whose criticalities are bounded by d, and if the rotation
number of f is irrational and its partial quotients a, satisfy limsup a, > B, then
f does not admit an invariant o-finite measure which is absolutely continuous
with respect to Lebesgue measure.

In the proof of Theorem 8.3, we will make extensive use of the following fact,
which is an immediate consequence of Lemma 7.8.

Lemma 8.1. Let co be a critical point of f, and let 0 < k < an1 be such that
the interval fInTkdn+1 (In+1(co)) C I, (co) contains a critical point of fn+1,
Then

(TR (L1 @o)) | = | £ (Infe))| foralli € 0.1, qns)

Proof. We only sketch the proof. For i = 0 the statement is just Lemma 7.8.
Moreover, by Theorem 6.3, the image of each critical spot under f97+1! is also
comparable to I, (co); this is simply because

SOt (f ORI+ (1, 4 (co))) = fInTEFDIt1(, 4 (co))

isadjacentto f9nKan+1 (1,1 1(co)) in P, 41(co). So the statement of our lemma
also holds for i = gn41. Now, foreachi € {1, ..., gn4+1 — 1} consider the iterate
f94n+17" "and apply the Cross-ratio Inequality (Theorem 5.1). O

In keeping with the terminology introduced in Section 7.4.2, an interval such
as fantkant1(], 4 (co)) appearing in the statement above, containing some crit-
ical point of f97+1 is called a critical spot. Thus, Lemma 8.1 is saying that every
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critical spot is large, i.e., is comparable to the atom of 2, (c¢) in which it is con-
tained, and the same happens to all its images up to time i = ¢, +1.

Proof of Theorem 8.3. By Theorem 8.2, it suffices to show that an f as in the state-
ment satisfies the standing hypothesis previously formulated, provided lim sup a,
is sufficiently large. This will be proved with the help of the real bounds (Theo-
rem 6.3), Yoccoz’s inequality (Lemma 7.3) and Lemma 8.1 above.

Let ¢ be a critical point of f and consider the associated dynamical partitions
P(co) forn = no(f), where no(f) is as in Theorem 6.3. We are also assum-
ing that such n is large enough that the iterates f4" and f97+! have negative
Schwarzian derivative at all points in 7,1 (co) (I, (co) respectively) where their
derivatives do not vanish (this is possible by Proposition 6.2). We will only con-
sider in the prooflong atoms of &2, (c¢), the proof for the short ones being the same.
Moreover, we will decompose first the collection {J € Ppti1(co): J C Iy (co)},
and then we will spread this decomposition iterating by f. Solet A = I,(co),
and consider the following consecutive atoms of %, 41(co) inside A: Ay =
S (Iny1)and Aj; = fIa+1(Ag) for j = 1,2,...,an41 — 1; note that Aj =
SIt1(Aj_y) forall 1 < j < aup41 — 1. Some of these intervals may be critical
spots (which are always comparable in size with |A|, by Lemma 8.1). We look at
the bridges between such critical spots, and pick the longest one. More precisely,
let 0 < j1 < Jj2 < ap+1 — 1 with j, — j; maximal with the property that ¢ =
fan+i |Aj1 U-UA, is a diffeomorphism onto its image. Let 7, = Aj U---UA,,
R, = Aj],Ln = Aj2 and M, =T, \ (L, URy) = Ajl+1 U'--UAjz_l. Note
that ¢| ps,, is an almost parabolic map (Definition 7.3) with length £ = j> — ji1 —1,
and note that £ > a,4+1/(N + 1), where N is the number of critical points of f.
Letuswrite J1 = Aj 41, J2a =Aj,42, ..., Jg = Ajl+g = Aj,—1. From the
real bounds (Theorem 6.3), we have |J1| < |A| < |J¢|, with beau comparability
constants. Therefore, by Yoccoz’s inequality (Lemma 7.3), there exists a constant
Co > 1, depending only on f', such that, forall 1 < j < ¢,

: G <MWl Co
min{j , £ — j}? |Al " min{j, £ — j}?

(8.18)

Now we claim that there exists a constant ¢ > 0 (depending only on f) such that

|FiL)| > 7| fA(My)| and | f1(Ry)| > T | £ (M)

foralli € {0, ..., gn+1}- Indeed, again by combining Theorem 6.3 with Lemma 8.1
we obtain the claim for bothi = 0 and i = g,+1. By the Cross-ratio Inequality
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(note that the intervals Ty, f(Ty), ..., f9+171(T},) are pairwise disjoint), we de-
duce the claim forany i € {1,...,gn+1 — 1}. With this at hand, and since f*|T,
is a diffeomorphism for any i € {0,...,¢n+1}, we can apply Koebe distortion
principle (Lemma 5.2) in order to obtain a constant K = K(f) > 1 such that
Jf"|m, has distortion bounded by K for eachi € {0,...,g,+1}. Let us now de-
fine B =2(N + 1) {MCO] + 1. We are assuming from now on that n is one
of infinitely many natural numbers such that a,+; > B. Let m be the smallest
natural number such that K Cozm_2 < %; in other words, let m = [\/ﬁ C0-|.
Since a,+1 > B, we have

14 An+1 B
AN > V2KCo |l =m .
27 2N+ C 2N+ [ OW "

Thus, setting J' = Jy and J” = ¢™ 1 (J') = Jy, it follows from (8.18) that

1 17" C¢ 1 1
< <2< = < =.
C¢m? |7/ m?2 2K 2

(8.19)

We are now ready to define the desired decomposition of 274, the collection of
all atoms of %2, 4+1(co) that are contained in A = I,,(cg). Let MIA = {J'}, let
dp ={J"}andlet P = 72\ (P UP). We claim that this decomposition
satisfies all conditions (i)-(iv) in the standing hypothesis. From (8.19), we have
|[J'| = 2|J"|, so (i) is satisfied with by = 2. By the mean value theorem, there
exists & € J’ such that

/" 1
om

D" (§) =

where we have again used (8.19). By Koebe distortion principle, there exists
C; > 1 (depending only on f') such that

D™~ (x)
Dgm=1(§)
Combining these facts we deduce that D¢p™1(x) > (C02C1m2)_1, and so (ii)
is certainly satisfied if we take k = ¢gu4+1(m — 1) and by = KC02C1m2 =

2
KC3Ci [V2KCo| . Notethat by > 2 = bo. For 2 = J' U J", we now

crl < < Cp, forallxeJ'.
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have, using (8.18), the simple bound m(2) = |J'| + |J"| > |J/| = C5 1A .
This shows that (iii) is satisfied if we choose 6 = Cj 1 < 1. Finally, condition
(iv) is trivially satisfied because both MIA and MZA have a single element.

Now we spread the previous decomposition along the whole family of long
intervals of &7, (co). More precisely, for eachi € {1,...,¢g,+1 — 1} we define a
decomposition of .o/ 4 the collection of all atoms of %, 41 (co) that are contained
in A = fi(Iy(co)), as follows: let 2 = {fi(J")}, let ZA = {f1(J")}
and let 52%3A = o4\ (;z%lA U szsz). Again, we claim that this decomposition
satisfies all conditions (i)-(iv) in the standing hypothesis. Indeed, for each i €
{l.....qn+1— 1} letx] € J' and x] € J” be given by the mean value theorem:

£ Dria) 107
77N T DD 1T

By bounded distortion and (8.19) we obtain

}fi(J”)‘ _ Dfi(x;/) |J”| _ |J”| _ KCO2
iU DG 1T T m?

<

N =

So (i) is again satisfied with bp = 2. Now if we conjugate q?m_l. :J' — J” with
the iterate f7, we obtain a diffeomorphism f? 0¢™ 1o f71 ¢ f1(J') — f1(J")
which satisfies the following for all x € f*(J'):
D(f"o¢™ o f7)(x) = D" (f 7)) D (" o fTT(x)) DF T ()
1y i, D@ o T (x)
:Dd)m l(f l(x)) ( i — )
DfI(f~(x))

Since /% (x) belongs to J, ¢™~1( f 7 (x)) belongs to J” and then

D(f o¢™ o fT)(x) > %D¢’”‘1(f"'(X)) > %(cozclmz)‘l :

Therefore, just as before, (ii) is again satisfied with k = ¢g,+1(m — 1) and b1 =
2

KC02C1m2 = KC02C1 {\/ 2KC0-| . By Lemma 8.1, the i-th iterate of a critical

spot, contained in I, (c), is comparable to £ (In (co)) foralli € {0,1,...,¢gn+1}

and then, by Theorem 6.3, the interval f7(J’) is comparable to £ (I n (co)) as well,
which implies (iii). Again, condition (iv) is trivially satisfied. Summarizing, we
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have shown that, for infinitely many values of n, the partitions &2, (co) satisfy
conditions (i) through (iv) of the standing hypothesis. Therefore, by Theorem 8.2,
f does not admit a o-finite invariant measure equivalent to Lebesgue measure.
This finishes the proof. O

Second step

We now move to the bounded type case. Here our goal will be to prove the follow-
ing result.

Theorem 8.4. If f is a multicritical circle map with an irrational rotation number
of bounded type, then f does not admit an invariant o-finite measure which is
absolutely continuous with respect to Lebesgue measure.

In the proof of Theorem 8.4 we will make use of the following two auxiliary
results.

Proposition 8.2. Given a multicritical circle map f with an irrational rotation
number of bounded type, there exist constants Co > 1 and 0 < Ay < A1 < 1 with
the following property. For each x € S, each n,k > 0 and every pair of atoms
I € Zy(x)and J € Py (x)withJ C I, we have

/]

Coak < S Cork .

Proof. Exercise. O

Proposition 8.3. Given a multicritical circle map [ with an irrational rotation
number of bounded type, there exists ng = no(f) € N such that for alln > ny
we have

SfI+1(x) <0 forall x € st regular point of f9"+1.
Likewise, we have
qun ()C) <0 fOl" all x € Sl Vegularpoint Offq;z'

We postpone the proof of Proposition 8.3 until the end of this section (see
Section 8.2.3).

Remark 8.3. We emphasize that the statement of Proposition 8.2 is obviously false
for unbounded combinatorics. On the other hand, Proposition 8.3 is most likely
true for any irrational rotation number.
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Our proof of Theorem 8.4 will be based on the following lemma. Recall that
we are fixing our attention on a critical point ¢ of f. Below, we use the following
notation: for all i > 0, let c_; = f~*(c); we write accordingly I,(c—;) =
f7H(In(c)) foralln > 0andalli > 0.

Lemma 8.2. There exist constants K > 1 and 0 < 6 < 1 such that the following
holds for all n sufficiently large and each 0 < i < q,. There exist subintervals
A;.’n C Int1(c—i) and A}, C In(c—i) such that

(i) A, A, =0;
(iii) 1), > 6] Ln(c—)|;

(iv) A}, = fi(4;,), and VA VY A;, — A, is a diffeomorphism

i,n

whose distortion is bounded by K.

Proof. We assume from the start that n is so large that f9"|;, . (_;) has negative
Schwarzian derivative for all 0 < i < ¢g,. This is possible by Proposition 8.3.
Note that each c—; for 0 < i < qp+1 is a critical point of f97. In what follows,
we keepn and 0 < i < g, fixed.

Note that for all k > 0 even we have I, 4+1(c—i) € In+1(c—i). By Proposi-
tion 8.2, there exist constants 0 < 19 < A1 < 1 and Cy > 1 such that

_ I (c—i)
clxkgmgcxk. 8.20
040 S e SN (820

Moreover, if we denote by d = d(i,n) > 1 the power-law at the critical point c_;
of £, then we have?

SO U1 (=)l (M)d (8.21)

[ Tn(c—i)| [1n(c—i)]

Let us write / = I, 4x+1(c—;) and J = f97(]); these are obviously disjoint
intervals (see Figure 8.2), and they are both atoms of &2, (c—;). Combining

20ne can easily check that dpin < d(i,n) < dni}gx, where dpnin, and dpax are the smallest and

largest power-law exponents of the critical points of f, and N is the number of such critical points.
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— ) In(c—) —

n+1(C—i ‘
& } ‘e} b

3 IC—i
= Ippkt1(c—i) =

/
Ai,n

Figure 8.2: The iterate f9” maps A} diffeomorphically onto A7, with bounded
distortion.

(8.20) with (8.21), we deduce that there exists a constant C; > 1 (independent of
n and k) such that

Criag“TPll < 1) < e (8.22)

Note that f97|; : I — J has at most N critical points®, and has negative
Schwarzian at all regular points. Note that, by choosing k sufficiently large, we
can make |J | definitely smaller than |/ |. The meaning of “definitely smaller”, and
thus how large k has to be, will be clear in a moment.

For p > 0, let us denote the number of atoms of &2, ;1 , (c—;) inside I (or J)
by a = a(n,k, p). Then we have 2?7 < a < (4 4+ 1)? (where A = supa, < oo
is the least upper bound on the convergents of the rotation number of f'). Choose
p = p(N) smallest with the property that 27 > 3N + 2. Since f 97| has at most
N critical points, and since a > 3N + 2, it follows from the pigeonhole principle
that there exist 3 consecutive atoms of &, ;1 ,(c—;) inside I, say L, M, R, such
that the open interval 7 = int(L U M U R) contains no critical point of /4. Hence
f|p . T — f97(T) is a diffeomorphism with negative Schwarzian derivative.
Applying Koebe’s nonlinearity principle, we see that

2
|Dlog Df9"(x)] < = forallx € M . (8.23)

]

3Again, N is the total number of critical points of f.
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where 7 is the space of M inside 7', namely
o { IL] IR }
T = min
(M| M|
From the real bounds, we know that t > C5,, for some constant C; > 0. Using

this fact in (8.23) and integrating the resulting inequality, we deduce that

€_Z/C2 < qun(x) eZ/Cz ,
Dfan(y)
Now, applying once again Proposition 8.2 (note that we are using the bounded type

hypothesis!), it follows that there exists a constant C3 > 1 depending on A such
that

forallx,y e M . (8.24)

|M|

Cy'Ab < T < G307, (8.25)
as well as an (M
C;'Ab < lfIJ—(I)l < GAd, (8.26)

Putting together (8.22), (8.25) and (8.26), we deduce that
M| > et e 2aba @I pan ) (8.27)
Likewise, putting together (8.20), (8.22) and (8.27), we get
| £ (M) = (CoC1C3) A TP Ly (ei)] . (8.28)
Now let us choose k > 1 smallest with the property that
crleyabakdom=r 5 o (8.29)

where dp = min; , d(i,n) > 1 Such k exists (and is independent of ) because
Al < 1.

To finish the proof, we define A} = M and A}, = f9(M). These, we
claim, are the intervals satisfying propertles (1)-(iv) in the statement. Indeed, prop-
erty (i) is clear. Property (iv) follows directly from (8.24) if we take K = ez/ G2,
Property (ii) follows from inequalities (8.27) and (8.29). Finally, property (iii)
follows from (8.28), provided we take 6 = (C0C1C3)_1/\§d+p. The proof is
complete. O
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Proof of Theorem 8.4. The proof will based on the generalized Katznelson crite-
rion given by Theorem 8.2. Our argument combines Lemma 8.2 with the Cross
Ratio Inequality.

It is enough to show that f possesses the Katznelson property with respect to
(a subsequence of) the sequence of dynamical partitions 2, (c¢) for some choice of
critical point c. For this purpose, as we have seen in the proof of that theorem, and
also taking into account the result of Exercise 8.4, it suffices to prove the following
statement.

Claim. For every sufficiently large n, every atom I € £,(c) contains two disjoint
subintervals A', A such that: (a) |A’] = 2|A”|; (b) |A'| < |I| < |A”|; (c) there
exists ¢ > 1 such that A" = f9(A") and 9| p 1 A" — A" is a diffeomorphism
with bounded distortion.*

The comparability constants and bounds implicit in this statement depend only
on the real bounds for f and the bound on the combinatorics. To simplify the
notation a bit, let us write J; = I (c) U Ir4(c) for all k > 0. In order to prove
the claim, we proceed through the following steps.

(i) We may assume that [ is a long atom of 22, (c), say I = f9n+17 (I, (c)),
where 1 < i < gp4+1 — 1. If I happens to be a short atom, all we have to
do is recall that every short atom of &2, (c) is a long atom of &, 1(c).

(ii) The interval T = f97+1(I,(c)) contains the interval J,44 in its interior,
with definite space on both sides (see Figure 8.3). To see why this is true, first
note that, by the real bounds, the interval J, 14 is comparable to | I, (¢)|, i.e.,
|Jn+a| < |In(c)]. Consider the following two atoms of &2, 1(c), which
also lie inside T':

L* = f4+1(I,15) C In41(c) and R* = fIntan+1([, 1 (c)) C I.(c).

Both these intervals share an endpoint with 7" (one on the left, the other on
the right). By simple combinatorics, we see that J,,+4 C T is disjoint from
both L* and R*. But by the real bounds, we have |L*| < |I,+1(c)| and
|R*| =< |I,(c)|. If we denote by L and R the two connected components
of T'\ Jy+4, then one of them contains L* and the other contains R*. For
definiteness, we assume that L O L* and R* 2 R. Hence we have |L| =<
[In+1(c)| < |T|and [R*| < |In(c)| < |T.

4The claim’s proof will show that ¢ = ¢, or ¢ = g +1, depending on whether I is a long or
short atom of Py (c), respectively.
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<= Ippa(c) ———  1u(0)
1% :

N O\\
o |
M\fqn_ﬂfi
e, (c)) ﬂ
"4 a‘f “(Jn+4) 3
T /A{Q :
S S 0
~— Jpga

e U Ue)
Figure 8.3: Finding two intervals, long and short, inside an atom I € 7, (c).
(iii) Inparticular, (ii) tells us that the cross-ratio [J; 44, f 9"+ (1, (c))] is bounded
away from 0 and oo.
(iv) Now look at the interval
ST Unta) C LTSI In(e)) = [+ T Un(e) =1

Observe that £ (Jy44) = Inia(c—;) U I,ys(c—;) (in the notation in-
troduced prior to Lemma 8.2). Hence we can apply Lemma 8.2 (with n
replaced by n + 4) and deduce that there exist intervals

A=A}, 14 Clpys(c—) and A" = A, C Inpalc—)
satisfying properties (i)-(iv) of that lemma. In particular, we have

(A" = | f 7 (Jnta)| < 147 (8.30)
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(v) The intervals A’ and A” already satisfy properties (a) and (c) in the claim.
Therefore, all we have to do is to verify that (b) holds as well. For this,
it suffices to show that the intervals % (J,14) and I = f4+1(1,(c_;))
have comparable lengths. Let L; = f /(L) and R; = f*(R) be the
two connected components of 7 \ £~ (J,44). Since L; D f~'(L*) and
R; O f7H(R*), and since

FTHL*) = fO9 7 (Iygn) and fTH(R*) = fO 90170 (1,4 (c))

are both atoms of &7, 1(c) contained in the same atom I € %, (c), we

deduce from the real bounds that |L;| =< |I| < |R;|. By the cross-ratio in-
equality, the cross-ratio distortion CrD( f%; £~ (J14), I) is bounded above.
Combining this fact with (iii), we deduce that the cross-ratio [ f ~ (J,+4), 1]

is bounded below. Since the two lateral intervals L;, R; C I and the to-
tal interval / have comparable lengths, it follows that the middle interval

f 7 (Jns4) C I also has length comparable to |1]. Together with (8.30),
this shows at last that |A’| < |I] < |A”].

This completes the proof of our claim. And as we had already observed, the
claim implies that f satisfies the hypotheses of Theorem 8.2. Therefore it satisfies
the conclusion as well: f does not admit a o -finite absolutely continuous invariant
measure. This finishes the proof of Theorem 8.4. O
The punchline
Our main theorem, namely Theorem 8.1, is now an immediate consequence of
steps 1 and 2, or more precisely, of Theorems 8.3 and 8.4.

8.2.3 Negative Schwarzian redux

As promised, we offer a proof of Proposition 8.3, which we rephrase as follows.

Proposition 8.4 (The negative Schwarzian property). For any given multicritical
circle map f with bounded combinatorics there exists no = no(f) € N such that
forall xg € S and all n > ng we have

SfInt1i(x) <0 forall x € I,(xq) regular point of f9"+1!.
Likewise, we have

Sf9(x) <0 forall x € I41(x0) regular point of 9.
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Both the statement above and the proof below are extracted from our paper de
Faria and Guarino [2021]. It should be clear to the reader that Proposition 8.3 is
indeed an immediate consequence of Proposition 8.4. As for the latter, we already
know its statement to be true in the case when xg is a critical point of f —in which
case it holds in fact for any irrational rotation number: this is precisely what we
did in Section 6.5, Proposition 6.2. Hence all we need is to extend the proof to
the case when xg is a regular point of a multicritical circle map with bounded
combinatorics. This requires, by way of preparation, a couple of auxiliary results.

Bounded geometry

We say that a minimal circle homeomorphism f has bounded geometry at x € S
if there exists K > 1 such that for all # € N and for every pair /, J of adjacent
atoms of 2, (x) we have

KNI < [JI< K.

Obviously, every irrational rotation by an angle of bounded type has bounded ge-
ometry, and so does every homeomorphism smoothly or even quasisymmetrically
conjugate to such a rotation. Thus, multicritical circle maps with rotation num-
ber of bounded type have bounded geometry at every point. Here is the precise
statement.

Theorem 8.5. For any given multicritical circle map f with bounded combina-
torics, there exists a constant C > 1 depending only on f, such that for any given
point x € S, for alln € N, and for every pair 1, J of adjacent atoms of P, (x)
we have:

cHr<pI<cll.

Proof. By Herman’s Theorem 7.1, f is quasisymmetrically conjugate to an irra-
tional rotation. O

It is also possible to prove this result without using Herman’s theorem (see
Exercise 8.7). Theorem 8.5 is most definitely false for maps with rotation number
of unbounded type. We will have a lot more to say about bounded geometry in
Chapter 9.

If the rotation number p( ) = [ao, a1, . ..] satisfies sup,en{an} < B, we say
that f has combinatorics bounded by B. With this terminology, we can state the
following simple consequence of the beau bounds (Theorem 6.4).
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Lemma8.3. Given B > 1, N > 1inNandd > 1thereexistsC = C(B,N,d) >
1 with the following property: for any given multicritical circle map f with combi-
natorics bounded by B, and with at most N critical points whose criticalities are
bounded by d, there exists ng = no(f) € N such that for each critical point ¢ of
f, foralln > ng and for every pair of intervals I € P,(c) and J € Pp+1(c)
satisfying J C I, we have that |I| < C |J|.

Proof. Exercise. O

The next auxiliary result we need is the analogue of Fact 6.2 in Section 6.4.
For each n > 0, we consider the intervals L, (x9) = I+1(x0) and Ry, (xg) =
F 9 (In(x0)). As usual, we write Lj(xo) = f7(Ln(x0)), etc., for the images of
these intervals under the iterates of f.

Lemma 8.4. There exists a constant T > 0 (depending only on f) such that
L5 (xo)| > zl1] (xo)| and |R}(x0)| > 7|1 (x0)|
foreach j €{0,...,qn+1}and alln € N,

Proof. The proof of Fact 6.2 given in Section 6.4 applies here, mutatis mutandis.
The only difference occurs at the moment when we need to claim that | 7,7 (xo)| <
|1,,(x0)|. If x¢ is a critical point of f, this fact is immediate from the real bounds,
and holds under no restriction on the rotation number. But if x¢ is a regular point,
then we need to use Theorem 8.5 instead, and this is the reason for the bounded
type hypothesis. O

This, in turn, can be used to prove the following analogue of Lemma 6.5.

Proposition 8.5 (The C! bounds). For any given multicritical circle map f with
bounded combinatorics there exists a constant K = K(f) > 1 such that the
following holds. For any given xo € S' andn € N let I, = I,(xo) and In+1 =
I, +1(x0). Then we have

k
1
(i) Df¥(x) < K%forallx e€lpandallk € {0,1,... . qns1);
n
k
1
(iii) ka(x) < K%forallx € Ipt1andallk € {0,1,...,q,};
n

) 1" ler, ) S Kand || f7 o,y < K.
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Proof. Again, the proof of Lemma 6.5 given in Section 6.4 can be repeated here,
mutatis mutandis. The only difference, of course, is that Fact 6.2 is replaced by
Lemma 8.4, which only holds in the bounded type case. O
Proving that the Schwarzian is negative

We are finally ready for the proof of Proposition 8.4.

Proof of Proposition 8.4. Letus fix xo € S! and n € N. We give the proof only
for the case x € [,(xo) regular point of f97+1 (the other case being entirely

analogous). Let j € {0, ..., ¢gn+1 — 1} be the minimum positive integer such that
fj(ln(xo)) N Jn(ci) # 9
for some i € {0,...,N — 1}. Without loss of generality, we may assume that

i = 0. By Lemma 7.7 (and Remark 7.11), the intervals f/ (I, (xo)) and J,(co)
have comparable lengths, In other words, there exists Cy > 1, depending only on
f, such that

}fj(x)—co‘ C0|fJ(I (xo))‘ for all x € I,(xo).

Moreover, by Koebe distortion principle there exists C1 > 1 (also depending only
on f) such that f/|; (x,) has distortion bounded by C1, that is:

1 _Df /(x)
Df 7 (y)
Recall that, by the non-flatness condition, for each critical point ¢; there exist a

neighborhood U; C S L of¢; and a positive constant K; such that for all x €
U; \ {ci} we have

< Cp forall x,y € In(xop).

K.

Sfx) <— o _C)2<0. (8.31)
Let = UN-;' Ui, and let ¥ C S be an open set whose closure contains no
critical point of f and suchthat ZZU? = S!. Since f is of class C 3, we know that
M =sup,cy ‘Sf(y)‘ is finite. Let §, = maxy,eg1 Maxock<q, ‘fk(ln (xo))|.
Since f is minimal, §, — 0 asn — oo. We choose nyp = no(f) so large
that §,, is smaller than the Lebesgue number of the covering {7, ¥} of the circle
for all n > ng. Moreover, we also require that §, < Ko/M K> CZ C3 for all
n = ng, where K = K(f) > 1is given by Proposition 8.5. Using the chain rule
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for the Schwarzian derivative, we have forall £ € {j + 1,...,¢u+1} and for all
x € I,(xo) regular point of ¢ the following identity:

{—1
srte) = Y sAoten [prtw]

k=0

We decompose this expression as 21(”)()6) + Ez(n)(x), where

2w = Y st [prtw] . 63

k:fk(In(xo))C%

and Eén)(x) is the sum over the remaining terms, and we treat both cases sepa-
rately.

(i) Since f7(I,(x0)) N Jn(co) # @, we have f/ (I, (xo)) C % and then the
sum in the right-hand side of (8.32) includes the term with k = j, namely
Sf(fj(x)) [ij (x)]z. Since all the other terms in (8.32) are negative as
well, and since ‘fj(x) — co‘ < Gy |fJ (I (x0))|, we deduce from (8.31)
that:

Ko

MWy < -
: C2|f7 (In(xo))|”

(D]

Lety € I,,(xo) be such that }ff (I (xo))‘ = Df7(y)|I.(x0)|. By bounded
distortion, we obtain:

. 2
) _Ko 1 Df7(x) _ Ko :
S < & R 50| e o

(8.33)

(i) Observe that

0l < Y sl [prrw]

k:fk(In(xo)CV
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By Proposition 8.5, there exists K > 1 such that

k 2
Wl Y sty k2 R u(n’("x(:)"'?'

k: f*In(xo)) ¥

2
Mx S A Ueo))

ST ok
| n(x0)| k:fk(ln(x()))c/y/

MK?
R o Ao 3 [t
e R k: £ (I (x0) Y
MK?

< —— 6y
[1n(x0)]2 "
(8.34)

By our choice of ng, we know that 8§, < Ko/M K? CO2 C12 for alln > ng, and
then we deduce from (8.33) and (8.34) that, indeed, Sf¢(x) < 0 forall £ € {j +
1,....¢qns1}and all x € I, (xo) regular point of f*. O

8.3 Lyapunov exponents

Recall from Theorem 3.11 (Section 3.4.2), that every diffeomorphism of the circle
without periodic points has zero Lyapunov exponents everywhere. We will see
in this section that an analogous result holds for multicritical circle maps (Theo-
rem 8.6). The proof of this result is considerably more difficult than the one of
Theorem 3.11, since in this case log Df is not a continuous function: it is defined
only in the complement of the critical set of f, and it is unbounded (recall Fig-
ure 6.3).

8.3.1 The Collet—Eckmann condition

The result we wish to present is taken from de Faria and Guarino [2016]. For its
proper formulation, it is best to introduce the notion of Collet—FEckmann condition.
We do this in the restricted context of homeomorphisms of the circle, but of course
a much more general definition is possible.

Definition 8.2. We say that a multicritical circle map f satisfies the Collet—Eck-
mann condition at a critical point ¢ € Crit( f) if there exist C > 0 and A > 1
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such that Df"(f(c)) = CA" for all n € N, or equivalently
1
liminf —log Df"(f(c)) > logA > 0.
n—-oo n

Theorem 8.6 (Zero Lyapunov Exponent). Let f : S — S! be a C3 multicritical
circle map with irrational rotation number, and let |u be its unique invariant Borel
probability measure. Then log Df belongs to L' (i) and it has zero p-mean, in
other words

/ logDf du=0.
Sl

Moreover, no critical point of f satisfies the Collet—Eckmann condition.

Remark 8.4. In a recent note by Ji [2022], it has been established that

Jlim_log Df"(f(e) = 0,

for each critical point ¢ of f.

Remark 8.5. The Collet-Eckmann condition has a long history in one-dimensional
dynamics for it provides, under mild conditions, absolutely continuous invariant
measures for smooth multimodal maps of the interval (see de Melo and van Strien
[1993, Ch. V] and references therein, and see also Bruin et al. [2008] for recent
developments).

8.3.2 The key step

Our proof of Theorem 8.6 relies on Proposition 8.6 below. As before, let {gy }neN
be the sequence of return times given by the irrational rotation number of f. Let
us denote by ¢y, ¢2, .. ., cn the critical points of f (N > 1) and letd; > 1 denote
the criticality of each ¢;. Conjugating f by a suitable C 3-diffeomorphism (which
does not affect its Lyapunov exponent — see Exercise 3.5 of Chapter 3) we may
assume that each ¢; has an open neighborhood V(¢;) where f is a power-law of
the form:

f(x)= f(ci)+ (x —ci)|x — c,~|”l'7_1 for all x € V(c¢;). (8.35)
We also assume, of course, that V(c;) N V(c;) = @ wheneveri # j.
Recall from the real bounds (Theorem 6.3) that, for each ¢ € {c1,¢2,...,¢cN},

the dynamical partitions {,@n (c)}n cn have the comparability property: any two
consecutive atoms of &7, (c) have comparable lengths. We will need a couple of
further consequences of the real bounds, that we proceed to state and prove.
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Lemma 8.5. There exists a constant C = C(f) > 1 with the following property.
Foreachn > 0, let

) 2dn+1 dntdn+1
=1, Ul
n n j=0 U n+1 k=0

be the set of all atoms of &y, together with their forward images under [ up to
iterate qn4+1 + 1. Then, for any J1, J» € 6, that share a common endpoint we
have

CHAI< 2l <C LA

Proof. Recall first Proposition 6.1: the six intervals I, I, +1, o I,?"H, I:l]il

and I,/"*177" are pairwise comparable (see Figure 6.5). The idea of the proof of
Lemma 8.5 is to prove that: (i) if J € %, then thereis A € &2, suchthat J C A*
(in fact, there are at most three such A); and that (ii) if J and A are as above, then
J =< A*. This is enough to finish the proof: if Ji,J, € %, share a common
endpoint and Ay, Ay € &, are such that J; C A} and J, C A, then AT and
A% must contain at least one atom of %7, in common. Thus, by the real bounds,
they must be comparable, which implies that J; < J5.

To prove (i) is quite simple: if J = I,{_H, 0<j<gp,ord = I,f, 0<k<
gn+1, then J is itself an atom of &2, so we cantake A = J. If J = [t

n+1 >
0<j <gns1,thenJ C I,],sowecantake A = I;]. If J = I,fi-fq”“, then

J C I,UI,4+1,s0 we can take either of theseas A. If J = I,?"+1+k, 0<k <qn,
then J C I,’f_H U I,f, so we can take either of these as A. If J = I,;I”+'+q”+k,

0<k <qn+1—gn,thenJ C I,‘l]ffk U 13tk Ik u 1971k 5o we can take

A=1IFor A= 1" Finally, if J = 1], then J C [&4 U [+ C

LI g [,y U Ty = (Ing1)*, so we can take A = I, 1. This proves (i).

By the real bounds, we only need to prove (ii) for intervals of %}, that are not
themselves atoms of &7,,. With this in mind, we first note that given J € %,
though there may be (at most) three different choices of A such that J C A*, the
triples of atoms obtained in this way are all comparable; thus, it suffices to prove
(i1) for one such choice of A. We claim that for 0 < j < gn+1 we have

antj _ 1j
1947 <

n+1
Proofof the claim: For one, I ,;1 f:lrj C I}, so we immediately get I} > I 5?;1” .

We must now prove that / dntJ > I, as well.

n+1
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We split into two cases: a,+1 = 1 and ap4+1 > 2. If ay+1 = 1, then

Inj — I‘Izz+j U IJ

n+1 n+2° (8'36)

and since I,;If’i_’;j, I,{+2 e &, U {I:f:’jz, Iffgl}, it follows from Proposition 6.1

(applied to the partition at level n + 1) that

IQn"rj = ]]

n+1 n+2 - (8.37)

Combining (8.36) and (8.37), we conclude that Ifﬂ'j = I,{ in this case.

We now address the case a,+1 > 2, and we start by analyzing the case j =
gn+1. In this case, we have I,fj_‘f’ = IfianJr' , which is a long atom of &, 14

(since ap+1 > 2) adjacent to I:l]il. Thus,

LI < i< [ (8.38)

which proves the claim in this case.

Now, let T = Igil’jl Uit pm = i+ \Igil’jq”“,and observe that M is

compactly contained in the interior of 7'. Let L, R be the connected components

of T\ M, ie., I,fr{' and I,?i;rq”“. Assume, without loss of generality, that

L=1I1"%"andR = IfiTq”*l. We claim that the cross-ratio [M, T'] is bounded

from below by a constant depending only on f. Indeed, since I:ff{l , Iy are
adjacent atoms of &), 41,

L= Ingr =< 1"
so we conclude that L and T are comparable. From (8.38),
R=I1I""'"<T.

It now follows from |T'| = |L| 4+ |M| + | R| that M must be comparable to the
three other intervals as well. As a consequence, we conclude that there exists a
constant Cy = Co(f) > 0, depending only on f, such that

[M,T] = [0\ 2ot [ty pdnd1] > ¢

We now turn to the case 0 < j < gn+1. Since the family
dn+1—J

{fi(lnjﬂ U I,{)}

i=0
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has multiplicity of intersection at most 3, the Cross-Ratio Inequality (Theorem 5.1)
implies that the cross-ratio distortion of f9+1~/ on the pair ;] \ I/ f{f N EE) £

is bounded by some constant C; = C1(f) > 0:

M. T
7 q[+j’ 1 7 sG
Un \ 117 L Y 1a ]

Manipulating this inequality, we get

j nt+Jj i j
(17 \1,;1“1,1,{+1 UZLJ1> Co/Cy.

Thus, the cross-ratio [/ ,{ \/ ,? fjj i ,{ Yl ,{ ] is bounded from below by a constant

depending only on f. Consequently, the space of I,{ \ Ifffj inside I,{ Y I,{
is bounded from below by a constant depending only on f; this is easily seen to
imply that

1 > i\ 1t (8.39)
Combining (8.39) with the fact that || = |1#277] + |1 \ 19477], we get

19747 > ] This finishes the proof of the claim.

With the claim at hand, we proceed to finish the proof of Lemma 8.5. Since I,/
is comparable to (1] )*if0 < j < gp+1,0rto IFif j = gn+1,(ii) holdsif J € €,
is the image of a short atom of &2, i.e., J = I,i_H forsome g, <i < gn+gn+1.
That (ii) also holds for images of long atoms of &7, is a simple consequence of the
above claim. Indeed, it suffices to show that, for 0 < k < ¢n+1,

k
JKESRRESY (S

We first show that I,i‘ > If’1+l+k. If0 < k < gn+1, then I,?”+1+k C (I,f)* =
. 2
I,]f,so I,’f > I,?”+l+k;and1nthecasek =gni1, ;" Cc (1) < I, < 1",

so [2+1 > 12941 o well. 1t remains to prove that 7771 TF > Ik, but this
follows immediately from the claim, since we have

+k
Inqn-i-l ) Ink+1

and

Ly = I < I
The first comparability in the previous equation follows from the real bounds,
while the second follows from the claim. This finishes the proofof Lemma8.5. [
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Lemma 8.5 implies the following two results.

Lemma 8.6. There exists By = Bo(f) > 1suchthatforeachc € {c1,¢2,...,cN},
for each n € N and for each atom A € &, (c) we have

A

2 <) rana)| < Bolal.

0
Lemma 8.7. There exists By = Bi(f) > 1 with the following property. Let
A € Py(c) and denote by A* the union of A with its two immediate neighbours
in Z,(c). If 0 < j <k < gy are such that the intervals f7(A*), f’“(A*),...,
F*=1(A*) do not contain any critical point of f, then the map f*=7 : fi(A) —
F*(A) has distortion bounded by B\, that is

e i
€ < b/ (x) < Bi forallx,y € fI(A).
Bi " DfFi(y)
Proof. Since the iterate f¥=7 : f7(A*) — f*(A*) is a diffeomorphism, we
would like to apply Koebe’s distortion principle (Lemma 5.2). By combinatorics,
we already know that the family f7(A*), f7+1(A*), ..., f¥~1(A*) has multi-
plicity of intersection equal to 3. Thus, we only need to prove that f%(A) has
definite space inside f*(A*), which follows at once from Lemma 8.5. O

Yet another consequence of the real bounds:

Lemma 8.8. There exists By = Bo(f) > 1 with the following property: if ¢ # ¢’
are critical points of f and A € Pp(c), A" € Py(c’) for somen € N are such
that AN A’ # @, then By 1| A'| < |A| < By|A|.

Proof. This follows from the combinatorial fact that A is contained in the union
of two adjacent atoms of Z2,(c’), one of which is A’, and likewise for A’. O

For each k > 0 and each critical point ¢ we will use the notation Ji(c¢) =
I () U Igiq(c) = [qu+1 (c), fix (c)] > ¢. The key step in the proof of Theo-
rem 8.6 is the following fact.

Proposition 8.6. There exists C = C(f) > 0 with the following properties:

1. Foreachx € S' and alln > 0 we have log Df 9" (x) < C.

2. Foralln > 0, ifx € S is such that f'(x) ¢ Uj:llv Jon(cj) for all
0<i < qp, thenlogDf9(x) > —Chn.
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In what follows we denote by Cp, C1, Ca, C3, ... positive constants (greater
than 1, in fact) depending only on f. Moreover, for any two positive numbers a
and b we use the notation a =< b to mean that C "1a < b < Ca for some constant
C > 1 depending only on f.

Proof. Let us fix once and for all a critical point ¢ € Crit(f). We assume that
n > 0 is large enough so that each atom of &7, (c) contains at most one critical
pointof f. Letx € S' andlet A € £,(c) be such that x € A. Let A* D Abeas
in Lemma 8.7. Just by taking n larger still, we may assume that, for 0 < k < ¢,
each f¥(A*) contains at most one critical point of f. We say that 0 < k < gy,
is a critical time for x if fK(A*) contains a critical point of f. Let us write
0 < ky <ky <+ < ki, < gn for the sequence of all critical times for x.
Note that m < 3N since the family { fk (A*)}O <k<aqn has intersection multiplicity
equal to 3. Using these critical times and the chain rule we can write:

m—1
Dfn(x) = Dffteo)| T D+ (54 @) Df (f% () | (8.40)

j=1
x DfIn=km=1( flm*1(x0)) Df (fFm ().

We proceed to estimate each term in the product (8.40) above. From Lemma 8.7
(with j = 0 and k = k1) we have:

k1 A
Dffi(x) < u. (8.41)
A
Again from Lemma 8.7 (with k; 4+ 1 and k j 41 replacing j and k respectively) we
have forall j € {1,...,m —1}:

_ o)

S o

For each j € {1,...,m} let B; € Crit(f) be the (unique) critical point of f in
f*i(A*), and let d j be its criticality. Since we are assuming that n is sufficiently
large, we may suppose that /%7 (A*) C V(B;) forall j € {1,...,m}. Then, from
the power-law expression (8.35) we have:

‘dj—l

Df(f* () = | % ) -7, (8.42)
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and recall that d; — 1 > 1 forall j € {1,...,m}. Still using the power-law
expression we see that:

|t )| < | 5 (A)}df forall j € {1,...,m). (8.43)
Using Lemma 8.7 yet again, we also see that:

| f1(D)]
}fk ‘H(A)}

Let us now prove assertions (1) and (2) in the statement of the proposition.
Note that (8.42) yields:

qun —km—1 (fkm+l( ))

Df (£ (x)) < Co| £ (A)| ¥ forall j e (1,....m}, (8.44)

where Cy = Co(f) > 0. Combining all these facts, namely (8.41)-(8.44), we
deduce the following (upper) telescoping estimate:

\ f’“(A){ R4 dj-
DfU(x) < G4 1_[|fk w7 1
km dn—1 ‘fq" (A)}
X‘f (A)| m
_ @ llf"f+1(A)| [fe @) _ 1) _
4] R ()] 1A
(8.45)

where in the last line we have used (8.43) and finally Lemma 8.6. This proves
item (1). In order to prove item (2) note first that all estimates provided above are
two-sided, except (8.44). In order to get a lower bound for the left side of (8.44)
we use the hypothesis in (2). Since f ki(x) ¢ Jon(Bj) we have:

| f57(x) = Bj| = C3|Lan(B))]- (8.46)

From the real bounds we know that there exists A € (0, 1) depending only on
f such that C4_1A”|In(,3j)’ < |12n(,3j)| < C4A”‘I,,(/3j)}. Moreover, we claim
that ‘In B j)| is comparable to ! ki (A)|. Indeed, this follows from Lemma 8.8
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because 1,(B;) € Pn(B;) intersects an atom of F,(c) in f*i(A*), and this
atom has length comparable to ‘ ki (A)‘ (such atom is either f%/(A) itself, or
one of its neighbours). Using these facts in (8.46) we deduce that:

Df(fk/(X)) > Cs An(dj_l)‘fkj(A)‘dj_l_

Using this lower estimate in place of the upper estimate (8.44) and proceeding
as in (8.45) we arrive at the estimate

Dfn(x) > Cg AN Fdattdm—m) (8.47)

where again C¢ = Cg(f) > 1. Notethat0 < dy +do + -+ dpmy —m <
3(di + d2 + --- + dn), and since @« = 3(dy + da + --- + dp) is a positive
constant depending only on f we get:

Df " (x) = Ce A™

and then: 1
log Df 9" (x) > —n«a logz +logCe > —C7n.

With Proposition 8.6 at hand we are ready to prove Theorem 8.6.

Proof of Theorem 8.6. The fact that no critical point of f satisfies the Collet-Eck-
mann condition follows at once from item (1) of Proposition 8.6. By Proposi-
tion 8.1 we know that log Df € L'(u), and then we know from Birkhoff’s ergodic

theorem that
. {10g Df"™(x)
lm {———~
n

}=/ log Df dy.
Sl

n—+oo
for p-almost every x € S1. For each n > 0 let

J=Nqn—1

=s"\ U U 77 (J2nle)

j=1 i=0

]:
=1xeS VY O<i<gn—1:f(x)eS\|J Janlc)) f .
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and consider

+o00 +00
A=limsupd, = () | 4n.
neN k=1n=k

We claim that A has full u-measure. Indeed, since

1 1
/'L(JZn(Cj)) = M(IZn(Cj)) + M(12n+1(cj)) < + )
qd2n+1 q2n+2

we deduce that g, M(Jz,, (c j)) — 0 (exponentially fast in 7, in fact) and since
w(Ap) = 1=Ngn u(J2n(cj)) we see that u(A,) — 1 asn — +oo. This implies
the claim that u(A) = 1. Now for each x € A we have from Proposition 8.6 that
there exists a sequence nj — 400 such that:

—Cny, < log Df 97k (x) < C
Any Any Any

’

and letting k — 400 we get that:

log Df " (x) _ |

lim
k—>+00 an
Therefore:
. log Df"™(x)
Iim {———~7 =0
n—+o0o n

for p-almost every x € A, and then we are done since A4 has full y-measure. [

8.4 Further ergodic properties

In Section 3.4.3 we introduced the notion of automorphic measure for a circle
diffeomorphism, and discussed an important result by Douady and Yoccoz [1999],
namely Theorem 3.12, which states both existence and uniqueness of automorphic
measures of any given exponent for C 1 *BV diffeomorphisms. It turns out that, at
least for positive exponents, the same holds for multicritical circle maps. More
precisely, we have the following result.

Theorem 8.7. Let f : S — S be a multicritical circle map. For any givens > 0
there exists a unique automorphic measure of exponent s for f. This measure has
no atoms, is supported on the whole circle and it is ergodic under f.
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For a proof of the existence part of this theorem, see Exercise 8.9. We would
like to mention here that, in a recent preprint by Goncharuk and Yampolsky [2023],
both existence and uniqueness of s-automorphic measures have been established
for the particular exponent s = —1.

As we have also seen in Chapter 3, any circle diffeomorphism without
periodic points is ergodic with respect to Lebesgue measure (recall Theorem 3.10).
Therefore, it is worth mentioning here, for future reference, the following special
case of Theorem 8.7.

C 1+BV

Theorem 8.8. If f : S! — S is a multicritical circle map, then f is ergodic
with respect to Lebesgue measure.

Just as in the proof of Theorem 3.10, one can use a Lebesgue density argument
to prove Theorem 8.8 (see also the proof of Lemma 1.5 in Chapter 1). The needed
distortion estimates, however, are considerably more involved than those in the
diffeomorphism case.

Another important ergodic object introduced in Section 3.4.3 was the notion of
invariant distribution. Recall that, as proved by Avila and Kocsard [2011], every
C*° diffeomorphism of the circle with irrational rotation number is distributionally
uniquely ergodic, i.e., each linear space 7, (f) is one-dimensional, spanned by
the unique f-invariant probability measure (Theorem 3.13, see also Theorem 3.14).
For multicritical circle maps and distributions of order 1, the following is known.

Theorem 8.9. If f : S' — S is a multicritical circle map, then the linear space
21 (f) is one-dimensional (spanned by the unique f -invariant probability mea-
sure).

Both Theorem 8.7 and Theorem 8.9 were proved in the recent manuscript by
de Faria, Guarino, and Nussenzveig [2023].

Remark 8.6. It is reasonable to conjecture that every sufficiently smooth multicrit-
ical circle map with irrational rotation number is distributionally uniquely ergodic.
This conjecture is certainly made plausible by Theorem 8.9. As we write these
lines, however, the problem is still open.

8.5 Hausdorff dimension

We close this chapter with an elegant recent result due to Trujillo [2020]. Only
the statement will be given, however — discussing the proof would constitute a
digression into the realm of geometric measure theory.
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As we have seen in Section 8.2, the unique invariant probability measure
under a multicritical circle map f is purely singular with respect to Lebesgue
measure. The Hausdorff dimension of u, denoted dimg (1), is by definition the
smallest of the Hausdorff dimensions of all measurable sets having full ;-measure.
More precisely,

dimpg (1) = inf{dimg (E) : E C 8! is measurable and u(E) = 1} .

A natural question to ask is: how does the Hausdorff dimension of u vary with
f? Obviously, a priori it should only depend on the bi-Lipschitz conjugacy class
of f. In his recent paper, Trujillo [ibid.] establishes lower and upper bounds for
dimg () that depend only on the Diophantine nature of the rotation number of
f. In order to state his result, let us first recall from Chapter 4 that an irrational
number « is said to be Diophantine of order § > 0 if there exists a positive constant
C = C(a) > 0 such that

C
q2+8 ’

P
a__

q
We denote by &5 the set of all Diophantine numbers of order §. Recall from Exer-
cise 4.11 that %) is precisely the set of numbers of bounded type. As we will see
in Appendix A, the set % has zero Lebesgue measure (see Lemma A.1), whereas
for each § > 0 the set I has full Lebesgue measure (see Lemma A.4).

> forall p,geZ, q #0.

Theorem 8.10. If f is a C3 multicritical circle map with irrational rotation num-

ber p = p(f) and w is its unique invariant probability measure, then the following
holds.

(i) If p € Ds for some § = 0, then there exists v > 0 such that

1
di > .
imp (1) > T
(ii) If p & Ds for some § > 0, then
1
di < — .
imp (1) < 5 1

Note that the above theorem does not provide an upper bound for dimg (1)
in the case when the rotation number p( f) is of bounded type (i.e., lies in %p).
Nevertheless, it had already been known since the work of Graczyk and Swiatek
[1993] that in the bounded type case the Hausdorff dimension of pu lies strictly
between 0 and 1.
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Exercises

Exercise 8.1. Let f : ' — S! be a C! non-minimal circle homeomorphism
with irrational rotation number (e.g., a Denjoy counterexample). Show that there
exist uncountably many o-finite f -invariant measures which are non-atomic and
have pairwise disjoint supports.

Exercise 8.2. Work through the following steps to construct a minimal homeomor-
phism of S', with arbitrary irrational rotation number, having an infinite, o-finite
invariant measure which is absolutely continuous with respect to Lebesgue mea-
sure. Fix an irrational o € (0, 1), and consider the rotation R,,.

(i) Show that there exists a closed, perfect and totally disconnected set Eg C S
whose rotated copies E, = R},(Eo), n € Z are pairwise disjoint.

(ii) Let vy be a non-atomic Borel probability measure on S! supported by E,
and let v, = (R})xvo, n € Z, be its rotated copies under Ry. Setv =

> nez Vn and
1
=_Y 27y,
K 3 Z Vn
nez
Show that y is a probability measure on S! whose support is the whole

circle, and that v is an infinite, o-finite measure which is invariant under the
rotation Ry.

(iii) Show that the measures @ and v are equivalent, i.e., they are mutually abso-
lutely continuous.

(iv) Let h : S — S! be the primitive of  given by h(x) = f(;c du(t) =
1[0, x], and verify that / is a homeomorphism. Show that s,y = m.

(v) Check that the measure ¥ = h,v is infinite but o-finite, and prove that it is
absolutely continuous with respect to Lebesgue measure.

(vi) Finally, letting f,, = h o Ry o h™!, show that f, leaves V invariant, i.e.,
(fo)«V = V.
This example is due to Katznelson [1977, p. 11].

Exercise 8.3. Show that the homeomorphism f, : S' — S! constructed in the
previous exercise is not ergodic with respect to Lebesgue measure. Deduce that
fo cannot be C2, or even C 1 7BV,
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Exercise 8.4. Let f : S — S be a minimal C! homeomorphism satisfying the
following hypothesis. There exist constants &, K > 1 and § > 0 such that for any
given interval I on the circle, we can find (a) two disjoint intervals J/, J” C I
with [J/| > «|J”| and |J”| > B|I|; and (b) an iterate of f mapping J’ diffeo-
morphically onto J” with distortion bounded by K. Show that f satisfies the
conclusion of Theorem 8.2.

Exercise 8.5. Fill in the missing details of the proof of Lemma 8.1.
Exercise 8.6. Prove Proposition 8.2.

Exercise 8.7. Give a proof of Theorem 8.5 that is independent of Herman’s Theo-
rem 7.1.

Exercise 8.8. Divergent Poincaré series. Let f : 81 — S! be a multicritical
circle map with irrational rotation number, and let u be its unique invariant Borel
probability measure. For each s > 0, we define the Poincaré series of f of expo-
nent s to be the function Ps s : ST — [0, oc] given by

Pos(x) =) (Df"(x)° .
n=0

The main purpose of this exercise is to show that Py r diverges u-a.e.

(i) Show that there exists a countable dense set on the circle on which Py ¢ is
finite for all s > 0.

(i) Show that the identity
Py r(x) = 14 (Df"(x))" Py £ (f(x))
holds for each x € S!.

(ii1) Using Theorem 8.6 and the fact that u is f-invariant, show with the help of
Jensen’s inequality that

log (/Sl (D™ du) >0,

foreachn > 0.
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(iv) Deduce from (iii) that

n—1
[sl Y (Df%) dpzn,
k=0

for each n > 1 (where, as usual, {gx }x>¢ is the sequence of return times
associated with the rotation number p( f)).

(v) Nowlet A = {x € S': Py, r(x) = oo}. Show that A is Borel measurable
and, using (ii), that A is f-invariant.

(vi) Foreachm > 1, let
Xy = {x est: Py 7 (x) gm} .

Show that if u(A) = 0, then limy,— 00 (X)) = 1. Combine this fact with
(iv) to arrive at a contradiction.

(vii) From (v), (vi) and the fact that u is ergodic, deduce that u(A4) = 1.

Exercise 8.9. Existence of automorphic measures. Let f : S1 — S be a mul-
ticritical circle map with irrational rotation number. Fix s > 0, let P s be the
corresponding Poincaré series, and consider the set A defined in Exercise 8.8. Fix
x € A, and foreachn > 1, let

qn—1

Sn(x) = Y (Df (x)°,

i=0
Consider the atomic probability measure

qn—1

1 i K
Ms,x,n = T(x) Z (Df*(x)) Sfi(x)7

i=0

(i) Show that there exist a probability measure s, € Z2(S') and a monotone
sequence (n;) € N such that, for all ¢ € C%(S1),

/Sl @dpsxn, — /Sl @ dLs,x -
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(i) Let K = sup|[Df 9| co(s1y and recall from the real bounds that K < oo.
Show that for each k > 1 we have

1
Sni (%)

(iii) Deduce from (i) and (ii) that ji x is an s-automorphic measure for f.

‘/;1 [ — (o D) ]dsxn,| < ||<,0||C0(Sl)(1 + K%).



In this chapter we study the geometric structure of individual orbits of a multicri-
tical circle map with irrational rotation number.

From the dynamical standpoint, a minimal circle homeomorphism f : 1 —
S1 is topologically very homogeneous: all orbits look topologically the same. But
are such orbits geometrically the same? In order to turn this somewhat vague
question into a mathematically meaningful one, we need to properly define the
underlying concept of geometric equivalence. We also need to assume that f has
some reasonable degree of smoothness.

Let us agree to say that the orbits 'y (x) and O ¢ (y) of two points x,y €
S1 are geometrically equivalent if there exists a self-conjugacy & : S! — S!
(ho f = f oh)which is a quasisymmetric homeomorphism carrying & ¢ (x) to
O ¢(y). So let us ask that question again: are two given orbits &'y (x) and O ¢ (y)
geometrically equivalent?

The answer is easily seen to be yes if f is smoothly conjugate to a rotation. For
instance, when f is a smooth diffeomorphism with Diophantine rotation number,
the rigidity results discussed in Section 4.5 imply that f is smoothly conjugate to
a rotation — and all orbits under a rigid rotation are not just merely geometrically
equivalent, they are isometric. By contrast, our purpose in the present chapter is to
explain that the answer to the above question is a/most always no when f is a crit-
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ical circle map. Precise statements will be given in due time. The entire exposition
here is extracted from our own recent work, de Faria and Guarino [2022b].

9.1 Geometric equivalence of orbits

Ideally, we would like to classify orbits of a (reasonably smooth) minimal homeo-
morphism of the circle up to quasisymmetric equivalence.

As we have seen in Chapter 7, quasisymmetry can be regarded as a very weak
form of geometric regularity. Indeed, it is so weak that one might guess, for in-
stance, that every conjugacy between two critical circle maps is quasisymmetric.
This guess is reinforced by Theorem 7.1, which, we recall, states that every multi-
critical circle map whose rotation number is an irrational of bounded type is qua-
sisymmetrically conjugate to the corresponding rotation.

However, the above guess is unfortunately wrong. Our purpose in the present
chapter is to explain that a conjugacy between two critical circle maps is almost
never quasisymmetric. We will first identify a mechanism which forces the break-
down of quasisymmetry for a topological conjugacy (see Lemma 9.4 in Section 9.6),
and then we will show that this mechanism is abundant, both from the topological
and measure-theoretical viewpoints (see Theorem 9.6 in Section 9.2). The precise
statements will be given below — see Theorems 9.1 to 9.3.

9.1.1 Orbit-flexibility

Some of these results can be stated in the light of the complementary concepts of
orbit-rigidity and orbit-flexibility, which we presently describe.

Definition 9.1. We say that a minimal circle homeomorphism f is quasisymmet-
rically orbit-rigid if for any pair of points x,y on the circle there exists a qua-
sisymmetric homeomorphism hy y which conjugates f to itself and maps x to y.
If f is not quasisymmetrically orbit-rigid, we say that f is quasisymmetrically
orbit-flexible.

Example 1. Every rotation is quasisymmetrically orbit-rigid, and the equivalence
between orbits is in fact given by an isometry.

Example 2. Every sufficiently smooth circle diffeomorphism with Diophantine ro-
tation number is quasisymmetrically orbit-rigid. This follows from the Herman—
Yoccoz theorems of Section 4.5.
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For multicritical circle maps, we have the following simple consequence of
Theorem 7.1.

Proposition 9.1. Every multicritical circle map f with rotation number o = p(f)
of bounded type is quasisymmetrically orbit-rigid.

Proof. Let h : S' — S! be a quasisymmetric conjugacy between f and the
rotation Ry, whose existence is guaranteed by Theorem 7.1. Given x, y € S, let
R be the circle rotation with R(x) = A~ !(y). Then ¢ = ho R is a quasisymmetric
homeomorphism, and since any two rotations commute, we have

¢ lofop=(hoR)y lofo(hoR)=R 'oRyoR=R,.

Therefore ¢ conjugates f to Ry, and since ¢(x) = y, it maps the orbit of x onto
the orbit of y. 0

By contrast, we will show in Theorem 9.1 that (uni)critical circle maps whose
rotation numbers belong to a certain full-measure set are quasisymmetrically orbit-
flexible (see also Proposition 9.2). In particular, the centralizers of such maps in the
group of all homeomorphisms of the circle contain non-quasisymmetric elements
(see Section 9.1.4 below).

9.1.2 Statement for unicritical maps

In the unicritical case we have the following coexistence phenomenon.

Theorem 9.1. There exists a full Lebesgue measure set R4 C [0, 1] of irrational
numbers with the following property. Let f and g be two C3 circle homeomor-
phisms with a single (non-flat) critical point (say, ¢ y and cg respectively) and with
o(f) = p(g) € Ry. Foranygivenx € S' leth, e Diff{_)|r (S1) be the topological
conjugacy between f and g determined by hy(x) = cg. Let &/ be the set of points
x € SY such that the homeomorphism hy, is quasisymmetric, and let B = S' \ o/
be its complement in the unit circle (that is, P is the set of points x € S such that
the homeomorphism hy is not quasisymmetric). Then </ is dense in S, while %
contains a residual set (in the sense of Baire) and it has full |1 r-measure, where
W ¢ denotes the unique f -invariant probability measure.

Remark 9.1. A somewhat related coexistence phenomenon occurs in the context
of Lorenz maps, and also in the context of circle maps with flat intervals (see
Martens, Palmisano, and Winckler [2018] and references therein).
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Remark 9.2. The proof of Theorem 9.1, to be given in Section 9.6, still works if
one of the two maps has more than one critical point.

Let us pose two questions that arise from Theorem 9.1.

