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Preface

The present work is a short advanced course to be given as a
series of five lectures at 30th Brazilian Mathematical Colloquium - 30o

¯

Colóquio Brasileiro de Matemática. The aim is to present the current
state of the art within Levi-flat hypersurfaces for advanced graduate
students and researchers. We have tried to balance accesibility with
depth, and we wish to present both some of the currently known
results and some of the techniques used.

The chapter 1 is devoted to give a rough sketch the basics of sev-
eral complex variables and CR geometry as it relates to real-analytic
Levi-flat hypersurfaces. We present Cartan’s theorem for smooth
real analytic Levi-flat hypersurfaces, this theorem establishes the ex-
istence of a trivial normal form near smooth points.

In chapter 2, we present the complete list of quadratic Levi-flat
hypersurfaces proved by D. Burns and X. Gong. They also gave a
rigid normal form for Levi-flat hypersurface with a Morse singularity.
Using the theory of holomorphic foliations we give an extension of
this rigid normal form. Furthermore, we state a new rigid normal
forms of Levi-flat hypersurfaces with special singularities.

A Levi-flat hypersurface is equipped with a foliation by complex
leaves, called the Levi-foliation (not necessarily a restriction of a
holomorphic foliation). For a non-singular Levi-flat hypersurface M ,
Cartan’s local trivialization provides an explicit extension of the Levi-
foliation to a non-singular holomorphic foliation in a neighborhood of
M . The situation becomes much more complicated when one consid-
ers singularities. For a singular hypersurface, the Levi-foliation does
not extend in general unless the singularity is small, for instance,
there exist Levi-flat hypersurfaces whose Levi-foliations only extend

iii
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to k-webs in the ambient space. The chapter 3 is devoted to study
the extension problem for the Levi-foliation of a real analytic Levi-
flat hypersurface. This problem has been considered by E. Bedford
and P. De Bartolomeis in the C∞-smooth case. In the singular case,
the problem was partially solved. We present a result that provides
conditions for extension of the Levi-foliation to a k-web. Recently R.
Shafikov and A. Sukhov improved the current state of the art of this
problem and this result is presented in the last part of this chapter.

In chapter 4, we disuss what is known about the structure of the
singular locus of a real-analytic Levi-flat hypersurface. It is known
for example that it is Levi-flat in the proper sense. We will show
how Segre varieties are used in the proof including a discussion of the
classical lemma of Diederich-Fornæss.

In chapter 5, we consider Levi-flat hypersurfaces globally in pro-
jective space. It is known that such hypersurfaces must be singular
when the dimension is 3 or more by a theorem of Lins Neto. Chow’s
theorem says that a complex subvariety of projective space is alge-
braic. A Levi-flat analogue of such a theorem does not hold in gen-
eral, without additional hypotheses. We present a version of Chow’s
theorem for Levi-flat hypersurfaces with compact leaves.

The first named author is grateful to the Pont́ıficia Universidad
Católica del Perú - PUCP for their hospitality, and the support of
CAPES - Bolsista da CAPES - Brasilia/Brasil.
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Notations

1. On : the ring of germs of holomorphic functions at 0 ∈ Cn.

2. O(U) : set of holomorphic functions in the open set U ⊂ Cn.

3. O∗n = {f ∈ On|f(0) 6= 0}.

4. O∗(U) = {f ∈ O(U)|f(z) 6= 0,∀z ∈ U}.

5. Mn = {f ∈ On|f(0) = 0} the maximal ideal of On.

6. An : the ring of germs at 0 ∈ Cn of complex valued real analytic
functions.

7. AnR : the ring of germs at 0 ∈ Cn of real valued real analytic
functions. Note that F ∈ An is in AnR if and only if F = F̄ .

8. Diff(Cn, 0) : the group of germs at 0 ∈ Cn of holomorphic
diffeomorphisms f : (Cn, 0) → (Cn, 0) with the operation of
composition.

9. jk0 (f) : the k-jet at 0 ∈ Cn of f ∈ On.

v
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Introduction

Complex analysis is the study of holomorphic functions, and the
most basic question about holomorphic functions is the study of do-
mains where such functions are defined. Natural domains for holo-
morphic functions have what is called pseudoconvex boundary, and
a Levi-flat hypersurface is “pseudoconvex from both sides.” Levi-flat
hypersurfaces have no local biholomorpic invariants unless they are
singular. Singular Levi-flat hypersurfaces appear in many contexts,
for example the zero set of the real-part of a holomorphic function,
or as an invariant set of a holomorphic foliation. While singular Levi-
flat hypersurfaces have many properties of complex subvarieties, they
have a more complicated geometry and inherit many pathologies from
general real-analytic subvarieties. Their study is on the interface of
studying real and complex subvarieties. It is a rich field mostly un-
explored, with many questions still unanswered (or unasked).

These notes explore the techniques from holomorphic foliation
theory, CR geometry, the geometry of algebraic and analytic subva-
rieties of complex spaces, and several complex variables in general in
the study of Levi-flat hypersurfaces. In the problem of extending the
Levi-foliation, it is necessary understand the connection between k-
webs and partial differential equations of first order. We will present
several important examples showing various phenomenona appear-
ing in the the study of singular real-analytic Levi-flat hypersurfaces.
These notes show the interconnection of several areas in mathematics
and a rich field of study.

ix
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Chapter 1

Non-singular Levi-flat
hypersurfaces and
theorem of Cartan

In this first chapter we give a rough sketch the basics of several
complex variables and CR geometry as it relates to real-analytic Levi-
flat hypersurfaces.

1.1 Holomorphic functions

Let Cn be the complex Euclidean space. Write z = (z1, z2, . . . , zn)
for the coordinates of Cn. For Rn we write coordinates as x =
(x1, x2, . . . , xn) and y = (y1, y2, . . . , yn). Identify Cn with Rn×Rn =
R2n by letting z = x+ iy. The complex conjugate is then z̄ = x− iy.
The z are the holomorphic coordinates and z̄ the antiholomorphic
coordinates.

Define the Wirtinger operators

∂

∂zj

def
=

1

2

(
∂

∂xj
− i ∂

∂yj

)
,

∂

∂z̄j

def
=

1

2

(
∂

∂xj
+ i

∂

∂yj

)
.

Definition 1.1.1. Let U ⊂ Cn be an open set. Suppose f : U → C
is a locally bounded function whose first partial derivatives exist and

1
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2 [CHAP. 1: NON-SINGULAR LEVI-FLAT HYPERSURFACES AND THEOREM OF CARTAN

f satisfies the Cauchy-Riemann equations

∂f

∂z̄j
= 0 for j = 1, 2, . . . , n.

Then f is holomorphic.

That is, f is holomorphic if it is holomorphic in each variable
separately as a function of one variable. Similarly as in one vari-
able Cauchy formula prove that a holomorphic function is infinitely
differentiable and has a power series expansion around every point.

Because of the above formalism, we often write smooth function
on Cn ∼= R2n as f(z, z̄) as if they were functions of z and z̄ as sepa-
rate variables. Then f is holomorphic if it does not depend on the z̄
variable. It turns out this formalism is actually valid if f is a poly-
nomial or a real-analytic function. That is, any polynomial in x and
y on Cn ∼= R2n can be written as a polynomial in z and z̄ using

x =
z + z̄

2
, y =

z − z̄
2i

.

The polynomial f is then holomorphic if we can write it as a function
of z only.

In particular, any real-analytic function (a function that can be
locally written as a power series in x and y) can be locally written as
a power series in z and z̄. This has a really important consequence.
A real-analytic function can be complexified. That is, if f(z, z̄) is
real-analytic near zero in Cn, then for some small neighbourhood of
0 in (z, ξ) ∈ Cn × Cn, the power series for f with z̄ replaced with ξ
converges, and we obtain a holomorphic function F (z, ξ) such that
f(z, z̄) = F (z, z̄). It is not difficult to show that F is the unique such
holomorphic function, and so we abuse notation somewhat and simply
write f(z, ξ) when needed. Similarly, when real-analytic functions are
concerned it is common to pretend that z̄ is an independent variable,
although we must be careful to keep convergence issues in mind.

Complexification plays a key role in CR geometry and the study
of Levi-flat hypersurfaces in particular.

It turns out that not every domain is a natural domain of defini-
tion for holomorphic functions. Let us mention a famous example.
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[SEC. 1.2: CR GEOMETRY 3

Theorem 1.1.2 (Hartogs phenomenon). Let U ⊂ Cn be a domain,
n ≥ 2, and let K ⊂⊂ U be a compact set such that U \ K is con-
nected. If f : U \K → C is holomorphic, then there exists a unique
holomorphic F : U → C such that F |U\K = f .

For example, let B(p, r) denote the open ball centered at p ∈
Cn and radius r. Every holomorphic function on B(0, 1) \ B(0, 1

2 )
extends to a holomorphic function on B(0, 1). It is a problem with
the geometry of the boundary on the inside ball. In particular, the
domain is strictly concave along the entire inside boundary.

Though it is not simply convexity that is the correct concept here
as holomorphic functions do not see all of convexity. Let us make
this precise. Before we do, we need to see what kind of changes of
coordinates we are allowing.

Definition 1.1.3. Let U ⊂ Cn and V ⊂ Cm are open sets and
suppose we have the map f : U → V . Write f = (f1, f2, . . . , fm).
The map f is a holomorphic map if fj is holomorphic for all j.

If m = n and furthermore f is one-to-one, onto, and f−1 is holo-
morphic1, then f is said to be biholomorphic.

1.2 CR geometry

Let M ⊂ Cn be a real smooth hypersurface. That is, suppose that
near each point p ∈ M , there is a neighbourhood U of p in Cn, and
a smooth function r : U → R with dr 6= 0 on U such that M ∩ U =
{z : r(z, z̄) = 0}. We are interested in what geometric information is
preserved under a biholomorphic change of coordinates.

Cn is identified with R2n by z = x+ iy, and so the tangent spaces
TpCn = TpR2n. Write

C⊗ TpCn = spanC

{
∂

∂x1

∣∣∣
p
,
∂

∂y1

∣∣∣
p
, . . . ,

∂

∂xn

∣∣∣
p
,
∂

∂yn

∣∣∣
p

}
.

Simply replace all the real coefficients with complex ones.

1It can be proved that this requirement is automatically true.
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4 [CHAP. 1: NON-SINGULAR LEVI-FLAT HYPERSURFACES AND THEOREM OF CARTAN

Once we do that we notice that ∂
∂zj

∣∣
p
, and ∂

∂z̄j

∣∣
p

are both in

C⊗ TpCn, and in fact:

C⊗ TpCn = spanC

{
∂

∂z1

∣∣∣
p
,
∂

∂z̄1

∣∣∣
p
, . . . ,

∂

∂zn

∣∣∣
p
,
∂

∂z̄n

∣∣∣
p

}
.

Define

T (1,0)
p Cn def

= spanC

{
∂

∂z1

∣∣∣
p
, . . . ,

∂

∂zn

∣∣∣
p

}
, and

T (0,1)
p Cn def

= spanC

{
∂

∂z̄1

∣∣∣
p
, . . . ,

∂

∂z̄n

∣∣∣
p

}
.

Vectors in T
(1,0)
p Cn are the holomorphic vectors and vectors in T

(0,1)
p Cn

are the antiholomorphic vectors. We decompose the full tangent space
as

C⊗ TpCn = T (1,0)
p Cn ⊕ T (0,1)

p Cn.

A holomorphic function is one that vanishes on T
(0,1)
p Cn. It can be

checked that a holomorphic map pushes T
(1,0)
p Cn vectors to T

(1,0)
f(p) C

n

vectors, and T
(0,1)
p Cn vectors to T

(0,1)
f(p) C

n vectors.

Let M ⊂ Cn be a smooth hypersurface as above. Define

T (1,0)
p M

def
=
(
C⊗ TpM

)
∩
(
T (1,0)
p M

)
, and

T (0,1)
p M

def
=
(
C⊗ TpM

)
∩
(
T (0,1)
p M

)
.

Decompose C⊗ TpM as

C⊗ TpM = T (1,0)
p M ⊕ T (0,1)

p M ⊕Bp.

The Bp is a one-dimensional space sometimes called the “bad direc-
tion.”

It is not hard to show the following useful proposition.

Proposition 1.2.1. Suppose M ⊂ Cn is a smooth real hypersurface,
p ∈ M . After a translation and rotation via a unitary matrix, p = 0
and near the origin M is written in variables (z, w) ∈ Cn−1 × C as

Imw = ϕ(z, z̄,Rew),
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with the ϕ(0) and dϕ(0) = 0. Consequently

T
(1,0)
0 M = spanC

{
∂

∂z1

∣∣∣
0
, . . . ,

∂

∂zn−1

∣∣∣
0

}
,

T
(0,1)
0 M = spanC

{
∂

∂z̄1

∣∣∣
0
, . . . ,

∂

∂z̄n−1

∣∣∣
0

}
,

B0 = spanC

{
∂

∂(Rew)

∣∣∣
0

}
.

Let M ⊂ Cn be a smooth real hypersurface. and suppose r is a
defining function for M .

If for all nonzero Xp ∈ T (1,0)
p ∂U ,

Xp =

n∑
j=1

aj
∂

∂zj

∣∣∣
p
,

we have
n∑

j=1,`=1

āja`
∂2r

∂z̄j∂z`

∣∣∣
p
≥ 0,

then M is said to be pseudoconvex 2 at p.

For Xp ∈ T (1,0)
p ∂U , the expression

n∑
j=1,`=1

āja`
∂2r

∂z̄j∂z`

∣∣∣
p

is called the Levi-form at p. So M is pseudoconvex at p ∈ ∂U if the
Levi-form is positive semidefinite at p.

1.3 Smooth Levi-flat hypersurfaces

The hypersurface M is said to be Levi-flat if M is “pseudoconvex
from both sides”, that is, the Levi-form vanishes identically (it is
both positive and negative semidefinite.

2It is really the “domain” r < 0 that is pseudoconvex rather than M .
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In the setting of the proposition above we can write M near 0 as

Imw = Q(z, z̄) + E(z, z̄,Rew),

where Q is the quadratic part and E is of order 3. The real valued
Q can be written as

Q(z, z̄) = z∗Az + ztBz + ztBz

for (n − 1) by (n − 1) matrices A and B where A is Hermitian. A
holomorphic change of variables taking w to w + iztBz changes the
equation to

Imw = z∗Az + E(z, z̄,Rew),

where again E is of order 3. The matrix A is then the Levi-form.
Therefore for a Levi-flat M , A = 0. Our goal (Cartan’s theorem)

is to show that we can also remove E, as long as M is real-analytic.
Before we prove this theorem let us write M in a slightly different
way. If M is real-analytic, we can regard z, z̄, w, and w̄ as separate
variables. Then applying the holomorphic implicit function theorem
we can write M near zero as

w̄ = Q(z, z̄, w),

for a holomorphic function Q that vanishes to second order. We could
also solve for w rather than w̄ by simply taking a complex conjugate.
The function Q also satisfies w̄ = Q(z, z̄, Q̄(z̄, z, w̄)). Here Q̄ is as
usual the complex conjugate of the function Q.

