MONOGRAFIAS DE MATEMATICA N© 41

SPECTRAL GEOMETRY:
DIRECT AND INVERSE PROBLEMS

by

_ Pierre H. BERARD (V
{with an Appendix by G. BESSON)

(1)

Département de Mathématiques
Université de Savoie

B.P. 1104

73011 CHAMBERY Cedex {France)

INSTITUTO DE MATEMATICA PURA E APLICADA
Estrada Dona Castorina, 110
22.460 — Rio de Janeiro — RJ



1)

owo-Ion LN

=

35
36i
37
38
39;
Lo
h1)

MONOGRAFTAS DE MATEMATICA

Alberto Azevedo & Renzo Piccinini - Tntrodugdo & Teoria dos Gru-
) pos

Nathan M. Santos - Vebores e Matrizes (esgotado)

Manfredo P, do Carmo - Inbrodugao 3 Geometria Diferencial Global

_ Jacob Palis Jr. - Sistemas Dinamicos

Jodo Pitombeira de Carvalho - Introdugﬁo 3 £1gebra Linear
_ (esgotado) Co
Podro J. Fernandez - Introdugdo & Teoria das Probabilidades
R.C. Robinson = Lectures on Hamiltonian Systems
Manfredo. P. do Carmo - Notas de Geometria Riemanmniana
Chaim S. HBnig - Andlise Funcional e o Problema de sturm=-Liouville
Welington de Melo - Estabilidade Estrutural em Varicdades de Di-
mensao 2

Jaime Lesmes - Teoria das Distribuicgdes e EquagSes Diferenciais
¢1dvis Vilanova - Elementos da Teoria dos Grupos e da Teoria dos
Anéis

Jean Claude Douai - Cohomologie des Groupes
H. Blaine Lawson Jr. - Lectures on Minimal Submanifolds, Vol. 1
Elon L. Lima - Variedades Diferencidveis
Pedro Mendes - Teoremas de -estabilidade e Estabilidade Estrutu-
ral em Variedades Abertas
Herbert Amann - Lectures on Some Fixed Point Theorems
Exercicios de Matemdtica - IMPA -~ wvol. I
Djairo G. de Figueiredo = Ndmero Irracionais e Transcendentes
C¢.,E., Zeeman - Uma Introdugzo Informal 3 Topologia das Superficies
Manfredo P. do Carmo - Notas de um curso de Grupes de Lie
Alexander Prestel - Lectures omn Formally Real Fields
Aron Simis = Introdugio & flgebra
Jaime Lesmes - Semindrio de Andlise Fumcional
Fred Brauer - Some Stability and pPerturbation Problem for Differ-
ential and Integral Equations
Lucic Rodrizuez - Geometria das Subvariedades
Mario Miranda - Fronti&re Minime
Fernando Cardoso - Resolubilidade Local de EquagSes Diferenciais
Parciais
Eberhard Becker - Hereditarily-Pythagorean Fields and Orderings
of Higher Level
Hyman Bass - Projective Modules and Symmetric Algebras
J. Neyman - Probabilidade Freqlientista e Estatistica Freqlientista
Freddy Dumortier = gingularities of Vector Fields
.M. Viswanathan - Introdugiio & flgebra e Aritmética
¥. Javier Thayer - Notes on Partial Differential Equations
Edward Bierstone - The Structure of Orbit Spaces and the
Singularities of Equivariant Mappings
¥, Javier Thayer - Théorie Spectrale
Manfredo P. do Carmo - Formas Diferenciais e Aplicagoes
Alexander Prestel & Peter Roguette - Lectures on Formally p-Adic
Fields
Yves Lequain & Armaldo Garcia -~ Algebra: Uma Introdugao
J. Lucas Barbosa & A. Gervasio Colares - Minimal Surfaces in R3
Pierre H., Bérard - Spectral Geometry: Direct and Inverse Problems !

ISBN

85-2414-0027-7



e ea—

To Rachel, Philippe, TFzabel






INTRODUCTION

"Thé purpose of these notes is to describe some a'$pects of

direct problems in sSpéctral gebmetry. !

Eigenvalue problems were motlvated by quest1ons in maﬂmmaﬁwal.
physics. In these notes, we deal w1th elgenvalue problems for the
Laplace-Beltram1 operator on a compact R1emann1an manlfold. To such
a manifold (M,g), we can associate a seduence of non—negatlve real
numbers &li}iél, the eigenvalues of the Laplace-Beltrami.operator
AE acting on CT(M). One can think of a Riemannian manifold as a
musical. instrument together with the musician who plays it. In this
picture, the eigenvalues of the Laplace operator correspond to the
harmonics of the instrument; they may depend on the music Player,
i.e. on the Riemannian metric: think of a kettledrum, or better of
a Brazilian "cufca".

Spectral geometry aims at deseribing the relationships,
between the musical instrument and the‘sounds it is capable of

sending out.

The problems which arise in spectral geometry are of two
kinds: direct ‘problems and.inverse problems. In.a direct problem;
we .want infermation on -the sounds produced by fhe'instrument,,in
terms of its.geometry. Tor example,»We”know that the bigger the .
tension‘ofgthe-parchment,head of a kettledrum, the higher the piteh.
In an inverse problem we 1nvest1gate what geometrlc 1nformat10n on

the 1nstrument can be recovered from the sounds 1t sends out.

" s N
R P H .

, Both types of problems .are relevant to deep Auestions arising

in mathematical physics (for example 1n elastlcity theory, 1n plasma

Y -

physies, in spectroscopy...).



fhis book could be divided into three parts: Chapters I to
ITI; Chapters IV te VI and Appendix A; Chapter VII and Appendices B

and C.

In Chapter I, we give “some very simple—m1nded motivations
from mathematical physics. Qur purpose 1is not to derive mathematical
models for some physical phenomena, but rather to show how some
mathematical objects which will be introduced later omn, arise
naturally from physical principles. For further reading, we suggest

Lc-H] and tTL].

ChapterVII is devoted to Riemannien geometry.  We introduce
the basiec notions (geodesics, curvature,.,.) and we state, mainly
without proofs, the basic results. In order fo understand Chapter
VI, the reader must have in mind the compar1son thecrems which
involve the curvature of a Riemannlan manifold. For further reading,

we suggest [B-c], [col, Lc-g1, [M-s] and [sIil.

~In Chapter III, we introduce the Laplace-Beltrami operator,

and we describe the eigenvalue problems we will deal with in this
book. An important part of this chap;er is devoted to the variational
'characterizations of the eigenvalues; This is very imporfant for
later purposes. Although this material can be considered as classical
([KO] [R-5] or L[c-H]), we have tried to describe it at length.

The last paragraph of Chapter III contains general considerations on
direet;and inverse probleme, ahq-eome answers to siuch problems as an

i1lustration of the variational characterizations of the eigenvalues.

" Chapters IV to VI form the core of this book. They contain

_ results related to isoperimetric inequalitieé and tOwanfimportant
topic in Riemnnnian geometry, namely the interactions between 1oca1

Lt

geometry (curvature estimates) and, global geometry (topology...)
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Many of the results we present in these chapters are new and are not,
yet available in print. These results were obtained in collaboration

with G. Besson and S. Gallot (see [B-B-Gl to 31, [B-G]).

In Chapter IV, we introduce isoperimetric methods on compacé
Riemannian mﬁnifolds without boundary, The general setup described
in § B, as well as the proof of J. Cheeger's lower ‘bound for the
first non-zero eigenvalue of a closed Riemannian manifold, are new.
They arose from the above mentioned papers, and from brainstorming

sessions with G. Besson and S. Gallot,

-~

directly to the main tool in this book: the isoperimetric inegquality
for the heat kernel. The ideas we develop here are those of EB-GJ;
our presentation differs however from that of [B-Gl and is more in

the spirit of Chapter IV.

Chapter VI is devoted to some applications of isoperimetric
inequalities to Riemannian geometry. We use the ideas of [B-G], and
the isoperimetrie inequality obtained in EB—B—Gl}, to give bounds on
topological invariants. The underlying method is the analytic method
introduced by S. Bochner in the early 1940's, to obtain vanishing
theorems. This method was improved by P. Li (1980) to give esﬁmahmg‘
theorems for Betti numbers, and later by S, Gallot (1981) to give
estimating theorems in a more general framework. BRoth used
isoperimetric estimates for Sobolev constants. In Chapter VI, we
introduce a new idea (that of using Kato's inequality on heat kernels)
which is due to M. Gromov, and came to life with the isoperimetric
inegualities on the heat kernel given in [B-Gg]. 1t is important to
read this chapter keeping in mind the compactness theorems of M.
Gromov. These theorems are briefly described in the last paragraph

of Chapter VI (see [SI1] for a review).

i



These chapters are cpmpleted“by‘an Appendixlwri}ten by G.

,Be-sso.n\" R . .- . : : . ' . '

In Apﬁendix'A, G. Besson ‘shows how one can think of
symmetr;zqtion prqcedures aslrelationshipg between Riemannian
Geometry/Speqtral Geometry on the one hand, and Operator Theory in a
ﬁilbert space on the other hand; he views Kato's inequality (Chapter
VI), and the symmetrization 4 la Faber-Krahn (Chapters IV and V), as
particular,cases of‘a uqique general theorem. This interpretation is
important because it distinguishes geometric technigues (isoperimetric
inequalities) from analytie techniques (quadratic forms and operator

theory)j it also separates technicalities from fundamential ideas.

I am very grateful to G. Besson for writing this Appendix.

Spectral geometry has witnessed much research activity since
the late 1960's, In Chapter VII, we very briefly sketch some of the
importaht recent developments (in particular, see the very end of

Chapter VII for more references).

Appendix B is a bibliography which I compiled in collaboration
with M. Berger. I would like to thank M. Berger for allowing me to
include it here. This bibliography is reproduced from the printed
original; I thank the publisher Xaigai Publications (Japan) who left
us the copyright. This bibliography is referred to as [B-B] in. the
text. It is divided into several chapters dealing with the different
aspects of spectral geometfy. Although theititle refers Fo 1982, we
revised the bibliograpﬁy iy September 1983. In Appendix C, I have.

added some new references.

This book was origlnally written both as a support for, and
as a complement to lectures de11vered at the 15° Coloqu1o Bra311eiro
de Matematica, July 1985. Although I have tried to give many

complete proofs, I del1berate1y put emphas1s on ideas rather than on
iv



technicalities. 1In a sense this book i$ an invitation to spectral
geometry, rather than a course on spectral geometry. The original
notes were first published by IMPA, in the series "Coldguio Brasilei-
ro de Matematica". This new edition differs very little from the
original one, as far as the mathematics are concerned: in order to
avoid delay, I have only corrected some mistakes in the original
text. In an attempt to make these notes more useful, I have added

Apprendix C (as a complement to [B-Bl) and two indexes.

I thenk the organizing Committee of the 152 Coléquio Brasilei
ro de Matemiatica for the opportunity to give a course on spectral

geometry, and IMPA for its hospitality.

It is a pleasure for me to thank M.F. Cordel and P.
Strazzanti who typed the first version of these notes, as well as
Rogério Dias Trindade who typed the present text, for their care and

eompetence.

I profited very much from regular brainstorming sessions with.
G. Besson and S. Gallot over the last three years. This book is an

outgrowth of our collaboration. I owe them very much.

This book is dedicated to Marcel Berger in acknowledgement

of his teachings.

Rio de Janeiro, April 1986. .
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CHAPTER 1

MOTIVATIONS AND THE PHYSICAL POINT OF VIEW

1. : The purpose of this chapter is to introduce some basic
concepts which arise pnaturally ffoﬁ problemé in mathematical physics.
Our presentation might appear childish...; we do mnot aim at
establishing good mathematical moqelé for some elasticity problems.
We only want to éhow how the notions of energy integral, variational
methods, boundary conditions, wave equation, separatioﬁ of variables,
eigenvﬁlue problems...'ariée naturéliy from pfobleﬁs in mathematical
physicé; and how they are related to othef fiélds in'mathematiésf

(partialidifferential equations, spectral theory, Riemannian geometiry).

A, AN ELEMENTARY EXAMPLE

2. Let us consider a homogeneocus elastic string S whose

position at rest is represented by the line segment [0,L] in the
plane. The string being elastic, the tension forces dre tangential
to the string. The string being homogeneous, the linear density ¢

and the tension o of the string are constant along the string.

The first problem we shall deal with is that of the

equilibyium position of the string S  submitted to an external force

which acts in the'plane, transversally to the string, with intensity

fx).
We represent the equilibrium position of the :string by a
function wu: [0,L]1 + R, "the amplitude of the deflection of the

1



string, therefore assuming that the points of the string can only

move transversally.

The potential energy of the stringiconsists of two terms:
the energy Et(“) which arises from the tension u, and the exﬁmma}
energy Ee(u) which arises from the force applied' to the string.
The energy Et eguals the tension times the increase of length of

the string; the external energy is the work of the force f. We have

. L :

Et(u?'= ut J (1+(u;)2)1/2qx - L1;
- o 0

(3)

L ,
E, (u) j f{x)ul(x)dx.
0

We shall now make the assumption that the deflection of the
string is "very small" in the sense that we can replace {1+(u;)2)1/2

by %(u;)z. The potential energy of the string can then be replaced

by

. L "L
" (4) E(u) = % Jﬂ (u;)2dx + ~f £f{x)u(x)dx.
. 0 (v] .

In order to find u, we apply the principle of least

potential energy which says that a stable equilibrium u is a local

minimum of the energy E, which implies that

(5) L p(usev)| . =0,
de °=O

where u + ev represents a position of .the string close to the

eguilibrium u.
If we plug condition (5) into (4), we find.
L W L .' ‘
(6) i .[ u;v;dx + -[ £(x)v({x)dx = 0.

0
2



We can of course take local variations v, 1i.e. variations
with compact support in 10,1l . Taking suchk a variation and

integrating by parts, we find that for 211 v. in C:(]O,II),

_‘f [—uu;x.+'f(x)]v(x)dx - 0 and hence

(1) d“(:c) £(x) in Jo,I[.
dx
8. Remark. We have implicitély made the assumption that u is
- —_==

twice differentiable, in order to be able to write (7). We shall

show how one can make weaker assumptions later on (n® 43).

9. Let us now take the function. v in C“([0,L1). Equation (6)

becomes, after integration by parts,

L
uu;v!g + .f (f(x)—uuix) vix}dx = 0.
0

Taking (7) into account, we then have

{10) w (L)v(L) - u, (0)v(0) = 0.

The fact that one can take one v or another depends on the

physical problem at hand. If we do not impose any conditlon on v,

we deduce from (10) that u must satisfy the natural boundary

condition (Neumann'boundary condition)

(10N) u;(o) =0 and wu (L) =

If we' assume that the strlng is fixed at both ends {think of
a violln or a p1ano strlng) we must 1mpose that the deflect1on of
the string is 0 at x = 0 and x = L. This means that both u
and v must satisfy thérboundary condition (Dirichleét boundaxry

condition)



(10D) w(0) = 0 and u(L) = 0.

In that case, (10) is void. The boundary condition (10N)
corresponds to a free string, for which all deflections are allowed
or admissible. The boundary conditioh (10D) corresponds to a string

which is fixed at both ends. -We then impose that the deflections

satisfy u€0) = 0 and u(L) % 8. Tt is physically very intuitive
that such conditions must be'ihpoSed to determine the- equilibrium

position of Bhe problem under consideration.

11. Summary. ‘In order to determine the equilibrium of a string

submitted to a transversal external force £, we can

(i) either seek the local extrema of the energy

L L
E(u) = % .[ (u;)zdx + .L £ (x)u(x)dx,
0 .

wvhen u varies in a space of admiggible functions, corresponding to

the physical problem under considefafion;

(ii) or solve the equation-'

d2u
u S5(x) = £(x) in Jo,1l,
dx”

where some boundary conditions are imposed to u at x =0 and

x =1L, dépending on-the problem which is considered.

4

Examples: .
Dirichlet problem (string fixed at both ends):

« Admissible functions: u € c?(fo,L]) (see ne 8) such that

w(0) = u(L) = 0 (u+ev must also be admissible),

. Boundary conditions:  u(0) = 0, .and’ u(l) = 0;



Neumann problem (free string)

. Admissible functions: u € CQ(EO,L]) {see n2 8),

. Boundary conditions: u’(0) =0 - and u'(L) =

(impogsed by the least potential energy principle).

12, Let us now consider the problem of the vibrating string, i.e.

let us determine the laws of motion of an elastic string. We denote
by u: RX EO,LJH* R the deflection of the string which is assumed
to be transverse and small (in the sense used to derivé_(4)). The
function £ consi&éred above may also dépend on the time parameter

t. We then have to‘considerlthe_kinetic energy of the string, namely
L
(13) - E (u) = | £ a(u)2(t,x)dx
k 2 t ' e
0

Let tl and tz be two instants of time. Hamilton's
principle states that the motion u(t,x) of the string between the

instants of time t and t should minimize the expression

‘ 2 ( ‘
JF(u) = ]ﬁ Jn —D( )) - % u(%&)z(t,x)-f(t,x)u(t,x)]dtdx,

among all admissible motions close to u, taking the same values as

u at t =% and t =t i.e.

1’ 2

(14) = J(u+ev) =0
de e=0

for a1l admissible functions v such that v(tl,x) = 0 and

v(ty,x) = 0, for all x in [0,L],

The adjeéfive admissible refers to funcfioﬁs deséribing.fhe
physical problem under consideration as above (see n¢ 9 to 11).
Applylng Hamilton's principle with v € c(RX Co,L]) _
satisfying wv(ty,x) = 0, v(tg,x) = 0, for all x, and integratihg by
5



parts, we deduce from (14) that

t L
2
’ bzu bzu ,
{P-——g(t,x)- T} “—E(t,x)+f(t,x)} v(t,x}dt dx
A o ot dx
1
t2 Lo
+ w B, x)vit,x)at | = 0.
0
ty .
The choice of v being arbitrary we conclude that
b2u : 22y ;
(15) p—5{t,x) = u —5(t,x} + £(t,x) = 0 in RX Jo, 1L,
bt dx
du L
(16) EE(t,x)v(t,x)| = 0 for all admissible v, and all t.
0

In the case of a string with free ends (i.e. no condition on

u and v), Equation (16) gives (Neumann conditions)
{(16N) —=(t,0) =0 and %%(t,L) =0 for all t.

In the case of a string with fixed endé, we must impose
u(t,0) = u(t,L) = 0 and v(t,0) = v(t,L) = 0 for all t., Equation
(16) is then always satisfied, and we only write the condition that

.u is admissible (Dirichlet conditions)
{16D) u(t,0) =0 and u(t,L) =0 for all t.
Equation (15) is called the one-dimehsional wave egquation

(the space variable x being one-dimensional).

17. Remark. In order to be able to determine the motion u(t,x)
of the string, we need Equation (15), boundary conditions e.g. (16D)

or (16N) and initial conditions; these initial conditions already

éppeared in the statement of Hamilton's principle; we also consider

the Cauchy data wu(t ,x) = u (x} and up(t,x) = u(x), 0sx=<1IL,



which describe the string at time to‘

18, Summary. In order to determine the motion of a vibrating

string submitted to a transversal extérnal force £, we can
(i) either seek the extrema of the integral
‘ t2 L \
_ 1 du,2 1 u,2
J(u) = {5 p(b—t) -3 Ll(ﬁ - fulatax,
tl 0

when u varies in a space of admissible functions

corresponding to the physical problem under consideration;

(ii) or solve the equation

2
P-—g-u-b-—%-f=0 in ®x J0,LL,
bt dx
) U(to,x)=u0(x)'
with initial conditions , x in To,L],

‘i;;(to’x)=ul(x)

and boundary conditions at x = 0 and x = L. (e.g. Dirichlet or

Neumann conditions described in n? 11).

We can reduce the problem of the equilibrium to the present'

one by making all functions independent of the time variable t.

19, Some Comments

(a) Eguations and boundary conditions: {he transversal force
acting on the string could also be related to the deflection u{t,x)
e.g., this could be an elastiec force proportional to u(t,x); we'cbulﬁ
also assume that there is a force acting on the ends of the string
e.g. the ends coﬁld be el#sticall& attached instead of fixed. Such
conditidngzban\give rise té 6ther contributions to.the energy, of.the

string, thus modify;né both the equation and the boundary conditions.



(1) Considering elastic bars instead of strings, we would arrive

at the following situation

t, L . S
[\ J(u) = .[ ' [—9( )(b )2. u( )(0“) - fuldt dx,
by 0 R S

(20) -+

y 2“u ] du _
. P(x) — - EECB(x)SE) -f£=0,
L bt
where p(x) is ‘the 11near density of the bar and where M(x) descrlbes
the elasticity of the bar (both functions are p051tive) We assume
these functions to depend on the space variable x, but not on the

time variable. '

References

[c-H] Chap.IV § 10, p. 242 ff,
[¥o0]l Chap. 5 p. 130 ff (p. 168 for the elastic bar),

[wr] Chap. I, for both the elastic string and the elastic bar.

‘B, THE METHCD OF SEPARATION OF VARTIABLES

21. In order to study the wave equation which appears in (20),

W
£

it is convenient to look at a simpler problem, namely the case f =

and to seek solutions u(t,x) of the form F(t)G(x) (i.e. o

sepafate fhriables, a method which goes back to the 18EE century).

Equaﬁion {20) becomes
(22) p(x)G(x) -—g(t) - F(t)dx MGG =

‘which is easily seen to split into two egquations



(i) (u(x) (x)) + Ap(x)G(x) = 0, - x € Jo,1L[,
(23)
a’r
(i1) ==(t) + AF(L) = o0, t € R,
. dt

for some constant L.

I we now reecall that u(t x) must be an admissible function,
e.g. that it satisfies one of the boundary condltlons (16D) or (16N},

we have to impose boundary condltions on G, e.g.

G(0) = G(L) = ¢ (Dirichlet conditions),
(24) or ' '

G'(0) = G'(L) = 0 (Neumann conditions).

Let us for example consider the Dirichlet boundary conditions.

We are led to the Sturm-L10uv1lle problem

(GG (%)) + A0(x)C(x) =
(25)
G(0) = G(L) = 0.

It can be shown ([ SRI Chap. IV or [C-H]) that the A’‘s for
which (25) has a non-trivial solution form an infinite sequence
Kl < A2_<...? +o  of po;itive_reql pumberg going to infinity (these
numbers are called the eigenvalues of the Sturm-Liouville Problem

(25}). To the eigenvalue hn of Problem (25) corresponds a one-

dimensional space of eigenfunctions.

We can ehoose an eigenfunction Gn corrgsponding to ln’

L
normalized by J1 p(x)Gﬁ(x)dx = 1. The basic fact is that a given
o v . H
function £(x) can, under certain mild conditions, be represented by
-3

an infinite series in the G_'s; £(x) = T a_ G (x).
- : n pe1 B R



The case of Fourier-sine series is a particular instance of

this faect (u=1, p=1). Let us make some formal computations. The

functions which appear in Equation (20} can be written as infinite
series in the Gn's (as far as the =X varlable is concerned); we

this have (summations frem 1 to =)

n

£{t,x) =T an(t)Gn(x)}

a(t,x) = bn(t)Gn(x); A ﬁ -

u(to,x) = uo(x) =T ann(x)}
u%(to,x) = ul(x) =T dnGn(x)’

At least at the formal Ievel, plugging these series into

Equation (20), we obtain

Pp(t) + ApPy(8) = 2, (0

e .
n r

(26) _ bn(to)‘

9

1

'
bn(to)

Since it is easy to solve (26), we have an expression of

u(t,x) in terms of series representing £(t,x), u(to,x) and u;ﬂb,x).

These formal calculations explain why it is so important to
determ1ne the eigenvalues of the Sturm-Liouville Problem (25)., 1In
these nofes, we shall deal with generalizations of the situation we

have just described. ' ‘

For mbre details on Sturm-Liouville probléms and their
eigenfunctions expansions, we refer to [C-H], {srR] Chap. IV and [FO]

(for the case of Fourier series), or [D-M].

i

cC. GENERALIZATIONS

27. Let us. now consxder 8- v1bratin membrane

homo eneous

,'whose
position at rest is represented by a bounded regular domain {1 in B..

10



We are again interested in transverse vibrations of the menbrane (i.e.
normal to the plane mz). We denote by wu(t,x), (t,x) € RX Q, the

amplitude of such a vibration.

In order to make things simpler, we shall assume that no
external force acts on the membrane, and that the membrane is either
i :
fixed on its boundary 00 (this is a drum) or free. The corresponding
X -

admissible functions in the sense of n2 10-11 are in CZ(Q), and

assumed to vanish on the boundary 91 when the membrane is fixed
(no condition when the membrane is free). We denote the density of
the membrane by b, and its tension by W. The kinetic energy of

the membrane is given by N

(28.1) B (w) = £ p J 202 (¢, x)ax,
{

and the potential enmergy is given by K times the increase of area

of the membrane, i.e.

u J£(1+|vxur2(t,x))1/2 - 1] ax, '
Q

which we shall approximate (under the assumption that the vibration

is "small", compare with n® 3-4) by
1 2
(28.2) E () = Zu leul (t,x)ax,
o
wvhere gu is the gradient of ' u in the X-variable, i.e,. (in
Cartesian coordinates)
_ (du du R _
gu{t,x) = (3§ (t,x), % (t,x)), if x = (xl,xz),
1 2

and where lx|2 = x% + xg, for x € R<,

In order to derive the laws of motion of the membrane, we

again use Hamilton's principle.

11



.‘We‘dgfine

t
" - 2 ! - ' . . L
(29) J(u) = % .{ J\ED(%%)z(t,x)-ulvu|2(t,x)]dt dx,

ty ¢ o o _

and we seeﬁ admissible functions u, such that for all admissible

functions v, with v(t,x) =0, v(tz,x) =0 for all  x, we have

(30) é%J(u+av)| o =0.
g=

If we plug (29) into (30}, we obtain

t : . i

2
J\ \[ lp %% %% - u(gulyv)ldt dx =0, -
t; 0 '

wvhere (.|.) is the scalar product in rZ.

1f we apply integration by parts in the t-variable, and
Green's formula in the x-variable (n being the inner unit normal to

20), we obtain

B, o t,
(31) (p ——% + wAwv dt dx - uvlguln)dt ag = 0

AN
.t
\_‘1:1 Q N . ty 19
SN 824 82
where Au = =(=——5 + —3) {Note our sign convention), and
bxl bxl

40 = arc length on Q.

If we take Vv with coﬁpact support in the x-variable
(inside ), we deduce {hat u must satisfy the two-dimensional

wave equation

2
(32) p 2-U(t,x) + ubu(t,x) = 0 in RX Q.
bt . . :

1If we deal with a fixed membrane, we have to impose the

condition that u and v vanish on »Q, so that the second term

i2



in (31) is always O; we then have the boundary condition (Diriechlet

condition)

(33D) u(t,x) = 0 for all (t,x) € R X 2Q,

If we deal with a free membrane, we can take a v in c“(mxn)

so that (31) and (32) imply that u must satisfy the natural boundary

condition (Neumann condition)

(33K) {vuln) = 0 on mX 20

t

(We shall write %ﬁ = (vu|n)).
For more details, we refer the reader to [C-H] Chap. IV §10
p. 242 ff and [PY] p.7.

As for the vibrating string, we can now apply the method of

separation of variables, and we have to deal with the following

problem
(AU(x) = AU(x) in 0,
U(x) = 0 on 31 (for (33D)),
(34) ;
or
%E(x) =0 on d2 (for (33N)).
w

Problem (34) is far more difficult than its one-dimensional
analogue (25). As was shown by H. Poincaré at the end of the 19EE
century, Problem (34) addmits a non-trivial solution for values of A
which form an infinite sequence of non=-negative numbefs, which goes

to infinity, (Os)ll 5_12 =... .- Given an eigenvalue kn of (34),
thé vector space formed. by the sglufioné-of Equation (34) with, l=ln

is finite dimensional (its elements are called eigenfunctions as-

sociated with hn, and its dimension the multiplicity of ln).

In these notes we shall be interested in_ﬁroblems similar

to Problem (34) with 0 (a domain in) a differentiable manifold, and’
: {
13



A an operator which will generalize the ordinary Laplacian in r2,

We shall not go into any further details now. The reader

interested in Problem (34) may read the appropriate chapters of (rsl.

35. Let us now indicate a generalization of the above situation.
In certain problems of elastiecity, dealing with non-homogeneous media,
one has to consider an expression of the potential energy of the

following form
(36) Ep(u) = [~ Q(x,vu) dx,
9}

where Q(x,.) is a positive definite gquadratie form on Rz whose
coefficients are functions of the space variable (in some mechanical
problems Q{x,.) deseribes the tensor of constraints). If we plug
the expression (36) into (29), and if we apply Hamilton's principle,
we obtain an equation similar to (32) with an operator AQ which

generalizes 4, Ve shall meet such expressions later, Q(x,vu)

will then be associated with some Riemannian metric on the manifold

Q-

D. OTHER POINTS OF VIEW

Let us now look back at what we did in paragraphs A to C.

The energy or Dirichlet integral

L
(1) E(u) = J (u;)2dx (in the case of.the vibrating
0 string),
(37) or
(ii) E(w) =J Ivulzdx (in the case of the vibrating
n membrane),

plays a prominent role. To this energy integral, the wvariational

approach associates the Laplacian

14



(iy 4 = - éiﬁ or -é%(u(x)é%) (one—dimen;ional case),
(38)
32 52
(11) & = (=5 + =) (two-dimensional case).
bx1 bxz

(We_use the minus sign for convenience: we shall keep this

convention throughout this text).

Having in mind the eigenvalue Problems (25) and (34), and
recalling Lagrange's multipliers methed, we also introduce the

Rayleigh (-Ritz) quotient

L L
(i) R(u) =.I (u;)de /.{ vZax (one-dimensional case),
0
(39)
(ii) R(u) = f\lvu|2dx / [ uax (two~-dimensional ease),
Q

where u is not identically zero. Indeed, if we write

é%R(u+ev)‘ = 0, we find, say with (39ii),
) e=0

{40) J‘<vu,vv) dx = R(u) J\ uv dx.
( 9]

Assume that (40) holds for all functions Vv in CS(Q), and

let R(u) = A\, Integrating by parts gives

Au=Au in Q (A as in (38ii)!).

SUMMARY ~ THE MAIN CHARACTERS OF THIS PLAY ARE
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. the energy or Dirichlet integral ‘leu|2dx,

. the (positive) Laplacian A& (positive refers to the sign

(41)
convention made above n? (38) and (47ii) below},
. the Rayleigh (-Ritz) quotient  R(u) = ~[|vu|2dx / u?dx.
0 Q1
42, In the preceding paragraphs, we have shown how the partial

differential equations governing the vibrations of an elastic string
or membrane can be deduced from Hamilton's principle, once we know
the expression of the ;nergy. These partial differential equations
iﬁvolve the Laplacian A. The method of seﬁaration of variables led
us to some eigenvalue problems for the Laplacian. These eigenvalue

problems are related to the extrema of the Rayleigh quotient R(u)
(or equivalently to the extrema of the energy Q!vu|2dx, under the

constraint [uzdx = 1).
Q

We shall now explain how these considerations are related to

other points of view or formulations.

43, Let us first deal with the point of view of partial dif-

ferential equations (P.D.E). Let ( denote an elastic membrane which

is fixed along 0 and submitted to a trans¥ersal force £. In order
to find the equilibrium position of the membrane, we have to look for

local extrema of the energy

E(u) = ‘[ Ivulzdx + J‘ f(x)u(x)dx.
[0 Q
This leads us to the boundary value problem (compare with §A; the

admissible functions are required to vanish on (19}

lau(x) + £(x) = 0 in (, with the boundary condition
(44)
u(x) = 0 on »0, ‘ .
16



Multiplying (44) by any function v in CZ(Q) we obtain,

afterAintegration by parts,

(1) J (vu,yvidx + J‘ f(x)v(x)dx = 0
Q

0
(45)

(ii) J‘ udv dx + Jﬁ F(x)v(x}dx = 0
0 0

If u is twica differentiable and satisfies (44), we say

that u is a classical solution of Equation (44). If u is in

1
loe

of Equation (44) in the sense of distributions. If u and |vul

Iyoe(R) and satisfies Equation (45ii), we say that u 1is a solution

are in Lz(ﬂ) and if u satisfies (45i)}, we say that u is a weak
solution of Equation (44). We do not want to go into technical
details here, for precise definitions and results see ETS], [G-T] or

Cswl.

It turns out that it is much easier to prove the existence
of a weak solution than that of a classical solution. Once the
existence of a weak solution is proved (e.g. by using Hilbert Space
methods énd appropriate Sobolev spaces), one has to prove that +the
weak solution is indeed a classical solution: one has to prove interior

regularity in Q, and regularity up to ©ofl. Note that the bilinear
form I {vu,yv)dx  in Equation (45i) is just the bilinear form
Q

associated with the quadratic form giving the energy, J‘ ]vujzdx.
. Q

46. We have seen (n? 21-26) that it is very important to solve
the eigenvalue problem Au = Au in 1, with some appropriate
boundary condition, e.g. the Dirichlet boundary condition u =0 on
2. The Laplacian A is a linear (partial differential) operator.
We could view it as a linear operator from Cz(ﬂ) inte c%(Q) but
this is-not so good if we want to consider the efgenvalues of 4, Wer

17



could also consider & as a linear operator from c® (1) into (D).
it turns out that this is not an appropriate choice because the,
c*~topology is too complicated and because Equation (45i) is so much

related to the 12-inner product in €, {(u,v) ? Ju(x)v(x)dx = (ulv)
Q

(if we deal valued functions or (u,v) - i{ﬂx)a(x)dx, if we deal
with complex valued functions). It turns out that the good choice is
to view A as an unbounded linear operator on LZ(Q), with domain
C:(Q); this means that we consider A as a linear operator from the
dense linear subspace CZ(Q) of L2(Q) into L2(Q). Spectral
theory was devised to deal with such operators. The Laplacian has

the following properties
(474) ¥ u,v € 02(“) (hulv) = (uldv),

we say that 4 is a symmetric operator;

(47i1) ¥y € cz(n) (Aufu) = J |vu12 z 0,
Q

we say that 4 is a positive operator.

1t follows from a theorem of Friedrichs ([R-8] Vol. II) that

A  can be extended to an unbounded self-adjoint operator Ae in
LZ(Q). The manner in which this extension is made depends on the

boundary conditions which are imposed on 1998

In the finite dimensional case, there is a very strong
relationship between self-adjoint operators and quadratic forms.
This can be generalized to more complicated situations. For example,
in order to study the Laplacian A one can study the quadratic form

given by the energy integral u - J‘ [vulzdx (see Formula 47ii).
2]
Let us deal with an example. If we want to study the

eigenvalue problem

18



Au = Au in Q,

(48)
u(x) = 0 on 20,
flvulzdx
we look at the Rayleigh quotient R(u) = —9~——————'.
I u2 dx
0

In order to study R(u), we have to determine what are the
admissible functions, For u in Cm(ﬂ), we define

T2 = Luz(x)dx; leu(x)Ide. We call H'(Q) (resp. HL(D))

the completion of C”(Q) (resp. Ci(ﬂ)) for the norm ”'"1' Let
H.Ho, Hu”i = .L u2(x)dx, be the Lz-norm. Since Hu"o = "u"l for

u € ¢®(Q), we have
HZ(0) © 1h(@) = L2(0).,

The admissible functions for the Dirichlét problem are the
functions in VHi(Q) (we would take Hl(ﬂ) for the Neumann problem).
Since Q is g compact set, the inclusion Hi(ﬂ) < Lz(ﬂ) is compact
(this is the case for Hl(ﬂ) < Lz(ﬂ), under some regularity conditions

on ?Q2),

From this it follows that

(@) = inf[R(w) | uf0, u € HL(Q)}

~

is achieved on a subspace El(ﬂ) of Hi(ﬂ); EI(Q)‘iS characterized

by the property

u € El(ﬂ) @y y € H;(Q), I(vu,vu)dx =_11(ﬂ) ‘[uv dx.
¢ ’ Y]

In order to find the other eigenvalues, one has to consider

19



the orthogonal H(l) of EI(Q) in Lz(ﬂ). One then defines

2,(@) = meR(w) | wfo w € B 0 EJLL. see ne TII. 18 £1.

This manner of dealing with the eigenvalue problem (48) is

very close to the underlying physical properties.

For example, consider two membranes 91,92 with the same
physical properties and such that @, ©Q,. We then have Hi(ﬂl) =
= Hi(02), and we conclude that 11(01) = xl(nz): the smaller drum

has a higher fundamental tone.

As was already alluded to before, a Riemannian metric g on
Q may account for some physical properties (stress,...). Assume
that one is given  with two Riemannian metrics By and o such
that for any tangent vector U, gl(U,U) < gz(U,U). Then, for any u
in CZ(Q), one has R(u;gl) 2z R(u;gz) (recali that R involves the

dual metric) and hence xl(n,gl) z ll(Q,gz).

