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NOTA EXPLICATIVA

A idéia do presente curso & apresentar aos alunos de Pos—
‘'raduagao duas linhas de pesquisa em An3alise, atualmente em desen
olvimento no Brasil. Ambas sao objeto de estudo nas melhores es

olas matematicas e tém indubitavelmente uma posigao central em Anid

ise na atualidade.

0 texto & composto de duas partes, uma sobre alguns meto
los de AnAlise Funcional Nzo-Linear e aplicagoes a problemas de con

:orno para equagoes elfticas, de autoria do Professor David Goldstein

Jjosta. A segunda parte versa sobre operadores integrais de Fourier

: propagagido de singulareidades, a qual foi redigida pelos Profes

sores Fernando A. Figueiredo Cardoso da 5ilva e José  Ruidival dos

5antos Filho.
Julho de 1981

A Comissao Organizadora do

XIII Coloquio Brasileiro de Matematica
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I. INTRODUGAO

0 objetivo destas notas & apresentar alguns métodos de
Anailise Funcional Nao-Linear com vistas & resolugdo de equagaoes di
ferenciais parciais eliticas nao lineares.

Um desses métodos tem a sua origem na topologia e consis
te em determinar quande um homeomorfismo local ©:X = ¥ @ um homeg
morfisme global. Estaremos interessados mna situagao em que X =7
& um espago de Banach. Neste caso, P & global se (e somente se)
? uma aplicagao propria (isto &, a imagem inversa de qualquer com
pacte & novamente um compacto).

Outro método que desempenhara um papel central nessas no
tas refere—se a uma versao glebal deo métodoe clissico de Lyapunov-—
Schmidt. FEssencialmente, trata-se de reduzir uma dada equagao
T(u) = 0 num espago de Banach E de dimensazo infinita a um siste
ma de duas equagoes, uma das gquais em dimens3o finita, de maneira
que a outra equagao (em dimenszo infinita) tenha solugao inica. En
tae, o estudo d&a equagao original fica reduzido ao estudo de uma
equagio equivalente em dimensao finita.

Esses matodos serao utilizados no estudo do problema de

pirichlet para a equagao
(*) -Au = g(u) + f em R, ‘ .

F o P - ~ -
onde QCR e um dominic limitado, g¢g:® + R @ uma fungao continua

e f:Q -+ R @& uma fungao dada. Mais precisamente, dada f € Lz(Q),




estaremos interessados no problema de exist@ncia de solugles fracas
Leay (1) - . P - 1
7> HO(R) da equacao acima, isto &, fungodes u € Ho(ﬂ) que sa

tisfazem
J Vulx) Vo (x)de = J glu{x))vlzx)ds + { fleYyv(z)dx, ¥ v e C:(Q).
Q Q2 Q

Esta formulagao generalizada do problema de Dirichlet possibilita
um estudo da equagao (*) nc contexto da teoria dos espagos de Hil
bert, l

Na Segao II recordamos alguns fatos bisicos sobre a teo
ria linear do problema de Dirichlet e enunciamos os resultados prin
cipais a serem demonsitrades nas Segoes V e VI, As demonstragoes qé
guem as refer@ncias 13 indicadas. A Se¢ao III.trata de resultados
abstratos de invertibilidade global para aplicagoes entre espacos
de Banach, resultados esses que, em conjuncao com o método de Lyapg
nov-Schmidt (apresentado na Segio iV), serao utilizados no estudo
de (%),

Vale observar que esses métodos s3o aplicdveis a proble
mas mais gerais do que (%), por exemplo, envolvendo outros operado
res eliticos além do Laplaciano bem como nao-linearidades g de

pendentes também da variavel espacial ax € Q. A nossa escolha de

(1) Hi(g) € o espago usual de Sobolev obtido por completamento
do espago C:(ﬂ) ={u:+r | u & % e suporte (u)< Gl
na norma (f, Iu[zdm * I |Vu[2dw)1/2. Nestas notas conside
raremos sempre H _(Q) wmunido da norma (fg|Vu!2dx)1/2, a
qual, pela desigualdade de Poincar&, & equivalente 3 norma

usual (V. [1]).
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(*) foi ditada por uma questdo de simplicidade de expesicgao. De fa
to, procuramos nos restringir a dois métodos da Anzlise Funcional
Nio-Linear: o método baseado em teoremas de invertibilidade global

(L

para aplicagoes entre espagos de Banach e uma versad global do
métode cldssico de Lyapunov-Schmidt. Outros metodos e suas aplica
goes podem ser encontrades, por exemplo, em Figueiredo [14] (me
todos de iteracao monotonica e do grau de Leray-Schauder) e Castro
[117 (m8todo variacional). De uma maneira geral, duas referncias
basicas (aleém da ja mencionada [9 ]) de Analise Funcional Nao-Linear
que o leitor interessado podera consultar sdo [23], de L. Niremberg,
e [26], de J. Schwartz.

Finalmente,'gostariamos de.expressar 0s nossos agradeci
mentos 3 Comiss3o Organizadora, pela oportunidade oferecida, ao Pro
fessor Djairo G. de Figueirede, por suas sugestoes e comentidrios,

e ao Sr. Adelio G. do Amaral, pelo seu esmerado trabalho de datilo

grafia.
Brasilia, maio de 1981

David Goldstein Costa

Depto. de Matematica - UnB

(1) . Cf. Ambrosetti-Prodi [9] onde @ feita uma apresentagao bas

tante abrangente deste m@todo.




IT. FORMULACAO DO PROBLEMA. ENUNCIADOS DOS TEOREMAS PRINCIPAIS.

Vamos considerar o seguinte problema de Dirichlet nao-1i

near
[ -Au = gu) + f em Q
(*)
u =0 em of
onde QCR' & um domfnio limitado com fronteira 3@, g:R -+ R e

uma fungao contInua (representando a nie-linearidade) e f & uma
fungao dada em 2.

Estaremos interessados no seguinte

Problemsa. Dada F & Lz(ﬂ), determinar se existe uma solugao fra

ca de (%), isto &, uma funcdo u ¢ Hi(ﬂ) tal que
J Vulx) -Vvolz)de = I g(ul(z))v(x)dx + I Fflz)v(x)dx, ¥ v ¢ Hi(ﬂ)
Q Q Q

Inicialmente, vamos recordar alguns resultados basicos so

bre o problema de Dirichlet linear

~Au = p em Q
(1)



Proposigao II.1. Dade p € Lz(ﬂ), existe uma dnica solugao fraca
u = Kp ¢ Hi(g) do problema (1). 0 operador solugao EELZGH'+Hi6U
& Linear e limitado.
A demonstragﬁo deste resultado decorre da aplicagao do
Teorema de Representagio de Riesz ao funcional linear comntinuo
Hi(m 3 v HJQ plx)yv{x)de,

e Kp g Hi(n) resulta definido por

(2) (Kpy ) | = (ps ©) 5, ¥ v € H (D).
H L
o]

Agora, como a inclusao Hi(ﬂ)c Lz(ﬂ) ¢ compacta, © Ope

rador X considerado como um operador de Lz(ﬂ) em Lz(ﬂ) & com
pacto. Além disso, em vista da relagio (2), ele resulta simétrico
de Lz(g) em Lz(ﬂ) e positive. Portanto, o Teorema de Represen
tagao Espectral de Bilbert—Schmidt implica o seguinte resultado so
bre os autovalores e autofungoes (solugoes fracas 0 £ u € Hi(ﬁ))

do problema

(3

'Proposigéo IT.2. Os autovalores de (3) formam uma sequencia

com 1lim ) = +=, e todos os autoespagos sio de dimensao finita.

Aleém disso, se




¢1! 4’2’ nery ¢n’ A

sao autofungoes correspondentes, ortonormalizadas, entdo elas cons

tituem um sistema ortonormal completo em Lz(ﬂ.).

ObservagGes .

1. Os 7\!'— sdo os autovalores e os ¢k gi0 autofungoes correspon
dentes (ortonormalizadas) do cperador K:LZ(Q) -+ Hi(s’l)c LZ(Q),
. - 1
isto e, A, K¢, = ¢,. Portante, [K| = — .
LAY k Al
2. O conjunte {J\k} chama-se o espectro do operador -4 em 2 com

condigao de Dirichlet e serd designado por a(-4).

Uma vez feitas essas consideragoes sobre a teoria linear,
retornamos ao nosso problema (*) onde vamos sempre supor que a nao-

-linearidade g:R + R verifica a hipdtese

(hl) g & de classe ¢t com g¢' 1limitada, digamos

g‘{l) = [aab:l'

Neste caso, se g "nao interage” com o espectro O(-A),
pode-ge mostrar que o problema (%) & sempre unicamente soliivel. De

fato (cf.l:3, 4, 13, 20] p.e.), temos o seguinte

Teorema 1 (Existencia e Unicidade). Suponha que g verifica (hl)

com [a,b]n of-A) = ¢, digamos, )\n <az<g'{s) <b < ln ¥ s5¢eR.

+1

Entao, para cada J ¢ 52(9), o problema (*) possui uma @nida solu



¢ao fraca u E'Hi(ﬂ).

Mais geralmente, em situagdes nas quais a nao linearida

de "interage" <com o espectro de =-A, isto g, la.b] nol-a) # &,
faremos a hipotese adicional de que g & "assintoticamente =~ 1i
near" no sentido de que

(k,) Existem Y €6 R e N> 0 tais que |g(s) - ys| ¢ ¥
¥ 8 ¢ R(l)
‘Temos dois casos a considerar: o caso nao-ressonante, -quando
vy ¢ o(-A), e o caso ressonante, quando vy £ o(-A}.

No caso nao-ressonante, como & de se esperar, o proble

ma (*) & novamente sempre solivel (cf. [ 2, 13, 28, 251, p.e.).

Teorema 2 (Existdncia no Caso Nio-Ressonante). Se [a,b] n o(-4) # ¢
e g verifica (hz) com vy ¢ -a(-4) entao, para cada f € Lz(ﬂ),
o problema (*) possui uma solugde fraca u € Hi(ﬂ) (nao necessa

riamente unica).

