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This book is an introduction to gauge theory in dimensions greater than 4. It is
organised as a reader’s guide to Gang Tian’s landmark article Gauge theory and

calibrated geometry, I, published in the Annals of Mathematics, . That
paper carries out to substantial lengths the programme outlined by Simon Donald-
son and Richard Thomas in the seminal paper , by

extending the fundamental notion of instanton in Yang—Mills theory to higher di-
mensional special geometries. Moreover, his bubbling theorem relates instanton
compactness to the theory of calibrated submanifolds, the celebrated work by

. This work expresses our admiration for all of these key
authors.

The text is aimed at graduate students and advanced undergraduates, as well as
specialists in other areas of Mathematics and Physics, with an interest in modern
Differential Geometry. We adopt a fast-paced but self-contained exposition of the
background on connections and curvature on bundles, special geometric structures,
analysis on manifolds and geometric measure theory, alongside the proof of Tian’s
bubbling theorem. We also highlight some links with other important works in
contemporary Geometry and Topology.

This version was commissioned as supporting material to an advanced course
by the authors at the 32" Brazilian Colloquium of Mathematics, hosted by the
Institute for Pure and Applied Mathematics (IMPA) from July 29% to August 2",
2019. The contents are almost entirely adapted from the first-named author’s Mas-
ters dissertation , at the University of Campinas (Unicamp).

We hope that the reader will share in our enthusiasm for this beautiful and



2 Introduction

fast-evolving subject.



A brief history of gauge theory.

The advent of Yang—M ills theory in the mid-1970s had a strong influence on
the development of differential geometry and topology . The
basic concept in the theory is the Yang—Mills functional, defined on bundle con-
nections V over a given Riemannian manifold as the square of the L2-norm of the
curvature:

YMEV) = [|Fy 7.

Its critical points are characterised by a second-order condition on V called the
Yang—Mills equation: dy Fy = 0. In four-dimensions, an important type of mani-
fest solutions consists of so-called (anti-)selfdual connections, satisfying

xFy = £ Fy,

under the Hodge star operator. This is a first-order condition, which implies the
Yang—Mills equation. The space of equivalence classes of such solutions, modulo
symmetries, is called the (4)SD instanton moduli space (respectively). In par-
ticular, outstanding results on topology of 4—manifolds derive from the study of
moduli spaces of anti-selfdual (ASD) instantons.

Building upon analytical works of and ( ,b),

was able to show that certain intersection forms could not be
realised by compact, simply-connected smooth 4—manifolds. One year earlier,
had classified all compact, simply-connected topological 4—manifolds,
so that Donaldson’s result automatically gave several examples of previously un-
known nonsmoothable 4—manifolds. Later on, proved a general-
ization of Donaldson’s theorem for oriented asymptotically periodic 4—manifolds.
This implied the existence of uncountably many exotic smooth structures on R*,
i.e. the existence of an uncountable family of diffeomorphism classes of oriented
4—manifolds homeomorphic to R* (see also the earlier work of ).
Ultimately, Donaldson extended his work significantly and produced deep new
invariants distinguishing smooth 4—manifolds with the same intersection form
(1990), (1990), and

(1984).

In the late-90s, the hugely influential work by
outlined profound insights towards extending the theory to higher dimensions (i.e.
greater than 4), in the presence of special geometric structures. Such a general-
isation of the notion of instanton was first considered by physicists in

and further discussed in ( ) and
( ). While the classification of differentiable structures is much better
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understood in higher dimensions , one may optimistically expect
gauge theory to lead to new invariants for special holonomy manifolds, such as
Calabi—Yau, G, and Spin(7) manifolds.

In order to carry out the Donaldson—Thomas program rigorously, one would
like to have higher-dimensional analogues of the compactness results by Uhlen-
beck. In fact, the possible failure of compactness is a major issue: for any se-
quence {V;} of Yang—Mills connections on a G—bundle £ — M, with uniformly
bounded L% —energy | Fy, ||i2 < A, there exists a closed ‘blow-up set’ S € M, of
Hausdorff codimension at least 4, such that, up to gauge transformations, a subse-
quence of V; converges to a Yang—Mills connection in C°S—topology away from

s (1988), Price (1983), and ().

Instanton bubbling and calibrated geometry.

initiated this programme by proving foundational regularity re-
sults concerning blow-up loci of general sequences of Yang—Mills connections,
notably showing that these are rectifiable, admit a natural geometric structure, and
that at each point of this subset the sequence loses energy via bubbling and possi-
bly also develops a singularity. Tian’s analysis is similar to the work of
on the analogous compactness problem for harmonic maps, and his key tools are
Price’s monotonicity formula and a curvature estimate due to Uhlen-
beck and .

The paper begins with a very general formulation of anti-selfduality, for con-
nections on a G—bundle E over an oriented Riemannian manifold (M, g) en-
dowed with a closed (n —4)—form Z. A connection V is called a & —anti-selfdual
instanton if

*(8 A Fy) = —Fy.

This first-order condition still implies the Yang—Mills equation. Moreover, when
the manifold M is closed, each &—ASD instanton has an a priori L?—energy
bound, depending only on E, M and Z'. For suitable choices of =, the Z—ASD
equation generalises the familiar ASD equations in 4—dimensions, the Hermitian
Yang—Mills equations on Ké&hler manifolds, and the higher-dimensional equations
of G,— and Spin(7)—instantons (in particular, complex ASD instantons). Tian’s
major breakthrough was the discovery of a specific relation between gauge theory
and calibrated geometry: when & is a calibration, the blow-up set of a sequence of
& —ASD instantons defines a = —calibrated integer rectifiable current (

Theorem 4.3.2), and thus a (possibly very singular) & —calibrated submanifold.

2



The present text offers a comprehensive treatment of Tian’s Z-instanton bub-
bling theory, specifically Chapters 1 — 4 of , which we organise in the
following two theorems:
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Theorem A (Uhlenbeck, Price, Nakajima, Tian). Let (M", g) be a connected,
closed, oriented Riemannian manifold, withn = 4. Let E — M be a G—bundle
with compact structure group, and let {V;} be a sequence of smooth Yang—Mills
connections on E with uniformly bounded energy YM(V;) = | Fy, ||i2 < A

Then,

)

(i)

(iii)

(iv)

after passing to a subsequence, the following assertions hold:

There exist a closed subset S © M with finite Hausdorff measure H"~*(S) <
oo, a smooth Yang—Mills connection V on E|pp\ s, and a sequence of gauge
transformations {gi} < G(E|p\s). such that g} V; converges to V in
C>°—topology on M \ S.

loc

There exist a constant g9 > 0, depending only on (M", g) and G, and a
bounded upper semi-continuous function ©: S — [gg, 00| such that, as
Radon measures,

pi = |Fy, PdVe — p = |[FylPdVe + OH"(S.

S decomposes as S = I" U sing(V) with

I = supp(OH"*|S) and

sing(V) := {x € M : limsup r4_”/ |Fy|>dVy > 0¢ ;
rl0 By (x)

I is countably H"~*—rectifiable, i.e. TxI" is well-defined at H* *—a.e.

x € I, and sing(V) is H"~*—negligible.

If x € I' is a smooth point, i.e. Ty I exists and x ¢ sing(V), then there is a
non-flat Yang—Mills connection I(x) on Ty 'L, with YM(I(x)) < O(x),
whose pull-back to Tx M is gauge-equivalent to the limit of a blowing-up of
{V;} around x.



Theorem B (Tian). Let (M", g) be a connected, closed, oriented Riemannian

~

manifold, withn = 4. Let E be a smooth calibration (n — 4)—formon M, i.e. &
is closed and has comass bounded by 1:

HNET*ILooar <1,
where
|E|% ;= sup{(Ex, Vi A... AUpy—g) 1 v; € TuM, |vi| = 1}.

Let E — M be an SU(r)—bundle over M, and let {V;} be a sequence of smooth
B —anti-selfdual instantons. Then one has the a priori energy bound Y M(V;) =
(c2(E)U[E], [M]), so that Theorem A holds, and furthermore we have the follow-

ing:
(i) The limit connection V is also a E —anti-selfdual instanton away from S.

(ii) For any smooth point x € I', the (n — 4)—form Ey = E|r pm restricts
to one of the volume forms induced by g on T I, and 1(x) is a non-trivial
ASD instanton on (Ty '+, gl L) with respect to the orientation given by

X

*Ex|r L. Equivalently, B(x) is a Ex—ASD instanton on (TxM, g|1, M)

(iii) The (n — 4)—current given by
1 _ _
C(I,0)(p) = Sz F(QO, EIr)Od(H"* ), Yee" M),

is a E—calibrated integer rectifiable current satisfying conservation of in-
stanton charge density, in the following sense: for every ¢ € Q"~*(M),

lim tr(Fy, AFy, ) Ap =f tr(Fy AFy)Ap+872C(I, ©)(p). (B1)
i—oo Jpg ' M

In particular, the Lz—energy is conserved:

(c2(E)U[E], [M]) = YM(V) + /F Od (H"~*I').
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Remark. In the situation of Theorem B:

* The function ® measures the energy density lost by the sequence around a
point x € I'. If, instead of a single ASD instanton bubbling off transversely
at x € I', there is actually a whole bubbling tree of ASD instantons, then
the inequality in (iv) of Theorem A is necessarily strict.

» Tao—Tian further show that V extends to a & —anti-
selfdual instanton on a G—bundle E over M \ sing(V) which is isomorphic
to E over M \ S.

+ In the simplest case, the singularities of V are removable, I" is a smooth
Z —calibrated submanifold, and the bubbling trees of ASD instantons con-
sist of single ASD instantons forming a smooth section / of an instanton bun-
dle associated to the normal bundle of I" and the restriction E | of the ambi-
ent bundle. Conjecturally, in case (M, g, &) is a Gy— or Spin(7)—manifold,
[ should satisfy a certain non-linear Dirac equation associated to = and the
restriction V| called the Fueter equation, see ( ) and

( b).

Overview of the book.

In Chapter 1 we introduce the terminology of connections on G —bundles,
their curvatures, and some related differential operators. This includes a classi-
cal Bochner—Weitzenbock formula for the
generalised Hodge-de Rham Laplacian on gfg—valued 2—forms, and a review
on Sobolev spaces of connections (Section 1.1). We also provide some material
on holonomy groups and basic Chern—Weil theory (Sections 1.2 and 1.3). Next,
we explain the weak and strong formulations of the Yang—Mills equation over
Riemannian manifolds, discuss some of its symmetries and give a brief account
of gauge fixing (Section 1.4). We illustrate the chapter with a basic survey of
4—dimensional gauge theory, reviewing classical (anti-)selfdual instantons, topo-
logical energy bounds via Chern—Weil theory, and their relation to Kahler geome-
try (Section 1.5).

In Chapter 2, we introduce the language of calibrated geometry, following

, and the notion of instanton in higher dimensions, from

(1998), (1983),
( ), and ( ). Since these notions naturally arise in the context of man-
ifolds with special holonomy, we begin with a brief discussion of Riemannian



holonomy groups and Berger’s classification theorem, as well as some important
geometries associated to special groups, such as Kéhler for U(m), Calabi—Yau for
SU(m), and the exceptional cases G, and Spin(7) (Section 2.1). Next, a quick
review of minimal submanifolds motivates the introduction of calibrations and
calibrated submanifolds, highlighting the classical examples on special holonomy
manifolds (Section 2.2). Finally, we present two approaches for the generalization
of the familiar 4—dimensional notion of instanton. The first approach is that of

, based on the presence of a closed differential form 5 € 274 (M™)
(Section 2.3). The second approach, originally introduced by T
formulated in terms of an N (H )—structure on M", where N (H ) is the normaliser
of some closed Lie subgroup H € SO(n). Both points of view are shown to co-
incide in cases of interest, drawing various analogies between such instantons and
calibrated submanifolds.

Chapter 3 establishes the analytical backbone of bubbling theory, leading up
to the proof of claim (i) in Theorem A. We review Uhlenbeck’s compactness the-
orems ( ,b) (Section 3.1), and we study two core results in the
analysis of Yang—Mills fields: a monotonicity formula, by (Section
3.2), and a local pointwise estimate with sufficiently small normalised Z?—norm
over small balls, by ( )and ( ) (Section 3.3). In par-
ticular, these results are used to show that sequences of Yang—Mills connections
with uniformly bounded L2?—energy are Coo—convergent away from a blow-up
set of Hausdorff codimension at least 4, along which the normalised L% —energy
concentrates (Section 3.4).

Finally, Chapter 4 addresses the structure of blow-up loci of sequences of
Yang—Mills connections with uniformly bounded L2?—energy. The main results
correspond to claims (ii)—(iv) in Theorem A and Theorem B. Fixing such a se-
quence {V;}, with limit connection V away from the blow-up set S (subsequen-
tially and modulo gauge), we will see that S decomposes into two closed pieces:
one, denoted by I", which involves energy loss, and sing(V), on which the forma-
tion of singularities occurs. The latter is readily shown to be a H"~*—negligible set
(Section 4.1). Next, we show a first regularity result: I” is (countably) H"~*—rectifiable,
i.e. the approximate (n — 4)—dimensional tangent space T, I" of I" exists, for
H"~*—almost every x € I' (Section 4.2). Then we move on to the behavior of V;,
for i sufficiently large, near a smooth point x € I, at which TxI" is well-defined.
Applying blow-up analysis techniques that go back to , and following
the more recent approach , we can find a non-flat Yang—Mills
connection I(x) on Ty I"* satisfying the energy inequality Y M (I(x)) < O (i, x)
and whose pull-back to Tx M is gauge-equivalent to the limit of a blowing up of
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the sequence {V;} near x (Section 4.3).

Then we turn to the case in which {V;} is a sequence of = —anti-selfdual in-
stantons (Section 4.4). We show that, for any x € I', the approximate tangent
space T I is calibrated by =, and an ASD instanton ‘bubbles off” transversely;
indeed /(x) is a (non-flat) ASD instanton. Finally, we conclude the proof of The-
orem B by showing that, for G € SU(r), the natural (n — 4)—current C(I, ®),
defined by the triple (I, =, 8”%@), is a & —calibrated integer rectifiable current
satisfying (B1).

Original contributions.

While our exposition follows very closely, in the course of writ-
ing we took a few opportunities to streamline the argument, in the light of more
recent literature, aimed at improving the reader’s experience. Of course we bear
full responsibility for those deviations, and the author of the source paper is in
absolutely no way liable for any shortcomings deriving from our whim. Let us
explain the main points at which our account diverges from the source.

In Sections 3.2-3.4 and Chapter 4 we adopt the general framework of n —manifolds
of' bounded geometry up to order 1, to which the monotonicity formula, e-regularity,
convergence outside the blow-up set, and the actual blow-up analysis can be car-
ried over. Besides compact manifolds, this includes symmetric spaces and mani-
folds with noncompact ends, such as asymptotically cylindrical (ACyl) and asymp-
totically conical (AC) manifolds. Over the past decade, the latter geometries have
attracted significant interest in higher-dimensional gauge theory, e.g.

( ) and ( ) and , and

( ) and ( ), respectively. In par-
ticular, the proof of e-regularity and the blow-up analysis follow a slightly more
direct approach, formulated by

Finally, we stop short of reproducing in this expos1t10n some claims from the
original source. In particular, the claim that the current on M defined by

8712¢2(V) = tr(Fy A Fy) — tr(Fy) A tr(Fy)

is closed ( , Corollary 2.3.2), which turns out to be equivalent to the
assertion that C (I, ®) is closed ( , Theorem 4.2.3 (3)); in general this
may not be true, see ( , §1.12.4). Moreover, we do not

reproduce Tian’s original proof that ® takes values in 8727 in the & —instantons
case. Instead, we refer the reader to the more general energy identity result of
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which easily implies the claim (see Theorem 4.35 and
the discussion preceding Theorem 4.39).



We begin by reviewing the basic terminology on G —bundles, connections and cur-
vature, as well as some important associated differential operators over Rieman-
nian manifolds, such as the Hodge-de Rham and the rough Laplacians, in Section
1.1. We proceed to two special topics that will be needed in Chapter 3: a corre-
sponding Bochner—Weitzenbdck formula and Sobolev spaces of connections. In
Section 1.2, we review the holonomy of connections on real vector bundles, the so-
called holonomy principle, and the Ambrose—Singer theorem, which relates holon-
omy and curvature. Section 1.3 gives a quick exposition of basic Chern—Weil rep-
resentation of characteristic classes, which underlies the topological Yang—Mills
energy bounds obtained in Section 1.5. In Section 1.4 we explore some variational
aspects of the Yang—Mills equation, the ‘Euler—Lagrange’ condition for the Yang—
Mills functional, and we bring in a brief discussion of gauge fixing. Finally, in
Section 1.5, we recall the 4—dimensional notion of (A)SD instantons, as special
first order solutions of the corresponding Yang—Mills equation, and we provide
two well-known interpretations of this notion; one topological, via Chern—Weil
theory, and one geometrical, in the context of complex geometry.
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1.1 Connections and curvature

We will work with connections exclusively from the point of view of vector bun-
dles. There are many good references for this topic, we will follow mostly

( , §2.1) and ( , §2). The last
two topics, a Bochner—Weitzenbock formula and Sobolev spaces of connections,
call for more specific references, which are pointed out in the text.

G—bundles. Let 7: E — M be a K—vector bundle of rank r and structure
group G C GL(r, K); henceforth, we will say simply that E is a G—bundle. This
means that £ admits a bundle atlas {(Uy, ¢4)}, of local trivialisations

Yo = (T, Pa): T[_I(Ua) — Uy x K7,

whose transition functions {g,g} take values in G. In other words, on each non-
trivial intersection Uyg := Uy N Ug # @, the changes in trivialisation

o 09z (Ux NUg) x K" — (Uy NUg) x K
('xav) = (-x’gaﬂ(x)v),

define maps gqop: Upp — G, by g4p(x) = ¢ o (¢ |Ex)_1. This type of atlas is
also known as a G—atlas for E. A local trivialisation

¢ =(m.¢): n Y U)— U xK"

is compatible with such a G—atlas when ¢ o (¢a| Ex)_l € G, for any o with
UNUy # @ and x € U N Uy; in this case, ¢ is called a G—trivialisation.
Examples of structure groups G of wide popular interest include SU(2) and
SO(3). More generally, we will be interested in the groups U(r) and SU(r), when
K = C, and SO(r), r = 3, when K = R. In any case, we will suppose G to be
a compact Lie group, so that the Lie algebra g of G admits some Adg—invariant
inner product (-, -)4. In fact, in Yang-Mills theory it is common to take G to be
a compact semi-simple Lie group, in which case there is a canonical choice of
Adg—invariant inner product on g: minus the (negative definite) Cartan—Killing
form! of g. However, because of our interest in the unitary groups U(r) (e.g. when

if Kg: g x g — g denotes the Cartan—Killing form of g, i.e. the (symmetric) bilinear form on
g given by Kq(X,Y) :=tr(ad(X) o ad(Y)), foreach X, Y € g, then the compactness of G implies
K is a negative semi-definite bilinear form; in general, K is non-degenerate if, and only if, g is a
semi-simple Lie algebra.
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working with Hermitian-Yang—Mills connections), in general we will not impose
semi-simplicity for G. Instead, since G is compact, we assume’> G € O(r) or
G C U(r), according to the respective cases K = R or C, and fix once and for
all the Adg—invariant inner product on g to be the one induced by the canonical
trace inner product:

(X.Y)g = —tr(XY), VXY €g. (1.1)

It is worth noting that minus the Cartan—Killing form of su(r) (resp. so(r)) differs
from the above choice of inner product by the constant factor 2r (resp. r — 2).

Remark 1.2. The condition G C U(r) (resp. O(r)) implies that our bundle
E — M is endowed with a Hermitian (resp. Euclidean) metric h, i.e. a smooth
assignment of a Hermitian (resp. Euclidean) inner product 4, on E, for each
x € M. Indeed, given a trivialisation ¢, around x € Uy, define

hy = (¢alE.)" ho,

where A is the canonical Hermitian (resp. Euclidean) inner product on C” (resp.
R”). To see that this is well-defined, note that, whenever x € U,g, we have

Zap(x) = o © (¢ﬂ|Ex)_1 € G C U(r) (resp. O(r)), therefore

(#1£.)" ho = (#p15, o (Balr,) ™" o dulr,) o

= (¢pa(¥) 0 GulE,) o
= (¢a|Ex)* ho.

One may readily check that 4: x — h, is a smooth assignment, i.e. for each
pair of smooth local sections 5,7 € I'(E|y) over a neighbourhood U € M, the
map h(s,t): x — hy(s,t) is a smooth K—valued function on U. Moreover, since
each ¢« | g, is a K—linear isomorphism, it is clear that each /1 is a Hermitian (resp.
Euclidean) inner product on E.

Conversely, if we start with a complex (resp. real) vector bundle £ — M en-
dowed with a Hermitian (resp. Euclidean) metric %, then the usual Gram—Schmidt
process ensures the existence of local orthonormal frames for £, which are just
another way to speak of U(r)— (resp. O(r)—) local trivialisations for E. In partic-
ular, a U(r)—bundle £ — M is just a complex vector bundle of rank r over M,

2Every continuous representation p: G — Aut(V) of a compact Lie group G into a finite-
dimensional K—vector space V is unitary, i.e. the G—module V' admits a p(G)—invariant inner
product.
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endowed with a Hermitian metric /, also referred to as a unitary (or Hermitian)
vector bundle.

Similarly, a SU(r)—bundle E is just a U(r)—bundle endowed with a fixed
trivialisation t on its top exterior power A" E* (i.e., a section T € I'(A"E™)
assigning to each x € M an orientation 0 # 7(x) € A"EY on Ey); a local
SU(r)—trivialisation is one for which the associated local frame is orthonormal
and oriented. O

We denote by Autg (£) the bundle of G—automorphisms of £, i.e. Autg(E)
is the ‘bundle of groups’ over M whose fibre at x € M consists of all GL(Ey),
acting as G —isomorphisms on E, that is, all g € GL(E,) whose matrix represen-
tation with respect to some (and therefore any) local G —trivialisation of E lies in
G C GL(r,K). The space of smooth sections of Autg (E) is denoted by G(E), and
is called the group of gauge transformations of £. We note that G(FE) is endowed
with a natural group structure given by pointwise composition. Alternatively,
G(FE) is naturally identified (as a group) with the set of all G—bundle automor-
phisms g: £ — E (i.e. diffeomorphisms g: £ — E covering the identity map
1pr: M — M such that, for each x € M, the restriction g, := g|g, : Ex — Ex
lies in Autg (E)y) with the group structure given by the composition of maps.

Another important bundle in this setting is the adjoint bundle g g of E, the
real vector subbundle of End(E) = E* ® E whose fibre at a point x € M
consists of all those endomorphisms 7: Ex — Ex whose matrix representation
with respect to a G —trivialisation of E lies in the (real) Lie algebra g C gl(r, K).
Alternatively, if {gop: Uyg — G} is a family of transition functions for £, then
gk is the real vector bundle determined by the transition functions

Ad(goeﬁ): Uozﬂ — GL(g),

where Ad: G — GL(g) is the canonical adjoint action of G on g.
Now, since G is a compact Lie group, the Lie algebra g is reductive, meaning
that its Levi decomposition® has the form

g =15 ®3(q), (1.3)

where s is a semi-simple ideal and 3(g) is the centre of g. (In particular, if Z(G)
denotes the centre of G, the compact Lie group G/Z(G) is semi-simple, with Lie
algebra s.) Furthermore, since G € GL(r, K), we have explicitly:

s =gNsl(r,K) and 3(g) =gnNI,

31If r(g) denotes the (solvable) radical of a finite-dimensional (real) Lie algebra g, then g is the
semi-direct product of r(g) and a (necessarily semi-simple) subalgebra .
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where [ C gl(r, K) denotes the Lie algebra of scalar matrices. Every element
X € g decomposes accordingly as

X = (X — %tr(X)ll) @ (%tr(X)]l) € s ®3(q).

The s—component (or trace-free component) of X will be denoted by X©.
It follows from decomposition (1.3) that the adjoint bundle g g splits as

0
ar = a2 @ 3(q). (1.4)

where g%)) is the adjoint bundle of £ xg G/Z(G), consisting of trace-free endo-
morphisms in g g, and 3(g) is the trivial bundle with fibre 3(g).

Connections. We now recall the definition of a connection on E from the co-
variant derivative (Koszul) point of view.

Definition 1.5. A smooth connection (or covariant derivative) V on E is a K—linear

map
V:I'(E) > I'(T*M ® E)

satisfying the Leibniz rule
V(fs)=df ® s+ fVs, foreach f € C*®°(M), ands € I'(E). (1.6)

Remark 1.7. When E is a complex vector bundle (K = C), its space of sec-
tions I'(E) has a natural C°°(M, C)—module structure. This induces a natu-
ral C>°(M, C)—module structure on I'(T*M ® E), which canonically identi-
fies it with I'(T*Mc ®coo(m,c) E). For instance, when (M, J) is an almost
complex manifold, one may think of V as an operator on I"(E) taking values in
I'(T*Mc ®coo(m,c) E), instead of I'(T*M ® E) (we will do so in §1.5). In
this case, it makes sense to write df ® s = df; ® s + df> ® (is) for each
f=fi+ifa € C®°M,C), with f; € C*°(M), so that the Leibniz rule (1.6)
holds more generally for complex-valued smooth functions. O

In what follows we list some important properties of connections:

(1) The difference of two connections is a tensor. It follows from (1.6) that
V — V' is an algebraic operator (i.e. C°° (M )—linear), hence it defines an
element A € 21 (M, End(E)) such that

(V—V')s=As, foreachse I'(E) = 2°(M,E).
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Here A acts algebraically on sections, by contraction: *

%M, E) x 2Y(M,End(E)) - 21(M, E).

Conversely, given a connection V on £ and A € 2'(M,End(E)), one
immediately verifies linearity and the Leibniz rule for

V=V+A4: 2°M,E)— Q2Y(M, E),

hence it defines another connection on E. Therefore, the space of connec-
tions on E — M is an affine space® modeled on 2'(M, End(E)).

(i) Connections are local operators. Another consequence of Definition 1.5 is
that a connection V is a local operator, in the sense that it decreases support:
if s € I'(E) vanishes on some open subset U € M, then Vs also vanishes
on U. By linearity, this amounts to saying that the value of Vs at x depends
only on the values of s near x. Indeed, let x € U and pick a cutoff function
p € C°°(M) supported on U and equal to 1 in a neighbourhood V' € U of
x, i.e. supp(p) € U and p|y = 1, for some open V > x, V C U. Then,
ps = 0 and, by linearity,

V(ps) = 0.

On the other hand, as s(x) = 0 and p(x) = 1, by the Leibniz rule,

V(ps)(x) = (dp)(x) ® s(x) + p(x)(Vs)(x)
= (Vs)(x).

Therefore (Vs)(x) = 0, as claimed.

In particular, if V is a connection on E, then it restricts to a connection on
E|y over any open set U € M. Thus if {U,} is an open cover of M, then
V is completely determined by the induced connections V, on each of the
restrictions E|y, .

(iii) Connections are covariant. Connections can be pulled back by a smooth
map f: M' — M. If{gyp} isafamily of transition functions for a G—bundle
E, subordinated to an open cover {Uy} of M, then the induced bundle

‘g (5,0QT) > w® (Ts), forw e 2Y(M), T € I'(End(E)) and s € 2°(M, E).
SThe existence of connections on a vector bundle over a paracompact manifold follows by a
standard application of partitions of unity, so we adopt that assumption henceforth.
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f*E — M’ is also a G—bundle, determined by the family { /*gqp }, sub-
ordinated to the cover { f ~1(Ug)} of M’, with total space

fYE={(x"v) e M'xE: f(x') = n(v)}.

Each local section s € I'(E|y) induces f*s € I'(f*E| y-1 (), defined
by

(f*s) (&) =s(f(x"), Vx' e f7HU).
If {e1,...,er} is a local frame of E over U, it is quite easy to see that
{f*e1,..., f*e,}isalocal frame for f*E over f~1(U).

Given a connection V on E and a G—atlas {(Uy, @)} for E, the pull-back
connection [*V on f*E is defined, in each induced local frame { f *e{* :
i=1,...,r},by

(f*(f"ef) = [ (Ve), (1.8)
where in the RHS of the last equation f™* acts as the natural extension of
o ®s) = (f*0)® (f*s), forw € 21(Uy) and s € I'(E|y,,). This
means that, if {4} is the collection of ‘gauge potentials’ associated to V,
then { f* Ay} is the collection of ‘gauge potentials’ associated to f*V on
the induced local trivialisations for f* E’; see the next paragraph.

Local description of connections. Combining properties (i) and (ii) above, we
get the following local description of connections. Consider an atlas {(Uy, ¢« )}
of local trivialisations for E. Then, we may write

Vo =d+ Ag, (1.9)

where d is the trivial product connection on Uy, x K”, which takes a section
s = (51,...,8) t0®ds = (dsq,....ds;), and” Ay € 2! (Uy, gl(r,K)). The
meaning of the above equality is that, identifying (via ¢y ) local sections of E|y,,
with (column) vector-valued functions, the induced covariant derivative on E|y,
acts on sections as the sum d + A,. The matrix 4, of local 1—forms is called the
connection matrix or gauge potential of V with respect to (Uy, ¢g).

In an overlap Uy N Ug # @, a straightforward computation shows that the
gauge potentials Ay and Ag are related by

Au = CapAp2ag + Capdgyg.- (1.10)

bwe also denote by d the exterior derivative operator.
7We think of g[(r, K) as the trivial bundle Uy, x g((r, K) over Uy.
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G —connections. A connection V on E is called a G—connection if its associ-
ated gauge potentials A, with respect to local G —trivializations (U, ¢y ) of E lie
in 21 (Uy, g). For example, if G = U(r) and (-, -) is the associated metric on E,
then the condition for V to be a G —connection may be rephrased globally as:

d(s1,s2) = (Vs1,82) + (51, Vs2), Vs1,52 € ['(E).
Here (-, -) is naturally extended so that
(w®s,t)=(s,0Q1) = (s,t)w,

whenever w € 21(M) and s,t € I'(E).

We see that G —connections differ by an element of 21 (M, q g ) rather than just
21(M,End(E)), so that the space of smooth G —connections on E, hereafter de-
noted by A(E), is an (infinite-dimensional) affine space modeled on 21(M, gf).
Thus, when we fix a smooth reference G —connection Vj,

AE)={Vo+A:4e Q" (M,gE)}.

We use this affine structure to endow A(E) with the C,2°—topology coming from
the model 2!(M, gg). By definition, a sequence {V;} C A(E) convergesto V €
A(E) if, and only if, {V; -V} € 21(M, g ) converges to zero in Clg‘c’—topology8

on M.

Convention 1.11. Unless otherwise stated, from now on we drop the prefix G—
and assume we are dealing only with G—objects. For instance, ‘a connection on
E’ will actually mean ‘a G—connection on E’, a ‘local trivialisation for £’ will
actually mean a ‘a local G—trivialisation of E’, and so on.

Now we turn attention to some important differential operators induced by
a connection V € A(E). We have from the outset the collection of covariant
exterior derivatives

dy: Q¥M, E) - QK'Y (M, E), k=0,

uniquely determined by the following properties (see ( ,
p. 170, Lemma 17.6)):

8See the first paragraph of Section A.6 for a construction of such topology in a simplified context.
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(i) dv is K—linear, for each k = 0;
(i) dy = Von 2°%M, E);

(i) dy(® A &) = dw A E + (=1)*w A dyé, for each v € 2K(M) and £ €
UM, E).

Here A: 2K(M) x 21(M, E) — QK+ (M, E) is the naturally extended wedge
product acting trivially on the £ —component.

The curvature of a connection. Moreover, the composition
dy ody: 2°M,E) > Q*(M,E)
is C*°(M)—linear: indeed, for f € C°°(M) and s € I'(E) we have

dy odv(fs) =dv(df ®s+ fVs)
=d’f®s—df AVs+df AVs+ fdyodys
= fdy odys.

Hence, there exists a unique section Fy € 22(M,End(E)), called the curvature
of V, such that
Fys = (dy odv)s, Vs e '(E).

Local description of the curvature. Consider an atlas of local trivialisations
(Uy, @q) for E. Let again A, be the associated gauge potentials of V and let
F,, := [Fv]q be the local matrix representations of Fy. Then, a local computation
gives the following Cartan formula:

Fa :dAa+Aa/\Aa, (1.12)

where Ay A Ag 1S the matrix of local 2—forms

(Ada A Aa); =) (A A(A)s, 1< j<r
k

Here, & ; denotes the local components of some element & € I'(End(E)), with re-

spect to the local frame induced by ¢, on End(£); more intrinsically, there is a nat-
ural extension of the wedge productto 2°(M,End(E)) = P>, Qk(M,End(E)),
such that

@@T)AN(®S) =(wAn)&(ToS),
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foreachw,n € 2°(M) and S, T € I'(End(E)).
Using (1.12) and (1.10), one further shows that

Fo = gap Fpgyg = Ad(gap) Fg, onUsg # 0. (1.13)
Shrinking Uy, if necessary, we can also consider local coordinates (x1, ..., x™)
and write .
Aq = Ao,i ® dx', for A € g, (1.14)
and |
Fo = - Faij ® dx’ Adx/,  for Fyyj € gl(r, K). (1.15)

It then follows from (1.12) that
Fa,z‘j = 3,‘Aa,j — ajAa’i + [Aa,i,Aa,j]a (1.16)

where [-, -] is the commutator of g C gl(r, K). In particular, we have Fy ;; € g
foreachi, j = 1,...,n. Thus, the curvature Fy lies actually in 2%(M, gE).

Furthermore, V also induces a connection on the bundle End(FE), still denoted
by V, which acts on 7' € I'(End(E)) by the tautological Leibniz’s rule

(VT)(s) :=V(Ts)—T(Vs), foreachs e I'(E), (1.17)

where T'(Vs) denotes the action of the endomorphism 7 on the £ component of
Vs. This connection in fact reduces to a connection on gz € End(E), since V is
a G—connection. As before, this induces operators

dyv: 2¥(M,gqg) — XY (M, gg), k =0.

Ifé € QP(M,qEg) and & = [€], is the local representation via a local trivi-
alisation (Uy, ¢y ), then one can show that

[dvé]e = déo + [Aq; Eals (1.18)

where [w ® T.n ® S] = (w A1) ® [T, S]q is the graded commutator; more
generally, if n € 29(M, gE),

[E.n]l:=EAn—(=DPInAEL. (1.19)
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Lemma 1.20 (Bianchi identity). 4 smooth connection V € A(E) satisfies
dvFv = 0. (1.21)

Proof. 1t suffices to check the identity in a local trivialisation. By (1.18) and Car-
tan’s formula (1.12), we have

[dVFV]a =dFy + [Aa’ F(x]
= d(dAg + Ag A Ag) + [Aa. dAq + Aq A Ag].

Now, by the Leibniz rule and (1.19),
d(dAy + Ag AN Ag) = dAg A Ay — Ag A dAy

and
[Ag,dAy + Ag A Ay] = Ay ANdAg — dAg A Ay.

Summing these equations we get the desired result. O

Gauge equivalence. Let us recall the concept of gauge equivalence for connec-
tions on FE, in terms of the canonical action of G(E) on I'(E): a gauge transfor-
mation g € G(FE) acts on a section s € ['(E), giving rise to the new section
gs € I'(E) defined by

(g5)(x) == gx(s(x)), VxeM.

This extends to an action of G(E) on 2% (M, E) by acting trivially on the form part.
We can define the following ‘pullback’ action’ of G(E) on the space of smooth
G —connections A(E): an element g € G(E) actson V € A(E) by

g*Vi=gloVog,
ie. g*V: Q0M, E) - 2'(M, E) is the map given by

(g*V)(s) := g~ 'V(gs), VseQ°M,E).

9Here, the term ‘pullback’ alludes to the fact this is a right-action. Some authors defines the

action of G(E) on A(E) to be the corresponding ‘pushforward’ left-action: g -V := go Vo g~1.
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This defines indeed a G —connection on E. First of all, g*V is clearly a K—linear
map. To check the Leibniz rule, let f € C®(M) and s € 2°(M, E); since the
actions of C°°(M) and G(E) on 2K (M, E) commutes, we have

(&*V)(fs) =g ' (Ve(fs) =g ' (Vf(gs))
=g ' (df ®(gs)+ fV(gs) =df @5+ f(g7'V(gs))
=df ®s+ f(g*V)s.

Moreover, if (U, ¢) is a local (G —)trivialisation for E and we let A and g* A be the
respective gauge potentials of V and g*V, then we the following transformation
law is easy to compute:

g¥A=g14g + g ldg = Ad(g™HA + g*Omc, (1.22)

where g, g7 U — G are seen here as sections of U x G ~ Aut(E|y) via ¢,

and Opsc is the Maurer—Cartan form!? of G. This shows that g*V is in fact a
G —connection. Finally, one checks directly from the definition that g*(h*V) =
(hog)*V foreach g € G(E) and V € A(E), characterizing a right action.

We say that connections V, V' € A(E) are gauge equivalent if they lie in the
same G(E)-orbit, i.e. if there exists g € G(E) such that V' = ¢g*V. Clearly,

Feryv = g 'Fyg, Vg eG(E),V e A(E). (1.23)

Laplacians induced by connections. We now introduce some other important
differential operators induced by connections on real vector bundles defined over
(oriented) Riemannian manifolds.

Let (M, g) be an oriented Riemannian manifold, and let ¥ — M be a real
vector bundle endowed with a fibre metric (-, ). Recall that g distinguishes a Levi-
Civita connection, the unique torsion-free O(n)—connection D& on TM . Tensor-
ing with D& a connection V € A(F) on F — M induces connections

V:QKM,F) > I'(T*M @ A*T*M @ F), foreachk =0. (1.24)

Recalling the definition of the covariant exterior differential operator dy on KM, F),
we see that dy = A o V, under the natural map A: Al ® Ak 5 pKHT

The metric g naturally induces metrics on every tensor bundle of M. In par-
ticular, we get (Euclidean) metrics on every exterior power AXT*M . Tensoring

109, € 21(G, g) is the unique g-valued left-invariant 1—form on G such that Omc)1:ag—
g is the identity map.
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with the metric (-, -) on F gives rise to (Euclidean) metrics, still denoted by (-, -),
on the bundles A¥T*M ® F. One readily checks that the induced connections
defined in the above paragraph are compatible with the respective induced metrics.

Let dVy be the Riemannian volume n—form on (M, g) determined by the ori-
entation. The Hodge star operator

s AKT*M — AP kT* M

isomorphically interchanges forms of complementary degree by the relation o A
*B = (o, B)gdVy, where o, B € ART*M and (., -)¢ denotes the induced met-
ric on AKT*M . More generally, given any vector bundle W — M, we define
w: QK(M, W) — "%(M, W) by acting trivially on the W part: (o ® s) =
(*at) ® s.