Let us talk about the CR vector fields on M , that is, vector fields
in T (0,1)M . To find a basis we find vector fields in T (0,1)Cn that
vanish on the function w̄ − Q(z, z̄, w). It is easy to see that the
following vector fields will give us the basis of T (0,1)M at each point.

Lj =
∂

∂z̄j
+
∂Q

∂z̄j

∂

∂w̄
.

Proposition 1.3.1. If M ⊂ Cn is a real-analytic smooth hypersur-
face. Suppose that f : M → C is a real-analytic CR function. For
every p ∈ M , there exists a holomorphic function F defined in a
neighbourhood of p such that F equals f on M .
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The proposition is not true if either f or M are only smooth rather
than real-analytic.

Sketch of proof. First, because f is real-analytic it is possible to show
that we can complexify f to an analytic function of z, z̄, and w.
To see why we can do this, for each fixed z, we get a real-analytic
function on a real-analytic curve in C and therefore we can extend
f to a holomorphic function of w analytically by simply letting w
range over not just points corresponding to points of M , but all w
in a neighbourhood. So far we have not used the fact that f is CR.
Computing

0 = Ljf =
∂f

∂z̄j
+
∂Q

∂z̄j

∂f

∂w̄
=

∂f

∂z̄j
.

and f is therefore holomorphic in z and w.

When M is Levi-flat, then a direct computation below shows that
T (0,1)M ⊕ T (1,0)M is involutive. That is, take

[Lj , Lk] =

(
∂

∂z̄j
+
∂Q

∂z̄j

∂

∂w̄

)(
∂

∂zk
+
∂Q̄

∂zk

∂

∂w

)
−
(

∂

∂zk
+
∂Q̄

∂zk

∂

∂w

)(
∂

∂z̄j
+
∂Q

∂z̄j

∂

∂w̄

)
=

(
∂2Q̄

∂zk∂z̄j
+
∂Q

∂z̄j

∂2Q̄

∂zk∂w̄

)
∂

∂w

−
(

∂2Q

∂z̄j∂zk
+
∂Q̄

∂zk

∂2Q

∂z̄j∂w

)
∂

∂w̄

Then since ∂2Q
∂z̄j∂zk

is zero at the origin as the Levi-form vanishes at the

origin, and ∂Q̄
∂zk

vanishes at the origin as well. AsM is Levi-flat similar
calculation works at every point. You can see the connection of the
Levi-form and the CR vector fields. It is easy to see that the commu-
tators [Lj , Lk] and [Lj , Lk] are also in the space T (0,1)M ⊕ T (1,0)M .
And hence T (0,1)M ⊕ T (1,0)M is involutive. Frobenius theorem then
implies that M is foliated by submanifolds whose complexified tan-
gent space is T (0,1)M ⊕ T (1,0)M , in fact these are complex submani-
folds. This foliation is called the Levi-foliation.

We can now sketch a proof of Cartan’s theorem.
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8 [CHAP. 1: NON-SINGULAR LEVI-FLAT HYPERSURFACES AND THEOREM OF CARTAN

Theorem 1.3.2 (Cartan). If M ⊂ Cn is a Levi-flat real-analytic
smooth hypersurface, then near each point p ∈ M , there exist local
holomorphic coordinates (z, w) ∈ Cn−1 × C vanishing at p such that
M near p is given by

Imw = 0.

The leaves of the Levi-foliation are given by

{(z, w) : w = t} for some t ∈ R.

Sketch of proof. It is enough to find a holomorphic function defined
near p with nonvanishing derivative that is real valued on M near p.

To define such a function, we take the real-analytic Levi-foliation
defined above and near p we find a real-valued real-analytic f that
is constant along leaves, and has nonvanishing derivative. It is au-
tomatically a CR function since it must be killed by the CR vector
fields as those point along the leaves. It extends, and voilá.

We now find that a real-analytic Levi-flat M is always locally
given by

Imw = 0,

in suitable holomorphic coordinates. In particular there are no local
biholomorphic invariants in the nonsingular real-analytic case. The
sets {w = t} for various t are the leaves of the Levi-foliation.

Conversely, given any holomorphic function f , the set

{z : Im f(z) = 0},

that is, a zero set of a so-called pluriharmonic function is Levi-flat
for all points where the derivative does not vanish (and hence where
we obtain a real-analytic hypersurface).

Finally let us mention a very important feature of complexification
with respect to Levi-flat hypersurfaces. Suppose that M is a Levi-flat
hypersurface defined near the origin and ρ is a real-analytic function
also defined in a neighbourhood of the origin such that ρ vanishes on
M . If we comlexify ρ(z, z̄) the set

{z : ρ(z, 0) = 0}
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vanishes on the leaf of the Levi-foliation through the origin. To see
this fact, take the real valued function f we found above in the proof
of Cartan’s theorem. That is df 6= 0 and M near zero is given by
Im f = 0. This function Im f generates the ideal of (germs at zero)
of functions vanishing on M . Therefore there is some real-analytic
function a(z, z̄) such that near zero

ρ(z, z̄) = a(z, z̄)
(
Im f(z)

)
= a(z, z̄)

f(z)− f̄(z̄)

2i

If we complexify and set z̄ = 0 we get

ρ(z, 0) = a(z, 0)
f(z)

2i
.

And f(z) = 0 gives the leaf of the Levi-foliation through zero.
In fact if dρ 6= 0 (then ρ is usually called a defining function for

M), then a must not vanish at 0, and ρ(z, 0) = 0 is in fact exactly
the leaf of the foliation through zero.
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Chapter 2

Singular Levi-flat
hypersurfaces and their
local normal form

We study normal forms of singular Levi-flat hypersurfaces. Under
certain conditions, there are partial local normal forms for real ana-
lytic Levi-flat hypersurfaces. The problem of classification of normal
forms for Levi-flat hypersurfaces is analogous to problem of classifi-
cation of holomorphic functions studied by Vlad́ımir Arnold [A1] in
Singularity Theory. According to D. Burns and X. Gong, the normal
forms are known completely for the quadratic Levi-flat hypersurfaces
[BG]. Furthermore in [BG] existence and convergence of a rigid nor-
mal form in the case of a generic (Morse) singularity was proved.

Here, using theory of holomorphic foliations, we give an extension
of result of Burns-Gong [BG]. To do this, we give some definitions
about singular Levi-flat hypersurfaces and then establish some results
on holomorphic foliations tangent to Levi-flat hypersurfaces. Finally,
we use these results to prove some normal forms of Levi-flat hyper-
surfaces with special singularities.

Let M ⊂ U ⊂ Cn be a real analytic variety of real codimension
one, where U is an open set. Let M∗ denote its regular part, that
is, the smooth part of M of highest dimension — near each point

10
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[SEC. 2.1: THE COMPLEXIFICATION 11

p ∈M∗, the variety M is a real-analytic manifold of real codimension
one. For each p ∈ M∗, there is a unique complex hyperplane Lp
contained in the tangent space TpM

∗. This defines a real analytic
distribution

L : p 7→ Lp ⊂ TpM∗

of complex hyperplanes in TM∗, known as the Levi distribution.
When L is integrable in the sense of Frobenius, we say that M is
a Levi-flat hypersurface. The resulting foliation, denoted by L, is
known as the Levi-foliation.

As has been seen in Chapter 1, this concept goes back to E. Cartan
(see for instance theorem 1.3.2); Cartan’s theorem assures that there
are local holomorphic coordinates (z1, . . . , zn) ∈ Cn around p ∈ M∗
such that M∗ = {Im(zn) = 0}. As a consequence, the leaves of the
Levi-foliation L have local equations zn = c, for c ∈ R. From the
global viewpoint, they are complex manifolds of codimension one im-
mersed in U . Cartan’s local trivialization provides an intrinsic way
to extend the Levi-foliation to a non-singular holomorphic foliation
in a neighborhood of M∗. Locally, we extend L to a neighborhood
of x ∈ M∗ as the foliation having, in the coordinates (z1, . . . , zn),
horizontal leaves zn = c, for c ∈ C. Since M∗ has real codimension
1, this is the unique possible local extension of L, so that these local
extensions glue together yielding a foliation defined in whole neigh-
borhood of M∗. Nevertheless, it is not true in general that L extends
to a holomorphic foliation in a neighborhood of M∗, even if singu-
larities are admitted. There are examples of Levi-flat hypersurfaces
whose Levi-foliations extend to k-webs in the ambient space, see for
instance [Br1], [Fe2] and [SS]. We explain it in the next chapter.

2.1 The complexification

Given F ∈ An, we can write its Taylor series at 0 ∈ Cn as

F (z) =
∑
µ,ν

Fµνz
µz̄ν , (2.1)

where Fµν ∈ C, µ = (µ1, . . . , µn), ν = (ν1, . . . , νn), zµ = zµ1

1 . . . zµn
n ,

z̄ν = z̄ν11 . . . z̄νnn . When F ∈ AnR, the coefficients Fµν satisfy

F̄µν = Fνµ.
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12[CHAP. 2: SINGULAR LEVI-FLAT HYPERSURFACES AND THEIR LOCAL NORMAL FORM

The complexification FC ∈ O2n of F is defined by the series

FC(z, w) =
∑
µ,ν

Fµνz
µwν . (2.2)

Note that if the series in (2.1) converges in the polydisk Dn
r = {z ∈

Cn : |zj | < r} then the series in (2.2) converges in the polydisk D2n
r .

Moreover, F (z) = FC(z, z̄) for all z ∈ Dn
r .

Remark 2.1.1. The complexification does not depends on the coordi-
nate system, in the sense that if ϕ ∈ Diff(Cn, 0) then there exists an
unique ϕC ∈ Diff(C2n, 0) such that

(F ◦ ϕ)C = FC ◦ ϕC (2.3)

In fact, if ϕ(x) =
∑
σ ϕσx

σ is the Taylor series of ϕ and ϕC(x, y) =
(ϕ(x), ϕ̄(y)), where ϕ̄(y) =

∑
σ ϕσx

σ then relation (2.3) is satisfied
for all F ∈ An.

Let M = {F (z) = 0} be a germ of Levi-flat hypersurface at
0 ∈ Cn, where F ∈ AnR. Let us define the singular set of M by

sing(M) = {F (z) = 0} ∩ {dF (z) = 0}.

The complexification MC of M is defined as MC = {FC = 0} and its
regular part is M∗C = MC\{dFC = 0}. Clearly MC defines a germ of
complex subvariety of dimension 2n − 1 at 0 ∈ C2n. On the other
hand, since the Levi distribution is defined by

Lp := Ker(∂F (p)) ⊂ TpM∗ = Ker(dF (p)) for any p ∈M∗,

we have Levi 1-form η := i(∂F − ∂̄F ) restricted to M∗ define the
Levi-foliation L on M∗. The complexification ηC of η can be written
as

ηC = i

n∑
j=1

(∂FC

∂zj
dzj −

∂FC

∂wj
dwj

)
= i
∑
µ,ν

(Fµνw
νd(zµ)−Fµνzµd(wν)).

The integrability condition of η = i(∂F − ∂̄F )|M∗ implies that
ηC|M∗C is integrable. Therefore ηC|M∗C = 0 defines a holomorphic
foliation LC on M∗C that will be called the complexification of L.
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[SEC. 2.1: THE COMPLEXIFICATION 13

Remark 2.1.2. Let η = i(∂F − ∂̄F ) and ηC be as before. Then η|M∗
and ηC|M∗C define L and LC, respectively. Set α =

∑n
j=1

∂FC
∂zj

dzj and

β =
∑n
j=1

∂FC
∂wj

dwj . Hence dFC = α+ β and ηC = i(α− β), so that

ηC|M∗C = 2iα|M∗C = −2iβ|M∗C (2.4)

In particular, α|M∗C and β|M∗C define LC.

The results to continuation can be found in [CL]. We prove it here
for completeness.

Lemma 2.1.3. Let h ∈ On, h 6= 0, h(0) = 0. Suppose that h is not
a power in On. Then Im(h) and Re(h) are irreducible in AnR.

Proof. We will prove that Im(h) is irreducible. Since Re(h) = Im(i·h)
we will get also that Re(h) is irreducible. Let h(z) =

∑
µ hµz

µ be

the Taylor series of h and h̄(w) :=
∑
µ h̄µw

µ, w ∈ (Cn, 0). Note that

Im(h) = i
2

(
h(z) − h̄(z̄)

)
. Let H := 2

i Im(h), so that the complexifi-

cation HC of H can be written as

HC(z, w) = h(z)− h̄(w).

Suppose by contradiction that Im(h) is reducible in AnR. In this
case, we can write H(z) = φ(z) · ϕ(z), where φ, ψ ∈ AnR and φ(0) =
ψ(0) = 0. Let φC and ψC be the complexifications of φ and ψ,
respectively. Since H = φ ·ψ, by complexification of the Taylor series
in both members, we get HC(z, w) = φC ·ψC, so that HC is reducible.

Since the germ h is not a power, there exist ε > 0 and a repre-
sentative of h, denoted by the same letter, which is holomorphic in a
polydisk Dn

r around 0 such that the fiber h−1(c) is connected for all
c ∈ C with 0 < |c| < ε (cf. [MM]). This implies that, if w0 ∈ Dn

r is
such that 0 < |h̄(w0)| < ε then

Hw0(z) := HC(z, w0) = h(z)− h̄(w0)

is irreducible in Dn
r . Let 0 < δ ≤ r be such that |h̄(w)| < ε if |w| < δ

and denote V := Dn
δ \ h̄−1(0). We have concluded that if w ∈ V then

Hw(z) is irreducible in Dn
δ .
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14[CHAP. 2: SINGULAR LEVI-FLAT HYPERSURFACES AND THEIR LOCAL NORMAL FORM

In fact, for a fixed w0 ∈ Dn
δ set φw0(z) = φC(z, w0) and φw0(z) =

ψC(z, w0). From HC = φC · ψC we get

Hw = φw · ψw

and this implies that for all w ∈ V , either φw ∈ O∗(Dn
δ ), or ψw ∈

O∗(Dn
δ ). Since 0 ∈ Cn is in the closure of the open set V , we can as-

sume that there exists a sequence (wn)n≥1 in V such that lim
n→∞

wn = 0

and ψwn ∈ O∗(Dn
δ ). Since lim

n→∞
ψwn = ψ0 in compact sets, we must

have ψ0 ≡ 0, because ψ0(0) = ψC(0, 0) = 0.
On the other hand, the complexification ψC of ψ ∈ AnR satisfies

ψC(z, w) = ψC(w̄, z̄),

and so ψ ≡ 0 implies that ψC(0, z̄) = ψC(z, 0) = 0 for all z, and hence
ψz(0) = 0 for all z, which is a contradiction with ψwn 6= 0. This
contradiction proves that HC is irreducible.

Now we prove the following lemma.

Lemma 2.1.4. If F is irreducible in AnR and M = {F = 0} has
real codimension one then FC is irreducible in O2n.

