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If I boil in the fire of my existence for a while,
that is because I want to forget you for a while,
to get a new soul and put away my wisdom,
and then you become the wine of my glass.
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Muhammad Balkhi) published in Kulliyat-e
Shams-e Tabrizi, with translation by the first
author, Hossein Movasati.
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The present book is a sequel to the first author’s book “A Course in Hodge The-
ory: With Emphasis on Multiple Integrals”. The first book focuses mainly on
affine hypersurfaces and the study of the Hodge locus through the Fermat vari-
ety and uses techniques from singularity theory, such as Brieskorn modules and
vanishing cycles. This book intends to tell us the Hodge theory of smooth pro-
jective varieties and their properties inside families. This is the study of Cech
cohomology, hypercohomology, Algebraic de Rham cohomology, Gauss—Manin
connection, infinitesimal variation of Hodge structures and Hodge loci. Despite
this, in order to do concrete computations, we will be back to our favorite example
of hypersurfaces. Both books intend to make Hodge theory as computational as
possible, either by hand or by computer. Together with other classical books in
Hodge theory such as Voisin’s two volume books, they can be used in a Graduate
course. It is mainly for students and researchers who want to study the Hodge
conjecture in families. We assume a basic knowledge in both Algebraic Topology
and Algebraic Geometry.

Hossein Movasati, Roberto Villaflor Loyola
May 2021, Rio de Janeiro, RJ, Brazil



The first draft of the present book was the lecture notes of a second course in
Hodge theory presented by the first author in 2015 to the second author. These
notes were developed into the second author’s Ph.D. thesis and the present text is
the outcome of this collaboration.

1.1 Computational Hodge theory

In order to solve a mathematical problem one may generalize it until a solution
comes out by itself and this method is, for instance, present in Grothendieck’s
philosophy. A completely different approach must be adopted if one has the feeling
that the Hodge conjecture is wrong. Instead of generalizations, one has to study so
many particular examples, and one has to compute so many well-known theoretical
data, such that the counterexample comes out by itself. Once you are in the ocean
without compass, all directions might lead you to a land. If such a counterexample
is found then it would be like a Columbus’ egg and there will be an explosion of
other counterexamples. Even if the Hodge conjecture is true, the belief that it is
false makes us to take a more computational approach, and at least this makes
the Hodge theory accessible to broader class of mathematicians, and in particular
those who love computational mathematics, either by hand or by computer. The
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first author’s book Movasati (2021) is the first attempt in this direction. Since the
main focus of this book is smooth hypersurfaces, we feel that one has to prepare
the computational ground for arbitrary smooth projective varieties and the present
text is the output of this attempt.

1.2 Some missing details

In an attempt to make a piece of mathematics more computational, one might
think that all the credit belongs to theory makers and one does only hard exercises
of these theories, and therefore, this kind of mathematics might be banned from
publication in “prestigious journals”. The amount of time and effort needed for
this purpose is usually higher than if we wanted to contribute for producing more
theories. One may also find some missing details in the work of theory makers
which are as important as the main body of such theories. Here, we would like to
highlight one example. In a personal communication (November 09, 2018) with P.
Deligne, the first author posed the following question: ““ I got motivated to write
this email after seeing your talk ‘what do we mean by equal’, and after getting
the feeling that in the foundation of Hodge theory not every detail is explained.
Let me explain this. For a smooth projective variety over C we know that there
is a concrete canonical isomorphism between the usual de Rham cohomology by
C*° forms and the algebraic de Rham cohomology. Therefore, all the concepts
in the topological side, such as cup product, cohomology class of cycles etc. can
be transported to the algebraic side and can be defined in a purely algebraic fash-
ion. However, my impression is that nobody has verified concretely that the alge-
braic objects are the exact transportation of the corresponding topological objects.
For instance, Grothendieck’s definition of a class of an algebraic cycle must corre-
sponds to the one defined by integration, but I do not see if it is written somewhere.
In particular, when the algebraic cycle is singular, the only rigorous proof that I
see is the resolution of singularities. Anyway, with my student Roberto Villaflor,
we are trying to write a book containing the maximum details, however, we are
stuck in this kind of issue. I would be grateful if you clarify this for us.” The
answer came few days later. “I have not thought about proving the compatibility
between Grothendieck’s definition of the class of a cycle and integration, because
I never used the latter. I like to use cohomology, not homology, and I like def-
initions which are uniform across cohomology theories (motivic philosophy)...”,
(P. Deligne, personal communication November 13, 2018). As an idiom says “the
devil is in the detail” and such missing details in the literature took more than 4
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years of both authors.

1.3 The organization of the text

The emphasis of the first book Movasati (ibid.) was mainly on hypersurfaces and
the study of the Hodge locus through the Fermat variety. This book intends to
tell us the Hodge theory of smooth projective varieties and their properties inside
families. This is the study of Cech cohomology, hypercohomology, Gauss—Manin
connection, infinitesimal variation of Hodge structures, Hodge loci etc. Despite
this, in order to do concrete computations, we will be back to our favorite example
of hypersurfaces. A synopsis of each chapter is explained below.

In Chapter 2 we present a minimum amount of material so that the reader gets
familiar with Cech cohomology. We need to represent elements of cohomologies
with concrete data and we do this using an acyclic covering. In Chapter 3 we aim
to define hypercohomology of a complex of sheaves relative to an acyclic cover-
ing, and hence, we describe elements of a hypercohomology with concrete data.
We discuss quasi-isomorphisms, filtrations etc., adapted for computations. This
chapter is presented for general sheaves, however, our main example for this is
the sheaf of differential forms. In Chapter 4 we prove the Atiyah—Hodge theorem
which says that the elements of the de Rham cohomology of an affine variety is
given by algebraic differential forms. This paves the road for the definition of al-
gebraic de Rham cohomology in the next chapter. Chapter 5 is fully dedicated to
algebraic de Rham cohomology and the fact that it is isomorphic to the classical
de Rham cohomology. We need to describe this isomorphism as explicitly as pos-
sible because we want to transport the integration of C*° forms to the algebraic
side, where integration becomes a purely algebraic operation. The objective of
this chapter is to collect all necessary material for computing the integration of el-
ements of algebraic de Rham cohomologies over algebraic cycles. In Chapter 6 we
capture the cohomology of affine varieties by using logarithmic differential forms.
This is needed in order to take residues. This is not possible using only Atiyah—
Hodge theorem. This theorem for the complement of smooth hypersurfaces turns
out to be the Griffiths theorem which also finds a basis of such de Rham cohomolo-
gies. This is explained in Chapter 7. These are used in order to integrate elements
of algebraic de Rham cohomology of hypersurfaces over complete intersection al-
gebraic cycles which is done in Chapter 8. Chapter 9 is devoted to the description
of Gauss—Manin connection of families of algebraic varieties. In this chapter we
work on the general context of arbitrary families of projective varieties, whereas
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Movasati (2021) focused on the computation of Gauss—Manin connection for tame
polynomials, and in particular families of hypersurfaces. One of the main theo-
rems proved in this chapter is Griffiths transversality. It relates the Gauss—Manin
connection to the underlying Hodge filtrations. We do not give concrete applica-
tions of the Gauss—Manin connection in Algebraic Geometry, however, its partial
data, namely the infinitesimal variation of Hodge structures (IVHS) has success-
ful applications. This includes the famous Noether—Lefschetz theorem which says
that a generic surface in the projective space of dimension three has Picard rank
one. Chapter 10 is dedicated to this topic. In Chapter 11 we observe that Hodge
cycles of smooth hypersurfaces give us Artinian Gorenstein rings, and in this way,
many topological problems can be reduced into commutative algebra problems.
This will be elaborated more in Chapter 12 in which we explain many well known
components of the Hodge locus for hypersurfaces.



1l faut faisceautiser. (The motto of the french revolution in algebraic and complex
geometry, see Remmert (1995, page 6)).

2.1 Introduction

The first examples of cohomology theories were constructed in the first half of
20th century, being the first one of them the singular cohomology. Almost at the
same time, other cohomology theories, such as De Rham and Cech cohomology,
were constructed and intensively studied. In this chapter we aim to introduce Cech
cohomology, as an explicit construction of the so called sheaf cohomology.
Similarly to the case of singular cohomology, in most situations we only need
to know a bunch of properties of sheaf cohomology in order to compute it. Thus,
we might have wanted to give an abstract approach to sheaf cohomology (as we
did in Movasati (2021, Chapter 4) by giving the Eilenberg—Steenrod axioms for
singular cohomology). It turns out that the right abstract approach to introducing
sheaf cohomology is through category theory, as derived functors. Although that
approach has the advantage of providing natural proofs for several properties of
sheaf cohomology, in some occasions we need to have a concrete description of
these groups and their elements. For instance when we want to formulate obstruc-
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tions as elements of some sheaf cohomology group. Since we are mainly interested
in computing elements of the cohomology groups, we decided to introduce Cech
cohomology and prove directly from its constructive definition the main proper-
ties of sheaf cohomology. This may have enlarged a little the proofs of some
properties, but it has the advantage of saving us the trouble of introducing the lan-
guage of derived functors, making the exposition more elementary. We assume
that the reader is familiar with sheaves of abelian groups on topological spaces.
The interested reader can consult other books like Bott and Tu (1982, Section 10),
Voisin (2002, Section 4.3), Godement (1973) or Bredon (1997), for a categorical
and fairly more involved presentation of sheaf cohomology theory.

As this is a course of Hodge theory, we will be interested in sheaves related
to the complex structure of a complex manifold or variety. In what follows, we
list some of the main examples of sheaves we will study over a complex manifold.
Consider a complex manifold X, we denote by Oy the sheaf of holomorphic
functions on X, by .Q)l;an the sheaf of holomorphic p-forms on X, by .Q)’;’q the
sheaf of C® (p, q)-forms on X, by 2%, the sheaf of C*® p-forms on X, by
Tyw the analytic ideal sheaf of a subvariety i : ¥ < X and by O%.. the sheaf
of invertible holomorphic functions. Note that the group structure in all these
examples is given by addition, except for the last one in which it is given by mul-
tiplication. Note also that the sheaves of C*° forms, such as Q;}’q and _Q)I;oo,
are C§’-modules, where C§ denotes the sheaf of C> complex valued functions
defined on X. On the other hand, O xan, Q)’;an and Zya are O yan-modules, also
called analytic sheaves. Some important examples of short exact sequences of
sheaves are

0225 Oxn 2B 0%, — 0, Q.1)
00— IYan —> OXan —> i*OYan — 0. (22)

Later, in Chapter 4, we will introduce on a smooth complex algebraic variety X,
the algebraic analogues of the analytic sheaves mentioned above. We will keep the
same notation for algebraic sheaves, dropping the superscript X *" which indicates
the analytic structure. We reserve the clean notation for algebraic sheaves, since
after we have introduced them, we will continue working almost exclusively with
them.

2.2 The first cohomology group

Before going to the general definition, let us explain the basic idea behind the
definition of the first cohomology group. Recall that a sheaf of abelian groups &



2.2. The first cohomology group 7

on a topological space X is a collection of abelian groups
S(U), U C X open,

called the sections of & defined over U, together with restriction maps of sections
such that every section is uniquely determined by its restrictions to any open cover
of'its domain. The group S(X) is called the set of global sections of 8. Some other
equivalent notations for this are

8$(X)=TI(X,8) = H°X,S).

For every point x € X, the stalk of S at x is denoted S, and corresponds to the
group of germs of sections of § defined over some neighbourhood of x € X. A
short sequence of sheaves

0—>8 =8 —83—0,
is exact if and only if it is exact at its stalks
0—>81x —>8.x—>83x—>0,

for all x € X. It is not difficult to see that every exact sequence of sheaves of
abelian groups
0—>8 >8 —>83—>0 (2.3)

induces an exact sequence in global sections
0— 81(X) = 82(X) — 83(X), (2.4)

where the last map is not necessarily surjective. The sheaf cohomology groups
H'(X,S8) are groups completing (2.4) into a long exact sequence of the form

0— H%X.,8)) - H%X.8,) > H°(X.83) - H'(X,81) > H (X, $,) —
HY(X,83) > H*(X.81) —> H*(X,8) — ---

with H%(X,8) = 8(X). For this reason, the elements of H!(X,8;) can be re-
garded as obstructions to the surjectivity of H%(X,85) — H%(X, 83). The idea
to construct these obstructions is as follows. Suppose there exists an open cover-
ingld = {U;, i € I} of X such that the exact sequence (2.3) remains exact when
taking the sections defined over U; and U; N U; for every i, j € I. For instance,

we have
0 — 81(U;) — 8(U;) — 83(U;) — 0.
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Remark 2.1. In general such covering might not exist. In fact, the surjectivity of
82,x — 83,5 does not imply the surjectivity of 8,(U) — 83(U) for some open
neighborhood U of x. However, this will be the case in most of the examples in
this book and (in particular for (2.1) and (2.2)).

Forevery f € 83(X) we can take f; € 8»(U;), i € I suchthat f; is mapped
to f|y; under 82(U;) — 83(U;). This implies that the elements fj|y;nu; —
filu;nu; € 82(U; N Uj) are mapped to zero in 83(U; N Uj) and so there are
elements f;; € 81(U; N Uj) which are mapped to fj|u;nu, — filu,nu,- 1f we

consider a different choice ]7, € 82(U;) mapped to f |y, under 8>(U;) — 83(U;),
then

gi = fi — fi € 82(Up)

is mapped to zero in 83(U;) and so there exists &; € 81(U;) that is mapped to g;.
In consequence

§iluinu, — &lvinu, — fi + fiy =0, (2.5)

since it is mapped to zero in 82 (U; N Uj). This leads us to define the first coho-
mology group of I/ with coefficients in §; as

HYU.81) :={(fyj.i.j € D) : fij € $1(UiNU;), fii =0, fij+fjx+fri =0in UiNU;NUx}/ ~
modulo the equivalence relation given by (2.5), that is,
(fij. i.j€l)~(fij. i.j€l)

if there exist g; € 81(U;) such that (2.5) holds.

2.3 Coverings and Cech cohomology

After introducing the first sheaf cohomology group relative to a covering, we turn
now to the general definition of the so called Cech cohomology groups. As usual,
these groups correspond to the cohomology groups associated to a complex of
abelian groups that is defined as follows.

Definition 2.1. Let X be a topological space, 8 be a sheaf of abelian groups on
X andU = {U;, i € I} be a covering of X by open sets. Let U? be the set of
(p + D-tuples o = (Ujy, ..., Uj,), io,...,ip € I. Define for every o € ur

lo| = Uigi, = ﬂszUij.
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A p-cochain f = (fy)seyr is an element of
[T #°Uol.9).
oeUur

Let 7 be an element in the permutation group of the set {0, 1,2, ..., p}. It acts
on U? in a canonical way: for o = (Uj,...,U;,) the action of 7 is given by
70 = (Ui s -+ Uiy,y). Wesay thata p-cochain f is skew-symmetric if

Jro = Sign(”)fa Yo e UP.

These cochains form an abelian group denoted by

CPU,8):=1f € 1_[ H°(|o],8) : f is skew-symmetric} .

oeur

Foro e P and j =0, 1,..., p denote by o, the element in UP~1 obtained
by removing the j-th entry of 0. Since |o| C |oj|, the restriction maps from
H%(|oj|,8) to H%(|o|, 8) are well-defined. We define the boundary map as

p+1
§: [T #H%ol.8) = [T H°(0L.8). (e =D (=1 fo; ljo) -
oeu? oeypr+1 j=0

Proposition 2.1. The boundary map defines a map of skew-symmetric chains, i.e.
5(CPU.8)) < CPHIU.S).

We omit the proof of Proposition 2.1, which can be easily seen from the fol-
lowing simplification of our notation. From now on we identify o with igiq ---ip
and write a p-cochain as f = ( fiyi i, ij € I). For simplicity we also write

p+1

L - —1)/ .
O Nivir-iper = DD i iy

Jj=0
where i ; means that i; has been removed.

Proposition 2.2. The boundary map restricted to skew-symmetric chains defines
a complex of abelian groups, i.e.

08 =0.
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Proof. Let f € CP(U,8). We have

p+2
, ~ .
@ Dioivipe = DD iyt i i
j=0
p+2 [j—1
_ _1\/tk A
=D | 2 it iyt
j=0 \k=0
pt+2
_\JH+I-1 o
+ Z ( 1) fioil"'ij"'il'“ip-i-z
I=j+1
=Y DR s
k<j
_\JH-1 o _
+ ) D T iy, =0
j<l

O]

Definition 2.2. The Cech cohomology of I/ with coefficients in the sheaf § cor-
responds to the cohomology associated to the following cochain complex

0 COW.8) > clu,s) > ccus) S ccaus) > e

In other words, the p-th Cech cohomology group of I/ with coefficients in 8 is

Kernel(C? (U, 8) i CPt W, s))
Image(C?~1(U, 8) A crU,3))

The above definition depends on the covering /. We want to construct coho-
mology groups H?(X,8) depending only on X and 8. In order to do this, we
analyze the behaviour of the Cech cohomology groups under refinements.

HPU,8) =

Definition 2.3. For two coverings U; = {U;;, j € I;},i = 1,2 we write
U1 < Uy and say that U is a refinement of U5, if there isamap from ¢ : I1 — I,
such that Uy,; C Uy 4(;) foralli € 1.

The set of all open coverings of X together with the refinement relation is a
directed set, i.e. for two coverings U, and U, there is another covering U3 such
that /3 < Uy and Uz < U;.
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Every refinement I/; < U, induced by a map ¢ : I; — I, defines a cochain
map

D : CP(U2,3) — CP(L{I,S), @(S),‘O...,'p = S¢(i0)"'¢(ip)|Uio-~-ip'

Since this map commutes with the boundary map, it induces a map in Cech coho-
mology.

Proposition 2.3. The induced map in cohomology
®:HP(U,8) — HP (Uy,8).
is independent of the considered refinement map ¢ : Iy — I».

Proof. If : Iy — I, is another refinement, the induced map
v CP(U,8) — CP(Uy,8)

is homotopic to @. In fact, the homotopy H : CPT1(U,8) — CPU,,8) is
given by

p
. l
H()igip = Y _ (=D Sy tio)vr )o@ Uigi, - 2.7)
=0

It is left to the reader the verification of the equality @ — W = 6o H + H 04. [

The previous proposition implies that for any topological space X, the p-th
Cech cohomology groups of a covering form a directed system of abelian groups
under refinements.

Definition 2.4. The p-th Cech cohomology group of X with coefficients in § is
the group
H?(X,8) :=dir limyH? (U, ).

Recall that the direct limit H? (X, §) can be realized as the union ofall H? (U, 8)
for all coverings U, quotient by the following equivalence relation: two elements
o € HP(Uy,8) and B € HP(U,,8) are equivalent if there exists a covering
Uz < Uy and U3z < U, such that @ and B are mapped to the same element in
H? (U3, 8).
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2.4 Acyclic sheaves

Usually, we do not deal with the direct limit of Definition 2.4. This is due to
the fact that most sheaves admit good coverings attaining the limit, the so called
acyclic coverings. In order to prove such a result we have to introduce first acyclic
sheaves.

Definition 2.5. A sheaf S of abelian groups on a topological space X is called
acyclic if

H*(X,8) =0, k=1,2,...
Definition 2.6. Let A be a sheaf of rings over a topological space X . Every sheaf
F of A-modules is called fine if A satisfies the following condition: For every
locally finite open covering U = {U;};cs of X, there exists a partition of unity

fi € A(X) with Supp f; € U; and ) ,; fi = 1 (where this last sum is well
defined locally and define a global section since A is a sheaf).

Example 2.1. The main examples of fine sheaves that we have in mind are the
following: Let X be a C > manifold, and denote C$’ the sheaf of C > functions
with real or complex values. Then all the C§’-modules are fine, such as £2% ., of
C ™ differential i-forms on X. If X is a complex manifold then the sheaves .Q)l}’q
of C° differential (p, ¢)-forms on X are also fine.

Proposition 2.4. Let S be any fine sheaf over a topological space X. Then for
every locally finite open covering U of X and every k = 1

H*U,8) = 0.
In particular, every fine sheaf on a paracompact topological space is acyclic.

Proof. LetU = {U,};cs be the locally finite open covering of X. Then for every
k=1ando € CK(U,8) with §o = 0 let us define t € C¥~1(U, 8) as

TiO"'ik—l = Z fiaiiO"'ik—l s
iel
for some partition of unity { f; };cs subordinated to /. Then
k

k
EDigwix = I (DY fi0y it = 2 Si D (D 041 i = Ot
=0 0

iel el =

In other words o = §7, and so H*(U, 8) = 0, Vk > 1. O
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Definition 2.7. A sheaf'§ is said to be flasque if for every pair of opensets V C U,
the restriction map S(U) — 8(V) is surjective.

Proposition 2.5. Let S be any flasque sheaf over a topological space X. Then for
every open covering U of X and every k = 1

H*U,8) = 0.
In particular, every flasque sheaf is acyclic.

Proof. Let 8 be a flasque sheafand o € C* (U, 8) such that o = 0. Let us define
t € C*¥=1(U,8). For simplicity let us assume that the covering U = {U; }ies
is finite (this assumption might be removed by a transfinite induction argument).
Inductively on the set of multi-indexes (ig, ..., i) with ip < --- < i} ordered
lexicographically, we define

’

o . )any element of $(U;,..;,) ifiy =0
"I any extension of 0, ... ifi; >0

where 0, .., € S(U?;é Uji, i, ) is locally defined as

k
5. — ..‘_E:_l ~
O—ll"-lk|U/l'1‘..,jk L U]l]"'lk ( 1) Tjil"'ilil<|U/i1“'ik'
=1

It is routine to check 7 € CK~1(14, 8) is well defined and §7 = o. O

Example 2.2. Let X be a topological space and G be any abelian group. The
skyscraper sheaf supported in a point x € X with values in G is the sheaf iy (G)
given by

G ifxeU

0 ifxe¢eU

with restrictions the identity or the zero map. This an example of flasque sheaf.

ix(G)(U) =

Example 2.3. Let G be any abelian group. The constant sheaf G is the sheaf
of locally constant functions from a topological space X to G. This sheaf is not
flasque in general. In fact, when X is an irreducible topological space, G will
be flasque (for instance if X is an irreducible algebraic variety with its Zariski
topology). But as we will see later, when X is a smooth manifold and G = R,
H (X,R)=H éR(X ) and so R is not acyclic in general.
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Example 2.4. Every sheaf § over a topological space X is a subsheaf of a flasque
sheaf. In fact, it is enough to define I as the sheaf of discontinuous sections of
8, i.e.

FU) =[] 8«

xeU

This construction was used by Godement in order to produce acyclic resolutions
of any sheaf of abelian groups, also called Godement resolution. Such resolution
consists of a long exact sequence of sheaves

0—>8 =8 —> 8 — -

where 8o := 8, 8; := F and S;4; is the sheaf of discontinuous sections of
Coker(8;—; — §;). In particular §; is flasque for all i > 1.

2.5 Short exact sequences

Going back to our motivations we will justify that Cech cohomology is a good
candidate for sheaf cohomology since it fulfills one of our main goals. Namely,
for every exact sequence of sheaves of abelian groups

0—>81 >8 —>83—0
we will show the existence of a long exact sequence in cohomology
o= HY(X,81) » H'(X,82) —» H'(X,83) —» H'T'(X,81) — -+ (2.8)

All the maps in the above sequence are canonical except those from i -dimensional
cohomology to (i + 1)-dimensional cohomology. In this section we explain how
to construct this map.

Proposition 2.6. Let X be a topological space and

0—)51i>82£>83—>0

be a short exact sequence of sheaves. If H(X,81) = 0, then the induced se-
quence in global sections

0= 8$1(X) L 85(X) 5> S3(X) = 0

is exact.
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Proof: We want to show the surjectivity of g in global sections. For any w €
83(X), there exist an open covering U = {U; };es of X such that for everyi € 1
there exist some u; € 82(U;) such that gy, (i) = @|y;. In particular, for every
i,jel

§(n)ij = pwj — pi € Ker gy, -
In consequence, there exist 1;; € 81(Uj;) such that fy, (1;;) = 8(i)ij. Then

fUijk ((Sn)ijk) =0,

and since fy;;, is injective it follows that 7 = 0. Since H 1(X,81) = 0, there
exist some refinement &/ < U and ¢ € CO°(U/, 81) such that 5l = §¢. In
consequence |y — f(&) € COU’, 82) and §(u|yr — f(£)) = 0, so it defines a
global section i € 82(X) such that g(t) = w. O

Corollary 2.1. Consider over a topological space X a short exact sequence of
sheaves
f g
0—)81—>82—>83—>0
and an open covering U = {U;}ier such that Hl(ﬂf;lUl-l ,81) = 0 for every
{io < --- <ip} C I finite not empty. Then there exist a long exact sequence

vo > HYU,81) —> H U, 83) > H' (U, 83) —> HITH U, 81) — -+ (2.9)

Proof. By Proposition 2.6 we have a short exact sequence of complexes of abelian
groups
0—>C*U,81)—>C*(U,8)— C*(U,83) >0

which induces the long exact sequence in cohomology (2.9). O
After Corollary 2.1, we can give an explicit description of the coboundary map
H'U,83) — HTL U, 81),

for U an acyclic open cover with respect to 81. In fact, given any w € C (U, 83),
there exist some . € C*(U,85) given by Proposition 2.6 such that o = g(u).
If o = 0, then g() = 0 and so i = f(n) for some n € C U, 8y).
Since f is injective and f(6n) = 0, it follows that §n = 0 and so the image of
w € H' (U, 83) under the coboundary map is n € H' T1(U, 8).

Now it is easy to describe the coboundary map

H'(X,83) — H'TI(X,8)),
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in general. Take any open cover I of X and any w € C* (U, 83). There exist some
refinement 2/’ < U such that there exist © € C*(U’, 82) such that g(i) = w|y.
Imitating the construction of the coboundary map explained above, we produce
the image of w € H* (U, 83) under the coboundary map as n € H' 114, 81). It
is routine to check that this construction is independent of the choices made, and
is compatible with restrictions to refinements, thus it determines the coboundary
map in Cech cohomology. Now it is an exercise to prove that the long sequence
induced is exact.

Proposition 2.7. For every short exact sequence of sheaves over a topological
space X

05858, %85 >0,

there exist a long exact sequence in Cech cohomology

o> HY(X,81) > H (X, 82) > H'(X.83) > H'TH(X,81) = --- (2.10)

2.6 How to compute Cech cohomology groups

Now we are in position to prove Leray’s lemma, which allows to compute Cech
cohomology groups in terms of acyclic coverings.

Definition 2.8. The covering U is called acyclic with respect to 8 if
[‘I‘D(Ui1 Nn---NU;,8 =0
forall Uj,,..., U €U and p,k = 1.

For a real manifold X of dimension n we have a covering of X such that all the
non-empty intersections U, N--- N Uj, are diffeomorphic to R” (actually we will
only need that they are contractible to points). This is also called a good cover and
its existence follows after constructing a Riemann metric on X, see for instance
Bott and Tu (1982, Theorem 5.1, page 42). A good cover is acyclic for constant
sheaves.

Theorem 2.1 (Leray’s lemma). Let U be an acyclic covering of a variety X with
respect to a sheaf 8. There is a natural isomorphism

H*WU,8) ~ H* (X, $).
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Proof. Let 8 be a sheaf over X, and U/ an acyclic open cover of X with respect to
8. Let F be the Godement’s flasque sheaf associated to & given in Example 2.4.
Andlet G := F/S. We will show by induction on k that the natural map

H*WU,8) - H*(X,8)

is an isomorphism. This is clear for k = 0. For k = 1, it follows from Propo-
sition 2.5 that H™(U,F) = H™(X,F) = 0 for all m = 1. In order to use the
induction hypothesis for G, we need to show that I/ is an acyclic cover with respect
to G. Considering the long exact sequence in Cech cohomology associated to the
short exact sequence

0-8—->F—->GG—-0

restricted to each intersection Uy,...;, = ﬂf —oUis> and using the fact that F|Uj,...; ,
is flasque, we get that

H™ (Uiyi,, ) ~ H™ ! (Ui, 8) =0, Vm=1,¥Yp =0,

and so U/ is an acyclic cover with respect to §. By induction hypothesis we have
the following commutative diagram with exact rows (2.9) and (2.10)

H'U,F) — H' U, 9) — HRWU,8) — HXU.F) =0 ——0

JIZ JIZ l JIZ JIZ

HY(X,9) — HF"Y(X,9) — H¥(X.8) = HF¥(X.9)=0——0
and the result follows from the five lemma. O

For a sheaf of abelian groups S over a topological space X, we will mainly use
H'(X,8). Recall that for an acyclic covering U of X an element of H!(X, §) is
represented by

fijesUinUj), i, jel

fij + fik + Jei =0, fij =—fji.i.j.kel

It is zero in H'(X, 8) if and only if there are f; € 8(U;), i € I such that f;; =
fi— fi-
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Remark 2.2. For sheaves of abelian groups 8;, i = 1,2,...,k over a variety X
it is easy to see that

HYU.Ps) =P H U.S). p=0.1....

i=1 i=1

for every open cover U of X. In particular,

HY(X.Ps) =P H?(X.8). p=0.1....

i=1 izl

2.7 Homology

Our main example of an abelian sheaf S is the constant sheaf Z, and in this case it
is natural to talk about homologies as these are more adequate to intuition and the
historical point of view. In this section we are going to describe the construction of
homologies which is not the original one using simplexes, and hence, the names of
universal coefficients in homology and cohomology are interchanged in our case.
For the original construction see for instance Massey (1991). For a fast overview
of homology theories see Movasati (2021, Chapter 4).

Let us fix an abelian group G. For any other abelian group G, let GV be its
dual abelian group:

GY = {f :G—>G morphism of abelian groups } .

Our notation of dual is inspired by the case G = Z. For a morphism of two
abelian groups § : G; — G, its dual §¥ : G;’ — Gi’ is defined in a natural
way. We take the dual of the complex (2.6) and define the set of p-chains as
Ci(U.8) := C'(U,8)V. We arrive at a new complex

8v 8v 8Y 8Y
0« CoUU,8) < C1(U,8) < Co(U,8) < C3(U,8) < --- (2.11)

Note that for simplicity, we have dropped s from the set of p-chains. We also do
not mention G in our notations. It is not hard to see that §¥ o §¥ = 0 and so we
have a complex with decreasing indices. The p-th homology with coefficients in
8 is defined as

Kernel(Cp (U, 8) g Cp-1U,8))

H,U,8) := =
Image(Cp41(U 8) 5 Cp(U.8)
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The reader is invited to analyze the next theorem just in the case § = Z,Q and
G =17,Q.

Theorem 2.2 (Universal coefficients theorem in homology). Let G be an abelian
group. We have the following short exact sequence relating homology with coho-
mology

0 — Ext(H?T1(X,8),G) - H,(X,8) — Hom(H?(X,8),G) — 0.

It might be also interesting to relate H” (X, Hom(S, G)) to H,(X,8). The
proof of Theorem 2.2 is similar to the proof of Massey (1991, Theorem 4.4 page
314). The only difference is that we have started from cohomology and then we
have defined homology, whereas Massey has done the other way around. The
definition of the functor Ext can be found in Massey (ibid., page 313). The reader
might carry in mind that Ext(H?*1(X,Z), Q) = 0, and hence,

HP(X’Q) = HP(X’Q)V'

For a sheaf § of abelian groups and an abelian group G it is also natural to consider
the sheaf of abelian groups § ®7 G and its cohomologies.

Theorem 2.3 (Universal coefficient theorem in cohomology). We have the short
exact sequence

0—> HP(X,8) ®7 G — HP(X,8 ®7 G) — Tor(HP1(X,8),G) — 0.

Again the proof is similar to the proof of Massey (ibid., Theorem 6.2, page
271).

2.8 Relative Cech cohomology

We consider a pair of topological spaces Y C X and a sheaf of abelian groups
S on Y. The trivial extension S of the sheaf 8 to X is defined as follows: for
a connected open set U C X we have § = {0} if U does not intersects ¥ and
= 8(U NY)if U intersects Y. If we denote by i : ¥ < X the inclusion map,
then the trivial extension is just S = i4S. The proof of the next proposition is left
to the reader.

Proposition 2.8. We have HP (X, 8) = HP (Y, 8) forall p = 0.
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We usually omit the tilde and simply write S, being clear in the context whether
S is asheafon X or Y. Now let 81 and 8, be two sheaves of abelian groups over
X and Y. We consider the trivial extension of 8, to X and a surjective morphism
81 — 8, of abelian sheaves. Our main example for this is §; = Z 8, = Z and
81 — 83 is the restriction map. Let & be the kernel of this map, and hence, we
have a short exact sequence

0>8—>8 =8 —0. (2.12)
In our main example of constant sheaves 81 = Z and 8, = Z we have

Z, ifunNny =40
s(U) = 0 otherwise ) (2.13)

for connected open sets U .

Definition 2.9. We define the relative cohomology as
HP?(X,Y,7Z):= H?(X,39),

where S is the sheaf (2.13).

Let us consider a covering U/ of X. Such a covering gives us immediately
a covering of Y: U = {U; := Uj|y}ie;. We would like to have an acyclic
covering for the sheaf 8. This occurs in our main example (2.13) if all the pairs
(Uigiy...ip» Uigiy...i, N Y') are contractible to points.

Proposition 2.9. For a pair of topological spaces Y C X we have an induced
long exact sequence in cohomology

o> HPYW(Y,Z) > HP(X,Y,Z) - HP(X,Z) - H?(Y,Z) — - --
Proof. 1t is induced by the short exact sequence of sheaves (2.12). O

The reader who for the first time encounter the notion of Cech cohomology is
invited to compute the cohomologies of the n-dimensional sphere:

Z ifm=0,n
m n ~ ’ ’
H7(S".2) = % 0 otherwise (2.14)
Z ifm=n
mmn+1 n ~ ’
HT(B™.8%7) = % 0, otherwise (2.15)

For examples of such a computation see Bott and Tu (1982, page 100).
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2.9 Resolution of sheaves

Now we turn to a more conceptual way to compute cohomology groups in terms
of acyclic resolutions. Recall that a complex of sheaves of abelian groups is the

following data:
ge g0 d0 g1 dy stk &

where 8%’s are sheaves of abelian groups and 8¢ — 8¥*1 are morphisms of
sheaves of abelian groups such that the composition of two consecutive morphism
is zero, i.e

diy_10dy =0, k=1,2,....

Definition 2.10. A complex 8° is called a resolution of S if
Im(d¥) = ker(d¥*Y), k =0,1,2,...

and there exists an injective morphismi : § — 8% such that Im(i) = ker(d?). We
write this simply in the form
S — 8°

For simplicity we will write d = dj, being clear from the context the domain of
the map d.

Definition 2.11. A resolution 8 — 8° is called acyclic if all $¥ are acyclic.

Proposition 2.10. [f0 — 8° is an acyclic resolution, then

0 %% reh 4. %5 psk %
is exact.

Proof. Foreveryi > 0 define the sheaf 3% := Im d;. We get short exact sequences
foreveryi > 1

0> 158 55 0.
We claim that 37 is acyclic for every i > 0. In fact, 7% = 8° is acyclic. And for
i > 1, it follows from the long exact sequence in Cech cohomology and the fact
that 8 is acyclic, that

Hf(X, ) ~ HF P\ (x, 9 =0, Vk=1.
Then, by Proposition 2.6 we obtain that
0— I'(F Y > @) - r@F)—o

is exact, and the result follows. O
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The next result tells us how to compute Cech cohomology in terms of the
cohomology in global sections of an acyclic resolution of the sheaf. For the reader
acquainted with derived functors, this theorem shows that the Cech cohomology
is isomorphic to the derived functor of the global sections functor. In other words
Cech cohomology is isomorphic to sheaf cohomology.

Theorem 2.4. Let S be a sheaf of abelian groups on a topological space X and
8 — 8°* be an acyclic resolution of S then

H™(X,8) =~ H"(I'(X.8%).d), n =0,1,2,.... (2.16)

where

8% : 1% % reh 4. st pemy %

and

ker(dy,)

Hn(F(X,S.),d) = m

Proof. We will prove it assuming there exist an open cover Y = {U;}iey of X
which is acyclic with respect to 8 and all 8¢, i > 1. Moreover, all the cohomolo-
gies of the complex of global sections of 8® over intersections of open sets in I/ are
zero. A more abstract proof can be given similar to the proof of Proposition 2.10,
see for instance Gunning 1990c, Corollary D5. Let

8 :=C/U.8), 8;:=CIU.8). I'(§):=T(X.8§).
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Consider the double complex

0 0 1 1

0 - 8 - 8 - 8 - 8 - - & -
) 0 1 0 1

0 = 81 — 84 — 8, —- 8, — - S~
) 1 1 t 1
1 1 0 1 1

0 - 8 — Sg — 8% — 5% - 8 g
1 1 1 0 1

0o - 8 — 8(1’ — S% — 8% — e = 8t —
1 1 T 1 1

0 > 8 — 8 —> 8§ - 8 - - > & -
1 1 1 )

ré® — r@¢HYy - r@?» - -+ - rEHy —
1 T t 1
0 0 0 0

2.17)
The up arrows are § and the left arrow at 85 is (—1)4d, that is, we have multiplied
the map d with (—1)9, where g denotes the index related to Cech cohomology. Let
us define the map A4 : H"(I"'(X,8%),d) — H"(X,8). It sends a d-closed global
section w of 8" to a §-closed cocycle @ € C" (U, S) and the recipe is sketched
here: We can construct the following sequence of elements in the diagram (2.17)
starting from w € I'(8")

0
T
a —»> o > 0

T

770 - ! - 0
T
nt (2.18)

wn—l N
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Where an arrow @ — b means that a is mapped to b under the corresponding map
in (2.17), and " is the restriction of w to opens sets U;’s. The same diagram
(2.18) can be used to explain the map B : H*(X,8) — H"(I'(X,8°%),d). In this
case we start from o and we reach w. If we check that A and B are well-defined
maps, it follows immediately that one is the inverse of the other. Let us check that
A is well-defined (for B is similar). Consider a different choice in the diagram

0
T
¥ - @ > 0
1 T
7 - ® - 0
1
oL (2.19)
) "1 > 0
7 1
Tl s " = 0

We have to show that « = @ € H"(X,8), in other words that « — & = 8 for
some B € C" (U, 8). In order to do this, we have to show first that

=7 =8 +dy’

forsome B! € C" 27 (U, 8 )and y* € C" 17 (U, 87 1) foreveryi =0,...,n—
1. This is not hard using the following diagram obtained after subtracting (2.18)
and (2.19)
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0
~ TN
a—oa —» '—-2° —> 0
t T
-7 - o'-w' - 0
T
nt =7
o=l 5 0
T
r]”_l 7]4”_1 - 0 — 0
T
0

(2.20)
In fact, it follows from (2.20) that ! —%"~! = dy™~! and proceeding by
decreasing induction on i we are able to show that ni_l —7_1 + (—1)i8yi is
d-closed, and so d-exact. In particular we get that n° —7° = §8° 4 y° for some
y® e C" 71U, 8) and s0 §y° = w® — B° = o — @ as desired (note that in our
notation we have identified o with ©® and @ with @° by looking at § as a sub-sheaf
of 89).

In the general case we cannot apply Proposition 2.10 in order to construct the
maps A and B. Nevertheless, we can proceed in the same way in order to construct
A and B taking care of passing to adequate refinements at each step. It is still an
exercise to check that these constructions are well-defined, and that one is the
inverse of the other.

O]

Remark 2.3. If we do not care about using d or (—1)2d we will still get isomor-
phisms A and B, however, they are defined up to multiplication by —1. The mines
sign in (—1)4d is inserted so that D := § 4+ (—1)?d becomes a differential op-
erator, that is, D o D = 0. For further details see Bott and Tu (1982) Chapter
2. Another way to justify (—1)7 is to see it in the double complex of differential
(p, q)-forms in a complex manifold.
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2.10 De Rham cohomology

Using different acyclic resolutions of a sheaf we can relate certain sheaf cohomol-
ogy groups with other classical cohomology groups. Our first example is de Rham
cohomology.

Definition 2.12. Let M be a (real) C°° manifold. The de Rham cohomology
groups of M are defined as

. . lobal closed i -f M
H(iR(M) = HZ(F(MaQ].‘/[oo),d) — global closed 7 -1orms on

global exact i-forms on M

We denote by £2X . the sheaf of € differential k-forms. Since every C
map between smooth manifolds f : X — Y, 1nduces via pull-back of differen-
tial forms a morphism of sheaves [P LENN Sx$§2% o which commutes with the
differential operator d. It follows that de Rham cohomology groups are functors
from the category of smooth manifolds to the category of vector spaces, and so
they are invariant under diffeomorphism. In fact, it is not hard to show that they
are invariant under C °° homotopy equivalence.

Theorem 2.5. Let f,g : X — Y be two homotopic C > maps between smooth
manifolds, i.e. such that there exists a C>®° map H : X x R — Y such that

() =1
HxD=1 "% i <o.

Then . .

ff=g"  HRx(Y) > HR(X).
In particular, manifolds of the same homotopy type have isomorphic de Rham co-
homology groups.

Proof. Define 59,51 : X = X xR by so(x) := (x,0) and s1(x) := (x, 1). Then
f*=sToH" and g* =s50H".

Thus it is enough to show that
sq =57 Hiy (X xR) — Hiz(X).

In fact we will show that both are inverse to 7* where # : X xR — X is
the first projection. It is clear that s5 o 7* = s7 o ™ = idHé' (x)- On the
R
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other hand in order to show that 7* o 5 is the identity it is enough to find a map

K: F(‘Q(.XXR)OO) — F(.Q(';}(R)OO) such that

. . kR
ldF(QEXXR)oo) nrosy =dK + Kd.

