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Abstract

The purpose of this book is to present for math students some of
the main ideas and issues which are considered in Ergodic Optimiza-
tion. This text is also helpful for a mathematician with no experience
in the area.

Our focus here are the questions which are associated to selection
of probabilities when temperature goes to zero.

We believe that concrete examples can be very useful for any
person which is reading this topic for the first time. We care about
this point. The reader will realize that the use of the so called Max-
Plus Algebra resulted in a very helpful tool for computing explicit
solutions for the kind of problems we are interested here.

We are not concerned in our text in presenting results in their
more general form nor point out who were the person that did this or
that first. By the other hand, in the bibliography, we try to mention
all results which appear in the literature. The reader can look there,
and find other references which complement our short exposition. We
are sorry for the case we eventually do not mention some paper in
the area. Simply we were not aware of the work.

We believe there is a need for a kind of text like ours. The purpose
is to present some of the basic ideas of this beautiful theory for a more
broad audience.

We would like to thank several colleagues who read drafts of this
book and made several suggestions for improvement.

A. T. Baraviera
R. Leplaideur
A. O. Lopes

Rio de Janeiro, may 7, 2013.
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Chapter 1

Preliminaires

1.1 The configuration’s space

1.1.1 Topological properties

We consider the space Q = {1,2,...,k}" where the elements are se-
quences x = (Zg, 1, L2, Z3...), in which z; € {1,2,...,k},i € N. An
element in  will also be called an infinite word over the alphabet
{1,...,k}, and z; will be called a digit or a symbol.

The distance between two points * = xg, x1,... and y = Yo, y1,- - -
is given by

1
d(2,9) = Somatm onzony-

Example. In the case k =4, d(1,2,1,3,4..),(1,2,1,2,3,..)) = 2%

We can represent this distance graphically as shown in figure 1.1.

5
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To = Yo TN
U T

Figure 1.1: The sequence x and y coincide from the digit 0 up to the
digit n — 1, and then split.

A finite string of symbols xq . . . z,,_1 is also called a word, of length
n. For a word w, its length is denoted by |w|. A cylinder (of length
n) is denoted by [xg...xn—1] C Q. It is the set of points y such that
y; = x; for i = 0,...n — 1. For example, the cylinder [2,1,1] is the
set of y = (Yo, Y1, Y2, Y3, Y4, -..) such that yo = 2,y1 = 1,42 = 1.

Note that cylinders of length n form a partition of 2. Given z € €2,
then Cp,(x) will denote the unique element of this partition which
contains z. That is, Cp(x) = [zg...x,], when z = xox12223. . ..
The cylinder Cy,(z) also coincides with the ball B(z, 3-). The set of
cylinders of length n will be denoted by C,, ().

If w=wpy...wp—1 is a finite word of length n and v’ = wjw] ...
is a word (of any length possibly infinite), then ww’ is the word

/A
W .. . Wp—1Wowy - ..

It is called the concatenation of w and w'.

The set (2,d) is a compact metric space. Compactness also fol-
lows from the fact that € is a product of compact spaces. Note that
the topology induced by the distance d coincides with the product
topology. The cylinders are clopen (closed and open) sets and they
generate the topology.

The general subshifts of finite type

We will need to consider later the general subshift of finite type. A
good reference for symbolic dynamics is [95].
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Definition 1.1. A transition matriz is a d X d matrix with entries
in {0,1}.

If T = (T;) is a d x d transition matrix, the subshift of finite type
Y1 associated to T is the set of sequences x = xgx122 ... Ty, ... such
that for every 7,

T.

TjTj+1

=1

It is exactly the set of infinite words such that a subword ¢j appears
only if T;; = 1. Equivalently, it is the set of words such that the
subword ij never appears if T;; = 0.

Example. The full shift Q = {1,...d}" is the subshift of finite type
associated to the d x d matrix with all entries equal to 1.

The best way to understand what is the subshift of finite associ-
ated to a matrix T is to consider paths: for a given ¢, the set of j
such that T;; = 1, is the set of letters j authorized to follow ¢. Then,
Y7 is the set of infinite words we can write respecting theses rules,
or equivalently, the set of infinite paths that we can do.

1 0 1 0

.. .. 1 1 0 1

Example. The transition matrix is T = 1111
0 1 1 0

When there are more 1’s than 0’s in 7T it is simpler to describe
Y1 (there are less restrictions). In the present case we get the set of
infinite words x with letters in the alphabet 1, 2, 3 and 4, such that,
12, 14, 23, 41 and 44, never appear in each sequence r = roT12223. . ..

Definition 1.2. Let T be a d x d transition matrix, and X7 be the
associated subshift of finite type. Two digits 7 and j are said to be
associated, if there exists a path from 4 to j, and, another from j to
i. We set i ~ j.

Equivalently, ¢ ~ j means that there exists a word in X7 of the
form
Obviously ~ is an equivalence relation, and this defines classes of

equivalence. It can happen that there are equivalence classes strictly
contained in {1,...d}.
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Exercise 1
Find examples of transition matrices such that one digit is associated
only to itself and not to any other digit.

Definition 1.3. The subsets of words in ¥ such that all their digits
belong to the same equivalence classes of ~ are called the irreducible
components of Y.

1.1.2 Dynamics
Definition 1.4. The shift o : Q — €, is defined by
0($0$1$2$3 .. ) = T1T2x3....

The shift expands distance by a factor 2:

d(o(z),0(y)) = 2d(z,y).
Hence, it is Lipschitz and thus continuous.

Definition 1.5. Given z €  the set {o™(z),n > 0} is called the
orbit of x. It is denoted by O(x).

The main goal in Dynamical Systems is to describe orbits and
their behaviors. Let us first present the simplest of all.

Definition 1.6. A point z € Q is said to be periodic if there exists
k > 0, such that, c®(2) = z. In that case the period of x is the
smaller positive integer k with this property.

A periodic point of period 1 is called a fixed point.

Examples

111... is a fixed point.

In {1,2,3,4}" 2 := 1323132313231323.. .. has period 4 and the four
points

13231323 ..., 32313231..., 23132313..., 31323132...

form the orbit of .
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A n-periodic point is entirely determined by its first n-digits; ac-
tually it is the infinite concatenation of these first digits:

r=xg...Tp—-1 g---Lp—-1 Tg---LTp—1-++--

As a notation we shall set = (zg...x,—-1)%.

Definition 1.7. Given a point x in €2, a point y € €2, such that,
o(y) = x is called a preimage of x.

A point y such that 0™ (y) = z is called a n-preimage of x. The set
{y| there exists an n such that 6" (y) = x } is called the preimage
set of x.

For the case of the full shift in Q = {1,...k}", each point = has
exactly k-preimages. They are obtained by the concatenation process
iz, with i = 1,..., k. The set of 1-preimage is o~ 1({z}). The set of
n-preimages is (0™)~!({z}) which is simply denoted by =" ({z}).

Definition 1.8. A Borel set A is said to be o-invariant if it satisfies
one of the following equivalent properties:

1. For any z € A, o(x) belongs to A.
2. 071(A) D A.

Example. If z is periodic, O(z) is o-invariant.

Exercise 2
Show equivalence of both properties mentioned in Definition 1.8.

Exercise 3
If x is periodic, do we have o= 1(O(z)) = O(z) ?

Back to the general subshifts of finite type

We have defined above the general subshift of finite type. For such
a subshift, we have also defined the irreducible components. Here,
we give a better description of these components with respect to the
dynamics.
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Definition 1.9 (and proposition!). A o-invariant compact set K is
called transitive if it satisfies one of the two equivalent properties:

(i) For every pair of open sets of K, U and V, there exists n > 0,
such that, c="(U) NV # 0.

(ii) There exists a dense orbit.

Exercise 4
Show that if K is transitive, then the set of points in K with dense
orbit is a Gs-dense set.

We claim that irreducible components are also transitive components.
Indeed, any open set contains a cylinder and it is thus sufficient to
prove (i) with cylinders. Now, considering two cylinders of the form
[zo...zk] and [yo . .. yn], the relation defining irreducible components
shows that there exists a connection

L.+ - TERL - 2mYo -+ Yn,

remaining in K.

1.1.3 Measures

We refer the reader to [18] and [57] for general results in measure
theory.

We denote by B the Borel o-algebra over €2, that is, the one
generated by the open sets.

We will only consider signed measures (probabilities) u on § over
this sigma-algebra B, which we call Borel signed measures (probabil-
ities). Due to the fact that cylinders are open sets and generate the
topology, they also generate the o-algebra B. Therefore, the values
w(Cy), where C,, runs over all the cylinders of length n, and n runs
over N, determine uniquely pu.

We remind the relation between Borel measures and continuous
functions:

1We do not prove the proposition part.
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Theorem 1.10 (Riesz). The set of Borel signed measures is the dual
of the set C(£2).

In other words, this means that any linear bounded transforma-
tion G : C°(Q2) — R, is of the form

Gif G = [ fan

where v is a fixed signed measure. The map G — v is a bijection.

Probabilities v are characterized by the two properties: for any
f >0, we have that G(f) >0, and G(1) = 1.

A subset K of a linear space is convex, if, for any given x,y € K,
and any A, such that 0 < A < 1, we have that Az + (1 — \)y is in
K.

Corollary 1.11. The set of all probabilities on a compact space is
compact and convex for the weak*-topology.

We remind that p, — g means that for every continuous func-

tion f:Q — R,
/fdun —n—oo /fdu.

We point out that any indicator function of a cylinder, I, , is con-
tinuous. We recall that the support of a (probability) measure y is
the set of points z such that

Ve, w(B(z,e)) > 0.

In our case, x belongs to the support, if and only, if u(C,(x)) > 0,
for every n. The support is denoted by supp (p).

Exercise 5
Show that supp (u) is compact.

We recall that a probability over 2 is a measure p such that
w(2) = 1. In this book we shall only consider probabilities. Moreover,
most of the time, we shall be interested in properties holding almost
everywhere, that is, properties which are true for all points z € 2, up
to a set of probability zero.
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Definition 1.12. We say that a probability u is invariant for the
shift o, if for any A € B,

o (A)) = u(A).

We will also say that p is o-invariant, or simply invariant (as o is the
unique dynamics we shall consider).

To consider invariant measure means the following thing: if we
see the action of N as a temporal action on the system, the systems
is closed, in the sense that along the time, there is neither creation
nor disappearance of mass in the system. In other words, the mass
of a certain given set is constant along the time evolution.

Using the vocabulary from Probability Theory, the study of in-
variant probabilities correspond to the study of Stationary Processes
(see [86] [112]).

Exercise 6
Show that if p is invariant, supp g is invariant. Is it still the case if
1 is not invariant ?

In Ergodic Theory one is mainly interested in invariant probabil-
ities, and the properties that are true for points x which are in a set
which have mass equal to one.

1.2 Invariant measures

In this section we present some particular invariant measures in our
setting and we will also present some more general results.

1.2.1 Examples of invariant measures
Periodic measures
If z is a point in §2, é, is the Dirac measure at x, that is

5I(A):{11f:ceA,

0 otherwise.
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Then, if x is n-periodic,

1 n—1
==Y Gos)
=0

is o-invariant.

The Bernoulli product measure

Let consider Q = {1,2}N, pick two positive numbers p and ¢ such
that p + ¢ = 1. Consider the measure P on {1,2} defined by

P{1}) =p, P{2}) = ¢

Then, consider the measure p := ®P on the product space {1, 2}
We remind that such p is defined in such way that

_ 7 of I’s in the word = _# of 2’s in the word =
plzo ... xna]) =p q ;
where z is the finite word zq...2,_1.
We claim that such p is an invariant measure. Indeed, we have
for any cylinder [zg ... xn_1],

o N[zo...zp)) = [Azg. .. 2] U220 . .. 2]

Then,
w10 - a)) = piu([1o ... 2,])
and
w270 .- a)) = ai([1o ... 72]).
In this way u(o =z ... 2.]) = p([zo - .. 22]).

This example corresponds to the model of tossing a coin (head
identified with 1 and tail identified with 2) in an independent way a
certain number of times. We are assuming that each time we toss the
coin the probability of head is p and the probability of tail is q.

Therefore, p([211]) describes the probability of getting tail in the
first time and head in the two subsequent times we toss the coin,
when we toss the coin three times.

Remark 1.13. The previous example shows that there are uncount-
ably many o-invariant probabilities on {1,2}". W
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Markov chain

Let us start with some example. Again, we consider the case 2 =
{1,2}N. Pick p and ¢ two positive numbers in ]0, 1[, and set

The first writing of P shows that 1 is an eigenvalue. If we solve the
equation

(z,y)-P = (z,9),
we find a one-dimensional eigenspace (directed by a left eigenvector)

7px. Therefore, there exists a unique left eigenvector

1
with y = T

(m1,m2) such that
(my,m9).P = (m,m2) and 71 + mo = 1.

Note that 7wy and w5 are both positive.
The measure p is then defined by

w([zo ... xn]) = Tuo P20, 1) P(x1,22) . .. P(Tp—2,Tp_1)-

A simple way to see the measure p is the following: a word
W = wp...wn_1 has to be seen as a path of length n, starting at
state wg € {1,2} and finishing at state w,_1. The measure p(w]) is
the probability of this space among all the paths of length n. This
probability is then given by the initial probability of being in state
wo (given by 7, ) and then probabilities of transitions from the state
wj to wjy1 (equal to P(w;,wjt1)), these events being independent.

A probability of this form is called the Markov measure obtained
from the 2 x 2 line stochastic matriz P and the initial vector of prob-
ability .

Exercise 7
Show that the Bernoulli measure constructed above is also a Markov
measure.

More generally we have:
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Definition 1.14. A d x d matrix P such that all entries are positive
and the sum of the elements in each line is equal to 1 is called a line
stochastic matrix.

One can show? that for a line stochastic matrix (with all entries
strictly positive) there exist only one vector m = (1, 72, ..., mq), such

that all 7; > 0, j € {1,2,..,d}, Y0_, m; = 1, and
T =7 P.

7 is called the left invariant probability vector for the Markov
Chain defined by P.

Definition 1.15 (and proposition). Given a d x d line stochastic
matrix P, and its left invariant probability vector m = (71, 7o, ..., T4),
we define, u on Q = {1,2,...,d}Y, in the following way: for any
cylinder [zoxy ... zk]

w([zo, x1 - - xk)) = Ty P(xo, 1) P(21,22) P(22,23) ... P(x)_1, Tk).

This measure p is invariant for the shift and it is called the Markov
measure associated to P and w. For a ﬁxeii d we denote the set of
Markov measures over 2 = {1,2,...d}" by G

Note that for a Markov probability any cylinder set has positive

measure

1.2.2 General results on invariant measures

The definition of invariant measure involves Borel sets. The next
result gives another characterization of invariant measures (see [127]):

Proposition 1.16. The measure p is invariant, if and only if, for
any continuous function f

[ 1@ duta) = [ fota)) duta).

2 Actually we will give a proof of that result in Theorem 2.14.
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*
It is easy to see from the above that in the case pu, — u, and
each ., is invariant, then, p is invariant.

We denote by M, the set of invariant probabilities on Q. It is
a closed subset of probabilities for the weak*-topology, hence it is
compact and convex.

We say that a point z in a convex compact set C' is extremal, if
it is not a trivial convex combination of other elements in the set C.
That is, we can not write z as z = Az + (1 — A)y, where 0 < A < 1,
and x,y are in the convex set C.

Definition 1.17. An extremal measure in M, is called ergodic.

This definition is however not useful and clearly not easy to check.
The next proposition gives other criteria for a measure to be ergodic.

Proposition 1.18. A probability p is ergodic, if and only if, it sat-
isfies one of the following properties:

1. Any invariant Borel set has full measure or zero measure.

2. For any continuous f : Q — R, if f = foo p-a.e., then, f is
constant.

Exercise 8
Show that a Markov measure is ergodic.