0 caso ressonante & mais delicado e elimina a possibili
dade de existéncia de solugao para toda f € Lz(ﬂ). De fato, mos
tra~se que existe um subconjunte proprio I Q;Lz(ﬂ), que & limita
do nas "diregoes" ¢j‘s do autoespaco ker{(-A-y), tal que (*) &
gsolilvel se e somente se f € L. AlEm disso, pode-se formular con
digoes, conhecidas como condigoes do tipo Landesman-Lazer, que sao

(1) EntEo,‘ vy = lim i(::—) e g (R) = [a,b]

s¥to




suficientes para que f pertenga a I.

A seguir, por uma questao de simplicidade de notaggo,enuﬂ
ciaremos apenas o resultado de existéncia para o caso de ressonan-—
cia no primeiro autovalor 11, como considerado originalmente por
Landesman e Lazer (cf. [21]}. © caso geral de ressonincia num au
tovalor qualquer An > ll (cf. [ 5, 6, 7]) seri enunciado e

demonstrado na segao VI (Teoremas-3 e 4).

Teorema 3%. Suponha que X, ¢ [a,b] e g verifica (&,) com
Y = Al' Suponha ainda que existem os limites
R{®) = lim #{8) = lim [g(a) - lla]
a+tw a¥tew
e h{(+=) < h{s) < h(-=), ¥ ¢ ¢ R. Entzo, dada § ¢ (@), o pro

blema (*) & solavel se e somente se

L) k(=) | ¢1<m)dm<f9 F (@) by (@)da <~ (+e) JQ §; (@raz
f

Resultados sobre multiplicidade de solugoes mno caso res
sonante podem ser obtidos com os métodos destas notas (e, [5,
6, 7]) mas nic serdo aqui abordados (cf. s, t2, 16, 17, 18, 19,

247

i, onde estes e outros mBtodos sao utilizados). Ne tocante a mul

tiplicidade, consideraremos apenas uma situagio nio-ressenante bas

tante interessante, que foi abordada inicialmente por Ambrosetti

{1) Comec se sabe, o primeiro autovalor ll e simples e uma auto
fungde correspondente nac muda de sinal em §. Aqui, estamos

escolhendo ¢1 >0 em .



e Prodi ([8]), na qual a n3c linearidaede g 'cruza' somente o
primeiro autovalor A;. & demonstragao do Tesultado de Awbroretti-
Prodi, com os meétodes apresentados nestas notas, segue as referEE
cias [10, 23] (V. tamb&m [14], onde szo usados os metodos  de

iteragdc monotonica e da teoria do grau de Leray—-Schauder).

Teorema 5 (Ambrosetti-Prodi). Suponha que fa,b] na(-A) = {Al},
com 0 <a=lim  _ g'(s) <b =1lim g'(s). Dada fe @c 2@,
decomponha f = £¢; + f,, onde [, f2¢1dr = 0, Entao, existe um

nimero Teal E = ;(fz) tal que o problema (*) possui

I
o+

(i) pelo menos uma solugdo, se & =

!

(ii) pelo menos duas solugoes, se t <

(iii) nenhuma solugio, se + > T.

Observagoes.

1) Nas referéncias [ 8, 0], fF g dada em oV(Q) (de onde
segue-se que as solugdes ¢30 clissicas) e supoe-se que g £ C 2
estritamente convexa. Neste caso, obtém-se uma informacao precisa

sobre ¢ numero de solugoes (substitua "pelo memos” por "exatamen

te” pno enunciado acima).

>

2y £ importante ressaltar que, em todos os resultados enun

ciados acima, se 98 & suficientemente regular (no mosso caso,

03 & suficiente) e F & dada em Cu(ﬁ), entio as solugoes sao

. . - U= -
clAssicas, isto e, pertencem ao espago Ci LIE)) das fungoes em
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+1 = - P .
02 Ll(ﬂ) que se anulam em 3. Este fato & consequencia da teoria
de regularidade de Schauder para equagdes eliticas (cf. [15]). Nes
tas notas estaremos sempre supondo que 93§ & suficientemente Tegu

lar,
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IITI. RESULTADOS DE TNVERTIBILIDADE GLOBAL PARA APLICACOES ENTRE

ESPACOS DE BANACH.

Seja E um espago de Banach e ¥:f + F um homeomorfis
mo local. Estaremes interessados em saber sob que condigoes ¥ &
um homeomorfismo global.

Inicialmente, observamos que entre os exemplos mais tipi
cos de homeomorfismos globais estdo as aplicacdes ¥ que sao per
turbagses da identidade por uma contragao. Em outras palavras, te

mos o seguinte

Teorema III.1. Seja C:F + E uma contracio (i.e., para algum
0 <o <1, [0 - cw)| < ofu-»], ¥ u,v € E). Entdo ¥ =I-C:E+ B

& um homeomorfismo global.

Demonstragdo. ¥ & obviamente continua (de Ffato, Lipschitziana
com constante (l+a)). Por outro lade, o Principio da Contragdo
de Banach implica que, para todo f € E, existe um unico u e E
tal que ?(ui = f (ﬁasta considefar a contragao wrr C{u) + ).

Loge, ¥ & uma bijegao. Finalmente, a desigualdade
lecu) - ¥ 2 fu-of - JCG) - e > (1-a)fu-v}

: -1 - e P .
mostra que a laversa ¥ 2 continua (de fato, Lipschitziana com

constante TT%ET)ﬁ
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Seja agora VY:F - £ um homeomorfismo local. Se Y e
um homeomorfismo global entao, para cada compacto ACE, W_l(A)
& novamente compacto. Noutras palavras, ¥ & uma aplicacgao pra
pria. O fato notavel & que a reciproca & verdadeira, isto &, te
mos o seguinte (gof, [ 9, 22])_
Teorema III.2. Seja ¥:F » E um homeomorfismo local. Entao, v

& global se (e somente se) ¥ & uma aplicagao propria.

Demonstragdo. Queremos mostrar que um homeomorfismo local, pPro
prio, & um homeomorfismo global. De inicio, observe que um homego
morfismo local & uma aplicagdo aberta: em particular, V¥(&) e aber

to. Também, sendo ¥ prépria, nao & diffeil ver que ela resulta

uma aplicagde fechada. ULogo, VY(E) £, isto &, Y & sobrejeti
va. A demonstragaoc estard completa se mostrarmos que VY & injeti
va.

4 id8ia de mostrar que ¥ & injetiva baseia-se no chama
do método do prolongamento analitico. TFaremos aqui apenas um esbo
¢o da demonstragao (e¢f. [9, 22]). O que ocorre & que ¥ & uma
aplicagdo de recobrimento {por ser homeomorfismo local, prﬁprio) e,
come tal, possui a "propriedade de levantamento fnico de caminhos",
isto &, dado qualquer caminho(l) B:[0,1] + £ e um ponto u e E
com ¥{(u} = B(0), existe um unico caminho a:[O,]J + E tal que a(0)=u e
Y{a(t)) = B(t), ¥ t ¢ [p,l] (¢ & o "levantamento" de B no pon

to u e W—I(B(O))). Alem disse, o depende continuamente de B

- (1) Por definigao, os caminhos s3oc sempre continuos.



13

e U £ T-RB(O)). Resulta dal que uma homotopia entre caminhos BO,
By pode ser levantada de maneira inica, uma vez fixado um levanta
mento o, de B, - Em particular, se 3 2 um caminheo fechado (lo
go, homotopico a um constante pois E € simplesmente conexo) en

tae, qualquer levantamento o de B 2 também um caminho fechado.

Agora 8 facil verificar que ¥ @ injetiva. Com efeito,

sejam Upslig € E com W(ul) = W(uz) = e considere um caminho
qualguer a:[O,l] + E ligando u; a Uy, isto &, a(0) = Ui
all) = u,. Entio, o & o levantamente de B = Yoo no ponto u,.
Como £ & um caminhe fechade (B(0Y = B(1) = v), o caminho o re
sulta também fechado, como vimos acima, Portanto, g = Uy

Observagoes:

1, Mais geralmente, o teorema acima continua valido para um hoemo
morfismo local entre espagos topologicos (de Hausdorff) X e
Y, desde que X seja conexo por caminhos e Y seja comexo por

caminhos ¢ simplesmente conexo (cf. [22]).

2. Como veremos mais adiante, as aplicagoes ¥ consideradas na
wtilizag3o do Teorema III.2 serao de classe ¢t e a condigio
de homeomorfismo local serd obtida através do Teorema da Fungao

Inversa. Neste caso, uma tal ¥ (difeomorfismo local, proprio)

resultarz um difeomorfismo global.

Observamos, agora, que uma classe importante de aplica

¢des proprias pode ser obtida através da seguinte
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Proposigdao III.3. Seja W um espago de Bamach. Se L:¥W +F &
um isomorfismo (isto &, linear continua com inversa continua) e
¥N:¥W + W & uma aplicag3aoc continua, uniformemente limitada, e com

(1)

pacta , entao ¥ = L-N & uma aplicagde propria.

Demonstragao. ' Seja ACKF um conjunto compacto e {wn} uma suces
sao tal que ?(wn) = Lwn - N(w&) =5, € 4., Queremos mostrar que,

para alguma subsucessdo {wn 1 .de {wn}, temos wo rw com
J J

\P(wo) ==&_¢€ Ad. Com efeito, podemos ja de inicio supor que ‘?(wn) =z

[ n

& convergente para um ponto de A4,

T(wn) A, rE € A.

Por outro lade, como {N(wn)} & un conjunto limitado, o
conjunto {Lwn} = {zn + N(mn)} e, portanto, {wn} resulta um con

junto limitade. Dail, segue-se da compacidade da aplicacdo N que

N(wn ) » =2

J
para alguma subsucessao {wn } e z¢¥W. Portanto,
J
Lwn_ = ?(wn.) + N(wn_) > E, *ta, e
d d
=1 =
wn.—'—L (zo+z):wo.

Jd
Aplicando ¥ obtemos W(mn )y » T(wo), logo T(wo) =3, ¢ A.

Finalmente, além do Teorema III.2, vamos apresentar mais

um resultade de "monodromia¥ que fornece condigoes suficientes pa

(1) 1Isto &, conjuntos limitados sao transformados por ¥ em con

juntos relativamente compactos.
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ra que um difeomorfismo (Cl) local seja um difeomorfismo global.
Trata-se, essencialmente, de uma versao global do Teorema 'da Fun

¢ao Inversa.