The desired map is

t
K(w)(x,t) = /0 L%(a))(x,s)ds.
O

Corollary 2.2. (Poincaré Lemma) If M is contractible (e.g. an open ball of R")
then

; R ifi=0

1 _ k]

Proof. The identity id : M — M is homotopic to the constant map ¢ : M — M
with ¢(x) = xo forall x € M. Then id* = c*, but c*(Hjz(M)) = 0 fori > 0
and c*(H(?R(M)) =R.

O]

Poincaré lemma implies that the complex of sheaves of differential forms is
exact fori > 0.

Definition 2.13. Let M be a smooth manifold, the de Rham resolution of the
constant sheaf R — (£2},00.d) is

d d d
0= R — 2% = Ro0 — 2igoo —> -

Theorem 2.6. The de Rham resolution is acyclic. In consequence
H'(M,R) = Hiz(M).
Proof. In Example 2.1 we observed that that the sheaves .quoo are are fine and

so acyclic. The second statement follows from Theorem 2.4.
O
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Remark 2.4. In the case M is a complex smooth manifold we consider the sheaves
of complexified differential forms £2},., ® C. The de Rham cohomology groups
with complex coefficients are defined as

Hig(M.C) := H'(I'(2}0 ® C).d).
Since tensoring with C preserves exact sequences, it follows that
Hix(M,C) ~ Hx (M) ® C,

and so the complexified differential forms form the (complexified) de Rham res-
olution of the constant sheaf C. Therefore

H'(M,C) ~ H; (M, C).

From now on, whenever we are dealing with a complex manifold we will sim-
ply denote by ijoo and H 5R(M ) the complexified differential forms and the
de Rham cohomology groups with complex coefficients respectively. In the rest
of the text we will only work with complex manifolds and so we will forget to
mention explicitly the underlying complexified structure of the C *° functions, dif-
ferential forms and sheaves.

2.11 Singular cohomology

Another classical example of cohomology group, which can be related to a sheaf
cohomology, is the singular cohomology. Recall from Movasati (2021, Chapter
4) that given G an abelian group and M a polyhedra, we have the singular coho-
mology groups H k (M,G), k =0,1,2,... which satisfy the Eilenberg—Steenrod
axioms. One way to relate the singular cohomology with the sheaf cohomology
with coefficients in the constant sheaf G is by means of Eilenberg—Steenrod theo-
rem.

Theorem 2.7. In the category of polyhedra the Cech (or sheaf) cohomology of the
constant sheaf G satisfies the Eilenberg—Steenrod axioms.

Therefore, by uniqueness theorem the Cech cohomology of the sheaf of con-
stants in G is isomorphic to the singular cohomology with coefficients in G. Thus
there is no ambiguity in using the same notation to denote singular cohomology
with coefficients in the abelian group G and Cech cohomology with coefficients
in the constant sheaf G.
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We will present another way to describe this isomorphism by means of a res-
olution of the constant sheaf G. In order to distinguish the singular cohomology
groups we will denote them by HX (M, G).

sing
Definition 2.14. Let M be a topological space, we define the pre-sheaf of singu-
lar cochains with coefficients in the abelian group G as
Cs]fng(U) := hom(Cr (U), G), for each U C M open,
where Cy (U) denotes the free abelian group of singular chains of U (see for in-
stance Movasati (ibid., Section 4.4)). The singular cohomology groups are
Hfo (M. G) := HN(C3, (M), 5),

sing sing

(M) — Ck+1 (M) is given by §o := @ 0 dand 9 : Cpq1 (M) —

sing

where § : CK

sing
Cr (M) is the boundary map. We denote by Cfing the sheaf of singular cochains

which corresponds to the sheaf induced by CX . The operator § naturally extends

sing*
Eock
sing sing

to a sheaf morphism § : C

Proposition 2.11. Consider the sub-pre-sheaf of CX  given by

sing

ck U):={a e ck (U) : 3V open cover of U and a|ly = 0,VV € V}.

sing sing
Then
Csng(U) = Cs]icng(U)/Cs’icng(U)O
and so CX_is flasque.

sing
Proof. LetV = {V;}ies be an open covering of some open set U € M. Given
o € CS’i‘ng(Vi) such that o;|y;ny; = ajly;ny, foralli,j € I. Itis clear that
there exists a unique o € hom(Clzj(U), G) such that o|y; = o;, where

CY(U) =) Cr(Vi) C Cr(U)
iel

is the group of V-small singular chains of U. Therefore there exists a unique

extension of o to C S]i‘ng(U ) modulo the subgroup

{o € Ch(U) alcyy = 0}
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(U)/Ck (U)o

sing

and so the sheafinduced by C¥ _is given in each open set U by C¥

sing sing

as claimed. In order to see that Cg‘ing is flasque, it is enough to see that the restriction

map CX (M) — Ck _(U) is surjective. O

sing sing

Theorem 2.8. Let M be a locally contractible topological space. Then the sheaf

complex

§ 8 8
0 1 2
0—>G— Csing — Csing — Csing — ..

is exact, i.e. (C*__,8) is a resolution of the constant sheaf G. In consequence
sing q

H*(M.G) ~ HE (M. G).
Proof. In order to show the exactness of the sequence it is enough to show that
the pre-sheaf sequence
0>G6-c0 Sel Lc2 5

sing sing sing
is exact at the stalks. Since M is locally contractible, it is enough to show that for
every contractible open sets U C M the sequence

§ § §
0—>G — CQ,(U)—> Cg,(U) = C5,(U) — -+

sing sing

is exact. This is equivalent to show that HS’i‘n (U,G) = 0fork > 0and Hs(i’ng(U, G)
G which follows from the contractibility of U.
It follows that (C:. , §) is a flasque resolution of G and so

sing’

H*(M,G) ~ H*(r(C2,,).8) = HF(C2, . (M)/CS..(M)g. ).

sing sing sing

In order to finish the proof it is enough to show that the natural projection

7:CS (M)—CS (M)/CS _(M)o

sing sing sing
is a quasi-isomorphism. Using the long exact sequence in cohomology we see that
this is equivalent to show that (Cg,,(M)o.d) is exact. Let o € Csli‘ng(M )o such

that o = 0. Let V be an open covering of M such that O‘|C,X(M) = 0. Given

any singular chain y € Cy (M) we can use barycentric subdivisions to produce a
singular chain yg € C Il} (M) such that

Y — Yo = 0A
for some A € Cx1(M). Thus a(y) = a(yo) + da(A) = 0,and so ¢ = 0. O

12
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There is also a resolution for the relative cohomology. Recall that for a pair of
topological spaces Y C X and an abelian group G, if we denote by i : ¥ — X
the inclusion then the relative cohomology is defined by

H*(X,Y,G) := HF(X, Gy y),
where Gy y is a sheaf over X given by
0— Gx,y - Gx = ixGy — 0,
with Gx and Gy the constant sheaves over X and Y respectively.

Corollary 2.3. Let X be a locally contractible topological space and Y < X
be also locally contractible. Denoting by Cg‘ing(X ) and Cfing(Y ) the sheaves of
singular cochains over X and Y respectively, consider

(€2 .(X,Y),8) 1= ker((C2.(X), 8) — (i+C%,.(Y),$)).

sing sing sing

Then (C:_ (X,Y),38) is an acyclic resolution of Gxy and so

sing
H¥(X.Y,G) ~ HE (X.Y.G).

Proof. 1t is clear that the restriction morphism is an epimorphism and so we have
the short exact sequence of complexes
0—>Cs  (X,Y)—>CS (X)) —ixCS (V) — 0.

sing sing sing

Since the other two are resolutions of the respective constant sheaves it follows
form the long exact sequence (of sheaves) in cohomology that Cs’ing(X ,Y)isa
resolution of G x y. On the other hand taking the long exact sequence in sheaf co-
homology induced by the short exact sequence of sheaves we have that Cfin . (X,Y)
is acyclic for all k¥ = 0. Note that for each open set U € X we have the short
exact sequence

0—>rwc: (X,Y)—»ru,c:. (X)—runy,Cs . (Y) — 0.

sing sing sing

Taking the long exact sequences induced by the following diagram with exact rows

0—— CS.ing(X’ Y) — CS.ing(X) EE— Cs.ing(Y) —0

7 Je J#

0o—— ' (X,Y)) - I (X)) —rec: YY) ———-oo

sing sing sing
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it follows that f is a quasi-isomorphism (since g and / are both quasi-isomorphisms).
Thus, we conclude that

H¥(X.Y,G) ~ H¥(I'(C,y(X.Y)).8) = HX(C3,(X.Y).8) = HE (X.Y.G).
O
In the case G = R (or C) we have the following isomorphisms for M a
manifold
Hj (M) ~ H¥(M.R) ~ HY (M. R).

This isomorphism can be described directly in terms of integration
H]zing(M, Z) x H({‘R(M) —- R, (§,0) —~ /8w

This gives us

HY& (M) — H"™(M,R) = (M,R)

smg

where “means dual of vector space.

Theorem 2.9. The integration map gives us an isomorphism

HE (M) ~ HE

sing

(M,R)
Under this isomorphism the cup product corresponds to

Hi (M) x Hl, (M) = HX (M), (01,02) > 01 Awa, i,j =0,1,2,...
where A is the wedge product of differential forms.

If M is an oriented manifold of dimension # then we have the following bilin-
ear map

Hi (M) x HIH(M) — R, (a)l,a)z)l—>/ wi Awy, i =0,1,2,...
M
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2.12 Dolbeault cohomology

Let M be a complex manifold and fo be the sheaf of C*° differential (p, q)-
forms on M. We have the complex

3 d d d
.Qfll’o — QZI"/[’I — e > .Q]I‘)l’q —> ..
and the Dolbeault cohomology of M is defined to be

global d-closed (p, ¢)-forms on M

HPY(M) := HI(I'(M, 2%:°),0) = = :
5 M) (¢ m )0 global d-exact (p, ¢)-forms on M

The proof of the following classical theorem due to Dolbeault can be found in
Gunning (1990a, Chapter E, Theorem 5).

Theorem 2.10 (Dolbeault Lemma). If M is the unit diskD = {z € C : |z| < 1},
the complex line C or a product of one dimensional disks and complex lines then
Hg“q(M) =0forq > 0.

Let .Qf,lan be the sheaf of holomorphic p-forms on M. By Example 2.1 we
know that £24,%°s are fine sheaves and so we have the resolution of 27,..:

Q]flan

— ‘Q]{J/I’.‘

By Theorem 2.4 we conclude that:

Theorem 2.11 (Dolbeault theorem). For M a complex manifold
HY(M, Q2ya) = H (M)

There are examples of domains D in C” such that H E_;) o1 (D) # 0. See Gunning
(1990b, end of Chapter E).

2.13 Cech resolution of a sheaf

The relation between Cech cohomology and sheaf cohomology can also be ex-
pressed in terms of a resolution, as we explain in this section. Let 8 be a sheaf of
abelian groups over a topological space X and U/ = {U, };cs be an open covering
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of X. For every open subset U C X we define the covering U |y := {U; N U }jer
of U. The sheaf of Cech cochains is defined as

CK U, $)(U) := Crwy, 9),
with the natural restriction maps. The boundary map induces a sheaf morphism

§:CkU,8) — kLW, 9).

Proposition 2.12. The sheaf complex (C*(U, 8), 8) is a resolution of the sheaf 8.

Proof. Certainly ker(§ : CO(U,8) — C'(U,8)) = 8. For k > 1, let us show that

8 $
k=l u,8) S ek, 8) > k1w, 8)

is exact. In order to do this it is enough to show that for every x € X and every
small enough open neighbourhood U of x,

_ 8 8
Uiy, 8) = CkUly,8) = |y, 8)

is exact. Let x € X, then x € U; for some i € /. Consider any open neighbour-
hood U of x suchthat U C U; andleto € ker(§ : CX(U|y,8) — C* M U]y, S)).
Then

k
_ 1
Oigeig |Uii0-~-ikmU - Z(_l) Giio...{;...ik |UiiO"'ikmU'
=0
Since U C U; it follows that Ujj,...;, NU = Uj,...;, NU. Thus defining 7;...;; _, 1=
Oiigip—_; |Ui0-~-ik_1 Ay it follows that §t = o. O

As a consequence we see that the Cech resolution is an acyclic resolution of 8
if and only if the covering U/ is acyclic with respect to S, and so in such case we
have

Hk(X,8) ~ H*(C* U, 8).8) = H*U. ).

Another consequence of the Cech resolution is the sheaf cohomology version of
Mayer—Vietoris sequence.
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Proposition 2.13. Let X be a topological space and S be a sheaf over X. Given
two open sets U,V C X such that U UV = X we have a Mayer—Vietoris long
exact sequence

> H*X,8) > H*YU, )@ H* (v, 8) > H*(UNV,8) - H T (X,8) — ---

Proof. Just note that taking the covering U = {U, V}, the Cech resolution gives
us a short exact sequence of sheaves

0—>8—C'U.8) =8|y @S|y = C'U.8) = Slyny — 0,

and the long sequence induced in cohomology is Mayer—Vietoris sequence. [

2.14 Cohomology of manifolds

The first natural sheaves are constant sheaves. For an abelian group G, the sheaf of
constants on X with coefficients in G is a sheaf such that for any connected open
set it associates G and the restriction maps are the identity. We also denote by G
the corresponding sheaf. Our main examples are (R, +), R =Z,Q,R,C. Fora
smooth manifold X, the cohomology groups H (X, G) are isomorphic in a natural
way to singular cohomology and de Rham cohomology groups, see Theorem 2.8
and Theorem 2.6 respectively. We will need the following topological statements.

Proposition 2.14. Let X be a topological space which is contractible to a point.
Then HP? (X,G) = 0 forall p > 0.

This statement follows from another statement which says that two homotopic
maps induce the same map in cohomology.

Proposition 2.15. Let X be a manifold of dimension n. Then X has a covering
U ={Uj, i € l}suchthat

1. all U; s and their intersections are contractible to points.
2. The intersection of any n + 2 open sets U; is empty.
Proof. The first part is proved in Bott and Tu (1982, Theorem 5.1 page 42). [

Using both propositions we get an acyclic covering of a manifold and we prove.
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Proposition 2.16. Let M be an orientable manifold of dimension m.
1. Wehave H'(M,Z) = 0 fori > m.
2. If M is not compact then the top cohomology H™(M, Z.) is zero.

3. If M is compact then we have a canonical isomorphism H™(M,7) =~ 7
given by the orientation of M .

If M is a complex manifold of dimension 7, then it has a canonical orientation
given by the orientation of C and so we can apply the above proposition in this
case. Note that M is of real dimension m = 2n.



My mathematics work is proceeding beyond my wildest hopes, and I am even a bit
worried - if it’s only in prison that I work so well, will I have to arrange to spend
two or three months locked up every year? (André Weil writes from Rouen prison,
O’Connor and Robertson (2016)).

3.1 Introduction

After a fairly complete understanding of singular homology and de Rham coho-
mology of manifolds and the invention of Cech cohomology, a new wave of ab-
straction in mathematics started. Cartan and Eilenberg (1956) in their foundational
book called Homological Algebra took many ideas from topology and replaced it
with categories and functors. Grothendieck (1957) took this into a new level of
abstraction and the by-product of his effort was the creation of many cohomology
theories, such as Ftale and algebraic de Rham cohomology. Etale cohomology
was mainly created in order to solve Weil conjectures, however, the relevant one
to integrals is the algebraic de Rham cohomology. Its main ingredient is the con-
cept of hypercohomology of complexes of sheaves which soon after its creation
was replaced with derived functors and derived categories. This has made it an
abstract concept far beyond concrete computations and the situation is so that the
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introduction of C. A. Weibel’s book, Weibel (1994), starts with: “Homological al-
gebra is a tool used to prove nonconstructive existence theorems in algebra (and in
algebraic topology).” In this chapter we aim to introduce hypercohomology with-
out going into categorical approach, and the main reason for this is that we would
like to emphasize that its elements can be computed and in the case of complex of
differential forms, they can be integrated over topological cycles. For further in-
formation the reader is referred to EGA 111 6.2.2, Brylinski (2008), Grothendieck
(1966), and Voisin (2003).

3.2 Hypercohomology of complexes

Let us be given a complex of sheaves of abelian groups on a topological space X:

d d d d d
8*: 805815825 ...58" 5 ..., dod =0. (3.1
We would like to associate to 8° a cohomology which encodes all the Cech co-
homologies of individual & together with the differential operators d. We first
explain this cohomology using a covering i = {U; }ies of X.
Consider the double complex

) 1 1 T
82 — S}l — 8% - . o= 8§
t T 1
82_1 — S,ll_l — 83_1 - e o= & =
1 1
3 : (3.2)
) ) 1 T
Sg — S% — S% — - 8 -
) ) 7 1
S(l) — S% — Sf — - 8§ -
1 1 1 T
88 — S(l) — Sg — — Sg —
where . . .
S’j =C’U,8§").

The horizontal arrows are the usual differential operators d of 8!’s and the vertical
arrows are the differential operators ¢ in the sense of Cech cohomology. The m-th
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piece of the total chain of (3.2) is
LM = B Sy
with the differential operator D which is defined on S; by:

D =68+ (-1)/d. (3.3)

Remark 3.1. Our convention for D is compatible with the one used in Bott and
Tu (1982, page 90) and Brylinski (2008, page 14). In other references such as
Voisin (2003), we also find D’ = (—1)'§ 4+ d. This difference produces a sign
ambiguity. In order to correct this ambiguity it is necessary to identify both hyper-
cohomologies via the isomorphism H*(£®, D) ~ H¥(£*®, D’) induced by the
map

QO ok ok,
defined over each w = Y%_ o' € €Bf~‘=083 as

p(") = (=)ol

Exercise 3.1. For the operator D in (3.3) of the double complex (3.2) show that
DoD=0.

This also justifies the appearance of the sign (—1)7 in the definition of D.

Definition 3.1. The hypercohomology of the complex S° relative to the cover-
ing U is defined as

ker(L™ — LT

H™ (U, 8*%) := H™(L*, D) = .
. 8% (£ ) Im(Lm—1 — £m)

Remark 3.2. As in the case of Cech cohomology, given U; < Us, there is a
well-defined map
Hm(U2, 8.) — Hm(ul, 8.).

In fact,iftf; = {U; j, j € I;} fori = 1,2, givenany refinementmap ¢ : I1 — I,
we have an induced map

@M C (U, 8™") — T, C Uy, 8™ 7).
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This map induces a map in hypercohomology
@ : H™(Uy, 8°) — H™ (U, 8%)

which does not depend on the refinement map. In fact, given other refinement map
¥ 1 Iy — I, there exists a homotopy

H: @;’n:-fz)lci(uz’sm-i-l—i) _ @;n:()ci(ul,sm_i)

such that
®—-Y=DoH+ HoD.

It is an exercise left to the reader to check that this homotopy map is the one
induced by the homotopy map (2.7) described for Cech cohomology (it is enough
to see that the homotopy commutes with the differentials d).

Definition 3.2. The hypercohomology H™ (X, 8°) is defined to be the direct limit
of the total cohomology of the double complex (3.2), i.e.

H™(X,8%) = dirlimyH" (U, 8°).

From a computational point of view this definition is not very useful. We have
to look for coverings U such that H™ (i, 8°) becomes the hypercohomology itself.

Theorem 3.1. If the covering U is acyclic with respect to all abelian sheaves 8' s,
that is,

H¥U; nU,N---NU;, 8 =0, k,r=1,2,...,i=0,1,2,.... (34

then
H™(X,8%) =~ H™ U, 8°®). (3.9)

Definition 3.3. A covering U is said to be a good covering with respect to a
complex of sheaves 8°, if it satisfies (3.4).

By definition of the direct limit, we have already a map
H™U,8%) — H™ (X, 8*)

which sends an « to its equivalence class. We have to show that it is a bijection.
The proof of this result will be given in Section 3.5.
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Before proceeding further, let us mention one of our main examples in this
book. We take a smooth projective variety X C P¥ of dimension 1 over an
algebraically closed field k. In the next chapter we will introduce the complex
2% of algebraic differential forms on X. These sheaves are coherent and so by
Theorem 4.6 affine coverings are good coverings.

Proposition 3.1. There is a covering of X with n + 1 affine Zariski open subsets.

Proof. The covering is going to be
Ui ={gi #0}, i =0,1,2,...,n,

where g;’s are linear homogeneous polynomials in xg, X1,..., x5 and we have
assumed that the projective space PN~ c PN givenby go = g1 = -+ =
gn+1 = 0does not intersect X . This happens for a generic P¥ ~"~1. For instance
for a generic linear PV =" intersects X in deg(X) distinct points. This is the defi-
nition of the degree of a projective variety. Now we can take PN —7~1 ¢ pN—»
such that it does not cross the mentioned deg(X) points. O

For a smooth hypersurface X C P”T1! given by the homogeneous degree d
polynomial f(xo,x1,...,Xn+1), Wwe have also another useful covering given by

0
Ui .= {—f;éO}, i=0,1,2,...,.n+1
0x;

which is called the Jacobian covering of X . Note that for this covering we use the
fact that X is smooth. It hasn + 2 open sets. Forafixedk =0,1,2,...,n+ 1 the
opensets Up, U, ..., Ux—1,Ug+1,...,Uns1 cover X if X is smoothand x; = 0
intersects X transversely.

3.3 An element of hypercohomology

The reader who is mainly interested in computational aspects of hypercohomology
may take (3.5) as the definition of hypercohomology. In this way we can describe
its elements explicitly. An element of H™ (X, 8°®) is represented by

where U is a good covering with respect to 8°. Each w/ itself is the following
data: ) .
w?! €8/ Uiy NU; N---NUj,_;)

i0i1 im—



42 3. Hypercohomology

forallig,i1, - ,im—; € I. Suchan w is D-closed, thatis, D(w) = 0, if and only
if, the following equalities hold
0 = §u°,

D" o’ = (),

(D" 2do’ = §(?),
: (3.6)
do™ ! = §(™),

do™ = 0.

Such an w is D-exact, or equivalently it is zero in H™ (X, 8°), if and only if there
isn=Y""0n. n/ eC™ 1=/ U,8) such that

o’ = 81",
o' = (=)™ +8(nh,
: (3.7)
o = ") + 86,
a)m = dr]m—l-

In order to memorize better these equalities the diagram below can be helpful

M1 0 3.8)

nm—l o™ 0

Recall that one must use (—1)7 d for horizontal map and § for vertical maps. It is
instructive to consider the cases m = 0, 1, 2 separately.

e (m = 0) We have
HO(X,8%) = {w € 8°(X) | dw = 0}.
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e (m = 1) The first hypercohornology H' (X, 8°) is the set of pairs (0°, w!),

where @? consists of wzon
1
wj,

Such an w is taken modulo those of the form ( f;,

wr — —da)

3 ioi1"

€ SO(U,-0 NUi,). io,i1 € I and w! consists of
€ 81(Ui,), io € I which satisfy the relation

- fio’dfio)'

e (m= 2) The second hypercohomology H?(X, 8°) is the set of triples w =

(w°, w!, w?), where 0°

I, w! consists of a)l
Oll

consists of w?
e 8! Ui, N Uy,

igi1in

a)izo € 82(Uy,), io € I. They satisfy the relations

0

€ SO(UioﬂUilﬂUiz)a iO,i17i2 €
io,i1 € I and w? consists of

0 _
a)ilizlg - wlolzl3 + a)l()1113 wlOlllZ - 0’
1 _ 0
Diyiy — lolz + wloll - _dwioiliz’
w? — a) =dol

31

lll()

Such an w is zero in H?(X, 8°) if

Y 0 0
Digivis = Mivin — Migin T Migiy » 3.9)
wil()il - _dn?()il + nlll - 77,'1()» (310)
v}, dn}.. 3.11)

for some 7’s whose type can be determined by their indices.

When the covering U := {Up, Uy,...,
0, m > n then by definition

H™(X,8%) =0, m > 2n

U, } consists of n open sets and 8" =

Moreover, if we define Ui =UoNUN---NU;—1 NUj41 N--- N Uy then
S"(UpnUiN---NU
H2"(X,8%) =~ WonthN--Nln) —
dS8" 1 (UgNU N---NUpy) + 8(Uy) + 8*(Uy) + -+- + 8"(Uy)
(3.12)

For simplicity, we have not written the restriction maps. Note that the last n + 1
terms in the denominator of (3.12) form the set {§n" = ng —n7 +---+ (=1)"n}; |

n; € 8”((7,-)}. Forn = 1 we get

SI(UO NnUp)

H?(X,8®) =~ )
(X.8%) = IS (Uo n U + ST(U1) + S (To)
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3.4 Acyclic sheaves and hypercohomology

As we saw in the previous chapter, an important tool to compute Cech or sheaf
cohomology is by means of an acyclic resolution. In this section we will extend
this fact to compute hypercohomology.

Proposition 3.2. If all the sheaves 8' are acyclic, that is, H/ (X,8') = 0, j =
1,2, ... then for every good covering U with respect to 8°

ker(HO(X,8™) — HO(X,§mt1))
Im(HO(X,8™1) - HO(X,8™))

H™U,8%) =~ H™(H°(X,8°%),d) :=

Proof. We have already a map
f+H™H*X,8%),d) — H™U,S*) (3.13)

which is obtained by restricting a global section of 8™ to the open sets of the
covering U. We have to define its inverse

7V H™WU,8%) - H™(H(X, 8%),d). (3.14)

Let us take an element w = 27;0 w’ € L™ which is D-closed. We have written

the ingredient equalities derived from this in (3.6). In particular, & = 0 and by
our hypothesis @® = §n° for some 7% € 89 _, (here we are using Leray’s lemma,
since U is an acyclic covering with respect to 8°, and that H™ (X, 8%) = 0). The
elements @ and @ — Dn° represent the same object in H™ (U/, 8°), and so we can
assume that ® = 0. This process continues and finally we get an element in 8¢
which is is equivalent to @ in H™ (U4, 8°), and moreover, it is both § and d -closed.
This gives us a global section ! (w) € H%(X, 8™). We have to check that /1
is well-defined, and it is the inverse of f. These details are left to the reader. [

Using the same argument, but taking care of passing through the corresponding
refinements it is an exercise to prove the following result:

Proposition 3.3. If'8® is a complex of acyclic sheaves, then

H™(X,8%) =~ H™(H°(X,8°).d).
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3.5 Long exact sequence in hypercohomology

As short exact sequences of sheaves induce long exact sequences in cohomology,
short exact sequences of sheaf complexes induce long exact sequences in hyper-
cohomology.

Proposition 3.4. Consider

080 Lss S s 0

a short exact sequence of complexes of sheaves. If U = {U;}iecy is an open cov-
ering such that H'(Uj..., , Sf) = 0 for every k, p = 0, then there exists a long
exact sequence in hypercohomology

o> HM(U, 83) — H™ (U, 83) — H™ (U, 83) — H™ (U, 83) — - .
(3.15)

Proof. By the hypothesis, for every p = 0, we have a short exact sequence of
complexes

0—>C*U,8")—>C*(U,85) — C'(Z/{,Sg) — 0.
This induces a short exact sequence of complexes of abelian groups
0> Bptrqg=eClU.8Y) > ®prg=eCIU,8) > B piq=eCI(U,85) > 0
whose induced long exact sequence corresponds to (3.15). O

We can give an explicit description of the coboundary map in hypercohomol-

ogy
H™ U, 8%) — H™ T (U, 83),

for U a good cover with respect to 87. In fact, givenany w € @ p4¢q=mC9 (U, Sg ),
there exists some & € @ p44=mCI(U, Sg) such that w = g(u). If Dw = 0, then
g(Dp) = 0and so D = f(n) for some n € ®ptq=m+1C4(U,8Y). Since
f is injective and f(Dn) = 0, it follows that Dn = 0 and so the image of
w € H™ (U, 83) under the coboundary map is n € H™ LU, 83%).

Now it is easy to describe the coboundary map

H™(X,83) — H™T1(X,8).



46 3. Hypercohomology

in general. Take any open cover { of X and any w € @ p44=nCI(U, Sé’ ). There
exists some refinement &/’ < U such that there exists & € @ p4q=mC7(U, 85 )
such that g(u) = wly. Imitating the construction of the coboundary map ex-
plained above, we produce the image of @ € H™ (U, §5) under the coboundary
map as n € H™ (4, 8%). It is routine to check that this construction is indepen-
dent of the choices made, and is compatible with restrictions to refinements, thus
it determines the coboundary map in hypercohomology. Now it is an exercise to
prove that the long sequence induced is exact.

Proposition 3.5. Consider

080 Lss S s30
a short exact sequence of complexes of sheaves. Then there exists a long exact
sequence in hypercohomology

o= H™(X,8}) — H™(X,85) — H™(X,83) — H"T1(X,8}) — ---.
(3.16)

Now we are in position to give a proof of Theorem 3.1. But first we need an
algebraic lemma about sheaves.

Lemma 3.1. Let 8° be a bounded complex of sheaves, i.e. 8™ = 0 for m >> 0.
Then we can embed 8° in a complex of sheaves L® such that HEL = Ker (Ik_1 —
T*) is flasque and H*(Z*) = 0 for every k > 0.

Exercise 3.2. Prove Lemma 3.1 using Godements construction of Example 2.4.

Proof of Theorem 3.1. Let U be a good covering with respect to §®. we want to
show that for every m = 0 the natural map

H™ (U, 8°) — H™(X, $*)

is an isomorphism. Fixing m, we can truncate the complex at some n >> m and
reduce ourselves to the case 8° is bounded. Let us assume then that 8® is bounded.
Let 8* < Z° be given by Lemma 3.1 and define §® := Z°/8°. We will prove the
result by induction on m. For m = 0 it is clear that HO@/,8%) = H°U, 8%) =
HO(X,8% = HO(X, 8°) independently of the fact that { is a good covering. For
m > 0, it follows from Lemma 3.1 that for every k = 0 we have a short exact
sequence

0— H¥ — Tk  Hk+1 0, (3.17)
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Since every HF is flasque, it follows that every Z is acyclic and that
0— I'(H* - r@*) - re* - o (3.18)

is exact for every k = 0. In consequence H*(I"(Z®)) = 0 for every k > 0.
Furthermore (3.17) remains exact when restricting to any open set U € X, and
so Z¥ |y is acyclic for every k = 0. In consequence, every covering of X is a
good covering with respect to Z°®. By Proposition 3.2 we get that HX (1, Z°) ~
Hk(I'(Z®)) = 0 for every covering i’ of X and every k > 0. In particular
H* U, 7% = H*(X,Z°%) = 0 forall k > 0.

In order to apply the induction hypothesis to G°, we need to check that I/ is a
good covering with respect to G®. This follows from the long exact sequence in
Cech cohomology associated to the short exact sequence

» » p
0= 8%lyy.., = LPluyys, = % lUigiy =0

together with the fact that/ is a good covering with respect to 8® and that Z? | Uigix
is flasque.

Finally, by Proposition 3.4 and Proposition 3.5 we have the following commu-
tative diagram

H™ YU, Z°%) - H™ YU, §*) — H™(U,8%) - H"(U,I°) =0 —— 0

T T

H™ (X, 7% » H™ (X, G*) — H™(X,8%) - H"(X,Z°) =0 —— 0

and the result follows from the five lemma. O

3.6 Quasi-isomorphism and hypercohomology

A morphism between two complexes 8° and $* is the following commutative dia-

gram:
- sl 5 g gntl

i L \

— Sn—l - §" Sn-i—l —

It induces a canonical map in the hypercohomologies

H™(X,8%) — H™(X, §*).
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For a morphism f : 8°* — $* of complexes we have a canonical morphism
H™(f): H™(8%) — H™(8")
where for a complex 8 we have defined

ker(d™)

e ez
Im(@m—1y" " €

H™(8®) := The sheaf constructed from the presheaf

Definition 3.4. A morphism f of complexes is called a quasi-isomorphism if
the induced morphisms H™( f), m € Z are isomorphisms.

Example 3.1. Let X be a smooth variety over the field of complex numbers and
let X°° be the underlying C*° manifold. Let £2% be the complex of algebraic
differential forms in X (see Definition 4.10). We also consider the complex £2% ..
of C*° differential forms in X for the Zariski topology of X °°. We will only need
to consider Zariski open sets. In Chapter 5 we are going to show that the natural
inclusion 2§ — £2% is a quasi-isomorphism. By now we will prove that the
natural inclusion £2%., — §25 . of complexes of sheaves over the analytic topol-
ogy is a quasi-isomorphism. In order to do this we need the following algebraic
lemma.

Lemma 3.2. Let A® be a left bounded complex in an abelian category. Let
(I1%°,dy,d>) be a double complex such that for every p = 0 we have a reso-
lution AP — (IP*,dy) which induces a morphism of complexes A® — I*°. Let
(I°®, D) be the simple complex associated to the double complex I*°®, with

"= @ 174
pt+a=k

and D|rp.a := dy + (—1)4dy. Then the natural inclusion of complexes A®* — I°®
is a quasi-isomorphism.

Proof. Let us construct the inverse map
H*(I°*, D) — H*(A*, d).

Consider an element n = Zl;)=o n? e I* with n? € IP4, such that Dy =
0. Then d2n® = 0. Since (I%°®,d>) is a resolution of A°, there exists some
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ul eIl 0.k=1 gych that d» u® = n°. Thus subtracting Du.® we can find another
representative of 7 in HX(1®, D) with n° = 0. Repeating this argument we can
find a representative of n withn® = p! = ... = nk_l =0,andson = nk e Ik0,
Since D7 = 0, it follows that d;n* = 0 and d2n* = 0. Again since (I©*, d5) is
a resolution of A% we conclude that n* € A¥ and din* = dn* = 0. The desired
inverse map takes the class of  in H¥(I®, D) to the class of n* in H*(4°,d).
The verification that this map is a well-defined inverse is left to the reader. U

Corollary 3.1. Let X be a complex manifold. The natural inclusion of complexes
of sheaves
(2%, 0) = (2% d)

is a quasi-isomorphism.
Proof. By Dolbeault lemma (Theorem 2.10) we have a resolution

Q% = (2%°.9)

Applying Lemma 3.2 to the double complex (.Q;(", (—=1)99, 9) we get the result.
O

Proposition 3.6. Let f : 8* — $* bea quasi-isomorphism then the induced map
in hypercohomology f« : H™ (U, 8%) — H™ (U, 8°*) is an isomorphism for every
open covering U of X. In consequence H™ (U, 8%) ~ H™ (U, 8°).

Proof. We have to define the inverse map
FoUCH™ U, S > H(U, S®) (3.19)

Letw = Z?;O o/ e H™ (U, g’). We start by looking at @™. We have d(0™) =
0 and so there is
o™ e 8. do™ =0

such that
oM — f*a)m — df]m_l

for some 7"~ ! € 8f*~1. We replace & with @ — D7 ! and in this way we can
assume that

Now we look at the (m — 1)-level in which we have

A" = 8™ = §fx™ = fi (§0™). (3.20)
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Then §w™ is a d -closed element that it is mapped to zero under H*( f). Therefore,
using that f is a quasi-isomorphism, we conclude that §w™ is d -exact, that is, there
exists v~ 1 € 81 such that

§™ —dv™l = 0. (3.21)
Combining (3.20) and (3.21) we get
d (@' = fi™ 1) =o0. (3.22)

We are now in a similar situation as in the beginning. Since f is a quasi-isomorphism
we have
v m—1 m—1 m—1 N —2
w — fxv — fxn =d ]

for some 7"72 € §M72, 1 € 81 and du™~! = 0. Replacing @ by o +
D7#™2 and defining @™~ ! := v~ 4 M1 € §M~1 we obtain

o™ = fro™ ' and §0™ = dw™ !,

At the (m — 2)-the level we get 0™ € S, = 8'1”_1, =2 ¢ 8'2”_2 with the
following identities

oM = f*a)m’ d)m—l — f*a)m—l’ —da)m_l + ™ = 0,

and
d (@™ = f™2) = 0. (3.23)

This process stops at (m + 1)-th step and we getw = Y /-, ™ which is D-closed
and fiw = &. We define £, !() to be equal to w. It is left to the reader to prove
that f*_1 is well-defined, i.e. it is independent of all choices made, and it is inverse
to fx. O

Exercise 3.3. Complete the details of the proof of Proposition 3.6.

Proposition 3.7. Let S — 8° be a resolution of 8°. Then
HF(X,8°) ~ H*(X,8)

Proof. By hypothesis the complex -+ - 0 - § — 0 — -.- with 8 in the
0-th place, is quasi-isomorphic to the complex 8® and so the result follows from
Proposition 3.6. O
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3.7 A description of an isomorphism

Let us now be given a quasi-isomorphism of complexes 8° — $* and assume that
all the abelian sheaves 8™ are acyclic. We use Proposition 3.2 and Proposition 3.6
and we get an isomorphism

H™(X,8%) =~ H™(S*(X).d).
For later applications we need to describe the two maps

A:  H™X,8%) — H™S*(X).d)
A7V H™(S(X),d) > H™(X, S°).

such that both Ao A~! and A~ ! o A are identity maps. We take an acyclic covering
U = {Uj};ies with respect to all sheaves St and S'. The map A is obtained by the
composition of the maps

H™(X,8%) — H™(X,8%) — H™S*(X).,d)

The first map is simply induced by the quasi-isomorphism. The second map is the
map (3.14). Its explicit description is given in the proof of Proposition 3.2. The
map A~ is the composition of

H™$*(X),d) - H™(X,8%) - H™(X,8")
The first map is obtained by restricting a global section of §™ to the open sets of

the covering /. The second map is (3.19) and its explicit description is given in
the proof of Proposition 3.6.

3.8 Filtrations

For a complex 8°® and k € Z we define the truncated complexes

gk gkl L8k 050

and
§Zk. . 50508 gkt ..
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We have canonical morphisms of complexes:
8§k 8%, 87k 8"
Assume that 8°® is a left-bounded complex, that is,
8*: 08>8 ...
The morphism 8>/ — 8* induces a map in hypercohomologies and we define
F' = Im(H™(X,8>") - H™(X,8")). (3.24)

This gives us the naive filtration in hypercohomology

.CF'cF7l'c...c F' c F":= H™(X,8*).
We denote the p-th graded piece induced by the filtration F* by

GriH™(X,8%) := FP/FPTL.

An element of F' in an acyclic covering I/ of X is given by

w=0+o't +- +0™ o eC™TWUS)

where w/ itself is the collection of w? . e 8 Ui, NU; N ---N Ui, ),

i0i1-im—
forallig, i1, -+ ,im—; € I. Note that a priori the element @ might be D-exact in

H™ (X, 8®), but as an element of H” (X, 8>%) it might not be D-exact. In other
words, the map in (3.24) might not be injective. This phenomenon is related to the
degeneration at £ of the spectral sequence associated to the naive filtration.

3.9 Subsequent quotients and a spectral sequence
The differential map d : 8 — 8+ induces the maps

di: H/(X,8) - H/(X,8'1), j € Ny.
If all these maps are zero then we can define the maps

dr: H/(X,8) > H/71(X,8'?), j e N
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which are defined as follows: we take o' € H j.(X ,8%) and since d; is zero we
have w't1! e S’]Jill such that §w'T! + (—1)/dw’ = 0. Under d, the element '

is mapped to dw'*!. In a similar way, we define
dr: HY(X,8") > H/7"t1(X,8!*7), j € Ny.
and if di., k < r are all zero we define dy 4.

Theorem 3.2. Assume that all d, s constructed above are zero. Then we have
canonical isomorphisms

GriH™(X,8%) = F'/F't! = H™(X,8). (3.25)

The reader who is familiar with spectral sequences has noticed that the hypoth-
esis in Theorem 3.2 is equivalent to say that the spectral sequence associated to the
double complex (3.2) with respect to the naive filtration degenerates at £;. In this
section we will recall briefly how to construct this spectral sequence. For further
details, and a treatment of spectral sequences associated to any complex of filtered
abelian groups see Voisin (2002, Section 8.3).

Let U be a good cover with respect to 8°. Define for every p,q,r = 0 the
abelian groups

ZP9 = {w e LPT1: 0 =... =P = (Do)’ = = (Dw)?T"" 1 =0},

P .— 7Ptlg—1 p—r+1,g+r—2 X
Br T Zr—l + DZr—l - Zr ’

and

D.q
EP49 -— Zr
rocT gpa-
H

Since DZF? < zPt"47"H and pBPY < BP9 \we have the induced
map
— . P4 p+rg—r+1
dr =D :EP1 — E}

which turns (thLr"q_(r_l)', d,) into a complex. It is clear that Eé”q = 84 and

do = 8. On the other hand, since DZ2}%, C ZPtr+la=r o ppAra—rtl pape
is a natural map

d,
p.q p,q L p+r.g—r+1
zra —>ker(E, = E! )
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It is an exercise to check that this map induces the isomorphism

d _
ker (E;”q & ppera '+1)

Epvq ~
r+1 — d .
Im (E;”""IJr -tz E}”q)
In particular EY"? = H9(X,8?) and dy = (—1)9d. Furthermore, if we define
FPLPYE = (e LPTY: 00 = ... = wP~1 =0},
thenforr > p+g + 1

EP4 ker (D : FPLPTY — FPoptatl)
T ker(D: FPYLPHd — FP1Lptatl) 4 FP AP+ 0 ImD

The data (EF*?, d,) is called the spectral sequence associated to the naive filtra-
tion.

Definition 3.5. We say that the spectral sequence (EF*?, d,) degenerates at E,
if d = 0 forall k = r. In such case we have

EP? = EPY = ELY = FP/FPTL
We say that the spectral sequence abuts to H” 14 (X, §*), and it is denoted by
EP9 = HPT(X,8°%).