If€,n € 2K(M, F), at least one of which has compact support, we define
their L2—inner product by

(€. 2 = /M@, v,

This gives rise to formal L2—adjoint operators for V and dy:

V*: I(T*M ® AKT*M ® F) — Q2%(M, F),
dy: QK Y(M, E) - QK (M, E).

For example, d3, is characterised by the equation

(dv&, n)p2 = (§,.dgn) L2,

which is valid for forms &, n at least one of which has compact support. Further-
more, using Stokes’ theorem, one can show that

dy = (—D)"*FDH w dox, on 2%(M, F).

The above notions naturally induce two important second order operators act-
ing on Qk(M, F):

* the generalised Hodge—de Rham Laplacian

Ay = dyd¥ + dbdy: 2K(M, F) - 2K(M, F),
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* the covariant (or rough) Laplacian
V*V: QKM F) - QKM F).

In terms of an orthonormal local frame (eq, ..., e,) of TM, we have

V*VE == V(e €t

j=1

where V2(X,Y) :=VxVy -V DY is the invariantly defined Hessian operator.

A Bochner—Weitzenbock Formula. (cf. ( ,
pp- 199-200)) Consider now our K—vector bundle £ — M with compact struc-
ture group G, and fix a smooth connection V € A(F). By Ad—invariance, the
inner product (-, -)4 naturally induces a metric !! on the real vector bundle g .
Then, letting ' = gg in the discussion of the previous paragraph, and consider-
ing the induced connection, still denoted by V, on g g (see 1.17), the corresponding
operators Ay and V*V act on g g —valued k—forms.

These operators have the same principal symbol and their difference is a zero-
order (algebraic) operator, i.e. it is C°°(M )—linear. The precise difference be-
tween these operators on the space 22 (M, q ) is identified by a Bochner—Weitzenbock
formula, which we will now state.

Fix an orthonormal local frame {eq,...,e,} of TM. Recall that the Ricci
transformation Ric® : TyM — Ty M is given by

n
Ricf(X) = Y RE(X.ej)e;.
j=1

where R& stands for the Riemann curvature tensor of g. We extend the Ricci
transformation to act on 2—forms by

(Ric? AT)(X,Y) == Ric¥ (X) AY + X ARic!5(Y), VX,Y e X(M).

1 a local trivialisation, elements of g are represented by matrices in g. Moreover, any two
such representations differ by the adjoint action of G on g. Thus there is well-defined induced metric
(-,-) on g g such that, forall T, S € £2°(g ), we have locally

(T $)ug = ([Te: [Sla)g-
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Now define a zero-order operator .7y : 22(M,gg) — 22(M, qg) by

n

FvEX,Y) =Y {[Fv(ej, X).6(e;. V)] - [Fy(e;, Y),&(ej, X)1},

j=1
forall X,Y € X(M). For each £ € 22(M, g£), we write

(£ oRic? AT)(X,Y) = E(Ric% (X),Y) + £(X,Ric?(Y)), and

(E02R8)(X.Y) =) £(e;.RE(X.Y)ej). VX.Y € X(M).
=1

The following formula can be found in ( , Theo-
rem 3.10, p. 200).

Theorem 1.25 (Bochner—Weitzenbock formula).
Forany £ € 22(M,gE), we have

AvE = V*VE + £ o (Ric® A I + 2R®) + Fy(£).

Sobolev spaces of connections. In this paragraph, we suppose M is a compact
manifold. Let E — M be a G—bundle. Givenk € N and 1 < p < oo, we want
to introduce the Sobolev space AX>?(E) of W*? connections on E. Our main
reference for this topic is ( , Appendix A and Appendix B))

The metric on the adjoint bundle g g (determined by the Adg —invariant inner
product on g), combined with the metric induced by g on T*M, gives rise to a
natural (tensor product) metric on the bundle T*M ® gg. If we fix a smooth
connection Vg € A(E), this induces (twisting by the Levi-Civita connection)
a compatible connection on T*M ® gg. Thus, we can speak of the Sobolev
spaces WEP(M, T*M ® qE), foreach 1 < p < oo and k € Ny (cf. Section
B.2 of Appendix B). In this context, we can define the Sobolev space of W-?
connections on £ by

ARP(EY = {Vo+A: A WEP(M, T*M ® gE))}.

Since M is compact, we know from Theorem B.12 that W52 (M, T*M ® gE)
does not depend on the choices of metrics and compatible connections on the in-
volved bundles. Moreover, since any two smooth reference connections Vo, V;, €
A(E) differ by an element of 2! (M, gg) and, by compactness of M, there is a
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bounded inclusion 21(M, gg) < W*P(M, T*M ® qg), we see that A%-P(E)
is well-defined.

We topologize AP (E) using its affine structure: by definition, a sequence
{Vi} € AKP(E) converges to V € AXP(E) if, and only if, | V; — V|| , x — O as
i = 0.

We know that a smooth gauge transformation g € G(E) acts on a smooth
connection V. = Vo + A € A(E) by

§°V=g1o0Vog=Vo+g 'Vog+g '4g.

Naturally enough, the relevant group of gauge transformations in the context of
Wk-P _connections is '2

GETLP(E) .= WETLP (M, Aut(E)).

In fact, using the Sobolev embedding theorem, one can prove the following
( , Lemma A.5, p. 175 & Lemma A.6, p. 176):

Proposition 1.26. For k € Ng and 1 < p < oo such that (k + 1)p > n,
the inclusion GKTVP(E) € COM, Autg(E)) makes GKt1-P(E) a topological
group with respect to composition. Moreover, the pullback action gk+1.p (E) x
AkP(EYy — ARP(E) is a continuous map. In particular, for p > 2 G*P(E)
acts continuously in AVP (E).

The curvature (or field strength) of a smooth connection V. = Vo + A € A(FE)
is
Fy = V2 = Fy, +dy,A +[A, A] € 2%(M, gE).
More generally, we have ( , Lemma 1.1):

Lemma 1.27. Let 1 < p < o0 be such that 2p = n. Then, the curvature map
V — Fy on A(E) extends to a quadratic map

AVP(E) - LP(M, A’T*M Q gE).

Sketch of proof. We know that Fy = Fy, + VoA + [A, A], with Fy, € C* and
VOA € Ll’ By the Sobolev embedding (Theorem B.13), we have W1-» C L4 for

E > % — - in this case, by Holder’s inequality, the quadratic term A +— [A, A]

lies in L4 / 2. In order to obtain L9/2 C LP, the Sobolev embedding requires
1z222_2ic2p=n O

12The heuristic is that we need one more order of regularity on g in order to g* A = g~ Vog +
¢ 1Ag lic in W*-P whenever A € Wk-7.
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1.2 Holonomy groups

Fix E — M areal vector bundle of rank » endowed with a smooth connection V.

We now briefly review the basics about holonomy groups, fixing terminology and

notation which will be used in Chapter 2. The main references for this section are
(2006, ) and

Parallel transport. Let y: [0,1] — M be a smooth path from x = y(0) to
y = y(1). A sections € I'(E) is said to be V—parallel along y when the
composition s o y € I'(y*E) is y*V—parallel '3, i.e. when

(y*V) (soy) = 0. (1.28)

Since [0, 1] is contractible, the induced bundle y*E — [0, 1] is trivial, i.e. it
admits a global frame {E;}. Writing s o y = x/ E; and denoting by 4 = (Ai.)
the gauge potential of y*V with respect to { E; }, equation (1.28) translates into the
linear ODE:

X+ Ax =0,

where x = (x!,..., x"): [0, 1] — R”. Thus, invoking the well-known existence
and uniqueness theorem for ODE’s, given an initial incidence condition v € Ey,
there exists a unique V—parallel section s, , along y satisfying s, ,(x) = v. More-
over, by linearity of the equation, the solution depends linearly on the initial con-
dition. This allows us to define the linear map

P,: Ex — E,

v = SV,U(y)7

called the parallel transport along y with respect to V. This map is invertible,
with inverse given by P,—1, where y~ () == y(1 —1t) foreacht € [0, 1].

We can also define P, for a (continuous) piecewise smooth path y simply
as the composition of the parallel transport maps along its smooth pieces (in the
appropriate order). One can show this is well-defined by the uniqueness part of

13This pull-back notation is not entirely rigorous since [0, 1] is a manifold with boundary. Now,
the smoothness of y means that there exists a smooth path ¥: | — ¢, 1 + ¢[— M, for some ¢ > 0,
such that ¥|[,1] = . So when we talk about y*V we mean in fact the restriction )7*V|[0’1] (one
can show this is independent of the extension y).
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the above cited ODE theorem. Finally, if « is a (piecewise) smooth path starting
ato(0) = y, then Py o P, = Py.,, where « - y is the concatenation of y and «:

2t), ift € 0,1/2],
w .yt (OO i1 €0.1/2
a2t —1)ift € [1/2,1].
The holonomy principle. We can now recall the definition of the holonomy
group of V.

Definition 1.29 (Holonomy group). Given x € M, the subgroup of GL(E,) given
by
Hol (V) := {P) : y is a piecewise smooth loop based at x}

is called the holonomy group of V at x.

Lemma 1.30. Ifx,y € M are connected by a piecewise smooth path y : [0, 1] —
M, y(0) = x and y(1) = y, then

Holy (V) = Py - Holy(V) - P,-1.

It is easy to see that if y: [0, 1] — M is a continuous path connecting x =
y(0) and y = y(1), then there exists a smooth path y: [0, 1] — M connecting
x = y(0) and y = y(1). In fact, we can take ¥ in the same homotopy class of
y with fixed end points (see e.g. ( , p- 8, Theorem 2.5)). Thus, the
above lemma gives us a precise relation between the holonomy groups of V at any
two points lying in the same connected component of M.

If M is connected, we conclude that the holonomy group Holx (V) is
independent of the base point x in the following sense. A choice of basis on
E induces an identification GL(Ey) =~ GL(r,R), and therefore a faithful
representation Holx (V) < GL(r,R); a different choice of basis will change
this identification by conjugation in GL(r, R). Thus, up to equivalence, there is
a well-defined faithful representation of Hol, (V) on the typical fibre R” of E,
called the holonomy representation. In this language, the above lemma shows
that Holx(V) and Hol, (V) have the same holonomy representation. In other
words, when regarded as a subgroup of GL(r, R) defined up to conjugation, the
holonomy group is independent of the choice of base point.

Convention 1.31. From now on, we assume M is connected, and we write Hol(V)
(omitting the base point), implicitly regarding the holonomy group of V as a sub-
group of GL(r, R), defined up to conjugation.
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One outcome of the above discussion is that the holonomy group is a global
invariant of the connection. The next result shows that Hol(V) ‘controls’ the exis-
tence of V—parallel sections (V¢ = 0) on tensors of ' E ( , Proposition
2.5.2,p. 33).

Theorem 1.32 (Holonomy principle). Let E — M be a vector bundle over a
connected smooth manifold and denote its (r,s)—tensor bundle by T/ (E) :=
(®"E) ® (R° E*). Fix a base point x € M, so that Hol(V) acts on Ex,
and therefore also on T] (Ex). Then, any (r,s)—tensor ty € T] (Ey) that is
invariant under Holyx (V) is the value at x of a V—parallel (r,s)—tensor field
tel (7;’ (E)). Conversely, any parallel tensor fieldt € I’ (7;’ (E)) is fixed
in the fibre over x by the action of Hol, (V).

Corollary 1.33. I[f G € GL(Ey) is the subgroup which fixes t|x for all parallel
tensors t on M, then Hol, (V) C G.

The following result shows that the holonomy group Hol(V) is a connected
Lie group when M is simply-connected ( , Proposition 2.2.4, p. 26).

Proposition 1.34. Suppose M is simply-connected and V is a connection on a real
vector bundle E — M. Then Hol(V) is a connected Lie subgroup of GL(r, R).

This leads us to consider the notion of restricted holonomy groups.

Definition 1.35 (Restricted holonomy group). The restricted holonomy group
of V at x € M is the subgroup of Hol, (V) given by

Hol?C (V) := {Py : y is a null-homotopic piecewise smooth loop based at x}.

As for the case of the holonomy group, we can regard Holg (V) as a subgroup
of GL(r, R), defined up to conjugation, so that we can omit the base point x and
write Hol?(V). The next proposition gathers some properties of Hol®(V)

( , Proposition 2.2.6, p. 27).

Proposition 1.36. Hol®(V) is the connected component of Hol(V) containing the
identity and a Lie subgroup of GL(r, R). Moreover, if M is simply-connected then
Hol%(V) = Hol(V).

14The statement in Joyce’s book is given for E = TM but the proofis clearly valid for any vector
bundle £ - M
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The Ambrose—Singer theorem. Having in mind the above Proposition:

Definition 1.37 (Holonomy algebra). The holonomy algebra §ol, (V) of V at
X € M is the Lie algebra ofHolg (V).

Up to the adjoint action of GL(r, R), we can also speak of the holonomy al-
gebra Hol(V) as a Lie subalgebra of gl(r, R). Actually, the holonomy algebra
constrains the curvature Fy, in the following sense ( , p- 30, Proposi-
tion 2.4.1):

Proposition 1.38. For each x € M, the curvature Fvy|x of V at x lies in
A2TIM ® hol (V).

In fact, a result due to W. Ambrose and I. M. Singer shows that hol(V) is
determined by Fy ( , p- 31, Theorem 2.4.3. (a)):

Theorem 1.39 (Ambrose—Singer). Suppose M is a connected manifold, E — M
is a vector bundle over M, and V is a smooth connection on E. Then, for each
x € M, the holonomy algebra {ol, (V) is the Lie subalgebra of End(Ey ) spanned,
as a vector space, by all elements of End(Ey) of the form

P(Fy) (v, w)] Py,

where y: [0, 1] = M varies on the collection of all piecewise smooth paths start-
ingat y(0) = x, and v,w € T),(;)) M.

Remark 1.40 (Flat connections). It immediately follows from the Ambrose—Singer
theorem that, if V is a flat connection, i.e. if Fy = 0, then the restricted holonomy
group Holg (V) is trivial for each x € M. This implies that the parallel transport
P,: Ex — E, depends only on the homotopy class (with fixed end-points) of the
path y between x and y. In fact, if y is homotopic to another path y, which without
loss of generality we can assume to be piecewise smooth ', then the concatenation
¥~1 .y is a null-homotopic (piecewise smooth) loop based at x. Thus, from the
triviality of Hol%(V), we get that 17, p = Py-1.,, = Pslo Py ie Py = Py,
as claimed.

In particular, at every base point x € M, each flat connection on a G—bundle
induces a holonomy representation 71 (M, x) — Aut(Ey,) = G. Ultimately, this
leads to the well-known one-to-one correspondence between gauge-equivalence
classes of flat G—connections over M and conjugacy classes of representations
T (M) — G (cf. ( , Pp. 49-50)). O

15See the paragraph following Lemma 1.30.

—l.y
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1.3 Chern—Weil characteristic classes

Here we give a brief account on the Chern—Weil polynomials representing charac-
teristic classes. This section is based on ( , Appendix C).

Fundamental lemma of Chern—Weil theory. Let E — M be a K—vector bun-
dle of rank r and {(Uy, ¢« )} an atlas of local trivialisations for E with associated
transition functions

gap: Ua NUpg — GL(r, K).

If V is an arbitrary connection on £ — M, its curvature Fy is locally described
by curvature matrix-valued 2—forms Fy = [Fy]e € 22Uy, gl(r,K)) on M.
Compounding the wedge product with matrix multiplication, these objects form a
graded multiplicative ring. In particular, we can evaluate a polynomial function
P: gl(r,K) - K on F,, giving rise to a sum of exterior forms of even degree on
Uy.

Now recall from (1.13) that, on overlaps Uyg # 0, the Fy, and Fpg are related
by the adjoint action of GL(7, K): in fact,

Fy = gaﬂFﬂg;BI, on Uy N Ug.
So if P is a GL(r, K)—invariant polynomial, i.e.
P(gXg™') = P(X), VgeGL(rK),
then we can associate a globally defined element
P(Fy) € Q"(M) = P 2 (M),
k=0

locally given by:
P(Fv)|y, = P(Fy), foreacha.

Of course, in general, P (Fy) will be a sum of exterior forms of various even
degrees. But, if we suppose further that P is a homogeneous polynomial, i.e. a
sum of monomials of a fixed degree m, then P(Fy) € .{2]12{” (M). In fact, we
could relax the hypothesis of P being invariant to just P being a sum of invariant
homogeneous polynomials of increasing degrees, since we know that Q(Fy) = 0
whenever 2deg (Q) > dim M.
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An important point about P(Fy) is its functorial behaviour, with respect to
induced bundles. This means that, if f: M’ — M is a smooth map, then

P(f*V)= f*P(V).

This is a direct consequence of the definition of f*V: if (Uy, ¢y ) is a local trivi-
alisation of E, then it follows from (1.8) and (1.12) that

[Frevle = f*[FV]a,

where [F r+y]q denotes the trivialised local form of F r«y.

Crucially, P(Fy) defines a de Rham cohomology class on M, which is inde-
pendent of the actual connection V on E. This is the content of the next result,
which is the core of Chern—Weil theory ( , Pp- 296-298):

Proposition 1.41 (Fundamental Chern—Weil Lemma). Let P be a homogeneous
GL(r, K)—invariant polynomial of degree m, and V a connection on a K—vector
bundle E — M of rank r. Then:

(i) P(Fy) is a closed 2m—form, defining a cohomology class [P(Fvy)] €
H21 (M, K);

(ii) The class [P (Fy)] is independent of the choice of connection V, i.e. if Vg
and V1 are connections on E, then the 2m-form P(Fy,)— P(Fy,) is exact.

Proof. (i) Let P/(M): gl(r,K) — K be the derivative of P at an element M €
ql(r,K). If X € gl(r,K) and g: ]—¢,¢[ — GL(r,K) is given by g(t) = €'¥X,
then

d
0= aP(gMg_l)h:O (by the invariance of P)

= P'(M)(XM — MX), (1.42)

where in the last equation we used the fact that (gMg~1)(0) = XM — MX.
Now take M = [Fy]q = Fy and X = Agy, where V|y, = d + Ay on the
local trivialisation ¢,. Then, operating with A in place of the usual multiplication,
equation (1.42) reads:

P'(Fy) A [Ag. Fy] = 0. (1.43)

On the other hand, the chain rule gives

d(P(Fy)) = P'(Fy) A dF,. (1.44)
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Now, the Bianchi identity (1.21) says that dFy + [Aq, Fy] = 0; therefore,
d(P(Fy)) = —P'(Fo) A [Ag. Fo] =0,

as claimed.
(i1) Suppose Vg and V; are different connections on E. Write p: M xR — M
for the canonical projection, and consider the induced connections V; := p*V,,

[ =0,1,on p*E — M and their convex combination
V=1tV + (1 -1)Vy,

where r: M x R — R is the natural projection. If i;: M — M x R denotes the
function x — (x,[),l = 0,1, then we can identify il*V with V;, [ = 0,1, as
connections on E. Being a smooth map, it follows that

if (P(Fy)) = P(Fy)).

Now, the maps ip and i; are clearly homotopic, so they induce the same map in
cohomology. In particular,

P(Fy,) = ig(P(Fv)) = i{ (P(Fy)) = P(F(V1)}l

In summary, each invariant homogeneous polynomial P on gl(r,K) deter-
mines a characteristic cohomology class cp(E) = [P(Fy)] in Hj5(M,K), de-
pending only on the isomorphism class of the vector bundle E, and such that, if
f: M’ — M is smooth, then

cp(fFE) = fTcp(E).

Here the left-hand side represents the cohomology class of the pull-back bundle
f*E and the right-hand side is the image of the cohomology class associated to
E under the pull-back map induced by f in cohomology.

Chern classes in de Rham cohomology. Let K = C. For each X € gl(r,C)
and 1 < k < r, write o3 (X) for the k—th elementary symmetric polynomial
function on the eigenvalues of X, so that

det(l +tX) =1+101(X) + ...+t 0, (X).

More explicitly, if A1, ..., A, € C are the eigenvalues of X € gl(r, C), then
or(X) = Y Ay i

1<ii<...<ig<r
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foreach 1 < k < r. In particular, 01 (X) = tr X and 0, (X) = det X.
Every symmetric polynomial P : gl(r, C) — C has a unique representation as

a polynomial in these elementary functions o1, . .., 0,. From this, one has
( , P- 299, Lemma 6):

Proposition 1.45. The ring of GL(r, C)—invariant polynomials is Cloq, ..., 0r],
i.e. every invariant polynomial on gl(r,C) can be expressed as a polynomial
function of 01, ..., 0r.

Definition 1.46 (Chern classes and Chern character in de Rham cohomology). Let
E — M be a complex vector bundle of rank  and let V be a smooth connection
onE.Forl <k <r,

1. the k-th Chern class of E is the element:

Nk
E) = () low (o)l € HEEM.C).

2. the k-th Chern character of E is the element:

(— ¥

chy(E) = (ZT)kk'

[tr(Fy A ... A Fy)] € Hak(M,C).

For instance, the first two Chern classes are represented as follows:

1(E) = 5 [n(Fy)] (147)

and
c2(E) = 8_7[_12[tr(FV) Atr(Fy) —tr(Fy A Fy)]. (1.48)

1.4 Yang—Mills equation on Riemannian manifolds

In this section we review the variational formulation of the (weak/strong) Yang—
Mills equation on a Riemannian n#—manifold, by means of the Yang—Mills energy
functional, and we point out some of its basic symmetries. The references for this
section are ( , pp. 141-142,172-173) and ( , §1).
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Yang-Mills functional. Let (M, g) be an oriented Riemannian #—manifold and
let E — M be a G—bundle. Denote by (-, -} the natural tensor product metric on
A2T*M @ gf induced by g and the Adg—invariant inner product (1.1) on g.
Then, for each £, ¢ € 2%2(M, gg), we have

(§,0)dVg = (§ A x0)g = —tr(§ A %),

where (§ A *{)q represents the contraction of § A *{ by the induced invariant
metric on gg .

If |-| denotes the induced pointwise norm on sections of A2T*M ® g g, then
for each V € A(F) we get a function |Fy|: M — R. By the Adg—invariance of
(-,-)g and (1.23), it follows that

|Fg«v| = |Fy|, foreachg e G(E)andV € A(E). (1.49)

In other words, the function V + |Fy]| is invariant under the action of G(E)
(gauge invariant).

Definition 1.50. The Yang—Mills functional
YM: A(E) — [0, 0]

associates to each connection V € A(E) its L>—energy:
YME) = I Felizs = [ 1FoPav = [ w(Fo nxFo),
M M

If the base manifold M is not compact, the L2 —energy of a smooth connection
V might be infinite, and natural Sobolev spaces of connections might be hard to
define. On the other hand, if M is compact, then Y M is clearly finite on the whole
space of smooth connections A(E). Moreover, one can prove that Y M extends
to ALP(E), for each 2 < p < oo such that !¢ p > 4‘1”1.

It follows directly from (1.49) that Y M is a gauge-invariant functional on

A(E), ie.
YM(g*V) = YM(V), foreachg € G(E)andV € A(E). (1.51)

Furthermore, Y M is conformally invariant if, and only if, n = 4. Indeed, if we
scale g by some positive smooth function f on M, then the pointwise inner prod-
uct on 2—forms scales by f 2, while the Riemannian volume n—form scales by
f™?2. Thus, an integral [,,|Fy|>dV, transforms to [;, f 22| Fy|?dVg, which
stays invariant precisely when n = 4.

16The latter condition comes from the Sobolev embedding W 1P < L# (Theorem B.13) which
ensures that [4, A] and hence Fy = Fy, + dy,4 + [4, 4] lie in L? whenever V.=Vy+ 4 €

ALP(E).
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Yang-Mills equation. Let us derive the first variational formula of Y M, with
respect to compactly supported variations:

Proposition 1.52. Let V € A(E) with YM(V) < 00. If {Vt}ie]—¢,[ is a com-
pactly supported smooth variation of V, then

d
SYME)li=0 = 2(d5 Fy. B2

where !

d
B:=—V
dr !

In particular, V is a critical point of Y M with respect to compactly supported

smooth variations if. and only if. V satisfies the (strong) Yang-Mills equation '8:

o € I0(T*M ® gE).

=

d% Fy = 0. (1.53)

Proof. Recall that a smooth variation of V is just a smooth path ¢ +— V; on
A(FE) starting at Vo = V. We say that a smooth variation {V;} is compactly
supported provided there exists a precompact open subset U € M such that, writ-
ing V; = V + A;, where A, € 21(M, gg), then each A, has compact support
contained in U. The statement that V is a critical point of M with respect to

d
compactly supported variations means simply that 53}/\4 (V)|r=0 = 0 for all

such variations.

By the affine space structure of A(E), we may restrict ourselves to variations
of the form V; = V + tB, where B € I'\(T*M ® gg). In this case, locally, we
have:

[Fv,]Jo = d(Aq +1B) + (Aq +1B) A (Aq +1B)

= Fy +1t(dB + BA Ay + Ay A B) +t*(B A B)
= [Fy + 1(dyB) + t*(B A B)la.

THenceforth, I'y(-) € I'(-) denotes the subset of compactly supported sections.
I81f M is a compact manifold with (possibly empty) boundary dM, the Yang-Mills equation
becomes the system:
d"v< Fy =0
*Fylap = 0.
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Hence, globally,
Fy, = Fy +t(dyB) 4+ t>(B A B).

In particular,

d d
Ey/\/l(vt)b:o = a (Fv,, Fv,);2 lt=0

_2(4R li—o, F
- d[ V[t:09 \Y%

=2(dvB, Fy)2
=2(B.dyFv);2

L2

where in the second equality we use ' Y M(V) < oo, and the last equality follows
from the definition of d5, as a formal L?—adjoint of dy (provided the compact
support of B does not intersect a nonempty dM ). O

Remark 1.54. Since dy = + x dy*, the Yang-Mills equation can be rewritten as
dv *x Fy = 0.

This condition does not depend on the choice of orientation on M ; indeed, a change
in orientation only causes the *—operator to change sign, clearly not affecting the
equation. O

Definition 1.55 (Yang—Mills connections). A smooth connection V € A(E) sat-
isfying the Yang—Mills equation (1.53) is called a Yang—Mills connection; its
curvature tensor is called a Yang—Mills field.

Another important class of connections consists of weak Yang—Mills connec-
tions, which are critical points of the Yang—Mills action on appropriate Sobolev
spaces:

Definition 1.56 (Weak Yang—Mills connections). Suppose M" is compact. Let

I < p < oobesuchthat p > 7, and if n = 2 assume moreover p > 4

3
A connection V € ALP(E) is called a weak Yang-Mills connection when it

satisfies the weak Yang—Mills equation:

/ (Fy.dyB)dV, =0, VB e Io(T*M ® gg). (1.57)
M

9Indeed, we need this to ensure that Fy, is L2 —integrable so we can apply the standard theorem
of differentiation under the integral sign, e.g. as in ( , Theorem 2.27).



1.4. Yang—Mills equation on Riemannian manifolds 39

Remark 1.58. The Yang—Mills functional need not be finite, nor even defined, on
weak Yang—Mills connections. The assumptions on p, stemming from Sobolev
embedding (Theorem B.13), ensure both that the weak Yang—Mills equation makes
sense for those connections and that the equation is preserved by the action of
G2 (E) (the latter requires the strict inequality p > %). Moreover, it is not a priori
clear whether weak Yang—Mills connections satisfy the strong Yang—Mills equa-
tion, although this is true for sufficiently regular connections (see e.g.

( , Lemma 9.3, p. 142)). O

We note that both the weak and strong Yang—Mills equations are invariant
under gauge transformations. For the weak equation this is more subtle, and we
refer the reader to ( , Lemma 9.2, p. 142). For the strong equation,
in the light of Proposition 1.52, one can deduce this fact from the invariance (1.51)
of the Yang—Mills functional on A(E). Alternatively, one can check directly that,
foreach V € A(E) and g € G(E),

dg+v * Fgry = g~ ' (dv * Fy)g.

In particular, the solutions of the Yang—Mills equation, seen as either Yang—
Mills connections or fields, are an invariant set under gauge transformations. This
gauge freedom turns out to be the main difficulty in treating the regularity theory
of these equations.

Gauge fixing. Our reference for this section is the landmark article
( , §1). Let us take a closer look at the Yang—Mills equation (1.53), in a local
gauge (Uy, ¢o) of the G—bundle E. Suppose we have coordinates (x!,..., x")
on Uy; write Vo, = d+ Ay, Fy = dAg + Ag A Ay and recall the local expressions
(1.14) and (1.15). For simplicity, assume also that (g;;) = (d;;), i.e. g is flat on
Uy. Then,

dy Fv = d*Fy — *[Aq, % Fy]

and

* _ o,l]
d FO[ = — E W@dxj.
1]
Hence

dyFy =—)_ (ﬁ + [Aai. Fa,ij]) ® dx/.

1]
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Therefore, in the gauge (Uy, ¢y ), equation (1.53) reads

8Fa,,~j
dxt

+ [Aa,i, Fa,ij] =0, Vj=1,...,n.

i

Of course, for general g, a similar (more complicated) equation holds. Now, if
the gauge group G is an Abelian Lie group (and therefore all brackets on g are
zero; in particular, Fy, = dAy), the Bianchi identity and the Yang—Mills equation
for V,, reduce to dFy = d?4y = 0 and d*F, = 0, respectively. This pair of
equations then forms an elliptic system for Fy,. This is the basic linear model for
the regularity theory.

In the non-Abelian case, a non-smooth gauge transformation g can turn a
smooth field F, into a discontinuous field gFy g~ '. Thus, the choice of a ‘good’
gauge is much more important to the non-linear theory. The linearised Yang—Mills
equations for A, are d*dA, = 0. By the last paragraph, this is exactly the Yang—
Mills equation if G is Abelian. This single system for Ay is not elliptic and, just
as in Hodge theory for exact forms on manifolds, one usually adds a second equa-
tion such as d* Ay = 0 to remedy the situation. In the Abelian case, this involves
solving the linear equation d*(4y + du) = d*4y = 0 for u: Uy — g. Here
Ag = g*Aq = g7 Aag + g7 1dg, where g = e € C®(Uy, G) ~ G(E|y,).

The equation d* A, = 0 can also be added to the non-linear theory as a method
of choosing a good gauge. In general, to find such a gauge we need to solve the
non-linear elliptic equation: d*(g™'A4qg + g7 'dg) = 0 for g € C®(Uy, G).
Such a solution is often called a Coulomb gauge. In the seminal works
( , Theorems 2.7 and 2.8) and ( , Theorem 1.3), K. Uhlen-
beck solves the general problem of constructing Coulomb gauges over model do-
mains of interest under, respectively, L°° and L"/2_boundedness hypothesis on
the curvature norm. In Section 3.1, we will see more about the latter (cf. Theorem
3.3).

Finally, notice that one can also study the Yang—Mills equation on Lorentzian
manifolds, its original formulation from Physics, as a generalisation of Maxwell’s
equations on Minkowski space-time R3T1. The resulting equation is weakly hy-
perbolic, and it turns out to be very hard to analyse.
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1.5 Instantons in four dimensions

Let us illustrate the previous concepts in action, by reviewing the basic aspects of
the classical 4—dimensional theory. The main references are, of course,
( ,8§2.1.3-2.1.5) and ( , pp- 36-37),
see also ( , Chapter 9, pp. 351-354).
Let (M*#, g) be an oriented Riemannian 4—manifold. A special feature of this
setting is that the Hodge star operator on 2—forms,

x: A2T*M — A2T*M,

is an involutive 2° self-adjoint >! automorphism. Hence, | y27+y, has eigenval-
ues +1 and it splits A2T*M orthogonally into the corresponding eigenbundles
ALT*M:

+

A’T*M = AAT*M & A2T*M, (1.59)

where AiT*M = {a) € A’T*M : xw = :I:a)}. Fibrewise, this phenomenon
corresponds to the exceptional Lie algebra isomorphism

s0(4) >~ s0(3) @ s0(3),
which, at the level of Lie groups, reads
Spin(4) = SU(2) x SU(2).

Indeed, as SO(4)—modules, one has AZ(R*)* ~ so(4), and this isomorphism
maps the x—eigenspaces Ai and A2 onto the two 3—dimensional commuting
ideals in s0(4), isomorphic to s0(3). We note that the SO(4)—modules Ai and
A? are both irreducible and 3—dimensional, but not SO(4)—isomorphic
( , §1.123-1.125, p. 50).

Defining .Qi M) =T (Ai T*M), we get an L% —orthogonal decomposition
of 22(M) as

22(M) = 2%(M) & 22(M).

201 general, %2 = (—l)k(4_k)]l when acting on ART*M (seee.g. ( , Lemma 26,
p. 203)).

2lwith respect to the natural metric (-, -) g on A2T*M induced by g; recall that * is defined as
the unique bundle isomorphism AKT*M ~ A"k T*M such that « A %8 = (., B) gdVg for all
a,feAkT*M.
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Accordingly, every @ € £22(M) can be written as w = o @ ™, with

w £ %
0¥ = =5 L e,

Definition 1.60. A 2—form w € £22(M) is called anti-selfdual (resp. selfdual)
ifo™ = 0 (resp. = = 0). We adopt the obvious abbreviations (A)SD.

Remark 1.61. A change of orientation on M changes the Hodge star operator *
by a sign and thus reverses the roles of AiT*M and A2T*M. Moreover, as
the action of % on 2—forms in dimension 4 is conformally invariant, the (A)SD
condition is also conformally invariant. O

Given a G—bundle E over M, the L?—orthogonal splitting (1.59) immediately
extends to g g —valued 2—forms:

2*(M.gg) = 25(M.gg) ® 22(M.qE).
where 22 (M, gg) = I'(A2T*M ® gg). For V € A(E), we write
Fy=Fg @ Fy € 22(M,gg) ® 22(M,gE).

This gives rise to a very important class of solutions for the Yang—Mills equation
in four dimensions.

Definition 1.62. Let (M, g) be an oriented Riemannian 4—manifold and let £ —
M be a G—bundle with compact semi-simple structure group >>. A smooth con-
nection V € A(FE) is called an ASD (resp. SD) instanton when FJ = 0 (resp.
Fg =0).

v

A few observations are in order.

* The (A)SD equation * Fy = % Fy is both gauge invariant and conformally
invariant. For the gauge invariance, note that if V. € A(E) is an (A)SD
instanton and g € G(FE), then

xFgry = x(g 7' Fyg) = g '(xFy)g = £Fgrv.

As to conformal invariance, it follows from the conformal invariance of the
Hodge star * on 2—forms in four dimensions.

221n Chapter 2 we will extend this definition allowing G to be any compact Lie group; see Defi-
nition 2.80 (ii) and the subsequent discussion.
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* Every (4)SD instanton is a Yang—Mills connection. Indeed, by the Bianchi
identity (1.21):

xFy =+Fy = dv(xFy) = tdvFv =0.

Notice also that the (A)SD equation FVjE = 0 is a (nonlinear, unless G is
Abelian) first-order p.d.e. on the connection, while the Yang—Mills equation
dy Fy = 0 is a (nonlinear, unless G is Abelian) second-order p.d.e. on the
connection. One moral is that (A)SD instantons provide a fertile source
of examples of Yang—Mills connections. Nonetheless, one can construct
examples of Yang—Mills connections which are neither SD nor ASD. For
instance, were the first to
give such examples, for M = S* and G = SU(2); two years later,

showed that non-selfdual Yang—Mills connections exist
on all SU(2)—bundles over S* with second Chern number >* not equal to
+1. See also , for exampleson M = S3 x S! (and S? x S?)
with G = SU(2).

Topological energy bounds from Chern—Weil theory. Suppose M is a closed
oriented Riemannian 4—manifold and let £ — M be an SU(r)—bundle. We will
show that Y M : A(E) — R is bounded below by a number depending only on the
topology of E. Furthermore, the sign of such lower bound obstructs the existence
of either SD or ASD instantons on E, which are shown to be the absolute minima
of Y M.

Given V € A(E), by the basic Chern—Weil theory from Section 1.3, we know
that the topological characteristic class c;(E) is represented by

1
c2(E) = —o5[tr(Fy) Atr(Fy) —tr(Fy A Fy)]
1
= 8—2[tr(Fv A Fy)]. (since Fy € 2%(M,sug) is trace-free)
b4

We define the topological charge « (E) of E by pairing ¢, (E) with the fundamen-
tal class [M]:

C(E) = (e2(B). M) = /M r(Fy A Fy).

2 The second Chern number of a complex vector bundle E — M over an oriented compact
4—manifold is the integer C5(E) given by the natural pairing (c2(E), [M]).
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From the L2—orthogonal decomposition
Fy=FS ®Fy € 22(M,qg) ® 22(M.,gE),
it follows that
872k (E) = —(Fy., *Fy) 2

= —(Fd + Fy.Fg — Fy) 12

= —|Fg 17> + IF7 117
On the other hand,

YMN) = |Fyll7. = | Fy 72 + 1 Fy 1172
Thus we get two identities:
YM(V) = 2| FF |3, + 8% (E).

In particular, YM (V) = 872 |k (E)|, and we distinguish the following cases:

* if «(E) = 0 then the absolute minima for ) M are precisely the (A)SD flat
connections;

o if k(E) > 0 then E does not admit SD instantons and
V is an absolute minima for YM <= YM(V) = 87%k(E) <= V
is an ASD instanton,;

» if k(E) < 0 then E does not admit ASD instantons and
V is an absolute minima for YM <= YM(V) = —87%k(E) <= V
is an SD instanton.

ASD instantons on R*. Here we present some concrete constructions, drawn
from ( ,8§82.3), ( ,§3.2) and ( , §6.3).
Consider the Euclidean space M = R*, with its standard oriented Riemannian
manifold structure, and let £ — M be a (necessarily) trivial G—bundle with
compact semi-simple structure group. In Euclidean coordinates x!, ..., x", any
connection V € A(E) can be written globally as V = d + A, for some

4
A= A®d, Ai:R*>g

i=1
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Furthermore, from (1.16),
1 . .
Fy = EZF” ® dx Adx/,
with
Fij =0;A; —0;A; + [Ai, Aj).
In this context, we have explicitly:
Fio+Fs =0
V is an ASD instanton <— Fis+Fyp =0. (1.63)
Fia+F3 =0
The first non-trivial explicit examples of ASD instantons on R*, with finite
L?—energy and gauge group G = SU(2) ~ Sp(1), were given in the classical

paper . The simplest solution, called the basic instanton, has
the potential

1
A = I g
(x) e m(qdq),

where ¢ is the quaternion x! 4+ x2i 4+ x3j + x*k, while Im(gdg) denotes the
imaginary part of the product quaternion gdg. Here we are regarding i,j,k as a
basis of the Lie algebra su(2) ~ Im(H). Computing the curvature of V. = d + A4,
one gets

1
Fy(x) == —————dg A dq.
(Ix[2+1)
Note that the action density function
48
|Fy)?(x) = ———
(Ix[2 + 1)

has a bell-shaped profile, centred at the origin and decaying like » 8. Furthermore,
one can show that V has topological charge 1, i.e.

k(V) = # /M tr(Fy A Fy)

1 [ 48 d
= X
82 Jp4 (|x|2 + 1)4

= _Vo1(s3)/ —dr =1
+

n*
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More generally, given xo € R* and A € R, denoting by Ixo. R* — R*
the isometry
txon(X) = A7 (x —x0), VxeR*,
then the pull-back connection Vy, 5 = t 5 V is still an ASD instanton; more
explicitly, letting x¢ correspond to the quaternlon qo, We can write

Arga(®) = s (g — 40)d)
and 5
Fy, () = (lx —xol? + /\Z)qu A dg.
The action density function
4804

|Fy, ,(x) =
04 (|x —xo|? + A2)4

has a bell-shaped profile centred at x¢o, and one still has

1
k(Vxon) = g5V M(Vxo2)

% 48143
= —VOI(S3)/ —dr = 1. (indep. of x¢ and 1)
8 r2 4+ AZ)
On the other hand, for fixed xg,
_ A0
sup |Fy, ,?(x) = |Fy,, ,[*(x0) = 1748 — oo.

xeR4

Thus, as A | 0, the action density function |va0. , |? concentrates more and more
at xo. We shall refer to xg as the centre and A as the scale of the potential Ay ;.