Proof. Suppose that FC = gk11 . . . gkrr , gj ∈ O2n, kj ≥ 1, gj(0) = 0

for all 1 ≤ j ≤ r. Then F = Gk11 . . . Gkrr , where Gj(z) = gj(z, z̄),
1 ≤ j ≤ r. Note that gj = GjC for all 1 ≤ j ≤ r. Since F = F̄ , we
get

F = Gk11 . . . Gkrr = Ḡk11 . . . Ḡkrr

so Gk11 . . . Gkrr = Ḡk11 . . . Ḡkrr , this implies that r = 2a + b and af-
ter, reordering the indexes, we can assume that there exist units
U1, . . . , Ua, V1 . . . Vb ∈ O2n such that G2j−1C = Uj(Ḡ2j)C, k2j−1 =
k2j if 1 ≤ j ≤ a and G2a+jC = Vj(Ḡ2a+j)C if 1 ≤ j ≤ b. In particu-
lar, we can write F = G ·H where

G = (G1Ḡ1)k1 . . . (GaḠa)ka H = UG
k2a+1

2a+1 . . . G
kr
r

and U is an unit in An. Note that H ∈ AnR because F,G ∈ AnR.
Since F is irreducible in AnR we have two possibilities:
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• a = 1, k1 = 1, b = 0 and H(0) 6= 0. This implies

F = H|G1|2 = H(Re(G1)2 + Im(G1)2),

and so M = {Re(G1) = Im(G1) = 0}. But this would imply
that M has real codimension ≥ 2, a contradiction.

• a = 0, b = r and (Ḡj)C = Vj · GjC for all j = 1, . . . , r. In
this case, we get Ḡj = UjGj , where Uj(z) = Vj(z, z̄) is an
unit. Therefore |Uj | = 1 and so Uj = eiαj , α ∈ AnR. If we set

hj = eiα
j/2 ·Gj , then we get h̄j = hj and hj ∈ AnR. Hence, we

can write F = Uhk11 . . . hkbb , where U ∈ AnR, U(0) 6= 0. Since
F is irreducible b = 1 and k1 = 1. Finally, FC is irreducible in
On.

This ends the proof.

2.2 Levi-flat hypersurfaces and holomor-
phic foliations

This section is devoted to state some results about Levi-flat hyper-
surfaces invariant by holomorphic foliations.

Definition 2.2.1. Let F and M = {F = 0} be germs at (Cn, 0),
n ≥ 2, of a codimension one singular holomorphic foliation and of a
real Levi-flat hypersurface, respectively. We say that M is invariant
by F (or that F leaves M invariant) if the leaves of the Levi-foliation
L on M are also leaves of F .

Definition 2.2.2. The algebraic dimension of sing(M) is the com-
plex dimension of the singular set of MC.

In the proof of main result of this chapter, we will use the following
result due to Cerveau-Lins Neto [CL]. This result is fundamental to
find normal forms of Levi-flat hypersurfaces and essentially assures
that if the singularities of M are sufficiently small (in the algebraic
sense) then M is given by the zeros of the real part of a holomorphic
function.
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16[CHAP. 2: SINGULAR LEVI-FLAT HYPERSURFACES AND THEIR LOCAL NORMAL FORM

Theorem 2.2.3 (Cerveau-Lins Neto [CL]). Let M = {F = 0} be a
germ of an irreducible real analytic Levi-flat hypersurface at 0 ∈ Cn,
n ≥ 2, with Levi 1-form η := i(∂F − ∂̄F ). Assume that the algebraic
dimension of sing(M) is less than or equal to 2n−4. Then there exists
an unique germ at 0 ∈ Cn of holomorphic codimension one foliation
FM tangent to M , if one of the following conditions is fulfilled:

1. n ≥ 3 and codM∗C (sing(ηC|M∗C )) ≥ 3.

2. n ≥ 2, codM∗C (sing(ηC|M∗C )) ≥ 2 and LC has a non-constant
holomorphic first integral.

Moreover, in both cases the foliation FM has a non-constant holo-
morphic first integral f such that M = {Re(f) = 0}.

Now we state key lemmas. Suppose that FC converges in a neigh-
borhood of

4̄ = {(z, w) ∈ C4 : |z|, |w| ≤ 1} := B̄ × B̄,

set V := M∗C\ sing(ηC|M∗C ) and denote by Lp the leaf of LC through
p, where p ∈ V . Consider the holomorphic vector fields X and Y on
B defined by

X =
∂FC

∂z2
∂z1 −

∂FC

∂z1
∂z2 and Y =

∂FC

∂w2
∂w1
− ∂FC

∂w1
∂w2

.

Since X(FC) = Y (FC) ≡ 0, they are tangent to the leaves of FC and
in particular to MC. Denote by G and H the foliations by curves
defined by X and Y on M∗C, respectively.

Lemma 2.2.4 (Cerveau-Lins Neto [CL]). In above situation, we have
the following:

1. X|M∗C and Y |M∗C are tangent to LC. In particular, if we denote

by Lgq and Lhq the leaves of G and H through q ∈ V then Lgq ⊂ Lq
and Lhq ⊂ Lq.

2. X and Y are linearly independent along V . In particular, for
any p ∈ V the leaves Lgp and Lhp intersect transversaly in Lp at

p: TpLp = TpL
g
p ⊕ TpLhp .
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3. For any (z0, w0) ∈ V the leaf Lgp ( resp. Lhp) is contained in

Agp := {(z0, w0) ∈ V : FC(z, w0) = 0}

( resp. Ahp := {(z0, w0) ∈ V : FC(z, w0) = 0}). In particular,

Lgp and Lhp are closed in V = M∗C \ sing(η|M∗C ).

Proof. First we prove item (1), this following from the fact that LC
is defined by α|M∗C = −β|M∗C and since iX(α) ≡ 0 we have that if
p ∈ V then X(p) ∈ TpLC, where TpLC := TpLp. Hence Lgp ⊂ Lp.

Similarly, iY (β) ≡ 0, so that Lhp ⊂ Lp. To prove item (2), observe

that since p ∈ V , either ∂FC
∂z1

(p) 6= 0 or ∂FC
∂z2

(p) 6= 0, which implies that
X(p) 6= 0. Similarly, Y (p) 6= 0. Therefore, X(p) ∧ Y (p) 6= 0, and
the vector fields X and Y are linearly independent along V . Item (3)
follows from X(F ) = X(w1−w01) = X(w2−w02) = 0 that Lgp ⊂ Agp.
Let Sgp be the irreducible component of Agp which contains p. For any

q ∈ V we have that, either ∂FC
∂z1

(q) 6= 0 or ∂FC
∂z2

(q) 6= 0. This implies
that dimC(Sgp) = 1. On the other hand, Lgp ⊂ Sgp and dimC(Lgp) = 1,
so that Lgp = Sgp , by definition of leaf. Hence. Lgp is closed in V .

Similarly, Lhp is closed in V .

Lemma 2.2.5 (Cerveau-Lins Neto [CL]). For any p ∈ V , the leaf
Lp of LC is closed in M∗C.

Proof. Fix p = (z0, w0) ∈ V and set

Np :=
⋃
q∈Lg

p

Lgq ⊂ V.

We assert that Np is closed in V and Np = Lp. In fact, let (pn =
(zn, wn))n≥1 be a sequence in Np such that lim

n→∞
pn = q = (z′, w′) ∈

V . Recall that we are working in 4 = B ×B. In particular, z′, w′ ∈
B. By lemma 2.2.4 item (3), we get (z0, wn) ∈ Lhp , for all n ≥ 1,
and (z0, wn) → (z0, w

′). Again by lemma 2.2.4 item (3), we have
(z′, w′) ∈ Lg(z0,w′). Hence, q ∈ Np. This proves the assertion. Finally,

we assert that Lp = Np. In fact, lemma 2.2.4 item (1) implies that
Np ⊂ Lp. Since Np is closed in V , it is also closed in Lp ⊂ V . On
the other hand, it follows from lemma 2.2.4 item (2) that Np is open
in Lp. Hence, Np = Lp, because Lp is connected.
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Normal form in Cn Singular set

(Im z1)2 = 0 empty
Im(z2

1 + z2
2 + · · ·+ z2

k) = 0 Cn−k
z2

1 + 2λz1z̄1 + z̄2
1 = 0

(
λ ∈ (0, 1)

)
Cn−1

(Im z1)(Im z2) = 0 R2 × Cn−2

|z1|2 − |z2|2 = 0 Cn−2

Table 2.1: Quadratic Levi-flat hypersurfaces

2.3 Normal forms

The systematic local study of singular Levi-flat real analytic hyper-
surfaces was iniciated by Burns and Gong. Here we state the class-
fication of normal forms of quadratic Levi-flat hypersurfaces due to
Burns and Gong.

Theorem 2.3.1 (Burns-Gong [BG]). The table 2.1 is a complete list
of holomorphic equivalence class of Levi-flat quadratic real hypersur-
faces in Cn.

The following result is the first rigid normal form of singular Levi-
flat hypersurfaces.

Theorem 2.3.2 (Burns-Gong [BG]). Let M be a germ of real ana-
lytic Levi-flat hypersurface at 0 ∈ Cn, n ≥ 2, defined by

Re(z2
1 + . . .+ z2

n) +H(z, z̄) = 0

with H(z, z̄) = O(|z|3), H(z, z̄) = H(z̄, z). Then there exists a holo-
morphic coordinate system (x1, . . . , xn) ∈ Cn such that

M = {Re(x2
1 + . . .+ x2

n) = 0}.

This result can be viewed as a Morse’s lemma for Levi-flat hy-
persurfaces and it is a normal form in the case of a generic (Morse)
singularity. In order to prove a generalization of theorem 2.3.2, we
need some definitions.

Definition 2.3.3. Two germs f, g ∈ On are right equivalent if there
exists φ ∈ Diff(Cn, 0) such that f ◦ φ−1 = g.
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The local algebra of f ∈ On is by definition

Af := On/〈∂f/∂z1, . . . , ∂f/∂zn〉.

We denote by µ(f, 0) := dimAf the Milnor number of f at 0 ∈ Cn.
This number is finite if and only if 0 is an isolated singularity of f .
Morse lemma can now be rephrased by saying that if 0 ∈ Cn is an
isolated singularity of f with Milnor number µ(f, 0) = 1 then f is
right equivalent to its second jet. The next lemma is a generalization
of Morse’s lemma. We refer to [AGV], pp. 121.

Lemma 2.3.4. Suppose 0 ∈ Cn is an isolated singularity of f ∈Mn

with Milnor number µ. Then f is right equivalent to jµ+1
0 (f).

In [Fe], using theory of holomorphic foliations, theorem 2.3.2 was
generalized in this following sense.

Theorem 2.3.5. Let M = {F = 0}, where F : (Cn, 0) → (R, 0),
n ≥ 2, be a germ of irreducible real analytic function such that

1. F (z1, . . . , zn) = Re(P (z1, . . . , zn)) + H(z, z̄), where P is a ho-
mogeneous polynomial of degree k with an isolated singularity
at 0 ∈ Cn and H(z, z̄) = O(|z|k+1), H(z, z̄) = H(z̄, z).

2. The Milnor number of P at 0 ∈ Cn is µ.

3. M is Levi-flat.

Then there exists a germ of biholomorphism φ : (Cn, 0) → (Cn, 0)
such that φ(M) = {Re(h) = 0}, where h(z) is a polynomial of degree
µ+ 1 and jk0 (h) = P .

Proof. The idea is to use theorem 2.2.3 to prove that there exists a
germ f ∈ On such that the foliation F defined by df = 0 is tangent to
M and M = {Re(f) = 0}. Note that F can viewed as an extension
to a neighborhood of 0 ∈ Cn of the Levi-foliation L on M∗.

Suppose for a moment that M = {Re(f) = 0} and let us conclude
the proof. Without lost of generality, we can suppose that f is not
a power in On. In this case Re(f) is irreducible by lemma 2.1.3.
This implies that Re(f) = U.F , where U ∈ AnR and U(0) 6= 0.
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Let
∑
j≥k fj be the Taylor series of f , where fj is a homogeneous

polynomial of degree j, j ≥ k. Then

Re(fk) = jk0 (Re(f)) = jk0 (U.F ) = U(0).Re(P (z1, . . . , zn)).

Hence fk(z1, . . . , zn) = U(0).P (z1, . . . , zn). We can suppose that
U(0) = 1, so that

f(z) = P (z) + h.o.t (2.5)

In particular, µ = µ(f, 0) = µ(P, 0), f ∈Mn, because P has isolated
singularity at 0 ∈ Cn. Hence by lemma 2.3.4, f is right equivalent to
jµ+1
0 (f), that is, there exists φ ∈ Diff(Cn, 0) such that h := f ◦φ−1 =
jµ+1
0 (f). Therefore, φ(M) = {Re(h) = 0} and this will conclude the

proof of theorem 2.3.5.
Let us prove that we can apply theorem 2.2.3. We can write

F (z) = Re(P (z1, . . . , zn)) +H(z1, . . . , zn),

where H : (Cn, 0) → (R, 0) is a germ of real analytic function and
jk0 (H) = 0. For simplicity, we assume that P has real coefficients.
Then we get the complexification

FC(z, w) =
1

2
(P (z) + P (w)) +HC(z, w)

and MC = {FC(z, w) = 0} ⊂ (C2n, 0). Since P (z) has an isolated
singularity at 0 ∈ Cn, we get sing(MC) = {0}, and so the algebraic
dimension of sing(M) is 0.

On the other hand, the complexification of η = i(∂F − ∂̄F ) is

ηC = i(∂zFC − ∂wFC).

Recall that η|M∗ and ηC|M∗C define L and LC. Now we compute
sing(ηC|M∗C ). We can write dFC = α+ β, with

α =

n∑
j=1

∂FC

∂zj
dzj :=

1

2

n∑
j=1

(
∂P

∂zj
(z) +Aj)dzj

and

β =

n∑
j=1

∂FC

∂wj
dwj :=

1

2

n∑
j=1

(
∂P

∂wj
(w) +Bj)dwj ,
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where
1

2

n∑
j=1

Ajdzj =

n∑
j=1

∂HC

∂zj
dzj and

1

2

n∑
j=1

Bjdwj =

n∑
j=1

∂HC

∂wj
dwj .

Then ηC = i(α− β), and so

ηC|M∗C = (ηC + idFC)|M∗C = 2iα|M∗C = −2iβ|M∗C . (2.6)

In particular, α|M∗C and β|M∗C define LC. Therefore sing(ηC|M∗C ) can

be splited in two parts. Let M1 = {(z, w) ∈ MC| ∂FC
∂wj
6= 0 for some

j = 1, . . . , n} andM2 = {(z, w) ∈MC|∂FC
∂zj
6= 0 for some j = 1, . . . , n},

note that M∗C = M1 ∪M2; if we denote by

X1 := M1 ∩
{
∂P

∂z1
(z) +A1 = . . . =

∂P

∂zn
(z) +An = 0

}
and

X2 := M2 ∩
{
∂P

∂w1
(w) +B1 = . . . =

∂P

∂wn
(w) +Bn = 0

}
,

then sing(ηC|M∗C ) = X1∪X2. Since P ∈ C[z1, . . . , zn] has an isolated
singularity at 0 ∈ Cn, we conclude that codM∗C sing(ηC|M∗C ) = n.

If n ≥ 3, we can directly apply theorem 2.2.3 and the proof ends.
In the case n = 2, we are going to prove that LC has a non-constant
holomorphic first integral.