The principal question behind the isomorphism (3.25) is under which hypoth-
esis can we assure that every o' € 8, _. such that w’ = 0, can be extended to

anw=w +---+ o™ e F.L™ such that Dw = 0.

Definition 3.6. Let U/ be a good covering of X with respect to 8°. An element
o' € 8! _; is said to be extendable in hypercohomology if there exist v =

o'+ -+ 4+ @™ € FLL™ such that

Dw = 0.
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For every r > 0 we say that o’ € Sm ; 1s r-extendable if there exist ® =
' + - 4+ o™ e F1 L™ such that

Dw € Fi+r£'m+l.

In particular, for r > m + 1 —i being r-extendable is the same as being extendable
in hypercohomology. Note that the hypothesis of Theorem 3.2 is the same as
saying that every element 1-extendable is extendable in hypercohomology.

Proposition 3.8. The spectral sequence (EF*?,d,) degenerates at E, if and only
if every r-extendable element is extendable in hypercohomology.

Proof. Let o' € 8' ; be an element r-extendable. Then there exist w = =o' +

o™ e Figm suchthatDa) € Fitrgm+1 Thenw € Z2™ " andsince d, =
Owe conclude that Dw € Bl+rm ol Z’+rle m=i=r —i—DZ’+1 m=i=1 . In
consequence, there exist n = ' Tl + ... 4 9™ € F’“Lm such that D(w — ) €
Firr+1gm+1 This implies that o’ is (r + 1)-extendable. Inductively we show
that o' is k-extendable for every k > r and so it is extendable in hypercohomol-
ogy.

Conversely, since every element k- extendable for k = r is also r-extendable,
it is enough to show thatd, = 0. Letw = o' + -+ + @™ € Z™ then
Dw € Ftrem+l and so o' is r-extendable. Therefore o' is extendable in
hypercohomology, i.e. there exist n = o’ + n't! + ... + ™ € F' L™ such that
Dn = 0. Then Dw = D(w — 1) € DZ’Hm = C B'+rm imr+l , and so
drow = 0. O

Proposition 3.9. The spectral sequence (EF*?, d,) degenerates at E if and only
if any of the following equivalent assertions hold:

1. Forevery p = 0 we have the isomorphism (3.25)

GriHP1(X,8%) = FP/FPT! ~ HY(X,8P).

2. The natural map H™(X,8%P) — H™ (X, 8°) is injective.
Furthermore, when 8° satisfies H*(8*) = 0 for k > 0, this is also equivalent to:

3. Forall p,q = 0 the map H?(X, Sp) — H9(X,8P) is surjective, where
8P = ker(d : 82 — 8PT1) orequivalentlyd : H4(X,8?7) — HY(X, SI"H)
is zero.
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Proof. Suppose the spectral sequence degenerates at £, then
HY(X,87) ~ EPY = ER4 = FP/FPTL

this proves 1. . .
Consider now the map o’ 4 ---+ ™ € HP?T9(X,8%P) — o' € HI(X, 8P).
It is easy to see that this map is well-defined, and its kernel is

FPHIHPTE (X, 87P) ;= Im (HP 19 (X, 8Py — HPTI(X,837)).
We have the natural maps
HP*4(X,87P)/FPTIHPTI (X, 8%P) = FP/FPT! (3.26)

and
HP*4(X,87P)/FPTIHPTI (X, 8%P) — HI(X,S8P). (3.27)

Assuming 1. we have that both maps are isomorphisms and so we conclude look-
ing at the isomorphism (3.26) for decreasing values of p, that H?T9(X,8§>?) ~
FP for every p = 0. This proves 2.

Suppose now that 2. holds. We will show that the spectral sequence degener-
ates at E by applying Proposition 3.8. Consider o’ € Sin_i that is 1-extendable,
i.e. Sw! = 0. Then Do’ € FIT1 ~ H™(X,8>*1). Therefore, there exist some
o' Tl 4o+ 0™ e FIT1L™ guch that Do’ = D(w'T! + --- + w™), and so
D(w' — (@'t 4+ ...+ 0™)) =0, i.e. @' is extendable in hypercohomology.

Finally, it is clear that 3. implies that every 1-extendable o’ € an—i is ex-
tendable in hypercohomology since dw’ = 8w’ ! for some w'*! € SinJr_ll._l with
dw't! = 0. And conversely, every o' € Sin_i such that §o’ = 0 is 1-extendable,
and so it is extendable in hypercohomology, i.e. there exist w = w' + -+ + v €
F'L™ with Do = 0 for some k < m. We claim we can choose w such that
k =i + 1. In fact, if we suppose k > i + 1 we have dwf = 0, and so there exists
nk—1 e an__lk such that (—1)™kgnk—1 = @k Replacing w by w — DF~! we
reduce the value of k. Repeating this process until k = i + 1 we obtain 3. O

Remark 3.3 (Deligne’s cohomology). For the complex 8° if the the kernel of
d : 8 — 8! is non-trivial then we can take any abelian subgroup B of ker(d)
and form the new complex B — 8°* and take its hypercohomology.



1I'd come up to Cambridge at a time when the emphasis in geometry was on clas-
sical projective algebraic geometry of the old-fashioned type, which I thoroughly
enjoyed. I would have gone on working in that area except that Hodge represented
a more modern point of view- differential geometry in relation to topology, I rec-
ognized that. It was a very important decision for me. I could have worked in more
traditional things, but I think that it was a wise choice, and by working with him 1
got much more involved with modern ideas. (Michael Atiyah in Minio (1984)).

4.1 Introduction

The algebraic de Rham cohomology was introduced by Grothendieck (1969) after
many efforts in order to understand the de Rham cohomology of affine varieties.
This is in some sense natural because the integration domain of integrals in Picard
(1889), Picard and Simart (1897, 1906), and Poincaré (1887, 1895) are usually
supported in affine varieties. The Atiyah—Hodge theorem is the final outcome of
all these efforts.

After Hodge decomposition, Dolbeault theorem and Serre’s GAGA correspon-
dence we are able to recover each piece of the de Rham cohomology group of a
smooth projective variety using only Cech (or sheaf) cohomology with coefficients
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in sheaves of algebraic differential forms. This is the first manifestation of an al-
gebraic approach to de Rham cohomology. Unfortunately, this approach does not
work for arbitrary smooth varieties, for instance for affine varieties. In this chapter
we will introduce a result due to Atiyah and Hodge, which says that we can recover
the de Rham cohomology groups in the case of affine varieties using only global
algebraic differential forms. This theorem will allow us to introduce algebraic de
Rham cohomology for any algebraic variety.

4.2 Analytic coherent sheaves

We begin recalling some facts about analytic varieties and coherent sheaves, our
main reference is Gunning (1990c¢).

Definition 4.1. Let X be a complex manifold. The analytic de Rham cohomol-
ogy groups are defined as

ker(d : I'(2%..) — [(Q5EY)
Im(d: M@k - r@ek.))’

HE (X™) := HF(I(2%w). 0) =

In general, the analytic de Rham cohomology does not coincide with the usual
de Rham cohomology, but sometimes it does.

Proposition 4.1. Let X be a complex manifold such that H;’q (X)=0forqg > 0.

Then
HE(X™) = HE (X).

Proof. By Corollary 3.1 the natural inclusion

(2%m, 0) = (2%c0.d)
is a quasi-isomorphism induced by the double complex resolution (£2%.,, d) <>
(.Q;(", (—1)79, 9). Since Hép’q(X) = Oforallg > 0, itfollows that (I"(£2%..,), 0) —

(r (.Q;;'), (—1)49, 9) is again a double complex resolution, and so by Lemma 3.2
we have the quasi-isomorphism (I"(2%..), ) < (I'(£2% ). d). This means that
HE (X™) =~ HE (X). O

Definition 4.2. Let R = (r1,...,r) € (R>o U{+00})". An extended polydisc
centered at 0 is an open subset A € C” of the form

A=AR):={zeC":|zj|<rifori =1,...,n}.
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Remark 4.1. By Dolbeault lemma (Theorem 2.10) and Proposition 4.1 we have
for an extended polydisc that H é‘R(Aa“) =O0forallk > 0.

Definition 4.3. Let X be an analytic variety. A sheaf of Oxax-modules is called
an analytic sheaf. An analytic sheaf S is called coherent if it is locally finitely
generated, i.e. around every point x € X there exists an open neighbourhood
U C X and an epimorphism of O ya-modules of the form

O%wlu — 8lu — 0,

and furthermore, for any such epimorphism, its kernel is also locally finitely gen-
erated. In particular for some open neighbourhood V' € X of x, 8 is finitely
presented, i.e. there exists an exact sequence of the form

?anh/ — O%aan — SlV — 0.

In order to construct coherent analytic sheaves, we mainly use the following
three results, whose proofs can be found in Gunning (ibid., Chapter B).

Theorem 4.1 (Oka’s coherence theorem). Let X be an analytic variety, then O xan
is coherent.

Theorem 4.2 (Cartan). Let X be an analytic variety and Y C X an analytic
subvariety. Then the ideal sheaf Ty« of the subvariety Y is coherent.

Theorem 4.3. Let X be an analytic variety. The category of coherent sheaves
over X is an abelian category.

In order to compute sheaf cohomology groups with coefficients in coherent
sheaves we ask ourselves how to construct acyclic coverings. It turns out that
there is a plenty of such coverings, due to the following results.

Definition 4.4. Let X be a complex variety. We say that X is a Stein variety if
every coherent sheaf over X is acyclic.

Remark 4.2. By Dolbeault Theorem 2.11 every Stein complex manifold X satis-
fies Hg”q(X) =0 forg > 0.

The main results we use to construct Stein varieties are summarized in the
following theorem.

Theorem 4.4. (i) If X is a Stein variety and Y C X is an analytic subvariety,
then Y is Stein.
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(ii)

(iii)
(iv)

Proof.

(i),

4. Atiyah—Hodge theorem

If X is an analytic variety and U,V C X are two Stein open subsets, then
U NV is Stein.

If X and Y are Stein varieties, then X x Y is also Stein.

The extended polydisc is a Stein variety.

(i) Let & be a coherent sheaf over Y, and denote by i : ¥ < X the
inclusion map. Then i,8 has a natural structure of O yan-module induced by
the epimorphism O xa —> i,Oya. We claim that i, 8 is a coherent O xan-
module. In fact, since coherence is a local property we can assume there
exists an exact sequence of the form

O’;'an — O’{}an — S —> O
In consequence we have an exact sequence of O ya-modules of the form
i*O;llan — i*(,)?an — Z*S —> 0

By Theorem 4.3, itis enough to show that i, Oy is a coherent O yan-module.
But this follows from Oka’s coherence, Cartan’s theorem and the following
short exact sequence

0— IYan —> OXan —> i*OYan — 0.
Finally by Proposition 2.8 we get H4(Y,8) = H?(X,i4«8) = 0 forg > 0.

(iii), (iv) See Gunning (1990c, Chapter L, Corollary 10), Gunning (ibid.,
Chapter L, Corollary 9) and Gunning (ibid., Chapter H, Theorem 5).
O]

Corollary 4.1. (i) Every affine analytic variety is Stein.

(i)

(iii)

Every open covering given by Stein varieties is acyclic with respect to all
coherent sheaves.

Every analytic variety admits a Stein open covering.

Remark 4.3. There are several characterizations of Stein varieties and each author
chooses its favorite as definition. The one we choose here was not the originally
used by Stein. As a consequence of choosing our definition we obtain for free an
important theorem of Cartan which we state as follows.

Theorem 4.5 (Cartan B theorem). Let X be a Stein variety. Then

H'(X,2,.,)=0i=12,....j=01,2,....
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4.3 Algebraic coherent sheaves

In this section we will recall the basic facts about algebraic coherent sheaves. Our
main references are Grothendieck and Dieudonné (1961), Hartshorne (1977), and
Serre (1955). For the basic definitions of algebraic varieties, regular maps, coordi-
nate rings, etc, the reader is referred to any standard textbook such as Hartshorne
(1977) and Shafarevich (1994).

Let k = k be an algebraically closed field, A} = K" be the affine space, and
X € A} be an affine algebraic variety. We denote by

k[X] = k[x1,...,xa]/1(X)

the coordinate ring of X, which corresponds to the ring of regular functions
f : X — k. For X any (abstract) algebraic variety over k, the regular functions
over X form its structure sheaf Oy, given on every affine open subset U C X
by

Ox (U) = K[U].

A sheaf over X is called algebraic if it is an O x-module.

Definition 4.5. Let X be an affine algebraic variety over k and M be a k[X]-
module. We define the O x-module M over each principal open set X  := {x €
X : f(x) # 0} for f € k[X] as

—~ m
M(Xf)SIMfZ F:mEM,kBO .

With the natural restrictions this induces an O x-module on X .

Definition 4.6. Let X be an algebraic variety over k. We say that an algebraic
sheaf S over X is quasi-coherent if for every affine open subset U C X there
exists an Oy (U)-module M such that 8|y = M. We say it is coherent if every
such M is finitely generated.

Remark 4.4. In the more general context of schemes, there exists a notion of
algebraic coherent sheaf analogous to our definition of analytic coherent sheaf
(Definition 4.3). This notion coincides with Definition 4.6 when the scheme is
Noetherian. Since we are working with algebraic varieties over a field, they are
always Noetherian. One of the advantages of Definition 4.6 is that the following
fact is an elementary consequence of the fact that the categories of A-modules and
respectively finitely generated A-modules are abelian categories.
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Proposition 4.2. Let X be an algebraic variety. The categories of algebraic quasi-
coherent sheaves and algebraic coherent sheaves are both abelian categories.

Example 4.1. One advantage of working in the algebraic category is that several
results about coherent sheaves are simpler than their analytic counterparts. For
instance Oka’s coherence Theorem 4.1 and Cartan’s Theorem 4.2 follow directly
from the definition of coherent sheaf. Therefore for X an algebraic variety and
Y C X an algebraic subvariety, Oy, Zy and every locally free sheaf is coherent.
In particular, the following proposition has the same proof as Theorem 4.4 item

).

Proposition 4.3. Let X be an algebraic variety andi : Y — X be an algebraic
subvariety. For every quasi-coherent (vesp. coherent) sheafS onY, i48 is a quasi-
coherent (resp. coherent) sheaf on X and

HI(Y,8) = HY(X,iy8), Vg =0.

The following theorem of Serre (1955) shows that the algebraic analogues of
Stein varieties are the affine algebraic varieties.

Theorem 4.6 (Serre). Let X be an affine algebraic variety over k and S be a
quasi-coherent algebraic sheaf. Then 8 is acyclic, i.e.

HY(X,8) =0, Vg>0.

Proof Note first that by Proposition 4.3 it is enough to show the theorem for
= A the affine space. Let § = M for M an A-module with 4 = k[X] =
k[xl, ..., Xpn]. If we show that M admits a resolution of A-modules

0>M—>1Tog—11 — I — - (4.1)

such that each E is acyclic, then § = M < I, is an acyclic resolution which
remains exact in global sections (since we re-obtain (4.1)) and so by Theorem 2.4 §
is acyclic. In order to prove this, it is enough to show the existence of one injection
M < [ with T acyclic. Consider G a divisible abelian group extending M <— G
(e.g. you can take G = homg (homgz (A, Q/Z),Q/7Z)), then we have extensions
of A-modules

M < homgz(A, M) — homz(A4, G).

Let I := homgz (A, G). We will show that | Tis flasque, i.e. that for every open set
U C X the natural restriction map I — [ (U ) is surjective. Lets € T (U), if we
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writt U = X7, U Xy, U---U X as a finite union of principal open sets, then

there exist foreachi = 1,...,k some ¢; € I and some n; € Z-~¢ such that
sly, = 2
fi T Tpngc
i jfil

Consider the A-module

N :={a=(ay,...,ag) € Ak [rar= frrap == fkn" ~ag}
and themaps f : N — A, g : N — G givenby f(a) := fln1 -ay and g(a) :=
¢1(ay). Since G isadivisible group and f is injective (since all f; € k[xy,..., x|
are non-zero and so non-zero divisors), there exists some

p:A—>G

such that ¢ o f = g. We claim that ¢ € [ restricts to s € 7(U ), in other words
we claim that ¢| X = S| Xy, In fact,

_‘P(fll"'fkka)_ P A

f;. (P(a) lnl "'fknk/f;ni - 1}11 "'fknk/f;-ni
L R Y @)
- ni g o - n - (p,'(()l).
v S 1

O

Remark 4.5. It follows from Serre’s Theorem 4.6 that every affine open cover-
ing of an algebraic variety is an acyclic cover with respect to all quasi-coherent
sheaves. In the particular case of a projective variety of dimension n, Proposi-
tion 3.1 shows that there exists a finite affine open covering with at most n + 1
open sets.

Let us recall some basic facts about algebraic coherent sheaves on projective
varieties. Let X C P be a projective variety. We denote by S(X) := %
the ring of homogeneous coordinates of X, where

I(X) = ({P € Kk[xp,...,x,] : P is homogeneous and P|y = 0})
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is the homogeneous ideal of X. Letting U; := {x € P! : x; # 0} we have

P
P eS(X),degP =1

Ox(XNU) =SX)x) = o

1

Definition 4.7. For every k € Z we define the twisted sheaf Oy (k) as

Ox k)X NU;) = {51 P eSX),degP =1+k
X

i

In general, if 8 is an Oy -module we define 8(k) := 8 ®py Ox (k).

Remark 4.6. The sheaves Oy (k) are coherent Oy-modules, in fact they are lo-
cally free of rank 1 since

Ox k)X NU;) = Ox(X NUy)
P P

— > —.
xl{ xl{-f-k

In particular, if
08 —>8->8 -0

is a short exact sequence of Oy -modules, then for every k € Z we have a twisted
short exact sequence of the form

0 — 8'(k) — 8(k) — 8" (k) — 0.

Proposition 4.4. Consider P" as an algebraic variety over K, then

N k[X0, ... Xnlk ifqg =0,
HI(PY, Opn(k)) = 4 k[x0,....Xn]—k—n_1 ifq =n,
0 otherwise.

Proof. TakeU = {U;}}_, the standard covering of P”. By Serre’s Theorem 4.6 U
is an acyclic cover for Opn (k) and so by Leray’s Theorem 2.1, H4(P", Opn (k)) =
HY(U, Opn(k)). For g = 0 a global section s € H°U, Op~(k)) is given by
P;
N | U, = A
xi’
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with deg P; = I; + k, and

for0 <i < j < n. Thislastrelation holds in the ring of polynomials k[xo, . . . , x5]
and so each xf" | P;, therefore there exists some polynomial P € k[xg, ..., Xx]x

such that P, = P -xfi foreveryi = 0,...,n. Inother words s = P. Forg =n
consider some s € H?(U, Opn(k)). This element is given by some

P

= ﬁ S (O]pn (k))(U() NN Un)
xo ...xnn

with degP = lop + --- + [, + k. If some of the [; = 0 we get that s €

(Opn (k))(UpN:---U; ---NUy), there fore defining t; € (Opn (k))(UpN---U; ---N

Uyn) by _

(=1)ts ifj =1,

t; = .
J 0 otherwise

we getthat s = §(¢) = 0 € H" (U, Opn(k)). Therefore expanding the sum of P,

the non-zero terms must be of the form ﬁ with iy, . .., iy non-negative
xlOF i

integers. Since these terms are k-linearly independent, we get the isomorphism
k[X(), ey xn]—k—n—l = H”(L[, O]Pvn (k))

1

iO_,, in -
Yo e T R g
XO -o-xn

Since the covering ¢/ has n + 1 open sets, it follows immediately that
HIU,Opn(k)) = 0 forg > n. Finally for 0 < ¢ < n consider any s €
CiU, Opn(k)) such that §(s) = 0. By Serre’s Theorem 4.6, if we denote U N
Uo = {U; N Up}!_, the covering of Uy then

Slunu, € C1U N Uy, Opn (k)|u,)

is exact, i.e. s|yny, = 8(¢) for some t € C4~1(U N Uy, Opn (k)|y,)- In conse-
quence for some m > 0, xg' -t € C4= YU, Opn(k + m)) and so

xg s =8(xg' 1) =0€ HIU, Opn(k + m)).
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Finally it is enough to show that HZ(P", Opn (k)) o, HI(P", Opn(k + 1)) is
injective for any k. This follows by induction on ¢ using the short exact sequence

0 — Opn(k) =% Opn(k + 1) = ixOpn-i(k + 1) = 0 (4.2)

fori : P"~1 = {xo = 0} — P” the inclusion, and noting that (4.2) remains exact
in global sections. O

Theorem 4.7 (Serre). Let X be a projective algebraic variety over k, and § be
a coherent sheaf over X. Then § is a quotient of a finite direct sum of twisted
sheaves Ox (k). In particular, S(m) is globally generated for m > 0.

Proof. Let X C P" and S|xny;, = ]\7/, fori = 0,...,n, with M; a finitely
generated k[’;—?, cees i—;’]—module. Let mj1,...,m;k; be generators of M;. For
everyi and j # i wehavem;; € (M;)x; = (M;)y; and so

(2]
x; " emyg € M;
for some «; ; € N. Then for some m > 0
X,m'mi,IGMja Vi,j,l.

In consequence x;" -m; ; is a global section for each i and /. These global sections
generate (8(m))(X N U;) = ((M;)x,)n and so they induce an epimorphism of
Ox-modules

ED Ox — 8(m).

il
Twisting by —m we conclude that § is a quotient of EBi, ; Ox(—m) asclaimed. [

Theorem 4.8 (Serre). Let X be a projective algebraic variety over k and S be a
coherent sheaf over X. Then

(i) H1(X,8) is a finite dimensional k-vector space for all ¢ = 0.
(ii) Ang € N,Vn =no,Vg >0: H1(X,8(n)) = 0.

Proof. Ifi : X — P" is the inclusion map, ix8 is coherent on P” and so we can
reduce ourselves to the case X = P”. Note that by Proposition 4.4 the theorem
is true in the case S is a finite sum of twisted sheaves. In order to prove it for any
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8 we use descending induction on ¢ (for ¢ > n is trivially true since everything
vanishes). By Theorem 4.7 there exists a short exact sequence

0-9G—->L—->8—=0
with £ a finite direct sum of twisted sheaves. Then we have an exact sequence
HY(X,L) - HY(X,8) - HIT1 (X, 9)

with extremes of finite dimension (here we are using the induction hypothesis).
It follows that H?(X,8) is finite dimensional proving (i). By Proposition 4.4
and the induction hypothesis there exists some ng € N such that for n = ny,
H1(X,L(n)) = H1(X,S(n)) = 0. In consequence H9(X,8(n)) = 0 proving
(ii). O]

4.4 Algebraic differential forms

In this section we recall algebraic differential forms on algebraic varieties. As we
will see, these differential forms have nice algebraic descriptions that allow us to
work with them and do computations explicitly in a wide range of cases.

Definition 4.8. Let R be a ring and S be an R-algebra. The module of Kéhler
differentials of S over R is the S-module generated by the set of symbols {df :
f € S}, subject to the relations

d(f-g = f-dg+g-df 4.3)
dirf +sg) = r-df +s-dg )

forall f,g € §,and r,s € R. In other words

Q5= | S-df | /(N)

fes
where
N ={d(fg)— fdg — gdf,d(rf +sg)—rdf —sdg: f,g € S,r,s € R}.

Remark 4.7. If we consider the map d : S — .Qg, /R the second relation in (4.3)
says that d is an R-linear map. The first relation in (4.3) is called the Leibniz’ rule,
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and d is a derivation. This map d is called the universal R-linear derivation,
since every R-linear derivation d’ : § — M to an S-module M factors as the
composition of d with a unique S-linear map 2 é /R~ M . For a proof of this

property and more about £2 ;, /R S€€ for instance Eisenbud (1995, Chapter 16). For
us, the relevant constructions to keep in mind are summarized in the following
examples:

Example 4.2. For a polynomial ring S = R[x1, ..., Xz],
n
1
Q5r=EPS-dxi.
i=1
Example 4.3. For S = R[x1,...,xu]/1, 1 = {f1,..., fm), then

Qlx = (@s-dx,-) J(dfi.....dfm)

i=1

1 1
‘QR[xl,...,xn]/R/U ’ ‘QR[xl,...,xn]/R’dfl’ oo dfm).

lle

Example 4.4. If U C S is a multiplicative subset, then
1 ~ -1 1
‘QS[U—I]/R=S[U 1®r 25k

in particular, localizing the module of Kéhler differentials we obtain the module
of Kahler differentials of the localization.

Definition 4.9. Let X C AJ' be an affine algebraic variety. We define

1 — ol
2% (X) 1= 3

Definition 4.10. Let X be an algebraic variety over k. For every open affine set
U € X we have an Oy (U)-module of Kéahler differentials [2[1] /k(U ). For any
pair U C V of open affine subsets of X we have the natural restriction (morphism

of k-algebras)
Ox (V) - Ox(U),

which induces the restriction of Kéhler differentials

20 (V) = 24, ().
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Using these restrictions, we can glue these modules to define the sheaf of alge-
braic differential forms on X, which we denote 2 )1( /e This construction gives

us a coherent O y-module. By taking the exterior power of §2 §( K We obtain the
coherent sheaf of algebraic differential k-forms on X

k
k
Ly = /\ ‘QX/k
When X is smooth of dimension #, these sheaves are locally free of rank (Z)

Definition 4.11. More generally, given any morphism of algebraic varieties f :
X — Y defined over the field k, we can define the sheaf of relative algebraic
differential forms .Q)l( Jy as the Ox-module obtained by pasting the Ox (V)-
modules .Q;,/R, where R = k[U], S = k[V] and f(V) € U. We can also
define

X/Y = /\ ‘QX/Y
Furthermore, the differential map d : Ox — 1 XY induces a differential map
d: .Q;‘( Y .Q;‘J; which in turn defines the algebraic de Rham complex

d d
0—Ox — 9)1(/1/ - 9§(/Y -
Remark 4.8. In what follows we will mostly consider morphisms f : X — Y be-
tween complex algebraic varieties. When X is a complex algebraic variety instead
of denoting the sheaf of algebraic forms over C by Qé‘( /o We will simply write

Qﬁ, In this case the differential map d is nothing else than the usual holomorphic
differential 9. The difference between them is that d only applies to differential
forms with rational function coefficients, while d applies to any holomorphic dif-
ferential form.

Example 4.5. Let 7 : X — Y be a morphism of complex algebraic varieties, then
k
Qéc(/Y = S
= 1 k—1"
T*2y N Q2%

Remark 4.9. One should not confuse .Qé‘( with the sheaf of holomorphic k-forms,
we denote the latter by £2%.,. The sheaf of algebraic forms is defined over the
Zariski topology of X, while the sheaf of holomorphic (or analytic) forms is de-
fined over the analytic topology of X .
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4.5 Serre’s GAGA principle

One of the most celebrated results in complex algebraic geometry is Serre (1955/1956)
GAGA (Geéométrie algébrique et géométrie analytique) principle, which roughly
speaking states that for complex projective varieties every result about coherent
sheaves holds in the algebraic category if and only if it holds in the analytic cat-
egory. This principle was later extended by Grothendieck and Raynaud (2002,
Chapter XII) to proper complex algebraic varieties. In this section we will recall
only the first part of GAGA following Serre (1955/1956).

Let X be a complex algebraic variety. We can associate to X a natural structure
of analytic variety X". In fact, for each affine open set U C X we have an
isomorphism

U—V={fi==fn=0cC"

with f1,..., fm € C[x1,...,xn]. Since f1,..., fm are polynomials, they are in
particular holomorphic functions, and so V' has a natural analytic structure (and
topology) induced by C”. By means of ¢ we can transport this analytic structure to
U. This analytic structure is independent of chosen isomorphism ¢ and is denoted
U?". Since these open sets cover X and their analytic structures are compatible,
they induce the analytic structure (and topology) of X ". Furthermore, every Oy -
module § has a natural analytification $*" defined over X" as

$™ =8, ®0y . Oxmr. VxeX.

The GAGA principle describes the properties of the analytification functor § +—
S over a projective variety.

Example 4.6. Let X be a complex algebraic variety, then (Qé‘()a“ = Qé‘(an. If
Y C X is an algebraic subvariety then (Zy)*" = Zyw. If f : X — Z is any
morphism of complex algebraic varieties and § is an O y-module, then ( f8)*" =

ngan where f2" @ X — Z is the induced morphism of analytic varieties

given by f.

One of the main facts we need to establish the GAGA principle is the follow-
ing.

Theorem 4.9. Let X be a complex algebraic variety, then for every x € X, Oxan
is a flat O x x-module.

Proof. See Serre (ibid., Section 6, Corollary 1). U



4.5. Serre’s GAGA principle 71

Corollary 4.2. The analytification functor 8 — 8 is exact and takes coherent
algebraic sheaves to coherent analytic sheaves.

Theorem 4.10 (1st GAGA principle). Let X be a projective algebraic variety
over C and let S be an algebraic coherent sheaf over X. Then we have a natural
isomorphism

e: HY(X,8) = HI(X™$™), Vg = 0.

Where € is the map induced in Cech cohomology by any affine open covering U.
In other words the natural inclusion of sheaves over X

i:8— 8"
induces the map

e HY(X,8) =~ HIU,8) > HIWU,8™) =~ HI(X™,§™).
In order to prove this result, we will prove first some lemmas.
Lemma 4.1. Theorem 4.10 holds for X = P" and 8§ = Oy.

Proof. It is clear that H%(X,Ox) = C = H°(X, Ox) and by Proposition 4.4
we also have H4(X,Ox) = 0 for all ¢ > 0. On the other hand by Dolbeault
Theorem 2.11, H4(X, Ox) = H%4(P") = 0 for all ¢ > 0 by the Hodge decom-
position. O

Lemma 4.2. Theorem 4.10 holds for X = P" and § = Ox (m) for all m € Z.

Proof. We proceed by induction on n. Let P*~! := {x, = 0} € P" and let
i : P"71 < P” be the inclusion map. Consider the short exact sequence of
Opr-modules

0 — Opn(m — 1) 2 Opn(m) = ixOpn—1(m) — 0.

It induces the following diagram with exact rows

HI7Y (P, Oppi(m))> HI(P", Opn(m — 1)) <H1(P", Opn (m)) > HL(P"!, Opn—1(m))

T

HIZY P 0%, (m)y HI(P", OF), (m — 1)) <HI(P", OF), (m)) » HI(P"~1, 0%, (m))
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and so €, is an isomorphism for all g > 0ifand only if €,,,—; is an isomorphism
for all ¢ = 0. Since €¢ is an isomorphism for all ¢ = 0 (by Lemma 4.1) we are
done. O

Lemma 4.3. [f Theorem 4.10 holds for X = P", then it holds for any X.

Proof. Just note that if i : X < P” is the inclusion map, then 748 is a coherent
Opn-module (by Proposition 4.3) with (i,8)*" = i,8%". Thus

HY(X,8) = HI(P",i,8) = HY(P",i,8™) = HI(X™,8™).
O

of Theorem 4.10. After Lemma 4.3 we are reduced to X = P”. Since P” has an
affine open covering given by n + 1 open sets, the result is trivially true for g > n.
Let us proceed by decreasing induction on g. By Serre’s Theorem 4.7 we can write

0-G—->L—>8—>0

with G a coherent Opn-module and £ a finite direct sum of twisted sheaves. By
Lemma 4.2, Theorem 4.10 holds for £. We obtain the following commutative
diagram with exact rows

Hq(P”,S) N Hq(IP’",ﬁ) N Hq(P”,S) N Hq+1(IP’",9) N Hq+1(]P’",L)

R

HY(P", G™) » H(P", L™ > HY(P",8™) « Ha+1 (PP, Ganys a+1(pn gany

Let us prove first by induction that € is surjective for all ¢ = 0. By induction
hypothesis €3 is surjective, and so by diagram chasing €, is also surjective, com-
pleting the induction. Now let us prove by induction that € is bijective for all
g = 0. y induction hypothesis €3 is bijective, and we already know that €; and €,
are surjective. By five lemma €, is bijective, finishing the proof. O

Corollary 4.3. Let X be a complex projective variety and 8§ be an algebraic co-
herent sheaf over X. Then H?(X™,8%) is a finite dimensional C-vector space
and there exists some ng such that

H?(X*™,8"(n)) =0, Vg>0,Yn = ny.
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Proof. 1t is a direct consequence of the 1st GAGA principle (Theorem 4.10) ap-
plied to Theorem 4.8. O

Remark 4.10. The previous corollary holds for any coherent analytic sheaf, since
in fact the 3rd GAGA principle asserts that every analytic coherent sheaf over a pro-
jective variety is the analytification of an algebraic coherent sheaf Serre (1955/1956,
Section 12, Theorem 3).

Corollary 4.4. Let F° be any bounded complex of algebraic coherent sheaves
over a complex projective variety X. Then we have a natural isomorphism

HX (X, F°) =~ HF (X9, (F°)*").

Proof. Let U be an affine open covering of X. The natural inclusions F* <
(F°*)?" induce a natural map

HF (X, %) = H* @, 5°) - HF U, (F°)*") = HF (X", (F°)*")
compatible with the naive filtrations. Thus it is enough to show that
Grf;Hp—"q (X, 3,-.) — (Egéq)alg ~ (Eé)o,q)an — GrIP;HP-‘rq (Xan’ (f:F')an).

Since the complex is bounded, both spectral sequences degenerate. And since
Ef_;_ql is the cohomology of (EF*?, d,), it is enough to show the isomorphism at
some page. The result follows by the 1st GAGA principle at the page 1

(EPH@E = HI(X.FP) —— HIX™ (FP)) = (E])™".

4.6 Algebraic de Rham cohomology on affine varieties

Let X be a smooth affine variety over C. Consider the algebraic de Rham complex

of X
d d d

d
0—0x — Rk = = 2% =0.
Serre’s Theorem 4.6 implies this is an acyclic complex. On the other hand, con-
sidering the C*° de Rham cohomology complex of X

d d d d
O—>(9Xoo—>.{2)1(oo—>---—>9§(’éo—>0.
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We know this is an acyclic resolution of the constant sheaf C, by Poincaré Lemma
(Corollary 2.2) and the fact each sheaf .Q;I(OO is fine. Considering now the analytic
de Rham complex of X

0 0 0 0
()—)OXan—)Q)l(an—)"'—)QSl(an—)O,

we see it is also resolution of the constant sheaf C over X", by Corollary 3.1. And
furthermore, it is acyclic by the fact that every affine variety is Stein (Corollary 4.1)
and Cartan B Theorem 4.5.
Applying Proposition 3.2 and Proposition 3.7, we obtain the following isomor-
phisms
HYUI'(2%).d) = H1(X, 2%). (4.4)

HL(X™) := HI(I'(R2%w).0) = HI(X™, 2%w) = HI(X™,C),  (45)
HEL(X) = HI(I'(R2%).d) = HI(X™, 2%c) = HI(X*™,C).  (4.6)

So it is clear that (4.5) is isomorphic to (4.6). On the other hand, applying Proposi-
tion 3.2 to the acyclic complex (§2%.,, d) over the Zariski topology of X we obtain
the isomorphism

HE(X™) = HY (X, 2%uw).

Definition 4.12. Let X be an affine algebraic variety over a field k. We define the
algebraic de Rham cohomology of X as

Hig (X/K) := HX(I'(25% ). )

In view of the previous isomorphisms and Proposition 3.6, it is enough to show
that the natural inclusion (of sheaves over the Zariski topology)

(2%.d) = (2%, 0) (4.7)

is a quasi-isomorphism to conclude that the algebraic de Rham cohomology (4.4)
is isomorphic to analytic de Rham cohomology (4.5) and the usual de Rham coho-
mology (4.6). In other words that global algebraic differential forms are enough
to recover the de Rham cohomology groups. The difficulty in proving (4.7) is
a quasi-isomorphism lies on working over the Zariski topology, because we do
not understand the stalks of the cohomology sheaves associated to each complex.
Despite this fact, we can prove the following result.
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Theorem 4.11 (Atiyah and Hodge (1955)). Let X be an affine smooth variety over
the field C of complex numbers. Then the canonical map

HYU(I(2%).d) > Hi(X)

is an isomorphism of C-vector spaces.

4.7 Proof of Atiyah—Hodge theorem

The idea of the proof is to get rid of Zariski topology, and reduce everything to
prove a quasi-isomorphism between complexes of sheaves over the analytic topol-
ogy. For this we need to complete the variety X to a well behaved projective
variety X, transport the algebraic sheaf to it and use Serre’s GAGA principle
(Theorem 4.10) in order to work with sheaves over the analytic topology of X.
The following proof was essentially taken from Narasimhan (1968), except for
Lemma 4.4 which was taken from Voisin (2003, page 160, Lemma 6.6). Let us
recall first some notions about divisors.

Definition 4.13. Let X be a complex algebraic variety, a codimension 1 algebraic
subvariety ¥ C X is called a divisor. We define the sheaf Ox (Y) to be the Oy -
module of rational functions with pole of order at most one along Y, this sheaf is
coherent since it is locally free of rank one. We say that a locally free sheaf of rank
one is an invertible sheaf.

Definition 4.14. Let X be a smooth complex algebraic variety and Y € X be a
divisor. We say Y is a normal crossing divisor if for every x € X there exists a

coordinate chart (z1,...,z5) : U AN V C C” for U an open neighbourhood of
x € X (in the analytic topology of X) and V' an open neighbourhood of 0 € C”"
suchthat (Y NU) = {(z1,...,z2p) €V :z1---z # 0} forsome 1 <r < n.

Definition 4.15. Let X be a complex projective variety, and ¥ € X be a divisor.
We say that Y is a very ample divisor if there exists a projective embedding i :
X < PV such that isOx(Y) 2 Opn (1). In general we say that an invertible
sheaf £ is very ample if for some projective embedding i+ £ = Opn (1). We say
that Y is an ample divisor if Ox(kY) := O x(Y)®¥ (i.e. the sheaf of rational
functions with pole of order at most k along Y') is very ample for some k = 1. We
say that an invertible sheaf £ is ample if £®F is very ample for some k > 1.

Proposition 4.5. Let X be a complex projective variety, L be an ample invertible
sheaf and S be an algebraic coherent sheaf. Then there exists some kg € N such
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that § @o, LBk g acyclic for all k = kg, and so by GAGA principle 8" @0 yan

L@k s also acyclic over X",

Proof. Let mg € N such that L0 =~ i, Opn~(1). Applying Theorem 4.8 to
$,8QL,...,8® Lmo~1 we find ng,ny,...,npme—1 € N suchthatS@Lj(k) is
acyclic for all k > nj. Taking ko := max{n; -mg : j =0,...,mo — 1} we get
forevery k = ko thatk = j 4+ mg-q; forsome 0 < j <mgandq; = n;. Thus
SQLF=8® L7 (q;) is acyclic.

O

Remark 4.11. By Hironaka’s resolution of singularities theorem, we can take j :
X <> X where X is a smooth projective variety, j is an open immersion and
Y = X \ X is an ample normal crossing divisor of X, see Kollar (2007, Theorem
3.35).

Proof of Theorem 4.11. Transporting the sheaf of algebraic p-forms over X to X,
we know that
oD _ 1 p _
Jx2% = kli)ngo ‘QX’ ® Og(kY).

Then, if we take the analytic sheaf

p 1 p _ Rk
25, (+Y) = lim 2 ® Oz ()%,

we have (passing to the limit in Serre’s GAGA correspondence) that
[(Q%,,(xY)) = I'(jx2g) = I'(2%).

Hence, it is enough to show that the cohomology of global sections associated to
the complex (Q;zan (*Y), d) corresponds to the de Rham cohomology of X . Using

Proposition 4.5, we see that (£22%

Xau(* Y), 0) is an acyclic complex, then by Propo-

sition 3.2
HY(I(2%,,(xY)).0) = HY(X, 2%,,(xY)).

On the other hand, considering the C°>® de Rham complex of X transported to X,
we have another acyclic complex (j«£2% o, d), and

HE(X) = HUT (j«2%00). d) = HYU(X, jx2%00).

This reduces the proof to show that the natural inclusion of complexes of sheaves
over X (over the analytic topology)

L2 (2%, (+Y),8) <> (juR2oord)
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is a quasi-isomorphism.

Since polydiscs form a basis of the analytic topology, we can focus on them.
We divide the analysis on whether the polydisc intersects Y or not. If A is a poly-
disc not intersecting Y, we have that

(2% (xY)[4.0) = (23m.0) and  (jsR¥oc|a.d) = (230.d)

Since both are resolutions of the constant sheaf C over A, we have the desired
quasi-isomorphism. This means H?(t), is an isomorphism forallg = 0, x € X,
i.e. H1(1)|x is an isomorphism.

For x € Y, we can choose a local chart and a polydisc A such that A \ Y is
biholomorphic to {(z1,...,2z,) € D*|z1---z, # 0} = (D*)" x D"7". These
polydiscs form a neighbourhoods system for x, so we can use them to compute

the stalk at x of the cohomology sheaves associated to each complex.
We know that A \ Y is homotopically equivalent to (D*)", and so we get the
isomorphism

0 ifg >r,
. ° dzj NNdz; .
HI(I(A, ju@o0).d) = HE(D)) = 4 B1cty ety r C [17 ifl<q<r
C ifg = 0.

On the other hand, it is clear that H(I"(A, ‘Q;gan(* Y)),0) = C, then H%(1), is
an isomorphism.

For ¢ > 0, we clearly see that H4 (1) is surjective (since the representatives
of H9(jx$§2%00.d)x belong to H‘I(.Q;?an(*Y), d)x). So, it is enough to show it
is injective in order to finish the proof. This is what we prove in the following
lemma. O

Lemma 4.4. Let w be a closed meromorphic q-form on A = D", which is holo-
morphic in A\ Y with poles along Y = {(z1,...,2n) € Alz1---z = 0}.
Further, assume that o = 0in H SIR(A \ Y). Then there exist a meromorphic
(g — 1)-form n (defined on a possibly smaller polydisc) also with poles along Y ,
such that w = 0.