Teorema TII.4 (Hadamard). Sejam E um espago de Banach e Y:E + F
uma aplicagao de classe ¢* tal que Y¥'(u)} & imversivel (isto e,

um isemorfismo) para tode u € E., Se, para algum § > 0, temos
l¥r )y - o} > 8]»l
- . -1 1 ~
¥ u,v € E (equivalentemente, 1 e @] 7] < FoYue B, entio

¥ g um difeomoxrfismo global.

Demonstragdo. V. [22, Proposigdo 13 do Capitulo 4] ou [26, Teo

rema 1.22].
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IV. 0 METODO DE LYAPUNOV-SCHMIDT.

Suponha que queremos estudar uma determinada equagzo

P(u) =0
num espago de Banach £ de dimens3do infinita. Se o espaga £ de
compoe-se numa soma direta E = V@ W e P:E + V (respectivamen

te, §:F » W) designa a projecao sobre ¥V ao longo de ¥ (respec
tivamente, a projegdo sobre ¥ ac longo de V), a equagao acima

& equivalente ao sistema acoplado

I
(=]

[ e(v,w)

, veV, wet#,

1]
]

1 Y(v,w)

onde &{(v,w) = PT{v+u) e VY{v,w) = Q7(v+u).
Uma variante global do metodo classico de Lyapunov-Schmidt
a qual serd utilizada nessas notas consiste em escolher convenien

temente os espagos V e W, de maneira que:

(i) V seja de dimenside finita,

(ii) para cada v £ ¥, a equagac Y¥{v,w) = 0 possua uma

inica solugas w = w(v),

Neste caso, o estudo da equagdo original fica reduzido

ac estudo da equagao em dimensao finita

+
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T(p) = 0, vel,

onde T:V - 7V & dado por T{v} = (v, w(w)) = PT(vtw(v)).
Este método-sera utilizado na resolugao variacional (sgo

lugdes fracas em Hi(ﬂ)) do problema

-Au
{(*)

|«

1

glu) + F em Q

n
o

em 9f

enunciado na SegEo 1I, tanto no caso ressonante (Teoremas 3*, 3 e
4), como no caso nio-ressonante mas com a n3o-linearidade g inte
ragindo com o espectro g(-A), isto &, U(—A)r\[a,b] # & (Teore
mas 2 e 5).

Inicizlimente, lembramos que estamos sSempre supondo g de

classe C1 com g¢g' limitada, g (R) = [a,bl (hipotese (hl)).
Portanto, o operador de Niemytskii G associado i fungio g,
u(m)'£+g(u(w)), estz definido para todo u € Lz(Q), isto g,

cinea) » L2@) .
Lema IV.1l. u € Hi(ﬂ) 2 solugac fraca de (%) se e somente se u &
solugdo da equagio
(**) u = KG(u) + Xf,
onde K:L2(9)+ Hi(ﬂ) é o operador definide na Begdo II (Preposi

¢ao II.1).

Demonstragdo. Por definigao, u € Hi(ﬂ) ser uma solugao fraca de
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(*) significa
J Vu(x) «Vol{x)dx = J gule)dIv(z)de + J fle)vlx)dz, ¥ v ¢ Hi(Q),
2 Q 1Y)

isto &,

() o) o= (GG, ), o+ (F0) 5, ¥ ovoe AN
H L L
o
Por outro lado, K:LZ(Q) > H;(Q) estd definido por

(Kp, v) L= (p,v) 9y ¥ U CE Hl(ﬁ), ¥ pe Lz(ﬂ)
H L °

(o]

Portanto, a equagao (+) acima & equivalente a

(u,v) = (KG(u), v) + (Kf, v)
1 Hl Hl
o o o
isto &,

u o= KG(u) + Kf, u e Hi(ﬂ).

Observagao IV.l, Note que, fixado um nimero qualquer Y € R e pon

do h(s) = g(s) - ys, a equagdo (**) 3 equivalente a

(I -vyK)u = EA(w) + Kf, u e Hi(ﬂ),

isto &,
(Fd) f#u = H(u) + F. oue Hi(ﬂ),
onde f = Kf e B (), I =1 -vyx| .:xtce) » #leay e
o ’ Y 1'% o

H
o
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§=KH1:Hﬁ(Q) - Hi(ﬂ) 2 a composigao do operador K:LZ(Q) + Hi(ﬂ)
com a restricao a Hi(ﬂ), Hl:Hi(Q) > LZ(Q), do operador de Nig
mytskii H associado 2 fungio k.

Sejam, agora, Ag £ g(-4) o maior autovalor tal que

lk < g {caso Al < @a) e Al € g{-A) o menor autovalor tal que

Ai > bs

[atanl
i
o 4
1
—

M k+1 °°7
Escolhemos VC:Hi(Q) como o subespago (de dimensao finita)  gera
do pelas autofungoes Prars *o0 01 (V. Proposigao II.2} e
W = V' = espago ortogomal a ¥V em Hi(ﬂ), Entioc E = Hi(ﬂ) =V@F

e temos o seguinte

Lema IV.2?. A equagzo (**¥) & equivalente ao sistema

i
=

(1) (edw.w) = ﬁY-u - PE(v+w) - Pf

ni

L’(v,u)

1]
(=]

f}Ym - gi(v+w) - @F

onde P:E~V e @ = I-P:E~+ W s3o as projegdes ortogonais sobre

¥ e W, respectivamente.

Demonstragdo. Escrevendo u = VG T Pu + Qu, basta verificarmos
we PLu=1L1v e T u=1>L,w isto & ue V e W sao invarian
q . . QL wh , 4 1 n

tes pelo operador iY =TI - YK[E. Como K¢j = l} ¢j (V. Observa

-

cio apds Proposigdo 1I.2) & claro que Vo= <pqs oo 0o 1>

. . - . L - . s .
invariante por I e, portanto, W=V e tambem invariante por
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Lt

Para futura referéncia, € importante observar a esta al

tura que o espago W = vt &, de fato, o fecho em FE do espago ge

rado pelas ¢j's, J # k+l, ..., L-1:

W= [ F R, o, 2D B
Isto & consequéncia do
Lema IV.3. {¢j} € um sistema ortogonal completo em E.

-

Demonstragdo. Sabemos, da Proposicac II.2, que {¢j}CZE & um sis

tema ortonormal completo em LZ(Q), isto &, (¢., ¢.) - §, . e
2 J LZ %]
se 6 g Lz(ﬂ) & tal que (¢j, 8) 5 = 0 ¥ 4 entac 6 = D0, Portan
L

2

to, como ¢i = AiK¢i (e lembrando que X:L” + E & definido por

(Kp, U)E = {p,v) s ¥V EE, ¥pe¢ LZ), obtemos
L

(¢1:’ ¢J)E = Ai(Kd)i’ ¢J)E = Ai(d)?:’ ¢j)L2 = A'L(S'LJ’

e, se O g E e tal que (¢j, G)E =0 ¥ j entao 0= (¢j’ B)E =

= kj(¢j’ B)Lz ¥ §, disto e, 0 = 0.

Observagao IV.2. NZo vamos nos preocupar em tornar os ¢j's uni
-, I _,1/2 .
tarios em E = Ho(ﬂ) ("¢j|E = lj ). Basta ficarmos atentos ao

fato de que ao escrevermos um elemento # € E como

&
L}
INo~18
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@K

devemos ter ) )

o (= Iuﬂé) ¢ w, Observe, também, gque a PTO
=1

d
jecao ortogonal P:E -+ ¥V & a restrigao PolE da projegao ortogo

2 - -
nal PO:L + Vs 1logo, § = I-P:E > W e a restrigao Q01E da pro

jecao q, = I-P . Em particular, PKf = KP_f e QKf = K4 _f.
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V. O CASO NAO-RESSONANTE

Vamos comegar com a situagao mais simples do Teore
ma 1 em que g nao interage em absoluto com o espectro O(-A), is
to &, {a,b]n o(-A) = 4. Neste caso, ndo hd necessidade de usar
o método de Lyapunov-Schmidt descrito acima, Utilizaremos direta

mente o Teorema EIIT.1.

Demnnstragéo do Teorema 1. Estamos supoundo que, para algum =n,

A, < a < g'(s) ¢ b < A, ¥ s e R,

n +1?

(Se b < Ay, tomamos Ao = g - (ll - Db)).

Conforme vimos na segiao anterior (Observagao IV.1),

U e Hi(ﬂ) & uma solugae fraca de (*) se e somente se u & solugio

da equacac
(HH) Lou=H(u + 7

onde y ¢ R & um nimero fixado, } = Kf ¢ Hi(ﬂ), EY =TI -vyEK| 1°

o

7= KHy, Hy = 1| e H:LZ(Q) - Lz(ﬁ) & o operador de Niemytskii
H

[o]
associado @ fungao A{s) = g(s) - ys e K:LZ(Q) + Hi(ﬁ). Agora,

observe gue u g Hi(ﬂ) a solucao de (*%%*) ge e somente se

w e L@ @ solugao da equagao

Lou = K HEG) + f,
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onde B, =T - vet@ > i@ ezt -+ 3e) & a com

posigao de X com a inclusao de Hi(ﬂ) em LZ(Q). (Com
efeito, se u € LZ(Q) 8 solugao de Lyu = KOH(u) + f entao

w = YEu + K@) + F e Hi(ﬂ)).

Lema V.1. Se vy & a(-A) entao LY:LZ(ﬂ) -+ Lz(ﬂ) € um isomorfis
‘ -1
l

mo. Alem disso, LJIKO:LZ(Q) > Lz(ﬂ) tem morma < max by —lj
J

= 1fdistb , o(-A)).