We shall see in Chapter III n2 26 that there are variational
characterizations of eigenvalues which are very similar to fhe one
above for 11(9) (it is good to keep the finite dimensional case in
mind). These characterizations are very important because they are
very close to the original physiecal problems through the Rayleigh

quotient.

Tt will be important in the sequel to keep in mind the

physical motivations we described in this chapter.

Further references for Chapter T: Partial differential equations:

EB-J—S],EES],EGN],EGT],[PY],[TL],ETsl,EWR],EwsJ; Spectral theory:
[aN1,[R-81,[SW] and [BZ] for functional analysis; other possible

references for motivations and results: teel,le-ml,[cul,lTL].
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CHAPTER IT

TOPICS FROM RIEMANNIAN GEOMETRY

A. GENERALITIES

The purpose of this chapter is to introduce the basic objects
we shall deal with in the core of these notes (Chapters IV to VI):

Riemannian manifolds, cﬁrvatures,“the covariant defivative...

The reader interested in Riémannian geometiy itself is
referred to [B~G-Ml Chapters I and 'TII, [C-E] or [COJ], for move

details and proofs.

All manifolds we .shall consider will be C° connected

manifolds (unless otherwise stated).

1. A Riemannian manifold (M,g) is a manifold M equipped

with a Riemannian metric g: <for any point x in ;H’gi is a scalar

broduct on the tangent space TxM which depends ¢® on x (thié‘

can be checked in a local coordinate system).

2. Examples
(a) (B", can): the space R" equipped with the usuaiEuclﬁ#mn

structure is a Riemannian manifold; we can also consider : (Bq’gA)f
where A is a C° map from R® to the space S,(n) of po§iti§é
definite symmetric n X. n matrices on R" and gy (x,¥) = (A§ly)f
for any vectors x,y. in BR® . (here <(.|.) denotes the usual |

Euclidean structure). We can also restrict our attention to a smooth

bounded domain D in Bn; in that case could represent a-strain

Ep
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~ tensor inside the body D.

We call (Hn, can) the Riemannian manifold (B,gH) where

n

B is the open ball centered at 0, with radius 2 in R; for U,V

tangent to B at x, is defined by

€
' 2
g0, = (1 - 121572 w|v)

where |x| is the Euclidean norm of the vector x in Rr",

This Riemannian manifold is called the n~dimensional hyperbolic space.

(b) Let £: M+ BY  be an imbedding of a manifold M into R,

The induced metric .g on M is defined as the pull-back by £ of

the cancnical metrie on RN; for any vectors U and V in TXM,

1

we define - gﬁ(U,V) (f*U]f*v) the scalar product in‘-]RN of the

images of U and V by the tangent map f*"to f, A very important

N

instance of such a Riemannian submanifeld of R is the canonical

n+1

sphere (Sn,lcan), where S° _is the unit sphere in R with

induced Riemannian metric, 8" = [x E_Bn+1! (x|x) = 11 (For example
s' in ®%).

(e) The Riemannian product (MXN, gXh) of two Riemannian

manifolds (M,g) and (N,h) is defined in such a way that Phythagoras
theorem be true: if (U,¥) (resp. (u’,v')) are tangent vectors at

{x,y) in M X N, then
(xh) (U, V), (B!, v')) = g(u,u’) + h(v,v'),

For example, the n-torus (Tn, can) is the product of n

copies of (Sl, can) {see Example (b) and Example 4{(d)).

3. An_isometry f: (M,g) + (N,h) between two Riemannian
menifolds is a diffeomorphism f between M and N such that
£%h = g, i.e. for any x in M and U in TM, hf(x)(f*U,f*U) =
= g, (U,0). ‘
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4, Examples (continued)

(d) Let (M,g) be a Riemannian manifold and let G be a
discrete group of isometries of (M,g), such that the quotieﬁt Space

M/G = N is a manifold.

It is then clear that one can define a Riemannian manifold
(N,h) = (M/G,g/G). For example (Tn, can) defined in 2(¢) is
isometric to (Bn/zn,can/zn). Other tori can be defined as follows:
let G be a lattice in R" i.e. G = e Z+...te 3, where Loy, e ]
is a basis of R"., We can define the torus (Tg.can) as (K'/G,can/G).
The tori (Tn,can) and (Tg,can) are not necessarily isometric

(they are howewer always diffeomorphic).

. Another instance of such a situation is the canonical

Riemannian metric on the projective space BPn. We can view TRP" as

the quotient of the sphere. gh by the antipodal map which sends the
point x in 8" to -x. We can then write RP"= Sn/{l,c}. We
define the Riemannian manifold (RP®, can) as (Sn/{l,c],can/{l,o})
because O is an isometry of (Sn,can) . (it is induced by the

symmetry about 0 in R®RMY),

From the definition of the quotient Riemannian manifold
(M/G,g/G) it follows that one can also define a natural Riemannian

metric on a covering space M over a Riemannian manifeld (N,h).

For more details see [B-G-M] Chap. I, [CO] Chap. 1.

5. A Riemannian invariant is a funetion F defined on- the space

of Riemannian metries on a manifold M, which is invariant under
isometries. This means that F is in fact a function on the space

of Riemanhnian structures on M, i.e. on the quotient space of the

space of Riemannian metrics by the group of diffeomorphisms. For

example, we do not necessarily want to view the Riémanni&n manifold

Rn+1

(s",can) as the unit sphere in’ with induced metric; any other
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isometric representation can serve. Any positive definite guadratic

fprm on R" with eonstant coefficients gives rise to the same
: n

R;eiannian structure on R": (R", can).
é. ' . Secaling. Given a Riemannian menifold {(M,g), . one has a

whole family of Riemann1an manifolds (M,ga) which are obtained from.
(M,g) by multiplying the Riemannian metric g by the positive
Qnstant a : ga

weight r, i.e. satisfy F(ag) = a'P(g). Since dilating the metric

= ag. A Riemannian invariant F(g) may have a

1s very often a trivial operation, we shall be mainly 1nterested in

Riemannian 1nvariants w1th weight 0. . This will appear in a crucial

vay later on.

7. On a Riemannian manifold one can define the length of a curve

et [0,1] » M by

1 .
ie) = J g(a(t),e (£ 2at,
0

whe;é e(t) #s the velocity vector of .fhe curve.
. 1 - N

~ Ofie can now define the Riemanmian distance -{x,y) or Xy

béiWeen two points x and y of (M,g} as the infimum of the

leﬁéths of the curves in M going from x to y.

Cgﬁfion. Let us consider (Sz,can) in RS3. Tt shall ‘be clear
1a£§r on that the Riemannian distance=between -two amtipodal points
is Q;; ~we have to consider curves lying on Sz, not curves going

thr@ugh the ball, For this reason, the Riemannian. distance on-a

submanifold of R s also referred to as the intrinsic distance

(vgiextrinsic distance).

8. Properties
(i) & is a distamee (in the sense of metrie spaces) and’
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this distance defines the .same topology on M as the one given with

the differentiable .manifold structure;

(ii) A classical theorem of H. Hopf and W. Rinow ([CO]
Chap. 7 or [B~C] § 8.2) states that 4f the metric space (M,d) is
complete, then any two points x,y in M can be joined by a curve

{(called shortest path?Awhose length is exactly dix,y).

g. Variatiqhal;argumenfs show that a shortest path is carried
by a geodesic. Geodesics aré-cﬁ}Qeé ﬁhich‘gatisfy a certain second
order (non-iinear) differential equation on M, see n® 41, Giver x
in M and U in TXM there exists & unique geodesic ¢y Starting
from- x with velocit& vector U at ka ‘An assertion in the Hdpf—
Rinow theorem states that cU(t) is defined for all values of t if
and only if (M,d) is a compléte metfic Space. In that case one

says that (M,g) is a complete Riemahmian manifold.

From now on, all Riemannian manifolds are assumed to be

complete (unless otherwise stated).

Geodesics are always parametrized proportionally to arc-
length and are locally lengih minimizing (for e small enough, ¢
is a shortest path between the points c(t) and c(tse)).

The geodesics of (Sz,can) are the great circles. A shortest

2 is the piece of a great circle

path between two points =x,y of &8
through x ﬁnd ¥y with smallest length. Antipodal points are
joined by infinitely many shortest paths. Any two points of £he
sphere can be joined by at least two géodesics one of them éf‘shaﬁmst

length (two ares of a .great circle vassing through x and. y).

10. The, diameter Diam(M,g) of -the Riemannian manifold (M, g)

is defined by

Diam(M,g) = sup{d(x,¥} : x,y in M]}.
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It is finite if and only if M is compact. - (As indicated above

(M,g) is already assumed to be complete).

11, Let {xl,...,xn] be local coordinates near a point p in

M. 1In these coordinates, the metriec g can be represented by the
A _ ] d

matrix (gij), 255 = g(sgz, bxj)‘ The measure

[Det((gij))ll/zdxl...dxn does not depend on the choice of a local
coordinate system (use the theorem on change of variables in an

integral). It defines the canonical Riemannian measure which we shall

denote by vg (or sometimes simply by dx) ([ B-G-M] Chap. II.A).
Given =& continuous function £ on M, we shall write

f f(x)dvg(x), f fdvg or simply f £ for the integral of the
M M M
function £ on M.

12, Properties Let (M,g) be_a Riemannian manifold. Then

(i) Vog = 8 Vi

1/2

(i1} Diam(M,ag) = a Diam(M, g)

if dimM=n (a > 0); see n2 6.

12. Given a point x in a complete Riemannian manifold (M,g),

define the exponential map at the point x, exp : T, M + M as follows.

Given a vector U in TXM we define expx(U) as the point
cU(l) on the geodesic cy issued from x with initial veloecity

vector TU.

For n® 7-13, see [B-G-M] Chap. II.C, [CO] Chap. 3 and 7%,

or LC-E].
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B. CURVATURES: The geometric point of view

As we shall see in a minute, there are several notions of
curvature. These Riemannian invariants are very difficult to grasp
and we will meet them under various circumstances. We first give
definitions of a geometric flaver. (See [B-G-Mj Chap. II.D and E,
Lcol chap. 4 and 8 or [C~E], [B-C]).

14. Sectional curvature. Let x be a point in (M,g) and let

P be a (2-dimensional)plane in T M. Ve call Cp(r) thelimage,
under thé exponential map expx, of the cirele centered at 0, with
radivs r, din P, This is a curve in (M,g), whose length we call
Lp(f) (if (M,g) is not complete the map exp, might not be
defined on the whole of TxM’ but it is always defined on a small

ball centered at 0 in TXM).
It turns out that one can prove the following estimate

2
(15) t(r) = 2mr(1- I a(@)ro(r?))

as 1 goes to zero ([B-G-MI Chap. II.E.III).

The number o(P) which appears in (15) is called the

sectional cur¥ature of the Z2-plane P at X. This defines a function

on the Grassmannian Gm,z(TxM) (the set of 2~-planes in TXM) and,
when x varies, a funetion on Gm,Z(M) the Grassmannian bundle over
M (see (NN]). 1In dimension 2, this is only a function on (M,g).

When (M,g) is a surface in BS, with induced metrie, the secﬁmnal

curvature coincides with the Gaussian curvature of the surface

(product of theprincipal curvatures), see [HF]. When dim M is

bigger than 2, this is a much more complicated object.,

16, Comments. The fact that Lp(r) ~ 2rr as r goes to zero,

means that a Riemannian manifold looks like Euclidean space in the
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small. The faet that there is no second order term in (15) comes
from the fact that in a "good" coordinate system centered at p in

M{xl,...,xnl, (namely the one given by ?xpp). one has gij(o) = 845

deg, .
and —3-1(0) = 0.
k
Local calculations show that the curvature involves second

order derivatives of the metric. )

17. Examples.
{a) As is easily seen (see Fig. 1}, in the case of the canonical

2-sphere. (or more generally n-sphere) we have

_ 2
¢ (x) = 2nsin r = onr(1- % + 0(r))

which shows that ¢ = 1 on (S?,gan);

i Fig.1
|
(n) It is even easier to see that o0 = 0 on (R", can),(I‘g,cm/G);
\
| ' . ‘
(ec) Exercise., Consider the Riemannian manifold (H",can) given

in Exampqu3(a5J‘ ﬁhow that the geodesies issued from 0 -are the
rays issued fromajd /kHint: use the differential equation and the
- - .J-'

fact tha?;{ﬁé(image of a geodesic by an isometry again is a geodesic).
Compute the length of the curve t -+ (tr,0) where r < 2. Show that

" for any 2-plane P in ToHn, L,(r) = 2nshr. Conclude that o(P)=-1.

Tn fact one ecan show that given any two points x,¥y in

(H",can) there exists an isometry f of (H?,can) such that
28
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f(x) = y. It follows that o = -1. for (H®,can).

18, Remarks.

By adjusting the definitions of (S",can) and (Hn,can5
(scaling) one can easily construct the simply connected Riemannian
manifolds ($§,can) whose sectional curvature is constant and equal
to k {(any real number). They are called space forms. - .If 'k > O
($E,can) is homothetic to (S%,can); if k.= O ($g,can) is just
(R™, can); if k < 0 ($ﬂ,can) is homothetic to (H",can) ([coOl

Chap. 8).

The sectional curvature is a very strong invariant. 'Any
Riemannian manifold (M,g) whose sectional curvature is constant

equal to k, is locally isometric to ($£,can): ‘given any point x

in (M,g), there exists a neighborhood of x which is isometric
fo a neighborhood of a point in ($E;can). This local property is
in fact global when M is simply—conﬁectedf a simply-conneeted
complete Riemannian manifold (M,g) with constant sectional curvature
equal to kX is isometric to ($E,can)t (These results are known as

E. Cartan's theorems,[B-G-M] Chap. II.E.III).

19, An Example.
We denote by cP"  the complex projective space (complex
T i
lines in €™y i.e. ¢®N\{o}sc™.

2n+2

_ We can identify ‘¢n+% and R ; so that the unit spﬁére
2n+l n+l 2 2
5 is the set {(Zo’zl"'”’zn) €¢ | |z°| +"'+|Zn]. = 1}.
The circle S acts on S2ni1. by ,ei?izo“.”zn); (Zoext--p:%f}t)-

It is easy to see that €P" is diffeomorphic to Szn+1/sl. -Here
we view . CP" as a real manifold., Let p: Sznfl -+ CP“ the projection

2n+l1 n+1_.

map. Given x in S y - we.let Hx' denote the space c

orthogonal to the complex line C€x of Cn+1 (dimcHx = n). The
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tangent map to p defines an isomorphism pT from Hx onto

T GPn. We define a metrie g on ¢P? as follows. Given any

I‘H-l) .

p(x)
vector X in H_ we let g(pT(X),pT(X)) = |X|2 (norm in €
This metric g turns the map p into a Riemannian
submersion p: (Szn+1,can) -+ (¢P",g) with fibers s, This means
that p is a (differentiable) submersion and that the tangent map
Txp +s an isometry from the orthogonal to the tangent space to the
fiber at x onto the tangent space to €P® at p(x). The geodesics
are easily seen to be the images under p of the great circles of

S2n+1

which are orthogonal to the fibers of p. One can show that
the sectional curvature of a 2-plane P in T¢P" 1lies between 1

and 4 ([BS] Chap. 3).

20. The sectional curvature measures how geodesics diverge from
one another (this should he at least intuitive from the ﬁery definition

of sectional curvature: see n2 (15)).

Let us make this statement more precise. Let us consider a
point x in the manifold (M,g), and two geodesics cl(t), cz(t)

such that
(i) e;(0) = ¢,(0) = x;
(21) (i1} e¢7(0) and cp(0) form an angle A;

(iii) cl(t), cz(t) are parametrized by arc-length.

22, Since geodesics are locally length minimizing, it follows
that for t small enough, the Riemannian distance d(x,ci(t)) is

just equal to t. Let us consider the geodesic triangle

{x,cl(tl),cz(tg)} whose sides are the minimizing geodesics between
the vertices (t;,t, are assumed to be small). Let us call T(t},%,))

the length of the side from cl(tl) to cz(tz).
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Let us now ecall {§,61(t1),62(t2)} a geodesic triangle on-
($E,can) where X 1is in ($§,can) and where Ei(t) are geodesics
satisfying assumptions analogous to (21). Let us call Tk(tl,t2)
the length of the side from El(tl) to 62(t2) (again t;,t, are

assumed to be small enough)., See Fig. 2.

Fig.2

23. Definition

We say that the sectional curvature o = o(M,g;.) of (M,g)
is bigger than k if for any 2-plane P in TM (i.e. any point =x
in M, any 2-plane P, in TXM), ¢(P) > k (one defines 2, <, <

similarly).

We then have the following comparison theorem

24, Theorem (i) (Rauch)

Let (M,g) be a Riemannian manifold whose sectional curvature

satisfies o ® k (resp. o < k) then, with the notatiqng of ne? 22,
we have

T(ty,t,) sik(tl,tz) “(resp. T(t;,t;) * Tk(tl,tz)),.
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forléll geodesic triangles constructed an in n2 22, for tl,t2 small
enough.

¢1i) (Rauch-Alexandrov-Toponogov)

If o=k then T(tl,t2) H] Tk(tl’tz) _holds for all geodesic

triangles cqnstructed as in n® 22 (vhatever the size of ty,ty).

This theorem is difficult; see [C-E] Chap. 2 for more

precise statements and proofs, see a}so [s1] for a survey.

25, Ricei curvature. Given a point x in the Riemannian manifold

(M,g), it is easy to show that exp, is a local diffeomorphism from

a neighborhood of 0 ini‘TxM onto a neighborhood of x in M. The
* ‘

pulled-back measure expx(vg) has a density with respect to the

Lebesgue measure in TxM‘ Using polar coordinates in TxM’ (t,u) €

- *
€ E{;x gh 1, we can write expx(vg) = Bx(t,u)dt du, at least for
n-1

t small enough. More precisely, let ¢X: I{;X ) + M be defined

n-1

by ¢x(t,u) = expx(tu), where § is the unit sphere in (:QLgkL

*
Then ¢xvg = Bx(t,u)dt du. The following expansion holds

2
(26) et = - B (ww)s 04%)) (me=dinm W,

as t - goes to zero ([ B=G~M] Chap. II.E.III).

Here rx(u,u) is a quadratic form in u, whose associated

symmeiric bilinear form is called the Ricei curvature at x (we shall
often forget the index x in a_,r ). The function 8, (t,u) is the
density of the Riemannian measure viewed through the map ¢x. See

also [BS] Chap. 6 p. 154.
27, “Comments

The fact that 8_(t,u) ~ T goes to zero means

that the Riemannian measure  is asymptotieally,.Euclidean.  The Ricei
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curvature measures how the Riemannian measure differs from the )

Euclidean Lebesgue measure, at least infinitesimally, Let u be a .
unit vector in T,M -and let _[u,ez,...,en}. be an orthonormal basis
of Tfo. Let p, = fu,ei] denote the Z2-plane spanned by the vectors

u and ey in TXM. We then have

(28) r (u,u) = I a(p,).

It follows from Formula (28) that the Ricei curvature of
($E,can) satisfies r{(u,u) = (n-1)k, for any unit tangent veetor

u or equivalently r = (n-1)k ean.

Formula (28) also shows that an assumption on the Ricei

curvature is weaker than an assumption on the sectional curvature.

Let us mention the following important theorem which relates

the Ricci curvature and the diameter of the manifold (M,g).

29, Theorem (Myers) |

Let (M,g) be a complete Riémannian manifold whose Ricéi

curvature gatisfies r(u,u) * {(n-2)k> 0 for any unit tangent vector

e

Then the diameter of (M,g) satisfies
Diam(M,g) < 7A/k,

and hence (M,g) . is compact, Furthermore-the fundamental group

m, (M) is finite. (Lcol chap. 9, [c-E] Chap. 1}..

The following comparison tﬁeorem will be of utmost importance

in the sequel.

30. " Theorem

'

Let (M,g) be a n-dimensional Riemannian manifold whose
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Ricei curvature r satisfies r{u,u) 2 (n-1)k Zfor any unit tangent

vector u, k any real number. Let Bﬁ(t) be any geodesic ball with

radius t in ($§,can) (all such balls are isometric). Then

(i) (Bishop)} For any point x ;g M and t in R,

vVol(B(x,t)) = Vol(Bﬂ(t)) (B{x,t) is the geodesic

ball with radius * and center x in (M,g));

(ii) (Gromov) The function

t Vol(B(x,t))/Vol(BE(t))

is non-increasing. ([B-C] or [GV11),

31. Caution. Reverse inequalities when r(u,u) £ (n-1)k DO NOT

HOLD (exept when n =2 or n = 3).

32, Curvature versus scaling. Let (M,g) be a Riemannian

manifold and let c: [0,11 + M be a curve., If the length of ¢ in
(M,g) is equal to L, then the length of ¢ in (M,ag) (where

a >0) is +aL. If we denote by o(M,g) the sectioral curvature of
the Riemannian manifold (M,g), it follows from (15) that

o(M,ag) = a”! o(M,g) (a > 0); the sectional curvature is Riemannian
invariant of weight -1 (see n? 6). The products Diam(M,g)zU(M,g),

VOI(M,g)z/nU(M,g), are therefore Riemannian invariants of weight 0.

Let r{(M,g) = r (resp. rmin(M,g)) denote the Ricci
‘ . r{u,u), .
curvature {resp. 1nf{§TﬁTET’ u € TM, u # 0}) of the Riemannian

manifeld (M,g).

33. Fxercise. Show that r(M,g) is a Riemanndian invariant of
weight 0, and that r , (M,g) is a Riemannian invariant of weight
-1 (Hint: use formula {28} and the fact that r(M,g) 1is a bilinear

form on TM).
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c, THE COVARIANT DERIVATIVE

34, Given a manifold M and a function f: M - R, one can
define the differential of f, df as follows. Let p be a point
in M and U a tangent veector in TpM. Let {xl,...,xn} be a
local coordinate system centered at P. The function f ecan then be

viewed as a function f(xl,...,xn). We let

[ =1

~ of
dfp(U) = g;i(O) u,

i=1

n

if U= Z uy 3%—. It is easy to prove that df is invariantly
i=1 i

defined on TM. A straightforward computation shows that

%s
(gifgg_(o)) 1=<14,j=n, does not define an invariant object on M,
LN |
unless dfp =0,

One of the main features of Riemannian geometry is that to a
Riemannian metric g on a manifold M, is naturally attached an

intrinsie notion of derivation.

Let Uu{M) denote the vector space of (¢~ vector-fields on

35. Theorem and Definition.

Let (M,g) be a Riemannian manifold. There is a unigque map

D: a(MIXU(M) » ua(M)

(X,Y) » DY,

X

with the following properties (for any X,Y,Z in a(M) and f in
c” (1))

(1) X.g(v,2) = g(D,Y,2) + g(Y,Dy%);

(i1) DyY - DX = [X,Y];
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N
(iii) D is R-=-bilinear;

(1) Dgyy¥ = £ DY

y :
(v) Dy(£Y) (X.£)Y.+ £ DyY.

"This map D is called the lLevi-Civita connection of the

Riemannian manifeld .(M,g). ([B-G-M1, II.B. I. 4, p. 24).

36. Exercise. Using Property (iv) above, show that (DXY)(x)

depends only on the value Xx _of the vector-field X at =x.

Caution:; the same property does not hold for Y, see n? 39(3).

37. Metrics and Connections on temsor products. Let {ei 2 be

’ * . ]
an orthonormal basis of T_M. ILet {ei}g be the dual basis in
T;M, the dual space of TxM' We extend By to a scalar product
- * *
g, on T/M such that the basis {ei}? be orthonormal.

* *
Exercise. Show that the matrix (g..} of g in a local coordinate

ij
; =1 . .
system ixl,...,xn} is (gij) s thg inverse of the matr;x (gij)

of the metric g.
&
We extend g_ to a scalar product on @pTxMQQTxM by

taking an orthonormal basis {ei]? of T_M and by requiring that

. *
the natural basis of ®pTxM®qTxM deduced from {ei}g be orthonormal.

We can slso extend the Levi-~Civita connection on tensors.
For this purpose we require that Leibnitz rule be true, e.g. if
", - *
U,V,X are sections of TM and if W is a section of T M, we let

‘(using the same symbol D for the extension of the connection)

(1) DX(UﬁY) = (D UI®V + UQ(DXV),
(38) '

(11) X. (WD) = (DW)(V) + W(DLU).

36 -



We also define D,f, for £ in C°(M) as X.f., This
extension of the Levi-Civita connection satisfies properties similar

to those of Theorem 35.

39. Exercises. ‘
: b«
The "musical" isomorphisms TM # T M are defined as follows:
*
for u in TM and f 4n T M, we let
#y
g{u,f") = f£(u), and

b

u = gu,.).

(1) Show that for all X,Y in A(M),

b b

DX(Y ) = (DXY) .
(2) Show that for all X in (M),
; . . 2 *
X8 = 0 (view g as a section of @°T M).

(3) Let p be a point in (M,g) and let (U,F) be a chart centered
at p, i.e. U is an open set in M, gontaining P .and

F: U~ F() c R s a diffeomorphism, witﬁ F(p) = 0. Let
{xl,...,xn} be 1oca1.coordinates on U. Let X,Y bérvéctor-fie}dg

on M, whose expressions in (U,F) are

b

n n
d _ e A
z Xi(xl""'xn) 3;;, E Yi(xl""’xn) 3;;. Show- that" there'éexist

1é1 i=1

v et

¢® functions on U, P;k’ sﬁch that DXY is represented by the
vector-field _ ‘ R
n n by

i n
i, 1 >
izl{jflxj(xr..”xn)[bxj(xl,.-.,xn) + Z ijﬁﬁj.u,ﬁgYﬁkr..“ﬁfj]S;Tr

L

Compare with Exercise 36, The coefficients ?;k are called the

Christoffel symbols of the metriec g. e .
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{(4) Let p im ¥, and u in TpM. let YI,Y2 be vector-fields
on M in a neighborhood of p. Let et J-a,al » M be a € -curve
such that ¢(0) = p and ¢’(0) = u. Assume that for all t in

r = =
l-a,al, Y (c(t)) = Y (c(t)). Show that D Y, = DY,

(5) Find the Levi-Civita connection on (R, can) (Hint: compare it

with the usual derivation of a vector-field).

(6) Let D be the Levi-Civita connection on (Sn,can), and let D

n+1

be the Levi-Civita connection on (R ,can). Let X,¥ bhe vector

fields on s", sShow that they can be extended to loecal vector fields
on Bn+1,ﬁ,f, and that for amy x in 8", (DgY)(x} is the
orthogonal projection of (ﬁif)(x) on TXSn (Hint: use Theorem 35

and Exercise 39(4)).

40, Let c: J-a,al * M be a C -curve in M. A vector-field

L]

along ¢ is a C map X: 1-a,al + TM such that X(t) is in

To (1) for all t 4n 1J-a,al. It follows from Exercise 39(4) that

one can define Dc:(t)x; We say that the véctor-field X is parallel

along the curve ¢ if Dc:(f)x =0 1 v all *%.

. Ip a local coordinate system {xl,...,xé} near the point
e{0), we can write c¢{(t) as the curve (Al(t),...,An(t)) in =",
and ¢’(t) as the vector (AJ(t),...,AJ(£)) in R". Let (X (t)}]
be the coordinates of X(t) in this coordinate system. According to

Exercises 39(3) and (4) the condition Dc:(t)x = 0 c¢an.be written as

g A% (t) bei(A (£),00eph (£)) + z ij R (A (£), 00,8 (£))]=0

g=1 J

or

n
(41) Atk (8) + £ AL jk X (1) =0, 1sisn

jok=1 I

{where X is an extension of X in a neighborhood of c(0). .and

X (Ay (£), 0 00,85(1)) = X (1))
338



Equation (41) is a system of ordinary differential equations
on J-a,al. Given a vector u in Tc(O)M’ one can‘therefore find a
vector field X -along ¢, such that Dc:(t)X = 0. A geodesic is a
curve c{t), whose tangent vector c¢’(t) is parallel along c(t),

Dcr(t)c’(t) = 0,

42, Remark, The map u -+ X(t) where X is the parallel vector-
field along e, such that X(0) = u, is called the parallel
translation along c¢. This very important notion can be generalized

to tensors on M.

Exercise. Let c(t) be a curve in (R", can) and let u be a
vector at ¢{(0}, Find the parallel vector-field X(t) along e,
such that X(0) = u, ‘ .

For § ¢ see [B-G-M] Chap. II. B, [COJ] Chap. 2, or LC-E].

D. CURVATURES: The analytie point of view.

43, The curvature tensor R of the Riemannian manifold (M,g)

is defined as follows. Given X,Y in (M) one defines the
map R(X,Y) from a(M) . to A(M) by R(X,Y) = EDX,DYI - DEX’Y],

i.e. for any U in A(M),

R(X,Y)U = DX(DYU)_~ Dy (DU} - DEX’Y]U.
Caution. The sign of R may differ from one book to another.

44, Properties.
(1)  For any X,Y 'in (M), R(X,Y) + R(Y,X) = 0;

(i1) The map from a(m® to u(M), which associates
R(X,¥)U to (X,Y,U) is in faect a map from (TxM)3 to T.M i.e.
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(R(X,Y)U(x) depends only on the values of the vector fields XY,

U, at x (we say that it is a tenmsor).

Proof. Use Theorem 35 to show that for any f,g,h, in C (M) . and
any X,Y,U in (M), R(fX,gY¥)(hU) = fgh R(X,¥Y)U (i.e. that R is
c"(M) =-3-linear) B

45, Definitions. (Caution with sign conventions)

Let us define the tensor R(X,Y;U,V) by

(i) If P is a 2-plane spanned by {X,¥}, we define the

sectional curvature <o of (M,g) on the 2-plane P by

o(P) = R(X,Y¥;X,Y)/g(XAY,XAY), i.e. o(P) = R(e,fje,f) if {e, £}

is an orthonormal basis of the 2-plane 7P;

(ii) The Ricei curvature of (M,g) is defined by

for any vector X in TxM, where [ei}l is any orthonormal

sesa,ylt

basis in T.M;

(iii) The scalar curvature u of the Riemannian manifold

(M,g) at =x is defined by

™M

R(ei,ej;ei,éj) = r(ej,e‘),

( n
j_— j—] N

i, j=1

where {ei}' is any orthonormal basis of’ T M. The scalar curvature

is a function on (M,g).

46, Claim. These definitions coincide with those given in n? 14

and 25.
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47, Notations.

In order to make things explicit without statements, we will
often use the following obvious notations Sect, Sect(M,g); Ricei,

Ricci(M,g); Scal, Scal{(M,g). (see [B~G-M] Chap. 11, [col chap. 4).

48, Let £ be a C° function defined on the Riemannian manifold
(M,g}. Let X,Y be two vector-fields on M. We denote by DAf(X;Y)
the one-form Dx(df) evaluated on the vector-field Y. The
R-bilinear map Ddf is called the Hessian of f and denoted by
Hess f (with respect to the Riemannian metric g). According to

n? (38) we have.

(49) Hess f(X,Y) = X.(d4f(y)) - af(D,Y).
50. Proposition.

The Hessian of a €% function f, Hess f, is a symmetric

two tensor i.e.

(i} (Hess £(X,¥))(x) depends only on X, and Y, ;

(ii) Hess f£(X,Y) = Hess f£(Y,X),

Proof., Use the fact that being a tensor is equivalent to e (M) -

linearity and Theorem 35, B

This proposition answers the guestion which was raised in
n? 34, and generalizes for 2nd ordef derivatives the well-known
Schwarz theorem on functions of several variables. An important fact
in Riemannian geometry is that Schwarz theorem no longer holds for

higher order derivatives.

Let f be a C° function on M and let X,Y,Z be three

vector fields on M. The following lemma holds.
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51. Lemma . ' .

(Dy (Dya1)) (B) = (Dy(Dydf))(2) = (Dpy y7dN(@) = -r(x,vart,2).

Proof. Write (using n? (38) the first term in the left-hand side as

1

(DX(DYdf))(Z) X.((DYdf)(Z)) - (DYdf)(DXZ)

X.[Y.(af(Z)) - df(DYZ)] -VY.(df(DXZ)) + df(DY(DXZ)),

and a similar expression for the second term. This gives

([Dy; Dy TaE)(2) = [X,¥].(af(Z)) - df([Dx,DY]z). Then use the definition

of the curvature tensor to conclude that

-af(R{X,Y)Z)

(IDy,Dy1af)(2) - (DEX,Y]df)(Z)

1

R(x,v;aft,2),

using n¢ 45 and n? 39. W

52, Take an orthonormal basis {ei}g at x in M.  Using n2 40,
one can extend {ei}g to a local orthonormal frame {Xi}? such that

Xi(x) = e, and (DX Xj)(x) = 0; from Theorem 35(ii), we deduce that
i

[Xi,Xj](x) = 0 ' and from Exercise 36, we conclude that
(D[X X ]df)(x) - 0, TFinally, we deduce from Lemma 51 that
i’
N x 3 % . - et
([Dxi.DX']df)(Xk) = DUH(X, X 5K )DL (X 5K, 5K ) = R(X,,Xy5df )

J
(the second equality is a notation), which shows that Schwarz theorem

does not hold for derivatives of order 3, unless R=0, We can view

the curvature as an obstruction to commuting derivatives.

53, The vector-field df#, dual to the 1I-form df, which appears

in Lemma 51 is called the gradient of f; it deperids on the

Riemannian metric g whereas df does not.
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Further references for Chapter II: Introduction to Riemannian

geometry: [CL] Chap. 111, [MR], [SI]; Riemannian geometry: [B-C],
LB-G-m], [c-E], [col, [kei, Lski.
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CHAPTER III

THE LAPLACIAN AND RELATED TOPICS

ALL RIEMANNIAN MANTFOLDS ARE ASSUMED TO BE SMOOTH, CONNECTED
AND COMPLETE

Unless otherwise stated, vector-fields, forms, functions...

will also be assumed smooth.

This chapter is mainly devoted to the Laplace-Beltrami
operator (or Laplacian) acting on c”-functions on a Riemannian

manifold (M,g).

A. STARRING: The Laplacian and the Rayleigh quotient.

1. let (M,g) be a Riemannian manifold, with Levi-Civita
connection D. Given a smooth vector-field X on M, one defines
the divergence of X with respect to the Riemannian metriec g, as

the function Ding (or simply Div X) defined by
(2) (Ding)(x) = Trace {u - DUX} (x),

where the trace of the endomorphism u - DuX is taken in TxM.
Given an orthonormal basis {el,...,en} of T.M (n =dimM), one

can also write

n
(3) (Divgx)(x) = 121 g(D;X,e,).
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P
Note. When {el,...,en] is an orthonormal basis we use the

notation Di instead of De o
i

4. The Laplace-Beltrami operator (or Laplacian) acting on c”

functions is defined by the formula

. _
ATf = -Divg(df#)

#

where df is the gradient of f (see n® I1.53). We shall also

£
write A instead of A (Notice our sign convention: compare with

III.11{c)).

The following proposition gives useful formulas for. the

Laplacian.

5. Proposition. Let (M,g) be an n-dimensional Riematinian

manifold, D its Levi-Civita connection and A .its Laplacian. Let

{el,...,en} be a local orthonormal frame near the point p in M,

Let f be a € function on M. The following formulas hold

(i) 4&f(p) = “Trace Hess f{(p), -

the trace of the bilinear form Hess f(p) in TpM or equivalently

Af(p) = ~

) Ddf (e  (p)je, (p))

[ -]
[}

(see n2 II1.48);

(i) - Af(p) = -

™M=

\ i[ei-(ei.f) - (Diei?;f}(p);

(iid) Let {x;,...,%x_} be a local coordinate system centered
_— 1 n

at p. Let gij(x) = 3(3%;. 3%f) and v = Def(gij)l/z} We denotg;
] - J ST L

by (g'’) the inverse matrix (g..) %

1}
Laplacian is

. The local expression of the
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D, ij
—(g v
bxi‘

n
~1 T
i, j=1

(A2)(xp,eeesx ) = Lv :ij FICIPPRREIRY

{(iv) Let [cl(t),...,cn(t)} denote geodesics such that
= S -
c;(0) = p and c;(0) = ei(p)‘

The function AFf ecan be caleulated at p by the following

formula

n d2 ‘
(Af)(p) = - & —| - (foci)(t);

2
i=1 dt =0

o

(v) lLet p be a fixed point in M and let h be a C

function on B;. For r = d(p,x) small enough we assume that the

function x + h(d(p,x)) = f(x) is ¢® (for x # p, near p). Ve

can write x = expp(ru) (for r in P; and u in_the unit sphere .

n-1

5 of TpM) and exp;(vg) = 8(r,u)drdu {see II.25).

The following formula holds {(near ©p)

. Fs '
(A£) (x) = -h* (d(p,x)) - 8 (i 3) h’ (d(p,x)),

where h' and h” are derivatives of h and 8'(r,u) = %%(r,u).