Proof. We claim there exists a meromorphic (¢ — 1)-form v in some (possibly
smaller) polydisc A with poles along ¥ such that w — dv does not depend on z;
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and dz; fori =r +1,...,n. In fact, assuming the claim fori >m > r 4+ 1,ina
possibly smaller polydisc we have

_ M
®—0dv = —
(1 zr)

for some p holomorphic g-form not depending on z; and dz; fori =m+1,...,n.
Writing

W= Q1+ dzm A pa,
with t1 and p2 two holomorphic forms not dependingon z; for j = m+1,...,n,
and on dz; fori = m,...,n. We can formally integrate the power series expan-

sion of i, to obtain a holomorphic (¢ — 1)-form § such that u, = % (here %

is obtained by applying % to every component of §) and also does not depend on

zjforj =m+1,...,n,andondz; fori =m,...,n. TakingV = U+(z1-f+)l’
the form @ — 0V does not depend on z; for j = m + 1,...,n, and on dz; for
i = m,...,n. Furthermore, since it is d-closed, it follows that it does not depend

on z,,. This proves the claim. Now, we can assume

I

w=—7
(z1-+2r)

with u holomorphic g-form not depending on z; and dz; fori =r + 1,...,n.
We have reduced the lemma to the following assertion:

“For any closed meromorphic q-form w in A = D" with poles along Y =
{z1---zy = O} suchthatw = Oin H(;IR((]D)X)’), there exist a meromorphic (q—1)-
form 1 (in a possibly smaller polydisc) with poles along Y such that ® = an.”

We prove this assertion by induction on r, being the case r = 1 clear. For
r > 1, we can write 4 = w1 + dz, A p with @1 and @, not depending on dz;.
Taking the power series expansion of i1, we can write

o =Y1+dz; N2,

where

Yo = Z G (21, 2r—1)z],

j=—1



4.7. Proof of Atiyah—Hodge theorem 79

with ¢; meromorphic form in D" ~! with poles along {z; -+-z,_1 = 0}. Using
formal integration we obtain a meromorphic (¢ — 1)-form ¢ such that
1 ad
V2 — i L

Zy 0z,

Then 4
0—0p=F+E AT,
r
with £, meromorphic not depending on dz,, and & meromorphic not depending
on z, and dz,. Since w is closed, we have g% = ﬂ;—jagz. Then Zr% does not
depend on z,, i.e. & also does not depend on z,. Consequently, £ and &, are
closed meromorphic forms in D" 1.

Kiinneth’s theorem (see Bott and Tu (1982, Chapter 1, Section 5)) and the ex-
actness of w imply that £; and &, are exact forms on D" ~!. By induction hypothe-
sis we conclude the assertion. This finishes the proof of the lemma and completes
the proof of Atiyah—Hodge’s theorem.

O]



1 do feel however that while we wrote algebraic GEOMETRY they [Weil, Zariski,
Grothendieck] made it ALGEBRAIC geometry with all that it implies, (Solomon
Lefschetz (1968)).

5.1 Introduction

The main objective of this chapter is to define the algebraic de Rham cohomology
H i (X /k) of a smooth algebraic variety X defined over a field k of characteristic
zero. When k = C we have the underlying C *° manifold X*° and we aim to
construct explicitly the isomorphism between the algebraic de Rham cohomology
H i (X /k) and the classical de Rham cohomology Hj; (X). In this way, we are
able to write down explicit formulas for cup products, Gauss—Manin connection
etc, in algebraic de Rham cohomology. A. Grothendieck is the main responsible
for the definition of algebraic de Rham cohomology, however, it must be noted
that he was largely inspired by the work of Atiyah and Hodge (1955). His paper,
Grothendieck (1966), was originally written as a letter to Atiyah and Hodge and
it would be fair to call this Atiyah—Hodge—Grothendieck algebraic de Rham coho-
mology. However in the literature, and mainly in Algebraic Geometry, we find
the name Grothendieck’s algebraic de Rham cohomology. Algebraic de Rham
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cohomology for singular schemes has been studied by several authors during the
seventies, see for example Hartshorne (1975) and the references therein.

5.2 The definition

The following is the final format of the definition of an algebraic de Rham coho-
mology by Grothendieck (1966) after a long period of dealing with integrals with
algebraic integrand.

Definition 5.1. Let X be a smooth variety over a field k. We consider the complex
(2% /e d) of regular differential forms on X. The algebraic de Rham cohomol-
ogy of X is defined to be the hypercohomology

HL(X/k) :=HI(X, %) 4 =0,1,2,....

We take a covering U of X /k by open affine subsets. By Serre’s vanishing
theorem (Theorem 4.6) this covering is acyclic with respect to all sheaves .Q)’( /K
Hence by Theorem 3.1 the hypercohomology in the above definition can be taken
relative to {. Therefore we can write an element of H gR (X/k) relative to U in the

format described in Section 3.3.

Remark 5.1. It might be useful to consider a projective variety X overaring R and
define the algebraic de Rham cohomology H dqR (X/R) in a similar way. This might
not be a free R-module of the correct rank (which are Betti numbers if R is a subring
of C). However, in the framework of tame polynomials and Brieskorn modules,
one gets such free modules. For further details see Movasati (2021, Chapter 10).

5.3 The isomorphism
Let X be a smooth affine variety over C. We have
Hi(X/C) = H (I'(X, 2%,c)d) = Hiz(X)
The first isomorphism follows from Serre’s vanishing theorem (Theorem 4.6) and

Proposition 3.2. The second isomorphism is the statement of the Atiyah—Hodge
theorem (Theorem 4.11).
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For an arbitrary algebraic variety X over the complex numbers, the Atiyah—
Hodge theorem implies that the inclusion £25 /c ™ 2% 0 18 a quasi-isomorphism
over the Zariski topology. In this way, using Proposition 3.2 and Proposition 3.6
we get the isomorphism

Hig(X/C) = Hig(X).

In Section 3.7 we have described this isomorphism and its inverse explicitly. Since
this will be an important tool for later applications, we are going to describe again
the explicit construction of the maps

A HPE(X)— HRE(X/C), (5.1)
A™': HIR(X/C) — HR(X). (5.2)

Let us describe first the map (5.1). Take an element in H} (X), represented by a
closed differential m-form . In what follows, differential forms with “will repre-
sent C*° differential forms, and those without “will be algebraic differential forms.
We restrict & to each open set U;, say @" = @|y,. Using Atiyah-Hodge theorem
we find algebraic differential m-forms " and C* (m — 1)-forms ﬁ;"_l in U;
such that

o = o™ —di"!, and do™ = 0.

Applying 6 to @™ we obtain

vim—1 vm—1-
a);”—a)lm =d(n’}’ — 7" ) in U; N U;.
Again by Atiyah—Hodge theorem, the right hand side of the above equality repre-
sents the zero element in the (m — 1)-th de Rham cohomology of U; N U;. There-
fore there are algebraic differential (7 — 1)-forms a)i';?_l in U; N U; such that

m m m—1
o} — o] —da)ij =0,
and so

d@r—t =it —ofi™h =0.

Using Atiyah—Hodge theorem in the intersections U; N U, we can add a closed
algebraic differential form to w{}’_l and assume that

vm—1 vm—1 m—1 __ ~m—2
ny - — Wj; —dfl,'j )
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m—1

where ﬁl’-;?_z are C*° (m — 2)-forms in U; N U;. Applying § to o we get in

Ui N U; N Uy the relation
-1 -1 -1 _ -1 -1 -1
a);."k —of topT = —d(nTk —mx )

Again we have an algebraic (m — 1)-form which is exact using C *° differential
forms and so it must be exact using algebraic differential forms. We repeat the
process to produce w™~2. This process at the k-th step gives us @™ ¥ such that

™ 4 (=DFFaEim T = 0.
Using Atiyah—Hodge theorem we can produce o™ K1 such that

Sa)m_k + (—1)k+1d0)m_k_1 = 0,
Sﬁm_k_l —Mmk=1 _ (—1)k+2dﬁm_k_2 _
At the end of the process we get the element A® = w = 0® + 0! +--- + 0™ €
Hiz (X/C). Note that the last equality for k = m — 1 is just §7° —w® = 0.

Let us now describe the map (5.2). Take an element in Hj3 (X /C), represented
by @ = Y7_y @’ such that Dw = 0. In particular, §0® = 0. Since the Cech
cohomology of the sheaf of C° differential forms is zero (except in dimension
zero), we have

w® = 87°,

for some C ™ differential forms 7°. Replacing @ by w — D7°, we can assume that
w® = 0. This process continues with o' = 0. In the final step we get a closed
C > m-form in X. The complete description can be done in terms of a partition
of unity.

Proposition 5.1. Let X be a smooth algebraic variety over C. LetU = {U,}ier
be a locally finite affine cover of X. Given v = @°® + --- + 0™ € Hi(X/C),
and a partition of unity {a; };ey subordinated to U, we can compute

m
-1 —1 0
(A" w); = E § dag, N--- Adag, Aa)lf’,’q,__kl € H'(U, 2%).
1=0ky,..., kel

Proof. We claim that for every j = 0, ..., m we can represent  as @’ + w/ 1 +
-+ o™, where
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J

o/ = J=l m—j J

in"'im—j = Z Z dak] A /\d(lkl /\in"'im—jkl"'k] eC (Z/{, ‘QXOO)'
1=0ky,....k; €l

In fact, this is clear for j = 0. Assuming the claim for j > 0, define 7/ €

CM=I =1 U, R)o0) by

J . Z ~J
Uio...imﬂ.fl = akwio-"im,j,]k'
kel

Then 87/ = (~1)""/&7, and so D/ = (~=1)"/ (&’ — dn’). Representing »
by @ + (—1)™~/ =1 Dp/ we obtain the claim for j + 1. 0

5.4 Hodge filtration

For the complex of differential forms £2% Jlo We have the truncated complex of
differential forms

=i | ] i+1
QX/II(' ~--—>O—>0—>93(/k—>[2;(/k — ..

and a natural map

=] °
.QX/f( — ‘QX/k'

We define the algebraic Hodge filtration
0=F"t'cF"c...c F' c F® = H% (X /K),
as follows

FO = FTHRXW) = tm (B (X 2370 — H" (X, 251))

For the special case of the complex of differential forms, Theorem 3.2 becomes:

Theorem 5.1. Let k be an algebraically closed field of characteristic zero and X
be a smooth projective variety over k. We have

FI/FIT1 = H™"(X, 2% )
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By Lefschetz principle we can assume that X is defined over complex numbers.
We denote by X" the underlying complex manifold of X. Let £2%,,, be the sheaf
of closed holomorphic differential form on X".

Theorem 5.2. (Dolbeault) Let X be a smooth projective variety over C. The
maps
HI(X™, Q4.) — HI(X*™, 2D, i, j € No,

induced by the differential map d - [P LIS Q?;nl are all zero.

This theorem was taken from Griffiths (1969a, p. II). He uses this property
in order to prove that the Hodge filtration varies holomorphically. He associates
this proposition to Dolbeault, and in the appendix of Griffiths (1969b), he gives
a proof using Laplacian operators. The situation is quite similar to the case of
Hard Lefschetz theorem, where the only available proof is done using harmonic
forms. Theorem 5.2 is equivalent to the fact the Frolicher spectral sequence of
X" degenerates at E, see for instance Voisin (2002, Theorem 8.28). In Voisin’s
book the mentioned fact is basically derived from the Hodge decomposition.

Proof of Theorem 5.1. We need to check that the hypothesis of Theorem 3.2 are
satisfied in our case. By GAGA principle the natural morphisms

H/(X,2%) — H/ (X™, Q%)

are isomorphisms of C-vector spaces and under this identifications the algebraic
d, coincides with the holomorphic d,. Therefore it is enough to check that the
holomorphic d; satisfies the hypothesis of Theorem 3.2. In the holomorphic con-
text, by Theorem 5.2 we have H/ (X*", £2%.,) = H/(X™, £2%..). For this we
write the long exact sequence of the short exact sequence
0— .(v.?g(an — .Qg(an — .(v.??;nl — 0.

In the definition if d; we can choose a representative of o' e HI (xam, Qi an)
such that dw' = 0, and so by definition all d,’s are zero. O

According to Voisin (ibid., page 207) the algebraic proof of degeneracy at £
of the complex of algebraic differential forms (and hence an algebraic proof of
Theorem 5.1) was done by Deligne and Illusie (1987).
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Corollary 5.1. Let X be a smooth projective variety, then via the natural isomor-
phism
HE(X/C) = HE(X). (5.3)

F'! corresponds with the classical Hodge filtration

k
F' = F'Hf (X) .= @ HP*7P(X).
p=i

Proof. The isomorphism (5.3) is given by the quasi-isomorphisms
(2%.d) = (2%m. 0), (54

(2%, 0) = (2%, d). (5.5)

Where (5.4) is over the Zariski topology of X, while (5.5) is over the analytic
topology of X . If we consider the truncated complexes, we have the corresponding
quasi-isomorphisms

(25" d) = (251 9). (5.6)
(23.0) = [P ogr.a). (5.7)
p=i

Note that both complexes of (5.7) are resolutions of the sheaf of holomorphic 9-
closed i-forms. Therefore the image of F? inside H R(X ) is exactly

Fl=Im|H* | T [P S| .d| > HLX)
p=i

In particular, FiHé‘R(X) C F!. Since

ﬁ‘l/ﬁ'l-i‘l ~ Fi/Fi+1 ~ Hk_i(X’ QS{) o~
~ H*H(X) = FPHE (X)) FH HE (),

we conclude F! = FiH({‘R(X). O
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5.5 Cup product

In the usual de Rham cohomology we have the cup/wedge product

HR(X) x HiR(X) — HE™(X),

(&,0) > & A

and it is natural to ask for the corresponding bilinear map in algebraic de Rham
cohomology. For partial result in this direction see Carlson and Griffiths (1980).

Theorem 5.3. The cup product of € H (X /k) and o € H, (X/k) is given by
y = o U, where

= ol el
Vi = Dol Aainl ojt aa,
. J .
i = YO gt
r=0
yi(())"'in+m = CU,%...im' ?m...in+m

Proof. We have to prove that under the canonical isomorphism between the clas-
sical and algebraic de Rham cohomology, the wedge product is transformed in the
product given in the theorem. Let us take @ € Hiz(X) and ¢ € H(X) and
construct the algebraic counterpart of @, &, @ U . For this we will use the explicit
construction of (5.1). Following this, it is possible to compute the first two lines
in Theorem 5.3. Once the general formula is guessed the proof is as bellow: First
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we check that Dy = 0.

Jj+1 ‘
) m+n=jy, = —1 k m+An—j
8y ig-ij 41 kgo( Yl
Jt+1k—1 _ . .
= Y S (-pftmUmnAr Gl gmer gt
k=0r=0 0 ir peeipeijgn
Jj+1 j+1
k+m(j—r+1)+@-1)(—1), m—r+1 n—jtr
-1 (S Ao
+ kZO %1( ) lO’klr lr"'lj+]
—0r=
JJjtl ' . ‘
= > > (pktmUmnArU=hgmer gt
r=0k=r+1 0 tr ipeigeeij 4
j+1lr—1
k+m(G—r+1)+E-1)(G—-1) m-r+1 n—jtr
-1 [ Ao
i Zl kZO( ) lolklr ipeij4l
r=1k=

J .
_ Z(_1)r+m(j—r)+r(j—l)wl(g:{r A I:((gan—j-l—r)irmijJrl _an—]+r ]

= L1k 41
j+1 .
+ 3 (D=6 D [(Sw’”"“)io...i, - (_1)'60;3:{:}] A a?ri;ﬁ.]t’l
r=1
J .
- Z(_1)]'+m(.i—r)+r(./—1)wl_’(')l:irr Ad lnr_Jlj_.:l_l
r=0
jt1 ;
+ Z(_l)r—l+m(j—r+1)+(r—l)(j—l)(dwm—r)iomir A“?r?i::l
r=1
Jj+1
— (—l)jd (Z(_l)m(j+1—r)+rjwl(g:lrr /\alnr—Jlj—J:j-r)
r=0

_ 1\ g, mtn—j—1
= (=D d)/,-o...,-jH

Second, it is easy to verify that the cup product formula announced in Theorem 5.3
satisfies

oUa = (-1)""aUo, (5.8)
DnUa = D(nUa) for Da=0. (5.9)

Therefore, the cup is independent of the choice of representatives.
We have to prove that @ Ad and y induce the same element in H” 7 (X >, R%c0)
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for k = C. This follows from the following equalities in H" (X >, R%o0)
Vl==loVUa] =[oUd] = [oAd
where [-] means the induced class in hypercohomology. O

Let us assume that m and n are even numbers and @ and « have only the middle

m

pieces w2 and a2

ioi iy ioi iy respectively. In this particular case, v U « has also

only the rmddle piece given by
n+m

I

(@ Ua), 2 O 0 N (5.10)

N\S
w\§' Lt

= (-1 . ; .
iy ln+m ( ) l%+1""n—5m

Remark 5.2. Let U/ be a convex locally finite open cover of X?". Since each open
convex set has trivial de Rham cohomology (since it is contractible), an element
of Hl} (X/C) can be represented by w® e H™(U,C) and «® € H"(U,C). Let
{ai}ier be a partition of unity subordinated to I/, then

v 0
0= Z a)iklmkmdak1 A« Ndag,

and
v 0
a = E O‘jll---l,,dall A« ANday,,

foranyi, j € I. Ontheotherhand y = wUa will correspondto y € Héﬁ*’" (X)
given by

v 0 v v
y = Z dakl/\"'/\dakm/\dah/\'"/\daanik,-~-kmll~-~l,, = 0OAQ.
kl,...,km,ll,...,lnel

For the description of cup product in Cech cohomology H™ (X, Z) see Brylin-
ski (2008). For simple applications of cup product in the case of elliptic curves
see Movasati (2012).

5.6 Hodge filtration and cup product

Proposition 5.2. The cup product and the Hodge filtration satisfy the relations
F'HR(X)U F/HR(X) C F'H HIT(X). (5.11)

Proof. This follows directly from the definition of cup product.
O
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5.7 Polarization

Let PV be a projective space of dimension N, with projective coordinates [xg :

X1 :---:xny]and fi; = ;C—’ The rational function f;; has a zero (resp. pole) of
J

order 1 at x; = O (resp. x; = 0). For the algebraic de Rham cohomology of PN

we consider the standard covering and represent its elements in this covering.

Definition 5.2. The following

dfy,  dCGY)  dx;  dx
0 =toy). ;= J0 - Tal 4y 4N

.. X . .

induces an element in H dzR(IP’N /k) and it is called the polarization. For any sub-

variety X of P over k, its restriction to H. dZR(X /K) is also called the polarization.

Note that 60 = 0 and df = 0. Therefore, D6 = 0 and hence 6 induces an
element in H dZR(X /k). Note also that if we write § = 6% + 61 + 62, then #° and

62 are zero.

Proposition 5.3. The polarization in the usual de Rham cohomology H dzR(X ) is
given by the (1, 1)-form

N
6 := 391og(>_ |xi?). (5.12)
i=0
Moreover, for any linear P C PN we have

0 =2n+—1.
Pl

Proof. The proof of the first part is as follows. We have to follow the recipe in
Section 5.3 and construct A~1(6). We define:

and
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We have

-2
Xj 1 1 dfij
ZJ0 . p and 1 Yy
. pi and so n; —n; 7
Let n' = {n}, i € I'}. Recall the explicit description of H? in (3.9),(3.10) and
(3.11). We substitute 6 by 6 := 6 + Dn. This satisfies 6° = 0, 6! = 0 and

pj = = —0ij.

éiz = dnl-l = 99 log p;.

The (1, 1)-forms éf’s in the intersection of U;’s coincide and give us the element
(5.12) in the usual de Rham cohomology.

The second statement follows from the fact that %é is the first Chern class

of the tautological line bundle of PV, see for instance Movasati (2017a). An
elementary proof is as follows. Since all lines in PV are homologous to each
other, we assume that P! is given by xy = xy—1 = -+ = xp = 0, and hence,
we only need to prove the case N = 1. In this case, let us take the chart x; = 1
and use z := xg. With this new notation, let x and y be the real and complex part
of z, that is, z := x 4+ iy. We have

dx Ndy

30 log(1 H =2Vl
o8l +127) = 2T

The desired result follows from

dx Ndy
e 5.13
/1;{2 (+a2+y22 " 413

This can be checked directly or by the following Mathematica command:
Integrate[1/(x"2+y~2+1)"2,{x,-Infinity,Infinity},{y,-Infinity,Infinity}]

O]

Using Theorem 5.3 we know that 6 € H dZ}{" (P /k) has only the middle
piece. This middle piece is given by

m dx; dx; dx; dx; dx; dx;
(O™ igis iy = (—1) 2“)( Yo _ xl)/\( Xi _ xz)A-..A(@_ﬁ).

Xig Xiy Xiy Xis
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In particular, in the top cohomology H dzIf (P¥ /k) we have the element 8V given
by its middle piece

")orz.n = (<12 (@ - @) A (@ - @) A A (dXN_l - dx_N)

X0 X1 X1 X2 XN-1 XN

N ; ~
_ (@) ZizoCED xidx
XoX1X2 XN

The summary of our discussion is in the following theorem:

Theorem 5.4. Let k be a field of characteristic zero and not necessarily alge-
braically closed. The algebraic de Rham cohomology ring H&"R(IP’N/k) is gener-
ated by 6.

Proof. We can take k small enough to have the embedding k — C, and since the
statement of the theorem remain valid under field extensions, we can assume that
k = C. By Proposition 5.3 ﬁ@ maps to u € H2(PV,Z) under the canonical

isomorphism Hd”l’{(PN /C) =~ H G{;‘{(IP’N ). Here, u is the cohomology class of a
hyperplane PY~1 ¢ PV. Now the the theorem follows from the same theorem
in the topological side. O

It would be more convenient to give a proof of Theorem 5.4 without referring
to the same statement in topology.

5.8 Top cohomology

Let X € PV be a smooth projective variety of dimension n over k.

Proposition 5.4. The top cohomology H dzl{l (X /k) is of dimension 1 and it is gener-
ated by the restriction of 0" € H dzl{’ (PN /k). Moreover, for an embedding k — C
we have

/ 0" = deg(X) - 2mi)".
X

Proof. The proof follows from a similar statement in topology and the fact that
u =50 € H*(X™, Z) is the topological polarization. O

2mi

It turns out that we have a canonical isomorphism

w
Tr: HE'(X/K) = k, Tr() := deg(X) - o
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over the field k. In the complex context k = C, it is given by
v ),
® > ®
Qmi)* Jx

Definition 5.3. The element o := deg% is called the volume top form of X. It
is characterized by the fact that Tr(«) = 1.

Let PN="=1 < PN be a projective space such that PN 7~1 0 X = . We
assume that it is given by linear equations gg = g1 = --- = g» = 0 and consider
the corresponding coveringd = {U;, i =0,1,...,n}, U; :={x € X|gi(x) #
0}. In this covering 8" € H dZI{’ (X /k) is given by

n d d d d dgn—1 d
)o120m = (~1)("'2) (ﬁ - ﬁ)A(ﬁ - ﬁ)A...A( gn-1 _ gn) -
80 81 81 82 8n—1 8n
(5.15)

Remark 5.3. The appearance of the sign (—1)(nJ2r1) in our formulas is natural. In
Deligne, Milne, et al. (1982) the pairing between the N dimensional homology
and de Rham cohomology is modified with this sign and it has been remarked:
“Our signs differ from the usual signs because the standard sign conventions

/dw:/ w, / pr;‘a)/\pr;nzfa)-/n, etc.
o do XxY X Y

violate the sign conventions for complexes. ”

5.9 Bilinear maps in cohomology
The cup product composed with the trace map gives us the bilinear maps
()t Hip(X) x H 7™ (X) >k, (&, B) > Tr(a U f) (5.16)
and
()t HR(X) x HR(X) = k, (o, ) > Tr(@UBUEO"™™). (5.17)

Note that the second bilinear map depends on the polarization.
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Proposition 5.5. The bilinear maps (5.16) and (5.17) are non-degenerate.

Proof. The fact that the map (5.16) is non-degenerate follows from the same state-
ment in the topological context. The same statement for (5.17) follows from the
Hard Lefschetz theorem and the previous statement. O

Proposition 5.6. The bilinear maps (5.16) and (5.17) satisfy
(F',F/) =0,
fori 4+ j >nandi + j > m respectively.

Proof. The relation between cup product and Hodge filtration is described in Propo-
sition 5.2. We use this for m1 = m and m, = 2n — m. Moreover, we know that
F'H dzl{’ (X) = fori > n. This finishes the proof for the bilinear map (5.16).
For (5.17) note that the isomorphism of Hard Lefschetz theorem Hj(X) —
HZ=M(X), o+ o U 6" ™ maps F'H%(X) into FIt"—m{20=m(x). [

5.10 Volume top form in PV

All our methods to compute periods reduce at some point to compute the period
of an element in the top cohomology of the projective space. Since H dZRN (PN) =
HNNPN)y ~ AN PV, Q]‘{,YN) =~ C, we just need to know the period of one

generator. This will give us the top form of PV in the sense of Definition 5.3. We
will fix the element

2 _ Yo (=D xidx; _ (dxl dxo) dxy  dxo

Aen ZE 220 € V@, 28,
xO...xN xo-..xN XN XO

X1 X0

and compute its period. Here U = {U; }lN: o 18 the standard open covering of PN,
ie. U = {x; # 0}.

Proposition 5.7. We have

/ LI TS
P N

N X()"'.x

Since we have natural isomorphisms H ™ (PV .Q]f,y V) = H2N (PN, 0 ) =~

(PN)e
H (121{\] (PV). The element e HN (PN, .Qg ~ ) corresponds to a top form

X0 XN
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weH dz}{\' (P). By abuse of notation we will denote

$2
_— = .
PN X0 XN PN

We will always use this identification when we talk about periods. From Proposi-
tion 5.7 we get:

Proposition 5.8. The volume top form of PV in the sense of Definition 5.3 and
associated to the standard covering U of PV is given by

() Zizol=D'xid
X0 XN

Note that this top form is equal to 8%V, where § € H dZR(IP’N /C) is the polar-
ization element defined in Section 5.7. Therefore, Proposition 5.7 follows from
Proposition 5.3. We would like to give a different proof of this using a partition
of unity subordinated to the covering &/. The main reason for this is that the iso-
morphism between algebraic and C > de Rham cohomology groups described in
Section 5.3 can be explicitly written down using a partition of unity. However, this
resulting formula might be huge. Thus the case of PV serves as a good exercise
in case one needs a more concrete presentation of the material in Section 5.3.

Proof of Proposition 5.7. We have to determine the image of YorAN via the iso-
morphisms
N (pN oN \ ~ g2N (pN) ~ 12N (pN oe
HY (PN, o) = H3Y (PV) = 12N (P ,Q(PN)OO).
Let {ai}lN: o be a partition of unity subordinated to {U,-}lN: o- In the affine
chart CV < PV, consider the coordinate system z with z; := x;/x¢ fori =

1,2,..., N. Without loss of generality, we can take the partition of unity such
that

10 if |z;| <1,

R B | if|Zi|22,|Zj|$1VjE{],--~,N}\{i},
and

ap+---+any =1if3j e{l,--- N} :|z;| = 2.
Thus

Supp(dajA---Aday) C{z e CN 1< |zl <2,Vi=1,..., N} = (D(0;2)\D(; 1)V
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Using Proposition 5.1, we know that the image of xszxN in H dZRN (PN) is

represented by the global closed 2N -form w?¥ which in the chart U; is given by
2N i > 2 2N
(w*")i = N!-(=1)'dap A---da;---Nday N —— € .Q(PN)OO(U,-).
xo DY XN

N

Since Supp(w?N) C Uo,1,....n. In order to integrate w?N over PV is enough to

do it on any affine chart:

2
/ — = (@*M)o
PN X0 XN Uo
le dZN

= N!. day A~ ANday A —— Ao A —=
Z1 ZN

CN
Ng.(_l)(g)/ d(al.ﬁ)/\.../\d(aN.dzN)
CN Z1 ZN

= =D ri)V,

where in the last equality we have used Stokes formula and the Cauchy residue
formula.
O]

It is easy to see that an element of Z¥ (I, QIZPY ) is of the form

P2

[s74) N
.XO XN

with g, ..,y € N suchthatag + --- +ay = deg(P) + N + 1. Thenitisa
C-linear combination of terms of the form

xgo-ux]’z,NQ

with Bo,...,Bn € Z such that g + --- + By = —N — 1. The following
proposition tells us how to compute the period of any such form.

Proposition 5.9. The form

xbo.xBvo e HV u, 2by)
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represents an exact top form of PN if and only if (B, ...,Bn) # (=1,---,—1).

In particular,

/ ﬂ() XﬁN.Q: lf‘(ﬁ(% 7/3N)7é(_1”_1)’
pr 0N ( DE V=Y i (Bo.....BN) = (—1,....—1).

Proof. The only thing left to prove is that for (B¢,...,8n) # (—1,...,—1) the

form is D-exact. Using the isomorphism H" (PV .QH],Y ) = H2N (PN, .QI;, ) it
is enough to show that the element w € H?N (PV, .Q];, ~) given by
oV = xg 0 xf,N 2,

and o’ = 0 fori # N, is zero in hypercohomology. Note that if (8o, ..., Bn) #
(—1,...,—1), then there exist some 8; = 0. Therefore,

xbo.. xBv g e 28 (Nj4U;).
Define n € @ZN Lo, Q v) by
B = s,

for J = (O,...,i—l,i—i—l,...,N),n]JV, =O0forJ’ # J,andn/ =0forj # N.
This form clearly satisfy Dn = w as desired. O

5.11 Chern class
Consider the short exact sequence
0—27iZ — Oxm — Oyw —> 0 (5.18)

over a complex manifold X®". The map Oy= — O%., is given by the exponential
map

fr—>ef.

We write the corresponding long exact sequence

o> HYX™ O%n) 5> H2(X™ 27 Z) B H2(X™, Oxu) — -+ (5.19)
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and call ¢ the Chern class map. For a line bundle L. € H 1 (xam, (9}‘(8") on X,
¢(L) is called the Chern class of L.

By Serre (1955/1956) GAGA, holomorphic line bundles in X" are algebraic
and the natural map H (X, Oy /C) — HY(X™, OYu) is an isomorphism. Now,
let us consider X over the field k.

Proposition 5.10. The algebraic Chern classmap c : H' (X, O% ) = H (X /k)
is given by

dh;j
hij

c(L) ::{ }eHdzR(X/k), L :={hjj} € H'(X,0% ).

Proof. We prove the proposition for k = C. Take an open coveringd = {U; };cr
in the analytic/usual topology of X *'such that there exist g;; = logh;; for every
i, j € I. Note that this is not necessarily true for affine open sets. Then it is easy
to see that the coboundary c is given by

c(L)=68g € H*(U,2ni 7).
Now, we have to take this element into algebraic de Rham cohomology. Repre-
senting c(L) € H*(X, %) = HdZR(X/k) we see that D(g) = c¢(L) — dg.
Therefore
dhij
L) = ,
c(L)ij hi;
as claimed. O
Definition 5.4. We define

Pic(X/k) := H'(X™, 0% )
and call it the Picard group of X /k. We also define

H(X, O% )
Im(HY(X,Ox /) — HY(X, O}/k))

NS(X/k) 1=

> Im(H'(X. 0% ) 5 HZ(X/K)

and call it the Néron—Severi group of X /k.
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Let us now consider an algebraic cycle Z = Zf-czl niZi, n; € Zand Z;’s
are irreducible subvarieties of X of codimension 1. These are also called divisors
in X. In affine open sets U;, Z is the divisor of a rational function f; and it turns
out that

LZ = {hij} = {]]:l } € H (X OX/k)

is a line bundle in X/ k.

5.12 'The cohomological class of an algebraic cycle

Let Z C X be an algebraic cycle of codimension p in a smooth projective variety
X, both of them are defined over a field k of characteristic 0. We may assume that
k is small enough so that we have an embedding k — C. Since any projective
variety X over k uses a finite number of coefficients in k, the assumption on the
embedding of k in C is not problematic.

In this section we would like to construct the cohomology class [Z]P4 € H. R(X ).
Note that the notation [ Z] is reserved for the homology class of Z in Ho,, 2, (X", Z)
and our notation [Z]P9 is justified by Theorem 5.5. According to Deligne, Milne,
et al. (1982) the construction of c/(Z) = [Z]P? is as follows: “In each cohomol-
ogy theory there is a canonical way of attaching a class c/(Z) in H??(X)(p) to an
algebraic cycle Z on X of pure codimension p. Since our cohomology groups are
without torsion, we can do this using Chern classes (Grothendieck 1958). Starting
with a functorial isomorphism ¢ : Pic(X) — H?(X)(1), one uses the splitting
principle to define the Chern polynomial

ci(E) =) cp(ENP, cp(E) € HP(X)(p),

of'a vector bundle £ on X. The map E +— ¢;(FE) is additive, and therefore factors
through the Grothendieck group of the category of vector bundles on X. But, as
X is smooth, this group is the same as the Grothendieck group of the category of
coherent Oy -modules, and we can therefore define

1
cl(Z) = ———c,(0z).
(2) = = p5e(02)
see also Voisin (2007) regarding this definition. It is not clear to the authors how
to use the above definition and compute [Z]P9. In other words, if Z is given by
an explicit ideal and H ;&(X ) has an explicit basis (for instance Griffiths’ basis
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in the case of hypersurfaces) then we would like to compute [Z]P? in terms of
such a basis. There is an alternative way to construct [Z]P¢ using the resolution of
singularities in characteristic O which is also not practical from the computational
point of view. However, for the main purposes of the present text it is enough.

Definition 5.5. We know that there is a smooth projective variety Z and a mor-
phism 7w : Z — Z defined over k. Now, we have the induced map in de Rham
cohomology composed with the trace map

H2X P (x k) 5 H2P(Z 7k B i (5.20)

Since the pairing Hdzén_p ) (X/k)x H 2p r (X/k) — kis non-degenerate we get the
class [Z]P9 € H dsz (X/k). Itis unlquely determined by the property:
Tr(w U [Z]P) = Tror(w), Yo € HX" P (X/k). (5.21)

Theorem 5.5 (Poincar¢ duality for algebraic cycles). We have

d
/[Z]w = / oy (gi]ip)p, Vo € H 7P (X). (5.22)

Proof. This follows from (5.21) and the formula of the trace map using integrals in
Section 5.8. Note thatifr : Z — Z is the desingularization map and Zgmootn C Z
is the open subset of smooth points of Z then 7 is a biholomorphism between
n! (Zsmooth) and Zgmooth and hence

Qi)Y PTro r(w) = /Zr(a» - / @)= /Z w= /[Z]‘“
(5.23)

for all Vo € HdZ]{'_ZP(X).
O

In the algebraic context, it is not clear why [Z]P9 is independent of the resolu-

tion map. In the complex geometry context, this follows from the last equality in
d

(5.23). Note that the topological Poincaré dual of Z is (5 ]lp) 5.

sometimes call [Z]P9 the algebraic Poincaré dual of [Z].

Corollary 5.2. We have

For this reason we

1

W[ w = Tr(a) U [Z]pd), Yo € Hdn zm(X/k)
(Z]
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Proof. This is just a reformulation of Theorem 5.5. O

Corollary 5.2 tell us that the integration over algebraic cycles is a purely alge-
braic operation for which we do not need to embed the base field inside complex
numbers.

Proposition 5.11. (Deligne, Milne, et al. (1982, Proposition 1.5)) Let X be a
projective smooth variety over an algebraically closed field k C C and let Z be
an irreducible subvariety in X of dimension % . For any element of the algebraic
de Rham cohomology H; (X /k), we have

1

where [Z] C Hp(X*",7Z) is the homology class of Z.
Proof. This is a direct consequence of Corollary 5.2. O

Proposition 5.12. Let X be a smooth projective variety over an algebraically
closed field k C C and let Z be an irreducible subvariety in X of codimension p.
We have [Z]P9 € FPT1H?2P (X /k) and

/ Froprlg2n=2P (X k) = 0, (5.25)
[Z]

where [Z] C Hy(,—p)(X®™, Z) is the homology class of Z.

Proof. The restriction map r in (5.20) restricted to F"~?T1 H dzlf —2p (X/k) is iden-
tically zero. O

Proposition 5.12 leads us to the notion of a Hodge cycle and ultimately to the
Hodge conjecture.

5.13 Hodge cycles

We start this section with the classical definition of a Hodge class. In this chapter
we consider integral cohomology groups up to torsion, and therefore, for a smooth
projective variety ¥ we freely write H™ (Y*", Z) C H(Y).
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Definition 5.6. Let Y be a smooth projective variety and m = 0 be an even num-
ber. A Hodge class is any element in the intersection of the 1ntegra1 cohomology
H™(Y®™,7Z) C Hi(Y) and F?2 c H R, where F 2 F2Hm(Y) is the
7 -th piece of the Hodge filtration of H R(Y)

Therefore, the Z-vector space of Hodge classes is simply the intersection
H™Y™ Z)NHZ2(Y)=H™"Y™ Z)NFZ.

The equality follows from the definition H”*4(Y) := FP? N F4 and the fact that
H™(Y?® Z) is invariant under complex conjugation. For our main purposes in
this text, it is better to define Hodge cycles which live in homology.

Definition 5.7. A homological cycle § € Hy,, (Y?", Z) is called a Hodge cycle if
/5 FE+H Hm(v) =o0. (5.26)

The number of equalities to define a Hodge cycle is the dlmenlilon ,Sf
Fz ‘HH’" & (Y) which is the sum of Hodge numbers 2™ Oppm=—Llp. . ppatha—l
We will see that in general this is bigger than the dimension of the moduli of ¥,

and so, Hodge cycles are usually rare to find.

Proposition 5.13. The Poincaré duality P : Hp (Y™, 7) = H?*" ™Y, 7)
induces an isomorphism between Hodge cycles and Hodge classes.

Proof. Let§ € Hp (Y™, Z) and P9 := P(§) be its topological Poincaré dual. By
definition of Poincaré duality and the trace map Tr we have

/a) = f w AP = i) " Tr(w U 87 = 2ri )" (0, 8PY), w € HIR(Y)
8 Y

If 8P4 is a Hodge class then it is in F "=% and by Proposition 5.6 we have
(F',F ”_%) = 0 for i > % which means that § is a Hodge cycle. Conversely,
if § is a Hodge cycle then (F2 11 §Pd) = 0. We know that (F2 11 F1~=2) =
0 (Proposition 5.6), (-,-) is non-degenerate (Proposition 5.5) and F2+1 pn=%
have comphmentary dimensions in H i 2n=my)  This implies that (F %‘H)L =
F"=7% andso 8P4 e F"~%
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Conjecture 5.1 (Hodge conjecture). For any Hodge cycle § € Hy (X™, 7)) there
is a natural number a € N such that a - § is an algebraic cycle, that is, there exist

irreducible subvarieties Z; C X, i = 1,2,...,k of dimension % and n; € N
such that
ad = Z ri [Z,‘].
The conjecture reformulated with a = 1 is known as the integral Hodge

conjecture. It is known that it is false. Note that if § is a torsion cycle then there
is a € N such that aé = 0 and so in the way that we have introduced the Hodge
conjecture, torsion cycles are Hodge cycles hence they do not violate the Hodge
conjecture.

5.14 Lefschetz (1,1) theorem

Recall the construction of cohomology class of an algebraic cycle in Section 5.12
and the Chern class in Section 5.11. In this section we introduce Lefschetz (1,1)
theorem. In Movasati (2021, Chapter 9) the reader can find another presentation
of this which uses the classical definition of Hodge filtration using (p, ¢)-forms.

Proposition 5.14. Let Z be a divisor in X. The Chern class of Lz and the coho-
mology class of Z are the same, that is,

c(Lz) = [Z]P4. (5.27)

Note that we have defined both sides of (5.27) for an arbitrary field k of char-
acteristic 0, and in principle we might ask for a purely algebraic proof. But, once
again, we assume that k = C and use topological and analytic methods. First, we
may try to prove this proposition in Cech cohomology. For this we have to know
the generator of the top Cech cohomology, study the effect of pull-back of Cech
cohomology elements by desingularization etc. An alternative way is to use C*°
de Rham cohomology and integration. The latter strategy is exploited in Griffiths
and Harris (1994, page 141, Proposition 1). The following theorem says that the
integral Hodge conjecture is true for (2n — 2)-dimensional cycles.

Theorem 5.6 (Lefschetz (1,1) theorem). Let X be a smooth projective variety of
dimension n over C. Any Hodge cycle § € Hyp—»(X*™,7Z) (including torsion
cycles) is algebraic, that is, there is a divisor Z = Z?:l niZ;, n; € 72, Z;
irreducible, such that § = Z{;l ni[Z;).
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Proof. Let us consider the topological Poincaré dual §P4 € H?(X*,Z) and
its image (which we denote it again by &PY) under the canonical map
H?*(X™,Z) — HZ(X/C) (which kills torsions). By Proposition 5.13 we have
e F'H dzR(X /C). From another side we have a canonical map

H{(X/C) — F°/F' - H*(X,Ox/c)

which maps P9 to zero. The latter by Theorem 5.1 is actually an isomorphism,
however, we will not need this fact. We get the map

P H*(X™ Z) - H*(X,Ox/c)

and we claim that p(2zi-) = p(-), where p is the map in (5.19). For this we
first observe that by GAGA principle we have H?(X, Ox/c) = H?2(X™, Oxa).
Moreover, H?(X, 2% o) = H?(X*, 2%.,) and under this isomorphism the al-
gebraic Hodge filtration is mapped to the holomorphic one. Now, if we consider
C as a complex C — 0 — 0 — --- then the natural inclusion C C Q;(an is a
quasi-isomorphism and p(27i-) = p(-) follows. The exactness of the sequence
(5.19) implies that §P4 is the Chern class of some line bundle L in X2". We know
that any line bundle has a meromorphic section, that is, L = Lz for some divisor
Z . The theorem follows from Proposition 5.14. O

Remark 5.4. The proof of Lefschetz (1, 1) theorem is not at all constructive, that
is, if we are given a topological cycle §, it does not give any hint how to construct
the defining ideal of Z. The most critical part of the proofis taking a meromorphic
section of a line bundle L. In many concrete situations like a Fermat surfaces in
Shioda (1981), we can write down line bundles on X explicitly, however, we do
not know how to write down sections of such line bundles.