Demonstragdo. Dado u = ] aj¢j e n2@) (logo, U a; = |uﬂ22 < ),
L

=y - - - X
Lyu u - YK u 1 aj(l AJ)¢j,

de onde vemos gque LY & uma bijegao (¥ # Aj ¥ j) com inverso

-1
L dado por
Y

1

-1 - _ l; -
L, (I B;05) ) 6;(1 Aj) ¢

Agora, calculando

-1 oo -1 -1 _ vyl
L, K, (] aj¢j) = L, ) ajAj ¢j) 7 uj(xj Y)Y Te;

e tomando normas, Vem

Sl 02 v 200 -2 2 T o2 = mPlul?
HLY KOuHLz ) aj(kj ¥) <m” aj =m ﬂuHLz,

onde m = max lAj - Y[-l

d

- 1/dist(y, o(-0)), isto &, 1271k | < m.
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Por outro lado, come |h'(s)| < max {|a-v|, {b-v|}, se
escolhermos y = (a+b)/2, obtemos

b-a
|#w) - B vy < === fu-vl
72 2 02

-1 1 1 2
g | max
IILY oll < ma {'Y S W 'Y} < b

1

Portanto, ( = L; KOH:LZ(Q) -+ LZ(Q) € uma contracido e o Teorema

IIT.1 implica gque a equagae
| -1%
u = LY KOH(U-) + LY f:
ou,
Lou = K H() + 7

tem uma inica solugao u e Lz(ﬂ), a qual, como ji& observamos ini
cialmente, & (a2 unica) solugzo fraca u ¢ Hi(ﬂ) de (%*%), A de

monstragio do Teorema 1 estd completa.

Suponhames, agora, que temos a situagao [a,b]ﬂc(-&) ¥ d,

mais precisamente,
[a,b] no(-4) = (hpprr wves A 1

E, além disso, ¢ verifica a hipdtese (hy), isto &,

lh(s)| = |gls) - ys| < ¥, ¥ s cR,



¢ a(-4).

com Y

(7‘:**)

&
ol

Ay + 7,
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Novamente, queremos resolver a equagao

L -
U € HO(Q) s E,

ou equivalentemente (cf. Lema IV.2), o sistema

(1) in - PH(v+w) = Pf

, v EV,wEW,

(2) { Eou - @) = aof
onde P:E+V e @ = I-P:E > W sao as projegoes ortog
Vo= <y g vre ¢£_1> e W= <¢j | 7 # k+1, ..., &-1>
tivamente.

Inicialmente, vamos mostrar que, para cada v

¢do (2) possui uma fnica solugio w = w(v) = w(v, gry,

pende comntinuamente de v.

- :
e og varios lemas abaixo.

Lema V.2. Dado v e ¥V,

¥

Ent3ao, v

ﬁyw - QH(v+w) .

Demons tragao.

que EY:W > [ & um isomorfismo.
E = Hi(ﬂ) =+L2(9) & compacta,
Hy = HlE:E > £2(Q) @& compacta.

limitada em vista da hipbtese (h,).

J———————

(1) TIsto &, escolhemos

hipStese (Ry).

seja Tv:W + W definida

Yy e B

% uma aplicagde prdpria.

Por outro lado,

segue-se que a

H e

Al2m disso, 1

Portanto,

(cf. Observagao IV.1)

por

onals sobre

E, respec
e ¥V, a equg
a gqual de

Para isso, utilizaremos o Teorema IT1.2

¥, (w)

De maneira inteiramente andloga 3 do Lema V.l, ve-se

como a imelusao

aplicagdo

uniformemente

N = Qﬁ(v+-) = QKHl(v+-)

dado pela
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& uma aplicacgioe continua, uniformemente limitada, compacta, de sor

te que a Proposigao III.3 formece o resultado.

Lema V.3, ¥, é uma aplicacdo de classe CL.

Demonstragao. Como EY' @ e K sao lineares, basta mostrarmos que
HI:E + LZ(Q) & de classe Cl. 0 candidato natural para Hi(u) =
a aplicagao linear (continua). F 3 v(x) = A" (ulx))viz) € LZ. Vamos

calcular
§(u,v) = |H (urv) - Hy(u) ~ h'(u)vHLz, u,v £ E,
Temos
§Cu,v) = (fﬂ rGute) + @) = hlul@)) - &' (@) (@) | 2da)y 172,

ou ainda, como

1
Alula) + v(z)) - h(ulz)) = v(z) J R (u(z) + tv(z))dr,
o

§(u,v) = (J |v(m)z(x)|2dx)1/2,
f
onde

1
(3)  =z(x) = J (2" Culz) + to(x)) - B (ulz))]dr.
o

Portanto, pela desigualdade de Hoélder,

(4) §Cu,v) = Jvs] , < Ju] _|=z| _,
27 e
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. 2N 1 1 1 .
< < = -+ = = =
onde fixamos r e & com 2 r =3 e 4 + P 5 E, em vis
ta da inclusao continua (de fato, compacta) ECLPGD(l), ohtemos
sw,0) < lolglsl e
L
Se mostrarmos  que Izt s T 0 quando ”vHE + 0, entao

G(u,v)lﬂvﬂE + 0 quando HUHEL+ 0, e H, resulta diferenciavel
(Fréchet) no ponto u com Hj{u):v = R'(w)v. Ora, ﬂvjuE + 0 im
plica (para uma subsucessao) vj(x) + 0 em quase toda parte, 1o
go zj(x) + 0 em quase toda parte (v. (31). Como
]zj(x)l < 2 sup IRt e z(9), o teorema da convergencia dominada
de Lebesgue formece nzjﬂLS - 0,

Finalmente, para verificarmos a continuidade da aplicagac
u -+Hi(u), usamos novamente a desigualdade de Hélder e o Teorema

de Imersio de Sobolev como acima para obtermos

B ) - B = sup | [B] (o) - Bran] ol o, < ClR ) - BTG s
1 1 nquS]- 1 1 L2 LS

e o téorema de Lebesgue para mostyarmos que R (wna) = AN 70
L

quande Jw] =+ 0.
E

Observagdo V.1. Se tivéssemos considerado o operador de Niemytskii
H:LZ(Q) + LZCQ) ao inves de sua restrigao H a Hi(ﬁ), ele mao

resultaria diferencidvel (Fréchet), a nao ser que fosse linear

(e£E. [9]).

(1) Teorema de Imersdo de Sobolev (cf. 11>,
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Lema V.4. Para cada w e ¥, W;(w):w + ¥ e um isomorfismo.

Demonstracio. ¥,(@) @& a aplicagac linear
z -+£Yz - QKHi(v+w)z, z c W,

onde EY:W + W € um isomorfismo e Hi(u+w):W -+ Lz(ﬁ) & uma apli
cagaoe linear compacta (Isto segue [23, pg. 58 ] do fato que
HI:E > LZ(Q) & uma aplicagdo compacta).

Portanto, ?;(w) & uma perturbagao (linear) compacta de

um isomorfismo e, pela Alternativa de Fredholm, Wé(w) € um isomor

fismo se e somente se & injetiva,

Para mostrar que ?;{w) e injetiva, decompomos
W o= <¢j [ 7 # &k+1, ..., 157 como W, @ ¥,, onde
W1=<¢J']Jfk>:
_F_-.——-—E
Wz = <¢j | d = > 7.
(se k% =0, isto &, ¢1 € ¥V, nZoc hi necessidade de decompor). Se

jam @, @, as projegoes respectivas.

Se gz = 2) + 2, =Qz+ sz g tal que W;(w)-z =0, is

L (zl + zz) = QE‘(v+w)-(zl + 32),

entae (projetando sobre W, e Wy,

LYzl

Qll}'}‘ (T)""W) * (31 + 22)

Loz, = QuH' (v+w) (3, + z,)
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Tomando os produtos internos dessas equagoes com 24 e 24, res

pectivamente, vem

(G5 20g

(' (o) - (2] + 3y), 20 = (HEJ )~ (2y + 29)5 29)p

1(EY32, 250 p (ﬁ'(v+w)-(zl +24), Z))p = (KHi(v+w)'(zl +2,), Zp)p

isto &,

(B} (+w) * (sy *+ 25)5 27) 4

(31 —YKzls zl)E L

5l

(2, = YKzgy, 2,) g (Hi(v+w)'(zl + 2,0, ZZ)LZ,

ou ainda, uma vez gque a-y = h'is) < by,

Hzllé - Yﬂzlﬂiz > JR h' (vrw) a2 da + (a—Y)ﬂzlﬂzz

2 2 . 2
EZZHE-YHZZHLZ < JQ R' (v+w)z z,de * (b‘Y)szﬂLz-

Subtradindo estas equagoes, obtemos
2 2 2 2
oglZ - egd2 € plagi?y = alaii®ys
e, em vista do Lema V.5 seguinte,
2 2 12 2
A 2,02, - A lz P, < blagi, - alz 1%,
L2 LZ L LI L2 =2 L2 1 L2
isto &,

(a-xk>nzlu22 v O - b)ﬂzzﬂzz <0




Portanto, como XA, < a2 < b < A vem 3, =z, = 0 isto &, a=40.
k ?

1A

. 2 2
(ii) HzZHE > llﬁzZHLZ’ Vz,eW,.
Demonstragio,
. ~ k
(i) BSe z) € ¥, entao z, = j£1 aj¢j’ logo
k k
2 2 2 2
la 0z = § aZx, <a, T o =2xlz|%..
1 E oy 9 k j=1 g kK'U1 L2
(ii) De maneira analega, 3, E Wz tem a representagao
o
2, = 7 o.d. e
pd PETERCAL

Proposigao V.6. Para cada v & V, a equagao (2) possui uma @inica
solugao wW(v) = w(r, Qf), 2 qual depende continuamente de .
Mais ainda, a aplicagio » = w(v) & de classe CI(V,W) e temos a

estimativa

(5) [lw(v)llz.s e, ¥vebV,

onde ¢ @& uma constante que depende apenas de ﬂfﬂ 2
: L
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Demonstracdao. Em vista dos Lemas V.2, V.4 e do Teorema da Fungao
Inversa, ¥v:W + ¥ & um difeomorfismo local, proprio. Portanto,
?v 2 um difeomorfismo global (cf. Teorema III.2), e dado f, € ¥,

existe um Unico w = w(v, f,) tal que
¥, = f,
isto e,

(6) Lw - Q) = £y,

com a correspondéncia f2 ~+ w(v, fz) sefido um difeomorfismo. Por
cutre lado, fixado f2 € ¥ (no nosso caso, f2 = Q?),' a aplica
gao v +uw(v, f,) & de classe CI(V,W) em vista do Teorema da

Fungdo Impliicita. Finalmente, como LY Z um isomorfismo e A = kHl

2 uniformemente limitada, (6) implica

lol

1A

const.“EYqu < const.(”QE(v+w)"E + HQ?HE)

1A

const.(c1 + czﬂf“Lz).