Proof. Tﬁe-aésertions (1) and (ii) follow from the definitién of &
and from the definition of Hess f, see Exercise III. 39(1) and
ne II. 48.

(iii) Let V = vaxg .. .dx be the local volume form which
represents the measure vg in the local coordinate system. A
classical result ([B-G-M] Chap. II.G) states that given a vector
field "X, the Lie derivative"SXV .is just Divg(X)V or equivalently,

since V is an n-form, d(iXV) = Divg(x)v. Writing X as

n

)
I X % in the local coordinates, one can deduce that the local
1=1 1%y

expression for Divgx is



(6) Div X = v7!

LI e X =

i

d
L SEI(VXi)._

n
The local expression for df is df = = gi
i=1 i

E3 .
that using the duality betweem TM and T M  induced by the metric

dxi, s0

g, we have ‘ '
2
ij bxi

The assertion (iii) follows from these computations.

(iv) The!local frame {el,...,en] can be obtained from
[el(p),...,en(p)} by parallel translation along the geodesics issued
from p. In particular (see n? II.41) we can choose e, such that

ei(ci(t)) = c;(t). It follows from this choice of {ei] that

. .
(1)  (e,.(e,.£))(p) = 9~ foe, (t) , and
i i dt2 i
t=0

(ii) (p, ei)(p) = 0. It suffices to apply Assertion (ii)
i

and the definition of Ddf (Notice that the final result is

independent of the choice of the local orthonormal frame [ei}).

(v) See [B-G~-M] Chap. II.G or [cL]. B

7. Cqmments. The definition of A% given in n? 4 shows that‘

Ag is invariantly defined on (M,g) and that Ag is a Riemannian
invariant. DProposition 5(iii) shows that 4 is a 2nd order .
linear differential operator whose leading terms are

- g gij o The function £ -+ *(g g) whose expression
DX.0%X . " g ’ ?

i, =1 i" "3

n . *
in local coordinates is X giJ gigj is well defined on T M and
i,3=1 ' ' ' '

is called the principal symbol of the operator A, For x in M
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+ by 82 g;(;,g), 1t

follows that & is elliptic (see [G-T) and [NN] Chap. 3); this fact

*
the principal symbol maps TxM into IR

will be very important in the séquel. Proposition 5(v) shows that
the Laplacian A is strongly related to the Ricci curvature through
8(r,u) (see n2 II1.(26)). We shall use this property later on. Some
of the formulas in Proposition 5 can be deduced from the fact that

4 is the Friedrichs extension of the quadratic form wu - leulz

({R-s] Vol. 1I).

8. Let (M,g) be a Riemannian manifold with boundary. The

boundary ®M of M is a Riemannian manifold with the induced metric

g|dM. We use the following notations

a) % = M\OM (the interior of M);
b) a, the Riemannian measure on (dM,g|dM);

e¢) VvV the unit normal veetor-field on 0OM, pointing inward.

.FROM NCWw ON ALL .RIEMANNIAN MANIFOLDS WILL BE ‘ASSUMED TO BE
COMPACT unless otherwise stated.

The following theorems are standard (see [LG] p.204)

9. Divergenée Theorem. Let X be a C” vector—field on M.
Then
J‘(Divgx)(x)dvg(x) = _I g(k,V)(i)dag(x) = - ‘[ (x,v)(k)aag(x).
M oM oM )
10, - Green's Theorem.- Let f,h be C° functions on M, Then



(i) .[{h(x)ﬂf(x) - g(vh,vf)(X)}dVg(x) = f h(x)(V-f)(x)dag(x)
M M

(ii) : j[h(x)ﬁf(x) - f(x)Ah(x)]dvg(x) =
M

= J h(x)(v.f)(x) - f(x)(v.h)(x)}dag(x)
M

wvhere ¢f = df# is the gradient of f with respect to the Riemannian

metric g on M (see n¢ 1I.53),

i1, Remarks.

(a) In the sequel, we will simply write, e.g. for (ii)

j(hAf-fAh)’dvg = J '{h(v.f)-f(v.h)}dag.'
M M

(b} Both theorems are true under more general assumptions: M
could be non~compact, provided that the integrations be in fact
performed on compact sets (e.g. T, and X with compact
supports.,..); one.can also weaken the regularity assumptions on
X, h, £ (e.g. Theorem 9 works for X a Cl~vector-field...), or on

8M (dM might only be piece-wise smooth).

{e¢) In order to make things clear let us insist that our
Laplaeian is written - £’ on R and that our normal VvV points

inward.

Before we go any further with the study of the Laplacian,

let us introduce some basic objects (compare with Chapter I n%43ff),

12. . Ve denote by LZ(M,vg) or simply L2(M), the space of

measurable functions £ on M such that Jff(x)lzdvg < +=, This
. . M
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space is a Hilbert space with inner product (f|h)0‘= J fhdvg, and
. B M
norm "f“o = (fli’)g;/2 (we shall mainly deal with real-valued

functions; when dealing with complex-valued functions we shall use

(f[h)0 = j fﬁdvg as inner product).
M

We denote by C_(M) the set of ¢® functions on M, with

compact suppoirt in ﬁ.
We define a norm on C (M) by

ﬂfﬂl = {j lf(x)|2dvg(x) & J [dfiz(x)dvg(x)]l/z
M M

where |af£]2(x) is the sguare of the norm of the l-form .df(x) in

i te. 1d2]2(x) = g (af(x),dE(x)) = g, (v2(x), v (x)).

.} for the

We shall now use the notation (. '>x or K.

natural scalar products on tensor products above the peint x in M

(see n¢ 11.37) and {{.|.?} for the integrated inner product. TFor

example
*
(df|df>x = gx(df(x),df(x)), and
({at|az?) = J <dfldf>x dvg(x).
M
The norm “'”1 is associated with the inner product
(2lg), = (£le), + {({aflag)?
on co(M).
13. Let us recall that C”(M) and C(M) are dense in LZ(M,vg)

for the norm H.ﬂo. The closure of €~ (M) (resp. Cz(M)) in L?(M,vg)
for the norm “.“1 _will be denoted by Hl(M,g) (resp. HéﬂM,g)) or
50



simply Hl(M) (resp. Hi(M)). The following inclusions are continuos

{with the natural norms)
Hi(m) c vty = 120,

These spaces are called Sobolev spaces (see [G=-T]),

Let ﬁs point out that whereas L2(M,vg) only depends on the
measure Vg (M being a fixed manifold), HI(M,g) and Hi(M,g)

1
depend on the Riemannian metric itself since {{af |ag)’ does.( )

The elements in Hl(M) are L2~functions on M, with first
derivatives (in the sense of distributions) in L2(M) (see [G-T]

p. 142), If ®M = ¢ then Hi(M) = glom.

The following theorem is standard ([G-T] p. 160 or [NN]

Chap. 3).

14. Theorem. Let (M,g) be a smooth compact Riemannian manifeld

with boundary (possibly empty). The inclusion maps

) L), )+ Py, lll),  ang

Gi) @ e,y -+ alenv,lll)

are compact (or éompletely continuous): the image in L2 of a

bounded set in H1 or Hé is relatively compsct.

15, Remark. The theorem remains true under weaker assumptions
on the regularity of ®M; however the second assertion might be

false if 3M is too irregular,

(1) Here, we consider H1 6r Hé equipped with the norm “'"1’ and
not only the spaces of functions, which do not depend on g

because M is compact.

§1



E. EIGENVALUE PROBLEMS ON RIEMANNIAN MANTFOLDS T.

Tn these notes we shall be interested in the following

.-eigenvalue problems:

(16C) (M,g) is a compact Riemannian manifold without boundary,

Au = Au (closed eigenvalue problem);

(16D)'- (M,g) 1is a compact Riemannian manifold with boundary,

. ]
Au = Au  in M,

{(Dirichlet eigemvalue problem);
u=20 on AM, -

{16N) (M,g) is a compact Riemannian manifold with boundary,

o

Au=hu in N,

(Neumann eigenvalue problem),
v,u=90 on OM, .

where V¥ is the unit normal vector-field on JM, pointing inward

{(see n2 8). |

This means that given the compact Riemannian manifold (M,é),
we look for all numbers A for which there exists a nontrivial L
solution u in C~(M) of the (boundary value) Problem (16C), (IGDX
or (16N). . i

Notice that if u is a nontrivial solution of one of the
Problems (16), then the corresponding number A must be a nomegative

real number (apply Green's Theorém 10{(i) with h = f = u).

.17, The numbers » for which (16%) has a nontrivial solution
u in ¢®(M) are called the eigenvalues of problem (%), * = C;D or

N. The corresponding functions u, called the eigenfunctions of

problem (%) associated with the eigenvalue 4, form a vectorspace

whose dimension is called the multiplicity of the eigenvalue A,
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18, Theorem. Let (M,gz) be a compact Riemannian manifold and

/
let (*) be one of the eigenvalue problems (C), (D) or (W) of ne 1a.

(i) The set of eigenvalues of problem (*) consists of an

infinite sequence (0=) 11 < 12 < 13 <...f oo s

(ii) ZEach eigenvalue ii has finite multipliecity and the

eigenspaces corresponding to distinet eigenvalues are _P?(M,Vg) -
orthogonal;

(iii) The direct sum of the eigenspaces E(Ki) i=1,2,...,

is dense in LZ(M,Vg) for the LZ-norm topology and dense in Ck(M)

for the uniform ¢¥-topology, k = 0,1,2,....

19, Notations. From now on, we will list the eigenvalues of

Problem (¥) as (0S) A, <A, <A s... 4% 4o

with each eigenvalue repeated a number of times equal to its

multiplicity. If necessary we will write
Ai’ li(Mrgt*); ;‘i(Mig) or Ai(*)

to point out the dependence on the manifold (M,g)! the eigenvalue
problem * which is considered, or both the manifold and fhe
eigenvalue problem. . |

| To the sequence hl = 12 = AS =... formed by the eigenyalues
of Problem (*), one can associate an orthenormal family ¢1,¢2,.,.
of eigenfunctiops such that ?i satisfies the eigenvalue Problem
(16*) with A = Ay» * =C,D,N. | '

The third assertion in Theorem 18 shows that the sequence .

{¢i}:=1 is an orthonormal basis of ‘LZ(M,vg). For any f in l?(ML

one can write

'—h
[
I p48

: 2 ‘ 2 _ 2
, 1(f|¢i)o¢i in L-sense, and Mzl = . (fi?i)o..

R
-
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: _Let”usnsketch_two.pqssible proofs for Tpeorem,la,

20. let D,, * =C,D,N, denote the following subspaces of

¢ (M), “which-are dense in' L2(m) . i .

oy
Dy = (M) | _
py = {f in ¢(M) | v.f = 0 on OM}.

In order to study the eigenvalue Problem-{(16%), one-is led to view
the Laplacian A ‘as an unbounded operator in: 12(M), with domain. -

D,. It follows from Green's Theorem 10 that A is

Symmetric i.e. for any £,h in D,,

I

(f]Ah)0 At ;

Positive i.e. for any f in Dy,

il

(atle) ((vflvf)> z 0.

A classical theorem in spectral theory (TR-8] Chap. X or

[TRl] Part 3 and [TRZ] Section 3) states that (D*;Aj has a unique
extension (&,,4,) as an unbounded self-ad301nt operator in L?@ngL
The vector-space &, is contained in the subset of functions in
szM); whose derivafi#es (in the sense of distributions) up to order
2 are in L2 0. _The operator A,  is then A ‘viewed on &, as a
differential operator actlng on distr1butions. It must be po:nted
out that (8D,AD) and (5N, N) are quite different operators: they
contain both the Laplacian ‘A 'as a differential operator acting on
distribitions and the bouﬁdarincondltibhs'(Dirichlet'or*Neumann)l
The positivy of 4 implies that (€.,4,) is a positive self-
adjoint operator which in‘turnrimpligs_t@at the spectrum of (£,.,A)
is containeﬁ in .B;. The‘éompacfnesé.and regularity assumptioné on
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M imblyithet"the“ihéiﬁsion “3%54 L2(M}“ﬁié'tohbaét}351t'foiiows
thatafor"l 4 B‘,*'the"iesolveﬁt'th ﬁk)’l’“ie”e eOMﬁactioperetOf in’
L2(M) Theorem 18 follows from the classical results on’ the spectral'
theory of compact operators and from the fact that the Lap1a01an A
is an elllgtic d1fferentia1 operator (for more deta115 see [TRI] and }
[TR2] br EAN] ER s] v°1. II) S T N

21, Instead of look1ng at the Laplac1an 5, one can consider

the D1r1ch1et 1ntegra1 or the Rayleigh (-R1tz) quotient for w in

(M) we defzne‘

"E(u)

[ |du|2 : © (Dirichlet or energy integral);

PEEIP

.R(u)

J Idu[2 I 2vg (Rayleigh quotient),

where J u2vg # 0. TFor motivations see Chap. I, where we pointed out
the two goints of view: operator vs gquadratic form.
Both E(u) and R(u) are defined on HL(M) (see n® 13).
In order to prove Theoremols, one cohéidefs*the'extreme of

R(u) on Hi(M) or equivalently on C3 (M), where

c® (M) ;

H) = 2la),  chon =
Hs(M) = H;(M), cp) = c2() ;-
1 1 o cen )
EgOD = W0, cRon = oan;

denote the sets of admissible functions (see Chapter T, n? 1.9-11)

respectively for the Closed, Dirichlet or’Neumann‘Eigehyalue_proplems.

Tet u: ="inz{R(u) ¢ u € HL (MY, if‘u2 #£ 0},
: PR S T ML e Y
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This infimum exists because R{u) is non-negative for all
2

u. Let {un}i be a sequence in Hi(M), normalized by J u, - 1,
M
S Sk I |
such that W, = Rﬁun) SHy o+ o
.From the definition of R(u) we dedﬁce that, for all n,
Hu 1 = ul + 2. The sequence [un} being a bounded sequence in the
Hilbert space Hi(M), we can find a weakly convergent subsequence
{u) p } in Hi(M) with wveak 1imit v in H.(M). This subsequence
belng bounded in H*(M), its image {ul n] in LQ(M) is relatively
compact and hence one can flnd .a subsequence {vn = u2,n} which
converges weakly to v in H*(M) and strongly to an element u in
LZ(M), Since "Yn“o =1, we have Hu“o = 1. Since strong
convergence implies weak convergence, {vn] converges weakly to u
in LZ(M). The inclusion Hi(M) i LQ(M) being continuous, the
Hl(M) weak convergence of {vn} to v implies the 1.2 (M) -weak

convergence of {vn} to v (viewed as an element of LZ(M)) and

hence u = v.

Finally we have proved that {vn} converges Hi(M)-weakly

and L2(M)-strongly to an element v in Hi(M) such that 1v“° = 1.

From Cauchy-Schwarz inegquality, we deduce that for any £

in Hi(m)

al0F < Tv 05 e} sy + 1+ Ly,

it follows that

(v[f)f < (u;+1)ﬂiﬂi, and taking £ v,.R(v) < u:.

*
Since R(v) =M,

*
infimum ¥} of R(u) on Hj is achieved.

by definition of ul, we conclude that the

Let E,; be the set of all elements v in Hi such that

. *
v=0 or v#O0 and R{(v) = Uy Let v € Ey. For any u in
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(M) and t..small.engugh,in, ; R, ;. we have  R(v+tu) z:.R(v) z.u

Writing that the derivative.at: t =0 of the.function.<t.#:R(v+tu). -,

is zero, we have the following, characterization.of. Ei cviianr

(22) vEER =

From %ﬂ%sléﬁéractgfizétiéﬁﬁéﬁe éanaéonéiudeufha%ﬁuﬁl is a ?“
vector space. Ffom&theﬁfact~thatﬂfheﬁﬁﬂéﬂménéfmﬁVanﬂ *H,Hﬁ-ﬁbrm'!aré

proportional on E;, we conclude (Theorem 14) that the unlt-” U ball

of E1 is compact and hence that E is f1n1te d1mens:ona1 (for the

elementary functlonal ana1y51s we used above see [BZ])

Rty ' b g i L = (B4
23, Summarx. The 1nfimum i X v

Iy LIE[ 2inffR (W) I u € H,.,(M) Y #w0ts TUYY alumeod .j.,'.’

is achieved on a finite dimensional subspace E; of Hi(M) which is

characterized by (22).

BTN o

Given u in Hi(M), we also denote by wu the gradient of

u in the sense of dist¥ibutions (in a loéEI“coordiHate system

n n
gu= % ( Z
i1 §=

sense of distribuiiochs),

The fact that u belongs to ﬁi(M)' means that IUﬁ]
belongs to L2(M02(EFérmula (zzbican?be#written as:follows: “for any

u in E; and any f iq H (M)

: o
J (vu!vf)v ae s
aTa enin s 03 g

which we can stateras«(see;Tad3=45) 1571 . “roasaons o o CoH ;1

"any element u in E; is a weak solution of the igehvalde”

problem (16%)" Cot e T

(The boundary conditions are taken into account through Hi(M)). The *
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-

classical regularity theory of weak solutions of elliptic problems
1
Green's Theorem 10 finaily ‘shows ‘that u ' is‘in faeét a’ classical’

(CG-T] or [TR2]) shows that E, is in fact contained int CT(M)LT
solution of the eigenvalue Problem (16%}: if u is in H% N Cw,

then u = 0 on ON and hence u satisfies (16D); if u is in

HL N C®, then Au=1Au in M (take f in Co(M) and

J {(v.u)f da.g = 0 . which implies- that V,u:;= 0 -on -3M (take £ -

oM o o
in C®(M): compare with n? 1.9 £f£).

24, So far we have'proved thé.éxistenée of the.fi}ét eigenﬁalﬁe
and its finite dimensional eigenspace. Let us denote by L1 {resp.
Hl) the subspace of L2(M) (resp. Hi(M)) which is orthﬁgdnal to
E,- Formula (22) shows that H; < L;. These spaces are closed in
L2(M) and Hi(M) respectively and the inclusion H, c L, is

compact.

We now define

%
by = inf(R(u) | u € Hy, # 0},

Following the same arguments as those used above, we can
*
prove that U, is indeed achieved on a finite dimensional subspace

E2 of H1 which is characterized by

*
u€E, = foramny v € H,, (il.lv)1 = (u2+1)(u|v)o.

Noticing that the right-hand side egquality holds trivially for v

in El’ we deduce that E2 is characterized by a formula analogous

* * )

to (22) (change U, to My in {(22))., It is also clear that
* *

u2 > ul. We can construct an increaSing sequence’ of non-negative

real numbers

* oo v
'e—'»l U-z Ceve - i
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and a _sequence of associated finite dimensional subspaces-of - Hi(M)

which are mutually orthogonal (in_‘Hi(M)g and in - Li(M))«-
Ei;Eé;.;.
Due to elliptie regularity theory, the functions in the
Ei's are ¢ and satisfy the gjgenya}gglproblem (1@#){‘;Notice
that these sequences are infinite because Hi(M) is infinite
dimensional and the 'Ei's"afé'fiﬁite dimehsidnal.
" oL
The sequence [ui} either increases to infinity or is
bounded. If it were bounded by some number, we would have an
infinite sequence {mi} of orthonormal functions in L2(M) (take
L2—orthonorma1 bases in the Ej's) satisfying R(¢i).s U  and hence
el < us1, in mHL(M).
11 L . -
This is not possible because the inclusion Hl(M) d LQ(M) is compact.

Let E denote the closure in Hi(M) of the vector-space
spanned by the vectors in the Ej's. "Assume E # Hi(M). We can
then find a funetion u in Hi(M), orthogonal to all the Ej's in
Hi(M) or equivalently in LZ(m) (because of (22)). It follows that
R(u) = u:‘ and- (u[u)1 2-(u:+1) (u!u)0 for all i, which is impos-
sible because u: tends to infinity. It follows that @Ei is
dense in Hi(M) and hence in LZ(M). The other assertions in

Theorem 18 follow from elliptic regularity results,

For more details see [ SW] Chap. III.

25, Given:. f .1nl'Hi(M);ﬂ one can write
R -] . a -
R(£) = T X2/ £ a2
i=1 14 2

where a, = (f|¢i)°, f#0 (see n® 19),
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1+ This?eéxpression oRisR(£): justifies’a'posteriori the second
proof we sketohbd, for Theorem’ 1857 it also proves: the following
characterization of the elgenvalues and eigenfunctions of Problem

(16%). o

o

o6, +=7:Variational Characteprization:iI.::i(Notationshas in ne? 19)

EBCIEI I S T t“‘ 7‘2: (ARG SR b PRt P LnEnun
The kP elgenvalue (w1th mu1t1p11c1t1es) is
TS TRALaa k. wie i HUT
characterized by
@t owa o varekiol oo EOanaGtIng URnVI e i

whe;éﬁiﬁ 1s taken 1n H*(M) 6¥.1niﬁémtﬁ)hﬁ Further% %E: if u in

: lk" then u

is an elgenfunct1on of Problem (16*) assoc1ated w1th the elgenvalue

Wioonran wl ‘.'-‘I‘_i J ety o twnp Dk gl wmps Gl Lo EE
i

H (M) 1s Lz-orthogonal Lo ¢1,...,¢k 1, and R(u)

Fouog ooty wa SN R NS P SR RN

.- Let us; consider ?\1 inf{R(u) |.w in GO, u#0}. If
we  know enough fgncxiopgﬁggLﬂopﬁwh;gh;we can calculate . R{(u), then
we;kngwggpﬁgpperbpundwfor_ A+ This will turn out.to be very
important; in.the future.. However, if we, want ‘upper.; ‘bounds on k
instead of“;kl, .we have:to know the. e1genfunct10n ¢1 and take u
1.2-orthogonal: to. 9, .. . Things are even more complicated.with Mt
k = 3. The followipg:characterizations: deal with, these difficulties.

27. Variational Characterization II

The following variational.characterization:holds

A = sup inf{R(u) |‘u;L2—orthogonal,to Mg, u# 0},
M i oL A DR -
k-1 SN

where M, , runs through (k-1)-dimensional subspaces of Hl(M) or

s . . - - .

C:(M) . R IR 1 Do I ek
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Proof. Let MM, ;) = inf{R(u) | u L2-orthogona1 to M _;, u# 0},
Take Mﬁ_l =[¢y5..0,8, 11 the vector-space spanned by the
eigengunctions $1se04,8y_1+ Then A(Mﬁ_l) = lk according to the

first variational characterization. This implies that

;:?1 A(Mk41) = Ak'

It is easy to show (by an argument on dimensions) that given
a subspace M, _;, one can find an element v in M; = [¢1,...,¢k]
such that v # 0 and. v L2;orthogonal to M. - .For such a v
one has R(v) =< Ak and hence A(Mk_l) s Ak' This implies that

sup A(Mk_l) =< Ak [ |

Mk-—l
28, Variational Characterization III. (Notations as in n?® 19)
The k™™ eigenvalue (with multiplicities) A is

characterized by

lk = inf sup{R(u) | u in L, u# 0}
Ly

where L, runs through k-dimensional subspaces of Hi(M) or CL(M).

Proof. Taking L, = [¢1,...,¢k] the vector-space spanned by the

eigenfunctions ¢1,...,¢k, we find that
,Ak = inf sup{R(u) | u in L, u# 0} satisfies A S Ay

k
Ly

Let L, be a k-dimensional subspace in HL(M) or L.
Then there exists an element u in Lk such that u is orthogonal
to @1,..4,8, 1. It follows from n® 25 that R(u) = T A.a2/ I a2
1 k-1 . i Aty R 3
J=k J=k -
wvhere ay = (ulsﬁj)0 and hence that R(u) 2 lk' We then deduce that
Akzkk | I
For other characterizations see [BE] Chap. III.
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The following proposition turns out to be useful when one
wants to determine explicitely the eigenvalues and eigenfunctions of

one of the Problems (16%*).

29. Proposition

Let (M,g) be a Riemannian manifold. Let [Vi}:_l be a

sequence of non-trivial subspaces of D,(M) (see n® 20) with the

following properties

(i) For_ all i= 1, there exists a real number Hy such

that, for all f in V

Af = U T;°
i

i,

(ii) The sum I vy (finite linear combinations of elements
i=1

in_the Vi's) is dense in L2(M,vg) for “'“o'

Then the segquence {ui]' is the seguence of eigenvalues of

Problem (16%), up_to increasing rearrangement, and the Vi's are the

associated eigenspaces.

Proof. Exercise 31(2).

One can give an analogous statement at the level of Rayleigh

quotient.

30. Proposition

Let (M,g) be a Riemannian manifold and let {V,}7 , bea
1=

sequence of non-trivial subspaces of Hi(M) with the following

properties

(1) For all i =2 1 there exists a‘real number Uy such

that for all u in V, and all v in HyOD

(u]v)1 = (ui+l)(ulv)o,
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=

(ii) z Vi is dense in L2(M) for ..
| °

Then the seguence {ui] iz the sequence of eigenvalues of

the Rayleigh quotient in Hi(M), up to increasing rearrangement,

and the Vi's are the associated eigenspaces.

o N
Proof. Take (ui'Ei) as in.the proof of Theorem 18.

For u in Vi and v in Ej we can write

(ulv); = (4;+1)(u|v) , and (formula (22))

It

(u|v)1 (u§+1)(u§v)o.

We then conclude that either (ulv)O =0 or My o= u?. fhis fact
and Assertion (i;) show that the sequences {Hi} and {uj} are

equal. The characterization of the E,'s (Formula (22)) shows thaf-"~
(up to an increasing rearrangement on the ui's) vV, © E;. Assertion

(ii) shows that Vy = E;, because V, is orthogonmal to E g Hi. B

31. Exercises
(a) Prove Proposition 29;
(h} Let (M,g) (resp. (N,h)) be a Riemannian manifold without

M

boundary, with eigenvalues AN (resp. ¥y and eigenspaces E
i i A i

(resp. Eg).

Find the eigenvalues and eigenspaces of the product

Riemannian manifold (M X N, g X h); -

(c) ' Let ‘(N,h)-E* {(M,g) be a finite (Hiemannian)‘cbvering i.e.

N2+ M is a finpite covering of manifolds without boundaries and

Describe the eigenfunctions of (M,g) in terms of the -

eigenfunctions of (N,h) (see [B-G-M] Chap. III Prop. A.II.5 p.145);
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(d) Let 9 be a smooth bounded domain in (R", can).

Show that for all i (notations im me 19).

M (R,N) < A, (@,D)

{Hint: use n?@ 26428);

(e) Let 01 = 02 be two smooth bounded domains in (R", can).

Show that for all i (Notations in n2 19)
A, @,,D) = A.(A,,D)
(Hint: use n® 26-28);

(f) Let Qa be a rectangle with sides a and b in (E2,can).

b
H
Find the eigenvalues and eigenfunctions of Problems (16D} and {16N)
in Qa b (Hint: use separation of variables and Proposition 29).
,
When are all the eigenvalues Problem (16D} or Problem (16N) in Qa b
’

simple?

(g Give upper and lower bounds for Al(B(O,l),D) where B{(0,1)
is the unit ball in (R®, can) (Hint: use n? 26-28 and generalize

Exercise (f));

c. EIGENVALUE PROBLEMS ON RIEMANNIAN MANIFOLDS II.

32, Much research effort has been devoted to eigenvalue problems
since the 18th century. These problems arise from (linear)
mathematical models for questions in mathematical physiecs: acoustics,
elasticity, plasma physics, spectroscopy, wave guides.;. These

problems can be roughly divided into two types: direct problems and

inverse problems.
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In a_direct problem, one seeks information about the

eigenvalues and the eigenfunctions of the Laplacian 4% in terms of
geometrical data. It turns out that it is ﬁsualiy not possible to
determine explicitely the eigenvalues or the eigénfunctions (except
when symmetries allow to reduce the originai pfoblem to one-
dimensional eigenvalue problems: see Exercise 30(f)land [CL]'Chap.ID;
Important progress have been made in the field of high-speed
computers which allow reliable numerical computations of eigenvalues,
Although these numerical methods are now used extensively, they do
not discard theoretical investigations on the eigenvalues and

eigenfunctions (see [K-81).

A very important theoretical problem consists in finding
bounds on the eigenvalues. Due to the variational characterizations
of eigenvalues (n? 26-28) it is easier to obtain upper bounds than
lower bounds. It turns out that lower bounds are more interesting
from both the mathematical and physical points of view. TFor example,
lower bounds determine safety limits of some ﬁechanical systems in
order +to avoid suckling: rods, plates, beams,

The most powerful methods which have been developped in order

to obtain bounds on the eigenvalues are the isoperimetric methods.

These methods owe very much to the works of G. Polya and G. Szeg# in
the 40s (see [P-8] or [PE]); we will study them in Chapters IV-V of

these notes.

In an_inverse problem, one assumes that one or several

eigenvalues of the Laplacian. 45 are known and one seeks information
on the metrie g: curvature, form (i.e. topology) of the manifold....
Let us quote Sir A. Schuster (1882) who created the word spectroscopy :
"to find out the different tunes sent out by a vibrating system is a

problem which may or may not be solvable -in certains cases, but it

would baffle the most skillful mathematician to solve the inverse
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problem and to find out the shape of a bell by-means of the sounds
which it is capable of sending out. And this is the problem which
vltimately spectroscopy hopes to solve in the case of light. In the
meantime we must welcome with delight even the smallest step in the

desired direction" (quoted in [G-8] Introduction p.8).

We will not deal with inverse problems in these notes but

for a brief survey (Chap. VII).

However, we shall be interested in an inverse geometric

roblem: one important question in Riemannian geometry is to
praob_em;

determine the global influence on the manifold of {local) estimates

on the curvature. Theorem II.29 (Myers theorem) gives'a partial
answer to this question in dimension n; the Gauss-Bonnet theorem
also gives a partial answer in the two-dimensional case ([ur]
Theorem III p.113). Chapter VI is devoted to an anélytic approach
to the above question. In Chapter V-VI, we shall show how local
estimates on the curvature (after scaling the metric appropriately)
imply bounds on geometric invariants such as the Betti numbers of

the manifold.

Let us now give two examples, one example of an inverse
problem (H. Weyl's asymptotic formula) and one example of a direct

problem (5.Y. Cheng's upper bounds on the eigenvalues).

33.  Let D be a smooth bounded domain in (R", can) i.e. with
the usual Euclidean structure and Laplacian. We consider the

Dirichlet eigeﬂ?aiue problem (16D) in Q

Au = Au in @

u=20 on 0,
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Let us consider a grid with size a in R" 1i.e. the pattern
of cubes in R" made by a lattice (aZ)® centered at an interior

point in {Q: see Figure 3.

; 7
. YA
QL F /
A 77
y v '
. 749 /,"/O
\ o

Fig.3

Let us call Gi {resp. Ce) the collection of all cubes of
the grid which are contained in 0O (resp. which contain a point
lying in ),

Let 81 (resp. Ge) be. the collection of all eigenvalues
{with multiplicities) of all the cubes in €, (resp. Ge) with
Dirichlet (resp. Neumann) boundary condition: an eigenvalue which
appears for iwo different cubes should be counted twice. Arrange

the sets Ei and Ee in increasing segquences {ugl)}?Hl and
uledy= | ’
J j=1

57



Denote by {kj}f 1 the increasing sequence of the
. Cd7g=

eigénvalues of the Dirichlet problem in (i.

34, Proposition. For j=z 1 the following inequalities hold

ule) <a s uld),
3 it

Proof. . Denote'thé-generic cube of the grid by C. Let

L. e 12@), L = L2(C)
1 peg, € ceC .
1 e
1 1
H, =2 H(C) H =@ H(C)
tocee ° 7o cec,

We can view the (open) cubes as disjoint manifolds. We then
have two manifoldas M, =L ¢, m =Ll ¢
* cec, e cec,

{(disjoint unions).

In that case,we also have

.2 _ ol .2 o1
L, = L (Mi), H, = Hb(Mi), L, = L (Me), H, = H (Me).

Proposition 31 shows that {ugi)} (resp. {uge)}) is the

sequence of the eigenvalues of the Rayleigh guotient on Hi(Mi}
{resp. Hl(Me)). In particular, we have the following variational
characterization
(i)
s

= inf sup{R(u) | u in Ly» u# 0} (resp. uée)), where L

Ly

runs through the k-dimensional subspaces of H, (resp. He).

et 0, =U €, 0 =U €. It is clear that O, <0 <0Q .
1 Ceci e cece 1 e
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Since Hi C‘Hi(ﬂi? = Hz(Q? we have
uﬁil 2 A (0, Dirichlet) = A (@, Dirichlet).
Since Hl(ﬂ) < Hl(ﬂ Yenw we have
Lo ] a e
A = A, (Q, Dirichlet) = A (0., Neumann) = uﬁe);

Finally, we obtain uée) = kk = uéi) |

35, ‘Let  N(A) = caralj | A; s 1},

N(e)(l) = Card{j | uge) < A},

8y = caralj | u§1> < A},

Lemma. When A\ goes to infinity the following limits hold

1im A2 3Oy = o) vor(a,)

1im A~0/2 (i)

c(n) Vol(ﬂi)

where c(n) =~ (2r)™™,Vol unit ball in R",

Proof, The eigénvalues of a cube with 'side a are of the form

|=l
wl o

2
k& .where . - -

I Mo

a“ 4=1
 k, € N(Neumann) or ky- € W\ {0} (Dirichlet)
Hint: use separation of variables and Theorem 30.
Counting the eigenvalues less than X amounts to coﬁﬁtihéatﬁe
points with positive integer coordinates inside the ball of
radius ﬁJKZ As A goes to infin.ty the equivalent for the number
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of such points is (2m) P(Vol unit ball in r?) a° 20/2 (3™ Lppears
because we only consider poiﬁts with positive coordinates). We can
interpret a' as the volume of a generic eube in the grid.

The Lemma follows from the definitions of uél) and uie) »

3s. Theorem (Weyl's asymptotic formula)

Let (! be a smooth bounded gset in (R", can).

Let {kk}: 1 denote the sequence of eigenvalues of the

Diriehlet eigenvalue problem for the Laplacian in £, Let

N(A) = card{j | Aj < A}. The asymptotic behavior of N(3) is given
by

N(A) ~ e(n)Vol(@)a"/2 as A -+ = (e(n)=(2m) Vol unit ball in R™).

Proof. Take a grid as above and notice that one can take Vol(Qi)
and Vol(ﬂe)- very close to Vol{l) by taking a small.

Compare with [C-H] Chap. VI.4 and Chap. VII.14[R-s], $XIII.158

37. Remarks

(1) Weyl's formula also holds for any of the eigenvalue

Problems (16): see.nQ Vii.1ll;

(ii) Weyl's_formﬁla shows that if we know all the eigenvalues
of fl, say for the Dirichlet eigenvalue problem, then
we know the dimension n of { and its volume
Vol(1). This is an example of an answer to an inverse
problem: the knowledge of the Dirichlet-spectrum of Q

gives both the dimension and the volume of Q.

38. Corollary. For 1 as in Theorem 36 we have
' -2/n 3 2/n’
AL(Q) ~ e(n) ) .
‘j 7 o ‘Vol ) ‘
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Our next result is an example of .an answer.to a direct

problem.

39. Theorem. Let (M,g) be an n-dimensional Riemannian manifold

without boundary, whose Ricci curvature is bounded from below by

(n-1)k (k in R):

Ricci(M,g) & {(n-1)kg.

Let r be less than the injectivity radius of (M,g).

For any x in M, the following inequality holds

ll(B(x,r),Dirichlet) = ll(k,r)

where hl(k,r) is the first eigenvalue for the Dirichlet problem in

a geodesic ball of radius r in the space ($E,can) with constant

curvature k (see n® II.1B)}.

40. Comments.
(1) The injectivity radius Inj{M,g) is the largest r such

that for all x in M, exp, is an embedding on the open béll of

radivs r in TmM. When M is compact this number is (strictly)

positive ([ C-E] Chap. 5).

(2) It follows from Theorem. 18 and Green's formula (Theorem 10)
that for a Riemannian manifold with boundary (N,h), +the first
eigenvalue ll(N,h,D) of the Dirichlet eigenvalue problem is
(strictly) positive. For the Closed or Neumann eigenvalue problems

the first eigenvalue is O,

(3) All the geodesic balls of radius r in ($ﬂ,cah) are
isometric so that the definition of ll(k,r) in the theorem makes

sense,
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(4) In fact, Theorem 39 alsc holds for radii larger than
Inj(M,g): see S.Y. Cheng, [CGl.~

Proof. It can be shown ([CL], Chap. I1.5) that the first' -
eigenfunction of the Dirichlet eigenvalue problem in the ball B(p,r)
in ($£,can) can be written as ¢; = 9(d, (p,.)) wvhere @ is a
positive funection and dk(p,.) is the Riemannian distance function

to p in ($E,can).