5.15 Pull-back in algebraic de Rham cohomology

Given a morphism ¥ — X of smooth algebraic varieties defined over a field of
characteristic zero k C C. In the topological side we have an induced pull-back
map in de Rham cohomology

Ho{cR(X) g Ht{CR(Y)-

In this section we describe these pull-back homomorphisms algebraically.
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Definition 5.8. Let X and Y be smooth algebraic varieties defined over k C C,
and U an affine open covering of X. Consider an affine morphism ¢ : ¥ — X
(i.e. such that 91 (U) is affine, for each open affine U of X), and w € HC{‘R(X/k).

We denote ¢~ (i) := {¢~ ' (U)}yey. The pull-back map in algebraic de Rham
cohomology ¢*w € H({CR(Y/k) is defined as

k k
o = Z(p*a)i € @Ck_i (o~ WU), 2%),
i=0

i=0
with
k k
w = Za)i € @c"—"(u,sz;'(),
i=0 i=0
where . _ _
(‘p*a)l)jO"'jk—i = (p*(a);O"'jk—i) € 2y ((p_l(Ujo"'jk_"))’
and

@* (Zaldxil A A dxik) = Z(p*ald(go*xil) A Ad (T xi).
I 1

Remark 5.5. It follows from the above definition that ¢* commutes with d and
&8, then it also commutes with D.

Proposition 5.15. Under the same hypothesis of Definition 5.8 the pull-back map
in algebraic de Rham cohomology corresponds to the usual pull-back map in the
classical de Rham cohomology. In other words we have the following commutative
diagram

HE(X/K) —2 HE (Y /k)
HE(X) —C— HE (V)

Proof. Ttis easy to see that D(¢p*w) = ¢*(Dw) = 0. Now, in order to show that
@*w corresponds to the pull-back of the form w, we have to show there exist a
representative of the hypercohomology class of w of the form

k
m :M0+...+p,k € @Ck—i(u,{z}w),
i=0



106 5. Algebraic de Rham cohomology

with ! = 0, Vi = 0,....k — 1. And a representative of the hypercohomology
class of ¢*w of the form

k
A=+ +T e P (' U). 2.
i=0
with 7' = 0, Vi = 0,....k — 1. Such that 7 € 2%_ (V) is the pull-back of
uk e .Qg‘(oo (X) as C differential k-forms. We will in fact show more, we will

show inductively that for every [ = 0, ...,k there exist a representative of the
hypercohomology class of w of the form

k
wi=pf 4+ uf e P U 2.
i=0

with M' =0,Vi =0,...,] —1. And a representative of the hypercohomology
class of ¢*w of the form

k
W=+ +0 e P e U). 24,
i=0
with ﬁ; = 0,Vi = 0,....,] — 1. Such that, for every j = [,....k, the form
(ﬁz)iO"'ik—_i € .Q{,oo(go_l(Uio...ik_j)) is the pull-back of the form (M;)iO"'ik—_i €
.Qg(oo (Uig-ix_,;)- In fact, the claim follows for / = 0 by the definition of ¢*w.

Assuming the claim for [ we will show it for / 4+ 1. Consider {a h}ivzo a partition
of unity subordinated to the covering /. Define

k—1
n=n"+---4+79f e @Ck_l_i(u, 2% ),
i=0
such that
i_ 0 ifi #1,
g A ifi =1,
where

N
. I l
wlf—1—] * Z ap(p)igix—1—ih € 2xo00 Uigig_y_;)-
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And define

k—1 . .

T=7+ - +7 e @@ U). 2)).

i=0

such that .
~_ |0 ifi #1,

A ifi =1,

where
N
10 kel T Z ah(ﬁ;)io"-ikflflh € Qé’oo((p_l(Uio"'ikflfl))'

Then, using that 5(;15) = 0 we see that §(A) = (—1)k~! ;Lf. Also noticing that
S(ﬁl) = 0 (and using that {¢* ah}h _o 1s a partition of unity subordinated to

1(Z/{))weget(?()k) = (=Dk I l~l . Thus, defining ;41 := p;+(— l)k I+1py,
and W1 = 1+ (—=1)k—1+1 Dn, the claim follows for / + 1 since d A = ©*(dA)
(because A = ¢*(1)). O

A first application of Proposition 5.15 is the description of pull-backs in Cech
cohomology for each piece of the Hodge structure.

Corollary 5.3. Let X and Y be smooth complex algebraic varieties, and U an
affine open covering of X. Consider an affine morphism ¢ : Y — X, and w €
HiU, 2% x)» then the pull-back

¢*w € Hi(p~'U). 20).
is given by
* % . . Do, —1 . .
P Wjgjy =@ (@joj) € 2y (@7 (Ujgjy))-
Proof. The pull-back morphism in algebraic de Rham cohomology
¢* HRT(X/C) — HET(Y/C)

is compatible with the Hodge filtration (i.e. *(F¥(X)) € F¥(Y)), thus the pull-
back in Cech cohomology is induced by

¢* : HI(X, Q%) = FI(X)/FIT (X) - FI(Y)/Fit(Y) =~ HI(Y, 2}).
O
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5.16 Hard Lefschetz theorem

For m even number we write

NN

62 :=0UbOU---Ub € HR(X/k).

m_ .
> times

In particular, for m = 2n we get the element 6” in the top cohomology H (121{1 (X/k).
Recall that the trace map
Tr: H3'(X/k) — k

is a k-linear map. Let
L' Hiy(X/k) = H(X/K), a—>aUb.
The m-th primitive cohomology is defined to be
HP (X /K)o == ker (L" ™™+ . HIR (X /k) — HZ " 2(X/K)).
Theorem 5.7 (Hard Lefschetz theorem). The map
L™ (X k) — HZP™(X /K)
is an isomorphism of k-vector spaces.

We do not have a purely algebraic proof for the above theorem. We can assume
that k C C and then it is enough to prove the theorem for k = C. We may
further use the isomorphism in Section 5.3 and consider the classical de Rham
cohomology given by C® forms. In this context, the proof uses harmonic forms,
see for instance Voisin (2002, Theorem 6.25). For further comments on a proof
with an arithmetic flavour see the paragraph after Movasati (2021, Theorem 5.4).

Theorem 5.8 (Lefschetz decomposition). We have
B Hiy 7 (X/k)o = HR(X/K)
which is given by @4L9.

Proof. This is a direct consequence of Hard Lefschetz theorem, see for instance
Movasati (ibid., Theorem 5.5) for the proof in homology. The proof in cohomol-
ogy is similar. O
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In the case X € P”*! is a smooth projective hypersurface, we know by Lef-
schetz hyperplane section theorem (see Movasati (ibid., Theorem 5.2)) that

m _ k-07% if m # n is even,
Hor(X/k) = { 0 if m # n is odd.

In consequence
HE(X/k)o =0 Ym#n,

and for m = n we have

" _ | HE(X /K)o @ k-02 ifn is even,
Hap(X/ k)_% HL(X/K)o  ifnis odd,

5.17 Relative algebraic de Rham cohomology

Relative algebraic de Rham cohomology is important in itself, as the Eilenberg—
Steenrod axioms of cohomology theories are built upon the relative case. From
another side our need for relative algebraic de Rham cohomology comes from the
geometrization of Jacobi forms and open string amplitudes, see Movasati (2020a,
Chapter 11). After a web search of'the title of the present section one lands on a link
on MathOverflow which offers two definitions of relative de Rham cohomology
in the C*° context. In the following we present the hypercohomology (and hence
algebraic) version of this. These are inspired by the corresponding definitions in
the C*° context.

Let X be a variety and ¥ C X be a subvariety both defined over a field k. We
define .QS’}’Y the sheaf of differential m-forms in X whose restriction to Y is zero.
These sheaves form a complex (.Q;(’Y, d). We define the relative algebraic de
Rham cohomology groups

HIR(X,Y) = H" (2% y.d) (5.28)

This definition in the C°° context is in Godbillon (1998, Chapter XIII). We call
this Godbillon relative algebraic de Rham cohomology. We may also define

m . m m—1

d: 2%y - Q%Y d(@,a) = (do,0ly - da)

and define H} (X, Y) to be the hypercohomology of this complex. We call this
Bott—Tu relative algebraic de Rham cohomology.


https://mathoverflow.net/questions/111059/relative-de-rham-cohomologies
https://mathoverflow.net/questions/111059/relative-de-rham-cohomologies
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Theorem 5.9. For varieties X and Y (possibly singular) with Y closed in X,
the map w — (w,0) from the Godbillon complex to Bott—Tu complex is a quasi-
isomorphism and hence it induces an isomorphism between Godbillon and Bott—Tu
relative algebraic de Rham cohomologies.

Proof. This basically follows from the fact that if X is affine and Y is a closed
sub affine variety of X then by definition any differential form in Y is a restriction
of a differential form in X. We first check the surjectivity. Let (w, o) be a closed
element in the Bott-Tu sense. This means that dw = 0, w|y = da. We extend
o to X and call it &, that is, @|y = «. Now, (w, @) is equivalent to (w — d, 0)
modulo exact elements:

(w,0) — (w—da,0) = (da,a) =d(@,0).

Next we check the injectivity. Assume that (w, 0) is zero in the Bott—Tu case. This
means that (w,0) = (d®, ®|y —d&). We extend & to X and denote it by the same
letter @. Now, (w, 0) is the the differential of (& — d&, 0) and @ — d & restricted
to Y is zero.

O]

Similar to the case of algebraic de Rham cohomology of projective varieties,
it is natural to define the Hodge filtration in the relative case by truncating the
underlying complex

F9=FIHM(X.Y) = Im (H’"(X, Q% — H"(X, 9;”)) .
and get the filtration which we call it again the Hodge filtration.
0= Fm+1 C Fm C---C Fl C FO — H(;?{(X),

It is worth to note that the relative de Rham cohomology Hj;(X,Y) carries a
mixed Hodge structure with the weight filtration:

0= Wmn— C Wm—1 =ker (HR(X,Y) - HR (X)) C Wi = HR(X.Y).
In this way the long exact sequence of the pair (X, Y)
co— HIENY) — HR(X,Y) — HR(X) — HR(QY) — -

is a morphism of mixed Hodge structures, for further details see also Peters and
Steenbrink (2008).
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Exercise 5.1. Let X be a smooth curve and Y be a finite set of points in X (a zero
dimensional subvariety of X). Let also assume that X is covered by two open sets
Uy, U;1. Show that

0 1 0 1 0 0 _ 1 1 0 —_ 0 0
{(wiliz’ (wil ’(xil)’ (a)iz’aiz) )‘da)iliz =W, T 0 wi1i2|Y =0, - ail}

Hle(X’ Y)=
{@) — ol (daf), of Iy). [dof), ol |v)

where w’ (resp. ) stands for a differential form in an open set in X (resp. Y).
Such an open set is determined by the sub indices, for instance, for i1iy itis U;; N
Ui, etc.

The following theorem can be considered as the fundamental theorem in the
topology of algebraic varieties. Its original proof uses Picard—Lefschetz theory
and vanishing cycles, see Lamotke (1981) and Movasati (2021, Section 5.2), and
it is highly desirable to have an algebraic proof for it.

Theorem 5.10. Let X be a smooth projective variety of dimensionn. Letalso Y, Z
be two codimension one transversal hyperplane sections of X which intersect each
other transversely and set X' :== Y N Z. We have

0 ifq #n :
q N — —
Hap(XAZ, YAX') = free Z-module of finite rank ifq =n ° n = dim(X).

The above theorem is a stronger version of the so called Lefschetz hyperplane
section theorem, see Movasati (ibid., Theorem 5.1 and Theorem 5.2).



Writing a paper takes a lot of time. Writing it is very useful, to have everything put
together in a correct way, and one learns a lot doing so, but it’s also somewhat
painful. So in the beginning of forming ideas, 1 find it very convenient to write a
letter. Isend it, but often it is really a letter to myself. Because I don 't have to dwell
on things the recipient knows about, some short-cuts will be all right. Sometimes
the letter, or a copy of it, will stay in a drawer for some years, but it preserves
ideas, and when I eventually write a paper, it serves as a blueprint. (P. Deligne in
Raussen and Skau (2014) page 183).

6.1 Introduction

Let X be an affine variety. It follows from Theorem 4.6 and Theorem 5.1 that
the Hodge filtration of X defined in (5.4) is trivial, that is, all the pieces of the
Hodge filtration are equal. Hence the truncated complexes .Q;f’ give us the cor-
rect Hodge filtration for projective varieties but beyond this we might be in trouble
to define the “correct” Hodge filtrations. One has to clarify what the adjective cor-
rect means. Deligne (1971) uses logarithmic differential forms and defines the
mixed Hodge structure of affine varieties, and in particular its basic ingredient,
namely the Hodge filtration. In this section we give an exposition of this topic
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avoiding entering into mixed Hodge structures. Even if one is interested in projec-
tive varieties, computations are usually done in affine varieties, and this topic is
indispensable for further study of projective varieties. The reader may also consult
Voisin (2002, Section 8.2.3) and Voisin (2003, Section 6.1) .

6.2 Logarithmic differential forms

For simplicity, we will restrict ourselves to the following context: Let X be a
smooth projective variety, and ¥ € X be a smooth hyperplane section. We will
consider affine varieties of the form

U:=X\Y.
In the general case, one can take Y to be a normal crossing divisor in X .

Definition 6.1. Let X be a smooth projective variety and ¥ € X be a smooth
hyperplane section. We define the sheaf of rational p-forms with logarithmic
poles along Y as

Q2 (logY) 1= Ker(@L(Y) & 287 2v)/28 (1)),

Analogously, we define the sheaf of meromorphic p-forms with logarithmic
poles along Y as

9 1 1
Q2w (log¥) := Ker(25a(Y) = 255" 2Y)/ 254 (Y)).
By Serre’s GAGA principle we know 22, (logY) is the analytification of
2% (logY).

The following proposition describes how logarithmic forms look like in local
systems of coordinates.

Proposition 6.1. Let X be a smooth projective variety of dimensionn and Y C X
be a smooth hyperplane section. Let z1, . . ., zy be local coordinates on an open set
Vof X, suchthat VNY = {z1 = 0}. Then 2%..(log )|y is a free Oym-module,

for which dzj, A+ Adzi, and ZL A dzj Ao Adzj, ik 1 € 42,0 n),
form a basis. In particular .Q)I;an (logY) is locally free.
Proof. Leta € I'(V, 2%..(logY)). Since it has pole of order 1 there exist B €

IV, 2%..) such that o = ;il Furthermore, since the same happens to do, we
conclude dz; A B = 0,1.e. B = dzy Ay, where y is a holomorphic (p — 1)-form,
just depending on dzs, .. .., dz,. O
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6.3 Deligne’s theorem

The following Theorem due to Deligne allows us to define another filtration on
algebraic de Rham cohomology of affine varieties.

Theorem 6.1 (Deligne (1970)). In the context of the previous definition, let i :
U = X\Y < X bethe inclusion. Then, the natural map

R%(logY) — ix27 =: 2% (xY),
induces the isomorphism
H* (X, 2% (logY)) = HX(U/C).

We will provide two different proofs of this fact. The first one being more
conceptual (following the argument of Atiyah—Hodge’s theorem), while the sec-
ond one is more computational, and relies on a lemma due to Carlson and Griffiths.

First proof of Theorem 6.1 Consider the composition
L R2%w(logY) = Q%u(*Y) — ix20 0.

of complexes of sheaves over the analytic topology. If we prove that ¢ is a quasi-
isomorphism, we obtain the result by Serre’s GAGA correspondence (since
Q)l; (log Y) is coherent).

In order to show the quasi-isomorphism we proceed in the same way we did
for Atiyah—Hodge’s theorem. It is clear that forx € U, H k(1)x isan isomorphism
forall k = 0. And for x € Y, is clear that H¥ (1) is surjective. Then it remains
to show the injectivity. For this, we use the following logarithmic counterpart of
Lemma 4.4 whose proof is analogous:

Lemma 6.1. Ifw is a closed meromorphic k-form on A = D", which is holomor-
phic in A\Y with logarithmic poles along Y = {(z1,...,zn) € Alz1---z, = 0}.
Andw = 0in H({CR(A \ Y). Then there exists a meromorphic (k — 1)-form n (on a
possibly smaller polydisc) also with logarithmic poles along Y, such that w = 0n.

Remark 6.1. Deligne’s Theorem 6.1 remains valid for U = X \ Y, and Y an
ample normal crossing divisor of X . In fact, the proof above applies in this context
without modifications.
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6.4 Carlson—Griffiths Lemma

For the second proof of Theorem 6.1, we will use the following Lemma due to
Carlson and Griffiths.

Definition 6.2. Suppose X is embedded in a projective space P, and ¥ = X N
{F = 0} for some homogeneous polynomial F € C[xop,...,xy]. Consider i =
{U; }lN:o the Jacobian covering of X given by U; = X N {F; # 0}, where F; :=
g—z. For every / = 2 define

Hy: CIU, 25(1Y)) - CIu, 257" (1 - )Y)),

(D7 F
l_lFJO jO

Theorem 6.2 (Carlson and Griffiths (1980)). For everyl = 2, letting D = § +
(—1)4d, then

(le)jO"'jq = (wJO ]q)

CIU, RE(Y)) CIU, RE(Y))
Cau. 28— 1Y) D CaU, 2 ((I —1)Y))

p+a=k

DH + HD : @
p+q=k

is the identity map. Note that D is the differential map used in the hypercohomol-
0gy groups.
Proof. We claim

ciU, 2% x(Y)) ciU, .QP(IY))
CaU, 2% - DY) Cil. 2% x((I = DY)

(=D?-(dH; + Hj41d) :

is the identity map. In fact, take wy = %+ € C9(U, 2% x (1Y), then
1 F oy 1 F day dF nay
—1)4 - (dH; + Hj 1 d)oy =d | — — L --—=— — ==t
(=17 -(dH; + Hj41d)og (1—11’]0[93]-0(F1)) leolaxa (Fl AT
dF A
| dF taxe?/_o () ;| F taxajo (ay)
=——A — —
1—1 Fj, Fl 1—1 Fj, Fl+1
(FjOO{J dF/\L a (OtJ))
F X o
TE Fl+1
Jo
o
LA
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where the congruence is taken mod C9 (U, 2% x (({ =1)Y)). Using this, take © =
Zp=oa) €D ,piq= C1U, 2%(Y)) then

w—DHw = Z (w? — (-1D)?dHw? — SHw?)
p+q=k
= Z (=)?Hdw? — §Hw?)
p+q=k
= Y H((-1%dw” + $0”) = HDw.
pt+a=k
Where in the last congruence we used 6Hw? = —H§w?. In fact
g+1
GHI0?) jyrjn = Y (D" (Hio?) o
m=0

+1
1y [ F ) a
= _ F ) lm V4
11— F]] Lax?,-] (Cl)jl.-~jq+1 X/() Z( ) P a1

P p
_ (-19F oy ( Dy jyr) Lﬁ(a)n Jq+1) (Hisw?)
= - — (Hi8wP) gty
11 Fj, Fj, ot

O]

6.5 Second proof of Deligne’s Theorem

The second proof of Deligne’s Theorem 6.1 follows from Carlson—Griffiths Lemma
(Theorem 6.2). The idea is to use the operator H defined in Definition 6.2 to re-
duce the pole order of a given algebraic form with poles along Y until transforming
it into a logarithmic form representing the same hypercohomology class.

In fact, consider the inclusion ¢ : £25 (logY) < £25(xY). It induces the
morphism
¢ H*U, 2% (logY)) — HF U, 2% (xY)).

Let us prove ¢ is an isomorphism. Given

a)—Za)pe P ciu.25xy)

pt+q=k
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such that Dw = 0, there exists / > 1 such that

we P CIU.2%aY)).

p+q=k

If/ =1,weclaimw € @p+q=k ciU, .Qf,’(log Y)). In fact, since Dw = 0, we
get
(—)?do? = S0P e C1U, 251 (1)),

as desired. For [ = 2, it follows from Theorem 6.2 that w is cohomologous (in
hypercohomology) to the D-closed element
vi=(1-DH) lwe @ CclU.25)).
p+q=k
And it follows from the case [ = 1 that
ve @ CIU.2f(ogY)).
p+q=k
i.e. @ is surjective. Now, for the injectivity, consider

we P CIU.2%ogY)).
pta=k

such that there exist
ne P clu.efiY)
p+g=k—1
for some [ = 1, with
Dn =w.

Ifl = 1,weclaimn € P, 41 C/U, 27 (logY)). In fact, since D = o,
we get
dn* ! = o* e COW, 2% (7)),

then ¥~ € CO(U, 2% 1 (log Y)). Inductively, if we assume
P+ e ci u, 28 (log 1))

then
(—)9dn? = 0Pt —spPT e CIU, 25 (logY)),
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in consequence n? € C4(U, 2% (logY)). Finally, for > 2, if we take
¢ = (1— DH) .

Since (1 — DH)p = Hw + pu € @p+q=k Cq(Z/{,.Q)’:,((l — 1)Y)), and
D((1 - DH)n) = Dn = w, itis clear that D¢ = w and

pe P clu.2%)).

pHqg=k—1

By the case [ = 1, we actually see that

pec P CIU.2%ogY))
p+q=k—1

as desired.

6.6 Residue map

Let X be a smooth projective variety, Y € X be a smooth hyperplane section,
and U := X \ Y. Taking the long exact sequence in cohomology of the pair
(X, U), and using Leray—Thom—Gysin isomorphism (see Movasati (2021, Chapter
4, Section 6)) we obtain the exact sequence

o> HEFU(X) > HEFY(U) S HE () S HEP2(X) > - (6.)

where res is the residue map, and 7 corresponds to the wedge product with the
polarization 6. In particular, we obtain a surjective map

res : H({‘RH(U) — Hé‘R(Y)O = Ker t,

where H fR(Y)O is the primitive part of de Rham cohomology, i.e. is the comple-

mentary space to 0% inside H ({‘R(Y) (see Movasati (ibid., Chapter 5, Section 7)).
We want to determine the algebraic counterpart of this map (together with its long
exact sequence).

Definition 6.3. Let X be a smooth complex projective variety of dimension n and
Y C X be a smooth hyperplane section. Let z1, . . ., z, be local coordinates on an



6.7. Hodge filtration for affine varieties 119

open set V of X, suchthat VNY = {z; = 0}. Fora € I'(V, 2%..(logY)) we
define its residue at Y to be

res(@) == Blyny € I'(V, jx25a"),

where @ = 8 A dZ—le + y, and B, y are holomorphic forms. This definition does
not depend on the choice of the coordinates, and defines the residue map

res : Q)I:,an(log Y)—> j*-Qf/);l-
Which is part of the following exact sequence
p—1

0— 28, - 20.(logY) = j.20.' =0,

called Poincaré residue sequence. Using Serre’s GAGA principle we have its
algebraic counterpart

0— Q§ — .Q;}(log Y) = j*.Q;_l — 0,
which we also call Poincaré residue sequence.

This sequence gives rise to a short exact sequence of complexes
0—> Q% — Q2%(logY) — jL 2y ! — 0. (6.2)

Taking the long exact sequence in hypercohomology, and applying Deligne’s The-
orem 6.1 we get the exact sequence

res T
oo HE(X/C) > HEF 0/C) 5wk (v/0) S HEP2(X/C) > - :
(6.3
Which turns out to be the algebraic counterpart of the sequence (6.1).

6.7 Hodge filtration for affine varieties

Since for every i = 0 we have the short exact sequence of complexes
0— .Q;(Zi — .Q;(Zi(log Y) = j*.Q;,Zi_l — 0,

we have the following commutative diagram with exact rows
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Cr HEFL(X, 2577 <HF (X, 257 (log Y)) <HK (Y, 2577 71) » -+

fl gl hl

res T
= HEFY(X/C) —— HEP (U/C) —— HE(Y/C) — -

The vertical arrows of this diagram are all injective. In fact, the maps f and &
are injective by Proposition 3.9. The injectivity of g is more delicate and is conse-
quence of a theorem due to Deligne on the degeneration of the spectral sequence
associated to the naive filtration of £25 (log Y') (see Voisin (2002, Theorem 8.35)

or Deligne (1971, Corollary 3.2.13)). In consequence, the exact sequence (6.3) is
compatible with Hodge filtrations, i.e. we have the exact sequence

> FLHEF (X /C) - FIHE (v/0) 5 Fi ek (v/C) 5 FTHEF2 (X /C) > -

Definition 6.4. For U = X \ Y, where X is smooth projective, and Y is a smooth
hyperplane section. We define the (algebraic) Hodge filtration of U as

FIHR(U/C) := Im(H* (X, 237 (log Y)) — HF (X, 2% (log )
> Hi(U/C)).



When I was a graduate student at Princeton, it was frequently said that Lefschetz
never stated a false theorem nor gave a correct proof, Griffiths, Spencer, and
Whitehead (1992, page 289).

7.1 Introduction

In this chapter we will present Griffiths’ results on the cohomology of hypersur-
faces Griffiths (1969a). This work culminates with an explicit basis for the primi-
tive cohomology of a hypersurface, compatible with the Hodge filtration.

Let X C P"*! be a smooth hypersurface of degree d, and U = P"+1\
X. In order to construct the basis for H ({CR(X /C)o we will give generators for
H é‘RH (U/C) compatible with the Hodge filtration F*+1 H (fRH (U/C). Hence we
will obtain the desired basis by applying the algebraic residue map to the gener-
ators, and reduce the set of generators to a basis. Furthermore, we will prove a
theorem due to Carlson and Griffiths which describes this basis in each graded
part induced by the Hodge filtration

GriHE (X/C) = FTHE (X/C)/FIT HE (X /C) = H¥=I (X, 2%).

With a little more effort we will also describe this basis in all H ({‘R(X /C).
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7.2 Bott’s formula

In this section we will prove a theorem due to Bott that determines the Cech co-
homology groups of PV with coefficients in .Q]{; ~ (k). This theorem contains the
cases of Bott vanishing theorem. In order to prove this theorem we need to intro-
duce Euler’s exact sequence.

Definition 7.1. Consider over CV+! the global vector field

Nood
E = e
;)x, 0x;

This field is called Euler’s vector field. We define Euler’s sequence
+1 N+1
0= 20y (p+1) = O0p"" = 20y (p+1) =0, (7.1)

as follows: For every U; in the standard covering of PV, and every

w = Z ajdxjo N---Ndxj, EQp+l(p+1)(U,)
|J1=p
the first map sends  to (ay)|7|=p. While the second one is sending (by)|7|=p,
where each by € Opn (U;), to the form n = LE(Z|J|=p bydxjy N---Ndxj,).
Proposition 7.1. Euler’s sequence (7.1) is an exact sequence.

Proof. To show the exactness, we will show it remains exact in every U; of the

standard covering. Let us do it for Uy = PN \ V(xo). The injectivity of the
left morphism is clear. In order to show that Euler’s sequence is a complex, it is

enough to notice that (g (d (;‘6)) = 0. In order to show that the right morphism
is well defined, i.e. that tg (3 5= bydxjo A+ Adxj,) € [2]{;,\, (p + D),
it is enough to show that any n = (g (dxj, A--- Adx;,) € SZI{;N (p)(Up). This
follows from the equality

X 1 X 1 X 1 X 1
xo0 ) xj xo0 /) xj, X0 /) Xj, X0 ) Xj,

The surjectivity of the right morphism follows from taking any n € QI‘; ~(p+

1)(Up) and write itas n = (g (xy Ldxo A 1) (notice that tg () = 0). Finally, the
middle exactness follows in the same way. If w = ZIJ\=p bydxjyN---Ndxj, is

such that 1 g (w) = 0, then we write w = (g (X, ldxo Aw), and we know the image
of tg determines a form in the projective space, so w € .Qp+1 p+ D(Up). O
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Theorem 7.1 (Bott’s formula, Bott (1957)).

*EY ifg=0.0<p<N.k>p,

p
i 1 ifk=0,0<p=gq<N,
dime HY(PY, 28y () = kipy k1 / P=4
(% )(N—p) ifg=NO<p<Nk<p-—N,
0 otherwise.

Proof. The result follows by induction on p. For p = 0 we know by Proposi-
tion 4.4 that
HO®Y,0pn (k) = Clxo..... xN k.

and
HN PN Opn (k) = Clxo, ... XN]—k—N—1. (7.2)
for k < —N. Where the isomorphism (7.2) takes each monomial
1
x'eClxo.....xn]ck—n—1 to  ———— € HV PV, Opn (k).
X' X XN

And the rest of groups are zero. For the induction step we use the long exact
sequence in cohomology associated to the twist of Euler’s sequence
p+1 o(p p
0— 2py (k) > Oppy™ "(k—p—1) > 2p 5 (k) —> 0. (7.3)

The proof of the induction step is tedious but straightforward if we separate in the
cases given by the formula. First of all, (7.3) remains exact in global sections. In
fact, since each global section of .Q]f; ~ (k) lift to a global section of .Qé ~+1 of the
form

n= Z chxjo/\'--/\dxjp_l
|J/l=p—1

with ¢; € C[xo, ..., xXN]k—p. We can use Euler’s identity to write

n=XoNo+ -+ XNIN.
Thenn = tg(dxoAno—+---+dxy Any). This gives us the short exact sequence
0— HOPY, 21 (k) > HO PV, Opn (k—p—1) 1) — HO®Y, 22, (k) — 0,

and we can deduce the inductive step for ¢ = 0. On the other hand, by induction
hypothesis we have the short exact sequence

0— HY @V, 225 (k) — HY PV, Opn (k—p—1) 7)) - HY BN, Q2 (k) — 0,
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from which we deduce the inductive step for¢g = N. For the remaining cases, we
have by the base case p = 0 that H1(PY, Opn (k—p—1)) = 0for0 < g < N—1.
In consequence

HI®Y, QL (k) = HIH (PN, 221 (k)),

for0 <qg < N —1,and H' (P, .Q]g:,rl(k)) = (. These two facts are what we
need to finish the induction for the remaining values of g. O

Corollary 7.1. Every w € HO(PV, QI{,YATI (k)) is of the form

N
w = ZTiLaLxZ_(Q)’
i=0

with T; € Clxo,...,XN]lx—nN. Where
N . —~
Q2 :=1g(dxogA---ANdxy) = Z(—l)’xidxi,
i=0

and dx; == dxo ANdx1 N+ ANdxij—1 A dx,'_H VANRREIVAN de.

Proof. Using(7.3)for p = N—1 and Bott’s formula we see that H°(P ¥, Qggl (k))
is generated by

N N
LE (Z Pid/)\ci) = LE (Z(—l)ipitag(dx() AR /\de)) s
i=0 i=0 '

= TN nip g (LB (X0 A A dxy)),
N .

= Z(_1)1+1Pitai(9),
i=0 i

where P; € HO(PN, Opn (k — N)). Take T; := (—1) T1 P;. O
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7.3 Griffiths’ Theorem I

Since the residue map
HEP WU/c) S HE (X/C)o

is an isomorphism (because H é‘RH (P"*1)g = 0). We conclude that H ({‘R (X/C) =

0 forall k # n (because Hé‘RH (U/C) =0fork+1 # n+1, see Movasati (2021,
Chapter 5, Section 5)). Thus, we are just interested in determining a basis for the
non-trivial primitive cohomology group of X

Hip (X/C)o.
We start by giving a set of generators.

Theorem 7.2 (Griffiths (1969a)). For everyq = 0, ..., n, the natural map

HO(P"H 28t (g + 1DX)) — HE(U/C)
has image equal to F"T174 Hé’RH (U/C). Consequently, every piece of the Hodge
filtration

F" T Hip (X/C)o,

is generated by the residues of global forms with pole of order at most g + 1 along
X.

Proof. Consider o"t! ¢ HO(P"+1, Ql’g,ﬂl ((g + 1)X)). The natural map sends
it to

w e HiF(U/C) = H" (P, 25,1 (+X)),

by letting w* = 0 fork = 0,...,n. To see in which part of Hodge filtration w is,
we need to write it as an element of H" 1 (P"+!, Q2p,+1(log X)), i.e. we need to

reduce the order of the pole of @”*! up to order 1. Thanks to Carlson—Griffiths
Theorem 6.2, we know how to do this applying the operator (1 — DH). In order
to obtain a form with poles of order 1 we need to apply it g times, i.e. the image

of w in H*T1(P7+1, ‘QIE’"H (log X)) is represented by (1 — DH)4w. It is clear

by the definition of H and D that
(1-DH)'w € Im(H" T (P!, 202117 (g +1-1) X)) — HP P (@™ 281 ((g+1-1)X))).

In consequence, for / = g we see that

(1- DH)!w € F"T1 -9 gttl(u/0).
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Conversely, let o € F"t1=9H g’RH(U /C). Then we can represent @ =
o"T179 4 ... 4 "1 where each

o e C"R WU, 2F, 1 (log X)),

and ok = 0fork = 0,...,n —¢g. We claim that for every/ = 0,...,q we
can represent @ € ]HI”“(IP’"Jrl 2% (xX))asw = n"“ —at+l | nt2—q+l |
-+ "1 with

Pn+1

T e el L 2p T+ X)),

We prove this claim by induction on /. The case / = 0 is clear taking nn+1 1 =

w"*t174 Now, for [ > 0 suppose w = ;| 9+l pnt1=a+l .. 4 o+ Since
Dw = 0, we know 877” 7+l _ By Bott’s formula (Theorem 7.1)

Hq—l+1(Pl’l+l I’;nij‘l(lX))

Then, there exist 4 € C97 (U, Qf;,;qjl(l X)) such that . = 777 9+ Subtract-

ing from w the exact form in hypercohomology D, we get the clalm for [, and we
finish the induction. Finally, applying the claim for ! = g we can write @ = n”“
with

ng e HOWU, QpFL (g + DX)),

as desired. O

7.4 Griffiths’ Theorem II
Griffiths’ Theorem 7.2 tells us that the elements of the form
P2
res (F +1) € F"1HR(X/C)o,

where P € HO(P"™, Opny1(d(g +1)—n—2))andq = 0,...,n, generate all
Hir (X/C)o.

The following theorem tells us how we can choose a basis from these genera-
tors.
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Theorem 7.3 (Griffiths (1969a)). For every g = 0,...,n the kernel of the map
¢ HOP" M Opuyi1(d(g+1)—n—2)) — F'"9HL(X/C)o/F " 179 H (X/C)o
P2
P — res (W)
is the degree N = d(q + 1) — n — 2 part of the Jacobian ideal of F, J]f,: -
C[XO, ey xn_H]N.
Definition 7.2. Recall that the Jacobian ideal of F is the homogeneous ideal
JE = (Fo,..., Fat1) € Clxo,...,Xn+1]
where, from now on, we denote

oF
F = —,
! ax,-

fori =0,...,n + 1. The Jacobian ring of F is
RF :=Clxo,...,xn41]/JF
Remark 7.1. Theorem 7.3 implies that to choose a basis for
F'H 2 (X/C)o/ F"™H 171 HE (X /C)o = H"™14(X)g

itis enough to take the elements of the form res (%) ,for P € Clxo,...,Xn+1]N

forming a basis of R II\; In particular
h"94(X)g = dime RY.

Proof of Theorem 7.3. By Theorem 7.2, it is clear that P is in the kernel of ¢, if
and only if, there exist 0 € HO(P"*!, Opn+1(dq —n — 2)) such that

(7)== ()

res| —— | =res| —|.

Fa+l F4

Since the residue map is an isomorphism between H é’RH (U/C) = HL(X/C)q.
This is equivalent to say

(P-FQ)$2

Farr = 0€ HE (U/0). (7.4)
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Since H." ' (U/C) = H"T1(I'(£27,).d), (7.4) is equivalent to

(P —QF)&2

Fa+1 =dy,

for some y € HO(P"+!, 22, (¢X)). Recall from Corollary 7.1 that every y €
HO(Pn+1, $2pn+1(¢gX)) is of the form

S T 2 ()
F4

J/:

’

for some 7; € C[xo,...,Xn+1]adg—n—1- In consequence, P is in the kernel of ¢,
if and only if,

P2  —qY'ITiFQ
= T 2imo T2 g goent o, (gx0).

Fa+1 Fa+1
in other words
n+1
=—q Y _ T;Fi (mod F).
i=0
Since F € J¥ (by Euler’s identity), this is equivalentto P € J . O

Corollary 7.2. Let X C P"*! be a smooth degree d hypersurface. The Hodge
numbers increase up to the middle

B0(X)o < K" BN (X)g < -+ < AIELLEN (X)),

Proof. Since the Hodge numbers are the same for all smooth degree d hypersur-
faces of P+ it is enough to show the corollary for X = {x(‘f 4ot x,‘fH =0}
the Fermat variety. By Griffiths’ basis theorem we know

—k .k _ F —
W*EE (X0 = #RG k4 1)-n—2 =
. n+1
= #x S i = dk+ ) =2, 0<ij <d =2,V =0,....n+]1
Jj=0

=#{(i0 ..... ing1) €40, d =22 io 4o gippy = d(k + 1) —n—2).
Let us define

IK, ={G0,...,in+1) E{O,...,d—2}n+22i0+---+in+1 =N}
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Thus, it is enough to show that
n
I} < I, VN<(d—2)(§+1). (7.5)
Let us prove (7.5) by induction on n. Using the map

(i0,11,---in+1) > (o + L, i1, ... int1)
we have the correspondence
#io + - +int1 =k, io#d =2} =#io+ - +iny1 =k + 1, io # 0}
Therefore, (7.5) is reduced to show
< -1

—1
i Za—2 < i1 (7.6)

Ifk+1< (- 2)(% + 1), then (7.6) follows by induction hypothesis. If
k+1>(d-2)("5 +1),sincek + 1 < (d —2)(% + 1), then

n—1

k=d-2)<@-2+D)—-k+1)<d-2(—

+1).

It follows from induction hypothesis that

-1 —1 -1
Il?—(d—z) < I(nd—z)(n+1)—(k+1) = 11?+1»

as desired. Note that the last equality is given by the correspondence
(il,u-,in—i—l) <> (d —2—i1,...,d —2—in+1).

O

Remark 7.2. The above property holds more generally for smooth complete in-
tersection projective varieties. For some references about this phenomenon see
Movasati (2021, p. 223).
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7.5 Carlson—Griffiths Theorem

In this section we give an explicit description in Cech cohomology of the residue
map for the generators given by Griffiths’ theorem. This was done by Carlson and
Griffiths (1980) as a consequence of Carlson—Griffiths Lemma (Theorem 6.2).

Let X € P"*! be a smooth degree d hypersurface given by X = {F = 0}.
Recall that HO(P"+!, 28+, (n 4 2)) = C is generated by

n+1
2= (-Dixidxo A+ dxi- Adxpyr.
i=0

Theorem 7.4 (Carlson and Griffiths (ibid.)). Letq € {0,1,...,n},
P e HOP" !, Opnsi(d(g + 1) —n —2)).

Then PR (- (PR
_ = J q n—q
res(FqH) = { F; }m:qEH U, 2% 7). (7.7)
Where 27 i=t_a_(-++t_s (2)--), Fy = Fjo--- Fj, andU = {U}j23 is
xj-q on

the Jacobian covering restricted to X, given by U; = {F; # 0} N X.
Proof. LetU :=P"T1\ X. Forl =0,...,q define

P2
(l)a) = (1 — DH)I (m) € H:R—i_l(U/C),

where H is the operator defined in Definition 6.2. We claim

D11 — %w (ﬂ AL (_l)nﬁ)} c
q!- Fa-l F;  F Fr))n=i

eclwu. (g -1+ DX)),

where V :=dxo A--- Adxp41,and Vy :=1 5 (---L%(V)---). In fact, for
Xim *jo

[ = 0, the claim follows from the identity

2 dF £
= A0

d-@
F F F; F
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(Which is obtained by contracting ¢ 2 to the equality dF A 2 = d - F - V)

Assuming the claim for /[ = 0, then

_ —(g—1—-1)1P 2,
Hy (Pt = 24— 7

q\-Fa—l  F;
In consequence,
D n— _ _sp @), nti-i (q—-I-1! K PR PRnGmy
Wf = =8ty (Do, = Z( R TE
Using the following identity
I+1
Qs AdF + (=1)"d-F-Vy = (D" Y (=)™ F},, 2\{j}- (7.8)
m=0

(this identity is obtained by successive contraction of the identity dF A 2 =
d-F-Vbythet s ,form =0,...,] 4+ 1) we obtain the claim for / + 1. In

9% jpm
conclusion
@ g +1-a — {ﬂ (91 v g )} .
q‘ FJ F FJ |J =g
€ CIU. 25,7, (log X)),
the rest is just to apply the residue map. U

7.6 Computing the residue map in algebraic de Rham co-
homology

Using Carlson—Griffiths’ Lemma, it is possible to describe explicitly the residue
map in all algebraic de Rham cohomology, i.e. as an element of

P2 _
res(Fq+l) € F"THR(X/C).