Agora, que resolvemos a equagao (2) na varidvel w, subs
tituimos w = w(®) mna equagao (1) e obtemos a equacgdo
(7N EYU - PHA(v+w(v)) = Pf, v €V,

isto &,

(8) e(v) = PF, v eV,
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onde ©:¥V »~ ¥ & dado por e(v) = ZYv - PH(w+u ().

Demonstragdc do Teorema 2. Queremos mostrar que (8) & sempre solill
vel (ndo necessariamente de maneira unica), qualgquer que seja
Fe LZ(Q). Neste ponto & que se evidencia a importameia de ¥ nao
ser um ponto do espectro 0O{(-A). Com efeite, temos o seguinte

Lema V.7. LT:V + ¥ & inversivel,

-1
Demonstragao. Imediata. Basta calcular, com v = Z 0.,
if A
J=k+1L
. -1 ¥
v = 7 .l -0
Y J=k+l 4 Aj J
Observagio V.2?. Tomando o produte escalar da equagao (8} com

respectivamente, vemos que, em termos das coorde

¢k+lr R ] ¢2_1:

nadas o, de v, ela escreve-se como ¢ seguinte sigtema nio-ling
ar »n_ X n (nm =8 -k - 1):
o a [a]
-1 -1
9 AL - A h .+ ow ¢ dx =
(9 Gy - Yy JQ (kgl aydy (kzl 09;))0 dz

= J f¢jdm: F = k+1, ..., &-1,

7]

isto e,

: Da + F(a) = B, o= (4, vy @ ) R,

n
o - - .
onde B e R e um vetor dade {(em termos de f}, D[ & uma matriz
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"o "5

diagonal ¢ F:R -+ R g uma aplicagao continua e limitada (uma

vez gque Hh{(s) & uma fungao limitada).

n n
Portanto, a aplicagao D+F:R ¢, g ° (equivalentemente,

1 n

- 7
0:V + V) sera sobrejetiva se T = I+D "F:R e o

+ R o for.

Lema V.8. Seja p:8% > B" uma aplicagao da forma T = I+F onde

#:8* + k" & continua e limitada. Entao, T & sobrejetiva.
Demonstragdo. Queremos mostar que, para todo & € Rn, existe ¢ £ K
tal que

o + N{a) = 8,

Né(a) = 8 - N(a) = o,

E# -pafras palavras, dado § e Rn, queremos mostrar que a aplicagdo
N definida acima tem um ponto fixe. Ora, seja 7 =|5l-+sgpﬂna)
e considere a bola B(P)C:kn de centre na origem e raio 7. Entao,
N5 transforma a bola B(r) em si mesma e {como NG\ é continua)

o Teorema do Ponto Fixo de Brouwer garante a existéncia de um pon

to fixe o & B(r).

A demomstracdo do Teorema 2 esta completa.
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Demonstracac do Teorema 5.

A seguir, vamos considerar a situagado (Ambrosetti-Prodi)

em que

[e,0] N o(-8) = {3,

com Q<g=g'(-w) = 1ims+_wg'(s) < b = g'(a) = 1ims+mg'(s). Observe

que a hipotese (#,) nao & satisfeita (para nenhum vy € R): a nao
linearidade g & assintoticamente linear, mas as "inclinagoes"
1ims+img(s)/s sdo diferenges.

Queremos resolver a equacio (**), ou seja, (cf. Observa
gdo IV.1), a equagdo (**%*) para algum y € R. Escolhemos vy = Ay

e, por simplicidade, escrevemos L; ao inves de L., :

A
- 1
= = = 1oy =
(***)1 Liu = H(u) + f, u e H (Q) =F
Novamente, temos ¢ sistema equivalente (cf. Lema IV.2)
(11) [ ~ Ph(v+w) = pf (1)
’ veV, wekVW,
(12) Iiw - QE(v+w) = @F

onde agora, V = <¢l> e unidimensional, ¥ = ?$E_T_3_¥—T; E. 0b
serve que, no presente caso, nao podemos concluir que a aplicagao
7= KH :E + E € uniformemente limitada (pois k(s) = g(s) - Als

nao & limitada). .Logo, a demonstracdo de que ?v(w) = Elw - QF (v+w)

& uma aplicaglo propria nao decorre da Proposigdo III.3, como no

(1) Note que Elv = (I - llK)v =0,
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caso anterior. Usaremos o Teorema de Hadamard (Teorema III.4) pa

ra mostrar que ¥, 2 um difeomorfismo global.

Lema V.9. Existe € > 0 tal que HY;(w)°zHE > e"zﬂE, Yw,z ¢ W.
%

Demonstragﬁo. Calculando o produtoc interno (W;(w)z, z)E obtemos

(?;(w)z, )y = (Elz - Q' (v+)z, a)E =

2 2 2
= j212 - aqlal?, - j Bt (oew)z2des
E 1 L2 Q ,

logo, como h'(s} = g'(s) = 2y 2 L
2 2 2
(T;(w)z’ 2)lp 2 HZHE - lluzu g = (& - Al)"z“ 2
L L
2 2
- b1 - Blal?,
Mas uz“§ > Kzﬂzﬂzz, ¥ z e W (cf. Lema V.5). Portanto,
L

(¥ ()z, 2)p 2 sﬂéui, Yw,z¢eW

onde € = 1 - %L > 0. Em particular [¥l ¢zl > el=f.
2 v E -

Portanto, Y W - W 2 um difeomorfismo global. Daqui
por diante, vamos escrever U = t¢1 para velV = 4¢]? (t=ﬁh¢i)Ehzl),

de sorte que a equagao (12) escreve-se como

(12") Lyw - QE(s¢, + w) = Qf
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Proposigao V.10. Para cada t € R, a equagao (12') possui uma ani.
ca solugao w(#) = w(t, ¢f). A aplicagao t = w(t) & de classe

Cl(k, ¥) e existe uma constante e = ¢(f) tal que
(13) lo(e)ll, < e1 + |t]), ¥t ek,

Demonstragao. A demonstragdo & exatamente aquela da Proposicgao V.6.
Resta apenas obter a estimativa (13).

Tomando o produto interno da equagiao (12') com w», vem
By (), w(e))p — (H(so) + w(8)), w(&)), = (F, w()),,
isto €,
Hw(t)ﬂ§ - Alﬂw<t)niz - H (g + w(t)), w(t))Lz = (f, w(t))Lz.
Como Hl(t¢1 + w(t)) = h(t¢1 + w(t)), com h(s) = g(s) - hls, e

(¢1, w(z)) 9 = X?(¢1, w(t)) =0, obtemos
L E

(B (6, + w(£)), 0(t)) 5 = (g(te; + u(®), wt) , - w2,
L L
logo

Joe) ]2 - (g(o, + w(t)), wE) 5 = () w(0)

Finalmente, usando a desigualdade de Cauchy-Schwarz e a desiguald&

de lgCa)| < |g(0)| + bla], obtemos
lweed| 2 < fued ] ,dgl , + ble| + bluce)] , + I7] ),
PR ;2 |L2 I "LZ I HLZ

ou ainda, uma vez aue w312, < 37 harev12
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+ blt]),

a - %)ﬂw(t)lt,% <3 M @@ 5+ 191 4

|
L
isto &,

loedlg < et + 12D

Voltamos agora a mossa atengaoc para a equagaoc (11}, onde

substituimos w®w por w(t):

(11") -PE(t9, + w()) = PF,
ou (tomando o produto interno com 4¢1),
- J k(t¢1 + w(t))¢1dx = J f¢1dx,
f Q
ou ainda,
(14) Xlt - Jg g(thy + w(f))¢1dm = Jg f¢1dm

(uma vez que h(g) = g(s) - Als e (w(t), ¢1)L2= AI(W('&), ¢1')E.=O-
Assim sendo, o estudo da mnossa equagido original (***)1

fica reduzido ao estudo da equagdo na reta
(15) 8(t) = J f¢1dm, t ek,
Q

onde O(t) € a fungdo (de classe Cl) definida pelo primeiro mem

bro de (1l&).
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Lema V.11. 6(#) + -» quando |%| + o,

Demonstragac. Vamos considerar o caso ¢ + +a. Queremos mostrar

gue, para toda sucessao tn + ®, e¢xiste uma subsucessso tn + @
)
tal que O(tn } > oo,

J
Para isso, vamos supor que a estimativa (13) & valida na

Cl+a

norma de (1) (este serd o caso, conforme Lema V.12 a seguir),

l+a

isto &, w(t) g ¢ Ny e

Twe)] 1eg S Gl * [#1), ¥ & ¢ k.
¢
~ ~ - - . l+a =
Entao, a sucessao w(t,) = w(tn)/tn e limitada em ¢ (), e, co

mo a inclusao Cl+a(ﬁ)C:Cl(§) & compacta, existem uma subsucessao
t, *® e w ¢ Gl(ﬁ)n W tais que

E(tn)=—=7—+w em C (0.

Agora, considere

S(tn.) g(§2.¢1 * w(tn.))
_..51_ = X - d J ¢ d:!:
t 1 t 1
n. 193 " .
d d
g, (@) +w(t, )) _
g | Ty B e,
&t (9 +wt ) ni
] J
e deccmponha © na integral acima como o = g+u Q_Ljﬂo, onde
£, = e | ¢7(a) + w, (z) % 0}, %o ={x e ¢y (&) + w (z) = 0}
Entao, passando ao limite quando t,. > ® na expressao acima e
Jd

usando o teorema da convergencia dominada de Lebesgue (tendo em
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vista que 1ims_m g(s)fs =b e 1ims+_w g(s)/e'= a pois lims_mg' (g8) = b
e 1im3+mmg'(s) = q), obtemos
B(tn )
M e = AL - -
(1)  lim — A - b J (¢ + W )4ydr ~ @ J (6; + w )bydw
£ 0 n., Q a
n, + -
J
Por outro lado, como ¥, € ¥, temos (wo, ¢1)E = 0, logo

W, $4) 4 = Ail(wo, ¢ = 0. Assim, podemos escrever
)

(17) 1= (¢, +w, ¢1)L2 = JQ (9 + v ) dw + Lz (¢ + v )0,dr,

+ '—
isto é;
[
( + W de = 1 - ( + dx.
Jg_ ¢y o) Py = 1 J9+ ¢y t B )0, dr
Substituindo em (16), obtemos
B(tn.)
lim —%——J—— =}k - a- (b-a) [ (b, * w°)¢1d:c
e n. Q
N, J +
J
< Ay - a - (b-a),

pois f§2+ (¢1+wo)¢1d:ﬁ:3 1 (v, (17) e lémbre-se que (tl>l + wo)¢1 < 0

em §_). Portanto,

de sorte que B(tn ) + = quando tn +
J d

De maneira andloga, mostramos que, Ppara toda sucessao
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tn + =w, existe uma subsucessio tn + —w ecom 9(t ) + =~oo,

Observagao V.3, Note que a fungao 8(t) depende de @f = QKf pois

w(t) = w(t, Q?). Lembre-se também {Observacgio IV.2), que QKf==KQ°f
- s ' 2

onde @, = I-P e Po e a projegao ortogonal Pk Q) » <¢1>.