Instantons of topological charge k, also called pseudoparticles, can be ob-
tained by “superimposing” k basic instantons, via the so-called * Hooft Ansatz.
Given y; € R*and A; € Ry, i = 1,...,k, consider the positive harmonic
function p: R* — R given by

p(x) = 1+—§:| —

i=1 yl
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Then the potential A = A4, ® dx*, with
Ay =iy o 9 In(p)
M . - /,(,l) axv p ’

defines an ASD instanton; here, 0y, u,v = 1,2, 3,4, are the skew-symmetric

matrices |
oji = gloj ol 0ja= 05, j1=12.3,

where 01, 02, 03 are the Pauli matrices. This is interpreted as a configuration with
k instantons, where A; are constants that correspond to the size of the instanton at
the point y;.

In a certain sense, SU(2)—instantons are also the ‘building blocks’ for instan-
tons with general structure group. More precisely, let G be a compact semi-simple
Lie group, and let p: su(2) — g be any injective Lie algebra homomorphism.
Then, for example,

1
p(Ao,1) = mp(lm(qdﬁ))
indeed defines a G—instanton on R*. While this guarantees the existence of
G —instantons on the Euclidean space R*, observe that this instanton might be re-
ducible (e.g. p can simply be the obvious inclusion of s11(2) into su(r) for some
r = 3) and that its charge depends on the choice of representation p. Furthermore,
it is not clear whether every G —instanton can be obtained in this way.

Remark 1.64 (ADHM construction). For each k € N, the so-called ‘ADHM
construction’, due to Atiyah et al. , gives a correspondence
between gauge-equivalence classes of ASD instantons V with group SU(r) and
fixed topological charge x(V) = k, and equivalence classes of certain systems
of finite-dimensional algebraic data, for group SU(r) and index k

( , §3.3). This gives a complete description of finite-energy ASD
instantons over R* with gauge group SU(r). O

Holomorphic structures and connections. We recall very briefly the
Nirenberg—Newlander integrability theorem, relating holomorphic structures and
certain types of connections on complex vector bundles over complex manifolds.
In particular, this will serve as background material for the final paragraph §1.5
on ASD instantons and holomorphic structures.

Notation: We adopt the following conventions in this paragraph and the next one:
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» Z: complex manifold of complex dimension m, i.e. a smooth 2m—manifold
endowed with an integrable almost complex structure J;

* E — Z: (smooth) complex vector bundle over Z;

« QPI(Z,E) = I'APYT*Zc ® E): (p,q)—forms on Z with values on
E;

RkKZ,E) = @p—}-q:k QP4(Z, E): complex k—forms on Z with values
on E.

Definition 1.65. A holomorphic structure £ on a complex vector bundle
w: E — Z is an additional complex manifold structure on the total space of
E in such a way that 7 is a holomorphic map and the bundle admits an atlas of
biholomorphic trivialisations. We call £ endowed with the holomorphic structure
£ a holomorphic vector bundle, and we denote it by £ — Z.

Alternatively, a holomorphic vector bundle £ — Z is a complex vector bun-
dle E — Z determined by a GL(r, C)—cocycle {gqg} of holomorphic transition
functions geg: Uy NUg — GL(r,C).

Given a holomorphic structure £ on £ — Z, we can associate a unique
C —linear operator

e 2°%Z,E) » 2%4(Z,E)

such that, for each f € C*°(Z,C) and s € I'(E), we have
(@) Je(fs) = @f) ® s+ f(Pes);

(il)) If U C Z is an open subset, then (5gs) |y = 0if, and only if, s is a
holomorphic map over U'.

The construction of d¢ is as follows. By assumption, E admits an atlas of local
frames {(eq,1. .- .. €qa,r)}a, Whose associated transition functions {gug} are holo-
morphic maps. Given s € I'(E), write

Slug =Y sk ®eai. s, € CPUy.C)i =1.....k.

1

and define

(5gs) U, = > (@5l) ® eai. (1.66)

1
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This operator clearly satisfies (i) and (ii). To see that it is well-defined, note that

a(gv) = (3g)v + g(@v) = g(v),

whenever g is a holomorphic change of coordinates and v is the local representa-
tion of a section of E. B
Of course, such operator d¢ can be extended to give rise to C —linear operators

dg: QPU(Z,E) - QPITY(Z E), forall p,q =0,

such that B B B
de(@ A s) = (0w) @ s + (=1)?Tw A (3gs),
whenever @ € 274(Z) and s € 2°Z, E). Since Z is a complex manifold

(therefore 52 = 0), it follows from the definition of ds (1.66) that 5? ‘= Jgods =
0.

Now let V be a (smooth) connection on the complex vector bundle £ — Z.
Here we regard V as a map from I'(E) = 2°(Z, E) to 21(Z, E) (see Remark
1.7). Then, the bi-degree splitting of 2!(Z, E) induces a corresponding splitting
of V as

V=dvdiv: 2°%Z.E)— 2'"°Z,E)e 2%(Z,E).

The C—linear operator dy : 2°(Z, E) — 22%1(Z, E) automatically satisfies (i),
by the Leibniz rule: B B _

Iv(fs)=09f ®s+ fovs,
for f e C®(Z,C)ands € I'(E).
Definition 1.67. A C—linear operator d g :_.QO(Z, E) » 2%1(Z, E)is called a
partial connection on E if it satisfies the ‘d—Leibniz rule’:

Ae(fs)=3f ®s+ foEs,
foreach f € C®°(Z,C)ands € I'(E).

Given a holomorphic structure £ on E, it is clear that the induced operator 55 is
a partial connection. The non-trivial question is whether a given partial connection
dg comes from a holomorphic structure £ on E, in the following sense:

Definition 1.68 (Integrability). A partial connection 9 on E is called integrable
if it is equal to the partial connection d¢ induced by a holomorphic structure £ on
E.
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In these terms, we quote the following crucial result from

(1990, §2.2.2)):

Theorem 1.69 (Nirenberg—Newlander). If 3 is a partial connection on E, then
5 . =2
0f is integrable <= 0 =0.
IfV = dy & Oy is a connection on E — Z, then

Fy = 82V ) (8ng + 5V8V) Y 52V

In particular,
0,2 72
Fg=0 << 0dy=0.

Definition 1.70 (Compatibility). A connection V on E — Z is said to be com-
patible with a holomorphic structure £ on E when dy is an integrable partial
connection with dy = 0¢.

In conclusion, Theorem 1.69 implies the following relation between holomor-
phic structures and connections:

Corollary 1.71. 4 connection V on E — Z is compatible with a holomorphic
structure € on E if, and only if, Fg’z =0.

If, moreover, E — Z is Hermitian, a U(r)—connection (unitary connection)
is compatible with a holomorphic structure on E (i.e. FVO’2 = 0) if, and only if,
Fy € 2V1(Z, E). Indeed, if V is unitary then Fy € 2%(Z,u(r)g), hence

Fo? = —(F3%)*.

On Hermitian bundles, a holomorphic structure distinguishes a unique compatible
U(r)—connection ( , Lemma 2.1.54):

Proposition 1.72. Suppose E is a U(r)—bundle over Z. Then, a holomorphic
structure € on E induces a unique compatible connection V. € A(E), called the
Chern connection of the holomorphic U(r)—bundle £ — Z.
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ASD instantons and holomorphic structures. To end this chapter, we now re-
call an important interpretation of the ASD instanton equation in the context of
SU(r)—bundles over complex Hermitian surfaces. The references are

( , pp. 46-47) and ( , pp. 369-370).

Let Z be a Hermitian surface, i.e. a (smooth) 4—manifold endowed with an
integrable complex structure / and a Riemannian metric g with respect to which
I is an orthogonal transformation. In particular, Z is a Riemannian 4—manifold
with a preferred orientation fixed by 7.

In this context, we have two decompositions of the complexified 2—forms of
Z:

R¥2) =2 2" 0% and Q%(2) =07 e Q2.

Denote by w the fundamental 2-form of (1, 1)—type induced by the pair (g, /):
w(X,Y)=g(X,Y), VXY e€X(Z).

Then w induces a decomposition 211(Z) = 2, @ 2° - w, where 2, =
(20 -w)t netl.

By a straightforward local computation, the relation between the above decom-
positions is given by ( , Lemma 2.1.57):

Proposition 1.73. Let Z be a Hermitian complex surface as above. Then:

c 22 =229 2% we 2%

1,1
« 22 =0,
Therefore ( , Proposition 2.1.59):

Theorem 1.74. Let E — Z be an SU(r)—bundle over a Hermitian surface Z. If
V € A(E), then

V is an ASD instanton  <—s }:3’2 = 0 (integrability condition)
Fy =Fy-0o=0

Combining this result with the discussion of the last paragraph, one concludes
that, in complex geometry, the ASD instanton condition splits naturally into two
pieces, one of which has a simple geometric interpretation as an integrability con-
dition. In particular, this suggests that ASD instantons, rather than SD instantons,
are preferable in this setting. This is one of the reasons why one chooses to work
with ASD, rather than SD, when doing gauge theory, even in the general context of
oriented Riemannian 4—manifolds. From now on, we also adopt this perspective.



In the presence of suitable geometric structures on the manifold M”, the
4—dimensional notion of instanton (cf. Section 1.5) can be generalised to higher
dimensional contexts for n > 4. We present two approaches for such generalisa-

tion. The approach first explored by physicists ( )
and ( ) is based on the presence of an appropriate (n —4)—form
on M. The second approach, originally introduced by , one needs

M to be equipped with an N(H )—structure, where N(H ) denotes the normaliser

of some closed Lie subgroup H < SO(n). These two points of view turn out

to coincide in cases of interest, namely special holonomy manifolds, and were

further popularized by the works of , ,
et al.

We begin with a discussion of Berger’s classification theorem of Riemannian
holonomy groups (Section 2.1). In particular, we give short descriptions of the
special geometries associated to the holonomy groups U(m) and SU(m), respec-
tively Kéhler and Calabi—Yau, as well as G, and Spin(7). Next, in Section 2.2, we
introduce the language of calibrated geometry and its relations with special holon-
omy manifolds. Then, in terms of both aforementioned approaches, in Section
2.3 we explain generalisations of the notion of instanton for oriented Riemannian
n—manifolds, n = 4, endowed with an appropriate geometric structure. In fact, we
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will be interested in those cases for which the holonomy group of g is realised as
anormaliser N(H) € SO(n) appearing in Berger’s list of special geometries. We
pay particular attention to the corresponding notions of instanton associated to the
holonomy reductions SU(m) = N(U(m)) € SO(2m), Go = N(Gz) C SO(7)
and Spin(7) = N(Spin(7)) € SO(8), with an emphasis on the last two ‘excep-
tional’ cases.

2.1 Riemannian metrics with special holonomy group

The main references for this section are and ( s R

).

Riemannian holonomy groups and Berger’s classification. Let (M, g) be a
Riemannian n—manifold and denote by D¢ its Levi-Civita connection on the real
O(n)—bundle TM . Recall that D is uniquely determined by the following prop-
erties ( , Theorem 3.1.1):

(i) DE is torsion-free,i.e. DSY — D3 X = [X,Y]forall X,Y € X(M);
(i) D& is compatible with g, i.e. D&g = 0.

Write Hol, (g) := Holy(D?#) for the holonomy group of g at x (cf. Section 1.2).
Since the subgroup of GL(7x M) preserving g|r, pm is O(Tx M ), the metric com-
patibility (ii) implies, via Theorem 1.32, that Hol,(g) € O(7xM). In partic-
ular, we can regard Hol(g) := Hol(D¢¥) as a subgroup of O(n), well-defined
up to conjugation in O(n). By connectedness, the restricted holonomy group
Hol%(g) := Hol%(D¢#) is a subgroup of SO(n), defined up to conjugation (by
O(n)), and the holonomy algebra hol(g) is a Lie subalgebra of so(#n), defined up
to the adjoint action (by O(n)).

The Riemann curvature tensor R® := Fps of g has a number of symmetries,
besides the obvious skew-symmetry in its first two arguments. To express such
symmetries it is convenient to lower the last index of R%:

Rm&(X,Y,Z, W) = g(R8(X.Y)Z, W), VX, Y,Z, W € X(M).

We shall refer to both R8 and Rm# as the Riemann curvature of g. In terms of
components, with respect to any local frame, the tensor R# is represented by R; ki
and the tensor Rm# is represented by R;jx;. Also, we denote the total covariant
derivative D& Rm# in components by R;;x;.,. The following result summarises
important symmetries of Rmé& and D8 Rm8 ( , Theorem 3.1.2).
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Proposition 2.1. Let (M, g) be a Riemannian manifold with Riemann curvature
Rijkl~ Then:

Rijki = —Rjjik = —Rjix1 = Ryyij» (2.2)
Rjjki + Rjki1 + Rkiji =0, (algebraic/I*" Bianchi identity) (2.3)
Rijkizm + Rijimk + Rijmiq = 0. (differential/2" Bianchi identity) ~(2.4)

Remark 2.5. (2.4) is simply a rephrasing of the Bianchi identity (1.21) in this
context. O

At each point x € M, regarding hol, (g) as a subspace of the anti-symmetric
endomorphisms so(7Tx M) of Tx M, it follows from Proposition 1.38 that R’j xl

lies in AT} M ® hol,(g). By equation (2.2), we see that R;jk; 1s an element of
A2TFM ® A2T} M, so that identifying so(7y M) with A2T.* M using g, we can
also think of R;;x; as an element of AZT);k M ® hol, (g). Furthermore, using the
first Bianchi identity (2.3), we get ( , Theorem 3.1.7):

Proposition 2.6. Let (M, g) be a Riemannian manifold with Riemann curvature
Rijk1. Then R;jy lies in the subspace S2hol,(g) of A2TFM ® AT M at each
point x € M.

Together with the Bianchi identities of Proposition 2.1, this result gives quite
strong restrictions on the curvature tensor of a Riemannian metric g with a pre-
scribed holonomy group Hol(g) (ibid., p. 43). Combined with the Ambrose—
Singer theorem 1.39, this is the basis of the (algebraic) classification of Rieman-
nian holonomy groups.

A theorem due to de Rham ( , Theorem 3.2.7)) shows that if (M, g)
is a complete, simply-connected Riemannian manifold, then there exist complete,
simply-connected Riemannian manifolds (M, g;) for j = 1,...,k, such that
the holonomy representation of Hol(g ) is irreducible, (M, g) is isometric to the
Riemannian product (M1 X...X My, g1 X...Xgg),and Hol(g) = Hol(g1) X...x
Hol(gy). Thus, in looking for a classification of the possible holonomy groups of
(M™, g), we are mainly interested in the cases where Hol®(g) acts irreducibly on
R™.

In 1955, gave a list of all the possible irreducible holonomy
groups for Riemannian metrics :

Theorem 2.7 (Berger). Let M be a connected, simply-connected' n—dimensional
manifold, and let g be a Riemannian metric on M. Suppose that, for some x € M,

'If 7 (M) # 1 then the universal cover (]l7[, g) of (M, g) has Hol(g) = Hol® (g2).
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Holy (g) acts irreducibly on Tx M. Then either g is a locally symmetric metric or
else one of the following holds:

(i) Hol(g) = SO(n),
(ii) n =2m, m = 2 and Hol(g) = U(m),
(iii)) n = 2m, m = 2 and Hol(g) = SU(m),
(iv) n = 4m, m = 2 and Hol(g) = Sp(m),
(v) n =4m, m = 2 and Hol(g) = Sp(m) - Sp(1),
(vi) n =7 and Hol(g) = G,
(vii) n = 8 and Hol(g) = Spin(7).

Remark 2.8. A Riemannian metric g on M is called locally symmetric if every
point p € M admits an open neighbourhood U, in M, and an involutive isometry
op: Up — Up with unique fixed point p. For more on this we refer the reader to

(2007, §3.3). O
Remark 2.9. Later on, gave another proof of Theorem 2.7. See
also the more recent proof by . O

From now on we shall refer to the list of groups (i)-(vii) as Berger s list. A
very thorough discussion of Berger’s theorem, including discussions of each of
the geometries associated to the groups in Berger’s list, analogies with the four
normed division algebras, and the principles behind Berger’s original proof, can
be found in Joyce’s book ( ,83.4).

It can be shown that the space of Riemannian metrics g on M” for which
Hol(g) = SO(n) is both open and dense in the space of Riemannian metrics on
M . Thus, one says that SO(n) is the holonomy group of a generic metric on M.
The other groups on Berger’s list are called special holonomy groups. In what
follows, we give brief descriptions of metrics with these holonomy groups, except
the cases (iv) and (v) which will not be fundamental for our later purposes.

Metrics with holonomy U(m) C O(2m).
(cf. ( , Chapter 3))

Let (z!,...,z™) be complex coordinates on C™. The unitary group U(m)
may be defined as the set of complex linear endomorphisms of C” preserving the
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Hermitian form

m
no = Zdzj ®dz/.
j=1

Defining real coordinates (x1,...,x?™) on C™ ~ R2™ by
2 =x¥ pix®, j=1,....m,

we can write

m m
no = dej ® dx/ —ZiZdXZJ'_1 A dx? .
j=1 j=1

The real part gog = Re(1o) is the standard Euclidean inner product on R?™, so
that U(m) acts on R?” as the subgroup of O(2m) which fixes the real 2—form
—2wo = Im(ng). The group U(m) also commutes with the real endomorphism
Io of R?™ such that Todx?/~! = dx?/ and Iodx? = —dx?> 71 (j =1,...,m).
It can be shown that wg and /g are equivalent in the presence of the inner product
go; for instance, wg(x, y) = go(lox, y) forall x, y € R?™,

It follows from the holonomy principle (Theorem 1.32) that a Riemannian
metric g on a 2m—dimensional manifold Z2” has holonomy Hol(g) € U(m) if,
and only if, Z admits natural tensors / € End(TZ) and o € £2%(Z), parallel
with respect to the Levi-Civita connection D&, such that g, I, and w can be writ-
ten in the form gg, Io, and wyg at each point of Z. A Riemannian metric g on a
2m—dimensional manifold Z2™ with Hol(g) € U(m) is called a Kdihler metric.

A U(m)—structure on a smooth 2m—manifold Z is specified by a pair (1, ),
where I € End(T Z) is an almost complex structure, /2 = —1, and w € 22%(Z)
is a non-degenerate real 2—form such that g(-,-) := w(:, I -) defines a Rieman-
nian metric on Z. A U(m)—structure (I, ) on Z>™ is torsion free when both I
and w are D& —parallel with respect to the induced metric g. A 2m—dimensional
manifold Z 2™ endowed with a torsion-free U(m)—structure (I, ®) is called a Kéih-
ler m—fold and w its Kdhler form. The following facts are standard ( ,
§4.4):

Proposition 2.10. Let (I, ) be a U(m)—structure on Z>™. Denote by g the
natural Riemannian metric induced by (I, ®). Then the following are equivalent:

(i) g is a Kdhler metric.

(ii) (I,w) is torsion-free.
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(iii) I is integrable* and dw = 0.

Note that Kéhler m—folds are essentially Riemannian 2m—manifolds with
holonomy contained in U(m). Henceforth, we will denote a Kahler m—fold by
a pair (Z2™, @), omitting the underlying complex structure / and metric g.

Metrics with holonomy SU(m) € O(2m).
(cf. (2013, §2))

As before, we identify R?” ~ C™, with complex coordinates (z!,...,z™),
and define a complex m—form 7 on C™ by

Yo:=dz' A ... AdZ™.

The subgroup of U(m) € O(2m) preserving go, wo and Yy is SU(m).

By the holonomy principle, a Riemannian metric g on a 2m—dimensional man-
ifold Z?™ has holonomy Hol(g) € SU(m) if, and only if, g is a Kéhler metric, say,
with associated complex structure / and Kéahler form w, and further Z admits a
natural D& —parallel complex (m, 0)—form 7" such that g, I, @ and 7" have point-
wise models go, /o, wp and 7y. A Riemannian metric g on a 2m—dimensional
manifold Z2™ with Hol(g) € SU(m) is called a Calabi—Yau metric.

An SU(m)—structure on a smooth 2m—manifold Z is specified by a triple
(I,w,7), where (I, ®) defines a U(m)—structure on Z, and 7" is a nowhere van-
ishing complex (m, 0)—form on (Z, I') satisfying

m
O My AT, @.11)
m!
This is a normalisation condition that the natural volume forms induced by w and T
are equal, or equivalently that | 7|2 = 2™ with respect to the induced metric’. An
SU(m)—structure (I, w, T) on Z?™ is called torsion-free when DY = D&w =
0 with respect to its induced metric g. A 2m—manifold Z2” endowed with a
torsion-free SU(m)—structure (I, w, 7)) is called a Calabi—Yau m—fold.

One can show that given an SU(m)—structure (/,w,T) on Z?™, then dY" =
0 implies that the complex structure / is integrable and 7" is a holomorphic
(m,0)—form. In particular, 7" holomorphically trivialises the canonical bundle
Kz = A™(T10Z)* of (Z, I). Since the first Chern class ¢1(Z) = ¢1(T1°2)
turns out to be a characteristic class of Kz, namely —c1(Kz), it follows that

2j.e. I is induced from a complex manifold structure on Z
3This implies that Re(") has comass < 1 (cf. Section 2.2.2).
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c1(Z) = 0. Ifalso do = 0 then Z is a Kéhler manifold, so that the induced
metric g has Hol(g) € U(m). Furthermore, since 7" is a holomorphic form of
constant norm, the later condition forces D&Y = 0, so that the holonomy of g
reduces further to Hol(g) € SU(m). In particular, an SU(m)—structure (/,»,T")
is torsion-free if, and only if, d7 = dw = 0.

The well-known linear relation between the curvature of the canonical bundle
and the Ricci curvature of a Kéhler metric implies ( , Proposition 7.1.1):

Proposition 2.12. Suppose (Z>™, w) is a Kihler m—fold and let g be its associ-
ated compatible Riemannian metric. Then Hol®(g) € SU(m) if; and only if, g is
Ricci-flat (Ric® = 0).

Finally, a fundamental result in this context is Yau’s solution of the Calabi con-
jecture , which has the following important consequence ( ,
Theorem 7.1.2):

Theorem 2.13. Let (Z?™, I) be a compact complex manifold admitting some Kih-
ler metric and such that c1(Z) = 0. Then there is a unique Ricci-flat Kdhler metric
in the cohomology class of each Kdihler form on Z.

Since a generic Kdhler metric on a complex m—fold has holonomy U(m), in
the light of Proposition 2.12 we see the above theorem constructs metrics with
special holonomy C SU() on compact complex m—folds.

Henceforth, we will denote a Calabi—Yau m—fold by a triple (Z, w, 7"), omit-
ting the underlying complex structure / and metric g.

The exceptional cases G, € SO(7) and Spin(7) € SO(8).
(cf. ( , ) and ( , Chapter 11))
We start with a definition of the Lie group G, due to Bryant [ibid.]:

Definition 2.14. Let (x!,...,x7) be Euclidean coordinates on R’. Define a
3—form ¢9 on R7 by

¢0 — dx123 _ dX145 _ dx167 _ dX246 + dx257 _ dx347 _ dx356. (215)

Here we write dx/ ! as shorthand for dx! A dx/ A ... A dx!. The subgroup of
GL(7,R) preserving ¢¢ under the standard (pull-back) action is the exceptional
Lie group G:

Gy := {g € GL(7,R) : g"¢o = do}.
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Remark 2.16. Our definition of ¢ differs from the one given by Bryant by an
orientation-preserving change of coordinates. Our sign conventions follows

(2017) and ( )

A useful way to interpret ¢y is to write R7 ~ R3 @ R*, with respective coor-
dinates (x!, x2, x3) and (x*, x>, x%, x7), and the standard choice of orientations

volz := dx'?3® and vols := dx*%7,

on R3 and R*, respectively. Note that the 2—forms
nf = dx*® 4+ dx®7,
n; = dx* + dx7?,
n;r = dx*7 4 dxS,

give us an orthogonal basis for the selfdual 2—forms on R*. With these identifica-
tions, we can write

$o = volz — dx! /\77;r —dxz/\n;r —dx? /\n;

O

By definition, G; is a closed Lie subgroup of GL(7,RR). Moreover, one can
check directly that for every x, y € R7, we have

(x 2¢0) A (¥ 1 ¢0) A po = 6g7(x, y)voly, (2.17)

where g7 and vol7 denotes, respectively, the standard metric and orientation of R7.
In particular, we see that G, € SO(7).
The following theorem summarises some general facts about the Lie group G,
( , Theorem 1, p. 539).

Theorem 2.18. G is a 14—dimensional compact, 2—connected, simple Lie group.

Definition 2.19. Let V be a 7—dimensional real vector space. A 3—form ¢ €
A3V* is said to be positive if there exists a linear isomorphism u: V — R7 so
that ¢ = u*po, where ¢g € A3(R7)* is given by (2.15). The set of positive
3—forms on V is denoted by Ai V*.

Remark 2.20. Note that Ai_V* ~ GL(7,R)/Ga, so straightforward dimension
counting shows that Ai V* C A3V* is an open subset. O
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Definition 2.21. Let Y7 be a smooth manifold and denote by Ai_(T*Y) be the
(open) subbundle of A3T*Y whose fibre over y € Y is Ai (TyY) and by Qi Y)

its space of smooth sections. An element ¢ € Qi(Y) is called a positive 3—form
onY.

By the holonomy principle (Theorem 1.32), it follows that a (connected) Rie-
mannian manifold (Y7, g) has Hol(g) € G, if, and only if, ¥ possesses a parallel
positive 3—form ¢ € £23 ().

Note that a positive 3—form on Y7 is equivalent to a G,—structure on (the
frame bundle F of) Y. Indeed, given ¢ € Qi(Y) we can form

Py ={ucF :u*po=d¢y,, whereu: TY — R7}.

It is easy to see Py defines a principal subbundle of F with fibre G, i.e. a
Gp—structure on Y. Conversely, a Gy—structure P C F on Y determines a unique
positive 3—form ¢ € .Qi(Y) by

¢y = u;¢0’

where uy, € Py, forall y € Y. This is well-defined precisely because P is a
principal G,—subbundle: two frames u,,, u’y € Py, are related as u’y =g lou s
for some g € G, = Stab(¢g). It is clear that such constructions are inverse of
each other. Henceforth we will not distinguish between G, —structures and positive
3—forms on Y7,

Since G, € SO(7), a Gy—structure ¢ on Y7 determines a Riemannian metric
8¢ and an orientation voly on Y. Indeed, these are uniquely determined pointwise

by the relation (2.17). In particular, ¢ determines a x—Hodge operator on A®*T*Y .

Definition 2.22. A G,—structure ¢ on Y7 is called torsion-free when it is parallel
with respect to the induced Levi-Civita connection:

D% ¢ = 0. (2.23)

If ¢ is a torsion-free G—structure on Y7, the pair (Y7,¢) is called a
G, —manifold.

Thus, a Go—manifold (Y7, ¢) is essentially a Riemannian manifold (Y7, g4)
with Hol(gg) € Go.
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Remark 2.24. The torsion-free condition (2.23) turns out to be a very complicated
non-linear p.d.e. on ¢. The non-linearity is due to the dependency of the metric
8¢ itself (hence the Levi-Civita connection) on ¢. %

Example 2.25. (R7,¢g), with ¢ given by (2.15), is the model example of
Gy —manifold.

The following theorem from ( , Theorem 5.2) (see
also ( , Lemma 11.5, p. 160)) gives a non-trivial characterisation
for the torsion-free condition (2.23):

Theorem 2.26 (Fernandez-Gray). Let Y7 be a connected manifold and let ¢ €
.Q_?_ (Y). Denote by * the Hodge star operator induced by ¢ on Y. Then the
following are equivalent:

(i) (Y,¢) is a Go—manifold.
(ii) dp =0 =d * ¢.

Remark 2.27. Again, since * depends on ¢, d * ¢ = 0 is a non-linear condition
on ¢. O
Exploring curvature restrictions imposed by the holonomy group, just as in

Theorem 2.6, and using some representation theory, one can prove the following
( , Proposition 11.8):

Proposition 2.28. If g is a Riemannian metric on a (connected) T—manifold Y’
with Hol(g) C Gy, then g is Ricci-flat (Ric® = 0).

Moreover, from the classification of Riemannian holonomy groups (Theorem
2.7), one has ( , Theorem 11.1.7):

Theorem 2.29. The only non-trivial connected Lie subgroups of G, which can
occur as holonomy of a Riemannian 7T—manifold are:

(i) SU(2), acting on R7 ~ R3 @ C2?, trivial on R3, standard on CZ2,
(ii) SU(3), action on R7 ~ R @ C3, trivial on R, standard on C3.

Thus, if ¢ is torsion-free Go—structure on a T—manifold, then Hol® (g¢) is one of
{1}, SU(2), SUQ3) or Gy.

This theorem implies that we can obtain Gp—manifolds from certain lower
dimensional geometries. More precisely, the inclusions SU(2) € G; and SU(3) C
G, imply that from each Calabi—Yau 2— or 3—fold we can make a G,—manifold.
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Example 2.30 (Gy—manifolds from Calabi—Yau 2—folds). Let (Z 4w, T)bea
Calabi—Yau 2—fold, and let (x!, x2, x3) be coordinates on R3 or 73 := §! x
S1 x S1. Then the 3—form

¢ = dx'23 —dx' Aw —dx? ARe(Y) —dx> AIm(Y)

defines a torsion-free Go—structure on Y7 := R3 x Z* or T3 x Z* compatible
with the natural product metric and orientation structures.

Example 2.31 (G,—manifolds from Calabi—Yau 3—folds). Let (Z% w,7) be a
Calabi—Yau 3—fold. Let ¢ be a coordinate on R or S'. Then the 3—form

¢ =dt Aw+ Re(T7)

defines a torsion-free Gy—structure on Y7 := R x Z% or S x Z, compatible
with the natural product metric and orientation structures.

Note that the above examples have holonomy strictly contained in G,. Exam-
ples of metrics with holonomy exactly G, are much harder to come by. In fact,
for almost three decades after Berger’s classification (Theorem 2.7), the excep-
tional holonomy groups G, and Spin(7) posed a mystery, as to whether examples
existed at all. Eventually, proved the local existence of such met-
rics, and constructed some explicit incomplete examples. Then, Bryant—Salamon

constructed the first examples of complete metrics
with holonomy (exactly) G, and Spin(7) on noncompact manifolds. Later,
constructed the first examples of metrics with holonomy (exactly) G, and
Spin(7) on compact manifolds; also see

Another particularly important method in the construction of compact
G,—manifolds, with full holonomy Gy, is the so-called twisted connected sum con-
struction. From a pair of smooth asymptotically cylindrical Calabi—Yau 3—folds
Vi , there is a non-trivial way to glue the
products S x V4, truncated sufficiently far along one tubular end, so as to produce
a compact G,—manifold Y7 := (S I x V+) # (S T x V_) with holomomy exactly

G;. This method was first developed by , based on an insight by
Donaldson. Then the construction was improved by and,
more recently, corrected and extended significantly by . The

twisted connected sum construction provided a major breakthrough in the study
of G,—manifolds, allowing for hundreds of thousands of diffeomorphism types of
examples to be mass-produced.
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At the time of writing, there are only two other methods for the production
of compact manifolds with holonomy exactly G, by ( , §§11, 12) and
Joyce—Karigiannis . Both are based on orbifold res-
olution techniques yielding G;-structures with small torsion, which can then be
perturbed into a torsion-free solution by an elliptic p.d.e. argument.

We now turn to a brief discussion of the holonomy group Spin(7) (cf.

(2000, §10.5)).

Definition 2.32. Define a 4—form @, on R®¥ = R x R7, in coordinates
(xo,xl,...,x7),by
Do = dx® A ¢o + Vo, (2.33)

where ¢g is the 3—form (2.15), and g := *7¢o. The GL(8, R)—stabiliser of &g
under the (standard) pull-back action is the Lie group Spin(7):

Spin(7):= {g € GL(8,R) : g*®¢ = Py}.
Note that @ is manifestly selfdual with respect to the Euclidean metric on R8.

Theorem 2.34 ( ( , Theorem 4)). Spin(7) is a simple, compact and

1—connected Lie group of dimension 21. Furthermore, Spin(7) is a subgroup of
SO(8).

Definition 2.35. Let W8 be a 8—dimensional real vector space. A 4—form @ €
AW * is called definite if there exists a linear isomorphism u: W — R® such
that @ = u*®y. We denote by Ai(W*) the set of definite 4—forms on W.

Let X® be a smooth manifold. Define the bundle Ai(T*X ) of definite
4—forms on X to be the subbundle of A*T*X whose fibre at x € X is A4 (T X).
A smooth section® € I” (Ai (T* X)) is called a definite 4—form on X . The space
of definite 4—forms on X is denoted by .Qi (X).

Note that a definite 4—form @ € .Qi (X) determines and is determined
by a unique Spin(7)—structure on X. Thus, it is customary to call such @ a
Spin(7)—structure on X .

Since Spin(7) € SO(8), a Spin(7)—structure @ on X determines a unique Rie-
mannian metric gg and orientation volg on X ; in particular, we have an associated
x—operator acting on A*T*X.

Definition 2.36. A Spin(7)—structure @ on a smooth 8—manifold X is called
torsion free if DE?® = 0. A pair (X8 &) where @ is a torsion-free
Spin(7)—structure on X 8 is called a Spin(7)—manifold.
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By the holonomy principle (Theorem 1.32), a connected Riemannian
8—manifold (X2, g) has Hol(g) < Spin(7) if, and only if, (X, g) has a torsion-free
Spin(7)—structure @. Thus, a Spin(7)—manifold (X8, @) is essentially a Rieman-
nian 8—manifold (X2, g4 ) with Hol(ge) < Spin(7).

Example 2.37. (R8, &) where @y is given by (2.33) is the model example.

The next results are analogues of Theorem 2.26, Proposition 2.28 and Theorem
2.29.

Theorem 2.38 ( ( , Lemma 12.4)). Let @ be a Spin(7)—structure
on X8. Then the following are equivalent:

(i) (X, D) is a Spin(7)—manifold.
(ii) d® = 0.

Proposition 2.39 ( ( , Corollary 12.6)). Let (X8, g) be a connected
Riemannian manifold, with Hol(g) € Spin(7). Then g is Ricci-flat.

From Berger’s classification theorem (Theorem 2.7), one deduces:

Theorem 2.40 ( ( , Theorem 11.4.7)). The only non-trivial connected
Lie subgroups of Spin(7) which can be holonomy groups of Riemannian metrics
on 8—manifolds are:

(i) SU(2), acting on R® ~ R* @ C?2, trivial on R* and standard on C?;
(ii) SU(2) x SU(2), acting on R® ~ C? & C?, in the obvious way;
(iii) SU(3), acting on R® ~ R? @ C3, trivial on R? and standard on C3;
(iv) Gy, acting on R& ~ R @ R, trivial on R and standard on R”.

v) Sp(2), acting as usual on R® ~ H?Z.
(i) SU(4), acting as usual on R® ~ C*.

Therefore, if @ is a torsion-free Spin(7)—structure on an 8—manifold, then
Hol%(gg) is one of {1}, SU(2), SU(2) x SU(2), SU3), Ga, Sp(2), SU(4) or
Spin(7).

We give two particularly interesting instances of the use of these inclusions to
obtain Spin(7)—manifolds (with holonomy strictly contained in Spin(7)).
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Example 2.41 (Spin(7)—manifolds from G,—manifolds). Let (Y7,¢) be a
G,—manifold. Let ¢ be a coordinate on R or S!. Then the 4—form

@ :=dr Ap+ Y,

where ¥ = xy ¢, defines a torsion-free Spin(7)—structure on X8 := R x Y or
S1 x Y, compatible with the canonical product metric and orientation.

Example 2.42 (Spin(7)—manifolds from Calabi—Yau 4—folds). Let (Z%,w,T)
be a Calabi—Yau 4—fold. Then the 4—form

1
@ = Ea)/\w+Re(T)

defines a torsion-free Spin(7)—structure on Z® compatible with its metric and
orientation.

2.2 Calibrated Geometry

This section is based on ( , §4.1-4.2), , and
the lecture notes ( ) and ( ).

2.2.1 Minimal Submanifolds

We give a brief recap on the basic definitions concerning minimal submanifolds.
We follow the exposition of Joyce’s book ( , §4.1) and also Lotay’s
lecture notes . A classical good reference on this subject is Lawson’s
lecture notes

Definition 2.43 (Submanifold). Let M be smooth manifold. A submanifold of
M 1is a one-to-one immersion (: N < M, where N is some smooth manifold.
When N is oriented, we say that t.: N < M is an oriented submanifold. Two
submanifolds t: N < M and //: N’ < M are isomorphic if there exists a
diffeomorphism ¢ : N — N’ such thatt =/ o ¢.

We regard isomorphic submanifolds as the same object. In particular, endow-
ing ¢ (N ) with the manifold structure of N via ¢, we do not distinguish between the
submanifolds ¢: N — M and ((N) < M (i.e. one can think of N as a subset of
M whose inclusion map is t).
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Remark 2.44. We do not require a submanifold ¢: N < M to have the induced
topology of the ambient manifold M, i.e. t: N < M is not necessarily a topo-
logical embedding. Anyway, by the implicit function theorem, we know that any
point p € N has an open neighborhood V' such that ¢|y is a topological embed-
ding. Thus, when addressing local questions, we can suppose N is an embedded
submanifold of M. O

In order to formulate the variational approach to minimal submanifolds includ-
ing noncompact submanifolds, we need the following:

Definition 2.45 (Variations with compact support). Lett: N < M be a submani-
fold and let S € N be an open subset whose closure in N is compact. A (smooth)
variation of ¢ supported in S is a smooth map

F:Nx]-1,1[-> M
such that, writing ¢; := F(-, ), the following holds:
(i) w=4¢
(i1) t;: N — M is a submanifold, for all ¢;

(iil) t7|n\s = t|n\s, forall 7.
In this case, VF € X(NNV) defined by

d
= Vs — A4
VE(p) = F(p, )*az iy VPE N,

is called the variational vector field associated to the variation F = {i;}.