We begin by a blow-up at 0 ∈ C4. Let F (x, y) = Re(P (x, y)) +
H(x, y) and M = {F (x, y) = 0} Levi-flat. Its complexification can
be written as

FC(x, y, z, w) =
1

2
P (x, y) +

1

2
P (z, w) +HC(x, y, z, w).

We take the exceptional divisor D := P3 of the blow-up π :
(C̃4,P3) → (C4, 0) with homogeneous coordinates [x : y : z : w],
(x, y, z, w) ∈ C4\{0}. The intersection of the strict transform M̃C of
MC by π with the divisor D = P3 is the surface

Q = {[x : y : z : w] ∈ P3 : P (x, y) + P (z, w) = 0},

which is an irreducible smooth surface. Consider for instance the
chart (W, (t, u, z, v)) of C̃4 where

π(t, u, z, v) = (t.z, u.z, z, v.z) = (x, y, z, w).
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We have

FC ◦ π(t, u, z, v) = zk
(

1

2
P (t, u) +

1

2
P (1, v) + zH1(t, u, z, v)

)
,

where H1(t, u, z, v) = H(tz, uz, z, vz)/zk+1, which implies that

M̃C ∩W =

{
1

2
P (t, u) +

1

2
P (1, v) + zH1(t, u, z, v) = 0

}
and so Q ∩W = {z = P (t, u) + P (1, v) = 0}. On the other hand, as
we have seen in (3.2), the foliation LC is defined by α|M∗C = 0, where

α =
1

2

∂P

∂x
dx+

1

2

∂P

∂y
dy +

∂HC

∂x
dx+

∂HC

∂y
dy.

In particular, we get

π∗(α) = zk−1

(
1

2

∂P

∂x
(t, u)zdt+

1

2

∂P

∂y
(t, u)zdu+

1

2
kP (t, u)dz + zθ

)
,

where θ = π∗(∂HC
∂x dx+ ∂HC

∂y dy)/zk. Hence, L̃C is defined by

α1 =
1

2

∂P

∂x
(t, u)zdt+

1

2

∂P

∂y
(t, u)zdu+

1

2
kP (t, u)dz + zθ. (2.7)

Since Q ∩W = {z = P (t, u) + P (1, v) = 0}, we see that Q is L̃C-
invariant. In particular, S := Q\sing(L̃C) is a leaf of L̃C. Fix p0 ∈ S
and a transverse section Σ through p0. Let G ⊂ Diff(Σ, p0) be the
holonomy group of the leaf S of L̃C. Since dim(Σ) = 1, we can think
that G ⊂ Diff(C, 0). Let us prove that G is finite and linearizable.

At this part we use that the leaves of L̃C are closed (see lemma
2.2.5). Let G′ = {f ′(0) : f ∈ G} and consider the homomorphism
φ : G → G′ defined by φ(f) = f ′(0). We assert that φ is injective.
In fact, assume that φ(f) = 1 and by contradiction that f 6= id. In
this case f(z) = z + a.zr+1 + . . ., where a 6= 0. According to [L],
the pseudo-orbits of this transformation accumulate at 0 ∈ (Σ, 0),
contradicting that the leaves of L̃C are closed. Now, it suffices to
prove that any element g ∈ G has finite order (cf. [MM]). In fact, if
φ(g) = g′(0) is a root of unity then g has finite order because φ is
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injective. On the other hand, if g′(0) was not a root of unity then g
would have pseudo-orbits accumulating at 0 ∈ (Σ, 0) (cf. [L]). Hence,
all transformations of G have finite order and G is linearizable.

This implies that there is a coordinate system w on (Σ, 0) such
that G = 〈w → λw〉, where λ is a dth-primitive root of unity (cf.
[MM]). In particular, ψ(w) = wd is a first integral of G, that is
ψ ◦ g = ψ for any g ∈ G.

Let Z be the union of the separatrices of LC through 0 ∈ C4 and Z̃
be its strict transform under π. The first integral ψ can be extended
to a first integral ϕ : M̃C\Z̃ → C be setting

ϕ(p) = ψ(L̃p ∩ Σ),

where L̃p denotes the leaf of L̃C through p. Since ψ is bounded (in
a compact neighborhood of 0 ∈ Σ), so is ϕ. It follows from Riemann
extension theorem that ϕ can be extended holomorphically to Z̃ with
ϕ(Z̃) = 0. This provides the first integral and finishes the proof of
theorem 2.3.5.

Remark 2.3.6. The rigid normal form of Burns-Gong is a corollary of
theorem 2.3.5. In fact, let us consider

M = {Re(P ) +H = 0}

such that M is Levi-flat hypersurface at 0 ∈ Cn and P (z1, . . . , zn) =
z2

1 + . . . + z2
n. The Milnor number of P is 1, then by theorem 2.3.5

there exists a germ of biholomrphism φ of (Cn, 0) such that φ(M) =
{Re(h) = 0}, where h is a polynomial of degree 2 and j2

0(h) = P , so
that h = P . In particular, M is bihomorphic to

{Re(z2
1 + . . .+ z2

n) = 0}.

Now we state some general facts about rigid normal forms of Levi-
flat hypersurfaces with quasihomogeneous singularities.

Definition 2.3.7. A germ f ∈ On is said to be quasihomogeneous of
degree d with indices α1, . . . , αn if for any λ ∈ C∗ and (z1, . . . , zn) ∈
Cn we have

f(λα1z1, . . . , λ
αnzn) = λdf(z1, . . . , zn).

The index αs is also called the weight of the variable zs.



i
i

“lfcourse” — 2015/5/27 — 18:59 — page 24 — #34 i
i

i
i

i
i

24[CHAP. 2: SINGULAR LEVI-FLAT HYPERSURFACES AND THEIR LOCAL NORMAL FORM

Definition 2.3.8. The Newton support of germ f =
∑
aijx

iyj is
defined as supp(f) = {(i, j) : aij 6= 0}.

Definition 2.3.9. A holomorphic function f : (Cn, 0) → (C, 0) is
said to be quasihomogeneous of degree d with indices α1, . . . , αn, if
for any λ ∈ C and (z1, . . . , zn) ∈ Cn, we have

f(λα1z1, . . . , λ
αnzn) = λdf(z1, . . . , zn).

The index αs is also called the weight of the variable zs.

In the above situation, if f =
∑
akx

k, k = (k1, . . . , kn), xk =
xk11 . . . xkn , then supp(f) ⊂ Γ = {k : a1k1 + . . .+ ankn = d}. The set
Γ is called the diagonal. Usually one takes αi ∈ Q and d = 1.

One can define the quasihomogeneous filtration of the ring On.
It consists of the decreasing family of ideals Ad ⊂ On, Ad′ ⊂ Ad
for d < d′. Here Ad = {Q : degrees of monomials from supp(Q) are
deg(Q) ≥ d}; (the degree is quasihomogeneous).

When α1 = . . . = αn = 1, this filtration coincides with the usual
filtration by the usual degree.

Definition 2.3.10. A function f is called semiquasihomogeneous
if f = Q + F ′, where Q is quasihomogeneous of degree d of finite
multiplicity and F ′ ∈ Ad′ , d′ > d.

We will use the following result of Arnold [A].

Theorem 2.3.11. Let f be a semiquasihomogeneous function, f =
Q + F ′ with quasihomogeneous Q of finite multiplicity. Then f is
right equivalent to the function Q +

∑
j cjej(z), where e1, . . . , es are

the elements of the monomial basis of the local algebra AQ such that
deg(ej) > d and cj ∈ C.

Example 2.3.12. If f = Q + F ′ is semiquasihomogeneous and
Q(x, y) = x2y + yk, then f is right equivalent to Q. Indeed, the
base of the local algebra

O2/(xy, x
2 + kyk−1)

is 1, x, y, y2, . . . , yk−1 and lies below the diagonal Γ. Here µ(Q, 0) =
k + 1.
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We have the following generalization.

Theorem 2.3.13. Let M = {F = 0}, where F : (Cn, 0) → (R, 0),
n ≥ 3, be a germ of irreducible real analytic function such that

1. F (z1, . . . , zn) = Re
(
Q(z1, . . . , zn)

)
+ H(z1, . . . , zn), where Q is

a quasihomogeneous polynomial of degree d with an isolated sin-
gularity at 0 ∈ Cn.

2. M is Levi-flat.

Then there exists a germ of biholomorphism φ : (Cn, 0) → (Cn, 0)
such that

φ(M) = {Re(Q(z) +
∑
j

cjej(z)) = 0},

where e1, . . . , es are the elements of the monomial basis of the local
algebra of Q such that deg(ej) > d and cj ∈ C.

Sketch of proof. It is easily seen that sing(MC) = {0} and

codM∗C sing(LC) ≥ 3.

The argument is essentially the same of the proof of theorem 2.3.5.
In this way, there exists an unique germ at 0 ∈ Cn of holomorphic
codimension one foliation FM tangent to M , moreover FM : dh = 0,
h(z) = Q(z) + h.o.t and M = {Re(h) = 0}. According to theorem
2.3.11, there exists φ ∈ Diff(Cn, 0) such that h ◦ φ−1(w) = Q(w) +∑
k ckek(w), where ck and ek as above. Hence

φ(M) = {Re(Q(w) +
∑
k

ckek(w)) = 0}.

We give some applications of theorem 2.3.5.

Example 2.3.14. Let Q(z, w) = z2w + w3, we look that Q has
an isolated singularity at 0 ∈ C2 and Milnor number µ(Q, 0) = 4.
According to [AGV] pp. 184, any germ f(z, w) = z2w+w3 + h.o.t is
right equivalent to z2w + w3. In particular, if

F (z, w) = Re(z2w + w3) + h.o.t ∈ A2R
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and M = {F (z, w) = 0} is Levi-flat at 0 ∈ C2, then theorem 2.3.5
implies that there exists a holomorphic change of coordinate such
that

M = {Re(z2w + w3) = 0}.

Example 2.3.15. If Q(z, w) = z5+w5 then f(z, w) = Q(z, w)+h.o.t
is right equivalent to z5 +w5 + c.z3w3, where c 6= 0 is a constant (cf.
[AGV], pp. 194). Let F (z, w) = Re(z5 + w5) + h.o.t ∈ A2R be such
that M = {F (z, w) = 0} is Levi-flat, therefore theorem 2.3.5 implies
that there exists a holomorphic change of coordinate such that

M = {Re(z5 + w5 + c.z3w3) = 0}.

2.4 Levi-flat with Arnold singularities

In the same spirit the purpose now is establish the existence of rigid
normal forms of Levi-flat hypersurfaces with Arnold type singulari-
ties. More precisely, these normal forms are for Levi-flat hypersur-
faces which are defined by the vanishing of the real part of Ak, Dk, Ek
singularities. One motivation for considering Ak, Dk, Ek singularities
is the following: When we consider the problem of classification of
holomorphic germs f with an isolated singularity at 0 ∈ Cn, with
respect to holomorphic changes of coordinates the list starts with
the famous Ak, Dk, Ek singularities or simple singularities, see for
instance Arnold’s papers [A], [A1]:

Type Normal form Conditions

Ak z2
1 + zk+1

2 + . . .+ z2
n, k ≥ 1

Dk z2
1z2 + zk−1

2 + z2
3 + . . .+ z2

n, k ≥ 4
E6 z4

1 + z3
2 + z2

3 + . . .+ z2
n

E7 z3
1z2 + z3

2 + z2
3 + . . .+ z2

n

E8 z5
1 + z3

2 + z2
3 + . . .+ z2

n

Table 2.2: Ak, Dk, Ek singularities

Several characterizations of the Ak, Dk, Ek singularities are well-
known, see for instance [D]. The following result is an Arnold’s type
result for singular Levi-flat hypersurfaces.
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Theorem 2.4.1 (Fernández-Pérez [Fe4]). Let M = {F = 0} be a
germ at 0 ∈ Cn, n ≥ 2, of irreducible real analytic Levi-flat hypersur-
face. Suppose that F is of one of the following types:

(a) F (z) = Re(z2
1 + zk+1

2 + z2
3 + . . .+ z2

n) +H(z, z̄), where k ≥ 2 and

H(z, z̄) = O(|z|k+2) , H(z, z̄) = H(z̄, z).

(b) F (z) = Re(z2
1z2 + zk−1

2 + z2
3 + . . . + z2

n) + H(z, z̄), where k ≥ 5
and

H(z, z̄) = O(|z|k) , H(z, z̄) = H(z̄, z).

(c) F (z) = Re(z4
1 + z3

2 + z2
3 + . . .+ z2

n) +H(z, z̄), where

H(z, z̄) = O(|z|5) , H(z, z̄) = H(z̄, z).

(d) F (z) = Re(z3
1z2 + z3

2 + z2
3 + . . .+ z2

n) +H(z, z̄), where

H(z, z̄) = O(|z|5) , H(z, z̄) = H(z̄, z).

(e) F (z) = Re(z5
1 + z3

2 + z2
3 + . . .+ z2

n) +H(z, z̄), where

H(z, z̄) = O(|z|6) , H(z, z̄) = H(z̄, z).

Then there exists a germ of biholomorphism ϕ : (Cn, 0) → (Cn, 0)
such that

(a) ϕ(M) = (Re(z2
1 + zk+1

2 + z2
3 + . . .+ z2

n) = 0),

(b) ϕ(M) = (Re(z2
1z2 + zk−1

2 + z2
3 + . . .+ z2

n) = 0),

(c) ϕ(M) = (Re(z4
1 + z3

2 + z2
3 + . . .+ z2

n) = 0),

(d) ϕ(M) = (Re(z3
1z2 + z3

2 + z2
3 + . . .+ z2

n) = 0),

(e) ϕ(M) = (Re(z5
1 + z3

2 + z2
3 + . . .+ z2

n) = 0), respectively.

We find the following list:
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Type Normal form Conditions

Ak Re(z2
1 + zk+1

2 + . . .+ z2
n) = 0 k ≥ 1

Dk Re(z2
1z2 + zk−1

2 + z2
3 + . . .+ z2

n) = 0 k ≥ 4
E6 Re(z4

1 + z3
2 + z2

3 + . . .+ z2
n) = 0

E7 Re(z3
1z2 + z3

2 + z2
3 + . . .+ z2

n) = 0
E8 Re(z5

1 + z3
2 + z2

3 + . . .+ z2
n) = 0

Table 2.3: Levi-flat hypersurfaces with Ak, Dk, Ek singularities

The proof of this theorem is similar to theorem 2.3.5. The idea
is to apply theorem 2.2.3, weighted blow-up at quasihomogeneous
singularities and Arnold rigidity theorem for Ak, Dk, Ek singularities.

2.5 Isolated line singularity

The aim of this section is to state some normal forms for local real-
analytic Levi-flat hypersurfaces defined by the vanishing of real part
of holomorphic functions with an isolated line singularity (for short:
ILS).

The main motivation for this is a result due to Dirk Siersma, who
introduced in [Si] the class of germs of holomorphic functions with
an ILS. More precisely, let On+1 := {f : (Cn+1, 0)→ C} be the ring
of germs of holomorphic functions and let m be its maximal ideal. If
(x, y) = (x, y1, . . . , yn) denote the coordinates in Cn+1 and consider
the line L := {y1 = . . . = yn = 0}, let I := (y1, . . . , yn) ⊂ On+1 be
its ideal and denote by DI the group of local analytic isomorphisms
ϕ : (Cn+1, 0) → (Cn+1, 0) for which ϕ(L) = L. Then DI acts on I2

and for f ∈ I2, the tangent space of (the orbit of) f with respect to
this action is the ideal defined by

τ(f) := m.
∂f

∂x
+ I.