Let B(r,u) = B(r) be the volume density in (éa;can)

viewed through exp,, (see n® II1.25). The function ¢ 'satisfies

97(s) + 45 g7 (s) + A (k,T)0(s) = O;
8(r)
®(r) = 0;

CPC.

From this equation it follows that ® is decreasing.

For x in M, 1let f(y) = @(a(x,y)) where y € B(x,r)
and d(x,y) is the Riemannian distance in (M,g) '(thié vrocedure

is called transplantation: see [BE], [P-sl).

From the first variational characterization of eigenvalues

(n% 26) we can write

AI(B(x,r)) = J ’|df|2 / [ o f2 *  because f
B(x,r) "B(x,r)

vanishes on the boundary of B(x,f). Let 'G(S;u) denote the volume
density in (M,g) viewed through exp,  (n® II.25).
Pulling back the above integrals to: TxM~ we obtain
: . S oo : : ,
J laz]? - J J (9 (s))%(s,udds du, - e
B(x,r} sl Zg
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, . o
J £2 - J .J ©2(s)8(s,u)ds du.
n-1

B(x,r) 5 0

Integration by parts gives

r

, . .
lag]? - [ J P(s){-0"(s) - B—a—(s,u)fp'(s)}e(s.,u)ds du.
B(x,r) g1 Jg
41, Lemma. With the above notations and under the assumption

Ricei {(M,g) 2 (p-l)kg, we have
s (8(s,0/8(s)) S 0

for s gmaller than 1Inj(M,g).

For a proof see [B-C] Chap. 11.10; this Lemma is the key-

point in the proof of the Bishop-Gromov comparison theorem {(n211.,30).

Now since w’(s) < 0 we conclude that

J‘Idfl J J‘ e(s) -9"(s) - %%(S)m'(s)}e(S,u)ds du =
r ' 5 . -
=, (x,r) J ' J mzcsja(s,u)ds du [ ]
. . Sn"]- . o L ‘ .

42, Corollary. Let (M,g)  be an n-dimensional Riemannian -

manifold_without boundary, whose Ricei curvature is bounded from

below by (n-l)k i,e, Ricci(M g) z (n-1)kg. Let D denote the
diameter of (M,g) and let {K (M)] 1 denote the eigenvalues of

the closed eigenvalue problem on V(M,g) counted w1th mu1t1plic1tles.

The following inequalities holds

Ag(M) S X (k,D/2(n-1)), for m * 2 (recall that A, (1)=0),

where ll(k,r) denotes the first eigenvalue for the Dirichlet.
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eigenvalue problem in a ball of radius r in the space ($§,can).

Proot. Take x and y in (M,g) such that d(x,yj =D and
consider a shortest path (see II.8) from x to y. One can find
Xyseea, X, oOR this path such that the open balls B(xi,D/z(m-l)) are
pair-wise disjoint.

Consider the vector-space in Hl(M) " spanned by the m

functions fl,...,f where

m’

18% eigenfunction (for Dirichlet) in B(xi,D/z(m—l)),

0 outside B(xi,D/Q(m-l))-

This subspace has dimension m. By Theorem 39, for any u in this

subspace R{u) = Al(k,D/2(m-1))-

Corollary 42 then follows from the third variational
characterization of eigenvalues (n2 2R8) |

P

43. Comments.

Corollary 42 says that the eigenvalues of (M,g) can be
estimated from above in terms of a lower bound on the Ricei curvature
and an upper bound on the diameter. The estimate given in Corollary

42 is not satisfactory fof several reasons.
FTor k and n fixed, we have 1lim rzll(k,r) = e(k,n)
20
: . +
(this follows from the fact that a Riemannian manifold is

asymptotically Euclidean), It then follows from Corollary 42 that

1in D?m™2\_(M) < ¢,(k,n). Recall that Weyl's asymptotic formula
mu:

reads 1im m~2/M Vol(M)z/nhm(M) = e¢(n), and notice " that both
me

Diamz(M,g)Km(M,g) and Vol(M,g)z/“km(M,g) are Riemannian

invariants of weight 0 (see n? II.6).
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It is easy to explain why Corollary 42 does not give an
estimate compatible with Weyl's asymptotic formqla. We took a
shortest path from x to y, so that we acted as if (M,g) were
one—dimenéional and we therefore found m_2/1 instead of m"2/n

and its "l-dimensional volume" Diam(M) = D instead of Vol{(M,g},

its n-dimensional volume.

In order to get closer to Weyl's formula, we have to fill
the Riemanniah manifold with balls. The following argument is due
to M. Gromov ([GV1]). For a given e > 0, let [xi}fi;) denote a
maximal set of points in M suech that the balls B(xi,e) are
bPair-wise disjoint and 5 B(xi,2e) = M. Let bk(r) denote the

i=1

volume of a geodesie ball with radius r in $E.

Applying Bishop's comparison Theorem (I1.30(1i)), we can write

N(eg)
Vol(M,g) £ Z Vol B(x,,2¢) S N(e) b, (2e).
i=1

The 3rd variational characterization of eigenvalues (n? 28) and

Theorem 39 give

(44) )(M)g) = All(k,E)-

A
N(e
For k and n fixed, we have

. 2
lim € Al(k,e) = ¢4 (k,n)

e=0
lim b, (2e)e™ = ¢, (k,n)
€20 k 2

. n ., Vol(M,g)
im N(e)e® = "l

and finally we obtain the estimate

1im km(M,g) Vol(M,g)2/Fm-2/n = c3(k,n)
Mes
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which is very close to Weyl's estimate.

In fact, (44) shows that one can estimate the eigenvalues
Rm(M,g) from above in terms of a lower bound on the Ricei curvature

and the volume.

In [GV1l], M. Gromov also gave lower bounds for the

eigenvalues lm(M,g), in terms of Ricci and D1ameter.

More precisely, let Toin ~ inf{Ricci(u u) i u € UM} . Assume
that r D1am (M,g) = (n 1)& Then there exists a constant C(a,n)

such that

(45) A (M,g) Diam(M,)? = c(a,nin?/™

for all m= 2.

We shall prove such an estimate in Chapter VI {our constant
will be better than Gromov's and our method guite dlfferent) In view
of Weyl's asymptotic formula, one can ask whether one can replace

Diam(M,g) - by Vol(M,g)g/n

in (45), as we did above for the uppexr
bounds. In V.32, we will give a counter-example showing that (45) -
is best possible qualitatively: a general lower bound on Am(M,g)
must depend on a lower bound on the Ricci curvatﬁre and an upper

bound on the diameter.

46. Remarks.

(1) Theorem 39, Corollary 42 and (44) give partial answers to a

direct problem (find information on the eigenvaiues in terms of

geometiric data).

(2) As the vartational characterizations show, to a stronger
stress correspond larger eigenvalues of 'given rank,  This should be
kept in mind together with our motivations from mathematical physies

in Chapter I.
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Further references for Chapter I1I: [aN], [B-J-s], [B-g-m], [BN],
(Bz1, [e-nl, [crl, [EsI, Lwsl.
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CHAPTER IV

ISOPER IMETRIC METHODS

Tn this chapter, we give the bagic ideas concerning the

isoperimetric methods together with'some direct applicdfiohs.

A, MOTIVATIONS: THE FABER-KRAHN INEQUALITY.

Given (I, a smooth bounded domain in R®, we denote by

Kl(ﬂ) the first eigenvalue for the Dirichlet eigenvalue problem in

n
’

*
Q; we denote by Q the Euclidean ball centered at 0 in R

whose volume is equal to Vol({l). The following inequality holds

{1) 11(0) x 11(0*) (Faber-Krahn's inequality).

This ineguality was stated in dimension 2 by Lord Rayleigh
in his treatise on the theory of sound (CrH], Section 210; this is
still a very stimulating reading). The proof of inequality (1) was

given independently by C. TFaber and E. Krahn in the 1920s.

2. Sketeh of the proof of the Faber-Krahn inequality.

3. Lemma, Let f be any eigenfunction associated with the

first eigenvalue A, of the Dirichlet problem in . Then ot is

(strictly) pesitive or (strictly) negative in the open set Q.

Proof. Since ¥ € Hi(ﬂ), we have |[f]| € Hi(ﬂ) and R(f)=n(|f[)=x1
(G-T] §7.4). It follows that |f| also is an eigenfunction
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associated with A; (II1.26) and hence |f| € cZ(2) n c®) vy
elliptic regularity theory ({G-T] Chap. 8). jﬁow, acle]) = Allflzo
(recall our sign convention on A)} and it follows tﬁat inf|f|

is achieved only on. dR, unless f= 0 {maximum principle? tG-T]
Theorem 3.5 p.34). Finally, we have |f| > 0 in O and hence
£>0 or £<0 "

Another reference for the maxiﬁum principle is M. Spivak
[SK], -Vol. V, Addendem 2 to Chapter 10 p. 181ff. In order to prove
Lemma 3, one can also use a local argumeht'(Ta§lor's expansion near
a point where f vanishes in Q) and the unique continuation 7

property ([AzI) B

4, Corollary., The first eigenvalue kl for the Dirichlet

problem in [0 is simple.

Proof. Assume not. Take fl,fz two orthogonal eigenfunctions.

They can also be assumed to be positive in. 2 by Lemma 3, and hence
J t,2, > 0, a contradiction ]
Q

Let f be the first eigenfunction in {1 associated with
11(9).

The main idea in the proof of inequality (1) is the idea of
symmetrization.

We consider the sets Q, = {x € 0] £(x) >t} and we

% .
symmetrize them by considering the Euclidean balls Qt in RF,

*
with center 0, satisfying Vol(ﬂt) = Vol(ﬂt).

Equivalently, we symmetrize the graph F of f above Q.
*
into a set F which is invariant under rotations about the axis

*
D (Fig. 4).
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Fig. 4

* *
We define a funetion f on £ by -the following properties;

* *
(i} the graph of £ is F , or equivalently,

*
T is a radial decreasing function

(ii) and £ e g
*
£ takes the value t on bﬂt.

S

This procedure is called thé symmétrization'of the fﬁnction

f. (we do not wish to go into formal definitions now: for more
details see [BE] Chap. IT, [Mol Chap. I, Appendix A or [KL]).

W

In order to estimate the Rayleigh quotient R(I) of the
function f;' we 1ntroduce new coord1nates on '0; by considerlng
the level hypersurfaces and thé lines of gradient of 1.” The

following formula is khowh- as the co-area formula (see L[CL] Chap. IV,

[BE] Lemma 2.5 p. 53, [B-M] Appendix A, [FRI),
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5. Lemma.

‘

For any contifivous function. h on .0 oné has

J‘h(x)dX‘= [

G

supf
([ h|df| da Jat,
0 G(t)

where dat is thé voiume'element 6f.the Riemannian métfic induced

b R™  on the hypersurface G(t) = f_l(t) (this makes sense for t
by N -

in_the set Rf of regular values of’:f; thé'compiemeht of"ﬁf has

measure zero by Sard's theorem).
If we now take h = |clf|2 and if we apply the co-area

formula, we obtain (m=supf)

f idfl2(x)dx = J (j ldfldat)dt.
. o . 0 "G(t)

Appl?ihg‘Cahchy-Schwarz inequality; we find -
J |at |da, = (J 2/ J Idfl_ldat
G(t) G(t) G(t)
{(for. t-'inﬂ_Rf)-, R
Now J' 'da;, is just the (n-1)-dimensional volums of
G(t):’ EE U Tt P ot REE Coae T
G(t) = f-l(t), hence, by the classical isoperimetric- inequality in.

R"” (see n° 8 below), ( da 32 2 Vol(bﬂ*)
e e _ o) t

It also follows from the co-area formuia thétq
[ g:;;:.:iz B ;‘:df- . ¢-~!;a
- J Id;}}_datv— EEYO}QQt)*_ dtVol(ﬂ )
G(t)
If we now apply the same construction to the radigl function
* . B
f, (see [CL] Chap. IV or [B-M] Appendix B) we have
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J . 1df*§da: = (J . da:)z / J . ldf*l'lda:
G (t) G (t) G (t)

* * %1 _
(Jaz"| 4is constant on G (t) = £ ~(t)) and hence,

*
J Idfldat z j ]df*ldat. Integrating in t, this gives
G(t) G (t) '

J lag|Z(x)dx = [ a1 2(x)ax.
Q ¥

It follows easily from the co-area formula that

J fz(x)dk = J f*2(x)dx.
0 o

- w _H
Finally we have proved that R(£;0) 2 R(f ;0 ), from which
it follows that 11(0) I.KI(Q") (First variational characterization

of the eigenvalues: III.26).

G. Remarks

(i) One way of dealing with the difficulties arising from the
co—area formula is to approximate functions in Hi(ﬂ) by "nice"
Morse functions (this argument was introduced by Th. Aubin: see

[B-M] Lemma 10 bis p. 519);

(ii) One can also use a more general form of-the co-area formula:

see [T1], Tmol, [xvrl, LFRI;

(1iii) The Faber-Krahn inequality can be generalized to other

situations: see [CL] Chap. IV, [B-M] and n2 22 below.

7. Comments.

The main ideas in the proof are the prineciple of symmetrization

“and the use of the classical isoperimetric inequality (both Cauchy-
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Schwarz inequality. and the co-area formula are technical details
which are easily generalized to other situations). The classical

isoperimetri¢ inequality in r! states that among all domains in

Bn, with given n-dimensional volume, the Euclidean balls have least
boundary (n~1)-dimensional volume. Because dilations act on Bn,

this inequality can be written as follows: for any bounded domain Q

in Bn,

(8) Vol _,(3) =2 ¢ (n) Voln(n)(“'l)/n,

where  C'(n) = Vol _, (s"™M)/vo1_ (8% (n-1)/n,

B" = {x in BR®]| [x| = 1}, sP~1 - B,
(For a more general statement, for example when 81 is very irregular,

see [FR] p. 278).

Inequality (8) explains our choice of the symmetrization
procedure, so that the principle of symmetrization and the isoperimetric
inequality amount to the same idea. This idea can be generalized to -

analogous situations on the sphere (Sn can) or on the hyperbolice
- 2

space (Hn,can): among domains of ($£,can) with given volume, the

geodesic balls have least boundary volume (see [ON] for a survey on

isoperimetric inequalities).

The point is that the model spaces ($E,can) have many
isometries and nice geodesic balls, We cannot expect anything like
that on a generic Riemannian manifold. We will now explain how the

symmétrization procedure can be extented to the general case.

83



T T o SRR S o R T

B. _  LISOPERIMETRIC INEQUALITIES AND_SYMMETRIZATION

‘ Although some of the ideas we w111 deal w1th can “be gmunahzﬂ

to’ other situations, ‘we w111 from now on ‘assime “that

2 At

ALL BIEMANNTAN MANIFOLDS ARE COMPACT, CONNECTED, WITHOUT BOUNDARY.

9. An isoperimetric inequality on .a Riemannian manifold (M,g)

(compact, without boundary) is an estimate from l helow

of the volume of the bogndary-f?ﬂn of a domain Q_\in M, in terms.
of Vol(Q). If we take ( to be the complement-of a small ball in
M, we see that it is more realistic to consider Vol(Q2)/Vol(M), the

relative volume of @ in M, instead of Vol(1}.

We define the isoperimetric function of (M,g) as

Vol(dQ) I

h(B) = h(M,g;B) =.igf{vgirﬁym Q< M, vol(Q) = BVol(M)}, for B

in [0,1] (it should be clear that Vol() is an n-dimensional
volume, n = dim M, and that Vol(?Q) is an’ (n-1)-dimensional

volume);'and"ﬂ ‘smooth domains in M.”

An isoperimetrlc est1mator on '(M,gj"is-a‘fuhcfién H from

(0,11 to ®, “such that hip) = H(B) for'all § in C0,il.
10. : Eﬁamgle

‘let us consider (sZ,éan).” The volume of a geodesic ball of
radius f in (82 ,can) is 2n(1-éosr), and the volume of the
correspohdiﬁg geodesic Sphére 6f rédiusJ r'/ié- 2n sinr. It follows

from the isoperimetric inequality on ($;,can) (see end of §A) that

h(s?,can;p) = JE(1-B).
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11. Proposition -

The funetion h(M,g;B) has the following properties (n=dimM)

(i) h(B) = 0;
(i1) h(B) = h(1-8);
(111) 1(B) ~ ¢*()vor (/P p(M-1I/M - hen 5 56 close to 0

*
(for C (n) see formula (8));

(iv) h(M,g;.) is continuous on [0,1] and has right and left

derivatives at each B 4in 10,1l and is differentiable in Jo,1L

except on a denumerable set,

Proof. (i) and (ii) are clear;

(iii) is ealled the asymptotic isoperimetrie inequality;

it says that for domains with small volume, the isoperimetric
inequality looks very much like the classical isoperimetric inequality

in R": see [B-M] Appendix C;

(iv) is much more delicate: see [B-B-G2] ‘W

12, . Philosophy

Isoperimetric function vs. Isoperimetrie inequality;

If we want to use isoperimetfic<methods on a'giggg
Riemannian manifold (M,g), the best thing we can hope for is to
know the isoperimetfié'fﬁnction (M, g; B) itéelf.' In general th1s
is not the case and we have to replace h(B) by some mlnorlzlng

function H(B).

Now if we want to use 1soperimetric methods on a class of
Riemannian manifolds, we have to choose an 1soper1metr1c inequality

which is valid for any manifold in the given class, =
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An example of such a class of Riemannian manifolds is

'mn k.D ={(M,g) | dim ¥ = n, Ricei(M,g) = (n-1l)ke, Diam{M,g) < D}.
b y

We then consider isoperimetric inequalities of the form h(M,g;B) =

2 H(n,k,D;B), for any (M,g) in ﬂh We will give examples of

,k,D°
such situations in Chapters V and VI.

In the Sequel we will study isoperimetric methods on
Riemannian manifolds with a given isoperimetric estimator H{(E) and

with the above philosophy in mind.

13. Symmetrization

Let (M,g) be a Riemannian manifold equipped with an
isoperimetric estimator. H(8). Because a generic Riemannian manifold
doeé not have symmetries, we cannot compare a domain in M with a
geodesic ball in M. Keeping in mind the symmetrization procedure
which we used in the proof of the Faber-Krahn inequality, we will
instead construct a2 model space with nice balls having isoperimetric
properties related to  H(B).

For this purpose we consider g1 » 10,0 with Riemannian
metric g* = a2(s)d32 + ds®, where 8 is in "1 ¢ in lo,LL,
and d92 is the canonical Riemannian metric on (Sn-l,can). We also
assume that a(0) - a(L) = 0, We call (M*,g*) this Riemannian

3
manifold (it is not necessarily complete; we also use M for

s*1 x Jo,1f U {N,S}, where the north and south poles N and §

n-1 n-1

are the points corresponding to S ¥ {0} and 8 % [(L}; for
* % *
u* to be smooth one needs that a’(0) =1 and a’(L) = =1; (M ,g )

can be viewed as a manifold with revolution symmetry).

We denote the volume of (M*,g*) by V*. We call A(s)
the relative volume of the ball B(N,s) with center N and radius
s (i.e. B(N,s) = {N} U s"1 x Jo,s[). wWe then have
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S .
(14) ats) = v 1 vor(stly J‘ an-}(t)dt.
0

(see Fig. 5).

Fig.5

15, In order to have a nice symmetrization procedure on the -
manifold (M,g;H(R)), we want to construct a model (M*,g*) such
that the balls B(N,s) have H as isoperimetric funetion i.e. such
that

v""1 yo1(dB(N,s)) = H(A(s)), (recall thet A(s) is the

relative volume of B(N,s)).

This can alsc be written as

(18) A’(s) = H(A(s)), s € J]0,L{, because Vol(dB(N,s)) =

= vor (st 1)a"1(s).
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Given a Riemannian manifold (M,g), with isoperimetric
' % % C o
. egstimator H, we can construct (M ,g ) as follows. We determine
A(s) by the differential equation (16) and the initial condition

A(0) = 0 (we could also use another condition: see n? 22 below).

This determines A(s) by the equality

A(s)
an == ]
0

from which we deduce the wvalue of L

1

(18) L= J ﬁ%ﬁj .
0

19, Remark

It is clear that the isoperimetric function h satisfies
h(0) = h(1) = 0. This implies that the isoperimetriec estimator H
must satisfy H(0) = H(1) = 0. It follows that Equations (17) and
(18) only make sense if the integrals converge. Notice that in view

of Proposition 11 (iii), the integral j E%%T converges. For

this reason, we will usually assume that H(B) ~ Cﬁu when B is

close to 0 with 1 >4 = Hﬁl and a similar assumption near 8 =1

{the second ineqguality comes from Proposition 11 (iii) and the
assumption that h(B) = H(8) for all B}, We shall also give an:

example with & = 1 (see n° 22 below).

20. So far, given (M,g;H(8)), we have determined A(s) and
L. In order to determine (M*,g*), we still have a degree of
freedom, namely the choice of V*. This will turn out to be.
convenient later (n® 21 and Chap. V) but the choice of V' is in
fact irrelevant for the following reasons. Let a(s) = V*-l/(n_l)a(s).
This function is determined by A(s) because
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2 (s) = vV lyor(s" 1) L (s) ~ vor(s™ 1) 52 (s).

"
Now let f be a funection on M which depends only on the variable
8. The Rayleigh quotient R(f) of * on ‘(Mx,g") is given by

L o L
R(£) = J J fz(s)an-l(s)dvds / J J fz(s)annl(s)dvds, -
Sn—l o - : =1

n-1

where dv is the Riemannian measure on (8 ,ecan). It follows that

R(£) = JL #2(s) 8" Y(s)as / JL £2()a" 1 (s)as

‘ 0 0 ’
does not depend on 'V*: this is a Rayleigh quotient in one dimension,
with measure En_l(s)ds. In the sequel we will compare the Rayleigh
quotient of a function on (M,g) to the Rayleigh quotient of a
radial function on (M*,g*) (i.e. depending only on the s-variable)

so that we will be able to ignore V .

On the other hand, the radial part of the Laplacian on
% k.
(M ,g ) is given by (see n? III.5(v))
2

o
- 2= _ ¢(n
b52 B

_1) a’(S) 2

als bs

(because B(s,u) = a® 1(s) in the local chart expy).
. ) *
This operator does not depend on a choice of V .

As a matter of fact, it turns out that our manifold with
* %
revolution symmetry (M ,g )} is just _a convenient way of visuvalizing

a one~-dimensional model.

21. Example

let (M,g) be a Riemannian surface with isoperimetric
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estimator H{B) = vB(1-B). Formula (17} gives

A(s)
= J [u(l-u)]_l/zdu, i.e. A(s) = sin® % and L-m.
‘ 0
. : %
It then follows that a{s) = %F sin s, and that

* * *
ot g™y - (s™x10,m0, g -aZ(s)a6%+as).

- e *
A pleasant choice of ¥ is V = 4w, 1in which case
% =
(M ,g )} is Jjust (Sz,can), whose isoperimetric function is
: %*
h(Sz,can;B) = /B(1-E) (see Example 10). Another choice of V

gives a "eigar" with two conic points and constant curvature 1.

22, . Application: Cheeger's isoperimetric inequality.

In 1970, J. Chéeger introduced the following isoperimetric

constant, known as Cheeger's isoperimetric constant. For 2 closed

Riemannian manifold (M,g) we define
hy = ho(M,g) = inf{Vol(dQ)/Vol(Q) | O € M, 2Vol(Q) S Vol(D},

Q0  smooth domains in M. It follows that
h{8) = h(M,g;B) = hC min(B,1-B),

so that we can choose H{(B) = hCmin(B,l-B). Notice that H(B)=H(1-B),

1
I H%zj diverges at 0. and 1 (see Remark 19). Taking into

. ) % x

account the symmetry of H(B), we construct the model space (M ,g )
e * '

as - Sl x Jowel with g = aZ(s)as? + ds2, and we solve the dif-

ferential equation (16) with the initial condition A(0) = 1/2,

which gives
: A(s)

(25) s = J ﬁ%%j'
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Using the symmetry of H, we find that for positive s,

A(s) + A(~s) = 1 and hence a(s) = a(-s). Finally (23) gives

For s = O,

[a(s) =1 - 1 exp(-hCS)

vl

(24)

(v vor(s™ 1) Mn, /2y (" Dexp (b s/ (n-1))

4

a(s)

* %
so that (M ,g ) is made of two "cusps" glued together in a

symmetric manner (see Fig. 6 in dimension 2).

Fig.6

* *
The manifold (M ,g ) is complete, noncompact and has
* . ’
finite volume. Using the symmetry of M, we can view N as "the

point at = : SPY x {w}n,

25. Cheeger's isoperimetric constant was introduced in order to

give a lower bound for lz(M,g; closed} (see n? IIY.19). The first
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eigenvalue AI(M,g; Closed) is always O, the corresponding

eigenspace corresponding to constant functions. Cheeger proved that
(26) hz(M,g; Closed) = h3/4.

An eigenfunction f associated with Kz(M) being orthogonal
to the constanfs must change-sign in M. We can therefore find a:
connected component O of M\f-l(O), such that ‘2V01(ﬂ) < Vol{M).
We can also assume that f is positive in 0. "It turns qpt that
flﬂ‘ is a first eigenfunction associated with the first eigenvalue
ii(ﬂ,g; Dirichlet) of the Dirichlet eigenvalue problem in {1, and
that ll(ﬂ,g;D) = KZ(M,g;C) (think of Green's formula, Theorem III.10

or see [B-M] Appendix D).

We will now estimate Al(ﬂ,g;D) from below in terms of
Cheeger's isoperimetric constant hc. For this purpose:we use the
model (M#,g*) of Fig, 6 above, with V* = Vol(M) and we mimic
the proof of the Faber-Krahn inequality (84).

2Ll (1), eleN

Let @, = {x in 0 | £(x)  t} and let n:
be such that Vol(ﬂt) = Vol(Q:). Define a function ¢: [r(0),=[= R,
by @(r(t)) = t. The function ¢ increases from 0 to sup £f =m
in [r(0),s[. For (8,s8) in o~ - Q:, let f*(e,s) = $(s). The

co-~area formula gives (see § A)

m

I |df|2dvg - J ( J lat|da,)at,

Q 0 G(t)

where G(t) = (flﬂ)-l(t). By Cauchy-schwarz inequality, we can write
J |af lday = (J 2/ J lag| " da, -
G(t) G(t) G(t)
.Since 2 Vblﬁﬂt < Vol(M), we have

e ' * *
: Vol(bﬂt) ihCVOI(Qt) = hCVol(Qt) = Vol(bﬂt),
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by definition of (M",gx). This can be written as

Vol(G(t)) = Vol(G (t))

% - o*
where G (t) = f 1(t'). Since f only depends on the s-variable,

we can write

J laf[da, 2 J ag™ |aa}
*
G(t) G ()

{we again used the faet that Vol Qt = Vol Q,: see § A).
As in & A we conclude that

&% . 3
(27) lat|2av_ 7 | 22av_ = laz™ |2av ./ 272 Gy .
g g % g * g
Q Q 0 a

The right-hand side of Inequality (27) can be written as
2 ) .

$7(s) exp(—hcs)ds / J ¢ (s) exp(—hcs)ds = R1(¢),

r{0) r(0)

2

& F
because g = a2(s)d82 + ds (note that r(0) 2 0 and that lar™ |

de

i ’ do
is the norm of 4af on M  for the dual metric g 1). It follows

that

Ay (M, g;Closed) - J ]df}zdvg / J fzdvg = inf{R,(4)} = A,
a 0

where the infimum in the right-hand side is taken over all functions

$ such that

(1) ¢ and ¢ are in LZCB+,exp(-th)ds),
(11) ¢(0) = 0

(¢ the derivative of ¢ 1is the sense of distributions).
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It is easy to see that
A = inf{R (¢) | ¢ in c:(n+)},
and that

A = inf inf{R,(¢) | ¢ in cz(]o,nt)}.
n>0

Using the first variational characterization of the eigenvalues

n? III.26), it follows that

p, = int{R (#) | ¢ in c:(lo,nt)}

is the first eigenvalue of the Dirichlet eigenvalue problem
”(s) - hoa'(s) + A(s) = 0

¢(0) = ¢(n) = 0

which can be solved explicitly showing that An 2 hg/4. Finally

we can conclude that A = hg/4, which proves Cheeger's estimate (26).

28. Remarks.

(i) Cheeger's original proof is shorter than the above one.
Although it uses the same technical details as that of the Faber-
Krahn inequality, it is quite different. We found it interesting to
show that Cheeger's inequality can be reduced to an inequality a la

* o *
Faber-Krahn, with an appropriate model space M ,g );

(ii) One can also consider the surface with boundary SlX[O,mE,
with the above metric 'g*. This manifold is not compact but is
complete with finite volume. One can stiil consider the Laplacian
4 as an unbounded operator on L2(M*,g*) with Dirichlet boundary
condition. The number hg/4 then appears as the lower bound of the

spectrum of the Friedrichs extension of A (compare with TcLl
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Chap. IV,3) (here A has a continuous spectrum see [R-8]);

(iii) Cheeger's estimate (26) would be void of sense if we did
not know that hC > 0. 1In fact one can prove the following estimate

(see [Gal1]).

29, Theorem. Let (M,g) be an n-dimensional compact Riemannian

manifold without boundary. Define Toin 2¥

roin = inf{Ricei(M,g)(u,u) | u in UM}, where UM is the unit

tangent bundle to M.

Assume that rmin.Diam(M,g)Z = e(n—l)kz, € € {-1,0,1}, k € B;.

Then
Diam(M,g).hc(M,g) * K(k), where
. , ,
~ k/2 =1
k J  (cost)™ lat if e =1
0
K(k) = =<2 if e =0
k/2 -1
k J (eht)" Lat & if e = -1 .
0
-
30, Remarks.

(1) Notice that both r, . .Diam(M,g)” and Diam(¥,g).h,(,g)

are Riemannian invariants of weight O (see n® II.6);

(ii) Theorem 29 shows that hC(M,g) is uniformly bounded from

- 1 3 o .
below on the plass mh,k,D given in n?2 12;

(iii)} 1In Chapter VI we will give an estimate on KQ(M,g;C)
which is sharper than Cheeger's and we will generalize this estimate
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to li(M,g;C), iz 2,

31. Comments.

(i) Let (M,g) be a Riemannian manifold (always assumed to be

compact without boundary) equipped with an isoperimetric estimator
1
du , *
H(B)Y. If Ty converges, the manlfolg M is compact

{possibly with two conic points) and we cah easily mimic the proof of

the Faber-Krahn inequality to show the following assertion.

. *
Let Q be a domain in M and let £ be the ball BR(N,r)

% * o .
in M such that Vol{{}}/Vol(M) Vol(Q )/Vol(M ). Then

o 4
(32) A1€@,g5D) = A (@7 ,g ;D).

W %
Notice that in order to find X (2 ,g ;D), one only has to
solve a one-dimensional eigenvalue problem (indeed the first

eigenfunction is radial: compare with n? 20).

As was already pointed out in Remark 28 (iii), the estimate
(32) is void if we do not know H(B) i.e. if we cannot give lower
bounds for h(B)} in terms of geometric data. So again the main
difficulty is to find a good isoperimetric inegquality. ‘This fact

will turn out to be even more importént in Chapter V: see n® V § C;

(ii) One can also investigate isoperimetric inequalities on a
manifold with boundary. In the case of a domain O in a manifold

without boundary M, we have used the isoperimetric inegquality in

M to obtain results on the Dirichlet eigenvalue problem in (., One
can also consider isoperimetric constants adapted to the Dirichlet
boundary condition. For example one can define Cheeger's iso-

perimetric constant

. Q
(33) ha(Q,g;Dirichlet) - inf{Vol(dw)/Vol(w) | w < Q)
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for the Dirichlet boundary conditions on 0. If we want to deal
with the Neumann problem, we have to allow subdomains such that
ow N ®Q # ¢; see [BR] p. 29. It turns out that the isoperimetric
constants adapted to the Neumann boundary conditions are much more
difficult do deal with than the other ones. In fact, est1mates on
Kl(ﬂ,g;Neumann) involve the geometry of (Q 2) is a very strong
way. We shall not deal with these problems here‘ see [ME1T for more

details.

For further reading on Cheeger's constant h, we recommend

Inr1.

Further references for Chapter 1v: [BE], [CL] Chap. v, tpel, [p-s],
Conl.
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CHAPTER V

ISOPERIMETRIC METHODS AND THE HEAT EQUATION

ALL RIEMANNIAN MANIFOLDS ARE ASSUMED TO BE

COMPACT, CQNNECTED, WITHOUT BOUNDARY
In Chapter I, we used the wave equation and separation of

variables to motivate eigenvalue problems; we could have used the

heat equation as well.

In the present chapter, we give direct results concerning
the heat kernel Ofla-Riemannian manifold. They will be useful in

Chapter VI.

A. THE HEAT EQUATION.

Let (M,g) be a compact Riemannian manifold without
boundary. To determine the heat flow u(t,x) on (M,g) is to find

a function wu{t,x), solution of the heat equation:

-

a - . *
a—g(t,x) + b u(t,x) = £(t,x), for (t,x) in R X M,
(1)

u(0,x) = fo(x), for x in M,

where fo ,and f are given functions (e.g. Cw functions).

¢
L

An easy way to solve this problem is to introduce the ﬁotion

.

of fundamental solution of the heat equation (or heat kernel) on

(M,g). The heat kernel is a function X on I{;X M X M which
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satisfies the following properties

. 1

(1) k(t,x,y) is continuous on I{;X MX M, C in the t-

variable and C° in the x-variable;

(2) (19 (Fp + AOK(4,x,5) = 0 for all (£,x,y) in R X N X i

(iii) 1im k(t,x,y) = ax(y), the Dirac measure at x.
t=+0

-

Property (2.iii) means that for any h in Cm(M), we have

lim J‘ k(t,x,y)h(y)dv _(y) = h(x},
0,y ¢

and is usually written as k(0,x,y) = 6X(y).

At least at the formal level, the solution u(t,x) of (1) is

given by Lhe following formula (known as Duhamel's formula)

t

u(t,x) = J k(t,x,y)fo(y)dvg(y) + J (J k(tms,x,y)f(s,y)dvg(y))ds.
M 0 M

For the following theorem we refer to [CL] Chap., VI, [B-G-M]

Chap. III.E., or L[GY].

3. Theorem. Let (M,g) be an n~dimensional compact Riemannian

manifold without boundary, with eipenvalues (counted with

multiplicities) {li}_21 and associated orthonormal real eigenfurctions
i

{¢i}izl' There exists a unigue heat kermel k(t,x,y) on (M,g).

This is a C  function on R, X M X M which satisfies k(t,x,y) -

= k(t,v,x) for all (t,x,y) in B{;X M X M., Furthermore, k(t?x,y)

can _be expressed as

k(t,x,y) =

i 018

exp(-ljt)¢j(x)¢j(y),

i=1

where the series in the right-hand side converges in the Ck-topology
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on any subset of the form [a,=[ X M X M, a > 0, for any k.

For example, this theorem justifies Duhamel’s formula.

Theorem 3 also justifies the following equalities

™8

(i)  k(t,x,x) = exp(nh.t)¢?(x)
. j=1 J J
(4)

8

(i1) Z(t) = & exp{-A.t) = J k{t,x,x)dv (x).
J=1 J M g

The funetion Z(t) (the trace of the heat kermel on {(M,g})

is called the partition function 6f (M,g)}., We shall also use the

notation 2Z(M,g:t) to stress the dependence of Z(t) on (M,g).

5. - Exercise. Prove that giving the sequence of eigenvalues

(with multiplicities) {Ki}_zl of (M,g) is equivalent to giving
i

the partition funetion Z(t) of (M,gZ).

6, Examples and Exercises.

(i) Althéugh (R®, can) is not a compact Riemannian manifold,
it has a heat kernel: (411-1:)"“/2 exp(—”x-yﬂ2/4t); however, we '

cannot take its trace as we did for k(t,x,y) in (4}; -

*
(ii) Let T be a lattice in TR"™ and let T  be the dual

da
W

lattice: T = (v € ®® | for all x € T, (x]vﬁ> € zl. The

eigenvalues of the torus Tp = (mn/F,één/T) are the numbers

*
4ﬁ2"Y “2, with associated orthonormal complex eigenfunctions
“1/0.- % *
) ;/2, vy €T .

by -

*#
exp{2im{x]y ?IVol (T The heat kernel of Tp is given

k{t,x,y) = (4171:)_11/2 EP exp(wﬂx-Y-YH2/4t).
Y

In particular, Formula {(4ii) can be written as
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Cant) ™ 2y01(1) £ exp(lviZ/at) = T, exp(-an2ly*|%t)
vET vET

(this formula is known as Poisson summation formula).

It follows from the Poisson summation formula that

Z(Tr,can;t) ~ (4nt)-p/2Vol(TT) when t goes to 0+ (n=dim TP)'
In fact the following property holds.
7. Property. For any n-dimensional Riemannian manifold (M,g)

-n/2

Z(M,g:t) ~ (4nt) Vol{(M,g) when ‘t = 0+.