Definition 2.46 (Minimal submanifolds). Let (M, g) be a Riemannian manifold
andlett: N < M be an oriented submanifold of M. Denote by dV;+ the induced
Riemannian volume form on N. Then, for each precompact openset S € N, itis
well-defined the volume of S with respectto(: N — M:

Vol(t|s) := /SdVL*g < 00.

We say that t: N < M is a minimal submanifold of M when for each precom-
pact open subset * S € N we have

d
EVOl(LlS)‘mo =0,

for all variations {(;} of ¢ supported in S.

4If N # @ one requires S to be in the interior of N.
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Thus, a minimal submanifold of M is just a stationary point, with respect to
compactly supported variations, of the natural volume functional on oriented sub-
manifolds of M. We can also give a p.d.e. approach to minimal submanifolds by
means of the mean curvature vector of submanifolds:

Definition 2.47 (Second fundamental form and the mean curvature vector). Let
(M, g) be a Riemannian manifold and let :: N < M be a submanifold of M.
Then, the tangent bundle of M restricted to N decomposes orthogonally as

*TM = 1, TN & v (N),

where v'(N), called the normal bundle of t: N < M, is the vector subbundle
of *TM whose fibre at a point ¢ € N is the orthogonal complement of 17y N in
(t*TM)4 ~ Ty M with respect to g. The second fundamental form of .: N —

M is the section B of (@2 T*N) ® V'(N) such that, for all X, Y € £(N),

BL(X, Y) = Ty(N) © I:DiX(L*Y):I ,

where . (ny: 1*TM — v(N) is the orthogonal projection map.
The mean curvature vector H' of .: N — M is the section of v!(/N) given
by

H' := tr«g B".
A straightforward calculation gives the following characterisation of minimal
submanifolds ( , Theorem 1).

Theorem 2.48. (: N — M is a minimal submanifold of (M, g) if, and only if,
H'=0.

Note that, by the definition, B* depends nonlinearly on the second derivatives
of ¢, thus so does H*. Therefore, the above theorem implies the minimal subman-
ifold condition can be seen as a (nonlinear) p.d.e. of second order on ¢, namely,
H'=0.

Example 2.49. For immersed curves y: I — M, the zero mean curvature condi-
tion HY = 0 is equivalent to the geodesic equation (y*D&) (y) = 0.

Example 2.50. Let f: U € RF — R”7* be a smooth map from an open subset
U of R¥. Then, the graph I'(f) of f is a submanifold of R” by means of the
natural inclusion map ¢: I'(f) < R* x R”7*. One can show that H* = 0 (i.e.
t: I'(f) — R” is a minimal submanifold) if, and only if,

div( grad(/) ) =0
V1 +|grad(f)?
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2.2.2 Calibrated Submanifolds

The notion of calibration was introduced by Harvey—Lawson (1982) in their semi-
nal paper . Throughout this section, (M", g) will be a
Riemannian manifold. For each x € M, we denote by Gry (k, Ty M) the Grass-
mannian of oriented k—planes in 7, M, i.e.

Gry(k, TxM) :={V < TxM :V is an oriented k—subspace of Ty M },

and we set
Gry (k. TM) = |_J Gry(k.TM).
xeM

Elements of Gry (k, TM) are called oriented tangent k-planes of M. Note that g
induces an inner product g|y on each V' € Gry (k, TM), which, together with the
orientation of V, gives rise to a preferred volume form voly on V. In particular,
for each x € M, we get an inclusion

Gry(k, TxM) — A*T M
mapping each V' € Gry (k, T, M) into the unit simple k —vector £ := e A. .. Aeg,
where {e; } is any oriented orthonormal basis of V.

Recall that each ¢y € AKTYM defines a linear functional
(¢x.): AT M — R by means of the natural pairing

() ART*M @ A¥T M — R,
defined on simple elements by
(1 A AR VT AL ADE) = det(ai(vj)).
For ¢ € 2%(M), the comass of ¢ at x € M is the quantity
gl = sup{(gx.&v) : V € Gry(k, TxM)}.
More generally, if A € M is any subset, we define the comass of ¢ on A by

gl = sup{ligl% : x € A}.

When A = M, we simply write ||¢||* for the comass of ¢ on M.
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When ¢ € k(M) and V € Gry(k, TM), the restriction ¢|y is a scalar
multiple Ayy € R of voly by dimension reasons. In case Ay < 1, we write
¢|y < voly. Note that

gll% = supidy : V € Gry(k, T M)}
In particular, ||¢||* < 1if, and only if, ¢|y < voly forall V € Gry(k, TM).
Definition 2.51. A k—form ¢ € 2K(M) is called a calibration on (M, g) if
(1) (¢ is closed) d¢ = 0.
(ii) (¢ has comass < 1) ||¢]* < 1.

In this case, we define the ¢—Grassmannian ¢ (¢) as the collection of oriented
tangent k—planes of M where ¢ assumes its maximum, i.e.

G(p) ={V € Gr(k,TM) : ¢|y = voly}.
Anelement V € 4(¢) is called a ¢p—calibrated (tangent) k—plane.

Remark 2.52. Under the Euclidean identification AKR” ~ AKR")*, em-
bed Gry(k,R") < AK@R™)*. The Hodge star operator gives isometries
w: AKR™M)* - A" K(R")* and *: A¥R" — A"“¥R”. Then, for an oriented
k—plane V € Gry(k,R™) its Hodge star dual =V is the unique orthogonal ori-
ented (n — k)—plane V- such that if ¢ € AK(R")* with ¢|y = avoly fora € R
then x¢|y, 1. = avoly ..

This has the following consequence. Fixing an orientation on (M, g), let ¢ €
2% (M) be a harmonic form (i.e. dp = 0 = d * ¢). Then, ¢ is a calibration if,
and only if, *¢ is a calibration, and in this case we have further *¥(¢) = ¥4 (x¢).

O

Example 2.53. Any k—form ¢ # 0 on R" with constant coefficients (hence
d¢ = 0) can be rescaled so that it becomes a calibration with at least one oriented
k—plane Vo < R” for which 1y € 4(¢). Indeed, since Gr4(k, R") is compact,
the comass k = [¢[lg. # 0 of ¢ on R” is attained at some oriented k—plane
Vo < R™. Thus, whenever A’ < A := 1/k, the k—form A’¢ is a calibration in R”,
and in case A’ = A we have A¢|y, = voly,.

Although there are usually many calibrations, as the above example shows,
it may occur that a calibration just admits a few calibrated tangent k—planes, i.e.
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the ¢—Grassmannian ¢ (¢) may be ‘too small’. The interesting calibrations are
the ones for which ¢ (¢) is ‘big enough’ to distinguish a meaningful collection
of k—submanifolds of M whose tangent spaces liec in ¢(¢). This motivates the
following.

Definition 2.54. Let ¢ € 2K(M) be a calibration on (M, g). If t:: N < M is
an oriented k—dimensional submanifold of M, then N is called a ¢—calibrated
submanifold (or a ¢ —submanifold for short) when (x TN C ¥4(¢) (as bundles),
i.e. when

L*¢ = dVL*g7

where dV+g is the Riemannian volume form on N induced by (* g and the orien-
tation of N. The collection of ¢—submanifolds of M is called the ¢—geometry
of M.

Asking for ¢—submanifolds greatly restricts the calibrations ¢ one wants to
consider. The next result gives us a key distinguished property of ¢ —submanifolds
(at least in the compact case).

Proposition 2.55. Let ¢ € 25(M) be a calibration on (M, g). Ifi: N < M isa
compact ¢p—submanifold, then its volume is the topological invariant {[t* ], [N]),
and it is a minimal submanifold, minimizing volume in its homology class.

Proof. Lett: N’ < M be another compact oriented k—submanifold of M such
that IN = ON’ and [N] = [N'] in H(M,R) (ie. N — N’ = 09X, for some
(k + 1)—submanifold X of M). Then,

Vol(1) :Z/NdVL*g =/NL*¢= N’(t/)*¢ $/N/ dVyxg = Vol(!'),

where the second equality follows from the condition of N being a ¢-submanifold,
in the third equality we used the homology condition on N’ together with Stokes’
theorem and the fact that ¢ is closed, and in the last inequality we used the fact
that ¢ has comass < 1.

To see that this implies t: N < M is a minimal submanifold, note that for
small ¢ a variation (;: N < M (cf. Definition 2.45) of ¢ determines the same
homology class inside M. Thus, the last inequality shows that

Vol(t) < Vol(iz),

so that ¢ is a critical point of the volume functional on compact oriented
k—submanifolds. O
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Corollary 2.56. There are no compact calibrated submanifolds in a contractible
Riemannian manifold (M, g). (e.g. (R", go))

Proof. Let 1 < k < n. By Poincaré’s lemma, if ¢ € 2K (M) is a calibration,
then there exists 7 € 2K~1(M) such that ¢ = dn (indeed, dp = 0). Thus,
ift: N — M is a compact (without boundary) ¢ —submanifold, using Stokes’
theorem we get a contradiction:

0 < Vol(1) = /;V P = /N d(t*n) = 0. O

The ¢—submanifold condition (Definition 2.54) for an oriented compact
k —dimensional submanifold (: N < M depends upon its tangent spaces; it is
a first order p.d.e. on the immersion ¢. On the other hand, as we have already
seen in the previous section (Theorem 2.48), the minimal submanifold condition
for such a submanifold turns out to be a second order p.d.e. on the immersion ¢
(H' = 0). This suggests, via Proposition 2.55, that calibrated geometry is a great
source of examples of minimal submanifolds. This fact is quite analogous to the
relation, in the realm of gauge theory, between ASD instantons and Yang—Mills
connections (Section 1.5). Indeed, in the next section we shall extend this analogy,
by means of the general notion of &—ASD instantons.

Furthermore, we shall see a striking concrete relation between gauge theory
and calibrated geometries in dimensions greater than four (cf. ). This
will require generalising the notion of ¢p—submanifold in M to the more general
measure-geometric setting of currents on M. In what follows we use some nota-
tion and terminology which are introduced in Appendix A (see §A.6).

Definition 2.57 (¢p—currents). Let ¢ € 2% (M) be a calibration on (M, g). Then
an integral k—current T = (I, £, ®) € I (M) (cf. Definition A.67) is said to be
a ¢—calibrated current (or simply ¢ —current) if

élr.r =E&(x), for HE —ae xel

Definition 2.58 (Mass-minimizing currents). A current 7 € Iy j,.(M) is called
mass-minimizing if
M(S) < M(S")

whenever S, 8" € I(M), |[T|| = ||S|| + IIT — S|| (i.e. S is a piece of T') and
S = aS".

We have the following result in parallel with Proposition 2.55.
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Proposition 2.59. Let ¢ € k(M) be a calibration on (M, g). Then any com-
pactly supported ¢p—calibrated cycle T € Zi (M) C I} (M) is mass-minimizing
in its homology class.

Proof. Write T = (I',§,®) and let T/ = (I'',£',0') € Z; (M) be a compactly
supported cycle homologous to 7', say T — T’ = dR, where R € I 1(M). Then,
unraveling definitions, we have:

M(T) = / OdHF = / (¢.£)OAHF (T is p—calibrated)
r r
= / (¢.£YO'dH* + R(dg) (T —T' = dR)
I“/
< / O'dHk = M(T'). (Ip]* < 1) 0

In this context, it is worth mentioning the following deep interior regularity
result due to

Theorem 2.60 (Almgren). If T € Iy ;o.(M) is mass-minimizing, then T =
supp(T) \ supp(dT) is a smooth k—dimensional minimal submanifold of M, ex-

cept by a singular set X C T of Hausdorff dimension at most k — 2.

Calibrations and Riemannian holonomy groups. There is a natural method
to construct interesting calibrations ¢ on Riemannian manifolds (M, g) with spe-
cial holonomy, in such a way that 4 (¢) contains families of calibrated tangent
k—planes with reasonably large dimension.

Let H € SO(n) be a possible holonomy group for a Riemannian metric. Thus
H acts on the k—forms A¥ (R”)* of R”. Suppose that ¢pg € A (R”)* is a nonzero
H —invariant k—form on R”. Up to rescaling, we can assume that ||¢|* < 1 and
that 4 (¢pg) # @, i.e. ¢o|y = voly for at least one k—plane V' < R” (see Example
2.53). Thus, from the H —invariance of ¢, if V € ¥ (¢pg) then h - V € 4 (¢o) for
every h € H. This usually means ¢ (¢g) is reasonably big.

Now suppose (M, g) is a connected Riemannian »n—manifold with Hol(g) =
H. Then, by the holonomy principle (Theorem 1.32), there exists a global par-
allel (hence closed) k—form ¢ on M which is pointwise linearly identified with
¢o. It follows that ¢ also has comass < 1 and, therefore, is a calibration on M .
Moreover, for each x € M, we have ¥(¢p) N Tx M >~ 9 (¢o), so that by the above
invariance we may expect the ¢—geometry of M is non-trivial.
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In what follows, we explore the above procedure for the holonomy groups
U(m), SU(m), G, and Spin(7), introducing corresponding interesting calibrated
geometries.

Complex submanifolds. Let H = U(m) € SO(2m). Then H preserves the
standard Kihler 2—form wo on R?™. The following classical lemma shows that
a)g /k!has comass < 1 foreach1 <k <m ( , Proposition 4).

Lemma 2.61 (Wirtinger’s inequality). Consider C"™ = R2™ with complex coor-
dinates zJ = x2/71 4 jx?J, j = 1,...,m, and let wg be the standard Kdhler
form

. m m
i . — . .
_ J — 2j—-1 2j
a)o—2 E dz/ Adz) = E dx Adx“,

ji=1 ji=1
Then, for each 1 < k < n, given any collection of 2k unitary vectors vy, ..., Uy €
R2™ e have
o
- <
m (v1,--.,V) < 1.

Corollary 2.62. Let (Z?™,1,w) be a Kihler m—fold. Then, for each 1 <
k

k < m, the 2k—form 7 is a calibration on Z. Moreover, an oriented

real 2k—submanifold N in Z is calibrated if, and only if. N is a complex
k—dimensional submanifold of (Z2™, 1), i.e. I(TyN) = TxN forall x € N.

There are lots of examples in this setting. For instance, the complex projective
spaces CPP™ have many complex submanifolds defined as the zero set of a collec-
tion of homogeneous polynomials. These are called complex algebraic varieties,
and are the subject of complex algebraic geometry. It is worth mentioning that
the motivation for the general calibration condition comes from the long-known
properties enjoyed by complex submanifolds as minimal submanifolds of Kahler
manifolds. For more details and examples of complex submanifolds in Kéahler
manifolds, we refer the reader to ( , Chapter 1, §6).

Special Lagrangians. Let H = SU(m) C SO(2m). Then H preserves not only
the standard Kéhler form wg but also the holomorphic volume form 7. It turns
out that Re(7)) is a calibration on C™. In fact, the following holds

( , Theorem 1.14, p. 89):
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Lemma 2.63. Consider C™ = R?™ with complex coordinates (z',...,z™), let
wg be the standard Kdihler form and let Ty be the holomorphic volume form

Yo:=dz' A ... AdZ™.

Then
[T (e1,....em)| <1,

for all unit vectors ey,...,e;, € C™ with equality if, and only if, V =
spang{ei,...,en} is a Lagrangian plane, i.e. woly = 0.

Corollary 2.64. Let (Z2™,w, ) be a Calabi—Yau m—fold. Then Re(e'?T) is a
calibration on Z for any 6 € R.

Definition 2.65. Let (Z2™, w,T) be a Calabi—Yau m—fold, and let L be an ori-
ented real m—submanifold of Z. We call L a special Lagrangian submanifold
(or SL m—fold for short) if L is calibrated with respect to Re(Y"). More generally,
if L is calibrated with respect to Re(ei? 1), for some real number 6 € R, then L
is called special Lagrangian with phase el

Remark 2.66. Let L be an oriented real m—submanifold of C™. Then it is easy
to see that L is a SL m—fold with phase ¢ if, and only if, e 7" L is a SL m—fold.

O

By Lemma 2.63, a m—submanifold L of a Calabi—Yau m—fold (Z?",w, )
admits an orientation making it a SL m—fold (with phase 1) if, and only if, w|;, = 0
(i.e. L is Lagrangian) and Im(7")|;, = 0. More generally, from Remark 2.66, it
follows that L admits an orientation making it a special Lagrangian with phase i
if, and only if, w|z = 0 and (cos Im(Y") + sinORe(7")) | = 0.

For more on special Lagrangian geometry, including several examples, we
refer the reader to ( , Chapter 8).

Associative and coassociative submanifolds. Let H = G, € SO(7). The next
result follows from ( , Theorem 1.4, p. 113) and Remark
2.52.

Lemma 2.67. The 3—form ¢g given by (2.15) and the 4—form o = *¢o are
calibrations on R”.

Corollary 2.68. Let (Y, g4) be a Go—manifold. Then ¢ and = *¢ are calibra-
tions.
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Definition 2.69. An oriented 3—submanifold P (resp. 4—submanifold Q) of Y
is called associative (resp. coassociative) if P (resp. Q) is a ¢—calibrated (resp.
y—calibrated) submanifold (cf. Definition 2.54).

Example 2.70. Consider the model Go,—manifold (R”, ¢9) of Example 2.25 and
the natural orthogonal decomposition R” = R3 @ R*, as in Remark 2.16. Then,
from the definition (2.15) of ¢¢, with the natural choices of orientation - as pre-
scribed in Remark 2.16, it is easy to see that
P :=R3 x {0} € R3> @ R* = R7 is associative and
Q = {0} x R* € R® ® R* = R’ is coassociative.

More generally, if (Z*, w,T) is a Calabi-Yau 2—fold and we let (Y7 = R3 x
Z, ¢) be the G,—manifold of Example 2.30, then (with the obvious orientations)
P :=R3x {0} CR3>® Z =Y is associative and

0 ={0}x Z CR®@® Z =Y is coassociative.

The following result, which we state without proof, gives us a good source of
examples of associative and coassociative submanifolds.

Proposition 2.71. Let (Y, ¢) be a Go—manifold with an isometric involution o #*

1. Ifo*¢p = ¢ (resp. if 6*¢p = —¢), then
Fix(¢) :={p € M :0(p) = p}
is a closed embedded associative (vesp. coassociative) submanifold in Y .

We refer the reader to ( , Pp- 268-269) for a proof of the above result,
as well as examples of associative and coassociative submanifolds arising in this
way.

Example 2.72. The recent work by contains various concrete
examples of associative submanifolds in G,—manifolds, arising from the twisted
connected sum construction.

Next we state a reduction result to lower-dimensional calibrated geometries.
Its proof follows rather easily from the compatibility of the involved structures.

Proposition 2.73. Let (Z%, w, 1) be a Calabi—Yau 3—fold and consider the cylin-
drical Gy—manifold (Y := R x Z, ¢) of Example 2.31. Then:
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() N =R x X C Y associative (resp. coassociative) if and only if X is a
complex curve (resp. special Lagrangian 3—fold with phase —i).

(b) N C{x}x Z CY isassociative (resp. coassociative) if and only if N is a
special Lagrangian 3—fold (resp. complex surface).

Cayley submanifolds. Let H = Spin(7) C SO(8).

Lemma 2.74 ( ( , Theorem 1.24)). The 4—form D¢ given
by (2.33) is a calibration on R8.

Corollary 2.75. Suppose (X8, @) is a Spin(7)—manifold. Then & is a calibration
on (X, go).

Definition 2.76. An oriented 4—submanifold L of X is called Cayley if L is a
® —submanifold.

We can produce examples of Cayley 4—folds from lower dimensional simpler
calibrations cf. Examples 2.41 and 2.42.

Example 2.77. Let (Y7, ¢) be a G,—manifold and consider the Spin(7)—manifold
(X8 :=R x Y7, ®) given by Example 2.41. Then:

(i) L is an associative 3—fold in Y if and only if R x L is Cayley in X.

(ii) For each x € R, L is a coassociative 4—fold in Y if and only if {x} x L is
Cayley in X.

Example 2.78. Let (Z%,w,7) be a Calabi-Yau 4—fold and consider the
Spin(7)—manifold (X8 =78 & = %w Aw + Re(TO)) of Example 2.42.
Then:

(1) L is a holomorphic surface in Z if and only if L is Cayley in X .

(i) L is a special Lagrangian 4—fold in Z if and only if L is Cayley in X.

2.3 Anti-selfduality in higher dimensions

We present two well established approaches to the notion of instanton in higher di-
mensions, which in fact coincide for (connected) Riemannian manifolds (M", g)
whose holonomy group Hol(g) is one of the following: U(m) (n = 2m = 4), G,
(n = 7) and Spin(7) (n = 8).



2.3. Anti-selfduality in higher dimensions 77

Instantons via closed (n — 4)—forms. This approach was originally explored
by physicists in , for flat spaces; see also

, and further ( , Section 1.2). Suppose n = 4 and let
(M", g) be an oriented Riemannian manifold. Given & € 2"~4(M), we define
the following x—Hodge-type operator acting on 2—forms:

xg: A°T*M — A’T*M
w > x(& Aw). (2.79)

We note that x g is trace-free, self-adjoint and satisfies xg = 0 if, and only if],
& = 0. Of course, fora given G—bundle E — M, there is also a natural extension
of x g to g g —valued 2—forms, acting trivially on the g g —component. This leads
to the following generalisation of the 4—dimensional notion of anti-selfduality.

Definition 2.80 (5 —ASD instantons). Let (M, g) be an oriented Riemannian man-
ifold endowed with a closed (n — 4)—form & € 2" *(M). Let E — M be a
G —bundle, where G is a compact Lie group.

(i) Suppose that G is a semi-simple Lie group. In this case, a connection V €
A(E) on E is called a = —anti-selfdual instanton (& —ASD instanton) if

% (8 A Fy) = —Fy. (2.81)

(i1) With no semi-simplicity hypothesis on G, it is convenient to relax the above
definition as follows (cf. ( , Remark 1.90, p. 30)). Re-
calling the decomposition (1.4), a connection V € A(E) on E is called
a Z —anti-selfdual instanton (= —ASD instanton) if the gg))—component
of Fy, instead of Fy, satisfies (2.81) and the 3(g)—component of Fy is a
3(g)—valued harmonic 2—form>.

Remark 2.82. While (ii) indeed generalises (i), &—ASD instantons on a
G—bundle E are essentially equivalent to = —ASD instantons on the associated
G/Z(G)-bundle E xg G/Z(G). In other words, we can always reduce to the
semi-simple case (i). O

>The gg))—component of Fy is simply its trace-free component Fg, and the 3(g)—component
1

of Fy is simply —tr(Fy) ® 1. Thus, V is a £—ASD instanton if, and only if, (& A FQ) = —F
r

and tr(Fy) is a harmonic 2—form.



78 2. Instantons in higher dimensions

Remark 2.83. A case of particular interest encompassed by (ii) is G =
U(r). For later purposes, we introduce some terminology. The quotient group
U(r)/Z(U(r)) >~ U(r)/U(1), denoted henceforth by PU(r), is called the pro-
jective unitary group of rank r. We call £ a PU(r)—bundle when E is the
associated bundle £ xy(ry PU(r) of a U(r)—bundle E. O

In the classical case of an oriented Riemannian 4—manifold (M, g), there is
a natural choice of 0-form &, namely & = *dV,; = 1, for which xg = *. Of
course, the corresponding & —anti-selfduality notion is precisely the familiar one
explained in Section 1.5.

For generic =, the algebraic equation (2.81) is an over-determined system and
admits no solutions at all (i.e. —1 need not be an eigenvalue of * z; for instance,
when n = 4, let & be any constant function # 1 and —1). In any case, similarly
to the classical 4—dimensional notion, if V € A(E) is a £ —ASD instanton, then
V is automatically a Yang—Mills connection. Indeed, for the case (i) of Definition
2.80, this is an immediate consequence of dZ = 0 and the Bianchi identity (1.21):

dy * Fy = —dv(& A Fy) = —=( d&8 AFy + (-1)"*E AdyFy) = 0.
\_—/ N ,

As for the general case (ii) of Definition 2.80, we have (compare with ( ,
Lemma 1.2.1)):

Proposition 2.84. Let E be a G—bundle, where G is a compact Lie group, and
letV € A(E). IfV is a E—ASD instanton (Definition 2.80 (ii)) then V is a Yang—
Mills connection. Moreover, if G = U(r) and M is closed, we have the following
a priori L>—energy bound on V:

r —

Pl = nFE = 47 (26a(8) = “Fea(B?) U (2. 1v1).

r

Proof. Since d(tr(Fy)) = tr(dv Fv) and V1 = 0, it follows from the Bianchi
identity (1.21) and the Leibniz rule that dv F VO = 0. Furthermore,

1
a3 Fy = db (;tr(Fv) ® 11) + xdy (+F)

= (@ u(Fy) ©1F xdv (S A FY)  (Fyis 5-ASD)

=0F x(dE AF9 + (=1)"*E AdvFY) (tr(Fy) is harmonic)
=0. (dZ =0anddyFQ = 0)
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This proves that V is Yang—Mills.
Suppose G = U(r) and M is a compact manifold without boundary. First, by
(1.47) and (1.48), we have

r ; l(:1()5)2) = tr(Fy A Fy) — %tr(Fv) Atr(Fy). (2.85)

47? (2c2(E) —
Note that the decomposition Fy = FVO + ;tr(Fv) ® 1 is L% —orthogonal; indeed,
(FO,tr(Fy) ® 1) 72 = — /M tr (F9 A *(tr(Fy) ® 1))
=— / tr(F9 A *tr(Fy))

M

= / tr(FQ) A xtr(Fy)
M
=0.
Thus
1 1
IFvl7. = IF9l7. + II;tr(Fv) ® 17, = I Fyl72 + ;Itr(Fv)Iiz- (2.86)
Now, FQ is &—ASD, so
IF9lI7, = —/ tr(FQ A % FQ) = / tr(FO A FO A B).
M M
On the other hand,
2 1
FOAFQ = Fy A Fy — ;tr(Fv) A Fy + r—ztr(Fv) Atr(Fy) @ 1.
Therefore,

2
IF9II7, = /M (Fy A Fy A 8) =~ [M tr(Fy) A tr(Fy) A &

tr

+ r(;l) /M tr(Fy) Atr(Fy) A E

1
:/ tr(Fv/\Fv/\E)——/ tr(Fv) Atr(Fy) A B
M rJm

Plugging this last equation in (2.86) and comparing with (2.85) gives the desired
result. O
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Remark 2.87. Comparing the previous result, for e.g. G = SU(r), with Propo-
sition 2.55 brings forth various similarities between &—ASD instantons and
& —calibrated submanifolds: both are first order solutions of second order Euler—
Lagrange equations. Furthermore, these solutions in fact minimise their respec-
tive defining (energy/volume) functionals, attaining topological (energy/volume)
lower bounds. O

The following result, albeit straightforward from linear algebra, underlies the
relevance of calibrated submanifolds in the study of gauge theory, via the bubbling
phenomena in Chapter 4. In fact, it is the reason why the bubbling locus of a se-
quence of Z—ASD instantons is & —calibrated, and why ASD instantons bubbles
off transversely (cf. Theorem B).

Proposition 2.88 (ASD instantons bubbles off transversely). Suppose n > 4 and
consider (R™, go) with the standard flat metric go. Let & € Q" *(R") be a
calibration and let R" = R"~* @ R* be an orthogonal decomposition, with asso-
ciated projection map w: R* — R*. Let E be a G—bundle over R* where G is
a compact Lie group. If I € A(E) is a non-flat connection then the following are
equivalent:

(i) V:=x*I is a E—ASD instanton.

(ii) There exists an orientation on R"~* with respect to which it is calibrated
by B and I is an ASD instanton on R*.

Proof. Letus assume, without loss of generality, that G is semi-simple, so that we
are in case (i) of Definition 2.80 (see Remark 2.82).

Let x1,...,x" be oriented orthonormal coordinates of R” such that
x1, ..., x"* are coordinates for R" 4. Set

Pp_g =dx' A A" and Py = xPp_g = dxX" 3 AL AdXT,
and

5 =aPp—4 + Eo,
for some ¢ € R and &y € Q”“‘(R”), such that Zg|gn—4 = 0. Then, it is clear
that
* (B A Fy) =ax*x(Py—q A Fy). (2.89)

(i)=(ii): Choose (temporarily) @4 to be the orientation of R*. Then, from (2.89)
and the assumption of (i) we get®

—F] = O *R4 F].

6Recall that Fy = n* Fy and that 7 is a submersion.
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Since F; # 0, it follows that o« = =1 (the possible eigenvalues of * on AZ(R*)*).
Ifa = 1, we are done. If ¢ = —1, just choose the reverse orientation on R# (note
that this changes x4 by a minus sign).
(il)=(i): We can assume that &,_4 is positively oriented, with respect to the
orientation on R”~* predicted by (ii). For, otherwise, recalling that n > 4,
we can simply make the coordinate change (x!,...,x" ™% x"73 ... x")
(x, ., x4 X3 X,

Thus, by assumption, « = 1. Also, we fix the compatible orientation given by
@4 on R*. Then, using (2.89) and the hypothesis that F; is ASD, we get

*(E AN Fv) = JT*(*R4F]) = —JT*FI = —Fv,

as claimed. O

Appropriate (n — 4)—forms and Riemannian holonomy groups.
(cf. ( , pp- 8-9) and ( , P
61))

We will show that manifolds with reduced holonomy are an appropriate setting
to find natural closed (n — 4)—forms =, for which the Z—ASD criterion (2.81) is
meaningful.

On M", n > 4, an appropriate (n — 4)—form & € 2" *(M) is such that
the symmetric operator g (2.79) admits —1 as one of its (necessarily real) eigen-
functions.

Suppose H < SO(n) is a Lie subgroup preserving a nonzero 4—form ¥, €
A*(R™)*. Then, if M is endowed with a H —structure P C F (M), we automati-
cally get a corresponding well-defined nowhere zero 4—form @ on M, pointwise
linearly identified with Wy. Explicitly, ® € 24(M) is defined by

Wy = (u; ) Y,

for any chosen frame u, € Py, for all x € M. This is well-defined, since any
two frames uy, iy € Py are related by the right multiplication of an element in
H: iy = h™ ! ouy, for some h € H. Thus, the H—invariance of ¥, ensures
(ux)* W = (75 1)* Y.

By the same reasoning, since H € SO(n), it follows that M has the structure
of an oriented Riemannian manifold. In particular, we are able to define = :=
*¥ € 2" 4(M). Notice that the matrix of *z with respect to any H —frame
u € P is constant and equal to the matrix of the operator * 5, acting on A%(R")*,
where B¢ = ¥y € A" *(R"™)*. Since * 5, 1s @ nonzero symmetric operator
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(indeed, Z¢ # 0), it admits a nonzero eigenvalue 0 # A € R. Thus, it follows
that —A~1 Z is an appropriate (n — 4)—form on M.

There are several examples of subgroups H < SO(n) admitting nonzero
H —invariant 4—forms. Suppose H < SO(n) is a closed Lie subgroup with Lie
algebra h C so(n) ~ A2(R™)*. Then, the Killing form Ky of b can be seen
as an H —invariant element of S?(h) € S? (A%(R")*). Thus, we can define a
corresponding H —invariant 4—form Lll(fl on R” by

wll = alt(Ky) € (A*®R")*)7

where alt: S? (AZ(R”)*) — A*(R™)* denotes the alternation map. If a manifold
M is endowed with a H —structure, we denote by ¥# the induced 4—form on
M. When H is the holonomy group of a Riemannian manifold, this yields the
following result ( , Lemma 5.3).

Lemma 2.90. Let (M, g) be a Riemannian manifold with holonomy group H C
SO(n). Then, the above procedure defines a nowhere zero parallel 4—form WH on
M, except possibly when H is the isotropy representation of a symmetric space.

wH s often called the fundamental A—form associated to the holonomy reduc-
tion. Since ¥ is D& —parallel, it follows that it is a harmonic 4—form, so that
EH .= w@H Jefines a closed (n — 4)—form on M. As observed earlier, modulo
rescaling, & defines an appropriate (n — 4)—form on M.

Now suppose H C SO(n) is a simple Lie group, e.g. H = G C SO(7) or
Spin(7) € SO(8) (cf. Theorems 2.18 and 2.34). Since E(fl is by construction
H —invariant, the operator * g o trivially commutes with the action of H, so by

Schur’s lemma the irreducible representations of H in AZ(R")* are eigenspaces
for *gl- Since H is simple, it follows that the Lie algebra ) € so(n) ~ AZ(R")*

is an eigenspace for * g -

In the situation of Lemma 2.90, it follows that the natural subbundle B -
A2T*M determined by  is one of the eigenbundles of the operator * g# . If 0 #
A = const. is the corresponding eigenvalue, then scaling 5 by —A~! yields an
appropriate closed (n —4)—form EH on M, whose —1 eigenbundle is precisely B
The corresponding & —anti-selfduality notion is then a natural constraint coming
from the holonomy reduction of (M, g), in analogy with the constraints imposed
by the holonomy group on the Riemann curvature tensor (cf. Proposition 2.6).
This leads us to another the notion of instanton in higher dimensions, which we
will now briefly describe.
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Instantons via Lie groups. There is a generalised notion of instanton available
for any oriented Riemannian manifold (M", g) equipped with an N (H )—structure
. Let H € SO(n) be a closed Lie subgroup. Then we can write

A2(R™)* ~ so(n) = h @ bt (2.91)

Recall that
APT*M = F(M) xsomy A*(R")*.

If M has an H —structure, then the decomposition (2.91) readily goes over to
2—forms on M. However, in practice, one often has a N(H )—structure instead of
a H —structure, where N(H) 2 H denotes the normaliser of H in SO(n). So, sup-
pose (M, g) has an N(H )—structure P C F(M). Since H is closed, it follows
that N(H) is a closed Lie subgroup of SO(n). Moreover, one can easily verify
that ) € u(h) =: Lie(N(H)) is invariant under the adjoint action of N(H). This
means that the lie algebra §) determines a distinguished subbundle E of A2T*M:

b =P xya b C A*T*M.

In particular, if E — M is a G—bundle, using the metric g we get an associated
orthogonal projection map

mp: A’T*M ® g - bh®gE.

Definition 2.92. Suppose M is endowed with a N(H )—structure, and let £ — M
be a G—bundle with compact semi-simple structure group. A connection V €
A(E) is called an H —instanton if

YR Fy = Fy,
i.e. if the curvature 2—forms F; lies in the subspace ) € A2,

For instance, in the classical case of a 4—manifold, M comes equipped with
a N(H) = SO(4)—structure, for H = SU(2). Then a SU(2)—instanton corre-
sponds to the ordinary notion of (A)SD instanton: ) = su(2) ~ Ai.

When looking for manifolds endowed with an N(H )—structure, a natural
guess consists of Riemannian manifolds with reduced holonomy. In particular,
we are led to consider each N(H) arising in Berger’s list (2.7) of special geome-
tries.
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n | H | N(H) < SO(n)
4 SU(2) SO(4)
2m >4 | SU(m) U(m)
7 (€73 Gy
8 Spin(7) Spin(7)

Table 2.1: Certain Lie groups H C SO(n) whose normaliser N(H) in SO(n) is
a Lie group appearing in Berger’s list.

Let (M, g) be an oriented Riemannian n—manifold with Hol(g) = N(H) <
SO(n), where N(H) # SO(4) is one of the groups in Table 2.1 (cf. ( ,
p. 6, Table 1)). By the construction of the last paragraph, we have a naturally
associated parallel 4—form &) arising from the holonomy reduction. It turns
out that the corresponding notions of H —instanton and EN(H)_ASD instanton
induced on auxiliary G—bundles £ — M are coincident, provided ENWH) jg an
appropriate rescaling of & V) In the next sections we briefly study each of these
cases.

2.3.1 Hermitian—Yang—Mills connections

The following definition is motivated by the discussion in Section 1.5:

Definition 2.93. Let (Z, w) be a Kdhler manifold and let £ — Z be a SU(r)—
or a PU(r)—bundle. A connection V € A(FE) is called Hermitian—Yang—Mills
(HYM) if

Fy?=0 and A,Fy =0. (2.94)
Here A, is the dual of the Lefschetz operator L, := @ A -.

Remark 2.95. Recalling Definition 2.80 (ii) and Remark 2.82, one can also work
with U(r)—bundles and, instead of the second part of (2.94), require that Ay, Fy =
Al g, for some A € iR. In this case, if we suppose (Z, w) is a compact (without
boundary) Kéhler manifold, the value of A is topologically determined, as follows.
Denote by g the underlying Riemannian metric of (Z, w); thus,

m m—1
dVg = “ and *xw = a)—
m! (m—1)!

Recalling (1.47), it follows that

m

a)
c1(E) A x@w = Ar—-.
m!
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Therefore
m(c1(E) U[w]™ 1, [Z])

b el )

O

It follows from Corollary 1.71 that a HYM connection V € A(FE) induces a
holomorphic structure £ on E.

In order to highlight the importance of HYM connections, let us briefly review
the so-called Donaldson—Uhlenbeck—Yau correspondence, after ( )
and ( ). While a thorough discussion of this result (and its
far-reaching repercussions in geometric analysis and algebraic geometry) would
be awfully beyond the scope of this text, we kindly refer the interested reader to
the excellent books by ( ) and ( ).

Let £ — Z be a holomorphic vector bundle over the compact Kahler manifold
(Z,w). For a coherent subsheaf F C £, we define respectively the first Chern
class, the w-degree, and the w-slope, by ’

c1(F) == ci(det F**),
deg,, (F) = [ c1(F) Ao™ 1,
Z

deg,, (F)

Ho(F) 1= rank(F)
& is then called:

* stable if py,(F) < pep(€), for each coherent subsheaf F C & with 0 <
rank(F) < rank(£).

* polystable if £ = @, & where each &; is stable and satisfies (&) =

Mo (E).
The following deep result was proved by for complex alge-
braic surfaces, and again by for compact Kéhler man-

ifolds. It gives a very general relation between Yang—Mills theory over Kéhler
manifolds and Mumford—Takemoto’s theory of stability:

Theorem 2.96 (Donaldson—Uhlenbeck—Yau). Let E be an SU(r)— or a
PU(r)—bundle over a compact Kdihler manifold (Z,w). There exists a one-to-
one correspondence between gauge equivalence classes of HYM connections on

TF* := Hom(F, Oz), where O is the structure sheaf of Z.
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E and isomorphism classes of polystable holomorphic bundles & whose underly-
ing bundle is E.

The following straightforward result realises HYM connections as a particular
instance of & —ASD instantons, for suitable choice of Z'.

Lemma 2.97. Let E be an SU(r)— or a PU(r)—bundle over a Kdhler manifold
(Z?™, w) of complex dimension m > 2. Consider the following closed (2m —
4—form E on Z:

wm—z
L= m

Then, a connection V € A(E) is a E—ASD instanton if, and only if, V is HYM.