∂f

∂y

and the codimension of (the orbit) of f is c(f) := dimC
I2

τ(f) .

A line singularity is a germ f ∈ I2. An ILS is a line singularity
f such that c(f) < ∞. Geometrically, f ∈ I2 is an ILS if and only
if the singular locus of f is L and for every x 6= 0, the germ of (a
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Type Normal form Conditions
A∞ y2

1 + y2
2 + . . .+ y2

n

D∞ xy2
1 + y2

2 + . . .+ y2
n

Jk,∞ xky2
1 + y3

1 + y2
2 + . . .+ y2

n k ≥ 2
T∞,k,2 x2y2

1 + yk1 + y2
2 + . . .+ y2

n k ≥ 4
Zk,∞ xy3

1 + xk+2y2
1 + y2

2 + . . .+ y2
n k ≥ 1

W1,∞ x3y2
1 + y4

1 + y2
2 + . . .+ y2

n

T∞,q,r xy1y2 + yq1 + yr2 + y2
3 . . .+ y2

n q ≥ r ≥ 3
Qk,∞ xky2

1 + y3
1 + xy2

2 + y2
3 . . .+ y2

n k ≥ 2
S1,∞ x2y2

1 + y2
1y2 + y2

3 + . . .+ y2
n

Table 2.4: Isolated Line singularities

representative of) f at (x, 0) ∈ L is equivalent to y2
1 + . . .+ y2

n. In a
certain sense ILS are the first generalization of isolated singularities.
Dirk Siersma proved the following result. (The topology on On+1 is
introduced as in [D, pp. 145]).

Theorem 2.5.1 (Siersma [Si]). A germ f ∈ I2 is DI-simple (i.e.
c(f) < ∞ and f has a neighborhood in I2 which intersects only a
finite number of DI-orbits) if and only if f is DI-equivalent to one
the germs in the table 2.4.

The singularities in theorem 2.5.1 are analogous of the Ak, Dk, Ek
singularities due to Arnold [A1]. A new characterization of simple ILS
have been proved by A. Zaharia [Z].

Theorem 2.5.2 (Fernández-Pérez [Fe5]). Let M = {F = 0} be a
germ of an irreducible real-analytic hypersurface on (Cn+1, 0), n ≥ 3.
Suppose that

1. F (x, y) = Re(P (x, y)) + H(x, y), where P (x, y) is one of the
germs of the Table 1.

2. M = {F = 0} is Levi-flat.

3. H(x, 0) = 0 for all x ∈ (C, 0) and jk0 (H) = 0, for k = deg(P ).

Then there exists a biholomorphism ϕ : (Cn+1, 0) → (Cn+1, 0) pre-
serving L such that

ϕ(M) = {Re(P (x, y)) = 0}.
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This result is a Siersma’s type theorem for singular Levi-flat hy-
persurfaces. We remark that the function H is of course restricted
by the assumption that M is Levi flat.

Now, if ϕ(M) = {Re(P (x, y)) = 0}, where P is a germ with
an ILS at L then sing(M) = L. In other words, M is a Levi-flat
hypersurface with an ILS at L. If P (x, y) is the germ A∞, one have
that theorem 2.5.2 is true in the case n = 2.

Theorem 2.5.3 (Fernández-Pérez [Fe5]). Let M = {F = 0} be a
germ of an irreducible real-analytic Levi-flat hypersurface on (C3, 0).
Suppose that F is defined by

F (x, y) = Re(y2
1 + y2

2) +H(x, y),

where H is a germ of real-analytic function such that H(x, 0) = 0
and jk0 (H) = 0 for k = 2. Then there exists a biholomorphism ϕ :
(C3, 0)→ (C3, 0) preserving L such that ϕ(M) = {Re(y2

1 + y2
2) = 0}.

The above result should be compared to theorem 2.3.2. This result
can be viewed as a Morse’s Lemma for Levi-flat hypersurfaces with
an ILS at L. The problem of normal forms of Levi-flat hypersurfaces
in C3 with an ILS seems difficult in the other cases and remains open.
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Chapter 3

The Levi-foliation and
its extension

We consider the holomorphic extension problem for the Levi-foliation
of a Levi-flat real analytic hypersurface in a neighborhood of 0 ∈ Cn.
Let M be a germ at 0 ∈ Cn, n ≥ 2, of a real analytic Levi-flat
hypersurface and as before, we say that p ∈ M is a regular point, if
M is a real analytic submanifold of dimension 2n − 1 near p. The
union of all regular points form a regular part denoted by M∗. Let
sing(M) be the set of singular points of M , points near which M
have dimension strictly smaller that dimRM

∗. We remark that this
convention is different from the usual definition of a regular point in
semi-analytic geometry. In general, the singular set of a real-analytic
subvariety M in a complex manifold is defined as the set of points
near which M is not a real-analytic submanifold (of any dimension)
and “in general” has structure of a semi-analytic set, see for instance
[ Lo]. The classical example of the Whitney umbrella shows that an
irreducible real analytic set does not always have pure dimension, see
the example 3.0.9. By definition the Levi-foliation L on M only is
defined on M∗. Therefore, we address to provide conditions for the
Levi-foliation extends holomorphically on some neighborhood of M
in the ambient.

The problem has been considered by E. Bedford and P. De Bar-

31
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tolomeis in [BD], in the case that M is smooth and C∞. They proved
that the Levi-foliation cannot be extended “in general”. It can be
extended if M is nonsingular real analytic Levi-flat hypersurface. In
fact, its local structure is very well understood, according to E. Car-
tan, around each p ∈ M we can find local holomorphic coordinates
(z1, . . . , zn) ∈ Cn such that M = {Im(zn) = 0}. In particular, the
Levi-foliation L is defined by dzn|M = 0 and extends on a neighbor-
hood of p to a holomorphic foliation with leaves {zn = c}, c ∈ C.
It is easily seen that these local extensions glue together, giving a
codimension one holomorphic foliation F on some neighborhood of
M . When M is a real analytic submanifold of higher codimension,
the problem was solved by C. Rea [Re].

We are interested when M is an irreducible real analytic Levi-flat
hypersurface with singularities. In this case, it is known that the
Levi-foliation does not necessarily extend to a holomorphic foliation,
because the singular set of the hypersurface could be of higher dimen-
sion. For instance, in [Br] is given an example where the Levi-foliation
extends to a holomorphic web.

Example 3.0.4 (Brunella). Let (z, w) be the coordinates of C2 such
that z = x + iy, w = s + it and consider the real hypersurface M
defined by

M = {(z, w) ∈ C2 : t2 = 4(y2 + s)y2}. (3.1)

Then M is Levi-flat with sing(M) = {t = y = 0}. The leaves of L on
M∗ are the complex curves

Lc = {w = (z + c)2 : Im z 6= 0}, c ∈ R.

Note that sing(M) is a generic submanifold of real dimension two. It
is not difficult see that L extend to 2-web W defined by

dw2 − 4wdz2 = 0.

Moreover, W has multivalued first integral f(z, w) = z ±
√
w, that

is, a meromorphic correspondence which is constant along the leaves
of W. Note also that M = {F = 0}, where

F = det


z2 − w 2z 1 0

0 z2 − w 2z 1
z̄2 − w̄ 2z̄ 1 0

0 z̄2 − w̄ 2z̄ 1


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Therefore, the extension problem for the Levi-foliation L of a real
analytic Levi-flat hypersurface M consists of proving the existence of
a codimension one holomorphic foliation F or a holomorphic k-web
W defined on some neighborhood of M such that any leaf of L on
M∗ is also a leaf of F or W respectively.

In very general terms, a codimension one k-web is a collection of
k codimension one holomorphic foliations in “general position”. We
can also think k-webs as first order differential equations of degree k.
See the books [Ce] and [PP] for the basic language and background
about holomorphic foliations and webs.

In this chapter, we will use the Segre varieties associated to M .
This tool has been used by B. Segre [Se], Webster [W], Diederich-
Fornaess [DF], Burns-Gong [BG], Lebl [Le2] and many others. More
precisely, given a real analytic hypersurface M defined by {F = 0},
we shall denote by Σp the Segre variety defined by {F (z, p̄) = 0}, and
by Σ′p by the union of all branches of Σp which are contained in M .
An important property is that the Segre varieties contains the leaves
of the Levi-foliation.

Proposition 3.0.5. Let Lp be the leaf of L through p ∈ M∗, then
Lp is an irreducible component of (Σp, p) and Σ′p = Lp.

Proof. Since p ∈ M∗, E. Cartan’s theorem assures that there exists
a holomorphic coordinate system such that near of p, M is given by
{Re(zn) = 0} and p is the origin. In this coordinates system the
foliation L is defined by dzn|M∗ = 0. In particular, L0 = {zn = 0}
and obviously {zn = 0} is a branch of Σ0. Furthermore, L0 is the
unique germ of complex variety of pure dimension n − 1 at 0 which
is contained in M . Hence Σ′0 = L0.

Let p ∈ sing(M), we say that p is a Segre degenerate singularity
if Σp is of dimension n, that is, Σp = (Cn, p). Otherwise, we say that
p is a Segre nondegenerate singularity.

Suppose that M is defined by {F = 0} in a neighborhood of p,
observe that p is a degenerate singularity of M if z 7−→ FC(z, p̄)
is identically zero. We remark that if V is a germ of complex va-
riety of dimension n − 1 contained in M then for p ∈ V , we have
(V, p) ⊂ (Σp, p). In particular, if there exists distinct infinitely many



i
i

“lfcourse” — 2015/5/27 — 18:59 — page 34 — #44 i
i

i
i

i
i

34 [CHAP. 3: THE LEVI-FOLIATION AND ITS EXTENSION

complex varieties of dimension n−1 through p ∈M then p is a Segre
degenerate singularity.

In order to clarify ideas, we give more examples and comments
some known results.

Example 3.0.6. Let f : U ⊂ Cn → C be a non-constant holomor-
phic function, where U is an open subset and set M = {Im(f) = 0}.
Then M is Levi-flat and L : df |M∗∩U = 0 extends to holomorphic
foliation F : df = 0.

Cerveau-Lins Neto’s theorem (see theorem 2.2.3) asserts that a
local real analytic Levi-flat hypersurface M with a sufficiently small
singular set is given by the zeros of the imaginary part of a holomor-
phic function. In particular, the Levi-foliation L on M∗ extends to
a holomorphic foliation on some neighborhood of M . Most recently,
an analogous result was obtained by Lebl [Le2], see the next chapter
for more details.

Now, it is known that if there exists a meromorphic function de-
fined in a neighborhood of M constant on the leaves of M∗ then the
Levi-foliation extends also to a holomorphic foliation (cf. [Le1]).

Example 3.0.7. The hypersurface defined by

M = {(z, w) ∈ C2 : zw̄ − zw̄ = 0}

is Levi-flat, the leaves of L are the complex lines

Lc : z + cw = 0, c ∈ R.

The Levi-foliation L extends to holomorphic foliation F with mero-
morphic first integral f(z, w) = z/w.

However, not every Levi-flat hypersurface can be obtained as in
Example 3.0.6 or as the zeros of the real part of a meromorphic
function, there are other types, like the following examples.

Example 3.0.8. Consider (z, w) ∈ C2 and z = x + iy, w = s + it
and let M be defined by

M = {(z, w) ∈ C2 : x2 + y3 = 0}.
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Then M is a real analytic Levi-flat hypersurface in C2, it is foliated
by the complex lines parallel to w-axis. Burns and Gong [BG] proved
that this Levi-flat cannot be given in the form {Re(f) = 0}, where f
is meromorphic or holomorphic function.

Example 3.0.9 ([Le3]). Let (z, w) be the coordinates of C2 and write
z = x+ iy and w = s+ it. Consider the hypersurface M defined by

M = {sy2 − txy − t2 = 0} (3.2)

This hypersurface is Levi-flat, because its regular part is foliated by
the complex lines given by

w = cz + c2 where c ∈ R.

Indeed, setting z = ζ and w = cζ+c2 gives M∗ as an image of C×R.
Note that M has a lower-dimensional totally-real component given
by {t = 0, y = 0}, “half of it” (for s sufficiently negative) sticking out
og the hypersurface as the “umbrella handle”. In the complement of
{y = 0}, the hypersurface M is a graph: s = x( ty ) + ( ty )2. The set

{t = 0, y = 0, s < x2

4 } is not in the closure of M∗. Therefore, not
all of M is a union of complex lines, only the closure M∗ is such a
of complex lines. Notice that when x = 0, we obtain the standard
Withney umbrella in R3, see Figure 3.0.9.

The singular set sing(M) = {t = 0, y = 0, s ≥ x2

4 } is of real
dimension 2, and it is a generic manifold at points arbitrarily near
the origin. The segre varieties of M are given by

Σ(z0,w0) = {w2 + wzz̄0 − wz̄2
0 − 2ww̄0 − z2w̄0 + zw̄0z̄0 + w̄2

0 = 0}.

We see that Σ(0,0) = {w = 0}, and the origin is a nondegenerate
singularity of M . Moreover, the Levi-foliation does not extend as a
singular holomorphic foliation of a neighborhood of the origin. The
Levi-foliation does extend as a holomorphic 2-web given by

dw2 + zdzdw − wdz2 = 0.

Its multivalued first integral is obtained by applying the quadratic
formula to w = cz + c2.
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Figure 3.1: Whitney umbrella

Similar examples of Levi-flat hypersurfaces can be obtained as
follows.

Example 3.0.10. ([CL]) For instance, consider the Levi-flat hyper-
surface defined by {F = 0}, where

F = det


f0 f1 f2 0
0 f0 f1 f2

f̄0 f̄1 f̄2 0
0 f̄0 f̄1 f̄2


and f0, f1, f2 ∈ O2, f0(0) = f1(0) = f2(0) = 0. The leaves of L are

f0(z) + c · f1(z) + c2 · f2(z) = 0, c ∈ R.

In this case L extends to 2-web given by the implicit differential
equation Ω = 0, where

Ω = det


f0 f1 f2 0
0 f0 f1 f2

df0 df1 df2 0
0 df0 df1 df2


The goal of this chapter is to give sufficient conditions for the

Levi-foliation to extend to a holomorphic web. We prove the following
result.
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Theorem 3.0.11 (Fernández-Pérez). Let M be a germ at 0 ∈ Cn,
n ≥ 2, of an irreducible real analytic Levi-flat hypersurface with Levi-
foliation L. Suppose that sing(M) is a generic real submanifold of
dimension 2n− 2 near points where it is a CR real analytic subman-
ifold and only contain Segre nondegenerate singularities. Then there
exists a germ at 0 ∈ Cn of a codimension one holomorphic k-web W,
k ≥ 2, such that every leaf of L on M∗ is a leaf of W.

The above theorem was motivated by example 3.0.4. According
to theorem 4.2.1, if the singular set of a Levi-flat hypersurface is
a generic CR-manifold then it is necessarily of dimension 2n − 2.
Therefore the hypothesis on the dimension of singular set of M can
be removed.