Question 9.1. Denote by BT C (0, 1) the set of irrational numbers of bounded
type. Corollary 7.3 implies that R 4 is disjoint from BT (since, in this case, all
conjugacies are quasisymmetric). Is it true that R 4 = [0, 1]\ (Q UBT)? Is it true,
at least, that R 4 contains a residual subset of [0, 1]?

Question 9.2. Note that both sets .7 and & defined in Theorem 9.1 are f-invariant.
Indeed, this follows from the identity iy = h r(x) o f and the fact that f itself
(hence f" forall n € Z) is a quasisymmetric homeomorphism. By Theorem 7.2,
the critical point of f belongs to </ (and then its whole orbit), since /. , is always
a quasisymmetric homeomorphism. It could be the case that &/ = { fMeyr):ne€
Z}. Is it true, at least, that &/ is a countable set?

In Section 9.1.4 below we describe more precisely the notion of orbit-flexibility,
and state some straightforward consequences of Theorem 9.1. In Section 9.1.5 we
state some further consequences of Theorem 9.1, this time involving geometric
bounds for dynamical partitions (see Theorem 9.5).

9.1.3 Statements for multicritical maps

As usual, we denote by a, = an(p), n € N, the infinite sequence of partial quo-
tients of the continued fraction development of a given irrational number p. Let
us consider the set Eo, consisting of all numbers p € (0, 1) for which the corre-
sponding a,’s are even and lim, oo a, = o0. It is not difficult to see that E
is a meager set whose Lebesgue measure is equal to zero (see Exercise 9.3). De-
spite being both topologically and measure-theoretically negligible, this set does
contain some interesting Diophantine, Liouville and transcendental numbers, see
Section 9.5. Our second goal in this chapter is to prove the following result.

Theorem 9.2. There exists a set 4 C [0, 1], which contains a residual set (in the
Baire sense) and has full Lebesgue measure, for which the following holds. Let f
and g be two C 3 multicritical circle maps with the same irrational rotation number
0 and such that the map f has exactly one critical point co, whereas the map g
has exactly two critical points c1 and c3. Denote by o and 1 — « the Lg-measures
of the two connected components of S' \ {c1, c2}, where g denotes the unique
invariant probability measure of g. If (p, ) belongs to 9, then the topological
conjugacy between f and g that takes cg to c1 is not quasisymmetric. Moreover,
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the set of rotation numbers Rg = {p : (p,a) € ¥ for some a} contains the set
E defined above.

The proofs of both Theorem 9.1 and Theorem 9.2 will be given in Section 9.6.
The following auxiliary result, a complete proof of which can be found in de Faria
and Guarino [2022b], will be discussed in Section 9.7.

The C*° Realization Lemma. For any given (p,«) € ([0, 17\ Q) x (0, 1) there
exists a C°° bi-critical circle map with rotation number p, a unique invariant Borel
probability measure | and with exactly two critical points ¢y and ¢, such that the
two connected components of S' \ {c1, c2} have ji-measures equal to o and 1 — o
respectively.

Remark 9.3. 1t is possible to prove a similar Analytic Realization Lemma using
the results of Zakeri [1999, Section 7].

Together with Theorem 9.2, the C *° Realization Lemma implies the following
result.

Theorem 9.3. There exists aset Rc C [0, 1] of irrational numbers, which contains
a residual set (in the Baire sense), has full Lebesgue measure and contains Eoo,
for which the following holds. For each p € R, there exist two C*° multicritical
circle maps f.g : S' — S with the following properties:

1. Both maps have the same rotation number p;

2. The map f has exactly one critical point co, whereas the map g has exactly
two critical points ¢y and cp;

3. The topological conjugacy between f and g that takes cg to c1 is not qua-
sisymmetric.

9.1.4 Centralizers

Following Yoccoz [1984a, 1995a], we denote by Zo(f) = {h € Difﬂ(Sl) :
ho f = f oh} the centralizer of f in Difﬁ)r (S1). We also denote by QS(S1)
the subgroup of Diff(_)|r (S1) consisting of those homeomorphisms of the circle that
are quasisymmetric. In this language, Theorem 9.1 has the following immediate
consequence.

Theorem 9.4. If f : S' — S is a unicritical circle map with p(f) € R 4, then
f is quasisymmetrically orbit-flexible. In particular, Zo( f) \ QS(S!) # Q.
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See also Avila, Cheraghi, and Eliad [2022, Section 4] for recent results on the
centralizers of some analytic circle maps. In fact, much more can be obtained from
Theorem 9.1. First, we need a definition. Let f : S' — S! be a minimal circle
homeomorphism.

Definition 9.2. Ifx,y € S, wesay that x is f-equivalent to y, and write x ~FY,
if there exists a quasisymmetric homeomorphism h € Zo(f) such that h(x) = y.

It is clear that ~ ¢ is an equivalence relation, so we can consider the set of
equivalence classes Xy = § 1/~ 7. Below, in the proof of Proposition 9.2, we
will use the following observation.

Lemma 9.1. A/l equivalence classes are homeomorphic to each other.

Proof. Let us mark some point ¢ € S!. For any given x € S! consider Fy :
S! — S! defined as follows: given y € S! let hy,y € Zo(f) be determined by
hyx,y(x) = y, and then let Fy(y) be defined by hy,y (Fx(y)) = c. It not difficult
to prove that Fy is a circle homeomorphism which identifies the class of x with the
class of ¢. In particular, given x, y € S, the homeomorphism F v Lo Fy identifies
the class of x with the class of y. O

Note that if f is either a diffeomorphism or a (C3) multicritical circle map,
then points in the same f-orbit are f-equivalent. More generally, for such f’s,
if x ~ 7 y then for each x’ € O r(x) and each y’ € O (y) we have x" ~ ¢ y'.
This happens because, in the cases considered, f itself (hence f” foralln € Z)is
a quasisymmetric homeomorphism. Note that, being f -invariant, all equivalence
classes are dense in the unit circle.

In the language introduced before, if X s reduces to a single point, then f
is quasisymmetrically orbit-rigid, whereas if X r has more than one point, then
[ is quasisymmetrically orbit-flexible. Now we can state the following simple
consequence of Theorem 9.1.

Proposition 9.2. If f : S' — S is a unicritical circle map whose rotation
number belongs to the set R 4 of Theorem 9.1, then all its equivalence classes are
meagre (in the sense of Baire). In particular X y is uncountable.

Proof. By definition, the set <7 given by Theorem 9.1 (applied to the particular
case g = f)is the equivalence class of ¢ 7, the critical point of f. Being disjoint
from the residual set %, the set &/ is meagre. By Lemma 9.1, all classes are
meagre, and therefore, by Baire’s theorem, their number is uncountable. O
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As already explained, if f : S — S is an irrational rotation or a smooth dif-
feomorphism whose rotation number is Diophantine, then X ¢ is a single point. By
Proposition 9.1, the same happens with any multicritical circle map with rotation
number of bounded type.

9.1.5 Unbounded geometry

Let f be a C3 multicritical circle map with irrational rotation number. Just as in
Section 8.2.3, we say that f has bounded geometry at x € S' if there exists K > 1
such that for all » € N and for every pair /, J of adjacent atoms of 7, (x) we
have

KNI < [JI< KT,

where {9,1 (x)}n cn 18 the standard sequence of dynamical partitions of the circle
associated to x € S! (see Section 6.3.1). With this at hand, consider the set

o = o (f)={x €S': f hasbounded geometry at x} .

The relation between bounded geometry and quasisymmetric homeomorphisms is
given by the following result.

Proposition 9.3. Let [ be a multicritical circle map with irrational rotation num-
ber; and let x € o/ (f). As before, for any given y € S' let hy,, € Zo(f) be
determined by hyx y(x) = y. Then

y € A (f) & hxy € QS(SH).

Proof. For the “if” implication suppose, by contradiction, that y ¢ 7. This means
that there exists a sequence {ny }xeny C N such that for each k € N we can find a
pair I, Ji of adjacent atoms of 7, (y) satistying limy |I|/|Jx| = +o0o. How-
ever, both intervals h;,ly (1) and h;}y (Ji) are adjacent and belong to &7, (x), and
since x € .7, the ratios }h;’ly (1) } / ‘h;’ly(f k)‘ are bounded. But this implies that
the quasisymmetric homeomorphism /.y, does not have weakly bounded cross-
ratio distortion, which is impossible by Corollary 7.1. For the “only if” implication
we refer the reader to Exercise 9.2. O

An immediate consequence of Proposition 9.3 is that the set &7 is f-invariant,
since f itself (hence f” for all n € Z) is a quasisymmetric homeomorphism. As
it follows from the real bounds (Theorem 6.3), all critical points of f belong to 7.
Being f-invariant and non-empty, the set .7 is dense in the unit circle. However,
the following consequence of Theorem 9.1 shows that .27 can be rather small.
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Theorem 9.5. Let R4 C (0, 1) be the full Lebesgue measure set given by Theo-
rem 9.1, and let f be a C3 critical circle map with a single (non-flat) critical point
and rotation number p € R 4. Then the set &7 ( ) is meagre (in the sense of Baire)
and it has zero | ¢-measure.

To prove Theorem 9.5, note first that Proposition 9.3 is saying that the set
</ (f) is an equivalence class for the ~ ¢ relation and then, by Proposition 9.2, we
already know that it is meagre. Moreover, since the critical point of f belongs to
&/ (by Theorem 6.3), we deduce that .7 ( f) is precisely the equivalence class of
the critical point. With this observation at hand, Theorem 9.5 follows at once from
Theorem 9.1, just by considering the particular case g = f.

By contrast, recall that if / has bounded combinatorics, then the set &7 ( f) is
the whole circle: f has bounded geometry at any point in the unit circle.

9.2 Renormalization trails and ancestors

Let f : S' — S! be an orientation preserving circle homeomorphism with irra-
tional rotation number p = [ag,a1,d2,...]. Let us fix some point x in the unit
circle, and for each n > 0 let us consider the interval I,, = I,,(x) having x and
f97(x) as its endpoints'. Suppose we are given another point on the circle, say
y. Looking at the past of y, i.e., at its negative orbit ﬁ; (y), we see that for each
n > 0 there exists in 67 (y) amost recent visitor to /,, U I, 1; this point is called
the n-th generation ancestor of y (with respect to x and f).

Let us be a bit more formal. Consider the rectangle R = [0, 1] x [—1,1]
in R?, and let M = ([O, 17\ Q) x [=1,1] € R. For any given y in S', we
will define/construct in what follows a sequence of pairs (p,, o) € M, called
renormalization trail (see Definition 9.4 below) of y with respect to x and f. Let
us define simultaneously the initial cases n = 0 and n = 1. First, let pg = p =
l[ag,a1,a2,...] €[0,11\ Q and p; = G(p) = [a1,a2,...] € [0,1] \ Q, where
G : [0, 1] — [0, 1] is the Gauss map (recall Chapter 1, see also Appendix A). To
define ¢ and o1 consider both intervals

Io=(x, f(x)] and I = (f*(x),x]

IThe interval I, U I'n+1, whose interior contains x, is sometimes called the n-th renormalization
domain of f around x. The meaning of the word “renormalization” will be explained in Chapter 10.
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If y belongs to the short interval /; we define

p((x,y)
a0=ﬂ((x»J7)) G[O’I_QOPO] and a1 =_g e[_19o]
(i)
Otherwise, there exist yg in the long interval Ig and i € {0,1,...,a9 — 1} such
that f*(y¢) = y, in which case we define
. w((x, yo)
@ =1—[u((x.y0) +ipo] =1—p((x.y)) and o = %

Note that g € [1 — ag po, 1], whereas @1 € [0, 1]. It should be noted also that, in
the definition of ¢, we are measuring arcs in the counterclockwise sense: in the
first case, we measure /L((x, y)) considering the arc determined by x and y which
is contained in /1, while in the second case we measure 4((x, yo)) considering
the arc determined by x and yo which is contained in /y. In this way we obtain
the first two terms of the sequence of pairs (pn,an) € M = ([0, 1] \Q) x [—1,1].
After the first n terms are defined, let p, 41 € [0, 1] \ Q be given by

pnt1 =G" () = G"([ao.a1....]) = [ant1.ant2. .. .].

If y belongs to the long interval fi(I,) for somei € {0,1,....,qns1 — 1},
let y, € Iy be such that f*(y,) = y. Otherwise, y belongs to the short interval
S7 (In+1) for some j € {0,1,...,g, — 1}, and then let y, € I+ be given by
f7(yn) = y. In the first case, see Figure 9.1, we define

/’L(('x’ )’n))
o =——" €]0,1],
n+1 M(In) [ ]
while in the second case we define
an+1 - _ M((Ynax)) € [_1’0]
w(lny1)

We can now formally define the notion of ancestor.

Definition 9.3. The points y,, n > 0, defined above are called the renormalization
ancestors (or simply the ancestors) of 'y with respect to x and f .

We are in fact more interested in the sequence of pairs (p,, @) € M = ([0 1\
Q) x [—1, 1]. Accordingly, we formulate the following definition.
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f‘In
Far(x) x/ﬁ\\ £ (x)
Ee %3 i fqn+1

n+1

Figure 9.1: Calculating renormalization trails.

Definition 9.4. The sequence {(,on, ozn)}n>0 C M is called the renormalization
trail, or simply the trail, of the point y with respect to x and f .

In Section 9.4, we will prove the following result.

Theorem 9.6. There exists a full Lebesgue measure set R C [0, 1] of irrational
numbers with the following property: given a minimal circle homeomorphism f
with p(f) € R and given any point x € S' there exists a set B, C S which is
residual (in the Baire sense) and has full i y-measure such that for all y € Py
the renormalization trail {(pn, an)} of y (with respect to x and f) is dense in the
rectangle [0, 1] x [—1, 1].

Being dense in [0, 1], the orbit under the Gauss map of any element of R
accumulates at the origin. In particular, R is disjoint from the set BT C [0, 1] of
bounded type numbers. Note also that %, is disjoint from ﬁ}' (x) = {x, f(x),

f2(x),... }, since for n > 0 the second coordinate of the renormalization trail of
f™(x) with respect to x and f eventually becomes constant equal to 0.

9.3 'The skew product

In this section we construct a skew product (see Section 9.3.2 below) that will be
crucial in order to prove Theorem 9.6 (its proof will be given in Section 9.4) and
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also to prove Theorem 9.2 (see Section 9.6).

9.3.1 The fiber maps

For any given p € [0, 1] \ Q consider the piecewise affine dynamical system 7}, :
[-1,1] = [—1, 1] given by

—u forae[—l,O]
o
To@) = — 2G0o) fora € [O,pG(p)]
{1;0{} fora € (pG(,o),l],

where G is, as before, the Gauss map. Each T, is a Markov map, its graph is
depicted in Figure 9.2.

9.3.2 The skew product

As before (see Section 9.2) we consider the rectangle R = [0, 1] x [—1, 1] in R?,
andlet M = ([0, 1]\ Q) x [-1, 1] C R. Consider the skew product T : M — M
given by

T(p,a) = (G(p), Tp(®)),

where G is the Gauss map, and where the fiber maps 7, were introduced in the
previous section (Section 9.3.1). The main dynamical property of the skew product
T that we will need here is the following.

Proposition 9.4. There exists a set 9y C [0, 1] x [—1, 1], which is residual (in the
Baire sense) and has full Lebesgue measure, such that any initial condition in %
has a positive orbit under T which is dense in [0,1] x [—1, 1].

The set 4 given by Proposition 9.4 will be crucial in the proof of Theorem 9.6
(which will be given in Section 9.4 below), and also in the proof of Theorem 9.2
(see Section 9.6). In Section 9.7 we will also need the following fact.

Lemma 9.2 (Topologically Exactness). Let U be a subset of the rectangle R with
non-empty interior. Then there exists n € N such that T"(U " M) = M.

We postpone the proofs of Proposition 9.4 and Lemma 9.2 until Appendix C.
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1=paj

Figure 9.2: The fiber map 7T}, ; here, p; = (G(p) + j)p foreach 0 < j < ao,
where ag = L/—I)J.

9.4 Proof of Theorem 9.6

Just as before, let f : S — S! be an orientation preserving circle homeo-
morphism with irrational rotation number p. With Proposition 9.4 at hand, The-
orem 9.6 will be a straightforward consequence of the following fact:

Lemma 9.3. Given x and y in S' we have
(on,an) = T™(po,a9) foralln € N,

where {(pn.,an)} is the renormalization trail of y with respect to x and f, as
defined in Section 9.2, and T : M — M is the skew product constructed in
Section 9.3.2.
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Throughout the proof of Lemma 9.3 we will make repeated use of the formula
u(ly) = ]_[7 —o G’ (p) (recall Exercise 6.2).

Proof. By our definition of renormalization trails, p, = G"(p) foralln € N,
which coincides with the first coordinate 7" (pg, o), as we can see directly from
the definition of our skew product 7. So we only need to deal with the second
coordinate of the trails.

Let us treat first the cases » = 0 and n = 1. If on one hand y belongs to the
short interval /] = (f“o (x), x], we have g € [O, 00 G(po)] and then

) m(Gay)

Tpo (o) = T, (V“((x’ y))) =

poGpo) — p(lh)
On the other hand, if y ¢ I; then there exist y¢ in the long interval /o = (x, f (x)]
andi € {0,1,...,a9 — 1} such that f*(y9) = y, in which case we have ag €

[po G(po), 1] and then

Tpo(@0) = Tpo (1= 1((x, y0)) =i po) = {M((x’ yf%) =

— {/’L((xvy()))} _ M((X’YO)) — M((X’YO)) -«
Po o u(lo)

In any case, a1 = T, (o) and then (p1, 1) = T'(po, o), as desired.
In order to prove the desired result for the remaining values of n, we have three
cases to consider.

() If y, € I,+2, we have

_ n((x, yn)) < u(ln+2)

0<apt1 < = 1G( D,
T ) Wy POl
and then
T, (An+1) = — Unt1 _ %1 m(Iy) _ w((x, yn)) = iz
n n - - = —_— =y
Pt Pn+1 G(pn+1) w(ln42) w(lnso)

@i1) Ify, € In \ Iy+2, we have

w(ln+2)

<apt1 <1,
() 0
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which implies o, 41 € (pn+1 G(pn+1), 1], and then

1 — a4
Tpn+1(“n+l) = %—n } .
Pn+1

Consider the fundamental domains A, C I, for f97+! given by
Ajp = fj dn+1+dn (Int1) = (f(j+1)tIn+1+qn (x), fj dn+1+4n (x)]

forj € {0,1,...,an+1—1},andletf, € {0, 1,...,a,+1—1} be defined by

1 —
Yn € Ay, n. We claim that £, = MJ. Indeed, since ,u(Aj,,,) =
Prn+1
w(ly4q) forall j €{0,1,...,a,+1 — 1}, it follows that

n w(In+1) < (1 —opt1) uln) < Cp + 1) uIn+1).

Equivalently,
1
by < (1 —ant1) lCl) {n +1
u(ln+1)
Finally, from
pl) =G’ 1 1
w(In+1) ]—[;';Lé Gi(p) G""Hp)  pn+1’
1-— Op41 . . . . .
we deduce that £, < ——— < £, + 1, which implies the claim. With
Pn+1
this at hand we deduce thgt
I —ant1
Tpn+1(0‘n+1) = {—n}
Pn+1
1 —
_ On+1 ¢,
Pn+1
— w(lp) — ant1 n(In) _
u(ln+1) !
w(ln) — [M((X, yn)) + Ln M(In+1)]
= =0n+2.
w(ln+1)

(iii) Whenever y, belongs to the short interval 1,41, we have o, +1 € [—1,0)
and then Ty, | (@n+1) = —@n+1 = Ap+2, Since y,4+1 = yn belongs now
to the long interval I, 4.
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This finishes the proof of Lemma 9.3. O

Proof of Theorem 9.6. Let %y C R be given by Proposition 9.4. By Fubini’s theo-
rem, there exists a full Lebesgue measure set R C [0, 1] such that for each p € R,
the set R, = {a € [-1,1] : (p, &) € %} has full Lebesgue measure in [—1, 1].
In particular, R, is also residual® in [—1, 1] for all p € R. Given a minimal cir-
cle homeomorphism f with p(f) € R and given any point x € S!, the map
that sends « € (0, 1) to the point y € S' \ {x} which satisfies 11 7 ([x,y]) = «
(and note that such point is unique if we fix, say, the counterclockwise orienta-
tion) is a homeomorphism that, by definition, identifies the Lebesgue measure in
(0, 1) with the probability measure 1 7 in § 1\ {x}. By combining Proposition 9.4
with Lemma 9.3, we deduce that it is enough to take %, as the image (under the
homeomorphism described above) of R, N (0, 1). O

9.5 Even-type rotation numbers

Let us now present a result concerning trails for maps whose rotation number be-
longs to the special class appearing in the statements of Theorem 9.2 and Theo-
rem 9.3. We denote by E the set of those irrationals 0 < 6 < 1 all of whose partial
quotients a, (0) are even (in particular a,(6) > 2 for all n). We also consider the
subset Eoo = {0 € E : lim,— o0 an(0) = 00}.

Remark 9.4. We note en-passant that Eo contains some Diophantine numbers:

for example, the number 6 = [a1,daz,...,ay,...] with a, = 2" is Diophantine,
and it clearly belongs to Eo. The set Eoo also contains many Liouville numbers:
for instance, any 6 = [a1,a2,...,ans,...| with a, even and a,, > e foralln €

N belongs to E. Finally, note that the transcendental number A = (e—1)/(e+1)
also belongs to £ ; indeed, its continued fraction expansion has a, = 4n — 2 for
alln > 1,ie, A =[2,6,10,14,...] —this is a special case of an old identity due
to Euler and Lambert?.

Proposition 9.5. Let f : S' — S be a minimal circle homeomorphism with
o(f) = p. Given x,y € S distinct, let {(pn,tn)}n>0 be the renormalization

2Indeed, let {4, be a sequence of open and dense sets in R such that N4, = %. For each
p € R and each n we have that ({p} x [—1, l]) N Ay, is open and has full Lebesgue measure in
{p} x [—1, 1], and in particular it is also dense in {p} x [—1, 1].

3Which states that tanh (x 1) = [x, 3x, 5x, 7x, .. ] for all x € N; see Lang [1995, p. 71]
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trail of y with respect to x and f. If p € E and ag = % then for alln > 1 we

have p, < % and
Pn

5 if n is odd,

1

3 + pn  ifnis even.
In particular, if p € Koo, then there exists a subsequence n; — oo such that
anl. — 5

Proof. First note that, if ag, a1, as, ... are the partial quotients of the continued
fraction expansion of pg, then by hypothesis a;, > 2 for all n, and this already
implies that p, < i < % for all n > 1. This takes care of the first assertion in
the statement. In order to prove the second assertion, we will use Lemma 9.3 and
induction on 7.

(1) Base of induction. We have o = %, and since ag > poG(po) = pop1,
Lemma 9.3 tells us that

]

But ,oal = ag + p1, where ag > 2 is even. Therefore

1 p1
o = ;5(00+Pl)} =5

This verifies (9.1) for n = 1. Let us now look at ap. We have a1 > p1G(p1) =
p1p2. Hence, using Lemma 9.3 and the fact that ,01_1 = ay + p2, we see that

0y = Tpl(‘xl) = ;l_al}

P1
1
_§P1 2}

1
= 611+P2—§}
_ 1
_gpz_i}
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This verifies (9.1) for n = 2. Summarizing, we have established the base of the
induction.

(2) Induction step. Suppose (9.1) holds for n. In order to show that this assertion
holds for n + 1, there are two cases to consider, according to whether » is odd or
even.

(1) If n is odd, then we are assuming that o, = %pn. In particular, we have
On > pupn+1 = PnG(on), so Lemma 9.3 tells us that

l—« 1 1
e o = 55 23
n n

Using here that p;l = an + Pn+1, we get

1 1
Op4+1 = {an + pn+1 — 5% = 5 + pn+1 -

This establishes the induction step when # is odd.

(ii) If n is even, then we are assuming that o, = % + pn, by the induction

hypothesis. Hence we have o, > % > pnpn+1 = PnG(pn), and therefore
from Lemma 9.3 we deduce that

Op+1 :Tpn(an) = {1_0!”}
1
S B
{2Pn }
= ! 9.2
= bl O

Again, using that p,; l—a, + Pn+1, We see that

1 1 Pn+1
Op+1 = Ean+l+§pn+l = 5

where in the last equality we have at last used the fact that a, is an even
integer! This establishes the induction step when #n is even, and completes
the proof of the second assertion.
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Finally, the last assertion in the statement is easily proved: if p € Eqo, then p,, — 0
as n — oo. Hence by (9.1) we see that ap; — % as i — oo. This concludes the
proof. O

Remark 9.5. The above proof still works if only the odd partial quotients a,j 41
are required to be even (but still requiring a, # 1 for all n). The resulting class
of numbers with this property is a bit larger than E, but still has zero Lebesgue
measure.

9.6 Proofs of Theorems 9.1 and 9.2

In this section we prove our first two main results, namely Theorem 9.1 and Theo-
rem 9.2. We first recall the setup for both theorems, and fix some notation.

Let f.g : S! — S! be two C3 (multi)critical circle maps with the same
irrational rotation number p = [ag,a1,....an,...]. Leth : S' — Sl bea
topological conjugacy between f and g mapping orbits of f to orbits of g (i.e.,,
such that h o f = goh). Let x,z € S! be such that #(x) = z. Suppose also
that w € S', w # z, is a critical point for g. Assume one of the following two
scenarios (which correspond to the situations in Theorem 9.1 and Theorem 9.2,
respectively).

Scenario A. Both f and g are uni-critical circle maps, with critical points
at x and w, respectively.

Scenario B. The map f is uni-critical with critical point at x, whereas the
map g is bi-critical with critical points at z and w.

In either scenario, let y = h~1(w) and let y,, n > 0, be the renormalization
ancestors of y (with respect to x and f). Likewise, let w, = h(y,),n > 0, denote
the renormalization ancestors of w = h(y) (with respect to z and g). Finally, let
(pn,an), n = 0, be the renormalization trail of y (with respect to x and f) —which
is also the renormalization trail of w (with respect to z and g).

Both Theorem 9.1 and Theorem 9.2 will be straightforward consequences of
the following result.

Lemma 9.4. In either of the two scenarios above, suppose that there exists a sub-
sequence nj — oo such that pp;+1 — 0 asi — oo, and ‘Oln,-+1 — %‘ < %for all
i. Then the conjugacy h is not quasisymmetric.
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Ay,
g - Lni - Rn[ T
f nj+1 (X) Vn, ani (X)
o O O : ——+o+——t : o)
lr’x :
5 %4 S Jh.iF S SR
ginit+1(z) g (z2)

h(Ln,) —=h@n) ==h(Ry,) —
Figure 9.3: The distortion of cross-ratios is large.

The proof of this lemma, in turn, depends on the fact that, inside every interval
ofthe form I, (x), critical spots are large. We have seen this already (in Chapter 7),
but for convenience we repeat the statement here.

Lemma 9.5. Let 0 < k < ay 1 be such that the interval
Apn =[O (y11(x)) C Ln(x)
contains a critical point of f9"+1. Then |Ag »| < [In(x)|.

Proof. The proof'is outlined in Section 7.4.3, Exercise 7.9; the reader is invited to
fill in the details. O

Proof of Lemma 9.4. The idea is to show that /# has unbounded distortion of cross-
ratios: once this is proved, then Corollary 7.1 implies that the homeomorphism
h is not quasisymmetric. Passing to a subsequence if necessary, we may assume
that either (a) y,;, € I, foralli; or (b) yn; € In;+1 forall i. We give the proof
assuming that case (a) holds. The proof in case (b) is the same, mutatis mutandis.

By restricting our attention to sufficiently large i, we may assume that p,; 41 <
%, which implies that a,; +1 > 8. Then we must have y,, € I, \ I, +2. Indeed,
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if yn, € In;42, then ap, 41 < pwln;42)/ (In;) < é, which contradicts the
hypothesis. Since the intervals

AU — fqni+jq"i+l(1ni+1) . 0<j <ap+1—1.,
constitute a partition of 1, \ I, 42 (modulo endpoints), it follows that there exists
0 < kn; < an;+1— 1suchthat y,, € A, = Akn),
Claim. We have kp; < an; +1 X an;+1 — kn; .

In order to prove this claim, we first recall that

plyn» S (0]

where as before u is the unique Borel probability measure invariant under f.
Moreover, we have

l—ap 41 = , (9.3)

fn; —1 kn;—1
U AD € [yp. f2 (x)] © An, U U AW 9.4)

Since (AY)) = w(Iy;+1) forall j, from (9.3) and (9.4) we get

uln;+1) pu(ln;+1)
kp ———— < 1—ap41 < (kn; +1) ————. 9.5)
" w(In;) " " w(In;)
Taking into account that
1 = w(n;+1)
n; =

and that, by hypothesis, % <l—ap+1 < %, we deduce from (9.5) that

1 3
—1 < kp;, < .
4pn; +1 4pn;+1

But o, 'y | = @n;+1 + Pn;+2,a0d 0 < py; 42 < 1,50

11 kn, 3 ( 1 )
- — < < -1+ ,
4 ap;+1 An;+1 4 An;+1
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and since pp; 41 < % implies a,, +1 > 8, we deduce that

1 kn, 27
<

< —_— .
8 An;+1 32

This proves the claim.

Now, provided n; is sufficiently large, the map f 97 +! restricted to the interval
In; \ In; 12 is an almost parabolic map (see Definition 7.3 in Section 7.3). Here we
need n; large enough so that, restricted to the interval in question, the map f 97 +!
is a diffeomorphism with negative Schwarzian derivative, and this is possible by
Proposition 8.3. By Yoccoz’s inequality (Lemma 7.3) and the above claim, we
have

1Akt 1 1

|In,| mln{k%l s (anj+1 _knl_)Z} a%i_H ’

Letting L,; and Ry, denote the left and right components of I,,; \ A,;, we know
from the real bounds (Theorem 6.3) that |Ly; | < |I5,;| < |Ry;|. Therefore we see
that

Ay 1
[Anialn[] = | nl|| nl| = (96)

| Ln; || R | a ar21i+1 '
The next step is to estimate the cross-ratio determined by the pair of intervals
h(Ap;) and h(I,;). Here, we first note that w,, = h(ys;) € h(Ay;) is a criti-
cal point for the map g?#:+!; in the terminology of Estevez and de Faria [2018],
h(Ay;) is therefore a critical spot of gmi+! |h(1n,-)' As we saw in Lemma 9.5,
every critical spot of a renormalization return map is comparable to the interval
domain of said return map. Hence we have |h(Ay;)| < |h(Iy;)|. Moreover, by
the real bounds for g, we have |h(Ly,)| < |h(Iy;)| < |h(Ry;)|. These facts show

that |h(An)|[B(In,)]
h(An,), h(Iy)] = SRS = L
CAn) BUn )] = G ST R

Combining (9.6) with (9.7), we finally get an estimate on the cross-ratio distortion
of the pair of intervals A,, C I,; under A, to wit

[h(Anl)7h(In,)] o 2

CrD(h,Anl y In,) = W = ani+1 .
n;is tn;

9.7)

But since py; +1 — 0, we have ap; 11 — oo. This shows that the cross-ratio distor-
tion of 4 blows up, and so / cannot be quasisymmetric (again, recall Corollary 7.1).
The proof of Lemma 9.4 is complete. O
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Proof of Theorem 9.1. Consider the sets R and %, , given by Theorem 9.6 (ap-
plied to f and x = cy), and define R4 = R. Then Lemma 9.4 (applied in the
Scenario A case) implies that ., C %, which proves Theorem 9.1. Remem-
ber also that, as explained in Section 9.1.2, the fact that the complement of % is
dense follows from the fact that it is non-empty and invariant under the minimal
homeomorphism f. O

Proof of Theorem 9.2. By Lemma 9.4 (applied in the Scenario B case), it is enough

to consider |

where ¢ is given by Proposition 9.4, and E, is given by Proposition 9.5. O

9.7 'The C° realization lemma

9.7.1 Admissible pairs

We start Section 9.7 with a definition. Remember that R denotes the rectangle
[0,1] x [-1,1]inR%,and M = ([0,1]\ Q) x [-1,1] C R.

Definition 9.5. 4 pair (p, ) € M is said to be admissible if there exists a C °° mul-
ticritical circle map g with irrational rotation number p, a unique invariant mea-
sure | and with exactly two critical points c1 and ¢y such that the two connected
components of S' \ {c1, c2} have ji-measures equal to o and 1 — o respectively.

The set of admissible pairs is denoted by A. Let us examine some of its prop-
erties.

Lemma 9.6. Any pair (p,a) € (0,1)? such that p ¢ Q and p — 2a = 0 belongs
to A.

Proof. Let fo be a C*° critical circle map with a single critical point c¢( fp) and
such that p(fo) = « (note that fy can be chosen to be real-analytic, say from
the Arnold’s family). Let us denote by p the unique invariant Borel probability
measure of fy. Define g = f02 = fo o fo, and note that g is a real-analytic
bi-critical circle map, with irrational rotation number p(g) = 2p(fo) = 20 = p
and with two critical points ¢1(g) = ¢(fo) and ¢c2(g) = fo_l (c ( fo)). Moreover,
the unique invariant Borel probability measure of g is i, and the two connected
components of S \ {c1, 2} have u-measures equal to o and 1 — « respectively,
since ¢; = fo(c2). O
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Lemma 9.7. The set A of admissible pairs is forward invariant under T, where
T : M — M is the skew product constructed in Section 9.3.

Proof. Let (p, ) € A andlet f bea C* bi-critical circle map, with critical points
¢1 and c3, such that (p, o) is the initial term of the renormalization trail of ¢, with
respectto ¢y and f. For some fixedn € N, we want to prove that 7"+ 1(p, o) € A.
By Lemma 9.3, T"*1(p, @) coincides with the (n + 1)-th term (pn1,%n41) of
the renormalization trail of ¢, (with respect to c; and f). Recall, from Section 9.2,
that p,+1 = G"11(p) and that if ¢, belongs to the long interval f* (In (c1)) for

somei € {0,1,...,qn+1 — 1}, we have that
o . H((ClaJ’n))
1= ——"— >
" )

where y, € Iy (c1) is given by fi(yn) = cp. Otherwise, ¢, belongs to the short
interval f7(I,41(c1)) for some j € {0,1,...,¢, — 1}, and then

/"L((yl’lv cl))

(04 1= —
" 1(Int1)

’

where y, € Ip4+1(cy) is given by fj (yn) = c2. Let us assume that we are in the
first case (the proof for the second one being the same), and note that the iterate
f 9" restricts to a C°° homeomorphism (with a critical point at c;) between the
intervals

Lnp1(c) U f=0 4 (I 1 (cr)) = [ [ (c1), [T+ (c1)] and

Aon U [T+ (AO,n) — [fq/z+1+11n (Cl)’f_¢1n+l+¢1n (Cl)],

where Ao, = f9"(Int1(c1)) = (f9+119(cq), f97(c1)], as defined in the
course of the proof of Lemma 9.3. Identifying points in this way we obtain from
the interval

Lnp1(c1) U In(er) U f941(Ag ) = [f9H (c1), [T 97 ()],

a compact boundaryless one-dimensional topological manifold N. Denote by
7 ¢ Ing1(c1) U In(c1) U f79+1(Ag,) — N the quotient map, and let
¢ : N — S! be any homeomorphism which is a C* diffeomorphism between
N\ {(cy)} and S* \ {gb(n(cl))}. Note that ¢p o & maps the interior of 7,,(c1)
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C *°-diffeomorphically onto S* \ {¢(7(c1))}. Let g : S' — S! be given by the
identity
gogpom=¢omo fIt! in I,(cy),

and note that g is a well-defined C*° circle homeomorphism, with irrational ro-
tation number equal to p,+1 = G"*1(p). Moreover, g has exactly two critical
points in S, given by ¢; = ¢ o 7(c1) and &, = ¢ o 7 (yy,). Finally, note that the
unique invariant Borel probability measure u, of g in S! is given by

ig(p o m(A) = pu(A) / u(Ia(cr)) = u(A) / [T G/ ().

j=0

for any Borel set A C [I,(cy1). In particular, the two connected components of
S1\ {¢1,¢2} have jug - measures equal to &y 41 and 1 — a4 respectively. This
finishes the proof of Lemma 9.7. O

We remark that the glueing procedure described in the proof of Lemma 9.7
was introduced by Lanford in the eighties, see Section 10.2 and Lanford [1987,
1988] for much more.

Lemma 9.8. The set A of admissible pairs has non-empty interior in M.

We will not prove this result here. For a proof, see the original paper de Faria
and Guarino [2022b, Prop. 7.5]. We are now in a position to give a quick proof of
the C°° Realization Lemma, which we restate as follows.

Theorem 9.7 (The C*° Realization Lemma). Every pair in M is admissible; in
other words, A = M.

Proof. Since the set A of admissible pairs is obviously non-empty (see for instance
Lemma 9.6 above), Theorem 9.7 follows by combining Lemma 9.2 and Lemma 9.7
with Lemma 9.8. O

Finally, when combined with Theorem 9.2, the C*° Realization Lemma im-
plies Theorem 9.3. This is left as an exercise to the reader.

Exercises

Exercise 9.1. Show that if f : §! — S is quasisymmetrically conjugate to a
rigid rotation Ry, then every conjugacy between f and R, is quasisymmetric.
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Exercise 9.2. Let f : S! — S! be a multicritical circle map, and let x € S! be
such that f has bounded geometry at x.

(i) Show that there exists a fine grid 9 = {2, (x)},( with the property that,
for every n > 0, each atom A € 2, (x, f) is a union of atoms of &, (x)
for some m < n + 1. [Hint: imitate the recursive construction used in the
proof of Proposition 7.6].

(ii) Let y € S! be another point such that f has bounded geometry at y, and
let hy,y € Zo(f) be the self-conjugacy such that /1 ,(x) = y. Using (i),
prove that Ay ) is quasisymmetric.

Exercise 9.3. Prove that the set [E o, defined in Section 9.1.3 is uncountable. Prove
also that [Eo, is a set of first category of Baire (i.e., it is meager) and that its
Lebesgue measure is equal to zero. [Hint: see Appendix A.]

Exercise 9.4. Let f be a smooth bi-critical circle map with irrational rotation num-
ber p s, unique invariant measure u ¢ and critical points ¢1 and ¢. Say that the
two connected components of S \ {c1,c»} have #-measures equal to o ¢ and
1 — ay respectively. As we know from Corollary 2.1, the rotation number p ¢
is continuous under C° perturbations. Show that o # is continuous under smooth
perturbations. More precisely, prove the following statement, borrowed from de
Faria and Guarino [2022b, Lem. 7.6]: given ¢ > 0 there exists § = d(g, f) > 0
such that if g is a smooth bi-critical circle map with irrational rotation number pg
satisfying dc1(f,g) < 6, then |py — pg| < e and |ay — ag| < & [Hint: recall
Theorem 3.3, the Denjoy—Koksma inequality].

Exercise 9.5. Deduce Theorem 9.3 from Theorem 9.2 and the C*° Realization
Lemma.



Part 1V

Renormalization Theory

269



In recent years, the main new tool introduced in dynamics to understand the fine-
scale structure of a low-dimensional system is renormalization. The notion of
renormalization stems from statistical mechanics and field theory, and was intro-
duced in the context of one-dimensional dynamics — more precisely, in the study of
bifurcations of one-parameter families of unimodal maps — more than four decades
ago, through the numerical observations and conjectures formulated by Coullet
and Tresser [1978] and independently by Feigenbaum [1978].

In a nutshell, to renormalize a (smooth) dynamical system around some point
of interest (usually a critical point) means to consider a small, dynamically defined
neighborhood of that point in phase space, and to take the first return map to that
neighborhood, linearly rescaling it to unit size. If this can be done for a sequence
of smaller and smaller neighborhoods of the special point, then we say that the
system is infinitely renormalizable at that point. Now, if two systems are topo-
logically equivalent, and are infinitely renormalizable, it makes sense to compare
their successive renormalizations around corresponding special points. If these
corresponding successive renormalizations get closer and closer together (say in
the C© sense), this points to both systems having the same asymptotic geometric
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structure near their special points — and we expect this to happen at all points in the
forward orbits of the special points. In other words, the general ansatz is that the
convergence of successive renormalizations implies a form of geometric rigidity.
This is the rosy picture, but the reality is rather thorny, as we shall see.

Our goal in the present chapter is to explain the interplay between rigidity and
renormalization convergence in the specific context of (multi)critical circle maps.
We shall see that, when correctly interpreted, the above ansatz is true most of the
time (Section 10.3), but not always (Section 10.5).

10.1 Smooth rigidity

The notion of smooth rigidity first appeared in hyperbolic geometry in the sixties,
through the seminal work of Mostow, who showed that the fundamental group (the
topology) of a complete, finite-volume hyperbolic manifold of dimension greater
than two completely determines its geometry. In dynamical systems, smooth rigid-
ity means that a finite number of dynamical invariants determines the fine scale
structure of orbits. More precisely, maps that are topologically conjugate and share
these invariants are in fact smoothly conjugate. Numerical observations by Feigen-
baum, Kadanoff, and Shenker [1982], Ostlund et al. [1983], and Shenker [1982]
suggested in the early eighties that this was the case for C3 critical circle maps
with a single critical point and with irrational rotation number of bounded type.
This was posed as a conjecture in several works by Feigenbaum, Kadanoff, and
Shenker [1982], Lanford [1987, 1988], Ostlund et al. [1983], Rand [1987, 1988,
1992], and Shenker [1982] among others. We proceed to state the most recent
results in this area, namely Theorems 10.1 and 10.2 below.

Theorem 10.1. Let [ and g be two C* circle homeomorphisms with the same
irrational rotation number and with a unique critical point of the same odd integer
criticality. Let h be the unique topological conjugacy between f and g that maps
the critical point of f to the critical point of g. Then:

1. hisa C' diffeomorphism.
2. his CY% at the critical point of f for a universal o > 0.

3. There exists a full Lebesgue measure set of rotation numbers (containing
those of bounded type) for which the conjugacy h is a global C'1% diffeo-
morphism.
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Recall that an irrational number p = [ag, a1, .. .] is of bounded type if sup{a, }
is finite (see Chapter 4 and Appendix A). By Theorem 6.2, the rotation number is
the unique invariant of the C° conjugacy classes of critical circle maps with no
periodic orbits. Theorem 10.1 is saying that, inside each topological class, the
order of the critical point is the unique invariant of the C ! conjugacy classes! This
is what we call rigidity.

A delicate problem is to precisely determine “how smooth” the conjugacy &
is. By comparing with the material presented in Chapter 4 we see that, on the one
hand, the presence of the critical point gives us more rigidity than in the case of
diffeomorphisms: a smooth conjugacy is obtained for all irrational rotation num-
bers, with no need of a Diophantine condition. On the other hand, in Section 10.5
we will construct examples where the conjugacy 4 is not globally C 1+ Tt might
be possible, but probably quite difficult, to obtain a sharp arithmetical condition
on the rotation number that would allow us to decide whether the conjugacy is
“better than C 17,

Theorem 10.2. Any two C3 critical circle maps with a single critical point, with
the same irrational rotation number of bounded type and with the same odd integer
criticality are conjugate to each other by a C'7% circle diffeomorphism, for some
o> 0.

This fourth and last part of the present book is entirely devoted to explaining the
proof of these two fundamental results; deep tools coming from Renormalization
Theory and Holomorphic Dynamics will be introduced along the way. As it will be
clear to the reader (specially in Chapter 14), the ideas of Dennis Sullivan, Curtis
McMullen and Mikhail Lyubich (conceived in the context of unimodal maps of the
interval) were crucial to develop the rigidity theory of critical circle maps (for an
overview of Sullivan’s major contributions to the area of Dynamical Systems, we
refer the reader to the recent expository paper by de Faria and van Strien [2023]).

We remark that the statement of Theorem 10.2 is the precise statement of the
rigidity conjecture mentioned above. Together, Theorems 10.1 and 10.2 can be
regarded as the state of the art concerning rigidity of critical circle maps with a
single critical point of integer criticality (see also the recent paper by Gorbovickis
and Yampolsky [2020], where rigidity is obtained for real-analytic unicritical cir-
cle maps of bounded combinatorics, with non-integer criticalities which are close
enough to an odd integer). As it will be explained in the next chapters, both results
were first proved for real-analytic unicritical circle maps, mainly as a combina-
tion of works by the first named author together with de Melo, and by Yampol-
sky (see de Faria [1999], de Faria and de Melo [1999, 2000], Khanin and Teplin-
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sky [2007], Khmelev and Yampolsky [2006], and Yampolsky [1999, 2001, 2002,
2003]). In the current form (i.e., for C" maps), Theorem 10.1 was proved by Guar-
ino, Martens, and de Melo [2018], while Theorem 10.2 was proved by Guarino
and de Melo [2017]. In both cases, the main task is to reduce the rigidity prob-
lem for C” unicritical circle maps to the real-analytic case. This reduction will be
discussed in detail in Chapter 13.

What about dynamics with more critical points? Let f be a C3 multicritical
circle map with irrational rotation number p € (0, 1), unique invariant Borel prob-
ability measure  and N > 1 critical points ¢;, for 0 <i < N — 1. As before, all
critical points are assumed to be non-flat: in C3 local coordinates around c;, the
map f can be written as ¢ —> ¢ |¢|% ! for some d; > 1 (Definition 5.1). More-
over, just as in Chapter 6 (recall Definition 6.2), we define the signature of f to
be the (2N + 2)-tuple

(p:N;do.dy,....dNv—1:80.81.....8N-1),

where d; is the criticality of the critical point ¢;, and §; = u[ci, ¢i+1) (with the
convention that ¢y = ¢o).

Now consider two multicritical circle maps, say f and g, with the same irra-
tional rotation number. By Theorem 6.2, they are topologically conjugate to each
other. By elementary reasons, if f and g have the same signature there exists
a circle homeomorphism £, which is a topological conjugacy between f and g,
identifying each critical point of f with a corresponding critical point of g having
the same criticality. As proved in Chapter 7, such conjugacy /4 is a quasisymmetric
homeomorphism (Theorem 7.2).

Question 10.1. Is this conjugacy a smooth diffeomorphism?

Of course, only such an / conjugating f and g has the chance of being smooth
(in fact, as explained in Chapter 9, for Lebesgue almost every rotation number most
conjugacies between f and g fail to be even quasisymmetric). The following re-
sult follows by combining the recent papers Estevez and Guarino [2023], Estevez,
Smania, and Yampolsky [2022], and Yampolsky [2019].

Theorem 10.3. Let f and g be real-analytic bi-critical circle maps with the same
irrational rotation number, both critical points of cubic type and with the same sig-
nature. If their common rotation number is of bounded type, then the topological
conjugacy h is a C 1% diffeomorphism.
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To the best of our knowledge, Theorem 10.3 is the first rigidity statement avail-
able for maps with more than one critical point. In other words, Question 10.1 re-
mains wide open (but see the recent preprint Gorbovickis and Yampolsky [2021]).

As stated in the introduction to this chapter, the main tool to study rigidity prob-
lems in low dimensional dynamics is renormalization theory. Renormalization of
a dynamical system with a marked point (usually a critical point) means a (suitably
rescaled) first return map to a neighborhood of such point. Thus, renormalization
can be thought as a supra dynamical system, acting on an infinite dimensional
phase space made up by the original dynamics (see Section 10.2 for the precise
definition of renormalization of multicritical circle maps). In the context of one
dimensional dynamics, the renormalization program was initiated by Dennis Sulli-
van in the eighties (Sullivan [1986, 1992]), and then carried out by mathematicians
such as Yoccoz, Douady, Hubbard, Shishikura, McMullen, Lyubich, Martens, de
Melo, Yampolsky, van Strien and Avila among others.

A fundamental principle in this theory states that exponential convergence
of renormalization orbits implies rigidity: topological conjugacies are actually
smooth (when restricted to the attractors of the original systems). We refer the
reader to de Melo and van Strien [1993, Section VI.9] for the seminal case of
unimodal maps with bounded combinatorics (specifically, see Theorem 9.4 on
page 552).

Let us be more precise: by Yoccoz’s Theorem 6.2, two multicritical circle maps
f and g with the same irrational rotation number are topologically conjugate to the
corresponding rigid rotation, and in particular to each other. To obtain a smooth
conjugacy between f and g, we need to assume the existence of a topological
conjugacy h that identifies their critical sets, while preserving corresponding crit-
icalities. In other words, f and g need to have the same signature (recall Defini-
tion 6.2). It turns out that for Lebesgue almost every rotation number, such conju-
gacy h is a C 7% diffeomorphism, provided the successive renormalizations of f
and g (around critical points identified under /) converge together exponentially
fast in the C! topology (see the recent paper by Estevez and Guarino [2023]). For
unicritical circle maps, it is sufficient to have exponential convergence of renor-
malizations in the C? topology, and this is the main theorem that we will prove in
this chapter (see Theorem 10.4 in Section 10.3 below). Our proof will follow very
closely the original source, de Faria and de Melo [1999].

Thus, the main step to obtain rigidity, as in Section 10.1 above, is to estab-
lish geometric contraction of the successive renormalizations of multicritical cir-
cle maps with the same signature. The dynamics of renormalization, however, is
usually difficult to understand. To begin with, its phase space is neither bounded
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nor locally compact. Therefore, no recurrence is given a priori. This makes some
basic dynamical questions, such as existence of attractors and periodic orbits, quite
difficult to solve.! In particular, proving exponential contraction is a challenging
problem. In the case of a single critical point and real-analytic dynamics, exponen-
tial contraction was obtained in de Faria and de Melo [2000] for rotation numbers
of bounded type, and extended in Khmelev and Yampolsky [2006] to cover all
irrational rotation numbers (Theorem 13.1). Both papers lean heavily on complex
dynamics techniques (to be discussed in Chapters 11 and 14), and therefore an
additional hypothesis is required: the criticality at both critical points has to be
an odd integer. These results have been recently extended in at least two direc-
tions: in Gorbovickis and Yampolsky [2020], exponential contraction is obtained
for real-analytic critical circle maps of bounded combinatorics, with non-integer
criticalities which are close enough to an odd integer, while in Guarino, Martens,
and de Melo [2018] and Guarino and de Melo [2017], exponential contraction is
established for critical circle maps with a finite degree of smoothness, (but still
with odd integer criticalities, see Theorems 13.2 and 13.3). Finally, in the case of
two critical points, it is proved in Yampolsky [2019] both the existence of periodic
orbits and the hyperbolicity (under renormalization) of those periodic orbits, for
real-analytic bi-critical circle maps (with both critical points of cubic type). These
results have been recently extended to bounded combinatorics in Estevez, Smania,
and Yampolsky [2022]. See Chapter 13 for more details.

10.2 Renormalization of commuting pairs

As mentioned before, to renormalize a dynamical system means to consider a first
return map around some interesting point, and then to rescale this return map. In
the context of circle maps, the first return map to a small neighborhood of a point is
always discontinuous. Hence it was already clear from the start (see Feigenbaum,
Kadanoff, and Shenker [1982] and Ostlund et al. [1983]) that the natural thing to
do is to construct a renormalization operator (see Definition 10.3) acting not on the
space of critical circle maps but on a suitable space of critical commuting pairs,
whose precise definition is the following.

Definition 10.1. 4 C” critical commuting pair { = (n,£) consists of two C"
orientation preserving homeomorphisms n : Iy — n(Iy) and § : I — §(I¢)

IAs a first step, the real bounds (Theorem 6.3) can be used to establish C” bounds for return
maps, as in Section 6.4 (see also de Faria and de Melo [1999, App. A]). A standard Arzela—Ascoli
argument gives then pre-compactness of renormalization orbits.
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where:
1. Iy =1[0,£(0)] and Iz = [1(0),0] are compact intervals in the real line;

- (n0§)(0) = (0n)(0) #0;
3. Dn(x) > 0 forall x € Iy\{0} and D&(x) > 0 for all x € I¢\{0};

)

4. The origin is a non-flat critical point for both n and &, with the same criti-
cality.

5. The left-derivatives of the composition 1 o £ at the origin coincide with the
corresponding right-derivatives of € on: foreach j € {1,2,...,r} we have

D7 (no€)(0) = DI (& o n)(0).

For a commuting pair as above, both 7 and £ extend to C” homeomorphisms,
defined on interval neighborhoods of their respective domains, which commute
around the origin. In other words, the commuting condition (2) in Definition 10.1
actually holds on an open interval. Let us be more precise.

Lemma 10.1. There exist open intervals V— 2 I¢ and Vi 2 Iy and C" homeo-
morphic extensions /S\ Vo — /E\(V_) CRand?n:Vy - (Vy) C R of € and
n respectively, satisfying (ﬁo é‘)(x) = @‘\ ) ﬁ) (x) for all x in the open interval C
around the origin given by C = {x eV_nNVy:nkx)e V- andg(x) € V+}.

Proof. Since the origin is a non-flat critical point of odd criticality, there exists an
open interval C around it on which we can extend both 1 and & to C” homeomor-
phisms 7 : C — A and E: C — B, where A is an open interval around 7(0) and
B is an open interval around & (0) (we may suppose that A, B and C are pairwise
disjoint). Moreover, since the criticality of both 77 and E at the origin is the same
odd integer, the composition §o 7 ': A — Bisactually a C” diffeomorphism.

Let V- = A U I¢ U C, which is an open interval where [¢ is compactly
contained, and in the same way let V, = C U I, U B.

Since the composition 50§ is already defined at the left part of C, the extension
of n defined above (given by the non-flatness of the critical point) allows us to
extend £ to the left part of A in the following way: for any y € A there exists a
unique x € C such that 7(x) = Y (since A = 7(C)and 77 : C — A is invertible)

and then we define & : A — R as &(y) = n(&(x)) = (no&om 1) (y)ify < n(0)
and £(y) = £() if y > n(0).
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By Condition (5) in Definition 10.1, the left-derivatives of the composition
no&o7n ! at the point 1(0) coincide with the corresponding right-derivatives of &
at(0), that s, ?g‘\is of class C” at the point 7(0) (and therefore on the whole domain
V_). Note also that ghas no critical points on V_\{0} since go 7 1:4— Bisa
C" diffeomorphism and 7 has no critical points in B N I, by Condition (3).

In the same way, since the composition ¢ o 7 is already defined at the right
part of C and since £ is also defined on C, we extend 7 to the right part of B by
imposing the commuting condition 77 o g § o7 on C as before. [l

The following construction was introduced by Lanford (see Lanford [1987,
1988]), and it is known as the glueing procedure (recall also the proof of Lemma 9.7
in the previous chapter). It follows from Lemma 10.1 that the map & extends to
a diffeomorphism from a neighborhood of 1(0) onto a neighborhood of £ o 1(0).
Identifying those points in this way, we obtain from the interval [n(O), £o ;7(0)] a
smooth, compact one-dimensional manifold M without boundary. The discontin-
uous piecewise smooth map

Eon() forte [n(O),O)

n(t) fort € [0,";‘ o 17(())]

projects to a smooth homeomorphism on the quotient manifold M. Choosing any
diffeomorphism ¥ : M — S!, we obtain a multicritical circle map in S! sim-
ply by conjugating with 1. Although there is no canonical choice for the diffeo-
morphism v, any two different choices give rise to smoothly-conjugate multicrit-
ical circle maps in S'. Therefore any critical commuting pair represents a whole
smooth conjugacy class of multicritical circle maps. In particular, this procedure
allows us to define the rotation number of a commuting pair.

On the other hand, any critical circle map f with irrational rotation number
p gives rise to a sequence of critical commuting pairs in a natural way: let F be
the lift of f to the real line (for the canonical covering t — e2™) satisfying
DF(0) =0and0 < F(0) < 1. Foreachn > 1 let T,, be the closed interval in the
real line, adjacent to the origin, that projects under ¢ — 2" to I,,. Let T : R —
R be the translation x — x 4+ 1, and define 7 : I, >R and £ : i;,.,.l — R as:

n= T_Pn+1 1o FCIn-i—l and g — T_Pn o FQn ,

fe(t) =

where {p,/qx} is the sequence of convergents associated to p, as defined in Chap-
ter 1. It is not difficult to check that (7| 7’ £ |f,, +1) is a critical commuting pair,

usually denoted by (9" +1|z,, f9"|1,,,)-
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n(0) £(0)

10§ (0)=£&on(0)

1
1
1
1
1
1
1
1
1
¢

Figure 10.1: A critical commuting pair and its underlying interval exchange.

For a commuting pair { = (1, £) we denote by Ethe pair (’ﬁ'lj;fglyg), where
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tilde means rescaling by the linear factor 1/|/¢|. In other words, |7£| = 1 and the
length of 17, equals the ratio between those of /; and I¢.

Given two critical commuting pairs {1 = (11,£&1) and {o = (12,&2) let Ay
and A, be the Mobius transformations such that fori = 1, 2:

Ai(ni(0)) =—1, A;(0)=0 and 4;(&(0)) =1.

Definition 10.2. For any 0 < r < oo define the C™ metric on the space of C”
critical commuting pairs in the following way:

£1(0)  £(0)
n1(0)  72(0)

where || - || is the C" -norm for maps in [—1, 1] with one discontinuity at the origin,
and §; is the piecewise map defined by n; and &;:

JArotio AT  — Az 080 A1,

dr(81,82) = max{

Ci i 1g, Uy, — Ig, U Iy, such that é‘,-|1§i =& and é‘,-|1m. =n;

When we are dealing with real analytic critical commuting pairs, we consider
the C®-topology defined in the usual way: we say that (n,.&,) — (1, &) if there
exist two open sets Uy D I and Ug D Ig in the complex plane and ng € N
such that n and n, for n > ng extend continuously to U_n, are holomorphic in U
and we have H M — nHCO(Uﬁ) — 0, and such that £ and &, for n > ng extend

continuously to Fg, are holomorphic in Ug and we have ”§n —£ H coTr) 0. We

say that a set ¢ of real analytic critical commuting pairs is closed if every time we
have {¢,} C € and {{,} — ¢, we have { € €. This defines a Hausdorff topology,
stronger than the C”-topology for any 0 < r < oo (in particular any C ®-compact
set of real analytic critical commuting pairs is certainly C”-compact also, for any
0<r <o)

Note that d; is not a metric but rather a pseudo-metric, since it assigns distance
zero to any pair of commuting pairs that are conjugate by a homothety: if « is a
positive real number, Hy (1) = ot and {1 = Haogona_l, thend, ({1,¢2) = 0. In
order to have a metric, we simply need to restrict to normalized critical commuting
pairs, as defined above.

Let ¢ = (n,£) be a critical commuting pair according to Definition 10.1, and
recall that (o £)(0) = (£ o 7)(0) # 0. Let us suppose that (& o 1)(0) € I, (see
Figure 10.1) and define the height x({) of £ asa € N if

n“t1(£(0)) < 0 < n?(£(0)),
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and x({) = oo if no such a exists. Thus, the height of the commuting pair
(f9+'g,, f9"|1,,,) induced by a critical circle map f is exactly a,+1, where
p(f) = lag.ai....]. Now, for ¢ = (. &) with (§07)(0) € I;yand x(§) = a < oo,
the pair

(nio.nac 1> 1 0 €lre)
is again a commuting pair, and if ¢ is induced by a critical circle map, i.e.,

C — (fqn+1 |In , fqn|1n+1)»

then we have

(Mopeonr- 1* 0 §lre) = (ST M s LT 1,00) -
This motivates the following definition.