We can now state the main theorem in Ergodic Theory:

Theorem 1.19. (Birkhoff Ergodic Theorem) Let i be o-invariant
and ergodic. Then, for every continuous function f : Q — R there
exist a Borel set K, such that u(K) =1, and for every x in K

1 n
lim =Y f(oF " Yz) = [ fdp.
s [

n—+oo n

The Birkhoff Theorem says that, under the assumption of ergod-
icity, a time average is equal to a spatial average. Here is an example
of application:
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“Average cost of car ownership rises to $8,946 per year.”

What does the term average mean ? One can imagine that we
count how much a certain person spends every year for its car, and
then do the average cost. This is a time-average. The main problem
of this average is to know if it representative of the cost of anybody.

On the contrary, one can pick some region, then count how many
people spend in 1 year for their car, and take the average amount.
This is a spatial average. The main problem is to know if it represents
how much each person is going to spend along the years (at beginning
the car is new, and then get older !).

The ergodic assumption means that the repartition of old and new
cars in the space is “well” distributed and/or that the chosen person
in the first way to compute the average cost is “typical”. Then, the
Birkhoff theorem says that both averages are equal.

Notation. We set S, (f)(z) := f(z) +...+ foo" ().

Example. In a previous example we considered a Bernoulli measure
modeling the tossing of a coin with probabilities p of head and ¢ of
tail. Consider the indicator function X3 of the cylinder [2]. For a
fixed n and for a fixed = zoz12 . .. the value > _; Ijyy(c" (),
counts the number of times we get tail (or, the value 2) in the finite
string ror1T2 ... Tp_1-

Note that [ Tj9) du by definition is equal to p([2]) = ¢. One can
show that the measure p we get is ergodic.

Therefore, from Birkhoff Theorem, we can say that for p-almost
every x, we have that

1
lim —

k-1 _ B
Jim 3 et ) = / T dp = g.

The value £ 377 | Ty (c"7(2)) is the empirical mean value of
number of times we get tail if the sequence of events is obtained
from flipping the coin n times, which is described by zoz1zs ... 2n_1,
where x = (zg, 21, Za, ...).

We finish this section with another application of ergodicity:
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Proposition 1.20. Let p be an invariant ergodic probability. Let
x be a “generic 7 point in suppu. Then, x returns infinitely many
times, as closed as wanted, to itself.

Proof. Pick e > 0, and consider the ball B(z,e). It is a clopen
set, hence Ip(, ) is continuous. The point z is generic for u, then

1
lim —S,(Ip.))(7) = u(B(z,¢€)), and this last term is positive.
n

n—oo

Therefore, there are infinitely many n such that Tp (0" (z)) =
1. O
Remark 1.21. Actually, one can get a stronger result than the one
claimed by the above Birkhoff Theorem: for every p ergodic, there

exists a set G, of full y-measure, such that for every € G, and for
every continuous function f,

. 1
Jim 28,(7)(w) = [ fd
A very important property is that for two distinct ergodic probabili-
ties g and v, G, NG, =0 (see [127]). W

1.3 Ergodic optimization and temperature
Zero

The set M, of invariant measures is quite large. It is thus natural to
ask about measures with special properties. In this direction, a well
known class is the one which can be obtained from Thermodynamic
Formalism. The first results on this topic are from the 70’s. We will
briefly describe some basic results on this setting below and we will
present some more details in Chapter 2. Anyway, our goal here is to
focus on Ergodic Optimization.

Definition 1.22. Let A :  — R be a continuous function. An
invariant measure p is said to be A-maximizing if

/Adu:max{/Adu, ve M(,} —: m(A).
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Note that this maximum is well defined because A is continuous
and M, is compact for the weak*-topology.

Examples
1 1
e Consider Q = {1,2}" and A = 511[1’2] + 51[[2’1]. In this case the

maximizing probability is unique and has support in the periodic
orbit of period two 12121212.... This maximizing measure is p :=

1 1

55(12)00 + 5(5(21)00

e There can be several maximizing measures. Consider A(z) =
—min(d(z, 1oo), d(x,2%°)) < 0. The two measures pq := 01 and
Joss = o are A-maximizing. Consequently, any convex combina-
tion

py =ty + (1 — t)pes, t €1[0,1],

is also A-maximizing. It can be shown, in this particular case, that
any maximizing probability is of this form. Note that p; is not ergodic
if t #£0,1.

e Suppose = {1,2,3,4}N and consider A = Tj1jup2). any measure
with support in {1,2}" is A-maximizing. This example shows that
there can be uncountably many ergodic maximizing measures.

Chapters 3 and 4 are devoted to more general results and tools
for the study of maximizing measures. Chapter 7 is devoted to the
study of an explicit example.

As we mentioned above, another important class of invariant mea-
sures appears in Thermodynamic Formalism. This will be the topic
of Chapter 2.

Consider a fixed function A : 2 — R, which is called a potential.
Without entering too much into the theory, for a real parameter
we shall associate to 3.A a functional P(3), and for each 3 some
measure jg called equilibrium state for the potential 3.A. In Statis-
tical Mechanics, [ represents the inverse of the temperature. Then,
[ — 400 means that the temperature goes to 0.

We want to point out the relations between the two different ways
to singularize measures:



20 [CAP. 1: PRELIMINAIRES

1. B — P(0) is convex and admits an asymptote for 8 — +oo.
The slope is given by m(A4) = max/ Adpu.
2. Any accumulation point for ug, as § — +o0, is A-maximizing.

Then, the main question is to know if there is convergence, and,
in the affirmative case, how does ug select the limit ?

These are the mains points which we consider in Chapter 3 (gen-
eral results) and Chapter 7 (an specific example).



Chapter 2

Thermodynamic
Formalism and
Equilibrium states

2.1 General results

2.1.1 Motivation and definitions

A dynamical system, in general, admits a large number of different
ergodic measures. A natural problem would be to find a way to
singularize some special ones among the others.

Given A : Q — R, the thermodynamic formalism aims to singu-
larize measures via the following principle:

P(A) = sup {hﬁ/Adﬂ}. (2.1)

HEM s

The quantity h, is called the Kolmogorov entropy. It is a non-
negative real number, bounded by logd if Q = {1,...d}"Y. Roughly
speaking, it measures the chaos seen by the measure u. It is a con-
cept defined for invariant probabilities. If some measure has positive
and large entropy, this means that the system ruled by this measure

21



22 [CAP. 2: THERMODYNAMIC FORMALISM AND EQUILIBRIUM STATES

is very complex. If the invariant measure has support in a periodic
orbit its entropy is zero.

Definition 2.1. Any measure which realizes the maximum in (2.1)
is called an equilibrium state for A. The function A is called the
potential and P(A) is the pressure of the potential.

For a given o-invariant measure j, the quantity h, + / Adyp is

called the free-energy of the measure (with respect to the potential

A).

This study is inspired by Statistical Mechanics: the set Q :=
{1,...k}" is the one-dimensional lattice with k possible values for the
spin in each site. The potential A measures the interaction between
sites. At a macroscopic level, the lattice has a stable behavior, at the
microcosmic scale, due to internal agitation, the configuration of the
material changes. Therefore, a state of the system is a probability
on €2, the set of possible configurations; it is obtained by a principle
of the kind of the law of large numbers. The equilibrium at the
macroscopic scale is exactly given by the states which maximize the
free energy.

In Statistical Mechanics people usually consider the influence of
the temperature T by introducing a term (3 := % and studying the
equilibrium for 8.A. For some fixed A : Q@ — Rand 8 € R, we
shall write P(8) instead of P(5.A). It is an easy exercise to check
that 8 — P(B) is convex and continuous. Therefore, the slope is

non-decreasing and a simple computation shows that it converges to

m(A) = sup/Ad,u as § — oo.
o

It seems clear that a motivation for people who introduced the
thermodynamic formalism theory into the Dynamical systems (Bowen,
Ruelle and Sinai) was to study the functional P(3), 5 € R. Given
that, one natural question is to understand the limit of P(3), when
[ goes to 400, that is the zero temperature case. This is one of the
purposes of this text.
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2.1.2 Entropy and existence of equilibrium states

We refer the reader to [29][124] [11] [87] [97] for the some of the
results we use from Thermodynamic Formalism. We present here
some results which are related to optimization in ergodic theory.
We emphasize that the results we present here are stated for 2
but they holds for any general irreducible subshift of finite type.

Entropy

For general results on entropy see also [13] and [110]. The complete
description of entropy is somehow complicated and not relevant for
the purpose of this course. A simple definition for the general case
could be the following:

Theorem 2.2 (and definition). Let p be a o-invariant ergodic prob-
ability. Then, for p-a.e. x = xoxr1232.. .,

1
lim ——log p([zoxy ... zn])
n—oo n

exists and is independent of x. It is equal to h,,.
If o and py are both invariant and ergodic probabilities, for every
a €10,1] set pg = .y + (1 — a).pug. Then,

hﬂa = ahﬂl + (1 - a)huo'

Roughly speaking, for p ergodic and for p-typical z = xpxy ...,
h,, is the exponential growth for u([zo...zn—1]), with n — oo.

Examples
e Let us consider Q = {1,2}Y and x the Bernoulli measure given by
the line stochastic matrix P = z a . We have seen before that

# of 1’s in the word ,# of 2’s in the word

w([zg...xp_1]) =p q

1
We also have seen before that —# of 1’s in the word —, . p([1]) =
n

1
p, and, —# of 2’s in the word —,,_, o 1([2]) = ¢. Therefore,
n

h, = —plogp — qlogg.
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e More generally, if 1 is the Markov measure associated to a line
stochastic matrix P, and, 7 = (7, ma,,,,Tq) is the stationary vector,
then,

h(p) = — 'Z i P(i,5) log P(i, j)-

Proposition 2.3. The (metric) entropy is upper-semicontinuous :
If p converges to p in the weak*-topology, then

h, = limsuph,,, .

n—oo

Existence of equilibrium states

This is an immediate consequence of Proposition 2.3.

Theorem 2.4. If A is continuous, then there exists at least one
equilibrium state for A.

Proof. The function g — h, + [ Adp is upper-semicontinuous in
the compact set of the invariant probabilities. Therefore attains the
maximal value in at least one invariant probability. O

At the end of this chapter we will study the special case where A
depend just on the two first coordinates. In particular, we will be able
to exhibit an explicit expression for the corresponding equilibrium
state.

2.2 Uniqueness of the Equilibrium State

Uniqueness does not always hold. Nevertheless a key result is the
following:

Theorem 2.5. If A: Q — R is Hdélder continuous, then there is a
unique equilibrium state for A. Moreover, it is a Gibbs measure and
8 — P(B) is analytic.

The concept of Gibbs measure will be explained below. We recall
that A : Q@ — R is said to be a-H6lder, 0 < a < 1, if there exists
C > 0, such that, for all z,y we have | A(z) — A(y) | < Cd(x,y)“.
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For a fixed value o, we denote by H, the set of a-Holder functions
A:Q — R. H, is a vector space.

For a fixed «, the norm we consider in the set H, of a-Holder
potentials A is

+ sup |A(x)].
d(z, y)~ meﬂl @)

|[Ala = sup
zFy

For a fixed «, the vector space H,, is complete for the above norm.

We want to emphasize Theorem 2.5. If existence of equilibrium
state is done via a general result of maximization of a semi-continuous
function, uniqueness, by the other hand, is obtained for Holder con-
tinuous potential via a completely different way: the key tool is an op-
erator acting on continuous and Hélder continuous functions. Then,
the pressure and the equilibrium state are related to the spectral prop-
erties of this operator which had its origin in Statistical Mechanics
where is called the transfer operator.

The hypothesis of A being Holder continuous means (in the Sta-
tistical Mechanics setting) that the interactions described by it decay
very fast (in an exponential way) for spins which are located more
and more distant in the lattice N. This decay is not so fast for a
potential which is continuous but not Holder.

In the general case, for a fixed Holder potential A, given (31 # (3,
we have that p1g, # pg,. In this case the generic sets of Remark 1.21
are disjoint. Moreover, for any 3, the probability ;g has support on
the all set 2.

Remark 2.6. The non-uniqueness of the equilibrium state for a po-
tential A is associated to the phenomena of phase transition (see [69]
[65] [108] [58] [16]). W

2.2.1 The Transfer operator

In this section we consider a fixed a-Holder potential A : Q — R,

Definition 2.7. We denote by L4 : C°(Q) — C°(Q) the Transfer
operator corresponding to the potential A, which is given in the fol-
lowing way: for a given ¢ we will get another function L£L4(¢) = ¢,
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such that,
o)=Y M g(an).
a€{1,2,...,d}
In another form
QD(ZL’) - (p(.’ﬂol’l e ) = Z CA(awOwle’m) ¢(Q£E0(E11’2...).
ac{1,2,...,d}

The transfer operator is also called the Ruelle-Perron-Frobenius
operator.

It is immediate to check that £4 acts on continuous functions. It
also acts on a-Holder functions if A is a-Holder.

If p is a probability, f — /EA(f) dp is a bounded linear form
on CY(Q). Therefore, by Riesz Theorem (see Theorem 1.10), there
exists v such that for every f € C°(Q), /fdu = /EA(f) dp. We set

L% (p) = v, and we call L% : p+— v the dual operator of £4.

Note that if £4(1) = 1, then, £%(x) is a probability, in the case
1 is a probability.

Theorem 2.8 (see [123]). Let Aa be the spectral radius of La. Then,
Aa is an eigenvalue for L7 : there exists a probability measure v4 such
that

ﬂ*A(UA) = )\AVA-
This probability is called the eigenmeasure and/or the conformal mea-
sure.

We remind that the spectral radius is given by

. 1 n n n
Aa = limsup —log|||L4][|, and [[[C5]]] = sup ||£"(¥)]]co-
n—oo M [ll[=1

Note that the Schauder-Tychonov Theorem shows that there ex-

ists an eigenmeasure. Indeed, consider the function acting on the
L4

f [,A(l) d/L

not clear that the associated eigenvalue is the spectral radius of £4.

convex and compact set of probabilities p — . It is however

The main ingredient to prove uniqueness of the equilibrium state
is:
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Theorem 2.9. The operator L4 is quasi-compact on Hey: A is
sitmple isolated and the unique eigenvalue with mazximal radius. The
rest of the spectrum is contained in a disk D(0, pAa) with 0 < p < 1.

>From Theorem 2.9 we get a unique H 4, up to the normalization
/HA dvy = 1, such that

La(Ha)=MaHa.

Exercise 9
Show that the measure defined by ps = Hava is o-invariant.

It can be proved that this measure is actually a Gibbs measure:
which means, there exists C4 > 0 such that for every = = zgz; ...
and for every n,

_ AT - - Tp—1
c o S 5Sn(([z4)(w)—nlog/\]j < eoA' (22)
Actually, these two inequalities yields that the free energy for pa
is log A 4. Moreover, the left-side inequality yields that for any other
ergodic measure v,

hy+/Ad1/ <logAy.

In particular we get P(A) = A4 and py4 is the unique equilibrium
state for A.

The same kind of results can be get for 3.4 instead of A. Now,
the spectral gap obtained in Theorem 2.9 and general results for
perturbations of spectrum of operators yield that 5 +— P(3) is locally
analytic. A simple argument of connectness shows that it is globally
analytic.

Remark 2.10. The corresponding theory when A is just continuous
(not Holder) is quite different (see [137]) B

We point out that different kinds of Transfer operators has been
used in other areas and other settings: Differential and Complex
Dynamics, Differential Geometry, Number Theory, Eigenvalues of the
Laplacian, Zeta functions, C*-Algebras, Computer Science, Quantum
Computing, Economics, Optimization, etc... (see [124], [29], etc...)
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2.2.2 Some more results

The theory described above can be generalized to other cases. In the
special case of ) (the full shift Bernoulli space) we can actually prove
that A4 is the unique dominating eigenvalue. Moreover, we get for
every ¢ Holder continuous,

L () = e / Ydvg.g+ " Py, (2.3)

where ¢ is a positive real number (depending on A), 9, is continuous
and ||, |]co < C.||Y]|oo, for every n and C' is a constant (depending
on A). >From this one gets

1
P(A) = lim —log L7%(T),

n—oo N

which yields %(ﬁ) = /Ad,ug.