Finally, let H = SU(m) € SO(2m), so that N(H) = U(m). If wg is the
standard Kihler form on R?™, then ( , Chapter 3):

AZR?™)* = [[A%%) @ [A9"] ® (wo),

where [[A29]] ® C = A2° @ A%2 and [A)'] ® C = Ay = ker (Awy|g1.1)-
Furthermore, via the isomorphism so(2m) ~ A%(R?™)*, one has

b =su(m) ~ [A(l)’l].

It follows that, for SU(r)— or PU(r)—bundles, the notions of SU(m)—instantons
(Definition 2.92) and HYM connections coincide.
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2.3.2 G,—instantons

This section is based on ( , Chapter 1) and

Proposition 2.98 ( (ibid., Theorem 8.4)). A2(R7)*
decomposes orthogonally into

A2RT)" = A7 @ A,
where A% and A% 4 are irreducible representations of Gy, with dim A2 =d, given
by
A2 ={a:xp0 =20} ={vipp:veR}~ AL, and
A2, = {a: *xpo0 = —af = {a o A Yo = 0} >~ go = Lie(Gy),

where Vo := x¢g, and the last isomorphism comes from the metric identification
A2(R7) ~ 50(7) 2 ga.

It follows that we have an analogous splitting of A2T*Y for every almost
G,—manifold (Y7, ¢). By slight abuse of notation, we will also denote the corre-
sponding summands by Ai,. Moreover, we can now extend for general compact
Lie groups G the notion of Gy—instanton on G —bundles given in Definition 2.92
as follows.

Definition 2.99. Let (Y7, g4) be a Go—manifold and let £ be a G—bundle over
a Y, where G is a compact Lie group. A connection V € A(FE) is called a
G,—instanton if V is a $—ASD instanton (Definition 2.80).

Remark 2.100. Inthe above situation, suppose further that G is semi-simple. Then,
by Proposition 2.98, a Gy—instanton V € A(E) is characterised by the following
equivalent conditions:

(1) x(¢ A Fy) = —Fv;
(i) Fy Ay =0;
(i) 7(Fv) = 0, for the orthogonal projection 77 : A2T*Y — A%;

(iv) Fy liesing, ® (gg)y € AZT;‘Y ® (gg)y,ateachy € Y. O
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Example 2.101. By Proposition 2.6 and Remark 2.100 (iv), the Levi-Civita con-
nection D&% of a connected G,—manifold (Y7, g¢) 1s a Gy—instanton on the tan-
gent bundle 7Y .

In the next example, we give an extension to the case n = 7 and & = ¢ of
Proposition 2.88.

Example 2.102 (G,—instantons from ASD instantons). Let (Z* »,7) be a
Calabi-Yau 2—fold and consider the G,—manifold (Y7, ¢) of Example 2.30,
where Y7 := R3 x Z* (resp. Y7 := T3 x Z*); write 7z : Y — Z for the natural
projection map. The following result relates R3—invariant (resp. 7'3—invariant)
Gy —instantons over Y with ASD connections over Z:

Proposition 2.103. Let E — Z be a G—bundle with compact semi-simple struc-
ture group. A connection I € A(E) is an ASD instanton if, and only if, V := 771
is a Gy—instanton.

Proof. Note that
(¢ A Fy) = #(dx'? A Fy) = 75 (x2 F),

using w A Fy = Re(T) A Fy = Im(Y') A Fy = 0, and the compatibility of ¢
with the product structures on Y. Since 7z is a submersion and Fy = 77, Fy, the
result follows. O

Remark 2.104 (G, —instanton equations in R7). Consider the model G, —manifold
(R7, ¢o) of Example 2.25. Let £ — R” be a (necessarily) trivial G—bundle with

compact semi-simple structure group, andlet V € A(E ). In Euclidean coordinates

1 7
Xt o,xd,

1 . .
FVZEZF,-]-@)dx’/\de, FijZR7—>g.
By Remark 2.100, V is a Gy—instanton if, and only if, Fy A ¥ = 0, with Y :=
x¢po given by

WO — dx4567 _ dx1247 _ dx1256 _ dx2345 _ dx2367 _ dx3146 _ dx3175.

By a straightforward computation:

Fy Ao = (—Fi6 + Fas — F34) ® dx'23%¢ 4 (—Fy7 + Fo4 + F35) ® dx1234%7
+ (—F14 — Fa7 + F36) @ dx!23%¢7 4 (—Fi5 — Fa — F37) ® dx 123367
+ (F1a — F47 — Fs6) @ dx12*%7 4+ (Fi3 + Fae — Fs7) @ dx 134367
+ (F23 — Fa5 — Fo7) ® dx*>%¢7,
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Hence, V is a Gp—instanton if, and only if]

F>s = Fi6 + F34;  F12 = Fa7 + Fse;
Fi17 = Fa4 + F35;  Fs57 = F13 + Fye;
Fr7. F23 = F45 + Fe7;

Feo = F15 + F37.

(2.105)

Now write R = R3 @ R* as in Remark 2.16. Denoting by 7 : R7 — R*
the natural projection, suppose that E = ™ E is the pull-back of a G—bundle
E — R*and that V. = n*1, for some I € A(E). Then, it follows explicitly
from (2.105) and (1.63) that V is a G,—instanton if, and only if, / is an ASD
instanton. Recalling from Example 2.70 that R3 x {0} € R7 is ¢pp—calibrated,
this gives an explicit instance of Proposition 2.88 (forn = 7 and & = ¢y).

Example 2.106 (G,—instantons from HYM-connections). Let (Z%, w,T) be a
Calabi-Yau 3—fold and consider the G,—manifold (Y7, ¢) of Example 2.31,
where Y7 := R x Z% (resp. Y7 := S! x Z%); denote by 7z : ¥ — Z the natural
projection map. The following result relates R—invariant (resp. S!—invariant)
G —instantons over Y with HYM connections over Z (cf. ( , Propo-
sition 8) or ( , Proposition 3.10)):

Proposition 2.107. Let E be an SU(r)— or a PU(r)—bundle over Z. A connection
V € A(E) is HYM if, and only if, w5V is a Gy—instanton.

Sketch of proof. The main point is to note that, in this context of a Calabi—Yau
3—fold, the HYM condition (2.94) is equivalent to

FyAIm(Y)=0 and FyvAwAw=0.

The claim follows from
1
Y =x(dt Aw + Re(T)) = Ea) Aw—dt Alm(T),

since 7V is a Gy—instanton precisely when Fﬂ;v AY =0. O

Remark 2.108. This basic result gives a way to obtain G,—instantons on the ACyl
building blocks Y] = S! x Z$ of the twisted connected sum construction, by
solving the HYM problem on Z i. This is indeed the stated motivation for the
construction of HYM connections on such spaces (see below). O
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Over the past decade, non-trivial examples of G,—instantons have gradually
been constructed, in several contexts. Let us review some significant examples.

The first non-trivial construction appeared in , initiating a
project to construct G,—instantons over twisted connected sums. A method to
produce large amounts of examples, by means of the Hartshorne—Serre correspon-

dence on 3-folds, was described in . A gluing theorem for
such solutions, under suitable compatibility and transversality assumptions, was
formulated in , and explicit examples satisfying those
conditions were further found in ( ) and
( ). A thorough survey of this track can be found in

Along a different track, ( ,b) presented a method for construct-
ing Gp—instantons over Gp—manifolds arising from Joyce’s generalised Kummer
construction ( , ), providing some concrete examples with structure
group SO(3).

More recently, proved an analogue of the

Donaldson—Uhlen beck—Yau theorem (cf. Theorem 2.96) for asymptotically cylin-
drical K&hler manifolds, handling reflexive sheaves. This provides examples of
(singular) HYM connections over a certain class of complete noncompact Kahler
manifolds, generalizing the result of

Another interesting construction of G,—instantons, due to , pro-
vides non-trivial examples on the trivial SU(2)—bundle over the total space of
the spinor bundle S(S3) of the round 3—sphere S3, as in

Finally, a recent exciting trend consists of constructions of G,-instantons on
spaces with symmetries, in particular cohomogeneity-one actions. Instances can
be found in ( ), ( ), and

(2018).

Topological energy bounds from Chern—Weil theory. Suppose (Y7, gy) is a
compact Gp—manifold and let £ be an SU(r)—bundle over Y. For V € A(E),
write Fy = Fy @ Fg* according to the decomposition of A2 induced by .

Define the topological number

K(E.[¢]) = (c2(E) U [$].[Y]) .
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Then we have:

872k (E. [p]) = [Y (Fy A Fy) A o

= —(Fv, *(Fyv A 9))
= —(Fy + Fg*,2Fy — Fg*)
= =2/ FylZ> + I Fg*ll»

On the other hand, YM(V) = ||F$||i2 + ||FV14||iz. Therefore

YMV) = 3| Fy[7> + 872k (E.[9]) = 5 (B3I Fy*[17> — 872k (E. [4]) -

| =

Hence, if « (E, [¢]) > 0 then G,—instantons are absolute minima of ) M attaining
the topological energy bound 872k (E, [¢]); if «(E, [¢]) < O then E does not
admit G,—instantons at all.

2.3.3 Spin(7)—instantons

This section is based on ( , Chapter 1) and
The following result can be found in ( , p-
52, Theorem 9.5).
Proposition 2.109. AZ(R®)* decomposes orthogonally into
AR = A7 @ 43,

where A% and A%l are irreducible representations of Spin(7), with dim Ag =d,
given by

A% ={o: *xg,a = 3o}

A%l ={a: *xg,a = —a} ~ spin(7),

where the last isomorphism comes from the metric identification A*(R%) ~
$0(8) D spin(7).
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It follows that we have an analogous eigenspace decomposition of A2T*X
with respect to *¢ for every almost Spin(7)—manifold (X8, ®). By slight abuse
of notation, we will also denote the corresponding summands by Afi.

In the light of the above result, we now extend for general compact Lie groups
G the notion of Spin(7)—instanton on G —bundles given in Definition 2.92.

Definition 2.110. Let (X2, @) be a Spin(7)—manifold and let £ be a G—bundle
over X where G is a compact Lie group. A connection V € A(FE) is called a
Spin(7)—instanton if V is a ®—ASD instanton (cf. Definition 2.80).

Remark 2.111. In the above situation, suppose further that G is semi-simple. Thus,
by Proposition 2.109, a connection V € A(E) is a Spin(7)—instanton precisely
when one of the following equivalent conditions holds:

(i) *(® A Fy) = —Fy;

(ii) m7(Fy) = 0, where 7 denotes the orthogonal projection from A2T*X to
A%;

(iii) The curvature tensor Fy lies in the subspace spin(7)®(gg)x € A?TFX ®
(gg)x ateach x € X. O

Example 2.112. It follows from Proposition 2.6 and Remark 2.111 (iii) that if
(X8, gg) is a connected Spin(7)—manifold, then D8 is a Spin(7)—instanton on
TX.

Example 2.113 (Spin(7)—instantons from G,—instantons). Let (Y7, ¢) be a
G,—manifold and consider the associated Spin(7)—manifold (X8, ®) of Exam-
ple 2.41, where X% := R x Y7 (resp. X8 := S! x Y7). The following re-
sult relates R—invariant (resp. S!'—invariant) Spin(7)—instantons over X with
Gj—instantons connections over Y :

Proposition 2.114. Let E be a G—bundle over Y, where G is a compact semi-
simple Lie group. A connection V € A(E) is a Ga—instanton if, and only if, w3V
is a Spin(7)—instanton.

Proof. By Remark 2.111, we know that V is a Gy—instanton <= ¢ A Fy =
—xy Fy <= ¥ A Fy = 0. Thus, noting that

*(D A Fn;‘,V) = x(dt A ﬂ;(d) A Fy) + n;(lﬂ A Fy))
= 1y (xy (¢ A FY)) + *7y (¥ A Fy),

we are done. O
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Example 2.115. Spin(7)—instantons were the subject of Lewis’ Ph.D. thesis,
. He constructs a non-trivial example on a SU(2)—bundle over a par-

ticular compact Riemannian 8—manifold, obtained by , with holon-
omy exactly Spin(7). More recently, a construction for Spin(7)—instantons on
8—manifolds arising from was given by , and

proved an existence theorem that applies to the construction of
Spin(7)—instantons on Spin(7)—manifolds with suitable local K3 Cayley fibra-
tions and in particular recovers the example constructed by Lewis. Moreover,

constructed a (symmetric) Spin(7)—instanton with structure group
SU(2) on the Bryant—Salamon negative spinor bun-
dle ST(S*), which is smooth away from the Cayley base (zero section) S*, and
blows up along the later.

Complex ASD instantons. In this brief paragraph, we introduce the notion of
complex ASD instanton over Calabi—Yau 4—folds and realise it as a particular
instance of the notion of Spin(7)—instanton. Complex ASD instantons and its
underlying ‘complex gauge theory’ was notably studied by R. Thomas in his
Ph.D. thesis, ; see also

Let (Z8 w, Y) be a Calabi—Yau 4—fold and consider the following operator:
xr: 20P(Z) - 2%4P(2)
o *wAT),

where x: APAT*Z — A""P"~4T*Z is the usual anti-linear Hodge star opera-
tor on Kéhler manifolds. It follows that *y gives an endomorphism

xr: 297 > 202

which is self-adjoint and squares to the identity, splitting £2%2 orthogonally into
real subspaces .Qg:’z corresponding to the eigenvalues +1, in complete analogy
with the familiar real 4—dimensional case.

Definition 2.116. A connection V € A(E) on an SU(r)— or a PU(r)—bundle E
over Z8 is called a complex ASD instanton if

sy Fo? = —Fg?. (2.117)

We can fit this notion into the context of & —ASD instantons as follows. Con-
sider on (Z8, w, ) the natural Spin(7)—structure @ of Example 2.42. Then we
have:
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Lemma 2.118. Let E be an SU(r)— or a PU(r)—bundle over Z% and let V <
A(E). Then'V is a complex ASD instanton if, and only if, V is a Spin(7)—instanton
with respect to ®.

The proof of this lemma is just a matter of unraveling the definitions and taking
account of bi-degrees.

Topological energy bounds from Chern—Weil theory. Suppose (X8, @) is a
compact Spin(7)—manifold and let £ be a SU(r)—bundle over X. Let V € A(E)
and write Fy = Fy @ F&' according to the decomposition of A% induced by *g.
Define the topological number

K(E,[®]) = (c2(E) U [D]. [X]).
Then
872k (E,[®]) = / tr(Fy A Fy) A ®
X

= —(Fv,x(Fy A ?))
= —(Fy + Fg'.3Fy — F§")
= 3| Fl7. + 17317

On the other hand, YM(V) = || Fg |3, + || FG'[|3 . Therefore

YMV) = 4||Fg|12, + 872k (E. [@]) = = (4| F3' |13, — 872k (E. [@])) .

W | =

Hence, if k (E, [@]) > 0 then Spin(7)—instantons are the absolute minima of Y M,
which attains the topological energy bound 872« (E, [®]); if k(E, [®]) < O then
E does not admit Spin(7)—instantons at all.



In this chapter we shall be interested in the analytical study of the weak-

convergence and regularity theory of Yang—Mills connections in dimensions

higher than (or equal to) four, following the seminal works of ( ,b),
, and .

Section 3.1 briiefly surveys weak and strong Uhlenbeck compactness results
for connections with uniform L?—bounds on curvature, where 1 < p < oo,
2p > n (Theorems 3.2 and 3.7). The section ends with a consequent compact-
ness result for Yang—Mills connections with locally uniformly bounded curva-
tures (modulo passing to a subsequence) allowing for noncompact base manifolds.
Thenceforth we leave the general setting of arbitrary dimensions and consider only
higher dimensional base manifolds.

In Section 3.2 we deduce Price’s monotonicity formula for Yang—Mills fields
(Theorem 3.24), as well as its interesting corollary implying that there is no non-
flat Yang-Mills connection with finite L2—energy over the standard (flat) Eu-
clidean space R” for n = 5. Next, in Section 3.3, we derive a local estimate,
due to Uhlenbeck and Nakajima, for the L°°—norm of Yang—Mills fields with
sufficiently small normalized L?—norm on small geodesic balls (Theorem 3.33).
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Then in Section 3.4 we derive a noncompactness phenomenon along sets of Haus-
dorff codimension at least four, for general sequences of Yang—Mills connections
with uniformly L2—bounded curvatures (Theorem 3.48).
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Convention 3.1. Throughout this chapter, unless otherwise stated, (M, g) denotes
a connected, oriented, Riemannian n—manifold, and E denotes a G —bundle over
M , where G is a compact Lie group.

3.1 Uhlenbeck’s compactness theorems

In her seminal paper , Uhlenbeck proved the local existence
of the so-called Coulomb gauges for connections with local L”/2—norm of the
curvature sufficiently small. In particular, this enabled her to prove a global weak
compactness theorem for arbitrary fields with bounded L? —norm, for some p >
n/2.

Let us now review the so-called compactness results of Uhlenbeck, following
closely the excellent book by . Our exposition will in fact be
rather sketchy, because the results we recall here require a fair amount of back-
ground outside of our intended scope. This section is intended only to organise,
for future reference, the main ideas of some important compactness results.

Weak Uhlenbeck compactness. Unless otherwise stated, we suppose our base
manifold M to be compact, with (possibly empty) boundary.

Recall from Proposition 1.26 that for 1 < p < oo such that p > 7, the
space of W27 gauge transformations G2 (E) forms a topological group (with
respect to composition) which acts continuously on the space of W17 connec-
tions A2 (E). In particular, we may consider the topological quotient M? :=
ALP(E)/G*P(E). In this context, Uhlenbeck’s weak compactness theorem as-
serts the weak compactness of subsets of the form {[V] € M? : | Fy|, < A},
for any constant A > 0. Indeed, we can state it as follows (cf. ( ,

Theorem 1.5) and ( , Theorem 7.1, p. 108)):

Theorem 3.2 (Uhlenbeck). Suppose 1 < p < oo is such that 2p > n. Let
{Vi} € AYP(E) be a sequence of connections such that | Fy, | p is uniformly
bounded. Then, after passing to a subsequence, there exist gauge transformations
gi € G>P(E) such that g/ Vi converges weakly in ALP(E).

The main step in the proof of this weak compactness theorem is to show
that ‘Coulomb gauges’ exist over small trivializing neighborhoods U < M
of E. In a fixed local trivialization E|y ~ U x K", note that the spaces
ALP(E|y) and GZP (E|y) are represented, respectively, by WL2(U, T*U ® q)
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and W2P(U, G). In the following theorem ( ,p- 91, Theorem 6.1),
forA e WHP(U, T*U ® q) and g € WP (U, G), we use the notations:

Fi=dA+AAA,
£9(4) = IFallL, gy, and
g*A =g '4g + ¢ 'dg.

Theorem 3.3 (Local Coulomb gauge). Let 1 < g < p < oo be such that q = 7,
p > 5 and, in case ¢ < n, assume in addition p < nan. Then there exist
constants kg = 0 and yo > 0 such that the following holds: for each x € M,
given any neighborhood U of x in M there exists a geodesic ball U € U around
x such that for every A € WHP(U, T*U ® g) with E9(A) < yg there exists a
gauge transformation g € WP (U, G) such that g* A is in Coulomb gauge, i.e.

the following holds:
(i) d*(g*4) =0.
(ii) *(g*A) oy = 0.
(i) |g* Allw1.a@y < kol FallLaw)-

@) g* Allwr.rwy < kol FallLr @)

Remark 3.4. In ( , Remark 6.2 (a), p. 91), it is shown that the
theorem also holds for the case ¢ = p = 5 provided n > 3. In this way, the above
theorem is a generalization of Uhlenbeck’s original version ( ,
Theorem 1.3), which corresponds to the case ¢ = 5 andn > p > 5 of the above
result!. O

The above theorem is proved by first solving the boundary value problem
given by (i)-(ii) and then deducing (iii)-(iv) from a priori bounds. Such a priori
bounds are given by the following regularity result.

Theorem 3.5 (Regularity for d @ d*). Let (M, g) be a compact n—manifold with
(possibly empty) boundary and let 1 < p < oo. Then, there exists a constant
C > 0 such that for every A € WHP (M, T* M) satisfving «Alap = 0 we have

1Al < € (144l + 1d*Allp + 1 Allp) -

L) it seems that in order to obtain a W Y-P —control in (iv) for p > n, one needs small energy
forq>%5> ( , Remark 6.2 (c), p. 92).
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Moreover; if in addition H'(M,R) = 0, then we can drop the ||A|| p term on the
RHS of the above estimate.

In fact, given the local aspect of Theorem 3.3, one actually first reduces the
general setting to model cases. Given x € M and § > 0, according to weather
x € int(M) or x € dM, we may find an appropriate domain B C R”, a constant
o €]0, 1] and a chart ¥/, : B — M centered at x such that?

lo™2ykg —1]2,00 < 6.

Thus, by working in such special local coordinates, it suffices to prove the local
Coulomb gauge theorem when M = B is equipped with a smooth metric g satis-
fying ||g — 1]l2,00 < 8, for some sufficiently small § > 0, and then examine the
effect of rescaling the metric.

A key property of a local Coulomb gauge, explored in the proof of Theorem
3.2, is that in such a gauge we can pass the uniform L”—control on the curva-
tures Fy, to a uniform W 1-P _control on the connections matrices (cf. Theorem
3.3 (iv)). Thus, by the reflexiveness of the Sobolev spaces W -7, in each local
Coulomb gauge we can extract a weakly W !»? —convergent subsequence of the
connections V; (as a consequence of the Banach—Alaoglu theorem - see Appendix
B). Ultimately, one has to patch together these local gauges in a suitable way to
complete the proof of the weak compactness theorem.

For the sake of completeness, we state below a general patching result. First,
fix in G the natural bi-invariant Riemannian metric induced by (-, )4 and let dg
denote the Riemannian distance function in G with respect to such metric. Next,
let Aexp > 0 be the radius of a convex geodesic ball B Aexp(lG) C G centered at
1, such that the following holds:

1. The exponential map exp restricted to Ba,,,(0) < g is a diffeomorphism
onto Ba,,(16).

2. Forall g,h € Ba,, (1) there exists a unique minimal geodesic from g to
h and this lies within Ba_ (1g).

exp

Lemma 3.6 ( ( ,p. 111, Lemma 7.2)). Let M be an n—manifold and
let p > %. Suppose {Uy} is a locally finite open covering of M by precompact sets
Uy, where o runs a countable index set 1. Then there exist open subsets Vo C Uy
still covering M such that the following holds.

2Here we are identifying Vg with its matrix representation in canonical coordinates, and 1
denotes the identity matrix of order 7.
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(i) Letk € N and let gop,hop € Ggk+l.r (U, N Ug) be two sets of transition
Sfunctions satisfying the cocycle conditions and

dg(gaﬁ,haﬂ) < Aexp, Va,B €.

Then there exist local gauge transformations he € GKTVP(Vy) foralla € 1
such that on all intersections Vo N Vg we have

hy'hoghp = gap-

(ii) Let the hgg in (i) run through a sequence hfx 8 of sets of transition functions

such that gaﬂ,hfxﬂ € gk‘H’P(Ua NUg) forallk < K, where K = 2 is an
integer or K = oo. Assume that for every a, B € I and k < K there is a
uniform bound on ”(h:xﬂ)_ldh:xﬂ lwk.r (UunUz):-

Then the gauge transformations hl, in (i) are constructed in such a way that
foreverya € I and k < K they satisfy h, € Gk+1-P (V) and

sup [[(he) "' dhg lwi.n (v, < 00
ieN

Strong Uhlenbeck compactness. [n this paragraph, unless otherwise stated, we

suppose our base manifold M is a compact manifold with (possibly empty) bound-
3

ary’.

Besides the generality and power of the weak compactness theorem, it can be

greatly improved when we restrict ourselves to sequences of (weak) Yang—Mills

connections.

Theorem 3.7 (Strong Uhlenbeck compactness). Let 1 < p < oo be such that
p > 5 and, in case n = 2, assume in addition p = %. Let {V;} € AVP(E)
be a sequence of weak Yang—Mills connections such that ||Fy, | p is uniformly
bounded. Then, after passing to a subsequence, there exist gauge transformations
gi € G>P(E) such that {g/Vi} € A(E) is a sequence of smooth Yang—Mills
connections that converges to a smooth Yang—Mills connection V. € A(E) in
C*®—topology.

The key result in the proof of the strong Uhlenbeck compactness is the exis-
tence of global relative Coulomb gauges.

3t is important to note that, in such context, we consider the Yang—Mills equation d% Fy =0
with the boundary condition * Fy |35, = O (see the footnote of number 18 in Chapter 1).
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Theorem 3.8 (Relative Coulomb gauge). Let 1 < p < g < o0 be such that

p>5 and% > 15 L1 mix g reference connection Vo € AYP and let a

9 p n
constant cg > 0 be given. Then there exist constants § > 0 and C > 0 such that

the following holds. For every V € AVP with
IV —=Vollg <8 and ||V —Vol1,p < co.
there exists a gauge transformation g € G>P (E) such that
(i) 4%, (8"V — Vo) =0
(i) 18"V = Vollg < CIIV = Vollg-
(iii) 118"V = Voll1,p < CIIV = Voll1,p.

By iteration of regularity results, one of the consequences of the relative
Coulomb gauge theorem is the following:

Theorem 3.9 (Regularity of weak Yang—Mills connections). Let 1 < p < oo be
such that p > % and, in case n = 2, assume in addition p > %. Then, for every
weak Yang—Mills connection V € AVP(E) there exists a gauge transformation
g € G>P(E) such that g*V is a smooth connection.

Once one proves such results, the strong Uhlenbeck compactness (Theorem
3.7) is basically reduced to the weak Uhlenbeck compactness (Theorem 3.2) with-
out using a further patching argument*. The argument, due to Dietmar Salamon,
can be outlined as follows (cf. ( , p. 153)). First, by the weak
compactness theorem, after passing to a subsequence, we may find gauge trans-
formations g; € G2*7(E) such that g/ Vi converges in the weak W 1P —topology
to some V € AP (E). It can be shown that V also is a weak Yang-Mills con-
nection®, so that after a gauge transformation we can suppose it is smooth (by
Theorem 3.9). Moreover, after passing to a further subsequence, we can suppose
that ||V; — V|1, is bounded and that, for a suitable 1 < p < g < oo such that
the Sobolev embedding W17 < L4 is compact, the V; converges to V in the
L9—norm. Finally, one puts the connections V; in relative Coulomb gauge with

4The ‘standard’ proof of the strong compactness theorem essentially follows the same line of

argument of the proof of the weak compactness: one finds local Coulomb gauges in which one

has convergent subsequences and then use a patching construction to obtain global gauges (see e.g.
( , §4.4.2—4.4.3)).

SHere one needs p > % incasen = 2.
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respect V (Theorem 3.8). The C°°—convergence follows from the fact that the
Yang—Mills equation together with the relative Coulomb gauge condition form an
elliptic system, thus provide uniform bounds on all W*>?—norms of the connec-
tions, and the compactness then follows from the compact Sobolev embeddings
(Theorem B.13 (ii)).

Compactness theorem for smooth Yang—Mills connections. We finish this
section with a compactness result for smooth Yang—Mills connections whose proof
follows the same line of argument of the proof of the weak Uhlenbeck compact-
ness.

Theorem 3.10. Let {V;} C A(E) be a sequence of smooth Yang—Mills connec-
tions with the following property. For each x € M, there exist a neighborhood
U of x and a subsequence {i'} C {i} such that |Fy,,| is uniformly bounded on
U. Then there exist a single subsequence {i"} C {i}, a sequence of smooth gauge
transformations {gi»} < G(E) and a smooth Yang—Mills connection V € A(E)
such that the sequence g, Vi» converges to V in C*°—topology on compact sub-
sets of M.

The proof of Theorem 3.10 uses the local Coulomb gauge Theorem 3.3, ellip-
tic regularity, Arzela-Ascoli and the following standard patching argument from
( , Corollary 4.4.8, p. 160):

Proposition 3.11. Let {V;} C A(E) be a sequence of smooth connections with
the following property. For each x € M, there exist a neighborhood U of x, a
subsequence {i'} C {i}, and gauge transformations {gi:} < G(E|y) such that
g7 Vi is convergent in C*°—topology on compact sets in U. Then there exist a
single subsequence {i""} and smooth gauge transformations g;» € G(E) such that
g} Vir converges in C*°—topology on compact sets over all of M.

One of the goals of the next two sections is to achieve a compactness the-
orem for Yang-Mills connections in dimension n = 4 assuming only that the
L?—norm of the curvatures are uniformly bounded. (Recall from Proposition
2.84 that we have a priori L?—energy bound for Z—ASD instantons, provided
G is semi-simple.) One then needs to use a priori estimates to bound the point-
wise norm of curvature and the convergence will be possible only away from a
blow-up set where the L2 —energy of the sequence concentrates (cf. Section 3.4,
Theorem 3.48).
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3.2 Price’s monotonicity formula

For the rest of this chapter, we assume that n == dim M = 4.

Price’s monotonicity formula is a key result in the analysis
of Yang—Mills fields in higher dimensions. In particular, it allows normalized
L?—energy estimates on balls to pass down to smaller balls. Following ( ,
§2.1), in this section we derive (a slightly modified version of) Price’s result that
will play a pivotal role in the rest of this work.

A variational formula. We start by deriving a variational formula for the Yang—
Mills action along vector fields with compact support (cf. ( , pp. 208-210)
and ( , pp. 141-146)).

Let X € X(M) be a vector field with compact support and denote by {¢; } the
flow of X, i.e. the induced 1—parameter family of diffeomorphisms ¢;: M — M.
Note that each ¢, restricts to the identity map outside the support of X.

Given a smooth connection V € A(E) with YM(V) < oo, the flow of
X induces a compactly supported variation {V;} of V as follows. Denote by
Py Ex — Eg,(x) the parallel transport, with respect to V, along the path
{¢s(x)}o<s<s (cf. Section 1.2). Note that P, acting on sections of E gives rise to
sections of the induced bundle ¢; E, in such a way that

Pi(fs) = (¢ f)Prs. (3.12)

foreach f € C*°(M) and s € I'(E).
For each ¢, consider the pull-back connection ¢V on ¢/ E — M (see 1.1)
and define:

Ves = (P) "' (¢;V) (Pys), foreachs € I'(E).

It is clear that Vo = V. To verify that each V; indeed defines a connection,
note first that linearity follows from the fact that P; (therefore (P;)~!) and ¢V
are linear maps. Moreover, for every f € C*°(M) and s € I'(E) we have:

Ve(fs) = (P~ (#7V) (P(f5)
= (P~ ($FV) (@F /) Pes)  (by (3.12)
= (P (A8 /) ® (Prs) + 67 f(7V)(Prs)) (¥ is a connection)

= ¢X, (d(@] /) ® s+ ¢%, (8] 1) (P (47 V) (Prs))  (by (3.12))
=df ® s+ fV;s.
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Now, for each ¢, we have F¢;=V = ¢/ Fy, so that the associated curvature Fy,
is given by
Fy, = (P) " o (¢/ Fy) o Pr.

Therefore:

Fy,(Y,Z) = (P)~" - Fy(d¢:(Y),d$(2)) - (Py), VY, Z € X(M). (3.13)

We now wish to calculate d%y/\/l (Vy) o’ Given a local orthonormal frame
{ej} of TM, we have
|Fy,P(x) = ) _|Fy,(ei(x). € (x))[7
i,J
=) |Fy(dg(ei(x)). dgr(e;(x))|%  (by (3.13) and Adinvariance).
i,J
Thus, we can write®
YME) = [ SIF @ren(0). dles (DY (),
i,j

By changing variables, we get
YM(Vy) = /M > IFv(dgr (ei (¢ " (x))). depe (e (d; " () [2Tac(; AV (¢, (x)).
i,j

Now note that
d
= (ddnles @ M) | =[x,
and
d 1 -1 d —1y*
5 Vacler H(x)dVg (¢ () L:o =5, (@) dVg) (x)‘t=0
= (L-xdVg) ()
= —(div X)(x)dV, (x).

®Note that we can always cover M with open subsets over which TM trivializes by means
of orthonormal frames - the tangent bundle of a Riemannian manifold is an O (n)—bundle; pick a
partition of unity subordinate to such a cover to localize the integrand.
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Thus, the Leibniz rule and the chain rule give (cf. ( , pp. 209-210)):

d n

ZYMV)| = —f [FoPdiv X +4 Y (Fo(X.eil.e)). Fylei ej)g | dVe.
dr t=0 M i

If D denotes the Levi-Civita connection of (M, g), note that we can write

n

> (Fy([X.eil.ej). Fy(ei.e;))q

i,j=1

== Y ({Fe(De,X.e)). Fy(einep)lq = (Fy(Dxeice;). Fyleice))s) (D s tors
i,j=1

== <<Fv(De,~X’ e). Fu(eie)))g = ) g(Dxeien)(Fyek, e;). Fy(eiej))e
i,j=1 k=1

Further, since D is compatible with g,

n
Y. e(Dxeier)(Fylex.e)). Fy(ei,ej))g
i,jk=1
n
=— Y g(Dxep,e)(Fylex.e)). Fy(ei.ej))g
k=1
n

=— Y g(Dxex.e)(Fy(ei.e)), Fy(eg.ej))g (symmetry of (-, -)g)

isjak=1
n

=— Z g(Dxej,ex)(Fv(ek.ej), Fyv(ei.ej))q. (interchanging names of i and k)
iaj’k=1

So we conclude that

n n

Z (Fv([X,eil.e;), Fy(ei,ej))g = — Z (Fv(De; X, ej), Fy(ei,ej))g-

i,j=1 i,j=1

Summing up the above calculations, we have the following formula for the
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first variation of Y M along X :

n
_ _/M |Fy2div X —4 3" (F(De, X, ), Fy(ei,e))g | dVe.
Q=1

d
EyM(Vt)

t=0

(3.14)
If V is a Yang—Mills connection, recalling Proposition 1.52, we deduce the varia-
tional formula:

n
/ |Fy|*divX —4 > (Fy(D, X.ej. Fy(ei.e;)) | dVg =0.  (3.15)
M i,j=1
We shall see that this stationary condition turns out to be the main ingredient in
the proof of Price’s monotonicity.

A word on notation. Henceforth, we will use the following notations concern-
ing any (connected) Riemannian manifold (M, g):

* dg: Riemannian distance function on (M, g) (see e.g. ( , §2.1)).
* By(p) = Br(p; g): open dg—ball of radius r > 0 and center p.

* By(p) = B,(p; g): closed dg—ball of radius r > 0 and center p.

* injg (p): injectivity radius of (M, g) at p.

* injg, (M) = inf{p € M :inj,(p)}.

* Wg: natural Radon measure on M associated to the Riemannian metric g
and a given orientation’.

The monotonicity formula. We prove a monotonicity formula for Yang—Mills
fields due to ; its proof follows Price’s original arguments with almost
no modifications.

The metric g enters into the problem as follows. For each fixed point p € M,

we let 0 < rp < inj,(p) be a small enough radius with the following prop-

erties: there are normal coordinates x!,...,x" centered at p in the geodesic
ball By, (p) such that, for some constant ¢(p) = 0, the metric components

gij = g(9/0x",3/0x/) satisfies the following estimates:

7see Example A.11 of Appendix A.
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L. |gij — 8ij| < c(p)lx|*.
2. |0k gijl < c(p)lx].

Note that, from the key properties g;;(p) = 0 and 0xgi; (p) = 0 of normal
coordinates, the Taylor expansions of g;; and di g;; at p show that the constants
rp and ¢(p) can be chosen depending only on inj, (p) and the curvature of g; thus,
for instance, when g is flat we can take any r, < inj,(p) and ¢(p) = 0.

It will then be convenient to introduce the following class of Riemannian man-
ifolds:

Definition 3.16 (Bounded Geometry). Let (M", g) be a complete Riemannian
n—manifold and let k € Ny. We say that (M", g) has bounded geometry up to
order k when the following conditions are satisfied:

(I) the global injectivity radius of (M", g) is positive:

injg (M) > 0. (3.17)
(By) the Riemannian curvature Rf and its covariant derivatives up to order k are
uniformly bounded: for each j € {0,...,k}, there exists ¢; € R such

that .
I(D#)” RE || Loo a1y < ¢ (3.18)

Example 3.19. (Manifolds of bounded geometry) The following are examples of
manifolds with bounded geometry of any (i.e. infinite) order:

* (R", gg), where gg is the standard Euclidean metric;

* Any compact Riemannian manifold (M", g); indeed, both the injectivity
radius and the (derivatives of the) curvature are continuous functions, so
these attain maxima and minima on M.

* Riemannian manifolds with a transitive group of isomorphisms (in partic-
ular, symmetric spaces). Indeed, the finite injectivity radius and estimates
on (derivatives of) the curvature at any single point translate to a uniform
estimate for all points under isomorphisms;

» Asymptotically conical (AC) and asymptotically cylindrical (ACyl) Rie-
mannian manifolds with one end. An AC (resp. ACyl) manifold is a non-
compact complete Riemannian manifold which outside a compact subset
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K C M isdiffeomorphic to a product manifold (1, 00), x N, where (N, gn)
is a closed connected Riemannian manifold, and such that the pullback of g
outside K by such diffeomorphism converges (in all derivatives) to the cone
metric dr?+r2gy at a polynomial rate (resp. cylindrical metric dr?+ gy at
an exponential rate). For precise definitions, see e.g. ( , §6). For
the ACyl case the bounded geometry is a simple consequence of the defini-
tion together with the fact that a Riemannian product of spaces of bounded
geometry is of bounded geometry. As for the AC case, one can appeal to
the formulas for the curvature of a warped product metric, cf.
( , Proposition 2.2.2).

In this general setup of Riemannian manifolds of bounded geometry, we have
the following result on uniform geometric control of small geodesic balls (cf.

):

Theorem 3.20. Let (M", g) be a complete Riemannian n—manifold of bounded
geometry up to order k = 1. Then there exists a constant 8y with 0 < §y <
injg (M), such that the metric up to its k—th order derivatives and the Christoffel
symbols up to its (k — 1)—th order derivatives are bounded in normal coordinates
of radius 8o around each p € M, and the bounds are uniform in p.

In particular, in the base case of manifolds of bounded geometry up to order 1,
one can prove the following more precise result (cf. ( , p. 16, Theorem

1.3)):

Theorem 3.21. Let (M", g) be a complete Riemannian n—manifold of bounded
geometry up to order 1, i.e. satisfying (3.17) and (3.18) with k = 1. Then there
are positive constants ¢ = c(n,cg,c1) and § = 8(n, co, c1) depending only on
n, co and cq, such that the components gi;j of g in geodesic normal coordinates
at p satisfy: forany i, j,l = 1,...,n and any x € Bs,(0) C R", with §¢ :=
min{4, inj, (M)},

(i) 4718 < gij (exp,(x)) < 46ij (as bilinear forms);
(ii) 1gij(exp,(x)) — 8ij| < c|x|* and

(iti) |0;8ij (exp,(x))| < c|x].