Definition 10.3. Let { = (1, §) be a critical commuting pair with (£ o )(0) € I,,.
We say that ¢ is renormalizable if y({) = a < oo. In this case, we define the
pre-renormalization of ¢ as the critical commuting pair

p2(&) = (Mo,paeom - " ©§lre)

and we define the renormalization of ¢ as the normalization of p%#({), that is,

#@) = pAG) = (m[o,na(s(o»]’ m'é)'

A critical commuting pair is a special case of a generalized interval exchange
map of two intervals, and the renormalization operator defined above is just the
restriction of the Zorich accelerated version of the Rauzy—Veech renormalization
for interval exchange maps (see for instance Yoccoz [2006]). However, we keep
in this book the classical terminology for critical commuting pairs.

If (%7 (£)) < oo for j € {0,1,...,n— 1} we say that { is n-times renormal-
izable, and if y(%7(¢)) < oo for all j € N we say that ¢ is infinitely renormal-
izable. The space of all infinitely renormalizable commuting pairs is the natural
phase-space for renormalization. For such a pair, the irrational number whose
continued fraction expansion equals

[x(©). x(Z Q). (2" ©). x(2" 1 (D). ]

is, by definition, the rotation number of the critical commuting pair { (note that
if ¢ is induced by a critical circle map with irrational rotation number, then it is
infinitely renormalizable and both definitions of rotation number coincide).
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To understand the action of renormalization on the rotation number of a com-
muting pair, recall that the Gauss map G : [0, 1] — [0, 1] is given by

G(p) = {%% for p #£ 0, and G(0) = 0.

If p = [ag.a1.az... ] belongsto (1/(k +1),1/k), then 1/p = ag +[a1.az, .. ]

and then a9 = BJ = k and G(p) = [ai1,az,...]. This shows that the Gauss

map acts as a left shift on the continued fraction expansion of p, and therefore the
action of the renormalization operator on the rotation number is given by

p(Z(0)) = G(p()) = o([ao.ar.az....]) = [a1.a2...]. (10.1)

In particular, the way the renormalization operator % acts on (infinitely renormal-
izable) critical commuting pairs is by sending topological classes to topological
classes.

10.3 A fundamental principle

Recall that, by Yoccoz’s Theorem 6.2, two C3 multicritical circle maps, say f
and g, with the same irrational rotation number are topologically conjugate to
each other. If f and g have the same signature (Definition 6.2) there exists a
homeomorphism 4 : §! — S, which is a topological conjugacy between f and
g, identifying each critical point of f with a critical point of g having the same
criticality. By Theorem 7.2, & is a quasisymmetric homeomorphism. Such an 4,
mapping critical points to critical points and preserving criticalities, is the only
hope of a smooth conjugacy between f and g (as explained in Chapter 9, it turns
out that for almost every rotation number most conjugacies between f and g fail
to be quasisymmetric).

10.3.1 Main theorem

The following result, originally proved by de Faria and de Melo [1999, First Main
Theorem], is the main result of this chapter.

Theorem 10.4. There exists a set A of rotation numbers, having full Lebesgue mea-
sure and containing all numbers of bounded type, for which the following holds.
Let f and g be topologically conjugate C3 critical circle maps, and let h be the
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conjugacy between f and g that maps the critical point of f to the critical point
of g. If their common rotation number belongs to A, and if their renormalizations
converge together exponentially fast in the C°-topology, then h is C11 for some
a>0.

This theorem has been recently extended by Estevez and Guarino [2023] to
cover the multicritical case. Here, one needs to assume, of course, that both maps
have the same signature, and the hypothesis of exponential convergence in the
C°-topology has to be replaced by exponential convergence in the C !-topology.
Indeed, contraction of the first derivatives is needed in order to control the relative
position of the various critical points for the return maps. As mentioned in the
introduction of this chapter, proving exponential contraction of renormalization is
a challenging problem, to be discussed in Chapter 13.

The set A C (0, 1) of rotation numbers considered in the statement of Theo-
rem 10.4 was introduced in de Faria and de Melo [1999, Section 4.4]. Its precise
definition is the following.

Definition 10.4. Let A C (0, 1) be the set of irrational numbers p = [ag, aq, .. .]
satisfying:
1 n—1
1. limsup — Z loga; < oo,

n
n—o0o =0

1
2. lim - loga, =0,

n—oon

k+n

3.% Z loga; <w(g)

j=k+1

forall 0 < n < k, where w is a monotone function (that depends on p) such that
w(t) > 0forallt > 0, and such thatt w(t) — 0ast — 0.

The set A has full Lebesgue measure in (0, 1), and a proof of this fact will be
given in Appendix A (see Corollary A.1 and Lemma A.3). Obviously, all bounded
type numbers satisfy the three conditions above. The number whose partial quo-
tients are given by a, = k ifn = 2K with k > 1 and g, = 1 otherwise is an
explicit element of A that is not of bounded type. This number satisfies (3) with

o(t) = 1//1.
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Still in the unicritical case, if one asks for the conjugacy to be only C'!, rather
than C ! 7%, we have the following result obtained by Khanin and Teplinsky [2007,
Th. 2].

Theorem 10.5. Let f and g be C3 unicritical circle maps with the same irrational
rotation number. If the renormalizations of f and g converge together exponen-
tially fast in the C? topology, then f and g are conjugate to each other by a C'!
diffeomorphism.

This theorem will not be proved here; we refer the reader to their original
paper. Let us mention that it would be important, for the rigidity problem for
multicritical circle maps discussed in Section 10.1 (recall Question 10.1), to adapt
their approach to the multicritical case. In other words, to prove that exponential
convergence of renormalization orbits implies C ! rigidity for multicritical circle
maps with arbitrary irrational rotation numbers. To the best of our knowledge, this
has not yet been established.

The proof of Theorem 10.4 to be given here is the same proof given in de
Faria and de Melo [1999]. In addition to the real bounds from Chapter 6 (Theo-
rems 6.3 and 6.4), several tools from Chapter 7, such as the notion of fine grids
(Definition 7.2), the criterion for smoothness given by Proposition 7.3, and Yoc-
coz’s lemma on almost parabolic maps (Definition 7.3 and Lemma 7.3), will be
used in the proof.

Remark 10.1. As pointed out in de Faria and de Melo [ibid., Prop. 2.2], the real
bounds imply that exponential convergence of renormalizations is preserved under
conjugacy by a smooth diffeomorphism. In other words, if two C” maps are C"
conjugate, then the C” 1 distance between their successive renormalizations goes
to zero exponentially fast. This is true even in the general multicritical case: see
Exercise 10.1.

10.3.2 Comparing orbits of two almost parabolic maps

The following consequence of Yoccoz’s inequality will be need in the proof of
Theorem 10.4.

Proposition 10.1. Let ¢ and  be two almost parabolic maps with the same length
£ defined on the same interval. Then for all x € J1(¢p) N J1(¥) and for all 0 <
k < 1£/2, we have

6K (x) — y* ()| < C K3 |lp — ¥l co- (10.2)
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Proof. First note, using the mean-value theorem, that

k—1
65 () —vr ol = |3 (#F e () - o @ )

J=0

’

k—1
< Y|t o ) — v ()
j=0
where §; lies between ¢ (W7 (x)) and ¥/ T1(x). Hence we have
k—1
9E) = vkl < lg—vlo Y [P En| . (103)
j=0

Let us estimate each summand in the right-hand side of (10.3). Let m = m(j) be
such that§; € A;,,(¢), and assume also that j 4+ m < a/2. This last condition
is always satisfied if the central fundamental domain of ¥ lies to the left of the
central fundamental domain of ¢ (if this is not the case, then reverse the roles of
¢ and ¥ in (10.3) and throughout). Using Yoccoz’s Lemma 7.3, we see that
G+m? (j +m)2

a—k-m+12 > \j+1/) "~
Hence, it suffices to estimate m as a function of j. For this purpose, let n = n(j)
be such that ¥/ t1(x) € [¢/ 771 (x), ¢/ T"(x)]. We claim thatm < n + 1. There
are two possibilities. The first is that ¢ (¥/ (x)) > ¥/ F1(x): in this case we see
easily that

ID¢* 71 (E))| = (10.4)

& € W) pW! ()] S 97T ). ¢ T ()]
and som < n + 1. The second is that oW/ (x)) < Y/ T1(x). In this case we
have £; < Y/ (x) < ¢/ 1"(x) € Ajtn+1(eh), so once again m < n + 1. This
proves our claim.
So now we must bound 7 as a function of j. Again, there are two cases to
consider.
(a) We have [y/1(x), y/*2(x)] € [¢/T"1(x), /" (x)] (as depicted in
Figure 10.2(a)). In this case, Yoccoz’s Lemma gives us
1 C

A g .—7
2 (G +n)2?
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which implies n < Cj.

(b) We have ¥/ 12(x) > ¢/ T"(x). In this case, ¢/ 7" (x) is the first point in
the ¢-orbit of x that lands inside the interval A = [/ T1(x), ¥/ 12(x)] (see
Figure 10.2(b)). Let p be such that ¢/ 7"+ (x) € Afori =0,1,...,p—1
but ¢/ TP (x) ¢ A. Then we have A C [/ T 1(x), /TP (x)], and
this time Yoccoz’s Lemma gives us

1 1 1 1 C
.—<C( - + — + et )< -

Jj? G+m?  (+n+1)? (J+n+p?)  j+n
Therefore n < Cj 2 in this case.

In either case we see that m < Cj2. Carrying this information back to (10.4), we
deduce that

DTN EN] < €2 (10.5)
Substituting (10.5) into (10.3), we arrive at (10.2), and the proof is complete. [

1//j+l(xmj+2(x)
¢./+n—l (x)\—/(pj+n (x)

(a)

(b)

m ST

¢j+np(x)

Figure 10.2: Bounding # in terms of ;.
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Remark 10.2. It is worth pointing out that Proposition 10.1, which as we saw is
based on the geometric inequalities given by Yoccoz’s Lemma 7.3, will be sig-
nificantly improved in Chapter 12 (see for instance Lemma 12.11 and Proposi-
tion 12.3). Such sharper estimates, although not needed in the present chapter,
will be crucial in Chapter 13.

10.3.3 Proof of Theorem 10.4

Recall that we are dealing here with unicritical circle maps. There is no loss of
generality in assuming that the critical point ¢ is the same for both maps. Let
{2, (f)}n>0 be the fine grid for f constructed in Proposition 7.6. The idea of the
proof'is to show that the conjugacy / and this fine grid satisfy, at each level n, the
coherence condition 2 D]
L n .
AT I (10:6)
for each pair of adjacent atoms /,J € 2,(f) and some constants C > 0 and
0 < B < 1, and then invoke Proposition 7.3.
First we introduce some notation, to be used throughout the proof. We write
Xn = xu(f) = f9(c). Accordingly, we write I,(f) instead of I,(c, f), so
that the endpoints of 1,,(f) are ¢ and x,(f). We denote by J,(f) the interval
In(H)Ul41(f) and by f 1 Ju(f) = Ju(f) the first return map to this interval.
Finally, we write f, = %" f for the n-th renormalization of f around c (this is
just the return map f; linearly rescaled so that I, ( /) becomes the unit interval).
Now, the first thing to observe is that, if the renormalizations f; and g, con-
verge together exponentially fast, then |x,(f) — c¢|/|x»(g) — c| converges to a
limit exponentially fast also. More precisely, we have the following lemma.

Lemma 10.2. If || fr — gnllo < CuX for some 0 < u < 1 and all n > 0, then the
ratio |x, (f) — ¢|/|xn(g) — c| converges to a limit exponentially fast. Moreover,
forallm,k > 1 we have

‘Ilm(f)l _ Mm@ Cumin{m,k}llm(f)l
(NI @I [T (O]

Proof. The hypothesis tells us that

D] s (@) ,
OOl ) | S

(10.7)
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forall n > 1. Writing & = [xn(f) — c|/|xn(g) — ¢| = [Un(f)|/[1n(g)], and
taking into account that Cz_l [1,(2)| < [ In+1(g)| < C2|I,(g)] by the real bounds
(for some C» > 1), we see that the above inequality is equivalent to

p+1
(0473

—1‘ < Gau.

This is the same as a,+1 = (1 + €,)a, where |e,| < C3u”. Therefore o, =
o1 ]_[;';11 (14€;), and this shows that lim &, exists. Finally, note thatifm > k > 1
then

m—1 m—1
a—m—llg 1_[(1+€j)—1 <C4Z€j<csl/«k,
“k j=k j=k
and similarly for |1 — ag /oty |, and these facts clearly imply (10.7). O

Remark 10.3. Having established this lemma, we may assume, after conjugating
one of the maps (say g) by a suitable smooth diffeomorphism, that the limit of the
ratios |1, (f)|/|I(g)| is in fact equal to one. This will be our standing hypothesis
from now on (used at the end of the proof of Lemma 10.5 below).

Definition 10.5. Let fr, : Ju(f) — Jm(f) be the m-th first return map of f
and let k # 0 be an integer such that \k| < [am+1/2] (Where [x] denotes the

smallest integer > x). The restricted domain of f,ﬁ, denoted D, i, is defined as
follows.

[t —k
Im+1 U | fm (Xm)yXm |, whenk >0

amz-‘rl -|_k

|:fm(xm+2)» an (xm):| ,  whenk < -1

In informal terms, the restricted domain D, i is the set of points in Jy, which
can be iterated k times by f;, without ever going across the central fundamental

domain of fi, in Sy (f) \ Jm+1(f).

Lemma 10.3. For all x € Dy, y we have |Df,,’§(x)| < K, where K > 1 depends
only on the real bounds.

Proof. Follows easily from the real bounds and Yoccoz’s Lemma 7.3. The details
are left to the reader as an exercise. O
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Lemma 10.4. Let v be a vertex of Py ,(f) such that v € Ji(f). Then there
existk <m < k+ pand 1 < N < p such that v can be represented in the form

vV =¢1o¢200hpN(xm),

where ¢j = f,fjforsomek <mj <k + pand|kj| < [am;+1/2], and where
the point ¢j 11 0 --- 0 ¢n(Xm) belongs to the restricted domain of ¢ ; for each j.

Proof. For simplicity of notation, we write J; = J;(f) in this proof. Let k <
m1 < k + p be largest with the property that v € Jp,, \ Jm,+1,and let 0 < i <
am,+1 be such that fn’;1 (v) € Jmy+1. Ifi < [am, /2] thenletk; = —i; otherwise
letky = am,+1—i. Wegetp, = f,ffll and a new vertex v] = f,,?lkl(v) € Jm +1-
If vi € Jgyp then vy = fiy,(Xk4p) necessarily, and we can stop. On the other
hand, if vy ¢ J4 p, then once again there exists my intherange my < ma < k+p
such that vi € Ju, \ Jm,+1, and we can proceed inductively. At the end of
this process we get sequences my < mp < --- < my < k+ p(soN < p)
and v1,v2,..., vy Withv; € Jy; \ Jm,;+1, and for each j an integer k; with

lkj| < Tam;+1/2] suchthatvjyq = fp; 7(v;). The last vertex vy is necessarily
. k; .
xm for some m < k + p. Hence it suffices to take ¢; = f; to get the desired

representation. O

From now on, we assume that the corresponding successive renormalizations
of f and g approach each other exponentially, in other words || f; — gxllo < Cu”
for some 0 < p < 1 and all » > 0, just as stated in the hypothesis of Lemma 10.2.

Lemma 10.5. There exists a constant 0 < p« < 1 for which the following holds.
Let v € Ji(f) be a vertex of Py ,(f) and let w = h(v) € Jr(g) be the
corresponding vertex of Py ,(g). If p(f) satisfies condition (2), then we have

lv—w| < ClJe(f)IKPuk . (10.8)
where K > 1 is the constant of Lemma 4.8.

Proof. By Lemma 10.4 above, there exist points x,; = X, (f), Ym = Xm(g) and
anumber N < p such that

lv—w| = |[progao--0dN(xm) —Y10VY20--0YN(Ym)| ,

where ¢; = f,,’fj and ¥j = g,’f,jj.,withk <mj <k+ pand|k;| < [am;+1/2].
Foreachi > 1, let A; s be the affine map x — ¢ + [I;(f)|x, and define A; ¢
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in the same way. For eachi > k, let A; r = A;lf oA; rand A; g = A]:jg o
Ajg. In order to estimate [v — w|, we shall estimate [v* — w*|, where v* =
A;lf (v) and w* = A;’; (w). To do this, for each i > k consider the map f;* :

ALLUI() = ALY (Ji())) given by
fi* = A]:’lfofl OAk’f = Ai,fofi OA:Jlf ,

and let g7 be similarly defined.
First we claim that for all x € A;,lf(Ji (fHn A;jg (Ji(g)) we have

k14 ()]
1O

To see why, note that by inequality (10.7) of Lemma 10.2 we have, for all z in the
domain of both renormalizations f; and g;,

1O Hi(g)l k14 ()]
(O] [1r(9)] 1Tk (O]

Similarly, for all x € A,;lf(J,- (fHnN A,;}E,(Jl- (g)) we have, again by (10.7),

() =g ()] < Cip

(10.9)

|Ai 5 (2) — Aig(2)| = ‘ z] < Cop

()] 1Tk (9)] k()]
RG] (/)]

Here we have used that |x| < |J; ()I|/ |1k ()| < Cs|L; ()] 1k (f)] (recall from
the real bounds that |J; ()| =< [[;(f)]). Also, by hypothesis we have || f; —
gillo < Ceu®. Combining these three estimates with a standard telescoping trick,
we get (10.9), and the claim is proved.

Now let p% = Ay, r 00, OA;’li',f and YF = Apm; goVj oAl .. Applying
(10.9) with i = m; and using Proposition 10.1, we have

* * 13 kllm.i(f)|
¢j(X)—wj(X)‘ < Crlkj|Pu DA (10.10)

By the real bounds, there exists 0 < Ay < 1 such that [In,, (f)|/[{x(f)| <
Cg/\'lnj_k. Taking A = max{u, A1}, we deduce from (10.10) that

\AZ}(X) - A?,é(x)\ = ‘ x| < Csp x| < Capk .

d)}f(X)—w}‘(x)‘ < Coap A (10.11)
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We can at last start our estimate of [v* — w*|. First, note that x,, = A,, (1) and
Ym = Am,g(1). Writing x5, = A,:lf (xm) and y; = A,;lg (ym), we see after a
simple computation that |x;, — y»| < C19A™. Combining this fact with (10.11)
and using Lemma 10.3, we get

lon () = YN )| < Moy () — Uy G| + (¥ () — ¥y (V)|
< C9a3 IAmN + CroKA™ .

my+

From this, and since
[N 1PN (o)) = Uy (W )] <
lon—1(@n (xm)) =¥y _1 (Dn )|+ YN 1 (@x () — Vv 1 (U 7))
we deduce that
[N 1PN (o)) = Uy (W )] <
Co (aan_l_i_lkmN_l + KaanH)tmN) + C10K2/\m .

Proceeding inductively in this fashion, we get in the end
N
|U* — w*| < C9 Z K’_la?njﬂkmj + Cl()KNAm .
=1
Using that N < p and taking C1; = max{Co, C19}, we arrive at

N
¥ —w*| < Cuk? (A" + ) ap, A" | (10.12)
j=1
We have of course A < Ak, Moreover, since k < m; < mjyq forall j, wehave

N

o0
3 m; 31n
Zamjﬂ)u ;< Zan)\ .

j=1 n=k

But since (a,) satisfies condition (2), we know that lim (a,%)l/ " = 1. In particular,
if ¢ > 0 is such that (1 + s)ﬁ = 1, there exists C;2 = Cyz(¢) > 0 such that
a3 < C12(1 + )" for all n. Therefore

i 2" < i g(ﬁ)" - e ()
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k
Taking this back to (10.12) yields [v* —w™*| < C13K?] (ﬁ) . Therefore, noting
that under the assumption given in the remark after Lemma 10.2 we have

o —wl = 14k, (0%) = Agg ] < 1] (j0* = w*] + Cran®) .

and taking ps« = v/A, we get (10.8) as desired. O

Lemma 10.6. There exists a constant M > 0 depending only on the real bounds
such that if A* € Py (f) and A € Py ,(f) is contained in A*, then

MP
Al = 5 147

(ak+1ak+2 T ak+p)

Proof. This again follows from Yoccoz’s Lemma 7.3 and a simple inductive argu-
ment. .

Let us now consider the fine grid {2, (f)},>0 constructed before. It will be
convenient to use the following terminology.

Definition 10.6. The level of an atom A € 2,(f), denoted L(A), is the largest
m < n such that A is contained in an atom of Pp(f).

Lemma 10.7. If 2,(f) contains an atom of level m, then

m
n < co) log(l+ajir) (10.13)
j=1

for some absolute constant co > 0. In particular, if the partial quotients of p(f)
satisfy (1), then m > cin for some constant 0 < c¢1 < 1 that depends only on

p(f).

Proof. Let A € 2,(f)beanatomoflevelm. Let Ay 2 Ay D--- 2D A, = Abe
such that Ay € 25 (f), andnote that 1 = £(A1) < £(Ay) < --- < l(A4,) = m.
Given 1 < < m,leti and s (maximal) be such that

LAiv1) = UAit2) = - = UAigs) = 1.

Then there exists I € &2;(f) suchthateach A; withi+1 < j < i+sisaunionof
atoms of &1 1(f) inside /. From the very construction of the partitions Z; (1)
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(Proposition 4.5), we see that the number of atoms of &7 (f) inside A; is at
least twice the number of such atoms inside A 41, foreachi +1 < j <i+s—1.
Moreover, A; 4+ contains at least two such atoms, otherwise its level would be
[ 4+ 1. Since the total number of atoms of &1 {(f) that lie inside / is at most
1+ajyq,itfollows that 2° < 1+a;41, whence s < log, (1 + a;41). This proves
(10.13) with ¢g = 1/ log?2.

Now, if p(f) satisfies (1), then there exists B > 0 depending on p( f) such
that 27;1 logaj41 < Bm. Therefore

m
n < 60210g(1+aj+1) < co(B +log2)m
j=1

which proves the last assertion, with ¢; = ¢ (B 4+ log2)~ L. O

Lemma 10.8. If p( f) satisfies (2) and (3) then there exists 0 < B < 1 with
the following property. If L and R are adjacent atoms of 2, (f) and we have
L(L) > m and L(R) > m, then

Ll R ,
————| < C . 10.14
& h@wl S P (10.14)

Proof. Writem = k 4+ p with p = [0k where o > 0 is a small constant (its size
will be determined in the course of the argument). We may assume that L. U R is
contained in a single atom A of &2 ( f). There are two cases to consider.

(@) If L U R C Jr(f), then the required coherence estimate (10.14) follows
from Lemma 10.5 and Lemma 10.6. To see this, let v1, v2,v3 € Pi 4, (f)
be the endpoints of L and R, v, being their common endpoint. Let wy, wy,
w3 be the corresponding endpoints of (L) and /(R). Then by Lemma 10.5
we have |v; — w;| < ColJx(f)|0%, where 0 = K%y < 1if o is small
enough. On the other hand, condition (3) tells us that

Ap410k42 Akt p < expipo(p/k)} < expipw(o)}.
Combining this fact with Lemma 10.6, we get
MP MP

o1 —va| > 3 WDl > s ()
(ak+lak+2"'ak+p)
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(b)

The same lower bound holds for |v, —v3|. From these facts, we deduce after
some simple computations that

L] L [[or = va|  Jwi — wy
IR|  |h(R)] lv2 —v3]  wz — w3
k
9k82pa)(0) 06200)(0) ”
1/(1+0) ]
where B = Gezaw(“)/M") . Since # < 1 and ow(c) — 0 as

o — 0, we see that 81 < 1 if ¢ is small enough.

If L U R is not contained in Ji ( f), there exists j < g such that £/ isa
diffeomorphism on an interval containing A and its two neighbors in &2, ( f)
and such that £/ (A) € Jx(f). By the Koebe principle and the real bounds,
the distortion of £/ on LU R is bounded by exp(Cy4 ,ug ) (where 0 < g < 1
is the beau constant of Theorem 3.1). Therefore we have

L J(L
‘u_lf DI cou? < cop™ (10.15)

Rl 1F7 Ry S Mo

where 1 = Mg/ (1+o), Working similarly with 2(L), h(R) € 2,(g), we
get also

LICOI R S GIC0)] | R

h®)| g @y S T (10.16)

Putting (10.15) and (10.16) together and using (a) we get inequality (10.14)
with the constant 8 = max{u1, B1}.

Hence in both cases (10.14) is established, and we are done. O

The proof of Theorem 10.4 is now almost complete. If L and R are adjacent
atoms of 2, (f) as above, then combining Lemma 10.7 with Lemma 10.8 we
deduce that the coherence condition (10.6) is satisfied with A = B€!. Therefore
by Proposition 7.3 the conjugacy 4 is indeed C '+ for some o > 0.
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10.4 'The C"-Approximation Lemma

Our purpose in this section is to present a technical lemma extracted from de Faria
and de Melo [1999, App. A]. This lemma will be used in the proof of Proposi-
tion 10.2, but it can be applied to many other one-dimensional situations, so it is
of some independent interest.

We will use the following notation. Let m > 1 be a fixed integer and let
I,J C R be fixed closed intervals. We denote by C™ (/) the Banach space of
C™-mappings f : I — R with the norm || f||;» = max{||D* fllo: 0 <i < m},
where ||¢|lo = sup,es | (x)]. If the need arises to emphasize the domain of 1, we
sometimes write || f'||7,» instead of || f||,». We consider also the closed, convex
subset C™ (I, J) € C™(I) consisting of those f’s such that /(1) C J.

The reader will undoubtedly be familiar with Leibnitz’s formula for the k-th
derivative of a product of two functions, to wit

k
Dk(uv) = Z k D/u DK Ty
j=o \J

from which it is clear that
[uvllm < 2" [ullmlv]lm (10.17)

whenever u, v € C™(I). Perhaps less familiar to the reader is the fact that some-
thing similar holds for the composition of two C™ mappings. Namely, we have
Faa-di-Bruno’s formula (cf. Herman [1979, p. 42]), which reads

k
D¥(fog) = Y B;x(D'g.D?g.....D/g)D* /T fog,
j=1

where each B ;. is a homogeneous polynomial of degree k — j + 1 on j variables
whose coefficients are non-negative numbers depending only on k and j . It readily
follows from this formula that if v € C™ (I, J) and ¢ € C™(J) then

lpovlm < Am)pllm Y _ IV . (10.18)

k=1

where A(m) = max; k<, maxy<jck Bjg(l.1,...,1).
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Another well-known fact we will need below is the following. Suppose m > 1
and consider the composition operator (f,g) — fogasamap ® : C™(J) x
C™1(I,J) - C™ (1) . Then ® is C! and its Fréchet derivative is given by

DO(f,g)(u,v) = uog+vDfog. (10.19)

Note that C™(J) x C™~1(1,J) € C™(J) x C™ 1(I); we consider this last
product endowed with the norm

‘(f’ g)‘I’J’m = max{”f”J,m’ ”g”I,m—l} .

Lemma 10.9. Foreach M > 0, there exists c(M) > O with the following property.

If fi.g1 € C™(J) and f,82 € C™ VI, J) and if |( f1, f)1.7m < M and
l(g1.82)|1,0,m < M, then

[fio fa—g1ogallm-1 < c(M)|(f1—81, /2= 8|1 1m -

Proof. By the mean value theorem,

[ fiofa—g1og2llm < (SuP) DO, )| |(f1 — g1, f2— &)1, 0m
[VRY)

where the supremum is taken over all (¢, ¥) in the line segment joining ( f1, f2)
to (g1, g2) inside C™(J) x C™~1(I, J), and where

IDO@. ¥)| = sup {I DO, ¥) (1, v)lm—1 : | V)| 1,0m < 1

is the operator-norm of D®(¢, ¥). Using (10.19), and then (10.17) and (10.18),
we have

1DO@. V)@ V) lm-1 < [uoYlm1 + v DpoYlmi <
m—1

< Am=1) (Julm-1 + 2" o lm-11Dpllm—1) D 1[5y
k=1

From this, and taking into account that ||u|;—1 < |[ullm < |(u,v)|1,7,m as well
as [[v|lm—1 < |(u,v)|1,7,m, we deduce that

m—1

IDO@. )| < AGm—1) (1+2" " [Dllm—1) D I¥]k .

k=1
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Finally, since | D¢|m—1 < ||@|lm and |(, V) |1,7,m < M, we get

m—1
sup [DO@. Y| < Am—1) (1+277'M) Y M* = c(M).
(9,¥) =1

x

O]

Let us denote by B™([; M) the ball of radius M centered at the origin in
c™(1).

Lemma 10.10 (The C™-Approximation Lemma). For each M > 0, there exist
constants ey > 0 and Cpy > 0 such that the following holds for all ¢ < epr. Let
A1, Az, ..., Ant1 be closed intervals on the line or on the circle, and for each
1 <i<nletfi,gi € C"(A;, Ai+1) be such that

(a) Foralll < j <k <n,wehave fyo fy_1o0---0fj € B"(A;; M),
(b) Wehave =iy || fi — gillm < e.
Then for all k < n we have gx o gg_10---0g1 € B™ Y (A;2M), and moreover

k

I fico ficio 0 fi—gkogk—1°-0&1llm-1 < Chu D_ IS5 —&jllm -
j=1

Proof. Using the notation of Lemma 10.9, let us write
Cy = max{l, cCM), c2M)c(3M)}

and epy = M/Cps. We proceed by induction on k. When £ = 1, we have
Il f1 — g1llm < € and there is nothing to prove. Suppose the assertion is valid for
all j < k, and write (omitting the composition symbols)

I fic fe—1-- f1 — 8k&k—1+-- &1llm—1 <

k
<Y Wi fiv18i8j-1--81— fi-- fi+1fi&j—1-+-&1llm-1 . (10.20)
j=1

Since [(fj, gj—10"-0g1)|A,4,;,m <2M andalso|(g;, gj—19--081)|A,,4;.m <
2M, it follows from Lemma 10.9 that

| figi-1--81—8;&j-1-&lllm=1 < cCM)| fi —&jllm .
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1,...,k. In particular, by the induction hypothesis, we have for all

figi—1--gillm=1 < lgjgj—-1-"-8tllm=1+emcM) <3M .

Taking this back to (10.20) and applying once again Lemma 10.9, we get

I fx fe—1--- f1 — 8k &k—1-""&1llm—1

k—1
< c@M)|| fi — gillm + c@M)cBM) D> | fi = &jlm
j=1
k
< Cwm Y Ifi—gjlm
j=1

and this shows also that ||grgr—1- - g1llm—1 < M + ey Cp < 2M, thereby
completing the induction. 0

10.5 Counterexamples to C !¢ rigidity

As explained in Section 10.1, two C* critical circle maps with the same irrational
rotation number and with a single critical point of the same odd integer criticality
are conjugate to each other by a C'! diffeomorphism. Moreover, this conjugacy is
in fact a C 1T* diffeomorphism for Lebesgue almost every rotation number (The-
orem 10.1). These results immediately raise the question of whether such conju-
gacy is always C 7% The following result, obtained by Avila [2013], says that the
above conjecture is not true, even if we restrict ourselves to the analytic category.

Theorem 10.6. There exist real-analytic critical circle maps f and g with the same
irrational rotation number and with a single critical point (of the same criticality)
such that if h is the topological conjugacy between f and g identifying critical
points, then h is not C'*% for any o > 0.

The first examples of this kind were obtained by de Faria and de Melo [1999,
Second Main Theorem] in the C *° category. Our goal in this section is to present a
detailed construction of such C *° examples (see Theorem 10.7 below). To achieve



298 10. Smooth Rigidity and Renormalization

this goal, we will consider critical circle maps whose rotation number p(f) =
l[ag.ai,...,ayn,...] satisfies

1
limsup —loga, = oo
n (10.21)

a, = 2 foralln.

The class of all rotation numbers satisfying (10.21) will be denoted by B. It can
be shown that the Hausdorff dimension of B is less than or equal to 1/2, see Good
[1941].

Theorem 10.7. For every p € B there exist C° critical circle maps f, g with
o(f) = p(g) = p such that f and g are not C'*% conjugate for any a > 0.

The proof will make use of a C° surgery procedure that we explain below.
These counterexamples have one additional feature: their successive renormaliza-
tions do converge together at an exponential rate. This follows from general results,
such as Theorem 13.3 below, but it will also be clear from the construction.

10.5.1 Saddle-node surgery

Given f asaboveandafixedn > 1,letJ, = J,(f) = [f9+1(c), f9"(c)] < S!
be the n-th renormalization interval of f. When n is very large, the first return
map f, : Jn — Jp is an almost parabolic map of length a, .

Let Agn) be the fundamental domain of this almost parabolic map which is
adjacent to x, = f9(c), and let A(") = n]_l(AS")), for all j < ap+1. Let
Z,, € A(n) be the point such that fa”+1(zn) = Xp43 = [f97+3(c), that is,

fq"+3 4n+14n+1(c), Note that since a,+1 > 2, X, +3 is not an endpoint of
f a”+1 (A(n)) and so by the real bounds it splits f;; "' (AY')) into two intervals
of comparable lengths. Hence the same holds for z,,. Namely, z, splits A(") into
two intervals L,, R, with |L,| < |R,|. In particular we have r|A(”)| < |Ln| <
(1- r)|A(1")| (and similarly for R,) for some constant ¢ depending on the real
bounds. We use this fact in the proof of Proposition 10.2 below.

Consider now another critical circle map f with the same rotation number
as f the interval J,, = Ju( f ), the first return map fn J,, — Jn, the point

Zn = f q"+3_“”+1q"+1(2) and the corresponding intervals L,, R,. Also, let
Np = [an+1/2].
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Definition 10.7. The number

" )| L (L)
1TV R AT (R

is called the n-th order discrepancy between f and f
Proposition 10.2. Given a C®° critical circle map | with p(f) € B, consider a
function o (n) — oo such that

1
limsup ——logan4+1 = oo.
no(n)

Then for all n > 1, there exists a critical circle map ]7 = F(n; f) with the same
rotation number and critical point as f and having the following properties.

(a) We have fj(c) = fI(c) for 0 < j < g1, in particular, Jn(f) =J, =
In(f).

We have f = ® o , where @ is a C®° diffeomorphism such that
(b) P
|2 —Tdgt llcx < Byl |7 7FH!
or all k, where By, > 0 is constant depending only on k.
P g onty
(c) The n-th order discrepancy between f and f is > C|J, |27,

(d) We have J,, 1 (f) = Jn+1(fland ﬁ,+1 = fu+1, in particular, m-th order
discrepancy between f and f is equal to zero for allm > n.

Proof. We modify f inside f~! (Agn)) using a C*° bump function so as to move
z, by a distance > C |A§") |1+o (™) inside Ag"). This we do as follows.

Let ¢ : [0, 1] — [0, 1] be a C*® perturbation of the identity such that |¢(x) —
x| = |A(1")|"(”) forall T < x < 1—1 (and 7 as above), and such that | DK p(x)| <
Bi|A™1e®™ forall 0 < x < 1andall k > 2. Define ¢, : A — A™
by ¢n = Ay o @ o A;;! where A, is the affine orientation-preserving map that
carries [0, 1] onto Ag"). Note that ¢, (z5) — zn| = |A§")|1+"(n). Moreover, since
D¢, = |A§”)|1_ka(p, we have

||¢;:1|:1 _ IdAgﬂ) ||Ck g Bk|A§n)|U(n)_k+1
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for all k. Define v, : AP AW

an+1 an+41

ant+1—1 A(n) AL(I’;?JH , namely

as the conjugate of ¢, ! by the diffeomor-
phism f,

Un = S oo (T, (10.22)

Using the C™ Approximation Lemma 10.10, we see from (10.22) that

IVt =L ek < Cllgy" = Tdyo llex < Bilaf? ™=+t

Define @ : S — S! to be equal to ¢, on A&”), to Y, on Ag,? and to the identity
everywhere else. The critical circle map we look for is f = @ o f. Note that
[@*! — 1dg1 |ex < Bk|A§n)|"(”)_k"”1 for all k; since |A(1n)| = |Ju| by the
real bounds, this proves (b). It is also clear from the construction that property (a)
holds too. It follows in particular that the first # + 1 partial quotients of the rotation

number of f agree with those of f. More remarkable is that, because what ¢;,
does is undone by v, we have

fO g1 = 9| Inga
f~qn+1 I, = fIn+1], .

In other words, f:, = fy, the n-th renormalizations agree. Therefore all subse-
quent renormalizations agree as well. This shows that p( f ) = p(f) and also
proves (d).

It remains to prove (c), so we estimate the n-th order discrepancy between f
and f~ from below. Since |z, — Z,| > |A§")|1+"(n), a simple calculation yields

|Ln| L)
|Ral  |R,|

> C|AMIP® > |, (10.23)

provided n is sufficiently large. Since, by the real bounds, the map f

Agn) A(n) has bounded distortion, and since fn = fy, inequality (10. 23)
gives us

‘m )l T ED e

AT Rl 1 (R
and this proves (c). O
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10.5.2 The counterexamples
We now iterate the procedure given by Proposition 10.2 to prove Theorem 10.7.

Proof of Theorem 10.7. We start with a C > map f with p(f) € B as before and
select ny < np < --- such that

lim logap; +1 = oo, (10.24)

i—>o00 N;0 (n,-) !
where o (n) is as in Proposition 10.2. Now generate a sequence go, g1, ..., &i, .- -
recursively, starting with go = f, and taking, foralli > 0, gi+1 = F(ni+1, &),
where F(-,-) is as given in Proposition 10.2. Each g; is a C°° critical circle map
with p(gi) = p(f),and gi+1 = P;+1 0 gi, where @; 4 is a C* diffeomorphism
with

1OE!, —ldgi lor < Bygm@nd=k+D) (10.25)

for all k, where 0 < 6 < 1 is a constant depending only on the real bounds. From
(10.25) it follows that @ = lim @; o - -- o Py exists as a C *° diffeomorphism, and
therefore so does g = limg; = @ o f as a critical circle map.

Using properties (¢) and (d) of Proposition 10.2 for each g;, we deduce that
the n;-th order discrepancy between f and g satisfies

AN L) Lgm ™ Ty

— - > ClJy, [P0 (10.26)
YT R &N T (Ray)|

where N; = [an;+1/2], etc.

Now, let 4 : S — S be the conjugacy between f and g mapping the critical
point ¢ to itself. Suppose & were C1T# for some g > 0. Then the left-hand side
of (10.26) would be < C|fnii_1(A§"i))|’3, where Ag"") = Ly; U Ry,. Butby
Yoccoz’s Lemma 7.3, we have

o 1 |
N1 A < il =< ——luil (10.27)
i n;+1

Combining the above with (10.26) and (10.27), we would get the inequality

o P <
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But by the real bounds |J,,| > Cu” for all n, where 0 < u < 1. Therefore, taking
logarithms, we would have

1 . 1 1
lim sup OLdn;+1 < = log—, (10.28)
nio(n;) B T
but this clearly contradicts (10.24). O

Remark 10.4. A closer look at the construction performed above, especially at
expressions (10.25) and (10.28), reveals that if

1 1
limsup —loga, > — log—
n o

then one can construct a pair of C¥ critical circle maps (whose renormalizations
converge exponentially fast) that are not C 148 conjugate for any 8 > fo.

Exercises

Exercise 10.1. Let f be a C" multicritical circle map with critical points labeled
€1,¢2,...,cN, and let ¢ a C” circle diffeomorphism. Prove that there exist con-
stants C = C(f,¢) > 0and 0 < u = u(f) < 1 such that, for all n € N and
each 1 <i < N, we have

dr (] [, B (o fogp™h)) <Cpu",
where %l” denotes the n-th renormalization around the i-th critical point (i.e.,
around ¢; for f and around ¢ (c;) for the conjugated map).
Exercise 10.2. Give a detailed proof of Lemma 10.6

Exercise 10.3. Show that the number p whose partial quotients are a, = 22" is
Diophantine (recall Chapter 4) and belongs to the set B defined by (10.21).

Exercise 10.4. Give a detailed proof of the assertion made in Remark 10.4.



This chapter should be regarded as a second intermezzo (after Chapter 5). Here we
briefly review some standard facts about the theory of quasiconformal mappings
in the complex plane and the Riemann sphere. In such a short exposition we can
hardly do justice to this beautiful and powerful theory. We refer the reader to the
books of Ahlfors [2006] and Lehto and Virtanen [1973], which are classical refer-
ences for the subject. Modern treatments, highlighting connections with Dynam-
ical Systems and Teichmiiller theory, can be found in the books of Carleson and
Gamelin [1993], Farb and Margalit [2012], de Faria and de Melo [2008], Gardiner
[1987], Gardiner and Lakic [2000], Hubbard [2006], McMullen [1994, 1996], and
de Melo and van Strien [1993]. Here we limit ourselves to stating some fundamen-
tal facts about quasiconformal mappings, and to establishing an approximation re-
sult, namely Theorem 11.4 (borrowed from Guarino and de Melo [2017]), that will
be a useful tool in the discussions of Chapter 13. Some of the ideas mentioned in
this chapter will reappear in Chapter 14, which is fully focused on holomorphic
methods.

The use of quasiconformal theory in holomorphic dynamics was initiated by
Sullivan [1985]. He applied one of the cornerstones of the theory — the measur-
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able Riemann mapping theorem with parameters or Ahlfors—Bers theorem (see
Section 11.1) — to solve a long-standing conjecture by Fatou, stating that every
component of the complement of the Julia set of a rational map of the Riemann
sphere is eventually periodic.

What makes quasiconformal maps so useful in the study of holomorphic dy-
namical systems is the fact that, unlike analytic maps, they are very flexible. In
many arguments in dynamics, say in the study of structural stability, it is some-
times necessary to be able to deform a given system into another nearby, within
the same topological class, preserving its smoothness. Deformations using con-
jugation by C! diffeomorphisms (or better) are usually inadequate, because they
preserve the eigenvalues at all periodic points. In the case of holomorphic dynam-
ics, there is an abundance of periodic points in the non-wandering set of the map
(which is essentially its Julia set), and the situation is simply too rigid to allow
this type of deformation. By contrast, using conjugation by quasiconformal home-
omorphisms, one can deform a holomorphic system into another system which
is still holomorphic, but has different multipliers at corresponding periodic points.
Moreover, the Ahlfors—Bers theorem yields a continuous path of holomorphic sys-
tems of the same topological type (known as Beltrami paths, see Chapter 14 below)
joining the original system to the deformed one.

In this book, we are interested in the theory of quasiconformal maps only to
the extent that it can be applied to the study of critical circle maps. In what follows,
we make no attempt at a systematic exposition of this beautiful theory, but simply
take stock of the relevant facts that will be needed later.

11.1 Quasiconformal homeomorphisms

The notion of quasiconformal homeomorphism was born of the necessity to solve
a geometric extremal problem that can be formulated as follows: Given two rectan-
gles in the plane, what is the most nearly conformal homeomorphism mapping one
rectangle to the other, sending vertices to vertices? The answer turns out to be the
obvious affine map that carries vertices to vertices as specified, but a proof of this
fact depends on an inequality established by Grotzsch in 1928. Such affine map
will be conformal if and only if the ratios between the “vertical” and “horizontal”
sides are the same for both rectangles.
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11.1.1 The geometric definition

The above extremal problem can be similarly formulated replacing rectangles with
round annuli having concentric boundaries. The answer by Grotzsch reveals in
particular that a conformal homeomorphism exists between both annuli if and only
if the ratios of inner to outer radius are the same for both annuli, i.e., if and only if
the have the same modulus, as we proceed to define.

Given 0 < r < R < oo, the conformal modulus, or simply modulus, of the
round annulus A, g = {z € C : r < |z| < R} is defined to be mod(A4, gr) =
log (R/r). Now, given any topological annulus in the plane, i.e., any doubly con-
nected region £2 C C not equal to a punctured disk or plane, it can be shown (as
a special case of the famous uniformization theorem, see Exercise 11.9) that there
exists a conformal equivalence between §2 and some round annulus A, g; hence
we define mod(£2) = mod(A4,,Rr).

Thus, the above discussion motivates the following geometric definition of
quasiconformality.

Definition 11.1. An orientation-preserving homeomorphism f : U — V be-
tween two regions U,V in the complex plane (or Riemann sphere) is said to be
K-quasiconformal, where K > 1 is a given constant, if for every topological an-
nulus 2 C U we have K~ mod(£2) < mod(f(£2)) < K mod(£2).

This definition makes it obvious that a composition of a K-quasiconformal
homeomorphism with a K»-quasiconformal homeomorphism is K; K»-quasicon-
formal, and that the inverse of a K-quasiconformal homeomorphism is also K-
quasiconformal. However, it is not of much practical value when we want to ex-
amine quasiconformal maps at the infinitesimal level. For instance, it is far from
obvious from this definition that a 1-quasiconformal homeomorphism is in fact
conformal (this is known as Weyl’s lemma).

11.1.2 The analytic definition

Let us first recall the two basic differential operators of complex calculus:

G (s oy L0 _1(0 0
9z 2\ 0x dy 0z 2\ ox ay )’

Instead of g—JZF and g—JZ:, we will use the more compact notation 9/ and d f respec-

tively. In other words, if §2 is a domain in C and f : £2 — C is differentiable at
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w € £2 (in the real sense), then
(Df(w))(z) =df(w)z+df(w)z foranyz e C.

Recall also that a continuous function 2 : R — R is absolutely continuous if it
is differentiable at Lebesgue almost every point, its derivative is integrable and
h(b) — h(a) = fab Dh(t)dt, for any a and b in R. A continuous function f :
2 C C — C is absolutely continuous on lines in 2 if its real and imaginary parts
are absolutely continuous on Lebesgue almost every horizontal line, and Lebesgue
almost every vertical line.

Definition 11.2. Let 2 C C be a domain and let K > 1. An orientation-
preserving homeomorphism [ : 2 — f(82) is K-quasiconformal if it is abso-
lutely continuous on lines and

K -1

)< (553

) |8f(z)| forae. z € £2.

A proof that Definition 11.1 and Definition 11.2 are equivalent can be found
in Ahlfors [2006, Ch. I1].

11.1.3 Measurable Riemann mapping theorem

Given a K-quasiconformal homeomorphism f : £2 — f(£2) we define its Bel-
trami coefficient as the measurable function u ¢ : £2 — D given by

_0f(2)
~

Note that i ¢ belongs to L°°($2) and satisfies ||i 7 lloo < (K —1)/(K +1) < 1.
Conversely, any measurable function from §2 to C with L° norm less than one
is the Beltrami coefficient of a quasiconformal homeomorphism. More precisely,
we have the following result, which is known as Morrey s theorem or measurable
Riemann mapping theorem.

fora.e. z € £2.

wr(z)

Theorem 11.1. Given any measurable function o : §2 — D such that |;(z)| <
(K —1)/(K + 1) < 1 almost everywhere in S2 for some K > 1, there exists a
K-quasiconformal homeomorphism f* : 2 — f1(82) which is a solution of the
Beltrami equation

AfH(z) = df () u(z) forae. z € £2. (11.1)
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This solution is unique up to post-composition with biholomorphisms. In particu-
lar, if §2 is the entire Riemann sphere, there is a unique solution (called the nor-
malized solution) that fixes 0, 1 and oo.

See Ahlfors [ibid., Ch. V, Section B] or Lehto and Virtanen [1973, Ch. V] for

the proof. Note that Theorem 11.1 not only assures the existence of a solution of
the Beltrami equation, but also the fact that such a solution is a homeomorphism,
i.e., injective in £2.
Remark 11.1. Theorem 11.1 yields a solution to the classical problem of finding
local isothermal coordinates on a given Riemannian surface. This problem goes
back to Gauss, and in modern language his solution amounts to solving the Bel-
trami equation in the case when the Beltrami coefficient is a function that can be
written as a convergent power series in z and z. In Exercise 11.10, the reader is
invited to find a solution to (11.1) when u is a polynomial in z and Z.

Later in this chapter (in the proof of Theorem 11.4) we will need the following
fact, whose proof can be found in Ahlfors [2006, Ch. V, Section C].

Proposition 11.1. If i, — 0 in the unit ball 0fL°°(@), then the normalized qua-
siconformal homeomorphisms f*n converge to the identity uniformly on compact
sets of C. In general, if Ly, — | almost everywhere in C and lunlloo <k < 1for
alln € N, then the normalized quasiconformal homeomorphisms " converge
to f* uniformly on compact sets of C.

The Beltrami equation induces therefore a one-to-one correspondence between
the space of quasiconformal homeomorphisms of C that fix 0, 1 and oo, and the
space of (equivalence classes of) measurable complex-valued functions p on C for
which ||4]lec < 1. The following deep result expresses the analytic dependence
of the solution of the Beltrami equation with respect to i, and it is known as the
Ahlfors—Bers theorem.

Theorem 11.2. Let % be an open subset of some complex Banach space and con-
sider a map % x C — D, denoted by (A, z) — w,(2), satisfying the following
properties.

1. For every A the function C — D given by z — ) (z) is measurable, and
lualloo < k for some fixed k < 1.

2. For Lebesgue almost every z € C, the function % — D given by A +—
U (2) is holomorphic.
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Foreach A € %, let f** be the unique quasiconformal homeomorphism of the
Riemann sphere that fixes 0, 1 and oo, and whose Beltrami coefficient is ), (f**
is given by Theorem 11.1). Then A — fH*(z) is holomorphic for all z € C.

Again, we refer the reader to Ahlfors [2006, Ch. V, Section C] for a proof of
Theorem 11.2.

11.2 A simple dynamical application

The measurable Riemann mapping theorem and its version with parameters, the
Ahlfors—Bers theorem, have countless striking applications to many different ar-
eas, such as holomorphic dynamics, Kleinian groups, Riemann surface theory, Te-
ichmiiller theory. See the books we mentioned in the introduction to this chapter
and references therein.

Here, we would like to discuss a simple application which is more specifically
related to critical circle maps. It concerns our old friend, the Arnold family fy :
C* — C*, with corresponding lifts Fy : C — C given by

1
Fo(z)=z+a——sin2nz.
2

The maps f, : C* — C* are holomorphic branched covering of the cylinder
C* = C/Z, branched at z = 1, and the restrictions fy|g1 are critical circle
maps with a unique cubic critical point at z = 1. We will show here that the
elements of this family whose restrictions to S! have irrational rotation number are
quasiconformally rigid. This fact will be relevant in our discussion of holomorphic
commuting pairs in Chapter 14.

But first, some terminology and general facts. If f : C* — C* is holomor-
phic, we denote by S ¢ the set of singular values of f, i.e., points in C* all neigh-

borhoods U of which are such that £ ~1(U) i) U fails to be a covering map. We

also write X r = C* \ Sy for the set of regular values, so that f1 (Xr) i) Xy
is always a covering map. For example, since 1 € dD is the unique critical point
of fu, it is easy to see that Sz, = { fo(1)}; in this case flx £,) has an infinite
discrete complement in C*. We let J s be the Julia set of f (the closure of the
set of repelling periodic points). A theorem due to Keen [1988] asserts that, if S ¢
is finite, then f has no wandering domains, i.e., no connected component of the
complement of J ¢ is wandering. This is certainly the case with the maps in the
Arnold family.
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We will need the following lemma.

Lemma 11.1. The family { fy} is topologically complete, i.e., every symmetric, nor-
malized holomorphic self-map of C* which is topologically conjugate to a member
of the family is a member also.

Proof Let f : C* — C* be holomorphic and suppose # : C — C is an ori-
entation preserving homeomorphism fixing 0 and co and satisfying 4 o f, =
foh. Let A(z) = Az, where A = h o fu(1)/fy(1). This A is homotopic to
h relative to Sz, U {0, oo}, so the covering homotopy theorem yields a holomor-
phic lift A: flx ) = f (X #), which is then homotopic to / relative to
£ (S £,) U 10, 00}. Some easy topology and the removable singularity theorem
show that A is Mobius and fixes 0 and co. In particular, if f is symmetric about
dD and is normalized so that its critical point lies at 1 € 0D, then Ais the identity
and |A| = 1, say A = 27 Therefore f = Ao fyo A~ ! = Sauto- O

Theorem 11.3. If p( fy) is irrational then fy admits no non-trivial, symmetric,
invariant Beltrami differentials entirely supported in its Julia set.

Proof. Now suppose [ is an fy-invariant Beltrami differential in C with support
inJ f,5 assume also that u is symmetric about dID. For all sufficiently small real
t, let hy - C — C be the unique solution to 5h, = (tp) dh; fixing {0, 1, co}
pointwise, and let f; = h; o fy o h;'!. Since tj is symmetric and f,-invariant,
each f; is symmetric and holomorphic, and has a single critical point at 1 € dD.
Using Lemma 11.1, we have f; = fy, for some ;. But then p(fy,) = p(fa) is
irrational, so o; = « for all ¢ (because the function o — p( fy) is a devil staircase;
see Lemma 4.7). Therefore, h; commutes with f, for all ¢; in particular s; must

permute the elements of ¥, = £, (1), which is discrete in C*, for each n > 0.

Since 1o = Idg and for each z € C the path 1 — /(z) is continuous by the
Ahlfors—Bers theorem, we deduce that /4, fixes Y5 pointwise for all n > 0, for all
t. But by Montel’s theorem,

I, €U Yn.

n=0

so h; agrees with the identity over J ¢, for all z. Since /; is conformal outside J 7, ,
it follows that ; = Id@ for all ¢, and so u = 0 almost everywhere. [l
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11.3 Holomorphic approximation lemma

As already mentioned, our goal in this brief chapter is to prove the following con-
sequence of Theorem 11.2, borrowed from Guarino and de Melo [2017, Prop. 5.5]
and Guarino [2012, Prop. 3.3.2].

Theorem 11.4. For any bounded domain U in the complex plane there exists a
number C(U) > 0, with C(U) < C(W) if U C W, such that the following holds.
Let {Gn U — G, (U )} be a sequence of quasiconformal homeomorphisms

satisfying:

neN

* The images G, (U) are uniformly bounded: there exists R > 0 such that
G,(U) C B(0,R) foralln € N;

* Un — 0in L, where uy is the Beltrami coefficient of G, in U.

Then for any given domain V', compactly contained in U, there exist ng € N and
a sequence {Hn V- Hn(V)} o of bi-holomorphisms such that

n>n

R
|Hn — Gullcory < C(U) (W) Inlloo foralln = no,

where d (8V, aU ) denotes the Euclidean distance between the boundaries of U
and V.

Proof. For each n € N we first extend p, to the complement of U in the trivial
way:

pn(2) 3G, (2) = G, (z) forae. z € U, and p,(z) = 0 forall z € C \U.

Of course if u, = 0 we justtake H, = G|y, so we may assume that || 45 [|oo > 0.
Fix some small ¢ € (0,1 — ||itn]loo) and denote by 2, the open disk B(0, (1 —
&)/ |l nll oo) centred at the origin with radius (1 —€)/|| i4n ||co in the complex plane
(note that D C %,). Consider the one-parameter family of Beltrami coefficients
{itn (t)}tee@n defined by

Un(t) =1 fin,
and note that forall ¢ € %, we have H,un (1) Hoo < 1—¢ < 1. Denote by f#n® the

solution of the Beltrami equation with coefficient w, (¢), given by Theorem 11.1,
normalized to fix 0, 1 and co. Note that f#7(©) js the identity for all » € N and
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that, by uniqueness, there exists a biholomorphism H, : f nM(U) = Gn(U)
such that
G, = H, of“”(l) inU.

In order to estimate the uniform distance between G,, and H,,, we need to first
estimate the distance between f##(1) and the identity. To be more precise, we will

prove now that the ratio ” fin ) _ Id‘

cow / litn|lco is bounded by a constant
only depending on U (thus, independent of ). Indeed, by Theorem 11.2, we know
that for any z € C the curve { fHa®(z) 1 €0, 1]} is smooth. Following Ahlfors

[2006, Ch. V, Section C], we use the notation

fun(s-i-t)(z) — fHn (s)(z)
” .

fn (z,5) = lim
t—0

The limit exists for every z € C and every s € [0, 1], and the convergence is
uniform on compact sets of C. Then we have

Hf’“‘”(l) —Id| = sup ”f“"(l)(z) —Z“ < 281615 {/01 ‘fn(z,s)‘ ds}.

co) zeU

Moreover, fn has the following integral representation, borrowed from Ahlfors
[ibid., Ch. V, Section C, Theorem 5]:

fn (z,5) = — % //U Un(w) S(flvbn(S)(w)’ f“”(s)(z)) (3f//«n(s)(w))2 dxdy.

for every z € C and every s € [0, 1], where w = x + iy and

B 1 z Z—l_ Z(Z_l)
S(w’z)_w—z_w—l+ w o ww-Hw-—z)

From the well-known formula
2 2
det (Df#n) (w)) = ‘Bf“"(s)(w)| - ‘af“n(s)(w)‘ (11.2)

we obtain

1

1 — [s|?|ptn (w)|? det (Df 1) (w)) ,

o )| =
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and then we deduce that

Ja(z, s)‘ is bounded by

1 n
;//;] — | pn (w)] det (Dfun(s)(w)) }S(fM”(S)(w),f”“”(s)(Z))‘dxdy

|51 14 (w) 2
1 nioo
S % // det (Df#O w)) S (f#7 S (w), [ (2))| dxdy
nlloco U

1
_ 2 ||M;1||oo _ // |S(w,f””(s)(z))|dxdy.
w1 —|s|*lunllg Fhn)(U)

Therefore, the length of the curve { f#®(z) : ¢ € [0, 1]} is bounded by

_/ ||l/v;t||oo . // ‘S(w,f“”(S)(Z))‘dxdy ds
1 — [s]*]| tn [|50 FHn$)(U)
1 1
<= —“M”HOOZ / // |S(w,f“”(s)(z))‘dxdy ds.
71— “//Ln”oo 0 fun(U)

Considering

1 1
—- — M ()
0= L ] 5007 s ]

we get
wn() Id‘ < | n 1l oo
| o) S T= Tl

Recall that, by hypothesis, @, — 0 in L°°(U). With this at hand, we deduce
from Proposition 11.1 that, for any s € [0, 1], the sequence { f*#()} converges

uniformly to the identity in U. Therefore, the sequence {M w(U )} converges to

g ] <L st as].

We claim that this supremum is finite. Indeed, for fixed z € C we have that
S(w, z) is in L!(C), since it has simple poles at 0, 1 and z, and is 0(|w|_3) near
oco. Finiteness follows then from the compactness of U. With this at hand, we
obtain n; € N such that for all # > n; we have

| < M) tn oo

M, (U).
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with
MU) = — sup %/ }S(w Z)‘dxdy}
T zeU

where we have used the fact that x — x/(1 — x?) is tangent to the identity at the
origin.

Finally, we restrict both H, and G, = H, o f 1 (1) to V', and estimate
its uniform distance. With this purpose, let § > 0 be the Euclidean distance
between the boundaries dV and dU (which are disjoint compact sets), that is,
§ = d(aV,aU) = min{|z —w|:zedV,w e 8U} Again by Proposition 11.1,
there exists 7o > n in N such that for all n > ng we have V c f#)(U) and
moreover

P D(U) > B(z,8/2) forallz e V.

If we consider the restriction of H,, to V' we have
_ / un(1) _
< |Hpll oy MU ltn oo -
Finally, by Cauchy’s standard estimates, we deduce forall z € V

L/ Hn(w)2 dw‘ < 2l Hnllcocrrnm @y
27 J3B(z,8/2) (W —2) $
_ 2| Gullcow) C 2R

|H,,(2)] =

5 <53 foralln > ng
In other words,
2R
” H?/l ”CO(V) § W for alln no,
and then we obtain for all n > n that
” Hy — Gy ”CO(V) R /
< — su S(w,z)|dxd
oo d(0V.00) 265% $C2.2) y}

Therefore, it is enough to consider

cWU) = ; sug
ze

// |S(w. z)|dxdy§
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Theorem 11.4 will be crucial in Chapter 13, in order to shadow renormaliza-
tion orbits of C3 critical circle maps with suitable C* critical commuting pairs
(see Theorem 13.4). We remark that Theorem 11.4 is applicable to many other
situations — see for example the recent paper Clark and Trejo [2020, Section 5.5].