We have already mentioned in the beginning of this chapter that
for convexity reason, if 5 goes to +00, the slope of the graph of P(5)

goes to m(A) = sup [ Adu. We can now give a more precise result:

Proposition 2.11. The graph of P(3) admits an asymptote if 3 goes
to +oo. The slope is given by m(A) =sup [ Adu. Any accumulation
point for pg is a A-mazimizing measure.

Proof. Convexity is a consequence of the definition of the pressure

via a supremum. Let po, be any A-maximizing measure. Since the
entropy is bounded we immediately get

I 1
m(A) < %7*+/Aduoo <P Ogd+/AdMﬂ < °§d+m(A>-

B B
This proves that the asymptotic slope for P(3) is m(A):
lim P(B) =m(A). (2.4)



[SEC. 2.2: UNIQUENESS OF THE EQUILIBRIUM STATE 29

Figure 2.1:

Now, 3 — P(5) — Bm(A) has non-positive derivative, and, it is
thus a decreasing function. It is non-negative too (as the previous
series of inequalities shows), and then it admits a non-negative limit
as § — +oo.

d
We have mentioned above %(ﬂ) = / Adpg. If we consider any

accumulation point jio for pg, / Adpg converges to the slope of the
asymptote, that is, to m(A), and then, u, is A-maximizing. O

We finish this subsection with an important remark. We have
seen the double-inequality (2.2)

e_CA < MA([:L'()...xn_l]) Ca
= eSn(A)(z)—nlogAa = :

We emphasize here that C,4 is proportional to ||A||so. Therefore,
replacing A by (3.4, and letting 3 — +o00, this implies that Cg 4 —
400. In other words, we will get that the constant explodes when
[ — +o0,.

Nevertheless we have:

Proposition 2.12. Assume that A is «-Holder. There exists a
1
universal constant C such that Blog Hg o is a-Hélder with norm

bounded by C.||A||qa-
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1
Consequently, “at the scale ” — log we recover bounded quantities.

We will elaborate more on this point in the future.

2.2.3 An explicit computation for a particular case

Let us now assume that A depends on two coordinates, that is

A(:L‘OxleQ .. ) = A(I‘o, zl).

The exact form of the equilibrium state

Here we show how we get an explicit expression for the equilibrium
state using the Transfer Operator. Our computation does not prove
that the measure we construct is an equilibrium state, and neither
proves uniqueness of the equilibrium state. However, the example
gives a good intuition of the main issues on this class of problems.
We denote by A(i,j) the value of A in the cylinder [ij], i, €
{1,2,..,d}. In this case, the Transfer operator takes a simple form:

La(P)(xox129...) = Z eAlazo) olaxozi2a...).

ae{l,2,....d}

Let M be the matrix will all positive entries given by M;; =
A(i,4)
e .

Lemma 2.13. The spectral radius of L4 is also the spectral radius

of M.

Proof. Assume that ¢ is a function depending only on one coordinate,
i.e.,

¢(£L’0.’E1$2 .. ) = d)(l'o)

Then, by abuse of notation, the function ¢ is described by the vector

(@(1),$(2), ..., 6(d)). For every j

La@)G) = Mi;.6(i),
=1
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which can be written as the matrix M acting on the line vector ¢, that
is, La(¢) = ¢ M. In an alternative way we can also write L£4(¢) =
M*.¢, where M* denotes de transpose of the matrix M. This yields
that the spectral radius Ay; of M is lower or equal to 4.

We remind that the spectral radius is given by

Aa = hmsup;logl\lﬁAIII, and [[|L74]]] = Hztlllplllﬁ (V)] oo-

The operator £ 4 is positive and this shows that for every n, |||L%]|]| =
[|1£%(1)||oo. Now, T depends only on 1 coordinate, which then shows
L% (T) = M™(T). This yields A g < . O

Theorem 2.14. (Perron-Frobenius) Suppose B = (b;;) is ad x d
matrix with all entries strictly positive, 1 < 4,7 < d. Then, there
exists A > 0, and, vectors 1 = (I1,--- ,lg) and v = (r1,--- ,74) such
that

1. for allil; >0, and r; > 0.
2. Foralli Y0_ bijrj = Ary and for all j 320 Libi; = M.
(i.e., v is a right eigenvector of B and 1 is a left eigenvector for B).

Proof. We first show that there exists at least one vector r with all
d

coordinates positive, and A > 0, such that Z bijr; = Ar;.
j=1
Consider the convex set H of vectors h = (hy, -+, hq) such that
h;i > 0,1 <i<dand Z?:l h; = 1. The matrix B determines a
continuous transformation G : H — H, given by Gh = b/, where

d
> i1 bijh;
d n
D1 21 bijhy

Note that A’ has all entries strictly positive. In this way the image
of H by G is strictly inside H.

The Brouwer fixed point (see cap VII [113]) assures that there
exists at least on fixed point.

K2
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As the image of H by G is strictly inside H we have that the fixed
point has all entries positive.
If r is such fixed point, that is, G(r) = r, which means,

d
> =1 bisT;
d
D i 2 bigT
Taking A\ = Zgzl Z?Zl bijr;, we get the right eigenvector.

Considering B* (the transpose of B) instead of B, we get another
eigenvector 1. Note that (r,1) is a positive number. Then,

Xr,1) = (Br,1) = (r, B*]) = \*(r, 1)
and A = \*. O

r; =

Remark 2.15. 1. Actually, it is possible to prove more. The
eigenvalue A is the spectral radius of the matrix B and r and 1
are simple eigenvectors.

2. We have seen that in the case A depends only on 2 coordinates,
the Transfer operator acts as a matrix. In the general case,
Theorem 2.9 extends Theorem 2.14.

3. A line stochastic matrix (see Subsec. 1.2.1) has spectral radius
equal to 1 and satisfies hypotheses of Theorem 2.14. It thus
admits a left-eigenvector associated to the eigenvalue 1.

|

Let us consider the matrix d x d matrix M such that for each
entry M;; = (). By Theorem 2.14, there exist left and right
eigenvectors 1 = (Iy,...13) and r = (r1,...74), both associated to the
spectral radius of £4 (due to Lemma 2.13), say 4.

Let us define the 2 x 2 matrix P4 = Pa(i,7) with

Ay

Pa(i,j) = (2.5)

)\AT’i
Note that P4 is a line stochastic matrix:
AT

S Palig) = H =

Aar;
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Let us fix the normalization in the following way: > ;75 =1and
>, liri = 1. Then, the vector m = (m1,...7mq) defined by m; = l;r;
satisfies

w.Py = .

That is, such 7 is the stationary vector for Py4.

The right-eigenvector r has to be seen as the eigenmeasure v4
from Theorem 2.8, and actually r; = v4([j]). The normalized left-
eigenvector [ has to be seen as the eigenfunction H,4 from Theorem

2.9, with normalization /HA dvyg = 1.

The associated invariant Markov measure p4 is defined by
ma(lzo ... xn-1]) = Tay Pa(xo, 21) - .. PaA(Tn—2, Tn_1)-

The exact computation yields

ES" (A)(z)—nlogAa

pa([zo ... xp-1]) = da(wo) va([zn-1]).

Since v and ¢ 4 have positive entries, this shows that p 4 is a Gibbs
measure.
Things can be summarized as follows:

Let M = (M;;) be the matrix with entries A"/, Let r =
(r1,...74) be the right-eigenvector associated to A\ with normal-
ization Y r; = 1. Let 1 = (I4,...,1q) be the left-eigenvector for
A with renormalization Y ;7;=1. Then, r gives the eigenmeasure
v4, and 1 gives the density Hy4.

The Gibbs measure of the cylinder [zg...2p_1] is
pa([zo ... xp_1]) = lp,eSn (A @) =nlog Ap

n—1

Remark 2.16. Note that in the case A = 0, the measure p4 is the
Markov probability associated to the line stochastic matrix with all
entries equal to é. We denote by the probability (o, the measure of

maximal entropy. It is the unique invariant probability with entropy
logd. B

About uniqueness

This subsection can be avoid in a first lecture. The reasoning bellow
can be seen as the description of a simple computable way to get an
equilibrium state, and, moreover, to show that it is the unique one.
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First, we remind

MA([iO ‘e in_1]) = liOBS"(A)(I)inbg AA’/‘i

n—1°

Taking the logarithm of this equality and dividing by n, we get

1 1 1
- logpa([zo ... xp—1]) = ESH(A)(QC) —log Aa+ E(log loo +logrs, ).

If n — +oo, the left hand side term goes to —h,, (for u generic
x). The first summand in the right hand side goes to / Adpa, by

Birkhoff theorem. The last summand goes to zero because [, is a
constant and r has all its entries bound away from 0. This shows
that

Rya —i—/AduA =logA4.

We will now show that for every Markov measure

h(p) + /Adu < A(A). (2.6)

This will show that the probability 4 realizes the supremum of
the free energy among the Markov measures (see [134]). This is a
restrictive result (with respect to the initial problem of maximization
of the free energy among "all" invariant probabilities) but this gives
a hint of the main issues and ideas we are interested here. Actually,
the key point is the relative entropy of two measures (see [89]).

We need the next lemma whose proof can be obtained in [127].

Lemma 2.17. Ifpi,--- ,pq and qi, -+ ,qa, satisfy*

d d
sz' = qu =1
j=1 j=1

with p; >0, ¢, >0,1=1,---,d, then,

d d d
i

> ailogg — Y gilogpi = _qi log % >0,
i=1 i=1 i=1 '

and the equality holds, if and only if, p; =q;, i=1--- ,d.

1By convention 0log0 = 0.
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Consider p a Markov measure. We fix the vector m = (71, ..., ma),
and the matrix P, satisfying # P = 7 (which defines this Markov
measure f).

Equation (2.5) yields A(%, j) = log Pa(i, j)+log Aa +log r; —log ;.
By abuse of notation we set r; = r(z) if « € [i]. Then, we get

hu—&—/Adu —Zﬂ'iPij log P;; +/logPA(x0,a:1)

+10g)\,4+/10g7"—10g7"oodu

= —) mPijlog Py + ) miPi;log Pa(i,j) +log Aa
— —

5]
= =Y m Y PjlogP;j — Pijlog Pa(i,j) +log A
i J

N

log Aa,

by Lemma 2.17. Then, (2.6) holds.



Chapter 3

Maximizing measures and
Ground states

3.1 Selection at temperature zero

3.1.1 The main questions

We remind Definition 1.22 which address to the concept of A-maximizing
measure: it is a o-invariant probability p such that

/Ad,u: max /Adu.
vEM,

Existence of maximizing probabilities follows from the compactness
of M, (and the continuity of the map v — [ Adv).

The first kind of problems we are interested in are related to
maximizing measures. We can for instance address the questions:

1. For a given potential A, how large is the set of maximizing
measures 7

2. How can we construct/get maximizing measures ?

3. For a given maximizing measure, what we can say about its
support 7

36
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We have already mentioned above the relation between maximiz-
ing measures and equilibrium states (see Proposition 2.11). Assume
that A is Holder continuous, then, any accumulation point for ug is a
A-maximizing measure. We point out that, for simplicity, from now
on, we replace all the subscribed 3.4 by 3.

The relation between equilibrium states and maximizing measures
motivates a new definition:

Definition 3.1. Let A be Holder continuous. A o-invariant probabil-
ity measure p is called a ground state (for A) if it is an accumulation
point for pg, as 3 goes to +oo.

Remark 3.2. The Holder continuity of A is only required to get
uniqueness for the equilibrium state for 5.A. B

After last chapter, clearly a ground state is a A-maximizing mea-
sure, but a priori a maximizing measure is not necessarily a ground
state. The natural questions we can address are then:

1. Is there convergence of 13, as 3 goes to +00 7

2. If there is convergence, how does the family of measures g
select the limit ?

If the limit for pg, as B goes to 400, exists, we say that p =
limg_ 1« pp is selected when temperature goes to zero.

We remind that if ji001 and piog,2 are two invariant maximizing
probabilities, then any convex combinations of these two measures
is also a maximizing measure. This gives a hint of how difficult the
problem of selection is. There are too many possibilities.

In case of convergence, one natural question is then to study the
speed of convergence for p1g. More precisely, if C' is a cylinder such
that C N A = 0, then ﬁlim pa(C) = 0 (because any possible accu-

— 400

mulation point gives 0-measure to C'). It is thus natural to study the
possible limit:

1
lim —

S 5 log(ps(C)).

1
We will see that this question is related to the behavior of B log Hg.

Then we address the question:
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1
1. Is there convergence of the family B log Hg, as (3 goes to +00?

1
2. If there is convergence, how does the family of functions 3 log Hg

select the limit ?

1
In the case V = limg_,o 3 log Hg we say that V was selected

when temperature goes to zero.

3.1.2 A naive computation. The role of subactions

We explore here a different but related question: consider A : Q@ — R
Lipschitz and § > 0. The transfer operator yields for every z,

d
PO Hy(x) = P40 Hy (i), (3.1)
i=1
where all the subscribed (3.4 have been replaced by [ for simplicity.
Hp denotes the main eigenfunction (properly normalized) for SA.
We have seen that, if 5 goes to +oco, there is control on the Lips-
chitz (or, Holder) constant, more precisely, this control exists at the

1
— log-scale.
p

1
Actually, Proposition 2.12 shows that the — log Hg form an equicon-

tinuous family. There are different choices for normalizing the family
of eigenfunction of the Ruelle operator in order to get that the family
is bounded (independent of 3), but we will not elaborate on this in the
moment. We can consider an accumulation point of this sequence,
say V, and we can show it is Lipschitz continuous. For simplicity
we keep writing § — 400, even if we actually consider subsequences.

1
Then, taking 3 log of (3.1), considering 8 — +00, equality (2.4) (and
some more effort) implies

m(A)+V(x) = max {V(iz) + A(iz)} . (3.2)

We will show in a moment a proof of this result in a particular
case
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Definition 3.3. A continuous function u :  — R is called a cali-
brated subaction for A : Q) — R, if for any = € 2, we have

u(e) = max [A(y) +u(y) - m(A)] (33)

We will show the proof of a particular case of the general result
we mentioned above.

Theorem 3.4. Assume A is a potential which depends on two coor-
dinates. Suppose 3, is such that for each j

lim ﬂilogzﬂw“(j) =V (j).

n—00 Un
Then, V is a calibrated subaction.

To get this result we consider the eigenvalue equation: for each 3
and for each 1 < j < d, we have

A B A(,9)

d
Z NBA) P

i=1
184 o Alin )
)\(ﬁ A) 174
attains the maximal possible value among the i € {1,2.,,.d}.
For a fixed j there exists a i; € {1,2.,,.d} such that the value 4/,
is attained an infinite number of times.

For each j and 3,, there exist a i, = i/, such that,

Remember that limg_, P('gA) = limg_. o

log(Aéﬁ A) _ m(A).

Therefore,

d_[PnA 0B Ali)

1
0=—1o i )<
Bn g(Z A(Bn A) 1574 )<
1 dlﬁ" eﬁn A(ig,5)
(ﬁn Ay A

Aliy,J) + —log 1P A(i;) — [7 log 1% 4(j) — 5i log A(f A).

) <
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Now, taking limit in the above expression, when n — oo, we get
for each fixed j

0 < A(i5,4) + V(i) = V(i) —m(A).
In this way, for each j we get

VG)+mA) < max (AGJ) + V)

In the case, for a given j there exists ¢ and € > 0, such that,
V(j)+ m(A)+e< A(i,j) + V (i),
then,
1BnA B Ali,5)
<5
A(Bn A) 15

for some large n. But, this is a contradiction.
O
In the case the maximizing probability for A is unique, then, from
[48] [59], there exists the limit

1
lim = logl?4 =V.

1
Consequently, any accumulation point for B log Hp is a calibrated

subaction. Now, Equality (3.2) yields for every i and every =z,
Aliz) < m(A) + V(x) — V(iz),

which can be rewritten as A(y) = m(A) + Voo(y) — V(y) + g(y),
where g is a non-positive function. By Proposition 2.12 it is also
Lipschitz continuous.