Logo, decompondo §F = s¢, + fz = Pof + Qof, - temos B(%) = 08(%, le

Em vista do lema anterior, podemos definir

t =E(f2) = m%x e(t! fz)-

E evidente, agora, que a equagidc (15) & solavel se e somente se
J F,dx < %,
Q

Além disso, no caso To fé,dx < t, (15) possui no minimo duas so
lugoes. Porﬁanto, a menos do lema seguinte, a damﬁnstragEo do Teo

rema 5 estd completa.

14+a

Lema V.12. Para cada t e R, w(f) € ¢ (1) (0 <a < 1) e temos

a estimativa

<e (14 |£#]), % ¢t e R,

”Mt)”c“" <

onde Cy = ca(f).

Demonstragdo. Inicialmente observamos que, pela teoria de regula

ridade para equacgoes eliticas (ecf. [15]), temos Ko € Wz’p(ﬂ)
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se p € Py, p > 1; além disso,

< e B

(18) | kol pﬂpﬁ p
L

y2oP

Portantoe, se p > N, o Teorema de Imersac de Sobelev (cf. [11)

fornece Kp € Cl+a(§), o =1 - g , logo

19 l "ol
(19) “K°"01+a < ChK”“Wz,p < CPHDLLP
Por outro lado, w(t) verifica a equagao (12'},
Lw(t) = QKH (60; + w(¥)) + QKf,
isto &,
w(t) = QKG (td, + w(t)) + QKf,

ou ainda, uma vez que @K = KQO (V. Observagﬁo Iv.2),

(200 w(&) = k[Q 6, (¢4, + w(£)) + @ F] =Ko

Além disso, em vista da estimativa em E = Hi(ﬂ) dada pela Propo

sigdao V.10 e da imersao de Sobolev Hi(ﬂ) [ LPI(Q) (onde pi=%-'1%
1

se N >2 e p; >2 & arbitririo se N < 2), obtemos

qw{t)] p, < e (1 + 1]y,
L
logo

(21) lG, (x4, + w(t)HLpl <ej(r o+ |t
uma vez que |g(s)| < |g(®)] + bls|. Combinando (21), (20) e (18),

vem

(22) w(t)] <0 (1+ |tDh,
91 3,5, 5 200"
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onde €, = Cl(f)'

Novamente, em vista da imersao de Soholev (cf. iy
2,p r
W l(Q)C L 2(9) {onde L1 2 se N> 2p, e Py > Py & ar

Py Py N
bitrario se ¥ < 2p;), obtemos

HW(t)H P, = 02(1 + Et:)s
L
logo (V. (20))

I I
(23) w(edh 2,5, S 0,1+ ey,
2,04
Assim, melhoramos a estimativa (22) no espago W () para a
2,p
estimativa (23) no espagoe W 2(Q) (na pior das hipoteses, N>2pr
temos py, = plN/(N - 2p1)). Continuando com este processo, apos
um ntmere finito de etapas, obtemos
()] >, S el + |2]),
L
logo
ol 5, < o+ oDy,
W
com Py >N, Portanto, uma vez mais a imersao de Sobolev ([l])
2,p
7 k(Q)C:01+a(§), a=1- » formnece
Py
lo(e)l] 4, < e, (1 + [¢]),
4
com ca = ca(f),

Observagac V.4, De fato, note que o processo acima fornece

w(t) e Wz’p(ﬂ) para todo p > 1 e, consequentemente, m(t)sclﬂ%ﬂ)
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para tode 0 < u < 1, com

Tw(e)] <e 1+ 2]

ety




Ly

VI. O CASO RESSONANTE.

Nesta segEo vamos novamente considerar a. situagio

[a,b] ) o(-A) # 4, digamos,
[a,]N o(=8) = (A, qs «-us Ag g},
sendo gue agora vamos supor que g verifica a hipotese (hz),
ja(e)| = lg(s) - ys] <M, ¥ s eR,

com Yy E U(4A)(1). Uma vez mais, iremos resolver a equagzo

(*3k) Lou = + 7, we HL(Q) = E,

ou, 0 sistema

(1) EYv - PH(p+w) = PF
. v eV, weVW
(2) Lw - ef(v+w) = of
onde P:E > V, @:E - W s3ao as projegoes ortogonais sobre

- E
V = <¢k+1’ ey ¢2_1>, W = <¢j I g # k+1, ..., 2-1> ".

De inicio, vale ressaltar que o fato de <Y agora perten
cer a o(-A) nao perturba em absoluto a anilise que fizemos da
equagao (2) na segdo anterior. Afinal, o autoespago VY =N(-A-vy) es

td contido em V e a equagao (2) & uma equagdo no espago W = V%,

(1) Portanto, Yy & um dos lj's, J o= k+1, ..., &-1,
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Assim sendo, para cada v e V, 2 equagao (2) possui uma
inica solugic w(v) = wlv, @F) e a aplicagac v = w(v) g de clas

se Cl(V,W) e uniformemente limitada (Proposigao v.6):
&) ﬂw(v)“E <e, ¥ s.V.

E o sistema (1}, (2) fica sendo equivalente i equagao
(&) e(v) = Pf, v eV,

onde 0:V » ¥V & dado por 0O(v) = EYU - PH(p + wlv)).
Passamos agora ao estudo da equagao (4). Para issb, V2

mos considerar os limites

a(x®) = lim inf k(s), H(z=) = lim sup n(s) (P

- g+iom g+too
e, para 2 € V# = N(-A - ¥}, colocamos

Q,(z) = {z e @ | 2(x) z 0}, Qo(zj ={zeq | z(x) = 0}
Além disso, definimos o seguinte subconjunto de Lz(ﬂ) (em verdade
de EHL(Q) = E),

(5) g ={f eV J Ffz de < = J F(=)z do -
o o 1 g ° | 2, (2)

- h(-=)z dz, ¥ 8 2V, ﬂzu = 1},
Jﬂ_(Z) - Y E

e colocamos So = K(ZO).

(1) Lembre-se que estamos supondo h(s} = g{&) —vs limitada. Logo, estes 1i
mites existem.
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Teorema 3. Dado f € E, decomponha J = Fl + ?2 = P} + Qf.

(i) Para cada ?2 € W, existe um subconjunto praprio (nio-
-vazio) 8§ = S(fz)C:V tal que (**%) & goluvel se e

somente se ?1 e 5.

(ii) Supomha vy = A Ent3ao,

k+1"

SFP>5,, ¥ F, e W,

Observagao VI.1. £ oportuno recordar que o nosso problema original

consiste no problema de existéncia de solugoes fracas u € E de

J=du = g{u) + £ en f
(*)

#u =0 em 9%,

dada f ¢ LZ(Q) (Seggo Il), ou, equivalentemente {Observagao 1IV.1),
de existéncia de solugoes u E E de (3%%) com F da forma XF.

Assim, podemos reformular o teorema acima da seguinte maneira:

"Dada f ¢ Lz(ﬂ), decomponha f = f1 % fy = P f+ Qof.'
(i) Para toda fz existe um subconjunto propric (nao-
-vazio) E(fz)C:V tal que (*) & solivel se e somente

se f, e I(fy), isto &, definindo a "faixa"
E= U s+, |5 e ztrpd
£a
em Lz(ﬂ), (*) & solivel 5o e somente se fek.

(ii) Se vy = Apep eDEEO Z(fz):azo".



47

4 figura abaixo ilustra (a grosso modo) a situagao.

@

(*) ndo & soluvel (*) nac & soluvel

Observacdo VI.2. A condigao que defime o conjunto I (V. (5)) g
conhecida como condigdo do tipo Landesman-Lazer. Na situagdo ori
ginalmente considerada por Landesman e Lazer ([21]), corresponden
te a ressondancia no primeiro autoyalor {(isto &, Yy = AI), o auto
espago VY & unidimensional e qualquer autofungao 2 ¢ VY nao mu
da de sinal em £, digamos, VY = <¢l> com ¢1 >0 em &, Neste

caso, a condigdao de Landesman-Lazer escreve-se

5%y - J h(==)¢,dx < J Foodx < - J F(e) ¢, dx.
Q 1 0 o'l Q 1

Demdnstracao do Teorema 3.

(i) Basta definir S(?Z) como a imagem da aplicagao 9=@(u;é%
Uma vez que EYIV =0 e E:HE(Q)-*HE(Q)

g
conjunto S(?z) resulta limitado nas “direcoes” ¢j de VY'

uniformemente lIimitada, o
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(ii) Vamos precisar dos lemas abaixo.