Exercises

Exercise 11.1. We start with an elementary but important fact. Consider an ellipse
in the complex plane centered at the origin, whose major axis makes an angle 0
with the (positive) real axis. Let L be the length of this major axis, and let £ be the
length of the minor one. If

Z wiz+wrz

is an R-linear transformation that maps the given ellipse onto a round circle, con-

sider
w2

w1

’

and note that u is well defined, since the pair w;, ws is unique up to multiplication
by a nonzero constant. Show that the eccentricity of the ellipse, i.e., the ratio
L/l € [1,400), equals

1+ |pl

1—|pl”

and that the angle 6 coincides with 77 /2 + arg(u)/2 (Hint: Take w; = e~ (L~1+

. - L/E—
g—l d — pif L—l —K_l , that 11 = (20—m)i )
) and wy = e'Y( ),sothat u = e —L/€+1)

Let U, V, W be domains in the complex plane. In the next four exercises, the
reader may assume that f : V +— Wand g : U — V are K-quasiconformal C!
diffeomorphisms.

Exercise 11.2. Conclude from Exercise 11.1 that, for every z € U, the differential
of g at z maps each ellipse centered at the origin with eccentricity

1+Wg(2)‘<
1= |ug)] =
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and whose major axis makes an angle /2 + arg (ug(z))/2 with the (positive)
real axis, onto a round circle!.
Exercise 11.3. Prove the identity (11.2).

Exercise 11.4. Prove that

e (2) + pr(g(z)) 0g(z)/9g(2)
1+ 17 (g(2)) 9(2)/0g(2)

_ pg(®) +1r(2(2) 9g(2)/0g(2)

1+ g (2) iy (g(2)) 3g(2) /9 (2)

/’Lfog(z) =

foreveryz e U.

Exercise 11.5. Using the previous exercise, show that if f is holomorphic, then
M fog = JLg (note that this is consistent with the fact that postcomposing g with a
conformal map f does not change which ellipse gets mapped to a circle). On the
other hand, if g is holomorphic, show that

g\’
“f"g:(m) Hiog

In particular, [;t s o g| = |14 og |, which is consistent with the fact that precom-
posing f with a conformal map g can change the direction but not the eccentricity
of an ellipse that is mapped to a circle.

Exercise 11.6. Using Exercise 11.4, prove that the inverse of a K-quasiconformal
diffeomorphism is K-quasiconformal, and that the composition of a K;-quasicon-
formal diffeomorphism with a K;-quasiconformal diffeomorphism is K K»-quasi-
conformal.

Exercise 11.7. Let V C C be a domain and let u be a Beltrami coefficient on V,
thatis, u : V' — D is a measurable function such that |u(z)| < (K —1)/(K + 1)
almost everywhere in V, for some K > 1. The pull-back of p under a conformal

Recall that a K-quasiconformal homeomorphism has a derivative almost everywhere with re-
spect to the Lebesgue measure. By Exercise 11.2, such derivative maps an ellipse of eccentricity
at most K onto a circle. Hence a quasiconformal map defines a (measurable) field of ellipses with
bounded eccentricity, which is mapped into a field of circles by the derivatives. By Theorem 11.1,
the converse is also true: any measurable field of ellipses with bounded eccentricity comes from a
quasiconformal homeomorphism in this way.
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map f : U — V is defined as

v - ((STYUE Y
e (I(f-ly(f(z))\) HI@)

Naturally, we say that p is f-invariant if U = V and f*u = pin V. If this is
the case, show that if the K-quasiconformal homeomorphism z : V' — h(V) is
given by Theorem 11.1, then the conjugate 4 o f o h~! is holomorphic.

The following example is borrowed from the book of Carleson and Gamelin
[1993, Ch. V1.4].

Exercise 11.8. Let A C C be an open annulus centered at the origin, let t € (0, 1)
and consider the Beltrami coefficient p; on A given by

2
we(z) = 1 (i) .
7]

(i) Show that each u; is invariant under any rotation of the annulus A.
(i) Show that, for each ¢ € (0, 1), the homeomorphism

h[(Z) — |Z|2t/(1—t)z — Zl/(l—t) El‘/(l—l‘)

is a solution of the Beltrami equation oh; = dhy Uy in A.

Exercise 11.9. An annular Riemann surface is a Riemann surface S whose fun-
damental group 7r1(S) is isomorphic to Z. Using the Uniformization Theorem,
show that any annular Riemann surface is conformally equivalent either to C \ {0},
D \ {0} or to an annulus A, g = {z € C : r < |z| < R}. In the last case, show
that the ratio R/r is unique (Hint: Let S be an annular Riemann surface which
is not biholomorphic to the punctured plane. By the Uniformization Theorem, S
is conformally equivalent to a quotient of the upper half-plane H by a group I"
of Mobius transformations, which acts freely and properly discontinuously on H.
Being isomorphic to 1 (S), the group 1" must be generated by a single transfor-
mation ¥ : HH — H, ie, I' = {¢"},cz. Now discuss on the number of fixed
points of ¢ in H, noting that ¥ has no fixed points in H (since I" acts freely on
H), and at most two in H).
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Exercise 11.10._The purpose of this exercise is to find local solutions to the Bel-
trami equation d f = pdf in the special case when y is a polynomial in z and Z
with complex coefficients, say

N
uiz) = Y aj'z’ . (11.3)

i,j=0

The idea is to first seek a formal solution written in power-series as follows:

f@) = Y cmaz"7", (11.4)

m,n=0
where the coefficients ¢, , € C are to be determined.

(i) Plugging (11.3) and (11.4) into the Beltrami equation and comparing coeffi-
cients, show that for all £, k > 0 we have

N
€+ Degerr = Y (k+1=iDaijces1—ie— -
i,j=0

Here and below, we adopt the convention that ¢;, , = 0 whenever m or n
is negative.

(ii) If A = max |a;;|, show using (i) that for all m > O and n > 1 we have

4 Y
lemn| < o .Zo(m +1—i)|eme1—in—1-j] -
Lj=

(iii) Now suppose the coefficients ¢, are given, and we know that there exists
A > 0 such that |c,0] < A™ for all m > 0. Using (ii) and induction in n,
prove that for all m,n > 0 we have

m-—+n
lemon| < ( )NZ’"A”A'”“ .
n

(iv) Deduce from (iii) that the series in (11.4) has a positive radius of conver-
gence, and therefore the resulting f* solves the Beltrami equation for  in a
neighborhood of the origin.



Lipschitz
Estimates for
Renormalization

Our goal in this chapter is to prove a modulus of continuity for the renormaliza-
tion operator defined in Chapter 10. Our main result is Theorem 12.2, which estab-
lishes a Lipschitz estimate for renormalization, when restricted to suitable bounded
pieces of topological conjugacy classes of C3 critical commuting pairs with irra-
tional rotation number and negative Schwarzian derivative. This is a rather techni-
cal and difficult chapter, and the reader may skip it on a first reading (just saving
the statement of Theorem 12.2 for later use). Our exposition in the whole chap-
ter follows closely the original work by Guarino, Martens, and de Melo [2018,
Sections 5-10].

12.1 Lipschitz estimates for controlled commuting pairs

In order to state the main result of the present chapter, we need a couple of defini-
tions. The bounded pieces mentioned in the introduction are defined as follows.
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Definition 12.1. Let K > 1 and let ¢ = (1, £) be a normalized C3 critical com-
muting pair which is renormalizable with some period a € N. We say that { is
K -controlled if the following seven conditions are satisfied:

* /K <§(0) < K;

* £(0) - n(5(0) = /K,

« 1°71(§(0)) =0 (§(0) > 1/K;

« 1*(5(0)) = 1/K;

< **HE0) < -1/K;

* lle3q—1,01p < K and Inllc3qoz0)) < K-

* Dn(x) = 1/K forall x € [1°(£(0)),£(0)].

Of course if ¢ is Kg-controlled and K; > Ky, then ¢ is also K;-controlled.

Definition 12.2. For K > 1let # = # (K) be the space of normalized C3 crit-
ical commuting pairs which are K-controlled. For K > 1 and a € N let J%;(K)
be the space of normalized C3 critical commuting pairs which are renormalizable
with period a and K-controlled.

From the real bounds (Theorem 6.4) we know that after a finite number of
renormalizations, every C* critical circle map with arbitrary irrational rotation
number gives rise to a controlled commuting pair. More precisely, we have the
following.

Theorem 12.1. There exists a universal constant Ko > 1 with the following prop-
erty: for any given C* critical circle map f with irrational rotation number there
exists ng = no(f) € N such that the critical commuting pair Z"(f) is Ko-
controlled for any n > ny.

The C* smoothness hypothesis is needed for the critical commuting pair 2" ( f)
to be C3 bounded for 1 large enough. As mentioned before, our main result in this
chapter is the following.

Theorem 12.2 (Lipschitz estimate). For any given K > 1, there exist two con-
stants eg = &9(K) € (0,1) and L = L(K) > 1 with the following property.
Let Lo and 1 be two infinitely renormalizable normalized C3 critical commuting
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pairs which are K-controlled, let both (o and {1 have negative Schwarzian, and
let p(Co) = p(¢1) € [0, 11\Q and d2(8o,$1) < €o. Then we have

da(%(50). Z(81)) < L dz(8o. 1),

where dy denotes the C? distance in the space of C? critical commuting pairs.

Let us make a few comments before entering the proof of Theorem 12.2.

Remark 12.1. One might guess that the condition |_1/p(§0)J = |_1/p(§1)J should
be enough in order to compare the commuting pairs % (o) and %(¢1). Unfortu-
nately, this is not the case since there is no bound for the expansion of the renormal-
ization operator along different topological classes (even sharing the same period
of renormalization, see Proposition 12.1 for precise estimates). This is to be ex-
pected if we remember that renormalization acts as the Gauss map on the rotation
number (as in (10.1)), and that the Gauss map has unbounded derivative on (0, 1).

Remark 12.2. All estimates performed in this chapter rely heavily on Yoccoz’s
Lemma 7.3, and that is why we require the negative Schwarzian condition in The-
orem 12.2. But recall that, given a C3 multicritical circle map f with a critical
point ¢;, we know from Proposition 6.2 that the critical commuting pair %} (/)
has negative Schwarzian for sufficiently large n. Therefore, this assumption in
Theorem 12.2 is harmless for the applications we have in mind.

Remark 12.3. Itis not difficult to prove Theorem 12.2 if one considers an irrational
rotation number of bounded type (say, bounded by M) allowing the Lipschitz
constant L to depend on M (see Exercise 12.2). The main point in Theorem 12.2
is that the constant L does not depend on the number of compositions defining the
renormalization operator.

The remainder of this chapter is devoted to the proof of Theorem 12.2. As
mentioned in the introduction, this is a rather technical and difficult chapter, and
the reader may skip it on a first reading, just saving the statement of Theorem 12.2
for later use.

12.2 Standard families

Fix Ko > 1 and let .# be the space of normalized C3 critical commuting pairs
which are Kg-controlled (Definition 12.1). We will consider in this section a
C3 critical commuting pair { = (1, £) with negative Schwarzian that belongs
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to 2, which is renormalizable with period @ € N. For such a pair, we will con-
struct/define its corresponding standard family.

For £ € {0,...,a}, let x; = n%(£(0)). Note that x; € I, = [0,£(0)] for all
£e€{0,...,a}. Denoteby I, £ € {1,...,a}, the fundamental domains of 7 given
by I; = [7¢(£(0)), n*~1(£(0))]. By the commuting condition, /; = E(lg) =
§([-1.,0).

12.2.1 Glueing procedure and translations

Using the same notation as in the proof of Lemma 10.1, we have the following
fact.

Lemma 12.1. There exists so = so(£) > 0 such that, forany { = (n,§) € A,
both components of A\ {n(O)} and both components of B\ {E (0)} have Euclidean
length greater than or equal to sy.

Proof. There exist positive constants  and p (depending only on Kg) such that
both components of C \ {0} have Euclidean length greater than or equal to §,
infc{D¢} > pandinfc{D¥} > p. Then it is enough to take 0 < 59 < (§p)2¢+1,
where the integer 2d + 1 is the criticality of n and £ at the origin. O

Still in the notation of the proof of Lemma 10.1, let M = V_ U V,/ ~,
where x ~ yifx € A, y € B and g(x) = 7(y). Note that n(0) ~ £(0) by
the commuting condition (2) in Definition 10.1. Let p : V- U Vi — M be
the canonical projection for the identification ~, and note that M is a compact
boundaryless one-dimensional C3 manifold, since the map 7! o §: A— Bisa
C3 diffeomorphism.

Lemma 12.2. There exists a C? diffeomorphism W : M — S such that defining
P:V_UVy — Stas P = v o p we have that for all x,y € AN Ig, for all
x,y € BN Iyandforall x,y € (I¢ U Iy)\(A U B),

|x =yl
K

<d(P(x), P(y)) < K|x — )|
for some universal constant K = K(%) > 1, where d denotes the Euclidean

distance in the unit circle.

From now on let P : V_ U V4 — S! be the C3 map defined in Lemma 12.2.
Given 1 € R we define the translation by t on I¢ U I to be the C 3Smap T :
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I¢ U Iy xR — Ig U Iy given by
(P o Ty)(x) = ¥ P(x),

that is, T'(x, 1) = T;(x) = P~1(e*"! P(x)), whenever is clear which preimage
under P we choose for points in P(A). In particular Tp is the identity on I¢ U I,.
Note also that

T AT DP(x)
w = opme) ™ W T Dr(nw)

From Lemma 12.2, we get that 1/ K < E?,—th()c,t) < Kforallx € Ig U .

12.2.2 Standard families of commuting pairs

By Condition (5) in Definition 10.1, the discontinuous piecewise smooth map
f; :1g U Iy — Ig U I given by

E(x) forx eI

fé(x) - n(x) forx eIy

projects under p to a C3 homeomorphism of the quotient manifold M, and then
it projects under P to a C3 critical circle map f in S'.

By Lemmas 12.1 and 12.2 above, the Euclidean length of both components
of P(A)\ { fe (P(O))} in S! is bounded from below by some positive constant /g,
universal in J#. Fort € W = (—lg, ly) let f; : S' — S! be the C? critical circle
map given by f;(z) = €27 f¢(z), and note that fo = f¢. Since the critical value
of f; (which is 2™'* f¢ (P(0))) belongs to P(A) we can lift each f; up toa C3
critical commuting pair {; = (1, &) with

£(x) = (Tro&o)(x) = T'(5o(x).2) and 1, (x) = (Tyono)(x) = T (no(x).1).
Note that

85; . 1 87}; . 1
B = DP (£,(v)) and 5700 = DP (n:(x))

Lemma 12.3. There exists K = K(£) > 1 such that |t|/ K < d2(&o, ¢) < K|t]
forallt e W.
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Now let W, C W be the set of all t € W such that {; is renormalizable with

Lemma 12.4. There exists ap = ao(X) € N such that if a > ag we have that
Wq C W. If we denote the boundary points of W by —w2 and w$, that is,
W, = [—w?, wi], we have that

nit)lg (s—wﬁ (0)) =0 and ani (Swf{_ (O)) =0.

Proof. By Lemma 12.2, there exists a universal upper bound K > 0 for the first
derivative of P in V_ U V4. By Yoccoz’s Lemma 7.3, it is enough to take ag 2>

(K / |W|)1/ % in order to have [W| =z K/ a%. The assertion about the boundary of
W, follows by combinatorics. O

Corollary 12.1. Let ag = ao(%') be given by Lemma 12.4. Let { be a normal-
ized C3 critical commuting pair that belongs to ¢ which is renormalizable with
period a > ag. Given x € [0, n* (E (0))] there exists ty < 0in Wy (8) such that

nf (€. (0)) = x.
Finally, let V = [—v_, v4] C W, defined by

15 (o (0) = —1/K3 and 7%, (6, (0)) = 1/KZ.

Lemma 12.5. Foranyt € V andanyk € {1,...,a—1}, the C3 diffeomorphism
n?_k 2 I (t) — 14(t) has universally bounded distortion.

Recall that I,(¢) = [xe(t), X¢_1 (t)], forall € {1,...,a}.
Proof. Combine Koebe distortion principle (Lemma 5.2) with the K-control. [J

Lemma 12.6. Let ag = ao(%') be given by Lemma 12.4. Let Lo = (no, &o)
and &y = (n1.,§1) be two normalized C3 critical commuting pairs that belong
to & which are renormalizable with the same period a > ag. Then there exists

to € V(&o) C Wa(&o) such that

N (620(0)) = 1§ (£1(0)) and  d»(%o.8s,) < Kda(50.81)
where the constant K = K(J¢') > 1 is given by Lemma 12.3.
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A $o
— %
N1 610 (0 4/ ———————————————————————————————————— -
710050(0)q/———————»——————————————f”f— = 3
0 : >
n0(0) |71, (0 £0(0) |£&:(0)
__—

Figure 12.1: Standard families of critical commuting pairs (in this figure, the
period of o is equal to 3, while the period of ¢y, is 6).

Proof. We may suppose that 1§ (50(0)) > n (51(0)), that is, n¢ (§1 (O)) belongs
to the interval [1/Ko,n%(£0(0))] C [1/Ko. Ko]. By Corollary 12.1 there exists
to < 0in V({o) such that ng (§,0 (0)) = (51 (O)). Note that n?OH(E,O (O)) <
N3t (£0(0)) < —1/Ko < —1/K2. Now let K = K(#) > 1 be given by
Lemma 12.3. We claim that || < Kd2 (Lo, &1). Indeed, if || > Kd2(Co, 1) we
would have &, < &; and 1, < n1 in the corresponding intersections of domains,
but this implies that nf, (&0 (O)) <nf (S 1(0)) which is a contradiction. Then |fo| <
Kd>(&o, ¢1) and we are done. O
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12.2.3 Renormalization of standard families

As before, fix Ko > 1 and let 2 be the space of normalized C 3 critical commut-
ing pairs which are Ko-controlled (Definition 12.1). Again, we consider in this
section a normalized C3 critical commuting pair ¢ = (1, £) in J# with negative
Schwarzian, which is renormalizable with some period @ € N. Let V({) be the
parameter interval for the standard family around ¢ constructed in Section 12.2.2,
and consider the one-parameter family of C3 critical commuting pairs given by
G; = p#(L;) for each t € V; that is, Gy is the pre-renormalization of {; (Defini-
tion 10.3).

Proposition 12.1. There exists K = K(#') > 1 such that for all t € V and for
all x in the domain of Gy we have

G
—(x)=<a®

0G
5 if x <0, and a—tt(x)xl if x > 0.

Proof. We claim first that for # € V and x € I¢, we have the identity

0 0
Wt () = 200 D (80 +z (o (172 (& () 1) e (1 (& (1))

. (12.1)
Indeed, fix x € I, and for each j € {0,1,...,a}let y;(1) = n (Et(x)). Note

that yo(r) = & (x) and ya(t) = G (x) for x < 0. Since y;1+1(t) = 1:(y; (1)) =
T(no(y;()).1) forall j €{0,1,...,a — 1} we see that

0 d
V1) = Y505 (1035 ©). 1) Doy ) + S (mo(vs©).1)  (122)

9
= Vi) Dne(y; (1)) + a—f(no(yj (1)).1),

since from n;(x) = T(no(x),t) we get Dns(x) = %—z(no(x),t)Dno(x). By
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A é-O

;l‘o
N1 610 (0 4/ ———————————————————————————————————— -

n00k0(0) &

70(0 W/ f // £0(0] (&)

Figure 12.2: Both critical commuting pairs of Figure 12.1, and their renormaliza-
tions.

induction on (12. 2) we obtain that for all j € {1,...,a},
]—1
Yi(t) = yp(t) 1‘[ D (yi(1) + Z (0 (yk—1(0)). 1‘[ D (y1(1))
=0 k=1 =k
aT
+§(’70(y1 l(t) 1)
-1

aT -
= yo(t) D1/ (yo (1)) + Za— no(ye—1 (). 1) Di * (v (1))

+ 5 (0(rj-10).1)

J
oT i
= ¥o(0) D] (yo®) + 3 - (no(ve-1(0). 1) Dnf ™ ().

at
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In particular,

0G, a

oT
5 ) = Ya®) = yo(0) Drf (ro)+>_ =7 (10 (e-1). 1) Dt * (i (1)),
k=1

and then we obtain for all # € V and all x € I, the desired identity (12.1). Now
by Lemma 12.2, the Ky-control and Lemma 12.5 we have

0&; a Dno(n#~ (& (x))) DP (no(n¢ " (& (x)))) a1
0 X D t t - D t t
< Y (x)Dnf (§/(x)) < DP (& () DP (1% (& () i (6 (x))
< KDno (= &) D= () < K 12D < e
[1,(t)|

On the other hand, for all k € {1,...,a}, we have

oT k—1 _ 1 | L
E(’IO(’]: (f;‘,(x))),t)— DP(U?(&(X))) |:K’K:|’

again by Lemma 12.2. Therefore, it follows from (12.1) that for any x < 0 we
have

9G a—1
8_tt(x) = Z Dk (¥ (£, (x))), whenevera > 1.
k=1

Again by Lemma 12.5 (bounded distortion) and the Ko-control we have that
G UL 49
LD B T ppe
ot k@Ol = @)

Therefore, by Yoccoz’s Lemma 7.3 we obtain

G T 2 3
W(x) = Z min{k,a — k}“ < a” forany x <O.
k=1

Finally, recall that for x € [O, n? (S, (0))] we have G;(x) = n¢(x) and then

3G, om 1 1
o W= 0= DP(n(x)) [K’K}

by Lemma 12.2. O
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With Proposition 12.1 at hand, we obtain the following.

Corollary 12.2. There exists K = K(#) > 1 such that for allt € V and
X,y € Ig, we have

‘ file (x)|

[26:(y)| (y)\

In particular,

(G (x) = Go()| _ [nf (&%) = m (b0())| _
1G:(») = Go(»)|  |n¢(E() — 0 (50 ()]

Jorallt € V\{O}and x,y € Ig, N Ig, = [rnax{no(O), 77,(0)},0].

12.3 Orbit Deformations

We begin this section with the following fact.

Lemma 12.7. Given K > 1, there exists ag = ao(K) € N with the following
property. Let ¢ = (n, £) be a normalized C3 critical commuting pair with negative
Schwarzian which is K-controlled and renormalizable with some period a > ay.
Then there exists a unique p in I, such that |r)(p) —p! < ‘r](x) —x‘for all x € I,
Moreover, the point p belongs to the interior of I, Dn(p) = 1 and D*n(p) < 0.

Proof. Since ¢ is renormalizable we know that x > n(x) for all x € I;. From the
continuity of 7 and the compactness of its domain 7, we obtain the existence of
a point p such that 0 < !n(p) — p| < ‘n(x) — x| forall x € Iy.

We claim first that if ag > K2 and a > aq, then p belongs to the interior of
Iy. Indeed, note first that the (positive) difference Id —n equals |I¢| at the origin,
and equals {E I E)‘ at the point £(0). In both cases it is greater than 1/K, by the
K-control hypothesis. If p is one of the boundary points of /,,, we would have
}n(x) - x‘ > 1/K for all x € I, and since the period of ¢ is a, we would have
a/K < |Iy|. On the other hand, again by the K-control hypothesis, we have
ao > K? > K|I| and then |I,| < ao/K, which gives the desired contradiction.

With the claim at hand, we clearly have Dn(p) = 1and D?7(p) < 0. Unique-
ness of p follows at once from the Minimum Principle (Lemma 5.1). Now we
claim that D2n(p) is strictly negative. Indeed, if D?n(p) = 0 we would have
D3n(p) = Sn(p) < 0, and then it would exist §o > 0 such that D?n(x) > 0 for
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all x € (p — 8o, p). But then it would exist 0 < §; < ¢ such that ‘n(x) — x‘ <
}r}( p)— p‘ for all x € (p — 81, p), which gives the desired contradiction. O

Remark 12.4. We can slightly improve the statement of Lemma 12.7: there exists
Ko = Ko(K) > 1 such that D?n(p) < —1/Kj. Indeed, the fact that D25 (p) is
uniformly bounded away from zero (by a constant depending only on K) follows
from (the proof of) Yoccoz’s Lemma 7.3.

Throughout this section, fix K > 1 and let .#" be the space of normalized C3
critical commuting pairs which are K -controlled (Definition 12.1). Let (=%
and C = (7, E) be two C3 critical commuting pairs with negative Schwarzian
that belong to .#~ which are renormalizable with the same period a > ag, where
ag € N is given by Lemma 12.7. Denote by ¢ > 0 the C 2 distance between ¢
and ¢, that is, ¢ = d»({, £). We will assume that ¢ < &g, where g9 > 0 will be
fixed later in this section (see the proof of Claim 12.3.1 below, during the proof
of Lemma 12.11). Moreover, we will only consider in this section the special
situation when

(1) Iy = ljand Ig = I = [-1,0],
(2) p = p,where Dn(p) = D7(p) = 1 (see Lemma 12.7).
Let H : I;, = [—¢,¢] C R be defined by H(x) = n(x) — 7(x), and let
h = H(p).
Observe that for every x € I, we have
[H)| < [h] + e(x = p)?,

and
}DH(x)‘ < glx — pl. (12.3)

Indeed, given x € I there exists y € I; such that DH(x) = D2H(y)(x —
p) and then !DH(x)‘ = }DZH(y)“x — p| < g|x — p|, and there exists also
z € [p,x] C I such that H(x) = h + DH(z)(x — p) and then ‘H(x)} <
(k] + [ DH(@)|1x — p| <[] + e(x — p)2.

As before, we will use the following notation. For £ € {0,...,a}, let x; =
n(£(0)). Note that x; € I, = [0,£(0)] forall £ € {0,...,a}. Define X; =
7t (5(0)) similarly. Denote by Iy, £ € {1,...,a}, the fundamental domains of
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n given by I; = [1¢(£(0)), nf_l(é (0))]. By the commuting condition, /1 =
E(Ig) = &([-1.0]). Define I, similarly. Let us state some consequences of
Yoccoz’s Lemma (Lemma 7.3).

Lemma 12.8. Let ¢ be a C3 K-controlled critical commuting pair which has
negative Schwarzian and is renormalizable with some period a > ag, where ag
is given by Lemma 12.7. Let N € {1,...,a} be defined by p € In+1, that is,
XN+1 < p < xpn, where p is given by Lemma 12.7. Then we have

1. N x a, i.e. there exist two constants §g = So(X) and 81 = §1(F") with
0 <8¢ <81 < 1suchthatbopa < N <814,
1

1
2. |Ig|X£2 for1 <L <N and |Ig|xm for N <l <a—1;
N —1{ 1 1 1
3. ‘xg—p‘xw=z—ﬁ<zforallﬁgmin{L%J,N—l}.

Proof. To prove Item (1) we claim that [Ix+1]| < p — n(p). Indeed, note first
that p — n(p) < |In+1| + |IN+2|. Being adjacent fundamental domains of 7,
we know from Yoccoz’s Lemma that |/y 41| < |[In+2], and then p — n(p) <
(1 + Ko) |[In+1]| for some Ko = K¢(K). On the other hand, we have

[N +2] XN+1— XN+2 1 p
_ -1+ - Dn(t) —1)d
P —1n(p) P —1n(p) +p—n(p) xN+1( ()~ 1) di
1 p
=1+ — (p—1)(—D*n(p) + Ot — p)) dt
P —1(p) Jxyi

p
< 1—|—/ (—Dzn(p)—l—O(t—p))dzg 1+ Ko(p — XN+1)
XN+1

<1+ Ko [In+1]-

Using again |/ y 41| < |In+2|, we obtain the claim. Combining the comparability
l[In11] < p — n(p) with Yoccoz’s Lemma 7.3, we deduce that [Iy4 1| < 1/a?
(recall that the positive number p — n(p) is less than or equal to the length of
any fundamental domain of 1) and then N < a, which implies Item (1). Item (2)
follows at once from Item (1) and Yoccoz’s lemma. To prove Item (3) note first
that by definition of N,

N N

Dl = —xn| < | —p| < |xe—xnia| = DY il + Uyl
j=t+1 j=L{+1
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forall £ € {1,...,N — 1}. By Item (2) we have >3,/ 11;] =< ¥%_ 1, .
that is,

N Voo |
; FP |x5 p‘ Ko ; _2 (N—|—1)2

for all £ < min {L%J, N — 1}, where Ko(K) > 11is given by Lemma 7.3. From
the elementary estimates

N —1¢ _ 11 :/N+1ﬂ<
C+DIN+1) €4+1 N+1 Jyg 127
v L /Nﬂ_z_L:N_—ﬁ
\,:mjz\‘f 2 ¢ N (N
we obtain

1 1 |x¢ — p L, 1
Ko {+1)(N+1) > N—-¢ (N (N +1)2
for all £ < min { 15].N — 1}, which implies Item (3). O
A similar application of Lemma 7.3 is given by the following.

Lemma 12.9. There exists Ko = Ko(#') > 1 such that for any { € & renor-
malizable with period a € N, and for any b < L%J we have

Ko
[xp — Xq—p| < B

Note that the constant Ky does not depend on the period a.

Proof. By Yoccoz’s Lemma 7.3,

a—b -
b —Xa—pl = Y Ll <K Z minfe, a—ﬁ}z
{=b+1 =b+
To finish, note that
a—b

1 2
Y mmia—E <%
min{l,a —£}2 " b

{=b+1
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Indeed, by symmetry it is enough to prove that

la/2] 1 1
L L
min{l,a —£}2 " b

{=b+1

which follows again from elementary calculus. Indeed,

L%J L%J 1 /La/ZJ dt _ /+oo dt 1
T 2 X PO
Plared 1mln{ﬁ a—1} i b+1 b t b

Yet another consequence of Yoccoz’s lemma is the following.

Lemma 12.10. There exist ag =~a0(,%/) e Nandb = b(X) € {1,..,a0} with
the following property. Given {, € X renormalizable with period a > ag we
have that

fﬁ_bZXN_l and fﬁ+b<XN+2.

Recall that we are assuming that p = p. The number b given by Lemma 12.10
will be used in Lemmas 12.11, 12.13 and 12.14 below.

Proof. Consider

1 _K? K?
—2— and 2— <bh<$§ ,
0> 55 gz SV =00
where K is given by Lemma 7.3, § = min{&g, 1 — 41} and 8¢, &1, in turn, are given
by Item (1) of Lemma 12.8. We claim that [X5_, — X5| = [xny—1 — p|. Indeed,
on one hand,

L T A T b
Rp_, — Xzl = Trl > — =2 == .
55 — X5 1\72—: el > % 2 " K (N—-b+1)(N +1)

On the other hand,

lxy—1 —pl < |INn|+ [IN41]

<K 1 . 1 <2K 1
= min{N,a — N}2  min{N +l,a—N —1}2) = §2 42~
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Therefore, it is enough to have

2K? 1
(N b+ 1)(N +1),
52 42

which follows from our choice of b (recall that N <8a<aandthen N + 1 <
a). Then [X5_, — X5| = [xn—1 — p| as claimed, and this implies at once that
Xj_p = *N—1. The other estimate can be proved in the same way. O

b>z—

The distance between corresponding critical iterates of ¢ and gwill be denoted
by Axy, that is,

Axg = Xp—xg = T4(E(0)) —n*(£(0)) forall € € {0,1,...,a}.
Lemma 12.11. There exists K = K(.#") > 0 such that for £ < min{|_a/2j ,N —
b, N — b} we have

A < K (] €+2)
AR E )
where b is given by Lemma 12.10.

Proof. Let xg = £(0) = 5(0) be the common critical value of £ and 5, which is
the right boundary point of /;, = I5. Recall that, by definition, x;, = nt(xo) and

X¢ = 7t(xo) forall £ € {1,...,a}. We will consider the case x|4/2] < ¥|a/2)-
Note that for any £ € {1,...,[a/2]} and any k € {0,...,¢ — 1} we have, by
combinatorics,

Xg—ttk+1 < X|g/2)+1 < X|a/2] < X|g/2] < Xg41 < X .

Therefore x|4/2)+1 < 1(Xk), and then x,_¢4x 41 < 1n(Xg), that is, both points
n(7* (x0)) and 7* 1 (xo) lie to the right of the point x,—g4x+1. In particular the

iterate n* %=1 is well defined in the interval with boundary points 1(7* (xo)) and
7%*1(xo). This allows us to use a simple telescopic trick and the mean-value
theorem, in order to write for any £ € { 1,...,|a/ ZJ}
{—1
|Axel =Y (" F (7 (x0))) — 0" (F T (x0)) ) (12.4)
k=0

-1
< D [Dr T )| [ H (7 (x0))

k=0
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where, for each k € {0,...,¢ — 1}, the point y; lies between (7 (xp)) and

7%+ 1(x0) (the points yg, y1,..., y¢—; depends also on each fixed £, but we will
denote them by yj to simplify the notation). From Section 12.3 and Lemma 12.8

we get that
Ke

(k+1)2°

Foreach k € {0,...,f—1}, letus denote D = !Dne_k_l(yk)‘. Our goal is,
therefore, to estimate the sum

|H (7 (x))| < |h] + (12.5)

-1
Ke
[n(0) =7 )] < ];)Dk (|h|+(k+—1)2) (12:6)

Foreachk € {0,...,£ — 1} letm = m(k) € {1,...,a} be such that y; € I,,(n),
where I,,(n) = [nm (x), nm_l(x)] as before. Since we are assuming x|4/2] <
X|a/2) We have thatm < a/2+1. We claim that m(k) < k forallk € {0,... . {—
1}. More precisely, we have the following.

Claim 12.3.1. There exists C = C(X) > 1 such that % < m < Ck for all
k€{0,....0 —yandforall € € {1,....|a/2]}.

Proof. From Lemma 12 8 we know that | Vi~ p| < --, and then it is enough to
prove that |y, — p| < E' Recall that d» (¢, Z) < &0, Where go > 0 will be fixed
= % On the other hand,
since £ < min {N — b, N — b}, the point p does not belong to the interval with
boundary points 7(7* (xo)) and 7*+!(xo), and then

vk — pl = min { |7 (x0) — p|, [n(7* (x0)) — p|}
= |7+ (x0) — p| - \n(n (x0)) — 7T (x0)|
= |+ (x0) — p| — | H (7 (x0))]-
From (12.5) we get !H(’ﬁk(xo))} < K(|h| + (k-fl)Z) < (kfl)z since |h| <

K /a? by Yoccoz’s lemma (indeed, by Lemma 7.3, the length of the fundamental
domain (n(p), p) is bounded by 1/a?, up to a multiplicative constant. That is,

both p — n(p) and p — 7(p) are bounded by 1/a? up to a multiplicative constant,
and then || < K /a?). Therefore

| > 11 K? _ 1 K? ko1 1
Ve P k+1l k+102) KU T kr 1) kr1k T %

later in the proof. On one hand |y —
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ifk > 2K? + 1 and then |y — p| < % in this case. We choose g9 > 0 in order to

have that if k < 2K2 + 1, then both ¥ 1 (x) and 5 (7 (x)) belong to the interval
[7%2(x), 7 (x)], and again |yx — p| < { as we wanted to prove. O

We have two claims regarding the values of Dy.

Claim 12.3.2. There exists K = K(¢') > 0 such that for all k € {0,...,£ — 1}
andl € {1,...,a/2} we have D} < K.

Proof. By bounded distortion and Yoccoz’s lemma we know that

| Tmtt—k—1(n)|

= m? Ly p—k— ,
|Im(77)‘ m } +i—k 1(77)}

|Dp R ()| =

. K .
and then it is enough to prove that ‘I M l—k—1 (n)‘ < —. To prove this, we have
m

two cases to consider.

o I n“%1(yx) > p,then |Lpppg—1(n)| < by Yoccoz’s

lemma. Since £ — k — 1 > 0, we are done.

(m+4L—k—1)>2

1
. If 7]e—k—l(yk) < p, then ]1m+e—k—1(77)‘ = (a—m—L+k+ 1)2’ an

since a —m — £ > 0 we obtain ‘Im+£—k—1(77)‘ < K/(k + 1)%. Since
m =< k by Claim 12.3.1, we obtain Claim 12.3.2.

d

O
{
Claim 12.3.3. There exists K = K(#) > 0 such that, if k < 4(C—1) then
k2
Dy <K 7

Proof. Write m = |0k]| with é < 0 < C (see Claim 12.3.1). If m < k, we
havethat 0 < landld +m—-k—-1 =060+ 1 -6 -1 -0k -1 =
0L+ (1—0)(—k)—1>60—1> &L Since L+ m—k—1< €< %, wehave
that

C2k? o k?

(6)

Dy <K
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On the other hand, if m > k (thatis, & > 1), wehavem + € —k — 1 < £+ (0 —
Dk—1<€+(C—1k—1<€+3£—1< 3a. Then

1 1
<
m+L—k—-172 " (—-1)72"

\Into—k—1(m)| <

2, . . .
and so we also have D, < K ]E_Z in this case, since %a < j < 3 a implies
1 11 1_1
a7 > 27> da U

With Claim 12.3.2 and Claim 12.3.3 at hand, we are ready to estimate sum (12.6).

-1 Lo | Dy
3 o1+ ) = ZDk wRel 2 e
(e,

> Grie
el

P LﬁJ k 2
< K[hlE+ K 53 kg (k—+1)

{—1 1
+ Ke Z K12
k=| scdep | +1

& &
<Kt + K- +K-.

+ Ke

For the last inequality, we have used that both sequences

1 Lﬁj k 2 {—1 1
(2 ()] = 2wt
- k= acd=n | +1

remain bounded when £ goes to infinity, with constants depending only on C. We
have proved Lemma 12.11. O
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Lemma 12.12. For every a > 1, there exists K, = Kg(a) > 0 such that
|Axq| < Kg &
Proof. We have
[Ag1| = 171(xe) — n(xe)| = [n(Xe) —n(xe) + H(Xp)| < D|Axe| + ¢,

where D = max{Dn}. Therefore,

a
|Axll| <8. ZDa_k’
k=0

and the lemma is proved. O

The following definition is given for general commuting pairs which are con-
tained in the previously discussed set %~ of Ko-controlled commuting pairs.

Definition 12.3. Given L > 1 we say that the commuting pairs Lo = (§o, no) and
¢1 = (§1,m), withag, = a¢, = a, are L-synchronized if

|Axq| < L -d2(8o,81).

By working just as in the proof of Lemma 12.11, but with backwards iterations,
we obtain the following.

Lemma 12.13. Given L > 0 there exists K = K(J£, L) > 0 such that if{,g €
K are L-synchronized with ag =az =a, then we have

&
Axel <K (hl@ =0+ —)

forall £ € N such thatmax{La/2J,N +b,N —I—b} <f<a.

Proposition 12.2. For every L > 0 there exists K = K(¢ ', L) > 1 such that the
Jollowing holds. If ¢, { € " are L-synchronized with ag = ag = a, then we have

lh| < K—
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Proof. Let us suppose that 7(p) = n(p) + h with = > 0. We want to prove
that, under the synchronization assumption, the ratio C = a?h/e is uniformly
bounded in JZ". As before, let N € {1,...,a} be defined by p € [xy+1,xnN].
By Yoccoz’s Lemma there exists Ko = KO(,}if ) > 1 such that N = va with

1/Ko < v <1— % Inthe same way let N = g defined by p € (X541 X5]
with 1/ K¢y < 1——0.

By Lemma 12.9 there exists K1 = K1(2) > 1 such that (x;,Xx;) C (p —
Ki/M, p)when(l—Ki)a j <a—M,and (x;,X;) C (p. p+ Ki/M) when
M < j<a/Kpforany M € { La/KOJ} Let K5 = Kp(#) > 1 be the

constant given by Lemma 12.11. By Lemma 12.13 we have
|Axq-nr| < Ka (hM + ) (12.7)
M
for some universal constant K3(L, %) > 1. Let K = max{Ky, K1, K, K3} and

let us suppose that a > K(4K + 1) (otherwise we are done since || < ¢&). Fix
M e {l, oo la/ 2]} small enough in order to have

M 1
0<f="—<—" <1
a K@K +1)

Let T = [p — K/M,p + K/M] and recall that (x;,X;) C T forall j €

{M,...,a — M}. The next three claims will show that if C is big enough, in
terms of K and 6(K), the pairs ¢ and { cannot be L-synchronized.

2
Claim 12.3.4. IfC >2 (%) , then 7j(x) > n(x) + 2 forallx € T.

Proof. As before
K\? K\? h h
ﬁ(x)—n(x)>h—e(x—p>2>h—s(—) =h—i(—) SN

h > 2h K\*
In the last inequality we have used that % < 5 (—) since an >2 (—) .
a €

1
Note that 0 < § < ———— implies 1 —20K? — 0K € (0, 1).
K(4K +1)
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1 2K?
Claim 12.3.5. IfC > 5 (m), then there exists g() € {M, e a/K}

such that xg, < Xy,

Proof. We will prove first that

a h )
——M)=> —). .
(K M)Z/K(hM-i—M) (12.8)
Indeed, since 1 — 20K? — 0K > %, we have
1 —20K? — 6K . K
20K CH?
and then
1 —20K? — 9K €
M|—————— | > K—
20K M

since /M = hM/CH?. From

1—20K%2—-6K 1/( 1
- = _(—-1-2K],
20K 2 \ 0K

we obtain
h sa g
S(%—M)—KhM > K-,
2 \K M

which implies the desired estimate (12.8). Now, estimate (12.8) combined with

Lemma 12.11 gives us

| — u| < (% - M) g . (12.9)

With estimate (12.9) at hand, we are ready to prove Claim 12.3.5. Indeed, let
Le{M,...,a/K}besuchthat p < Xy < xy < p + K/M (note that, if no such
{ exists, we are done). From Claim 12.3.4 we have

Xg+1 — Xg+1 = N(Xg) — nlxg)
= h/2 4+ n(X¢) —n(xg)
= h/2+ Dn(ye)(Xg — x¢)
=h/2+ X¢—x¢ + D*n(ze) (ve — p)(Fe — x0)
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where y; € [X¢, x¢] and z; € [p, y¢] are given by the mean-value theorem. Since
D?n(zy) <0,y —p>0and X, —xy <0,

Xg41 — X1 = h/2 +Xp—xg, thatis, Axgiq > h/2+ Axg.

Therefore, if the difference X, 1 — x¢4 is still negative, it will be at least 4/2
closer to zero than the previous difference X, — x,. What estimate (12.9) tells us is
that we have enough time inside the interval (p, p+ K/ M) in order to interchange
the positions of the critical iterates. We have proved Claim 12.3.5. O

Claim 12.3.5 implies that x; < Xy forall £ € {{o,...,a — M}, since Dn > 0
and & > 0. Therefore, by Claim 12.3.4, we have

h 1
|Axa_M| >§|:a—M—(1—E)a] (1210)

Our third and last claim tells us that (12.10) contradicts the synchronization

assumption. Note that 0 < 6 < m implies 1 — 0K(4K + 1) € (0, 1).

Claim 12.3.6.
IfC > %[Wlﬁ(ﬂ)] then 2K(hM+ ﬁ) < ’%[a_M—(l—%)a].

Proof. Note first that

and

o005 G)

A straightforward computation shows that both conditions

1 4K? 1 C /(1
= = 2K ) [P
¢ 9[1—91<(41<+1)} and (C9+9) z(K 9)

are actually equivalent. O
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We are ready to finish the proof of Proposition 12.2. Indeed, by combining
estimates (12.7) and (12.10) we have

! m— (11— < | Xa—M|

> a K ad | X [ Xg—M Xa—M

& £

< — -
\K(hM+ M) <21<(hM+ M)

which contradicts Claim 12.3.6. Therefore
< 5 K\? 1 2K?2 1 4K?
~ m - 9 - T A~ AT s 9’ -
"1 \e) a\1-20k2—6K) 0 |1-6K@K 1 1)

that is, the ratio C = a?h/¢ is bounded by a constant only depending on K and
L. We have proved Proposition 12.2. O

’

With Proposition 12.2 at hand, we can improve both Lemmas 12.11 and 12.13
under the synchronization assumption.

Lemma 12.14. Given L > 0, there exists K = K(J%, L) > 0 such that if ¢, E €
K are L-synchronized with ag =az =a, then we have

K _
|Axg| < Tg forall 1 < £ <min{la/2].N —b.N — b}, and

K ~
| Ax| < —ge foralla > £ >max {|a/2].N + b, N +b).
=

Moreover, we have the following.

Proposition 12.3. For every L > 0, there exists K = K(£, L) > 0 such that
the following holds. If ¢ and ¢ are L-synchronized then

|Axg| < Ke forall € {0,1,...,a/2}.

1
14

and

1
|Axy| < Ke - forallt € {a/2,...,a}.
q —
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Proof. By Lemma 12.14, we only need to estimate |Axy| for the intermediate
iterates min {La/2j, N —b, N—b} <l < {La/2], N+b,N +b}. We will prove
only the first part of the statement (the other being the same), that is, we will prove
that

[Axg| < Ks% forallﬁe{m1n{|_a/2JN b,N —b},. a/2}.

We use the same notation as in the proof of Proposition 12.2. By the choice of
6 we know that M < min {|a/2|,N —b,N —b} anda—M > max {|a/2]. N +
b.N + b}.

Recall that H : I;; — [—¢,¢] C R is defined as H(x) = n(x) — 7(x). By
Proposition 12.2 we have that |H(x)‘ < s[aﬁz +(x— p)z] and then ‘H(x)| < %

£

whenever x € T, since for x € T we have that |x — p| < 5 Therefore, by

considering @ = 1 + % and = KS , we obtain that Ale < aAxg + B, and
then
n—1 '
Axpi, <a"Axg+ Z a’/, foralll <n < (81 —68p)a + 2b.
j=0

Note that ZJ —o) = % = % (a" — 1). Moreover, since n < a, we have that

= (K + D" <e 2 is bounded. Therefore,

¢
Axpin < " Axg + ,8%(0{” 1)< K% |:oz" " - 1)} < K%a" < K%.

Finally, from £ > M = 6a and n < (81 — do)a + 2b, we get that 7 is bounded
and then Axyy, < K¢, as we wanted to prove. O
Forf e {l,...,a}let
Ag = [Axg — Axg—q].

Proposition 12.4. For every L > 0, there exists K = K(J%', L) > 0 such that
the following holds. If ¢ and ¢ are L-synchronized then
log ¢ 1
Ay < K (s % + &2 Z) forall < a/2.
and
Ay

N

log(a —¢) 5, 1
[((c‘i"(a_—ﬁ)z-i-«ﬁ"a_K forallﬁ}a/l
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Proof. The proof of the second part of this proposition can be obtained as the first
part by working backward. (See also the proof of Proposition 12.3.) We will only
present the proof of the first part. Note that, for £ > 1,

Agv1 =|[M(xg + Axg) — n(xg)] — [N(xg—1 + Axg—1) — n(xe-1)]]
=|[n(xg + Axg) — n(xg) + N(xg + Axg) — nxg + Axg)]—
[(M(xg—1 + Axg—1) = n(xg—1) + N(xg—1 + Axg—1) — nxg—1 + Axg—1)]|
=|[Dn(0g) Axg + H(xg + Axg)]—
[Dn(Og—1)Axg—1 + H(xg—1 + Axg—1)]|
<|Dn(Bg) Axy — Dn(0p—1) Axg—q| + |DH(0) 1]

The intermediate point 6 is in 7@. Hence, by using (12.3), the Yoccoz Lemma 7.3,
and Lemma 12.8, we have

~ 1
IDH(6)T;| < K-

it (12.11)

The intermediate point 6 is in [x;, x; + Axg]. Similarly, 6,1 € [x¢_1,X¢—1 +
Axy_1]. This allows for the following estimate.

I 1
D060 Axe = D6 vl <1624, 1 |(Doce - Bl ) a4

1
(Datee -1 axe

[Tg41]
<|I—:|1Ae + K(|1g| + [Axg])| Axg]+

K([1e| + |Axg—1 D[ Axe—1]

Using the Yoccoz Lemma 7.3 and Proposition 12.3, we obtain

1 1 1
D) Axe = Dne—)Axer < 2ot a1+ k(e L2 L)L (212)
[ 7¢] ¢ ¢
Combining (12.11) and (12.12) with the chain of estimates obtained at the begin-
ning of the proof, we deduce that

|I€+l| 1 21
A < A K — — .
4+1 7| ¢+ 8E3 +832
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After iterating this recursive estimate and using the Yoccoz Lemma 7.3, we finally

obtain
ez_l 1 1 | 1]
2
k=1

i1
{—1 {—1
11 1 5
< K EZE z'+8 ZZ:Z:k
k=1 k=1
logt &2
< K'(S'——E—%—Q?)-

12.4 Composition

In this section we will discuss composition of multiple diffeomorphisms. Let I =
[a, b] be a compact interval in the real line, and let ¥ = Diffﬁ_ ([a, b]) be the space
of orientation preserving C? diffeomorphisms of /, endowed with the C2-metric.
Let X = C9(J) be the space of continuous functions from [a, b] to the real line,
and recall that X is a Banach space when endowed with the sup norm. Just as
we did in Chapters 3 and 5, we consider the nonlinearity function A4 : ¥ — X,
defined as
D2y

AV =3

= Dlog Dy .

Note that .4 is a homeomorphism, whose inverse is given by

b_a X S
Vs = X de ) ds,
( ¢ =a+ (fbexp(f;qﬁ(t)dt)ds)/c; ) p(fa 7 t) ’

a

forany x € [a,b]andany ¢ € X. Toprovethat.# ~1¢ € P notethat DV ~1¢ >
0, since %(fax exp ([, p(t)dt)ds) = exp ([, ¢(t)dt) > 0.

More generally, if f : I — R is a C? map and x is a regular point of f, we
define A" f(x) = D? f(x)/Df(x). As the reader can easily prove, the chain rule
for the nonlinearity is A (f o g) = A fog Dg + ./ g, while the kernel of .4 is
the group of affine transformations. In particular, 4 (Ao f) = A4 f whenever 4
is affine. Note also that the nonlinearity goes to infinity around any non-flat critical
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point. Elementary properties of nonlinearity can be found in the work of Martens
[1998]. On bounded sets it is bi-Lipschitz. In particular, we have the following.

Lemma 12.15. Let B be a bounded setin X = C°(I). There exists K = K(B) >
0 such that for any pair ¢, ¥ in B we have

(N Tl p N TY) < Kdeo(d, ¥).

Proof. Use the inverse of the nonlinearity to estimate the C° distance between
f = A/ l¢pand g = A1y, as in Martens [ibid., Lem. 10.2, page 579].
This gives deo (N "¢, A" 1Y) < Kdeo(¢, ). Since both f = 4 1¢ and
g = A1y belong to Diffi (1) there exists t9 € I such that Df () = Dg(to),
and then log Df(t) — log Dg(t) = flto (¢ — ¥)(s)ds forall 1 € I. Therefore

dco(log Df,log Dg) < |I|dco(¢, ), and since both f and g are C !-bounded
we get dco(Df, Dg) < Kdco(¢, ¥). Finally note that for all # € I we have

(D*f = D?g)(0)| < |(¢ = ¥)(D||DF O] + |(Df = D)D)| |y (0)].
O

As explained above, the nonlinearity allows us to identify the set & of dif-
feomorphisms with the Banach space X = C°(7). This defines the nonlinearity
normon 7. | f| = |4 f|co. The following lemma says that composition of
multiple diffeomorphisms on C !-bounded sets is Lipschitz continuous in the non-
linearity norm. This lemma is an adaptation of the Sandwich Lemma in Martens
[ibid., Lem. 10.5, page 581].

Lemma 12.16. Given M > 0, there exists K = K(M) > 0 such that for
fireos fn, 810y 8nin Diffi ([O, 1]) satisfying

* Y=t 1A fileo < M,

* Y=l gjllco < M,

* Y= IDA fillco < M,

* Y1 IDAgjllco < M,
we have

n
S S R
j=1

| (O 1) = H (O 87)]
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In particular,

n
de2 (Ot f7:O%=185) SK Y| A i = A gjl co-
j=1

The branches of renormalizations are compositions of a homeomorphism and
multiple diffeomorphisms. The composition of multiple diffeomorphisms can be
controlled by Lemma 12.16. To control the effect of the first factor we need the
following lemma, a basic property of composition.

Lemma 12.17. For every L > 0, there exists K = K(L) > 0 such that the fol-
lowing holds. Letq.q : [-1,0] — [0, 1] be C 3 homeomorphisms with one critical
point, Dg(0) = DG(0) = 0. Let f, f :[0,1] — [0, 1] be C 3 diffeomorphisms. If
lalcs. 1q1cs. 1 fles. | fles < L then

de>(f 04, foq) < Kdea2(f. f) +de2(@.9).

As before, fix Ko > 1 and let # be the space of normalized C? critical
commuting pairs which are Ko-controlled. Let { = (n,§) and E = (7, E) be two
C3 critical commuting pairs with negative Schwarzian that belong to .# which
are renormalizable with the same period @ € N. Denote by & > 0 the C? distance

between ¢ and E, that is, ¢ = d»(¢, E). We may assume in the computations that
e € (0,1). We will only consider the special situation when

(1) Iy = Iyand Iy = I,

(2) p = p where Dn(p) = Di(p) = 1 (see Lemma 12.7).

Foreachf € {1,...,a— 1} let f; € Diffi([O, 1]) given by f; = Azj_l ono Ay,

where Ay : [0, 1] — I, is the unique orientation preserving affine diffeomorphism

Ag(x) = [Ig]x + x¢ = (171 (£(0)) — 1°(5(0)))x + n*(£(0)).
Note that Q421 f; = Az o n~1 o Ay in Diff3. ([0, 1]).

Lemma 12.18. There exists K = K(22) > 1 such that for any ¢ in & renormal-
izable with period a € N we have

a—1 a—1

YA fei)| <K and DDA f)(x)| < K forall x €[0,1]
=1 =1
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Proof. Note that A fy(x) = A (n o Ag)(x) = A n(Ay(x))|1,| and that
D(AN fo)(x) = D(A ) (Ag(x))|1¢|? for all x € [0,1]. Since ¢ € %, we know
that .4 n is C'-bounded in [n“ (£(0)), & (O)] and then

a—

1
A fe(x)| < KZIIeI K|Iy| and
=1

a—1 a—1
S TIDA f)@| < KD I < K|1n|2|12| K|y,
=1 =1

In the same way, let Ay [0,1] — I Iy be the unique orientation preserving
affine diffeomorphism, and define g, = AZJr1 o 7o Ay € Diff3 ([0, 1]). The first
factors of the renormalizations are controlled by

Lemma 12.19. There exists K > 0 such that
|47 o Elles 14T 0 Elles < K

and

dC2L4Ilo§,ngo§)<<K8

Proof. The four maps £ : [—1,0] — 11,5: [—1,0] —> I, Al_1 : [0, K] - R and
Al_1 : [0, K] — R are C3-bounded by some constant M > 1 universal on %
Similar to Lemma 12.17, we get

de2 (A7 o £ A7 08) < K (A7 = A 2+ € = Elc2)

K (AT = AT o+ 2).
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Observe that

A7 () = AT @) = |17 =) = [T e = R

|(x — x1)(Fo — ¥1) — (x — X1)(x0 — x1)|

raia
xR0 = xo0) + x(x1 — F1) + (x0X1 — Fox1)]
|11 [|11]
<K Axo + Axy + |f0X1 — Xox1|
[11[|11]

<K Axo + Axy + |xol]|X1 :x1| + |x1]]x0 — Xo|
[11]]11]
< K(Axo + Axy)/| 11| 11| < Ke,

where we used Lemma 12.11. On the other hand,
[ATY =AY [ = (1L = 1)/ 11T < (Ao + A/,
and we finish in the same way as before. O

Lemma 12.20. There exists K > 0 such that for { < a, we have

A fo — A gellco < K(elLel + Ag + |Axg]| 1))
Proof. Note that B
[Agx — Agx| < K(|AXg| + Ag).

Therefore,

A fo(x) = A ge(X)] =[A f(Ag() || — A g(Ag(x)| I
<| A f(Agx) |l — A g(Agx) | I [+
DA g(0p)| - (| Axe| + Ag) - 1]
<K(ellgl + Ap + (|Axg| + A (1] + Ap))
<K(elIgl + Ag + | Axgl|1g]).
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Lemma 12.21. For ever)iL > 0, there exists K = K(¢', L) > 0 such that the
following holds. If { and { are L-synchronized, then

a
D A fr— A gillco < Ke.
=1

Proof. Leta; = |1]. Assume for a moment that @ > a,. Then Lemma 12.9
implies |Xg—a, — Xa, |, |Xa—a, — Xa.| < Ke. Hence,
> I fi=Hedico< Do 1A fellco + 14 gellco

as<l<a—ag a.<l<a—a,

Yo A fleo el + 14 gllico - 1l

as<fl<a—ag

N

< K(lxa—ag - xagl + |%a—a8 - zag|)
< Ke.
(12.13)
These estimates hold trivially when a < a,. Note that
a ag a—ag
SN fe=Hgelco =Y AN fo—Ngdllco+ Y NN fo— A gellco
{=1 {=1 {=ag
a
+ Y A fe— Ao
{=a—a,

The middle term is estimated by (12.13). The first (and third) term can be estimated
by using Lemma 12.20, Yoccoz’s Lemma 7.3, Propositions 12.3 and 12.4. Namely,

ag ag
Y NN fo— N gellco <KD ellgl+ Ag + | Axq| 1]

=1 =1
a

1 logt 51 1

<K€_218£2+ £—2+ Z+8£_3

a
|
<Ks+ K 2_
8+;8€

1
< Ke+ K €2 log -
e

< Ke.
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The lemma follows. O

The following proposition holds for general critical commuting pairs with neg-
ative Schwarzian which are contained in the previously discussed set .#’; that is,
the set of normalized C3 critical commuting pairs which are K -controlled.

Proposition 12.5. For every L > 0 there exists K = K(¢', L) > 0 such that the
following holds. If £y and ¢y are L-synchronized then

da(pZ#(Lo). p%(81)) < Kda(&o.81).

Proof. There exists K = K(") > 0 such that the following holcls. There exists a
diffeomorphism /4 : Dom(¢;) — Dom({p) such that ¢ = {gand ¢ = holyoh™!
satisfy the normalizations

(1) I = lyand It = I,

(2) p = p where Dn(p) = Dij(p) =1,

needed to apply the results from Sections 12.3 and 12.4. We may construct the
conjugation such that
dcs(h,1d) < Kda (8o, 81)

and 1| Dom (pZ(¢1)) = 1d. This last condition implies

PR (1) = pZ ().

In particular, it suffices to prove the proposition for the pairs ¢ and E
Let pZ() = (1, &) and pZ(¢) = (7, €'). Because, £ = & and £ = £ it
suffices to estimate the distance between n’ and 7.
Let Is4+1 = [xa+1,Xq] and A : [0,1] — I,4+1 be the orientation preserving
affine diffeomorphism. Let
F=A10 1,

and similarly define G = A 1o 7. Now apply Lemmas 12.16 and 12.21 to obtain

dcz(F, G) < KE,

where ¢ = d5(¢, Z). A similar argument as the proof of Lemma 12.19 one ob-
tains da(n’, ') < Ke. This shows that pre-renormalization is Lipschitz among
synchronized pairs. O
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12.5 Order

Commuting pairs might have different domains. Any natural definition of order
between such systems has to include this difference of domains also. There are
two cases:

Casel: no £(0) > 0, CaseIl: no £(0) < 0.