Note that in the case u is a calibrated subaction, then, u + ¢,
where c is a constant, is also a calibrated subation. We say that
the calibrated subaction is unique, if it is unique up to an additive
constant. One can show that in the case there is more than one
maximizing probability, the calibrated subaction is not unique.
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A calibrated subaction u satisfies
u(o(x)) —u(x) — A(z) + m(A) > 0.

Remember that if v is invariant for o, then for any continuous
function u :  — R we have

/ [u(o(x)) —u(x)] dv = 0.

Suppose p is maximizing for A and u is a calibrated subaction for
A. Tt follows that for any x in the support of po, we have

u(o(z)) —u(z) — A(x) + m(A) = 0. (3.4)

Indeed, g(z) = u(o(x)) — u(x) — A(x) + m(A) > 0, and the integral
[ 9(x)du(z) = 0.

In this way if we know the value m(A), then a calibrated subaction
u for A help us to identify the support of maximizing probabilities.
The equality to zero in the above equation can be true outside the
union of the supports of the maximizing probabilities i (see example
of R. Leplaideur in [111]). It is known that generically on the Holder
class on A the equality is true just on the support of the maximizing
probability.

The study of the ergodic properties of maximizing probabilities is
the purpose of Ergodic Optimization.

Now we recall some questions already stated in the introduction
of this chapter:

1
1. Is there convergence for 3 log Hg as 3 goes to 400 7

1
2. If there is convergence, how does the family of functionsB log Hg

select the limit ?

1
We also remind the reader that in the case V = limg_, 3 log Hg

we say that V was selected when temperature goes to zero.

Given a general Holder potential A can be exist calibrated subac-
tions which are not selected. The ones that are selected are special
among the calibrated subactions.
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Example. For Q = {1,2}" we study the convergence and the selec-
tion at temperature zero.

Suppose A is a two by two matrix.

If A(1,1) is strictly bigger than the other A(1,7) there is a unique
maximizing probability with support on d1. There is only one cali-
brated subaction up to an additive constant, therefore we get selection
of subaction and probability. A similar result happen when A(2,2)
is strictly bigger than all the other A(i, 7).

Suppose now that A(1,1) = 0 = A(2,2), and, moreover that
A(1,2),A(2,1) < 0.

Using the notation of previous sections we have that Hf = lf ,
i =1,2. The equation for the right eigenvalue rf of A is the equation
of the left eigenvalue for the symmetric matrix A®.

Then, we get the system

(\s — DH] = P40 HY, (3.5)

(Mg — 1) Hf = 2402 gl (3.6)

The trace of the matrix with entries 407 is 2 and the determi-
nant is 1 — e (A(L2+A1) - Solving a polynomial of degree two we
get the maximal eigenvalue

Ag =1+ VePlALDFTAR D],

We can take HY =1 and HY = ¢# 3 [A21)-A0.2)],
In this case V(2) = limg_, % log HQ'B = 0 and, moreover, we have

V(1) =limg_.oo 5 log HY = F[A(2,1) — A(1,2)].
In this case we have selection of subaction assuming the normal-
ization Hg =1 for all g.

An easy computation shows that in this case l? = rg A

and lg =7.
We can assume the normalization rf + 7“26 =1 and lf rf + lg 7“26 =1

Therefore, pug([1]) = 19 r? =15 rf = 115([2]). In this case we have
selection of the probability %(5100 + %620@ in the zero temperature limit.

Concerning the first question which concerns measures (question
1), there is one known example of non-convergence (see [46]), when
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B8 — oo. Let us now gives some more details in the last question.
Obviously, if there exists a unique maximizing measure, we have con-
vergence because there is a unique possible accumulation point. In
this case the question is not so interesting.

Let us then assume that there are at least two different maxi-
mizing measures fimaz,1 aNd fmaer2. Just by linearity, any convex
combination of both measure p; = tfmaz,1 + (1 — ) thmax,2, t € [0, 1],
is also a A-maximizing measure. The question of selection is then to
determine why the family (or, even a subfamily) choose to converge
to some specific limit, if there are so many possible choices.

Among maximizing measures a special subset is the one whose
elements are ground states, a notion (and a terminology) that comes
from Statistical Mechanics, as we said before. One of the most fa-
mous examples is the so called spontaneous magnetization: consider
a one-dimensional lattice with spins which can be up (say +1) or
down (say -1). At high temperature there is a lot of randomness in
the spins. But, if the temperature decreases, then, the behavior of
the spins change in the lattice, and, at very low temperature, a given
arrangement of spins in the lattice, is such that they are all up or they
are all down. This procedure modifies the magnetic properties of the
material. In Statistical Mechanics (3 is the inverse of the temperature,
thus, # — 400 means to approximate zero temperature. The main
goal is thus to develop mathematical tools for understanding why
materials have a strong tendency to be highly ordered at low tem-
perature. They reach a crystal or quasi crystal configuration. This
is also called the spontaneous magnetization when temperature de-
creases. An invariant probability with support in a union of periodic
orbits plays the role of a "magnetic state".

A main conjecture in Ergodic Optimization claims that for a
generic potential in the Holder topology the maximizing probabil-
ity is a unique periodic orbit (for a partial result see [48]).

Note that Gibbs states for Holder potentials give positive mass to
any cylinder set. In this case, for any positive temperature, there is no
magnetization. In the limit when temperature goes to zero the Gibbs
state may, or may not, split in one or more ground states (which
can have, or not, support in periodic orbits). All these questions are
important issues here.
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We point out that when the potential is not of Holder class it is
possible to get "Gibbs states" which have support in periodic orbits
even at positive temperature.

Questions about selection of subactions naturally appears in this
problem.

3.1.3 Large deviations for the family of Gibbs mea-
sures

In the study of Large Deviations when temperature goes to zero one
is interested in the limits of the following form:
1
lim —lo ), 3.7
i 5 log 115(C) (3.7)
where C is a fixed cylinder set on €.

In principle, the limit may not exist. We remind that general
references in Large deviations are [52] [53]).

Definition 3.5. We say there exists a Large Deviation Principle for
the one parameter family pg, 5 > 0, if there exists a non-negative
function I, where I : ¥ — R U {oco} (which can have value equal
to infinity in some points), which it is lower semi-continuous, and
satisfies the property that for any cylinder set C' C X,

1
lim —lo C)=—inf I(x).
phm g log s a(C) = — inf I(x)
In the affirmative case an important point is to be able to identify

such function I.

Theorem 3.6 (see [12, 109]). Assume that A admits a unique maz-
imizing measure. Let V' be a calibrated subaction. Then, for any
cylinder [igiy...1n], we have

lim
,8*)00

%logpﬂ([igil...in]) =— inf {I(x)},

TE[lot1...in]

where
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In the proof of the above theorem in [12] it is used the involution
kernel which will be briefly described in a future section. For a proof
of this result without using the involution kernel see [109].

In the case the potential A depends on two coordinates and the
maximizing probability is unique we get

oo

I(x) = (o, @100y k) = Y [V(wj1)=V (@)= Alwj, xi41)+m(A) .
7=0

Example. Assume that the potential A depends only on two coor-
dinates, say A(x) = A(x1,x2).

We have seen that in that case
_ lﬁ B.Sn(A)(z)— nlog)\BA 8

g = ([io .. in-1]) = Tin 1
where 17 = (1¥,...,15) and v = (... 7) are respectively the
left eigenvector and the right eigenvector for the matrix with entries
eB-Al7) and Ag.4 is the associated eigenvalue (and the spectral radius
of the matrix).

Studying the Large Deviation, we are naturally led to set

Bh_)n;o Elogﬂﬁ([zozl...zn,l]) = [A(ig,i1) + . + Ain—2,in—1) ]+

1
hm log lﬁ o)io ﬁlim 3 log riﬁnil —n.m(A). (3.8)

HOO ﬁ — 00

The main problem in the above discussion is the existence of the
limits, when 8 — oo.
In the case there exists the limits

lim flog P=v
B—oo 3

and

hm - log =V,
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we get the explicit expression
o1 L
ﬂh_)n;o 3 log pg([iot1...in-1]) =

[A(i(), 21) + ...+ A(in_g, Z.n—l)] + V(ZQ) - V* (in—l) - nm(A) (39)

There is a need for understanding better the relation of I? and
rP. This is sometimes not so easy as we will see in an example which
will be presented in the last chapter.

3.1.4 Uniqueness and lock-up on periodic orbits

One can ask questions about the behavior of typical trajectories of
maximizing probabilities. From the classical result given by Birkhoff’s
we know that in the case p is a maximizing measure, then, for u-
almost every z,

n—1
1 ,
lim i(x) = - .
lim anOAoa () = m(A) /Adu

In this case we say that this orbit beginning in x is A-maximizing.
It is natural to analyze the problem under this viewpoint:

1. How can we detect that an certain given orbit is A-maximizing?

2. What is the relation of maximizing measures with maximizing
orbits?

3. What are the main properties of the A-maximizing orbits?

We will see that this point of view will produce methods which will
help to solve the cohomological inequality:

AZm(A)+VoT-V. (3.10)
Definition 3.7. A coboundary is a function of the form ¥ o o — 1.
Exercise 10

Show that a coboundary has zero integral for any o—invariant mea-
sure.
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We mentioned above the notion of crystals or quasi-crystals. In
our settings crystals means periodic orbits; we will not deal with the
question of quasi-crystal in this text. Consequently, an important
point we want to emphasize here is the role of the periodic orbits.
Nevertheless, the regularity of the potential is of prime importance
in that study. The analogous results for the class of Continuous
potentials and the class of Holder Continuous potentials can be very
different.

Theorem 3.8 (see [27]). Generically for the CO-norm the potential
A has a unique maximizing measure. This measure is not-supported
i a pertodic orbit.

We shall give the proof of this theorem inspired from [27]. We
emphasize that this proofs can be extended (concerning the unique-
ness of the maximizing measure) to any separable space. A proof of

generic uniqueness for Holder continuous functions can be found in
[48].

Proof. The set C°(Q) is separable. Let (¢,) be a dense sequence
in C°(2). Two different measures, say p and v, must give different
values for some 1,,. This means

{4, #M oz > 1} {A7 In 3, v € Moppas /wn dv #+ /¢n du}

U{A, 3, v € Monas /wndu;é/wndu}
= UU{A dp, v € Mpas /wndu—/wndu’ 2;}
Set Fy o = {A7 dp, v € Mpas /andu—/wndu’ > ;L} We

claim that theses sets are closed. For this we need a lemma:

Lemma 3.9. Let (A;) be a sequence of continuous potentials con-
verging to A. Let py be any mazimizing measure for Ax and p be an
accumulation point for py,.

Then, kgrfoom(Ak) =m(A) and p is a A-mazimizing measure.



48 [CAP. 3: MAXIMIZING MEASURES AND GROUND STATES

Proof of Lemma 3.9. For any € > 0, and for k sufficiently large,
A—e< A, <A+e.

This shows m(A) —e < m(Ar) < m(A) + e. Furthermore, we have
m(Ag) = /Ak dug, m(A) = /Adu and (up to a subsequence),

i lim Apdu, = | Adp, because py converges to p on the weak*
——+00
topology and Ay goes to A on the strong topology. O

We can thus show that the set F,, ,, is closed in C°(2). Indeed,
considering a sequence Ay converging to A (for the strong topology),
we get two sequences (py) and (vg) of Ap-maximizing measures such

that
L/¢nmw-i/dmdw

We pick a subsequence such that uy and v, converge for this sub-
sequence. Lemma 3.9 shows that the two limits, say p and v, are
A-maximizing and they satisfy

frea o

To complete the proof concerning generic uniqueness, we need to
prove that the sets F}, ,,, have empty interior.

For such A, we claim that the function & — m(A+¢.1,) is convex
but not differentiable at ¢ = 0. Indeed, assume p and v are A-

maximizing and
1
[ondnz [vnavs .
m

then the right derivative is bigger than / ¥y, du, and, the left deriva-

1
> —.
m

1
> —.
m

tive is lower than [ v, dv.

It is known that a convex function is differentiable Lebesgue every-
where (actually everywhere except on a countable set), which proves
that there are infinitely many ¢ accumulating on 0 such that A+¢.9,
cannot be in F, ;.
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Let us now prove that, generically, the unique maximizing mea-
sure is not supported on a periodic orbit.

Let us consider some periodic orbit O and e the associated in-
variant measure. If A is such that pe is not A-maximizing, then
for every A, closed, po is still not A.-maximizing (see the proof
of Lemma 3.9). This proves that the set of A such that pe is A-
maximizing is a closed set in C°.

In order to prove that it has empty interior, let consider A such
that pe is A-maximizing, and some measure p closed to pue in the

weak* topology. This can be chosen in such way that / Adp >
m(A) — e, with € > 0 as small as wanted.

There exists a set K. such that puo(K.) < € and p(K;) > 1 —¢,
and, then, we can find a continuous function 0 < ¥, < 1, null on the

periodic orbit O, and, such that, /wg du >1—2e.
Then,

/A + 26t dpuo = m(A) < m(A) — e+ 2 — 4 < /A+ 2e.9c dpe.

This shows that pep is not A 4 2e1).-maximizing, thus the set of
potentials such that pe is maximizing has empty interior.

As there are only countably many periodic orbits, this proves that
generically, a periodic orbit is not maximizing. O

It is known that generically on the Holder class the maximizing
probability for A is unique (see [48]).

Let us thus mention an important conjecture:

Conjecture. Generically for the Lipschitz norm, the potential A
has a unique mazximizing measure and it is supported by a periodic
orbit.

The main results in that direction are:

Theorem 3.10 (see [138]). Let i be a mazimizing measure for the
Lipchitz potential A. Assume p is not supported by a periodic orbit.
Then, for any € > 0, there exists A. e-closed to A for the Lipschitz
norm such that p is not Ac-mazximizing.
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Theorem 3.11 (see [48]). Let A be Lipschitz which has a unique A-
mazimizing measure i. Assume that u has periodic support. Then,
there exists € such that for every Ag e-closed to A (for the Lipschitz
norm), u is the unique A-mazimizing measure.

Theorems 3.11 and 3.10 show that the unique possibility for a
maximizing measure to keep being maximizing for small perturbation
in the Lipschitz norm is that it is supported by a periodic orbit. This
is the lock-up on periodic orbits. The extended version of Theorem
3.8 for the Lipschitz norm would imply that generically there is a
unique maximizing measure. Nevertheless, this conjecture is not yet
proved on the full extent. A partial result in this direction is [48].

Questions about ground states which have support on periodic
orbits are questions about magnetization at temperature zero.

On the other hand, it is extremely simple to get an example
with non-uniqueness for the maximizing measure. Let K be any o-
invariant compact set such that it contains the support of at least
two different invariant measure (in other words K is not uniquely
ergodic). Then set

A= —d(,,K).

Then, A is Lipschitz and any measure with support in the set K is
A-maximizing. It is so simple to get examples where uniqueness fails
that generic uniqueness cannot be seen as sufficient to consider the
problem as solved.

The problem of selection is so fascinating, that, in our opinion, is
interesting in itself.

3.1.5 First selection: entropy criterion

In this section we consider A : ) — R a Lipschitz continuous po-
tential. Note that in that specific case, results also hold for Holder
continuous potentials. We denote by M, the set of maximizing
measures.

Definition 3.12. The Mather set of A is the union of the support
of all the A-maximizing measures.
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Theorem 3.13. Any ground state has mazimal entropy among the
set of maximizing measures. In other words, any accumulation point

loo for pg satisfies
hy. =max{h,,v € Mpaz}.

Proof. First, note that M, is closed, thus compact in M. The en-
tropy is upper-semi-continuous, then, there exists measures in M4
with maximal entropy.