For more details see Chap. VII or [CLJ] Chap. VI, [B-G-M]

Chap. III.E,.

The purpose of this chapter is to give an isoperimetric

inequality for the heat kernel.

B. ISOPERIMETRIC INEQUALITY FOR THE HEAT KERNEL, I.

8, Let (M,g) be an n-dimensional Riemannian manifold {compact,
without boundary) and assume that one is given an isoperimetric
estimator H on (M,g). As in Chapter IV, we construct a model
space (M*,g*) which is associated with H (and with a choice of

*
V ). We assume that H. satisfies

HB) ~ 8%, 1 >a = Eﬁl,

for B eclose to 0 and a similar property when B is close to 1
- A . * * . . .
(seg@p& IV.19}. This implies that (M ,g ) is a "nice Riemannian

manifold" possibly with two conic points (the north and south poles);
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recall that although we see a manifold with revolution symmetry, the

mathematics only see a one-dimensional model: see n® IV.20.

Our main theorem is the following (see LB-G] § 2, [B-B-G1]

§111).

9. Theorem. Under the above assumptions (n¢ 8), let -k(t,x,y)

denote the heat kernel of the Riemannian manifold {M,g) and let

k,(t,N,N} denote the heat kernel of the Riemannian manifold (Mﬂ,gw)

evaluated at (t,N,N), where N is the north pole of m,g ).

The following inequalities hold -

Z2(M,g;t) S Vol(M,g) sup k(t,x,x)} = Vol(M“,g*)k*(t,N,N).
X

10. The main ideas in the proof of Theorem 9 are as follows

(compare with [BE] Chap. IV §3, [M-T1)

(a) We consider Problem (1) with £ = 0 and £ >0 on (M,g},

and we compare the solution wu{t,x) to the solution of a symmetrized
*

problem on (M ,g );

(b) We apply a symmetrization procedure similar to the one

described in Chapter IV, but we take the relative volume ag new

parameter;

(c) We then let £ tend to a Dirac measure on (M;g), so that

we obtain a comparison theorem for k(t,x,y).

11, Since we are mainly interested in geometry in these notes,
we only give a rough sketch of the proof of Theorem 9.

For full analytic details see [BE] 1V.3, [B-Gl], [M-T].

We divide the proof into several steps.
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12. Step 1, Let £ be a Cnn positive function on M, We

define

PD{r) = {x € M | £f(x) > r} and

alr) Vol(D(r))/Vol(M).

We now define a function f by
T(s) = inflr|alr) < s}.

The function a{r) is non~inereasing, and varies from a(0) = 1 +to
0, when r increases from 0O to sup f. if a were strictly
decreasing and continuous,. f would be the inverse function of a
(see [TI] Chap. I). Since £ is C, it follows from Sard‘s
theorem that a is Cw on an open set whose coﬁplement has measure
zero (use the co-area formula n® IV.5). We also have f(afr)) = r

for all regular values r. See Fig. 7

[ L
groph of m—s §(m) groph of m —e=f (m }

alr} f(;,ll‘

Fig.”7
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Let E(s) = D(£(s)), G(s) = 3E(s) and

F(s) = J‘ f(x)dvg(x).
E(s)

It follows from the co-area formula (n? IV.5) that
Vol(M)a'(r) = - J : !df]-ldar,
3D(r)

when r is a regular value of f£. We deduce that

S
(13) F(s) = Vol(M) J, £(u)du,
0

Since the sets D(r) are level sets of f, we deduce from

Green's formula (Theorem III.10) that

J Af(x)dv,(x) = [ %% da = J ‘ |df[das.
E(s) G(s) G(s) .

Applying Cauchy-Schwarz inequality to ihe-righwhand side of

the above equality, we can write

(14) J ‘Afdvg-z (VoiG(s))z/J j  !df;71das = -(vOla(s)f%nkﬁ(Mniﬁ%ﬂL
E(s) G(s) : e

It follows from the definitions of a, T and H, that
Voil{G{s)) ® Vol{(M)H(s).
From (13) we deduce that

2 - _
LE(s) = vor(n E(s) = vor(m/a’ (T(s)).
ds ’

From these réiations and (14), we deduce that

2
(15) J At av_ x -H2(s) L E(s). -
E(s) B % as2
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A * %
Let f be 2 radial € function on (M ,g ). With the
A

obvious notations and taking into account the_fact that f is
radial, and the very definition of M we have
2_A
* A
(16) A7 dv s = -n2(s) LK (o)
. : A : g ds
E (s)
* : * &
(where A is the Laplacian on (M ,g )).
17. Step 2. let f_ be a positive C” function on M. Let

u(t,x) be the solution of Problem (1) (with £ = 0)}. Tt follows
from the maximum principle for the heat equation ([P-¥]) that u(t,x)

is positive.

Fixing t, we can apply the first step to u(t,.). We

define
a,(r) = Volix € M | u(t,x) > r]/Vol(M),
ugts) = inf{r | a;(r) < s},
E(t,s) = {x € M | u(t,x) > G(s)},
F(t,s) = J U(t,x)dvg(x).
E(t,s)

We deduce from the first step that

J du(t,x)dv_(x) = ;Hz(s) 32F(t s)
E(t,s) T

18. Lemma. ([BE] Lemma 4.23 p. 212)
) du,, + 3F
J‘ *ﬁ(t,x)dvg(x) = 'rt(tss)-

E(t,s)

Finally, we conclude from Lemma 18 and the preceding inequality
(recall that wu(t,x) solves the heat equation) that
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2
3 3
(19) 2Eit,s) - HX(s) —5(t,s) < 0.
3t 3 2
S
In particular, by letting fo tend to the Dirac measure
& at y in M we conclude that we can also take u(t,x)=k(t,x,y)

¥y
(y fixed).

A ¥ %
20. Let fo be a C° radial decreasing function in (M ,g ).

A
We consider the solution u (t,x)} of
5 A
(g’_‘t" + A )u (t,x) = 0,
A A
v (0,x) = fo(x),

* W A
on (M ,g ). We conclude that u (t,x) is also a ¢®-radial

decreasing function on (Mh,g") (LRE] Prop. 4.8 p.214).

A
If we apply to u what we did before for u and if we
take the first step into account, we conclude (using obvious

notations) that

A ) 2 A
i
(21) % (t,s) - H(s) : F_(t,) = 0.
s

A
Now we choose a sequence of radial decreasing function fo n
r
% %
converging to &y, the Dirac measure at N in. (M ,g ). It follows
that (21) also holds for k,(t,N,.) = u"(t,.) where "k, is the

W ¥
heat kernel on (M ,g ).

22, Step 3. Using u(t,x) = k(t,x,y), y fixed in M, and

A .
u (t,x) = ku(t,N,x) we define h(t,s) by
A

h{t,s) = F(t,s) = F (t,s).

This function satisfies the following properties.
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23. Properties.

. .
(1) Ft,e) - B2(s) TH(e,8) <0 for (t,8) in ® x [0,1];
ds - - ¢

(ii)  h(t,0) = 0 for all + > 0 ({(we integrate functions on a

set with volume equal to 0);

{1ii)  1lim h(t,s) = 0 for all s € [0,1] (because k and k,
t-0 - ‘“_
+

are heat kernels);

(iv)  B(t,1) =0 forall t>0 (2(t,1) =0 for all t,

because J Af dvg =0 for all € f and h{0,1) - 0).
M
From these properties and the maximum prineciple (see [P-W]) applied

to h, we conclude that h(t,s) = 0 or

For all (t,s) in R’ x [0,1], F(t,s) S F'(t,s), or equivalently,

(24) s S

For all (t,s) Vol(M) [ Gt(r)dr = Vol(M*)‘J ﬁi(r)dr.
0 0

It follows from the convexity of t - t2 and from the

second mean value theorem ([BE] p, 173-174), that

1 1
- o Y
(25) For all t > 0, Vol(M)2 J ui(r)dr = Vol(M )2 J utz(r)dr.
0 0
1 .
Now, Vol(M) J Gi(r)dr = J k2(t,x,y)dVg(y) = k(2t,x,x),
: 0 M

where the second equality follows from the semi-group property of

the heat kernel k on M (e.g. use Theorem 3) and similarly

1 .
* =A
Vol(M ) J utz(r)qr = k. (2t,N,N), Finally we have proved that
0 .

107



*
Vol(M)k(2t,x,x) = Vol(M )k,(2t,N,N),

From which Theorem 9 easily follows W

C. ISOPERIMETRIC INEQUALITY FOR THE HEAT KERNEL, II.

As we already mentionned in relation with Cheeger's estimate
in Chapter IV n2 28 (1ii), Theorem 9 is only interesting if we have
a "good" isoperimetric estimator H(8) on  (M,g). As we also
ppinted out in n® IV.12, it is not always possible to use the

isoperimetrie function h(B) itself, although its properties

K
w

*
h’gh) with a

(Proposition IV.11) allow us to construct a model (M

"good" heat kernel (see n? 29 below).

The following theorem (see [B-B~Gl]) gives a nice
isoperimetric inequality for heat kernel comparisons (for another

Theorem see [B-G] p. XV.17).

26. Theorem. Let (M,g) be an n-dimensional compact Riemannian

manifold without boundaryv. We define

rmin(M) - inf{Ricei(M,g)(u,u) ! u unit_tangent vector to M},

d(M)} = Diam(M,g).

If (M,g) satisfies rmin(M)d(M)2 S e(n-l)az for e€{-1,0,1}

and & € m;, there exists a positive number a(n,e,%) such that

for all ‘g in [0,1],

h(M,g;B) > h(s"(R), can;B)

n+l

where S"(R) is the sphere of radius R = d(M)/a(n,¢,®), in R

with induced metric. -
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The number a(n,e¢,x) -is defined by.

r &S . T
aw;/n(z J cosn_l(t)dg)'lfn if e =1;
S , .
a(n,e,a) = <(1 + nwn)bh— 1 if & = 0;
aetay T g oo

vhere w_ = Vol(8™)/Vol(s™™ 1),  and where c(a) 4is the unique

positive root of the egquation

(+2

--xAJ  (eht +x sht)n-ldt - w, .
o

The proof of this theorem is. rather difficult, we refer to [B-B-Gl],

27. - Remarks. ..
(a) ‘When ‘¢ = 1, Myers' Theorem (n® TI.29) implies that & < m3
(b) Myers' theorem also shows that the estimate when ¢ = 1

improves Gromov's isopp;imetfic inequalify—on manifolds with pogitive
Riecel curvature (see EGVIJ); Theorem 26 generalizes Gromov's theorem
to all manifolds, whatever the Sign of their Ricci éurvature; ™%
(e} In the case' ¢ = -1, we can also replace a(n,-1,a) by
the ‘following lower ‘bound for ac(a) (see [B-B-Gll) ~ ac¢(a) s

z o min{C(a), C(a)l/n}, where B R R M &

-HC(35”= (n¥1)wn2[exp((n—1)d) -'i];

(a) If we now take H(M,g;8) = h(8"(R),can;3) as isoperimetric
estimator on (M,g), we notice that H(B) = H(1-B) “and that = "
H(ﬁ)«“aCqu"l)/p;‘when B -tends: to O (for some constant. C)}. The

* +*
model space (M ,g )} associated with H(B) is then (Sn(R),can). i
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Taking into account the behaviour of kM(t,x,y) under scaling (e.g.
use Theorem 3) and the fact that (8",can) is 2-point homogeneous,
which implies that ksn(t,x,x) is independent of x, we deduce

from Theorem 9@ and Theorem 26 the following (see [B-B-Gl] §III).

28. Theorem. Under the assumptiong of Theorem 26, we have

Z(M,g;5t) < Vol(M,g)s;p ky(t,x,x) < Z(s", can; t/R%)

(vhere R = d(M)/a(n,e,®)).

29, Remarks. (of a philosophical flavor) In Theorem 9, we gave
a comparison theorem using the heat kernel k, on (M*,g*). As the
proof of Theorem 9 shows, we only used the fuhction K,(t,x) =

- k,(t,N,x) on (M*,g*). The funetion X,(t,.) is a radial
function with respect to N, so that we only use the radial part of
the heat kernel, associated with the radial part of the Laplacian
{see n¢ 1IV.20)

2
- o) S B,
I

% ] . -
where (M ,g) = (s"1 x 10,1, a2(ryae? + ar?).

Assume that H(B) ~ CB“, 1>a 2 (n-1)/n, when B tends
to 0 (for some constant C). It is then easy to check {(by making

&=
an appropriate choice for V ) that
a(r) ~ r if @ = (n-1)/n, and
alr)~ ', y>1 if 1>0a> (n-1)/n,

when r tends to 0.

Now recall that the radial part of the Laplacian in (R", can)
is .
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n-1
+_
T brz r

g%} (this non-gtandard notation will
only be used in these few lines).

. %*
We conclude that for r close to O, 4 looks like 52

when o = nT—l and looks like AE, p>n (p€ R), when 1>a>

This means that our comparison function k, (%,N,N) will look like

n-1
_— .
n

an '"n-dimensional" heat kernel if we choose & = Eﬁl, and like a

"p~-dimensional” heat kernel {(p > n) when 1 > & > Eﬁl, In
particular, its behaviour when +t tends to 0, will be in §Tn/2
(resp. t_p/Q) when o = Eﬁl (resp. 1> G > Eﬁl).

Because of Proposition IV.1ll, we see that it is much better
to take an isoperimetric estimator H such that & = Eﬁl; this is

the case if we tise Theorem 26,

Another interpretation can be made in terms of the behaviour
of the function A(s) (see n® IV.14) when s goes to O. If
A(s) ~C s™ when s goes to 0, the volume of a small geodesic

* *
ball in (M ,g ) is of the order of s" and hence M  has

*
"isoperimetric" dimension m *) (recall that we are near a conic
point)., It is clear that it is better to compare (M,g) +to an
m-dimensional manifold, with m = dim M. This means again that we
n-1

have to take a = et

' * &
The case G = 1 is even worst because (M ,g ) is no

longer compact (see n? IV.22),

Let us also mention here that the isoperimetric function
h(B) has exactly the required properties which allow us to define
+*
the heat kernel for ér on the associated model space (see Propositim

IV.11 or [B-B-G21).

* This is a non-standard notion which we use here for convenience.
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D. APPLICATTIONS

In this paragraph we give some direct applications of
Theorem 28; for further results we refer to [B-6l §3 or [B-B-G1l

§ IIEL.

30. Let (M,g) be a compact Riemannian manifold without

boundary such that (notations as in n® -26-29)

n = din M{
rmin(M)d(M) z e(n-1)a”.

i}izl

multiplicities) of (M,g) [Notice that we count the eigenvalues from

Let {A be the sequence of eigenvalues (counted with

i=1,..., some authors begin with i = 0 e.g. [B-G-M]].

31. " Theorem. Let (M,g) be as above. _Then
(i) A (M,g) = a%(n,e,8) n d(M)™2;
s 1 E . 5 &, n H
(ii)  there exists a number C{n,e,a) guch that for i =z 2,

A, (M,g) ¥ C(n,e,a) 12/ g2,

Proof. Using Tﬁeorem 28, we can write
* . n a2 -2
(*) Z(M,g;t) < Z(5 ,can;a“(n,c,a)t d(M) “).

For any Riemannian manifold (compact, connected, without boundary),

we have

Z(M,g;t) = 1 + .Z exp(-lj(M,g)t) ‘

j=2
because ll(M,g) = 0 has multiplicity 1. -

. -Assertion .(1i) follows from (%) byﬁsﬁbéfrac{ing‘l to both
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sides, by taking Log and by letting t .tend to infinity.

It follows from Property 7 that there exists constants C(n)
and D(n) such that = o

(**):for all t > 0, Z(Sn,can;t)‘s C(n)t_n/z ;‘D(n).
Let N(A) = Card{jllj(M,g) < k). We can then write
-4 .

kK < N(xk) e N Ea exp( j/Ak) s ez(M,g,l/kk)

and, using Theorem 28 and (¥%}),

k< e C(n)(d(M)/aln,e,a))” Kﬂ/z + e D(n)

Assertion (ii) follows W ..

32. : Remarks.

(i) A theorem of Lichnerowicz states that if rmin(M) z (n-1)
then lz(M,g) 2 p = l2(Sn,can). Recall that Myers' theorem implies
that d(M) S m. The expression of a(n,c,&) in Theorem 26 together

with Théorem'Sl(i)'give-

"Thin (D 2 n-1 ﬂ'K2(M,g) 2

n/2 a(my/2 2/n
=2 n J' ”cosn-l(t)dt / J'- cosn-l(t)dt o
0 0 :

when d(M).? . .I# fact,‘opercﬁn éhow that KZ(M,g) = n implies
that (M,g) is isometric to (s",can); this is Obata's theorem:

see [B-G-M] Chap. III.D and compare with [CG] and [CL] Chap. 111.4.
In faect Assertion (i) in'Theorem 31 can also be proved by -an argument
a la Faber—Krghna(seeunE.IV.31)§ the Lichnerowiez-Obata theorem also

follows from this method: see [B-M]; . . -
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(ii) For rmih(M) * 0, Theorem 31(i) and Theorem 26 give

KZ(M,g) z 8/d(M)2‘ when dim M = 2; on the other hand,
Kz(Sl(R) X Sl) ~ ﬁ2/d2(81(r) X Sl) when r goes to
infinity;

(ii1) Weyl's estimate gives

2/n /n

lk(M,g) ~ C(n)k Vol(M,g)_2 when k goes to infinity.

-2/m iy a2

It turns out that one cannot substitute Vol(M,g)
in Theorem 31(i), as the following example shows. Consider the

Riemannian manifolds

m = gLt/ -1y x slei/a)

with the product metric; they satisfy Vol(Ma) = Vol(Sn_l) % Vol(Sl)=
= Vol(Ml), and Diam(Ma) goes to infinity when a goes to zero. The

number Na(l) of eigenvalues of M, less than A satisfies

2 2

N () = 2 Card{p € N° | a“p® = M}. This shows that for fixed R,Na(k)

goes to infinity when a goes to zero. In particular, this implies

2/n
that A (M )Vol(M,)

goes to zero with a. However it follows from
Theorem 31(ii) that lk(Ma)d(Ma)z is bounded from below when a goes
to zero. \

For a counter-example involving the lower bound on Ricci
see [Gaz2l, 1.1.2.

At least gqualitatively, the estimate in Theorem 31(ii) is
best possible (it was obtained by Gromov in [GV1] with a worst
constant).

®
33.. Remark. Since kM(t,x,x) = jzlexp(—ljt)¢§(x), Theorem 28

also gives bounds on the L”-norm of the eigenfunctions 9, of 4 on(M,e).

J

The next chapter is devoted to inverse geometric results.

We will use Theorem 28 in a crucial way.
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Further references for Chapter V: For other comparison theorems on

the heat kernel see [CL] or the references in [B-BJ]. For the heat

kernel itself, see [Dx1, [Gy].
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CHAPTER VI

GEOMETRIC APPLICATIQNS OF ISOPERIMETRIC METHODS

ALL RIEMANNIAN MANIFOLDS ARE COMPACT,

CONNECTED WITHOUT BOUNDARY

In this chapter, we will give some partial answers to the

following geometric inverse problem.

1. Problem. To what extent do local estimates on the curvature
of a Riemannian manifold {M,g) inforce global restrictions on the

manifold?

A. INTRODUCTION.

In order to explain the meaning of Problem 1, let us give
an appropriate formulation of the Gauss~Bonnet theorem (LuF] Part II,

Chap. III).

2. Theorem. Let (M,g) be any compact Riemannian surface,

whose curvature K is bounded from below by the real number k. Then

(1) XD = 5= JK(M)dvg z 25 Yol(M,g);
M
(ii) b (M) S 2 - 2 Vol(M,g).
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Here %(M) denotes the Euler characteristic of - M and’

bl(M) = 2 = %X(M) the first Betti number of ‘M (these are topologiecal

invariants which do not depend on the choice of a Riemannian metric

g on M); :Vol(M,g) .is the 2-dimensional volume of (M,g).

3. Corollary. The number of differentiable surfaces which

admit a Riemannian metric whose curvature is bounded from below by

k, and whose volume is bounded from above by V (k in "R, V in

B+) is finite.

4. Comments.

(i) Let us first point out that the product- K{M)Vol(M) is:a

Riemannian invariant with weight 0 in dimension 2;

(i) By scaling thelmetric. if is always bossible to béund an&
curvature of an n—dimensional manifold by 1 in absolute value, so
that we cannot expect any general theorem answering Problem 1,
without scaling. In order to scale the metric,lwe can use a
Riemannian invariant, e.g. the volume of the diameter. Iﬁ the Gauss-

Bonnet theorem, the metric is scdled by giving an uppér bound on the

volume. In general, we will have to use the diameter; the following
example shows that f1x1ng the volume is a very weak cond1t1on. Take
any man1f01d {N,g). By an appropriate ch01ce of “R, the Riemaﬁnkm
manifold (N X Sl(R), g X canR) = (M,gR) has volume one. Hdwevef

the topology of M may be very complicated;

(iii) 1In dimension bigger than 2, we have several notions of
curvature. We will always try to use the weakest possible notion.

In general we will try to .use the Ricei curvature (the scalar

curvature is very often too. weak an ‘invariant)., This is the case if
we want, bounds on the eigenvalues of the Laplacian A% of (M, g
see n? V.31. 1In other situations, we will have to make assumptions
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on the sectional curvature (see n2 24 (iid}.

Finally, we reduce Problem 1 to the following.

5. Problem. Give g}obal bounds on M (e.g. on topological
invariants) in terms of {(Diam(M,g) and Ricci{(M,g)) or (Diam(M,g)

and Sect(M,g)).

6. Examples.

(i) Myers' theorem (see n? 11.29) says that if Ricei(M,g) > O,
then ﬁl(M), the fundamental group of M, is finite., This is a
partial answer to Problem 5. Notice that no scaling is required
here. 1In faect, a consequence of Myers' theorem is that Diam(M, g)= n/k,
if Ricci(M,g) = (n—l)k2 > 0. However, taking Diam(M,g) into
account gives sharper'results (see n? V.32 and {B-B-Gl] Coroliary 17),

so that in some sense scaling is also necessary here;
(ii) 1In the 1940's, S. Bochner proved the following results
Ricci{M,g) > 0 = bl(M) =0 {1st Betti number),

Ricci(M,g) = 0 = bl(M) = dim{M).

These results were obtained by an analytic method which we

now describe (notice that Myers' theorem is proved by geometric

methods).
B. THE ANALYTIC APPROACH, I.
7. Let (M,g) be an n-dimensional Riemannian manifold (ecompact,

#
connected, without boundary). We denote by APP"M, 0 £ p<n, the

th . ; *
P exterior product of T M and by Ep(M) the C” sections of
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*
APy M, 1i.e. the exterior forms of degree p on M. The exterior
differential d is a first order differential operator from EP(M)
to Ep+1(M). This operator only depends on the differentiable

structure.

We now define an operator &: EPTI(m) - BP(m) by
(8) ({a|s87) = {{aa|p??,

for all & in EP(M) and B in Ep+1(M): the metric g on TM
* -
induces a metric on each ApTXM which we denote by (.].>x; we

define § by,

J. (ﬂ|55>xdvg(x) = J (aa|B2, v, (x)
M M

(note that in the first integral we have the scalar product of two
p-forms, and in the second integral the scalar product of two (p+1)-

forms). We say that & is the formal adjoint of d (note that §

depends on the Riemannian metriec g).

9. Properties.

(i) If £ € C°(M) = E (M), then &f = O;
(i1) 1f o € E'(M), then 80 = - Divg(a#);

(iii) Let {el,...,en} be a local orthonormal frame in M. For

¢ in EP(M) we note

“(il,---,ip) for a(e; ,...,e; ) where igreeesriy € {1,...,n}.

1 P
Then
. _ k+1 . b
Wlig,eendpg) = B GDE D) @)y iy, centg,),
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=

6a(i2,o'o,ip) = - z (Dka)(k,i2,-‘--,ip)

(recall that we note Dk' for D_ ; where D is the Levi-Civita

k
connection of (M,g));
(iv) If M 4is oriented and if * denotes the Hodge operator
on M, *: EP(M) » E""P(M),  then
5: EP(m) » EP1(M)  satisties

5 = (-1)MPFD) g,
Proof.

(i) is dual to the fact that da - 0 for all & in E"(M);

(ii) follows from the definitions of & and Divg {see also

I B-G-M] Chap. II.G);

{iii) +the formulae for d and 5 Zfollow Ifrom the definitions

of d, 6 and of the Levi-Civita connection. D of (M,g);

For (iv) see [WA] Chap. 6. [The formula (Glﬁ)xdvg(x) = BA*q,

defines * uniquely] B

10. Definition. One defines the Laplaqe-Beltrami operator (or
Laplacian) on p-forms by A = §d + d6 (this operator is also called

Hodge-de Rham Laplacian). -

For further details on &,4 see [WA] Chap. 6 and [cL]

Appendix, or [1z] and [RMI.

The classical Hodgé— de Rham theory ([wAl Chap. 5 and 6)

states that
(11) _bp(M) = dim HarmptM);
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the pth Betti number of the manifold M is egual to the dimension

of the space of harmonic p-forms (HarmP (M) = {a € EP(m) | Aa=0}),

Note that bp(M) is a topological invariant, while HarmP(M)

depends on the Riemannian metric.

In order to prove Bochner's résuits, and to introduce the

analytic method, we need the following.

12, Lemma. Let (M,g) be a Riemannian manifold and let « be

2 1-form on M. The following formulae hold

#

(i) 4o = D'Dpa + Rieei(a’,,);

(i1) (tala) = 1 a¢(ala)) + |pa|? + Ricei(a®,at).

In Formula (i), the Laplacian is the Laplacian acting on

%
1-forms, D the Riemannian connection on 1-forms, and D its

adjoint; for a tensor field B, D* is given by D*B = ~Trace DB
(contraction of the first two indices or D*S(.) = - i DkB(k,.), in
a local orthonormal frame (notations as in n2 9). Equivalently, we
ha%é
D'De = - E{DADJ)-IJ ol
j=1 1774 Dil ’

in a loeal orthonormal frame (notations as in n® 9)..

In formula (ii), the 1left hand side is the point-wise
scalar product of two l~-forms; A({azla)) is the Laplacian of the

function <(&fad and |De| is the norm of the 2-tensor DR.

- *
13. Definitions. The operator 4 =D D is called the rough
Laplacian (here on l-forms). Formulae (i) and (ii) are called

Veitzenbdck formulae.
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Proof of Lemma 12. We use the notations of n? 9; we denote by {ei}

a local orthonormal frame near x; we can always assume that we
have (De ei)(x) = 0, at the point =x (see III.40).

1

*
Claim 1. For B a section of Pt M, we have
13
DB = -Trace Df = = & Dkﬂ(k,.).
k

-1 _*
Let Y be a section of ©®P IT M., We consider the 1~form

w = £ B(,,I1}y(1), where I is a multi-index of length (p-1). Now
1

& is a function on M which is given at x by (see n® 9 (iii))

n
W = - X ey - (? B(k,I)Y(I)). An easy computation gives
k=1
su(x) = ~(0"8|y) + (3|DY
x x
A
where D 8 = -Trace DB. Since this is valid for all x in M, and

since J dw dvg - 0 ({(Divergence Theorem III.9), we have
M
A * ‘
(08 [v)) = (B|DY)}, which shows that D' =D  (see n° ITI.9 end

Lr-G-M] Chap. II.GII).

Claim 2. For any l-form &,

* n
D Da = = 151 {p, (D) - DDiia}.
Using the first claim we have for all Kk, D*Da(ek) == Djﬁ(j,k),
. J
where B8 =D&, i.e.
. .
D Do(e, ) = -g e - B(j,k) + ?EB(Djj,k) + a(j,njk)l.

. Now B(3i, k) = DA(j;k) = (Djﬂ)(k), so that
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*
.D Du(ek) = -§ Dj((Dja))(k) - %(Dju)(Djk)

T - e .
+ j(DDJ_Ja)(k) + ?(Dj )(DJk)

= =L{D.(D &) -~ D
Z(D (D) - b,

jai(k).

Note that at the point x we can write

n
DDa. = - X
X .

a ) . : = .
1=1Di(Di )x since Dil(x) 0

Proof of formula (i)

We use the formula

ae(i,j) = (Dia)(j) - (Dja)(i), see 9(iii)

(this formula easily follows from the gdefinitions of d and

da(X,Y) = X.a{y) - v.a{X) - a((X,v])).

This gives, at the point x (Dij(x) = 0),

n

6dm(i)x = - kzl ek.(da(ek,ei))x
E D (D)), + B e..((D.a)))
= - D, (D, a)(i + e, .((D,a)(k .
k=1 K K X - Kk i x
We can also write
n
déu(i}x = ei.(ba) = - kil ei-(Dku(k)).

Finally we can write

- n
ba(i), = da(i), + kfl{ek.((nia)(k))x - ;. (D) (k) 1.
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* $

Since (Djﬁ) = Dj(ﬂ ), the second term in the right-hand side can

be written as

<(DkDi-Dka)a*’ ety ﬂ‘<R(ek’ei)é# ¥ Dfek,eila#' ey’

in view of n? II.43. Now we have Eek,ei](x) = Q0 ({see n® II.35) so

that
i) = Ry + I < ot e
da(i) = da(i) = 1 R(ek,ei)a 181! 5
- I'il'. 4

p— . - [a]

= AMl)x + o Re, ,e;5€,,5 )x (see n? I1.45)

= Ra(i)_ + Ricei (a# e.} (see n? I11.45)
b4 x Ui ¢ *

Proof of formula (ii)

In order to prove (ii), it suffices to prove
T 1 2
(Gala) = 5 a({e]ad) + [D&[”.
We can write

ek.<u|a>‘= 2(Dku1a5, "and

a((aledy, = -I ek.(ék(<a|a}));f'

-2 &(Dkalnka)x - g i(Dk(Dku)la)x"

(Dki =0 at =x). ¥Finally we have

i

Aalad) = -2(pai? & 2(dajad W

14, Definition. A 1-form & is parallel if D& = 0.

N
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15.

Exercises.

Show that the point-wise norm Iﬂlx of a parallel 1-form

& is constant;

(ii)

Show that the vector-space of parallel l-forms has dimension

less than or equal to n = dim M innt: Take a curve c(t) in M

and let [ei} be a parallel orthoﬁo;mal frame along ¢ ({see. n®

I1.40). Show that if Coet) T Z §1(t)9g(t): then the a;(f) are.

constant Functionsl.

16.

Proof of Bochner's results.,

Integrating formula 12(ii) on M, we obtain

({Aa]a)? = j'!Dn12 dv, + J Ricci(a#,ﬁ#)dvg,
M M

because J AT dvg =0 for any C funetion f.

M

In view of the Hodge- de Rham theory (n® (11)), we take @

to be a harmonic 1-form. Finally we obtain

(17)

(18)

Any harmonic 1-form @& satisfies

~ J [Dalzdvg + J Ricei(a#,ﬂ#)dvg =0,

M M

For = in M, we define

P(x) = inf{Riceci(u,u)|u unit veetor in TxM}, and -

T inf{p(x)| x 1in ,M}f

min

We have the inegualities
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(19) J‘Ricci(ﬂ#,ﬂ*)dvg 2 [ p(x)(a1u)xdvg LR S {{a|ad..
M M

20. _Propogition. Kith the above notations, we have the following

results.

(1) If o(x) = 0, and if there exists an X, such_that

P(xo) > 0, then bl(M) = 0;

(i) If r; =0, then Dby(M) <n = dim M.

Proof. Assumption (i) implies that [ |Da|2 dvg < 0 for any non-
M .
zero harmonic 1-form: this is impossible, hence bl(M) = 0,

Assumption (ii) implies that J [Da[2dvg < 0 and hence that

Do = 0. Any harmonic 1-form is parallel and hence bl(M) s, by

Exercise 15(ii) B

Notice that Assertion (i) in the Proposition is sharper than

Bochner's result as stated in n® 6 (ii).

21. Generalizations.
- ~

The above situation can be generalized as follows. We
consider.a fiber bundle E over the Riemannian manifold {(M,g). Ve

assume that E is equipped with a Riemannian metric {we say that E

is a Riemannian fibre bundle) i.e. with a scalar product (.{.)x
in the fibers E_ of E, depending C on x. We also assume
that E is equipped with a connection 5, whieh is compatible with

the scalar product i.e.

B: a(m) x ¢®(M) » c(E)
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is an R-1linear map which satisfies the following properties
(i) X.{ulv) = (Dgu|v? + (u[ﬁXv>,
for all X in (M) and u,v in C (E);
(11) D
for all £ in C (M), "X in %(M) and u in C"(E);

(1i1) lfﬁx(fu) = (X.f)u + £ D

x4

for all f in C(M), X din %(M) and u in C"(E).

Finally, we assume that there is a natural Laplacian A
acting on C (E) (i.e. a 2™ order linear vartial differential

operator, with properties similar to those of the Laplace-Beltrami

operator) and that. A satisfies the following Weitzenbdck formula

(22) As = As + Rs,

- no_ -
where 4s = - I [D_ (D, s) - D
i=1 ®3 Pe,®

local orthonormal frame in M, and where R i1s a ézmmetric

s} is the rough Laplacian, [ei]
i

endomorphism of the bundle E, mx: Ex -+ Ek is an endomorphism of

E, which satisfies (mxulv)x = (ulmxv)x for all u,v in E_.

As above we define

0 = amrtGla), 1w an B Gl - 1,
(23) .
R 4n = inf{R(x) | x in M}. =

24, Examples.

} . _ o
(i) E=TM, D 1is the Levi-Civita connection, & is the

Laplacian on l-forms, ®Rs = Ricci(s*,.); in that case,
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R in = Tmin (see n2 7.20);

* - . '
(i3) E = APT'M, D is the Levi-civita connection, & is the
Laplacian on p-forms, Xs& .can be éxpréssed in terms of the curvature

tensor of (M,g); in that case % can be computed in terms of

“min
upper and lower bounds on Sect(M,g} (see [LZ] p. 3, Tg=-M] p. 264

and [B-G] p. XV. 8);

(iii) E - S(M), the bundle of spinors, D is the Levi-Civita
connection, Z is the Dirac operétpr, R = % (u is the scalar

curvature of (M,g): see n® 111.45);

(iv) Other examples include the moduli space of Einstein metries
(EB-G1 § 3), Jacobi fields for harmonie meps or minimal immersions

(EE;L] or [ual).

‘95, It follows from the WeitzenbSck Tormula (22) that

. | L |
A = .
J (slsav, I Bs1%ay, + J (s sav,

The following Proposition is a direct consequencé of the above

formula (same methods as in the proof of Proposition 20).

26. Proposition. Under the aﬁove assumptions, let &(E) denote

the dimension of the_§pacé of harmoniec sections of E,

. 8(E) - dim(s € ¢ (E) | &s = 0}

4

(this dimension is finite because E‘ is elliptie).

(i) If %(x) ® 0, and if there exists an x_, in M such

that ®(x ) > 0, then &(E) = 0.
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N (ii) If Rpin = 0 then &(E) s £ = rank(E).

Such resuits_are called vanishing theorems. We will now deal

with the following problem.

27, Problem. Give upper bounds on &(E), in terms of estimates
on R{(x) or Roin and on the curvature of " (M,g).

Proposition 26 gives a partial answer to Problem 27 when

mmin ¥ 0, In thé following paragraph, we investigate the case

< .
mmin 0.
c. THE ANALYTIC APPROACH, II.
28, Assume that ®oin = -k2, k € R;, and let s be a harmonic

section of E; s = 0. 1t follows from n® 25 that

- 2 2 2
s .
(29) _J IDs| Ve Sk J ls] Vg
M M

It foiléws from the very definition of 4 and from the min-

max principle (n¢ IT1I1.26), that (29) implies

8(E) < number of eigenvalues of & 1less than k2.

30. Note. ‘The operators K and & are non-negative, symmetric,

ond order elliptic linear partial differential operators on Cm(E),
s0 that the Spédtrum of A& (resp. K) 'consiSts of a seguence of

non-negative eigenvalues, with finite multiplicities

(0=) fl s X < oo 3@ (resp. (0=) il = iz < L., Me),
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In fact, the above inequality does not say much because we
do not know the eigenvalues of &. since |s| is a funetion on WM,
we can try to obtain an inequality on scalar functions on M (recall
that we have bounds on the eigenvalues of & acting on T (M) by
Chapter V). For this purpose, we use the following lemma Kknown as

Kato's inequality (see [H-S-UI).

31. Lemma. ¥or any s in C (E), the pointwise norm of s, |sl,

is in Hl(M,g) and we have the following ineguality {in the sense

of distributions)

lalsi] = |Bs|.