This is resumed in the following theorem.
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Theorem 7.5. Letq € {0,1,...,n}, P € HO(P"™!, Opns1(d(q + 1) —n —2)).
Forl =0,...,q define

PR
UMM:(]—DHY(FTH).

Then, for eachm =0, ...,

@) n+1—m
@D ynt1-m _ oyt (% A dF +d- (_l)nﬁ c
Fa-! Fjy F
|J|=m
€ C"(U, 2pili™ (g + 1-D)X)).

Where V :=dxoA---Ndxp+1, Vy i=1_a (--'L%(V).--),Uis the Jacobian
Xim *Jjo

covering of P" 1. And D"t € C™ (U, Opns1(d(g—1 +m + 1) —n —2))
are such that

D gnt1-m _ 1 U-Vgn+2-m | g [UDgnrimm
J —q—l +1 I\Lik} J\{Jk}axjk Fy ’

(7.9)
forany k € {0,...,m}, and (O)a;&l = (=D"P forevery j =0,...,n+ 1.

Proof. Letus proceed by inductionin/ = 0,...,¢. The base case follows directly

from the identity
2 dF £ Vi
F F F; F;
(To obtain this identity just apply ¢ i to the identity dF A 2 = d - FV.) Now,

assume the theorem is true for some / = 0. Then
U+ = 1 = DH)Do.
Foranym = 0,...,/ + 1 we have that

(_1)n+1 (Z)Olg—H_m.QJ
(g—1) FilFy

Hy (Dol tmm) =

Consider the following identity

m

Q5 AdQ + (=1)"gQVy = (=1)" Y (-1¥ 0, @ny.  (7.10)
k=0
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for O € C(xo,...,Xxn+1) homogeneous of degree g (this identity is obtained by

successive contraction of the identity dQ A £2 = gQV by the ¢ S for k =
x_/k

0,...,m). Noting that

d2; = (=1)"(m—n—1)Vy,

1—m () g +1—
(—1prnti—mJ )04 m
(q—DF*~'F,

(), n+1 = k 0 (_1)n+1—m (l)a‘r;—i—l—m
dHy-ra (D0f 17" = 3 (1) 2ni
o ! kX—;) X jy (g—1) Fa'F; \{ji}

and applying (7.10) to Q = we obtain

By the other hand, applying (7.10) for Q = F we get

(), n+1 = k (l)“Trl_m Fijy
n —m __ n .
wy = (=D kE_O(—l) TFarilE, 27\

Using these relations we conclude

0" () n+2— I A
m q—1 (( )ag\{jkgn"‘FJ\{jk}ax,k( 5«",
=3 (—-D*Fj 25
FalF, Je 24T\ Uk
k=0

(l-‘rl)a)‘r;-i-l—m

and the result follows if we prove that the expression

() pn+1 (). .n+2 o (Dol
n+l-m .__ n+2—m
BT = Qalii + Fro g, ( o ) (7.11)

is independent of k (and we conclude that UH)O{;H_"’ = (Z)Ez+1_m/(q —1)).
If [ = 0O this is clear, and for [ > 0 we know by induction hypothesis this is true for
(l_l)EZ+2_m — (l)a_’}—\'_{zj.;;"(q—l-i-l) and (l—l)E;lH-l—m — (l)a§+1—m(q_l+l)’
i.e. we can write

D (VG
& n+2—-mg,, _ ({-1), n+3—m o Jk
“ngg @D = “J\{fk:fhﬁFf\{fkafh}axjh( F1\tio )
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and

(I-1) n+1-m
" )

(l)an+1—m( —1 _ (-1 n+2—m )
g—1+1)= a iy +Fy
J J\{Jh} \{jh}axjh FJ

for h € {0,...,m} \ {k}. Replacing this in (7.11) we obtain
2
S(k.h) — 3xj,dx), (I=1) pn+1-m
g—1+1 Fj, Fj, h ’

(I)EZ+1—m _

where

o (—1)n+3— 92 U=Dghtt=m
S(k’ h) i ( )a’}\{Jk !r;lh} + FJ\{Jk’]h} (8xjk 8x_,~h F{]

b (VST (Ve
nt Jk = S(h. k
+3xj'k ( Fiveips )+ axj,, ( Fitigs )) (h.k).

is a symmetric expression in terms of k and 4. Since

(l—l)E2+l—m — (l—l)EII:—H—m

we conclude
(l)E£l+l—m — (I)EZ+1_m

as desired. O

Remark 7.3. Theorem 7.5 is giving us an explicit expression of P 2/ F4+! in hy-
percohomology with meromorphic forms with logarithmic poles along X, namely
@g. By (7.9) we know that

1
@, n+1-1 _ (I-1) n+2-1
Ay B SRR VS
for/ =0,...,q. Recursively, we get the expression
@ r+1-a _ Loyntr _ EDP
T AT

In consequence,
(@) ynt1-gq _ {w (&/\d_F+d.(_1)nﬁ)§ c
q' FJ F FJ |J|=q

€ C"(U. 2,1y, (log X)),

Applying residue to (9w, we obtain Carlson—Griffiths’ Theorem 7.4.
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7.7 Cup product for hypersurfaces

Now we have all the necessary tools to describe the cup product for hypersurfaces.
We content ourselves with the following result due to Carlson and Griffiths (1980,

Theorem 2).

Theorem 7.6. Let p + q = n. Forevery P, Q € C[xo,...,Xp+1] withdeg P =
dlg+1)—n—2anddegQ =d(p + 1) —n —2 we have

P2 02\ _. . - po e gF
res 7 U res Tl =0 ifandonlyif PQ e J".

The proof of the above theorem will be given in the next chapter as a con-
sequence of our computations of periods, see Proposition 8.4. The following is
the explicit computation of the cup in the Cech cohomology group H" (X, 2% ¥)
relative to the Jacobian covering.

Proposition 7.2. Let p+q = n. Consider P, Q € C[xy, ..., Xn+1] homogeneous
polynomials withdeg P = d(q+1)—n—2anddegQ = d(p+1)—n—2. Then
foreverym =0,...,n+1

EDPH PO xi 2¢g41) Fim

n ; <

res P2 U res Q.Q _ plq'FoFni1-Fyti lfm S’D
Fa+1 Fp+l1 4 (=Pt POx 24 Fin ifm >

n PTq FoFni1-Fy q-

Proof. Since res (F’;—ffl) € FPHIL(X/C) and res(Fp“(jl) € FIHL(X/C) it

follows from the cup product formula (Theorem 5.3) that
res | —— res | —— =
Fa+1 FPtl ) ) it
P2
o (res(mﬂ)) (o (2

r=0

n+1 PO n—r+1 r—1
_1 n+r—+1 A =
+ Z (=D wes | prr)) res Fp+1 -

r=m+1

R S

s
- PQ :
(1) (res(FqH))O ...... st (res(F”“))qH---nH ifg = m.
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By Carlson—Griffiths theorem (Theorem 7.4) we can compute this explicitly as

P£2 0o n
res m U res o =
0-m-n+1

(=D?PQ £20--q) , $2g-si-n+1) :
2T Fog " Fysimii ifg <m,
(=D?PQ 2©-sir-g+1) , 2q+1-ntD) oo S
p'q!  Fousng+1 A Fgt+1-n+1 ifq = m.

The result follows from the next identities

= (—l)q—HLEL% (V(0~--q—1) A Q(q...,ﬁ...n+1))
= (—l)q+1LELai (V(Ou-q—l)/\
Xq
A (=D)EFDE=m (1) dxg A= A dxg—1+
g—1
+ ) (=D xjdxo Aveedxjeer Adxg_y Adxm)
j=0
— (_1)(n+1)q+m+1

XmlEt o (dxg A+ NdXppiA
aJCq

ANdxo A Ndxg—1)
= (_1)m+1xmLElaL(V)
Xq

= (D" xmLy).
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and similarly

Q(Q...a...q+1) AN .Q(q+1...n+1) = (—1)q+1LEt 3 (V(o...,ﬁ...q)) 7AN .Q(q+1...n+1)

xg4+1

= (—1)q+1LELB 3 (V(oﬁq) A Q(q—}-l-'-n—i-l))

Yg+1

= (Do (VgemmpA
9%q+1

q
A (=)™ Z(—l)ijdxo A-eedxj - Ndxg
j=0
= (D" g o (dxm A dxg41 A+ A

Xg+1

ANdXpg1 Ndxo N--dXm -+ Ndxg)

= (=" et _a (V) = (=) xm211)-
9xg+1

O]



In its early phase (Abel, Riemann, Weierstrass), algebraic geometry was just a
chapter in analytic function theory, Solomon Lefschetz (1968).

8.1 Introduction

Periods of algebraic cycles play a fundamental role when we look at Hodge con-
jecture in families. In fact, they determine the cohomology class of the algebraic
cycle which together with the infinitesimal variation of Hodge structure gives us
the tangent space of the underlying Hodge locus. This is our main motivation to
compute those periods, and it is the central topic of this chapter. Since non-zero
dimensional algebraic cycles cannot lie inside affine varieties, their periods do not
fit well into the multiple integral context of Picard and Simart (1897, 1906). This
has actually produced Picard’s pg puzzle, for details see Movasati (2021, Chapter
3). Historically, the first use of periods of algebraic cycles in the literature is by
Deligne, Milne, et al. (1982, Proposition 1.5) which leads him to define the notion
of an absolute Hodge cycle. This has been reproduced in Proposition 5.11. When
algebraic cycles are known exactly, which is the case in this chapter, computation
of such periods can be done by theoretical Cech cohomology manipulations such
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as in Carlson and Griffiths (1980), and this eventually leads us to the verification
of the alternative Hodge conjecture in explicit examples. This method was sug-
gested by Movasati (2017b, Section 3.5) and carried out by Movasati and Villaflor
(2018) for linear algebraic cycles. The full computation for complete intersection
algebraic cycles was done by the second author in his thesis, see Villaflor (2019,
n.d.[a]), and this is the main content of this chapter. The applications are left to
Chapters 11 and 12 in which we discuss the variational and alternative Hodge
conjecture. For Fermat varieties the periods are known exactly and the problem
reduces to finding algebraic relations between values of the Gamma function on
rational numbers, see Deligne, Milne, et al. (1982, Section 7) and Movasati (2021,
Chapter 16).

In Proposition 5.11 we have already seen that integration over algebraic cycles
is a purely algebraic operation. In this chapter we consider the case of an even di-
mensional smooth hypersurface X = {F = 0} € P**! given by a homogeneous
polynomial F of degree d. Every 5-dimensional subvariety Z of X determines
an algebraic cycle [Z] € H,(X,Z). Recall that by Griffiths’ Theorem 7.2, each
piece of the Hodge filtration is generated by the differential forms

P2 _
wp = T1€s (m) € F" 1HR(X/C)o,

for P € Clxo,...,Xn+1ld(g+1)-n—2- Note that, since Z is a projective variety
of positive dimension, it intersects every divisor of X. This means that it is im-
possible to find an affine chart of X containing Z, and hence, the computation of
periods of Z by calculus methods would be impossible. Our strategy to compute
the periods is to reduce the computation to a period of some projective space PV .

As mentioned before, the content of this chapter was mainly taken from Vil-
laflor (n.d.[a]). Nevertheless we alert the reader that if one compares those results
with the corresponding ones in this book, one encounters several sign discrepan-
cies. These differences are due to our choice of the differential D = § + (—1)%d
in algebraic de Rham cohomology (in Villaflor (ibid.) the chosen differential in
algebraic de Rham cohomology is D’ = d + (—1)?9).

8.2 Periods of top forms

In Section 5.10 we computed the period of the standard top form relative to the
standard covering of PV . Using Corollary 5.3 we can compute the periods of top
forms in PV described with other open coverings (not just the standard one), for
instance the Jacobian covering associated to a smooth hypersurface.
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Proposition 8.1. Let fy,..., fn € Clxo,...,xn]qg homogeneous polynomials
of the same degree d > 0, such that

fo==n=0=02
They define the finite morphism F : PN — PN given by

F(xo:--:xn):=(fo:": fN).

LetUp = {Vi}zN=0 be the open covering associated, i.e. V; = { f; # 0}. Then the
top form
QF _ Yise(=1)' fids

N N
So-fn T fo SN € HTUr. 2pn).

has period

“Q—F: N %) —T\N
v T T dV . (-2 ar V=1V,

Proof. If §2 is the standard top form associated to the standard covering, applying
Corollary 5.3 we get F~'(U) = Up and F*Q2 = 2p. Then it follows from
topological degree theory that

2F .
PN for N

Since F is defined by a base point free linear system, the fiber of F is generically
reduced by Bertini’s theorem (see Hartshorne (1977, p. 179)), and corresponds to
d "N points by Bézout’s theorem, i.e. deg(F) = d ™. O

deg(F) - /P N ﬁ — deg(F) - (=)D 2x V=)V,

Before going further we will recall the following theorem due to Macaulay
(for a proof see Voisin (2003, Theorem 6.19)):

Theorem 8.1 (Macaulay (1916)). Given fo,..., fn € Clxo,...,xn] homoge-
neous polynomials with deg( f;) = d; and

fo=r=fy=0=0.
Letting
R = (C[Xo,...,xN]
© (foo s IN)

then for o .= Z;N=0(di — 1), we have that
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(i) Forevery 0 <i < o the product R; X Ro—;j — Ry is a perfect pairing.
(ii) dim¢ Ry = 1.
(iii) Re = 0 fore > 0.

Definition 8.1. A ring of the form R = C|[xy, ..., xy]/I for some homogeneous
ideal [ is called an Artinian Gorenstein algebra of socle degree o, if there exist
o € N such that R satisfies properties (i), (ii) and (iii) of Macaulay’s Theorem 8.1.
We also say that / is an Artinian Gorenstein ideal of socle o.

Remark 8.1. It is easy to see (using Euler’s identity) that
Qr = d ' det(Jac(F))$2

afi
where Jac(F) = [ij]oqqu

HN Up . 25)) is of the form

is the Jacobian matrix of F. Any element of

P2

ao..- aN
0 N

where «g, ..., oy € Zso withd - (ag + - + ay) = deg(P) + N + 1. Using
Macaulay’s Theorem 8.1, we see that

P= 2 1o I Po

d(Bo+++BN)=deg(P)—d(N+1)

w =

with deg(Pg) = (d — 1)(N + 1) = o. This reduces the problem of computation
of periods, to forms of the form
Pss2 8.1)
00(0 .. f]‘\’]‘N ’ :
with ag, ...,an € Z such that g + -+ +any = N + 1 and deg(Pg) = (d —
1)(N +1). Itis clear that such a form represents an exact top form of P¥ if some /;
is non-positive (in fact, it is equivalent to show that it is zero in hypercohomology
and this is clear because the form extends to a d-closed formon V-, as in the
proof of Proposition 5.9) then we reduce the computation to forms of the form

082

for SN’
where deg(Q) = o.
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Corollary 8.1. If Q € Clxog,...,xN]qo, then

2
N L A CoTC VAU
PN forr fn
where ¢ € C is the unique number such that

0 = c -det(Jac(F)) (mod { fo. ..., fN)).

Proof. To show the existence and uniqueness of ¢ € C we use item (ii) of Macaulay’s
Theorem 8.1. So, it is enough to show

det(Jac(F)) ¢ (fo..... fn)-
This is direct from the previous considerations and the fact

_SFr
Jo- N

does not represent an exact top form by Proposition 8.1. O

e HN @Y. 28

Remark 8.2. In summary, the computation of the period reduces to the computa-
tion of such constant ¢ that relates Q with det(Jac(F)) in R,.

8.3 Coboundary map

In order to compute periods of complete intersection algebraic cycles, we need to
compute periods of smooth hyperplane sections Y of a given projective smooth
variety X. In other words, for Y < X a smooth hypersurface given by {F = 0},
we need an explicit description of the isomorphism

H'(Y, Q) ~ H'"T\(X, Qi+, (8.2)

w = W

together with the relation of periods, that is, the number a € C such that

/5=a/w.
X Y

For this purpose recall the exact sequence (6.3)

= HETN(X/C) — HETN(U/C) = HE(Y/C) 5 HEPA(X/C) — -
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induced by the short exact sequence of complexes
0— 2% — 2%(ogY) = jx2y ' —o0.
: 2n+1 _ 2n+2 _ . . .
Since Hip' ™ (U) = Hyy " “(U) = 0, the coboundary map is an isomorphism

HZ(Y/C) < HXZ+2(X/C).

These vector spaces are one dimensional, and t preserves the Hodge filtration.
Therefore, it induces the desired isomorphism in (8.2).

Proposition 8.2. Let X € PV be an smooth complete intersection of dimension
n+1,and Y C X be a smooth hyperplane section given by {F = 0} N X,
for some homogeneous F € C|xog,...,xy]q. Let o € C"(X,2%) such that

8
wly €ker(C™(Y,2}) — C" (Y, Q}*Y)). Foranyw € C™(X, 2% ! (logY))
such that

dF
D=0N— (mod C™(X, 2%1),

we have
§
1(w) = @ := §(@) € ker(C"T1(X, ,QS’(H) 2 ocnt2x, le(—i-l)).

Furthermore, ® € H"T1(X, .Q;’(H) is uniquely determined by w|y € H"(Y, 2%)

and
/5=—271\/—1/a).
X Y

Remark 8.3. Since any hypersurface section {FF = 0} N X as above is a hyper-
plane section after using a Veronese embedding (see for instance Movasati (2021,
Section 5.2)) we will only use the latter.

Proof. The map described in the proposition is the coboundary map 7, i.e. t(w) =
o. Therefore, it is left to prove the period relation. By the fact that  is an isomor-
phism of one dimensional spaces we have a constant ax,y € C* such that

/Xf(w)=aX,Y/Ya),

for every € H"(Y,$2§). Since X is a complete intersection, Lefschetz hy-
perplane section theorem (see for instance Movasati (ibid., Chapter 4)) implies
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[Y] =d - [X N PN~1] for some general hyperplane PV ~1 € PV and so we can
assume F = xj‘f]. Let us evaluate the above period relation at = 6. By (5.14)

we have for the standard open covering of PV that

or . = —1("3H) (dxio _ dxil) o (an B dxiz) N n (dxi,,_l B dxin)
' Yo X Y X Xig_y iy

10

_ (_1)(;;) (a’x,—l B a’xio) A (a’xi2 B dx,-o) R (dxi” B dxio) ‘
X Xi Xiy Xig Xip Xig

3

Thus

Wigeiy, =

dH® (dxn N dxio)/\(dxiz B dxio)/\”_/\(dxin _ dxio)A(de B dxio)’
Xi x,-o x,-2 x,-o Xiy, xio XN x,-o

3

hence

‘L'(Qn)io‘..in_,'_l =
—4. (_1)(n51) (dxi] _ dx,-o) A (dx,-z _ dx,-o) N (dxin+l _ dx,-o) _
Xiy Xig Xip Xip Xipg1 Xip
= —d.9"t]
10 ln+1"

By Proposition 5.4 it follows that
+1
—dwth)@nJ—on ==/.ﬂ96=
X
=ax,y / 0" =axy -deg(Y) (ZnV—l)n
Y

andsoayy = —2n+/—1. O

8.4 Periods of complete intersection algebraic cycles

In this section we compute periods of complete intersection algebraic cycles inside
a smooth hypersurface X € P”*1, of even dimension 7. After Carlson—Griffiths’
theorem we know that the integrands in these periods are of the form

PR \22 1 (PR . n
wp =res | —— = — c H2(X, 22), 8.3
» (FZH) %!{ = }mzn x.2h.  ®83)

2
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where P € Clxo,...,Xn+1]o,ando = (d —2)(% + 1). In order to compute these
periods over a complete intersection subvariety Z of P”*1 (contained in X), the
main ingredient is the explicit description of the coboundary map. For a complete
intersection Z < X of dimension %, we construct a chain of subvarieties

Z=Z20CZ1CZ2C - CZnyy =P,

+

NS

where each Z; is a hypersurface section of Z; 4 1, and apply inductively the cobound-
ary map, to reduce the computation of the period of Z to the computation of the
integral of a top form in P”*1. Recall that for functions F : C**! — C and
H = (Hy, Hy,...,Hy1q) : C"t1 — C"*1 the Hessian and Jacobian matrices
are defined in the following way:

92F

:| J0H;
dx; 8xj (n+1)x(n+1)

9 :|(n+1)><(n+1)

Hess(F) := [ , Jac(H) := |: (8.4)

Theorem 8.2 (Villaflor (n.d.[a])). Let X € P"T! be a smooth hypersurface given
by X = {F = 0}. Suppose
F=figi+-+ foi18241,

such that Z == {f = --- = f%ﬂ = 0} C X is a complete intersection (i.e.
dim(Z) = %). Define

H = (ho,....hnt1) := (/1.81, /2. 82, -+ 241,82 41)-
Then .,
2/ —1)2
/wp - ¥c (d — 1)"+2, (8.5)
z 2

where wp is given by (8.3), and ¢ € C is the unique number such that
P -det(Jac(H)) = ¢ - det(Hess(F)) (mod JF).

Remark 8.4. To understand the statement of Theorem 8.2 recall that Macaulay’s
Theorem 8.1 implies that the Jacobian ring

_ C[Xo, e ,xn+1]

F
R 7F ,
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where J¥ = (Fy, ..., F,y1) is the Jacobian ideal, is an Artinian Gorenstein al-
gebra of socle 20. In particular dimg Rga = 1. Furthermore, by Proposition 8.1
and Remark 8.1, Rga is generated by det(Hess(F')). In consequence, for any pair
of polynomials P, Q € C|xy,..., Xn+1]o there exists a unique ¢ € C such that

P - Q = c-det(Hess(F)) (mod JE.

Definition 8.2. We say that a algebraic cycle 6 € Hy, (X, Z) is of complete inter-
section type if

k
5= nilZil.

i=1

for Z1,....Zy € X aset of 5-dimensional subvarieties that are complete inter-
section inside P!, given by
Zi={fir==fizq1 =0}, i =1... .k
such that there exist g; 1,...,&i k € C[xo,...,Xp4+1] with
7+1

F=7Y" fij&i.
ji=1
For such an algebraic cycle, we define its associated polynomial

k
Ps:= n;-detac(H;)) € RE,

i=1
where o := (d — 1)(7 + 1) and H; := (fi,1. &i1e-- - fi241. 812 41)-

Remark 8.5. Theorem 8.2 tells us that in order to compute the periods of a com-
plete intersection type cycle § it is enough to know its associated polynomial Pg. In
fact, we are determining the Poincaré dual of the cycle § in primitive cohomology

pd — PSQ 7’7 Q:Q
80 —reS(Fg_H) e H2 2(X)0,

that is, it satisfies (up to some constant non-zero factor)
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= U Fys2 Vo € H% (X
8a)— Xa) res I ) w € Hip(X)o.

Let w = wp be as in (8.3). In order to prove Theorem 8.2, we will use Propo-
sition 8.2 to construct inductively

0@ = mZquzg)
o® = (l”eHﬁNZSFH)l=L””%+1
with Z; := {fj41 = - = f%ﬂ =0} € P""land Zy = Z and Zngy =

Pn-i—l

Proposition 8.3. Both sides of the periods equation (8.5) depend continuously on
the parameters

ﬂ-‘rl

2

(flagl’---’f%-‘rl’g%-i-l) € @ C[XO,...,xn+1]di GBC[an---,xn-}-l]d—dia
i=1

such that F := fig1+---+ fa418241.

Proof. Consider

g+1
U:i=1{(fi.81.- fas1.8341) € P Clxlg, ® Clxla—g, :
i=1
X ={fig;it+--+ f%Hg%H = 0} is smooth and

Z={fi=for=--= f%ﬂ = 0} is a complete intersection} .

Leto := (d —2)(5+1) and fixany P € C[x],. For(fl,gl,.. fry1.8241) €
U, we know that the Jacobian ideal J £ : (gi; ax )(WhereF = fig1+
ot fg+1gg+1 € CJx]g) is Artinian Gorenstein of soc(JF) = 20, and that

det(Hess(F)) € C[x]20 \ JZI; (by Corollary 8.1). Therefore there exists a unique
number ¢ € C such that

P -det(Jac(f1,81,---, f§+1»g%+1)) = ¢ - det(Hess(F)) (mod JF).
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We claim that this number ¢ depends continuously on

A= (fl’glw--’f%q-l,g%.;_l) e U.

In fact, consider the C-vector space V' := C|[x]os. For every A € U define the
hyperplane V), := JZIZ; C V, we claim that V), varies continuously with respect to
A in the space of hyperplanes of V, in fact, each V), is generated as C-vector space
by the vectors

oF
Vi =<8 Ayl =0,....n+1,x! monomials with |/ | =20—d—|—1>,
X

where F) ;= F = figi +---+ f%_,_lg%_H, and each of these vectors depend
continuously on A € U (here we are using the non-trivial fact that we know a
priori that the generated spaces are hyperplanes). In consequence, there exists a
continuous map

o :U—PIV*

such that V) = Ker ¢,. Now we can compute ¢ in terms of continuous functions
depending on A € U as

. _ AP - det(Jac(1))
¢a(det(Hess(Fp)))

Remark 8.6. In order to use the coboundary map, we will assume that every Z;
is a smooth hyperplane section of Z;_;. We can reduce ourselves to this situation
by noticing this will hold for a general pair (Z, X) satisfying the hypothesis of the
theorem, then by continuity the result will extend to every such pair.

Lemma8.1. Foreachl = 0,...,%+1and] = {jo,...,jg-H} c{0,...,n+1}
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ZetK:{ko,...,k%_l}={0,1,...,n+1}\J. We have

iy gl g
1. Fy '

ml E
Z( D" em =S

31 ! 1

dgs - d
+(=D! D =DPx, N\ 7" Adxg, A I\ d—{’

p=0 s=1 t=1

(@) =

-

0 t=1

~
Il

Proof. We proceed by induction on /:

[ = 0: We have

NS

Qri=1_o (o (2))=(D"TTE G2 )y, i,
4 o 1=0

(8.6)
This gives us

)+ jo+- +ig p 3

(8
ch S (1), dk,
p=0

@) jgesy = @)jgesy = T



150 8. Periods of algebraic cycles

=14+ 1:
ﬂ+2 T .ee .ﬂ
@Dy, p Vi1 (I s p gty gy
w J =
Ji+1 3V Fr - i
do 5-1 I+1
dg df
| S s, A
—1 l+1df
t
e, A ; NG
p=0
l /\
yei-dzg  dF° N
+(=12t —= dxy A
2:: d /\ My " dr
I+1 ~ 53—
dgy df
+H(=D2HF Z /\ dxp, A du
u=1 u u
Applying § of the Cech cohomology we get
LD ( 1)( 5 )+ Jjo+- +'"+’+1d1d1~--d1+1
7 SV Fr- fi+1
i d - Z+i1+1 g—1—1 1+1d
[Zl( Dmlg, fz > Fjdxj, | N\ dxx, / dft’
m p=0 r=0 =1
Z+i+1 I g—1—1 I+1
“‘”l( 3 F,-prp)Adgs A ase, AL
=0 = 4 oo (=
5—1—1 / d 24741 R 141 df,
+(=1)! ! Z (—1)Pxx /\ s A Z Fj dx;, | Andxi /\7[
p=0 T d r=0 Ty i

NS
+
~
+

NS}
~

gy dF ' dfy d
+(-D2+ Zj’;/\d/\( > Fjpdxjp) A dxk,/\diqq/\ﬁ

I+1 o ZHI+1 51 a7
D S Y S A( 2 Fjpdxjﬂ) dxi, N %
u u

u=1
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42 . :
(2 D+jo++in 1y 41 I+1
_ (-1 2 2+ d'dy--diqy Z( 1yn=lg dgm /\dl 2/\ dxp 7\@
SV-Fr-fim1 a [ o
n
i 51 g—i-1 ! I+1 .
dg, dfy dgs dF ~ df
+(=DI'F N\ dV N dxg, /\ —’+( DIt (=P, /\ s TN A, A Ttl
s=1 q=0 =1 p=0 =1
~ 411
l 2
4y dgqy dF dF dfq  dfi+i
12 “5q9 “s “s “Ja et 3
e qgl a "a"a r/=\0 Pt A dg " dig
~ 4
R, ’f dgu dF /\ N
JI4+1 = du K kr N du N

Replacing F = f1g1 + -+ f%ﬂg%“ in the first three expressions we finish
the induction. O

Proof of Theorem 8.2. Using Lemma 8.1 for [ = 5 4 1 we get

LR I B41 ~ 241
(_])( 2 Pd2+1d1"'dﬂ+1 2 d 2 df,
Z+1) — 2 _1ym—1, 4%8&m ajt
(@27 0nt1 21 Fo- Fnt1 2 0" em A 4,
m=1 =1
AR
dg, dF df
_nrtl “eq 24 Hg
FEDT Y ST
q=1 g
Replacing F' = fig1 +---+ f%+1g%+1 we obtain
n
INCADPYTISN 741 o 3t
T :( D2 IPastlay - dy 22(_1),"_1 d —dm . dgmz/\ dfy
o Tl Fo- Fat1 = da )ma I\ dr
5+1 3+l 7
n d
et Y ety N\ Bea Yo
qg=1 s=1 q

in other words

) —1)2Ht1Peg---e dh
(z+1) = ( e ¥ k
(@ )0-n+1 51 Fo Fuit Z( M e

ntl o ntl o
where e, = deg(hy). Replacinge; - h; = ' -xjand dh; = E : dx;
— an - axj
j=0 j=0
we obtain
(241 —1)2T1P - det(Jac(H)) < ~
(a)i(2 ))0---n+1 = ( ) ( ( )) E (—1)kaka.

BV Fo-- Fngq
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The theorem follows from Proposition 8.2, Proposition 5.7, and Corollary 8.1. [

8.5 Cohomology class of complete intersection algebraic
cycles

In this section we rewrite Theorem 8.2 in the language of cohomology class of
algebraic cycles.

Theorem 8.3. Let X C P"*! be a smooth degree d hypersurface of even dimen-
sionn givenby X = {F = 0}. Supposethat Z .={f1 =--- = f%+1 =0}CX

is a complete intersection inside P" ! and

I(Z) = (f1..... fu41) € Clxo, ..., Xn41].

Write
F=f1g1+...+f%+1g%+l,
and define
H = (ho.....hn+1) := (f1.81. .- fo41.8241)-
Then
deg(Z n1(=1)2 det(Jac(HNQ\ 272 .
(7] = g(Z) yu  3'CD res( et(Jac(H)) )  HEE (),
deg(X) deg(X) Fi+1
where
n+1 _ R
Q:Z(—l)lxidx()/\...dxi.../\dxn+1
i=0

is the generator of HO(P"+1, .Q"jil (n +2)) and 6 € HVY(X) is the polariza-
tion.

After Griffiths basis theorem we know that
[Z] = (wp,)?% +ab> € HP3(X) (8.7)
forsome « € C and some Pz € Clxo,..., xn+1](d_2)(%+1). In order to compute
« let us integrate the polarization 6 2 over Z

03 = f 0% Uaf? = a-deg(X),

1
R N ASTE /z (2n¢_ Ty
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and so o = S:EE)Z(;' We will need the following fact whose proof was essentially

done in the proof of Carlson and Griffiths (1980, Theorem 2).

Proposition 8.4. Let X C P*T! be a smooth degree d hypersurface of dimension
n (not necessarily even). For every pair of homogeneous polynomials P, Q €
Clxo,...,Xpt+1]withdegP = (¢+ 1)d —n—2anddegQ = (p+ 1)d —n—2
for p 4+ q = n, then

c-(d—1)"2d,

/ R L VY
wp Uwg =
plg!

where ¢ € C is the unique number such that
PQ = ¢ -det(Hess(F)) (mod JT).

Proof. LetU be the Jacobian covering of P”*1. By (8.3) we know explicitly how
(wp)?P P and (wg)?-? look like in Cech cohomology. Then we can also compute
(wp Uwp)™" € H"(U, 2%) by performing the twisted product (see Proposi-
tion 7.2)

(=DPFT"POxnR2q+1) Fim

DsD 49y _ p'q'FoFpi1-Fgi1
((wp) U (wQ) )0~~m~~~n+1 - (_1)p+me;mQ(qq)Fm

plg'FoFni1-Fy

ifm<gqg

ifm>gq

where ;) =« N (£2) fori = q,q + 1. A direct application of Proposition 8.2

gives us
/ '(52—27“/—1/ wp Uwg,
Pn+1 X
for
D= d-CDTPOSQ e C"tly, ntl).
Plq\Fo-- Fuy1 B
The result follows from Corollary 8.1. O

Proof of Theorem 8.3. Let

(~DE+2

Rz = W){)z det(Jac(H)) S (C[X(), ey xn_{_l](d_z)(%_i_l)
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we claim that Pz = Rz (where Pz is given by (8.7)). In fact, since the wedge
product in Hjy (X) prim is not degenerated it is enough to check that

;/a} —;/w Uw —;/a) Uw
Qv )3z T T Qu o Ix T T oy Sy RO

VP € Clxop,... ,xn+1](d_2)(%+1), which follows from Theorem 8.2 and Propo-
sition 8.4. O

Proof of Theorem 7.6. Since H" (X, 2%) = C - 6" and [ 6" # 0, it follows
that

wpUwg =0 /wprQ=0 — ¢=0 < PQeJF.
X

O]

8.6 Applications

We denote by CH" (X).is the space of algebraic cycles of complete intersection
type. We define the degree of § € CH"(X).;; as its degree as an element of

H,(P"t1,7),ie. deg(d) := Z;;l n; - deg(Z;). It follows from Theorem 8.3
and the linearity of the cycle class map that

_ deg(®) ou 21(-1)2
~ deg(X) deg(X)

NS

(0ps)?2. (8.8)

[4]

Corollary 8.2. Let X € P! be a smooth hypersurface given by
X ={F =0}.
If§, u € CH"(X)cir are complete intersection type algebraic cycles, then
(i) Ps e J¥ ifand only if[§] = a - [X N P21, for o = deg(8)/ deg(X).

(ii) Let ¢ € C be the unique number such that Ps - P, = c -det(Hess(F)) (mod
JF), then

_ deg(8) -deg(p) _  (deg(X)—1)""2
~ deg(X) deg(X)

(8.9)
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Proof. The first part is a direct application of Griffiths basis theorem and (8.8).
The second part is a direct application of the fact

1 U [ul,

(2n V=1 / 1
together with equation (8.8), Corollary 8.1 and Proposition 8.4. O

Remark 8.7. It follows from (8.9) that for every pair of algebraic cycles §, u €
CH 2(X), the unique number ¢ € C such that Ps - P, = ¢ - det(Hess(F')) (mod
JFYis in fact a rational number such that

c-(d-1D"2ecZandc-(d —1)"*2 =§- 1 (mod d).

In general, it is not known how to determine when a given element of Griffiths ba-
sis (wp)2°2 € H2°2(X) is an integral or rational class in terms of the polynomial
P € Clxy,..., xn+1](d_2)(%+1). Equation (8.9) gives us a (computable) neces-
sary condition: If (wp)2°2 € H?22(X) N H"(X,Z) then for every complete
intersection type algebraic cycle § € CH 2 (X )it

P - Ps = ¢ -det(Hess(F)) (mod JF), (8.10)

for some ¢ € Q such that ¢ - (d — 1)"*2 € Z. Other necessary condition that
follows from Proposition 8.4 is

P2 = ¢p -det(Hess(F)) (mod JT), (8.11)
for some cp € Q such that cp(d — 1)"T2d € (21)?Z.

Remark 8.8. Another observation we can derive from Theorem 8.2 is that each
period is of the form (27 \/—_1)% times a number in a number field k, where k is
the smallest number field such that fi, g1,..., f%_,_l,g%_H € kl[xo,.--,Xn+1],
i.e. the periods belong to the same field where we can decompose F as fi1g1 +

-+ fg+1gg+1- This was already mentioned in Deligne’s work about absolute
Hodge cycles, see Deligne, Milne, et al. (1982, Proposition 7.1).

Corollary 8.3. Let
= {x§ + - xy =0}

be the Fermat variety. For ag, o2, ...,a, € {1,3,...,2d — 1} consider
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and 8 := PZ . Its associated polynomial is

141 g
= g3+ gaottan T ngj S S (8.13)
j=1 \I=0
In particular
n n 1—-(1=4d m+1
Pl p =100

where m = dimPg N Pﬂf.

Proof. Computing the Jacobian matrix of H as in Theorem 8.2, we see it is diag-
onal by 2 x 2 blocks, and each block has determinant

@2 —2 d 1
d(g 2] 2 2] 1)

X2j 2 — Ezd X2j—1

and so (8.13) follows. In order to compute the intersection product apply Corol-
lary 8.2, part (ii). We just need to compute ¢ € C such that Pg- P,L =c-d"t2(d -

1)"t2(xg - Xp4+1)?72 (mod (xo L n+1>) where § = ]P’a2 and u = IPBZ
It follows from (8.13) that

é-(ao-i-ﬂo)-i- +(an+Bn) 3+l (d—2

azj2l+pB2j2(d—2-1)
¢= (d — 1)n+2 l_[ Zé‘ '~ ”

1—[2-1—1 (Zld zé‘az, 2(l+1)+ﬂ21 —2(d—1— 1))
0

(d—l)”+2
Forevery j =1,....5 +1

Zé.azj —2(+D)+p2j—2(d—1-1) _

— Z é-(aZJ —2—Baj2)l _ | 1—d ifOle—z = B2j—2,
1 1fa2j_2 7é ,32j_2.

Therefore c¢(d — 1)"72 = (1 — d)™ "1 and so by (8.9) the result follows. O
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We close this section by computing the periods of linear cycles inside Fermat
varieties. Consider the following set

la-n+1 =
. . . . n
= {(i0,....ing1) €{0,....d =2"T2 ig+ - +ips1 = (d _2)(5 + 1)

we define for every i € ](d_z)(%ﬂ)

e H2(X,23).

Fy
11=4

We know these forms are a Griffiths basis for H 22 (X)prim-

Corollary 8.4 (Movasati and Villaflor (2018)). Let X € P"*1 be the degree d

even dimensional Fermat variety, letP? C X asin @B.12) forag = -+ =0y =1,
and leti € I(d—Z)(%—i—l)- Then

2

n
on/=D3, 1o ik ps .
/ o — %§2d2+1+10+12+ Fin i s iy =d —2,¥=1,..., 141,
n r D
P 0 otherwise.

Proof. By Theorem 8.2 we just need to compute ¢ € C such that
ip — n+2 n+2 d—2 d—1 d—1
x'Psg=c-d""(d—1)""(xo Xn+1) (mod (xg X))

By Corollary 8.3

241 (4
2
_ +1.5+1 " d
=d? 5y l_[ szj fzdx2]1 )
j=1 \I=
= ¢; - (x0 -+ Xpt1)? 72 (mod (x§ 1. xZT1)).

Ifforevery j = 1,..., 5+ 1thereexist/; € {0,...,d—2}suchthatl; +iz;—1 =
L1l ety

d—2andd —2—1; +izj—2 =d—2,thenc; =, 2. This condition

is equivalent to /; = ip;_» and izj 2 + i2j—1 = d — 2. Otherwise ¢; = 0, and

the result follows. O



Grdce a l'article de Manin (1964), les équations de Picard—Fuchs redeviennent a
la mode, sous le nouveau nom de “connexion de Gauss—Manin” (dii a Grothen-
dieck, je crois)-pourquoi “connexion” ?-sans doute parce que “‘équations différen-
tielles ” sonne moins bien, aux oreilles d’un geométre, que “connexion sur un fibré
vectoriel”, (F. Pham (1979) page 18).

9.1 Introduction

The Gauss—Manin connection of families of projective varieties in a language
closer to Gauss’ original works has been fairly explained in Movasati (2021, Chap-
ter 12). This includes a variety of examples such as the Weierstrass family of el-
liptic curves. In that book one captures the cohomology of a projective variety
by looking in a fixed affine chart of it. This was a common procedure in the 19th
century’s works on abelian and multiple integrals such as Picard and Simart (1897,
1906). Soon after the development of hypercohomology and algebraic de Rham
cohomology by A. Grothendieck among many others (see Chapters 3 and 5), the
Gauss—Manin connection was reformulated in this new framework by Katz and
Oda (1968), see also Deligne (1969). In this chapter we aim to present this formula-
tion. Our computational approach to algebraic de Rham cohomology in Chapter 5



9.2. De Rham cohomology of families of projective varieties 159

is the ground for the more explicit and computable presentation of Gauss—Manin
connection in this chapter. In particular, the reader will see that the so called in-
finitesimal variation of Hodge structures developed by Griffiths and his coauthors
in Carlson, Green, et al. (1983), Griffiths (1983), and Griffiths and Harris (1983)
is just a small package derived from Gauss—Manin connection. The computation
of Gauss—Manin connection usually produces huge polynomials and the available
algorithms work only for families of lower dimensional varieties with few param-
eters. For more on this topic see Movasati (2011, 2012, 2021).

9.2 De Rham cohomology of families of projective vari-
eties

Let # : X — T be a family of smooth projective varieties over k. Recall from
Section 4.4 that the sheaf of relative differential forms in X is

XTI QLA ot

where 7* is the pull-back of differential forms in .Q-}- to X. Later, we will need the
sheaf of holomorphic and C*° differential forms in X. For these we will use the
notations £237, /Tan and Q270 /005 respectively.

The differential operator d for differential forms in X induces a differential
operator d : QQ’/T — SZ)’("/?IL.l for which we use the same letter d. We denote by
(£2% T d) the resulting complex.