Let jioc be such a measure, and set hy,qe = hy_ . Then, we get

B+ Bm(A) = B + ﬂ./Aduoo <P(). (3.11)

We remind that 8 — P(8) admits an asymptote as 8 — +oo,
which means that there exists some h such that

P(B) = h+ B.m(A) + o(B),

with ﬁlir_{l o(B) = 0. Then, Inequality (3.11) shows that h,q. < h.
— 400
Now consider jio any accumulation point for pg3. Theorem 2.11 says

that peo is A-maximizing. On the other hand,

ot Ban(4) + o) = P(8) = hy, + 5. [ Adua < by, + Bm(4)

yields hmaz 2 by, 2 limsuphy,, 2 b 2 hinae- O]
ﬁ~>+00

Remark 3.14. In Statistical Mechanics, h,q. is called the residual

entropy: it is the entropy of the system at temperature zero, when it

reaches its ground state. B

Consequently, if the Mather set admits a unique measure of max-
imal entropy, g converges to this measure, as 5 — +oo.

We have seen in Proposition 2.11 that the pressure function § —
P(B) admits an asymptote as § — +oo. Actually this asymptote is
given by

hmaz + B-m(A).

Theorem 3.13 justifies the study of the set of maximizing orbits.
This is the goal of the next section.
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3.2 The Aubry set and the subcohomolog-
ical inequality

3.2.1 The Aubry set and the Mané potential

Theorem 3.15. There exists an invariant set A, called the Aubry
set, which satisfies the following properties:

1. A contains the Mather set, or, equivalently, any A-mazximizing
measure has its support in A.

2. Restricted to A, A —m(A) is equal to a Lipschitz coboundary.

This theorem helps to answer the question: how can one detect
maximizing orbits 7 The terminology is borrowed from the Aubry-
Mather Theory (see [115] [47] [56] [114] [66]).

Definition 3.16. Given A, the Mané potential is:

Sa(z,y) =
li_)rr& [sup { ”il [A(c"(2)) — ma] ’ neN, o"(z) =y, d(z,z) < EH
=0

The Maifié potential S4(z,y) describes in some sense the "optimal
way" to go from z to y, following the dynamics, and also maximizing
the “cost” given by A. For a fixed ¢, the supremum may be not
attained by a finite piece of orbit.

We point out that for a fixed x the function y — S(z,y) is Holder.
Nevertheless, for a fixed y the function x — S(x,y) is not necessarily
continuous.

Proof of Theorem 8.15 . The proof has several steps. We set A :=
{x € Q|Sa(x,z) = 0}. Let us check that A satisfies the required
conditions.

e some useful equations.
Let us pick any calibrated subaction V. We remind that this means

Vio(x)) = Alz) —m(A) + V(2),
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which can be written on the form
A(x) =m(A)+Voo(x) — V(x) + g(x), (3.12)

where g is a non-positive Lipschitz-continuous function.
Let z be in Q. Equality (3.12) yields

Sp(A—m(A)(2) = Sp(9)(z) + Voo"(z) — V(2). (3.13)
Now, pick y and consider z such that ¢™(z) = y. This yields
Suld — m(A))(2) =Su(9)(2) + V() — V(2) <
9(2) +V(y) = V(z) < V(y) = V(2). (3.14)
Therefore, for every x and y, the continuity of V' shows
Sa(z,y) <g(x)+V(y) = V(z) <V(y) = V() (3.15)

e The Aubry set contains the Mather set.
We show that if p is a A-maximizing ergodic measure, then, supp p C
A. This will imply, in particular, that A4 is not empty. Consider x a
generic point for u (and, also in the support of ). As V' is Lipschitz,

1
then, Equality (3.13) used for z := x yields lim —S,(A—m(4))(z) =
n—oo N

0. Consequently, g is a non-positive function satisfying / gdu = 0.

Since p is ergodic and g is continuous, we have that gsupp, = 0.
This implies, as we have shown before,

Alw) = m(A) + Vo o(a) — V(a),

for every = € supp p.

Now, z returns infinitely many times as closed as wanted to itself
(see Proposition 1.20). This yields that for a given ¢ = 5k, there are
infinitely many n; such that

T =2oT1.. . Tp;—1T0L1++-TN—-1 -

Equivalently, this means that the word z ...zx_1 appears infinitely
many times into r = xpz .. ..
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This yields that for such n;, the word
Z=20T1...Tp;—1T,

coincides with z for at least n; + IV digits. Lipschitz regularity for A
and g yields
1

[ (A)(2) = Sn, (A)(2)] < C

i o and [Sn;(9)(2) = S (9)(2)] < o

oN
Remind that g o 0¥(x) = 0 for every k because = belongs to supp .
Remember that V' is Lipschitz continuous. Therefore, we get

1 1
27N,O' (Z):xand d(Z,l') gw

1S, (A=m(A))(z)] <C
This yields that Sa(z,z) > 0 and Inequality (3.15) yields Sa(x,x) <
0. Therefore, x belongs to A.

e We prove that A — m(A) restricted to A is a coboundary.
Let = be in A. Note that Inequality (3.15) yields

0 < Sa(z,z) <g(x) <O,

which shows that ¢ is equal to 0 on A. Therefore, A — m(A) is a
coboundary on A.

The last point to check is that A is o-invariant. Let x be in
A. Take a fixed €g > 0 and suppose that z satisfies 6" (z) = 2 and
d(z,z) < e. Then,

Su(A)(z) = A(z)+Aoco(z)+...+A0c" ! (2)

= Ao(2)) +.. +A00” *(0(2)) + A(2)
= Al0(2) +...+ Ao d"*(0(2)) + A(z) + A(2) — A(z)
= Sa(A)(0(2)) + A(2) — A).

Note that d(o(z),0(z)) = 2d(z,x) < 2¢ and |A(z)—A(x)| < C.d(z,z) <
2Ce. Taking the supremum over all the possible n, for fixed e, and
then letting ¢ — 0 we get

Sa(x,z) = Sa(o(z),o(x)).
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Proposition 3.17. The Aubry set is compact.

Proof. The definition of S 4 yields

Sa(z,x) = ;li% sip{Sn(g)(z), o"(z) =z d(z,z) < e}.

The function g is non-positive, thus S, (g)(z) is always non-positive.
We claim that Sa(x,z) = 0 holds, if and only if, for every n, there
exists z, such that ¢™(z) = x and S,(g)(2) = 0. Now, Lipschitz
continuity of ¢ shows that this condition is closed: if z does not
satisfies this condition, there exists n such that for every z, satisfying
0" (z) = x, we get S, (9)(z) < 0. This is obviously true for every a’
sufficiently close to x. Therefore, the set of x such that S(x,z) =0
is a closed set.

We now prove the claim. If the later condition is not satisfied,
then pick ng such that for every ng-preimage z of z, S,,(g)(z) < 0.
The set of ng-preimages is finite, thus, there exists € such that for
every z

o™ (z) =z = Sy, (9)(2) < —e.

Now, for n > ng and z such that ¢”(z) = z,

Sn(9)(2) = Sn—no(9)(2)+5n, (9)(0" 7" (2)) < Sny(9) (0" (2)) < —e.

This shows Sa(z,z) < —e < 0.
Conversely, assume that S4(x,z) = 0. Pick ng and then consider
a sequence of n-preimages z, of x converging to x such that

Sn(9)(2n) —n—oo 0.

Consider the new sequence of points &, := 0™ ™ (z,). Each &, is a
no-preimage of x, then, there exists z, such that, c™(z) = z, and for
infinitely many n, we have &, = z. Therefore, considering only these
n’s we get

0> Sn,(9)(2) 2 Snlg)(zn),
and the right hand side term goes to 0, if n — +4o00. This yields

Sno(9)(2) = 0, and this holds for every n.
O
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3.2.2 The Aubry set for locally constant poten-
tials
Here we consider a potential A depending on 2 coordinates, that is:

A(zoxi29...) = A(x0,21). We set A(i,5) for A(x) with x =4j....
Note that in that case Hg is constant in each 1l-cylinder set [¢].

This also holds for —log Hg, and, then, for any accumulation point

V. Indeed, recall that LHg = AgHgz. We can get the function Hg by
the expression

1R LFI(w)
k=0 B

Note that

Ll(zozy...) = Z ePAGT) ] (poxy .. .) = Z ePALTo),
i€{1,...,d} i€{l,...,d}

Iterating k times the action of the operator L, we get

il )= 3 HAG A
ik,ik_l,...,’ile{l ,,,,, d}

Then, the function Hg(zoz1...) depends only on x¢ and so it is
constant in each cylinder of size one [i], as claimed.

If x isin ©Q and z is such that ¢™(z) = = and, moreover, d(z, z) < 1,
then, V(z) = V(z). Hence,

Sn(A —m(A))(z) = Salg)(2) < 0.

If y is in A, g4 =0, then S,,(A —m(A))(y) =V oo™(y) - V(y).
If 0™ (y) and y are in the same 1-cylinder, then S,,(A—m(A4))(y) = 0.
Furthermore, if z is the periodic orbit given by the concatenation
of Yoy1 ... yn—1, then, we get S, (A —m(A))(z) = Sn(A —m(4))(y),
because all the transitions z; — z;41 are the same as for y (for i <
n—1).

This shows that m(A) is reached by periodic orbits.

Definition 3.18. A periodic orbit obtained as the concatenation of
20 ...2n—1 is said to be simple if all the digits z; are different.
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Example. 123123123... is a simple periodic orbit of length 3. By
the other hand 121412141214 .. is not a simple periodic orbit.

One simple periodic orbit of length n furnishes n bricks, which
are the words producing the n points of the orbit :

Example. The bricks of 123123123... are 123, 231 and 312.
Then, the Aubry set A is constructed as follows :

1. List all the simple periodic orbits. This is a finite set.

2. Pick the ones such that their Birkhoff means are maximal. This
maximal value is m(A). Such a simple periodic orbit is also
called maximizing.

3. Consider the associated bricks for all these simple maximizing
periodic orbits.

4. The set A is the subshift of finite type constructed from these
bricks:

(a) Two bricks can be combined if they have a common digit.
On one of the simple loops one glues the other simple loop.
The bricks xpx1 ... 2, and x,¥y1 . .. yr produce the periodic

orbit X1 .- - TpY1Y2 .. - YrTnTox1 .. . TpY1Yy2 .. . YTy ...

Example. It is easy to see that 123 and 345 produce the
new orbit 123453123453 .. ..

(b) Ais the closure of the set of all the periodic orbits obtained
by this process.

We can also define A from its transition matrix. If ¢ does not
appear in any of the bricks, we set T;; = 0, for every j. If ¢ appears
in a brick, set T;; = 1, if ij appears in a brick (for j # ¢). If i is also a

set also Tj; = 1. Set T;; = 0 otherwise. Then, A = Xr.

Example. If the bricks are (up to permutations) abc, cde, fgh, gi
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and fj, the transition matrix restricted to these letters is

O, OO0 OoOoOOo
O OO MR OO OO
OO O OO O O OO
OO O OOO O OoOo
[N eoNeNel  oloNoeNoe N

OO OO OO O OO
[l oNolololoNoll S
DD DO OO OO O
OO OO OO O OO
[N eNeNeoNaoNel Y =N

O i
\/
& @P/—E

Figure 3.1: The graph for T

The set A is a subshift of finite type. It can thus be decomposed
in irreducible components, say A; ..., A.. Each component admits
a unique measure of maximal entropy, say i, ..., u-. Let h; be the
associated entropies. We assume that the order has been chosen in
such way that

hi>hs>...2 h,.

In that case, the topological entropy for A is h;. More precisely,
assume that jg is such that

hlihgi...:hjo>hj0+1>hj0+2....
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Then, A admits exactly jo ergodic measures of maximal entropy h;.
Any ground state is a convex combination of these jy ergodic mea-
sures.

In that special case, it is proved that there is only one ground
state:

Theorem 3.19 (see [33, 91, 45|). If A depends only on two coordi-
nates, then g converges, as 3 — +oo.

Example. In the previous example, A has two irreducible compo-
nents. The first one has entropy %log2 ~ 0.23. The second one has
entropy ~ 0.398. In that case the ground state is the unique mea-
sure of maximal entropy, which has support in the second irreducible
component.

3.2.3 Some consequences of Theorem 3.19

A dual viewpoint for the selection problem is the following: for every
(3 the probability pz has full support. One can say that a measure, in
our case the probability pg, can be represented by its set of generic
points (see Remark 1.21). This set of points is dense in .

For each 8 > 0, this set remains dense in 2, but in the limit, when
8 — 400, this set accumulates on the Aubry set A. More precisely,
it is going to accumulate on the irreducible components which have
positive weight for some ground state.

The selection problem is thus to determine what are the compo-
nents of A where this set of generic points for ;g accumulates.

It may happen that an irreducible component of A has maximal
entropy but has no weight at temperature zero. In [91], the author
introduced the notion of isolation rate between the irreducible compo-
nents and showed that only the most isolated component have weight
at temperature zero.



Chapter 4

The Peierl’s barrier

4.1 Irreducible components of the Aubry
set

4.1.1 Definition of the Peierl’s barrier

We have seen above that if A depends on two coordinates the Aubry
set A is a subshift of finite type. It thus has well-defined irreducible
components, each one being the support of a unique measure of (rel-
ative) maximal entropy. In the case of a more general potential A,
there are no reasons why A should be a subshift of finite type. Actu-
ally it can be any invariant subset as it was shown above : pick any
compact set A and consider A := —d(., A).

Given that, it is not obvious how define the irreducible compo-
nents of A and how to determine the measures of maximal entropy.

Definition 4.1. The Peierl’s barrier between x and y is defined by

h(z,y) = liH(l) limsup {S, (A —m(A))(z), 0" (z) =y d(z,z) < e}.
€=U n—ooo
We remind that we got A = m(A) + Voo —V + g, where V
is a calibrated subaction (obtained via a converging subsequence for
1
6

log Hg) and g is a non-positive Lipschitz function. Replacing this

60
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expression for A into the definition of the Peierl’s barrier we get

h(z,y)=lim limsup {5,(9)() +V(y) = V(2), 0"(2) =y d(=,2) <e}

= lim limsup {S,,(9)(2), 0" (2) =y d(z,z) <e} + V(y) — V().

€=U n—oo
This shows that to compute h(x,y), we morally have to find a
sequence of pre-images for y which converges as fast as possible to x.

We shall see later that it is of prime importance the equality h(z,y)+
h(y,x) = h(z,x).

Theorem 4.2. For any x, the Peierl’s barrier y — h(z,y) is a Lip-
schitz calibrated subaction. Moreover, h(x,x) = 0, if and only if, x
belongs to A.

Proof. Pick z and y. Consider z such that o™(z) = y, d(z,z) < e.
Note that in Q, z is just the concatenation zg...z,_1y. For ¢’ close
to y (namely yo = y(,), we consider 2z’ := zy...z,_1y’ ; the Lipschitz
regularity for g yields

1Sn(9)(2) = Sn(9)(z)] < C.dly,y),

for some constant C. If we consider a sequence of z realizing the
limsup and then take ¢ — 0, we get

h(z,y) < h(z,y") + C.d(y,y').

The same argument shows h(z,y’) < h(x,y) + C.d(y,y’), and, then
y — h(z,y) is Lipschitz continuous.

Let us show that this function is a calibrated subaction. In this
way, consider y, n and &, such that, 0™ (z) = y and d(z, z) < . Then,
d(z,2) < e and 0"T1(2) = o(y). Moreover,

Snt1(A =m(A))(2) = Sn(A =m(A))(2) + A(y) —m(A).  (4.1)

Consider a sequence of z realizing the limsup for h(z,y), now taking
the limit along the subsequence, and, considering ¢ — 0, we get

Wz, y) + Aly) —m(A) < h(z, 0(y))-

This shows that y — h(z,y) is a subaction. It remains to show that
for a fixed value for y' = o(y), the equality is achieved by one of
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the preimages of 3'. This follows from taking the z’s and the n’s in
Equality (4.1) which realize the limsup for the left hand-side of the
equality. Then, we get

with o(y) = y’. As the reverse inequality holds, the global equality
follows.

Both definitions of the Mafé potential and the Peierl’s barrier are
very similar, except that in the first case we consider the supremum,
and in the other case we consider the limsup. This immediately
shows that

h(z,y) < Salz,y),
and then, h(x,z) = 0 yields Sa(z,z) = 0 (due to Inequality 3.15),
thus x belongs to A.