Definition 12.4. Let &y = (&0, no) and &1 = (€1, 1) be two commuting pairs and
t>20.1If

(1) So(x) +1t < §1(x) for x € Dom(§o) N Dom({y) and
(2) 10(0) < 11(0) and §0(0) < £1(0)

we write
Co <t 1.

Lemma 12.22. Let &y = (0, 10) and &1 = (€1, 11) be two commuting pairs such
that ¢y <¢ (1.
If Case I holds, then:

(1) ag, < a,

(2) for x € [n1(0),0] andk = 0,1, ..., a

0

& o o(x) +1 < nf ok (x).

If Case Il holds, then:

(1) ag, =z ag,,

(2) for x €10,80(0)] andk =0,1,...,a¢

1

X o no(x) +1 < EF o ().

The proof of Lemma 12.22 is different for Case I and Case II. We will only
present the proof in Case I.
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Proof. Let x € [0,&0(0)]. The order condition of Definition 12.4(1) gives the
statement of the Lemma for k = 0, §o(x) + ¢ < &1(x). Property (2) follows
inductively. Namely,
o 0 £0(x) + 1 = no(n 0 §0(x)) + 1 < M1 (1 © §o(x))
<m0 £1(x))

= nﬁ‘“ o £1(x).

In particular, nzio o £o(x) < n; ° o&1(x). This implies, ag, < a¢ 0

1°
Pre-renormalization preserves order. Namely, we have the following.
Lemma 12.23. Ifg'o < é-l and gy = dgy, then p%(é’o) < p%(;l)

Proof. We will only present the proof in Case I. Let a = a¢, = a¢,. Observe,
Np#(t0)(0) = 10(0) < 11(0) = npz(e,)(0). Hence, the left side of the domains
of the pre-renormalizations satisfy the order condition of Definition 12.4(2). Con-
sider the right side of the domains of the pre-renormalizations,

Epa(t)(0) + 1 = 1g 0 £0(0) + 1 < nf 0 £1(0) = &p02,)(0), (12.14)

where we used Lemma 12.22(2). This means that the right side of the domain of
the pre-renormalizations also satisfies the order condition of Definition 12.4(2).
According to Lemma 12.22(2) the estimate (12.14) also holds for any x €
[71(0), 0], instead of x = 0. This means that the pre-renormalization also satisfies
the order condition of Definition 12.4(1). O

The following proposition will play a key role in the proof of the Synchroniza-
tion-Lemma (see Section 12.6 below).

Proposition 12.6. If (o <; ¢y witht > 0 then

Pz 7 Pty -
Proof. Assume ag,(n) = ag, (n) forn > 0. Applying Lemma 12.23,

(P#)" (o) <t (PA)" (S1).
Note, n(pa)n(¢.1)(0) — 0. Hence,

1
0> npayren(© 2 npay o (0) +1 2 21 >0

for n large enough, a contradiction. O
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12.6 Synchronization

In the next statement we refer to the constant g9 > 0 obtained in Section 12.3 (see
in particular the proof of Claim 12.3.1, during the proof of Lemma 12.11).

Synchronization-Lemma. For any given Ko > 1 there exists L = L(Kjp) >
1 such that the following holds. Let {o and ¢y be two C3 critical commuting
pairs which are Ko-controlled, both {y and {1 have negative Schwarzian, p({o) =
0(¢1) € [0, 11\Q and d»(o, L1) < go. Then &y and Cy are L-synchronized.

We omit mention of the hypothesis d»(lo, (1) < &o in the proof presented
below, but it is needed to allows us to apply the estimates obtained in Sections 12.3
and 12.5.

Proof of the Synchronization-Lemma. We will only present the proof in Case I.
Leta = ag, = ag,. Choose ap > 1 such that Lemma 12.6 applies. The Syn-
chronization Lemma follows from Lemma 12.12 when a < a¢. We will assume
a = aop.

We may assume that x} > x0. There exists K = K(Ko) > 0 such that the
following holds: there exists a diffeomorphism 4 : Dom(¢;) — Dom({p) such

that { = {o and 2 = h o ¢y o h™! satisfy the normalizations

x1(¢) = x10).

We may construct the conjugation such that

des(h,1d) < Kda(So. §1)
and h| Dom (p#(¢1)) = 1d. This last condition implies

xa(C1) = x4(0).

In particular, it suffices to prove synchronization for the pairs ¢ and E Lete =
d>(¢,¢) < Kda(8o, $1).

Apply Lemma 12.6 to obtain a commuting pair {;, in the standard family of ¢
such that

Axa(§r. 0) = 0.

From Lemma 12.6 we get
0<1 < Ke. (12.15)
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Note, if #p > 0 is much larger than ¢ > dco (¢, E) then &, (x) > g(x). This would
imply x4(z0) > x4 ($) because x1() = x1({). Assume that

Xy = x4 + Le, (12.16)

where, just as before, x; = n*(£(0)) and Xy = 7 (5(0)) for £ € {0,...,a}. Note
also that our assumption x! > x2, implies that ¥, > x,.

We have to show that L is uniformly bounded. From (12.16) and Corollary 12.2
we get for every x € [np%;(;to)(O), 0]

PA (1) (x) = pZ (D) (x) = %(p%(éto)(O) — pZ()(0))

= 2 (pA®O) - pAOO) (1217
= %(fu —Xgq) = %La.

From Proposition 12.5 we get for every x € [ pg(gto)(O), 0]

< Kda (4. 0)
< Kdo(8,0) + Ke (12.18)
< Ke,

|pZ (51 (x) — PR (Q)(x)]

where we also used (12.15). Combine (12.17) and (12.18) to get for every x €
[Mp2t,,)(0). 0]

pAE) ) > pAQ) + o Le — Ke. (12.19)

As a matter of fact (12.19) holds for x € [—1, 0]. This follows from the following.
Letx € [-1, npgg(gto)(O)]. Observe that, according to (12.15),

-1, 771)%({;0)(0)]‘ =1p < Ke.
This implies that
~ 1 -
pZ ) (x) = pZ)(pa,,)(0) + g Le—Ke— max{DpZ({)}to

> pZ(0)(x) + %La — Ke.
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Hence, for x € [—1, 0] we have
PR (x) = pR()(x) + %Ls — Ke. (12.20)

So, when L > 2K? then for the relevant x < 0,

(P2 (O)(x) > (p2)*()(x). (12.21)

The last part of the proof will show that similar estimates hold for relevant pos-
itive points. The goal is to prove ( p%)z(z) > ( p%)z(é‘ ) for some positive .
The branches on the left side of the second pre-renormalizations, according to
(12.21), satisfy the order condition of Definition 12.4(1). The right side of the
domains of the second pre-renormalizations do satisfy the order condition of Def-
inition 12.4(2). Namely,

Dom ((p2)*(£)) N {x > 0} = [0, x4] C [0, %4] = Dom ((p2)*(2)) N {x > 0}.

What remains is to describe the branches on the right and the domains on the left.
Let x € Dom ((p%)z(g‘)) N{x > 0} = [0, x4] and for k > 1 define

2 () = (p2(©)" ().
and similarly, Zj (x) = ( p,@(z))k(x), Observe,

21(x) = F1(0)| = [p2 (D) (x) — pZD) ()] = [n(x) = Fi(x)] < e.
Hence, applying (12.20),

%(x) = pR(Q)(Z1)
> pZ(0)(Z1) + %La — K¢

> z5(x) — max (Dp%(é‘)) z1(x) —Z1(x)| + %Lg — Ke
> z(x) + %Ls — Ke > z5(x),

when L > 2K?2. Leth = Apop(c) =
L > 2K?, we obtain

(p%)* () (x) = Zp(x) > (p#)*(£) (x) = zp(x). (12.22)

4, By repeatedly applying (12.20) with
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In particular,
Dom ((p2)*(D) N {x < 0} = [£,0] C [25, 0]
= Dom ((p%)*(©)) N x < 0}.
The estimates (12.22) and (12.23) finish the proof of
(02> @ > (p7)°(©),

for some ¢ > 0. However, this contradicts Proposition 12.6 because ( p%)z(g)

(12.23)

and ( p%’)z(é‘ ) have the same rotation number. This contradiction establishes the
synchronization with L < 2K2. O

12.7 Lipschitz Estimate

In this section we finally prove Theorem 12.2.

Proof of Theorem 12.2. The Synchronization Lemma from Section 12.6 tells us
that, for L = L(.%), the pairs (o and {; are L-synchronized. Now the Lipschitz
estimate for renormalization of synchronized pairs, Proposition 12.5, implies a
Lipschitz estimate for pre-renormalization along topological classes. The fact that
the maps are synchronized implies that the domains of the pre-renormalizations
are also close. This means that the normalizations will not affect the Lipschitz
property. Ul

Exercises

Exercise 12.1. Let f1,..., fu : R = R be C! maps with C! norm bounded by
some constant B > 0, and let g1,..., g, : R — R be C° maps. By induction,
prove that

n—1
Ifrowo fimgnoomlen < (8 mx 1= ailco.
l sl

j =0 b b
Exercise 12.2. Using the previous exercise, prove a C° version of Theorem 12.2
for bounded combinatorics (allowing the Lipschitz constant to depend on the bound,
see Remark 12.3). Find the minimum set of hypothesis you need to assume (recall
Remarks 12.1 and 12.2).



As discussed in Section 10.1, the main motivation behind our study of multicriti-
cal circle maps is to understand the smooth rigidity problem. To be more precise,
the goal is to answer Question 10.1: let & be a topological conjugacy between two
multicritical circle maps, say f and g, and assume that /4 identifies each critical
point of f with a corresponding critical point of g having the same criticality. Is
h a smooth diffeomorphism? As we saw in Theorems 10.1 and 10.2, this prob-
lem has essentially been solved in the case of a single critical point, of an odd
integer criticality. Moreover, as we saw in Theorem 10.3, rigidity has also been
established for bi-critical circle maps of bounded combinatorics (see also the re-
cent preprint Gorbovickis and Yampolsky [2021]). As explained in Chapter 10,
the rigidity problem reduces to proving geometric contraction of renormalization
along multicritical circle maps with the same signature. In the remainder of this
book (Chapters 13 and 14) we will survey the main ideas needed to establish such
contraction in the unicritical case. We finish this initial paragraph by pointing out
that the analytic tools developed in both Chapters 11 and 12 are crucial for the
methods to be discussed in the present chapter.

The following fundamental theorem was obtained by de Faria and de Melo
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[2000] for rotation numbers of bounded type, and extended by Khmelev and Yam-
polsky [2006] to cover all irrational rotation numbers.

Theorem 13.1. There exists a universal constant A in (0, 1) with the following
property. Given two real-analytic unicritical commuting pairs {1 and {» with the
same irrational rotation number and the same criticality, there exists a constant
C > 0 such that

dr(Z" (81), Z" (52)) < CA"
foralln € N and for any 0 < r < oo.

The proof of Theorem 13.1 relies on holomorphic methods, and it will be dis-
cussed in the next chapter (Chapter 14). In the present chapter we would like to
explain how one can use Theorem 13.1 in order to prove exponential contraction
of renormalizations for unicritical circle maps with a finite degree of smoothness.
More precisely, we will explain the proof of the following two results, which are
Guarino and de Melo [2017, Th. C] and Guarino, Martens, and de Melo [2018,
Th. B] respectively.

Theorem 13.2. There exists a universal constant A € (0, 1) with the following
property. Given two C?3 unicritical circle maps f and g with the same irrational
rotation number of bounded type and the same odd integer criticality, there exists
C > 0 such that for all n € N we have

do(Z"(f). 2" (g)) < CA".

Theorem 13.3. There exists a universal constant A € (0, 1) with the following
property. Given two C* unicritical circle maps f and g with the same irrational
rotation number and the same odd integer criticality, there exists C > 0 such that
foralln € N we have

do (%" (f). %" (g)) < CA".

As established in Chapter 10, such exponential convergence of renormaliza-
tion orbits implies the desired smooth rigidity: topological conjugacies are actu-
ally diffeomorphisms. To be more precise, when combined with Theorems 10.4
and 10.5, Theorems 13.2 and 13.3 imply Theorems 10.1 and 10.2 respectively.
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13.1 'The shadowing property

The link between C” unicritical circle maps and real-analytic ones is given by the
following result.

Theorem 13.4 (Shadowing). There exists a C®-compact set ¥ of real-analytic
unicritical commuting pairs with the following property. For any r > 3 there
exists a constant A = A(r) € (0, 1) such that, given a C" unicritical circle map f
with irrational rotation number and odd integer criticality, there exist C > 0 and
a sequence { futneN contained in X such that

dr1(Z"(f), fn) < CA" foralln €N, (13.1)

and such that the pair fy, has the same rotation number as the pair 2" () for all
n € N.

The compact set % and the approximations { f;} given by Theorem 13.4 were
constructed in Guarino and de Melo [2017, Sections 6 and 7]. However, in that
work, the exponential convergence (13.1) was only established for the C° metric
(see Guarino and de Melo [ibid., Th. D]). These estimates were later extended to
the C”~! metric in Guarino, Martens, and de Melo [2018, Th. 11.1]. We proceed
to survey some of the main tools for this construction.

For simplicity, and without loss of generality, let us assume in this section
that the critical point of f is of cubic type. The deformations from smooth to
analytic commuting pairs needed in order to prove Theorem 13.4 will be done in the
complex plane, with the help of Theorem 11.4. With this as our goal, we will first
extend both components of the unicritical commuting pair %" () to open sets in
the complex plane. This is achieved by the following result, which is Guarino and
de Melo [2017, Th. 6.1] (given a bounded interval I of the real line we denote its
Euclidean length by |/, and for any o > 0 we denote by N, (/) the R-symmetric
topological disk

Ne(I)={z€C:d(z.I)<alll},

where d denotes the Euclidean distance in the complex plane).

Theorem 13.5. There exist universal constants A € (0,1), and o > 0 and B > 0
with the following property. Let f be a C3 unicritical circle map with irrational
rotation number and cubic critical point. For all n > 1, denote by (nn, Sn) the
components of the critical commuting pair Z"(f). Then there exist constants
no € N and C > 0 such that for eachn > ng both &, and ny,, extend (after normal-
ization) to R-symmetric orientation-preserving C> maps defined in Na([—l, 0])
and Ny ([O, &n (O)]) respectively, and the following seven properties are satisfied:
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1. &, and n, each have a unique critical point at the origin, which is of cubic
type;

2. The extensions ny, and &, commute in B(0, A), that is, both compositions
Nn © &, and &, o ny, are well defined in B(0, 1), and they coincide;

3. Np (gn (-1, O])) Cén (Na ([—1, 0]));
4. Nﬂ ([_1’ (M © én)(o)]) C N (Na([O, En (0)])):

3. Mn (Na([(), En(o)])) Uén (Na([—l,()])) C B(0,A71);

6. We have

<CA";
2N L0M\(0} | |06 (2)]

7. We have
3
2N 06 OO} | 72|

In the language of Chapter 11, the last two items of Theorem 13.5 say that the
Beltrami coefficients of the corresponding extensions of &, and 71, are exponen-
tially small in n. An important tool used in Guarino and de Melo [2017, Section 6]
in order to prove Theorem 13.5 is the notion of asymptotically holomorphic maps,
that we review in the next section.

13.1.1 Extended lifts of critical circle maps

In this section we lift a critical circle map to the real line, and then we extend this
lift in a suitable way to a neighborhood of the real line in the complex plane (see
Definition 13.2 below).

In order to do this, let A : C \ {0} — C \ {0} be the map corresponding to the
parameters a = 0 and b = 1 in the Arnold family defined in Section 6.1.2. Recall
that the lift of A to the complex plane, under the canonical universal covering map
7 :C — C\ {0} given by 7(z) = €277 is the entire map A : C — C given by

~ 1
A(z) =z — — sin(2nz).
2
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Note that A preserves the unit circle, and its restriction A : S — S! is a real-
analytic critical circle map. The critical point of A is placed at 1, and is of cubic
type (the critical point is also a fixed point for A).

Now let f be a C3 critical circle map with a single critical point (which is
placed at the point 1, and is of cubic type), and let f be the unique lift of f under
7 satisfying D f(0) = 0Oand 0 < f(0) < 1. It is not difficult to prove (see
Exercise 13.1) that there exist C* orientation preserving circle diffeomorphisms
hq and hy, with k(1) = 1 and h,(1) = f(1), such that the following diagram
commutes.

o 1
ST — S

S14A>S1

For each s € {1,2} let hi be the lift of kg to the real line determined by Ty (0) €
[0, 1). In Proposition 13.1 below we will extend both h1 and h2 to complex neigh-
borhoods of the real line, satisfying the following property.

Definition 13.1. Let I be a compact interval in the real line, let U be a neighbor-
hood of I in C andlet H : U — C bea C' map. We say that H is asymptotically
holomorphic of order r > 1in I if for every z € I we have 0H(z) = 0 and
moreover

IH(2)
(Imz)r—1

uniformly as Im z goes to zero. We say that H is asymptotically holomorphic of’
order r in R if it is asymptotically holomorphic of order r in compact sets of R.

In the following statement we suppose r > 1, even though we will apply it
for r > 3. In the proof we follow the exposition of Graczyk, Sands, and Swiagtek
[2005, Lem. 2.1, page 623].

Proposition 13.1. For each s = 1,2 there exists Hy : C — C of class C" with
the following properties.

1. Hg is an extension of hy: Hg|r = hg;
2. Hg commutes with unitary horizontal translation: Hy o T =T o Hy;

3. Hg is asymptotically holomorphic in R of order r;
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4. Hg is R-symmetric: Hg(Z) = Hg(2).

Moreover there exist R > 0 and four domains Br, Ug, Vg and Wg in C, symmet-
ric about the real line and such that

. BR:{ZE(C:—R<ImZ<R};

* Hj is an orientation preserving diffeomorphism between Bgr and UR;
* A(Up) = Vi

* Hj is an orientation preserving diffeomorphism between Vg and Wg.
* both inf;cp, }8H1 (Z)} and inf; ey, ‘8H2(Z)‘ are positive numbers.

Proof. Forz = x + iy € C, with y # 0, let Py, be the degree r polynomial
map that coincide with /g in the r + 1 real numbers

{x+1y} .
) jefon,..r}

.....

Recall that Py y can be given by the following linear combination (the so-called
Lagrange’s form of the interpolating polynomial):

r - r _ l
Pey@ = Y e+ Grrm) [] e D)

=0 o (x+G/ry) = (x+(U/r)y)
' I#]
— ~ . L z—x—(/r)y
= hy AR AN
J; (x+u/r>y>11:£ =07
I#]

We define Hs(x +iy) = Px,y(x +iy), that s,

. ' "~ _ Lir—1

H(x i) = Pey(x +i3) = 3 hslw + (/) [T 5—7 -
j=0 =0
I#]

After computation we obtain

r

1 —1)/ ~
Hy(x +iy) = Py y(x +iy) = v > %&/”C) hs(x + (j/r)y)
j=0
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where

1)/
z e W )
1+i(j/r)\J
Note that H is as smooth as hy s, and Hg(x) = E;(x) for any real number~ x. As
hg is a lift, for any j € {0,1,...,r} we have hy (x + 1+ (j/r)y) = hs(x +

(j/r)y) + 1, but then Py y(x +1+(j/r)y) = Pxy(x+(j/r)y)+1 forany
J €10,1,...,r}, and this implies Pyy1,y o T = T o Py, in the whole complex
plane. To prove that Hy is asymptotically holomorphic of order » in R note that

0H(x +iy) = —Z( 1)’( )h’ (x+(G/r)y).

and foreach k € {0,...,r},

*
i) = ( ) ( ) Z( D "(”) B+ Gny).
By using the identity Y _o(=1)7 j ( ) = 0 for each k € {0,. — 1}, we

obtain, for every x € R,
T, = (s ) 7w e (F) o
s(X) = N SX par j =

and foreach k € {0,...,r — 1},

8k _ (k+1)
5y DHs(0) = (ﬁ) ( . )) PIEOL k(r)

By Taylor’s theorem,
lim oOH s(x +1iy)

=0
y—0 yr— 1

uniformly on compact subsets of the real line, and hence Hj is asymptotically
holomorphic of order » in R. To obtain the symmetry as in the fourth item of
the statement, we can take z — (Hg(z) + H,(Z))/2, preserving all the other
properties. Finally, it is easy to check (see Exercise 13.3) that the Jacobian of Hj
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at a point x in R is equal to |fZ(x) |2 £ 0. This gives us a complex neighborhood
of the real line where Hj is an orientation preserving diffeomorphism, and the
positive constant R. Since we also have 0Hs; = h/, on the real line (again, see
Exercise 13.3), and each &y is the lift of a circle diffeomorphism, we obtain the
last item of Proposition 13.1. O

Definition 13.2. The map F : B — Wpg defined by F = Hj o Ao Hi is called
the extended lift of the critical circle map f.
Br —1 Wg

H] H2

Ur VR

Note the following properties.

« F is C” in the horizontal band Bg;

e ToF =FoT in Bg;

* F is R-symmetric, and coincides with fwhen restricted to the real line;
» F is asymptotically holomorphic in R of order r;

* The critical points of F in B are the integers (the same as Z), and they are
of cubic type.

We remark that the extended lift of a real-analytic critical circle map will be
C®° in the corresponding horizontal strip, but not necessarily holomorphic.

13.1.2 Almost Schwarz inclusion

To the best of our knowledge, asymptotically holomorphic maps were first used
in one-dimensional dynamics by Lyubich in the early nineties (but only published
in Lyubich [2019]), and later by Graczyk, Sands, and Swiatek [2005]. One of its
fundamental properties is Proposition 13.2 below, an almost Schwarz inclusion,
that we proceed to explain.
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Given an open interval I = (a,b) C R, consider C(I) = (C \ R) U I. This
domain C (/) can be naturally endowed with a hyperbolic Riemannian metric. In-
deed, by the Riemann mapping theorem we can define on C (/) a complete and
conformal metric of constant curvature equal to —1, just by pulling back the stan-
dard Poincaré metric of the unit disk D by any conformal uniformization. Note
that, by symmetry, / is always a hyperbolic geodesic.

For any given 6 € (0, ), let D be the open disk in the plane intersecting the
real line along 7, and for which the angle from R to dD at the point b (measured
anticlockwise) equals 6. Let D™ = D N {z : Imz > 0} and let D™~ be the image
of DT under complex conjugation. Define the Poincaré disk of angle 6 based on
I as Dg(a,b) = DTUITUD™ thatis, Dg(a, b) is the set of points in the complex
plane that view I under an angle greater or equal than 6. Note that for 6 = /2,
the Poincaré disk Dg (1) is just the Euclidean disk whose diameter is the interval
I (see Figure 13.1).

For each 8 € (0, ) let £(f) = logtan (n/2 — 9/4) € (0, 400). As it is not
difficult to prove (see Exercise 13.6), the Poincaré disk Dy (/) coincides with the
set of points in C (/) whose hyperbolic distance to I is less than &. In particular,
we can state the classical Schwarz lemma in the following way: let I and J be two
intervals in the real line and let ¢ : C (/) — C(J) be a holomorphic map such that
¢(I) C J. Then for any 6 € (0, ) we have that ¢(Dg(I)) C Dg(J). The main
reason to choose asymptotically holomorphic maps to extend one-dimensional
dynamics (recall Proposition 13.1 and Definition 13.2 above) is the following
asymptotic Schwarz lemma (on its statement, we denote by diam (D@(a, b)) the
Euclidean diameter of the Poincaré disk Dg(a, b)).

m _
U 0 € (m/2,m)
0=m/2
0 € (0,7/2)

Figure 13.1: Poincaré disks.
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Proposition 13.2 (Almost Schwarz inclusion). Leth : I — R be a C?3 diffeomor-
phism from a compact interval I with non-empty interior into the real line. Let H
be any C3 extension of h to a complex neighborhood of I, which is asymptotically
holomorphic of order 3 on I. Then there exist M > 0 and § > 0 such that if
a,b € I aredifferent, 0 € (0, m) and diam (Dg (a,b)) < 8 then

H(Dg(a,b)) € Dg(h(a).h(b)).

where § =6 — M |b — a| diam (Dg(a,b)). Moreover, 6 > 0.

A proof of this result can be found in Graczyk, Sands, and Swiqtek [2005,
Prop. 2, p. 629]. Let us point out that a predecessor of this almost Schwarz in-
clusion, for real-analytic maps, already appeared in de Faria and de Melo [2000,
Lem. 3.3, p. 350], see Lemma 14.6 in Chapter 14.

When combined with Theorem 6.3 (the real bounds), the geometric control
given by Proposition 13.2 provides bounds on the quasiconformal distortion of
the renormalizations of the previously mentioned extensions (one does not study
the dynamics of these extensions, just their geometric behaviour). This control
implies Theorem 13.5 (see Guarino and de Melo [2017, Section 6.3, p. 1753] for
the computations).

With Theorem 13.5 at hand, the deformations from Z”( f) to f, (in order to
prove Theorem 13.4) will be done with the help of Theorem 11.4. Our exposition in
the remainder of this section (Section 13.1) follows closely Guarino and de Melo
[ibid., Section 7].

By a topological disk we mean an open, connected and simply connected set
properly contained in the complex plane. Let 7 : C — C\ {0} be the holomorphic
covering z +— exp(2wiz), and let T : C — C be the horizontal translation
z + z + 1 (which is a generator of the group of automorphisms of the covering).
For any R > 1 consider the band

Br = {z eC:—logR <2xlmz < logR},
which is the universal cover of the round annulus
1
Ap=1z€C:— <|z| <R
R

via the holomorphic covering . Since Bg is T -invariant, the translation generates
the group of automorphisms of the covering. The restriction 7 : R — S! = oD
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is also a covering map, the automorphism 7" preserves the real line, and again
generates the group of automorphisms of the covering.

More generally, an annulus is an open and connected set A in the complex
plane whose fundamental group is isomorphic to Z. By the Uniformization The-
orem (recall Exercise 11.9) such an annulus is conformally equivalent either to
the punctured disk D \ {0}, to the punctured plane C \ {0}, or to some round an-
nulus Ag = {Z eC:1/R< ’Z‘ < R}. In the last case the value of R > 1 is
unique, and there exists a holomorphic covering map from D to A whose group
of deck transformations is infinite cyclic, and such that any generator is a Mobius
transformation that has exactly two fixed points at the boundary of the unit disk.

Since the deck transformations are Mobius transformations, they are isome-
tries of the Poincaré metric on D and therefore there exists a unique Riemannian
metric on A such that the covering map provided by the Uniformization Theorem
is a local isometry. This metric is complete, and in particular, any two points can
be joined by a minimizing geodesic. There exists a unique simple closed geodesic
in A, whose hyperbolic length is equal to 72/log R. The length of this closed
geodesic is therefore a conformal invariant.

We denote by © the antiholomorphic involution z + 1/Z in the punctured
plane C \ {0}, and we say that a map is S'-symmetric if it commutes with ©. An
annulus is S!-symmetric if it is invariant under ® (for instance, the round annulus
AR described above is §!-symmetric). In this case, the unit circle is the core curve
(the unique simple closed geodesic) for the hyperbolic metric in A. In this section
we will deal only with S!-symmetric annulus. In particular any time that some
annulus Ag is contained in some other annulus A, we have that Ag separates the
boundary components of A; (more technically, the inclusion is essential in the
sense that the fundamental group 71 (Ag) injects into 771 (A47)).

Besides Theorem 13.5, the main tool for proving Theorem 13.4 is Theorem 11.4.
The proof of Theorem 13.4 will be divided in three sections. Throughout the proof,
C will denote a positive constant (independent of n € N) and n¢ will denote
a (large enough) positive integer. At first, let ngp € N given by Theorem 13.5.
Moreover let us use the following notation: W; = Ny ([—1, O]), Wy = Wh(n) =
Ny ([0, £4(0)]), Wo = B(0,4) and ¥ = B(0,A™"), wherew > Oand A € (0, 1)
are the universal constants given by Theorem 13.5. Recall that 1, (0) = —1 for all
n > 1 after normalization.

13.1.3 A bidimensional glueing procedure

From Theorem 13.5 we have the following.



368 13. The smooth case

Lemma 13.1. There exists an R-symmetric topological disk U with:
—1eUcC W\ W,
such that for all n > ng the composition:
Mt 0&n U — (n" 0&n)(U)
is an R-symmetric orientation-preserving C3 diffeomorphism.

For each n > ng denote by A, the diffeomorphism 77;1 o &,. Note that

lia,loo < CA" in U for all n > ng, and that the domains {An (U)}n>n0 are

uniformly bounded since they are contained in U ; sz . Fixe > 0and § > 0 such
that the rectangle:

V=_(-1-g—14¢)x(—ib i)

is compactly contained in U, and apply Theorem 11.4 to the sequence of R-sym-
metric orientation-preserving C 3 diffeomorphisms:

An U — An(U)}y2n,
to obtain a sequence of R-symmetric biholomorphisms:

{B,:V — Bn(V)}

n=no

such that
HAn — By, ”CO(V) < CA" foralln > no.

By combining Theorem 13.5 with the commuting condition, we obtain the
following configuration.

Lemma 13.2. For each n > ng there exist three R-symmetric topological disks
Vi(n) fori € {1,2,3} with the following five properties:

RS Vl(n) C W(),‘
* (Un o é§n)(0) = (én ° 77n)(0) =&n(=1) € Va(n) C W,
* £,(0) € V3(n) C Wy,
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o When restricted to V1(n), both n, and &, are orientation-preserving three-
fold C3 branched coverings onto V and V3(n) respectively, with a unique
critical point at the origin,

* Both restrictions &,y and Nyly,n) are orientation-preserving C 3 diffeo-
morphisms onto V,(n).

In particular 0, o &, is an orientation-preserving C3 diffeomorphism from V
onto V3(n) for alln > ny.

Foreachn > nglet Uy (n), Uz (n) and Uz (n) be three R-symmetric topological
disks such that

e Uy(n), Uz(n) and Us(n) are pairwise disjoint;
* VAU;(m) =0and V;(n)(\U;(n) =@ fori,j € {1,2,3};
* Uy(n) C Wy and Uz(n)UUg,(l’l) C Wy
and such that
i=3 j=3
U, = interior | V U (U Vi(n)) U U Uj(n)
i=1 ji=1
is an R-symmetric topological disk (see Figure 13.2). Note that

Ig, U Iy, C U C Wi UW, foralln > ny,

and that %4, \ (V UVi(n) U Va(n)U Vs (n)) has three connected components,
which are precisely Uj (n), Us(n) and Us(n). By Theorem 13.5 we can choose
Ui(n), Us(n) and Uz (n) in order to also have:

N5([—1,0]) U N(g([(), Sn(O)]) C U, foralln > ny,

for some universal constant § > 0, independent of n > ng. Note also that each %,

is uniformly bounded since it is contained in Ny ([—1, K ]), where @ > 0 is given

by Theorem 13.5, and K > 1 is the universal constant given by the real bounds.
For each n > ny let 7, be an R-symmetric topological disk such that:

e V,Vi(n), Va(n) and B, (V) are contained in .7,



370 13. The smooth case

Figure 13.2: The domain %4,.

* T\ (V U Bn(V)) is connected and simply connected,
« The Hausdorff distance between .7, and %, is less than or equal to

40 = Bulcogy < "

cow)

Lemma 13.3. Foreachn > ng there exists an orientation-preserving R-symmetric
C3 diffeomorphism &y, . U, — I, such that

o &, = Id in the interior of V U Uy (n) U Vi (n), in particular ®,(0) = 0.
* By =®,0(n, 0bn)o®,  inV, thatis, @0 Ay = Byo Py inV.

|1 —1d | cogy, ) < CA™.
s o, lloo < CA™ in Uy,.
Proof. Foreachn > ng we have ||A, — Bnl|coyy < CA™ and therefore

|1d—(Bn 0 4;,1) ) < CcA".

HCO(V3(n)
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If we define @, |y, (n) = Bn o A, we also have ||, [0 = 1 g1 lloo In V3(n),
which is equal to ||t 4,,|loo in V. In particular || e, oo < CA™ in V3(n), and then
we define @, in the whole %, by interpolating B, o 4, ! in V3(n) with the identity
in the interior of V U Uy (n) U Vi (n). O

Consider the seven topological disks:
X1(n) = interior (V UUi(n) U™ (n)) Cc Wi N,

X (n) = interior (V1 (n) U Uz(n) U Va(n) U Us(n) U V3(n)) C Wa N %,
Xi(n) ={z € X1(n) : £(2) € %},  Xa(n) = {z € Xa(n) : 0a(2) € U},
T = @u(X1(n)) U 0, (X2(n)) C T,

Yi(n) = X1(n) N @, (X1(n)) and  Ya(n) = Xa(n) N &, (X2(n)).

Note that V', V1(n) and B, (V) are contained in ﬁ, for all n > ng. Moreover, we
have the following two corollaries of Theorem 13.5.

Lemma 13.4. There exists § > 0 such that for all n > ny we have:
Ns([=1.0]) € Y1(n) and Ng([0.£x(0)]) C Y2(n).

Lemma 13.5. Both:

sup { sup {det (Dén(z))}} and  sup { sup {det(Dna(2))}

nzno (zeY;(n) nzno (zeY>(n)
are finite, where det(-) denotes the determinant of a square matrix.
Let
& @ (X1(n) — (P 0 &) (X1 (1)) defined by &y = By 0 &y 0 D1
and

T P (f(\z(n)) — (Pn o nn)()/(\z(n)) defined by 7, = @, o, 0 @, L.

Since each @, is an R-symmetric C 3 diffeomorphism, the pair (ﬁn , /é\n) restricts to
a critical commuting pair with the same rotation number as (7, £, ), and the same
criticality (that we are assuming to be cubic, in order to simplify). Note also that
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Nn(0) = —1forall n > ngy. Moreover, from Lemma 13.5 and ” o, —1d ”CO(%) <
C A" we have
o~ n ~ n
En —&n CO(Y1 (n)) <CA and ||ny — n”“CO(Yz(n)) <CA foralln = no.

Therefore, it is enough to shadow the sequence (ﬁn , /é\,,) in the domains Y; (n) and
Y>(n), instead of (n,,&,) (the shadowing sequence will be constructed in Sec-

tion 13.1.5 below). The main advantage of working with the sequence (ﬁngn) is

precisely the fact that 7, ! o ?,, is univalent in V for all n > ng (since it coincides
with B,). In particular, we can choose each topological disk %}, and .7, defined
above with the additional property that, identifying V' with B, (V') via the biholo-
morphism B, we obtain from .7}, an abstract annular Riemann surface .%, (with
the complex structure induced by the quotient).

Let us denote by p, : 7, — ¥, the canonical projection. The projection of
the real line, p, (R N ), is real-analytic diffeomorphic to the unit circle S'. We
call it the equator of .7%.

Since complex conjugation leaves .7, invariant and commutes with By, it in-
duces an antiholomorphic involution F, : ., — %, acting as the identity on
the equator p,(R N Z,). Note that F, has a continuous extension to 0., that
switches the boundary components.

Since .5, is obviously neither biholomorphic to D \ {0} nor to C \ {0}, we
have mod(.%;,) < oo forall n > ng, where mod(-) denotes the conformal modulus
of an annular Riemann surface (recall Section 11.1.1 and also Exercise 11.9). For
eachn > ng let R, in (1, +00) be given by

R, = exp (mod(#,)/2).

In other words, ./, is conformally equivalent to Ag, = {Z e C: R;! <
lz| < Rn}. Any biholomorphism between .7, and Ag, must send the equator
DPn (R N ,7,,) onto the unit circle S (because the equator is invariant under the
antiholomorphic involution F},, and the unit circle is invariant under the antiholo-
morphic involution z — 1/Z in Ag,). Let ¥, : ., — AR, be the conformal
uniformization determined by ¥y (p»(0)) = 1, and let P, : J, — Ag, be the
holomorphic surjective local diffeomorphism

Py, =W, 0py

(see Figure 13.3). Note that P,(0) = 1 and P,(Z, NR) = S! foralln > ny.
Moreover P,(z) P,(z) = 1 forallz € 7, and all n > ngy. From now on we forget
about the abstract cylinder .7,.
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Lemma 13.6. 7here exisi two constants § > 0 and C > 1 such that for alln > ng
and for all z € Ng([—1, &, (O)]) we have z € T, C Iy and:

1
< |Pi(z)| < C.

Proof. By the real bounds there exists a universal constant Co > 1 such that for
each n > ng there exists w,, € [ 1 én (0)] such that

1

We need to construct a definite complex domain around | — 1, %, (0)] where Py, has

universally bounded distortion. Again by the real bounds there exist§ > Oand/ €
N with the following properties. For each n > ng there exists z1, 22, ..., 2, €

[ 1, én (0)] with k,, < [ for all n > ng such that

- [-L E,,(O)] C U,_1 B(z;,$).

« B(z:,28) C Fy C Ty foralli € {1,... knl.

* Pn|B(z 25) is univalent forall i € {1,...,k,}.
By convexity we have for alln > ng and foralli € {1,...,k,} that
| Py (v)| | Py (w)]
sup T < exp sup T ,
vweB(z;,8) | | Pa(w)] weB(z;.8) | | Py(w)|

and by Koebe distortion theorem (see for instance Carleson and Gamelin [1993,
Section 1.1, Theorem 1.6]) we have

sup
weB(z;,8)

{ [P (w)]

2
|P,;(w)}}<g foralln > ng and foralli € {1,...,k,}.

O]

Now we project each commuting pair (n“,,,’é;) from ﬁ to the round annu-
lus Ag,,.
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Proposition 13.3 (Glueing procedure). The pair
& u(Xi) > Tn and T Bu(X2(0)) — T
projects under Py, to a well-defined orientation-preserving C> map
Gn : Pu(Tn) C AR, — AR,.

Foreachn > ng, Py (:7;) is a ®-invariant annulus with positive and finite modu-
lus. Each G, is S 1—symmetric and, when restricted to the unit circle, it produces a
C3 critical circle map gn : S' — S with cubic critical point at P,(0) = 1, and
with rotation number p(g,) = p(%’” (f)). In other words, the following diagram

Pn

1 0 Enll H1 )0/ Enll

Pn

pn(In NR)

“n

Figure 13.3: Bidimensional glueing procedure.



13.1. The shadowing property 375

commutes. -
~ (nnygn)
Ty C Ty T

Pu(Th) C A, —'+ AR,

Moreover, the unique critical point of Gy, in Py (ﬁi) is the one in the unit circle.
Finally, we have

)5Gn(z)] < CAM (3G, (2)|  forall z € Py(F3) \ {1},

that is, | G, oo < CA™ in Pu(T).

Proof. This follows from
+ The construction of %, and 9;;;
« The property B, = ®, 0 (1,  0&p) o ®, 1 in V;
* The commuting condition in Vi (n);
e The symmetry P, (Z)T(f) = 1forallz € 9, andall n > ny;

* The fact that P, : 7, — Apg, is holomorphic, P,(0) = 1 and P, (7, N
R) = S! forall n > ny.

O

Note that each g, belongs to the smooth conjugacy class obtained with the
glueing procedure described in Section 10.2 applied to the C 3 critical commuting
pair (’17\,,,/5\,1) In the next section we will construct a sequence of real-analytic
critical circle maps, with the desired combinatorics, that extend to holomorphic
maps exponentially close to G, in a definite annulus around the unit circle (see
Proposition 13.4 below).
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13.1.4 Main perturbation

The goal of this section is to construct the following sequence of perturbations.

Proposition 13.4 (Main perturbation). There exist a constant r > 1 and a se-
quence of holomorphic maps defined in the annulus A;:

{Hp, : Ay — (C}n>n0
such that for all n > ng the following holds.
* Ar C Pu(Tn) C Pa(Z) = AR,
* HHH —Gn HCO(A,.) < CA%

* Hy(Ar) C (Gn o Pu)(Fn) C Pu(Zh) = Ag,;

* H, preserves the unit circle and, when restricted to the unit circle, H; pro-
duces a real-analytic critical circle map hy, : ' — S such that

— The unique critical point of hy, is at P,,(0) = 1, and is of cubic type;

— The critical value of hy, coincide with the one of g, that is, hy(1) =
gn(l) € P (V NR);

— p(ha) = p(gn) = p(Z"(f)) e R\ Q.
o The unique critical point of H,, in A, is the one in the unit circle.

The remainder of this section is devoted to proving Proposition 13.4. We will
not perturb the maps G, directly (basically because they are non invertible). In-
stead, we will decompose them (see Lemma 13.7 below), and then we will perturb
on their coefficients (see the definition after the statement of Lemma 13.7). Those
perturbations will be done, again, with the help of Theorem 11.4.

As before, let A : C \ {0} — C \ {0} be the map corresponding to the parame-
ters a = 0 and b = 1 in the Arnold family defined in Section 6.1.2. Recall that 4
preserves the unit circle, and its restriction 4 : §! — S is a real-analytic critical
circle map. The critical point of A4 is placed at 1, and is of cubic type (the critical
point is also a fixed point for A).

Lemma 13.7. For each n > ny there exist

e areal number S, > 1,
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* an orientation-preserving C3 diffeomorphism Vyry, : Py (ﬁ,) — Ag, which
is symmetric about S 1 and

* a biholomorphism ¢y : A(As,) — (Gn o Pn)(ﬁl) also symmetric about
St

such that G, = ¢ 0 Ao Yy, in Py, (ﬁ,) In other words, the following diagram
commutes.

As, A(As,)

Proof. Foreachn > ng let S, > 1 such that A(Ag,) is a @-invariant annulus
with R
mod (A(As,)) = mod ((Gn © Pr)(Tn)).

In particular there exists a biholomorphism ¢, : A(4s,) — (Gn © P,)(Fy) that
commutes with ®. Each ¢, preserves the unit circle and we can choose it such that
on(1) = G, (1), that is, ¢, takes the critical value of A4 into the critical value of
G,. Since both G, and A are three-fold branched coverings around their critical
points and local diffeomorphisms away from them, the equation G, = ¢, 0o A o
¥, induces an orientation-preserving C3 diffeomorphism v, : Py, (ﬁ,) — As,,
that commutes with & and such that v, (1) = 1, that is, 1, takes the critical
point of G, into the one of A. The fact that ¥, is smooth at 1 with non-vanishing
derivative follows from the fact that the critical points of G, and 4 have the same
criticality. O

The diffeomorphisms v, and ¢, are called the coefficients of G, in Py, (ﬁ,)

As already mentioned, the idea to prove Proposition 13.4 is to perturb each
diffeomorphism v, with Theorem 11.4. In order to control the C size of those
perturbations, we will need some geometric control. With this as our goal, we state
and prove four lemmas before entering into the proof of Proposition 13.4.

Lemma 13.8. We have

1 < inf{R,} and sup{R,} < +o0.
nz=no

n=ng
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Proof. This follows at once from Lemma 13.6. O

Lemma 13.9. Forall n > no both P,(7,) and (Gno Pn)(ﬁ,) are O-invariant
annulus with finite modulus. Moreover there exists a universal constant K > 1
such that

1 ~
e < mod (Pn(%)) < K foralln >nyp.

Proof. By Lemma 13.8 we know that R = sup,,~.,,,{ Rx } is finite, and since for all
n > ng both P,(7,) and (Gno Pn)(ﬁl) are contained in the corresponding AR, ,
we obtain at once that both P,(.7,) and (Gn o Py) (Z,) have finite modulus, and
also that SUP, >, {mod (Pn(f,))} is finite. Just as in Lemma 13.8, the fact that
inf,,>p, { mod (Pn(@))} is positive follows from Lemmas 13.4 and 13.6. O

Lemma 13.10. There exists a constant ro > 1 such that A_ro Cc P, (ﬁ,)for all
n = no.

Proof. By the invariance with respect to the antiholomorphic involution z + 1/Z,
the unit circle is the core curve (the unique closed geodesic for the hyperbolic
metric) of each annulus P, (ﬁ,) Since infy>n, { mod ( Py (ﬁ,))} is positive, the
statement is well-known (see for instance McMullen [1994, Ch. 2, Theorem 2.5]).

O

Lemma 13.11. We have

s= inf{S,} >1 and S = sup{S,} < +o0.
n=ng

n-zngo

Proof. Since wy, = [, in Pn(ﬁ,), we have [y, oo < CA" in Pn(ﬁ,)
for all n > ng. By the geometric definition of quasiconformal homeomorphisms
(Definition 11.1),

1-CA" ~ 1+ CA" ~
(1 + C)t”) mod (Pn (%)) < 2log(Sn) < (m) mod (Pn (%))
for all n > ng, and then we are done by Lemma 13.9. 0

With this geometric control at hand, we are ready to prove Proposition 13.4.
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Proof of Proposition 13.4. Let rg > 1 given by Lemma 13.10 (recall that 4,, C

P, (%) foralln > ng), and fixr € (1 1+ ro)/2) How small r — 1 must be will
be determined in the course of the argument (see Lemma 13.12 below). For any
r € (1,(1 4 ro)/2) consider r = ro — (r — 1) € ((1 + ro)/2.ro). The sequence
of S'-symmetric C3 diffeomorphisms

{Wn D Ary = Yn (Aro)}n>n0
satisfy the hypothesis of Theorem 11.4 since

* Wy, = NG, in Py(Fy) and therefore ||py,, oo < CA” forall n > ng, and
* Yu(Ay)) C As, C As foralln > ng (see Lemma 13.11 above).

Apply Theorem 11.4 to the bounded domain A,, compactly contained in 4,,, to
obtain a sequence of S'-symmetric biholomorphisms

W e = V(A

such that
“Wn WnHCO(A) < CA" foralln > no.

Fix ng big enough to have Wn (Ay) C As,. We may assume that each 1/#\,, fixes the
point 1 (just as v, does) by considering

1 ~
T (@(D)MZ)'

Since |1/ﬂ\n (Z)| S forallz € A, and foralln > ng (where S € (1, +00) is given
Wn(l) — 1| < CA"foralln > ng, we know that this

new map (that we will still denote by 1/#\,, to simplify) satisfy all the properties that
we want for v, and also fixes the point z = 1.
For each n > ng consider the holomorphic map H, : A, — C defined by

H, = ¢, vot/ﬁ\n. We have

by Lemma 13.11) and since

* Hy(A;) C (Gn o Py)(Z) C Ag,.

« H, is S'-symmetric and therefore it preserves the unit circle.
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* When restricted to the unit circle, H, produces a real-analytic critical circle
map hy, : ST — S1.

+ The unique critical point of H, in A, is the one in the unit circle, which is
at P,(0) = 1, and is of cubic type.

¢ The critical value of H, coincide with the one of G, that is, H, (1) =
G,(1) € P,(VNR).

We divide in three lemmas the rest of the proof of Proposition 13.4. We need
to prove first that, for a suitable r > 1, Hy, is C° exponentially close to G, in the
annulus A, (Lemma 13.12 below), and then that we can choose each H;, with the
desired combinatorics for its restriction /4, to the unit circle (Lemma 13.13 below).
This last perturbation will change the critical value of each H,, (it will not coincide
with the one of G, any more). We will finish the proof of Proposition 13.4 with
Lemma 13.14, that allow us to keep the critical point of H, at the point P,(0) = 1,
and to place the critical value of H, at the point g, (1) for all n > n¢. This will be
important in the following subsection, the last one of this section.

Lemma 13.12. There exists r € (1, (1+ ro)/2) such that in the annulus A, we
have:

| Hn — G| < CA" foralln >n

Cco(4,)

Proof. The proof is divided in three claims.

First claim: There exists > 1 such that Ag g C A(Ags,) foralln > no.

Indeed, by Lemma 13.11 the round annulus A )2 is compactly contained
in Ag, for all n > ny, and therefore the annulus A(A(1+ 5) /2) is contained in
A(As,) foralln > ng. Thus we just take 8 > 1 such thatA_ﬁ C A(A(1+S)/2) and
the first claim is proved.

From now on we fix @ € (1, B).

Second claim: There exists r € (1 (1+ro)/ 2) close enough to one in order to
simultaneously have (A4 o wn)(A ) C Ay and (Ao wn)(Ar) C Agq foralln >

Indeed, since A, C A, Wn is holomorphic, and Wn (Ar) C As, C As for all
n > ng (where S € (1, 400) is given by Lemma 13.11), we have by Cauchy’s

derivative estimate that sup,,~,, {}(ﬂ\,; (Z)| 1z € Ar} is finite. Since each 1/#\,, pre-

serves the unit circle, and since ” 1/#\,1 — Yn HCO(A ) < CA" forallm > ny, the
r.

second claim is proved. L
Another way to prove the second claim is by noting that, since A4 C Ag C

Ag g C A(Ag,) forall n > ng, the hyperbolic metric on any annulus 4(Ag,, ) and
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the Euclidean metric are comparable in A, with universal parameters, that is, there
exists a constant K > 1 such that

1
?lz—w| < daas,)(z,w) < K|z —w|

forall z,w € Aq and for all n > ng, where d 44 Sn) denote the hyperbolic dis-
tance in the annulus A(Ag,) (this is well-known, see for instance Carleson and

Gamelin [1993, Section [.4, Theorem 4.3]). Since each A4 o fﬁ\n Ay — A(As,)
is holomorphic and preserves the unit circle, we know by the Schwarz lemma that
forall z € A, and for all n > no we have:

dacasy (A0 V(@) 8") < da, (2.5,

where d 4, denote the hyperbolic distance in the annulus A4,. Since all distances
d 4(4s,) are comparable with the Euclidean distance in Ag with universal param-
eters, we have for all z € A, and for all n > ng that:

d ((A o Tn)(2). sl) < Kdy, (2, SY),

where d is just the Euclidean distance in the plane. Fix r € (1, (1 4+ ro)/ 2)
close enough to one in order to have that z € A, implies d4, (z, S') < %! (and
therefore (Aown)(z) € Ay foralln > ng). Againsince H Yn—Vn HCO(A oS < CA"

for all n > ny, the second claim is proved.

Third claim: There exists a positive number M such that ‘qﬁ;, (z)| < M for all
z € Ay and for all n > ny.

Indeed, recall that ¢, (A(Asn)) = (Gn o P,,)(yn) C Ap, foralln > ng. By
Lemma 13.8 there exists a (finite) number A such that ¢, (A (As,)) C B(0,4)
forall n > ng. Since A, C Ag C A,g C A(Ags,) forall n > ny, the third claim
follows from Cauchy’s derivative estimate.

With the three claims at hand, Lemma 13.12 follows. 0

To control the combinatorics after perturbation we use the monotonicity of the
rotation number.

Lemma 13.13. Let f be a C3 critical circle map and let g be a real-analytic
critical circle map that extends holomorphically to the annulus

1
ARZZE(C:E<‘Z‘<R for some R > 1.
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There exists a real-analytic critical circle map h, with p(h) = p(f), also
extending holomorphically to AR, where we have

17 =8l coary < deoesn(f:8):
In particular
dcr(sl)(h,g) < dCO(Sl)(f, g) fOl" any 0 <r < o0.
Proof. Let F and G be the corresponding lifts of f and g to the real line satisfying

o(f)= lim O and p(g) = lim G”(O)‘

n—>+oo 1 n—>+oco 1

Consider the band B = {z € C : —log R < 2w Imz < log R}, which is the uni-
versal cover of the annulus Ag via the holomorphic covering z > e2™'%. Let

= [[F — G| coe), and for any 7 in [-1,1] let G; : BR — C defined as
G; = G + t8. Each G; preserves the real line, and its restriction is the lift of
a real-analytic critical circle map. Moreover, each G; commutes with unitary hor-
izontal translation in Bg. Note that |G — G||cop,) = |£16 < || F —G||cor) for
any ¢ € [—1, 1]. Moreover for any x € R the family {G;(x)}, ¢[_1,1] IS monotone
int, and we have G_1(x) < F(x) < G1(x). In particular there exists ty € [—1, 1]

such that 67 (0)
lim —22 = p(F),
n—+00 n
and we define & as the projection of Gy, to the annulus Ag. O

After the perturbation given by Lemma 13.13 we still have the critical point
of h;, placed at 1, but its critical value is no longer placed at g, (1) (however they
are exponentially close). To finish the proof of Proposition 13.4 we need to fix
this, without changing the combinatorics of 4, in S 1 Until now each H,, is S!-
symmetric, in the sense that it commutes with z — 1/Z in the annulus A,. We
will loose this property in the following perturbation, which turns out to be the last
one.

Lemma 13.14. For each n > ng consider the (unique) Mébius transformation
M, which maps the unit disk D onto itself fixing the basepoint z = 1, and which
maps Hy(1) to G, (1). Then there exists p € (1,r) such that A, C My(Ay) for
all n = ng. Moreover for each n > ng we have:

HMn o HyoM,"' —Gy HCO(A ) S <CA”.
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Note that, when restricted to the unit circle, each M,, gives rise to an orientation-
preserving real-analytic diffeomorphism which is, as Lemma 13.14 indicates, C *°-
exponentially close to the identity.

Proof. Consider the biholomorphism ¢ : H — D given by ¥ (z) = = + - whose
inverse ! : D — H is given by ¢ " 1(z) = i (1+Z) Note that ¥ maps the
vertical geodesic of equation {Z € H: Rez = O} onto the interval (—1, 1)
in D. Since ¥ and ! are Mobius transformations, both extend uniquely to
corresponding biholomorphisms of the entire Riemann sphere. The extension of
Y is a real-analytic diffeomorphism between the compactification of the real line
and the unit circle, which maps the point at infinity to the point z = 1. For each
n = ng consider the real number ¢, defined by

Gn(1) — Hy(1) )

— ! —y! = 2i
tn =¥ (Ga (1) — ¥ Wﬂm—”(o-am»ﬂ—mﬂﬂ

Each ¢, is finite since for all n > ng both G, (1) and H,(1) are not equal to one.
Moreover we claim that:

nf {|Ga(1)—1|} >0 and nf {|Ha(1) — 1]} >0

Indeed, since we have ‘Hn(l) Gn(l)‘ CA"™ for all n > ny, is enough to
prove that inf,>n, {|{Gn(1) — 1|} > 0, and this follows by Lemma 13.6 since
1 = P,(0) and G,(1) = Pu(— 1) for all n > ng. In particular, again using
}Hn(l) — Gn(l){ < CA™ for all n > ny, we see that |t,| < CA" foralln > ny.
From the explicit formula

(2i —tn)z +1, Z_(tt—n2i> 2i —t
M,(z) = — " "= - M forall n > ny,
Qi +ty) —tyz 1_( t )Z 2i +t,
th+21

we see that the pole of each M, is at the point z, = 1 + i(2/t,), and since
|ta] < CA™ for all n > ng, we can take ng so large that z;, € C \ B(0,2R),
where R = sup,,, {Rn} < +00 is given by Lemma 13.8. A straightforward
computation gives

tn(z — 1)2

(My —1d)(z) = (2i + tp) — tnz

forall n > ny,
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and therefore
HMn —1Id ”CO(AR) < CA" foralln > ny.

In particular, for any fixed p € (1, r) we can choose n¢ so large as to have A_p C
M, (Ay) for all n > ng. Moreover given any z € A, we have

(M 0 Hy o My — Gp) (2) = (My — 1d) ((Hn © M, )(2))
+ (Hy — Gp) (2) + (Hp (M, '(2)) — Hn(2)) .
From this it follows that

| Mn o Hy o My = Gl cocy,y < I1Mn —1dllcoa, 4,y

+ 1Hn = Gullcoca,) + 1Hnllcrca, [ My

—1d] cogy,)-
Since Hy(A;) C Agr and A, C A, C AR, each of the three terms

1M, —1d| + Hn = Gullcoa,y and [ M, —1d] oy

CO(Hy(4r))

is less than or equal to CA” for all n > ng. L
Finally, since each H,, is holomorphic and we have A, C A, and H,(A;) C

(GnoPp) (@) C AR, C Ag foralln > ng, we obtain from Cauchy’s derivative
estimate that

b {[Hlra,f <00
and therefore
HMn o H, o Mn_1 -Gy ”CO(AD) < CA" foralln > no.
O

With Lemma 13.14 at hand we are done since (Mn oHyo Mn_l)(l) = Gu(1).
We have finished the proof of Proposition 13.4. O

13.1.5 'The shadowing sequence

We are about to finish Section 13.1. Let us recall what we have done: in Sec-
tion 13.1.3 we constructed a suitable sequence {Gp}n>n, Of S l_symmetric C3

extensions of C3 critical circle maps g, to some annulus P, (ﬁ,) When lifted
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with the corresponding projection P, (also constructed in Section 13.1.3), each g,
gives rise to a C3 critical commuting pair (ﬁn , /é\n) exponentially close to Z"( f)
and having the same combinatorics at each step (moreover, with complex exten-
sions C %-exponentially close to the ones of 2" ( f) produced in Theorem 13.5; see
Proposition 13.3 above for more properties).

In Section 13.1.4 we perturbed each G, in a definite annulus A,, in order
to obtain a sequence of real-analytic critical circle maps, each of them having
the same combinatorics as the corresponding Z" ( f'), that extend to holomorphic
maps H, exponentially close to G, in A, (see Proposition 13.4 above for more
properties). Both the critical point and the critical value of each H}, coincide with
the ones of the corresponding G,,. More precisely, the critical point of each H,, is
at P,(0) =1 ¢ Pn(Vl (n)) N S, and its critical value is at H, (1) = G,(1) €
P,(V)NS =P, (B (V)) N S1. Recall also that H,(A,) C P,(Z,) for all
n = nyg.

In this section we lift each H, : A, — Apg, via the holomorphic projection
P, : 7, — Ag, inthe canonical way: let o > 0 such that for all n > n¢ we have
that

Ne([=1,0]) U Ne ([0, € (0)]) C n ,

and that Py, (Na ([—1, O]) U Ny ([O, ’E\n (O)])) is an annulus contained in A4, and con-
taining the unit circle (the existence of such « is guaranteed by Lemmas 13.4
and 13.6). Let us use the more compact notation Z1(n) = Ng([—1,0]) and

Zs(n) = Na([O,/E\,,(O)]). For each n > ng let%, : Z>(n) — 7, be the R-
preserving holomorphic map defined by the following two conditions:

Hy,oP, =P,07, inZyn), and 7%,(0)=-—1.

In the same way let E;, 1 Z1(n) - I be the R-preserving holomorphic map
defined by the two conditions

Hpo Py =Pyo&, inZi(n), and &,(0) = &,(0).
Thus, we have the following commutative diagram:

Zyn) U Zo(n) ¢ 7 "5 7

Py, Py,

Hy

Ay C Ag, AR

n
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In the next proposition we summarize the main properties of this lift, which
are all straightforward.

Proposition 13.5 (The shadowing sequence). For each n > ng the pair f, =
(1n, €n) restricts to a real-analytic critical commuting pair with domains 1 (Sn) =

[7(0), 0] = [~1,0] and I () = [0.&:(0)] = [0, (0)], and such that p(fy) =
oM. 6n) = p(2"(f)) € R\ Q. Moreover &, and T, extend to holomorphic
maps in Z1(n) and Z,(n) respectively where we have:

. E,, has a unique critical point in Z1(n), which is at the origin and of cubic
type;
* Nn has a unique critical point in Z,(n), which is at the origin and of cubic

upe;
& — &

n.

- <
CO(Z1 ()N, (X1 (n)))

. o7 R n
ln =l co(zomnenfomy) S €A™

With Proposition 13.5 at hand, Theorem 13.4 follows directly from the follow-
ing consequence of Montel’s theorem.

Lemma 13.15. Let o be a constant in (0, 1) and let V' be an R-symmetric bounded
topological disk such that [—-1,a~'] C ¥. Let Wy and W, be topological disks
whose closure is contained in ¥ and such that [—1,0] C Wy and [0, '] C Wa.
Denote by & the set of all normalized real-analytic critical commuting pairs ¢ =
(n, &) satisfying the following three conditions.