We will assume that sing(M) ∩M∗ 6= ∅, because 0 ∈ M∗ (oth-
erwise, the germ of M at 0 would not be a germ of hypersurface as
prescribed by theorem 3.0.11, here M∗ mean the relative closure in
M). Then we will prove that in a generic point p of sing(M), Σ

′

p is
a complex variety with k irreducible components, these irreducible
components will be the leaves of a k-web defined in some neighbor-
hood of M .

Remark 3.0.12. Given M a singular real analytic Levi-flat hypersur-
face in Cn, n ≥ 2, we note that around points where sing(M) is a real
or complex submanifold, we must have dimR sing(M) ≤ 2n − 2. If
dimR sing(M) < 2n−4, for n ≥ 3 or dimR sing(M) = 2n−4, for n ≥ 2,
plus additional hypotheses, it is proved that the Levi-foliation L ex-
tends to a holomorphic foliation (cf. [CL], [Le2]). Theorem 3.0.11
establish that occurs when sing(M) is generic real submanifold of di-
mension 2n− 2 that only contain Segre nondegenerate singularities.

Let us consider generic submanifolds of Cn. Let H be a real an-
alytic submanifold in Cn. Take p ∈ H and consider the complexified
tangent space C⊗ TpH. Let T 0,1

p H ⊂ C⊗ TpH be space of antiholo-
morphic vectors at p where an antiholomorphic vector is a tangent
vector which can be written in terms of the basis ∂

∂z̄j
, 1 ≤ j ≤ n.

A real submanifold H is said to be CR-submanifold (for Cauchy-
Riemann) if T 0,1

p H has constant dimension at all points of H. For a
CR-submanifold, dimT 0,1

p H will be called the CR dimension of H.
CR-submanifolds with CR dimension 0 are called totally real.
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A real submanifold H ⊂ Cn is generic if near every p ∈ H there is
local defining function ρ = (ρ1, . . . , ρd) such that the complex differ-
entials ∂ρ1, . . . , ∂ρd are C linearly independent near p. The following
results are classical and can be found in [BSE].

Proposition 3.0.13. Let H be a real submanifold of Cn. The fol-
lowing equivalence holds:

1. H is CR-submanifold if and only if dimR(TpH ∩ iTpH) inde-
pendent of p ∈ H.

2. H is totally real if and only if TpH ∩ iTpH = 0 for all p ∈ H.

3. H is generic if and only if TpH + iTpH = TpCn for all p ∈ H.

Theorem 3.0.14. Let H ⊂ Cn be a generic submanifold and let f :
U ⊂ Cn → C be a holomorphic function where U is a connected open
set such that H ∩ U 6= ∅, and further suppose that f(H ∩ U) = {0},
that is f is zero when restricted to H. Then in fact f ≡ 0 on U .

The above result implies the following lemma.

Lemma 3.0.15. A generic submanifold H ⊂ Cn is not contained in
and does not contain any proper complex variety of pure dimension
n− 1 in Cn.

3.1 Holomorphic foliations and webs

A germ of singular codimension one holomorphic foliation F is an
equivalence class [ω] of germs of holomorphic 1-forms in Ω1(Cn, 0)
modulo multiplication by elements of O∗(Cn, 0) such that any repre-
sentative ω is integrable (ω∧dω = 0) and with singular set sing(F) =
{p ∈ (Cn, 0) : ω(p) = 0} of codimension at least two.

Consider now an arbitrary germ of a holomorphic foliation F at
an isolated singularity 0 ∈ C2. A separatrix of F at 0 ∈ C2 is the
germ at 0 ∈ C2 of an irreducible curve which is invariant by F .

Recall that a germ of foliation F at 0 ∈ C2 is dicritical if it has
infinitely many analytic separatrices through the origin. Otherwise
it is called non-dicritical.
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An analogous definition can be made for codimension one k-webs.
A germ at 0 ∈ Cn, n ≥ 2, of codimension one k-web W is an equiv-
alence class [ω] of germs of k-symmetric 1-forms, that is sections of
SymkΩ1(Cn, 0), modulo multiplication by O∗(Cn, 0) such that a suit-
able representative ω defined in a connected neighborhood U of the
origin satisfies the following conditions:

1. The zero set of ω has codimension at least two.

2. The 1-form ω, seen as a homogeneous polynomial of degree k
in the ring On[dx1, . . . , dxn], is square-free.

3. (Brill’s condition) For a generic p ∈ U , ω(p) is a product of k
linear forms.

4. (Frobenius’s condition) For a generic p ∈ U , the germ of ω at p
is the product of k germs of integrable 1-forms.

Both conditions (3) and (4) are automatic for germs at 0 ∈ C2 of
webs and non-trivial for germs at 0 ∈ Cn when n ≥ 3.

We can also consider webs as closures of meromorphic multi-
sections. Let us denote P := PT ∗(Cn, 0) the projectivization of the
cotangent bundle of (Cn, 0) and π : PT ∗(Cn, 0) → (Cn, 0) the nat-
ural projection. Over a point p the fiber π−1(p) parametrizes the
one-dimensional subspaces of T ∗p (Cn, 0). On P there is a canonical
codimension one distribution, the so called contact distribution D. Its
description in terms of a system of coordinates x = (x1, . . . , xn) of
(Cn, 0) goes as follows: let dx1, . . . , dxn be the basis of T ∗(Cn, 0)
associated to the coordinate system (x1, . . . , xn). Given a point
(x, y) ∈ T ∗(Cn, 0), we can write y =

∑n
j=1 yjdxj , (y1, . . . , yn) ∈ Cn.

In this way, if (y1, . . . , yn) 6= 0 then we set [y] = [y1, . . . .yn] ∈ Pn−1

and (x, [y]) ∈ (Cn, 0) × Pn−1 ∼= P. In the affine coordinate system
yn 6= 0 of P, the distribution D is defined by α = 0, where

α = dxn −
n−1∑
j=1

pjdxj , pj = − yj
yn

(1 ≤ j ≤ n− 1). (3.3)

The 1-form α is called the contact form.
Let us consider S ⊂ P a subvariety, not necessarily irreducible,

but of pure dimension n. Let πS : S → (Cn, 0) be the restriction
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to S of the projection π. Suppose also that S satisfies the following
conditions:

1. The image under π of every irreducible component of S has
dimension n.

2. The generic fiber of π intersects S in k distinct smooth points
and at these the differential dπS : TpS → Tπ(p)(Cn, 0) is surjec-
tive. Note that k = deg(πS).

3. The restriction of the contact form α to the smooth part of
every irreducible component of S is integrable. We denote FS
the foliation defined by α|S = 0.

We can define a germW at 0 ∈ Cn of k-web as a triple (S, πS ,FS).
This definition is equivalent to one given in the previous paragraph.
Such S is called the variety associated to W. A leaf of the web W is,
by definition, the projection on (Cn, 0) of a leaf of FS .

Denote by ∆W the discriminant of W. Recall that for every p ∈
(Cn, 0)\∆W , there exists a coordinate system near of p such that the
germ of W at p is given by W = F1 � . . .�Fk, in other words, W is
a superposition of k germs of smooth foliations F1, . . . ,Fk. We refer
[PP] Section 1.3 for more details on holomorphic webs.

Let F and M be germs at 0 ∈ Cn of a codimension one singular
holomorphic foliation and of a real analytic Levi-flat hypersurface,
respectively.

Definition 3.1.1. We say that F and M are tangent, if the leaves
of the Levi-foliation L on M are also leaves of F .

Definition 3.1.2. A meromorphic (holomorphic) function h is called
a meromorphic (holomorphic) first integral for F if its indeterminacy
(zeros) set is contained in sing(F) and its level hypersurfaces contain
the leaves of F .

Cerveau and Lins Neto proved a nice result on holomorphic foli-
ations tangent to real analytic Levi-flat hypersurfaces.

Theorem 3.1.3 (Cerveau-Lins Neto [CL]). Let F be a germ at 0 ∈
Cn, n ≥ 2, of holomorphic codimension one foliation tangent to a
germ of an irreducible real analytic hypersurface M . Then F has a
non-constant meromorphic first integral. In the case n = 2 we have:
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(a) If F is dicritical then it has a non-constant meromorphic first
integral f/g, where f, g ∈ O2 and f(0) = g(0) = 0.

(b) If F is non-dicritical then it has a non-constant holomorphic
first integral.

Recently, Marco Brunella [Br1] gives a new proof using some gen-
eral principles of analytic geometry. In the case of webs, similarly, we
say that a germ of k-webW is tangent to a Levi-flat hypersurface M ,
if any leaf of the Levi-foliation on M is a leaf of W. A nondicritical
k-web version of theorem 3.1.3 can be found in [Fe1].

3.2 Proof of Theorem 3.0.11

We use the following lemma of [Fe2]

Lemma 3.2.1. Let M , sing(M) be as in Theorem 3.0.11. We have
the following:

(a) If p ∈ sing(M) and V is a germ of an irreducible complex variety
of pure dimension n− 1 contained in M through p. Then there
exists a germ of leaf of L such that its closure is V .

(b) The foliation L cannot be extended to a holomorphic foliation F .

(c) Let V be the closure of a leaf of L. Suppose that V cuts trans-
versely sing(M). Then V ∩ sing(M) is a real analytic variety
of dimension 2n− 3.

Let us prove theorem 3.0.11. Let M be a germ at 0 ∈ Cn of Levi-
flat hypersurface and p ∈ sing(M). We can assume that sing(M) is
a generic submanifold of real dimension 2n− 2 near p and that M is
defined by {F = 0} in a neighborhood of p.

According to a result of Burns-Gong (cf. [BG], lemma 3.2 or
lemma 4.2.3), Σ′p is non-empty and since sing(M) only contain Segre
nondegenerate singularities, Σ′p must be a complex variety of pure
dimension n − 1. As sing(M) is generic, there is no branch of Q′p
which contains sing(M) (see lemma 3.0.15). Furthermore because
sing(M) is generic, there is no branch of Σ′p lies in sing(M). Then
there exists q ∈ sing(M) such that Σ′q intersect M∗. We set p = q
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and works in a neighborhood of p. Now, take x ∈ M∗ ∩ Σ′p, since
there exists a unique irreducible component of Σ′p through x, we have
Σ′x is a branch of Q′p. We can pick x in an irreducible component of
M∗∩ (Σ′p)reg such that p is in the closure of this component. Lemma
3.2.1, item (a) imply that the closure of Lx (the leaf of L through x)
is a branch of Σ′p.

Let γ : (−ε, ε) → M be a real analytic curve such that γ(0) = x,
{γ} ⊂ M∗ and γ is transverse to L on M∗. The function t 7−→
FC(p, γ(t)) is not identically zero, because otherwise M could contain
a Segre degenerate singularity. By complexification of variable t, we
obtain a germ of holomorphic function

g(z, w) = FC(z, γ(w̄)), (3.4)

where z ∈ (Cn, p) and w ∈ (C, 0). Applying the Weierstrass Prepa-
ration theorem to g, we have

g(z, w) = u(z, w)(wk + ak−1(z)wk−1 + . . .+ a0(z)), (3.5)

where u(0, 0) 6= 0 and aj ∈ O(Cn, p), for all 0 ≤ j ≤ k − 1.
Let Wp be the k-web which is obtained by the elimination of w

in the system given by{
a0 + w · a1 + w2 · a2 + . . .+ wk−1 · ak−1 + wk = 0
da0 + w · da1 + w2 · da2 + . . .+ wk−1 · dak−1 = 0.

Observe that Wp is a k-web defined on some neighborhood of p and
k ≥ 2 by lemma 3.2.1, item (b). In any point ζ outside of ∆Wp

(the
discrminant of Wp), we have V1, . . . , Vk leaves of Wp through ζ. It
follows from (3.4) that the leaves of Wp are contained in Σζ and by
the construction in M too. Hence, lemma 3.2.1, item (a) implies that
any leaf of L is a leaf of Wp, in others words, Wp is a local extension
of L.

These local constructions are sufficiently canonical to be patched
together, when p varies on M∗. In fact, let π : PT ∗(Cn, 0)→ (Cn, 0)
be the natural projection. Denote by πp : Sp → (Cn, p), the restric-
tion to Sp of π, where Sp is the variety associated to Wp. On Sp, we
have the foliation Fp associated toWp which is defined by the restric-

tion to Sp of the contact 1-form on PT ∗(Cn, 0). Denote by M
′

the
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lifting of M∗ by π and take a point q ∈ M ′ such that π(q) = p then
it is proved in [Br] that there exist, in a germ of neighborhood Uq of
q, a germ of a real analytic variety Nq of dimension 2n − 1 contain-

ing M
′ ∩Uq. Furthermore, we can consider Uq sufficiently small and

assume that Nq ⊂ Sp ∩ Uq. Nq is Levi-flat because each irreducible
component contains a Levi-flat piece. The above construction implies
that Fp is tangent to Nq. Suppose that we have two connected neigh-

borhoods U1 and U2 such that M
′∩U1∩U2 6= ∅. Furthermore, assume

there exists holomorphic 1-forms ωj that define the foliation Fpj , for
each j = 1, 2. If Sp1 ⊂ U1, Sp2 ⊂ U2 are as above then Sp1 ∩ U1 ∩ U2

and Sp2 ∩ U1 ∩ U2 have some common irreducible components con-

taining M
′ ∩U1∩U2, so that Sp1 and Sp2 can be glued by identifying

those components. Note also that Nq1 ∩ U1 ∩ U2 and Nq2 ∩ U1 ∩ U2

can be glued and in this way we obtain a Levi-flat hypersurface N .
On the other hand, if we can show that ω1 is proportional to ω2 then
we have a foliation on Sp1 ∩ Sp2 . Since Wp1 and Wp2 are tangent to
M , we have Fpj is tangent to N ∩ U1 ∩ U2, for each j = 1, 2. This
implies that in some neighborhood of N∗ ∩ U1 ∩ U2, ω1 and ω2 are
proportional. N∗ is a real hypersurface, thus they are proportional in
whole neighborhood as they are holomorphic. In this way, we obtain
a complex variety S and a holomorphic foliation F on S tangent to
N . Finally, we obtain a k-web enjoying all the properties stated in
theorem 3.0.11.

3.3 Shafikov-Sukhov theorem

In 2014, R. Shafikov and A. Sukhov [SS] presented the following re-
sult.

Theorem 3.3.1 (Shafikov-Sukhov). Let M ⊂ Ω be an irreducible
Levi-flat real analytic hypersurface in a domain Ω ⊂ Cn, n ≥ 2, and
0 ∈M∗. Assume that al least one of the following conditions holds:

1. 0 ∈M is not a dicritical singularity.

2. M is a real algebraic hypersurface.

Then there exists a neighborhood U of the origin and a singular holo-
morphic k-web W in U such that W extends the Levi-foliation L.
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Furthemore, W admits a multiple-valued meromorphic first integral
in U .

Here a singular point p of a Levi-flat hypersurface is called di-
critical if infinitely many leaves of the Levi-foliation have p in their
closure. It is easily seen that a dicritical singularity is a degenerate
singularity. We remark that Shafikov-Sukhov’s theorem remove the
condition of CR generic in the statement of theorem 3.0.11. The fol-
lowing example give a singular Levi-flat hypersurface which satisfies
condition (1) of theorem 3.3.1 but not those of theorem 3.0.11.