Let us prove the converse. Take = in A. Consider p > 0 small

and g, such that, for every € < ¢,

sup {Sp(A —m(A))(z), o™(z) =z d(z,x) < e} = —p. (4.2)
n
In the following, we assume for simplicity that x is not periodic, but
the proof can be easily extended to that case.
Inequality(4.2) holds for every e. We will construct a subsequence

(ng) by induction. We pick any ¢ and consider n realizing the supre-
mum up to —p:

Sno (A —m(A))(z0) > —2p with 0™ (29) = x and d(z, z9) < €.
Now we use Inequality(4.2) but with®
g1 <min{d(z,z),0"(z) =y, n<ng}.
We get n1 > ng and z1, such that,
Sy (A —m(A))(z1) > —2p with 0" (21) = and d(z,21) < £;.
We then proceed by induction with

€pt1 <min{d(z, z),0"(z) =y n < ni}.

1Here we use that this distance is positive, that is that z is not periodic.
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Then, we have

—-2p < Sp, (A—m(A))(zk), with 0™ (z) =y and d(x, z;) < €
then
—2p < limsup {Sp(A —m(A4))(2), oc"(z) =z d(z,2) < e}.

n—oo

This holds for every 0 < & < g9, and then h(z,z) > —2p. Now, we
take p — 0, and we get h(z,z) > 0. The reverse equality is always
true, so h(z,z) = 0. O

4.1.2 The irreducible components of the Aubry
set

Now, we show that the Peierl’s barrier allows to define “irreducible”
components of the Aubry set.

Lemma 4.3. For any z, y and z
h(z,y) = h(z, z) + h(z,y). (4.3)

Proof. Let € > 0 be fixed. Consider a preimage y’ of y close to z and
a preimage 2z’ of z close to x. For small ¢, 2’ satisfies 2/ = z(,...2],_12
and then y” := 2{...2),_yy’ is also a preimage of y. The cocycle

relation yields, if 6™ (y') = v,
Sntm(A—m(A))(Y") = Su(A —m(A)(y") + S (A —m(A))(Y).

The Lipschitz regularity shows that S, (A — m(A))(y") differs from
Sn(A —m(A))(Z') by the term +C.e. If we assume that the n’s
and the m's are chosen to realize the respective limsup, the term
on the left-hand side is lower than the limsup. Then, the Lemma is
proved. O

Lemma 4.4. For any x in A, h(z,o(z)) + h(o(z),z) = 0.
Proof. Lemma 4.3 and Theorem 4.2 show that

hz,o(x)) + h(o(z),z) < h(z,x) = 0.
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It remains to prove it is non-negative. The Peierl’s barrier is a sub-
action thus

h(z,o(x)) 2 A—m(A) + h(z,z) = A —m(A).

Pick £ > 0 and consider y, a preimage of x e-close to o(x). Suppose
Y = Y0..-Yn_12. Then, 2’ := xoyg...yn_17 is a preimage of x -
close? to z. In particular A(z’) = A(z) & C.e. We emphasize that it
is equivalent to have 2’ — z or y — o(x).
We assume that these quantities are chosen in such way that
Sn+1(A—m(A))(z") converges to the lim sup, if n goes to +0o. Now,
Sn+1(A = m(A))(2") = A(x') — m(A) + Sn(A = m(A))(y).

Taking n — 400 and then ¢ — 0, the right-hand side term is lower
than h(o(x),z) + A(x) — m(A) and the left-hand side term goes to
h(z,z) = 0. This yields
0 < h(o(z),z) + A(z) —m(A) < h(o(z),x) + h(z,o(x)).
O

Lemma 4.5. Let x y and z be in A. If h(z,y) + h(y,z) = 0 and
h(y, z) + h(z,y) =0, then h(x,z) + h(z,2) = 0.
Proof. Inequality (4.3) shows
h(z,z) + h(z,z) = h(z,y) + h(y,z) + h(z,y) + h(y,z) =0+ 0 = 0.
It also yields h(z, z) + h(z,z) < h(z,z) = 0. O

Lemma 4.5 proves that h(z,y)+h(y,x) = 0 is a transitive relation.

Since it is obviously symmetric and reflexive, then it is an equivalence
relation on A.

Definition 4.6. The equivalence classes for the relation
h(z,y) + h(y,z) =0,
are called irreducible components of A.

Note that x and o(x) belong to the same class, which shows that
the classes are invariant. The continuity for the Peierl’s barrier has
been proved with respect to the second variable for a fixed first vari-
able. It is thus not clear that an irreducible component is closed.

2 Actually 5-close to x.
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4.1.3 The locally constant case

If the potential is locally constant, we have seen in Subsection 3.2.2
that the Aubry set A is a subshift of finite type, for which the notion
of irreducible component has already been defined (see 1.3). We have
to check that the two notions coincide.

We have seen that the irreducible components of a subshift of
finite type are exactly the transitive components. We shall use this
description to show that irreducible components of the Aubry (in the
sense of the Peierl’s barrier) set are the irreducible components (with
respect to subshifts).

Lemma 4.7. Assume A depends only on two coordinates. Let x and
y be in Q. Assume that d(z,x) < i, o™(z) =y, and, moreover, that
there exists 1 < k < n, such that, d(o"(z),z) < . Then,

Sn(A —ma)(2) < Snop(A —ma) (0" (2)).

Proof. We consider a calibrated subaction V. We have seen that it
depends only on one coordinate. We remind that for every &,

A(§) =ma+Vooa(§) —V(E)+9(6) (4.4)

holds, where ¢ is a non-positive function (depending only on 2 coor-
dinates). Now we have

Se(A = ma)(z) = Si(9)(2) + V(o* () - V(2) = Si(g)(2) < 0.

From Lemma 4.7 we claim that for every x and y,

M%M—Sﬂ%w—mw{%mm@@hﬂ@—yﬂ%@<}

Lemma 4.8. Consider some fized y in Q. The map x +— h(z,y) is
continuous

Proof. Consider a sequence (x,) converging to z. Assume that all
these x,, and x coincide for at least 2 digits. Then,

1
d(z,xn) < =

1= d(z,x) <

Z.
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For y and n, consider any z realizing the maximum into the definition
of Sy(xn,y). It also realizes the maximum for S4(z,y) and more
generally for every Sa(zg,y). O

Lemma 4.8 shows that any irreducible components of the Aubry
in the sense of definition 4.6 is closed. It is also invariant. We thus
have to show it is transitive.

Let us consider some components and pick two open sets U and
V (for the components). We still assume that Equality (4.4) holds.
Consider x € UN A and y € V N A. By definition

h(z,y)+ h(y,z) = 0.

By Equality (4.5), h(z,y) is realized by some S, (A — m4)(z) and
h(y,x) is realized by some Sy, (A —ma4)(z’). Moreover, we can also
assume that z belongs to U and 2’ belongs to V.

Indeed, if it is not the case, we can always follow preimages of x
in the component A which are exactly on the set g~ ({0}).

>From the two pieces of orbits which are z,0(z2),...,0"(z) and
Z'o(2'),...,0™(%") we can construct a periodic orbit. Denote by &
the point of this periodic orbit in U. Then, we claim that

h(y,f) = h(yvx) = Sm(A - mA)(Z/)

and,

This shows that £ belongs to A and to the same component than
y. Therefore c™™(U) NV # () and the component is transitive.

4.2 On the road to solve the subcohomo-
logical inequality

4.2.1 Peierl’s barrier and calibrated subactions

From properties of the Peierl’s barrier we get the following result: a
calibrated subaction is entirely determined by its values on the Aubry
set.
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Theorem 4.9 (see [59]Th. 10). Any calibrated subaction u satisfies

for any y
u(y) = suplh(x,y) + u(x)], (4.6)
x€A
Proof. We show that any calibrated subaction u is entirely deter-
mined by its values on the Aubry set A.
Let us thus consider some calibrated subaction u. Let y be in €.
Let y_1 be any preimage of y such that

u(y) = A(y-1) — m(A) + u(y-1).

More generally we consider a sequence y_,, such that o(y_,) = y—n+1
and

w(y—nt1) = A(y—n) = m(A) + u(y—n).

We claim that any accumulation point for (y_,) belongs to A.
Indeed, let us consider some converging sequence y_, , converging to
T.

For k' > k we get 0™ """ (y_n,,) = Y—n,. Therefore, we have

Sy —np (A =m(A)(Y-n, ) = w(Y-n,) — W(Y-n,,),

and, yp, — z yields
Sa(z,x) > 0.

As S4(z,z) < 0 always holds (see Inequality (3.15)) we get that
the limit point x belongs to A.

Now we have that S,, (A — m(A4))(Yn,) = u(y) — u(yn, ), which
yields

h(z,y) = u(y) — u(z).

In particular u(y) < sup,c4{h(z’,y) + u(z’)} holds.

Actually, the reasoning we have just done allows to get a stronger
result. Consider z in {2, then we can write

A(z) = m(A) +uoo(z) —u(z) +9(2),

where ¢ is a non-positive Lipschitz function. Now, consider z, such
that 0™ (z) = y. Therefore,

Su(A = m(A))(z) = uly) — u(z) + Sa(9)() < uly) - u(z).
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This shows that
h(z',y) < uly) —u(z’)

always holds (consider any z’ and take a subsequence of z,, converging
to it). Then, Equality (4.6) holds. O

Moreover, the irreducible component get a special importance :

Theorem 4.10. If x and z are in the same irreducible component of
A, then for any vy,

h(z,y) +u(x) = h(z,y) + u(z).
Proof. We remind two inequalities and an important equality:

hz,y) = h(z,2z) +h(z,y),
>

u(x) h(z,x) + u(z),
0 = h(z,z)+h(z ).
Then,
u(z) +h(z,y) = u(z)+h(z,z)+h(z,y)
> u(z) = h(z,2) + h(z,y) + u(z) — u(2)
> wu(z) —u(z) — h(z,z) + h(z,y) + u(z)
> h(z,y) +u(z).

Exchanging the roles of z and z we get that the reverse inequality
also holds. O

4.2.2 Selection of calibrated subactions

We remind that for a given 5 > 0, the equilibrium state pg is also
a Gibbs measure obtained by the product of the eigenfunction Hg
and the eigenprobability® vg. We also remind that any accumulation

1
point for the family B log Hg is a calibrated subaction.

Uniqueness of the maximizing measure gives a partial answer to
these questions:

Swhich is also the conformal measure.
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Theorem 4.11. Assume that there is a unique A-mazximizing mea-
sure, then all the calibrated subactions are equal up to an additive
constant.

Proof. In that case A is uniquely ergodic and has thus a single irre-
ducible component. If xg is any point of A, Theorems 4.10 and 4.9
show that any calibrated subaction is entirely determined by its value
on xg. O]

We point out that even in that simple case, the convergence for
1
B log Hg is not clear.

In that direction we mention one of the results in [93]. For sim-
plicity we state it using the setting of [15].

Theorem 4.12 (see [93]). Assume that Q = {1,2,3}" and A satisfies

(1) ifz=1...,
Az) == ¢ =3d(x,2®) ifx =2...,
—a<0ifz=3....

1
Then, vg — b1, as B — 400, and, moreover, — log Hg converges.

B

This theorem shows that flatness is a criterion for selection: the
Aubry set in that case is reduced to {1°°}U{2°°} and the two unique
ergodic maximizing measures are the Dirac measures d;~ and Joc.
The potential is “more flat” in 1°° than in 2°°. Therefore, this Theo-
rem says that the locus where the potential is flatter gets all the mass
in the limit of the eigenmeasure, when 8 — oo. In that case this is
sufficient to determine all the calibrated subactions.

More generally if the Aubry set A is not a subshift of finite type,
the problem concerning selection is that

1. there is no satisfactory theory for the analysis of the measure
of maximal entropy for general subshifts.

2. we do not know about the existence or uniqueness of confor-
mal measures (one of the key points in Theorem 4.12 in the
procedure of selection of calibrated subactions).

We shall also see that the problem of selection of subaction is related
to the multiplicity of an eigenvector in the Max-Plus formalism.



Chapter 5

The Involution Kernel

5.1 Introduction and main definitions

In this section we will present the involution kernel which is a con-
cept that is sometimes useful for understanding problems of different
areas: large deviations ([12]), issues of differentiability of the main
eigenfunction and piecewise differentiability of the subaction [111]
[110], optimal transport (see [49] [106],[99],[100]), etc... It is also
related to the Gromov distance on hyperbolic spaces (see [101]).

The main issue here is that is sometimes helpful for understanding
a problem to look for the dual problem.

We recall that the Bernoulli space is the set {1,2,....,d} = Q. A
general element x in the Bernoulli space 2 will be denoted in this
section by z = (zg,1,..,Tn,..). The function o denotes the shift
acting on ().

We will consider another copy of Q which will be denoted by Q.
Points in this set are denoted by w = (wg, w1, wa, .., Wy, ..).

We denote {1,2,...,d}2 = Q = QxQ = {1,2, ..., d}Nx{1,2,...,d}".
Points in this set are denoted by

(w]x) = (w,z) = (...wp... w3, Wa, W1, Wo | Lo, T1, .oy Tpyy - ).

For a fixed ¢ € {1,2,..,d}, the function ¢; : Q@ — Q indicates
the i-th inverse branch of o, i € {1,2,..,d}. This means ¢;(z) =
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(i, 20,21, .., Tn,..). We can also use the notation

ww(l‘) = (TJJO,JU(),Z'l, vy Ty ")7

w € €, in the case, w = (wg, w1, .., Wy, ..). In other words 1, = 1y,

We also denote by ¢ the shift on Q. Finally, T~! is the backward
shift on 2 given by

Til(’w, I) - (&(’LU), 1/}11)0 (l‘))

We will present some general results for a Holder function A which
does not necessarily depends on two coordinates. Later, in this sec-
tion, we will assume that A depends on two coordinates.

It is known [12] [110] that given A : 2 — R Hélder, in the variable
A(z), there exists a dual function A* : @ — R, in the variable A*(w),
and W : Q x Q — R, such that

A*(w) = Ao T Y w,z) + W o T Hw, z) — W(w,x).

The functions A* : @ — R and W : Q x Q — R are both Hélder.
We say that W is the involution kernel and A* is the dual po-
tential for A.

The A*and W are not uniquely defined.

The expression for A* can be also written as

A*(w) = A(wO,$07.'L‘1, )—|—

W(...U/Q,U)l |w0,x0,9:1, ) - W(..,wl,wo | Lo, T, )

We say that A is symmetric if A = A*.
Suppose A is fixed, and W and A* are also fixed. For a given real
parameter 8 we have

BA*(w) = BAoT Y w,z) + W o T (w, z) — BW (w, ).

It follows that for any real 3 we have that W is the involution
kernel and SA* is the dual potential for SA
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Given A, we denote

(z,2',w) ZAOTwn — Aoty ().

n>1

The involution kernel W can be explicitly computed in the fol-
lowing way: for any (w,z) we define W by W(w,z) = Aa(x, 2, w),
where we choose a point 2’ for good [12].

It is known the following relation: for any z,z’,w € Q, we have
that W(w,z) — W(w,z') = Az, 2, w).

We denote ¢ga = ¢35 : € — R the main eigenfunction of the
Ruelle operator for A and A(BA) = A(B) the main eigenvalue. In
the same way we denote ¢ga- = ¢f, where, gga- : Q — R, the main
eigenfunction of the Ruelle operator for BA* and A\(GA)*, which is
the corresponding main eigenvalue.

One can show (see [110]) that A(BA) = A(BA)*.

vg = vga denotes the normalized eigenprobability for the Ruelle
operator for SA, and, v = vga~ denotes the normalized eigenproba-
bility for the Ruelle operator for SA*.

Finally, the probabilities pg = pga = ¢gavga and ,U,Z; = pgar =
¢ vy, are, respectively, the equilibrium states for SA and A*.

In the case A is symmetric we have vg = vj, ug = uj, etc...

We denote the § normalizing constant by

c(B) = log//e’gw(w’z) dvga-(w) dvga(zx),

and

v= Jim Ec(ﬁ)

Therefore,

v= lim % c(B) = supy o {Ww,z) —V(z) - V*(w) —I(z) - I*(w)}.