Proof. In the sense of distributions, we can write, for any f in

¢ (M)
J (Dy st dvg = = J |sle, (2 dvg)
M M
= ~ 1im J (1512+r2)1/2$X(f dv )
=0 g
M
= 1im J (ﬁxs]s)(ls|2+r2)-1/z f dv_,
-0 g
Mo
so that
..o lo, 4if s(x) =0
dls|(x) =

@B, slsd, / Isl,, if s(x) # 0,
_and hence d|s| is in HL(M) and satisfies

lalsll, s IBsl, ®
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Note that |d|s|| 4is the norm of the 1-form d|s| and that

- - *
IDs| is the norm of the element |Ds| in T MBE,

In we apply Lemma 31 to (29), we find

(32) : J"|df|%1vg < x° J £2 dvg, with f - |sl.
M M

From the min-max principle (n? IIT.26), we conclude that ...

k2 = 0, because ll(M,g), closed) = 0 .., this is not very

interesting! An interesting estimate would be k2 = A2(M,g),
because we know how to bound RQ(M,g) from below by Cheeger's
estimate (see n? IV, 26-29). 1In order to obtain such an estimate,

we need to write (32) with a function f such that f =0 (see

M
n® III. 28},

Define h{(x) by h(x) = |s|x - J lslx dvg / Vol(M).
M

It is clear that J h = 0, 1In order to substitute h to f in (32),
M ‘
we use the fellowing general lemma due to Daniel Meyer.

33. Lemma {{ME21). let E be a Riemannian vector bundle over

the Riemannian manifold (M,g). Let F be a finite dimensional

subspace of - L2(E,vg) = {s| J Isli dvg(x) < =}, such that
- M

dim F = N > 4 = rank(E).

Then there exists an element s, in F such that

Vo1(m)~1/2 J syl av, s C(L,N)(J Is 12 dvg)1/2,

where C(4,N} is a universal function of (4,N) which satisfies:
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¢{(L,N) is strictly decreasing in N, ©(s,2) =1, C(4,N) goes to

0 when N pgoes to infinity.

In order to apply Lemma 33, we take F

Then N = dim F = 8(E). We assume that N > 1 rk(E).

the section given by Lemma 33, and deriote [501 by

f - J £ dvg / Vol(M) by h., We can then write
" .
(1 - cZe,\) J 2 J n?,
M M

so that (32) gives

J ldhlzdvg < k2 (1-c2 2, a1t J K2 av,;
M M

. this last inequality implies that

(34) Ay(M,g);closed) = k2(1—02(L,N))'1.

(s € c“(E)le=o].

Let S, be

£ and

We can now prove the following generalization of Bochner's

results.

35, Theorem. Let E be a Riemannian vector bundle over the

Riemannian manifold (M,g) (compact without boundary) as in n® 21.

Asgume that

rmin(M,g)d(M,g)z ® e(n—l)a2, ¢ € {-1,0,1}, a € m; and n = dim M

(see n? V, 26; the interesting case here is € = -I).

Then there exists a posifive number b = b(n,€,a)

mmind(M,g)z 2 -b  implies &(B) < &,

[

éuch that

Proof. By Cheeger's ineguality (n? IV. 26-28), there exists a
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constant ¢ = ¢(n,€¢,a) such that

XQ(M,g;closed) 2 c/d(M,g)z. If 8(E) = L+1 we can write, in

view of (34) and Lemma 33 (see n? 28),
2 2
¢in,e,a)(1-c“(4,L+1)) = Imminl d(M,g)

This proves the theorem B

*
36. Example. Take E =T M, &§(E) = b, (M), We obtain
a(MaZ0N = -b(n,-1,1) = b, (M) < n = aim ¥, -

which extends Bochner's result to the case in which the curvature of

(M,g) 1is allowed to take negative values.

37. Comments.

(i) Lemma 33 is guite general, It also applies to manifolds

with boundary. See [ME2] for more applications;

(ii) Theorem 35 does not yet answer Problem 27.° We could imaginé
to use (32) Qith enough funétions f in order to apply the '
variational characterization of eigenvalues {n° ITI, 28), and the
estimates of Chapter V n? 31. The map s - |s| maps C"(E) to a
cone in Hl(M), so that it is not clear at all that one can apply .
the above idea (remember that if s is a parallel section, then
|s| is a constant; in the case of a trivial bundle, the parallel
sections form a vector space of dimension 2 = rk(E), whose .image

by the application s = [s| is R,).

(iii) The first improvements of Bochner's result (i.e. when the
'curvature is allowed to take negative values) were given by P. Li

(1980) for Bett1 numbers- they were then generalized by s, Gallot
-4#1981). Bbth used Sobolev inegualities with Sobolev constants
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estimated in terms of isoperimetrie inequalities. 1In 1980, M.Gromov
gave bounds on the Betti numbers using geometric methods. He also
pointed out that -one should be able to use the heat equation and
Kato's inequality. However he did not‘have the isoperimetric
inequality fof the heat kernel (see n2 V. 28) and could theréfdre

not go any further with this idea.

In the next paragraph we describe how heat kernel methods

give partial answers to Problem 27.

D. THE ANALYTIC APPROACH, TITI.

The idea is very simple. First of all notice that 8(E) is

the multiplicity of O as eigenvalue of E,
(38) 5(E)} = dim Ker &,

It can be shown that the operator 2 (resp. E) has a heat
kernel (see Chap. V § A), and that the trace of this heat kernel can
be written as

Zet) =
J

I a8

exp(-i t)
1 J

(resp. Z{(t) = % exp(-xjt)) {see n? 30),
j=1

where the series converges for t > 0.
Now recall that

J (hs|s) v, = I (&s]|s? v, + Ry J {(sls? v,
M M M

s0 that the variational characterization of the eigenvalues (n? III28)
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gives, for all j = 1, xj z kj + R oo from which we can deduce

(39) Z(t) < exp(-tmmin)Z(t)’. and hence
(40)  &(E) = dim Ker A s Z(t) < exp(-t® , )Z(t), for all t > 0.

Finally we notice that

Ker A = {s €C”(E) | &s =0} < {s € c™(E)IDs = 0}

so that

{41) dim Ker 4 S 4 = rank (E)
(compare with Exercise 15 (ii)).

Consequence, Proposition 26 1s an easy consequence of (39) - (41):

If % . >0, 1lim Z(t) = 0, so that 8(E) = 0:

It

min tw
If ® . =0, 1lim Z(t) S lim Z(t) < 4, so that B(E) S 2.
min +c0 " tes . -

We now use the following theorem (see [H-S-UJ]), which

generalizes Kato's inequality (Lemma 31).

42, Theorem. Let E be a Riemannian vector bundle of rank 4

over the Riemannisn manifold. (M,g) (see n® 21). Then

Z(t) s L Z(M,g;t), for all t > 0, °

43, Remark. Notice that equality holds in ;Theorem 42 when

E=MX BL.
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Proof of Theorem 42, (for the results on operator theory we use

here, see [K0OJ], in particular Chap. 9).

let € be a positive number. One can write (see Lemma 12)

Bl =

A¢s|s) + €2) - 2 A((s|s)) = (Bs|s) = |5s|2. On the other hand,
2

= {sls? + ez,

0] =

8112y = |s|_ AClsly) - lals 1%, where |siZ

] ]

so that
|slg-bCIslg) = (Bsls) + lalslyf® - |Bs)?
e [ ¢ s
from which we deduce (see Lemma 31),
|s|‘.A(|s|e) s (As|s?.
Passing to the 1limit when ¢ +tends to 0, this shows that

(%) Isl.AC]s|) s (Bs|s),

where A(ls|) is understood in the sense of distributions, in
particular this implies that A(|s|) is 2 measure (this extends

Kato's ineguality, Lemma 31).

For A € R, we deduce from (%) that

Is|.(a+A1a)(|s]) s ((B+r1d)s]s).
Let § = (A+AId)s  so that, by Ca@chy-échwarz,
[(Ba1a)~Ys[. carza) [ (B+r1a)~1s| s |s||(E+A1a)~1s|
i.e, (442 1d) [ (B 1d)"Is| = |s].

Recall that exp{(~tA), the heat operator, preserves
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positivity. For X > 0, we write, in the sense of operators,

(A1)t = J eutke-tﬁdt,
0

so that (A+A1d)™! also preserves positivity. We conclude that

for all X >0 and n € N,

[(8+41a)7"s| = (A+A1d)""(|S|) and then
(AR IS |T) < |T](a+h1a) " (|s]).

Recalling that e~t% - 1im (1+28)™,  we conclude that for

o

all 8,7 in c“(®),
{exp(-td).s|T) = |T| exp(~t2).([s])

and finally, we conclude that the norm |k(t,x,x)|, of the

endomorphism E(t,x,x) of the Euclidean space Ex’ satisfies

|E(t,x,x)| = ky(t,x,x), for any x € M (K(t,x,x) is the heat

kernel of A4).

We then deduce that Z(t) <4 Z(t) W  (Compare with Appendix A).

Finally the above results prove the following

44, Theorem. With the notations of n® 21, we have

8(E) € L inf exp(-tR_, )Z(M,g;t).
>0

Theorem 44 together with Theorem V. 28 give partial answers

to Problem 27.
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45, Summary.

Let (M,g) be a compact Riemannian manifold without

boundary, such that

rmin(M,é)d(M,g)2 x (n-l)eaQ, ¢ € {-1,0,1}, « € m; and n=dim M

(see n? V. 26). _

Let E + M be a Riemannian veetor bundle of rank %,

- ~

eguipped with a compatible connection D, and a laplacian &  which

satisfies the Weitzenbdck formula

Es = 35 + Rs.

Let R, = inf{{ns|s) | s € E, (s|s) = 1].

Then there exists a positive number a(n,¢,®) (see n¢ V.26)

such that

5(E) = dim Ker & < £ inf F(t),
>0

where F(t) = exp(»ﬁmindQ(M,g)t).Z(Sn,can;a2(n,e,ﬁ)t).

Tn particular, there exists a positive number b(n,e,a) such

that R . a®(M,g) = -b(n,s,8) implies 8(E) < L.

Note that since Z(S",can;t) (see [CL] Chap. II. 4) and
az(n,s,d) (see n V. 26) are eésily domﬁptable, the above estimate
for 6(E} can be made very eéplicit,‘with intermediate values of
t, i.e, witﬁ t neither close to O nox very large. TFor explicit

numerical computations, see [B-Gl § 5. ~

46. Let HY be a surface with genus Y and constant curvature
-1. The Gauss-Bonnet theorem ([HF] Part II Chap. III) implies that
the_volume of {HY is 4m{y-1), Let MY denote the Riemannian
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n-2

product of HY with a flat torus T with volume 1/4m(y-1).
_ _ 2
For My’ we hgve rmin(MY) = -1, Vol(MY) = 1. However ﬁnﬂ#MYki(MY)

and bl(My) tend to infinity with Y. This example shows that the

above result (n? 45) is qualitatively best possible.

For more technical details, examples and counter-examples, we refer

to [B-G] § 3; see also [Gaz].
47, Remarks. 1In fact, Theorem V. 28 and Theorem 42 give the
following estimates '
. n 2 -2
(i) Vol(M,g)kM(t,x,x) = Z{(8,can;a“{(n,e,2)t d(M) ),
(ii) kE(t,x,x) s 2 exp(—tmmin) kM(t,x,x),

so that we also get bounds on the L”-norms of the eigenfunctions of

A on C®(M) or of the eigensections of & on CT(E).

E. UNDERLYING PHILOSQOPIY.

48, In n? IV, 12, we introduced the following class of Riemannian
manifolds M . , = {(M,g)| dim M = n, Ricci(M,g) = (n-1)kg,
3By .

Diam(M,g) < D}.

In n? V. 26, we stated that h{(M,g;B8) .is bounded from below

by a uniform funetion H(B) = H(n,k,D;B) on M in n® v, 28

n,k,D’
we proved that Z(M,g;t) dis bounded from above by a uniform function
Z(t) = Z{(n,k,D;t) on mn,k,D' From the second estimate, we deduced,
in this chapter, that bl(M) is uniformly bounded in the class of
manifolds M which admit a metrie g such that (M,g) is in
m%,k,D' It is very important. to visual{ze these results‘in the
following picture. 7
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49, Given two subspaces X and Y of a given metric space zZ,
we denote by dg(X,Y) the infimum of the positive numbers r such
that X (resp. Y) is contained in the »r - neighborhood of Y

(resp. X). This is the Hausdorff distance of X and Y in Z.

We now define the Hausdorff distance dH(X,Y) between two
metric spaces X and Y as the infimum of the number dﬁ(i(x),j(Y)),
for all isometric embeddings i: X * Z, j: Y * Z in the some

metric space Z, as Z varies.

in [GV2], M. Gromov proves the following fundamental theorems

. 5O. Theorem. {precompactness theorem: [ Gv2], Chap. 5). The

space mn k.D is precompact for the Hausdorff distance dH between
? H]

Riemannian manifolds (eompact, without boundary).

Let 0 denote the class of all Riemannian manifolds

n,K,n,v
(M,g) such that dim M = n, |Seect(M,g)| < X, Diam(M,g) =D and

VOl(M,g) 2V,

Let 9 denote the class of all differentiable

n,K,D,V ]
manifolds M such that there exists a metric g on M with

(M,g) € %) ¢ p v

51. Theorem (compactness theorem: [GV2], Chap. 8)

0y D 'R Py -
(i) (Cheeger) The set n,K,D,V is flnlfe,

(ii) {(Gromov) The set % is compact for the Hausdorff
. 28€ S8 Y K,D,V

. - .
distance dy; and the map (M,g) M from mn,K,D,V to Qn,K,D,V is

locally constant.

-’ .

It follows from Theorem 51 that by(M), b (M), "and more
generally any topological invariant is bounded on :mn K.D.V* Indeed,
- L ? ?. :

such an invariant does not ‘depend on the'Rieménnianrmetric,_and-'



(1)

is finite ", hence there are only finitely many

2

n,k,D,V _ _ ‘

homeomorphism classes of manifolds in 9 . Unfortunately,
H,K,D,V . L

given  (n,K,D,V), we do not know in general the elements in

Dn K.p.y SO that we do not know any explicit bound on the topological
] » b -

invariants of the elements in . v+ at least from Theorem 51.
n,K,D,V

However, it follows from n® 45 that we can give explicit

bounds on

(i) by (M) in terms of dim(M), a lower bound on Ricci(M,g)

and an upper bound on Diam(M,g);

(ii) bp(M), 2 £ p=n-2, in terms of dim(M), an upper bound

on |Sect{M,g)| and an upper bound on Diam(M,g).

In view of (i) we could conjecture that any reasonable

geometric invariant is bounded on M Theorem 50 would prove'

n,k,D’
this conjecture if these geometrie invariants were continuous for
the Hausdorff distance. This is not so in general, as the following

examples show.

52, Counter-Examples. Let us consider bz(M), the second Betti

number.

(i) M. ,g) = (Tl,can) X (Tn-l,ecan) converges to ‘(Tl,can)

for the Hausdorff distance. However, b,(M ) =(3) and by(T)) = 0.

(ii) Consider the Hopf fibration S2%*! 4 ¢pP®, yhose fiber is

s'. We can multiply the metric in the fiber by ‘¢ so that we obtain

2n+1 nd

a seguence (8 ,ge) -of manifolds whose 2 Betti number is O.

This sequence converges for the Hausdorff distance to (CP",can),

(1) The number of elements in 9 was recently bounded from
n,K,D,V

above by S. Peters,
id1



s | . .
vhose 2 ? Betti number is non-zero.

'One can also show that lz(M,g;closed) is not'continuous for

4, (see [fsd]).

B

53. _ Pre-compactness revisited.

Qur Theorem V. 28 gives a precompactness result for ﬂn k.D
. N H ¥
wh}ch might have some relationship with Gromov's precompactness

theorem (Theorem 50); see-;B;B—G3].

we denote by/ L2 the Hilbert space of sequences {ai}ial
such that Elailz < o,
!
We denote by h' the Hilbert space of sequences [ai]_=1
: i
such that E!ailz(1+i2/n) < » {n fixed in W).

It is a classical result that the inclusion h1 -+ &2 is

compact.

Now, given a Riemannian manifold (M,g)}, we define a map ¥
from (M,g) to 22 as follows

_ 1/2 _
v(x) = {Vol(M,g) expf Xj)¢j(x)}jzl,

where {Aj = lj(M,g;closed)}_tl is the spectrum of the Laplacian on
J
Cm(M), and where {¢j}j21 is an associated orthonormal family of

eigenfunctions,

If (M,g) dis in T , we can write (use n® V. 28)
n,k,D

(i) Hw(x)ﬂiz Vol(M,g)ky(2,x,x) < z(s" can;A(n,k,D)), and

-]

Vol(M,g) T (1+5%Mexp(-22 )¢2(x).
. ‘ =1 3 3J

2
e Gl
hl

Since KJ = B(n,I\:,D):j2/n in view of Theorem V. 31, we conclude that
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o2 @ Co- .
(i) MvGol”™; S vol(M,g)C(n,k,D) I (142 Dexp(-22 )82 (x).
h ‘ . 3=l J Jj*a

Using n® V, 28 again and a summation by parts, we conclude that

(iii) “¢(x)“21 < E(n,k,D).
h

Here A(n,k,D), B(n,k,n), C(n,k,D), E(ﬁ,k,D) are universal

funetions of n,k,D,

From (iii) we conclude that the image of the set mn k.p bY
H ¥

the application § is bounded in hl, and hence relatively compact

in 42. This is the announced precompactness result.

Further references for Chapter VI: For § B to D see also [BD1].

For § E, see [GV2] and {M-s1, [s1].
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‘CHAPTER VIX

A BRIEF SURVEY OF SOME RECENT DEVELOPMENTS IN SPECTRAL GEQMETRY

ALL RIEMANNIAN MANIFOLDS ARE COMPACT,

CONNECTED, WITHOUT BOUNDARY

{Unless otherwise stated)

In Chapter III.C, we divided the problems concerning the
relationship between the eigenvalues of the Laplacian and the

geometry of a Riemannian manifold (spectral geometry) into two

categories: direct problems and inverse problems. Both types of

problems are-relevaﬁt to mathematicai physics.

In Chapters IV and V, we deélt with direct problems and more
precisely with isoperimetric methods applied to direct problems (e.g.
lower bounds on the eigenvalues). These chapters do not give an
exhaustive survey of known results on direct problems, TFor more

details we refer to [CL+BD2], [PE] and [oN]

In the present chapter, we give & brief overview of inverse
problems. As we neither plan nor wish to give a thorough survey, we
refer to [B-B] for references (see in particuler the list of basic

references given page 156 or Appendix B, p. 210).

In Chapter I, we motivated the study of eigenvalue problems
by applying the method of separation of variables to the wave
equation. We could have applied the same method to the heat egquation.

Now it turns out that this is the analysis of the heat and wave
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equations which leads to inverse results in spectral geometry.

A, THE HEAT EQUATION AND APPLICATIONS.

1. In Chapter V § A, we introduced the heat kernel k(t,x,v)

of a Riemannian manifold (M,g).

by A
Tf we denote by { i]iil

2% acting on C (M) and by {¢i},21 an associated family of
1

orthonormal real eigenfunctions, we can write (see n® V. 4)

the eigenvalues of the Laplacian

(1) K(t,x,x) = I exp(=t t)d (x),
-1 i

R

(i1) j k(t,é,x)qvg(x) = 2(t) =

exp(-hjt).
M J

1

Recall that Z(t) determines {Ki} (ne V. 53).

izl

The following theorem (known as Minakshisundaram - Pleijel

asymptotic expansion) has been used extensively to investigate

inverse problems.

2. Theorem. Let (M,g) be an n-dimensional Riemannian

manifold. The following asvmptotic expansions hold when t goes to

0,

(1) k(t,x,x) ~ (ant)™2 £ 4 ()™,

' : m=0 "

(11)  z(t) ~ (amrt)™2 T , t™;
m=0 M

(these are asvmptotic expansions; the series in the right hand sides.

do not converge in general).
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The functions um(x) are C  functions on M which can be

" expressed as universal polynomials in the components of the curvature

tensor and its covariant derivatives.

In particular,

a, ﬁ-Vol(M,g)
a, = % J u(x)dvg(x)' (u is the scalar curvature of M: II.45).
M.
3. Remarks. It is in fact very difficult to give explicit

formulae for the functions u, : see [ B-G-M] Chap. III._E and LGyl or

[BD].

In the sequel, we denote the sequence {113121 of the
eigenvalues {with multiplicities) of the operator AE acting on

GQQM) by Spec(M,g) (the spectrum of (M,g)).

4, Some Conseguences.

Assume we know the spectrum Spec(M,g}. It follows from

Theorem 2 that we then know

(i) the dimension of M,
(ii) the volume of (M,g),

(iii) the integral J u(x) dvg(x) of the scalar curvature of

M
(M,g), and hence, in dimension 2, the Euler-characteristic ¥ (M}

of M, by the Gauss-Bonnet theorem.

5. Definition. We say that two Riemannian manifolds (M,g) and
(N,h) are isospectral if Soéc(M,g) = Spec(N,h).

One of the important gquestions in spectral géometry waé
formulated by M. Kac in the 1960's, . -
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6, Question. "Can one hear the shape of a drum", or are two

isospectral Riemannian manifolds isometric?

7. Some positive answers to Question 6.

{i) 2-dimensional flat tori are characterized by their spectra

among flat tori ([B-G-M] Chap. III, B):

(ii) Let (M,g) be one of the following Riemannian surfaces:
(Sz,can), (RP2,can), (T%,can). Then (M,g) is characterized by

its spectrum ([ B-G-M] Chap, III. E);

(1ii) (8",can) and (RP", can) are characterized by their

spectra for n = 4 ({B-G-M] Chap. III. E).

For further results see [B-B] Chap. 6.

8. Some negative answers to Questicn 6.

The first counter-example to Question 6 was given by J.Milnor
in 1964, Ve can summarize the negative answers to Question 6 as

follows

(i) There exist isospectral 16-dimensional flat tori which are

not isometric (Milmor 1964); however, they are diffeomorphic;

(ii) There exist isospectral 5-dimensional lens spaces which

are neither isometric nor homeomorphie (Ikeda 1980); (curvature+l):

(iii) There exist isospectral Riemann surfaces (with curvature-1)
which are not isometric (they are Homeomorphic by 4(iii))}; there
exist isospectral 3-dimensional manifolds with curvature-1, which
are neither isometric nor homeomorphic (fignéras 1980); recent

examples were given by Sunada (1984) and RBuser (1985);

(iv) There exists a one-parameter family of 5-dimensional

Riemannian manifolds, such that any two elements of the family are
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isospectral but not isometric (C. Gordon - E., Wilson, 1983, J. Diff.

Geom. 19 (1984)).

For further results see [B-B] Chap. 6 or references in § C.

9, Comments. The examples described by Milnor, Ikeda and
Vignéras arise from number theoretic considerations; those of Gordon-
Wilson from group theoretic considerations. It can be shown (Wolpert
1979) that there are finitely many nﬁn—isometric flat tori (resp.
Riemann surfaces) with a given spectrum, However, no‘upper bound on
the number of such tori (resp. Riemann surfaces) is known (except

for 3-dimensional tori, J.P. Berry 1981).

In 1982, H. Urakawa gave the first examples of non-congruent
domains in B4 with same Dirichlet and Neumann spectra.
Examples of domains in Ba with the same property were recently
given by P. Buser (1985), It would be interesting to have other

n

counter-examples of such domains in R and specialy in B2.

More generally, it would be interesting to have examples of
non-isometric, isospectral manifolds {possibly with boundary), which

are not locally isometric.

We conclude this paragraph with two ramarks.

10. Remarks.

(i) The heat equatioh is a diffusion equation and is very much
related to Brownian motion. Some results in spectral geometry are
easily interprefed or proved in terms of Brownian motion and
probability theory: see [CL] Chap. IX, [R-S1 and [B-B] Chap. 12;
probabilistic methods might turn out-to be very powerful, for example
to investigate the heat kerngl with Dirichlet boundary condition in

a domain with very irregular boundary.
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(ii) A consecuence of Theorem 2 (ii) is Weyl's asymptotic

formula (see III. 26)
A1) N = card{jlr; = 4] = c(n) Vo1, g ? 4 o(A7/2),

which follows from the asymptotic formula for Z{t) by applying
Karamata's Taubefian theorem. However, one cannot give a sharp
estimate for N(A) = C(n) Vol(I\’I,g)?&n/2 with this method. One has

to use wave equation techniques,

B. THE WAVE EQUATION AND APPLICATIONS.

The fundamental solution of the wave equation (or wave kernel)

on (M,g) is the distribution E(t,x,y), (t,x,y) € RX M X M, which

satisfies

sz :
2 A B = 0:
(bt2 + y) (t,x,y) = 0;

(12) <E(0,x,y) = 6,.(¥);

%% (0,x,y) = 0.
L .

In the sense of spectfai'fheory, this is the kernel of the

operator cos(t/4). ~

For example the wave kernel of (Bz,can) is

E(t,x,y) = Cylt] (Jx-y|® Thtz):3/2; for some constant C

where

0 if x =0, :

|x|2: 42 -x < 0.
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The wave-kernel of (T%,can) is given by

(13) E(t,x,y) = Colt] I (Ix-y-y1? - ¢
vET

2,-3/2
Y22,
The wave egquation technigues were introduced in the late

1960's by L. H8rmander to study the function N(A) (see n? 11). Ve

now summarize the main results concerning the estimates on N{(X),

14. Results on N(A)., Let (M,g) be a Riemannian manifold

without boundary then

Gy N = c(mvol(n, g™+ 012y (avakumovie 1956,
HS8rmander 1968) and this estimate is best possible, as the example

of (s",can) shows;

(ii) Tt was then observed by J. Duistermasat and V. Guillemin

);_n/2

(1975) that the nature of R(M) = N(*) - C{n)vol(M,g is very

much related to the geodesic flow of (M,g). Roughly speaking, R(A)
£ x(n-l)/Q

is of the order o if and only if the geodesic flow of
{M,g) 1is periodic i.e. all geodesics are closed with same period.
This is exactly why (Sn,can) appears in (i). All the geodesics of
(s",can) are periodiec with period 2m, Again roughly speaking, if

the geodesic flow is not periodic then R(A) = o(l(n'l)/2);

(iii) In some cases, the estimate for R{(*} can be improved.
In the case of flat tori, one has R(A) = O(K(n_z)/2+1/(n+l)). This
estimate is not best possible, and the true nature of R(A) is not
known; to investigate R{A) in that special case is a very difficult
problem related to number theory. For manifolds with negative

curvature one can prove that R(A) = O(A(H-l)/g/Logl) (Bérard,
Randol 1976).
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15, The case of manifolds with boundary is much more difficult.

It can be shown on certain examples that the counting function ND(K)
for the Dirichlet eigenvalue problem in the manifold with boundary

(M,g) satisfies

(16) ND(A) = C(n)Vol(M,g)ln/2 - C'(n)Vol(bM,g)K(n-l)/z + O(A(n—l)/Q).

This estimate is know as Weyvl's conjecture.

Estimate (16) turns out to be much more difficult to prove
than 14(i), In fact H8mander's estimate 14(i) was proved for
manifolds with boundary only a few years ago (Pham The Lai, R.Seeley
1980). Counter-examples to Weyl's conjecture were given by D.Gromes
{1967) and Bérard-Besson (1980): they again involve manifolds with
boundary, whose geodesic flow (allowing reflections atrthe boundary,
as in geometric opties) is periodic. Weyl's conjecture was settled,
undergeneral assumptions, by Melrose (1980), Ivrii (1981) and

Petkov (1985),.

i7. The wave kernel is very much related to the geodesic flow of
(M,g). In particuiar, wave equation technigues clarified the
relationship between the spectrum of a Riemannian manifold and the
lengghs of the closed geodesics on the manifolds. Results in this
direction were obtained by Y. Colin de Verdiére (1973) and
Duistermaat-Guillemin (1975)., We explain this relationshig for a

flat torus T%.
The Poisson summation formula (Examvle V., 6 (ii))
- ‘ %, 2
(art) ™ 2vo1(1p) & exp(-IvI%/4t) = I exp(-an?ly*I%t)
v€r y¥er*
o0 *kn2 % *
shows that the spectrum of Ty, {4m Iy’ 17,y €T"] determines the

lengths of the closed geodesics of Tp, {Hvﬂz, ¥ € T}, the so-called
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length-spectrum. This relation can also be seen as follows. Using
ne (13) and the fact that E(t,x,y) is the kernel of cos(t/&) we

can write, at least at the formal level, for T?

12.42y73/2,

1 M8

cos(tJlj)¢§(x) = Ep(t,x,x) = C2|tf T (Il

1 vET

3

--1
In fact, one can show that z cos(hJij) is a tempered distribution
j=1

whose singular support (points away from which the distribution is
c®) 4s contained in the set of lengths of closed geodesics (and
their opposites). Again we see that the spectrum determines the set
of lengths of the closed geodesics. This phenomenon can be understood
by thinking of ripples propagating on.a cylindrical lake: see Fig. 8

{think of a cylinder as a rectangle with two sides identified).

VIRTUAL SOURCES -

———— ‘ . Fig.8 .
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Similar results can be established on manifolds with boundary,
relating the spectra of the manifold, with either Dirichlet or

Neumann boundary conditions, to billiard trajectories.

For more references on the wave equation see [ B-B] Chap. E
and § C. Let us end this paragraph by pointing out that wave
eguation technicues belong to the realm of symplectic geometry rather

than to that of Riemannian geometry,

C. FINAL COMMENTS.

"
Many-problems arise in spectral geometry, both direet and

inverse problemﬁ) Jboth on manifolds with or without boundary. Leafing
through the "Leitfadén' of [B-BJ, the reader will discover some of
these problems. We oniy hope that these notes will arouse the
interest of the readers‘and will lead them to solve some of these

problems,

Some further references

Heat equation: [BDI, [cL+Bp2], [hx]
N\
Vave equation: [gr1l, [gLel, [g-s]
Partial differential equations and geometry: {vul
Open problems: Lyul
For the estimates concerning the counting funetions N())

(see (11)), we also refer the reader +to: L. H8rmander, the analysis

of partial differential operators, Vol.III-IV,Springer Grundlehren 1985,
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General references: see [B-B] and the following review papers or

books: [BE], [B-G-M1, [BN1, LcrL+BD2], [GLl,2], LG-s], Laoyd, EPEj,

[p-3], Lowl.
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I - INTRODUCTION

The spectral theory of Riemannian manifolds is a typical
example of an interaction between two different aspects of mathematics:

Riemannian geometry and operator theory in Hilbert spaces.

For geometers the aim is, of course, to obtain geometric
informations using the well-known methods of Hilbert spaces analysis.

This transfer can be summérized in the following picture:

A B
. . 1
Riemannian - Spectral
geometry direct problems theory
(M,g) (L2,q)
2 .
S -

- I

inverse problems

The 1link between box A and hox B is done by associating to
the metric space constituted by a Riemannian manifold (M,g) another
metric space built on the Hilbert space LQ(M) endowed with a
guadratic form a iﬁ the senge of spectral theory (i.e. not neces-
sarily everywhere defined) which we shall call the energy. In the
case of a smooth compact connected Riemannian manifold, this
gquadratiec form generates (by a standard process: the so-called
Friedrichs' extension) a self-adjoint operator which has ‘a4 compact
resolvent. This is one of the best-known situation occuring in

box B.

Once this link is established (may be the right words in

this situation would be functors and categories, but‘such a formal
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approach is not our goal here) a lot ¢f problems arise immediately.
In Chapter I1I1.C, the problems which are related to arrow 1 were
called direct problems and thése which come from interpretation of

box B results, inverse problems. Let us now give some examples:

Question 1: Is arrow 1 injective?

This is the famous cuestion asked by M. Kac [ see Appendix B
for referencesl: "Can one hear the shape of a drum?". It is known
that the answer is no (in a general situation); however the following

question has not yet been answered;

Question 2: Are two isospectral manifolds locally isometric?

Another interesting problem when dealing with the Laplacian
(for example)} would be to separate precisely PDE theoretic results
from Hilbert spaces algebra ones, or in other words, to understand

more accuratly the arrow 1.

This appendix illustrates an interesting principle which can

be summarized as follows:

Once a problem in box A is translated into a problem in box
B, it is very often useful to study thoroughly the latter problem
before going back to the former one. This gives rise to more

elementary and simple proofs.

The aim of the following text is to try to gather in a
general picture a number of inecualities involving the heat semigroups.
We wish to prove that such inequalities are {(algebraic) consequences
of inequalities on the guadratic forms associated with the operators
under considerations, and are obtained in a manner which is very .
similar to the proof of Kato's inequality ([H-S—Ul]:IEﬁerenqes p.190),

In the geometric applications it will then be clear %that
these criteria rely on isoperimetric inegualities. The former are
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in some sense, z Hilbert space translation of the latter, This
relationshib being established the desired results on diffusion

processes are then easily proved.

éecfion 1T econsists in recalling the Beurling—Dehy criterion,
We shall then give the corresponding criterion in our case, in box B,
forgetting the geometrical meaning (Section iv). For this purpose
we give a formal definition of the notion of symmetrlzatlon. The
appllcatlons (Section V, VI) then consist in a verif1cat1on of the
conditions established in Section IV (geometric symmetrization
decreases energies) in the varticular cases under considerations:
Fiber bundles, Schwarz symmetrization. Recall that a symmetrization
generally yields a comparison between .a generic space and a more
symmetric one, in the sense that it has more isometries. Certain
results are then incorporated in this framework such as the paper

[B-G] which has been a guide for this text.

The reader will easily see that this appendix deals neither
with the most general case nor with the most formal one, and that

extensions and modifications are possible.

Finally, it must be noted that the idea of the formal approach
of the inequalities appearing in [B-G] has been suggeéted to the
author by the article [H-S-U1l. Our method is just a slight
modification of the one presented in [g-8-U1]. In a forthcoming
paper we shall develop a similar approach to the notion of transplan-

tation (which is in some sense dual to that of symmetrization).

The results which we present in this Appendix are not yet
polished, as they pertain to ecurrent research. A hopefully more

satisfactory version of this Appendix will appear elsewhere.

References for thié Appendix afe given p. 190.
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II -~ THE ABSOLUTE VALUE AS A SYMMETRIZATION

PROCEDURE AND THE BEURLING-DENY CRITERICN

This section is our first contact with symmetrization; in its
weakest form. However all the ideas (which are very simple) will

appear here.

Let (M,4) be a o-finite measure space. We will deal with

the Hilbert spaée iZ(M,du)."It is then natural to give the

i. Definition:

let A be a bounded operator on. Lz, it is called positivity

preserving if Af 1is positive whenever f is positive (see ER-S]IV,

p. 201).

We can now give sufficient conditions for a self-adjoint

operator to be positivity preserving.

2, Proposition:

ILet H be a self-adjoint operator, bounded from below by

E = inf{Spec(H)}. Then e~ tH is positivity preserving for all

©+ >0 if and only if (H-l}“1 is positivity preserving for all
A< R, ’

Proof. Use the formulae

-1

(g-x)~1 = J e’\t e tHat (» € £}
0 ]
e = 1im (1+ 2E ' (t>0). W
ne
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In the following we will only consider self-adjoint operators

and real valued functions (for the sake of simpliecity only).

There is a very simple criterion for a positive self-adjoint

operator to generate a positivity preserving semi-group.

3. Theorem {Beurling-Deny criterion)

Let H2 0 be a self-adjoint operator on LZ2(M,ds) and let

q be the associated gquadratic form with domain 9(gq). The following

assertions are equivalent:

a) e B 45 positivity preserving for all t > 0,

b) if u € O(g) them |u| € 9(g) and q(lul) = g(u).

Remark.
As in Proposition 2, it is sufficient to have H bounded
from below by some constant -¢c, i.e. '

2
{me|o? * -c|w| , for all © in the domain of H.

Indeed, in that case H + e¢Id 1s non-negative, and the quadratic

form associated to this operator is,

2
a(o) + elo|”,

The proof is very easy and it can be found in [R-$1IV,p.210.

In 1973, T. Kato EKOj proved a simple but very useful
inequality, the so-called "Kato's inequality" (n? VI.31 and proof of
VI.42). Later B. Simon [ SN] gave an interpretation of this
inequality in terms of positivity preserving semigroup. More

precisely, .
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4. Definition:

With_the notations of the above theorem, we say that H

obeys Kato's ineguality if and only if:

i) u € 9(q) implies |ul € D(q)

ii) for u € O(H) and £ € D(q) with f 2 0
(£]H(|u])? s {(sign u)f|Hu)

where sign(u) is defined to be

{sign u)(x) = 0 4if wu(x) = 0

= TE%E%T otherwise,
u(x

The 1link with positivity is given by the following

5. Theorem [ SN]

A _self-adjoint operator H which is bounded from below

satisfies Kato's inequality if and only if e '8 ig positivity
Preserving for all +t.
Proof. If Kato's inequality holds, taking f = |u] we get, for

u € 9(H)
a(lul) < q(u).
A limiting argument and the use of Beurling-Deny criterion give the

result.