Example 3.3.2 (Shafikov-Sukhov). Consider the set given in C2 by
the equation

M = {(z, w) ∈ C2 : (|w|2(z + z̄)2 − (w + w̄))2 − 4|w|2 = 0},

we have M is a Levi-flat hypersurface, because M∗ is foliated by
complex curves

w =
1

(z + c)2
where c ∈ R. (3.6)

The Segre varieties are given by

Σ(z0,w0) = {(z, w) ∈ C2 : (ww̄0(z + z̄0)− (w − w̄0))2 − 4ww̄0 = 0}.

Since Σ(0,0) = {w = 0}, the origin is Segre nondegenerate singularity,
in particular is a nondicritical singularity. Note that sing(M) = Σ(0,0)

and hence we can not apply theorem 3.0.11.
From 3.6, we deduce that the Levi-foliation extends to a 2-web

W defined by (
dw

dz

)2

= 4w3.

Moreover, the map f(z, w) = z ± 1√
w

is a first integral for W.

Remark 3.3.3. The extension problem of the Levi-foliation of a real
analytic Levi-flat hypersurfaceM remains open in the case of dicritcal
or Segre degenerate sigularities, even if M has an isolated singularity.
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Chapter 4

The singular set of
Levi-flat hypersurfaces

Let M ⊂ U ⊂ Cn be a real-analytic Levi-flat subvariety of codimen-
sion 1. Let M∗ be the set of points near which M is a nonsingular
real-analytic hypersurface, let Mreg be the set of regular points, that
is, points where M is a real-analytic submanifold of some dimension,
and let Ms denote the singular locus, that is, the set M \Mreg.

4.1 Examples

We would like to say that the singular set is Levi-flat in the sense
that the Levi-form (or Levi-map) vanishes. In the real-analytic case
this definition is equivalent to the following: We say a real-analytic
submanifold M is Levi-flat if near every point, there exist local holo-
morphic coordinates such that M is given by

Im z1 = · · · = Im zj = 0, zj+1 = · · · = zj+k = 0, (4.1)

for some j, k = 0, 1, . . . n with j + k ≤ n (where we interpret j = 0
and k = 0 appropriately). Note that this definition includes complex
submanifolds as Levi-flat. We say M is generic if k = 0, that is, if
M is defined only by the first set of equations.

45
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We wish to study the CR structure of the set Ms. First, Burns
and Gong [BG] classified the Levi-flat quadrics, that is hypersurfaces
defined by a quadratic polynomial. So let us look at their singulari-
ties.

Normal form in Cn Singular set

(Im z1)2 = 0 empty
Im(z2

1 + z2
2 + · · ·+ z2

k) = 0 Cn−k
z2

1 + 2λz1z̄1 + z̄2
1 = 0

(
λ ∈ (0, 1)

)
Cn−1

(Im z1)(Im z2) = 0 R2 × Cn−2

|z1|2 − |z2|2 = 0 Cn−2

Notice that the singularity can be a complex variety of any dimension.
The quadrics demonstrate the types of singularities we can get. The
first is a nonsingular hypersurface, which is not really a quadric. The
second is a hypersurface defined by

Im f(z) = 0,

for a holomorphic function f . In this case, it is not a hard exercise
to prove that the singularity is precisely the set where df(z) = 0 (see
also [BG]). In particular, the singularity is always a complex analytic
subvariety of complex codimension 1.

The third hypersurface is a union of two nonsingular hypersurface
meeting along a leaf. The singularity is therefore the leaf and hence
complex analytic.

The fourth hypersurface is a union of two nonsingular hypersur-
faces where the intersection is transverse to the foliation. The singular
set is a generic Levi-flat hypersurface.

The last hypersurface is one where all leaves go through a sin-
gle point and therefore the singular set is complex hypersurface of
complex codimension 2.

An intersection of two smooth Levi-flats could also be a CR sin-
gular manifold. For example,(

Re(z2 − z2
1)
)(

Im z2

)
= 0.

The singular set is defined by z2 = Re z2
1 , which is not a CR subman-

ifold at the origin (a Bishop surface with infinite Bishop invariant in
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this case). What happens is that the foliations do not meet transver-
sally at one point.

What could also happen is an “umbrella”-type hypersurface. Such
examples were given in [Br,Le1,Le3] (See also Example 3.0.4). First
let us start with the Whitney umbrella. Let (z, w) ∈ C2, z = x+ iy,
w = s+ it. Let M be given by

sy2 − txy − t2 = 0.

The subvariety is irreducible at the origin. If we look at x = 0 we
obtain the standard Whitney umbrella in R3:

Here M∗ ( Mreg. The “umbrella-handle” is a subset of the totally-
real submanifold {t = 0, y = 0}. Part of this submanifold is the
singular set, where the two sheets meet, and part is the handle. The
handle is part of the regular points of the subvariety, but not of M∗.
The set M∗ is a union of complex lines, it is the image of C×R under
the map (ξ, c) 7→ (z = ξ, w = cξ + c2). In this case the set Ms is not
a subvariety, it is a so called semi-algebraic set.

It is also possible to obtain an umbrella with a complex handle.
Take the algebraic subvariety in R2 given by y2 +x2(x−1)(x−2) = 0:
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This subvariety is irreducible algebraically, and has two topological
components: the origin and a compact loop. We look at the complex
cone over this set, that is we replace x = z+z̄

2 and y = z−z̄
2i . Then we

bihomogenize by adding w and w̄ to obtain(
zw̄ − z̄w

2i

)2

w2w̄2+(
zw̄ + z̄w

2

)2(
zw̄ + z̄w

2
− ww̄

)(
zw̄ + z̄w

2
− 2ww̄

)
= 0

The variety is a complex cone (a union of complex lines through the
origin), it is irreducible, the singularity is the origin alone, and there
is an umbrella handle that is a complex line z = 0. In this case
dimRMs = 0, and M has a component (the handle) of real dimen-
sion 2. The subvariety is also irreducible (analytically) because the
original curve was irreducible algebraically and the set is a complex
cone.

4.2 Singularity is Levi-flat

Now that we have seen the difficulties, let us give what is known about
the singular set. Currently we cannot say much about the “umbrella
handle” above. Furthermore, from a point of view of geometry it
is important to understand the structure of the singularity of M∗,
which can be thought as the hypersurface part of M . This set is a
so-called semianalytic set.

Theorem 4.2.1 (L. [Le2]). Let U ⊂ Cn be an open set and let
M ⊂ U be a (closed) Levi-flat subvariety of codimension 1. Then
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the singular set (M∗ ∩ U)s is Levi-flat near points where it is a CR
real-analytic submanifold.

Furthermore, if (M∗ ∩ U)s is a generic submanifold, then (M∗ ∩
U)s is a generic Levi-flat submanifold of dimension 2n− 2.

The theorem is mainly about large singularities as small singular-
ities are easy to handle. Either by the theorem of Cerveau-Lins Neto,
or by the analogous theorem in [Le2]:

Theorem 4.2.2 (Lebl [Le2]). Let U ⊂ Cn be an open set and let
M ⊂ U be a Levi-flat real-analytic subvariety that is irreducible as a
germ at p ∈M∗ ∩ U . If either

1. dimMs = 2n− 4 and p is not dicritical, or

2. dimMs < 2n− 4,

Then the Levi-foliation extends to a singular holomorphic foliation of
a neighbourhood of p.

Once the foliation extends, the singularity of M will in fact be
complex analytic as it will essentially be either a leaf of the foliation
or the singularity of the foliation.

The theorem is mainly about large singularities as small singular-
ities are easy to handle.

A key lemma in the above theorem which is also useful in other
contexts is the existence of leaves through singular points that lie in
M∗. The lemma follows from the work of Fornæss. A weaker version
of this lemma in the singular case appeared in Burns-Gong [BG],
where the leaf was only required to lie in M .

Lemma 4.2.3 (Lebl [Le2]). Let M ⊂ U ⊂ Cn be a singular Levi-flat
hypersurface. If p ∈ M∗ ∩ U , then there exists a neighborhood V of
p and a complex subvariety X ⊂ V of dimension n − 1 such that
X ⊂M∗ ∩ V and p ∈ X.

It is possible that there is more than one complex variety in M .
It is even possible for some of these complex subvarieties to lie in M
but not M∗. For example, the umbrella subvariety that is a cone of
the loop plus a point above.
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The lemma also says that M∗ (but perhaps not M) divides its
ambient space into pseudoconvex parts (just like a nonsingular Levi-
flat). To see this fact, note that any complex hypersurface X ⊂ M∗

through p is defined by the vanishing of a single holomorphic function
h near p. Take the function 1

h and you obtain a holomorphic function
that cannot be extended past p. To see that M does not have this
property, look at the Whitney umbrella example. The handle is a
totally-real submanifold, and any holomorphic function must extend
across the handle, so for any neighbourhood U , one component of U \
M is not pseudoconvex. On the other hand U \M∗ is pseudoconvex.

Let us return to proving the theorem. The theorem follows by
treating different cases. First when the singularity is small we obtain
an extension of the holomorphic foliation, in which case the theorem is
not difficult to prove (we obtain a complex subvariety for the singular
set). The difficult case is if the singularity is large.

In this case we use Segre varieties, which were introduced in the
1930s by Beniamino Segre, and applied with great success in CR
geometry of real-analytic sets by Diederich, Fornaess, Webster and
others in the late 1970s.

Let us give a very brief introduction to the use of Segre varieties
in studying the singularity, and a very rough sketch of the proof
as these ideas can be useful elsewhere. Suppose that M is defined in
some polydisc U ⊂ Cn by r(z, z̄) = 0. Suppose that U is small enough
such that r complexifies to U × U , that is, r(z, ξ) is a holomorphic
function of U × U . For a point p ∈ U define the Segre variety

Σp = {z ∈ U : r(z, p̄) = 0}. (4.2)

That is, we treat z and z̄ as separate variables (we complexify) and
then we look at the trace of the complexified M with z̄ = p̄.

For M = {Im z1 = 0} and p the origin, the Segre variety Σp is
{z1 = 0}, that is, the leaf at the origin. In fact, if X ⊂ M is a
complex subvariety and p ∈ X, then (even if M is not Levi-flat)

X ⊂ Σp,

at least locally near p. This is not hard to prove: Suppose f : ∆ ⊂
C→ X is an holomorphic nonzero function defined on a disc ∆ with
f(0) = p. We have

r
(
f(ξ), f̄(ξ̄)

)
= 0.
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for all ξ ∈ ∆. We an assume that ∆ is small enough so that the
equation complexifies and so we get

0 = r
(
f(ξ), f̄(0)

)
= r
(
f(ξ), p̄

)
.

Therefore f(∆) ⊂ Σp. One can always fill such an X with such
“analytic discs” to prove that X ⊂ Σp (at least near p).

Therefore, if M is Levi-flat and p ∈M∗, the set Σp has a branch
that agrees with the leaf of the Levi-foliation through p.

Unless of course r(z, p̄) ≡ 0, in which case Σp is not a proper
variety. Points where r(z, p̄) ≡ 0 for every defining function are
called Segre-degenerate. For example: the cone z1z̄1 + z2z̄2 = 0 is
Segre-degenerate at the origin. The set of Segre-degenerate points
turns out to be a small set, and so we can avoid them. Suppose for
now that Σp is always a hypersurface.

Take a path γ : (−ε, ε)→M∗ and study the set⋃
t∈(−ε,ε)

Σγ(t) = {z : r(z, γ(t)) = 0, t ∈ (−ε, ε)}

We obtain a nontrivial part of M (plus maybe other points as Σp
need not be contained in M).

One can apply the Weierstrass preparation theorem r(z, γ(t)) to
rewrite it as a polynomial in t. Then outside of the discriminant set
we can check if any of the roots are real. We obtain possibly a union
of several nonsingular Levi-flats that contain the set we swept out.

If one thinks about Weierstrass preparation theorem as a gener-
alization of implicit function theorem, then the above is essentially
an attempt to carry through a calculation to come up with a “mul-
tivalued” Cartan’s theorem from the first chapter. That is, we are
looking for the real roots of a multivalued holomorphic function t.

4.3 Diederich-Fornæss Lemma

A key ingredient in the above work, and one of the most useful results
about real-analytic subvarieties containing complex subvarieties is the
following lemma that allows one to extend complex subvarieties of
real-subvarieties to a fixed neighbourhood.
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Lemma 4.3.1 (Diederich-Fornæss [DF]). Let X ⊂ U ⊂ Cn be a real-
analytic subvariety and p ∈ X. Then there exists a neighbourhood
p ∈ Ũ ⊂ U such that if (Y, q) ⊂ (X, q) is a germ of a complex

subvariety for q ∈ Ũ , then there exists a closed complex subvariety
Ỹ ⊂ Ũ such that Ỹ ⊂ X and (Ỹ , q) = (Y, q).

This lemma is one of the best illustrations of the use of Segre
varieties.

Sketch of proof. Let us consider only the hypersurface case, that is
suppose there is a single real analytic function ρ defining function.
We can also assume that p = 0. Suppose that the complexified ρ
converges in some polydisc P×P around 0. We can suppose that Y is
a complex submanifold not necessarily closed in P . By a very similar
argument as above it is not difficult to show that for ρ(z, w̄) = 0 for
w near z if w and z are both in Y .

Let Σξ denote the segre variety of ρ in P . Define

W ′ :=
⋂
z∈Y

Σz, W :=
⋂

w∈W ′
Σw. (4.3)

Now suppose ξ ∈ W ′ and ω ∈ Y , then ρ(ξ, ω) = 0 by definition.
Next, ρ(ω, ξ) = 0 by reality of ρ. Hence Y ⊂ W ⊂ W ′. Furthermore
if z ∈ W , then ρ(z, z̄) = 0, so W ⊂ X. The sets W ′ and W are

(closed) complex analytic subvarieties of P = Ũ .

A similar but more refined argument proves Lemma 4.2.3. Let us
mention a couple of other related applications of this lemma. One
by Diederich-Fornæss says that no compact real-analytic subvariety
of Cn contains a germ of a complex subvariety (In particular, all
Levi-flats in Cn are non-compact). Another is that a real-analytic
subvariety which is a complex submanifold at smooth points is in
fact a complex analytic subvariety.

4.4 Open questions

Many questions are still left open. Firstly the theorem above is only
the first step. We really want a whole Levi-flat stratification.
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Question 4.4.1. Given a Levi-flat subvariety X. Is there a Levi-flat
stratification? That is, can X be expressed as a locally finite union
of Levi-flat submanifolds, and can we also make them glue together
in a nice way.

One case that is not understood are singularities of dimension
2N − 3. They seem too large for foliations, but too small to arise in
the intersection of two smooth Levi-flats.

Question 4.4.2. Given a Levi-flat hypersurface M in CN , does there
exist a nontrivial (irreducible in particular) example where Ms is of
dimension 2N − 3?

Despite Levi-flats being essentially just a family of complex hy-
persurfaces, they have many of the pathological properties of real-
analytic subvarieties. Therefore, the correct direction may be to
study semianalytic Levi-flat sets rather than subvarieties, as is com-
mon in real analytic geometry. The theorem in this section goes in
this direction in studying M∗ rather than M .