B—o00

The probability e® "™ () dug 4. (w) dvga(z) (after normalization)
is invariant for the shift & acting on {1,2,..,d}%.
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It is known (see [12]) that

bpalz) = / AW w2)=¢B) qug 4. (w), (5.1)

is the normalized eigenfunction for the Ruelle operator of GA.
Moreover,

dpa-(w) = /eﬁw(w’x)_c(ﬂ) dvga(z), (5.2)

Note from above that we also get

ppa(r) = /eﬁw(w’m)%(ﬁ) (¢pa-(w)) " dpga- (w), (5.3)

and this is a relation between ¢g4- and ¢ga.

The main point above is that, via an integral Kernel €', one can
get information of the eigenfunction via the eigenmeasure of the dual
problem.

We denote respectively by V and V* any calibrated subaction for
A and A*.

If the maximizing probability for A is unique, the maximizing
probability for A* is also unique (see [110]). We can also get a large
deviation principle for pga-.

We denote by I* the deviation function for A* (see [12]). We
presented on the previous section 3.1.3 some basic properties of the
deviation function I for A. The only difference now is that we con-
sider the same for A*.

Suppose V is the limit of a subsequence % log ¢, , where ¢g,
is an eigenfunction of the Ruelle operator for 3, A. Suppose V* is
obtained in an analogous way for A* (using a common subsequence).
Then, there exists v such that

v+ V(z)= S}éls)) [W(w,z) — V*(w) — I"(w)]. (5.4)

This follows from Varadhan’s Integral Lemma (see [52]) and the
fact that I is the Large deviation function for the family pga (see
[100] [111] [48]).
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Then, V is the W(w, x) — I'*(w) — v transform of V* (see [136] for
definitons)
There is a dual expression

v+ Vi (w) = Ztelg [(W(w,z) —V(z) - I(z)]. (5.5)

Note that the above equation is not for a general pair of calibrated
subactions V and V*, it is an equation for selected subactions.

We point out that when A = A* any calibrated subaction V'
obtained via the limit of eigenfunction of the Ruelle operator when
B to oo will satisfy the equation

v+ V(w) = 21618 [(W(w,z) —V(z) — I(z)] (5.6)

for some constant 7.

In the general case (A # A*) we have that the limit calibrated
subaction V satisfies the equation

V) = ma {W00) - max (W0 2) - V) .

Note that there is no v in the above equation.

Under the hypothesis of twist condition for A (to be defined bel-
low), and in the case the maximizing probability has support in a
periodic orbit, the above equation can help to obtain explicit expres-
sion for subactions (see [111] [49]).

We consider now on 2 = {1,...,d}" the lexicographic order. This
order is obtained from the order 1 <2 <3< ... <d.

Following [100] we define:

Q0 xQ — R satisfies the

Definition 5.1. We say a continuous G : = S
= QxQand (d/,b) € OxQ,

twist condition on €, if for any (a, b) €
with @’ > a, b’ > b, we have

G(a,b) + G(d',b') < G(a,b") + G(d',b). (5.7)
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Definition 5.2. We say a continuous A : 2 — R satisfies the twist
condition, if some of its involution kernels W satisfies the twist con-
dition.

The twist condition plays in Ergodic Optimization, in some sense,
the same role as the "convexity hypothesis of the Lagrangian" which
is of fundamental importance in Aubry-Mather theory (see [115], [47],
[56] or [63]).

An alternative definition for the twist condition would be to claim
that for any a’ > a, b’ > b we have

G(a,b) + G(d',b") > G(a,b') + G(d',b). (5.8)

This will make no difference in the nature of the results we will
get.

Several examples of potentials satisfying the twist condition ap-
pear in [100].

Linear combination with positive coefficients of potentials A which
satisfy the twist condition also satisfies the twist condition.

Given z, we denote w, € € any point such that

7+ V(2) = [W(we, 2) =V (we) — I (we) |-

The proof of the above appears in [111].

Proposition 5.3. If A is twist, then x — w, is monotonous non-
increasing, where w, was chosen to be optimal.

For a proof see [111].
The results above were used to show how to get subactions in

an explicit form for potentials A which satisfy some restrictions (see
[111] [100].
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5.2 Examples

We point out that, for some kind of questions, it is more easy to ma-
nipulate expressions with the involution kernel than with the Peierl’s
barrier.

For example, note that if A; and A, are two potentials and

Af(w) = Ay o T N w, z) + Wy o T (w, ) — Wi (w, z),

As(w) = Ag o T Hw, ) + Wa o T~ (w, x) — Wa(w, z),
then the involution kernel for (A; + Az) is (Wi + Wa) and its dual
potential is (A} + A3).
We use the notation W (w, z) = W (...wa, w1, wo | g, 1, X2, ..) and
)A([zk,..ZQ,zl 20 | 0,21, Ty (w7 :L’),
denotes the indicator function in € of the cylinder set
[2ky .22, 21, 20 | T0, X1y - T

All the above was for case of general potentials. Now, we analyze
briefly the case where the potential depends on two coordinates.

The real function on Q denoted by X[a1,a0) 18 such that is 1, if
w = (..wg, w1, wp) = (...wa, ag,a1), and, zero otherwise.

Example.
Given A = X[q44,q,], the indicator function of the cylinder [ag, a1],
defined on €2, then, for any

(w,z) = (...wa, w1, wp | To, 1, T2, ...),

we have

)2[&1,&0]("'102711)17“)0) - A(w()?x(); )+
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Xlao | 1] (w2, w1 | Wo, To, X1, ) = Xag | ay) (---Wa, w1, wo | 2o, T1..).

Therefore the dual potential of A = X(40,a,] 15 A" = X[a;,a0) and
its involution kernel is W = X (4, | a1]-

We point out that in the case the potential depends on infinite
coordinates there is no simple expression for the dual potential (and
the involution kernel)

Any potential A which depends on two coordinates on the full
shift Q = {1,...,d}" can be written in the form

A= ) 0y
i,j€{1,....d}
and therefore, has involution kernel
W = Z Qi j X[i )
i,j€{1,....d=}
and dual potential
A* = Z Qg g X[j,i]-
i,j€{1,...,d}

In this way if we consider A as a matrix, the dual A* is the
transpose of A.

Example. If A : {1,2}" — R, which depends on two coordinates,
satisfies: A(1,1) =2, A(2,2) =5, A(1,2) =7, and A(2,1) = 6, then,
the involution kernel W is

W =2Xu 11y +5X2121 + 77X 2 + 6 X[2,1-
This involution kernel W satisfies the twist condition.

The dual A* of A (via the involution kernel W*) increase the
scope of the concept of transpose for the case A depends on an infinite
number of coordinates.
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Example.
When Q = {0,1} we we denote M}, the cylinder [1111...111 0],
——
k
keN, k> 1.

A well known class of potentials (see [69] [108] [58] [16]) which are
not Holder is the following: suppose 7y is a real positive parameter,
then take A = A, such that

Ay (z) = —~log (k—]:1> ifex e My, k#0
Ay(z) = —log(¢(v)) ifz€[0]

A,(11..)) =0,

where ((y) =177 +277 4+ ---.

We denote bellow by W (k, j) the value of the involution kernel in
the set of points (w|z) = (...wywo | xoT122...) such that w € M}, and
x €M, k,jeN.

The involution kernel W for these potentials satisfy

Wy JH1+k)™

‘ G+ Gk+ D7

C(7)s

k,7 € N. Note that
W(k,j) = W(j, k).

The dual potential A* satisfies A* = A. This involution kernel
satisfies the twist condition.

These class of potentials A, present the phenomena of phase tran-
sition on the one dimensional lattice Q = {0, 1}".

The above example came from discussions with A. Araujo.

Example. Suppose the maximizing probability is unique for A.
Suppose V is the limit of % log ¢, , where ¢ is the eigenfunction
of the Ruelle operator for BA. Suppose V* is the subaction for A*.
If fiypqz is the natural extension of the maximizing probability
oo A, then for all (p*, p) in the support of fi,,4. we have the following
expression taken from Proposition 10 in [12]



[SEC. 5.2: EXAMPLES 79

Vip) + V(") = W(p*,p) — .

The above expression appears in a natural way in problems in
transport theory (see [136]). It is called the complementary slackness
condition. In this case the involution kernel is the natural dynami-
cally defined cost to be considered in the problem (see [100] [111] [49]
[107] [61]). The subactions V and V* define the dual Kantorovich
pair associated to the problem.

We denote by I'* the deviation function for the family of Gibbs
states p1ga+, 8 — 00, according to what was described in section 3.1.3.
Remember that I* is zero over the support of the limit measure % _ 4.

If (p*,p) in the support of fimq, (then, p € [0,1] is in the support
of p1oo 4 and p* € Q is in the support of p_ 4), then

Vip) = sup W(w,p) = V*(w) = I"(w) —v =

Wt p) =V (") = I"(p*) —v= W(p*p) = V*(p*) =7

Remember that V* is the W — I'* — v transform of V.

We point out that in problems on Ergodic Transport the following
question is important. It is known that if V is calibrated for A, then,
it is true that, for any z in the support of the maximizing probability
loo A, We have V(z) + A(z) — m(A) = V(T(z). Generically (on the
Holder class) on A, one can show that this equality it true just on
the support of the maximizing probability. An important issue is to
know if this last property is also true for the maximizing probability
of A* (see [49] for a generic result).



Chapter 6

Max Plus algebra

In this chapter we will not consider dynamical systems and invariant
measures for a while in order to introduce the so called Max Plus
algebra. The results of this section will be used in the next one.

6.1 Motivation

The Max-plus algebra is essentially the algebra of the real numbers
with two binary operations, a®b = max(a,b) and a®b = a+b; there
are many distinct motivations to introduce this mathematical object,
some of them being, for example, from problems in operational re-
search. Let us imagine, for example, a factory where some worker 4
needs to wait for some of his colleagues j and k to finish their tasks,
which takes the times, respectively, T;; and Tj, in order to do his job
(of the worker i) which takes the time a;. Hence, in the factory, the
total time of this work is given by a; + max {T;;, T; }; this value can
be rewritten in the max-plus notation as a; ® (T;; & T;). This shows
that in a larger system involving a larger number of workers and dis-
tinct steps, the max-plus algebra is a convenient and elegant way to
formulate the problem of distribution of tasks in order. One can use
the techniques of this theory in order to make the whole process more
efficient.

80
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From a pure mathematical point of view we can also see this
algebra, for example, as the structure of the exponential growth of
real functions. Given a function h: R — R we define the exponential
growth of h as the limit (if, of course, the limit exists)

e(h) = lim 1logh(gc).

T—-+00 I

To fix ideas, consider the simple case
f(z) =e*" and g(x) = e,

From the definition it is easy to see that e(f) = a and e(g) = b.
Now, what is the exponential growth of fg or f + g7 For fg =
e®®eb® = 211 we have that the function fg grows with a rate of
a+b, say e(f) + e(g). Hence e(fg) = e(f) + e(g) = e(f) ® e(g).
For f + g, we have that f + g = e 4 eb® = emax{able(1 4 o(1)).
Hence, e(f+g) = max {e(f),e(g)} = e(f)De(g). For this reason, it is
not a surprise that this technique appears also in the setting of zero
temperature limits, where we are exactly talking about comparing
certain exponential growth rates.

General references on Max-Plus Algebra are [4], [5], [41], [42], [10],
[43], [55] and [44].

6.2 Notation and basic properties

In this text we use
R=RU—-o0

with the convention that x + (—00) = oo for any x € R.
We endow this set with two operations:

a ® b =max(a,b)

a®b=a-+b.

With this notation, the convention above is rewritten as a ® —oo =
—oo and we also have a @ —o0o = a, showing that —oo is the neutral
element for the binary operation &.
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For the operation ® we have that a®0 = a+0 = a for any a € R,
showing that 0 is its neutral element.

The so called max-plus algebra is then the semi-ring over R defined
by the operations & and ®.

Some of the main properties of this algebra are listed below:
Lemma 6.1. given a,b and ¢ in R ,we have

1- Associativity: a® (b®c) = (adb)®c and a® (b®c) = (a®@b)®c

2- Commutativity: a ®b=bGa andaR@b=b®a

3- Distributivity: a®@ (b®c) = (a®b) ® (a ® ¢)

4- Additive identity: a ® (—o0) = (—oc0) @ a =a

5- Multiplicative identity: a0 =0 a=a

6- Multiplicative inverse: if a # —oo then there exists a unique b
such that a @ b= 0

7- Absorbing element: a @ —00 = —00 ® a = —00

8- Idempotency of addition: a @ a = a.
Proof. We will show just some of the above properties, leaving the
others to the reader.

Distributivity, for example, follows from

a® (b®c) =a+ max(b,c) =max(a+b,a+c)=(a®b)® (a® c).

For the multiplicative inverse, just notice that for any a we can
take b = —a and so

a®b=a+(-a)=0.
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6.3 Linear algebra

6.3.1 Vectors

A d-dimensional vector v is an element of R?, which is denoted by

v = (v1,v9,...,0q), Or, as is usual, represented as a column vector
U1
V2
v =
Vq

Given two vectors u and v in R? and A € R?, we can define the
sum of two vectors as

u@v = (u; B vy, us D vg,...,ugdvg),
and, the product by an scalar as

AQu:=(AQui, A®ua, ..., AR ug).

6.3.2 Matrices

An m x n matrix A is defined as in the usual case. Given two m X n
matrices A and B, we define A @ B as the matrix whose entries are

(A (o) B)” = Aij (o) Bij = max {Aij7 B”}
Given X € R, we also define the matrix A ® A as
A®A);; =20 A =X+ Ay,

>From the basic properties of the operations @ and ®, it is not
hard to see that the matrix operations above satisfies the following
properties:

Lemma 6.2. Given m x n matrices A, B and C, and some A\ € R
we have:
There exists a matriz [—oo| such that

A®[—o0] = A,
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AcB=B® A,
Ae(BaC)= (A B)aC,
A A=A,

A®(A®B)=(A®A) & (A B).

Given an m x n matrix A and an n x [ matrix B we can define
the matrix product AB as

(AB);; = @(A’Lk ® Byj) = max (Aix + Bij) -

Lemma 6.3. Moreover,
(AB)C = A(BQC),
A®AB =A(A® B)=AB® A

If m = n we say that the matrix A is a square matrix of order n.
Consider the matrix

0 —00 —00 —00
—00 0 —00 —00
In = .
—00 —00 0

Then, we can show that
Al, =1, A=A,

for any order n matrix A.

6.3.3 Eigenvectors and eigenvalues

Now consider a n x n matrix A whose entries are elements of R and
a column vector v.
We define the product Av such that

(Az); = P(Ay @ v;) = max (Aij + v;).

J
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For a given A € R we also define
AMW=AQu1,...,AQvp) = (A+v1,..., A+ vp).
In this setting it is a very natural question to look for max plus
eigenvectors and eigenvalues for A, in the sense that, Av = Av; this

notation can be translated in terms of our usual operations as

max (A;; +vj) =A+v; foranyi=1,...,n.
j

Example.
1 0[O '_'max(1,—1)'_'1'_1' 0 ]
| 0 1__—1___ max (0, 0) ___O__ | —1 |
We also have
[ 1 0-_—1___ max (0, 0) ___O__l_—l_
0 1] 0 ___max(—l,l)___l__ | 0 |

In this case we see that 1 is an eigenvalue associated with two
distinct eigenvectors.

Example. Consider
—00 a
b oo |’
which has eigenvalue A = (a + b)/2 and eigenvector

X

{w+(b—a)/2 } e { (b—oa)/Q]

(where any choice of z is allowed).
The most important result, with respect to our purposes, is that
matrices with real entries have a unique eigenvalue.

Theorem 6.4. Let A be a d x d matriz with all entries a;; € R;
then, there exists a real number X\ and a vector v, such that, Av = \v;
moreover, the eigenvalue A is unique.
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Proof. First of all, notice that if Mu = pu, then A\Mv = A ®@ pv =
(A4 p)v. Note that

Ad+mir Ad+miz - Ad+myg

Ad+mar Ad+maa -+ Ad+mag
AM = . . . .