Conversely if e-tH is positivity preserving, then for any

u and any f = 0
((sign u)f]e"tHy) < (ffe-tH|u|>

and egquality holds at +t = 0.
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If u € O(H), +taking f = |u| and differentiating at

t =0 gives

0 =< q(|ul) = g(u) and hence,

|uj € ©{(a). A limiting argument shows that the same is true when
w € O(g). If u€ O(H) and f € P(q), differentiating again gives

the desired inequality. ¥

6., Interpretation:

Let us assume that the self-adjoint operator H is bounded
from below and satisfies the Reurling-Deny c¢riterion. Then the
absolute value can be seeﬁ.of as a mapping from L2(M,du) to itself
which decreases the guadratic form associated to H {and thus which
preserves its domain). Assume that H 2z -c Id.

The conseguences are the positivity preserving properties of
(H+l)_1_ {(for * >c¢) and e ™ (for t > 0), and Kato's inequelity.

1t (@A) L (resp. e tH

is an integral operator with
kernel R{(M;.,.) (resp. K(tj.,.)), this leads to the positivity
of the funetion on M X M, R(;.,.), for & >e¢ (resp. K(t;.,.)

for t > 0).

So this property of the absolute value allows us to compare
the operator to 0, the trivial operator (positivity). The question

which arises now is:

Is it possible to compére different operators, even acting

on different Hilbert spaces?
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ITT - SYMMETRIZATION

This section is devoted to a formal approach of symmetrization.

It aims at giving a criterion analogous to that of Beurling-Deny for

semigroup domination. It is clearly inspired by the paper [H-S-U11].

Unless otherwise specified we shall deal with self-adjoint

operators. This is not really necessary.

Let ¥ and X be two Hilbert spaces, We assume X to be

real.

A nonempty cone Kt of X is a subset such that:

i) ¥t skt ooyt

i1) a¥" ¢ X7 for all a2 o,

we assume furthermore that
1i1) (T [E™) 2 o,

The cone will be said to be self-dual if the following condition

holds

iv) {gl¥™) 2 0 implies g € ¥t

In this situation, we have the

7. Definition:

A map $§ from H to ' is called a symmetrization if

1) for all (f£,£') in ¥, [{£l£'}]| = {(s(£)[8(£’)), and

equality if f = £’;

2) Let g be any element in M+, then for any fl‘e H

there exists an f2‘6 4 such that

g = S(fz) and
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(£,18,) = (8270 [S(2,)) = (8(fy)]e?

(in this case f,, f2 are said to be g-paired).

We then have the

8. Proposition:

A symmetrization is a Lipschitz map.

2
proot.  [S(£)-s(g)}> = |s(£)|° + Is(e)]” - 2(s(£)[s(e))
put  |s¢e)|® = [£]®  ana i

(£|g) s [¢{£lgY] = {s(£)|S(e)?,

then
ls(e)-s(g) |2 = |£-g|2. ®

9. Remark. .

This property allows us to define the symmetrization on a

dense subset of ¥ only.

Another property which will be important in the sequel is

given by the following:

10. Proposition:

Let ¥,¥ and £ be three Hilbert spaces, ¥ and & being

real, S (resp. T) a symmetrization map from ¥ 1o ¥t (resp.

from ¥ +to £y if T has the property that whenever f, € i
and g € st the elemeqt f,, € H suech that (fl’f2) are g-paired

can be chosen in X' then TeS is a symmetrization.

Proof. Clear.
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The following proposition will lead to a definition of the

domination relation.

11. Proposition:

Let A (resp. B) be a bounded operator on ¥ - (resp.  H).

The following inequalities are egquivalent (for all f

l,lee #  .and

g € K):
1) (s(af)g) = (B(s(£ ) 2);
ii) Re(Af1|f2> s_(g(s(fl))|s(f2)>;

111)  [<az [2,0] S (BCS(2))[8(2,));

if futhermore X' is a_self-dual cone, we can add

iv)  s(af)) = B(S(fij). i.e. B(s(fl)) - S(Afi).e wt.

Proof of the'Proposition;
(ii4) = (ii) trivial
(ii) = (41}

Choose f2 such that (Afl,f2) are g-paired, then

(s(af))|g) = (af;[£,) = Relar, 1,0 < (B(s(£,)) ).

(1) = (iii) elear.
Finally it is clear that  (iv) implies (i), (ii) anad (iii),
and that the self-dual properiy of ¥* allows the converse to be

true. N

12. Definition:

If A and B satisfy one of these inequalities we will say

£ A

that B dominates -A,
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13. Remark.

The fact that the cone is self-dual allows to pasé-from:
integral inequalities to pointwise ones when working on spaces of
functions. This will be important in the applications:and explains
the difference§ between inequalities obtained from various types olf

syﬁmetrizations.

The following lemma will be important in the seqguel.

14, Lemma:

1) If B, dominates A; then IallB1 + |a2|32 dominates

G A, + QA

18y + Bohy (84,0, € €).

2) 1f B, dominates Ay and if B, and A, converge

respectively to B and 4 (weakly or strongly) then B dominates

AL
3) If B, dominates 4, (i=1,2) and if B, preserves

the cone ¥' then BloB2 dominates AlaAz. If furthermore wt is

self-dual then the preservation of U by B; 1is a conseguence of

the domination relation.

Proof. The only non trivial peint is 3)., For f € ¥, g € ¥t we

have

(S(Agea,(£)) g < (B (S(a,E)) |g) < (stAzf)]BIg)
(recall that the operators are assumed to be self—adjoint). Then
(S(AloAz(f))|g> s'(Bz(s(f))|BIg> = ((Blosz)(s(f))|g>,

because B,g belongs to wt,

1t %% is self-dual then the relation

S(a,f) < B, (S(£))
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implies that for all g € x+, choosing f € ¥ such that S(f) = g,

we ﬁave
(Byg|n} = (s(a;£)|n} = 0 for all h € ¥,
Thus ‘

4
Bg€w.

15. Corollary:

Let H (resp. K) be a self-adjoint operator on ¥ (resp.

X) both bounded from below by -c and let Pt = exp(-tH) and

T, = exp(-tK), The following propositions are equivalent:

t

i) T, dominates P, for all t > 0;

t

ii) (A+K)_1f dominates (5‘~-1‘-I-I)'—‘1 for all A > ¢;
i) (+K 0T, dominates (A\+H) P, for all A >c, t>0

and n € WN.

Proof. Use the formulae

I T
‘ 5

B 4o ':'
(A+E) L - f o Bp
0

o
]

1im (1+ % DT = unl(G'E+n™) =
nts n+w o
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IV - INTERPRETATION IN TERMS OF QUADRATIC FORMS:
A CRITERION FOR SEMIGROUP DOMINATION

We can now give a necessary and sufficient condition in terms
of quadratic forms for a symmetrization to give rise to semigroup

domination. It will be a generalization of Beurling-Den&'s ecriteria.

The main theorem of this text is:

16. Theorem:

let H and K be self-adjoint opérators, both bounded from

below by =¢, on ¥ and X respectively; dqgs 9y 1he associated

gquadratie forms (which will be considered as bilinear forms as well).

let P, and T, be the semigroups generated by H and K. If 90

is a core for W, and if we assume that (Ax) T preserves XK' for

all A >c¢, then the following conditions are equivalent:

~a) Semigroup domination

for all t > 0;

Tt dominates Pt

b} Resolvent domination

(1+K)-1 dominates .(1+H)f1 ‘for all X > ¢;

c¢) Kato's inequality
(K,) u € 9(qy) implies S(u) € D(q,)
(K,) qu(fl,fz)l = ](Hfllfz)]:t Re(me, 12,0 2

= (8(£,)KS(£,)) = q,(s8(£;),8(£,)),

for all fl € 90, f, such that S(fz) € O(K) and (fl,fz) are
S(fz)-gaire .
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Proof,

i} The equivalence of a) and b) is clear from the previous
section. '
ii) a) implies ¢). The hypothesis a) implies the inegquality: ...
-tH ~-tK
(el = (A=) see)[s(e)),

for f € 90. Letting t go to =zero yields,

. . L , .
o > g (f) = 18172812 = k12504 |? - . (S(£)) = 0,
which implies
5(f) € D(qK).

A similar argument gives ineguality (K2).

Recall that a core for H is a subset 90 of D{H) such

that the graph of H 9 is dense in the gravh of H.
[

iii) c} implies b).

Let us assume that fi G‘CA+H)(D°) and g € Hf, then

(s((ma) e ) [g) = (seng) e,

. -1
with h1 = (H+k) Ty

Since h, € 90, and by assumption (1+K)-1g € X*, we can
write

(A+K) " Lg o S(f,) ~with hy: and . £ 5(2,)-paired.

2!
(Notice that 8(£,) € D(K))_. Tﬂén:(by (k25)'
(s(hy)|g? = {s(hl)I(A+K)s(f2)> = Re((H+l)h1]f2> = Re(fllf2) <
_ L
= [(fllfz)l < {s(;I)ES(fz)) = (S(f1)|(1+K)I g7,

169



Then we have

.

(e e led s (e iscey) e,

‘which is the desired inequality. A limiting argument allows

us to conclude. B IR

Let Eg(H) (resp. Eg(K)) Dbe the ground state energy of the
self-adjoint operator H (resp. K), i.e. the infimum of the

spectrum of H (resp. K), the following consequence is immediate.

17. Corollary:

If one of the conditions in Theorem 16 is. verified then,

Eg(H) = Eg{X).

Proof. Use the min-max principle. M

18. Inferpretation:

The theorem can be summarized in:

the semigroup Pt is dominated by Tt if and only if S

does not increase the energy integral.

19. Remarks.

i) We assumed the operators to be seif-adjoint. Clearly, this
class can be enlarged. As an example, 'in [H-S-Ul], the operators.
are just assumed to be maximally acecretive.

T K,

e”PBi js5 dqominated by e 1 (i=1,2) and if H)+H,

ii) If
_andr KIﬁKZ' are in the class of operator under ;Gnsiﬁeréfion "then

e_ﬂ'I is dominated by e”tK, H and K beipg the closures of H1+H2
.and Kl-t-K2 fesbeéti?elf. This ié éasily proved by a?plyiﬁg Troftér
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product Formula. '

iii) As a conclusion, let us

preceding sections in the following comparative.éharf:

Beurling-Deny-Simon Criterion
H self-adjoint operator in

Lz(ﬁ,du) bounded from below

by -C. associated

qy

qQuadratic form.

The following asserti

~tH

e ﬁositivity preserving

i)

for all t > 0;

ii) (I—I+?\)-1 positivity

preserving for all A > ¢}

111) u € 8(ap) = ful € 8(ap)

and qH(luI) = qplu);

iv) u € s(qH) = |u| € ﬂ(qH)

and ~u € §(H)

wf € s(qH), f=z0

summarize the ideas of the three

K

Generalized Criterion

H selffadjo;nt operatgr on
Hz -c; e
K self-adjoint operator on X,

me(Hfllfz) 2 qp(8(£y),8(£,)).

(£[H(|u])) = (sign(u)f{H(U)?
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Kz ~¢; qK.
s symmetrizatidn from ¥ to X
with positive cone ¥t preserved
by (1+K)—1 for all A > c.
90 a core for H.

ons are. equivalent
i) e dominates e ' for
all t > 0;
ii)} (1+K)-1 dominates (R+H)_1
for all A > ¢;
iii) Kato's inequality
(Ky)  u € 8(ay) = S(u) € S(qg)
(K2) for all f; € so and for
all f, such that S(fz) € B3(K)
and (f,,f,) are S(£,)-paired,
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Vv - APPLICATION 1: KATO'S INEQUALITY ON FIBER BUNDLES

Kato's ineqﬁality is the subject of the article [H-8-U1],
For an application of this ineguality, see {H-35-U] or Chap. VI.

§I1I. Let us briefly summarize the situation.

Let M be a compact Riemannian manifold and ET M a
hermitian vector bundle, i.e. a vector bundle stich that each fiber
is egquipped with a hermitian structure varying smoothly in the base

point.

Ilet D be a connection on the sections of E, compatible

with the hermitian pfoduct.

The Riemannian metric on M gives rise to the Laplace-

Beltrami operator &.

The connection D together with the Riemannian structure on
M allow to define a2 Laplacian type operator on the space L2(M;E)
of Lz—sections of the bundle E, called the rough Laplacian E,

and which is a non—hegative Self-adjdint operator (see VI.13).

Finally, for a section u in L2(M;E), we define the

funetion Ju| in ‘LQ(M;EU by the relation,
[u]{m) = lﬁ(m)| for all mé& M.
The riorm in the right hand side is taken in the fiber E_.
We then have the

20. Thedrem'(EH-S—Ull)':

With the above notations

~-th

|e_tA(u)¥ se “(|lu]).
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. Proof. The proof is done by showing that the map

s: L205E) + L2(m, )

u [u

is a symmetrization which decreases energies. Recall that the

quadratic form defining & is

glu) = [ ]Du|2.
. .

i) Define, for € >0 and s a smooth section of the
bundle
1/2
Isl‘ = (|s]? + e5)°
which is then a smooth function on the manifold M. An easy

computation gives

Als|. = (Bs,s) _ (IDSIZ - !(Ds,S)lz).
s, Isl, |s|2

llere Ds is considered as a one-form with values in the bundle and

{(Ds,s) a real one-form, and K (.,.) is the scalar product in each

fiber of the bund;e. By the Cauchy-Schwarz inequality

l@s, )| o lps|?[s]|® . |ps|?

3 3 A *
B s,

Therefore,

dlsl, < (Bs, ==
S ) s l.t
ii) lLet 3, be the space of ¢® sections. It is a core
for A. Let sy be in ﬂo and ‘g a non-negative funection on M

in the domain of A. Define
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51

S

g{m) (m) if sl(m) # 0

1!
g{mje (m) if sl(m) =0
where e(m) is any fixed measurable section of E over .M such
that
le(m)| = 1 for all m,

(such sections exist since away from a set of measure zero the

manifold is contractible).
Then clearly Sy and s are g-paired.

1

Furthermore,

<|slle|ﬂg> - <A|slle!g> = J (8]sqlde =
M

s

1Ly
|31|c

g

s
= J (Esl,g -1 - (Esl

M syl

since g is non-negative and in the. domain of 4.

Letting é go to zero yields
(Esllsz) z (|sl| A{sli)
then the result follows by Theorem 16, B

let us point out that in that case the cone is self-dual
since it is the set of non-negative'functions of L2(M;B) and thus

allows to get a strong domination ineguality in Theorem 20.
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VI - APPLICATION 2: SCHWARZ SYMMETRIZATION

This is the key section of this appendix. We aim at giving
an alternative proof of Theorems V.9 and V.28, using the formal
approach of symmetrization. For the sake of simplicity, we will give
the construction in the simpler case of bounded open subsets with
smooth boundary in Bz. It generalizes steadily to all the other
situations in which Schwarz symmetfization can be used.. Some of them

are described at the end of this seection.

For symmetrization, we have used the basic reference ;H-L—P]

pages 260 to 299.

The Geometric Symmetrization.r

From now on the domain under consideration will be connected,

bounded and with smooth boundary in Bz.

The symmetrization is a map which assqciates_to each such
domain a more symmetric one. The Schwarz symmetrization (which is
the one we consider here) associates to £ the ball © of R

with center O and the same area as (1.

Notice that we consider concentric balls in.order to have a.

totally ordered family of balls as target space for the symmetrization.

The main feature of this operation is given by the

21, Theorem

; : - .
With the above notations if L - (resp. L ) is the lengih of

*
the boundary of . Q@ - (resp. £"), then

*
Lz L.
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22, Remarks.

i) This is the classical isoperimetric inequality in
dimension 2. TFor a review on the different proofs, see [B-Z]1 and

{ox].

ii) We will see later on that this inequality implies all

the inegualities which will appear in this section.

iii) Here the smoothness of the boundary is not essential,

23. Scme elementary properties

let A and B be two bounded measurable sets then:

1) Vol(LanBI*) = Vol(ANB) = Vol(A™NB™)

It

Min{Vvel{A),Vol(B)}.

11) Vol([AUBI®) = vo1(aUB) 2 vol(a*UB™) = Max{Vol(a),Vvol(B)].

iii) The symmetrized sets of a finite sequence of sets (Ak)
can always be arranged into a decrasing sequence. So, this map is

often called "decreasing rearrangement" (see [H-L-P]).

Symmetrization of Functions.

Let A be a measurable set of finite volume then XA,' the
characteristic function of A, 1is measurable and intégraﬁle. We

define,

S(X)=X .
A A*

The finite sums of characteristic functions of measurable sefg'ié'
dense in the space of integrable functions' on ‘a. bounded domain.

Unfortunately the map S cannot be. extended .as a linear .map indeed -

S(X,+Xg) # (8(x3) + 8(Xy))

in general.
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However, if A< B or BC A, we can define S(xA+xB) by

£

(*) . S(Xy*+Xg) = S(xA) + S(xg).

2 and f be a non-negative

Let {I be a bounded domain in R
integrable function on (. We will write f as a sum (integral) of
characteristic functions of an increasing family of bounded

measurable sets.
Define

D, = {x € 0:(x) = t]

the set D is measurable of finite volume.

t

24, Lemma:

With the above notations f = JQD at.
t

Proof. Define the functions

F: QX R+ + R

+
by
| RO = ()
and

p: 0 x R_* R by p(x,t) = f(x)-t .
Then

F(x,t) = XE(x,t) wvhere E = ¢-1({y = 0}).

The funetion ¢ is measurable and so is E, thus T is a

measurabie and non-negative function.
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Then by Fubini's Theorem (see [RN] pg. 140) both functions

f(x)
t - J th(x)dx, x J ¥ (x)dt = J 1 dt = f£(x)

D
a m+ t 0

are measurable and

J Vol(Dt)dt = J (J ¥ (x)dx)dt = J (f Xp (x)dt)ax = J f€a
t

D
R, R, a 't 0 L

The family Dt is a decreasing family of bounded measurable

sets; taking (*) into account we define
S(£) = S(J Xp dt) = J 8(xp Jdt = J % . dt.
t t Dt

Now it remains to verify that if £ € Ll(Q), i.e. is a class

of functions defined up to measure zmero sets, so is S(f}.

More precisely, if g 1is in the class of f (defines the
same L2—function) then f and g differ on a set N of measure

zero, Then if
E, = {xlgx) = t}
(Et\Dt) U (DN\EL) SN
and has measure zero. Therefgre

Vol(Et) = Vol(Dt)
and
for all t
whibh'impiieé
_S(f) = s(g). -
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For another approach of the symmetrization of functions the

reader is referred to Chapter IV, §A, and Chapter vV, ne 12.

If f is any integrable funetion (not necessarily non-

negative), we define:
S(£) = s([£]).

The next theorem shows why 5 deserves its name.

25, Theorem:

With above notations the map 8 is a symmetrization in the

sense of Section III.

Proof. The domain (! being bounded, any funetion £ in LQ(Q,R)

is integrable, so 8 is defined on Lz(ﬂ,m).

The symmetrized function S({(f) is radially symmetric on Q*,
i.e. it depends only on the distance to the origin, and is noﬁ—
increasing. 8o, the target Hilbert space is the space Lz([O,RI,rdr)
(or equivalently Lg(ﬂ*,dx), the set of funetions in L2(Q*,dx)

2
which are radially symmetric) where R is the radius of Q.

The cone #*¥ is the cone constituted by the non-increasing
functions (i.é; functions whieh are in L2 and whose derivative in
the distribution sense is a non-positive measure). It is clearly

not self-dual.

Let us then verify the conditions which appear in the

definition of a symmetrization.

1) If f and g are non-negative function in L2(Q;R)

f =jthdt g = J Xg ds
s
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then
fg = J XDth dtds = j XD n E dtds
)

S0 ..
J fg = [ Vol(D, N E)dtds ;
Q r2

similarly

I S(£)S(g) = j Vol(D: n E:)dtds
2 .
Q R

and from the property 23.1)

(£]g) = {s(£)|s(e)?.

26. Remark.

If the reader is not setisfied with the formuia proved .in
Lemma 26 and used in the following calculations, he can use thel
following property of non-negative measurable functions f ‘on a;
o-finite measured space (see [RN] page 15): there exists an increasing

sequence of simple functions sn

< = <
0= s, = So S ... 58 = f

which converges to f at any'point. Recall that a simﬁle(function
is a finite linear‘combinatien of characteristic functions of
measurable sets; in the case‘at hand, the sets are in tﬁe family
{D ] Then by Lebesgue s dominated convergence theorem and the
uniform continuity of the symmetrization on L (ﬂ R) we can avoid

using the integral representation.

ii) Now if f is a non-negative real valued function on 0

and F a non-decreasing function on R, we can write
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Fof = J %, AdF
: D
.

the integral being a Stieljes integral (F is of bounded variation).
Then using the positivity of the derivative of F or the method

given in Remark 26, one can easily prove that

S(Fef) = Js(xD JAF = J‘x +GF = Fo (S(£)).
: t D
t

Then let f bhe a function in L2(Q;n{) and g in H+, g is in
L2([0,R],xdx) and is non-increasing. For each +t € R,, the set
* *
D, = ([x[2(x)[ > t})" 4is a'ball of radius r(t), 0 < r(t) = R.
The function r is non-increasing. For the sake of simplicity
(and this will be suffiéienf for the seqﬁel) we assume that r is a

homeomorphism onto [O,R].’
If we define fhe function h to be g r, h is a non-
deecreasing funetion and by the previous formula

S(he [£]) = BaS([£]|) = g,

The last equality being achieved because r is assumed to be a

homeomorphism. Indeed in that case

r-l(ro)

Il

S([fI)(ro)

hoS(lf[)(ro) glr,).

The functions he |f| and |f| having the same level sets,

_ "

Q

sho [ £] _=_[ S(f)g.
: o*
If we now define ) .

CorR(x) _ |
sign(f) = {Ifixi T it f£(x) £ 0 s
- it f£(x) =0
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s |

= (sign £)he |£]
we have the equalities,

s(fy ='¢

1

(£15) J £ = [ S(f)g = (s8()|g)
Q * .

Q
which is the pairing condition for the particular case where r is

a homeomorphism. W

27, Remarks.

1} The verification of the pairing condition for‘a general
situation (r not necessarily a homeomorphism)} being not necessary
we limit ourselves to the above case (this will be clear in the next

theorem).

2) The reader caﬁ easily verify that this definition of
symmetrization coincides with the usual one (see TBE] pp. 47) when

the functions under considerations are sufficiently regular.

We can now fbrmulate the main theorem of this section. Let
A be the Laplace operator on LQ(Q;Iif (resp. A* on L2(ﬂ*;R))
with Dirichlet boundary condition. Recall that it is associated to
the quadratic form
q(u) = J lau|?
{1

with domain
8(a) =B = [u € Lzm;]a)/j ldul? < 4o, |y = Ol
Q

Notice that if uw 1is arfunction in LZ(Q;Ii) which satisfies

Jg]duQQ < jo then >“|bQ -is a function in H1/2tbﬂ) and so at
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least in L%(0) (see [C-P] pg. 101). The equality u|y; = 0 has

to be understood in this sense. We have,

28, Theorem
. . ‘ AT
With the above notationg the semigroup e 7 .

semigroup ™t gor 211 t > 0.

dominates the

Step 1. _
The theorem will be proved if we show that for any f1€ L2GU

and g € K¥ we have the inequality
. -1 * a1
(¥) (sl (a+n)772 T]gd = (474 )7 s(£)) g} for all A >0

(See Theorem 16).

The operators (4+A) 1 cand (& A) I are positivity
preserving (this is a well known fact which can be proved by using

the Beurling-Deny criterion). Thus we have,
|, | = AT e |
(inequality between functions)

and |f1|‘ being non-negative,

0= (a+n) Mg

1

Using the facts that

sC(asa) 12,3 = shlaen)ie 1

and

3(u) = 8(v) .whenever O0=<u=yv,
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we see that it is sufficient to prove the ineduélify (*) for £y

a non-negative function.

Step 2.

The operators (A+l)-1, (A*+K)_1-'and S being continuous
(for the L2 norms; see proposition 8) it suffices +*o prove
(*) for g in a dense subset of ¥t and f, 1in a dense subset in

#*  (the set o2 non-negative functions of LZ(Q;Ii)).
The proof of Theorem 16 relies on the inequality
*®
ke
(**) (Ahllhz) > (S(hl)lA S(hz))

~1 * -1 .
for hy = (Asd) £, S(h2) = (A'#A) g and (h1'h2) S(hg)-palred.
If fl is a non-negative function then h1 is also non-negative,

the operator (A+A)~1 being positivity preserving.

It is then clear that it is sufficient to prove (**) for
*
S(h2) in a core for A and hy in a2 dense subset of p(ay nut
(for the #(4) topology).

Step 3.
i *
We choose for S(h,) = u a smooth function in " vanishing
on the boundary, radially symmetric and non-increasing in the radial

variable.

1l

Then, we have seen that

*
hy = goreh; where r(t) = radius of D,

whenever r is continuous. In fact, we will choose h to be

1
smooth non-negative and such that r is piecewise smooth and
absolutely continuous. Let us assumé ‘for a while that this can be
done, and define
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= . geT

= mI

and g is non-decreasing. Thus
_ e 2
(Ahllh2> = J;(dhl|dh2) = J (g'ohy)|an,|=.
94

Let us define a non-decreasing function on [0,s] (where s=sup hl)’

k by

then

{ahy |hy) =J (k‘shy)%fan, |2 =J law|?
- Q _ _ Q :

with W= k°h1'

Now it is a well known fact that symmetrization decreases the

Dirichlet integral (see Chap. V, 84 or [BE] p. 55)

J law|? = J tas(w) |2

Q Q

but S(w) = koS(hl) and by the same process we get
2 N
J lawl” = (s(n)|a $(h,)?
¢!
and the theorem is proved.

Step 4.’ R
1) 1t remains to chdose nice functipqs for hl. Recall that
Ty = (&+A)hy must be in a dense subset in . For example we can
assume that fl- ié a smooth non-negative function:ﬁith ‘éompact
support in the interior of (. Then hl is smooth,up . to, the
boundary (h1 € Cm(ﬁ)), vanishes on ®10 and is positive in the
3 ' '

interior of (.: Thus-‘if > 1is the Herivative in the direction of

*

the inward normal, then
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Now we can perturb h, in €®(A) in such a way that the
new function, let us say u, has the following properties

du

I >0 on 0

u=0 on [o19

u>0 in the interior of .

2) Let QS = {x € O\ dist(x,30) =2 s}. For sufficiently
small s this set has a smooth boundary. Rescaling u if
necessary we can assume, for the sake of simplicity, that g% z 1 on

Q\QS for sufficiently small s = where s{x) = dist(x,d).
o]

Furthermore, the function u being in cT() is the

restriction on I of a smooth, compactly supported, function in mz.

3) Applying Milnor's theorem {see [MR], page 37) to this
extended functien, we can approximate uniformly u by a smooth
function with non-dégenerate critical points on E2 and in the Ck
topology on 5, (for k chosen arbitrarily and = 3), Let v be

such a function

v € ¢®(Q)
v has non-degenerate critical points

[le=vlf k.- < n/10 (sﬁall positive number)
c () : o .

if n is small enohgh

L

3s 2 % on ﬂ\ﬂs ( ad so has no critical points in this
o

set).
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" From the properties of u it is clear that the set

[x\u(x) = n} = T,
is a smooth curve for 7 small which converges to 20 as n goes'to Zero

and which is almost parallel to 30.

Taking 7 small, this curve is in Q\QS . Thus
- o
u(x) = 1 on Tﬁ implies v(x) =z %g on Tn
u(x) = 0 on 20 implies v(x) < f% on Fﬂ'
Then the set [x\v(#) = g] = Y, is a smooth curve close to 201,

It now suffices to construet a diffeomorphism s from the

T
interior of Y, onto 1 suech that:

i

¥ is the identity in QS
o

sends diffeomorphically Y. onto 30
1

ﬁn is close to the identity in the c¥ topology.

Then the function

wix) = vw;l(x)]-n/s for x €0

is a smooth function, with finitely many critical points in the
interior of (I, vanishing on 0?0 and arbitrary close to h1 in the

8{4&)-teopology.

4) We can then work with such functions, which clearly have
the property that the associated funetion r(t)} is absolutely
continuous (the only possible points at which = is not smooth are

the critical values of hl).

Finally we have to veritfy that (A“+K)f1 preserves KV,
Recall that if g € H+, it is radially symmetrie. Because the
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rotations about the origin which are isometries of Bz, commute

¥ ’ te -
with &, f = (A7+3) lg is radially symmetric.

The'function' f verifies (by definition)
*
(A +A)F 2 0

thus by applying the maximum principle we see that it is non-

inereasing in the radial'variable. #°

29, Remarks.

i) The teechnical details have not been completely written
here, they will appear elsewhere. We just wanted to show that
although the eriterion given in theorem 28 is not so beautiful as
Beurling-Deny's one, it can be improved in‘some particular cases; it
is sufficient to prove that the energy.integral is net increased by

symmetrization.
ii) This proof steadily generalizes to higher dimension.

iii)k it also gives an alternative'proof of Theorem 9 and 28
of Chapter V. In fact, it is much simplef technically in the case
of a compact manifﬁld without boundary. Let (M,g) be a n-
dimensional compact connected Riemannian manifold without boundary

such that

Ricei(g) = (n-1)g

and define the number 8 by,

| ) .
Vol(S ) ,
. : N )
then the geometric symmetrization associates to eacﬁ\measurable‘set
D on M a ball centered at the north pole of 8" of volume

1 . , .
EHVql(D). Gromov's isoperimetric ineguality ([GV]) asserts that
; . : - .
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this map decrqfses the volume of oD (when it is smooth) up to the

factor B. This-yields'a symmetrization on fhnctions

f'=Jthdt - S(f) ='J\XD;§ at;

one then has to prove

s‘lj |dw|2=j lasGn?
M -7 st

for nice w which is éasy because we deduce from Milnor's theorem
that the functions with non-degenerate critical points are dense in

c®(M) for all k € W.

iv) The theorems on forms which appear in [B-G] are obtained

by composing symmetrizations.
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LE SPECTRE D'UNE VARIETE RIEMANNIENNE
" EN 1982
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Introducfion

Depuis 1970, date 3 laquelle a été pubiié “LE SPECTRE D'UNE
VARIETE RIEMANNIENNE”, en abrégé, BGM (M. Berger, P.
Gauduchon, et E. Mazet, Lecture Notes in Mathematics, n® 194,
Springer) ’étude du spectre a connu une grande effervescence. Il nous
a paru utile de rassembler une bibliographie classée et assez compléte
(mais bien sir difficilement exhaustive) pour compléter le BGM.

Suivant en cela BGM, mais aussi pour des raisons de temps, d’espace
et d'incompétence, nous avons fait cette bibliographie avec un A
PRIORI: quand nous disons SPECTRE, nous sous-entendons ‘Je
spectre du Laplacien d'une variété riemannienne compacte sans bord”.

Il ne nous a cependant pas paru raisonnable de pous limiter & ce seul
sujet; c’est pourquois nous donnons.aussi des éléments de bibliographie.
.concernant le spectre de l'opérateur de Laplace-Beltrami agissant sur
les p-formes (essentiellement regroupés au paragraphe 3.2) et la
théorie spectrale des variétés non compactes (voir chapiire 10). Compte
tenu de I'importance “physique” des variétés 4 bord, et aussi des
développements assez spectaculaires dont la théorie a été Pobjet ces -
derniéres années, nous donnons un certain nombre de références
concernant le “cas @ bord”. Ces références sont ventilées dans les différ-
ents chapitres. Notons que, dans les chapitres 3 2 8, et ,1i0, ces références
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140 PIERRE H. BERARD & MARCEL BERGER . .

sont regroupées & la fin de chaque paragraphe, précédées de Ia mention
explicite “cas @ bord”.

Peut-étre convient-il de noter que le cas des vari€té non compactes,
comme celui des variétés a bord, sort du cadre strict de la géométrie
riemannienne (problémes: de théorie spectrale dans: I'un,*degométrie
symplectique dans 'autre). o N

Le lecteur trouvera dans le “Mode d'emploi” ci-aprés des informations
plus détaillées qui I'aideront, du moins nous 'espérons, a utiliser fructu-
cusement cette bibliographie.

Plusieurs collggues ont bien voulu nous signaler des erreurs, des
omissions ou de nouvelles références; nous lés prions de bien vouloir
accepter ici nos remerciements. ‘ _

Nous remercions Mesdames Cordel et Strazzanti qui ont assuré la
frappe du manuscrit. : '

Mode d’Emploi

“Le spectre en 1982 est divisé en douze chapitres. Les chapitres 1
et 2 sont essenticllement consacrés aux résultats préliminaires. Le
chapitre 9 traite des VARIETES SPECIALES et le chapitre 10 des
VARIETES NON COMPACTES, Notons que les références concernant
certains sujets pointus (et souvent encore peu explorés) ont été re-
groupées, sous différentes rubriques au chapitre 12. Nous renvoyons le
lecteur au “Leitfaden” pour plus de détails concernant le contenu des
différents chapitres. ' :

Quelques commentaires complémentaires:

“cas @ bord”: dans les chapitres 3 2 8 et 10, cette mention précéde, &
la fin de chaque paragraphe, les références concernant e spectre
des- variétés & bord. ' ' '

“Tableau des interactions fortes”: toutes les références bibliographiques

 plont pas été inscrites dans chacun des ‘paragraphes ol. elles

devraient Pétre. Ce tableau est destiné & compenser cet incon-
vénient. : ' :

“Ouvrages de base”: nous avons choisi (choix personnel, donc sujet &
caution) un certain nombre de références: livres, cours, articles de
synthése, pour aider le- lecteur & se faire une idée générale d'un
chapitre précis, avant d’aborder la jungle de la bibliographie.
spécialisée. Pour &tre plus repérables, ces références sont données
en MAJUSCULES (exemples: CLARK [1], GUILLEMIN 2.
Une liste spécifique de ces ouvrages est donnée aprés le “Tableau

" des interactions fortes” (chaque référence est suivie des numéros
~ des paragraphes auxquels elle se rapporte). '
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“Actes de collogues”: il est parfois intéressant de connaitre le développe-

- ment historique d’un'sujet. Cest’ pourquoi nous avons regroupé,

enune liste séparée, les actes des colloques ol sont publiés certains

des articles cités en référence (ceci par ordre chronologique).

- “Preprints™:. pour permettre au lecteur de localiser (ou de se procurer)
‘plus facilement les articles-encore. sous forme de prétirage, nous
avons essay¢.de donner un lien. d’émission et une date (en général
celle a laquelle nous avons eu le prétirage en main pour la premidre
fois; cette date, on s’en doute, est assez relative et on ne peut lui
donner de valeur absolue).

“Validité”: cette bibliographie a été arrétée l’etat de nos fiches en
septembre 81. La composition du texte .ayant été retardée, cela
nous a amenés & compléter notre texte un an. plus tard, soit en
décembre 82. Nous osons espérer que le lecteur nous pardonnera
de ne pas avoir respecté Pordre lex1cograph1que dans la- classifica-

. tion par sujets.

.Dans le “Leitfaden” qui smt nous donnons quelques indications com-
plémentaires sur la maniére dont nous avons ventilé les . références
suwant les chapitres. -

~Terminons en 1nd1quant trois références qui peuvent étre utlllsees par
le’ lecteur parallélement & cette bibliographie: -

Simon-Wissner-[1]: article de synth&se sur une partie des chapltres
qui constituent cette bibliographie;

Yau [3]: Ie lecteur y: trouvera une liste des applications des équa-
tions- aux denvees partielles 2 la geometne et en partxcuher au
spectre .

Yau [4]: liste de problemes ouverts en géométrie, contient une
section propre au spectre (certams problemes sont peut-étre déja
_résolus).-

Leitfaden

"Chapitre 1:  “Préliminaires & Pétude du spectre” :

Ce chapitre est surtout destiné aux nosi spécialistes. Nous y donnons
quelques références (personnelles) sur les connaissances requlses pour
aborder Ia littérature spécialisée.

Chapitre 2: “Motivations; Equations de la physzque mathematzque

L’intérét porté au spectre du Laplacien nous vient sans-doute de la
physique. Les références concernant les rapports. avec'la physique sont

- doninées au paragraphe 2:1, Dans le paragraphe 2.2, nous donnons des
références relatives a I'étude a priori. des équations de la physique
mathématique. utiles dans I'étude du spectre. ‘
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142 PIERRE H. BERARD & MARCEL BERGER

: Chapltre 3: “Exemples de spectres” o ‘

‘Comme le montrent les références données dans le paragraphe-3.1.,
les variétés dont Ie spectre est donné par des forrnules explicites sont
rares. ,

On a cependant une bonne descnptmn du spectre de certaines variétés -
spéciales (groupes de Lie, espaces symétriques, .. .), parfois par le biais
de solutions explicites pour équation de la chaleur ou des ondes. Nous
donnons ces références dans le paragraphe 3.3.