Lema VI.1l. Suponha vy = A Dadas J = Ef , com f £ X , e
o o o o

k+1"
fz € ¥ existe R > 0 tal que

@@, 7,) - f,, v, >0

para todo v £ ¥ com "vﬁE =R,

Demonstragao. Por contradigde. Suponha que existe uma sucessao

= (1) P
= - <
{v,}cv com ﬁvnﬂE n e (G(vn) Fos 05 20 . Definindo
n - . ~ s s
8, = =~ temos “zn"E =1 e, come V & de dimensao finita, pode
mos supor que (para uma subsucessiao) 2, F 3., "zo"E = 1. Portan
to,

1im inf (O(vn), ZH)E f (foa zO)E’

isto &,
(6) lim inf. [n(Lan, Bl = @, +v@)), 2)5] < (£, 2 ).
Em particular, devemos ter z, € Vy' Pois, ecaso contrario, decom
= 1 = 1 = e '
pondo V¥ VY ev, a2, R SR 2oy tal, B # 0, ob
teriamos
nfoz , 8 ).=n 2", 20 =nu(z']2 - x . fz!]2)
Y n® “n’'FE Y n* “n’E ntg k«1'%n Lz
> nOyy = Mg el
= k+2  Tk+1 n LZ’

(1) Por simplicidade de motag3o, esereveremos O(v) ao inves de
0(v, Fp), isto & w(v») ao invds de w(v, F,).
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logo n(Ean, 2 )g 7 (uma vez que ﬂz;“Lz - Hz;ﬂLz # 0?, o que

¢ um absurdo em vista de (6). Portanto, & E VY e

8

(For %) 2 (F,, 3 )p 2 lin inf [-(XH (v, f (), 2] -

-lim sup (# (v, + w(vn)), zn)Lz’

isto e,

JQ fzdx 2 ~lim sup Jﬂ hinz  + w, )z dz,

onde escrevemos W, = w(vn).
- Agora, como “wnnEf ¢ (V. (3)), temos que (para alguma
subsucessio e algum w E LZ) w, v w em LZ(Q) e wn(m) -+ wix)

em quase toda a parte. Logo, decompondo § como 9+(zo)n Q_(zo)ﬂ ﬂo(zo)

e usando o lema de Fatou na expressﬁo acima, obtemos

Jg Fo2 de > = J ﬂ(w)zodx - J ﬁ(~m)zodx,l
G, (=) Q_(z)

isto &, uma contradigiao ao fate de que fo pertence a Eé.

Lema VI.2, Seja 7:&" » R® continua e tal gque, para algum > o,
F(u)fa > 0

na esfera -ja|= r. Entao, existe a na bola |a| < » com

F(ao)»= 0.
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Demonstragido. 4 aplicagao F:r" » g" definida por

[ a - Fla) se |a - F(o)| < »
F(a) =
a—F ()
- - > p
? Ta-F(a)T *  °° o - Feay| >
€ .continua e transforma a bola [o] < r em si mesma. Logo, o teo
rema do ponto fixo de Brouwer implica que f(do) = &, para algum
a , |a | <>,
o ol =
Afirmamos que |ao| < r. Com efeito, se [ao|r= r entio
l?(uo)| = ¥ e, portanto, por definigado de ?, devemos ter
- >
(7 . lo, = Fla )] > ».

Por outro lado, temos tambem

2 - @, = Fla)
r° = ao-ao = aD-F(ao) = uo.(r Ta;_:_?TE:TT)’

iste e,

] [aoiz - aO-F(aO) rz - uD-F(ao)

[, ~FGT T TE, T EE)]

e, uma vez que ao-F(ao) > 0 (ewm vista da hipotese), obtemos
[ao - F(ao)] <,

© que contradiz (7). Portanto, devemos ter |u0] < r, isto e,

|§(ao)| < r, de onde concluimos (por definigio de F) que

a =Flog ) = o - F(ao),



51
isto @&,
F(ao) = 0.

(1)

Agora, combinando os Lemas VI.1l ¢ VI.2 , resulta que,

dadas ?o = Kfo € SO e f2 € W, existe v € ¥V tal que

0y, fy) = Iy

isto &, 5, S(?z), s ?2 € W. Tsto mostra a parte (ii) do Teorema

3 e conclui a demonstragao.

A seguir, passamos a demonstragSO do Teorema 3% enuncia
do na Segao II. Trata-se de um caso particular do teorema acima em
que Y = )ll’ fl_(_w) = 'E(-m) = h(—m), }}‘(m) = E(m) = k(=) e

h(w) < h(s) < h(-=), ¥ 5 € R. Conforme ja observamos antes (V.

(5%)), a condigﬁo de Landesman-Lazer escreve-se, neste caso,

(5%%) - J h(-=)b,de < I ¢ de < - J h(=)¢dz.
Q ! g 7o a '

(1) Tome F no Lema VI.2 como a aplicagao 0(v) = }0 escrita em

termos das coordenadas de v (V. Observagao V.2),
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Demonstragao do Teorema 3%. Resta apenas mostrar que (5%%) & tam
b8m uma condigdo necessidria para que (%%%) seja soluvel.

De fato, projetando a equagao O(v) = EY‘U - PH(v+uiv)) =

= Pjﬂ"‘ = Kfo éobre VY = <¢1>, ocbtemos
-Jﬂ R(otu(v))$,dzx = Jﬂ Fobyde.
Lego, como -¢1_ >0 em R e k(=) < h(s) < R(-®), ¥ s e R,
-] R(-=)¢.dx < J f o, de. < = J A(e)d. dx.
Jﬂ 1 Q" ° 1 Q 1

Observagdo VI.3. Em [7] supoe-se que [z,b] contém apenas um
ponto do espectro a(-A) (Ak%-l = ,,, = A!.-l)’ isto e, que V = VY
Assim, o Teorema 3 demonstrado acima constitui uma pequena extensao
do resultado correspdndente 12 apresentado, Naquela sitwvacgao, en

tretanto, & possivel melhorar a conclusao do item (1i) que passa a

ser S(?Z)ZDSOL)Sé, ¥ ?2 £ W, onde
T T
§: = K(Z!),

2 = {f,ev | Lz Fede > - J h(=)ads - J [AGOEE"R %*zeVY, Izl = 1.

E
2, (2) Q_(2)

Isto &, temos o seguinte

Teorema 4. Suponha [a,b]n a(-A) = {y}. Dado f € E, decomponha
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F-F +F,-PF+af. Eacdo:

{i) Para cada ?2 € W, existe um subconjunte proprio (ndo--
-vazie) S = S(?z) ¥ tal que (***) g solivel se e somente se

Fie8;
.. %35 . .
1) S(Fp285,us8,, Ve W
Demonstragdo. Basta verificar o item {(ii). Para isso, utilizames

os lemas abaixo, cujas demonstragoes sao inteiramente analogas as

dog Lemas VI.l e VI.Z.
Lema VI.1'. Dadas F) = Kf), com f € I, e f, € W existe
R' > 0 tal que
b -1
(0(v, fz) fos 9)E <0

para todo v € V com “le =R',

Lema VI.2'. Seja 7:k™ > R* continua e tal que para algum »' >0
F(x)-a < 0 ¢
na esfera |a| = r'. Ent3o, existe a  na bola la] < »* com

F(uo) =0 (De fato, basta gsubstituir F por -F no Lema VI.2).
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Intvoduction

We recall some basie facts in the theory of linear par -
tial differential equatioms in mn32 variables, with constant coef
ficients, the details of which we refer to HBrmander, [:18]-. Let
P(D) DTe such an operator and,let ﬂt:Rn be an open set. We con—

sider the following notion:

Definition 1. The set Q 18 said to be strongly P-convex if for

every compact set KCQ there s a compact set X'CQ such that

(L) for all ueﬁ‘(ﬂ) , supp P{(-D)uck , then supp ‘ucK'
and
(2) for all uef;' (), sing supp P(-D)U CK, then sing supp ucK'.

One can prove, [1@:

Theorem 1. The operator P(D) : P (D—>P (Q) s surfective if and
only tf, 9 18 strongly P-convex.

Condition (1) (resp. (2)) means that if u is a distribu
tion in a fixed neiphborhood of the boundary 30 of @, satisfying
P(-D)u=0 (resp. P(-D)uecw), and if u=0 (resp. ueCm) in an unspec
ified neighborhoed of 3{, then the same is true in a fixed neigh-
borhood of 3fi. These phenomena are known, in general, as the unique
continuation property of the support (resp. singular support).

Results such as Theorem 1 are much more difficult.to es-—
tablish in the case of variables, say ¢”, coefficients, [9]. The

delimitation of the supports of solutions (if one prefers, the prop
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agation of zeros) is closely related to the so-called uniqueness
in the Cauchy problem. A startling contribution in this diréction,
was made by A, Caldéron, [6]. As the reader no doubt knoﬁs, the
importgnce of Calderon's work lies not only in its conclusicons
concerning the Cauchy problem but also in that it contained one of
the first and moest spectacular applications of the calculus of
pseudodifferential operators. In the same way, the delimitation of
the singular support of solutions, that is the so-called propaga
tion of sitngularities, has been also the subject of much study
recently., It leads at once to the existence, mod.Cm, df solutions
of the tramspose equation, usually in relatively compact open sup
sets. But as was shown in Malgrange's thesis, [Zﬂ, these infor
mations can be used to establish the existence of global solutions,
mod. C . There, to a large extent, lies the-reason for continued
interest in the propagation of singularities,

Chapter 1 contains a brief introduction to the theory of
Fourier integral Operators. In Chapter 2 we give some results of
propagation of singularities and related open problems. OQur aim
in writting this set of notes was not to present a comprehensive
treatment of the subjeect — this would take us too far afield.
Rather, we take the route of presenting the basic ideas im a clear
enough fashion so that the eventuazl recaders (hopefully, there will
be many!), interested in the details, will find their way through
the more specialized literature, extensively listed in the bibli-

ography, in a relatively painless manmner.
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Chapter 1: Fourier Integral Operators

§1.1 Introduction

Pseudodifferential operators have been developed as a tool
for the study of elliptic differential equations. Suitably extended
versions are also applicable to hypoelliptic equatioms but their
value is rather limited in genuinely non-elliptiec problems. Many
operators arising in the solution of differential equations are
not pseudolocal, that is, do mot preserve the singular support of
distributions. For instance, if L is the wave operator

% 3
._—.f“ z_.._
ot

L =
the operator E mapping the Cauchy data u and 3u/3t, at time t=0,
to their values at time T i; not pseudolocal. Fourier integrai op.
erators which are no longer pseudolocal,vwere introduced in order
to study hyperbolic equations. Their calculus can be traced back
to the work of Lax [2?], Ludwig [2§1, Maslov [ﬁO] and was brought
into a final form by Hormander [20]. They (as well as the less
general pseudodifferential operators)are intended to make it pos-—
sible to handle differential operators with variable coefficients
roughly as one would do with differential operators with comstant
coefficients using the Fourier transformation.