* 7(0) = —1and £(0) € [a,oz_l];
» a[n([0.£ON)| < [([=1.0)| <« [n([0. £ ON);

* Both & and n extend to holomorphic maps (with a unique cubic critical point
at the origin) defined in W1 and W, respectively, where we have

1. No(£([-1.0])) C E(W1);
2. Na(1(10.£0)])) C n(Wa);
3. EW) Un(Wa) C 7.

Then & is C®-compact.
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13.2 Bounding the C"~! metric

In the previous section we have proved the C? version of Theorem 13.4. The de-
tails required to bootstrap this estimate to the C”~! metric can be found in Guarino,
Martens, and de Melo [2018, Section 11]. Here we just want to mention that the
key point for such bootstrapping argument is the following general fact from com-
plex analysis.

Proposition 13.6. Let I be a compact interval in the real line with non-empty
interior, and let U be an open set in the complex plane containing 1. Fix some
M > 0, and consider the family

ZF = {f : U — C holomorphic: ||f||C0(U) < M}

Then for any k € N and any a € (0, 1), there exists L = L(k,a, M) > 0 such
that

Iflckay < L (Lf licon)® forall f € Z,
where, as usual,

I£lexay = sup (1P|}

ze
ne{0,1,...,k}
In the proof of Proposition 13.6 below, we follow the exposition of Lyubich
[1999, Lem. 11.5].

Proof. Let V be a bounded Jordan domain containing the interval 7, and com-
pactly contained in U (as usual, a Jordan domain is an open, connected and simply
connected set of the complex plane, whose boundary is a Jordan curve).

Consider a continuous function /2 : V' — [0, 1] satisfying

* h is harmonic and positive in the annulus V' \ 1,
*h=0ondVandh=1onl/.

The existence of such a function 4 is a particular case of Dirichlet’s problem.

To begin the proof, suppose first that M = 1, and let f : U — C be a
holomorphic function such that ‘f(z)} < lforallz € U. Lete = || fllcoy < 1,
and note that

log|f| < hloge (13.2)

on d(V\I) = I UAJV. Since f is holomorphic, log | /| is harmonic where f # 0
and subharmonic in the whole domain V, and since / is harmonic in V'\ 1, we get
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from the maximum principle that inequality (13.2) also holds inside the annulus
f(z)| < e"@ forallz € V. Givena € (0,1), let W = {Z €
V:ih(2) € (a, 1]}, and note that W is a Jordan domain containing /, compactly
contained in V, and such that 4(z) = « for all z € dW. Since ¢ € [0, 1], we have
}f(z)‘ < &M@ L e forall z € W, that is,

1 llcoawy < (Ifllcogny)”

The next step is just the standard application of Cauchy’s integral formulas. Indeed,
let § € (0, 1) be such that B(z,8) C W forall z € I. Then for any z € [ and any
ne€f{0,1,.., k}, wehave

2 f(z + 8e'?)
0 (5€i9)n+1

|
<;n sn/ ’f(z+8e“9)‘d9 ( sup {|f(w)\}).

wedB(z,8)

| f ™ ()] = i8e'® do

/ f(w) n!
- — -  _dw| = —
27i JaB(z.5) (w —z)"T1 2

Defining L1 = k!/ 8%, we obtain

If ek < Lillfllcogwy < Li(llf licoen)

Therefore, Proposition 13.6 is true for the case M = 1. For the general case, note
that for any f € .%# we have

I/ llckery = M N/ Mllckry
<M Ly (I1f/Mllcon)” =M™ Ly (I.f lcoy)” -

and therefore it is enough to consider L = M=% L. O

13.3 Proof of the exponential convergence

In this section we briefly explain how to combine Theorems 12.2, 13.1 and 13.4
in order to obtain Theorem 13.3 (the proof of Theorem 13.2, given in Guarino
and de Melo [2017, Section 4], is a little bit easier by the bounded combinatorics
condition).
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Sketch of the proof of Theorem 13.3. Let f and g be two C# unicritical circle maps
with the same irrational rotation number p( ) = p(g) = [a¢, a1, ...] and with the
same odd integer criticality. By Theorem 13.4 (the shadowing theorem), there exist
a C“-compact set .# of real analytic unicritical commuting pairs, two constants
Ao € (0,1) and Co > 1, and two sequences { fin }meN and {gm }meN contained
in J# such that for all m € N we have p(fi) = p(gm) = [am,am+1,...] and
moreover,

d3(Z"(f), fm) < CoAll and  d3(#™(2), gm) < Co AL (13.3)

With this, Proposition 6.2 and Theorem 12.1 at hand, it is not difficult to prove
that the commuting pairs 27 ™ (f), Z#/1"(g), %’ (f,n) and %’ (gn) are K-
controlled and have negative Schwarzian for some constant K > 1, for m suffi-
ciently large (say, m > mgq for some my € N) and for all j € N. Note that at this
point we need the C*# smoothness required in the statement of Theorem 13.3, to be
able to obtain C 3-bounds for renormalization (see Guarino, Martens, and de Melo
[2018, Section 12] for the details).

Let L = L(K) > 1 be given by Theorem 12.2. Let § € (0, 1) be sufficiently
close to one (to be determined in the course of the argument), and for eachn € N
letm = m(n) € N be given by m = |6n]. Combining Theorem 12.2 with (13.3)
we obtain for all m > mg that

d2 (2" (f), 2" (fm)) < L do( R (f)s fin) (13.4)
LC
< CO Ln—mk{)n < (_0) (L1—5Ag)n
Ao
foralln € N such that m = [dn] > mo. Let C; = LCy/Ag and A1 = Ll_‘gkg,
and note that A belongs to (0, 1) for § sufficiently close to one. Replacing f with
g, we also get
do (2" (). Z#" " (gm)) < C1 A] (13.5)

for all n € N such that m = |6n]| > my.
By Theorem 13.1, there exist constants C; > 1 and A, € (0, 1) (both uniform
in %) such that

d2 (B (fn)s B (gm)) < C2A57™ < Co(AS70)" (13.6)

foralln € N and m € N. Finally, define A = max{)\l,k;_‘g} € (0,1) and
C =2C; + C3 > 1. Combining (13.4), (13.5) and (13.6) we obtain

do(Z"(f). %" (g)) < CA" foralln € N such thatm = [8n| > my.
See Guarino, Martens, and de Melo [ibid., Section 12] for more details. O
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13.4 The attractor of renormalization

As we have seen in Section 10.2 (recall (10.1)), the action of the renormalization
operator on the continued fraction expansion of the rotation number is given by
a left shift, that we denote by o as customary. More precisely, given a critical
commuting pair ¢ with rotation number p(¢) = [ag, a1, az,...] we have that

p(%’(é‘)) = 0([a0,a1,a2,...]) =lai,az...]. (13.7)

For real-analytic critical circle maps with a single critical point of some odd
integer criticality, Yampolsky [2001, Th. A] was able to establish the existence
of a horseshoe-like attractor for renormalization. More precisely, he proved the
following result.

Theorem 13.6 (Horseshoe-like attractor). There exists a pre-compact Z-invariant
set A, which is homeomorphic to N, consisting of real-analytic unicritical com-
muting pairs with irrational rotation number, such that the action of Z| 4 is topo-
logically conjugate to the two-sided shift o acting on N2 (the action being taken
over the continued fraction expansion of the rotation number, as in (13.7) above).
Moreover, any given real-analytic pair with irrational rotation number converges
to the closure of A.

As we have seen along this chapter (see also Chapter 14), such convergence
is geometric, and it holds for C# pairs, not necessarily real-analytic (and for C3
pairs with bounded combinatorics as well). For the proof of Theorem 13.6 we refer
the reader to the original paper by Yampolsky [ibid.].

Exercises

Exercise 13.1. Prove the existence of two diffeomorphisms /; and /5, as stated at
the beginning of Section 13.1.1 (Hint: see Guarino and de Melo [2017, Lem. 6.2]).

Exercise 13.2. Show that the sum or product of asymptotically holomorphic maps
is also asymptotically holomorphic. The inverse of an asymptotically holomorphic
diffeomorphism is asymptotically holomorphic. Composition of asymptotically
holomorphic maps is asymptotically holomorphic.

Exercise 13.3. Let I be a compact interval in the real line and let & : I — R
be a C! map. Let U be a neighborhood of 7/ in C and let H : U — C be
an asymptotically holomorphic extension of & of order 1 (as in Definition 13.1).
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Show that dH (z) = h'(z) for every z € I, and then the Jacobian of H atz € [
equals |h'(z) ‘2 (recall the identity (11.2)).

Exercise 13.4. In the upper half-plane H = {z € C : Imz > 0} consider the
vertical geodesic y of equation {Rez = 0}. Given ¢ > 0, show that the set of
points in H whose hyperbolic distance to y is less than ¢ is given by the cone

{ Rez %
zeH: — <tanay,
Imz

where the Euclidean angle « is related to ¢ by the formula

1 1 4 sina
e=—log| — .
2 1 —sinw
Exercise 13.5. For I = (—1, 1), show that ¢ : H — C (/) given by

72 41
z2 -1

P(2) =

is a biholomorphism between the upper half-plane H and C(7), that maps the
vertical geodesic y of equation {Rez = 0} onto I/ (Hint: Note that ¢ can be
written as the composition

ExoTyjppoloT-100Q,

where Q(z) = z2, and the remaining four maps are the Mobius transformations
T_1(z)=z—1,1(z) = 1/z,Tyj2(z) = z + 1/2 and E»(z) = 2z).

Exercise 13.6. Let I be a bounded open interval in the real line. For any given
0 € (0,7m) consider ¢(f) = logtan (7‘[/2 — 9/4) € (0,400). Show that the
Poincaré disk Dg (1) coincides with the set of points in C (/) whose hyperbolic
distance to [ is less than ¢ (Hint: Note first that it is enough to deal with the
case I = (—1,1). Indeed, given a < b, the map z +— ((b —a)z +a+ b)/2
is an isometry between C(—1,1) and C(a, b), that preserves Euclidean angles.
Note that the cone of Exercise 13.4 is mapped under the biholomorphism ¢ of
Exercise 13.5 onto a Poincaré disk. Relate the Euclidean angle of the cone with
the one of the corresponding Poincaré disk).



In this final chapter we will survey some of the complex-analytic ideas that play
a decisive role in the theory of (multi)critical circle maps. Since these ideas are
quite deep, the narrative to follow is by necessity very sketchy. However, we pro-
vide a complete proof of a fundamental theorem in this area: the complex bounds
(Theorem 14.4).

The use of holomorphic methods in the study of renormalization and rigidity
of one-dimensional dynamical systems was started by Sullivan in the mid-eighties
(see Sullivan [1992]). Since the theory for circle maps follows in parallel with the
corresponding theory for unimodal maps, and borrows substantially from it, we
need to talk a bit about the latter first.

For the general theory of complex dynamics we refer the reader to the books
Carleson and Gamelin [1993], de Faria and de Melo [2008], McMullen [1994],
and Milnor [2006].
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14.1 Sullivan’s program

We have already mentioned the general ansatz relating renormalization conver-
gence and rigidity. If we are given two topologically conjugate one-dimensional
maps f and g which are infinitely renormalizable (say with some restrictions on
their combinatorics), and if we know that the C” distances between their succes-
sive renormalizations contract to zero at an exponential rate, then the conjugacy
between f and g should actually be smooth (for critical circle maps, recall here
Theorems 10.4 and 10.5). Hence the goal becomes to establish exponential con-
traction of renormalizations. The strategy laid down by Sullivan [1992] (and ex-
plained in greater detail in de Melo and van Strien [1993, Ch. VI]) to achieve this
goal can be roughly described as follows.

1.

First get geometric bounds on the orbits of the critical points of the (real)
one-dimensional systems. These so-called real a priori bounds should be
robust enough that, even if we start with maps which have only a mild, finite
degree of smoothness, their successive renormalizations will converge C°
exponentially fast to the subspace consisting of real-analytic maps.

. Use such real a priori bounds to show that the topological conjugacy be-

tween the two systems has slightly more geometric regularity than being
merely continuous: it is actually quasisymmetric (at least when restricted to
the post-critical sets of both systems).

. Complexify the given real dynamical systems (when they are real-analytic),

in other words, find suitable complex-analytic extensions of these systems.

. Using the real bounds in (1) and the mild geometric control in (2), get com-

plex a priori bounds for the complexified systems. These bounds are usually
bounds on the moduli of certain annuli (typically fundamental domains for
the complexified systems). Such bounds yield a strong form of compact-
ness.

. Extend the renormalization operator to the complexified dynamical systems.

This operator will, in a suitable domain, be a compact operator due to step (4).

. Use the bounds and compactness in (3) and a suitable infinite-dimensional

version of Schwarz’s lemma to establish the desired contraction property of
the underlying renormalization operator.
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In the context of (real-analytic) unimodal maps of the interval, Sullivan re-
alized that the relevant complex-analytic dynamical systems are quadratic-like
maps (or more generally polynomial-like maps), and was therefore able to use the
theory developed by Douady and Hubbard [1985] for such maps. Recall that a
quadratic-like map is a proper, degree two holomorphic branched covering map
F : U — V between two topological disks U, V' C C with U compactly con-
tained in V', branched at a unique critical point ¢ € U. The modulus of F is by defi-
nition the conformal modulus of the annulus V\U. The set £F = (1),,5o F (V)
is called the filled-in Julia set of F. It is a totally invariant set under the dynamics,
and it is compact due to the fact that F is proper. Every point in U \ J#F has a
finite orbit that eventually lands in the outer annulus V' \ U. This annulus there-
fore works as a fundamental domain for the dynamics outside the filled-in Julia set.
A central fact about quadratic-like maps is the straightening theorem of Douady
and Hubbard [ibid.]: every quadratic like map is quasiconformally conjugate to
an actual quadratic polynomial map.

A quadratic-like map F : U — V is said to be renormalizable if one can
find a sub-disk D C U compactly contained in U and containing ¢ and an inte-
ger p > 2 such that FP|p : D — FP(D) C V is well-defined, and again a
quadratic-like map. This new map, with p smallest possible and suitably rescaled
(via a complex affine map), is called the first renormalization of F, and denoted
ZF . The number p is called the renormalization period of F, denoted p(F). If
all successive renormalizations #%>F = Z(ZF),..., Z"F = Z(#""'F), ...
are well-defined, then we say that F' is infinitely renormalizable. If in addition all
periods p, = p(%" F) form a bounded sequence, we say that F infinitely renor-
malizable of bounded type. The complex bounds proved by Sullivan guarantee that
if one starts with a real-analytic, infinitely renormalizable quadratic unimodal map
f of bounded type on the real line, then after a finite number N of iterations, the
renormalized unimodal maps Z" f* will be restrictions of quadratic-like maps Fj,
with F41 = ZF, foralln > N, and moreover the moduli mod(#" F) (n > N)
will be bounded from below. In particular, the sequence (%" F),>n will be a
pre-compact family (in the topology of uniform convergence on compacta), and
every limit of such renormalization sequence will be a quadratic-like map. Here
and throughout, all holomorphic maps considered commute with complex conju-
gation, i.e., are symmetric about the real axis.

The crucial feature of quadratic-like maps in this theory, very closely related
to the straightening theorem, is that they are amenable to what Sullivan calls a
pull-back argument. If F; : U; — V;,i = 0, 1, are two symmetric, topologically
conjugate quadratic-like maps, and if / is a quasisymmetric homeomorphism of
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the real line which sends the post-critical set of Fy to the post-critical set of Fi,
then Fy and F; are quasiconformally conjugate. More precisely, there exists a
quasiconformal homeomorphism H : Vy — Vj such that H o Fy = F; o H;
in addition, the quasiconformal dilatation of H depends only on the conformal
moduli mod(V; \ U;) (i =0, 1) and on the quasisymmetric distortion of /.

The existence of such a conjugacy already allows us to speak of the quasicon-
formal or Teichmiiller distance between Fy and Fy, defined as

1+ 1o lloo
1= llpglloo *

the infimum being taken over all quasiconformal conjugacies ¢ between Fy and F7.
This is in fact a pseudo-distance: its value will be zero whenever the two maps are
conformally conjugate. It turns out that the Julia set of an (symmetric) infinitely
renormalizable quadratic-like map carries no invariant line fields (equivalently,
no non-zero invariant Beltrami differentials). This is another consequence of the
straightening theorem. Thus, for every quasiconformal conjugacy ¢ as above we
have that pg vanishes a.e. on the (filled-in) Julia set of Fo. In particular, when
calculating ||t¢ ||oo in the right-hand side of (14.1), we only need to look at the
values of g (z) for z € Vj.

It is immediate from the definition that the Teichmiiller distance is weakly
contracted under renormalization: any conjugacy between Fy and Fj restricts to
a conjugacy between Z(Fp) and Z(F1).

Now, let H be a quasiconformal conjugacy between Fy and F1, say the one
constructed via the pull-back argument. Its Beltrami differential ug = 0H/0H
is invariant under Fp, and therefore it can be used to generate a path of (pairwise
gc-conjugate) quadratic-like maps joining Fy to F1. To see this, define u; =ty
forallt € C such that |¢| < ||ug||5d then integrate each ji; using the measurable
Riemann mapping theorem to get a (normalized) quasiconformal homeomorphism
H;, and then define F; = H; o Fy o Ht_l. Such a path is called a Beltrami path
joining Fy to Fi.

As one can see from the definitions given so far, renormalization maps Bel-
trami paths to Beltrami paths. Some Beltrami paths are more efficient than others,
in the sense that they are close to being “geodesics” in the Teichmiiller metric. It
will usually be the case that a very efficient Beltrami path joining Fy to F; will be
mapped to an inefficient Beltrami path joining Z(Fp) to Z(F): the image path
“coils”. It turns out that one can put this coiling property into more quantitative
terms, and the result is a form of Schwarz’s lemma in infinite dimensions.!

dr(Fo, F1) = inflog (14.1)

"However, we warn the reader that the renormalization “operator” is not a complex-analytic
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There are some difficulties with carrying out the details of this approach. One
is the fact that the domain and range of a quadratic-like map vary with the map
itself, so it is hard to set up the renormalization procedure as an actual operator
on a space of maps defined over a fixed domain. Another difficulty is the fact
that, if we are given two quadratic-like maps and they both restrict to the same
quadratic unimodal map on the line, then they should be regarded as essentially
the same dynamical system; however, their Teichmiiller distance, according to
the definition given above, will not be zero! Sullivan soon realized that a way
to circumvent these difficulties is to take an inverse limit of the dynamics off the
filled-in Julia set. To wit, if F : U — V is the given quadratic-like map, one
considers the inverse system

v > F7OEDWN Hp) > FPV\ HF) > - F YV \ HF) > V\ A,

where each map, being a restriction of F, is an unbranched 2-to-1 holomorphic
covering. The inverse limit of this system, denoted .Z(F), is a Riemann surface
lamination in a natural way. This object is locally homeomorphic to the product of
a disk by a Cantor set, and the chart transitions are holomorphic on the leaves. The
construction is canonical in the sense that, if F' varies (but stays in the same topo-
logical conjugacy class), then topologically .2 (F) does not change at all. Only
its conformal structure changes. Moreover, a quasiconformal conjugacy between
two such maps induces a homeomorphism between the two corresponding lamina-
tions which is quasiconformal on each leaf. Hence, one can speak of the (moduli
space or) Teichmiiller space of such lamination. It then follows that renormaliza-
tion induces an operator on such Teichmiiller space.

Using these ideas, Sullivan was able to carry out the strategy outlined in steps
(1)-(6) above almost completely in the bounded-type case. We say “almost” be-
cause in step (6) he was forced to settle for something less than exponential contrac-
tion. Sullivan made an ingenious use of the theory of Riemann surface laminations,
and used the Teichmiiller theory of such objects (which he largely developed on the
fly) to prove a (non-uniform) version of Schwarz’s lemma in this context, which
in turn allowed him to prove renormalization convergence without a rate. The ex-
ponential convergence of renormalizations for bounded type infinitely renormal-
izable maps was finally achieved by McMullen [1994, 1996] by a different route,
using his theory of rigidity of towers.

Remark 14.1. The theory of Riemann surface laminations is a beautiful subject in
its own right. See Ghys [1999] for a nice exposition.

operator.
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14.2 Holomorphic commuting pairs

In his PhD thesis, de Faria [1992] took up the task of carrying out as much as possi-
ble of Sullivan’s program in the context of critical circle maps with a single critical
point of cubic type. Steps (1) and (2) of Sullivan’s strategy were already in place
due to the works of Herman and Swiatek (Theorem 6.3) and Yoccoz (Theorem 7.2
in the unicritical case).

The key to the remaining steps is an analogue of the quadratic-like maps of
Douady and Hubbard, a holomorphic dynamical system that somehow extends
the real commuting pairs arising as successive renormalizations of a critical circle
map. This is the central contribution of de Faria [ibid.] and of the subsequent paper
de Faria [1999]. Here are the relevant definitions, taken almost verbatim from de
Faria and de Melo [2000, p. 346].

Definition 14.1. By a bowtie we mean a 4-tuple (O, Oy, O\, V') of simply-connec-
ted domains in the complex plane such that:

(a) Each Oy is a Jordan domain whose closure is contained in V',
(b) We have ﬁé N 5,, = {0} C 0,
(c) Thesets Og\ Oy, Oy\O,, O,\ Ot and 0,\ Oy are non-empty and connected.

Definition 14.2. Let (O¢, Oy, 0y, V') be a bowtie. A holomorphic commuting pair
I" with domain % = Og U Oy U O\, and co-domain V' is the dynamical system
generated by three holomorphic maps§ : O — C,n: 0y — Candv : 0, — C
satisfying the following conditions (see Figure 14.1).

Hy Both & and n are univalent onto ¥ N C(§(Jg)) and V" 1N C(n(Jy)) respec-
tively, where Jg = O¢ N R and Jy = Oy N R. (Notation: C(I) =
(C\R)u1I.)

Hy The map v is a 3-fold branched cover onto V' N C(v(Jy)), where J, =
Oy N R, with a unique critical point at 0.

H3 We have 0¢ > n(0) < 0 < §(0) € 0y, and the restrictions £[[n(0), 0] and
1[0, £(0)] constitute a critical commuting pair.

Hy4 Both & and n extend holomorphically to a neighborhood of zero, and we
have £ o n(z) = no&(z) = v(z) for all z in that neighborhood.
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Figure 14.1: A holomorphic commuting pair.

Hs There exists an integer m > 1, called the height of I', such that £ (a) =
1n(0), where a is the left endpoint of Jg¢,; moreover, n(b) = £(0), where b is
the right endpoint of Jy.

The relevant dynamical system here, which we will still denote by I, is the
pseudo-semigroup generated by the three maps &, n, v. The interval J = [a, b]
is called the long dynamical interval of I', whereas A = [1(0), £(0)] is the short
dynamical interval of I'. They are both forward invariant under the dynamics, as
the reader can easily check. The rotation number of I is by definition the rotation
number of the critical commuting pair of I" obtained by restriction to the real line
(condition H3). We say that the holomorphic commuting pair I has geometric
boundaries if 9% and 0¥ are quasicircles®.

Remark 14.2. Examples of holomorphic commuting pairs with arbitrary rotation
number and arbitrary heights can be constructed directly from the Arnold family.
This is carefully done in de Faria [1999, §4], and the construction will be repro-
duced in Section 14.4. We should also point out that there is nothing special about

2A quasicircle, we recall, is the boundary of a quasidisk, which in turn is the image of a round
disk under a quasiconformal homeomorphism of the plane.
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cubic critical points. Holomorphic commuting pairs can be defined so as to have
a critical point with any odd-power criticality whatever. To see how this is done,
the reader should consult the thesis by Vieira [2015] (see also Yampolsky [2017]).

It turns out that the holomorphic pair I" can be renormalized: the first renor-
malization of the critical commuting pair of I" extends in a natural way to a holo-
morphic pair Z(1") with the same co-domain . See Prop. 2.3 in de Faria [1999]
for the detailed construction of Z(I"). Renormalization is defined in such a way
that the restriction of the renormalized holomorphic pair Z(I") to the real line
is the critical commuting pair that represents the renormalization of the critical

commuting pair (][, (0),0] » 1l[0,£(0)])-

14.3 Pull-back argument

The first main result in de Faria [1992] (or de Faria [1999]) is the following ana-
logue of Sullivan’s pull-back argument.

Theorem 14.1 (Pull-back Argument). Let I and I'’ be holomorphic pairs with
geometric boundaries and leth - J — J' be a quasisymmetric conjugacy between
the restrictions of I' and I'' to their respective long dynamical intervals J and J'.
Then there exists a quasiconformal conjugacy H : V' — V' between I' and I'’
which is an extension of h.

The proofis more involved than that of the original pull-back argument, for the
following reason. In the quadratic-like case, we know by the straightening theorem
of Douady—Hubbard that every quadratic-like map is quasiconformally conjugate
to a quadratic polynomial, and the latter does not have wandering domains (due to
Sullivan’s no-wandering-domains theorem, see Sullivan [1985]). Hence quadratic-
like maps do not have wandering domains. By contrast, holomorphic pairs could
in principle have wandering domains. To deal with their putative existence, one
needs to use a form of quasiconformal surgery (something called the gc-sewing
lemma of L. Bers, see de Faria [1999, Lem. 3.2]). Wandering domains are only
ruled out a posteriori, combining Theorem 14.1 with the fact that holomorphic
pairs constructed from the Arnold family do not carry such domains (see de Faria
[ibid., Th. 4.2]).
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14.4 Existence and limit-set qc-rigidity

We have defined holomorphic commuting pairs as complex dynamical systems
satisfying certain axioms (see Definition 14.2), but it is not clear at this point in
our narrative whether such objects exist. Hence we take the time to construct
explicit examples with arbitrary rotation numbers and arbitrary heights. The con-
struction presented below is taken almost verbatim from de Faria [1999, §4]. When
combined with the pull-back argument, these examples also yield two important
properties of holomorphic commuting pairs: a no-wandering-domains theorem for
such objects and the absence of invariant line fields in their limit (or Julia) sets.

Construction of examples

The examples are extracted from our old friend, the complex Arnold family. For
each0 < 0 < 1,1let Eg : C — C be the entire mapping given by Ey(z) =
z4+6— % sin(2rz). Such maps indeed belong to the Arnold family; in fact, we
have Eg = Fp ; in the notation introduced in Chapter 6.

Since Eg o T = T o Eg, where T is the translation z — z + 1, Ey is the lift
to the complex plane of a holomorphic self-mapping of the cylinder, fy : C/Z =~
C* <>. Moreover, the restriction Eg|R maps the real axis onto itself and satisfies
E é (x) > 0 for all x € R, and equality holds iff x € Z (these constitute all the
critical points of Eg). Therefore the restriction fy|S! is a critical circle homeo-
morphism with rotation number, say, p(6). We have already seen in Chapter 4
that 6 +— p(0) is a continuous, non-decreasing map of [0, 1) onto itself such that
the interval p~!(z) C [0, 1) degenerates to a point whenever  is irrational.

With the family { £y} at hand we will construct examples of holomorphic com-
muting pairs with arbitrary rotation number and arbitrary height. More precisely,
we shall prove the following theorem.

Theorem 14.2. For each n > 0 and each 0 such that p(0) has a continued
fraction expansion of length at least n + 1, the real commuting pair determined
by (f", feq'””) extends to a holomorphic commuting pair I, g with geometric
boundaries. The family {I}, ¢} runs through all possible pairs of combinatorial
invariants at least once, and for each (m,p) € N x [0, 1) with m > 2 there ex-
ist countably many (n,0) € N x [0, 1) such that I',, g has height m and rotation
number p.

The main analytic tool to be used in the proof of Theorem 14.2 is the following
growth estimate.
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Lemma 14.1. There exist a positive constant Co and a positive monotone non-
decreasing function ¢(s) defined for s > 0 such that if |y| = ¢(|x|) then |Eg(x +

iy)| = Co exp(r|yl).

Proof. When 0 = 0, a straightforward computation yields

1 1
|Eo(x + iy)|* = 2 cosh? 2my) + |:x2 +y2— o) cos? (2nx)]

1
— — [x sin (2w x) cosh (27y) + y cos (27 x) sinh 2wy)] .
V4

The first expression between brackets is positive as soon as, say, |y| > 1, while
the second is dominated by (|x| + |y|) cosh (27y). Thus, if |y| > 1 we have

|Eo(x +iy)|* > 4711_2 [cosh (2my) — 4m(|x| + |y|)] cosh 27y) . (14.2)

Now, let

1
e(t) = —coshmt)—t—1.
4r

This is a strictly convex function that reaches a minimum value at a certain ¢y > 0
such that e(tp) < 0. Hence for each s > 0 there exists a unique ¢(s) > #¢ such that
e(p(s)) = s. Since &(t) is strictly increasing for ¢ > 19, so is ¢(s) for s > 0, and
t > @(s) implies e(¢) > s. Setting ¢(s) = max{l, (s)} and observing that the
expression between brackets in (14.2) is equal to 47 [e(]y|) + 1 — |x]|], we deduce
that if |y| > ¢(]x|) then

1 1
|Eo(x + iy)|> > —cosh(2r|y]) > o exp(2x|y]) (14.3)

On the other hand, when 0 < 8 < 1 we have Eg(z) = Eo(z) + 6, so that
|Eg(2)] > |1 — |Eo(2)|""].| Eo(2)|. Therefore, if [y| > g(]x]), we have by (14.3)

[Eg(x +i)| > ——[1 — Vx| explly) .

V2w
so the desired inequality is proved in all cases if we take Cy = \/#27 [1 —e 27r] .

O
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We divide the work required to prove Theorem 14.2 into a few steps. Let

us fix 6 for the time being and write p(6) = [a¢,a1,...,dn,...]. We conform
with the notation established in earlier chapters, so that, in its irreducible form,
Pn— [ag,ay, ..., ay—1] satisfies pg = 0, qo = 1; p1 = 1, g1 = aop and, for

dn
n =1, ppy1 =anpn + Pn—1, qn+1 = anqn + qn-1.
We need a brief geometric description of the map Eg. The pre-image of the

real axis under Eg consists of R itself together with the family of analytic curves

yik) cx=k=x 1 arccos [ﬂ} ,
2 sinh (277y)

where k € Z, arising as solutions to Im Eg(x + iy) = 0. For each k € Z, the
curves Y_i(rk) and .7 %) meet at the critical point ¢ = k, and are both asymptotic
to the vertical lines x = k £ %. Notice that each ¢y is a critical point of cubic type.
In the upper half-plane C ™, let Vj, be the simply-connected region bounded by the
arcs YJ(rk_l) NC* and.#% N C* and the interval [k — 1, k] € R. Then Eg|Vj
is univalent onto CT; we let ¢y : C* — V} denote the corresponding inverse.
Similarly, let Wi € C be the simply-connected region bounded by .#%) N Cc’
and y_ﬁk) NC™, observe that Eg|Wj is univalent onto C~ and let yr, : C~ — Wy
be the corresponding inverse.

Now let A, € C¥ be the unique connected component of (E£7")~1(C*)

whose closure contains the point 7~ ?Pr+1 o Eg”Jrl (0) € R. Similarly, let B, C
C™ be the unique connected component of (Eg"+1)_1(C+) such that 77?7 o
Eg” (0) € B,,. We have either A, < Vo and B, € Vi or A, C V; and B, C Vp,
depending on whether 7 is even or odd, respectively (Figure 14.2 illustrates the
even case).

Lemma 14.2. Foreachn > 0 there exists a unique qu-tuple (k1, k2, ..., kg, ) with
0=rky <ks <---<kg, < pn+1suchthat Ay = ¢, 0 p, 0+ 0 ¢, (CT).
A similar statement holds for B,.

Proof. This is an easy consequence of the fact that 0 < E éj 0) < py + 1 for

j =0,1,...,qn, forall n > 0, which in turn follows from the very definitions of
Pns4qn- O
Lemma 14.3. Let f be a circle homeomorphism with p(f) = [ao, a1, ... an, .. .],

letc € SY, and for eachn > 1 let J, € S be the closed interval of endpoints ¢
and fin=179n(c) containing fI"=1(c). If j < qyn is such that f =7 (c) belongs to
Jn, then j < 0.
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Proof. This reduces to a purely combinatorial statement about rigid rotations, and
is left as an exercise for the reader. O

Let us use the notation (o, 8) to represent a closed interval on the line with
endpoints « and g, irrespective of order.

Lemma 14.4. For eachn > 0 we have A, N R = (a,,0) and B, NR = (0, B,),
where g = —1, Bo = ay and for n > 1 the points oy, B, € R are uniquely
determined by the requirements: T ~Pn o Eg" (o) = T7Pn=1 o EZ"_I(O) and
T=Pn+1 0 EJ"T (B,) = T™Pr o E{"(0).

Proof. Consider f = fy and take c to be the critical point of fg. Then Lemma 14.3
says that there can be no critical points for f in the interior of J,, for by the

chain rule these are precisely the pre-images f9 (c) with 0 < j < ¢p. The result
follows. 0

Given R > 0, let Zgp = {z : |z| < R} and let A, g be the unique con-
nected component of (7771 o E")™1(2}) contained in Ay,. Let By, g be simi-
larly defined. If R is sufficiently 1arge (R > pn + 11is good enough) we see that
A,,RHR = A, NR and BnR NR = B, NR forn > 0. It is clear that both
Ap r and B, g are Jordan domains, in fact quasidisks, and that they are mapped
respectively by 7771 o EZ" and T~Pn+1 o E"*! bijectively onto 7.

Lemma 14.5. For every sufficiently large R we have Zn,R C 9 N CT and
En,R CY9prNCT.

Proof. For s, R positive numbers, let
8(s.R) = (s) + — 10g+(C 'R),

where ¢ and Cy are given by Lemma 14.1. Then |y| > §(|x|, R) implies | Eg(x +
iy)| = R, which in turn means that Eg(x 4 iy) € C \ Zg. Therefore, for each
k € 7 we have

G (Z5) SV N {x +iy : y <8(x|, R)} -

Let Vi gr denote this last intersection. Since §(s, R) has logarithmic growth in R,
every sufficiently large R satisfies the inequality R > p, +1+8(p, + 1,2R); for
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agiven R as such, if 0 < k < p, + 1 and z is any pointin Vi g withz = x +1iy,
then
|z| < |x[ +68(Ix].2R) < pn +1+68(pn +1,2R) <R,

and so it follows that z € g N C+. Thus, if 0 < k < pn + 1 then ¢k(.@2+R) -

IRNCTTF C T Since TP1(TF) € D, taking the gp-tuple (k1. ka, ..., kg,,)
as in Lemma 14.2 we deduce that

Ap,R = Gr, 0k, 0 0p,, (TP DE) g, o, 0 O¢kq,,( ) € ZrNCT.

This proves the first inclusion; the second is proved in similar fashion. O

Remark 14.3. Observe that if we define %, R = ¢r, © Py © -+ ° Px,, (9;)
and set A, p = ¢1(%,r) and 4, p = Vo (0(%n,R)), where o : C — C is
complex conjugatlon then the above ve argument applies mutatis mulandzs to yield
A/ rREZrNC c+ A” C g N C+ as well, for every sufficiently large R and
all n 0.

Proof of Theorem 14.2. Given n > 0, let R,, > 0 be large enough for the con-
clusion of Lemma 14.5 to hold. Let &, = T 7?7 o Eg" and n, = T Prt+l o

Eg”“ and let O, , 0y, < C be the symmetric Jordan domains (quasidisks) such

that 0, = Anr,. O
DR, by Lemma 14.5. The restrictions £,| 0, and n,|0%, are univalent and onto
their images, which by Lemma 14.3 are Zg, N C((§x(an). §,(0))) and Zg, N
C((11(0), nn(Bn))), respectively. Also, let €,, < C be the connected compo-
nent of £, 1(&,,) containing the origin and let v, = &, o 7. Then the restriction
vp |0, is a holomorphic 3-fold branched covering map onto its image, v,(0),,) =
DR, N C((1x(0),£,(0))). Moreover, by the remark following Lemma 14.5, we
have

= B, Rr,. Then &, and 1, commute, and ﬁ_én’ﬁ_nn -

O CAyrUA, qUA" o C P, NCT,

and so 6"_1,” C Zg,,. It follows at once that (O, , 0%, 0y, ZR,) is a bowtie.
Now we claim that this bowtie together with the maps &,, n,, v, determine
a holomorphic commuting pair I}, y with geometric boundaries, up to orienta-
tion, with rotation number p(I}, 9) = [an+1 + 1,an+2,...] and height given
by m(Iy,9) = ap whenn = 0, and by m([}, 9) = an + 1 whenn > 0. We have
indirectly checked all conditions in Definition 14.2, except perhaps condition Hs.
We check it for n > 0; the case n = 0 is just as easy. Using the commutativity
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of T with Ey, Lemma 14.2 and the recurrence relations defining p,+1 and g, +1,
we get

& ) = (TP 0 EG)™ (TP 0 g (om))
= TP o B (0) = ma(0).

Similarly, we have n,(8,) = £,(0). Thus condition Hs is satisfied too, and m =

an + 1 is the height of I, g. The statement on rotation numbers is clear. O
Vo Vi . Vot
I

y=358(|x|,2R)

-1 @n 0 Bn 1 Pn Rez

Figure 14.2: Building holomorphic pairs.

Remark 14.4. Because holomorphic commuting pairs can be renormalized, once
Ry is chosen so that the above construction works for n = 0, we may take R, =
Ry thereafter. If this is done then, for each n > 0, I}, 9 becomes the first
renormalization of I, g up to linear rescaling.

Limit set qc-rigidity

When combined with the results of the previous section, Theorem 14.2 yields two
crucial properties of holomorphic commuting pairs, which we express as follows.
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Theorem 14.3. Let I' be a holomorphic commuting pair with geometric bound-
aries and irrational rotation number. Then I has no wandering domains and ad-
mits no non-trivial, symmetric, invariant Beltrami differentials entirely supported
in its limit set.

This theorem allows holomorphic commuting pairs to be parametrized by con-
formal structures supported on the outer annulus of a fixed model. The properties
of holomorphic commuting pairs stated in this theorem are extracted from corre-
sponding ones found naturally in the family { fy} of self-maps of the cylinder C*
introduced before.

Proof of Theorem 14.3. Combining Theorem 14.1 with Theorem 14.2, we know
that I" is conjugate to I ¢ for some 6 by a quasiconformal homeomorphism H.
Let u be a I"-invariant Beltrami differential with support in J-. Then u’ = H*u
is Iy p-invariant. Spreading p’ through the entire complex plane via the map-
pings defining Iy ¢ we get a Beltrami differential v invariant under both Eg and
T7lo Ego, and therefore invariant under 7" also. Thus v projects down to a Bel-
trami differential on the cylinder which is fg-invariant and supported in Jz,. By
Theorem 11.3, this Beltrami differential must vanish almost everywhere, and so
u = 0 a.e. also. A similar argument, which we leave as an exercise, rules out
wandering domains. O

14.5 Complex bounds

Another important fact about holomorphic commuting pairs is that the class of such
objects contains all limits of successive renormalizations of a critical circle map (or
critical commuting pair). Moreover, we have complex bounds for renormalization,
in the following sense.

Theorem 14.4 (Complex Bounds). Let f : S' — S! be a real-analytic criti-
cal circle map with arbitrary irrational rotation number. Then there exists ng =
no(f) such that for alln > ng the n-th renormalization of f extends to a holomor-
phic pair with geometric boundaries whose fundamental annulus has conformal
modulus bounded from below by a universal constant.

This theorem establishes Step (4) of Sullivan’s strategy described at the begin-
ning of this chapter. It also provides another proof of existence of holomorphic
commuting pairs, independent of the explicit constructions we performed in Sec-
tion 14.4.
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Remark 14.5. It is important to observe that, in Theorem 14.4, although the bound
on the fundamental annulus of the holomorphic pair corresponding to a deep renor-
malization of f is bounded from below by a universal constant, the geometric
boundaries can become very bad (i.e., they are quasi-circles with gc-distortion
constant that can go to infinity with n) — unless the rotation number is of bounded
type, in which case the bounds in question depend only on the least upper bound
on the coefficients of the continued fraction development of p(f). When p(f)
is a number of unbounded type, the limits of renormalization will contain maps
with parabolic fixed points, and the proper study of renormalization in these cases
requires the notion of cylinder renormalization introduced by Yampolsky (see for
instance Yampolsky [2002]).

We think of the unit circle S' = R/Z as embedded in the infinite cylinder
C/Z, and we use on latter the conformal metric induced from the standard Eu-
clidean metric |dz| of the complex plane via the exponential map exp(z) = e27iZ,
Note that Im z is well-defined for every z € C/Z (it is simply the imaginary part
of any one of its pre-images under the exponential).

The main step in the proof of Theorem 14.4 is to establish a geometric estimate
showing that, for all sufficiently large n, the appropriate inverse branch of f47+!
maps a sufficiently large disk around the n-th renormalization domain 7,, U I, 41
well within itself. Here, “sufficiently large” means large with respect to the size
of I, U I,,41. Foreachm > 1, let D,, C C/Z denote the disk having as one of
its diameters the interval [ f97+1(c), f9m~9m+1(c)] C S! containing the critical
point ¢. Note® that diam(D,,) is comparable with |I,,|: this follows from the
real a priori bounds (Theorem 6.3). The geometric estimate is the following (the
statement is taken almost verbatim from de Faria and de Melo [2000, Prop. 3.2]).

Proposition 14.1. There exist universal constants B1 and B, and for each N > 1
there exists n(N ) such that for alln > n(N) the inverse branch f 97+ taking
fIn+1(1,) back to f(I,) is well-defined over 2, N = (Dp—n \ SHU fn+1(1,)
and it is univalent there, and for all z € §2, n we have

dist —qn+1+1 , I :

is (/e () (et
| f(In)| [ 1n]

As stated, Theorem 14.4 was proved in de Faria and de Melo [ibid., §3]. But

the story behind it is a bit more involved. The first version of the complex bounds

in the present context was proved in de Faria [1992] (also de Faria [1999]) under
two further assumptions on f, namely

(14.4)

31t is easy to see that [ f9m+1(c), fIm=dm+1(c)] D Ly U Iyp41.
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(i) the rotation number of f is of bounded type;
(ii) f is an Epstein map.

We say that a real analytic circle map is Epstein if its lift to the real line has a
holomorphic extension F' to a neighborhood of the real axis in the complex plane
in such a way that F' has inverse branches which are globally defined in the upper
(or lower) half-plane. The main examples of Epstein circle maps are the maps in
the Arnold family introduced earlier (see Section 6.1.2). The proof presented in
de Faria [1992, 1999] makes use of the so-called sector theorem of Sullivan (see
Sullivan [1992]; the version used in the circle case is in fact the one proved in de
Faria [1998]). However, the sector theorem can only be used under the bounded
type assumption (i).

That assumption was removed by Yampolsky [1999], using a special case of
Proposition 14.1. Assuming that the map f is Epstein, he exploits in full the
idea of Poincaré neighborhood trapping, already explained in Section 13.1.2 and
that we briefly recall now. Let / C R be a bounded open interval, and write
CWU)=C\NR\J).If¢p:C(J)— C(¢(J)) is a real-symmetric holomorphic
map, then ¢ maps each Poincaré disk Dg(J) = {z : angle(z,J) > 0} into a
corresponding Poincaré neighborhood Dy (¢(J)) with the same angle 6. Here,
0 < 6 < m and angle(z, J) denotes the angle at z under which z views the
interval J. This simple but fundamental fact is easily seen to be a consequence of
Schwarz’s lemma.

The Poincaré neighborhood trapping idea used in Yampolsky’s approach works
because he is assuming that f is Epstein. But if we abandon the latter hypothesis,
then this tool is no longer directly applicable. In order to prove Theorem 14.4, one
needs the following “relaxed” version of Poincaré neighborhood trapping. The
statement is taken almost verbatim from de Faria and de Melo [2000, Lem. 3.3]),
but with an important modification introduced by Yampolsky [2019, Lem. 4.4].

Lemma 14.6. For every small a > 0, there exists 6(a) > 0 satisfying 8(a) — 0
anda/6(a) — 0asa — 0, such that the following holds. Let F : DNC ([0, a]) —
C be univalent and symmetric about the real axis, and assume F(0) = 0, F(a) =
a. Then for all 6 > 0(a) we have F (Dg((0,a))) € Dy_g1+8)9((0,a)), where
0 < 8§ < 1 is an absolute constant.

This lemma is applicable to other situations — see for example Clark, van Strien,
and Trejo [2017]. It is a precursor to the more general almost Schwarz inclusion
lemma for asymptotically holomorphic maps due to Graczyk, Sands, and Swigtek
[2005, Prop. 2], stated in the previous chapter (Proposition 13.2).
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We will derive Lemma 14.6 as a consequence of an elegantly simple result due
to Gaidashev and Gorbovickis [2021] which is an improvement over Yampolsky’s
aforementioned version. In what follows, we will employ the following additional
notation. For each 7 > 0, we will write w(z) = 2arctant. We also let D(J)
denote the doubly-slit disk obtained by intersecting C(J) with the open disk of
radius 1 centered at the midpoint of J.

At this point it is convenient to restate the Poincaré neighborhood trapping
idea as the following Schwarzian inclusion principle. We have already seen this
principle in Section 13.1.2.

Lemma 14.7. Ify : C(J) — C(J) is a real-symmetric holomorphic map, then
for each 6 we have Y (Dg(J)) C Dg(J).

Now, the Gaidashev—Gorbovickis version of the almost Schwarzian inclusion
principle can be stated as follows.

Lemma 14.8. Let J be a bounded open interval on the real line, letb = |J|/2
be such that b < 1, and let ¢ : D(J) — C(J) be a real-symmetric holomorphic
map. Then for each T > 0 such that D, (J) C D(J), we have

¢ (D) () € D)), (14.5)
where
‘L’2 _ b2
ST A+ b2

Proof. We first note that every such map ¢ can be factored as ¢ = v o G, where
G maps D(J) univalently onto C(J) and ¥ = ¢ o G~ ! maps C(J) into itself.
The rough idea of the proof'is to choose G suitably so that it maps every set of the
form Dg(J) contained in D(J) into a slightly larger set Dg/(J) (with 6 slightly
smaller than 6), which will then be mapped into itself by ¢, by Lemma 14.7.

We may assume, without loss of generality, that J is symmetric about the ori-
gin, i.e., J = (—b, b). The map G that does the job is given by

b% +1

As the reader may easily check as an exercise, G is indeed real-symmetric and
univalent in D (J), it fixes the (boundary) points » and —b, and maps D (J) onto
CJ).
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Now, given T > 0 such that D,;)(J) C D(J), let us look for the smallest
Poincar¢é neighborhood Dy (J) that contains G (D) (J)). This is tantamount to
finding the smallest angle under which a point on dG (D (7)(J)) views the interval
J = (=b,b). Given any z € C \ R, the angle under which z views the interval
(—b, b) is arg(R(z)), where

z—b
z4+b’

R(z) =

Now, an easy calculation shows that R(F(z)) = —R(z) R(b?z), so that
arg(R(F(z))) = arg(—R(z2)) + arg(R(bzz)) . (14.6)

For every z € dD,(r)(J), we have arg(R(z)) = w(t) (which means in particular
that arg(— R(z)) is constant). Hence, for such boundary points, the left-hand side
of (14.6) will be smallest when arg(R(h?z))) is minimal. This occurs at the points
tz; = £ib/t € 0Dy (1)(J) (see Figure 14.3). But

(b*+ 1)z, ibt(b*>+1) i

G(z;) = Z% T = T2 iR .

Thus, the point G (z;) sits vertically above the origin, on the imaginary axis. Hence
the angle 6 under which this point views the interval (—b, b) is twice the angle
under which it views the interval (0, b), and the latter has tangent equal to

. b . 2 — b2
- Im(G(zr))  t(1+52)°

Therefore & = 2 arctan t« = w(t«). This establishes (14.5) and finishes the proof.
O

Tx

With this lemma at hand, we are now in a position to give a detailed proof of
Lemma 14.6.

Proof of Lemma 14.6. We apply Lemma 14.8 with J = (0, a), so that here b =
a/2,and with ¢ = F. Given 6 > 0 such that Dg(J) C D(J), let T = tan(6/2)
— hence, in the notation introduced above, we have 6§ = w(t). Note that we must
have t > a for this inclusion to hold. We may assume also that ¢ < 1. According
to Lemma 14.8, we have F(Dg(J)) € Dg,(J), where 05 = o(tx) and

472 — 42
(4 +a?)

Ty =
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Dw(t) (J)

Figure 14.3: The minimum value of arg(R(b?z)) for z € 0D (1) (/) is attained
at the points +z; = +ib/z.

Now we have

Tx a2 2+ 1 1 ra\2

N Cr=NeO8

T v/ 4442 2 \1
Thus, if T > a'/3 then

1
D 1—Zat3, (14.7)
T 2

So now we know how to bound 74« from below in terms of 7, but we need to
translate this into a bound for 0 in terms of 8. At this point, we simply observe
that the function 4 (x) = arctan(x)/x is monotone decreasing for x > 0 (a calculus
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exercise). Hence we have

Ox  o(tx)  arctan(tx) Eh(f*) Tx

0  w(x) arctan(r) 1 h(7) T

Combining this with (14.7), we deduce that
1 43
O > [1— 74 0. (14.8)

This estimate holds provided t > a!/3, that is to say, provided 6 > 6(a), where
0(a) = 2arctan J/a .

The latter function clearly satisfies 8(a¢) — 0 and a/8(a) — Oasa — 0. In
summary, we have just established what we wanted, namely, that if 6 > 0(a),
then

F(Dg((0,a))) C D(1_q1+5)6((0,a))

where § = 1/3. This completes the proof of Lemma 14.6. O

We will also need to know some general facts about complex analytic maps
that are very close to maps with a parabolic fixed-point. In other words, complex-
analytic versions of the almost parabolic maps we encountered before.

Definition 14.3. Let J C R be an interval, and let 6 > 0. A holomorphic univa-
lent map ¢ : Dg(J) — C is called almost parabolic if the following conditions
are satisfied.

(a) ¢ is symmetric about the real axis.

(b) ¢|J is monotone without fixed points.

(c) @ has positive Schwarzian derivative on J .

(d) J N¢(J) is non-empty.

If Ay is the interval J \ ¢(J), the largest a = a(¢) > O such that $*~1(Ay) C J
is called the length of ¢.
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For our purposes, the most important example of a complex almost parabolic
map is the inverse branch of a high first return f9" of a critical circle map f (or
one of its renormalizations), in the situation where a;, is large, that is, the rotation
number is “almost rational”.

In the notation just introduced, the fundamental inequality of Yoccoz proved
in Chapter 7 (see Lemma 7.3) can be restated as follows.

Lemma 14.9 (Yoccoz). There exists Cy > 1 such that for each ¢ € F4 and for
each 0 < j <a—1we have

1 ioA Co
Com)2 < @7 (4Ag)] < G2

wherem(j) =min{j + 1,a — j}.

Given 0 < o < 1, we denote by .%, the family of all complex almost parabolic
maps ¢ such that [A4| > o|J| and [¢?"1(Ag)| > o|J], and also normalized so
that

0.1] = Ag Ug(Ap) U=+ U " (Ag).

Every element of the family .#, whose length is sufficiently large has two fixed
points, symmetric about the real axis. These fixed points are necessarily attracting,
due to the positive Schwarzian property of the maps in .#,. More precisely, we
have the following fact. Let us denote by H the upper half-plane.

Lemma 14.10. Given 0 < o < 1, there exist C > 0 and ag > 0 such that, if
¢ € Fy has length a = a(¢p) > ao, then there exist two attracting fixed points
zy € HNdom(p) and z— =z with
1 C
— < Imzy < —.
Ca a

Moreover, if |z — z4+| < C/a then |z — ¢(z)| < C/a>.

Proof. 'The proof follows from Yoccoz’s Lemma, the saddle-node bifurcation and
a normality argument. O

The family .% is normal in the sense of Montel, and every limit map not in %
is a map with a parabolic (indifferent) fixed point on the real axis, whose multiplier
is necessarily equal to one.
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Lemma 14.11. Given a compact set W C H and an open set D D [0, 1] in the
plane, there exist Ny > 0, 04 > 0 and ax > 0 with the following property. For
each ¢ € Fq such that a(p) > ax and 0(P) < O, the domain of ¢ contains W,
and for each z € W there exists n < Ny such that " (z) € D.

Proof. 1f the statement is false, we find sequences Ny — oo, ay — oo and
Or — 0, maps ¢ € Fo with O(¢r) = O and a(¢r) = ar (whose domains
contain W), and points zx € W such that ¢} (zx), whenever defined, does not
belong to D for all n < N. Since %, is normal and W is compact, we may
assume that the sequence ¢, converges uniformly on compact subsets of H to a
map ¢ : H — H and that z; — z € W. Applying Lemma 2.4 to each ¢y,
we deduce that ¢ has a fixed-point xo € [0, 1]. By the Denjoy—Wolff theorem,
¢"(z) — xo as n — oco. Hence there exists N such that ¢V (z) € D. But then
qbljcv (zx) € D also, for all sufficiently large k, a contradiction. 0

In what follows, we will fix f : S — S! as in the statement of Theorem 14.4.
We will assume wherever necessary that f is normalized so that its critical point is
¢ =1¢€ S Since f is real-analytic, it extends to a holomorphic map f : Ag —
C/Z, where AR is the annulus {z € C/Z : [Imz| < R}. Making R smaller if
necessary, we may assume that f has no critical points outside S!. Using again
Koebe’s distortion theorem, it is easy to see that there exists Ryg > 0 such that,
if z € S' and f(z) is at a distance > Rq from the critical value of f, then the
inverse branch f~! which maps f(z) back to z is well-defined and univalent on
the disk D( f(z), Ro).

On an intuitive level, the key to the proof of Theorem 14.4 is to show that
for all sufficiently large n the n-th renormalization of f satisfies an inequality of
the form |%"(f)(z)| > C|z|® on a neighborhood of the origin, where C is a
universal constant. Thus, the relevant inverse branches of %Z” ( f') behave as cube
roots, mapping a large disk about the origin well within itself, giving rise to a
holomorphic pair. The proof depends on Proposition 14.1 stated above.

For our purposes, the main consequence of Lemma 14.6 is the following.

Lemma 14.12. For eachn > 1 there exist K, > 1 and 6, > 0, with K,, — 1 and
0, — 0asn — oo, such that for all 0 > 6, and all 1 < j < gn+1 the inverse
branch =7+ mapping f7(I,) back to f(I,) is well-defined over Dg(f7 (I,))
and maps this neighborhood univalently into D, ( f (In)).

Proof. Letd, = maxi<j<q, ., |.f J(I,)|; from the real bounds, these numbers go
to zero exponentially with n. Take § > 0 as in Lemma 14.6, and let K, be given
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by
dn+1

Kt =TT (=177 ani*?) .
j=1
Then define 8, = K,,0(d,), where 6(-) is the function in Lemma 14.6. Note that

dn+1
logKn < C ) |/ UnI'T < Cdj .
j=1
Therefore K, — 1 and 6, — 0 as required. Also, d, /6, — 0.
Now fix j as in the statement and suppose 6 > 6,,. Define inductively ¢y = 6
and ;41 = (1 —|fj_i(ln)|1+5)z9,~ fori =0,1,...,j—2,andnote that ¥, 1 >
0/ K. Moreover,

T Cldy
sin @; = 6(dy)

diam (Dﬁi ( ff—i(l,,))) <2 < Ro.

Therefore f~! is well-defined and univalent over Dy, (f J=i(I,)), and by
Lemma 14.6 we have the inclusion f ! (Dy, (f/71(I,))) < Dy, ., (f/7171(1p)).
This completes the proof. O

Remark 14.6. The same result holds if we replace I, by any interval J 2 [, such
that the map f9+1=1: f(J) — f9n+1(J) is a diffeomorphism.

We will need four lemmas concerning the sequence { D, } introduced earlier.
The first is an easy consequence of Lemma 14.12 and the above remark.

Lemma 14.13. There exists mg = 1 such that for all m > myg the inverse branch
9T taking 97 (1) back to (1) is well-defined and univalent in Dy, and

diam(f 471 (D) _ . diam(/ (D)
T RRVIU

The second is the analogue of Yampolsky [1999, Lem. 4.1].

Lemma 14.14. There exist 1 > 0 and my = mq such that for all m > m; and
eachw € f~9m+1(Dy,)\ Dy, we have (a) dist (w, I,,) < C|I,| and (b) for each
X €y, 1 <|arg(w—x)| <m—ey.

Proof. The same proof given in Yampolsky [ibid.] applies here. Invariance of
Poincaré neighborhoods is replaced by quasiinvariance, using Lemma 14.12. [
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The third is the analogue of Yampolsky [1999, Lem. 4.4]. It provides us with
the tools we need for the inductive step in the proof of Proposition 14.1. The
situation is depicted in Figure 14.4.

Lemma 14.15. There exist e > 0 and my > mg such that the following holds
forallm > my. Let L € Dy, \ Dm+y1 be a point not on the circle, and let
U= f7Im@)and {" = f~Im+2(¢"). Then we have either {" € Dy, 1, or else
dist (&, Iy+1) < Clly| and e; < arg (§” — x) < mw —ex forall x € Iy U Ly 41.

Proof. Once again, the proof given by Yampolsky [ibid., Lem. 4.4] can be repeated
here, mutatis mutandis. O

é-//

fam=dm+1(c): Imio ' Imii fam+1—dm+2(c)

Figure 14.4: Poincaré-neighborhood trapping in action.

Notation. Given a point { € C and an interval J = (a,b) C R, we denote by
angle (¢, J) the smallest of the angles & — arg (¢ — a) and arg (¢ — b).

The fourth is a consequence of de Faria and de Melo [2000, Lem. 2.5].

Lemma 14.16. There exist universal constants Ny« > 0 and ax > 0 and some
ms > 0 with the following property. For all m > ms such that ay,+1 > ax and
each w € Vy = f79m+1(Dy,) \ Dy, there exists 1 < i < Ny such that the
iterate (f ~9m+1) (w) is well-defined and belongs to Dy,.



14.5. Complex bounds 417

Proof. Lift f~9m+1 to the real line and normalize it so that I, \ I;,42 becomes the
interval [0, 1] to get an almost parabolic map ¢y,. Note that ¢,, belongs to the nor-
mal family .%, introduced earlier, for some o depending only on the real bounds.
Let W, be the image of V};, under such normalization. It is an easy matter to check
that f~9m+1 (D) N S € D,, N S, so that V,, does not intersect S, and that
W, = Wy N H is compactly contained in H. Therefore, by Lemma 14.14, there
exists a fixed compact set W C H such that W, C W for all sufficiently large m.
Similarly, the normalized copies of D, contain a fixed open set D D [0, 1] for all
sufficiently large m. Hence we can take Ny and a as given by Lemma 14.11. O

Proof of Proposition 14.1. We will start with a point z in the disk D,_ . For the
argument to work, n will have to be sufficiently large. We start taking n > N +
max{m1, my, ms}, where mp, mp and m3 are given respectively by Lemmas 14.14
to 14.16. Let us denote by J_; the interval f9n+17(],). Also, given z, let z_; =
f7%(z) be the corresponding pre-images of z.

The proof runs by finite induction in the range n — N < m < n. Let m be the
largest with the property that z € D,,, and keep in mind that dist (z, I5,) =< |[n].
Consider those moments i; < ip < --- < iy in the backward orbit {J_;} before
the first return to 7,41 such that J_;, C I,. Then, there are two possibilities.