Nous avons choisi de rassembler toutes les références relatives au,
spectre de Dopérateur de Laplace-Beltraml agissant sur les formes
différentielles dans le paragraphe 3.2. (en particulier, elles ne sont pas
ventilées systématiquement dans les différents paragraphes). Clest une
conséquence de A PRIORI cité dans lintroduction.

Dans ce chapitre, les références au “cas 4 bord” sont systématique-
ment regroupées en fin de chaque paragraphe.

Chapitre 4: “Asymptotiques” et Chapitre 5: “Spectre et géoméirie”

De trés nombreux résultats sur le spectre ont €€ obtenus par
I'intermédiaire du comportement asymptotique de certaines fonctions
du spectre.

L’équation fonctionnelle de Pexponentielle a permis, par Ie biais de
'asymptotique du noyau de la chaleur (2 Ia Minakshisundaram-Pleijel)
d’étudier certains invariants spectraux paragraphes 4.1. et 5.1. respec-
tivement.

L’étude de la propagation des ondes, liée aux géodésiques (en fait aux
trajectoires d’'un hamiltonien) a. permis d’établir les rapports existant
entre le spectre et le spectre des longueurs, que sent les formules de
Poisson: paragraphes 4.2. et .5.2. (a,comparer aussi avec les formules
de traces de Selberg: paraoraphe 9.1.).

Ces études ont permis de mieux cgrner le comportement asymptotxque
des valeurs propres: paragraphe 4.3

Les paragraphes 5.4. et 3. 5 sont consacrés aux références relatives
A des sujets connexes. ,

Lz fonction zeta associée al}x ‘valeurs. propres joue aussi un r6le
important, le paragraphe 5.3. lui est consacré.

Dans ces deux chapitre Ies références. au “cas é bord” sont re-
groupées 2 1a fin de chaque/ a:agraphe

" Chapitre 6: “Isospectraht £

Ce sujet, presque. infouché en 1970, a connu d’1mportants developpe-
ments récents.. - Le paragraphe 6.1. est consacré aux résultats positifs
(souvent te&s liés au paragraphe 5.1.): zoologie des variétés caractérisées
~—-paf leur spectre, et & certains théorémes généraux, - :

Le paragraphe 6.2. est consacré A la faune des variétés 1sospectrales .
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non isométriques.

Ici encore, le “cas @ bord” fait 'objet d’attennons particuliéres.
Chapitre 7: “Perturbations et généricité”

Outre les références relatives aux propriétés genenques du spectre
(paragraphe 7.2.) ce chapitre contient des références sur le comporte-
ment du spectre sous divers types de perturbations (paragraphe 7.1.).

Les réiérences pour le “cas @ bord” sont données a la fin de chaque
paragraphe, ~
Chapitre 8: “Equations aux dérivées ﬁart:e[les applications”

Le fait que le spectre étudié soit celui .d'un opérateur différentiel
impose des conditions locales ou globales sur les fonctions. propres et
par conséquent sur le’ spectre Jui-méme. De méme le fait que le Lapla—
cien soit trés lié & la structure nsmanmenne conduit & des utilisations
spécifiques des fonctions propres (unmersmns isométriques ...). Des
références 4 ces dwers aspects de Iétude’ du spectre sont donnees dans
ce chapitre.

Les références pour le “cas & bor d” sont données a la fin de chaque
paragraphe,

Chapitre 9:  “Variétés spéciales”

Le paragraphe 9.1, est cohsacré au cas trés pamcuher des variétés
de courbure —1: techniques et résultats sont propres & la géométtie
hyperbolique (comine par exemple la formule des traces de 'Selberg)
mais la comparaison avec le “cas général” n’en est pas moins
intéressante,

Le paragraphe 9.2. conuent les références qui traitent du specire
- d'autres variétés partxcuhexes
Chapitre -10:  “Cas non compact” S

Selon 'A PRIORI 1nd1que dans ]mtroduct]on nous avons regroupd
les références relatives 2 'étude du spectre des variétés non compactes
en un seul chapitre, sans les ventiler en différents paragraphus Le “cas
a bord” fait quand méme Iobjet d'un traitement; séparé.

Chapitre 11: “Etude individuelle des valeurs propr es”

La premiére valeur propre (non triviale). joue un rdle particuher
(comme en physique), le paragraphe 11.1. lui est consacré.

Les autres valewrs propres se contentent du seyl paraﬂraphe 11. 2

Le paragraphe 11.3. est consacré aux questiofis: ¢onnekes: inégalités
isopérimétriques et inégalités de Sobolev. Ces quéstxons sont lides a
létude des valeurs propres. Ce texte n’étant pas, une bnbhooraphm'
spécifique sur ce sujet, et compte temy des extcllentes references Payne
[1], Osserman [2, 3] et Bandle [1, 3] nous ne'*donnons que certaines
références antérieures 3 ces trois articles et bien sir cellés d’articles plus
récentsi:(sans doute en avohs nous oubllees') '
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Chapitre 12: “Last but not least” :

Dans ce chapitre nous avons regroupé, sous diverses rubriques, les
références des articles qui traitent d’aspects particuliers du spectre. Ce
sont souvent des domaines peu explorés, au moins actuellement, ou des
domaines connexes au spectre. Aussi, il convient de ne pas considérer
ce chapitre comme mineur. '

Le Spectre en 1982

1. PRELIMINAIRES A L’ETUDE DU SPECTRE
(Théorie spectrale abstraite; théorie spectrale des opérateurs différ-
enticls; équations aux dérivées partielles; matériel riemannien)
2. MOTIVATIONS: EQUATIONS DE LA PHYSIQUE

MATHEMATIQUE "

2.1. Motivations; Physique et modéles mathématiques;

2.2. Résultats généraux sur les équations étudiées: problemes de
Dirichlet et de Neumann pour le Laplacien; équation de la
chaleur, équation des ondes; fonctions de Green;

3. EXEMPLES DE SPECTRES _

3.1. Exemples numériques explicites de spectres ou de valeurs
propres du Laplacien sur les fonctions;

3.2. Le Laplacien sur les formes;

3.3. Spectre du Laplacien sur les fonctions et variétés spéciales

groupes de Lie, espaces symétriques, quotients, submersions,
...); expressions “explicites” pour les noyaux de la chaleur
et des ondes;
4, ASYMPTOTIQUES

4.1. Développements asymptotiques a la MINAKSHISUNDA-
RAM-PLEIJEL;

4.2. Formules de POISSON et équation des ondes;

4.3. Asympiotique des valeurs propres;

5. SPECTRE ET GEOMETRIE : -

5.1. Spectres et invariants locaux et globaux;

5.2. Spectre des longueurs; spectre et longueurs des géodésiques
périadiques;

5.3. Fonctions zeta; invariant éta;

5.4. Quasimodes; fonctions propres concentrées prés d’une géo-
désique périodique;

5.5. Spectre du Laplacien plus potentiel;

6. ISOSPECTRALITE
6.1. Résultats positifs et théorémes généraux;
6.2. Contre-exemples;
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7. PERTURBATIONS ET GENERICITE

7.1. Perturbations du spectre, du Laplacien, formules de variation
a la Hadamard;

7.2. Résultats sur la généricité;

8. EQUATICNS AUX DERIVEES PARTIELLES: APPLICA-

TIONS

8.1. Etude locale et applications;

8.2, Etude globale et applications;

9. VARIETES SPECIALES

9.1. Cas hyperbolique: courbure --1; formules de traces de Sel-
berg;

9.2. Autres variétés spéciales: submersions riemanniennes; espaces
lenticulaires; wvariétés et tores plats; espaces riemanniens
symétriques de rang 1; groupes de Lie et quotients discrets;
autres;

10. LE CAS NON COMPACT
11. ETUDE INDIVIDUELLE DES VALEURS PROPRES

11.1. Estimées sur le 2,, et applications;

11.2. Estimées faisant intervenir les 2., k=2 et applications;

11.3. Inégalités isopérimétriques; inégalités de Sobolev; appii-

cations;

12. LAST BUT NOT LEAST

Lignes et suifaces nodales; spectre et actions de groupes; approxi-
mations et triangulations; calculs numériques approchés; variétés avec
singularités; convergence des séries de fonctions propres; opérateurs
autres que le Laplacien; invariant &ta; torsion analytique; inégalités de
type isopérimétrique autres que celles du § 11.3.; géométrie intégrale et
problémes spectraux; multiplicités des valeurs propres; modifications par
attachement d’anses; probabilités et géométrie; divers.

1. PRELIMINAIRES A L'ETUDE DU SPECTRE

Généralités
Cime 1973:3, CLARK [1], FRIEDLAND [2], GARABE-
DIAN [1], Gelfand [1], Gelfand-Yaglom [1], GOULAOUIC
(1]

Théorie spectrale abstraite
Glazman [1], REED-5IMON [1] (vol II)

Théorie spectrale des opérateurs différentiels
BROWDER [1], Protter [2]

Equations aux dérivées partielles
Gilbarg-Trudinger [1], Petrovsky [1}, PROTTER [3]

Matériel Riemannien
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BERGER-GAUDUCHON-MAZET [1], Besse [1]

2. MOTIVATIONS; EQUATIONS DE LA PHYSIQUE MATHE-
MATIQUE
Généralités

2.1.

2.2,

CLARK [1], Courant-Hilbert 1] (vol 1), Gelfand-Yaglom
[1], Kac [1, 2], Morse-Feshbach [1], VENKOV [1]
Mativations; Physique et modéles mathématiques
Balian-Bloch [1], Petrovsky [1], PROTTER [3]

Résuitats généraux sur les équations étudiées: problémes de
Dirichlet et de Neumann pour le Laplacien; équation de Ia
chaleur, équation des ondes; fonctions de Green
Atiyah-Bott-Patodi [1], Aubin [1], Benabdallah [1], Cheeger-
Yau {1], Cheng-Li-Yau [1, 2], Colin de Verdi¢re [3, 7, 8],
Colin de Verdiére-Frisch [1], Dodziuk [2, 3], Fegan [1, 3],
Frisch [1], Greiner [1, 2], GUILLEMIN-STERNBERG [1],
Hall-Stedry [1], Hess-Schrader-Uhleabock [1], HOrmander
[2], Ivrii [1, 2], Kannai [1], Keller [1],Keller-Rubinow {1],
Lascar [1], Malliavin [1], Meyer [1], Minakshisundaram-
Pleijel [1], Mneimne [1], Molchanov [1], Rauch [1], Reilly
[51, Seeley [1, 4, 5, 6], Smale [1], Urakawa [4], Weinstein
5], Zucker [1], Arnal [1], Cheng-Li [1], Clements [1],

- Danet [11, Eichhorn [5], Giinther [5], Har’el [2], Kalnins-

Miller [1}, Oersted [1], Rinke-Wunsch [1], Varopoulos [1 a 4]

3. EXEMPLES DE SPECTRES
Généralités

3.1

3.2,

3.3.

BERGER [1], Courant- Hilbert [1], Morse-Feshbach 1],

Paquet [1] :

Exemples numériques explicites de spectres ou de valeurs

propres du Laplacien sur les fonctions

Buser [8], Friedland Hayman [1], Urakawa [9]

“cas @ bord”: Bérard [4, 6], Bérard-Besson [2], Noonev M1,

Pinsky [3], Polya [1], Urakawa [6]

Le Laplacien sur les formes

Asada [1, 2], Donnelly [19], Eichhorn [3, 7], Fegan [2, 3],

lkeda-Taniguchi [1], Iwasaki-Katase [1], Kuwabara [3], Levy-

Bruhl [2, 3], Millman [1], Tachibana-Yamaguchi [1], Tanno

[2, 8], Tsagas [1], Tsagas-Kochinos [1], Wolpert [5], Dodzmk

{5, 6, 7, 8, 9, 10], Tsukamoto [1] : '

Spectre du Laplacien sur les fonctions et variétés spéciales

(groupes de Lie, espaces symétriques, quotients, submersions,
..); expressions “explicites” pour les noyaux de la chaleur

et des ondes '
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Bedford-Suwa [1], -Beers-Millman [1], Benabdallah [, .
Bératd Bergery- Bourguignon [1,: 2], Besson [1], Cheeget-
Taylor .[1], Chen-Vanhecke [1], S. S. Chen [1], Gaﬁot-
Meyer-{1], Huber [3, 4, 5], Ikeda.[1, 3], Tkeda-Yamamoto
(1], Y. Muto [1, 2], Sakai [2], Strese {1, 4], Sunada [1],
Tandai-Sumitomo [1], Taniguehi [1]; Tanno [4], Tsagas
(2], Yamaguchi [1], Berezin [1), Furutani [1], |Marbes
[1,2], Tsukdda [3], Urakawa [9] =

4. ASYMPTOTIQUES
Généralités -

4.1,

4.2,

4.3.

i
Balian-Bloch [1, 2,-3], BERARD [3], BERGER [1], CLARK
{1], Colin de Verdiére {3, 8], Duistermaat-Guillemin [1],
Duistermaat-Kolk-Varadarajan [1], Gangolli [1], Guillemin
[1, 3, 4}, GUILLEMIN 2], GUILLEMIN—ST;ERNBERG [1]
“cas a bpr""d”: Balian-Bloch [1, 2, 3}, CLARK [1], Seeley
[4, 5, 6]
Développetnents asymptotiques 3 la MINAKSHISUNDA-

- RAM-PLEIJEL

Bérard [1, 2], Cahn-Gilkey-Wolf [1], Chavel-Feldman [4],
Cheeger [1], COLIN DE VERDIERE {1, 6], Dlubek-Fried-
rich [1], Dodziuk [3], Fegan {1], Greiner [1, 2], Hess-Schra-
der-Uhlenbock [1], Kannai [1], Miatello [1], Minakshisun-
darar'h—P]leijel [1], Mneimne [1], L. Smith [1], Wallach [1],

“Atiyah [1], Bott [1], Sunada [5]

“cas @ bord”: Hasegawa [1], L. Smith [1], Atiyah 1], Bott
(1] '

Formules de POISSON et équation des ondes

Bérard [2], Besse [1], Chazarain [1, 3, 4, 5], CHAZARAIN

[2], Colin de Verdiére [5, 7], Kolk [1]

“gas & bord”: Bardos-Guillot-Ralston [1, 2], Harthong [1],
Kurylev [1] '

Asymptotique des valeurs propres

Bérard [5], Boutet de Monvel [1, 4], Boutet de Monvel-Gris-

vard [1], Boutet de Monvel-Guillemin [1], Chachére [1], Clerc

[1, 2], Colin deé- Verdiére [4], Fleckinger-Pellé [1], Frisch

[2, 3], GOULAGUIC [1], Grubb [1, 2], Haitov [11, HEJHAL

[11, Hejhal [2], Helffer-Robert [1], Helton [1], Hormander

[1, 2, 3], Kolk [1, 2], Lieb [3], Meyer [1], Randol [2, 3],

Taylor [1], Vasil’ev [1], VENKOV [1], Weinstein [1, 2, 3, 4],

Weyl [1], Widom [1, 2, 3], Asurov-[1]

“cas a bord”: Arnold J. M., [1], Babich [1], Babich-Levitan
[1], Bérard [4, 6], ;BérargléBesson [4], Briining [1], Ivrii
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{1, 2, 3, 4, 5], Keller-Rubinov [1], Kurylev [1], Majda-
Ralston [1, 2], Melrose [1, 2], Pham The Lai [1], Pinsky
[31, Polya [1], Seeley [2, 3], Boimatov-Kostjucenko [1],
Carleman [1], Lazutkin-Terman [1], Tamura [1 2 4]

5. SPECTRE ET GEOMETRIE
Généralités .

5.1

BERARD [3], BERGER [1, 3], Fischer [1], GUILLEMIN-
STERNBERG [1], Kac [11, Singer [1] ‘
“cas & bord”: Kac [1], Fischer [1]

Spectres et invariants locaux et globaux

Atiyah-Bott-Patodi [1], Benko et al [1], Bérard [1], Brooks
[1, 2, 3], Briining [3], Briining-Heintze 1], Cahn-Gilkey-Wolf
[1], Cheeger [1], COLIN DE VERDIERE [6], Dodziuk [3],

. Dodziuk-Patodi [1], Donnelly [1, 2, 3, 4, 6, 12, 13, 14, 15],

5.2,

5.3.

5.4.

Donnelly-Patodi [1], Gallot-Meyer [13, Gilkey [1, 2, 4, 6323],
GILKEY [3], Gilkey-Sacks [1], Greiner [1, 2], Giinther-
Schimming {1], Har’el [1], Hasegawa [2], 1i [1], Levy-Bruhl
[1], Mc Kean-Singer [2], Miiller [1], Patodi [1, 2, 3], Olszak
[1], Perrone [1], Pinsky [4], Ray [1], Ray-Singer [1, 2], Sa-
kai [1], Sunada [2], Tanno [1], Urakawa [5], Véron [1],
“cas d bord”: Gilkey [5], Hasegawa [1], Mc Kean-Singer (1],
L. Smith [1], Kennedy [1], Schimming [1], Schimming-
Teumer [1]
Spectre des longueurs; Spectre et longueurs des géodésiques
périodiques
Balian-Bloch [1 & 4], Bérard [2], Bérard Bergery [1], Besse
[11, Boutet De Monvel [1], Boutet de Monvel-Guillemin [1],
Buser [10, 11], Chachére [1], CHAZARAIN [2], Chazarain
[1, 3], Colin de Verdiére [1, 3, 7, 8], De George [1], Donnelly
[9], Duistermaat-Guillemin [1], Frisch [1], Gangolli {2], Guil-
lemin [1, 3, 4], GUILLEMIN [2], Guillemin-Weinstein [1],
Helton [1], Kudla-Millson [1], Miiller {2], Randol [1, 3, 4, 6],
Weinstein [1, 2, 51, Wolpert [3],
“cas é bord”: Balian-Bloch [1 2 41, Guillemin-Melrose [1, 2],
Harthong [1], Marvizi-Melrose {1], Millson [1]
Fonctions zeta; invariant éta
Atiyah-Bott-Patodi [1], Atiyah-Patodi-Singer [1], Cahn [1],
Cahn-Wolf [1], Dlubek-Friedrich [1], Donnelly {5, 7, 10, 12],
Gangolli [3), Gilkey [11], Randol {5], Seeley [1], VENKOV
[1], S. Tanaka [1], Wodzicki [1], Atiyah-Donnelly-Singer
[1], Gilkey-Smith [1], Millson [1]
Quasimodes; fonctions propres concentrées prés d’une géodé-
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sique périodique

Arnold [1], Colin de Verdlere [2], Guillemin-Weinstein [1],

Pyshkina [1], Ralston {1, 2],_ Weinstein [5],

“cas @ bord”: Babich [1], Babjch-Lazutkin [1], Keller-Rubi-
now [1], Lazutkin [1, 2, 3], Babich-Ulin [1] Lazutkin-
Terman [2] . ‘

Spectre du Laplac;en plus poténtiel

Barthel-Kiimritz [1], Colin de Verditre [3 4, 5, 8, 9],

Flaschka [1], Fleckinger-Pellé [1], Guillopé [1, 2], Lax-

Ph]]hps F1, 21, Ma]da—Ralstbn {1], Prosser [2], Weinstein

[3 4], Widom [1, 2, 3], Fegan [4], Fleckinger [1], Moser [3]

“cas @ bord”: Balian-Bloch [3], Chung-Li [1], Guillemin
[5, 6], Guillemin-Uribe [1], Li-Yau [3], Voros [1, 2]

6. ISOSPECTRALITE
Généralités—A titre d’exemple (mais un peu en dehors du sujet)

6.1.

6.2.

FRIEDLAND [4, 5], KITAOKA [1], Calogero [1, 2],
Carison [1], Carroll [1], Carroll-Gilbert [1], Carroll-
Santosa [1] Chudnovsky-Chudnovsky [1], Levitan [1]
Résultats positifs et théorémes généraux
Bérard [1], Berry [1], Buser [10, 11], Dennelly [1, 2, 3],
Fischer [1], Flaschka [1], Global Analysis [1], Guillemin-
Kazhdan [1, 2], Hochstadt [1}, Gilkey [4, 7, 9], Krein [1],
Kuwabara [1, 2, 4], Mc KEAN [3] p. 122, Mc Kean-Van
Moerbeke [1], Moser [1, 2], Prosser [1, 2], Randol [6], Sakai
[1], Sunada [1], Symes [1], M. Tanaka [1, 2], Tanno {1, 6, 7],
Wolpert [1, 2, 3], Zalcman-[1], Gulllemm [5, 6], Marvizi-
Melrose [1, 2] ‘
“cas @ bord”: Borg [1], Guillemin-Melrose (1, 2], Kac [1],
Levinson [1], Mallows-Clark [1], Waechter [1], Gel-
- gand-Levitan [1] A
Contre-exemples :
Berger-Gauduchon-Mazet [1], Ejiri [1], Ikeda [2, 4, 5],
Vignéras [1, 2] _
“cas & bord"”: Hersch [4], Urakawa [8]

7. PERTURBATIONS ET GENERICITE

7.1.

Généralités
Albert {1 & 4]; Bando-Urakawa [1], Bleecker-Wilson [1],
Krein [1], Uhlenbeck {1, 21, Urakawa [6, 7]

“cas @ bord”: Driscoll [1] .
Perturbanons du spectre, du Laplacien, formules de variation
3 1a Hadamard
Aomoto [1], Donnelly [16], Fujiwara [1, 2], GARABEDIAN
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1], Lobo Hldalgo -Sanchez Palencia [1], Rauch [2], Rauch-
Taylor [1], Svendsen {1], Tamkawa [21, Wolpert [4], Weber
[ .
- “cas @ Bord”: Chavel-Feldman [3, 4], FU]IW&I‘B. et al. [1],
- Ozawa [1 4 151, Swanson [1], Fujiwara [3], I'lin [1],
- Maz'ja et al. [1 & 3], Shlmakura [1,.2, 3], “Vanninathan
[11 _
7.2. Résultats sur la généricité
Amold [1], Millman [1}
“cas & bord”: Tanikawa [1]
EQUATIONS AUX DERIVEES PARTIELLES: APPLICA-
TIONS. -
Gériéralités
Besson [1], Borell [1], Cheng [1, 2], Cheng-Yau [1], Gallot
[1], Huber [6], Tanno [3], Uchiyama [1], Yau [2]
“cas’'d bord”: Brascamp-Lieb [1, 2, 3] Hersch [1]
8.1. Etude locale et applications
Albert [1, & 4], Goldberg-Ishihara [1], H. Muto [2]
“cas @ bord”: Nooney [1]
8.2. Etude globale et applications
Aubin [2], Briining [2], Gallot [6], Kobayashi [1], Kobayashi-
Takeuchi [1], Li [5], Miller Pfeiffer-Stande [1], Nagano [1},
. Payne [2], Serrin 1], Takahashl [11
“cas & bord”: Bérard-Meyer [1, 2], Biollay [1J, Brunmfr-
Gromes [1], Meyer [1], Peetre 111, Pleigel 1]
VARIETES SPECIALES

-Généralités

Donnelly [13, 16]; Duxstermaat—Kolk Varadara]an [11, Fegan
[3], Randol [8]; Wolpert [5]

9.1. Cas I—Iyperbohque courbure-1, formules de traces de Selberg
Bérard Bergery [1], Buser [1 & 11, 14], BUSER [9], Buzzanca
[1], Donnelly [19], Good {1], GUILLEMIN [2], HETHAL
[1], Hejhal {2, 3], Huber [1 & 6], Jenni [1, 2], Kolk [2],
‘Kudla-Millsosr' [1], Lax-Phillips [1, 2, 3], Mc Kean [2],
Miiller {2, 3], Patterson [1], Randol [1 & 6], Sunada [3], S
Tanaka [1], VENKOV [1], Vignéras [1, 2, 3], Wolpert [1, 3],
Ehrenpreis-[1], Elstrodt {1, 2], Giinther [I, 5], Zograf. [1]

9.2. Anmtres variétés spéciales:

Submersions Riemanniennes

- Bérard Bergery [1], Bérard Bergery-Bourguzgnon 1, 2], Goldberﬂ-

Ishihara T1], Y. Muto [, 2]

" Espaces lenticulaires.
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Ikedp [2], Ikeda-Yampmoto [1], Sakai [2], Tanaka [1 2]
Variétés et tores plats
Berry [1] Kl Wabara [2], unada[l], Tsukada [2], Wolpert [2]
Espaces memanﬂlens symétriques de rang 1 :
Bonami-Clere [1], Bourguignon [1], Cahn-WoIf [11, Gangoﬂl
[3], Guillemin'[1, 4], Hasegawa [2], Ikeda-Tanigichi [11,
Iwasakl-Katdse [1], Levy Bruhl [2, 3], H. Muto [1, 2], R, T.
Smith [1], Tandai-Sumitome [1], Tanno {5, 6, 7], Widom [2],
Giinther [2, 3] '
Groupes de Lie et quotients dascrets
Beers-Millman [1], Cahn, (1], Cahn-Gilkey-Wolf [1], 5. S.
Chen [1], Cletc [1, 2], Donnely [13], Fegan [, 2], Urakawa
[2, 4], Wallach [1], Barekin [1] Greiner [3], Jerison [1, 2],
Nachman [1], Rothschlld-Wolf (11
Autres variétés spétiales
Bedford-Suwa [1], Benabdallah [11, Bérard {1], Chachere 1],
Chen-Vanhecké - [11; Cletc [3], Colin de Verdidre [4], De
"George [1], Uonﬂelly [i, 2, 3, 17, 211, Donnelly-Li [2],
Duistermaat-Kolk- Varadara_]an [1], Eichhorn [1], Frisch [1];
Gangolli [1, 2], Gllkf;y i4, 8, 9, 15], Gilkey-Sachs [1], Helga~
son {1, 2, 3], lkeda [1, 3], Kashiwara et al. [1], Kuwabdira
[31, Li {3, 4], Miate]lo [1], Mneimne [1], Miiller [2], Muto-
Urakawa [1], Olszak [1, 2], Oshima-Sekiguchi [1], Patodi
[3], Sekiguchi [1], Simon [1, 3], Strese [ & 4], Tandai-Surii-
tomo [1], Taniguchi [1], Tsagas [2 & 4], Tsukada [1, 4], Ura-
kawa [3, S, 7], Widom [3], Wolpert [4], Yamaguchi [1],
Yang-Yau [1], Bleecker {1], Hano [1X Toimer [1], Yama-
guchi {2] )
10. LE CAS NON COMPACT
Baider [1], Buser [7], Cheng~L1—Yau [2], Colin de Verdigre
[5, 9, 10], Donnelly {11, 16, 17, 18, 20, 21], Donnelly-Li
[11, Eichhomn [1;, 2, 3, 6, 8, 9], Good [1], Guillopé [1],
- Helffer-Robert [T, 2, 3, 4], Hormander [3], Jgrgensen [3],
Mc Kean [1, 2], Miiller [2], Randol [8], Sekiguchi [1],
Xavier [1], Brooks [1 a 5]; Melruse [3]
" Asakura [1], Bardos- Gmllot—Ralston [11, Jgrgensen. [1, 2],
Majda-Ralston [2], Cantoi-Brilt {1}; Cheeger-Gromov-Taylor
[1], Combes-Gheg {13, Dédziuk [4; 6, 7, 8,.9], Elstradt {1, 2],
' Elstrodt-Roelke;[1],, Fnedlaudar, 111, Gasimov-Levitan [1],
" Gehtman [1}, Stnchartz [1], Vol’ﬁert [1], Vores {1, 2]
‘11. ETUDE INDIVIDUELLE DES VALEURS PROPRES

Généralités
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BANDLE [1, 2, 31, Berger [2], Biollay [1], Chavel-Feld-
man [3], Cheng [1 2 4], Donnelly-Li {3], FRIEDILAND [2],
GALLOT [4], Gallot-Meyer [1], GARABEDIAN [1] Gara-
bedian-Schiffer [1], Gromov [1], Hersch [2, 3], Li [1 & 4],
Mc Kean [1], OSSERMAN [2], Osserman [3, 4], PAYNE
11, POLYAS-ZEGO [1], PROTTER [3], Reid [1], Schoen-
Wolpert-Yau [1], Simon [1, 2], Yang-Yau [1], Yau [1],
Friedland-Novosad [11, Reilly [6]

Estimées sur le 4, et applications
Aomoto [1], Asada [1, 2], Aubin [1, 3], Barbosa-do Carmo
[1, 2], Barthel-Kiimritz [1], Bérard-Besson [1], Bérard-Meyer
[1, 2], Bérard Bergery-Bourguignon [1], Berger [4], Besson
[2], Bleecker-Weiner [1], Borell [1], Bourguignon [1], Bras-
camp-Lieb [1, 2, 3], Buser [2 3 8, 12, 14], BUSER [9], do
Carmo [1], Chavel [1], Chavel-Feldman [1], Cheeger [3, 3],
Chen [1], Croke [1, 2, 5}, Debiard-Gaveau-Mazet [1], Fried-
land [1, 3], Friedland-Hayman [1], Friedrich [1, 2], Fujiwara
[1], Gage [1], Gallot {3, 8], Gallot-Meyer [1], Hersch [4],
Hoffman [2], Huber [1, 2], Komorowski {1, 2], Li-Treibergs
[1], Li-Yau [2], Li-Zhong [1], Marcellini [1], Matsuzawa-
Tanno [1], Mazet [1], H. Muto [1, 2, 3], H. Muto-Urakawa
[1], Y. Mut6 [3], Nehari [1], Obata [1], Osserman [1], Ozawa
[6, 8], de Paris [1], Payne-Rayner [1], Philippin [1, 2], Pinsky
[4], Protter [1], Randol [1], Reilly [2, 3, 4], Schoen-Wolpert-
Yau [2], Sperb [1], Sperner [1], Tachibana-Yamaguchi [1],
Tanno [5], M. Taylor [2], Trudinger [1], Tsukada [2], Uchi-
yama [1], Urakawa [1, 2, 33, Kasue [3], Lichnerowicz [1]},
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1. Retorsion and. the Baplacian of Riemannian manifolds, HAdv. in Math, 7

(1921), 145-209.7 - o5 -
2. Analitic ‘tors?ion,ft;r comjtlex manifolds, Annals of Math. 98 (1973), 154-

177.



LE SPECTRE D'UNE VARIETE RIEMANNIENNE 187

Reed, M.-Simon, S.

1. Methods of Modern Mathematical Physics, I: Functional Analysis, TI:
Fourier Ana]yms—Self—ad]Olndness, 111 Scattermg theory, IV: Ana]ysxs of
operators, Acad. Press.

Reid, W. T. ‘ o

1. A comparison theorem for self-adjoint differential equation of sscohd-order,

Annals of Math. 65 (1857), 197-202.
- Reilly, R. C.
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Moravé, CSSR.

3. Codazzi tensors and eigenfunctions, Preprint Technische U. Berlin 1981.
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APPENDIX C

Complement tq Appendix B

The following (obviously not exhaustive) list of references is
an addendum to the bibliegraphy [B-B] given in Appendix B. Ve do not
intend to give an up to date 1986 - version of [B-B], but we think
that it might be useful to point out some contributions to spectral
geometry which appeared in the last four years. Some papers are
major contributions; some others are less impoyxtant, but give

interesting developments to the subject.

The numbers after ecach paper refer to the classification

given in [B-Bl.
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GUREJEV T.E. - SAFAROV, Yu.G. - Precise asymptoties of the spectrum
for the Laplace operator on manifolds with
periodic geodesics, LOMI Preprints E- -1-86, USSR
Academy of Sciences, Steklov Math. Inst.
Leningrad [§ 4.3, 51,

HEJHAL, D.A. - The Selberg trace formula for PSL(2, R), Vol. 2,
Lect. Notes in Math. 1001, Springer 1983 [§ 971.

TENNIART, G. - Les inégalités de Morse d'apreés E. Witten (J. Diff.
Geom. 17 (1982), 661-692), in Séminaire Bourbaki,
Exp, 617 1983-1984 [§ 2.2, 5, 12].

HIJAZI, O, = Opérateurs de Dirac sur les variétés riemanniennes:
. . ~ ieme
minoration des valeurs propres, These de 31€

cvele, Université Paris 6, 1984 [§ 111,

HINZ, A, - Obere Schranken flr Eigenfunktionen elnes Operators
-A+q, Math. 7%. 185 (1984), 291-304 [§ 5.5, 111.

IVRII, V. - Precise spectral asymptotics for elliptic operators acting
4in fiberings over manifolds with boundary, Lect.
Notes in Math. 1100, Springer 1984 [§ 4.31.

JENNI, F. - Uber den ersten Eigenwert des Laplace-Operators auf
ausgewhhlten Beispielen kompakter Riemannscher
Fl#chen, Comment. Math. Helv. 59 (1984),
193-203 [§ 3, 11].

KASUE, A. - Applications of Laplacian and Hessian comparison theorems,
in Geometry of geodesics and related topics,
p. 333-386, Adv. Studies Pure Math. 3, North-
Holland 1984 [§ 111.

KAWOHL, B. - Rearrangements and convexity of level seténin partial
differential eguations, Lect. Notes in Math.
n® 1150, Springer 1985 [§ 11.3, 12].
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. one~form, 124

. translation, 39
. vector-field, 38

Partition function, 100

Poisson summation formula, 101, 151
Projective space, 23, 29

Quotient, see Rayleigh

Rayleigh (-Ritz quotient), 15, 55

Riemannian

. canonical - measure, 26
. distance, 24

. fibre bundle, 126

. invariant, 23, 47

. manifold, 21, 48

. metrib, 21

. product, 22

. submersion, 30

Scaling, 24, 26, 34
Separation of variables, 8, 13
Sobolev

. inelusion theorem, 51
‘. space, 50

Solution of P.D.E,
. classical, 17
. weak, 17

Space forms, 29

-Spectrum, 146

. length, 147

Sphere, 22

Sturm-Liouville problem, 9

Symmetrization, 79, 82, 159ff, 163ff, 175ff
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Theorem

Beurling-Deny criterion, 160, 168, 171
Bishop comparison, 34

Bochner type, 118, 126, 132, 137, 138
E. Cartan, 29

Cheeger, 92

comparison, 31, 33

comparison of heat kernels, 102, 110
Divergence, 48

Domination eriterion, 168, 171
estimates on eigenvalues, 73, 74, 112
estimates on isoperimetric constants, 95

. existence of heat kernel, 99
. Faber-Krahn, 78, 96

. Fundamental, 53

. Gauss-Bonnet, 116

. Green, 48

. Gromov comparison, 34

. Gromov compactness, 140

. Hopf-Rinow, 2b

. isoperimetric inequality, 108

. Kato's inequality, 130, 135,
. L”-bounds on eigenfunctions,
. lower=-bounds on eigenvalues,
. Daniel Meyer, 131

. Minakshisundaram - Pleijel,
+ Myers, 33

161
114, 139
112

145

. on positivity preserving op., 161

. Toponogov, 32

. Vanishing, 128

. Weyl, 70, 149

Torus, 23, 100

Unique continuation property,

Wave equation, 6, 149

Weight (of a Riemannian invariant), 24, 34

Weitzenbdck formula, 121, 127

Weyl

. asymptotic formula, 70, 149
. conjecture, 151
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(numbers refer to pages)

a(n,e,): 108

by (1), b (M): 116, 120
cv: 25

dix,y),xy: 24

a(M): 108
D: 35, 36
D.: 45

1
D: 126

*
p: 121
df*: 42
Ddf: 41

Diam{M,g): " 25
biv X, Divg X: 44

8 140

n,K,D,V:
exp, ! 26
g,855¢ 21, 26

f*: 80

h(B), h(M,g;B): 84

hy,ho(M,g): 90, 96

H(B), H{(n,k,D;B): 84, 85

Hessf: 41

B (M, 8), Hi(M,g), 7 (), Hi(M): 50
k,k(t,x,y): 99

2, L2(M,vg): 49

SXV: 46
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* *
(M ,g ): 86

T g,pt 86, 139
N{A\): 69
To,k,p,vi 140

r,r(u,u): 32, 33, 40
R,R(X,Y): 39
R(X,Y;U,V): 40

R{u): 55

®,R(x), ﬂmin: 126ff
Ricci, Ricci{M,g): 41
Scal, Scal(M,g): 41 °
Sect, Sect(M,g): 41

u: 40

vg,dvg: 26

Z(t), Z(M,g;t): 100

Z(t), Z(t): 134

§: 119,120
5(E): 128
4, A, 45
E: 121, 127

&, 127
i,
rjk. 37

ki,li(M,g), li(*), li(M,g;*) {* = ¢,D,N]:
Ay(k,r): 71, 73

v: 48

o, c(P): 27, 40

x(M): 116

a, Bx(r,u): 32
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(a]ay, KL
cr": 29
RrP": 23

(RrD, carll): 21
(1%, can): 22
(s™,can): 22
($E,can): 29
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