Moreover, one has that

lim 8(n,co,c1) = 400 and lim c¢(n,co,c1) =0.
(co,c1)—0 (co,c1)—0
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Convention 3.22. From now on, whenever (M", g) is of bounded geometry up
to order 1, we let 0 < 8o < inj, (M) be given by Theorem 3.21.

Notation 3.23. [n what follows we will always denote by O(1) a quantity bounded
by a constant depending only on n := dim M.

We are now in position to state and prove ( , Theorem 2.1.2, p. 212):

Theorem 3.24 (Price). Let p € M, and let rp, and c(p) be as above. Then there
exists a nonnegative constant a = O(1)c(p) such that the following holds. Let
V € A(E) be a Yang—Mills connection with finite L?>—energy. Then for all 0 <
s <r < rpwehave:

ear? pi=n / |Fy|*dV, — eas? ghn / |Fy|?* dV,
B (p) Bs(p)

2
dVg.

> 4/ e“"’zp4_”
By (p)\Bs(p)

Here p := dg(p,-). Furthermore:

9 F
E)pJ v

(i) If (M, g) = (R", go), where g¢ denotes the standard flat metric, then we
can take a = 0 and the above inequality holds for every p € M and r €
10, ool

(ii) More generally, if M is of bounded geometry up to order 1, then we can
choose a uniform constant a = 0 depending only on the geometry of (M, g),
so that the above inequality holds for every p € M and 0 < s <r < §p.

Proof. Without loss of generality we can suppose r < rp; the case r = r), follows
by the obvious approximation argument. Let £ be a C*° cut-off function on the
interval [0, r ], and define the cut-off radial vector field

d
X =Xg = S(p)p%-

ad
Let {e; }1<i<n be an orthonormal local frame of TM near p such that e; = 7
0

0

Recalling that the unit radial vector field % is the velocity of a (radial) geodesic,
o

it follows that

D = 0.

0
%8,0
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Thus
/ a / 8
DoX=06p)—=Ep+t8&—.
9 dp op
Moreover, fori = 2, we have

9 d <
Do X = nge[% = gDpe,.% = é;bijej’

where
d .
bij 3=g(Dpei%,eJ-) (j=2,...,n)

satisfies
|bij — 8i;| = O(1)c(p)p>.

By straightforward computations, we get

n
|Fy|?divX —4 > (Fy(De, X. ;). Fy(ei.ej))q (3.25)
i,j=1
B 2
= &p|Fy|* + (n — HE|Fy|> + O(1)c(p)p*E| Fy|* — 4 p ‘% L Fy

We choose, for © € [s.r], £(p) = &(p) = ¢ (2) with ¢ = ¢, € C([0, 00]),
e > 0 small so that (1 + e)r < rp (recall that r < r)), satistying: ¢(¢) = 1 for
t €[0,1],¢(t) =0fort € [1 + &, 00[, and ¢'(¢) < 0. Then

d
T3 (6c(0)) = —pEL(p). (3:26)
T

Noting that £;(p) # O precisely when p < (1 4 &)z, it follows from equations
(3.25), (3.26) and the variational formula (3.15) that

5 ; ] 2
ran §|Fy|~dVg + ((4—11) + O()e(p)T )/M £| Fy|2dV,

9 2

9 F
8;0J v
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Choosmg a nonnegatlve number a = O(1)c(p), and multiplying the above equa-
tion by €97 37" we get

ad _
E (ea‘c2_[4 n/ é‘t'FV|2dVg)

d
— 40977 74 8r[ g-;

+ (—0()e(p) +2a) e rS—" | &lroPav,.

2

— 12 Fy| dVg (3.27)

Since the second term of the RHS of (3.27) is nonnegative (therefore can be
dropped), the result follows by integrating over [s, r] and letting ¢ | 0.
The final assertions (i) and (ii) follows from Theorem 3.21. O

Remark 3.28. Following the same arguments of the above proof, ( , The-
orem 2.1.1) proves a slightly generalized version of Theorem 3.24. He needs such
version of the formula to perform a proof of the existence of tangent cone measures
of blow-up loci ( , Lemma 3.2.1). By the direct way we will prove the
rectifiability of blow-up loci in Chapter 4, we will not need to provide a separated
proof for such existence result; see Theorem 4.14 and Remark 4.15. O

It follows from Price’s monotonicity that the map
re r4_”e“r2/ | Fy[2dV,
Br(p)

is non-decreasing for r € |0, rp]. This will be important in Chapter 4. Moreover,
we have the following curious corollary, showing in particular that forn = 5 every
finite-energy Yang—Mills connection over the Euclidean space R” is necessarily
flat (see ( , Corollary 2, p. 148)).

Corollary 3.29. Let V € A(E) be a Yang—Mills connection with Y M(V) < oo
on a (necessarily trivial) G—bundle E over (R", gg), where gq is the standard
flat metric. If there is some x € R™ such that®

||FV”i2(BR(x)) =0o(R"™) as R — oo, (3.30)

then V is a flat connection. In particular, if n = 5 then V is flat.

8Here we use the standard little-o notation.
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Proof. Suppose, by contradiction, that Fy # 0. Then there exists some Rg > 0
large enough so that

.— R4 2
A= Ry "||FV||L2(BRO(x)) > 0.
On the other hand, for each R = Ry, Theorem 3.24 (i) implies that
4— 2
A< RTNFVIL2 3Ry

Thus, making R — oo and using the hypothesis (3.30) we conclude A < 0 (=<«).
This proves the main statement.

For the final assertion, simply note that the constant function is o (R”~*) when
n = 5, and that | Fy ||22(BR(X)) < YM(V) = const. < oo (by hypothesis) for
every x € R" and R > 0. O

Remark 3.31. The normalized L2—norm
r4n / |Fy|>dV, (3.32)
B;(p)

is also known as the scaling-invariant L*>—norm of Fy. Indeed, scale g by A2, for
some A € Ry, and let § := A2g. It follows easily that B}, (x; ) = B,(x; g), for
all x € M. Furthermore, the pointwise inner product on 2—forms scales by 1 =4,
and the Riemannian volume n—forms scales by A”; thus,

(Ar)*n [ |Fy|3dVg = r*7" [ | Fy |>dV.
Bir(p;8) Br(p)
¢
3.3 ¢e—regularity theorem
Motivated by Schoen’s method ( , Theorem 2.2) in proving the a pri-
ori pointwise estimate for stationary harmonic maps, ( , p. 387,

Lemma 3.1) combined Price’s monotonicity formula together with an appropri-
ate Bochner—Weitzenbdck formula to obtain a local L°°—estimate for Yang—Mills
fields satisfying a smallness condition on their normalized L?—norm over a suf-
ficiently small geodesic ball. Similar results also appears in earlier works by Uh-
lenbeck, see e.g. ( , Theorem 3.5) and (

b
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Theorem 5.1)°. The following statement of Nakajima’s result, which we will re-
fer to as the e—regularity theorem, is adapted from ( , Theorem 2.2.1, p.
213).

Theorem 3.33 (Uhlenbeck—Nakajima). Let (M™, g) be a complete oriented Rie-
mannian n—manifold of bounded geometry up to order 1, with dimension n = 4,
and let E be a G—bundle over M where G is a compact Lie group. Then there
exist scale invariant constants ¢g > 0 and Cy > 0 such that the following holds.
Let V € A(E) be a Yang—Mills connection with finite L*>—energy. If p € M and
0 < r < 8¢ are such that

g = r4" / |Fy|?dV, < e,
B, (p)

then
sup | Fy|?(x) < Cor2e.
x€Br(p)

This theorem is of fundamental importance in compactness theory of Yang—
Mills connections in higher dimensions. Following , in the next sec-
tion we will provide a key application of such result (cf. Theorem 3.48) which
implies that a sequence of Yang-Mills connections with uniformly L?—bounded
curvatures may fail to have a C\3—convergent subsequence modulo gauge trans-
formations. Indeed, the associated curvatures of such sequences of connections
satisfy the hypothesis of the above a priori estimate, provided we look at balls
outside a suitable subset S € M of Hausdorff codimension!® at least 4, where
the curvatures ‘blows up’. Only away from S we get uniform local bounds on the
curvatures, so that we can apply the standard techniques (cf. section 3.1) to extract
a C°°—convergent subsequence.

The rest of this section is devoted to give a proof of Theorem 3.33. Our proof'is
based on ( , pp. 213-215), which explores the same method of Nakajima’s
proof ( , Lemma 3.1, pp. 387-388) but fits better in our present
notation. We will need the following preliminary lemmas.

Lemma 3.34 (Bochner type estimate). Suppose (M, g) is an oriented Riemannian
n—manifold, and let E is a G—bundle over M. Given p € M and 0 < r <
inj, (p), there are constants ¢’,c" > 0, where ¢’ depends at most on n and the

9The latter refers the reader to a paper by that was never published.
105ee Definition A.14 for the notion of Hausdorff dimension.
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supremum bound of the Riemannian curvature R& on B,(p), and ¢" depends at
most on n and G, such that the following holds. If'V is a Yang—Mills connection
on E, then

AL Fy? = =c'|Fy|> = c"|Fy > on B.(p). (3.35)

where Ay = —d*d: C®(M) — C°°(M) is the Laplace—Beltrami operator with
respect to g. In particular, if (M", g) is of bounded geometry up to order 1 (thus
satisfying (3.18) with k = 1), then (3.35) holds on Bs,(p) for any p € M, and
¢ = c'(n, co) depends only on n and cy.

Proof. We start noting that, for any & € 2K(M, gg), we have

Agl€)? = —d*d(§.§) = —2d*(VE.§)
=2x%dx (VE E) =2+ d(+VE, £)
= 2% ((V % VE.&) + (xVE VE) =2 (|VE]* — (V*VE.§)).

On the other hand, recalling the Bochner—Weitzenbock formula (1.25), for any
£ € 22(M, gg) we can write

AvE = V*VE + (R, &} + {Fv. £},

where the brackets {, } indicate algebraic multilinear expressions. Combining
these facts and using that Ay Fy = 0, i.e. V is a Yang—Mills connection, we
get:

0=-2(Av Fv, Fy) = —2(V*VFv, Fv) +{R, Fy, Fyv} + {Fv, Fv, Fv}
= AL |Fy|® = 2|VFy|* + (R, Fy. Fy} + {Fv. Fy. Fy}
< A |Fyl* + {R, Fy, Fy} + {Fy, Fy, Fy}.
Therefore
Ag|Fy|* = —|Fy|* = ¢"|Fy|> on B(p).

where ¢’ > 0 is a constant depending only on 7 and the supremum bound of the
Riemannian curvature R€ on B,(p), and ¢” > 0 is a constant depending only on
nand G. O

The next lemma, which we state without proof, is a standard mean-value type
inequality; see ( , Theorem 9.20) and
( , Step 2 in the Proof of Theorem B.1).
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Lemma 3.36 (Mean-value inequality). Suppose (M", g) is a complete oriented
Riemannian n—manifold of bounded geometry up to order I (thus satisfying (3.18)
with k = 1). Then there exist ¢’ > 0, depending only on n, co and cy, with
the following significance. For every p € M, r € (0, 8o] and smooth function
f: Br(p) — [0, 00), one has

Agf=z-C = f(pp=sc” (r_"/ f+CV2)-
Br(p)

Now we prove Theorem 3.33. We start noting that since both the normalized
L?—energy of V and the stated L.°°—bound on | Fy|? are scale invariant (see e.g.
Remark 3.31), we can suppose r = 1. So we have

€ :=/ |Fy|*dV, < eo, (3.37)
B1(p)

and we want to prove that for a sufficiently small ¢g > 0, depending at most on
the geometry of (M", g) and G, we get the estimate

sup | Fy|*(x) < Coe, (3.38)
xGB%(p)

for some constant Cyp > 0 depending at most on the geometry of (M”, g) and G.
The proof we give here is based on the so-called ‘Heinz trick’ and follows
( , Appendix A). Consider the function 6: B, 2(p) — [0,00)

given by

4
0= (5~ dr.0)) 1Fo P00

By continuity, 8 attains a maximum. Since 6 is non-negative and vanishes on the
boundary dBj /,(p), it achieves its maximum

M := max 60
B1/2(p)

in the interior of By/2(p). Now it will be convenient to introduce the following

Notation 3.39. Henceforth, we write x < y for x < cy, wherec > 0is a

generic constant which depends only on the geometry of (M", g) and possibly
on the structure group G of E.
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We will derive a bound for M of the form M < &, from which the assertion
of the theorem follows. Let xo € By/,(p) be a point with 0(xo) = M, set

Fo := |Fy|*(xo)
and
1/1
S0 = 5 (5 - d(P,xo)) .
Note that
1
x € By(o) = (5 —d(p,x>) > .

Therefore,

X € Byy(xo) = |Fy[’(x) <55%0(x) < 55%0(x0) < Fo.
In particular, it follows from Lemma 3.34 that
Ag|Fy? S |Fy? + |FyP S Fo+ FY* on  Byy(xo). (3.40)

(Here Ag 1= —A, = d*d.) Now it follows from Lemma 3.36 that
Fo <s™" / |Fy|? 4+ s2(Fo + F2'%). Vs < so.
B (x0)

Hence, the monotonicity (Theorem 3.24) implies

Fo <s %+ sz(Fo + F03/2), Vs < s,
which we rewrite as

s*Fo S e+ 5S(Fo+ FJ'%). Vs <so. (3.41)
We now have two cases.

Fy < 1: in this case F03/2 < Fy; hence, for each s < 59, it follows from (3.41)
that s* Fy < ce + ¢sFp, i.e.

ce

4
sTFy < .
1 —cs?

(3.42)
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If cso 1/2 then we obtain s 4Fo < &, so that
M = 0(x0) < ngo <eg

otherwise, setting s := (2¢)™1/2 < s¢ and plugging into (3.42) yields Fy < e,
and thus M < ngo < g, since s¢ < 1.

Fy > 1: in this case Fy < F03/2, so that from (3.41) we derive

s FO ce + cs6F3/2 Vs < s9. (3.43)

1/4

Thus, setting t = #(s) := sF,’ ", the inequality (3.43) can be expressed as

t*(1 = ct?) < ce.

Now we can choose g9 > 0 sufficiently small, relatively to an amount depending
only on ¢, hence only on the geometry of (M, g) and G, so that, for ¢ < g,
the corresponding equation 14(1 — ¢t?) = ce has four small (real) roots t1, . . . , t4,
which are approximately £(c¢) 174 and two large (complex) roots. Since ¢ (0) = 0
and ¢ is continuous, 7 (s) must be less than the smallest positive (real) root for each
s € [0, so]. Therefore, £(s) < e!/4 forall s € [0, so]; in particular, M < . This
completes the proof of the theorem.

3.4 Convergence away from the blow-up locus

Let (M", g) be acomplete oriented Riemannian n—manifold of bounded geometry
up to order 1 and dimension n > 4, and let E be a G—bundle over M where G is a
compact Lie group. As we have seen in the last section, the e—regularity theorem
(Theorem 3.33) provides a priori local L°°—bounds on the curvature of a Yang—
Mills connection V on E provided its normalized L?—energy is sufficiently small.
Given a sequence {V;} of Yang-Mills connections with uniformly L?—bounded
curvatures, this previous result allows us to define a closed subset of points in M
around which the C ! —convergence (modulo gauge) of any subsequence necessar-
ily has to fail and outside of which there is a subsequence converging (modulo
gauge) in C2°. (cf. and ( , Lemma 3.1.3)).

loc
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Definition 3.44. The blow-up locus (or energy concentration set'') § =
S ({Vi}) of {V;} is the set

S = ﬂ {x eEM: liminfear2r4_”/ |Fy,|*dVe = g0,  (3.45)
0<r<§ 1—>00 By (x)
r<00
where a = 0 is the constant given by the monotonicity formula (Theorem 3.24
(i1)) and g > 0 is the constant given by the e—regularity theorem (Theorem 3.33).

Remark 3.46. We caution the reader that the notation and terminology used here
differ from those used in the main reference . Indeed, Tian denotes
the set S ({Vi}) by Sp ({Vi}) and reserves the name ‘blow-up locus’ for a certain
subset of Sp ({V;}) which he denotes by Sp. The latter, in turn, is what we will
define to be the ‘bubbling locus’ I" of {V;} (see Definition 4.9 and Remark 4.12).
In fact, we follow the terminology and notations used in a more recent work of

, which makes the same sort of blow-up analysis explored in
Tian’s paper, based on Lin’s paper , albeit in the context of Fueter sec-
tions. The reader will find out in Chapter 4 the main reason for the terminology
‘bubbling locus’ (cf. Theorem 4.31 and Proposition 4.37). O

Notation 3.47. Henceforth, we denote by H"~* the (n — 4)—dimensional Haus-
dorff measure'? of the connected Riemannian n—manifold (M, g).

Theorem 3.48 (Uhlenbeck—Nakajima). Let (M", g) be a complete oriented Rie-
mannian manifold of bounded geometry up to order 1 and dimension n = 4, and
let E — M be a G—bundle with compact structure group. Suppose {V;} C A(E)
is a sequence of Yang—-Mills connections with uniformly L?—bounded curvatures,

say YM(V;) < A. Then:

(i) The blow-up locus S of {Vi} (cf. Definition 3.44) is a closed subset of M
and H"~4(S) < C(n.g,G, A) < .

(ii) There exist a subsequence of {V; }, still denoted by {V;}, a sequence of gauge
transformations g; € G(E|p\s), and a smooth Yang—Mills connection V
on the restriction E|pp\s, such that g}'V; converges to V in Co°—topology
outside S.

(iti) M \ S is the maximal open subset on which a subsequence {V;}icjcN can

converge in C°.

This terminology is used in the context of harmonic map theory, see e.g. ( , p. 787).
12See Definition A.10 and Example A.11 of Appendix A
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Proof. (1): We divide the proof into two parts:

(a) S is closed.

(b) H"*(S) < C(n,g.G, A) < 0.

To prove (a), pick xo € M \ §; there exist 0 < r9 < §p and a sequence
ij — oo such that

sup rg_"/ |Fy, [*dV, < eo.
j Br()(x()) /

Applying the curvature estimate (3.33), we get

sup sup |Fy,. )? < Cosor()_4.
j x€Brg(xo)
1

Thus, if we let K > 0 be such that g (B, (xo)) < r" K forall r < ro/8, we have

2 _ 2 _

sup  sup 4t "/ |Fy, |2dVy < e r*KCoeory*
J xGBm(xo) B, (x) /

8

2
= const.e?” r*.

In particular, there exists some 0 < r < rg/8 small enough that

&
sup  sup ear2r4_"/ |Fy, [2dV, < 29
B, (x) 2

j x€B ro (xo)
k3

whence we conclude that B o (xo) SM\S.

Now we prove (b). Let 0 < § < min{l, §o} be arbitrary. Then we can find a
countable covering {Bs,, (xy)} of S such that x, € S and 10r, < § for each «,
and () the B, (xy) are pairwise disjoint (see Theorem A.16). Thus
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g
QwE
L
/N
o

1—>00

arl
¢ thmf/ | Fy, |2dVg (x¢ € S and ry < 8p)
Bra (xa

€0 1—>00

< ¢ 1 f Fy. |?dV,
Y
arol2
< lim inf / |y, [2dVe ()
Ua Bra(xot

a

e—liminf/ |Fy, 2V, (ra <8 <1)
M

g0 i—00

et A

/A

/A

(YM(V;) < Aforalli)

Since {Bs,, (xq)} covers S and 10r, < §, we get

54 A
/Hn—4 S) < 5n—4rn—4 < -7 C,
EACIED DL -

where C = C(n, g, G, A) > 0 is independent of §. Thus, it follows that

HHS) = }siilg”;'-lg’_“(S) <C

(ii): By the proof of (i)-(a) above, for each x € M \ S there exist a neigh-
borhood Uy of x in M \ S and a subsequence {i](.x)} C {i} such that |Fy |

is uniformly bounded on U,. Thus, invoking Theorem 3.10, we can find a jsin—
gle subsequence {i;} C {i}, gauge transformations g;; of E over M \ § and a
smooth Yang-Mills connection V on E|ys\ s such that g;"j Vi, converges to V in

C>°—topology outside S.
(iii): We prove that if S’ is a closed subset of M such that a subsequence

{Vi}iercn converges in CS° outside S’, then S’ C S. Indeed, suppose that
{Vi}iercn convergesin Clina nelghborhood of x € M. Then |Fy, | is uniformly
bounded in this neighborhood. Hence, by the same reasoning of the proof of (i)-
(a), there is a slightly smaller neighborhood of x which is contained in X \ §; in

particular, x € X \ S. O
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Remark 3.49 (Uhlenbeck compactness of the moduli space of flat connections).
An easy application of the above theorem shows that the moduli space of flat
connections My (E) :={V € A(E) : Fy = 0}/G(FE) is compact in the natural
topology of C>°—convergence modulo gauge transformations. Indeed, if {V;} is
a sequence of flat connections on the G—bundle E, then {V;} trivially satisfies
the hypothesis of Theorem 3.48 and, furthermore, S({V;}) = @ (cf. Definition
3.45). Thus, after passing to a subsequence, we can find a Yang—Mills connection
V € A(E) and gauge transformations g; € G(E) such that g*V; converges to V
in C;2°—topology on M . Clearly, the limit connection V is necessarily flat, thereby
proving the claim. O

Remark 3.50. A special case is whenn = 4: here H"~* = H0 is simply the count-
ing measure, hence Theorem 3.48 (i) implies that the blow-up set of any sequence
of Yang-Mills connections with uniformly bounded L?—energy on a G—bundle
over a complete, oriented Riemannian 4—manifold of bounded geometry is neces-
sarily finite. O

In the next chapter, we will examine the causes of this noncompactness phe-
nomenon along the blow-up set.



In this chapter we will make use of some basic results in geometric measure
theory. For the sake of completeness and textual linearity, we collect these results
together with the relevant definitions in Appendix A.

Let us study the structure of the blow-up set S of a sequence of Yang—Mills
connections {V;} with uniformly bounded energy. More specifically, we examine
the causes of the formation of S, its rectifiability and some of its geometry. We
follow mainly chapters 3 and 4 of Tian’s paper , with some adaptations
guided by the blow-up analysis approach in

In Section 4.1, we start notmg that, after passing to a subsequence if necessary,
the Radon measures u; := |Fy,|?dV; have a weak* limit u = |Fy|?dVg + v,
where V is the Clgg—limit of V; outside S (after passing to a subsequence and
modulo gauge) and v < H"*| S is some (nonnegative) Radon measure singular
with respect to j1g. Moreover, the (n — 4)—dimensional density function ® of p
exists, is upper semi-continuous, vanishes outside S, is bounded and ®(x) = &g
for all x € S, where g9 > 0 is given by Theorem 3.33. We then proceed to show
that S decomposes into two closed pieces:

S = I' Using(V),
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where I := supp(v) and sing(V) is the support of the (n — 4)—dimensional upper
density of | Fy|?dV,. Further, sing(V) is shown to be an H"~*—negligible set.
Next, in Section 4.2, we show a first regularity result for the blow-up locus: I
is a countably H"~*—rectifiable set, i.e. at H* *—a.e. x € I the approximate
(n — 4)—dimensional tangent space Ty I exists, and v can be written as v =
O, YH" 4T

Section 4.3 is the core of this chapter. We analyze the behavior of V; fori > 1
near a smooth point x € I, i.e. apoint x ¢ sing(V) at which T I" is well-defined.
The main result is that, at any such x, there is a blowing up of the sequence {V;}
around the point x whose limit B(x) is a non-flat Yang—Mills connection on 75 M
which is, modulo gauge, the pull-back of a connection 7(x) on T, I'* satisfying
the energy inequality

IYM(I(x)) < O, x).
At this stage, we know that at each point x of the blow-up locus S the sequence
{Vi} loses energy via bubbling and/or develops a singularity.

In Section 4.4 we turn to the case in which {V;} is a sequence of = —anti-
selfdual instantons, for some smooth (n — 4)—form Z assumed to be a calibration
on the base manifold. In this case, we are able to show that, at any smooth point
x € I, the tangent space TxI is calibrated by &, and each bubble /(x) is a
non-flat ASD instanton. Moreover, when G = SU(r), we prove that the natural
(n —4)—current C (I, ®) defined by the triple (I, Z, #@) satisfy the following
conservation of the instanton charge density:

tr(Fy, A Fy,) — tr(Fy A Fy) + 872C(I', ©).

These results, due to G. , show a striking relationship between gauge
theory and calibrated geometry: if &' is a calibration then the blow-up locus of a
sequence of = —anti-selfdual instantons defines a & —calibrated integer rectifiable
current, i.e. a generalized (possibly very singular) & —calibrated submanifold.

Convention 4.1. Throughout this chapter, unless otherwise stated, (M, g) denotes
a connected, complete, oriented Riemannian #—manifold of bounded geometry up
to order 1, with n > 4, and E denotes a G—bundle over M, where G is a compact
Lie group.

4.1 Decomposition of blow-up loci

From now on we consider a sequence of Yang—Mills connections {V;} such that

YM(V;) < A, (4.2)
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for some uniform constant A > 0. By Uhlenbeck—Nakajima’s Theorem 3.48, we
may assume, after passing to a subsequence if necessary, that the V; converges
(modulo gauge) to a Yang-Mills connection V in C\57 outside the blow-up locus
S = S({V;}) (cf. Definition 3.44). In this section, we shall investigate the causes
of the formation of the set S.

A key idea to study S is to consider the sequence of Radon measures {u;}
defined by

i = |Fy,|* g

Indeed, note that we can write S as
S = ﬂ {x EM: liminfe“r2r4_”ui(Br(x)) > 80}.
1—>00
0<r<éo

By the uniform L2?—energy bound hypothesis (4.2), the sequence {ju;} is of
bounded mass; therefore, it converges weakly* to a Radon measure & on M (cf.
Theorem A.28). Then, by Fatou’s lemma we get

/lev|2dVgsliminf/ f|Fv.|2dVg:/ fdu,
M i—~oo Jy ' M

forall f € CO(M). Thus, applying Riesz’s representation theorem (see Remark
A.26), there exists a unique (nonnegative) Radon measure v on M such that!

w= |FV|2/J/g +v.
v is called the defect measure.

Lemma 4.3. v(M \ S) = 0. In particular, supp(v) C S and v is singular with
respect to [Lg.

Proof. Since M \ S is an open set, by Theorem A.24 it suffices to prove that for
every f € C(X) such that supp(f) € M \ S and || f o < 1, we have

tim [ f1FoPave = [ f1Felav;.
M M

i—00

"More explicitly, v is the unique Radon measure on M such that

[ rar= [ rau= [ piEePave vrecton,
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Denote by K the (compact) support of f in M \ S, and consider, for eachi € N,
the functions

¢i = fIFv;[> and ;== xg|Fy,|*.
It’s clear that |¢;| < ¢; foreachi € N.
By hypothesis, there exists a sequence {g;} € G(E|p\s) such that g*V; —
Vin C3 on M \ S. Thus, using the invariance | Fy,| = |ng* v, |, (and the fact
that pg (S) = 0 — see below,) when i — oo we have

i — ¢ = f|Fy|? Hg—ae. on M,

and
Vi — ¥ = xx|Fy|*> uniformly on M.

Moreover, from the uniform bound YM(V;) < A, we automatically have

$i ¢, Vi ¥ € L' (1ug).

Finally, note that the uniform convergence v; — i implies

1—>00 J M M

since the v; are supported in a compact set and jg is Radon. Therefore, from a
well-known version of the dominated convergence theorem (see ( , Pp-
59, exercise 20.)), it follows that

'lim/ q&idVg:/ $dVg,
i—oo Jpm M
as we wanted.

The assertion that supp(v) € S follows from the fact that M \ S is an open
subset with v(M \ S) = 0 (cf. Definition A.2). Moreover, the fact that S is closed
and has finite (n —4)—dimensional Hausdorff measure (cf. Theorem 3.48) implies
that g (S) = H"(S) = 0, so that v is singular with respect to 11g. O

In what follows we will see that the weak* limit measure ., and its components
|Fy|?u ¢ and v, play a fundamental role in the study of S. The next lemma states
some crucial facts about u (compare with ( , (proof of) Lemma 3.1.4, pp.
221-223)).

Lemma 4.4. The measure |1 and its density function ©@(u,-) have the following
properties:
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(i) | inherits the monotonicity property: for all x € M,
O0<s<r<é = easzs4_",u(Bs(x)) < e“r2r4_”u(Br(x)),

where a = 0 is the constant given in Theorem 3.24. In particular, the (n —
4)—density of 1 at x,

O, x) = 0" *(u,x) = lim r* 7" w(Br (%)),
riy0

exists and is bounded by 455 58_4A for every x € M.

(i) O(u,-) defines an upper semi-continuous function on M which vanishes
outside S and satisfies @ (x) = go forall x € S.

Proof.

(i) Letx € M and 0 < s < r < §g. Then, for eachi € N, we know from
Price’s monotonicity (Theorem 3.24) that

e i (By(x)) < 7 1 i (B (x)). (45)
Also, since u; — u, we have (cf. Theorem A.29 (i)):
#(Bs(x)) < liminf u; (Bs (x)). (4.6)

Now let %y 5,(1) < ]0,80] be defined as in Theorem A.29 (iv). If r ¢
Hx 5, (1), then (4.5) and (4.6) immediately imply

e (B () < € T W(By ().
The general case follows by an approximation argument. Indeed, since
Ky 5,(1) is countable, if r € Z, 5,(1) then we can find {r;} C |s,r],

with rj 1 r, such that r; ¢ %y 5,(u) forall j € N. Therefore, on the one
hand, by the monotone convergence theorem,

w(Br(x)) = lim u(By, (x)). 4.7)
j—o0
On the other hand, since r; ¢ %y 5,(u) forall j € N,

e“s2s4_”u(Bs(x)) < e“’zz‘r;‘_"u(B,j (x)), VjeN.
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(i)

Now make j — oo in the above inequality and use (4.7). This completes
the proof of the monotonicity property.

From the above it is immediate that
0 < Ou(it,x) =O%(u,x) < e“8383’_”/\, Vx e M.
This completes the proof of (i).

To see that ®(u, -) is upper semi-continuous, suppose {x,,} is a sequence
of points in M with x,,;, > x € M asm — oco. Lete > 0and 0 < r < §.
Then, by the monotonicity (i), for m > 1 we have

2 4 2 4
O, xm) < e’ rt "1 (Br(xm)) < " rt "1 (Br4e(x)).

Hence, limsup,,, _, oo O (. Xm) < e“r2r4_”u(Br (x)). Taking the limit as
r | 0, we arrive at the desired conclusion.

Now let x € S. We shall prove that ®(u, x) = &o; in fact, we claim that
e A (B () = 69, V1 €]0,60) (438)
Indeed, if r ¢ %y 5,(1t) then (cf. Theorem A.29 (iv))

By () = lim e (B (),

so that the inequality (4.8) holds due to x € S. If r € %, 5,(1t), we can
proceed by an approximation argument just as in the proof of (i): since
Hx.5,() is countable, we can find {r;} < ]0,r[, with r; 1 r, such that
rj & %xs,(n) forall j € N. Then, on the one hand, by the monotone
convergence theorem,

u(Br(x)) = lim M(Brj (x)).
j—o00
On the other hand, by the choice of the sequence {r; } and the first part,

T4 (B, (x) = 80, Vj €N,

Thus, letting j — oo proves (4.8) as we wanted.
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Finally, let x ¢ S. We want to show that @ (i, x) = 0. By definition of S,
there exists rg € (0, §o] and a subsequence i; — oo such that

2 4
earo”g n/"l’ij (Bro(x)) < &9.
By the e—regularity theorem it follows that

sup sup |Fy, [*(y) < Ceorg*.
J y€Brg () ’

Therefore, for every r € |0, ro/4[ one has
4" iy (Br () < rgtrt
Thus
O, x) = lim r*™" ju(B(x))
ry0
< lim liminfr*™" u; (B, (x))
ry0 i—oo
< limro_“r4 =0,
r0

as we wanted. This concludes the proof of (ii).

With the above results in mind, we now introduce some terminology.
Definition 4.9. Let {V;}, V, {u;} and u = |Fy|*11g + v be as above. Then
I' := supp(v)
is called the bubbling locus, and ® (i, -) is its multiplicity. We call
sing(V) := {x € M : ®*(V, x) := limsup r4_"/ |Fy|?dV, > 0}
Y B (x)
the singular set of V.

Proposition 4.10. 1" *(sing(V)) = 0 for H* *—a.e. x € M.
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Proof. Given ¢ > 0, we set
Es:={xeM:0%(V.,x)>¢}.

By arbitrariness of ¢ > 0, it suffices to show that H"~*(E;) = 0. Given § > 0,
we can find a countable covering of E; by balls Bs,, (xy) with centers xo € E¢
and radius 51y < §, such that the balls B, (x) are pairwise disjoint. Moreover,
we can arrange that

ra-n / |Fy|?dVg > e.
Bra (X

Since V is smooth on M \ S, we must have £, C S. Thus,

1
St —Z/ |Fy[2dV, s/ RA
o 2 a Y Bro (xa) Ns(S)

where Ng(S) 1= {x € M :dg(x,S) < §}. Since H"(S) = 0, the right-hand side
goes to 0 as § — 0. Therefore H"~*(E,) = 0, completing the proof.
O

Proposition 4.11 (Decomposition of the blow-up locus). The blow-up locus S
decomposes as
S = I' Using(V).

Proof.

(D) : By Lemma4.3, we have I" C S. So, it suffices to prove that sing(V) C S.
Now, clearly if V is smooth in a neighborhood of x, then x ¢ sing(V). Since
S is closed and V is smooth on M \ S, the desired inclusion follows.

(©) : Letx € S. Then, by Lemma 4.4 (ii), we know that @(u, x) = g9 > 0.
Since i = |Fy|?j1g + v, we have:

«if x ¢ I, then @(v,x) = 0 (cf. Remark A.20) and, therefore,
O*(V,x) = O(u, x) = gg > 0; thus x € sing(V).

o if x ¢ sing(V), ie. if ®*(V,x) = 0, then O(v,x) = O(u,x) =
€0 > 0, so that x € I" (again by Remark A.20).

O
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Notice that, by the gauge invariance of | Fy|, the singular set sing(V) is in-
variant under gauge transformations, so that it consists of non-removable singular-
ities of V. On the other hand, since we can write the energy concentration set as
S={xeM:O(u,x) = ey} (cf. Lemma 4.4 (ii)), one should interpret @ (v, x)
as the energy density lost by the sequence {V;} around x € S. Thus, the above
result shows that the noncompactness along S has two sources: one involving loss
of energy and one involving the formation of non-removable singularities.
Remark 4.12. As a consequence of Proposition 4.11, we can now establish the
equality between Tian’s definition of the blow-up locus (cf. ( , (3.1.11),
p- 223)) and our definition of the bubbling locus (cf. Definition 4.9), as claimed
in Remark 3.46. Define?

Sp=1{x €S : 0%V, x) =0}

We want to show that
I'=35;.
Since S is closed and sing(V) C S, it immediately follows from the definitions
of Sy and sing(V) that
S = Sp Using(V).
Moreover, using the characterization of Lemma 4.4 (ii) for S and that 4 =
| Fy|?dVg + v, we have:

Sp={xeM:0<O(u,x) =0, x)}.

Recalling Remark A.20 and the fact that I = supp(v) is closed, it follows that
Sp C I'. Now, by Proposition 4.11, we know that S = I" Using(V). So it remains
to show that sing(V) \ Sp C sing(V) \ I'. Let x € sing(V) \ Sp. Then, there
exists an open subset U of M such that x € U NS C sing(V). Thus

[H'~*[S](U) < H"*(sing(V)) = 0,
where in the last step we used Proposition 4.11. Now since ®*(v,:) < O(u,-) <
oo, we have v < H"~*|S (by Theorem A.21 (ii)). Hence, v(U) = 0. This means
that x ¢ supp(v) = I", as we wanted. %
Remark 4.13. When n = 4, Propositions 4.10 and 4.11 imply that S = I, so

that the causes of the noncompactness along S only involves energy loss in this
case. This is in accordance with the classical removable singularity theorem of

O

2Since x € S implies @ (i, x) > 0 (Lemma 4.4 (ii)), this is precisely Tian’s original definition
of Sp.
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4.2 Rectifiability of bubbling loci

As a first step towards understanding the noncompactness phenomenon involving
energy loss, in this short section we show an important regularity result about the
set I" at which this phenomenon occurs.

Theorem 4.14 (Rectifiability of the bubbling locus). The bubbling locus I is
countably H"*-rectifiable (¢f. Definition A.40) and

v = O, YH" T
Proof. By Lemma 4.4 and Proposition 4.10, we know that
0<ey <O 41, x) < e“8§83_”A <00, forH"*—ae xeS.

Also, in general, ©®*(v,:) < @(u,+) < oo, which implies that v <« H"*[.S (cf.
Theorem A.21 (ii)). Since I" = supp(v), we get

_ 2 4
0<g <O 4(v,x)$e“8088' "A<oo, forv—ae xelr.

Therefore, we can apply Theorem A.51 to conclude that I' is countably
H"~*—rectifiable and v can be written as v = @H"~*| I, for some Borel measur-
able function 6. In fact, since O, x) = O *(v,x) for H" *—ae. x € T,
we conclude that ®@(x) = O(u, x) for H**—ae. x € I. O

Remark 4.15. Theorem 4.14 corresponds to ( , Proposition 3.3.3); Tian
devotes the whole §3.3 of his paper for an independent proof of this result without
relying on Preiss’ theorem A.51. O

Remark 4.16. This theorem is trivial for n = 4: a set is countably °—rectifiable
if, and only if, it is at most countable, and according to Remark 3.50 this is indeed
the case. In truth, as expected, the analysis of this chapter has content only when
n>4. O
Since H"~*(S \ I') = 0 (cf. Propositions 4.10 and 4.11), it follows that the
blow-up locus itself is countably " ~*—rectifiable, and for H"*~*—a.e. x € S the
energy density lost by the sequence around the point x is measured by ©@"~*(u, x).
Using Theorem A.50, we get the following consequence of Theorem 4.14:

Corollary 4.17. At H" *-a.e. x € I, the bubbling locus has a well-defined
tangent space TxyI' C Ty M and v has a unique tangent measure, i.e. the limit

Tyv := lim A* ™" (exp, oty)*v

=l
A—0
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exists and
Tev = O(u, X)H" 4| T T

Here 1), denotes the scaling map on Tx M taking v to Av.

Definition 4.18. We will say that x € I" is a smooth point when the following
holds:

(i) The tangent space TxI" C Ty M is well-defined.

(i) x ¢ sing(V).

By Theorem 4.14 and Proposition 4.10, it follows that the set of points in I"
which are not smooth in the above sense is H"~*—negligible.

4.3 Bubbling analysis

In this section we analyze the structure of V; near smooth points of /" wheni > 1.
We deduce the existence of non-trivial connections bubbling off transversely to
I'. The main reference for the approach here is ( , §7), adapted to
the context of ( ,83.2-§4.1).