The first possibility is that z_;, ¢ Dy,. Inthis case there exists a smallest k < £
suchthatz_; ¢ Dy, fors =k, k+1,...,£. Weclaim that |J_;, | < |I,]|. This is
clear from the real bounds if £ = a;,4+1 < ax, where a4 is given by Lemma 14.16.
If on the other hand £ > a«, then again by Lemma 14.16 we must have £ —k < Ny,
and the claim follows from Exercise 6.3 (or the original result in de Faria and de
Melo [ibid., Lem. 2.2]). Therefore, by Lemma 14.14,

dist Coig i) _ o Inl o dist )
|‘]—ik| |J—ik| |[n|

(14.9)

Moreover, angle (z—;, , J—;, ) > €1, so there exists 0 = 0(e1, N) suchthatz_;, €
Dg(J-i; ). Now, if n is sufficiently large, 6,, < 6 and we can use Lemma 14.12 to
getthatz_g, ., +1 € Dg g, (f(In)). This gives us

diSt(Z_Qn—l—l"rl’ f(ll’l)) < C//K diSt(Z—ika—ik)

< , (14.10)
|f(n)] VAN
and this together with (14.9) yields the proposition in this case.
The second possibility is that { = z_;, € Dy, and we can assume that

¢ ¢ Dy (otherwise the induction step is complete). In this case, consider
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¢ = f79m() and (" = f79m+2({’) and the corresponding interval J” =
fTdm=4dm+2(J_;,), and apply Lemma 14.15. Then either {” € D,,41, in which
case the induction step is complete, or else dist(¢”, I,,4+1) < C|I,| and
angle (¢”, J") > &1, in which case we can apply the same argument leading to
(14.9) and (14.10).

If the backward orbit survives all the steps of the induction, this means that
intheend z—g, | +¢,_;, € Dn—1. By Lemma 14.13, the image of D,—; under
f~n=1+1 has diameter comparable to | £(1,)|, so the first member of (14.10) is
simply bounded by an absolute constant. So in any case we have (14.4). U

Proof of Theorem 14.4. First we remark that, since f is a cubic critical circle map,
there exists a neighborhood £2 of the critical point of f such that the restriction
f 2 — f(£2)is ofthe form f = ¥ o Q o ¢ where ¥ and ¢ are univalent maps
with universally bounded distortion, with ¢(0) = 0, and Q is the map z — z3.

Let By, B, be the constants of Proposition 14.1 and let us fix a large integer
N. How large N must be will be determined in the course of the argument. By
Proposition 14.1, if n > n(N) then inequality (14.4) holds for all z € £, n.
Making n larger still if necessary, we have f~9+1T1(D,_n) € f(£2). By the
above remark, the branch of f~! mapping f(I,,) back to I, is the composition of
three maps: a univalent map fixing zero, a cube root, and another univalent map
with bounded distortion. Using this fact and inequality (14.4), we have

diam(f 9+ (Da-n)) _ i/BIM + B, (14.11)

[7n] [7n]

for some universal constant C > 0.
Now, as we know from the real bounds (Theorem 6.3), there exist universal
constants K> > K7 > 1 such that, for all sufficiently large n,

diam(D;,—pn)

KN <
! 1]

< KV, (14.12)
If N > 1 is the smallest integer greater than 3log (2C 3/By + B3)/2log K1, we
can check from (14.11) and the first inequality in (14.12) that

diam(f 4" *+! (Dp—y)) _ 1 diam(Dn—n)
[ 7n| 2 [1n]

Note that N depends only on By, B>, K1, C, and is therefore universal. From
these facts, we see at once that for all sufficiently large n the topological disk
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fT4n+1(D,_p) is compactly contained in D, _p, and moreover
mod (Dp—n \ [T (Dp—n)) > 11, (14.13)

where ;> 0 is a universal constant. With these basic geometric bounds at hand,
we can easily construct the holomorphic pair to which %" ( f') extends, in the fol-
lowing way. For more details on this construction, see de Faria [1999, Section 4].
First, let f be the standard lift of f to the real line. For each n, let A, =
T=Pno f 97 (0) and denote by A, the linear map x — A, x. Take the topological
disks “17,; = D, _n and 5,,,1 = f~9n+1(D,_p) in the cylinder and consider their
lifted and normalized copies in C, namely ¥;, = A;l(exp_l(%)) and Oy, =
A (exp™! (577” )) (here, exp~! denotes the inverse branch of the exponential that
maps the critical point ¢ = 1 € S! of f to the origin). Then consider the map

Mn = A;l o T Pn+1 o fq;H—1 OAn : ﬁﬂn - C.

The geometric estimates proved above show that &y, is compactly contained in 77,
while 1, (0%y,) € 7, holds by construction. We define the domains O, , 0,,, and
themaps &, : Og, — C, v, : 0, — C inasimilar way. We obtain in this fashion
a holomorphic pair I, whose underlying critical commuting pair is precisely the n-
th renormalization " (/). In addition, (14.13) shows that the conformal modulus
of I';, is bounded from below by w. Finally, itis straightforward to check that all the
above topological disks have piecewise analytic boundaries, consisting of finitely
many analytic arcs meeting at definite angles, so I, has geometric boundaries.
This completes the proof of Theorem 14.4. O

14.6 McMullen’s dynamic inflexibility theorem

Let f and g be two real-analytic critical circle maps and let & be a quasisymmet-
ric conjugacy between f and g, mapping the critical point ¢ s of f to the critical
point cg of g. Suppose / is C 1€ at the critical point ¢ £, for some € > 0. Then, it
is not difficult to prove (using the real bounds) that the C? distance between %" f
and #Z" g converges to zero exponentially fast as n — oo (and this, as we have
already seen, at least in the bounded type case leads to C! rigidity). Now, one
way to guarantee that & is C 7€ at the critical point is if we know that & extends to
a quasiconformal homeomorphism H (conjugating, say, the holomorphic exten-
sions of f and g on a small neighborhood of their critical points) which happens
to be C ' T%_conformal at the critical point ¢ £ in the following sense.
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Definition 14.4. We say that a map ¢ : C — C is C**_conformal at p € C (for
some a > 0) if the complex derivative ¢’ (p) exists and we have

$(2) = ¢(p) +¢'(P)(z — p) + O(z = p|'™*)
for all z near p.

McMullen [1996] developed a powerful theory that yields in particular a cri-
terion for a conjugacy between two holomorphic dynamical systems to be C 1 T%-
conformal at a point. His definition of holomorphic dynamical system is very
broad, encompassing rational or transcendental maps, Kleinian groups, etc, as well
as all possible geometric limits of such systems.

In order to state McMullen’s criterion, we need some preparatory definitions.
Our exposition here is borrowed from de Faria and de Melo [2000, §7].

Let us denote by 4 (@ xC ) the set of all analytic hypersurfaces of CxC. We
topologize ¥ (C X (C) as follows. If F € C x C is a hypersurface its boundary
OF = F \ F is closed in C x C. Hence, given F € ”f/((C X (C) and a sequence
F;, e ”f/((C X (C), declare F; — F if

(a) 0F; — OF in the Hausdorff metric on closed subsets of C x @;

(b) ForeachopensetU C C x C there exist f,fi :U - Csuchthat UNF =
0, UNF = fi_l(O), each f, f; vanishes to order one on F, F;
respectively, and the sequence f; converges uniformly to f on compact
subsets of U.

Define a set to be closed in ¥ (@ X @) if it contains the limits of all its con-
vergent sequences. As McMullen shows in McMullen [1996, Ch. 9], the space

Y (C x C ) with this topology is separable and metrizable.

Definition 14.5. 4 holomorphic dynamical system is a subset % < ¥V (@ X @).
The elements of ¥ are its holomorphic relations.

One is primarily interested in closed holomorphlc dynamical systems, in other
words, those which are closed subsets of ¥ ((C X (C) The geometric topology
on the space of all closed holomorphic dynamical systems is by definition the
Hausdorff topology on the space of closed subsets of ¥ (@ x C ). As proved in
McMullen [ibid., Ch. 9], the geometric topology is typically non-Hausdorff (hence
non-metrizable), but it is always sequentially compact.

We also need the following notions introduced by McMullen.
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1. Deep point Given a compact set A C C and a positive number §, we say
that a point p € A is a §-deep point of A if for every r > 0 the largest disk
contained in D(p, r) which does not intersect A has radius < r!+

2. Saturation Given a holomorphic dynamical system .%, we define its satura-
tion .7 to be the closure in ¥ ((C X (C) of the set whose elements are the
intersections F N U, where F € Z and U € C x C is open.

3. Nonlinearity A holomorphic dynamical system .% C ¥ (@ X @) is said to
be non-linear if it does not leave invariant a parabolic line field in C.

4. Twisting A (closed) holomorphic dynamical system .% C ¥ (@ X @) is
said to be twisting if every holomorphic dynamical system quasiconformally
conjugate to .% is non-linear.

5. Uniform twisting A family {.#4} of holomorphic dynamical systems is said
to be uniformly twisting if every geometric limit of the family of saturations
{Z5M} is a twisting dynamical system.

6. The family (%, A) Given .% C 7/(@ X (6) and a compact set A in the
Riemann sphere, we define a family (%, A) of holomorphic dynamical sys-
tems in the following way. For each baseframe w in the convex-hull ch(A)
of A in hyperbolic 3-space, let T, be the fractional linear transformation
that sends @ onto the standard baseframe wg at (0,1) € C x Ry = H3.
Define (.#, w) to be the dynamical system 7.} (.%), the pull-back of .# by
Tyw. Then let (F, A) be the family of all (%, w) as w ranges through the
baseframes in ch(A).

Now we have everything we need to state McMullen’s dynamic inflexibility
theorem. The proof is given in McMullen [ibid., p. 166].

Theorem 14.5 (Dynamic Inflexibility). Let .% C ¥ ((6 X @) be a holomorphic
dynamical system and let A C C bea compact set. If (¥, A) is uniformly twist-
ing and ¢ : C—>Cisa K-quasiconformal conjugacy between % and another
holomorphic dynamical system .7, then for each §-deep point p € A the map ¢
is C1*% conformal at p, for some a > 0. O
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14.7 Proof of exponential convergence

With McMullen’s dynamic inflexibility theorem at hand, we prove Theorem 13.1.
By the complex bounds, every sufficiently high renormalization of a real-analytic
critical commuting pair extends to a holomorphic commuting pair with good geo-
metric control. Moreover, a quasisymmetric conjugacy between two such renor-
malized critical commuting pairs (mapping critical point to critical point) extends
to a quasiconformal conjugacy between the corresponding renormalized holomor-
phic commuting pairs, by the pull-back argument. All one has to do, then, is to
prove two things: (a) that the critical point of a holomorphic commuting pair is
8-deep for some § > 0; and (b) that the full holomorphic dynamical system gener-
ated by a holomorphic commuting pair is uniformly twisting in its limit set. The
precise statements — modulo the notion of good geometric control, which we do
not define here — are as follows.

Theorem 14.6 (Deep Critical Point). Let I" be a holomorphic pair with arbitrary
rotation number and limit set #T. Then there exists § > 0 such that the critical
point of I is a 8-deep point of HT.

Theorem 14.7 (Small Limit Sets Everywhere). Let I be a holomorphic pair with
good geometric control and irrational rotation number of bounded type, and let
T be its limit set. Then for each zo € Fp and each r > 0 there exists a
pointed domain (U, y) with |zo — y| < r and diam(U) =< r, and there exist some
iterate of I' mapping (U, y) onto a pointed domain (V, 0) univalently with bounded
distortion. In particular, U contains a conformal copy of some renormalization of
I" whose limit set has size commensurable with r.

These results are exact analogues of results obtained by McMullen in the con-
text of (bounded-type, infinitely renormalizable) quadratic-like maps. Used in
combination with Theorem 14.5, they yield the exponential convergence of renor-
malizations of Theorem 13.1 in the bounded type case. Theorem 14.6 was proved
in de Faria and de Melo [2000] as stated here, without any assumption on the ro-
tation number (other than being irrational). In that same paper, Theorem 14.7
is stated and proved under the assumption that the rotation number is an irra-
tional of bounded combinatorial type. This assumption was removed by Khmelev
and Yampolsky [2006]. When the sequence of partial quotients of the continued-
fraction development of the rotation number is unbounded, renormalization or-
bits may accumulate on commuting pairs having a fixed point (being in particular
non-renormalizable). Such fixed point is necessarily parabolic (with multiplier
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one), since the limiting pair is accumulated by pairs with no fixed points. Roughly
speaking, the idea developed by Khmelev and Yampolsky was to apply the theory
of parabolic bifurcations (see Douady [1994] and Shishikura [1998, 2000] and
references therein) to holomorphic commuting pairs, in order to understand the
geometry of the domain of definition of pairs with arbitrarily small rotation num-
ber. With this at hand, the authors were able in the end to adapt, to the unbounded
type case, the proof of Theorem 13.1 for the bounded type case explained above,
see Khmelev and Yampolsky [2006, secs. 6 and 7].

14.8 Hyperbolicity of renormalization

In the previous section we have finally established Theorem 13.1, which assures
exponential convergence of renormalization of real-analytic critical commuting
pairs with the same irrational rotation number and the same odd type at the criti-
cal point. As explained in Chapter 13, this dynamical picture can be promoted to
critical commuting pairs with a finite degree of smoothness, as in Theorems 13.2
and 13.3. These two results can be regarded as the state of the art concerning expo-
nential convergence of renormalization of critical circle maps (with a single critical
point). As explained in Chapter 10, they imply the rigidity results Theorems 10.1
and 10.2.

At this point, one would like to discuss the hyperbolicity of renormalization
(in the sense of Smale, i.e., uniform contraction/expansion on the tangent bundle).
To give a meaning to this problem, one first needs to endow the phase-space of the
renormalization operator with a smooth structure (a Banach manifold structure)
on which Z is (Fréchet) differentiable. As it turns out, this is a difficult problem
that obstructs the hyperbolicity discussion directly in the space of critical com-
muting pairs. To overcome this problem, at least for real-analytic pairs, a crucial
idea in this area was developed by Yampolsky [2002, 2003]. Roughly speaking,
Yampolsky’s idea was to replace the renormalization operator %, acting on the
space of commuting pairs, with an analytic operator, the cylinder renormalization
operator, defined on a complex-analytic Banach manifold. This operator was con-
structed in Yampolsky [2002, Section 7], while hyperbolicity of periodic orbits and
the construction of the corresponding stable manifolds were given in Yampolsky
[ibid., secs. 8 and 9]. Finally, hyperbolicity of the whole horseshoe-like attractor
for the cylinder renormalization operator was obtained in Yampolsky [2003] and
re-obtained in Khmelev and Yampolsky [2006, Section §].

It would take us too far afield to discuss the aforementioned hyperbolicity in
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any real depth. Therefore, in the discussion to follow, we will merely describe
the two main renormalization schemes used by Yampolsky: cylindrical renormal-
ization (roughly described above) and parabolic renormalization. The latter is
required to treat the unbounded type case.

14.8.1 Cylindrical and parabolic renormalizations

We forewarn the reader that what follows is a simplified description of the tools
introduced by Yampolsky in the study of renormalization of critical circle maps
covering the unbounded type case. In this short subsection we can hardly do justice
to the wealth of ideas involved, and no details are given. Indeed, in order to make
the discussion complete, we would need to go way beyond the scope of this book.
For the most part, we conform with the notation used by Yampolsky in his papers.

As we have seen earlier in this book, the process of renormalizing a circle
map around a given point p requires us to cut the circle at two consecutive closest
returns of the orbit of p to p and then consider the first return map to the result-
ing interval. If we try to glue the interval in question to get a new smooth circle
and a new circle map, we find that the there is no canonical way of identifying
such smooth boundaryless one-dimensional manifold with the standard affine unit
circle S' = R/Z. Hence, by using this approach, we are not able to define the
renormalization operator on a space of circle maps, but have instead to deal with
commuting pairs.

A different, clever procedure was introduced by Yampolsky [2002] to circum-
vent this difficulty in the analytic case. This procedure is called cylinder renormal-
ization, and the rough idea is as follows. An analytic critical circle map f has a
holomorphic extension to a neighborhood of S! inside the cylinder C/Z. A suf-
ficiently deep renormalization (without rescaling) of f around its critical point ¢
is given by a pair of the form (f9, f49n+1) which extends to a holomorphic com-
muting pair (7, £) in a small neighborhood of c. If the partial quotient a; +1 of the
continued fraction expansion of p( /) is very large, then 7 is an almost parabolic
map, and as such it has two repelling fixed points, symmetric about the unit circle.
Joining then by a simple smooth arc £, we look at the “crescent” region bounded
by the closed curve £ U n(£) and consider the first return map to this region. Glue-
ing the two arcs by 7, we get a new cylinder C ¢ bi-holomorphically equivalent
to C/Z, and through this equivalence the first return map to C s becomes a new
analytic map defined on a new neighborhood of S inside C/Z. What makes this
procedure work is the fact that the conformal identification of C s with the stan-
dard cylinder C/Z ~ C* is unique up to post-composition with a linear map of
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the form z — Az (a conformal automorphism of C*); it is therefore unique once
we normalize one point — say, by sending ¢ to 1 € S'). In this way, we get a renor-
malization operator acting directly on cylinder maps (rather than on holomorphic
commuting pairs).

However, even with the cylinder renormalization operator in place, we still
have problems when trying to use, say, compactness arguments. When the rota-
tion number is of unbounded type, holomorphic pairs arising as limits along a sub-
sequence of renormalizations will develop parabolic fixed points, and these limits
are not renormalizable in the sense we defined. To circumvent this difficulty, Yam-
polsky borrowed the idea of parabolic renormalization from the works of Douady
[1987] and Shishikura [1998, 2000], adapting it to the context of critical circle
maps. Parabolic renormalization can be viewed as a limiting case of cylindrical
renormalization. Conversely, and perhaps more surprisingly, cylindrical renormal-
ization can be thought of as a natural unfolding of parabolic renormalization as one
goes through a parabolic bifurcation (say in a one-parameter family of maps). Due
to this, it is more convenient to first describe parabolic renormalization, and this
is what we will do next.

Parabolic renormalization: Fatou coordinates

In order to define parabolic renormalization, we first need to introduce a few facts
concerning the local structure of a holomorphic map in a neighborhood of a par-
abolic fixed point. Rather than doing this in full generality, we only examine the
case of specific interest to us.

Let ¢ : W — C be a holomorphic univalent map defined on a topological
disk symmetric about the real axis, and suppose ¢ is a Epstein map, so that ¢
maps Wt = WNCT (respectively W~ = W NC~ onto CT (respectively C™).
We assume that ¢ has a parabolic fixed point p € R, so that locally around p the
map ¢ can be written as ¢(z) = z 4+ a(z — p) + O((z — p)?). Then one can show
(see Yampolsky [2001, p. 554]) the following:

(i) There exist symmetric topological disks U4, UR ¢ C with UANUR =
{p} such that U4 U UR is a punctured neighborhood of p and we have

p(UA) cUAU{p}, ¢ " (UR)cURU{p},

as well as

(¢’ WA ={pt= o/ UR).

Jj=0 j=0
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(ii) There exist holomorphic univalent maps ®4 : U4 — C and ®® : UR —
C such that

@A(qﬁ(z)) = @A(z) +1, forallze U4,

as well as
dR(p(2)) = dR(z) -1, forallz e UR.

(iii) The quotient Riemann surfaces C4 = U4/¢ and CR = UR/¢ are both
conformally equivalent to C/Z.

The region U4 is called an attracting petal for ¢, and the region U R is called a
repelling petal for ¢. The maps @4 and @R conjugate the dynamics of ¢|; 4 and
@|y r, respectively, to translations, and are unique up to post-composition with
translations. They are called Fatou coordinates for ¢. The cylinders C4 and C R
are called Ecalle—Voronin cylinders of ¢.

Now, let mq : U A 5 Cc4and 7r: UR > C 4 be the natural projections.
Note that the cylinders C4 and C R both have natural equators, namely the quo-
tients E4 = (UANR)/¢ and ER = (UR N R)/¢. They also each have a north
pole and a south pole. Fix a base point z4 € E4 and identify C4 with C/Z via
the unique bi-holomorphic map C4 — C/Z that sends E4 onto R/Z and maps
z4 t0 0 (and north pole to north pole and south pole to south pole). Likewise, fix
a base point zR € ER and identify C R with C/Z via the unique bi-holomorphic
map CR — C/Z that sends ER onto R/Z and maps z & to 0 (and again preserves
north and south poles). By a transfer isomorphism we mean a bi-holomorphic map
t: C4 — CR which sends E4 onto ER, preserving the natural orientation of
these circles provided by the identifications just described. Thus t corresponds to
a unique rotation of the cylinder C/Z by an angle 8 € R/Z. Accordingly, we
write T = 1p.

We are now ready to define the parabolic renormalization of a holomorphic
pair { = (7, £) in which the map ¢ = 7 has a parabolic fixed point. The procedure
will produce a one-parameter family of holomorphic pairs, one for each choice
of & € R/Z. Let us fix inverse branches nzl and 711;1 of both projections. Let
N > 1 be such that 7V 0 5(0) € n;l (C4), and let M > 1 be the smallest integer
with the property that

™ ong' otgonaon’ 0£(0) € [1(0).0] SR

Thus, we have the situation depicted in Figure 14.5. Therefore consider the com-
position
y=nMong'otgomgon™ ok,
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Figure 14.5: Parabolic renormalization. Here, 79 = 711;1 0TgoOTY.

It is possible to prove that y has a well-defined extension to a neighborhood of
the interval [7(0), 0] which is independent of the choices of inverse branches nzl
, nI;l. The parabolic renormalization of ¢ = (n, §) corresponding to 6 is defined
to be the normalized commuting pair

P e

Pyl = (J/l[n(o),o], 7]|[0,y(0)]) -

At this point we may ask: What is the connection between parabolic renormal-
ization as just described and the notion of renormalization of holomorphic com-
muting pairs previously defined? One answer is provided by Proposition 14.2
below.

Douady coordinates

Let us now fix a map 9 € & in the Epstein class. We consider here small
perturbations* of 19 in &. We assume to start with that nq is a parabolic map, i.e.,

4The topology on & is taken to be the Carathéodory topology. See for instance McMullen [1996,
p- 75].
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no has a unique parabolic fixed point p € R with multiplier equal to 1. Then for
every sufficiently small perturbation 1 of 19 in & the parabolic fixed point p of
no splits into a pair of repelling fixed points for 7, say p,;” € C* and p,” € C~,
symmetric about the real axis (p, = p,;r ). Let /\;7" and A7 be the multipliers
of p,‘f and p,, respectively. Then we have )L,:;: — 1 as n — no. Some simple

considerations involving the notion of holomorphic index of a fixed point (see
Exercise 14.5) imply that
1 1

0. : 14.14
1—W+1—AE_) as 1 — no (14.14)

Taken together, these facts imply that arg(1 — )Lf,:) — 0as n — ng. One can show
that there exists a neighborhood % (n9) C & with the following property. For
every n € % (no) with | arg(1 — /\ni)| < /4 there exist topological disks U,;‘1 and

R A R : ; ; A.77A
U," such that U*UU," is a neighborhood of p, and univalent maps @, : U* — C

and @f : UnR — C (unique up to post-composition with translations) which
conjugate the dynamics of n with translations by —1 and +1 respectively, that is
to say

oA (n(2) = & (2) + 1 and R (n(2)) = dR(2) - 1.

As before, the quotient Riemann surfaces C,}‘l = U,;‘l /nand C,f2 = U,]R /1 are both
bi-infinite cylinders, i.e. conformally equivalent to the standard cylinder C/Z.
The maps @,‘14 and @f are called the Douady coordinates for n.

It is possible to prove that, as  — ng (in the Carathéodory topology), one
has @,;4 — @4 and qD,f — @R uniformly on compact subsets of U4 and UR,
respectively — in other words, the Douady coordinates of 7 converge to the Fatou
coordinates of 1. This form of continuity implies the following result.

Proposition 14.2. Let & = (N, &), kK > 1, be a sequence of renormalizable
commuting pairs in the Epstein class, and let { = (1, §) be a parabolic commuting
pair such that &, — ¢ as k — oo (in particular, the rotation numbers p(Cr)
converge to 0). Suppose also that the renormalizations Z&y. converge to another
commuting pair . Then there exists 0 € R/7Z such that P¢¢ = C.

This proposition establishes the desired connection between the standard no-
tion of renormalization and the notion of parabolic renormalization. Putting the
two renormalization schemes together is a sort of ”compactification”” of the renor-
malization operator, and with this at hand one can adapt McMullen’s theory to the
context of critical circle maps through the use of towers of holomorphic commut-
ing pairs.
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Cylindrical renormalization

We close this chapter with some brief words about the cylinder renormalization
operator introduced by Yampolsky [2002]. As we saw in Section 10.2, a commut-
ing pair represents a whole conjugacy class of critical circle maps, and therefore
the renormalization operator acts on such classes. The concept introduced by Yam-
polsky has two main advantages. First, the cylinder renormalization operator acts
directly on maps, rather than on their conjugacy classes. Second, it extends to
an analytic operator in the Banach manifold By of analytic critical circle maps
defined in some equatorial neighborhood V' of the circle R/Z inside the cylinder
C/Z.

Let us be a bit more formal. By a cylinder map wemeanamap f : V — C/Z,
where V' C C/Z is an equatorial neighborhood, which is holomorphic, has a
unique (cubic) critical point at 0 € R/Z, and is such that the restriction f|gr,z
maps the equator R/Z homeomorphically onto its image f(R/Z). The space of
all cylinder maps with domain V is denoted By . With the help of the implicit
function theorem, this can be shown to be a complex Banach manifold — whose
real slice 35, consisting of those f € By which preserve the equator, is precisely
the space of real-analytic critical circle maps having a complex analytic extension
to V. See Yampolsky [ibid., pp. 23—24] for details.

We say that a cylinder map f € By is cylinder renormalizable if there exist
g > 1 and an equatorial neighborhood W C C/Z if the following holds:

(1) There exist two f-periodic points p;, p» € V of period ¢ and a simple arc £
joining them such that f4(¢) is also a simple arc and f2(¢) N{ = {p1, p2}.

(2) The union £ U f9({) bounds a simply connected region C s C V on which
f? is univalent — called a fundamental crescent for f — and the inverse
f 79 ra(c,) extends to C s as a univalent map.

(3) The quotient of €r(p1, p2) = Cr U f9(Cr) \ {p1. p2} by the action of
f1 is a Riemann surface conformally equivalent to the bi-infinite cylinder
C/Z, i.e., there exists a bi-holomorphism ¥ : € r(p1. p2) — C/Z.

@) Ifz e C_f\{ p1, p2}andits positive orbit { £/ (z) : j > 1} intersects C_f, let
n(z) =min{j > 1: f/(z) € Cr},andlet Vy = {z € Cs : n(z) < oo}.
Then set Rc, : Vy — Cy by R, (z) = f"@(z) (note that this is a first
return map).
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(5) Let I7f =Vy/f9C€r(p1.p2)and ﬁcf = Rc,/f? (the quotient space
and quotient map, respectively).

(6) Putting Wy = W(Vf) C C/Z and letting f : Wy — C/Z be defined so
that the diagram

Rc
Ve —1 Cr(p1.p2)

Wy C/z

commutes, then W C Wy and f is a cylinder map belonging to By .

The map f |w € Bw thus defined is called a cylinder renormalization of f of
period q. What is the relationship between the notion of cylinder renormalization
and the standard notion of renormalization previously introduced in this book? An
answer to this question is provided by the following result. Let us agree to call a
cylinder map an analytic critical circle map if it preserves the equator R /Z and
its restriction to the equator is a critical circle map.

Proposition 14.3. Let f € By be an analytic critical circle map, and suppose
that its rotation number p(f) is irrational. If f is cylinder renormalizable with
period g = qn (Where gy, is a return time for f), then the corresponding cylinder
renormalization f is also a critical circle map, with rotation number G" (p(f))
(where G is the Gauss map). Moreover, its renormalization % f is analytically
conjugate to Z#" T f.

Note that a given cylinder map f € By can be cylinder renormalized in sev-
eral different ways. However, if we fix the period ¢ and the equatorial neigh-
borhood W, then every g € By sufficiently close to f will also be cylinder
renormalizable with period ¢, and ¢ € By . In fact, using the theory of holo-
morphic motions, Yampolsky shows that ¢ depends holomorphically on g. The
cylinder renormalization procedure just described can also be defined for holo-
morphic commuting pairs { = (7, £) in the Epstein class, and in this context it can
be made more canonical because the natural periodic points to use are the (symmet-
ric) fixed points p,jf of the maps 5. This is the basis for obtaining a well-defined,
Fréchet differentiable cylinder renormalization operator Z,1 whose hyperbolicity
properties can then be studied.
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There would be much more to be said, but we choose to stop here.

Final remarks

There is a large literature on parabolic bifurcations, on both their local and global
aspects, and on parabolic renormalization. The reader interested in delving deeper
into this subject may start with Milnor [2006] for the basic local theory and then
consult Shishikura [2000], as well as the book by Lanford and Yampolsky [2014]
for global aspects. The theory of parabolic renormalization was used by Shishikura
in his celebrated proof that the boundary of the Mandelbrot set has Hausdorff di-
mension equal to 2 — see Shishikura [1998] — and more recently by Buff and Chéri-
tat in their construction of Julia sets of positive measure — see Buff and Chéritat
[2012].

Exercises

Exercise 14.1. Prove Lemma 14.3.

Exercise 14.2. Complete the proof of Theorem 14.3 by showing that holomorphic
commuting pairs have no wandering domains (see Section 11.2).

Exercise 14.3. Prove Lemma 14.13.

Exercise 14.4. Prove that the family .%, of complex almost parabolic maps intro-
duced in Section 14.5 is a normal family in the sense of Montel.

Exercise 14.5. Let f : U — C be a holomorphic map and suppose zg € U is an
isolated fixed point of f. We define the holomorphic index of f at zq to be the
integral

. 1 dz
i(/i20) = 2mi /C z— f(z)’
where C is any simple closed curve containing zg in its interior, and no other fixed
point of f, oriented in the counterclockwise direction.

(1) Show thati(f;zg) varies continuously with f (in an appropriate sense).

(ii) Let A = f'(z¢) be the multiplier of the fixed point zg. Show that (a) if
A # 1, theni(f;z9) = (1 —2A)"!;and (b)if A = 1, theni(f;z9) = O.
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(iii) Let D be a closed topological disk contained in U, and suppose f has ex-
actly N fixed points inside D, say zg, z1, ..., Zny—1. Show that

N-1

1 dz o
2mi /BDz—f(z):Z’(f’Zf)'

Jj=0

(iv) Use items (i),(ii) and (iii) to prove (14.14).



We end this book with some remarks, conjectures and open questions on multicrit-
ical circle maps.

1. Recall that in Chapter 6 we introduced the notion of signature of a multi-
critical circle map (see Definition 6.2). We may re-state Question 10.1 as
follows. Let f.g : S! — S! be two C? multicritical circle maps with the
same signature, and let 7 : S — S be a conjugacy between f and g such
that 4 maps each critical point of f to a corresponding critical point of g. Is
h a C! diffeomorphism? Are there conditions on the rotation number that
make £ better than C1? To the best of our knowledge, no rigidity results
are available for maps with N > 3 critical points®. As mentioned in Sec-
tion 6.1.1 (see Remark 6.1), a construction similar to the one developed by
Zakeri, in order to prove Theorem 6.1, could be useful as a starting point.

2. What about (multi)critical circle maps with non-integer criticalities? Not
even the existence of periodic orbits (for renormalization) in the unicriti-
cal case has been established yet in full generality (for real-analytic uni-
critical circle maps with bounded combinatorics, Gorbovickis and Yampol-
sky [2020] were able to establish both existence and hyperbolicity of the
horseshoe-like attractor (recall Section 13.4), but only allowing criticalities
close enough to an odd integer). For unimodal maps, this problem has been
completely solved by Martens [1998] (see also Gorbovickis and Yampolsky

S A recent preprint by Gorbovickis and Yampolsky [2021] contains a proof of the C 11¢ rigidity
problem for real-analytic maps with bounded combinatorics.
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[2018]), but it is unclear to us whether his methods can be adapted to the
circle case.

3. As already mentioned, the full Lebesgue measure set A C (0, 1) of rotation

numbers considered in Definition 10.4, for which C ! rigidity holds, was
originally defined in de Faria and de Melo [1999, §4.4]. A natural question
is: Are these conditions optimal? In other words, is A the largest set of
rotation numbers for which statement (3) in Theorem 10.1 is true?

4. Another way to approach the previous question is to look at the complement

of the set A. In Section 10.5, a saddle-node surgery technique was used
to build C*> counterexamples to C 1+ rigidity for each rotation number
o = lag,a1,as,...] satistying a, > 2 for all n and

lim sup l loga, = o00.
n—oo N

Can such counterexamples be built for every rotation number not in A? An
analogous question can be asked in the analytic category. In Avila[2013] (re-
call Theorem 10.6), using parabolic surgery, Avila constructed real-analytic
counterexamples to C ! T rigidity for each rotation number in another set of
rotation numbers (still properly contained in the complement of A). What
is the optimal class of rotation numbers in this case? Is it still the whole
complement of A?

. The problem of global hyperbolicity of the renormalization operator for

C” unimodal maps was solved in de Faria, de Melo, and Pinto [2006],
through a combination of the deep holomorphic results obtained by Lyu-
bich [1999] (later improved by Avila and Lyubich [2011]) with certain tech-
niques of non-linear functional analysis borrowed from the work of Davie
[1996]. Can these ideas be adapted to the study of the renormalization of
C” (multi)critical circle maps? There are several difficulties to overcome
here, such as to provide a suitable definition of a manifold structure directly
in the space of real analytic critical commuting pairs. If this space can be en-
dowed with a Banach manifold structure under which the renormalization
operator is hyperbolic, then it is not too difficult to push such hyperbolic-
ity to the space of C” critical commuting pairs (see Voutaz [2006]). Re-
call, however, that the space of cylinder maps defined by Yampolsky (see
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Section 14.8) does have a complex Banach manifold structure, and that, in
somewhat imprecise terms, the cylinder renormalization operator does act
as a holomorphic map in this space. So perhaps an alternative approach to
C7 hyperbolicity exists which avoids commuting pairs altogether.

Is it possible to prove Theorem 13.2 and Theorem 13.3 without appeal to
holomorphic methods? Although quite powerful, the use of holomorphic
methods limits the discussion to maps all of whose critical points have inte-
ger criticalities. See problem (2) above.

Is Theorem 10.1 still true if the maps f and g are only C3?

. Rigidity in the space of C? maps is most likely false. Can one construct

explicit examples? What about rigidity in the space of C2T% maps?

Let f : ST — S! be a C*™ multicritical circle map, all of whose critical
points are non-flat. As we know from Section 2.3, f is uniquely ergodic.
Is f distributionally uniquely ergodic? More precisely, is it true that, for
each k € N, the linear space .@;{ (f) is one-dimensional? As mentioned
in Section 8.4, this is true for k = 1 (see Theorem 8.9). Recall also that
every C° diffeomorphism of the circle with irrational rotation number is
distributionally uniquely ergodic (Theorem 3.13).

Finally, one topic that we did not touch at all in this book is what is com-
monly referred to by physicists as mode locking universality. In a typical
(monotone) one-parameter family of (uni)critical circle maps, such as the
Arnold family, the set of parameters for which the rotation number is ir-
rational constitutes a Cantor set (see Figure 6.2), called the mode-locking
Cantor set. 1t is conjectured that the Hausdorff dimension of this Cantor
set is a universal number — which has been numerically computed to be ap-
proximately 0.870.. ., see Cvitanovi¢, Gunaratne, and Vinson [1990]. It
has been shown by Graczyk and Swigtek [1996] that this dimension indeed
lies strictly between zero and one. In particular, the Cantor set in question
has zero Lebesgue measure. This is in sharp contrast with what happens
in typical one-parameter families of circle diffeomorphisms: in such cases,
Herman [1988] had already shown in the seventies that the corresponding
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Cantor set has positive measure. Universality of the Hausdorff dimension
in the critical case would follow from a careful study of the holonomy of the
lamination determined by the stable manifolds of the renormalization oper-
ator (acting on a suitable space of critical commuting pairs), presumably in
a similar manner as in the corresponding study of holonomy carried out for
C” unimodal maps in de Faria, de Melo, and Pinto [2006]. For more on the
empirical study of the scaling geometry of the mode-locking Cantor set, see
the work by Cvitanovi¢, Shraiman, and Soderberg [1985].



In this appendix we briefly discuss the relationship between continued fraction
expansions and the ergodic theory of the Gauss map. The reader can find much
more about this beautiful subject in the books Billingsley [1965], Cornfeld, Fomin,
and Sinai [1982], and losifescu and Kraaikamp [2002]. Here we content ourselves
to providing a proof of the fact that the set A C (0, 1) given by Definition 10.4
has full Lebesgue measure (see Corollary A.1 and Lemma A.3 below).

A.1 Expansions as itineraries

For any real number x denote by | x| the integer part of x, that is, the greatest
integer less than or equal to x. Also, denote by {x} the fractional part of x . {x} =
x — |x] €0, 1). Recall from Chapter 1 that the Gauss map G : [0,1] — [0, 1] is
given by

1
G(p) = {—% for p # 0, and G(0) = 0.
0
Note that both Q N[0, 1] and [0, 1]\ Q are G-invariant. Under the action of G, all

rational numbers in [0, 1] eventually land on the fixed point at the origin (see Ex-
ercise A.6). On the other hand, the positive orbit of any irrational number remains
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k+t1’ %) In this appendix, we briefly
discuss the following dynamical definition of continued fraction expansions.

in the open set (g~ M, where My = (

Definition A.1. 7he continued fraction expansion of an irrational number in [0, 1]
is the sequence given by its itinerary under G, according to the partition | J k>1 Mk

More precisely, we identify each irrational number p in [0, 1] with the sequence
lao,ai,...] defined by G"(p) € M,, for all n € N. In other words, for any

0 € (0,1)\ Q and any n € N we have that G"(p) € (k—}rl, %) if, and only if,

an, = k. Tt is easy to see that this definition coincides with the one used along the
book. Indeed, if

belongs to (1/(k + 1), 1/k), then ag = BJ =k and G(p) = —
a + 1

az + —

since

In particular, the Gauss map acts as a left shift on the continued fraction ex-
pansion of p. Indeed, since for each k > 1 the restriction G|y, is an expanding
diffeomorphism onto (0, 1), it can be proved (see Exercise A.7) that the map &
from [0, 1] \ Q to NY identifying each irrational number to its itinerary under G
is a homeomorphism (endowing NN with the product topology). Therefore, the
action of G on [0, 1]\ Q is topologically conjugate to the left shift o : NN — NN
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mapping [ag, a1, ...] to [a1,az,...]:

G

[0,1]\ Q [0,1]\ Q
h h
NN . NN

A.2 'The Gauss measure and almost surely properties

As we have seen in the fourth part of the present monograph, irrational numbers of
bounded type play a major role in the rigidity theory of multicritical circle maps.
Let us recall here their definition.

Definition A.2. An irrational number p € [0, 1] is of bounded type if there exists
a constant K > 0 such that a, < K foralln € N.

The set of numbers of bounded type is dense in (0, 1). Indeed, as it is not
difficult to prove (see Exercise A.3), the set of periodic orbits of ¢ is dense in N,
which implies that irrational numbers with periodic continued fraction expansion!
are dense in (0, 1). On the other hand, from the measure-theoretical viewpoint, we
have the following result.

Lemma A.1. The set of numbers of bounded type has zero Lebesgue measure.

As it is well known (see for instance Mané [1987]), the map G admits an
invariant ergodic Borel measure v (called the Gauss measure) given by

1

A) = e
V(4 log2 J41+p

for any Borel set A C [0, 1].

Note that v(0, p) = log(1 + p)/ log2 for any p € [0, 1], so the coefficient 1/log?2
turns v into a probability measure on the unit interval. If we denote by m the

Tt is worth mentioning here that the set of irrational numbers with periodic (or eventually peri-
odic) continued fraction expansion coincides with the set of quadratic algebraic numbers, i.e., the
set of roots of all quadratic polynomials with integer coefficients (a proof of this result, due to La-
grange, can be found in Khinchin [1997, Section 10], see also Exercise A.5). Algebraic numbers
of higher degree are also interesting from the continued fraction expansion viewpoint, see Khinchin
[ibid., Section 9] and also Appendix A.3 below.
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Lebesgue measure on [0, 1], we immediately have

1
A)<v(A) < —m(4
2log2m( ) svid) 10g2m( )

for any Borel set A C [0, 1]. In particular, the Gauss measure v is equivalent to
the Lebesgue measure on [0, 1] (i.e., they share the same null sets).

Proof of Lemma A.1. Consider the increasing sequence { K, }menN of subsets of
[0, 1] defined by

Km={pe[(),1]\(@ : p=lag,ay,...] witha, <m forallneN}.

Note that each K, is a Cantor set, homeomorphic to {1,2,...,m — I}N. The
union | J,,,ey Km coincides with the set of numbers of bounded type. Since the
Gauss measure is equivalent to Lebesgue, it is enough to prove that v(Km) =0
for each m € N. But this follows at once from the ergodicity of v under G, since
each K, is a G-invariant set contained in the interval (1/m, 1). O

For the classical proof of Lemma A.1, with no dynamical arguments, we refer
the reader to Khinchin [1997, Section 13]. A much more precise statement can be
obtained from Birkhoft’s Ergodic Theorem.

Proposition A.1. For Lebesgue almost every p in [0, 1] we have that every integer
k > 1 must appear infinitely many times in the continued fraction expansion of
o= [ao,al, . ] Moreover, if we define

1
(p, k) = —#{ogj <n:aj =k},
n
we have that {‘[n (p, k)}neN converges to the positive value
! | 1+ !
— O — s
log2 g k(k +2)
that only depends on k.

Proof. Since

1 , .
(p. k) = ;#{0<J <n:G'(p) e My},
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we deduce from Birkhoff’s Ergodic Theorem that

1 1
li k) =v(My) = 1 1+ —F-

for v almost every p (and then the same holds for Lebesgue almost every p). [

Since the asymptotic frequency given by Proposition A.1 is strictly decreas-
ing in k, one should expect that typical numbers, even having unbounded partial
quotients, have slow growth. This is explicitly formulated in the following lemma.

Lemma A.2. Let {b,},eN be any given increasing sequence of positive numbers
such that )", N 1/bn < oo. For Lebesgue almost every p = [ao,al, . ] in
[0, 1] we have a, < by, for all n large enough.

Proof. For each n € N consider the sets U, = {p tdap > bn} and V,, = {p :
ap > bn}. We want to prove that

v (limsup Un) =v m U U, | =0. (A.1)

n—+00 keN n>k

Since G (V) = Uy and V;, C (0. 1/by), we have that

1
v(Uy,) < v(O, l/bn) = @ log (1 + —) <
for n large enough. In particular, ), .y V(Up) < oo and then (A.1) follows from
the Borel-Cantelli Lemma. O
Corollary A.1. For Lebesgue almost every p in [0, 1] we have
1 , 1 <
lim —loga, =0 and limsup— Z loga; < oo.

n—oon n—o00 nj—l

Lemma A.3. For Lebesgue almost every p in [0, 1] we have

1 k+n k
- Z loga; < C(p) (1 + log —) forall 0<n <k, (A.2)
n n

j=k+1

where C (p) > 0 depends on p.
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As mentioned in Chapter 10 (see Definition 10.4), the set of numbers satis-
fying both Corollary A.1 and Lemma A.3 simultaneously was first considered in
de Faria and de Melo [1999, Section 4.4]. Corollary A.1 follows straightforward
from Lemma A.2 by taking, say, b, = n!™¢ for any ¢ > 0. We proceed now to
prove Lemma A.3, following de Faria and de Melo [ibid., App. C].

We remark that all probabilistic estimates below will be done for the Gauss
measure v. Note first that the probability pj that the n-th partial quotient a, (p)
be equal to a given integer kK > 1 is

1 1 2
(A.3)
From this, we see that the probability that a, (o) be at least k is smaller than 4/ k.
We shall now prove Lemma A.3, which establishes Condition (3) in Defini-
tion 10.4 for almost all numbers p € [0, 1] with w(¢) = C(p)(1 — logt), where
C(p) > 0.

Proof. Let E C (0, 1) be the full Lebesgue measure set of irrational numbers
satisfying Lemma A.2 with b, = n?. In attempting to prove the inequality (A.2)
for a given p € E, we may assume that k is so large that a j (p) < j2 forall j > k.
The remaining cases, corresponding to the remaining finitely many pairs (n, k),
are taken care of by a suitable choice of the constant C(p).

Given (n, k), there are two possibilities to consider. The first possibility is that
n? < k. In this case we simply observe that

k+n k
- Z logaj(p) < 2log(k +n) < 5log—,
" sk "

for all sufficiently large k.

The second possibility is that n < k < n2. Here, we shall prove that with
probability one the left-hand side of (A.2) is bounded by 10. For this purpose, let
us consider the following pathologies.

(a) Foragivenm > 1, there are more than 2np,, partial quotients a4 ; (p) with
1 < i < nsuchthatagy;(p) = m (where p, is as defined in (A.3)). By an
elementary combinatorial argument, we see that this occurs with probability

at most
n

> () ph= < (57

J=[2npm]
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The probability that this happens for some m in the range 1 < m < n'/3 is
therefore smaller than
AT -
4 n4

if n is sufficiently large.

(b) There are more than n2/3 partial quotients ag;(p) with 1 < i < n such
that ay1; (p) > n'/3. By a similar reasoning to the one used in (@), we see
that this occurs with probability smaller than

Q-
— < JR—
4 n4
if n is sufficiently large.

Therefore, fixing n sufficiently large, the probability that there exists k in the
range n < k < n? such that one of the above pathologies occurs for (n, k) is
certainly less than n? x (2/n*) = 2/n?. Since the series Y 2/n? converges, again
by Borel-Cantelli we deduce that with probability one there are no pathologies for
(n, k) if k (and hence n) is sufficiently large.

Now, if there are no pathologies for (n, k), and noting that for | < i < n we
have

ag+i(p) < (k+i)* < (*+n)?* < 4n*

if k is sufficiently large, we deduce that

k+n 1 [n'/3] I’l2/3
> logaj(p) <= > (2npm)logm + —— log(4n*)
n n
j=k+1 m=1
[n'/3]
4 logm
< Z 1/3 (2log2 + 4logn),
which is less than 10 if n is sufficiently large. This completes the proof. O

We have proved that the set A from Definition 10.4 has full Lebesgue measure
in (0, 1).
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A.3 Diophantine approximations revisited

We finish this appendix by recalling the definition and basic properties of Diophan-
tine and Liouville numbers.

Definition A.3. An irrational number in [0, 1] is said to be Diophantine if there
exist constants C > 0 and § > 0 such that:

Pl
q2+8

q

for any natural numbers p and g # 0. Irrational numbers which are not Diophan-
tine are called Liouville numbers.

A famous theorem, due to Liouville, asserts that any given algebraic number
of degree n > 2 (i.e., the root of a degree n polynomial with integer coefficients)
is Diophantine, with exponent § = n — 2 (see Khinchin [1997, Section 9]). From
a dynamical viewpoint, Diophantine numbers will reappear in Appendix B, where
we will prove that sufficiently smooth circle diffeomorphisms with Diophantine
rotation number are smoothly linearizable (more precisely, we will prove Theo-
rem 4.11: if f belongs to Diff>t¥(S1) and has rotation number p which is Dio-
phantine of order §, then any topological conjugacy between f and the rigid rota-
tion of angle p is a C 112=8 diffeomorphism, provided 0 < § < « < 1).

As we saw in Chapter 4 (see Exercise 4.11), an irrational number is of bounded
type if it satisfies Definition A.3 for § = 0, that is, p in [0, 1] is of bounded type if
there exists C > 0 such that

‘p E 3‘ >

c
q!” ¢

q

for any natural numbers p and g # 0. Recall from Lemma A.1 that, despite being
uncountable and dense in the unit interval, the set of numbers of bounded type has
zero Lebesgue measure. The following lemma says that for any small § > 0 in
Definition A.3 we capture almost every number.

Lemma A.4. For any given § > 0, the set

c
Ds=1lpel0,1]:3 C > 0 such that ‘p—£‘> VpgeN
q

=
q2+8

has full Lebesgue measure in [0, 1].
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In particular, the set of Liouville numbers has zero Lebesgue measure (as it
turns out, its Hausdorff dimension is also equal to zero, see Milnor [2006, Lem. C.7]).

Proof. Fix some decreasing sequence {¢,}nen C (0, 1/2) such that ¢, — 0 as
n goes to infinity. For each n € N and each rational number p/q € [0, 1] let
I,(p/q) be the open interval centered at p /g with radius &, /¢%*?, and let U, be
the union of these intervals over all rational numbers, i.e.,

U= |J Iup/g)

p/q€[0,1]NQ

= {pe [0,1] : 3 p,q € N such that ‘p—s

<8"}
PPRE]

Note that each Uy, is open and dense in the unit interval, and that the sequence
{Un}nen is a nested sequence. Since

ﬂ Un :[Ovl]\DB,
neN

it is enough to prove that lim, m(U,) = 0. With this purpose, fix some n € N
and consider, for any positive integer ¢, the set

Un(q) = {PG [0.1]:3 pe{0,1,...,q — 1,q} such that P—£ < %
q g2 +s
From 2
&
U, = U Un(g) and m(Un(g)) = anS ,
g€N\{0}
we obtain 1
m(Uy) <28nzm’

q=1
which converges to zero as n goes to infinity (recall that § is assumed to be strictly
positive!). O

Incidentally we have proved that [0, 1] \ Dy is a residual set, in the sense of
Baire, since each U, is open and dense. With minor adaptations, this implies the
following fact.

Lemma A.5. The set of Liouville numbers is residual in [0, 1], in the sense of Baire.
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Exercises

Exercise A.1. Show that, when restricted to each interval Mj = (1 [(k+1),1/ k),
the Gauss map has a unique fixed point, given by pr = (\/ k2 +4— k) /2. In

particular, if ¢ = (1 + «/5) /2 denotes the famous golden ratio, we have p; =
o — 1.
Exercise A.2. For each k € N, show that the continued fraction expansion of py

equals [k, k, k, ...] (note that, for even integer k, this expansion has been obtained
in Exercise 1.4).

Exercise A.3. Show that the set of periodic points of the Gauss map is dense in
[0, 1].

Exercise A.4. Show that the Gauss map is transitive (in fact, topologically mixing)
in the unit interval.

Exercise A.5. Show that any periodic point of the Gauss map is the root of a
quadratic polynomial with integer coefficients.

Exercise A.6. Show that p € (0, 1) is a rational number if, and only if, there exists
n > 1 such that G"(p) = 0.

Exercise A.7. Prove that the map 4 from [0, 1]\Q to N identifying each irrational
number to its itinerary under the Gauss map is a homeomorphism.

Exercise A.8. Show that the Gauss measure v is invariant under the Gauss map.

Exercise A.9. Following Chapter 8, the Lyapunov exponent of the Gauss map at a
given point p € (0, 1) \ Q is defined as

. 1
x6(p) = lim = log|DG"(p)|. (A4)
n—+oo n

whenever the limit exists. For any such p, let f : S — S! be a circle homeo-
morphism with rotation number p and unique invariant measure . Using identity
(6.45) from Exercise 6.2, show that for any x € S! and any n € N we have

i logp(ln)  xa(p)
m — =—"—,

n—+oo n 2

where I, is the interval with endpoints x and f 97 (x) containing f97+2(x).
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Exercise A.10. Show that yg(px) = log ‘DG(pk)} = —2 log(py) forall k € N.
In particular, yg(p1) = 2log g, since p; = 1/¢.

Exercise A.11. Let p € (0, 1) be such that the limit in (A.4) exists. Show that
xG(p) = xg(p1), with equality if, and only if, p = p;.

Exercise A.12. Using Birkhoff’s Ergodic Theorem, show that the limit in (A.4)
exists for Lebesgue almost every p € (0, 1), and equals

72
/ log| DG|dv = .
[0,1] 6 10g2

(Hint: Use integration by parts to deduce that

2 Tog(1
/ log| DG|dv = / og1 +p) dp.
[0,1] log2 Jo P

Solve this integral using Taylor series, and recall that Z,J{ (= 1Hr-1 nl = 72/12).

Exercise A.13. Let f : S' — S! be a homeomorphism with irrational rotation
number p € (0, 1) and unique invariant measure @. Conclude from Exercises A.9
and A.12 that for Lebesgue almost every p we have

I log pu(1n) —n?
m =

n—s+oo 1 12 1log2’

2

12 log?2

In other words, the decay of 11(1;) is comparable to exp ( n) for almost

every rotation number p.
Exercise A.14. Following the same ideas, one proves (see for instance losifescu
and Kraaikamp [2002, Th. 4.1.26]) that for Lebesgue almost every p we have

i 1ogdn(p) _ 7
m

n—>+oo  n 12 1log2’

Conclude from this and Exercise A.13 that for Lebesgue almost every p we have

)| —m?

1
lim — log|p = .
qn(p)|  6log2

n—+oo n

Exercise A.15. Prove Lemma A.5.



In this appendix we provide a proof of Theorem 4.11, following the original work
of Khanin and Teplinsky [2009]. With this purpose, fix @ € (0,1) and let f €
Diff>*¥(S$1) whose irrational rotation number p € (0, 1) is Diophantine of order
8 = 0, i.e., there exists a constant C > 0 such that

C
"O N E‘ Z 373
q q

for any rational number p/g. We assume, moreover, that § < «.

Besides Chapter 4, we have seen the Diophantine condition several times in the
present book, see Chapter 3, Chapter 7 and Chapter 8. An equivalent definition
can be given as follows: p is Diophantine of order ¢ if there exists a constant
M > Osuchthatg,+1 < M q,%” foralln € N (Exercise 4.10), where {g,, } is the
sequence of return times of p. In particular, note that p is of bounded type if, and
only if, it is Diophantine of order O (Exercise 4.11). Recall, finally, that we have
proved in Appendix A that Diophantine numbers in (0, 1) form a meager set (in
the sense of Baire) with full Lebesgue measure (see Lemma A.4 and Lemma A.5).
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B.1 The cohomological equation

As usual, we denote by C°(S!) the space of continuous real functions of the circle,
endowed with the uniform convergence topology. In this space, we consider the
following cohomological equation:

logDf =v¢y —yo f. (B.1)

Note that if there exists a C! diffeomorphism 4 conjugating f with the rigid
rotation R, (i.e., ho f = R, o h), then = log Dh belongs to C%SY) andisa
solution of the cohomological equation (B.1).

Conversely, let us assume for a moment that there is a solution ¥ € C%(S1)
of (B.1). Just as we did in Section 4.1, during the proof of Theorem 4.3, we con-
sider ¢ : S! — R given by ¢(x) = ¢ - e¥®), where the positive constant ¢ is
chosen so that fsl ¢(x)dx = 1 (in other words, ¢ = 1/ fsl e¥ ™) dx). From the
cohomological equation (B.1), we immediately obtain

¢(x) = ¢(f(x)) Df(x) (B.2)

for all x € S!'. With this at hand, we fix some point wg € S 1 and consider
h: 8! — S! defined by Dh = ¢ and h(wg) = 1. More precisely,

h(z) = qu(x)dx (mod1).

wo

Since ¢ is continuous, / is of class C . Moreover, from our choice of the constant
c above, [¢1 Dh(x)dx = 1 which implies that / is a homeomorphism, i.e., it
has topological degree one. Since D# is strictly positive, the inverse A~! is also
C. Therefore, h € Diff! (S!). Finally, using again that Dh = ¢, the functional
equation (B.2) implies that Dh = D(h o f') in the whole circle. Thus, any given
lifts of 4 and & o f to the real line differ by a constant. In other words, the C!
diffeomorphism 4 conjugates f with a rigid rotation (note, in particular, that the

rotation number p equals fuf:)(w(’) o (x) dx).

Summarizing, we have proved that if there exists a solution of the cohomo-
logical equation (B.1) in C%(S1), then f is C! conjugate to the rigid rotation R o
Our main task, therefore, is to solve equation (B.1). In the setting of Section 4.1,
this was done by means of the Gottschalk—Hedlund theorem. In this appendix we
will follow a different path, after Khanin and Teplinsky [ibid.].



450 B. Smooth conjugacies

B.2 Solving the cohomological equation

Let us fix some point wg € S1: recall that its orbit O r(wo) = {w,- = fi(wo) :
i € Z} is dense in S'. We define a function ¥ : 0 #(wo) — R by the initial
condition ¥ (wg) = 0 and the recursive formula

Y(wi+1) = ¥(w;) —log Df(w;) foralli € Z. (B.3)
Our main task to prove Theorem 4.11 is to establish the following fact.
Proposition B.1. The function  defined above is continuous.

Since & r(wp) is dense in § 1 Proposition B.1 allows us to extend v contin-
uously to the whole circle, obtaining in this way a solution of the cohomological
equation (B.1) in C%(S'). As it turns out, the estimates we will obtain on our way
to prove Proposition B.1 allow us to also prove that the function ¢ defined above
is Holder continuous with (positive) exponent o — § (see Appendix B.6.1), thus
proving Theorem 4.11.

Remark B.1. In the fourth and final part of this book, we have presented renor-
malization methods developed to prove that certain topological conjugacies are in
fact smooth diffeomorphisms. In order to keep this appendix independent of those
tools, we will not mention any renormalization operator here. However, the reader
will not fail to notice the overlap with some of the ideas presented in Chapter 10. In-
deed, after establishing some distortion estimates in Appendix B.3, we will prove
in Appendix B.4 that for any given f € Diff>T*(S§!) with irrational rotation num-
ber p, the sequences { 9"}, N and {Rz" tneN converge together exponentially
fast in Diff! (S1), endowed with the standard C! metric, where {¢, }nen is the
sequence of closest return times of p (both sequences converging, as expected, to
the identity map).

An important remark here is that this exponential convergence holds for any
irrational rotation number. By assuming that p is Diophantine of order &, with
0 < 6 < a, we will be able to prove in Appendix B.5 and Appendix B.6 that such
exponential convergence implies rigidity: any topological conjugacy between f
and RpisaC 1+e=8 diffeomorphism. Recall from Chapter 4 that this is certainly
not the case without a Diophantine condition (see Section 4.3).

Finally, let us point out that in Appendix B.6.1 we will establish the following
nice estimate. For eachn € N let A, = |gn p — pn|, and recall from Chapter 1
that { A, } decays to zero exponentially fast (as fast as qn__il_l, see Theorem 1.2). As

it turns out, if p is Diophantine of order §, there exists K > 1 such that A,11+8 <
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K Ay foralln € N (see Remark B.4 in Appendix B.5 below). With this at
hand, we will prove in Appendix B.6.1 that

”fqn _ Rg” HCl = O(A,;aﬂ) foralln € N.

Note that the obtained bound A,;7® depends only on p and «; it does not depend
on any other data coming from f.

B.3 Distortion estimates

This section is devoted to establish some fundamental distortion estimates that
will be needed in the proof of Theorem 4.11. It is divided in two parts: in Ap-
pendix B.3.1 we deal with diffeomorphisms in the C !BV class, extending some
results obtained in Chapter 3, while in Appendix B.3.2 we deal with C27¢ diffeo-
morphisms, focusing on cross-ratio distortion estimates (in the same spirit as we
did in the third part of this book).

B.3.1 Distortion estimates in C 1BV

Just as in Chapter 3, we consider in this subsection a C! diffeomorphism f :
S1 — S with irrational rotation number such that log D is a function of bounded
variation, say V = Var(log Df) (we write f € C'TBV). For any given x € S,
let &7, (x) be the sequence of dynamical partitions constructed in Chapter 6 (see
Section 6.3.1). Recall that I, = I,(x) denotes the interval with endpoints x and
f97(x) containing f9n+2(x).