Definition 9.1. We define the m-th relative de Rham cohomology of X/ T as the
m-th hypercohomology of the complex (£25 T d), that is
HE(X/T) := H’"(.Q;(/T,d). 9.1)

This is a sheaf of Ot-modules in a natural way. Following Chapter 5, we
explain how the elements of the hypercohomology (9.1) look like and how to cal-
culate them. This will provide us with a natural definition of the Gauss—Manin
connection.

Remark 9.1. From a computational point of view it is convenient to describe the
Gauss—Manin connection for a projective variety X defined over an affine vari-
ety T := Spec(R) with a ring R described in Movasati (2021, §10.2). In other



160 9. Gauss—Manin connection

words we consider a projective variety X over the ring R. The hypercohomology
H™(§2y, d) is now an R-module, but not necessarily free. In the context of moduli
of enhanced projective varieties, see Movasati (2020b), it is natural to detect when
H™(£2y,d) is a free R-module.

LetUd = {U;}ics be any open covering of X by open affine subsets, where /
is a totally ordered finite set. This gives us a covering of each fiber X;, t € T
which we denote it by the same notation. We have the following double complex

+ ; ;

2 9 - (2 I (R 2 5L
( X{T)z ( X}{T)z ( X/{T)z ‘ (92)
(‘QX/T)? — ('QX/T)% — (*QX/T)% ...

] ] f

27y = 2x1)e — 2x1)F —

Here (.QX/T)Z. is the product over Iy C I, #I; = j + 1 of the set of global
X/T _
usual differential operator d of (§2x,7)% /T’s and vertical arrows are differential

sections w, of £2 in the open set 0 = N;er, U;. The horizontal arrows are

operators § in the sense of Cech cohomology, that is,
_ . Jj+1

81 (2x/1); > (215 11. {wole > 3D Doz, lz¢ . (93)
k=0

o2

Here oy, is obtained from &, neglecting the k-th open set in the definition of .
The k-th piece of the total chain of (9.2) is

£ = @f_o (2%l
with the differential operator
D =38+ (=D)k g : gk — gkl (9.4)

Using Theorem 4.6 and Theorem 3.1, we know that the relative de Rham coho-
mology H ({‘R(X /T) is the total cohomology of the double complex (9.2), that is,

d
ker(Lk S gkt

Hj (X/T) := H*(X, 2% 1) = y .
Im(Lk—1 = k)



9.2. De Rham cohomology of families of projective varieties 161

Theorem 9.1. Let X — T be a family of smooth projective varieties over k.
The relative de Rham cohomology Hi (X/T) is a free sheaf of finite rank of Ot-
module.

Topological proof. We first remark that the natural map
w: HR(X/T) = HR(X*/T®) 9.5

is an inclusion. Here, HJj (X°°/T) is the sheaf of sections of the C > cohomol-
ogy bundle over T®°. For a sheaf 8 in T and ¢ a point in the ambient space T, let
St := 8/.M;8 be the evaluation vector space, where M; C O is the maximal
ideal. The evaluation vector spaces in both sides of (9.5) gives us the morphism
mr » Hig (X:/k) — HiE (Xt). By the comparison theorem between C*° and alge-
braic de Rham cohomology, see Section 5.3, we know that 7; is an isomorphism.
This is enough to conclude that 7 is an inclusion.

Now, we would like to prove that HJ3(X/T) is free. We know that
HE (X°/T) is a free C{°-module. Since 7; is an isomorphism, we can take
local sections of Hjz (X/T) att € T which generate H g (X*°/T) freely, and
hence, for any other section o of H}(X/T) we can write o = ) ; fia;, where
fi’s are C*° functions. We have to argue that f;’s are regular algebraic functions
in a neighborhood of 7. For this we may use Hard Lefschetz theorem to consider
only the case m < dimension of the fibers of X/T. Then we use the fact that the
cup produce induces a non-degenerate map in Hjg (X/T). O

Algebraic proof. Let us show first that H; (X/T) is a coherent Ot-module. In
other words we have to show that for U C T affine open subset, H (Xy /U) is
a finitely generated O1(U )-module. In order to do this, consider the Hodge filtra-
tion F* HI (Xy/ U). Itis enough to show that F* HI% (Xy /U)/ FI T HIE (Xy / U)
is a finitely generated O1(U)-module for every i = 0,...,m. By Hartshorne
(1977, Theorem 111.8.8 (b)) H™* (Xy. Q;U/U) is a finitely generated O (U)-

module. Consider the map
> ol e H* Xy, Q) > o' € H" 7 (Xu, 2%, 0)-
j=i

This map is well-defined and has kernel

FIHU = Im(H™ Xy, 255 = H” (KXo, 2557 1))-
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Therefore, H™ (Xy, ‘Q;(ii/U) JFi*1 is a finitely generated O7(U)-module. On

the other hand we have a natural epimorphism

H™ Xy, 25 )/ F Y — F H (Xu /U)/F™ Hig (Xu /U)

U

and so F! Hi Xy / U)/Fit! Hix(Xy/U) is finitely generated. Finally, by
Hartshorne (1977, Exercise 11.5.8 (¢)) Hjt (X/T) is locally free since it is coherent
and foreveryr € T

H g (X/T)/m Hig (X/T) >~ Hig (X:/k) >~ Hgg(Xo/k)

where m; is the maximal ideal of O and in the last isomorphism we have used
Ehresmann’s fibration theorem. O

It would be essential for computational purposes to give an algorithmic proof
to Theorem 9.1 without referring to C % context which uses statements such as
Ehresmann’s fibration theorem. Let 0 € T and consider the canonical projection

m 2 Hig (X/T) = Hig(Xo/k).

which is surjective. We choose a basis 1, B2, ..., Bp of Hj (Xo/k) and consider
a1,0Qz,...,qp in the stalk 8o of § := HJE (X/T) at 0 which are mapped to B;’s,
that is, 7 (o;) = B;. It would be interesting to give an algorithmic proof'to the fact
that o; ’s freely generate 8¢, that is, the proof gives an algorithm for computing the
underlying coefficients.

9.3 Algebraic Gauss—Manin connection

Let X/T be as in the previous section. In this section we construct a connection
V:HEX/T) > 21 ®0; Hix(X/T),

where Q% is by definition the sheaf of differential 1-forms in T. By definition of
a connection, V is k-linear and satisfies the Leibniz rule

V(irw)=dr @ w +rVo, r € Ot, w € HR(X/T). (9.6)

For simplicity, we assume that T := Spec(R) is an affine variety and X is a pro-
jective variety over R. The general context can be easily recovered replacing
R with O1(U) for open subsets U of T. Therefore, in the following we have
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O1 =R, .Q} = §2r etc. We need to distinguish between the differential operator

relative to O
Qm+1

dR = dX/T : Q)r(n/_r —> X/T

and the differential operator dx relative to k:
dk = dx . .Q)r? —>Q;€l+1.

Let us take a covering Y = {U;}ie; of X/T by affine open sets. We need to
consider the double complex similar to (9.2) relative to k:

S

209 - (201 - (2% — -

1 1 0 9.7)
2x)° - (20! - @22 - -

1 1 t

(2x)) = (2x) — 2% —

The differential operator of the double complexes (9.2) and (9.7) is respectively
denoted by Dx,1 and Dx. There is a natural projection map from the double
complex (9.7) to (9.2). Letw € H G{‘R(X/ T). By our definition, w is represented
by

DL’ ©' € (2x/7)m_i

and w' is a collection of i -forms {wé}g. By definition we have Dy /@ = 0. The
differential map dx 7 used in the definition of Dx T is relative to R, that is, by
definition dr = 0,r € R. Now, let us take any element @ in the double complex
(9.7) which is mapped into @ under the canonical projection. We apply Dx on
@ and the result is not necessarily zero. However, by our choice of w we have
Dy tw = 0, and so, Dx maps to zero in the double complex (9.2). This is
equivalent to say that '

Dxo =i = @4,

7= Zﬁm Adg € (2x)11- A 21 9.8)
a
where o, ’s generate .Q% as Ot-module. We map 7 into

21 ®0; (@Z"QBI (QX/T)an—i)
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which is the tensor product over Ot of .Q} with the double complex (9.2) and we
get an element

F]i = Zaa ® Bia € Q'}' Qo (‘QX/T);C.H_,'v
a

which for simplicity we have used the same notation. This new double complex
has the differential operator id ® D/, that is in .Q-}- it acts as identity and in
EB{F:O(QX/T);;_i as Dy,1. Since Dx T is Ot-linear, id ® Dy, is well-defined.
Note that we replace the notation A with the tensor product ® and we first write
the elements of .(2%

Proposition 9.1. We have
(id ® Dx/7)(17) = 0. (9.9)

Proof. This is a direct consequence of Dx o Dx(w) = 0. We know that 21 = 2g
as Or-module is generated by exact 1-forms. This together with the fact that Dy /1
is Ot-linear, implies that in (9.8) we can assume that «, are exact, and hence,
closed. In particular,

0 = Dx o Dx(0) = ZDX,Bi,a AQg.
a

By definition we have (id ® Dx,7)(1) = Y _, %i,a ® Dxpi a, and hence, we get
the desired result. O

We use (9.9) and get an element in .Q} ®or HR (X/T) which is the definition
of the algebraic Gauss—Manin connection

Vo = (—1)"5.

Remark 9.2. We have inserted (—1)™ in the definition of Gauss—Manin connec-
tion because in this format it satisfies the fundamental property Theorem 9.3.

Exercise 9.1. Show that V defined as above is well-defined, that is, it does not
depend on the chosen representative @, and that it satisfies (9.6).
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A vector field v in T is an R-linear map .Q% — R. We define
Vy : Hig (X/T) — Hi(X/T)
to be V composed with
v®Id: 21 ®r HR(X/T) - R®r HR(X/T) = HR(X/T).

If R is a polynomial ring Q[t1, 2, ...] then we have vector fields 8% which are
defined by the rule

%(dt,-) = 1ifi = jand=0ifi # j.
i

In this case we simply write 5 1nstead of V ) . Sometimes it is useful to choose

a basis w1, wy, ..., wy of the R module H '"(X/ T) and write the Gauss—Manin
connection in this bas1s

w1 w1
w? w2

VI | =A®] . (9.10)
Wp wWp

where A is a & X h matrix with entries in .Q% For simplicity, we take X to be a
variety over the ring R and T := Spec(R).

9.4 Integrability
The Gauss—Manin connection (and in general any connection) induces maps
Vi i 28 @or HE(X/T) — 21 @0 HIL(X/T). (9.11)
It is uniquely defined by the fact that it is k-linear and satisfies the equality
Vie®w)=daQw+ (—1))a AVw, a € .Q’T w € HRE(X/T),
fori =0,1,2,....
Proposition 9.2. The Gauss—Manin connection is integrable, that is,

Vig1oVi=0, i=0,1,2,.... 9.12)
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Proof. The proof is a direct consequence of the definition of V;. Note that if we
take representative & € §2§' for w then V; (@ ® w) is represented by & A« and V;
is just Dx. In this way the affirmation follows from Dx o Dx = 0. O

Let A be the Gauss—Manin connection matrix as in (9.10). The integrability
of the Gauss—Manin connection is translated into the following identity

dA = A NA. (9.13)
This follows from

0 = V10V0(a))

= Vi(A®w)
= dAQw—-AAV(v)
dA—AANA)R®w,

where w = [w1, w2, , wp]".

9.5 Griffiths transversality

Let X/T be as before. The relative algebraic de Rham cohomology H g (X/T)
carries a natural filtration which is called the Hodge filtration:

0=F"tlcFmc...c F' c F® = H(X/T)
Its ingredients are defined by

Fk — Fngfé(x/T) =Im (H’"(X, .Q;(/Z—]l—c) — H"™(X, ‘Q).(/T))

Theorem 9.2 (Griffiths transversality). The Gauss—Manin connection maps F¥
to .Q-}- QR Fk_l, that is,
k 1 k—1 _
V(F*)C 24 @, F*" ', k=1,2,...,m.

Proof. This follows from the definition of the Gauss—Manin connection. Let w €
F* and so w is represented by & := e o', &' € (2x);,_;
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0 g
av)k ﬁk—i—l
omt g B (9.14)
d’)m ;’m
We have Dx(@) = i = @7 X0 .7 € (2x)%,11_; A £+ which implies the
result. O

F.o.rabm X by, matrix M we denotebyMij, i,j=0,1,2,...,mthe hm—ii
h™=/>J sub matrix of M corresponding to the decomposition b, := h™° 4+
hm—l,] + e + hO,m

MOO MOI M02 MOm
MIO Mll M12 Mlm
M = [Mij] _ M20 M21 M22 M2m

Wecall M/, i, j =0,1,2...,m the (i, j)-th Hodge block of M.

Let A be the Gauss—Manin connection matrix as in (9.10). We assume that w;’s
are compatible with the Hodge filtration of H jz (X/T). The Griffiths transversality
implies that

ALJ =0, j=i+2 (9.15)

where we have used Hodge blocks notation for a matrix. For instance for m = 4
we have

Am:

* X X X ¥
K K K X ¥
* ¥ ¥ % O
* ¥ *¥ OO
* ¥ O O O
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9.6 Polarization, cup product and Gauss—Manin connec-
tion

The following assertions are well-known in the topological context and we verify
them in the algebraic context.

Proposition 9.3. The Gauss—Manin connection satisfies the following properties:
1. The polarization 0 € H dzR (X/T) is a flat section, that is,

V() =0, (9.16)

2. Fora € HR'(X/T) and B € Hy? (X/T) we have

Ve UB) = V() UB + (=1)™"a UV(p). (9.17)

3. V sends the primitive cohomology Hz (X/T)g to itself, and hence, it re-
spects the Lefschetz decomposition.

Proof. For the first item one has to recall the algebraic definition of the polariza-
tion in Section 5.7. We note that the canonical representative of 6 in X satisfies
Dx(0) = 0, and hence, by definition of V we have V(6) = 0.

For the second item we have to remind the definition of U in Section 5.5. We
also note that for differential m-form « and mj,-form f in X we have dx(a A
B) = dxa A B+ (—1)"ta A dxB. This together with the fact that the Gauss—
Manin connection in the level of representatives in X is just Dx we get the desired
equality.

Item 1 and 2 imply that

V(e U ™) = V() U o™

and the last item follows from this and the definition of primitive cohomology. [

9.7 Analytic Gauss—Manin connection

The Gauss—Manin connection from a topological point of view is simple to de-
scribe, however, it becomes computationally complicated from an algebraic point
of view. The topological description is as follows.
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H(X,, Z)< HylX,)

Flat section

Figure 9.1: Gauss—Manin connection

Let X — T be a family of smooth projective varieties over C. By Ehresmann’s
fibration theorem, this is a locally trivial C ®° bundle over T, and hence, it gives
us the cohomology bundle

H :=U;eTH™(X;,C)

over T whose fiberat € T is the m-th cohomology of the fiber X;, for more details
see Movasati (2021, Chapter 6). This bundle has special holomorphic sections s
such that for all € T we have s(¢) € H™(X;, Q). These are called flat sections.
In a small neighborhood Uof ¢ € T we can find flat sections s1, 52, . .., Sp such
that any other holomorphic section in U can be written as s = Z?ﬂ fisi, where
fi’s are holomorphic functions in U. The Gauss—Manin connection on H is the
unique connection on H with the prescribed flat sections:

b b
VIH—>.Q-}-®(’)TH, v(Zflsl) :del K s;,

i=1 i=1

see Figure 9.1 for a pictorial description of Gauss—Manin connection.
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9.8 Algebraic vs. Analytic Gauss—Manin connection

Let us now assume that k = C. The main motivation, which is also the historical
one, for defining the Gauss—Manin connection is the following:

Theorem 9.3. For any w € H}(X/T) and a continuous family of cycles §; €

H,,(X;,7Z) we have
d(/&a)):/&V{u. (9.18)

Note that in the right hand side of (9.18) the integration takes place only in the
cohomology H i (X/T), that is,

/a®ﬁ::a/ B, ae 1, peHREX/T).
8¢ 8¢

Theorem 9.4. The algebraic and analytic Gauss—Manin connections are the same
under the canonical isomorphism H}t (X; /C) = HJg (X;) discussed in Section 5.3.

Proof. The definition of the algebraic Gauss—Manin connection V£ is done us-
ing algebraic differential forms. In a similar way we define V° which is de-
fined using C*° differential forms. We have to show that V*° coincides with
the analytic Gauss—Manin connection defined in (9.7). We first find a refine-
ment of the covering I/ in analytic topology such that the intersection of all open
sets U; are simply connected. This implies that the horizontal maps in the dou-
ble complex (§2xec/To0)q are exact, and hence, w = 0+ ol +-+ 0™ e
H i (X°/T) is equivalent to another one whose only non-zero piece is w?. The
equality Dxoo/Too (w) = 0 implies that dxeo /Tooa)o = 0 which in turn is equiva-
lent to the fact that w° is a C® function in T. Moreover, §(w®) = 0. Now, let
us assume that V°°(w) = 0. This means that a)l% iy i, ar¢ constants independent
of t. Therefore, flat sections of V° are generated by sections of the cohomology
bundle with images in the cohomology with integral coefficients. O

Proof of Theorem 9.3. The proof is the continuation of the proof of Theorem 9.4.
The vertical arrows in (£2xec/To0)q are exact and hence w = o + ol 4+
o™ € Hp (X /T>) is equivalent to another one whose only non-zero piece is
o™ with §(w) = 0. Therefore, w gives a global m-form in X. It may not be
closed but restricted to each fiber X; is closed. The rest of the proof is similar to
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Movasati (2021, Proposition 13.1). Note that this proposition is valid without any
sign ambiguity if we write the differential of parameters («;’s in the definition of
algebraic Gauss—Manin connection) first and then the differential forms involved
in hypercohomology. This is the main reason for the appearance of (—1)" in our
definition of algebraic Gauss—Manin connection. O

Proposition 9.4. We have

() o

where A is the Gauss—Manin connection matrix in (9.10).

Proof. We just integrate both side of the equality (9.10) overabasis 61, 82, ...,0y €
Hm (Xt ’ Q) . D

Remark 9.3. Gauss—Manin connection near the degeneracy locus of families of
projective varieties is regular. The main references for this are Griffiths (1970,
p. 237), Arnold, Gusein-Zade, and Varchenko (1988, Chapter 13) and Deligne
(1970).

Remark 9.4. For a smooth hypersurface X C P**!, Griffiths theorem gives us
a basis of Hi (U/C) for U := = P7*+1 _ X. Computation of the Gauss—Manin
connection in this case is essentially a pole order reduction. This is mainly known
as Griffiths—Dwork method. For more details see Movasati (2021, Chapter 12).

9.9 Gauss—Manin connection for hypersurfaces

The Gauss—Manin connection for hypersurfaces is simple. Recall that the coho-
mology of the complement of a smooth hypersurface X : F = 0 is given by
algebraic differential forms £ 7 k , where deg(P) +n + 2 = d - k. If the polyno-
mial F depends on a parameter ¢ then

oF
PQ are
Vd (F) - ( —k Fk+1 ®dt (920)

In order to do pole order reduction we use

S n+1
(Z Aza_) FEFT (Z 8x1) + exact terms. (9.21)

i=1




The theory of the great Italian geometers was essentially, like part regarding the
work of Picard. This was natural since in his time Poincaré s creation of algebraic
topology was in its infancy. Indeed when I arrived on the scene (1915) it was
hardly further along. [...] I cannot refrain, however, from mention of [....] the
systematic algebraic attack on algebraic geometry by Oscar Zariski and his school,
and beyond that of André Weil and Grothendieck, (S. Lefschetz in his mathematical
autobiography Lefschetz 1968, page 855).

10.1 Introduction

Gauss—Manin connection carries many information of the underlying family of
algebraic varieties, however, in general it is hard to compute it and verify some of
its properties. For this reason it is sometimes convenient to break it into smaller
pieces and study these by their own. Infinitesimal variation of Hodge structures,
IVHS for short, is one of these pieces of the Gauss—Manin connection, and we
explain it in this chapter. It was originated by the articles of Griffiths around sixties
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Griffiths (1968a,b, 1969a), and was introduced by him and his collaborators in the
subsequent articles Carlson, Green, et al. (1983), Carlson and Griffiths (1980),
Griffiths (1983), and Griffiths and Harris (1983).

10.2 IVHS and Gauss—Manin connection

Recall that for a family of projective varieties X — T we have the Gauss—Manin

connection
V. HRX/T) — 2+ @0, HR(X/T).

We have also the Hodge filtration
0=F"t'cF"c...F' c F® = H}(X/T)
and the Gauss—Manin connection satisfies the so called Griffiths transversality:
V(F') Cc 23 @0, FI71, i=1,2,....m

Therefore, the Gauss—Manin connection induces well-defined maps

Fi Fi—l
In Theorem 5.1 we have learned that
Fi m—i
i = ~ H™ (X, 2! %/T)-
Therefore, we get the following Ot-linear map
Vit H" N (X, 257) > 21 ®or H" X, 2457 (10.2)

After analysing the definition of the Gauss—Manin connection we get the following
description of V;. Let w € H™ (X, .Q)’(/T). It is given by a cocycle in

; (£2x),_
0 i — m—i_ ]
( X/T)m—l ”*Q-}—/\(QX);”__II-

Letw € (.Qx)fn_i such that it maps to @ under the canonical projection. We have

§(@) € m* 21 A (.Qx)m it
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Lifting it to .Q% ®or (.Qx)ﬁn__li 1 and then projecting it to .Q% ®or (£2x /T)fn_—li 11
we get an element independent of the chosen lifting, corresponding to V;(w).
Sometimes it is useful to write (10.2) in the following way:

Vi 1 01 — hom (H™ (X, 2§r), H" (X, 257D). (10.3)
We will also need the following map obtained by specialization:
Vime-»hmn(Hm—%X,9})1#”4+RX,9§*». (10.4)

This is the so called infinitesimal variation of Hodge structures (IVHS).

10.3 Kodaira—Spencer map I

Let w : X — T be a proper surjective morphism of varieties over a field k and
let $ be a sheaf over T. Our main example for S is the sheaf of vector fields over
T. It follows that 7 is an open map, that is, for U open subset of X, 7 (U) is an
open subset of T, and this is what we need in order to define the inverse image of
8. The inverse image 718 of 8§ by 7 is the sheaf over X which for every open
subset U of X we have 77 18(U) := 8(n(V)).

Proposition 10.1. We have
H"X,n 'o7) = H™T,07), m=0,1,2,....
Proof. This is a direct consequence of the definition of the inverse image of a

sheaf and the definition of Cech cohomology. U

Definition 10.1. Let ¥ : X — T be a family of smooth projective varieties over
a field k as before. The sheaf Oy 1 of relative vector fields is by definition the
dual of the sheaf of .Q)l( /T 8s Ox-module. In a small open set U C T, an element
v € Ox,7(U) is induced by a Ox (U )-linear map .Q)l(/T(U) — Ox ().

By definition it is clear that we have the inclusion
@X/T C Ox.

In geometric terms, Ox /7 is the sheaf of vector fields tangent to the fibers of X —
T.
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Definition 10.2. Let us define the Kodaira—Spencer map
K:HYT,01) — H'(X, Ox/7). (10.5)

For a global vector field v in T we choose an acyclic covering Y = {U;};cs of
X/T and vector fields v; in U; such that v; is mapped to v under X — T. The
vector fields v; — v; are tangent to the fibers of X — T. We define K(v) as the
cohomology class of the cocycle {vi|u;nu;, — vjlu;nu; }i,jer-

The Kodaira—Spencer map K corresponds to the connecting homomorphism
of the long exact sequence associated to the following short exact sequence:

0—>Qx/T—>éx/T—>ﬂ_1@T—>0 (106)

where @X /T C Ox is by definition the sheaf of vector fields in X which are mapped
to vector fields in T, and 7~ 1©®7 the pull-back of the sheaf @. Note that éx /T

and 71 @7 are not sheaves of Ox-modules, but sheaves of 7 =1 O1-modules. The
long exact sequence of (10.6) turns out to be

o= H%X, Ox/1) - HO(T. O7) KH' X Ox/1) = H'(X.Ox)7) > H (T, O7) — -+
(10.7)

Proposition 10.2. Let T be an affine variety. The Kodaira—Spencer map is sur-
Jective if and only if H(X, Ox/1) = 0.

Proof. We know that @7 is a coherent sheaf and so by Serre’s theorem H (T, O1) =
0. The statement follows from the long exact sequence (10.7). O

For the purposes of the present book, it would be essential to compute
H'(X, Ox;1), fori = 0, 1.

Let us describe the Kodaira—Spencer map for the family of all smooth degree d
hypersurfaces of P”*1. In this case T is the affine space A7 minus a discriminant

locus {A = 0}. It has the coordinate system (#y, @ € I ), where

Iv:= {(ao’al»»am+l)|0$ae$d’ Zaé:d}

The polynomial expressions of A in terms of the variables ¢, is in general huge.
The variety X C P! x T is given by

X: g=0
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where g 1= Z tax®
acl

and X — T is the projection to T.

Definition 10.3. We call X — T as above, the full family of smooth hypersur-
faces.

Let a? , o € I be the canonical vector fields over T. Since the fibers of

X — T are smooth, we can take the Jacobian covering Y = {U;};=0,1,2,....n+1
of X, given by

9
Ujt =2 20, j=01,....n+1.
0x

The vector field )
3 e 0
o1, 98 9x;
dty = ox

is defined in U; and under the projection it is mapped to %. Therefore, the
Kodaira—Spencer map is given by

1 1
(E) _{ ((E) E_(axz) axl)}i,j=0,1,...,n+1.

Conjecture 10.1. For the full family of hypersurfaces X — T, we have that
H(X, Ox/1) = 0 except for hypersurface of dimension two and degree four.
In this exceptional case it is a one dimensional Q-vector space.

The evidence to this conjecture comes from the classical presentation of Kodaira—
Spencer map that we are going to discuss next.

10.4 Kodaira—Spencer map Il

The content of Section 10.3 is not exactly the classical presentation of the Kodaira—
Spencer map, and that is why, we landed on Conjecture 10.1 in a natural way. In
the literature, see for instance the book of Voisin (2003, Lemma 6.15), one mainly
take a point 0 € T, set X := X¢ and specialize (10.5) ata point 0 € T:

K:ToT — H' (X, 0x). (10.8)
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We start with

0 - TX — TX|x — Nxcx —- 0
! ! l (10.9)

0 - TX — TP""'|, — Nycput1 — O.

Here, N 4 p is the normal bundle of A inside B, the first down arrow map is
the identity, the second is the derivation of the projection X — P"*1 and then
restricted to X, and the third is the map induced in the quotient.

Proposition 10.3. The normal bundle Ny cx is trivial. More precisely, a trivial-
ization of this bundle is given by the restriction of the derivation of the map X — T
to the points of X. In particular, we have canonical identifications

Hm(X,NXCx) >~ T0T®ka(X,Ox), m=20,1,...

Proof. Forx € X the derivation Ty X — Ty ()T of the map 7 : X — T restricted
to to the tangent space of X inside X is zero as 7 sends X to the point O (recall that
X is the fiber of = over 0). Taking the quotient we get the natural isomorphism
Nxycx = X x ToT. Note that X is compact and hence global sections of Oy are
only the constant functions. Therefore,

HO(X, NXCX) ~ToT.
O

We write the long exact sequence of (10.9) and use Proposition 10.3. We arrive
at

HOX, TX|y) — ToT KH (X, TX)> H'(X,TX|x) —ToT & H'(X,0x)
2 2 J \ \2
b -
HOX, TP 1| ) S HO(X,Nycpni1)—>H (X, TX)—>HL (X, TP" 1| ) > HU(X,Nycpnt1)

ta
HO(Pn+1, TP"+1)
(10.10)

The up arrow map is just the restriction map from P”*! to X. We will need it
later.

10.5 Kodaira—Spencer map for hypersurfaces

Let us now consider the parameter space T of smooth hypersurfaces X = {F = 0}
of degree d in the projective space P"*! over a field k. For any point f € T the
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tangent space T; T is canonically identified with k[x]; for x = (x0, X1, ..., Xn+1)
as follows. For P € k[x]; we consider the curve F + tP, t € k in T whose
derivation at t = 0 gives the corresponding vector in ToT. Our main aim in this
section is to prove the following theorem.

Theorem 10.1. For a fixed hypersurface X C P"*1. n > 1 given by the homo-
geneous polynomial F of degree d and parameterized with 0 € T the Kodaira—
Spencer map

Kx] S HY(X, Ox)

1. is given by

OaF\"! 9 F\"' 9
K(P):=P|[|— o 5. Ix:
(P) ((8)6]-) 0x (axi) 8)61')},.
i,j=0,1,..., n+1
for P € k[x]4.
2. Its kernel is Jf = (337F0~--’a)?f+1)d-

3. For (n,d) # (2,4) it is surjective and for (n,d) = (2,4) its image is of
codimension one and dimension 19 in H' (X, Ox).

The immediate consequence of the above theorem is that for (n,d) # (2,4)
the Kodaira—Spencer map induces an isomorphism:

%),

In order to prove Theorem 10.1 we need the following statements.

lle =

HY(X,0x) (10.11)

Proposition 10.4. Let X be a smooth hypersurface of degree d in P"+1,
1. For (n,d) # (1, 3) we have
Hl (]P;n-i-l’ TIP’"+1 (X)) =0,

where TP"T1(X) is the sheaf of vector fields in P+ vanishing along X . In
the exceptional case (n,d) = (1,3) we have dim, H' (P2, TP?(X)) = 1.



10.5. Kodaira—Spencer map for hypersurfaces 179

2. For (n,d) # (2,4) we have
HY(X, TP""|x) =0,

where TP" 1|y is the sheaf of sections of the restriction of the tangent
space of P"*1 to X. In the exceptional case, (n,d) = (2,4) we have
dim H'(X, TP3|x) = 1.

Proof. This follows from Bott’s theorem, see Theorem 7.1, as follows. In this
theorem we first put p = 1, N = n + 1, use Serre duality and and arrive at the
formula

1 itk=0,g=1,
dim(H* T 9P TP T (—k —n —2))) = (—le)(—’;—l) ifg=n+1, k<-n,
0 otherwise.

We have used the fact that the canonical bundle of P"*! is Opnt1(—n — 2).

Proof of item 1. We must take ¢ = n. This falls into the third case in Bott’s
formula as above except for ¢ = n = 1,k = 0 which falls in the first case. Note
that

TP"T1(X) = TP" T (—d). (10.12)

Proof of item 2. We write the long exact sequence of the restriction of TP"*1 to
X and arrive at

N Hl(]P)n+1,TPn+1) s HI(X, TPH+1|X) — HZ(IP)I’L-FI,T]P”-FI(X)) —> e

Bott’s formula as above implies that H!(P"+! TP”*!) = 0. Moreover
H?(P*L TP T1(X)) = 0 for (n,d) # (2,4), and for (n,d) = (2,4) we
have

dime H2(P" 1, TP T1(X)) = 1.

O
Proposition 10.5. We have canonical identifications

HY%X,Nxcx) = ToT = k[x]y (10.13)

HO(X,Nycpnt1) = kx]lg/kF, forn>1 (10.14)

and the map H°(X,Nxcx) — H(X,Nycpn+1) afier these identifications turns
out to be the natural projection.
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Proof. The first isomorphism in (10.13) was proved in Proposition 10.3. We have
the short exact sequence

0 — Opn+1(d)(X) = Opn+1(d) > Ox(d) — 0 (10.15)
where Opn+1(d)(X) is the the sheaf of section of Opn+1(d) vanishing along X.
We have also a canonical isomorphism Oy = Opn+1(d)(X), s +— sF. Knowing
that H'(X,Ox) = 0 for n > 1, the long exact sequence of the above short exact
sequence gives us
0 — kF — k[x]g — H*(X,Nycpnt1) — 0
where we have used the isomorphism:

Nycpr+1 = Ox(d).

This finishes the proof. O

Remark 10.1. The long exact sequence of (10.15) also implies
H' (X,Nycpnt1) =0, i > 1.

Proposition 10.6. The k-vector space H®(X, TP" 1) is generated by x % and
the composition b o a

b
HOP ! TP+ & HO(X, TP |x) > HO(X, Nycpnt1) = K[x]y

is given by
0 oF

P— P— 10.16
X 0x; Y 0x; ( )

Proof. The maps a and b are just natural projections, and so the result follows from
noting that the isomorphism Ny -pn+1 = Oy (d) is given locally by (10.16). [

Proof of Theorem 10.1. We have many canonical identifications and vanishings



10.6. A theorem of Griffiths 181

so that (10.10) becomes

HOX, TX|y) — kixlg SHYX.TX)—> H'(X.TX|y) — 0

\ 2 \ \ i

b
HO(X, TP+ ) Skx]y/k- F>HY (X, TX)— HY(X, TP" 1) > HY(X.Nycpn+1)

T a

(10.17)
The last zero in the above diagram is due to the vanishing H1(X, Ox) = 0. For
this we assume that n # 1, that is, X is not a curve.

Proof of item 1. The proof is in Section 10.3.

Proof of item 2. The second and third down arrows in the above diagram are
respectively surjective and isomorphism and so, the kernel of K projected into
k[x]/k - F is the same as the kernel of ¢, and hence, the image of b. Since a is
a surjective map (Proposition 10.4, Item 1), by Proposition 10.6 we conclude the
first statement.

Proof of item 3. By the second part of Proposition 10.4 we know that for
(n.d) # (2,4) wehave H' (X, TP"*!| ) = 0. Moreover, the Kodaira-Spencer
map and ¢ have the same image. This implies the result. In particular, this
argument implies that H'(X, TX|y) = 0. For (n,d) = (2,4) we have
dimy H1(X, TP"*! }X) = 1 which finishes the proof. O

10.6 A theorem of Griffiths

Recall the definition of the Kodaira—Spencer map in both Sections 10.3 and 10.4.

Theorem 10.2 (Griffiths). There is a canonical map
V; . H'(X, ©x) — hom (Hm—" (X, i), Hm 1 (x, :2;';1)) (10.18)

such that the IVHS map (10.4) factors through the Kodaira—Spencer map (10.8),
that is,
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Moreover, if H'(X, ©x) = 0 there is also a canonical map
. H'(X, Ox,1) — hom (Hm F(X, 247). H X .QX/T)) (10.19)

such that the IVHS map (10.3) factors through the Kodaira—Spencer map (10.5).

Proof. The proof of the first part must follow from the second part but we do not
know how to do it. In Voisin (2002, Section 5.1.2) it is said that (10.18) is the
cup product map, but we do not see the relation. One might look for Griffiths’
original proof. This is also reproduced in Voisin (2003, Section 10.2.3). Below,
we reproduce the proof only for the second part. It might indicate what kind of
changes must be done, in order to have a proof of first part.

Letv = {v;;} € H(X, Ox/t)andw € H™™ i(X, 21 /T) We want to define

V;(v)(w) € HM 71X, .QX/T) We take an acyclic covering U := {U;}ies of

X and a cocycle w € (QX)m—l which maps to @ under the canonical projection
.(2’ — .Q)’(/T Since w is 6-closed, we have

8 € Q¥ A(2E Vm—it1. (10.20)

Since Ox /1 C O, we can consider v as an element in H 1(X, ®x). However, we
have assumed that this cohomology is zero. Therefore, we have vector fields v; in
Ui such that v;; = v; — v;. In any intersections Up N Uy N --- N Uj,, N Up—i+1
we have

0= (bw) = Iv;, ($@) — iy;, (D).

iviaih
The first equality is in ‘Qx T and it follows from the following. We write §& =

o A B, where « is a section of .Q% and B is a section of .Q;'(_l, see (10.20). We
have

iv;; (@A B) =iy 0 AB+ (—D'a Aiy, B=—a Niy, B

where we have used iy, =0 because v;; is tangent to the fibers of X/T. There-
fore, {iy,; (§)} does not depend on the choice of @ = 0,1,,...,m —i + 1. This

gives us the desired element in H™~'+1(X, Qi /T) O

10.7 IVHS for hypersurfaces

Here is the main theorem of this section.
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Theorem 10.3. The infinitesimal variation of Hodge structures
HY(X,0x) x H" kX, 2%)y — H'"* 1 (x, 2k 1),
for a smooth hypersurface X = {F = 0} of degree d and dimension n is given
(up to some non-zero constant factor) by the multiplication of polynomials
(CX1/IF)a x (CIXV I ) e 1ya—n—2 = (CIX1/I ) g+2d-n—2
(P,Q)— PO,

provided that (n,d) # (2,4). In this exceptional case, the same statement is true
if we replace H1(X, @) with the image of the Kodaira—Spencer map.

(10.21)

Proof. The identifications of involved cohomologies with the homogeneous pieces
of the ring C[x]/J ¥ is done in Theorem 7.3 and Theorem 10.1. Note that for n
evenand k = 75, we have H*(X, .QS’(_k) = H*(X, Qg(_k)o +07. Forall other n
and k, H* (X, .QS’(_k)o = H*(X, QS’(_I‘). It is now enough to argue that the [IVHS
map become multiplication of polynomials. This follows from the definition of the
Gauss—Manin connection for hypersurfaces in (9.20). O

Remark 10.2. Let us consider the following IVHS
V:HY(X,0x)x H'(X,2)) - H*(X, 2%).

The polarization 6 is a flat section of the Gauss—Manin connection. Therefore, it
is natural to define

HY(X,0x)o:={ae H'(X.0x) | V(a,0)=0} (10.22)

In the case of a hypersurface X C P"*!, for n > 3 by Lefschetz theorems, and
for n = 1 by the Hodge decomposition of the top cohomology, we know that we
have H?(X, .Q?() = 0. Therefore, in this case we have

H'(X,0x)0 = H'(X, Ox).
Remark 10.3. A hypersurface X C IP3 of degree 4 is called a K3 surface. Using
Serre duality we have
H'(X,0x) =~ H' (X, 2%)

Note that .Q)l( 1s dual to ®x and .Qf( is the trivial line bundle. We find that the
dimension of H!(X,®y) is the Hodge number h!! of X. This is "1 = 20.
From another side dim(C[x]/J )4 = 19. We conclude that the complex moduli
space of a K3 surface is of dimension 20. Algebraic deformations correspond to
a 19 dimensional subspace of this space.



Hodge cycles
and Artinian
Gorenstein
algebras

Although intersection theory in manifolds is mainly of historical interest today,
it is still of some value in aiding our geometric intuition about cocycles and cup
products, at least in the case of manifolds. (W. S. Massey (1991, page 392)).

11.1 Introduction

In this chapter to any Hodge cycle of a smooth hypersurface we attach an Artinian
Gorenstein algebra, and in this way many problems related to Hodge cycles, boil
down to problems in commutative algebra. Some of the material of the present
text are inspired from Dan (2017), Movasati and Villaflor (2018), Otwinowska
(2002, 2003), Villaflor (n.d.[a]), and Voisin (2003). In this chapter, k is a field of
characteristic zero, but not necessarily algebraically closed. Once we talk about
Hodge cycles, it is assumed that k C C.
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11.2 Artinian Gorenstein algebras

We have already introduced Artinian Gorenstein algebras and ideals in Section 8.2.
We start by recalling their definitions.

Definition 11.1. Letn € N, and I C k[xp,...,Xs+1] be a homogeneous ideal.
We say [ is Artinian Gorenstein if R := k[xo,...,x,+1]/] for some 6 € N
satisfies

1. dimg Ry = 1.

2. Forevery 0 < i < o the multiplication map
Ri X Ro—i = Ry
is a perfect pairing.
3. R, =0fore > 0.

We also say that R is an Artinian Gorenstein algebra. The number o is called
the socle of / and R. In the literature, R is also called the socle of R.

The above definition is mainly inspired from the following example, which is
Macaulay’s Theorem 8.1.

Example 11.1. Let fo,..., fu+1 € k[xo,..., Xn+1] be homogeneous polynomi-
als with deg( f;) = d; and

{fo="=far1 =0 =2 CP"FL.
By Theorem 8.1, the following

_ k[XO, . ,xn+1]

Re= (for-oos frg1)

is an Artinian Gorenstein algebra of socle o := Z:’iol di —1).

For a proof see Voisin (2003, Theorem 6.19). Note that for the proof we can
assume that k = C. For an arbitrary k, we first note that Theorem 8.1 is inde-
pendent of the field extension, and we can take k small enough such that k can be
embedded in C.
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Example 11.2. Let F € k[xg, x1,...,Xn+1] be a homogeneous polynomial of
degree d such that its Jacobian ideal J ' := (gTFo’ gTFl’ S o ) has an isolated

singularity at the origin 0 € C”%2. This is our main example of an Artinian
Gorenstein ideal which is of socle 0 := (n + 2)(d — 2). For F := xg + x{l +
—i—x,‘f_|r1 this is

JF :< d—1 Xil_l d—l>'

, e Xpy
In this case Ry is generated by xi’l_zxg 2. x,‘f;%.

Definition 11.2. For an ideal / of a ring R and some P € R, the quotient ideal
is defined as follows:

(I:P):={Q€R:PQ€l}
The following elementary proposition will be used frequently.
Proposition 11.1. We have

1. If'I is Artinian Gorenstein with socle o, and P € K[xo, ..., Xn4+1]u \ L1,
then (I : P) is Artinian Gorenstein of socle ¢ — L.

2. If I, I C K[x0,X1, ..., Xnt1] are two Artinian Gorenstein ideals with the
same socle o and (1) = (I2)o then Iy = I5.

Proof. The proof of the first statement is as follows. Let R = k[xg, ..., xs+1].
The first item in the definition of an Artinian Gorenstein algebra for R/(1 : P)
follows from the fact that (R/1), x (R/I)s—, is a perfect pairing. This also
implies that (R/(/ : P))a X (R/(I : P))o—p—a — (R/(I : P))g—, is a perfect
pairing.