)\+md1 )\—'—mdd

Hence, there is no loss of generality if we assume that the entries of
A are all non-negative. So, we get

0 S aij S L.
Now, let us define the map T: R” — R" as

(Tx); = max (Aij + ;) — mkin max (Agj + ).

It is easy to see that the expression depends continuously on the
vector x. It is also clear from the definition that (T'z); > 0. On the
other hand, we have

(Tz); < max (L+z;)— mkinmjax 0+z;) =

max (L + z;) — max (z;) = L.
j J

In particular, this shows that the region {z; : 0 < z; < L} is mapped
inside itself by T since T is continuous, this implies (by means of
Brouwer fixed point theorem) that 7' has at least one fixed point v.
Hence,

v="T(v) = v; = (Tv); = max (A;; + v;) — mkinmax (Arj +vj).
J J

Denoting

A= mkinmax (Arj +v5),
J

then, the expression above implies

v=Av—A=A+v=Av = lv = Av,
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in the max-plus sense, as claimed.

For the uniqueness, let us assume, by contradiction, that we have
two distinct eigenvalues A and p. In other words, there exists vectors
v and u, such that,

Av =X and Au = pu.

Without loss of generality we can assume A < pu. It is possible to
take a large ¢, such that, tv > u (in the sense that tv; > w,, for each
1€{1,...,d}). Then,

tv D u = tv.

Hence,
A" (tvdu) = A" (tv) @ A" (u) = A™(tv) =
tA"(v) @ A™(u) = tA™(v) = tA"v @ p" = tA v,
which is equivalent to say that for any n, we have tA\"v > p™u, and

this is a contradiction, since A < p. Then, we get A = p and the
max-plus eigenvalue is unique. O

If we drop the hypothesis of real entries the situation is quite
different. Consider, for example,

1 1 —00 —00

1 1 —00 —00
A= —00 —0o 2 2
—00 —00 2 2

Then, it is not very hard to see that

—00 —00 —00
—00 —00 —00
A 1 = 3 =2Q 1 ,
1] . 3 ] 1]
and, that
1] 2 ] 1]
A 1 _ 2 e 1
—00 —00 —00
| —o© | | —o© | | —©

Hence, 1 and 2 are max-plus eigenvalues of A showing that the unique-
ness of the eigenvalue does not hold for matrices with —oo entries.
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6.4 Final remarks

There exists some variations of the max-plus algebra, one of then
being the min-plus algebra, where the binary operation & is replaced
by a @ b = min(a, b); this algebra is also known as tropical algebra.
In this context its interesting, for example, to study the behavior of
polynomials like

p(x) =ao® (a1 ® ) B (a2 @ x @ x) = min{ag, a1 + =, as + 2z}.

Its graph, for instance, is a union of the segments (some of them
of infinite length) and the reader is invited to sketch this picture.
The geometrical investigation of those objects is known as tropical
geometry.



Chapter 7

An explicit example with
all the computations

We consider the following particular case: Q := {1,2,3} and A is a
non-positive potential depending only on two coordinates. For each
pair (¢, j) we set A(i,j) = —e;;. We assume that

€11 = €22 = 0,

and for every other pair €;; > 0.

Note that there are only two ergodic A-maximizing measures,
namely, 01 and Jo, which are the Dirac measures at 1*° :=111...
and at 2°° := 222.... The Aubry set is exactly the union of these
two fixed points and each one is an irreducible component.

We remind that for each 3, the unique equilibrium state is given
by

g = Hpug,
where Hg and vg are the eigenvectors for the transfer operator. Its
spectrum is P,

We have seen in Subsection 2.2.2 that P'(3) = /Aduﬁ. This

quantity is negative because A is non-positive and negative on a set
of positive measure (for ug and for any ). We have seen (see the

89
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comments after Remark 3.14) that the asymptote of the pressure is
of the form

hma:c + ﬂ'm(A)7

where A4, is the residual entropy and is the entropy of the Aubry
set. In our case, we have g, = 0 and m(A) = 0. Then, 5 lirf P8 =
— 100

0. The first role of the max-plus algebra seems to determine how the

pressure goes to 0 as 3 goes to +o00.

Proposition 7.1. There exists a positive sub exponential function g
and a positive real number p such that P(3) = g(B)e™P~.

1
Proof. First we consider any accumulation point —p for 3 log P(5).

We shall prove that this —p is actually unique, namely, it does not
depend on the chosen subsequence.
Considering the subsequence which realizes the expression for —p,

1
we can always extract another subsequence such that — log Hg con-

verges. We denote by V this limit, and we have seen above that V is
indeed a calibrated subaction.

For simplicity we shall write 3 — +o00 even if we consider a re-
stricted subsequence.

Moreover, Hg and V' only depend on one coordinate, and we shall
write Hg(i) or V(i) for Hg(x) and V(z) withx =14.. ..

The eigenfunction Hg is an eigenvector for Lz and this yields

PO H 1) = PALDVHG1) + P AR [HL(2) 4 4G Hy(3)
eP(ﬁ)HB(Q) _ eﬁ'A(l’Q)Hﬁ(l) + eﬂ'A(Q’Q)Hg(Q) + €B'A(3’2)Hﬁ(3).

Replacing with the values for A we get the two following equations:

(PP —1)Hz(1) = e P2 Hg(2) + e P Hp(3), (7.1a)
(PP —1)Hg(2) = e P2Hg(1)+e P32 Hy(3). (7.1b)

~—

P(B) I P
Now, ——= —j3_100 0, which yields lim ———— = 1 and,
gt g—teo P(B)

1
finally, lim = log(eP® —1)= —p.
Y 3 g( )=—p

— 400
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Taking %log and doing f — 400 in (7.1a) and (7.1b) we get
—p+ V(1) = max(—eV(2),—e31V(3)), (7.2a)
—p+V(2) = max(—e12V(1),—e32V(3)), (7.2b)

which can be written under the form
V(1)
V(1 — - —
—p®< VE2§ ) — ( T T )@ VE) |, (7.3)
12 32 V(3)
Now, we use Theorem 4.9 to get an expression of V(3) in terms
of V(1) and V(2). Indeed, we have
V(3) = max(V (1) + h(1°°,3),V(2) + h(2°, 3)),

where h is the Peierl’s barrier and 3 means any point starting with
3. Copying the work done to get Equality (4.5), we claim that

h(].oo,?)) = —€13 and h(QOO,S) = —&23.

This yields,

V(3) —€13 —&23

Merging (7.3) and (7.4) we finally get

()= (s, e ).
(7.5)

This last equation shows that —p is an eigenvalue for the above
matrix. We have seen (see Theorem 6.4) that such matrix admits
an unique eigenvalue (but not necessarily an unique eigenvector).

1
This shows that E log P(3) admits a unique accumulation point as

8 — 400, thus converges.
Setting g(3) := P(3).e”® we get the proof of the proposition. [
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Remark 7.2. We point out that the max-plus algebra allows to
determine the value for —p, but the function g(/) remains unknown.
For the convergence or, not, of ;18,0 — o0, it is necessary a better
understanding of the behavior of g(53).

|

Following the reasoning we did before, we get
A(L,3) + A(3,1) = —e13 — €3,
A(37 2) + A(Qa 3) = —€32 — €23,

A(2,1) +A(L,2) _ ennten
2 B 2

—p = max

A(?, 1) + A(l, 3) + A(3, 2) _ €21 + €13 + €32
2 N 2 '

A(la 2) + A(2a 3) + A(37 1) _ _512 + €23 + €31
2 N 2 ’

A(2,3) + A(3,1) + A(1,3) + A(3,2)
y .

(7.6)
We emphasize that the last quantity is actually the mean value of
the two first ones, and then —p > ARS+AG, 1)+A(1 $+AB3.2) always
holds, as soon as, —p > A(1,3) + A(3,1) and p A(3,2) + A(2,3)
hold.
We can now finish the proof of the convergence of pug. We recall
that any accumulation point must be of the form

01.5100 + (1 - Oz)dgoc,

ps((1])
pp([2])

as § — +oo to prove the convergence of ;13. However, we emphasize
that this is very particular to our case (two ergodic A-maximizing
measures). This reasoning may not work for a more general case.
Nevertheless, one of the by-product results of our proof is that for

with o € [0,1]. It is thus sufficient to show that

converges
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the general case, it seems possible to determine the convergence we
get here, in a similar (but more complex) way. The complexity is
an issue which is due, essentially, to the large amount of possible
combinatorics.

First, we get some equations for the measure v3. We remind that
this measure is 3.A-conformal. This yields,

vp([l]) = V,e<|_|[1"2]u[1”3]>

n=1

“+o0

> vp((1"2]) + vp((173])

n=1

_ Z B.5,(4)("D)-nP(B) +Z B:Sn (A" =nP@)y5([3))

el n=1

o—Be12—P(B) e—Be1s—P(B)

= T ) T e

We remind that vg([1]) + vg([2]) + v5([3]) = 1, then, we get a linear

equation between vg([1]) and vg([2]). Doing the same work with the
+oo

cylinder [2] = |_| [2"1] U [2"3] we get the following system:

n=1

{( PO 1 4 ePeruy(1]) + (e — e Peu((2) = e,
(e B.e2z _ 6—5-821) ([ ]) + ( PB) 1 + e B 523) ﬁ([2]) — e~ Be2s

(7.7)
The determinant of the system is
A(B) := (PP —1)2 4 (PP —1)(e7Prers - gmPoean)
6—5(8124'523) + €—5~(€21+613) _ eﬁ-(512+521)7
and, we get
v([1]) _ (PP —1)emde1s 4 e Pleraten) (7.8)

yﬁ([Q]) (eP(ﬁ) — 1)e—ﬁ~€23 + e—B-(e21+e€13)

On the other hand, Equations (7.2a) and (7.2a) yield the following
formula:
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Hﬁ(l) (673(5) _ 1)6—5-831 + e—B-(e21+e32)
H(3) (PO~ e Pam g e Garan (9

pa([2]) Hp(2) vs([2])
(ep(ﬁ) _ 1)67’3’513 + e*ﬂ~(512+623) (ep(ﬁ) _ 1)6*5&?31 + 67’8‘(621+632)
- (67)(5) _ 1)6—5-823 + e—ﬁ-(521+€13) (677(5) _ 1)6—5-532 + 6—54(6124-631)

((ep(ﬁ) _ l)eﬁ-(512+€21*€13) + e[‘}-(€21*€23))

X
((67’(5) _ 1)65-(812+€21—523) 4 eﬁ~(512_513))

((GP(B) _ 1)6ﬁ~(812+€21*€31) + eﬁ~(€12*€32)>

((ep(ﬁ) _ 1)65-(812+521*€32) + eﬁ-(521*631)> '

(7.10)

Convergence will follow from the next proposition.
Proposition 7.3. The function g admits a limit as 8 goes to 4+00.

Proof. We remind that v is the eigenmeasure for the dual transfer
operator. This yields:

e’P(ﬁ) = /ﬁg(][) dl/ﬁ

= (L emPen Py ) + (14 P40 4 e )i [2)
P g P ().

(7.11)



95

Let us set
X =P,
A= Pes
Al = e Pes

B = e*,3~(€12+623)7
B = 6_6‘(621+513),
C = e—ﬂ~(€12+621)’
a = e Ben 4 6*5-631’
b= e B-€12 + e*ﬁﬁsz’

ci= e B3  g=Pe2s | o—feas

From the system (7.7), we get exact values for vg([1]), vg([2]) and
v3([3]). Replacing these values in (7.11), this yields

(1+a)(A(X=1)+B)+(1+b)(A (X -1)+B') + c((X—-1)2 -C) '

X= (X —12+(A+AYX-1)+B+B -C

(7.12)
This can also be written
X1 a(A(X—1)+B)+b(A (X —-1)+ B)+(c - 1)((X-1)2 - O)
N (X —-1)2+(A+A)X-1)+B+B -C ’

and this yields

(X - 1P+ (A+A +1—-c)(X —1)2
+(B+B' -C—-aA-bA)X-1)+C(c—1)—aB-bB =0.

(7.13)

Remember that all the terms A, A, B,... go exponentially fast to 0
as 3 — 400, X — 1 behaves like g(3)e™#?, and, moreover g is sub-
exponential. We can thus use Taylor development to replace X — 1
by g(B)e=*"%, and, keep in each summand of (7.13) the largest term:;
larger here means that we are comparing it to other terms, if there
is a sum, but also to terms of the other summands.

It is for instance clear that (A + A’ + 1 —¢)(X — 1)? has as dom-
inating term g2(3)e~27-%, whereas (X — 1) has as dominating term
g%(B)e378, which is exponentially smaller than g?(3)e25.
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In the same direction, note that the term B is killed by part of
b.A’ and similarly B’ is killed by part of a.A. The term in X — 1 is
actually equal to

e—B-(e12+¢€23) 4 e—B-(e21te13) _ o—B(e12+€21)

_e—ﬂ-(621+613) _ 6—5(6134-631) — e~ B-(e12+e23) _ p,—B(c23+es2)

— _e—Blerz+ear) _ o—PB(erstesr) _ o—PBlestesz)

Note that this term will be multiplied by g(3)e~*” and compared
€ €
to g2(B)e=2#. The fact that p < % shows that the term
—e~Plerzte21) cap also be forgotten because it will furnish a quantity
exponentially smaller than g%(3)e=2/-5.
The term without (X — 1) is (with change of sign)

e—ﬁ-(612+€21) D e~ Ble1ztezs+tean) o 6—5(612+623+631)
@6—5(521+812+513) o) e~ B(ea1te1z+esz)
— e*ﬁ'(€12+621) D e*ﬁ(€12+€23+€31) o) 6*5(521+512+€13)

from the max-plus formalism. Comparing all these terms with the
term in ¢g2(8)e~2*#, we actually recover 7.6: comparing the terms
in 2p and the terms in p, leads to compare —p with —(e13 + €31) ®
(—e93—e€32), and comparing the term with 2p, with the terms without
p, leads to compare —2p with —(g19+¢€21)®(—e12—€23—€31) B(—€21 —
€31 — €32).

Now, considering the dominating term at exponential scale in
(7.13) yields an equality of the form

a9%(B) — bg(B) — ¢ = term exponentially small, (7.14)

where @ is either 0 or 1, be {0,1,2,3} and ¢ € {0,1,2,3} and not
all the coefficients a, b and ¢ are zerol. As g is positive and all
the coefficient are not zero, we get that necessarily @ = 1. Now,
considering any accumulation point G for g(8), as 8 goes to +oo, we
get

G? —bG —¢=0. (7.15)

Ibecause we exactly consider the dominating exponential scale.



97

Such equation admits all its roots in R, and, at least one of them is
non-negative. But, the key point here is that the roots form a finite
set, and this set contains the set of accumulation points for g(3) as
[ — 4o00. On the other hand, g is a continuous function, thus the
set of accumulation points for ¢ is an interval. This shows that it is
reduced to a single point, and then g(3) converges as § — +oco. O

We remind that P(3) goes to 0 as 3 goes to 400, and then e”(#) —1
behaves like g(3)e=#-?. We replace this in Equation (7.10). The final
expression is thus:

B.(e12+€21—€13—p) B.(e21—€23)
po) (90 e )
wu([2]) (g(ﬂ)eﬁ-(€12+€21*€23*/)) + eﬁ-(€12*€13))

(g(ﬁ>eﬁ~(€12+521 —€e31—p) + eﬁ~(512—532))

>< .
(g(ﬁ)eﬁ~(€12+5217532,p) + €B~(€21*531)>
(7.16)

We know by Proposition 7.3 that g(5) converges to a nonnegative
limit, then Equality (7.16) has a limit if 8 — 400 (in [0, 4+00]). If
the limit is 0, this means that p3 goes to dae, if the limit is 400 this
means that pg goes to d1, if it is equal to « €]0, +o0[, then pg goes

c 51 + 5200 .

t
0a—|—1 a—+1
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