Lemma B.1. For any given f € C'V BV there exist A = A(f) € (0,1) and
K = K(f) > 1 such that |In+m(x)| < KA™ ‘In(x)}for any x € S' and any
n,me N.

Proof. As we have seen in Chapter 3, during the proof of Denjoy’s Theorem 3.4,
|[log Df9"||co < V foranyn € N. Let A = A(V) € (0,1)and K = K(V) > 1

be given by
eV
AZ m and K = veV(l_{_eV)‘

Now fix x € S andn € N. By combinatorics, I,, (In\In+2)U f4+1(I,\I42).
Since {fq"+1(ln\ln+2)‘ < eV Iy \ Inya|, we have that | I, \ In12| > |1,/ (1+
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eV). Therefore,

nsal = 1| = 1 \ Insal < (1— ) Il = A2 | L.

1+ev

With this at hand, an inductive argument proves Lemma B.1 in the case that m is
an even integer. Now, using again || log Df 97| < V, we have that e ™Y |I,4 1| <
}fq" (I,,H)] < |I,], since f97(I,+1) I, by combinatorics. From our previous
estimates, we know that |1, 4 ,+1| < A™ |I,+1| for any even integer m, and then
Intm+1] < AmeV |I,| = KA"FU|IL,|, since KA = e¥. This finishes the
proof. O

Definition B.1. For eachn € N let
by =Lu(f) = | f?" —1d | co = max ‘In(x)}7
xeS1

and let Ay = £n(Rp) = |qn p — pnl.

Note that, by minimality, £,, — 0. As it easily follows from our previous
lemma, the convergence happens at an exponential rate.

Corollary B.1. For any given f € C'T8 there exist A = A(f) € (0,1) and
K = K(f) > lsuchthat 4y < KA™ L, foranyn,m € N.

Proof. Let x € ' be such that |1, (x)| = £n1m. By definition, £, > |1, (x)|
and then Corollary B.1 follows at once from Lemma B.1. O

Lemma B.2. We have £,, > A, for anyn € N.

Proof. Onthe 2-dimensional torus T2 = S'xS! we consider the product measure
m X, where  denotes the unique f-invariant Borel probability measure. We
also fix some n € N and consider £2, = {(x,y) € T?: y € I,(x)}. By Fubini’s
Theorem,

(moxu)(@) = [ (1) dm) = [ (1= 0) dia).
Since /L(In(x)) = A, forall x € S1, we get
JL 0 0) () = A

Since, by definition, m (I, (™% (y))) < £y forall y € S, we obtain the desired
estimate £, > A,. O
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Lemma B.3. For any given f € C'78V there exists K = K(f) > 1 such that
foranyx € S\, n,m e Nand j € N with0 < j < gn+1 we have

l ‘In-i-m(x)} < |In+m(fj(x))| <K ‘In-i-m(x)}
K L] = L@ ~ |[he]

Proof. This result is a straightforward consequence of Koebe’s distortion prin-
ciple (Lemma 5.2). Indeed, fix some n € N and consider the three intervals
Ly =1In (f_q” (x)) \ Intm(x), My = I(x) U In4m(x) and Ry, = In(fq" (x))
Note that if m is an even integer, these intervals are just consecutive fundamental
domains for f97. In any case, we also consider

Tw=La UM, UR, =[f"%(x), f2"(x)].

By combinatorics, the trajectory {T,, f(Ty). ..., f9+171(T,)} has multiplicity
of intersection equal to 3. Moreover, forany 0 < j < gn41, the space of £/ (M,,)
inside f/(T}) is bounded from below, as it follows from || log Df || < V and
the fact that |In+m (x)‘ < K)Lm‘ln (x)} (recall Lemma B.1). With this at hand,
Lemma 5.2 immediately implies Lemma B.3. O

Lemma B.4. For any given [ € C'B" there exists K = K(f) > 1 such that

Proof. Fixn € N and let x € S! be such that |I,,(x)| ={,. Leti € {0,1,...,
qn+1 + gn — 1} be such that

In(x) C In(w;i) U In(wi+g,).

Say that }In(wi)| > £, /2. Then

‘In—i-m(wi)‘ <2En+m
‘In(wi)‘ = Ly

By our previous result (Lemma B.3), the same estimate holds for i = 0, up to
a multiplicative constant depending only on f. Indeed, note that Lemma B.3
is applied at most three times, since ¢n+1 + 2¢n < 3¢gn+1. Finally, note that
if |In(w,~)| < €,/2, we must have }In(wiJrqn)‘ > £, /2, but then ‘In(wi)‘ >
eV ‘I,, (wi+qn)| > {,/2eY, where V = Var(log Df), and the proof goes in the
same way. Ul
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B.3.2 Distortion estimates in C2T%

From now on, we assume that f € Diff?"*(S§') for some « € (0, 1). Following

Khanin and Teplinsky [2009], the cross-ratio distortion of f with respect to four
pairwise distinct points xy, X2, X3, x4 will be written in this appendix as

f(x1) = f(x2) f(x3)— f(xa)

' . X1 — X2 X3 — X4
CrD(f; x1,X2,x3,X4) = f(x2) — f(x3) f(xg) — f(x1)’
X2 — X3 X4 — X1

independently of the order of these points. Note that in the particular case x; <
X1 < X3 < X4, this definition coincides with the one used along the book (namely,
the b-cross-ratio), whereas the configuration x; < x4 < x3 < X provides the
a-cross-ratio (recall Chapter 5). Note also that the previous definition can be ex-
tended to the case of points not necessarily distinct, by simply replacing a ratio
like (f(xi) — f(xi))/(xi — xi) by Df(x;).

Remark B.2. In order to simplify some of the formulas below, we shall use the

notation Af[x, y] = (f(x) — f(»))/(x — y) wherever convenient.
Lemma B.5. For any given f € Diff?T*(S') there exists a constant K =
K(f) > 1 withthe following property. Givenn € N and four points x1, X2, X3, X4

in I,(wo) we have

|logCrD(fq”+‘; xl,xz,X3,X4)‘ <K/
In the same way,

| log CrD(f 9" x1.x2. X3, x4)| < K €5, ;.

for any given x1, X3, X3, x4 in I,4+1(wo).

Remark B.3. As it turns out, the second estimate in Lemma B.5 above also holds
for points x1, X3, X3, x4 in 1,1 (wg). See Khanin and Teplinsky [ibid., Lem. 6].

The proof of Lemma B.5, to be given below, will be a combination of the chain
rule for the cross-ratio distortion and the following estimate on the distortion of a
single iterate.

Lemma B.6. For any given f € Diff?T*(S') there exists a constant K =
K(f) > 1 such that given an interval I C S' and four points x1,x2,x3,x4 € I
we have

llog CrD(f; x1.x2,x3,x4)| < K |[1]'T. (B.4)
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Proof. Fix some point a € I, let p be the second-order Taylor polynomial of f
around « and let r be its remainder term. In other words, f(x) = p(x) + r(x) for
all x € I, where p(x) = f(a) + f'(a) (x —a) + %f”(a) (x — a)?. For each
i €{l,...,4}letd; = x; — a, and consider

di +d; 1 i)— i
Kij = —iz_ LV f(a) + @ r(xx3 _;ix]) ’

foranyi # j in {1,...,4}, where .4 f denotes the non-linearity of f (recall
Chapter 3 and Chapter 5). A straightforward computation gives

Jxi) — flxj)

)Cl _.XJ

Aflxisx;] = = f'(@ (1 + ki)

foranyi # j in{l,...,4}. We claim that there exists K = K(f) > 1 such that
lki,;| < K|I|. Indeed, on one hand, using that " is a-Holder continuous on 1
and that r'(a) = r”(a) = 0, it is not difficult to deduce that

r(xi) —r(x;)

< K| (B.5)

|Ar[xi,xj~]‘ =

On the other hand, since f belongs to Diff>t¥(S'), both .4 f(a) and 1/ f’(a) are
bounded, and since we obviously have |d;| < |7], we deduce that |k; ;| < K ||
foranyi # j in{l,...,4}, as claimed. Now we write

|1ogCrD(f; X1,X2,X3,)C4)| =

= [log Af [x1, x2] —log Af[x2, x3] + log Af[x3, x4] —log Af[xa, x1]]|

_ Jog Af[x1, x2] ~log Af[x2, x3] + log Aflxs,xa] log Af[xa, x1]

f'(a) f'(a) f(a) f'(a)
= [log(1 + k1,2) — log(1 + k2,3) + log(1 + «3,4) — log(1 + k4,1)| -

Using that |k; ;| < K |I] and that k — log(1 + «) is tangent to the identity at the
origin, we deduce that

}logCrD(f; xl,xz,x3,X4)‘
= |log(1 + k1,2) —log(1 + k2,3) + log(1 + k3,4) — log(1 + k4,1)|

< k12 — K23 +kaa—ka1| + K |I?

1
= ) |Ar[x1, x2] — Ar[xa, x3] + Ar[xs, x4] — Arlxg, x1]| + K |1]%.

Combined with (B.5), this finishes the proof of Lemma B.6. O
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With estimate (B.4) at hand, we are ready to prove Lemma B.5.

Proof of Lemma B.5. We will prove the first estimate in the statement, the proof
of the second being exactly the same. By Lemma B.6 and the chain rule for the
cross-ratio distortion (recall Lemma 5.3),

| log CrD( f9n+1; xl,xz,x3,x4)‘

qn+1—1
> |logCD(f: £ (x1). f7 (x2), 7 (x3). [ (x4))]
j=0
dn+1—1
<K Z |1n(wj)\1+a
Jj=0
qn+1—1
<K D |[Lwp| <K,
j=0

since the intervals {I (w ]) q”“ ! are pairwise disjoint (recall Section 6.3.1).
O

To establish further estimates, we define for eachn € N and x € S,

— S () / JIHX) — Wg,p1+4q,

wWog — X

w
My, (x) = 2nt] Y —w
- Yqn

and

_ f4n dn xX)—w
Kn(x) = Wq, f (x)/ S ( ) dn+1+4n ‘
Wo — X — Wgy 41
Note that
M, (x)

My, (y)

= CiD(f 9"+ wo, x, wy,, ) (B.6)

and
Ky (x)
Ky (y)

for any x, y in S'. Thus, by Lemma B.5 we have

= CrD(f9"; wo, x, Wq,,,,¥)

My (x)
My, (y)

=1+ 0¢%) (B.7)
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for any x, y in I,,(wg). Analogously,

Ky (x)
Kn(y)

=1+ 06,

for any x, y in 1,41 (wo).

Lemma B.7. We have M, (x) = 1 4+ O(3) for all x € I,(wo), and K, (x) =
1+ O(ﬁ;"l+1)f0r all x € In+1(wo).

Proof. Note first that from e~V < |qu" (x)| < eV, we deduce at once e 72V <
}M,, (x)} < €2V (and a similar bound for K,,). Now for each n € N let

my = \/Mn (wO) Mn(qu) ’

and note that

Dftn(wo) _ | Df9r+i(wo)
Df‘]n (w4n+l) Dan+l (qu) ’

since we obviously have Df 9 (wg, ) Df 9"+ (wo) = Df9+1(wg,) Df 9" (wo)
by the chain rule. We remark that

my = \/Kn(WO) Kn(qu-H) = \/

My(x) =my, + Oy) forall x € I,(wo), (B.8)

and
Kn(x) =my + Oy,,) forallx € In41(wo). (B.9)

For instance, (B.8) follows at once from (B.6), (B.7) and the following identity:

an(x) (1 _ Mn(wO) Mn(w411)) )

My (x) = my + m My(x) My(x)

Now we claim that
my—1= O(Z‘,’,‘H).

Indeed, by combining Lemma B.4, (B.8) and (B.9) with the following formula
(which is left to the reader as an exercise)

| Tn+2(wo)|

|1, (wo)| (M (0g12) = 1),

Kn+1(qu) —-1=
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we deduce
T2 (wo)|

B }In(w0)|

where we have used estimate Ky 4+1(x) = mp+1 + O}, ,) for x = wy, (recall
Remark B.3). By induction on (B.10), we obtain

M1 — 1 (mn = 1) + O(t245). (B.10)

| Tnt1(wo) | | In(wo)| = | Tnt1(wo) | | In(wo)|
n—1= D+
m ‘[1(w0)| ‘Io(wo)} (mo—1) + = ‘]j_i_l(wo)} |Ij(wO)|

03,

for all » > 2. Using again Lemma B.4 and also Corollary B.1, we finally obtain

n—1
[ =1 < K | o1 n + Ly Y (A2 |,
j=0
which implies the claim, and finishes the proof of Lemma B.7. O

B.4 (' exponential convergence

As before, let f e Diff?T®(S!) with irrational rotation number. As we know
from Chapter 3, f is topologically conjugate to a rigid rotation (recall Denjoy’s
Theorem 3.4). This implies, in particular, that the sequence of circle diffeomor-
phisms { 97}, < converges uniformly (i.e., in the C° metric) to the identity map.
In this section we will prove that such converge actually holds in the C! metric,
at an exponential rate. With this purpose, for each n € N consider

En—l En—z

€n

€n
44 ’

en =L£%_ +
n n—1 EO

Eg_z‘i‘ e(r):_3++ £g+

where the sequence {¢, } comes from Definition B.1. In particular,

bnt1
b "

En+1 = Eg + (B.11)

Proposition B.2. There exists a constant K = K(f) > 0 such that
1—Ken <|Df7(x)| <1+ Kep

foralln € N and x € S'.
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In other words, log Df 97 (x) = O(ey) forall x € S' andn € N. An imme-
diate consequence of Proposition B.2 is that

| £ =1d] 1 = Oten).

Moreover, note that by Corollary B.1 we have ¢, = O(A*®~1), and then the
sequence {&, } goes to zero exponentially fast (see also Lemma B.9 below).

Proof of Proposition B.2. Note first the identities

Dan-i-l(wO) _ |In(qu+1)| and qun(wo) _ |In+1(an,)}
M, (wo) | In (wo)| Ky (wo) | Tn+1(wo)|

Since we obviously have |1, (wg, )| + |In+1(wg,)| = [In(wo)| + [Ins1
we obtain

Dfn+1 (wg) 1= ‘In+1(w0)| (1 B qun(wo))
My (wo) |10 (wo)] Kn(wo) /-

In other words,

[ In+1(wo)| My (wo)
[In(wo)|  Kn(wo)

Df "1 (wg) — My(wo) = (Kn(wo) — Df 4" (wo)).

By Lemma B.7,

_ [ Tn+1(wo)| (1—

D dn+1 _1

Df " (wo)) + O(£7).
By induction,

Dfm(wo) — 1 =

} n(wo)}

D"
| Ijy1(wo)|

When combined with Lemma B.4, our last estimate implies Proposition B.2 for
X = wp. Since wy is an arbitrary point in § 1 this finishes the proof of Proposi-
tion B.2. O
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B.4.1 Further distortion estimates
Fix some large n € N, and for each m € N consider the set
Cn+m,n)= {i €{0,1,....qn4m+1 — 1} : Intm(w;i) C In(wo)}

and the number c(n+m,n) = #€(n+m,n) . Notethatc(n,n) = 1,c(n+1,n) =
apn+1 and that

cm+m+1,n) =ap+myr1c(m+m,n)+cmn+m-—1,n)

for all m > 2. We also remark that, by induction on m, it is not difficult to prove
that

Ap=cn+mn)Apsm +cn+m—1,n) Apsm+1 - (B.12)
Corollary B.2. Let K = K(f) > 0 be given by Proposition B.2. Then we have

n+m—1
> c(n+m,n) (1 -K Z Ak+1 8k+1)

k=n

£n+m
foralln,m € N.

Proof. Fixn,m € Nandleti, j € €(n+m,n) with, say,i < j. By Lemma 10.4
we know that for each k € {n,...,n + m — 1} there exists an integer by, €
{0, ..., ag+1} such that

n+m—1

J=i+ Z bi+1Gk+1 -
k=n

By Proposition B.2 we have

n+m—1
[ Inam(Wi)| = [Tngm(wi)| (1 -K Z bi+1 8k+1)
k=n

n+m—1
> |Inm(wi)| (1 -K Z Ak 41 €k+1) -
k=n
Now, from the definition of the set ¢’(n + m, n) we have the obvious estimate

‘In(wo)} = Z ‘In—i-m(wi)‘-

i€e¢(n+m,n)
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Thus, fixed i € € (n + m,n) we have

n+m—1
[Tn(wo)| = c(n + m,n) | Inm(w;)] (1 -K Z Ak+1 8k+1) :
k=n

Now let wg € S! be such that £, 4,, = ‘In+m(wi)‘. Then

n+m—1
ln > |In(wo)| = c(n + m.n) bnm <1_K ) akﬂekﬂ).
k=n

This finishes the proof of Corollary B.2. O

B.S The Diophantine condition

All previous estimates in this appendix hold for any irrational rotation number. We
will now use the Diophantine condition, in order to establish the following bound.

Proposition B.3. Let A € (0, 1) be given by Lemma B.1. For any given A1 €
(A28 1) we have
(237} Sn = O(A'}il)’

where p = [ag,ay,...] is the rotation number of f.

Remark B.4. Before entering the proof of Proposition B.3, consider the sequence
{An} given by Definition B.1. We claim that if the rotation number p is Diophan-
tine of order § > 0, then there exists a constant K = K(p) > 0 such that

AMS K Apa (B.13)

forall n € N. Indeed, recall first that from estimate (1.16) in Theorem 1.2 we have

1 Pn 1
— < |p——| <
2qnqn+1 dn 4dn 4dn+1
for all n € N. In other words,
1 1
< An—l < —.

2qn dn
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Now, if p is Diophantine of order §, there exists a constant M = M (p) > 0 such
that gp+1 < M q,i""g for all n € N (recall Exercise 4.10), which implies

1 M
1446 S
dn

Al < <2MAy, .

dn+1
Thus, considering K = 2M we deduce (B.13). This is how the Diophantine con-

dition will be used in this appendix.

B.5.1 Proof of Proposition B.3
A natural number 7 is a divergent level for f if

1
AL

dpn+1€n+1 >

We denote by {n;};eN the sequence of all divergent levels of f. To prove Propo-
sition B.3 we assume, by contradiction, that there exist infinitely many divergent
levels.

Lemma B.8. Foralli € N we have

ni+1
Ln; - Ay
en,'-l-l 2811,’-{-1
Proof. Fix somei € N. Since n; is a divergent level for f, we can choose an in-
n;i+1
teger by, +1 €{0,1,...,an;+1} sothat by, 41 &x;41 > A} but by, 41 &n;41 <

1/(2K), where K > 0 is given by Proposition B.2 (recall here that both ¢, and
A"l go to zero as n goes to infinity). By Proposition B.2,

b”i'H_l

‘Inl(U)O)‘ > Z

J=0

Ini+1(wj4ni+l+qm)

bni+l_1

1n,~+1(qui)‘ Z (1—J Keén+1)
j=0

>

>

In,-+1(qu,-)‘ bni+1 (1= K &n; 1 bn;+1)
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n—1
where we have used the elementary estimate Z j < n?. Since €nj+1bn, 41 <
Jj=0
1/(2K), we deduce that
[y w0)| > [ I-+1 g, )| Bry1/2.
Finally, given i € N we choose wg so that £, 11 = In[+1(qu,-) , to obtain
Cn; = |In;(Wo)| > Lny+1bn;+1/2.
Thus
n;i+1
n; 1
> b i+1/2 > y
bnjv1 2en;+1
since by; 41 &n; +1 > )L'I”H. This finishes the proof of Lemma B.8. O

We claim now that &5, +1 < {5 for sufficiently large i. Indeed, from (B.11)
we have
Zni-i-l
Ly,

1

2ep;
ggi > &ni+1 (1 — A’”l%)
1

by Lemma B.8. Now, since &,;, = O(A*@i=D) (recall

o
Eni =é&n;+1 — En; »

and then

i1 2ep;41
n;+1
Kni A’l '
Appendix B.4) and since A¥ < A1 by definition, the ratio &, / /\7’ decays expo-
nentially fast. This implies that &,,, 11 < E;‘l‘i for sufficiently large i, as claimed.
With the claim at hand, Lemma B.8 implies that

since

n;+1 ni+1
G, AMTL
bpiv1 2en41 245

for sufficiently large i. In other words,

bni+1 = O(6F%/AT). (B.14)
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On the other hand, by Corollary B.2 we have

i niy1—1
i+1
En > ecmipinm+D|1-K Z Ak+1 Ek+1
it k=n;+1
njy1—1
Zcniyr,ni +1)[1-K Z Sa
k=n;+1
where we have used that ag 41 ex41 < )L]f“ forallk € {n; + 1,...,nj41 — 1}.
In particular, we have
€n~+1 )
by, =0 ———). B.15
s (C(ni+1,ni +1) (B19)
Now, recall that 1 € (0, 1) was defined by
log A
< 2B o —34.
log A

We then fix some 0 < 7 < & — 8 — log A1/ log A, and note that A2~5—7 < 1;. By
Corollary B.1 we have

grlll—_i—oc — Klllj-(g-i-r E;xli—S—r — 0({}11;%54-1: A(a—S—r)n,-)
and then, by (B.14), we obtain
Uni1 = O(LyFoFT pemd=nmi j oy, (B.16)

But from (B.15) we have

Kn~_ +1 )
{, =0 ——="" |,
" (C(ni,ni—1 +1)

and since A @~ —)n A1 goes to zero as i goes to infinity (recall that pe—d—t o
A1), we deduce from (B.16) that

E +1 1+5+1’
by 4y < | — B2 B.17
mitl (C(ni,ni—l + 1)) ®.17)
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for sufficiently large i. On the other hand, from (B.12) we have A, < 2c¢(n +
m,n) Apitm and then Ay, 41 < 2c¢(ni,ni—1 + 1) Ay;, while from (B.13) we
have A,11?L8+t/2 < K Ap+1 A,T,{Z. Therefore,

Ani_1+1

1+8+1/2
c(nj,ni—1 + 1))

Anj+1 2 (

for sufficiently large i, since A,, goes to zero as i goes to infinity. Combining this
estimate with (B.17) we obtain

loglni+1  1+8+7  logly,_,+1—loge(i,ni—1 +1)
log Ap;41 - 1+8+71/2  logAu, ,+1—loge(ni,ni—1 + 1)

for large enough i. Note that K = (1 + 8 + 7)/(1 + 8 + 7/2) > 1. Moreover,
from log Ap,_,+1 <logly,_,+1 <0 <logec(n;,ni—1 + 1) (recall Lemma B.2)
we have

log €y, +1 < log €y, _,+1

10gAni+1 - 10gAnl~_1+1

for sufficiently large i. Thus, the sequence of positive numbers {5, },eN given by

_ logt,
"7 log Ap

is unbounded. However, by Lemma B.2, we know that §, € (0, 1] foralln € N.
This contradiction shows that there exist at most finitely many divergent levels.
In other words, a, &, < A7 for sufficiently large n, which finishes the proof of
Proposition B.3.

B.6 Proof of Theorem 4.11

With Proposition B.2 and Proposition B.3 at hand, we are ready to establish the
continuity of the function y defined in Appendix B.2.

Proof of Proposition B.1. Fix i € Z and some large n € N, and let j > i be
such that w; € I(w;). Recall from (B.3) that the function ¥ : &' r(wo) — R is
defined by the initial condition ¥ (wo) = 0 and the recursive formula

Y(wit1) = Y (w;) —log Df(w;) foralli € Z.
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In particular,
Y (wi) — ¥ (wj) = log Df/ ™" (wy).
Now let p € N be such that w; € 4 ,(w;). By Lemma 10.4, for each k €

{n,...,n + p — 1} there exists an integer by 1 € {0,...,axt1} such that
n+p—1
J=itan+ D brs1dr+r-
k=n
Therefore,

Y (wi) = (w)) = log Df == b ()

Using Proposition B.2 and Proposition B.3 we obtain

n+p—1
v (w) =y )| < [log D" o+ Y- [log DFPHI%H g
k=n
n+p—1 400
=0 (8” T Z br+1 8k+1) =0 (8n + Zak—i-] 8k+1)
k=n k=n

+o00
=0 (8,, + Zkﬁ‘“).
k=n

Since this last term goes to zero as n goes to infinity, we deduce that v is contin-
uous at w;, and since i was an arbitrary integer, this finishes the proof of Proposi-
tion B.1. o

As explained in Appendix B.1, Proposition B.1 implies that ¢ : &' r(wo) — R
can be continuously extended to the whole circle, and that ¢ : S — R given by
P(x) = e¥®)/ / eV dy is the derivative of a C! diffeomorphism that conju-
gates f with the corresponding rotation. Therefore, we have proved the following
result.

Corollary B.3. Let oo € (0,1) and let f € Diff?T*(S) such that its rotation
number p is Diophantine of order § < «. Then any topological conjugacy between
f and the rigid rotation of angle p is a C diffeomorphism.
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B.6.1 Holder continuity of the invariant density

As before, we denote by 1 the unique Borel probability measure on S! which is in-
variant under £, and by m the (normalized) Lebesgue measure on S'. Recall from
Section 2.3 that 1(4) = m (h(A)) for any Borel set A C S! and any topological
conjugacy h between f and the rigid rotation R,. A straightforward consequence
of Corollary B.3 is that

M(A)=fA¢ dm.

The function ¢ is the density function of the measure p. Note that, since ¢ is con-
tinuous and strictly positive in S!, we have u(4) =< m(A). In other words, the
p-measure of any given interval is comparable to its Euclidean length!. Therefore,
for smooth diffeomorphisms with Diophantine rotation number, the qualitative no-
tion of minimality can be strengthened to a quantitative one. Indeed, from Birkhoff
Ergodic Theorem we know that given any point x € S! and any interval 4 C S!
we have

lim l#{j: 0<j<nand f/(x) €A} = pu(A) < m(4).

In other words, the asymptotic frequency with which any given point visits an open
interval is comparable to the Euclidean length of the given interval. These are some
of the statistical aspects of the smooth rigidity being discussed here.

In this final subsection we establish Holder continuity of the invariant density.
More precisely, we will prove the following fact.

Proposition B.4. The function ¢ is Hélder continuous in the whole circle, with
Hélder exponent oo — 6.

Before entering the proof of Proposition B.4, we establish the following esti-
mate, announced at the introduction of this appendix.

Lemma B.9. &, = O(A,T°).
Proof. Note first that by combining Corollary B.3 with Lemma B.2 and the Mean

Value Theorem we obtain that for all n € N

0< m1n {¢(x)} LS (B.18)

S

IRecall that this is not the case neither for diffeomorphisms with Liouvillean rotation number
(even real-analytic ones, see Section 4.3) nor for multicritical circle maps (of any combinatorics and
any degree of smoothness, see Section §.2).
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In other words, £,, < A,. Since, by definition,

n = zo ]Zz

estimate (B.18) implies that

Jj+1

n—1 A
en =0 A+ Z A(}
Aj+1
But by (B.13) A‘; =0 (A]lfl), and then
n—l o _q o
en =0 | At D A AN | = O Aut 457
j=0
=0 Z (A1)
n—1
by Corollary B.1. Since /(1 + 8) < 1, the sum Z ()Ll
j=0

which implies Lemma B.9.

B. Smooth conjugacies

__a \p—j—1.
T+5 ) 77" is bounded,

O

Remark B.5. With Lemma B.9 at hand, we can improve some of our previous
estimates. For instance, by combining Lemma B.9 with Proposition B.2 we imme-

diately obtain

| o =1d]cr =0 (A+) =0 (lan -

pnllaﬁ) )

which improves our estimates from Appendix B.4. Moreover, since !Rq” —1d ‘ is

constant and equal to A,, we deduce that H fan — Rg” HCI = 0( lJ”S) for all

n € N, as announced in Remark B.1.

On the other hand, combining Lemma B.9 with (B.13) (i.e., the Diophantine

condition) we obtain

A, o 14 o a8
aven =0 (B a0 = o (alHT) — o () — 0 (ag).
n
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thus improving Proposition B.3.

To prove Proposition B.4 cpnsider two points w and wg in S 1 and recall that
the orbit &' ¢ (wo) = {wi = fl(wg) :i € Z} is dense in S!. Letn € N be such
that

w € In—1(W—g,_;) \ In(wo).

In other words, wg, < w < w—g,_, . Moreover, let j € {1,...,a,} be such that
Wjgy SWS W(ji+1)gy, -

Lemma B.10.
[p(wo) — p(w)| = O((jAx)*7%). (B.19)

We remark that (B.19) implies at once Proposition B.4. Indeed, note first that

|h(wo) — h(w)| = |h(wo) — h(wjg,)

Therefore

= !Réq" (h(wo)) — h(wo)| = jAn.

¢ (wo) — p(w)| = O((jAn)*~*) = O(|(wo) — h(w)|*~®)

and since, by Corollary B.3, 4 is certainly bi-Lipschitz, we have

b (wo) — ¢ (w)| = O(|wo — w[*™?).

Thus, (B.19) implies Proposition B.4 as claimed. We finish Appendix B by proving
Lemma B.10.

Proof of Lemma B.10. Continuity of ¢, combined with the identity ¢ (wo) — ¢ (w)
= ¢(w)(e‘”(w°)_‘”(w) — 1), easily implies that it is enough to prove

¥ (wo) — ¥ (w)| = O((jA)*™°).
With this purpose, we first claim that
+o00
[¥ (wo) — ¥ (w)| = O (an + Z Ak+1 8k+1) : (B.20)
k=n

Indeed, let N € N be large enough so that wy = f (wp) is arbitrarily close to w.
Let p € N be such that wy € %4 (wo). Just as in the proof of Corollary B.2
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and Proposition B.1, foreach k € {n,...,.n + p — 1} letbgyq €4{0,...,ar+1}

be such that
n+p—1

N =jgn+ D br+1qi+1-
k=n

By definition of y» we have

¥ (wo) — ¥(wy) = log D Jan+ i brt14k41 (1)

and then, just as in the proof of Proposition B.1, we obtain

+o00
| (wo) — ¥ (wy)| = O (j8n + Z Ak+1 8k+1) :
k=n

The obtained bound is finite by Proposition B.3, and does not depend on N. Thus,
by continuity of ¥, the same bound applies to W , which establishes

(B.20). It remains to prove that je, + D -, k41 Ek+1 = O((jAn)"‘_S).

On one hand, by Lemma B.9, we can write

o 6 1—(a—9)
jsn=0(jA,1+“)—0(<JAn)“( AT ) )

v
But j A, " is bounded. Indeed, note first that

e i
J AT <an AT <

1
since a, = Ap—1/Ay — Aps1/Ay,. From (B.13) we have A,y = O (A,i“),

5
and then A,_1/A, = O ( '+8). Thus, j Ay is bounded and then

Jjen = 0(( An)*70). (B.21)
On the other hand,

+o0

400
Z ag+1€k+1 = O (Z
k=n

k=n

Ak 41

Ag 1+5 -8 4 1—(a—6) l+8 -1
Mg | = ZAa Ay Aeyr )
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o 1—(x—§) 1—-2
Using again (B.13) we obtain A,lc @) — o (A e ) =0 (A IH),and

k+1 k+1
then
+o0 +o0
Z Ak+1€k+1 = 0] (Z A%_(S) =0 (A%_S) .
k=n k=n
Combining this last estimate with (B.20) and (B.21) we obtain (B.19). This finishes
the proof of Lemma B.10. O

As explained above, Lemma B.10 implies Proposition B.4. Finally, by com-
bining Corollary B.3 with Proposition B.4, we deduce Theorem 4.11 and finish
Appendix B.



In our study of orbit flexibility in Chapter 9, we considered a certain skew product
T : M — M, where M = ([0,1] \ Q) x [—1, 1]. Here, we enlarge it to get a
self-map of the rectangle R = [0, 1] x [—1, 1].

Recall the formula defining 7" over M, namely

T(p.a) = (G(a), Tp(@)) . (C.1)

where G is the Gauss map, and for each (irrational) p the fiber map 7}, : [-1, 1] —
[—1, 1] is given by

—o forcxe[—l,O]
o
T =1 oG €000l €2)
{1 —pa} fora € (,oG(p), 1],

Thus, to extend 7" to a self-map of the rectangle R, it suffices to define the fiber
maps T : [-1,1] — [—1, 1] also for rational values of p. When p € [0,1] N Q
is not of the form p = %, we define T), using the same formulas in (C.2). We also
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define Top = 0, and foreachn € N, Ty, : [-1,1] — [-1,1] by T}/, (a) = —a
ifa € [~1,0] and Ty/, (o) = {n(l —a)} if @ € (0,1]. Once this is done, we
can define the extended skew product, which we still denote by T, by the same
formula (C.1).

Remark C.1. Although the fiber maps 7, : [-1, 1] — [—1, 1] are not (piecewise)
expanding, it is important to observe that the composition of any two of them (with
o # 0) is expanding. This fact will be very useful in our study of the skew product
T.

Our main purpose in this appendix is to examine 7" from the point of view of
ergodic theory. More precisely, our goal is to prove the following result.

Theorem C.1. The skew product T : R — R admits a unique invariant Borel prob-
ability measure which is absolutely continuous with respect to Lebesgue measure.
This invariant measure is ergodic under T, and its support coincides with R.

C.1 An absolutely continuous invariant measure

For one-dimensional maps, there is a well-known result called the Folklore Theo-
rem (see Mané [1987, Ch. III, Thm. 1.2] or de Melo and van Strien [1993, Ch. V,
Thm. 2.2]), that in essence asserts that a piecewise smooth expanding map always
admits an absolutely continuous invariant probability measure. In sharp contrast
with this fact, a piecewise smooth two-dimensional expanding map may not admit
an absolutely continuous invariant measure. For such a measure to exist, addi-
tional hypotheses are necessary (see for instance Buzzi [2000] and Tsujii [2001]
and references therein).

Fortunately, in our case the map T is rather special. The fact that 7" is a skew
product over an expanding map (the Gauss map), combined with the fact thatitis a
Markov map (see below) which is even affine on the fibers, allows us to reduce the
problem to an essentially one-dimensional situation. Indeed, we start this appendix
with the following useful property of the family of fiber maps defined above.

Lemma C.1. Given any sequence {6, },en C [0, 1]\ Q consider the sequence of
compositions {'1/90... Op_1 }n>l in [—1, 1] given by

Y906,y = Tg, 0T, 0---0Ty,_

. Joralln > 1.
1

Then for any given Borel set B C [—1, 1], the sequence {)\(11190_._ 0,1 (B))}nGN is
convergent, where A denotes the Lebesgue measure on [—1, 1]. Moreover,

b0 G (o) 1(B) < _lim {A(¥,L.q,_ (B))} < (2= G(60)) A(B).
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Proof. From {6, } we build the sequence {t, }nen C [0, 1] given by
o=1 11 =0 and 1,4, = 6, G(@n) Tn+(1—9n G(@n)) Th+1, VneN,

In other words, 15 = 6y G(6p) and

n—2 J
T =00 G(6o) + »_(-1)/ [[6: G(6;) foralln>3.
j=1 i=0

The sequence {7, } clearly converges to some number 7o, which satisfies!

- o G2(90) -

1
0 ‘L’oo<9()G(9())<5.

Given a Borel set B C [—1,1] andn € N let £,, and r, in [0, 1] be given by
by = A(Yglg,  (BYN[=1,0]) and ry = A(gl 4 (B)N[0,1]).
By definition of each Ty, the following relations hold for all n € N:

bpy1 =12
1

'n+1 = On G(Qn) ln + LQ
n

J Onrn = 0n G(On) Ly + (1 — O G(Gn)) T'n

With this at hand, we easily obtain by induction that for all # € N we have

Ly =Tn€0+(1_fn)”0
'n = Tht1lo + (1 — Tu41) 7o

In particular, the Lebesgue measure of l1/0_0 r 0 (B) in [—1, 1] is given by

A('I/lg_()}..en_l (B)) = (tn + T+1) o + (2 —(tn + fn+1)) ro,

which converges to 2 (roo Lo + (1 — 7o) ro) as n goes to infinity. This proves
Lemma C.1. ]

With Lemma C.1 at hand we have the following result.

IRemember here that § G(8) € (0,1/2) forany 6 € [0,1] \ Q (if @ < 1/2 this is obvious since
0<GO) <1;if0 >1/2,thenf G(O) = 1—0).
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Lemma C.2. The skew product T preserves a probability measure LT on the rect-
angle R which is absolutely continuous (with respect to Lebesgue).

Proof. We only sketch the arguments, as they are quite standard. As before, de-
note by v and A the Gauss measure on [0, 1] and the Lebesgue measure on [—1, 1]
respectively. Denote by u the absolutely continuous (with respect to Lebesgue)
Borel measure on the rectangle R given by u = v x A. In other words, given a
Borel set A C R we have

pi) = | e o).

where 771 : R — [0, 1] is the projection on the first coordinate given by 1 (p, &) =
p, and where A, is the Lebesgue measure on the vertical fiber given by p, i.e.,
Ap(A) = )L(A N {p} x[-1, 1])) for any p € [0, 1].

Given n € N and open intervals / C [0,1] and J C [—1, 1] we label each
point 6,1 of G™"(I) with the n-tuple {6y, ..., 0,1} given by G(6y) € I and
G(6;) = 6;—1 foralli € {1,...,n — 1}. With this notation we can write

T xJ)= U {Ona} x ¥ o (]).

.....

From Lemma C.1 we know that
AWl (1) <2A(J)

holds for any n-tuple, and then

W(T(1 % 1)) = / AT (I x 1)) dv(p) < 24(J) / dv(p)
G—(I) G—(I)
=2A(N)v(GT"()) =2A(J)v(I) =2u(I x J).
With this at hand we deduce that
(Tfu) (A) <2u(A) foranyBorelset A C R and any n € N. (C.3)

Finally, consider the sequence of Borel measures on the rectangle R given by

1n—l )
j=0
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Since 7T is a local diffeomorphism around Lebesgue almost every point in R, we
deduce that the push-forward under 7" of any absolutely continuous measure is also
absolutely continuous and that, when restricted to absolutely continuous measures,
the operator Ty acts continuously in the weak* topology. Let w be any weak*
accumulation point of {u, } (recall that u, (R) = 2 for all n). By (C.3), w(A4) <
2 ;1(A) for any Borel set A C R. Therefore, @ is absolutely continuous with
respect to w, and then it is also absolutely continuous with respect to Lebesgue.
In particular, the measure w is a continuity point of T, which implies that it is
T -invariant in the usual way. We conclude the proof of Lemma C.2 by taking the
probability measure ur = %a) O

C.2 Markov property
In order to prove Theorem C.1, it remains to prove that the absolutely continuous

invariant probability measure pur given by Lemma C.2 is unique, supported on
the whole rectangle R and ergodic under 7" (see Corollary C.1 below).

C.2.1 A countable Markov partition

The skew product 7" admits a countable Markov partition that we presently de-
scribe. The basic (open) Markov atoms of the partition are of three different types
(see Figure C.1):

1. The trapezoids Vi ¢, withk € N and 0 < £ < k — 1, given by

1
<p<-, 1—(6—|—1)p<a<1—€p};

Vie=1(p,a) € R: !

2. The triangles

1 1
Uk={(/0,a)€R:m<p<£,0<a<l—kp} (kEN),

3. The rectangles

1 1
RkI{(P,Ol)ERIk—+1<p<E,—1<a<O} (kEN)
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.

1

Vi.e

A

Figure C.1: The Markov partition for 7" has three different types of atoms.

The map T is one-to-one in each of these Markov atoms, mapping them dif-
feomorphically onto either RT = (0, 1) x (0,1) or R~ = (0, 1) x (—1,0). More
precisely, we have T'(Ug) = R, T(Rg) = Rt and T(V ) = R, for all k and
all £. The collection & of all such atoms is our Markov partition for T .
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Markov tiles

Let us write
P =W, Wa,...,Wp,...}

for an enumeration of the elements of the Markov partition &?. For each m, let
tm . RT — W, be the inverse branch of T that takes TWy) = R¥* back
onto W,. Then 1, is a smooth diffeomorphism and we have 7, o T = idw,, and
Toty = idg+. Ann-tuple (my,ma, ..., my) € N" is said to be admissible if the
COmposition Ty, © Ty, O+ * Ty, 1s well-defined (as a map of R* into R). For each
admissible n-tuple (m1,ma, ..., my,) € N”, we consider the region (polygon)
my, = Tm; ©Tmy O O fmn(Ri) .

.....

Such region is called a Markov n-tile. Note that T (Wi, mo.,...m,) = Wimno,....mp,»
so each Markov n-tile is mapped onto a Markov (n — 1)-tile if n > 2, or onto R™*
ifn = 1.

Lemma C.3. There exist constants C > 0 and 0 < A < 1 such that, for every
Markov n-tile Wy, ms,.....m,,, we have

diam(W, mo.....m,) < CA™ .

Proof. This follows at once from the easily verifiable fact that the map 72 = ToT
is expanding. O

We denote by # the collection of all Markov tiles, and for each n we denote
by #/™ the collection of all Markov n-tiles, so that # = |,y # ™. The
following easily proven facts are worth keeping in mind here:

MT1. For each n the elements of # ™ are pairwise disjoint open subsets of R;
MT2. For each n the complement of UWGWW) W in R is a Lebesgue null-set;
MT3. The union |y, ¢, W is a Lebesgue null-set;

MT4. Foreach open subset A C R, there exists a collection 4 C # of pairwise
disjoint Markov tiles such that 4 \ |Jp s . W has zero Lebesgue measure.

Note that Lemma 9.2 follows at once from the fact that any given open set in R
contains the closure of an n-tile (and then it eventually covers the whole rectangle
under iteration of 7).
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C.3 Ergodicity

We are now ready to show that the skew product T is ergodic with respect to the
invariant measure UT.

C.3.1 Bounding Jacobian distortion

One path towards proving that 7" is ergodic is to show that the Jacobians of all
inverse branches of iterates of 7 have uniformly bounded distortion. This fol-
lows from Proposition C.1 below. In the proof, we will need the following simple
lemma.

Lemma C4. Letk; > 0,b; > 0(j > 0) be two sequences of real numbers, and
assume that B = Z?‘;O Vbj < oo. Then for eachn € N we have

n

> kjmin b, k; 2L < B. (C.4)
J { J J

Jj=0

Proof. For each 1 < j < n, there are only two possibilities:

@) k;z < by—j: In this case we have

kjmingb, ;. k7% = kit < /b .

(ii) k;z > by—j: In this case we have

kjmintby_; K72} = kjba—j < (b ) bn—j = \Jbu-; .

From (i) and (ii) it follows that the sum in the left-hand side of (C.4) is bounded

Proposition C.1. There exists a constant K > 1 for which the following holds for
alln € N. If (po, o) and (pg, cty) are any two points in the same Markov n-tile,
then

1 det DT"(po,

L < [SDT 00| (C5)

K det DT"(pg, o)




480 C. A Skew Product over the Gauss Map

Proof. First, some preliminary considerations. For definiteness, let Wy, m,.....m,
be the Markov n-tile containing the two points (g, ) and (p(*)‘, g ). Letus write,
for j. = 1L,2,...,(pj,aj) = T/ (po,0p) and (p;f, a;‘) = T/ (pg,ay). From the
definition of our skew product, we see that

oaj = Tp, 0Ty, ,0---0 Tpo (o)

and similar formulas hold for p’; a;'.‘. Note that, for each 0 < j < n, we have

}(gi,’eaj)’ (pj,ozj) € Wm,,\....m,- Hence, by Lemma C.3, for each such j we
lpj — /O;(| < diam(ij.g-l,...,mn) <CA™

Next, for each 0 < j < n, let k; be the unique natural number such that k,lﬁ <

Pj p;‘ < kl_,-’ so that |p; — p;‘| < kiz Combining these two estimates, we can

J
write

lpj — P}l < min{C/\”_j , k;z} ) (C.7)

We are now ready to estimate the ratio of determinant Jacobians in (C.5). Using
(C.6) and the chain rule, we see that

"Z0G'(p)) 0
DT"(po. o) = ,
~1
* H?:o T,;j (aj)

and similarly for DT" (pg., oy ). Hence the ratio of determinant Jacobians at both
points equals

det DT"(po. o0) 12[1 G'(p)) 12[1 75, (@)

= (C.8)
* ok 1( A% / *
det DT"(pg, ogy) j=0G (pj im0 ij(aj)
We proceed to estimate both products in the right-hand side of (C.8).
(i) Since G'(§) = —1/£2 wherever G is differentiable, each term in the first

product is positive, equal to (p7/p )2, and thus we have

n—1

G'(p)) =
log [ ] G,(pi) <2y (logpj —log p}
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The mean value inequality tells us that ‘10 gpj —
and therefore, by (C.7), we have

i < (kj+Dlpj—p3ls

n—1

G'(p)) ~, I
logjljo G'(o") < 4j2=%kjmm{C)L" 7L k; } ) (C.9

(i1) From the formulas defining the fiber maps 7}, (see Section 9.3.1), we deduce
that there are only three possibilities:

1, if -1 <aj,af <0
p*p*
, oy
T, (aj) LAY if0<a; <l1—kjpjand0 <af <1—k;p}
7w PjPj+1 ‘ '
T*'(ozj)
Py

-, if1—kjpj <aj <landl—kjp; <aj <1
Pj

Whichever case occurs, we always have

()
p’( \‘logpj logpj)+)10gpj+1 10g/0,+1‘-

This yields

Therefore, using the mean value inequality and (C.7) just as in (i), we deduce

that
n—1 T/ n )
logl_[ ) <4 k; min{c/\"—f,k;z} . (C.10)
j=0 ;0] j=0

Combining the estimates (C.9) and (C.10), we arrive at

-1 -1 .

log "1_[ G'(o)) T Loy @)
/ * / *

=0 G (Pj) =0 Tp’; (O‘j)

n
< 8 Y kymin{CAmT k2L (€
j=0
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Applying Lemma C.4 withb; = C A/, we deduce that the sum on the right-hand
side of (C.11) is bounded by B = /C/ (1 — ﬁ) Thus, exponentiating both

sides of this last inequality, one finally arrives at (C.5), with K = 88, This
completes the proof of Proposition C.1. O

C.3.2 A Lebesgue density argument

In what follows, we denote by meas(A) the Lebesgue measure of a measurable set
A CR.

Lemma C.5. Let A C R be a set with positive Lebesgue measure. Then there
exists a constant 0 < ¢ 4 < 1 such that, for every Markov n-tile W with T"* (W) =
Ri, we have
meas(W N T7"(A))
meas(W)

> cy. (C.12)

Proof. Since T" maps W diffeomorphically onto RT, the change-of-variables
formula tells us that

meas(A) = // |det DT" (p, )| dpda ,
WNT—"(A)
as well as
1 = meas(RY) = // |det DT (p, )| dpda .
w
Applying the mean-value theorem for double integrals to both integrals above and
using Proposition C.1, we deduce (C.12), with a constant ¢ 4 that depends only on
meas(A) (and the constant K in (C.5)). O
Lemma C.6. If B C R is a set with positive Lebesgue measure, then
meas | R\ U T7"(B)| = 0.
n>=0

Proof. Replacing B by T~1(B) if necessary, we may assume that BT = BN R+
and B~ = B N R~ both have positive measure. Let € = %min{cngr , CB—},

where ¢ 54 are the constants obtained applying Lemma C.5to A = B +



C.3. Ergodicity 483

We argue by contradiction. Suppose £ = R\ |J,>o T~ "(B) is such that
meas(E) > 0. Let z € E be a Lebesgue density point of £, and choose § > 0 so
small that the disk D = D(z,8) C R satisfies

meas(D N E)

> l—e€. C.13
meas(D) € ( )

By fact (MT4) stated right after Lemma C.3, there exists a collection € of pair-
wise disjoint Markov tiles such that D = D* U | Jy ¢ W, where D* has zero
Lebesgue measure. For each W € %, there exists a positive integer m g such that
T™K (W) = R* D B*. Thus, by Lemma C.5, we have

meas | W N U T7"(B) | > meas (W NnT-mK (Bi»

n=>0

> cp+meas(W) > 2e meas(W) .

Since this is true for every Markov tile in €, we deduce that

meas | D N U T7™(B) | > 2emeas(D) ,

n=>0

that is to say,
meas(D N (R \ E))

> 2. C.14
meas(D) ¢ ( )
But (C.13) and (C.14) are clearly incompatible. This contradiction shows that
meas(E) = 0, and the lemma is proved. O

Corollary C.1. Let A C R be a Borel set which is T-invariant, i.e., T~1(A) = A.
If A has positive Lebesgue measure, then it has full Lebesgue measure in the whole
rectangle R.

Proof. The invariance T~!(A) = A implies T7"(A) = A foralln > 0. Since
meas(A4) > 0, we obtain from Lemma C.6 that

meas(A4) = meas U T7"(A) | = meas(R) .

n>0
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C.3.3 End of proof

With this at hand we can finish the proof of Theorem C.1: Corollary C.1 implies at
once that any absolutely continuous probability measure which is invariant under
T, is also ergodic under 7. Therefore, the measure w7 given by Lemma C.2 is
ergodic. Moreover, since the support of w7 is itself a T-invariant subset of R
with positive Lebesgue measure (because it has full p7-measure), Corollary C.1
implies that it must coincide with the whole rectangle R (since it is compact and it
has full measure). In particular, w7 is the unique absolutely continuous probability
measure invariant under 7, and this concludes the proof of Theorem C.1. We finish
this appendix by proving Proposition 9.4.

Proof of Proposition 9.4. Let By, B>,...,Bj,... be a basis for the topology of
RT UR™. Foreach j > 1, let B]°-° = Uus0 T7"(B;). Note that each B}’O C
R™ U R™ is open, and by Lemma C.6 it has full Lebesgue measure in R (in par-
ticular, it is also dense in R). Therefore % = () i>1 Bj°-° also has full Lebesgue
measure in R. Moreover, % is a dense Gg, hence residual, subset of R* U R™.
Finally, if z is any point in %, then its positive orbit {7"(z) : n > 0} visits every
basic set B, and therefore is dense in R. O
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Admissible pair, 265
Almost parabolic map, 180, 283
balanced decomposition, 185
Almost Schwarz inclusion, 366
Ancestor, 251, 252
Annular Riemann surface, 316
Arnold tongue, 99
Arnold’s counterexamples, 105
Asymptotically holomorphic map,
360, 361
Atom
critical, 190
level, 291
long, 148
regular, 196
saddle-node, 196
short, 148
Automorphic measure, 68, 237
ergodicity, 76
existence, 75
uniqueness, 77
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B
Beau bounds, 163
Beltrami
equation, 307
path, 304, 395
Bi-critical circle map, 273
Bi-Schwarzian, 121
chain rule, 121, 133
Blaschke product, 136, 179
Bounded geometry, 250
Bowtie, 397
Bridge, 194
balanced decomposition, 196
primary, 196
saddle-node, 196
Brjuno
condition, 106, 107, 111
number, 107

C

C ! bounds, 156
Carathéodory topology, 427
Centralizer, 248
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Circle homeomorphism

(p, q)-stable, 102

lift, 26

quasisymmetrically orbit-rigid,

245

Closest returns, 5
Coboundary, 70
Cocycle identity, 82, 209
Cohomological equation, 71
Cohomology group, 71
Collet—Eckmann condition, 228
Commuting pair

critical, 276

K-controlled, 319

holomorphic, 397

infinitely renormalizable, 280
Comparability, 155
Complex bounds, 392, 406
Conformal measure, 69
Conformal modulus, 305
Continued fractions, 7

convergents, 9

partial quotients, 9
Coordinates

Fatou, 426
Critical

spots, 193, 213

times, 193
Critical point

non-flat, 122

order, 123

type, 123
Cross-ratio

Inequality, 125, 142, 203, 213
Cross-ratio distortion, 120

chain rule, 120

weakly bounded, 172
Cross-ratios, 113
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Cylinder
Ecalle—Voronin, 426
map, 429

Cylinder renormalization, 423

D
Deep point, 421
Denjoy
Cantor set, 62
Hausdorff dimension, 64
example, 52, 58, 78, 240
sequence, 58
Denjoy—Koksma inequality, 49, 73,
268
Devil staircase, 97
Diophantine
class, 64
number, 84, 111
order, 107, 110
type, 85
Distribution
finite-order, 70
invariant, 69, 70, 238
Schwartz, 70
Douady coordinates, 427
Dynamical partition, 148
Dynamical system
holomorphic, 420

E
Ecalle—Voronin cylinder, 426
Ellipse field

measurable, 315
Epstein

class, 427

map, 408
Equidistribution, 14

modulo one, 14

Weyl’s criterion, 15
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Weyl’s theorem, 14
Ergodicity

distributional unique, 72

of skew product 7', 479

w.r.t. Lebesgue measure, 65
Euler—Lambert identity, 258
Exponential covering map, 3
Extended lift, 364

F
Faa-di-Bruno’s formula, 294
Family
Arnold, 98, 138
one-parameter, 97
standard, 97
Fatou coordinates, 426
Fiber map, 254, 473
Fine grid, 172
isomorphism, 175

Fourier
coefficients, 88
series, 87

G

Gauss map, 11, 281
Geometrically equivalent orbits, 244
Glueing, 277

bidimensional, 375

H
Hausdorff dimension, 64
Herman’s invariants, 80
Holomorphic index, 428, 431
Holomorphic map
entire, 110
Homeomorphism
circle, 26
(p, q)-stable, 102
lift, 26

Index

measurably non-singular, 39

minimal, 40

rotation number, 27
expansive, 43
K-quasiconformal, 306
K -quasisymmetric, 171
quasiconformal, 171, 305
quasisymmetric, 171
quasisymmetric distortion, 171

I

Inequality
Denjoy—Koksma, 49, 73
Yoccoz, 214

Interval exchange map, 280
Invariant measure
absolutely continuous, 473
o-finite, 208, 213
Hausdorff dimension, 204, 239
purely singular, 204
singular, 101
Irrational number
bounded type, 111, 178
Brjuno, 107
Diophantine, 84, 85, 107, 444
Liouville, 444, 445
Isothermal coordinates, 307

K

KAM theory, 83

Katznelson criterion, 209

Koebe’s distortion principle, 119,
197, 215, 293

Kolmogorov’s strategy, 85

L

Laurent
coefficients, 110
series, 110
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Lebesgue density point, 483
Lemma
C *° realization, 248
C™-approximation, 294
cancellation, 127
holomorphic approximation,
310
Kakutani—Rokhlin, 169
naive distortion, 46
Weyl’s, 305
Liouville number, 111
Lyapunov exponent, 67, 74, 228,
229
of Gauss map, 446

M
Map
almost parabolic, 180
holomorphic, 90
entire, 110
piecewise affine, 41
quasiconformal, 303, 315
smooth, 119
Markov map, 254, 473
Markov partition, 476
Markov tiles, 476
Measure
automorphic, 68, 237
conformal, 69
Mode-locking
interval, 98
phenomenon, 98
Multicritical circle map, 136
beau bounds, 163
Lyapunov exponent, 229
quasisymmetric rigidity, 188
real a priori bounds, 150
signature, 136
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Multiplicity of intersection, 126

N
Nonlinearity, 46, 421
chain rule, 46
nonlinearity
Koebe’s principle, 116

P
Parabolic bifurcation, 423
Parabolic map, 428
Parabolic renormalization, 424, 425
Partition

auxiliary, 193

dynamical, 193
Phase-locking

interval, 98, 102

phenomenon, 98
Pigeonhole principle, 3
Plateau, 37, 48
Poincaré

density, 114

disk, 365

length, 114

metric, 365

neighborhood trapping, 408
Polar ratio, 159
Pull-back argument, 399

Q
Quadratic-like map, 394

renormalizable, 394
Quasicircle, 179
Quasiconformal homeomorphism,

304, 305

analytic definition, 306

geometric definition, 305
Quasiconformal surgery, 179
Quasisymmetric
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orbit-flexibility, 245
orbit-rigidity, 245
Quasisymmetric homeomorphism,
171
Quasisymmetry, 171
criterion for, 174

R

Real bounds, 146, 149, 393

Renormalization, 274
ancestor, 252
cylinder, 423
exponential convergence, 357,
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hyperbolicity, 423
parabolic, 424, 425
Rauzy—Veech, 280
shadowing property, 359
trail, 253

Restricted domain, 287

Riemann surface lamination, 396
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conjecture, 272
counterexamples, 297
quasisymmetric, 188
smooth, 271

Rotation
irrational, 3
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Rotation number, 27
bounded type, 111, 217
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function, 97

S

Saturation, 421

Schwarzian derivative, 114
chain rule, 115

Index

kernel, 115
minimum principle, 118

Seven-point argument, 141
Signature, 136, 273

Skew product, 254, 472
Small denominators, 83, 88
Spectrum (of a Cantor set), 63
Standard family

of commuting pairs, 322

Surgery

T

saddle-node, 298

Teichmiiller distance, 395
Theorem

Arnold’s conjugacy, 85, 93
Avila—Kocsard, 72
Birkhoff’s ergodic, 39, 236, 440
Carleson’s, 202
Denjoy’s, 47
Douady—Yoccoz, 69
Folklore, 473
Gottschalk—Hedlund, 81
Hahn—Banach, 70, 78
Herman—Yoccoz, 108
Katznelson—Ornstein, 108
Khanin—Teplinsky, 108
Markeley’s, 62
McDuff’s, 63
measurable Riemann mapping,
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monotone convergence, 208
Morrey’s, 307
Navas—Triestino, 72
Schauder-Tychonoft, 75
Siegel’s, 84
Stone—Weierstrass, 15
straightening, 394
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Trujillo’s, 239
Weyl’s equidistribution, 14
Yoccoz’s, 140, 272
Yoccoz’s global conjugacy, 109
Yoccoz’s local conjugacy, 107
Zakeri’s, 137
Topology
geometric, 420
Hausdorft, 420
weak*, 75, 77
Transfer isomorphism, 426
Transformation
fractional linear, 7
Moébius, 7
Translation number, 27
Twisting, 421
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uniform, 421

U
Unit circle, 2

A\

Variation
bounded, 49, 74
total, 49

Y
Yoccoz’s inequality, 181, 193, 214,
286

Z
Zygmund class, 51
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Il - lsv bounded variation norm, page 49

|-l C° norm of functions defined on S, page 88

A special class of rotation numbers, page 282

B¢ (-,-) bi-Schwarzian of f, page 121

BV(S!) space of functions of bounded variation on the circle, page 49
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C(I) the plane slit along two rays, page 364

CrD(f; M, T) cross-ratio distortion of f on intervals M, T, page 120
D class of all standard C! Denjoy examples, page 58

DO(S') space of lifts of elements ofDiffg_(Sl), page 30
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Diff! tZ ($1) space of circle diffeomorphisms with log Df € Z, page 51
Difﬂ (S!) space of orientation-preserving homeomorphisms of S!, page 30
dimg (-) Hausdorff dimension, page 64

Dg(a,b) Poincaré disk, page 365

& Epstein class, page 427

Eo  setofirrationals p = [a1,a2,--+] € (0, 1) with each a,, evenand a,, — oo,
page 247

G(-) Gauss map, page 11

6 (-) Herman’s C” invariant, page 80

I,(x) n-th renormalization interval of x, page 147

m normalized Lebesgue measure on the unit circle, page 39
A f  nonlinearity of f, page 46

P, (x) n-th dynamical partition associated with x, page 147
2 (S') space of Borel probability measures on S!, page 68
Ry counterclockwise rotation by angle 2w «, page 3

Z(-) renormalization operator, page 280
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p(f) rotation number of f, page 27
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