For the second item we first observe that /; N I, is also Artinian Gorenstein.
We then prove the same statement with the additional hypothesis I; C I,. We only
need to prove that the pairing (k[x]/11 N 12)q X (K[x]/11 N 12)g—a — (k[x]/I1 N
I»)q is perfect. If it not then we have P € (k[x], with P & ([1)q or P &
(12)q whose product with all Q € k[x]s—q isin (/1) = (I2)s. If for instance,
P & (I1)4 then this contradicts the same property for /1. Now let us assume that
I1 C L. IfQ € I, and Q ¢ I; then Q gives a non-zero element in R//; and
so there is an element P € R/ such that PQ is a non-zero element of the socle
(R/I1)g. This is equal to (R/I2)s which implies that PQ is zero, and hence, we
get a contradiction. O
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Remark 11.1. The intersection of two Artinian Gorenstein ideal /1, /5 is not nec-
essarily Artinian Gorenstein. For instance, consider the case in which /1 and />
have the same socle and (/1) # (I2)¢ which implies that dimc (C[x]/I1 N
I>)s = 2. Note also that for two polynomials P, Q € C[x], and an Artinian
Gorenstein ideal I we have the inclusion

(I:P)Nn{I:Q)c:P+Q)

which is a strict inclusion if (/ : P)o—y # (I 1 Q)o—p-

11.3 Artinian Gorenstein algebra attached to a Hodge cy-
cle

Let X = {F = 0} C P""! be a smooth hypersurface of degree d and even
dimension n define over a field k C C, and

o= (% +1)(d —2).

Let also Zo be the intersection of a linear P21 with X and [Zo] € Hy(X,7Z)
be the induced element in homology (the polarization). It is also well-known that
H, (X, Z) has no torsion, see for instance Movasati (2021, Section 5.5)

Definition 11.3. For every Hodge cycle § € H,(X,Z)/Z|Z ] we define its as-
sociated Artinian Gorenstein ideal as the homogeneous ideal

P2
/res (%) =0, VP € Clx]o—a
)

We define the Artinian Gorenstein algebra of § as R(§) := C[x]/I(§). By
definition /(8),, = CJx]s, forallm = o + 1 and so R(§), = 0.

1(8)q := {0 € C[x]a

Definition 11.4. For a non-zero Hodge cycle § € Hy(X,Z)/Z[Z ], its canoni-
cal associated polynomial Ps € C [x](g+1)(d—2) is the one such that

P52 "
§Pd — res (Fgﬂ) € F2 H%(X). (11.1)
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Proposition 11.2. We have
18) = (JF : Py)
and hence 1(8) is Artinian Gorenstein of socle o := (5 + 1)(d — 2).

Proof. We first show that J £ c I(8). This follows from

dw dF
d(%) = =D N (11.2)
do+d-i—-1)- Ptaidx (;’)FPQ
X ; X
- i (- 1) (11.3)

fori =% +1landow = PL%.Q, P € Clx]i-1).d—n—1- Since § is a Hodge

J
cycle, after taking the residue and then integrating the above equality over § we

conclude that )
F
res - =0,

which implies that (.;(’TFJ. e I(6), j =0,1,2,...,n 4+ 1 (another way to see the
above equality is noticing that by Griffiths’ Theorem 7.3 the differential forms
lies in F %“). Note that we cannot use directly the equality (11.2) as tg of its
ingredients are not zero (and of the ingredients of the second equality are zero),
and hence, they do not give us differential forms in the projective space P**1. By
Poincaré duality we have

/ (25) - [ 2o o (114)
8

and by Theorem 7.6 the right hand side of the above equality is zero if and only
if QP PseJF . By Theorem 8.1, the Jacobian ideal J ¥ is Artinian Gorenstein,
and in partlcular the multiplication is a perfect pairing. It follows that (11.4) is
zero for all P € C[x]|s—, if and only if QPg eJF. O

Remark 11.2. When § is of complete intersection type, the relation between the
canonical polynomial of § and its associated polynomial defined in Definition 8.2
is

~ =12

— F
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In particular _
JE:P)y=F . pPy). (11.6)

Proposition 11.3. [f§ = [Z] and Z is given by the ideal Tz then
Iz C I1(5). (11.7)

In particular, if the primitive part of the cycles [Z1],[Z2],...,[Zk] form a one
dimensional subspace of Hp(X, Q)¢ then

k
> Iz, CIE). (11.8)

i=1

Proof. For (11.7) we use Carlson—Griffiths Theorem 7.4. In the equality (7.7) if
P = QI3 and Q € Zz then its right hand side restricted to Z is identically zero
and so Q € 1(6). The second part follows from the first part and the fact that /()
depends only the class of 6 in P (H, (X, Q)/Q[Z)). O

Definition 11.5. An algebraic cycle Z is called perfect (resp. perfect at level
m € N) if there are other algebraic cycles Z;, i = 2,...,k, Z; = Z asin
the above definition such that (11.8) is an equality (resp. equality for degree < m
pieces).

Proposition 11.4. Complete intersection algebraic cycles inside hypersurfaces
are perfect.

Proof. We first recall the definition and related notations of a complete intersec-
tion algebraic cycle. Assume thatn = 2isevenand F € C[x],; is of the following
format:

F=ffopotfoafopst+ fogifore. fi €Clxla, fy414i € Clxla—q;.

(11.9)

wherel < d; <d,i =1,2,..., g + 1 is a sequence of natural numbers. A

complete intersection algebraic cycle Z is given by the ideal ( f1, f>,..., f%ﬂ).
In H, (X, Z) the homology classes of all cycles

Z:gi=ga=-=gu41=0, g €{fir fap14i} (11.10)

are equal up to sign and up to Z[Z]. This with Proposition 11.3 imply that

J = ZIZ = (/1. f2.. -+, Ju+2) C U5).
zZ
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where Z runs through all algebraic cycles in (11.10). Now Macaulay’s Theo-
rem 8.1 implies that the ideal J is also Artinian Gorenstein of socle degree o :=
d—di+di+-+d—dpyy—duy, = (5 + 1Dd andso I(8) = J. O

Remark 11.3. Meantime the present text was being written, the first author to-
gether with E. Sertdz analyzed the perfectness of curves inside surfaces. For in-
stance, they prove the following. Let Z be a twisted cubic in a smooth quartic
surface X C P3. The class [Z] is perfect at level 2 if and only if /([Z]); = 0 and
dim I([Z]), = 3. In Cifani, Pirola, and Schlesinger (2021) the authors investi-
gate the perfectness further and prove that arithmetically Cohen—Macaulay curves
inside surfaces in P3 are perfect. They also prove that a smooth rational curve
of degree 4 contained in a smooth surface X C P2 of degree 4 is not perfect at
level 3 (and hence not perfect). This rises the question of geometric meaning of
polynomials in /(§) which are not in any ideal Zz, .

11.4 Field of definition of Hodge cycles

In this section we define the field of definition of Hodge cycles. For this we assume
that the projective variety X is defined over a subfield k of C. In principle, all the
notions that we are going to introduce depend on the embedding k C C.

Definition 11.6. Let X be a smooth hypersurface defined over the field k C C.
ForaHodge cycle § € H,(X,Z)/Z|Z ] let Ps € C [x](%ﬂ)(d_l) be the canoni-
cal polynomial defined in (11.1). The subfield of C generated over k by the coeffi-
cients of ﬁg is called the field of definition of 6. We denote it by ks. By definition,
ks is the smallest field such that Ps € kg[x].

We have the following natural isomorphism of one dimensional vector spaces:

1 P2
H@®): R C, P - . 11.11
(%) o e (27”.)2/8‘1724_1 ( )

and hence we get:
H(): Ry x Ry—qg — Ry = C.

Proposition 11.5. If 6 = [Z] is an algebraic cycle, and both Z and X are defined
over a field k C C then kg = k and 1(§), R(8) and H(§) are defined over k.
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Proof. Tt follows from Proposition 5.11 that Ps € k[x]. The Jacobian ideal is
defined over k and so 7(8), R(5) are defined over k. In a similar way, because of
Proposition 5.11 H(§) is defined over k. O

Knowing Proposition 11.5, the following is a consequence of the Hodge con-
jecture.

Conjecture 11.1. If F is defined over a field k C C then 1(§), R(§) and H(3) are
defined over a finite algebraic extension of k.

It seems that the algebraic extension in Section 3.3 highly depends on the un-
derlying variety X. The following particular case might indicate some general
phenomena.

Theorem 11.1 (Deligne, Milne, et al. (1982)). If F is the Fermat polynomial,
and hence defined over Q, then 1(8), R(8) and H(8) are defined over an abelian

extension of Q.

A major problem in our way is that for a generic F there is no non-zero prim-
itive Hodge cycle, and we might be interested to translate this into non-existence
of certain Artinian Gorenstein rings of socle degree o for such polynomials. Note
that Conjecture 11.1 and Theorem 11.1 are the only manifestation of the fact that
4 has coefficients in Z.

11.5 A quotient ideal over a sum of two polynomials

We close this chapter with a proposition we will use in the proof of Theorem 12.4.

Proposition 11.6. Consider theideal I := (xd_l, e ,xzdr__ll) C Clxo,...,X2r—1]
Letd = 3, and B1, B2, c1,c2 € C* with B1 # Ba. Fori = 1,2, define

R o= lL[ (x;’;_lz — (Bixz2j—1)471)
S (x2j—2 — Bix2j—1)

Jj=1

Then
(I :R1)eN( :R2)e=(:R1+ R2)e, (11.12)

ifand only ife # (d —2) - r.
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Proof. First of all, note that (/ : Ry), (I : Rz) and (I : Ry + R») are Artinian
Gorenstein ideals of socle (d — 2) - r. In consequence,

(I:R)N :Ry) #(I:R1+ R2).
Otherwise, we would have (I : Ry + R») C ({ : Ry), which implies
(I :R1))=(:R1+ R2)=(:Ra),

a contradiction. Therefore, in order to prove the proposition, it is enough to prove
(11.12) fore # (d —2) -r. Ife > (d — 2) - r, the equality (11.12) is trivial since
(d — 2) - r is the socle of the three ideals. If e < (d — 2) - r, we claim (11.12)
reduces to the case ¢ = (d —2)-r — 1. In fact, if we assume (11.12) fails for some
e < (d —2)-r,we can choose

pe(I:Ri+Ry)e\: Rye. (11.13)

Since (I : Ry) is Artinian Gorenstein of socle (d —2) - r, the perfect pairing prop-
erty implies that we can find a degree (d —2) -7 —e monomial x* = x° -+ x2"~!
such that _
x'-p el Ri+ Ra)a—ayr \ (I : Ri)g—2.r- (11.14)
Since deg(x?) > 0, there exist some ij > 0,then (11.13) and (11.14) imply that
i
o PE (I : R + R2)(@—2)r—1 \ (I : Ri)@-2)r—1,
J
and so (11.12) would fail for e = (d —2) - r — 1, as claimed. Therefore, we just
consider the case ¢ = (d —2) - r — 1. It is enough to show that (/ : R; 4+ R3), €
(I :R1)eN (I : Ry)e. Take p € (I : Ry + R2).. Without loss of generality we
may assume it can be written as

d-3
I .,.d—3-1
P = Z Z XkXk+1 Pkl
k even [=0
where each py ; does not depend on xj and xg 1, and is a C-linear combination
of monomials of the form x - - - x*~ x,’ckaz o xy T withinj o +izj—1 = d—2,
forall j € {1,...,r}\ {% + 1}. For every k and /, and i = 1,2, there exist a
constant ay ; ; € C such that

R; (X0 -+ x2r—1)472

Pkl — — = Akl —
2+ 3 B Bivern) + -+ B )72 (xgxge41)972

’
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d—1 d—1 ,d-1 d—1
modulo (xg ™", ... X X 5., X5, ). Then

1 d-3

PRi = (x0-++x2,-1)? 72 Z o Zak,l,iﬂfﬂ +—

k even k =0

modulo /. Since p - (R1 + R2) € I we conclude that

d-3 d-3 d-3 d-3
I+1 I+1

D api BT+ araBT = ak B+ Y akgaBh =0.

1=0 1=0 1=0 1=0

Since 81 # P2, this implies

d—3 d—3

=0

andso pR; € I fori =1,2.

Y @il =) akiaBh =0,
1=0

193
d-3
> argiB .
Yk+1 12,
O



One may ask whether imposing a certain Hodge class upon a generic member
of an algebraic family of polarized algebraic varieties amounts to an algebraic
condition upon the parameters. A. Weil (1977, page 429).

12.1 Introduction

For a family of algebraic varieties X — 1 one may ask for the description of sub
locus W C V such that the varieties X;, t € W enjoy certain algebraic properties
which is not satisfied by a generic X, for instance, one can impose the existence of
an algebraic cycle Z; C X;. Instead of the parameter space V', one can consider a
moduli space for which the algebraic family X — V' might not exist. Examples of
such special loci W are abundant. Noether—Lefschetz loci parametrize hypersur-
faces in P2 with Picard number > 1 (see for instance Griffiths and Harris (1985)),
modular curves parameterize pairs of isogeneous elliptic curves (see for instance
Galbraith (1996) or Movasati (2021, Exercise 16.8)) and Humbert surfaces param-
eterize abelian varieties with certain endomorphism structure (see for instance van
der Geer (1988, Chapter IX) or Gruenewald (2008)). The last two examples can
be reformulated in terms of algebraic cycles and if the algebraic cycle is replaced
with a Hodge class/cycle then such special loci are called Hodge loci. In this chap-
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ter we aim to gather all well-known components of the Hodge locus in the case of
hypersurfaces. Some of these components are conjectural and for some we have
proofs.

12.2 Hodge locus

Hodge loci arise naturally when one wants to study Hodge cycles in families. Let
Y — V be a family of smooth complex projective varieties (Y C PV x V and
Y — V is obtained by projection on the second coordinate). Let F' H RY/V)
be the vector bundle of F pieces of the Hodge filtration of H &(Yz), t € V. This
notation is mainly used for the free sheaf of sections, however, in the definition
below we use it as the total space of the bundle.

Definition 12.1. The locus of Hodge classes is the subset of F 2H R(Y/V) con-
taining all Hodge classes.

Note that F 2 H ik (Y/V) is an algebraic bundle, however, the locus of Hodge
classes is a union of local analytic varieties. This will be clear once we define the
Hodge locus in terms of integrals. Now, we define the Hodge locus in V itself.

Definition 12.2. The projection of the locus of Hodge classes under
FZH R(Y/V) — V is called the Hodge locus in V. An irreducible component
H of'the Hodge locus in a (usual) neighborhood of a point ¢y € V' is characterized
in the following way. It is an irreducible closed analytic subvariety of (V, f9) with
a continuous family of Hodge classes §; € H™(Y;, Z)NF 7 invarieties Y, € H
such that for points ¢ in a dense open subset of H, the monodromy of §; to a point
in a neighborhood (in the usual topology of V') of ¢ and outside H is no more a
Hodge class.

Remark 12.1. Even though for all known examples of irreducible components
H of the Hodge locus, the dense open subset of H in the above definition can be
replaced by H itself, we do not expect this to be true in general. In Definition 12.3,
we introduce the Hodge locus 8¢ attached to §o which might have many irreducible
components and H is just one of them. Here, the dense open subset of H refers
to H minus all other components of V.

The following consequence of the Hodge conjecture is well-known:

Conjecture 12.1. Let Y — V be a family of smooth projective varieties defined
over a field kmC C. All the components of the locus of Hodge classes are algebraic
subsets of F'2 HI (Y / V) defined over the algebraic closure of k.
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In particular, the components of the Hodge locus in V' are also algebraic.
Proposition 12.1. Hodge conjecture implies Conjecture 12.1.

Proof. We follow the argument in Cattani, Deligne, and Kaplan (1995, page 483).
Let Cy be the Chow variety parameterizing projective sub schemes Z of PV of
degree d and dimension n — %, where n is the dimension of Y;. Here, we have
to use the language of schemes, as we would like to consider Z as an effective
algebraic cycle Z = Zf;l n;Z;, n;j € N and Z;’s are degree d subvarieties
of PV of degree d and dimension n — . Moreover, by definition deg(Z) =

Zf-;l n; deg(Z;). The multiplicities n;’s are encoded in the defining ideal of
Z. Instead of Chow varieties we may also use Hilbert schemes. We consider
the subvariety A; of C4y x V containing the points (Z,¢) with Z C Y;. We
only look at it as a local analytic variety near the point pg := (Z,. fo) and then
consider its projection (Bg,t9) C (V,tg) in the second coordinate. Note that
B, is a branch of an algebraic variety in V' near ¢y, and this variety might have
other branches due to different choices of the algebraic cycle Z;, with fixed fo.
Moreover, A; and B; might be singular at po and #p, respectively, and the map
(Ag, po) — (Bg,1o) might have non-zero dimensional fibers. After changing
the base point 7o, if necessary, we can find a smooth subvariety 45 of Ay and
of the same dimension as By such that the projection (A4, po) — (Bg,to) is a
biholomorphism. This implies that we have a family of topological cycle [Z;] €
H™(Y:,Z), t € Bz which is obtained by the monodromy of [Z;,] € H™ (Y3, Z).
One might try to give a more convincing proof of the mentioned fact by applying
a version of Ehresmann’s theorem. Note that Z;’s might be singular. One can also
try to construct [Z;] in the algebraic de Rham cohomology and prove that it is a
flat section of the Gauss—Manin connection.

Let H be an irreducible component of the Hodge locus in V' passing through #¢.
Fort € H we have the Hodge cycles §; which is also algebraic §; = %([ZL,] —
[Z:,2]), where Z; ; and Z5 ; are two sub schemes of ¥; of codimension % and
a € N is a number depending on ¢. So far we do not know, how Z;;, i =
1,2 varies with 7. Since the degrees of Z; ; and Z, ; are discrete functions in ¢,
we conclude that there is dense subset H (outside an enumerable proper analytic
subvarieties of H) such that deg Z; ; = d; and deg(Z> ) = d» is constant in H
(independent of #). Without loss of generality, we can assume that our base point
to € H. Wehave H C By, N By, and claim that H is an irreducible component
of Bg, N By,. If not, it lies properly inside a component of By, N By,. The triple
(Yto+ Z1,t9» Z2,1,) deforms to a point ¢ ¢ H. However, this deformation gives us
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the monodromy §; := %([Z 1,:] — [Z2,¢]) which is Hodge. This is in contradiction

with the definition of H.
O

The algebraicity statement in Conjecture 12.1 has been proved by Cattani,
Deligne and Kaplan.

Theorem 12.1. (Cattani, Deligne, and W{(aplan (ibid.)) The irreducible compo-
nents of the locus of Hodge classes in F 2 Hiz (Y / V') are algebraic sets.

The main ingredient of their proof'is Schmid’s nilpotent orbit theorem in Schmid
(1973) together with some results in Cattani, Kaplan, and Schmid (1986). All these
are purely transcendental methods in algebraic geometry, and hence, their proof
does not give any light into the second part of Conjecture 12.1, that is, any com-
ponent of the locus of Hodge classes is defined over the algebraic closure of the
base field k.

The algebraicity statement for the locus of Hodge classes is slightly stronger
than the same statement for the Hodge locus. Let us explain this. We take an
irreducible component H of the Hodge locus. Above each point ¢ € H we have
a Hodge class § and the above theorem implies that the action of the monodromy
representation 71 (H,t) — Aut(H™(Y;,Q)) on B produces a finite number of
cohomological classes (which are again Hodge classes). This topological fact does
not follow just from the algebraicity of H .

We will work with Hodge cycles which live in homology in comparison with
Hodge classes which live in cohomology. Both notions are related to each other
by Poincaré duality. Let Y — V be a family of smooth projective varieties as
before. Let also §; € H, (Y, Z) be a continuous family of cycles. We consider
sections w1, w2, .. ., w, of the cohomology bundle Hj; (Y;), t € (V,0) such that

for any ¢ € (V, 0) they form a basis of the F %'H-piece of the Hodge filtration of
Hiz (Y:). Therefore, a = h2t1 Let Oy, be the ring of holomorphic functions
in a neighborhood of 0 in V. We have the elements

U/F(Di € C)DCO, i=1,2,...,a.
8

Definition 12.3. The (analytic) Hodge locus passing through 0 and corresponding
to § is the analytic variety

Vg::{te(V,O)‘/w1=/w2="'=/wa=0}' (12.1)
8 8¢ 8
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We consider it as an analytic scheme with

OVS = OV’0/</ 601,/0)2,--- ,/wa>. (12.2)
8¢ 8¢ 8¢

In the two dimensional case, that is dim(Y;) = 2, the Hodge locus is usually
called Noether—Lefschetz locus. In this case the Hodge conjecture is known as
Lefschetz (1, 1) theorem. The Hodge locus is given by the vanishing ofa = & 3+l
holomorphic functions in ¢. By definition of a Hodge cycle, we already know that
0 is a point of this variety. This is a local analytic, not necessarily irreducible,
subset of V.

The fact that a Hodge locus is given by holomorphic functions is immediate in
our context. However, this is not easily seen by the classical definition, “It seems
to be a known fact (cf. e.g. P. Griffiths, passim) that to impose a Hodge class upon
a manifold with complex structure imposes upon its local moduli a holomorphic
condition”, (Weil (1999, page 428)).

12.3 Hodge locus for hypersurfaces

Let T C C[x]; be the parameter space of smooth hypersurface of degree d and
even dimension 7 in P"*!. For t € T we have the hypersurface X; given by
F; € Clx]g. We fix 0 € T. In the case of hypersurfaces, we have the Grif-
fiths’ description of the de Rham cohomology of a hypersurface, together with
its Hodge filtration, and so a Hodge locus can be presented only with the knowl-
edge of integrals. This is actually the way it is done in Movasati (2021, Section
16.5). For the convenience of the reader we repeat it here. For a Hodge cycle
6 =680 € Hu(X,7Z),let §; € Hy(X;,Z) be the monodromy of § to the hypersur-
face X;. Let O, be the ring of holomorphic functions in a neighborhood of 0 in
T. We have the elements

n

P2 ,
fp’i(l‘) = /res (F) € OT,(), P e (C[x]a—(%—i—i-l)ds 1 = 1,2,...,5.
8

where o = (d —2)(5 + 1).
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Definition 12.4. The (analytic) Hodge locus passing through 0 and corresponding
to § is the analytic variety

i n
fpi(t)=0, VP € C[X]a—(%—i+1)d’ 1= 1,2,...,5

(12.3)

Vs =4 te(T,0)

We consider it as an analytic scheme with

Oy, = OT,o/<fP,i

The main reason for the introduction of Artinian Gorenstein algebras in Chap-
ter 11 is the following theorem.

2

. n
P eClxlo—(aojtnya. i = 1,2,...,—>. (12.4)

Theorem 12.2. Let Vi C (T, 0) be the Hodge locus passing through 0 and corre-

sponding to § = 8¢g. The Zariski tangent space of Vg at 0 is canonically identified
with 1(8)4.

Proof. This follows by our definition of Hodge locus above. Note that (up to some
non-zero constant factor)

9 PQ OPR oOF
— — | = —_ = ——. 12.5
i Stres( 7 ) /(;tres(FlH), 0 o (12.5)

This implies that the linear part of fp; for i < 7 is zero and only the linear parts
of f, P2 contribute to the tangent space of Vg at0 € T. O

In the terminology of Voisin (2002), V(§P9) = 1(§), is the Zariski tangent
space of Vj at 0.

Definition 12.5. Note that the Zariski tangent space TV is the the tangent space
of Vs as scheme. If Vj is the zero set of f1, f2.:--, fr € O, then ToVj is
the zero set of the linear part of f;’s. We say that Vj is smooth if it is smooth
in the scheme theoretical context, that is, the ideal defining Vj is generated by
f1. f2, ..., fx and the linear parts of f;’s are linearly independent. This also im-
plies that Vj is reduced. Note that reducedness is a weaker property than smooth-
ness.
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Corollary 12.1. Let T be the parameter space of smooth degree d hypersurfaces
of P"T1, of even dimension n. Fort € T, let X; = {F = 0} € P"*! be the
corresponding hypersurface. If § € CH™(Xy)cir is a complete intersection type
algebraic cycle, then

TiVisy = (JF : Ps)a.
Proof. By Theorem 12.2 and Theorem 8.2 we have
T;Vis) ={P € Clxo,...,xp41la : P- Q- Ps € JF,

for all Q € CJxo,... ,Xn+1]dg—n—2}-
By item (ii) of Macaulay’s Theorem 8.1 applied to the Jacobian ring R¥', we
conclude

TVis) ={P € Clxo,....xp+1]a : P-Ps € JF} = (JF : Pg)4.
O

In order to prove Theorem 12.4 we will use (;lorollary 121 fort =0€ T
corresponding to the Fermat variety, and 6 = P2 € CH"(Xy) a linear cycle
inside it.

12.4 Alternative Hodge conjecture

In this section we are going to present the alternative Hodge conjecture (AHC)
which is a stronger version of Grothendieck’s variational Hodge conjecture (VHC).
This appears first in Movasati (2021, Section 18.2) and it is false in general. How-
ever, its validity in many concrete examples is still a conjecture, and that is the
main reason for letting the name conjecture in its title. The concept of a defor-
mation of a pair of a variety X together with an algebraic cycle Z C X is not
rigorously established in Movasati (ibid.) and we fill this gap here.

Let X € P¥ be a smooth projective variety and Z be an algebraic cycle of
dimension %, where m is an even number between 0 and 2 dim(X). We assume
that X = X is the fiber over 0 € T of a family X — T of smooth projective
varieties. We would like give a precise definition for deformations Z; C X; of
Zy C Xo within this family.
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Definition 12.6. The deformation space Vz C (T,0) of Z within T is defined
in the following way. First, we write

k
Z=Y nZi.n¢€l (12.6)

i=1

where Z;’s are effective algebraic cycles, that is, they can be written as sum of
irreducible subvarieties of X of dimension & and with positive coefficients. Let
Hilb(X) and Hilb(X, Z;), i = 1,2,...,k be the Hilbert scheme parametrizing

deformations of X and the pair (X, Z;), respectively. We have the canonical maps
ki - Hilb(X, Z;) — Hilb(X), i =1,2,...,k

We denote by 0 € Hilb(X) and 0 € Hilb(X, Z;) the points corresponding to X
and (X, Z;), respectively. We define

Vz = ﬂf-‘:llmage(/q : (Hilb(X, Z;)™,0) — (Hilb(X)™, 0)).

For an arbitrary T we define V7 by taking pull-back through T — Hilb(X). This
definition depends on the decomposition (12.6). By definition we have a family
(Zt,Xt), t e VZ.

Remark 12.2. For a scheme V' we denote by 1/?" the analytic scheme (and not
the analytic variety as we have used in earlier chapters) attached to V' and we
denote by (V/?",0) a small neighborhood of V?" in the analytic/usual topology.
By definition V7 is an analytic scheme whose scheme structure comes from the
algebraic scheme structure of Hilb(X, Z;).

Remark 12.3. Let X — T be a family of smooth projective varieties. If the Hodge
conjecture is true then the components of the Hodge locus in T enjoy two different
scheme theoretical structures, one is analytic coming from Hodge theory and the
other is algebraic coming from Hilbert scheme arguments. It is not clear whether
the former is the analytification of the latter.

Remark 12.4. For an effective algebraic cycle Z = Zi;l n;iZ;, nj € N we
consider it as scheme in the following way. First, we consider the ideal I; of all
regular functions vanishing on Z;. Therefore, by definition /; is radical. The
defining ideal of Z is I{'' [)% -1 ]? k. Note that for two ideals I and J, the ideal
1J is defined by the products ab, a € I, b € J. Itis not clear for an arbitrary
ideal 7 inducing an irreducible variety Z what kind of coefficient one must attach
to Z, and this indicates that Definition 12.6 might need some improvements.



202 12. Some components of Hodge loci

Conjecture 12.2 (Alternative Hodge Conjecture). Let {X;};cT1 be a family of com-
plex smooth projective varieties, and let Z be an algebraic cycle of dimension 7
in Xo for 0 € T. We say that the weak alternative Hodge conjecture (WAHC)
holds if there is a deformation space Vz such that the underlying analytic vari-
eties of Vz and V[z] are the same. In other words, there is an open neighborhood
U of 0 in T (in the usual topology) such that for all t € U if the monodromy
8 € Hy(X¢,7Z) of 8o = [Zo] is a Hodge cycle, then there is an algebraic defor-
mation Z; C X; of Zy C Xy such that §; = [Z;]. In other words, deformations
of Z¢ as a Hodge cycle and as an algebraic cycle are the same. We say that strong
alternative Hodge conjecture (SAHC) holds if Vjz] = Vz as analytic schemes.
By AHC we mean WAHC.

We would like to get some information about the tangent space of Vz at 0.
Since Vz is given as the image of another variety, we will be able to get some
information about the image of the derivation of « at 0. This might be strictly
smaller than To V7.

12.5 Complete intersection algebraic cycle

Assume that n = 2 is even and F € C|x], is of the following format:

F=ffoptfoafopst+ fogifove. fi € Clxlag. fui14i € Clxla—g;.

(12.7)
where 1 < d; <d, i = 1,2,...,% + 1 is a sequence of natural numbers. We
denote by T4 the subvariety of T containing hypersurfaces X given by such an F'.
We say that the f; and f%+1+,- are companion of each other. Let X C P"*1 be
the hypersurface given by F = 0 and Z C X be the algebraic cycle given by

Z: fi=fa=--=fr41=0.
In this section we aim to prove the following.

Theorem 12.3. Let Vz be the analytic branch of T4 corresponding to deforma-
tions of (X, Z). We have
Vz =Viz1.

that is SAHC holds for (X, Z). This implies that the subvariety Tz of T is a com-
ponent of the Hodge locus. In other words, there is a Zariski open (and hence
dense) subset U of Tg such that for all t € U and a complete intersection alge-
braic cycle Z C X := X; as above, deformations of Z as an algebraic cycle and
Hodge cycle are the same.
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This theorem is proved in Dan (2017, Theorem 1.1) in which the author as-
sumes d > deg(Z) which is not necessary, see also Kloosterman (2020) and
Villaflor (n.d.[b]). The computational proof for particular examples of n and d
is done in Movasati and Villaflor (2018). It has the advantage that it works for
other algebraic cycles which are not complete intersections. The main result in
Otwinowska (2003) implies Theorem 12.3 for very large degrees, however, the
lower bound in this article is not explicitly computed.

Proof. In H,(X, Z) the homology classes of all cycles

gr=8 =-=gu41 =0, g e{fi. fup14:}

are equal up to sign and up to Z[Z]. Let us denote it by 6. This with Proposi-
tion 11.3 imply that Z is perfect and

Ja = {f1. fa. ... Ja+2)a C1(8)g4.

Now Macaulay’s Theorem 8.1 implies that J is also Artinian Gorenstein of socle
degreeo :=d —di+di+--+d—dyy)—dyyy = (5 +1d andso I(8) = J,
and in particular, /(8)g = J;. Note that J; is the tangent space of T4 at X and
this proves the theorem. O

Remark 12.5. The Zariski open subset in Theorem 12.3 is the set of homogeneous
polynomials F in (12.7) such that the zero set of the ideal ( f1, f2,..., fut+1) In
P71 is empty. This is needed in Macaulay’s theorem used in the proof.

Exercise 12.1. In the case of Fermat variety X¢ and

d d
X2i—2 —X2i-1 = fif%+1+i: Ji € Clx2i—2, x2i-1q;,
, n
Jy+14i € Clxziz. x2i1la—g; i = 1..... o +1

the Macaulay’s theorem is an easy exercise in commutative algebra. Prove it.

12.6 Sum of two algebraic cycles

In this section we discuss a theoretical approach in order to generalize Theorem 12.3.
For a complete algebraic cycle Z as in the previous section, let Vz be the local
analytic branch of T4 passing through 0. It corresponds to deformations of the
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pair Z C X. We follow the notations in Movasati (2021, Section 17.9). In Theo-
rem 12.3 we have actually proved that the tangent space of both Vz and V|zj are
the same, and hence, these two analytic schemes are the same.

Let Z and Z be two complete intersection algebraic cycles given by the ideals

Iz = (fl,fz,...,fgﬂ) and 7, = (fvl,fz,...,fgﬂ),respectively. Let also
s :=r[Z]+ f[Z] € Hy,(X,Z), r,¥ € Z — {0} be the corresponding Hodge cycle.

We define
I, 5 = Radical (@ (Z_ZI_Z>) ,

where the sum is over all possible replacements of companions of the generators
of Tz and Z,. By Proposition 11.3 we know that

1, 5 CI1().
By definition 7(8) depends on the numbers r and 7, however, for many interest-
ing cases it turns out that it is independent of these coefficients. If the the ring
C[x]/1, > is Artinian Gorenstein of socle degree o := (5 + 1)(d —2) then we
have the equality / = 1(8) and we expect that

Z+Z
Viziviz) = Vezgrz = V2 0 V5,

and hence the alternative Hodge conjecture (see Movasati (ibid., Conjecture 18.2))
is true for (X, rZ +7Z). We only need to check that (1, " >)a s the tangent space
of Vz N V. We will analyze this situation in the following particular case.

Let X C P"*! be a smooth hypersurface given by the homogeneous polyno-
mial

F = fifssi+ ofss1++ foSstm+ fms1 fsomr181+ -+ fs fos&s—m.

with s = 5 4 1. We have the algebraic cycles:

% S fiz=fo==fp=fagr == f5 =0,
zZ fl:fzz.“:fm:fs-i-m-i-l:"':fzs:(),
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Proposition 12.2. The ideal I, _ in C[x] contains

fi. 1<i<m, (12.8)
fini=s+1<i<s+m, (12.9)
fifi.m+1<i<s, s+m+1<j<2s, (12.10)
JeSfsamyigi, 1< j<s—m, s+m+1<k<2s, (12.11)
JeSm+jg8j 1< j<s—m, m+1<k<s, (12.12)
figj,1<j<s—m, ie{s+m+jm+j} (12.13)

Proof. The idea is similar to the case of a single complete intersection algebraic
cycle treated in Section 12.5. We start with the radical I of the ideal of Z + Z
which contains (12.8) and (12.10). As before, we can replace any polynomial in
the ideal of Z and Z with its companion and add it the ideal to /. Replacing
each element in (12.8) with its companion in both Z and Z we get the elements
(12.9). All other companion substitution will give us (12.11) and (12.12). There
are elements among these polynomials which are of the form a?b. Knowing that
each time we take radical of the ideal we get elements (12.13). O

Remark 12.6. In Proposition 12.2 we may further claim that 7, _» is equal to the
ideal generated by (12.8) till (12.13). For this we must prove that the second ideal
is radical.

For a complete intersection algebraic cycle as in Corollary 8.1, and for a generic
choice of (X, Z), the tangent space of Vz at 0 is given by:

ToVz = (fi. fou--on fos)a = {p1fi+ pafo+ -+ pasfos | pi €kixla—g;}-

where a; := deg( f;). We must verify this for our complete intersection algebraic
cycles Z and Z in this section. For a while suppose that this is done. We conclude
that both To(VZz N V) C ToVz N TV, are contained in the d-th homogeneous
piece of the the ideal I;+Z defined as bellow. It is the ideal generated by the

polynomials (12.8), (12.9), (12.10) with j —i = s and (12.13). These are exactly
the companion of single f; or g;’s in F. We could assume that f; and g;’s are
irreducible and so these are companion of irreducible ingredients of F. We have
the inclusions: -
*

J CIz+ZCIZ+ZCI[Z]+[2]'
We reduce the verification of alternative Hodge conjecture in an example to the
following purely commutative algebra problem. For simplicity we have only con-
sidered the case m = s, that is, the cycles Z and Z do not intersects each other,
and it can be formulated easily for arbitrary m.

(12.14)
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Problem 12.1. Let F € C[x] = Clxp, X1, ..., Xn+1] be a homogeneous polyno-
mial of degree d and of the following format

n
F = fifss1fost1+ fofse2foseo+ -+ fsfas fas,  §5:= > +1

where f;’s are homogeneous and we have assumed that n is even. Let I* be the

ideal in C[x] generated by f; fsui, fi fastis feai foswir i =1,2,...,sand JF
be the Jacobian ideal of F, that is, it is generated by %, i =0,1,2,...,n+ 1.

We have J ¥ C I'* and we assume that F = 0 is smooth and hence by Macaulay
theorem C[x]/J ¥ is Artinian Gorenstein of socle degree o := (n + 2)(d — 2).
Show that if there is a third ideal 7 such that J¥ < I* c I and C[x]/I* is
Artinian Gorenstein of socle degree § = (5 + 1)(d — 2) then for large d, the
degree d pieces of I and I™* are equal.

12.7 Sum of two linear cycles

Our main aim in this section is to approach the following conjecture:

Conjecture 12.3. Let X C ]P’”‘H be a smooth hypersurface containing two linear
projective spaces P2 2 and P2 with P2 NP2 = P™. For
n d
- 12.15
"2 a2 (12.15)
we have

Vit = s N Vissy

forr, 7 € 7. — {0}.

Letus consider the space T of smooth hypersurface X c P"*! containing two
linear projective spaces [P 2 2 and P2 with P2NP2% = P™. Animmediate corollary
of Conjecture 12.3 is that Tisa component of the Hodge locus, provided that we

have (12.15). Note that by Theorem 12.3 we have VP% = V[P%], and so, V[]P, 3

V[]Pg] is a deformation space V' P3 D3 of the algebraic cycle rP2 + FP2. In
this section we aim to prove the following weaker version of Conjecture 12.3.
Theorem 12.4 (Movasati and Villaflor (2018) and Villaflor (n.d.[a])). Let X C
P"*1 be the Fermat variety

x§ +x{ + Xl =0
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of even dimension n and degree d. Let P 3 , P2 C X bethe two linear subvarieties
n ~ n
such that P2 NP2 = P™ given by

P = {Xn_zm - szxn—2m+1 == Xp é'zdxn+1 = 0},
n —
P2 :={xo — {rqx1 = +* = Xp—2m—2 — {2aXn—2m—1 = 0} N P,
PE = {xo — Ezdx1 == Xn-—2m-2 — Zg?l_zm_zxn—Zm—l =0} N P,
where (5q € C is a primitive 2d-root of unity, and ag,d2,...,0n—2m—2 €

{3,5,...,2d — 1}. Then Conjecture 12.3 is true in this case.

Note that
P":=P>ZNP2 ={xg=x1 = = Xp_am_1 = 0} N P" .

Proof. We have the following equality

codim V[Pz] [ﬁ»’i] = codim TOV[E»z] ﬂToV[Pz] (12.16)
24+d n m+d
— 2 —2(= 1 2 1 2
(F59) a5 e
(12.17)

which is proved in Movasati (2021, Proposition 17.8 and Proposition 17.9). Since

ToV[Pz] N TOV[]}»'%] = To(V. P4 [Pz]) this implies that V[Pz] N V[Pz]
is smooth. Moreover, V[ g 1 intersects V[ % transversely. Note that by Theo-
rem 12.3 we have V. which is smooth. Knowing (12.16) and the

P2 pi v
trivial inclusion V[P 5 B4 [P BB AT Theorem 12.4 follows from:
We have

= ToV p4y1 a4

ifand only ifm < %— 7—- By Theorem 12.2, Proposition 11.2 and Corollary 8.3,
this is equivalent to the following algebraic equality

UEPYanUF Py =T P+ Py, (12.18)
where Pi = R1Q, P, = R, Q with

’

0= 1—[ 8™ = Gagxir DY)

(Xk — $2aXk+1)

k=n—2m even
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l—[ (x,‘Z‘l — Gaaxk+1)4™Y

Ry:=c1:
(xk — $2aXk+1)

’

k<n—2m even
l—[ e = (G X))

o
(Xk — $onXk+1)

R23=02- s

k<n—2m even

for some c1, ¢c» € C*. We claim that
(T P)en (T Pr)e = (I 2 PL+ Pa)e, (12.19)

if and only if e < (d —2)(5 —m)ore > (d —2)(5 + 1). In fact, for e >
(d —2)(5 + 1) the claim follows from the fact that (d — 2)(5 + 1) is the socle
of the three ideals appearing in (12.19). For e < (d — 2)(5 — m), consider any

ge(JF : P+ Py),. Write

q=r1-+s,
wherer € Clxg,...,Xn—2m—1]e ands € {(xp—2m, ..., Xn+1)e S C[X0,.. ., Xn+1]e-
Noting that
F . d—1 d—1
(J . Q) = <x0 ""’xn—2m—1’xn—2m7"-’xn-i-l)’

it is clear that s € (J¥ : P;)) = ((JF : Q) : R;) foreveryi = 1,2. In
consequence r € ((JF : Q) : Ry + Ry). Since r - (R + R») does not depend
on Xp—2m, - - . » Xn+1 We conclude that

re (I : Rl + R2)e - (C[XO» oo ,xn—2m—1]e

for I = (xd=1, ... ,x,‘f__zlm_l). Using Proposition 11.6 for r = 5 —m, we
conclude that r € (I : R;)e fori = 1,2,andsog € (J¥ : P;), fori = 1,2 as
claimed.

Finally, if (d —2)(5—m) < e < (d—2)(5+1), we know from Proposition 11.6

forr = % — m, that there exist some p € Cl[xo, ..., Xn,—2m] such that

pe(F R+ R2)(@—2)(%—m) \ Jr: R1)(d-2)(2—m)-
and so

PeT:Pi+ P)a—ya—m \ T PD@—2)z—m.
Since (J : Pp) is Artinian Gorenstein with socle (d — 2)(5 + 1), we conclude
that there exist some polynomial ¢ € Cl[xg, ..., Xn+1] e—(d—2)(%—m) such that
pq e (I P+ P\ (T P,

as desired. O
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