Question 4.4.3. Are all notions of a degenerate singularity the same?
In particular is Segre-degenerate equivalent to there being infinitely
many complex hypersurfaces in M through the point?
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Chapter 5

Levi-flat hypersurfaces
in complex projective
space

5.1 Projective space

As in one complex variable, it is often convenient to “compactify”
Cn in a way which preserves the complex structure. That is, we wish
to obtain the natural compact complex manifold that contains Cn.
When n = 1, this compactification is the Riemann sphere which we
denote by P1. In general, the correct compactification is the complex
projective space:

Definition 5.1.1. Let Z ∈ Cn+1 be coordinates. Let ∼ denote the
following equivalence on the set Cn+1 \ {0}:

Z ∼W

if Z = λW for some λ ∈ C. Denote by [Z] the equivalence class
of Z. Then define the complex projective space as the set of these
equivalence classes:

Pn def
= (Cn+1 \ {0})

/
∼ =

{
[Z] : Z ∈ Cn+1 \ {0}

}
.

54
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Note that sometimes Pn is denoted by CPn.

The complex projective space is the space of complex lines through
the origin in Cn+1, and it is often convenient to keep this more in-
formal definition in mind.

We write a point in Pn as [Z0, Z1, . . . , Zn], starting the index at
0 for convenience. These coordinates are called the homogeneous
coordinates for Pn. We use square brackets to indicate this is an
element of an equivalence class.

To see the manifold structure of Pn, take Uj be the set of points
of Pn corresponding to Zj 6= 0. Note that if Zj 6= 0 for one represen-
tative of the equivalence class, it is true for all representatives, and
so we get a well-defined set. Without loss of generality now assume
j = 0. Notice that there is exactly one representative of the equiva-
lence class in U0 such that Z0 = 1. Therefore each point is uniquely
represented by

[1, z1, . . . , zn]

for each z = (z1, . . . , zn) ∈ Cn. We thus obtain a coordinate chart
for Pn, and the corresponding coordinates z1, . . . , zn are called the
inhomogeneous coordinates. On U0 we let Pn inherit the complex
structure from Cn, that is, we consider the natural inclusion map

(z1, . . . , zn) 7→ [1, z1, . . . , zn]

as a biholomorphism. As an exercise, one should check that when
we take Uj for j 6= 0, then the transition maps are biholomorphisms
(they will be linear).

Complex and real-analytic subvarieties on Pn are defined in the
usual way as we would on any manifold. Natural subvarieties of Pn
to study are the algebraic subvarieties.

Definition 5.1.2. Let Z = (Z0, . . . , Zn) denote the variables. A
polynomial P (Z) is homogeneous of degree d, if P (λZ) = λdP (Z) for
all Z and all λ ∈ C. Similarly, a polynomial P (Z, Z̄) is bihomogeneous
of bidegree (d, k), if P (λZ, λ̄Z̄) = λdλ̄kP (Z, Z̄) for all Z and all λ ∈ C.

The zero set of homogeneous (resp. bihomogeneous) polynomials
is a complex cone. That is take the zero set X = P−1(0) ⊂ Cn+1 for a
homogeneous or a bihomogeneous polynomial P . If Z ∈ X, then λZ
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is also in X for all λ. That is, X is a union of complex lines through
the origin. Let σ : Cn+1 \ {0} → Pn be the natural projection, that
is,

σ(Z0, . . . , Zn)
def
= [Z0, . . . , Zn].

Then if X ⊂ Cn+1 is a union of complex lines through the origin, via
a very slight abuse of notation1 denote by σ(X) the corresponding
set in Pn. On the other hand, given Y ⊂ Pn define

τ(Y )
def
= σ−1(Y ) ∪ {0},

to be the corresponding complex cone in Cn+1.

Definition 5.1.3. A subset X ⊂ Pn is a complex algebraic subvariety
(resp. real algebraic subvariety) if there exist finitely many homoge-
neous (resp. bihomogeneous) polynomials P1, . . . , Pk such that

X = σ
(
P−1

1 (0) ∩ . . . ∩ P−1
k (0)

)
.

That is, X is defined by the simultaneous vanishing of P1 through
Pk.

5.2 Chow’s theorem

One of the most fundamental results about varieties in projective
space is Chow’s theorem [Ch].

Theorem 5.2.1 (Chow). If X ⊂ Pn is a complex analytic subvariety,
it is a complex algebraic subvariety.

It is important to note that Chow’s theorem does not hold for
real-analytic subvarieties. It may be good to sketch a proof of Chow’s
theorem to see what goes wrong in the real-analytic case.

Sketch of proof. It is very easy to see that a subvariety (real or com-
plex) X ⊂ Pn induces the subvariety σ−1(X) ⊂ Cn+1 \ {0}. In the
complex case, the theorem of Remmert-Stein (see e.g. [Wh]) implies
that σ−1(X) ∪ {0} = τ(X) is a subvariety (no such result holds for

1Really we mean σ(X \ {0}).
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real-analytic subvarieties). For simplicity let us suppose that τ(X)
is of codimension 1, and therefore there is a holomorphic function f
defined in a neighbourhood of the origin in Cn+1, such that the zero
set of f is τ(X). Write the decomposition into homogeneous parts

f(Z) =

∞∑
j=0

fj(Z)

Then as τ(X) is a complex cone, if Z ∈ τ(X), then λZ ∈ τ(X) for
all λ ∈ C. So

0 = f(λZ) =

∞∑
j=0

fj(λZ) =

∞∑
j=0

λjfj(Z)

As this is true for all λ, we get fj(Z) = 0 for all j. Consequently,
τ(X) is defined by the vanishing of homogeneous polynomials, and
so is an algebraic subvariety.

The difference in the real case is that τ(X) can fail to be a subva-
riety at the origin. If τ(X) is a real subvariety at the origin, a similar
proof shows that it is a real algebraic subvariety, see also [Le1,Le3].

5.3 Hypersurfaces with compact leaves

Let M ⊂ Pn be a real-analytic Levi-flat subvariety of codimension
1. As before, we say M is Levi-flat if M∗ is Levi-flat. Suppose
that a leaf L ⊂ M∗ of the Levi-foliation is closed in M∗. Then the
closure L in Pn is a compact complex subvariety: it is closed in M
and a complex analytic subvariety by Diederich-Fornæss, and hence
algebraic by Chow’s theorem. We then identify L with L̄ and say
that L is a compact leaf.

If M is algebraic, that is given by a polynomial equation, then
all the leaves are compact. This fact follows easily by the fact that
the Segre variety using the polynomial equations is automatically a
compact subset of Pn. The other direction is not true. Let us without
proof note that in [Le3] it was shown that there exists a singular Levi-
flat subvariety X ⊂ P2, that is a union of complex hyperplanes (that
is, with compact leaves), such that the only polynomial vanishing
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on X is the zero polynomial, in particular, X is not algebraic. The
example shows that studying Levi-flat hypersurfaces cannot be done
purely from an algebraic perspective.

Let us give a simple proposition however.

Proposition 5.3.1. Let M ⊂ Pn, n ≥ 2, be a real-analytic Levi-flat
subvariety of codimension 1. Suppose that M has two distinct com-
pact leaves, then dimRMs ≥ 2n− 4. In particular, such a subvariety
is always singular.

Proof. The two compact leaves L1 and L2 are complex subvarieties of
(complex) codimension 1 in Pn and therefore their intersection L1∩L2

is a subvariety of (complex) codimension 2 in Pn. The subvariety
L1 ∪ L2 ⊂ M is a complex analytic variety with the points L1 ∩
L2 belonging to its singularity. A nonsingular Levi-flat real-analytic
hypersurface contains a unique nonsingular complex hypersurface,
therefore L1 ∩ L2 ⊂Ms and we are done.

Example 5.3.2. The subvariety in P2 given by

Z1Z̄1 − Z2Z̄2 = 0,

the complex cone has a unique singular point [1, 0, 0] and hence of
real dimension 2n− 4 = 0.

Example 5.3.3. Let us give a very intresting and useful example
of a hypersurface M . Take M to be the closure of the set of points
[Z0, Z1, Z2] in P2 where

Z0 + Z1t+ Z2t
2, for some t ∈ R.

This set is a semialgebraic set (defined by algebraic equalities and
inequalities). We can easily compute the polynomial equation giving
the closure of the set using the quadratic formula (we leave this to
the reader). M is necessarily Levi-flat and algebraic, and hence has
compact leaves. In fact the leaves are complex lines in P2. In the next
section we will talk about extensions of the foliation, in this example,
the foliation does not extend, though it does extend to a 2-web.

An interesting feature of this hypersurface is that while it has
compact leaves, it has no degenerate singularity. Each leaf only ever
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meets finitely many leaves (clearly at most two), otherwise we would
get quadratic polynomials that vanish at more than 2 points. The
singularity is of dimension 2.

Recently, the second author proved in [Le3] that for a subvari-
ety induced by complex hyperplanes (like both examples above), the
singularity is either of dimension 2n− 2 or 2n− 4.

5.4 Extending the foliation

One of the tools in studying Levi-flat hypersurfaces is the foliation,
and the extension of the foliation to a holomorphic codimension one
foliation. As we have seen the foliation does not always extend, even
locally. But in certain cases we can extend the foliation globally.

Let M ⊂ Pn be a real-analytic Levi-flat subvariety of codimension
1. Let F be a possibly singular holomorphic foliation of codimension
one of a neighbourhood of M∗ in Pn, which extends the Levi-foliation
of M . That is, there exists a covering of M by open sets {Uι} of Pn
with the following property, in each Uι there exists a holomorphic one-
form ωι with dωι ∧ ωι = 0 (integrable one-form so defines a foliation
locally), and locally the leaves of the Levi-foliation of M are leaves of
F . If Uι∩Uκ 6= ∅, then ωι and ωκ must be proportional at every point
of the intersection. The extension at a nonsingular point of M can
be stated as follows: if Im f = 0 defines M locally for a holomorphic
f , then df is proportional to F at points of M . The points where ωι
vanishes is the singular set of F .

We say the foliation extends to Pn if we can find {Uι} with the
above property that covers all of Pn.

Lins Neto proved the following lemma [LN]. The proof of Lins
Neto only considers the nonsingular M . The key point of the proof
is that the components of Pn \M (or Pn \M∗ in the singular case)
are Stein manifolds (manifolds biholomorphic to closed submanifolds
of some CK). This follows from a theorem of Takeuchi saying that
any pseudoconvex subset of Pn which is not the whole Pn is Stein. In
the case as we state it, it then follows from Lemma 4.2.3, which says
that M∗ divides space into pseudoconvex pieces.

Lemma 5.4.1 (Lins Neto). Suppose that M ⊂ Pn is a real-analytic
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Levi-flat subvariety of codimension 1, n ≥ 2. Suppose that for each
p ∈ M∗, there exists a neighbourhood U of p and a holomorphic
foliation Fp in U that extends the Levi-foliation of M ∩ U .

Then there exists a possibly singular holomorphic foliation F of
Pn that extends the Levi-foliation of M .

The proof is essentially a Hartogs like extension theorem for folia-
tions in Stein manifolds. That is, foliations extend through compact
sets in Stein manifolds. The way to prove this is to note that if we
write the foliation at each point in terms of some set of coordinates
(Stein manifolds can be properly embedded in CN for some N) we
can divide by one of the coefficients. We obtain a global meromorphic
one-form, and we can extend meromorphic functions.

The foliation of Pn can be given as a single one-form with polyno-
mial coefficients. The proof of this is essentially the same as Chow’s
theorem. That is, there exists a one-form

n∑
j=0

Fj(Z)dZj

where Fj are homogeneous polynomials, and this one-form gives the
foliation on all of Pn. We can also think of it as foliation on Cn+1.
The study of Levi-flat hypersurfaces of Pn whose foliation extends
is then the study of the invariant sets of such algebraic one-forms,
which is by no means trivial.

The lemma shows that the key is extending the foliation locally.
We do have to assume local irreducibility, otherwise we would only
obtain a k-web.

Theorem 5.4.2. Suppose M ⊂ Pn is a locally irreducible Levi-flat
subvariety of codimension 1 satisfying conditions of Theorem 2.2.3
or Theorem 4.2.2 at each point p ∈ M∗. In particular for example
if the dimension of the singularity is 2n − 4 and the the singularity
is nondicritical, or if the singularity is of dimension 2n − 5 or less.
Then the foliation extends to a holomorphic foliation of Pn.
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5.5 Theorem of Lins Neto and the ana-
logue of Chow’s theorem

By extending Lins Neto uses the lemma above to prove the following
well-known result.

Theorem 5.5.1 (Lins Neto). There exists no nonsingular real-analytic
Levi-flat hypersurface M ⊂ Pn for n ≥ 3.

The proof of this theorem follows by first extending the foliation
to a foliation of Pn. Such a foliation must have a singularity S of
complex dimension n− 2. When n ≥ 3, S is a complex subvariety of
positive dimension and Pn \M are Stein, then S must intersect M ,
which is a contradiction to M being nonsingular.

A related question is an analogue of the theorem of Chow for
Levi-flats. As we mentioned above, there exist nonalgebraic Levi-
flats even with compact leaves. The key point is the extensibility of
the foliation. In [Le1] the following theorem was proved.

Theorem 5.5.2. Let M ⊂ Pn, n ≥ 2, be an irreducible Levi-flat
subvariety of codimension 1 with infinitely many compact leaves, and
assume that the Levi-foliation of M extends to a foliation of a neigh-
bourhood of M∗.

Then, there exists a global rational function R : Pn → C and a
real-algebraic one-dimensional subset S ⊂ C such that M ⊂ R−1(S).
In particular, M is semialgebraic; it is contained in an algebraic Levi-
flat subvariety.

It should be noted that an algebraic Levi-flat always has all leaves
compact. The theorem arose from trying to construct a non-algebraic
Levi-flat by pulling back a non-algebraic curve in C to Pn via a ra-
tional function R. Unfortunately by the theorem such a pullback
cannot be a real analytic subvariety of Pn for n ≥ 2. The trouble will
occur at the point p where both the numerator and denominator of
R vanish. At p the pullback of a non-algebraic subvariety cannot be
contained in any real-analytic subvariety of any neighbourhood of p.
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5.6 Some open questions

Let us look at some open questions.

Question 5.6.1. Does there or does there not exist a nonsingular
Levi-flat in P2?

Despite several published papers claiming this result (in varius
regularities), this question is still open.

Question 5.6.2. Does there exist a singular Levi-flat hypersurface
of Pn, n ≥ 2, with no compact leaves?

Clearly such a hypersurface would not be algebraic. The question
is related to the following question.

Question 5.6.3. Is it enough to require that the Levi-foliation of M
extends to Pn to obtain algebraicity of M?

Such a question would implicitly also prove nonexistence of non-
singular Levi-flats.

Question 5.6.4. Does there exist M ⊂ Pn that is irreducible (does
not contain a smaller hypersurface) such that dimRMs = 2n− 3?

We can also relax the requirement of extending the Levi-foliation
to a holomorphic foliation, but to a so-called k-web:

Question 5.6.5. Given a singular Levi-flat hypersurface of M ⊂ Pn,
n ≥ 2, does the Levi-foliation extend to a holomorphic k-web of Pn?

This question is solved in many cases, see [Fe3,Le2,SS].
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