Fix a smooth point x € I". Given a scale factor A > 0, we define a rescaled
sequence of connections on 7y M by

Vix = (expy o13)*V;, (4.19)

with 7j (v) := Av forall v € Tx M. Then the V; , ; are Yang—Mills connections
with respect to rescaled metric

gxa = A 2explg (4.20)
on Tx M. We note further that g, ; converges in C;° to the flat metric gx,0 =
glr.m on Tx M as A | 0. With the above notations, we introduce the following:

Definition 4.21 (Bubbling). A bubble (or a bubbling connection) B at x € I is
a smooth Yang—M ills connection on the trivial G—bundle over T, M = R” which
is invariant (modulo gauge) under translation with respect to the (n —4)—subspace
TxI' C Tx M and which is the limit of a blowing-up of the sequence {V; } around
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the point x, i.e. there exists null-sequences® {u;} C Ty M and {r;} C ]0, %[ such
that the blow-ups V; ;. (ri_lu,- + ) converge in C°° to B asi — oo.
We define the energy of the bubble B to be

E(B) = / |Fp|?.
T, I+

Remark 4.22. Note that (modulo gauge) one may write a bubble B at x as the
pullback to Tx M of a Yang—Mills connection I on Ty I'+ 2 R*, so that £(B) =
YM(I). In fact, it is common to not distinguish between B and / and refer to
them indistinctly as a bubble. One says that I bubbles off transversely to I".

Our goal in this section is to show that part (iv) of Theorem B holds, i.e. we
want to show that at any smooth point x € I" there is a non-trivial bubble B(x)
whose energy is bounded by ®(x).

We start with the following easy consequence of Corollary 4.17, which fixes
a suitable null-sequence of scales {A;} to work with.

Lemma 4.23 (Scale fixing). If x € I' is a smooth point, then we can find a null-
sequence {A;} C |0, 1] such that

|Fvi.x.A[ |2/'l’gx.Ai — IxV = @(M,X)Hn_4 [TxT. (4.24)
Proof. By Corollary 4.17, v has a unique tangent measure Tyv =
iiin A4 (exp, o13)*v = O(u, x)H"*| T, I'. Since x ¢ sing(V), we have
0

li A4—n * = i A4—n * ]
im (expy oT))"V Nm (expy 0TA)" 1

Thus, since u; — W,

Txv = lim lim A* 7" (expy o73)* i = lim A7 7" (expy oy, )* i,
Ay0i—o00 i—00

for some null-sequence {A;}. This shows the claim since
AT expy 0ti ) i = 1Fw; 5 Pig, s,

O

3A sequence {x;} in a topological vector space X is called a null-sequence if it converges to
0eX.
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Henceforth, we use the following notations. We write NyI' 1= Ty '+ C
TxM and use (z, w) to denote points in 751" X NyI' = T, M. Moreover, we
shall work with generalized cubes of the form

Or,s(z0, wo) := Br(z0) X Bs(wo) C TxI" X NxI' = Tx M.
The following is essentially ( , Lemma 4.1.2, p. 235).

Proposition 4.25 (Asymptotic translation invariance). Let x € I' be a smooth
point and let {A;} be the null-sequence given by Lemma 4.23. Then after passing
to a subsequence there is a null-sequence {z;} C B1(0) C Tx I so that

lim sup s*™" /
1700s<1 05.1(zi,0)

for any unit tangent vector v € TxI.

2

9
Ve, ,, =0. (4.26)

9 " FVi,x.A,»

We shall split the proof of Proposition 4.25 into the following lemmas.

Lemma 4.27 ( ( , Lemma 3.3.2, p. 231)). Under the hypothesis of Propo-

sition 4.25, 5

ad
dVgX.A,' = O.

lim — aFv, ;.
i—00 /0, 1(0,0) |0V o

Proof. Fix g|r,. m—orthogonal coordinates {yl};:f on T I', with 9,, having
length 4. Let d,; denote the radial vector field emanating from the point d,, as-
sociated with the metric gy .. Then the monotonicity formula (Theorem 3.24)
implies that for0 < s < r

2
2.2
ea/lipi :I- n

/ 8Pi - Fvi,x,A-
By (3y,)\Bs(dy,) '

2
A2r2 4 A7s? 4—
< iy "/ )Fvl.’x./\i — i "/ ‘Fvi.x’)ﬁ
By (dy,) Bs(dy,)

Now note that as i — oo the two terms of the right-hand side both converge to
©(w, x) by Lemma 4.23. Since 02,1(0,0) C Bg(dy,) \ B1(dy,), we get

2

2
dVgx.)li - 0.

lim ‘a L Fy
i00J 05 1(0,0) 8 Vi

Furthermore, at the origin the d,,, generate Tx I" and, as the metrics g , converge
to g|r, M, we may state the result in terms of it. The lemma is proved. O
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Lemma 4.28. Under the hypothesis of Proposition 4.25, for H" *—a.e. z €
B1(0) C Tx I one has

9 2
lim sups4_”/ — aFy, | dVg., =0.
i—00 <] Q,.1(2,0) |0V o o
Proof. Define f;: B>(0) C TxI" — [0, 00) by
2
fi= [ A e
B (0)CNx I’

and denote by M f;: B1(0) C TxI" — [0, c0) the Hardy—Littlewood maximal
function associated with f;:

Mfi(z) = sups4_”/ fi-
s<1 By(z)CTxT

We then want to show that the set

A:={z € B1(0) : liminf M f; (z) > 0}

is such that H*~4(A4) = 0. For each j € N, define

Aiji=1{z € B1(0): Mfi(z) = j '}

a=UU N4

j=1n=lizn

Then we can write

For each j, on the one hand, by the weak-type L! estimate for the maximal oper-
ator, we have

H* ™ (Aij) S jllfill

On the other hand, by Lemma 4.27, it follows that || f; || ;1 — 0asi — oco. There-
fore, for each j and n we get

H (ﬂ A,-,j) =0,
izn

which in turn implies that #"~#(A4) = 0 by monotone convergence. This com-
pletes the proof of the lemma. O
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Proof of Proposition 4.25. By Lemma 4.28, for each j € N we can find z; €
B1/;(0) C T I such that

2

ad
dVgx.Al_ == O

9 " Fvi,x,Ai

lim sups*™" /
17o0s<1 05.1(z,,0)

The conclusion then follows by applying a standard diagonal sequence argument.
O

The next proposition is the last preparation for the main theorem of this section.

Proposition 4.29 (Bubble detection). Let x € I' be a smooth point, {A;} be the
null-sequence given by Lemma 4.23 and {z;} C TxI" the null-sequence given by
Proposition 4.25. Then there exists a null-sequence {§;} C ]0, %[ such that, for
eachi > 1,

2
Wy, =~ (4.30)

i,
weB%(O) Bs; (zi,w)

Moreover, if w; € B 1 (0) denotes a point at which this maximum is achieved, then
{w;} is a null-sequence.

Proof. On the one hand, by Lemma 4.23,

2
dVgx,x,- = O(x) = g,

liminf max 84_"/ ‘FV,-,X,M
Bs(zi,w)

i—00 yeB | (0)
2

for all § > 0. On the other hand, for fixedi € N and w € B 1 (0) by smoothness

one has
lim 84" / ‘Fv. .
8§10 Bs(zi,w) e

Therefore, we can find a null-sequence {§;} C |0, %[ such that (4.30) holds.

As for the last assertion, note that if we could find ¢ > 0 so that {w;} C
B 1 (0)\ B5(0), then the density of T v at (0, w; ) would be positive, contradicting
Lemma 4.23. O

2
dVgx’/\i == O.

Now we can state and prove the main theorem of this section (cf. ( ,
Proposition 4.1.1, p. 235)).
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Theorem 4.31 (Bubbling). Let x € I' be a smooth point, i.e. TyxI exists and
x ¢ sing(V). Then there exists a non-trivial bubble B(x) at x whose energy is
bounded by ®(x). More precisely, there is a non-flat Yang—Mills connection I1(x)
on NxI satisfying

YM(I(x)) < O, x) (4.32)

and whose pullback B(x) to Tx M is (modulo gauge) the limit of a blowing-up of
{Vi} around x (cf. Definition 4.21).

Proof. Let {A;},{8;} C 10.4[and {(zi,wi)} C TxI" x NxyI' = TxM be the
null-sequences given by the previous results of this section. Define the sequence
of blow-ups

Vi() = Vixsia 67z wi) + ) = Vg, 7 ui + ),

where u; := A;(z;, w;) and r; := §;A;. By construction
2 £0
 max |F§Z_| AV, o = 22, (4.33)
wEB (1,5, @ JB1OW) 8

with the maximum achieved at w_= 0. It then follows from Theorem 3.33, and
standard elliptic techniques, that V converges in C3] to a Yang-Mills connection
B(x) over B1(0) x NxI" with the flat metric gx o. Moreover, by Proposition 4.25,
one has

UJFB(x) =0, VveT)l.

This implies that B(x) is gauge-equivalent to the pullback of a Yang-Mills con-
nection /(x) on NxI'. The convergence together with (4.33) shows that /(x) is
non-flat and that (4.32) holds. O

Remark 4.34. Taking into account the results that have been proven so far, this
completes the proof of Theorem A stated in the introduction of this work.

Given the above bubble-detection result at a smooth point x € I, one is then
tempted to ask about whether @ (x) can actually be written as a finite sum of en-
ergies of non-flat Yang-Mills connections on R* =~ N, I" (or, by transforming
conformally, Yang-Mills connections on S*) arising as bubbles at x. Indeed, we
know that each concentration generating a bubble like in Theorem 4.31 has a cost
of energy bounded from below by the Uhlenbeck-constant of R* (the &q of Theo-
rem 3.33 applied to the flat R%), thus the inequality (4.32) shows that the number
of possible distinct bubbles is uniformly bounded.
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This energy identity question was first positively answered by Riviére
assuming an uniform L ! hessian bound on the curvatures || V2 Fy || 1.1 M) S
C(A, G, M). More recently, Naber—Valtorta proved
the energy identity in tandem with the fact that such hessian bound always holds
automatically. This is a deep result and we will just cite it below as follows:

Theorem 4.35 ( ). For H* *—a.e. x € T, there
exists a finite collection of distinct bubbles B1(x), ..., B;(x) at x such that

[
O(x) = ) E(Bj(x)).

j=1

This means that there is no loss of energy between bubbles; this is called the
no neck property. This property was previously established in four dimensions for
sequences of ASD connections an was an important step towards the compactifi-
cation of the moduli space of instantons on compact 4—manifolds, cf.

4.4 Blow-up loci of instantons and calibrated geometry

Throughout this section we assume further that M is endowed with a smooth
(n — 4)—form & which is a calibration on (M, g) and that {V;} is a sequence
of &—ASD instantons on the G—bundle E (cf. Definition 2.80). Our aim is to
show stronger conclusions in this setting for the results derived so far for general
Yang—Mills connections. We remark that in case M is closed (compact without
boundary) and G = SU(r), it follows from Proposition 2.84 that we have the a
priori energy bound YM(V;) = 8n2(c2(E) U [E], [M]).

We begin with the following simple

Lemma 4.36. In the above setting, the limit connection V on E|pp\s is in fact a
Z—ASD instanton on M \ S.

Proof. By assumption, there exists a sequence of gauge-transformations {g;} C
G(E|m\s), S = S({Vi}), such that g¥V; converges to V in C,5¢—topology out-
side S. In particular, it follows that tr(Fy, ) converges to tr(Fy) in C5°—topology
outside S, and tr(Fy) is harmonic o M \ S. Since xg = *(& A -) is clearly a
continuous operator with respect to the Co°—topology, and each V; is &—ASD,
the result follows from the equivariance of xz. O
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We actually know more about the bubbling connections prescribed in Proposi-
tion 4.31, cf. ( , Theorem 4.2.1).

Proposition 4.37 (Bubbling 5 —ASD connections). Let B(x) be a bubble con-
nection at a smooth point x € I' (cf. Proposition 4.31). Then B(x) is a non-flat
Ex—ASD instanton on (Txy M, gx o) with tr(Fp(y)) = 0.

Proof. Recall that B;(x) := o/ expy V;, where 0;: Tx M — Ty M is of the form
v = Ai(zi, wi) + Aiév, with (z;,w;) — Oand A;,86; — 0asi — oo. Since
tr(Fy;) — tr(Fy) uniformly on compact subsets outside S as i — oo, it follows
that tr(F'g, (x)) — 0 uniformly on compact subsets as i — 0.

On the other hand, note that B;(x) is (1;8;)* "0 exp% &—ASD with re-
spect to the metric 8x,1;8;- Moreover, since 0; converges to zero, we have that
o expy & — By asi — 00,

In conclusion, recalling that g ;.5. — gx,0asi — oo, it follows that the limit
connection B(x) is £x—ASD with respect to the flat metric g o, and tr(Fp(x)) =
0.

The combination of this last result with Proposition 2.88 immediately yields:

Corollary 4.38. At each smooth point x € I’ there is a choice of orientation on
(Tx T, g|T, ) with respect to which it is calibrated by E. Furthermore, if B(x) is
a bubbling connection at x then B(x) is gauge-equivalent to the pullback to Ty M
of 'a non-trivial ASD instanton 1(x) on (Nx I, g|n, ) with respect to the induced
orientation x Ex|n, r.

Now, combining Corollary 4.38 with the energy quantization of ASD instan-
tons on S* (cf. §1.5), the following is immediate from Theorem 4.35:

Theorem 4.39. Suppose G = SU(r). Then O(x) € 8x%7Z for all smooth points
xel.

Finally, we conclude the proof of Theorem B (stated in the introduction), by
proving the following (cf. ( , Theorem 4.3.2, eq. (4.2.5))):

Theorem 4.40. Suppose G = U(r) and let C(I', ©) € Dy—_a(M) be defined by

1
C(I, O)(p) = 53 F(ga, Eir)0d(H"* '), Yee 2" *(M).

Then C(I', ®) satisfy the following weak convergence of currents:

c2(Vi) = c2(V) + C(I, O). (4.41)
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Remark 4.42. Here we let c2(V(;)) € Dy—a(M) be defined by

c2(Vi(e) == ¢ A (tr(Fyg, A Fyg,)) — te(Fyg,) A te(Fyg))

872

for all ¢ € 2"~*(M). Now note that

1
tr(Fyg, A Fyg) = te(F9, A FY ) + —tr(Fyg)) Atr(Fy).

00
loc

Since tr(Fy,) converges to tr(Fy) in C,02—topology outside S, we get:

872 [c2(Vi) — e2(V)] (p) = lim / oA (tr(FVO, AFQ) —tr(FO A FVO)> :
i—oo Jm ! !
(4.43)
for all ¢ € 2"~*(M). In particular, equation (4.41) is equivalent to

1 1
52 ll_l)rgo . N tr(FVO[ A FVO,-) =52 /M @ AME(FO A FO) 4 C(I 0) (),
(4.44)
for all p € 9"*4(M). Of course, if G = SU(r) then Fgm = Fy,;, and we get
precisely (B1). Finally, in case M is closed note that we can apply equation (4.44)
in 8725 to deduce the L% —energy conservation:

i—00

1im/ |Fv,.|2dVg:/ IFv|2dVg+/ Od(H"*T),
M M r

ie. / OdH" | I is precisely the L2—energy lost by the sequence {V;} along
r
I''asi — oo. O

Proof of Theorem 4.40. By Remark 4.42, it suffices to show that (4.44) holds. In

fact, the C\50 —convergence tr(Fy,;) — tr(Fy) outside S allow us to suppose, with-

out loss of generality, that G = SU(r).
For each i € N, define the current 7; € Z,_4(M) given by
T; == c2(Vi) — c2(V).

Since YM(V;) < A, note that the total mass M(7;) of T; is uniformly bounded:
indeed, for any ¢ € 2"~ *(M) with ||¢|co < 1 we have:

Ty (@) S I1F9; 172 + 1F9li7 < A
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Therefore, by Lemma A.63, up to taking a subsequence if necessary we may sup-
pose that 7; — T for some T € M;_410c(M). We then need to prove that
T = C(I',®), and in order to do so we shall first verify that T satisfies the hy-
pothesis of Theorem A.68.

By the weak convergence, it follows that M(7') < liminfM(7;) < A. More-
over, note that |07 ||(W) < oo forall W € U; indeed, 0T = —dc2(V) and

aT () = —/M dop Atr(Fy A Fy) < (Sll/le |d(p|) A < o0,

for all ¢ € 2"~>(M ) with supp(¢) € W. Hence, T € Ny—4.10c(M).
Now we show that

O*" (T, x) >0 for||T| —ae. x € M. (4.45)

First note that the convergence (modulo gauge) of V; to V in C2° away from S
immediately implies that supp(7’) € S. In particular, we have that supp(||7'||) <
S. We claim further that

IT| <« H" 4T (4.46)

Indeed, let 0 < r < 8y and x € I". Then, whenever ¢ € 2"~4(M) is such that
lllco < 1and supp(g) < B, (x) we have

|Ti<¢>|s(f Ffav, + [ IFepar; ).
B, (x) B, (x)

Recalling that ©(p, -) is bounded and p; — p = |Fy|* g + O, )yH" 4| T, it
follows that

IT1(B, (x)) < ( /B MRl Br<x») .

Now Proposition 4.10 ensures that @*(V,x) = 0 for H* *—ae. x € M, and
since H"~4(I") < oo it follows from Theorem A.23 that ®*" *(I',x) < 1 for
H"*—ae. x € I'. Thus

" *(IT|.x) <1 forH" *—ae. xer.

Therefore, the claim (4.46) follows by Theorem A.21.
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Now let f € 2(M) and take ¢ = f ZE; then:
T(f8) = lim T;(f5)
1—>00
1
= — lim f (te(Fv; A Fy,) —tt(Fy A FR)) A &
872 i—oo Sy ! !
1

= o lim f (—tr(Fv,. A*xFy,) +tr(Fy A *Fv))
8% i—oo Jpp '

1.
pzare Y A
1
=23 /F FO(u,Hd(H"HT). (4.47)

Thus, if x € I" and r > 0, we get

1 _ .
1718 () = 5 Ou.)d (H"*[I") = SfT—OZH 4(I' N By (x)).

B% x)nr

Since H"~*(I") < oo, by Theorem A.23 we know that @*" (I, x) = 24" > 0
for H"~*—a.e. x € I'. Thus, it follows that @*"_4(||T||, x) > 0 for H" “*—a.e.
x € I'. Together with (4.46) this implies (4.45).

Now we may apply Theorem A.68 to conclude that we can find a triple
(I'’, ®,§) such that

T(p) = (9. £)O'd(H"*I), Vg€ 2"HM)

872 J
where
1. I'" € M is H"*—measurable and countably " ~*—rectifiable;
2. @': T — [0, 00 is locally H*~*—integrable;
3. £: I' — A¥TM is H"~*—measurable and such that £(x) orients the ap-
proximate (n — 4)—tangent space Ty I"’ for H" *—a.e. x € I''.
In particular, for every f € (M) we have
T(5) = g5 [ FEHOAH).

Comparing with (4.47), we conclude that I’ = I'’ and (E,£6)®" = O(u,-).
Finally, since & | is one of the volume forms of I we get ®' = 6, so that
T = C(T, O). 0
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Remark 4.48. Note that in the situation of Theorem 4.40 it follows directly that
0IC =0 <= 0c2(V) =0, (4.49)

in which case C would be a & —calibrated cycle, therefore the bubbling
locus would be mass-minimizing by Proposition 2.59, and its components
Z —submanifolds except for singular sets of Hausdorff codimension at least 2 by
Theorem 2.60. Nevertheless, we note that this may not be true in general, and refer
the reader to ( ,81.12.4).

Now that we finished the proof of both Theorems A and B, we note that we
get obvious important corollaries in each special case where (M, g) is a Rieman-
nian manifold with one of the special holonomy groups Hol(g) = U(m), G, or
Spin(7)(2 SU(4)). In particular, in the Kéhler context, we have the following:

Theorem 4.50. Let (Z,w) be a compact Kédhler m—fold, and let {V;} be a se-
quence of Hermitian—Yang—Mills connections with uniformly bounded L*—energy
on a G—bundle E over Z. Then, by taking a subsequence if necessary, Vi con-
verges modulo gauge to a Hermitian—Yang—Mills connection V outside the bub-
bling locus (I, ©), where I' = Uy Iy and O\, = 872my, where each Ty is a
codimension-4 complex subvariety in Z and my, is a positive integer. Moreover,

V) = V@) + Y ma /F 0.

Proof. By Lemma 2.97 we can apply Theorems A and B to the sequence {V;}.
Then, using Corollary 2.62 and a result of Harvey—Shiffman
( , Theorem 2.1) the theorem follows. O

Interesting current problems stem from trying to see Tian’s result in practice,
to understand the regularity of the limiting configurations (V, I, ®) and also to
reverse the process: given a ‘generic’ & —calibrated submanifold I" < M of a
closed special holonomy Riemannian manifold (M", g, Z), and a ‘generic’ con-
nection V on a G—bundle over M, one may ask when does I" appear as the bub-
bling locus of a sequence of Z—ASD instantons, smoothly converging to V out-
side I".

Concerning explicit non-trivial examples of instanton bubbling, and remov-
able singularity phenomena in the limit, the reader may consult the recent works
of Lotay—Oliveira for the G, case and Clarke—Oliveira

for the Spin(7) case.
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As to the regularity of limiting connections, and an analytical framework anal-
ogous to the space of Sobolev connections, yet adapted to this higher dimensional
context, the recent work of Petrache—Riviére intro-
duces a space of so-called ‘weak connections’. They prove a weak sequential
closure property, under Yang—Mills energy control, and they establish a strong ap-
proximation property of any weak connection by smooth connections away from
polyhedral sets of codimension 5. In direct relation to this theory, partial regular-
ity results and removable singularity theorems for general stationary Yang—Mills
4 connections, satisfying some approximability property, see

and .

Now, in the direction of the ‘reverse process’ of bubbling, ( ,b)
gave sufficient conditions for an unobstructed associative (resp., Cayley) subman-
ifold in a Go—(resp., Spin(7)—)manifold to appear as the bubbling locus of a se-
quence of Go—(resp. Spin(7)-)instantons, related to the existence of a Fueter sec-
tion of a bundle of ASD instanton moduli spaces over said submanifold. Thus
associative (resp. Cayley) submanifolds, and connections on them, arise as
building blocks for constructing G,—(resp., Spin(7)-)instantons by gluing meth-
ods. This has been successfully implemented on both Joyce’s construction and
Kovalev-CNHP twisted connected sums ( ) and

( )-
One can also attempt to construct invariants of G,—manifolds by “counting”
G, —instantons and associative submanifolds together, as first suggested in
. In fact, proposed a conjec-
tural programme to define Casson-type invariants of G, —instantons, which would
hopefully be unchanged under deformations of the G,—structure, and would be
analogues of the invariants of Calabi—Yau 3—folds defined by
, see also . They observed that the naive count
of Gp—instantons on a compact Gy—manifold might not produce a deformation-
invariant number, but rather this number will jump in a finite number of points
as one changes the G,—metric in a 1 —parameter family. These jumps are closely
related to degenerations of G,—instantons to Fueter sections supported on certain
associative submanifolds. Thus, completing such programme and defining invari-
ants of a Gy—manifold (Y7, ¢) that remain unchanged under deformations of ¢,
would require the inclusion of ‘compensation terms’, counting solutions of some
‘Dirac type’ equation on associative 3—folds in Y, to balance out the bubbling of
Gy—instantons. At the time of writing, this is mostly conjectural and currently un-

4A connection V € A2 N A% is said to be stationary Yang-Mills if it is weak Yang-Mills
and satisfies equation (3.15).
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der investigation, see e.g. Doan (2019), Doan and Walpuski (2017), Haydys (2012,
2017), Haydys and Walpuski (2015), Joyce (2017), and Walpuski (2013b).



We collect here some basic facts from Geometric Measure Theory (GMT) which
are evoked in Chapter 4. We stress that we have no intention to make a complete
systematic exposition here, but rather just organise the main definitions and results,
and fix some notation and conventions. We will therefore omit almost all proofs
and refer the reader to standard texts. Good references for the material in this
appendix are notes by , the classic , and the more
recent books and

Notation. Throughout X will denote a metric space with distance function d.

For any subset A € X, we denote by 4, A and dA, respectively, the topological
closure, interior and boundary of A. Foreachx € X andr € R, we write B, (x),
B, (x) and 3B, (x) to denote, respectively, the open ball with center x and radius r,
its closure and its boundary. If B is an open (resp. closed) ball in X of center x and
radius r, then for each positive real number A > 0 we write AB for the open (resp.
closed) ball in X of center x and radius Ar. The distance between two subsets
A, B C X is denoted by d(A, B), and the diameter of A is denoted by diam(A4).
Finally, we shall use the extended real number system R = R U {oo, —oo} with
the obvious ordering and aritheoremetical operations partially extended, e.g., as in

(2013, p. 11).
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A.1 Basic concepts

Definition A.1 (Measures, o—additivity and measurable sets). A measure (or
outer measure) on X is a set function p: 2X — [0, 0o] satisfying the following
conditions:

(i) n(@) =0;
(ii) (Monotonicity) A € B, A, B € X = u(A) < u(B);
(iii) (Subadditivity) For each countable collection {A4;};eny € X,
o0 o0
W (U Ai) < ZM(Ai)-
i=1 i=1
Given a family F of subsets of X, we say that u is o0 —additive on F whenever
o0 o0
Iz (U Ai) = ZM(Ai),
i=1 i=1

for each countable collection of disjoint sets {A;}ieny € F.
Finally, we say that a subset A € X is u—measurable if

WE)=u(E\ A+ u(ENA), foreach £ C X.
We denote by M, the collection of all u—measurable sets.

Definition A.2. Let « be a measure on X. We define the support of u to be the
following closed subset of X:

supp(p) == X \ U{U C X : U isopenand u(U) = 0}.
Given a measure @ on X, a sentence of the form
“(...) holds for p—almost every point x € X
or, briefly,

“(...) holds for p—a.e. x € X”
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means that the subset, say 4, of X for which (...) doesn’t hold is a u—negligible
set, i.e. u(A4) =0.

Recall that a c—algebra X' on a set Y is a collection of subsets of Y, contain-
ing the empty set @ and Y itself, that is closed under the set operations of taking
complements and countable unions. When Y is a topological space, the smallest
o—algebra B(Y') containing the topology of Y is called the Borel o —algebra and
its elements are the Borel sets.

In the next result we collect some well-known basic facts about general mea-
sures (see e.g. ( , §)).

Theorem A.3. If i is a measure on X, then M, is a o—algebra on X. Moreover,
we have the following properties:

(1) If n(A) = 0, A € X, then A € M, (i.e, every u—negligible set is
u—measurable).

(2) p is o—additive on M.
(3) If{Ai} © My, then

o0
(3.a) w (U A,-) = lim (A;) provided A} € A3 C . ...
l=1 1—>00

o0

(3.b) u (ﬂ Ai) = lim wu(A;) provided Ay 2 Az O ...and u(4;) <

i=1 1—>00
0.

In particular, given a measure © on X we can always find a o —algebra M,

restricted to which u is o—additive. Reciprocally, given a c—algebra X and a

o—additive measure p: ¥ — [0, oo], we can extend u to the whole power set of
X as follows: for each A C X, define

w(A) = inf

ZM(Si) A{Sitiz1 € XY with A C USi

1 1

It is straightforward to check this indeed defines a measure on X whose restriction
to X is the originally given measure.

Definition A.4 (u—measurable functions). Let Y be a topological space and 1 a
measure on X . A function f: X — Y issaid to be u—measurable when f~1(U)
is a u—measurable set in X for every open subset U C Y.
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Given a measure ¢ on X, we do integration theory with respect to u by re-
stricting ourselves to the natural measure space (X, M, u|nr,,) determined by
. The reader interested in the details of Lebesgue integration theory on measure
spaces is kindly referred to

Definition A.5. Let u be a measure on X ; we say that u is:
* locally finite if ©(K) < oo for each compact subset K C X;

* metric if u(A U B) = u(A) + u(B), for each A, B C X such that
d(A,B) > 0;

* Borel if all Borel sets are u—measurable, i.e. B(X) C M;

* Borel regular if it is a Borel measure and if for every A € X there is a
Borel set B € X suchthat A € B and u(A) = u(B);

* Radon if it is a locally finite and Borel regular measure.

Let 4 be a measure on X. If f: X — R is a nonnegative (f = 0)
p—measurable function, then we can form a new measure fu on X such that

) = [ fan VA< My,
In particular, when A C X is a u—measurable subset, we denote by w|A the
measure y 4 U, i.e.

(W[ ANE) == p(ANE), VECX.

As one may check directly, all u1—measurable sets are (| A)—measurable sets.
Also, if w is a Borel regular measure, then so is @ | A. Moreover, it is not difficult
to show the following:

Lemma A.6. If i is a Radon measure and f € L'(1) is a nonnegative function,
then fu is a Radon measure.

A key tool to check Borel sets are yu—measurable is the following ( ,
p. 3, Theorem 1.2):

Theorem A.7 (Carathéodory’s criterion). Let y be a measure on the metric space
X. Then,

W is a Borel measure <= | is a metric measure.
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Finally, we state a very useful approximation result for Borel regular measures
( , Theorem 1.3 and Remark 1.4):

Theorem A.8 (Inner and outer approximation). Suppose [ is a Borel regular mea-
sureon X and X = Uj>1V;, where u(V;) < oo and V; is open for each j € N.
Then:

(i) w(A) =inf{u(U) :U D A, U open}, forany A C X.
(ii) u(A) = sup{u(C) : C C A, C closed}, for any A € M.

In particular, if X is a second countable and locally compact metric space' (e.g.
when X is a manifold) and [ is a Radon measure on X then (i) holds and (ii) can
be improved to

(ii’) w(A) =sup{u(K): K € A, K compact}, for any A € M.

!In particular, X admits an open covering 1V} such that 1% ;j is compact and contained in V; 41,
for each j € N;seee.g. ( , proof of Lemma 1.9, p. 9).
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A.2 Hausdorff measure and dimension

We start describing a standard general process for constructing metric measures on
metric spaces, called Carathéodory’s construction. The input for this method is
the following. Suppose we are given a pair (F, p), where F is a collection of
subsets of X, p: F — [0, oo] and

(1) for each § > 0, there exists a countable cover {E; };en C F of X such that
diam(E;) < 6.

(ii) for each § > 0, there exists an element £ € F such that p(E£) < § and
diam(E) < 4.

For example, if F contains all non-empty open balls of X and X is separable, then
(i) is easily seen to be verified. If, moreover, one has p(-) = Cdiam(-), for some
uniform constant C < 1, then (ii) is also checked trivially.

For each § > 0, define

Fs :={FE € F :diam(E) < 4},

and construct preliminary measures vg on X putting, for each A C X,

o0 o0
v(A) :=1inf{Y " p(E;): AC | J Ei and {Ei}ien S Fs¢ -

We note that 0 < § < § implies Fg C Fg/, so that vs = vg,. Therefore, it is
well-defined (possibly co)

V(A) = lim vg(A) = supvg(A), foreach A C X.
LN 5§>0

It is straightforward to check that v is a measure on X. Moreover, we claim that
v is in fact a metric measure (therefore, by Theorem (A.7), v is Borel): indeed, if
A, B C X are such that d(A, B) > § > 0, then

vs(AU B) = vs(A) + vs(B),

because whenever C = {E;} is a covering of A U B with diam(E;) < 4, the
collections
CN{E:ENA#@}andCN{E: ENB # 0}

are clearly disjoint, covering A and B respectively. Thus the claim follows from
the definition of v.
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Example A.9 (Lebesgue measure). Let X = R” and d be the usual Euclidean
distance:

n 1/2
d(x,y) = (Z(y,- —x,-)2) , foreachx,y e R".

i=1
Define
n
F = {rlhhybﬂilh’biE]R,ai<:bhi =1,...,n¢,
i=1

i.e. F is the collection of all (non-degenerated) closed n—cubes on R”, and take
o: F — [0, oo] defined by

p([ Tlai, bil) = [ [bi — ).

i=1 i=1

Then, the resulting measure of Carathéodory’s construction applied to (F, p) is
the n—dimensional Lebesgue measure £” on R”.

A well-known characterization for £ is the following: £” is the unique Borel
regular, translation-invariant measure on R”, normalized so that the measure of the
unit cube [0, 1] is 1 (see and ( , - 8)).

We now proceed to define the Hausdorff s—dimensional measure H* on an
arbitrary separable metric space (X, d).

Definition A.10 (Hausdorff measure). Lets € R>¢. The s—dimensional Haus-
dorff measure H* of a separable metric space (X, d) is the measure on X gen-
erated by Carathéodory’s construction when F is taken to be the collection of all
non-empty subsets of X and p is given by

p(A) :=27%diam(A)*, foreach® # A C X.
More explicitly, foreach 4 C X,
H(A) := limH3 (A),
(4) = lim#3(4)

where, for each § > 0,

o %)
H3(A) =2 inf{> " (diam(E;))’ : 4 € |_J E;. and diam(E;) < 8 .

i=1 i=1
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Example A.11 (n—dimensional Hausdorff measure of a connected Riemannian
n—manifold). Let (M, g) be a connected Riemannian n—manifold. Then, on
the one hand, viewing M as a metric space with the natural Riemannian dis-
tance function dg induced by g (see e.g. ( , §2.1)), we get associated
s—dimensional Hausdorff measures H* on M for each nonnegative real number
s; in particular, we get H".

On the other hand, supposing further that M is oriented, we get a Riemannian
volume n—form dV, on (M, g), which in turn induces a canonical Radon measure
g on M resulting from the application of Riesz’s representation theorem (see
Remark A.26) on the integration functional

Ig: Cc(M;R) - R

fr—>/ fdVs.
M
Now, for all s € R>¢, we define
)
CTTEr

o
where I'(z) = / x?"1e™*dx (defined for each z € C with positive real part) is

0
the so-called Euler gamma function. Note that when s = k € Ny is a nonnegative
integer, o is precisely the Lebesgue measure £X (B (0)) of the unit ball in R¥.
In this setting, we can state the following relation between H" and pug:

Proposition A.12. On a connected, oriented, Riemannian n—manifold (M, g),
the n—dimensional Hausdorff measure H" multiplied by the constant factor ay
equals the Riemannian volume measure [Lg .

The reader interested in a proof of this fact may consult
( , p. 196, Theorem 5.5.5) (see also ( , p- 10, Theorem
2.6) for the M = R" case).

The following proposition is immediate from the above definitions:
Proposition A.13. Let A C X and s € Rxg. Then:
(i) H5(A) <00 = H(A) =0, Vs' > s.
(ii) H5(A) > 0= H(A) = o0, Vs” < s.
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We can then make the following definition:

Definition A.14 (Hausdorff dimension). The Hausdorff dimension dimy (A) of
asubset A C X is the extended real number given by

dimy (A) := inf{s € Rxq : H*(A) = 0} = sup{s € Rz : H*(4) = oo}.

In other words, if A C X then the Hausdorff dimension dimy (A) of A is the
unique extended real number in [0, co] such that

s <dimy(A) = H'(A) = oo,
s> dimy(4) = H(4) =0.

A priori, in case s = dimy(A), all the three possibilities H5(4) = 0, 0 <
H5(A) < oo and HS(A) = oo are admissible. On the other hand, if we can
find s such that 0 < H*(A) < oo, then certainly dimy (A) = s. Also, if s € Rxg
is such that H*(A) < oo then dimy (A4) < s.

Some immediate properties the Hausdorff dimension satisfies are the follow-
ing:

* (Monotonicity) If A € B C X, then dimy(A) < dimy/(B);

* (Stability w.r.t. countable unions) If { A; } is a countable collection of subsets
A; € X, then
dimy () 4i) = sup dimy(4,).
. i

1

In particular, if S C X, is such that § = UiZI A; with H5(A;) < oo (for each
i = 1), then dimy(S) <.

A.3 Densities and covering theorems

We start this section summarizing the covering theorems that are particularly useful
for this work and then introduce the notion(s) of (lower and upper) density(ies)
of measures. We finish with results relating appropriate information about the
upper density of a measure and relations between such measure and the Hausdorff
measure, as well as estimates on the upper density of the Hausdorff measure on
appropriate sets.
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Covering theorems. The first lemma we shall prove is a simple but useful result
on metric space topology.

Lemma A.15. Let K be a compact subspace of a metric space (X,d). Given
r > 0, we can find a finite set of points {x1, ..., Xm} € K such that the following
holds:

m
i) K < | Bar(xi), and
i=1

(ii) Br(x;) N\ Br(xj) =9, foreachi # j,i,j €{l,...,m}.

Proof. We describe an explicit algorithm to construct the {x;}. In the first step,
fix some x; € K. In the second step, consider

Cy == K\ Bar(x1).

If C, = @, stop the algorithm; the set {x;} will do the job. If C» # @, then choose
X2 € (3 and go to the next step. In general, when we arrive at the j—th step,
J = 2, the first j — 1 points x1,...,x;-1 € K are already constructed, so we

consider
j—1
Cj =K\ U Bar(xi).
i=1
If C; = @, stop the algorithm; the set {x1,...,x;_1} is clearly the set of points
in K we are looking for. If C; # @, choose x; € C; and go to the next step.

We claim this process ends in a finite number of steps, i.e. we always arrive
at the case C; = @, for some j € N large enough. Otherwise, the algorithm
just described would give rise to a sequence {x; }5> ; in K which does not admit a
convergent subsequence: if n,m € N are such that n < m, then d(x,, x,) > 2r

m—1

because x,, ¢ U By, (xi) 2 Bar(xy) by construction. This contradicts the

i=1

compacity of K. O
Another important covering theorem is the following (cf. ( , Theo-
rem 3.3)).

Theorem A.16 (5r —covering lemma). Suppose (X, d) is a separable metric space.
If B is an arbitrary family of (closed or open) balls in X satisfying

sup diam(B) < oo,
Bex
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then there exists a countable and (pairwise) disjoint subcollection %' C A such

that
U B C U 5B,

Be# Be#w

where 5B denotes a ball with the same center as B and five times the radius of B.

Densities. We now introduce the notions of upper and lower k —dimensional den-
sity of a measure at a point. The reference for this part is ( , §3).

Definition A.17 (Upper and lower densities). Lets € R and let u be a measure
on X. We define the upper (resp. lower) s—dimensional density of . at x € X
by

O* (u, x) = limfup r S w(Br(x)).
ri0

(resp. O (1, x) = 1irn¢infr_s/¢L(Br (x)).)
rl0
Whenever ©®** (1, x) = ©,*(u, x), we denote the common value by

O(p, x) = limr~* u(Br(x))
r0

and simply speak of the s—density of u at x.
For an arbitrary subset A C X, we define the upper (resp. lower)
s—dimensional density of A at x by

O* (A, x) = O (H*| A, x).

(resp. Ox°(A,x) = O°(H*| A4, x).)

When the upper and lower s—dimensional densities of A at x are equal we write
the common value by @*(4, x).

Remark A.18. Some authors (including L. Simon) define the Hausdorff measure
multiplying the one in Definition (A.10) by the constant factor cg of Example
A.11. In this case, it is convenient to modify the above definition multiplying the
densities by o L. %
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Remark A.19. We note that when p is a Borel measure then ®*°(u,-) and
O.°(u,-) are p—measurable functions. In fact, for each fixed r > 0, the func-
tion on X defined by

x = (u(Br(x))

is upper semi-continuous whenever u is a Borel measure. Indeed: fix x € X and
r > 0; we want to show

w(Br(x)) = 1i;n_§2p w(Br(y)).

If w(Br(x)) = oo the assertion is clearly true, so suppose w(Br(x)) < oo. Let
(xn) be asequence in X such that x, — x. Then, given ¢ > 0, there existsng € N
such that

nznyg = Br(xn) C Brie(x).

Thus, on one hand we have

limsup pu(By(xn)) < u(Brie(x)).

n—-oo

On the other hand, for g > 0 small enough, Theorem A.3 (3.b) implies

wBr) =p| [ Bree(®) | = limu(Brs(x)).

0<e<egg
Therefore
lim sup (B (xn)) < w(Br(x)).
n—>oo
The claim follows. O

Remark A.20. If x ¢ supp(u) then @° (i, x) = 0 for every 0 < s < oo. Indeed,
when x ¢ supp(u) there exists an open subset U C X such that x € U and
w(U) = 0. Thus, for all sufficiently small » > 0 we have u(B,(x)) = 0. In
particular, @* (u, x) = 0 forevery 0 < 5 < 00. O

The next result tells us that appropriate information about the upper
s—dimensional density function of a given Borel-regular measure gives estimates
of this measure with respect to the s—dimensional Hausdorff measure.

Theorem A.21. Let i be a Borel regular measure on X, and let s,t € Rxy.
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(i) If A1 € Ay € X and O*° (| Az, x) =t for all x € Ay, then

1H (A1) < p(Az).

(ii) If A C X and O*°(u| A, x) <t forall x € A, then
[1(A) < 25115 (A).
In particular; (i) and (ii) imply
nH’ (A) < u(4) < 2°nH°(A),
whenever A C X is such that 0 < t1 < @**(u|A,x) <ty forall x € A.

The proof of the above result uses Theorem A.16 for (i) and is elementary for
(i1); see ( , Theorem 3.2). As a corollary of Theorem A.21 (i), one can
prove the following useful result ( , Theorem 3.5):

Theorem A.22. If u is Borel-regular and A C X is u—measurable with 1(A) <

oo then
O* (| A,x) =0 forH® —ae x e X\ A.

Restricting attention to Hausdorff measures, there are some useful estimates
for the density on sets of finite measure ( , Theorem 3.6).

Theorem A.23. Let s € Rxg. Then the following assertions holds.

(i) If H3(A) < oo then O*° (A, x) < 1 for H —a.e. x € A.

(ii) If Hz(A) < oo for each § > 0, then O° (A, x) = 27° for H’—a.e. x € A.
In particular?, if H*(A) < oo then

275 <O (A,x) <1 forH —ae x € A.

Note that H* > Hy = Hio.
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A.4 Radon measures
In this subsection we assume X is a locally compact and separable metric space.

Let H denote a finite dimensional real Hilbert space with inner product (-, -)
and induced norm || - ||. Denote by C2(X; H) the space of continuous functions
X — H with compact support in X. We endow C2(X; H) with the topology of
uniform convergence on compact sets: if { f; }hen C C2(X; H), then f,, — f €
CO(X; H) if, and only if,

1. there exists a compact subset K C X such that supp(f,) € K, for each
n € N; and

2. sup {|| fn(x)— f(x)|| : x € K} > 0asn — oo.

Given a Radon measure i on X and a u—measurable function v: X — H with
lv(x)|| = 1 for u-a.e. x € X, then

L:fH/X(f,v)du

defines a continuous linear functional on Cc0 (X; H): indeed, let K € X be a
compact set and suppose f € CO(X; H) is such that supp(f) € K. Since
f is continuous and p is Radon, we have || f|lcoc = sup,ex | f(x)|| < oo and
Ck = n(K) < oo. Moreover, by the hypothesis on v and the Cauchy—Schwarz
inequality,

(f), v < [fNlv()IF = [l F (). for p-ae. x € X.
Therefore,
IL(N)I < /Kl(f(X),v(X))ldM(X) < Ckllf lloo-
Conversely, we have ( , Theorem 4.1, p.18):
Theorem A.24. (Riesz) Let L: C2(X; H) — R be a linear functional such that

sup{L(f): f € COX:H), | flloo < 1. supp(f) € K} <00,  (A.25)

for each compact K < X. Then there is a Radon measure u on X and a
u—measurable function v: X — H with |[v(x)|| = 1 for u-a.e. x € X such
that

L(H) = [ (o, VS € COX: .
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Moreover, the Radon measure W is unique; in fact, in the above conditions we have

u(V) =sup{L(f): f € CXX; H), || flloo < 1 and supp(f) €V},

for every open subset V C X, u is called the total variation measure associated
with the functional L.

Remark A.26. When H = R, if we replace the hypothesis (A.25) in Theorem
A.24 by the condition that L f = 0 whenever f = 0 (in case L is called a nonneg-
ative functional), then we can in fact find v: X — R such that v = 1 u—a.e. and,
therefore, conclude that

L(f):/deu, VfeCdX;R).

Such version of the Riesz representation theorem can be found, for example, in

Folland’s book ( , Theorem 7.2, p.212) (see also ( , Theo-
rem 2.14, p.40)). In particular, we can identify the set of Radon measures on X
with the set of nonnegative linear functionals on C2(X) := C2(X;R). O

It is then natural to endow the space of Radon measures on X with the weak*
topology of the topological dual of C2(X):

Definition A.27 (Weak* convergence). Given a sequence of Radon measures {u; }
we say that u; converges weakly* to a Radon measure p, and we write p; — [,
when

lim fd,u,-:/ fdu, YfecC2(X).
X X

i—00

Having Remark A.26 in mind, the following theorem is a fairly easy applica-
tion of the general Banach—Alaoglu theorem.

Theorem A.28 (Weak* Compactness of Radon Measures). If {;} is a sequence
of Radon measures on X satisfying

sup{ui(U):i =1} <00, VU E X,
then {|1; } admits a weakly* convergent subsequence.

The following basic result is of fundamental importance and will be used re-
peatedly in Chapter 4 ( , Proposition 2.7, p.8).

Theorem A.29. Let {;} be a sequence of Radon measures on X such that ju; —
.
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(i) If U C X is an open subset then

n(U) < liminfu; (U).
1—>00

(i) If K C X is a compact subset then

pu(K) = limsup p; (K).

i—00
In particular,

(iii) If U € X is a precompact open subset with (dU) = 0, then
w(U) = lim (V).
1—>00
(iv) Given x € X and § > 0, then

Kxs(1) = {r €]0,8] : n(dBr(x)) > 0}

is at most countable and

H(B, (X)) = lim i (Br (). Vr €]0.8]\ B g (1),

We end this section with a theorem which requires the following definitions.

Definition A.30. Let % be a collection of balls in X. We define the set of centres
of % to be
Cz ={x € X : Br(x) € & for some r > 0}.

A subset A C X is said to be covered finely by & if for every x € A and every
& > 0 there exists a ball B € 4 such that x € B and diam(B) < ¢.

Definition A.31. Let u be a Radon measure on X. We say that X has the symmet-
ric Vitali property relative to u if for every collection of balls % which covers
its set of centres Cy finely and with u(Cg) < oo, there is a countable pairwise
disjoint subcollection #’' C % covering u—almost all of C.

Example A.32. If X is locally compact, Hausdorff and second countable (e.g. if
X is amanifold) then X has the symmetric Vitali property relative to every Radon
measure on X .
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The following is a useful result about differentiation of measures due to Besi-
covitch ( , p. 24, Theorem 4.7).

Theorem A.33 (Besicovitch differentiation of measures). Suppose 1 and i, are
Radon measures on X, where X has the symmetric Vitali property with respect to
1. Then

dus T p2(Br(x))

—(x) = lim ———=

dj ri0 f1(Br(x))
exists (possibly 0o) 1 —almost everywhere and defines a (11 —measurable function
on X. Furthermore, the Radon—Nikodym decomposition of |1 with respect to |11
is given by

duz

M2 =——p1+ p2lZ, (A.34)
dpa

where Z is a Borel set of |11 —measure zero. Moreover, in case X also has the

d
symmetric Vitali property with respect to |y then dﬁ also exists pp—almost ev-
M1

d
erywhere and we may take Z = {x : d&(x) = 00, in (A.34).
1431
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A.5 Rectifiable sets and measures

Perhaps the most relevant class of functions in the context of geometric measure
theory is the class of Lipschitz functions.

Definition A.35 (Lipschitz maps). Amap f: (X,d) — (X', d’) between metric
spaces is called A—Lipschitz, for some A € [0, co[, when

d'(f(x), f(y)) < Ad(x,y), Vx,yeX.
Whenever
Lip(f) := inf{A € [0, c0[: f is A — Lipschitz} < oo,
f is called a Lipschitz function.

Lemma A.36. Let X and X' be metric spaces and E C X an arbitrary subset. If
f: E — X'is a Lipschitz map, then

HS(f(E)) < Lip(f)*H*(E).
In particular, a Lipschitz map takes H*—negligible sets to H*—negligible sets.
Next, we give a simple extension result.

Lemma A.37. Let A € X and n € N. Then, every A—Lipschitz map admits a
/nA—Lipschitz extension f: X — R™.

Sketch of proof. Forn = 1, we simply define
f(x) =inf{f(a) + Af(x):a € A}, VxeX.

It is straightforward to verify f is well-defined and satisfy the desired properties.
Forn = 2 one writes f = (f1,..., fn) and extends each f;: A — R sepa-
rately as above. O

For Lipschitz maps between Euclidean spaces we have the following important
result ( , Theorem 5.2, p.30).

Theorem A.38 (Rademacher). If f: R® — R™ is a Lipschitz map, then f is
differentiable for L" —a.e. x € R".
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Using the above theorem (and other results), one can prove ( , The-
orem 5.3, p.32):

Theorem A.39. IfU C R” is open and if f: U — R is differentiable L™ —a.e.
in U, then for each ¢ > 0 there is a closed set A € U and a C'—function
g: R" — R such that

LYUN\A) <& fla=glaand (grad f)|4 = (grad g)| 4.

We now introduce a concept of great importance in geometric measure theory,
which can be seen as a measure-theoretic notion of smoothness.

Definition A.40 (Rectifiable sets and measures). Let k € Ng. A subset I' € X
is called countably 7¥ —rectifiable if there exists a sequence of Lipschitz maps
fi A; € RF — X such that

H (F\Uﬁ(An) =0.

A Radon measure v on X is called HX—rectifiable if v = OH¥|I" for some
countably #¥ —rectifiable set I" and some Borel function 6 : I" — [0, oo[.

By Lemma A.36, it follows that if I" C X is a countably #¥ —rectifiable set
then H¥ |I" is o—finite and, therefore, dimyI” < k. Note also that any Borel
subset of a countably #*—rectifiable set is countably #*—rectifiable. More-
over, a countable union of countably %X —rectifiable sets is again a countably
H¥ —rectifiable set.

Remark A.41. By definition, the property of being countably H* —rectifiable is
intrinsic, i.e. if (X, d) is isometrically embedded in another metric space (X', d’),
then I' € X is countably 1k —rectifiable in X if, and only if, I" is countably
HK —rectifiable in X', O

Here is a slightly different characterization of rectifiable sets that uses as A4;
compact sets and that shows that the collection { f;(4;)} can be disjoint
( , Proposition 9.2, p.20).

Theorem A.42. Suppose X is a locally complete metric space and I' € X an
H¥ —measurable and countably H* —rectifiable set. Then there exists a countable
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family of bi-Lipschitz> maps fi: Ki — f(K;) € I', with Ki € R¥ compact,
such that the images f; (K;) are pairwise disjoint and

H (F\Uﬁ-(K,-)) = 0.

For subsets of Euclidean spaces, using Theorem A.39, one has the follow-
ing characterization of countably #¥ —rectifiable sets ( , Lemma 11.1,

p.59).

Theorem A.43. Let E C R”, wheren = k. Then, E is countably HEK —rectifiable
if, and only if, there exists a sequence of k—dimensional C'—submanifolds N; of

R” such that
K (E\UN,-) =0.
i

More generally, in arbitrary complete Riemannian manifolds, one has impor-
tant characterizations of rectifiability for both sets and measures in terms of ap-
proximate tangent spaces. In what follows, we will give a brief account of this
topic. For a detailed discussion of the concept of rectifiability and its characteriza-
tions in Euclidean spaces the reader is encouraged to see DeLellis’ lecture notes

(also see Simon’s notes ( , p-60-66)). Here we will
adapt the relevant definitions and results to the context of Riemannian manifolds.

In what follows, let (M, g) be a connected, complete, Riemannian n—manifold.
For each s € Rx¢, we let H* denote the s—dimensional Hausdorff measure on M
associated to the induced Riemannian distance function dg.

Definition A.44 (s—tangent measures). Let v be a Radon measure on M, and let
s € Rxg. Given x € M and A € R, we write 7, for the linear scaling map
on Ty M taking v to Av, and define the scaled and translated measure vy ; =
(exp, ot3)*v on Tx M by

Ve A(E) = v(exp,(AE)), VE CTM.

We say that a Radon measure 1 on 7 M is a s—tangent measure of v at x when
there exists a null-sequence {A;} € R such that
A Vg a1

1

We let Tang (v, x) denote the set of all s—tangent measures of v at x.

3i.e. f; is Lipschitz, injective and such that fi_l | 7: (k;) is Lipschitz.
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Remark A.45. Note thatif (M, g) = (R”, gg), where gy is the standard Euclidean
metric, then vy 3 (E) = v(x + AE). O

Theorem A.46 (Marstrand). Let v be a Radon measure on M, let s € Rx>qo and
let I' € M be a Borel set with v(I") > 0. Suppose

0<Oi(v,x)=0"x)<oco forv—ae xecl.

Then s = k € Ng. Moreover, for v—a.e. x € I, there exists a k—dimensional
subspace Vi < Ty M such that O (v, x)H¥ | Vy € Tang (v, x).

From now on k will denote a nonnegative integer.

Definition A.47 (Approximate tangent spaces). Let ' < M be an
H¥* —measurable set, and let @ : I" — ]0, o[ be a locally H* —integrable function.
A k—dimensional subspace Vy, < Ty M is called the approximate k—tangent
space for I' at x with multiplicity @ (x) if Tang (OH¥ | I", x) = {O(x)HK|Vy},
ie. if
AROHF M) ) — O HE Ve asA | 0.

Let v be a Radon measure on M. A k—dimensional subspace Vy < Ty M is called
the approximate k —tangent space for v at x with multiplicity @ (x) € ]0, oo if
Tang (v, x) = {O(xX)HK |V}, ie. if

)L_kvx,;t —~ O(x)H* [Vx asA 0.
Remark A.48. Let v be a Radon measure on M and let x € M. We claim
that if n == O(x)H¥|Vy € Tang(v,x) for some O(x) € ]0,00[ and some
k—dimensional subspace Vy < Ty M, then Ok (v, x) exists and equals ®(x).
Pick r € R4 such that n(dB;(0)) = 0. Then
Ot = n(Br(0) = lim A~ v..;(B;(0))

= lim A %v(B .
Jim V(Bj,,(x))

Therefore,

O(x) = g%(kr)—kvwm(x)) = lim §7*u(Bs(x)),

from which our claim follows, since ®(x) € ]0, oo. O



A.5. Rectifiable sets and measures 167

We are now in position to state a number of rectifiability criteria.

Theorem A.49. Let I’ C M be an H¥ —measurable set. T hen, I' is countably
H¥ —rectifiable if, and only if. there exists an H*—integrable function ©@: I' —
10, 0o[ such that v == OH¥| I has approximate k—tangent space V. for Hk—a.e.
xel.

Theorem A.50. Let v be a Radon measure on M. Then, v is H¥ —rectifiable if,
and only if, for v—a.e. x € M, there exist a positive constant @ (x) € 10, oo[ and a
k—dimensional subspace Vy < Ty M such that Vy is the approximate k—tangent
space for v at x with multiplicity ©(x).

The last result we cite is highly non-trivial and was proved in by
David Preiss.

Theorem A.51 (Preiss). Let v be a locally finite Borel measure on M. Suppose
that, fork € N, k < n,

0< O, x) = O (1,x) <00, forv—ae. x € supp(v).

Then v is Hk—rectiﬁable.
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A.6 Currents

In this section we introduce the basics about de Rham’s theory of currents. Our
goal is to establish the rectifiability Theorem A.68. We develop the theory in the
framework of open subsets of R” and at the end we explain how to pass from this
context to arbitrary smooth manifolds.

The spaces 2%(U) and 2% (U). Let U be an open subset of R”. For each
a = (ag,...,0,) € Ny we associate the differential operator

a \* a \*
= () oo (i)

| =1 + ...+ .

whose order is

If |¢| = 0, then D% = 1.

As usual, we denote by £2%(U) the real vector space of smooth k—forms on
U. We topologize £2K (U) with the Co0—topology which makes Q%) into a
Fréchet space?. This is done by choosing an exhaustion of U by compact sets
{K;}ien and defining, for each i € N, the semi-norm p; : 2%(U) — Rx¢ given
by

pi(p) = sup{‘(D“goj-l,.__,jk)(x)‘ x €Ki, la|<i, 1< j1<...<j; < n},

for all o
Q= Z Diji,., jkdle'"Jk [S .Qk(U)

j1<...<jk

Then & = {p;}, being a countable separating family of semi-norms on 2% (U),
defines a metrizable locally convex topology on 2% (U) admitting a translation-
invariant compatible metric (see ( , Theorem 1.37 and Remark (c) of
Section 1.38)). A local base for 0 is given by the sets

1
Vi = <pe.(2k(U):p,-(<p)<lf , 1€N.

4i.e. a locally convex topological vector space whose topology is induced by a translation-

invariant metric which makes the space complete.
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One may readily check that every Cauchy sequence on £2X(U) has a limit in
2% (U), so that 2% (U) is in fact a Fréchet space.
For each compact K C U,

78 U) = 2KWU) N {g : supp(p) € K}

is a closed subspace of 2% (U), and therefore is also a Fréchet space. The union
of the spaces .@I]‘((U ), as K ranges over all compact subsets of U, is denoted by

KU) = 2¥(U) N {p : ¢ has compact support in U }.

This is clearly a vector space under the usual operations. We endow 2% (U) with
the largest topology making the inclusion maps 91k<(U ) = ZK(U) continuous

(cf. ( , §6)); this is called the C®°—topology on Z¥(U). 1t can be
shown that this topology makes 2% (U) into a locally convex topological vector
space. Moreover:

Proposition A.52. Given {¢'}icny € 2% (U), where’

¢ = Z(pf,dx‘l, foreachi € N,
J

then o' — 0in 2K (U) if. and only if, the following holds:
(i) there exists a compact subset K C U with supp(¢') € K, forall i € N.

(ii) sug |(D%¢")(x)| = Oasi — oo, forall J and a € NZ.
xe

Proposition A.53. Let T: 2%(U) — Y be a linear map into a locally convex
space Y. Then the following are equivalent:

(a) T is continuous.
() If o' — 0in PX(U) then Te'! - 0inY.

Remark A.54. The approach given above for the spaces £2%(U) and 2% (U) is
an adaptation of Rudin’s approach ( , §1.46 and §6.2-6.8) for the corre-
sponding spaces of functions. In this spirit, the reader interested in a proof of the
above results may want to compare Proposition A.52 with ( , Theorem
6.5 (f), pp. 154-155), and Proposition A.53 with ( , Theorem 6.6 (a),

(c), p. 155). O

SHere the sum runs overall J = {1 < j; < ... < Jk <}
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An element ¢ € 2% (U) is also known as a test form.
Definition A.55 (Current). A k—current 7 on U is an element of the topological
dual 7, (U) = (9" U ))/, i.e. a continuous linear functional of 2X(U). When
k = 0 we use the notations Z(M) := 2°(U) and 2’ (M) := Zy(U).
O—currents are also known as distributions.

Definition A.56 (Weak* convergence). A sequence of k—currents {7;} C Z;(U)
converges weakly* to T € 2 (U), and we write T; — T, if

lim T;(¢) = T(p). Yo 2*Q).
1—>00

Let T € Z%(M). The support supp(7T) of T is the intersection of all closed
subsets F C M satisfying:

supp(p) NF =0, o € (M) = T(p) =0.

Note that every compactly supported k—current extends to a continuous linear
functional on 2% (U).

Definition A.57 (Boundary). Letk € N. If T € & (U), the boundary of T is
the current 37 € Z;_1(U) given by

AT (¢) = T(dg), Ve € ¥ 1(U).

We define the boundary of a O—current to be the zero function. A current 7' €
2, (U) is said to be closed if 0T = 0.

Remark A.58. We list some elementary observations concerning Definition A.57.

* 000 = 0, as a direct consequence of d o d = 0. In particular, there is an
associated complex:

s oy )y
* supp(d7’) < supp(T) (since supp(dn) < supp(n));
« T} = T = 3T; — 9T indeed, given ¢ € 2¥~1(U) we have
3Ti(p) = Ti(dp) — T(dp) = T (p),

whenever T; — T. O
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The concept of a k—current on U is the measure-geometric generalization of
the concept of an oriented k—submanifold on U with locally finite k —dimensional
Hausdorff measure. This is the motivation for the definition of boundary for cur-
rents we have given above, as the following example illustrates:

Example A.59. For k > 1, let N¥ C U be an oriented k—submanifold with
boundary N in U and orientation &. Suppose H¥ | N is locally finite (or, equiv-
alently, a Radon measure). Then, N naturally induces a k—current [[N]] on U
given by

(N])(@) = /N (0. E(0)) o dHF = /N 6. Vg e ).

Analogously, the boundary of N with the induced orientation induces a (k —
1)—current [[JN]] on U. Now, for each ¢ € 2*¥~1(U), by Stokes’ theorem we
have

[ONT) (@) = /8 RE /N d¢ = [INTI(d¢) = A[INTI().

This shows that the boundary of the current determined by N, as per Definition
A.57, equals the current determined by the boundary dN of N.

Definition A.60 (Total variation measure and mass of a current). Let T € Z;(U).
For an open subset W C U and any A C U, we define

IT[(W) := sup{T () : supp(p) S W, |lelco < 13},

ITI(A) := inf{|T|(W) : A < W, W openj.

The resulting Borel regular (outer) measure ||7'|| is called the total variational
measure of 7. The (extended) number

M(T) = |T[[(U) = sup{T(¢) : ¢llco < 1.9 € Z*(U)} € [0.0].
is called the mass of T'.
Note that when T = [[N]] is induced by a k—submanifold N C U as in the

above example, the total variation measure of 7" is simply ||T'|| = #¥| N, which
shows that the mass generalizes the area of a submanifold.
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Definition A.61 (Finite mass currents). Let k € Ny. We define the space My (U)
of finite mass k—currents on U by

My (U) ={T € Zx(U) : ||T| is a finite measure}.

M;. (U) has a natural structure of normed space induced by the mass norm
M(T) == ||T.

More generally, we define the space My jo(U) of locally finite mass
k—currents on U by

My 10c(U) :={T € Zx(U) : | T|| is a Radon measure}.

My joc(U) has a natural topology induced by the family of semi-norms
{Mw }weuv, where My (T) := ||T[|(W).

A current T € Z4 (U) is said to be representable by integration when there
exist a Radon measure j7 over U and a ur —measurable function £ : U — AKR”,
with |&| = 1 ur—a.e., such that

T(p) = /U (0. E)dur

In such case, one may prove that w7 = ||T|. In particular, when T is repre-
sentable by integration then 7" € My j,(U). The converse follows from the Riesz
representation theorem (Theorem A.24). Thus:

Theorem A.62 (Integral representation). Let T € Z;(U). Then, T is repre-
sentable by integration if, and only if, T € My 10c(U).

Moreover, we have the following standard weak® compactness result, which
follows from the standard Banach—Alaoglu theorem (cf. ( , Lemma
26.14, p. 135)).

Lemma A.63. Let {T;} € My 1oc(U) be such that

sup | T; |(W) < o0, foreach W € U.

i=1

Then, after passing to a subsequence, there exists T € My 1,(U) such that T; —
T.

Next we introduce various important spaces of currents.
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Definition A.64 (Normal currents). Let &k € Ng. We define the space Ni (U) of
normal k—currents on U by

Ne(U) =A{T € Zx(U) : |T| + ||0T| is a finite measure}.

Ny (U) has a natural structure of normed space induced by N(7T') := M(T) +
M(0T).

More generally, we define the space N 1,.(U) of locally normal k—currents
on U by

Ni,1oc(U) =T € Z(U) : |T| + ||0T || is a Radon measure}.

Nk 10c(U) has a natural topology induced by the family of semi-norms {Nw }weuv,
where Ny (T) := My (T) + My (dT).

Definition A.65 (Integer rectifiable currents). A k—current T € Z4 (U) is called
locally integer rectifiable if there is a triple (I, £, ®) such that:
(i) I' C U is H*¥—measurable and countably ¥ —rectifiable;

(i) ©@: I' — [0, 00] is locally H¥—integrable and such that ©(x) € Z for
Hrk—ae xeT;

(iii) £: I' - A¥R” is H*—measurable and such that £ (x) orients the approxi-
mate k—tangent space Ty I for Hk—ae. x € I',thatis, for H¥—a.e. x € T,
£(x) € AFR” is simple, unitary and represents the approximate k—tangent
space TxI;

(iv) the current T is given by
70 = [ lp.0100H". Vg FU).
r

We call ® the multiplicity of T and & the orientation of 7'; we write T =
(I,¢,0).

The set of locally integer rectifiable k—currents on U is denoted by Ry joc(U).
The set of integer rectifiable k—currents on U is defined by

R (U) == Ry joc(U) N Mg (U).

Remark A.66. In the literature, the space Ry joc(U) is sometimes simply called
the space of locally rectifiable k—currents on U (note the missing of ‘integer’).

¢
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In general, if T € Ry 1o it need not be true that 07" € Ry _q jqc.

Definition A.67 (Integral currents). The space of locally integral k—currents on
U is defined by

Ik,loc(U) = {T € Rk,loc ;0T € Rk—l,loc}v ifk =1,

and we set
IO,IOC(U) = RO,loc-

The space I (U) of integral k—currents on U is defined by
It (U) = Tk 1oc (U) N Ng(U).

The following theorem gives an important criterion for a k—current to be rec-
tifiable ( , Theorem 32.1, pp. 183-187).

Theorem A.68 (Rectifiability Theorem). If T € 2y (U) is such that
(i) T € Ni10c(U) (ice. | T|(W) + |[0T (W) < oo, VW € U), and
(i) O**(|T|,x) > 0 for |T||—a.e. x € U,

then T is rectifiable, i.e. T is defined by a triple (I, €, ©), in the sense that

T(p) = /F (0. E)OdHFT. Vg € T*(U).

where
1. I’ € U is H*—measurable and countably H* —rectifiable;
2. @: I — [0, 00[ is locally HK —integrable;

3. &: ' — A*R" is H* —measurable and such that & (x) orients the approxi-
mate k—tangent space TxI" for HK—a.e. x € I.

Definition A.69 (Cycles, boundaries, etc.). For k = 1, define the abelian groups
Zk(U) = {T € Ik(U) ;0T = 0},
Bi(U) =105 : S € L1 (U)} € Z(U).

An element of Z (U) is called a cycle; an element of By (U) is called a boundary.
Two cycles T, T’ € 1 (U) are called homologous if 7 — 7" is a boundary.
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Currents on manifolds. We now explain how the definition of currents on
open subsets of Euclidean spaces can be transported to general manifolds. The
key observation is the following. Let F': U — V be a coordinate change between

two coordinate systems (U, x!,...,x") and (V, y!,..., y"), where U,V C R"
are open subsets. Thus, F is a diffeomorphism such that x* = y* o F, for each
i=1,....n

Claim. Let F: U — V be a diffeomorphism; then the natural induced map
F*: 9(V) > 2*(U)
is an isomorphism of topological vector spaces.

Since F is a diffeomorphism, it is clear that F'* is a linear isomorphism. More-
over, since (F "‘)_1 = (F _1)*, in order to prove F* is a homeomorphism it suf-
fices to show that F* is continuous (then the same argument will apply to the
inverse map switching the roles of F and F~!). By Proposition A.53, showing
the continuity of F*, in turn, boils down to proving the following: if ¢! — 0 in
P (V) then ¢ == F*(¢') — 0in 2% (U).

Now suppose that ¢! — 0 in Z*(V). In particular, by Proposition A.52 (i),
there exists a compact subset K C V such that supp(¢?) < K for each i. It
follows that the compact subset K := F~1(K) € U is such that supp(¢’) < K,
for each i. We write

¢' = ¢hdy’,
J

so that

Since

it follows from Proposition A.52 (ii) that

sup (DY) (x)| = sup [(D*¢y)(»)| >0 asi — oo,
yEK
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for all J and o € N, where

9\ 9\
D"‘::(ax—l) O'”O(ax") , and
~ 9\ 9 \*"
b= (r) oo la)

Therefore, by Proposition A.52, ¢! := F*(¢!) — 0 in 2% (U). This proves the
continuity of F*, completing the proof of the claim.

Now let M be a smooth n—manifold. Then, by making use of local charts on
M , and the above observation, we get a well-defined C ®°—topology on the space
2% (M) of smooth compactly supported k—forms on M. Thus we can define:

Definition A.70. A k—current T on M is an element of the topological dual
/
(M) = (.@k (M)) , i.e. a continuous linear functional T: 2K (M) — R.

P (M) endowed with the weak* topology is called the space of k—currents
on M.

The previous definitions and results of this section are then obviously adapted
to this context.



Partial
differential
operators and
Sobolev spaces

In this brief appendix we collect some basic terminology and facts on partial differ-
ential operators and Sobolev spaces which are specially used in Sections 1.1, 1.4
and 3.1. The main references for this appendix are Wehrheim (2004) and Nico-
laescu (2014-03-20).

B.1 Partial differential operators

In this section, we provide some definitions concerning (linear) partial differ-
ential operators (PDO) on manifolds. We follow the algebraic point of view of
Nicolaescu’s lecture notes Nicolaescu (ibid., Chapter 10).

Let E; — M be a K—vector bundle over a smooth manifold M,i = 1,2. We
start letting Op(E1, E») be the natural K—vector space whose underlying set is
given by

Op(E1, Ez) ={P :I'(E1) = I'(Ey) : P is K — linear}.
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In what follows, we will regard PDO’s from sections of E; to sections of E» as ele-
ments of Op(E1, E») that interact in a specific way with the C *°(M, K)—module
structure of I"'(E1) and "' (E>»).

Let Hom(E1, E>) denote the space of vector bundle homomorphisms from £
to E,, i.e. the space of all P € Op(E1, E3) such that P is C°° (M, K)—linear.
Then we can write

Hom(El, Ez) = {P € Op(El, Ez) . ad(f)P =0, Vf S COO(M, K)}
=: kerad,
where
ad(f): Op(Ey, E2) — Op(E1, E2)
P— [P, fl=Pof—foP.
Here we are regarding f as the natural C *° (M, K)—module multiplication opera-
tor it induces on I'(E7) and I"(E,) where appropriate.
Definition B.1 (PDO’s). Let E1, E; — M be K—vector bundles. For each m €
Np, we let PDO('”)(El, E>) be the set of all P € Op(E}, E>) such that
ad(fo)ad(f1)---ad(fm)P =0, V fi € C*(M.K)
and we set
PDO(E}. E) == | | PDO"™(E;. Ey).
m=0
Anelement P € PDO(E}, E>) is called a partial differential operator from £
to F,.

Definition B.2 (Formal adjoint). Suppose (M, g) is an oriented Riemannian man-
ifold and let £; — M be a K—vector bundle over M endowed with a metric (-, -);,
i = 1,2. Given P € PDO(E}, E»), we say that O € PDO(E>, E;) is a formal
adjoint of P whenever

f (Pu,v)deg=/ (1, Qv)1dVy,
M M

for each u € I'(E;) and v € I'(E5) one of which has compact support! in M.

Proposition B.3 (Existence and uniqueness of formal adjoints). Suppose (M, g)
is an oriented Riemannian manifold and let E; — M be a K—vector bundle over
M endowed with a metric {-,-)i, i = 1,2. Then for any P € PDO(E1, E3) there
exists a unique formal adjoint P* € PDO(E,, E1) of P.

"When M # @, one assumes that the compact support lies in the interior of the manifold M.
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B.2 Sobolev spaces

We now introduce Sobolev spaces of sections of vector bundles, and state the
corresponding so-called Sobolev embedding theorems. This is the minimal
background material to deal with Sobolev spaces of connections on G —bundles
(see §1.1 of Chapter 1). For a definition of Sobolev spaces of sections of general
fiber bundles?, as well as other details, we refer the reader to ( ,
Appendix B).

Let M be an oriented n—manifold endowed with a Riemannian metric g, and
let 7: F — M be a K—vector bundle over M endowed with a metric & = (-, -)
and associated pointwise norm |-|. Henceforth, we use the notations introduced in
Chapter 1.

Definition B.4 (L?—sections). Let | < p < oo. We define the Lebesgue space
LP (M, F) of L?—sections of F — M to be the natural K—vector space whose
underlying set consists of all (equivalence classes, modulo the relation of equality
g —almost everywhere, of) Borel measurable maps u: M — F such that the
following holds.

(i) (r ou)(x) = x, for ug—almostall x € M.
(if) The function |u|: M — R defines an element in L? (ug).

The L?—norm | - |, on L?(M, F) is given by

1/p
ullp = (/M|u|1’dVg)  Hlsp<oo,
p =

esssupls|, if p = oc.
M

More generally, we define the space Lf;c (M, F) of locally L? —integrable sections
of F - M by
LP

loc

(M,F) ={u: fueLP(M,F)forall f e CX>X(M)}.

Given an exhaustion {§2; } of M by precompact open subsets £2; € M, the space
LII;C (M, F) is endowed with the natural Fréchet topology induced by the family

2This would cover, for instance, the case of Sobolev spaces of gauge transformations of
G —bundles.
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of semi-norms {|| . ”P,Qi}ieN given by
lull p.2; = /Q_|u|1’dvg, Yue Ll (M, F).

Remark B.5. Suppose 1 < p,q < oo are Holder conjugate,ie. 1/p+ 1/q =1,
and letu € LP(M,F)and v € L9(M, F). Then, using the Cauchy—Schwarz
inequality together with Holder’s inequality for functions, one gets

/|anmgsnwpwm.
M

More generally, let F/; — M (i = 1,...,[) be vector bundles with metrics and
consider F|" ® ... ® F;* endowed with the induced tensor product metric. If £2 €
LPO(Ff®...® F) forsome 1 < pg < oo, then forevery 1 < py,..., p; < o0

such that
1 1 1
l——=—+...+—,
Po P1 Pi

and for every u; € LPi(M, F;),i = 1,...,[, one can prove that
[ 12001 4V < 1@l ol -

O

Lemma B.6. The Lebesgue space (L? (M, F), | - | p) is a Banach space which is
reflexive for 1 < p < oo.

Now fix a smooth connection V on F compatible with /. In what follows,
we still denote by V the tensor product connections (1.24) induced by V and the
Levi-Civita connection D& of (M, g).

Definition B.7. Letu € LL (M, F)andletv € L. (M, @’ T*M ® F). We
say that V/u = v weakly if

J
/M(u, (VI)*¢)dVy = /M(v,¢)dVg, Vo € (QQT*M ® F).

where (V/)* denotes the formal adjoint of V/ € PDOY) (F, ®j T*M ® F).
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Definition B.8 (W*-?—sections). Let 1 < p < oo and let k € Ny. We define
the Sobolev space WX:P (M, F) of Wk-P —sections of F — M to be the natural
K—vector space whose underlying set consists of all u € L? (M, F) such that, for
each 1 < j <k, there exists v; € LP (M, ®j T*M ® F) satisfying V/u = v;
weakly. The Sobolev W¥:? —norm || - | p,x on Wk-P(M, F) is given by

k
lelle,p =D IV ullp.
j=0

Note that, by definition, W%? (M, F) = L?(M, F). Moreover:
Theorem B.9. W5-P(M, F) is a Banach space which is reflexive for 1 < p < co.
By the Banach—Alaoglu theorem of functional analysis, one gets:

Corollary B.10. If1 < p < oo, then every bounded sequence in WP (M, F)
has a weakly convergent subsequence.

Let Iy (F) denote the space of compactly supported sections of F — M. The
next result implies that we could have defined WX-? (M, F) as the norm comple-
tion of (I'o(F), || - llx,p)-

Proposition B.11. If1 < p < oo, then I'y(F) is dense on W&-P (M, F).

Contrary to what our notation suggests so far, the spaces W*-?(M, F) may
heavily depend on the choices of a metric g on M, a metric £ on E and, in case
k = 1, the choice of a compatible connection V on F. In fact, when M is noncom-
pact, this dependence has to be seriously taken into account. On the other hand, it
turns out that for compact base manifolds M these spaces are independent of these
choices and, although their norms always depend on the various choices of g, &
and (possibly) V (all of which will be clear in the context), a change of choices
always gives equivalent norms. Indeed, we have the following (cf.

( , p-251, Theorem 10.2.36)):

Theorem B.12. Let F — M be a vector bundle over a compact, oriented,
n—manifold M. Suppose that g; is a Riemannian metric on M, h; is a metric
on F and that V; is a smooth connection on F compatible with h;, wherei = 1, 2.
Then we have the set equality

WEP(M, F;g1,h1, Vi) = WEP(M, F; g2, ha, V)

and the identity map between these Banach spaces is a bounded linear map.
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We finish this appendix stating the so-called Sobolev embeddings (cf.

( , Theorem B.2, p. 182)). In what follows, we suppose M to be

a compact, oriented, n—manifold. Moreover, for each j € Ny, we let C/ (M, F)

be the space of C/ —sections of F — M, i.e. the space of all maps u: M — F

of class C/ such that 7w o u = 137. We endow C/ (M, F) with the uniform
C/ —topology induced by the W/>>°—norm.

Theorem B.13 (Sobolev embeddings). Let 0 < j < k be integers and let 1 <
P,q < oo be real numbers.

(i) Ifk—2% = j -

then the natural inclusion

NE

WkP(M, F) < W74 (M, F)

is a bounded linear map. Moreover, if strictly inequality holds this inclusion
map is compact.

(i) Ifk — % > ] then there is a compact bounded inclusion map
WkP(M,F) < C/ (M, F).

As a consequence, we have the following multiplication theorem.

Theorem B.14. Letk € Ny andlet 1 < p,r,s < oo be such that either

1 1 k 1
r,s=zp and —+-<—+—
ros n p
or
1 1 k 1
r,s>p and —+—-<—+ —.
ros n p

Then, the (pointwise) multiplication map
WEr (M) x Whs (M) - whP (M)

is well-defined and continuous.
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