Fourier integral operatoés (more precisely associated 1o
cal canonical transformations), together with pseudodifferential

operators, can alse be used to reduce (at least locally in the
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cotangent bundle) many partial differential operators P to par—

ticularly "simple" forms, such as

Bfaxl s 8/3x1+i.3/3x2 . 3/8x1+ix13/3x2 .

2 little in the same way as one may "always choose 1local coordi-
nates in which a given real vector field is BIBxl. Transforming
back the results for these simple operators, one can then obtain
results for the origimnal P, This procedure, following an idea of
Egorov, has been used by Egorov [11], Nirenberg-Tréves [33:| and
Hormander [211], in the study of subellipticity and local solvability
for general pseudodifferential operators with complex principal
symbol p, and by Duistermaat and H'érmander,tg:l, [22:], in the spe
cial case that p is real or the Poisson bracket ip,p}=0, when p=0,
for (semi-)global regularity and existence theorems. The work of
Sjostrands ]:38], Sato-Kawai-Kashiwara, [37],. Boutet de Monvel,]:S:], and
TrEves,[!&l:], also show that the same procedure is very fruitful in
the study of general overdetermined systems.

It is true that some results obtained by Egorov's proce-
dure can also be proved without Fourier integral operators; it is
wellknown, for instance, that the energy integral method leads to
existence “heorems, ]:21:]. However, as was noted by Lax, [27:], (a sim
ilar device is used in quantum theory, in comnection with the "WKB
method"), the asymptotic expansions of geometrical optics can be
used to construct solutions at. least locally and approximately,
the solution operators {parametric~s) being Fourier integral oper

ators defined by a canonical relation different from the identity,
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making them very much different from pseudodifferential operators.

For instance, let P=P(x,D) be a differential operator of order
o

m, with variable C coefficlients in an open set XCBH, written in

the habitual multi-index notatiomn:

P(x,0)= > 8y ()%, D=(Dy,... D) 5 Dy=mid/exg

|¢jsm

with principal symbol

p(x,E)= > a,(0E , EER".

3]

We assume that P is strictly hyperbolie with respect to the planes

xn=constant, which means that the characteristic equation
p(x,6)=0 , E=(E",E) ,
has m real {distinct) solutions En’ say

T (x,E") <L <TG ET), when  0#E er™ L.

For each of these roots we determine {(under suitable uniformity
assumptions on p and for X <Y, sufficiently small) a solu-

tion qa(x,yn,e) of the differential equation
Bt?j (x.yn,e) /3xn-1'j (X,Bl?j (x,yn,a)IBX')=0

such that

(1.1.1) @, (x,y,,0)=<x",0> when x,=y , 9 er™ " \{0}.

n
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It is clear that (the phase functions} l-f’l,...,le are all the so
lutions of the (eikonal) equation p(x,a‘-j’lax)=0 satisfying (1.1.1).

Now a solutien of the Cauchy problem

j . m=1 o 0~k
(1.1.2) Pu=0 , Diu—-—O for j<m-1 , Dn u=f eCo(R ),when xn=yu,

can, for X sufficiently close to yn,be written in the form
m .
- [ i (x,y_,6)
(L.1.3)  am)=) (2m? “L[; 3507 a; (x,y,,0)2(0) a8
1

where (the amplitude) a:j eSl—m(XXIRn), and,as usual, Su(XXRn) de-

\ G n
notes the set of symbols a(x,f) of order H, that is, a(x,£)eC (XXR) and

B

(1.1.4) lninga(x,ﬁ)[sca’BlK(1+|El)“‘lB! » x €K C CX.

The construction of the amplitudes aj is made by successive approxi
mation, with an ordinary differential equation (the transport equa
tions) being solved at each step. Actually one obtains only an '
approximate solution of (1.1.2) in the sense that Pu will be an
integral operator with C  Kkernmel acting on £. Thus (1.1.3) de-
fines a parametrix, and Lax was able to conelude that for x 7Y,
positive and sufficiently small, the singular support in R™RBR™ of
a parametrix consists of points (x,y) such that x 1lies on a
bicharacteristics starting at vy, Ludwig, [28], proved that the
singular support is contained in the union of the bicharacteristics
globally by solving the Cauchy oproblem in steps using a variant

of (1.1.3) each time.
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As a generxalization of pseudodifferential operators as
well as of the terms inm (1.1.3) with x and Y, considered as

parameters, it is natural to consider operators of the form

(1.1.5) Af(x)=(zn)“‘j1'15(x’9)a(x,e)‘fﬁ(e)da , 1@ , xel”

where § 1is real valued and homogeneous of degree ome with re-
spect to 8 , a.eSu for some U. If we introduce the definition

of the Fourier transform in (1.1.5) we obtain formally

(1.1.6) Af(x)=(2’lf)-n/ﬁreit?(x’y’e)a(x,y,e).f(y)dyde s fec‘: ,

where qu,y,9)=S(x,9)—<y,9> and a is actually independent of
y. If we drop these special features of KP and of a, we shall
have a much more symmetric setup. This is perhaps evenl more clear

if, still formally, we take the scalar product with a fuactiom g,
_ ) 8 _
(1.1.7) <Af,g>=(2m) “fﬁelw(x’y’ )a(x,y,e)g(x)f(y)dxdyde,f,geC:-

This means that the distribution kernel of A, which we also de-

note by A, should be defined by
PP ( 0) -
(1.1.8) <a,£>=(2m) njjj;”?- ¥2Y 2% 4 (x,y,8) £(x,y)dxdydd , £€C .

§1.2 Wave front sets and some geometrical background

The wave front set of a distribution is a refinement of
the notion of singular support of a distribution.

Let u €H'(X), ¥ an open set in RY. According to the

f
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Paley-Wiener theorem u is € in a neighborhood of X in other

(2]
words, x°¢.sing. supp u, if and only if for some Y&C with\l’(xo)i‘O:

-iT<, ,E> N

(1.2.1) <e P,u>=0(T ) For Tow .

vniformly in |€|=1, for all N,

It turns out that it is very fruitful mnot only to local-
ize with respect to x but also with respect to &. This leads to
the following definition of the wave front set, WF(uL‘u?f a dis-
tribution u: “

For each (XO,EO), 50#0, we have (xo,€°)¢WF(u) if and
only if (1.2.1) is valid for some ¢GC:,with W(xo)#O,and uniformly
for all £ in a neighborhood of £°.

It is not difficult to see that
(1.2.2) sing supp u={}{x,¥(x)=0}

the intersection being taken over all wec‘”(x) with Yu ecw(x).
Replacing the function ¥ by zero-order pseudodifferential opera

tors we obtain the following equivalent definition of WF(u):
(1.2.3) WF(w=[char (A) (char (A) is the characteristic set of A)

the intersection being takem over all AELO(X) with Au G.COO(X),
that is: (xo,Eo)é‘WF(u) if and only if Au&C  for some A€L°(X)
with a prineipal symbol 8(x,&) which is invertible im a conic
neighborhood of (xo,Eo). A subset TCX*R"\{0} is called a cone
if (x,8) €T implies <(=,TE)} €T for all T>0. The definition

(1.2.3) has the advantage of being invariant with respect to change
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of variables and thus lends itself to defining WF(u) when X is a

[24]
C manifold.

Proposition 1.2.1. WF(u) s a closed cone in (x) \ {0} and

sing supp u=TWF(u) where T is the cotangent bundle projection: T*(X)—>X.

Proposition 1.2.2. For all peeudodi fferential operators A we have:

(1.2.4) WE (Au) CWF(u) CWF(Au) Uchar(a).

The second part, extending the regularity theorem for elliptic
operators,is obviocus; the first part improves the pseudolocal prop;
erty of pseudodifferential operators.

Let us recall the Poisson bracket of two smooth functions on T*(X):

123
af ] of 9
(1.2.5) 8} = > 37 3 W Eo
1 J J J J

The map g—>{f,g} 1is a vector fietd (derivation), called the

Hamiltonian field of £, and denoted by Hf: thus

_ Bf 3 _ of 3
(1.2.6) By = > 3T Tx, | 9%, ®a
It is easily checked that we have:

(1.2.7) H{f’g}=[ﬁf,ﬂg:|,

from which we get

(1.2.8) {f,{g,h}}+{g,{h,f}}+{h,{f,g}}5ﬂ (Jacobi's identity)

In particular Cw(T*X) with the Poisson bracket is a Lie alge-

bra. In fact, it is a graded Lie algebra if we restrict curselves
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to homogeneous functions in &-variable, The Poisson bracket may be
n

invariantly defined in terms of the canonical 2-form w=:§:dEjhdxj,
1

which is closed, non-degenerate, antisymmetric (i.e., symplectic)

and whose only homogeneous primitive is the canonical 1-form EEjdxj.

For each =xe€X, the form wx defines an isomorphism mx of TXX

=)
onto TiX. Let f be a C function in X, dfx its differential
at x. The Hamiltonian field of f at x is the tangent vector

to X, at x,
H, (x)=8_1 (g ).
i X X
Let v be any smooth vector field in X. We have
uw(Hf,v)=<df,v>=vf.
Putting v=Hg, where g is another c” function in X, we obtain
{f,g}=Hfg=m(Hf,Hg).

It folleows that any camonical map $:T*(X)—DT*(X') (i.e. ¢ takes
the cancnical form ‘ZdEjAdxj of T*X into EdE;Adxj) is compati-
ble with the formation of Poisson brackets. We have Hff={f,f}=0,
hence £ 1is constant along any integral curve of the Hamiltonian
Hf and ,consequently,if such a curve has omne point in f_l(O), it
lies entirely in f_l(O).

Let A be a pseudodifferential operator with homogene—
ous principal symbol a. Then the bicharacteristic strips of A
are the integral curves of l-Ia lying in the characteriscic set

a_l(O). They satisfy the Hamilton-Jacobi equations:



k= ag T 5
J

(1.2.9) or j=l,...,n
- : Efi da
§=-—ax dt =—3xj

and their projection in the base space X, when they exist (for

instance if ag%o),is called the bicharacterietic curve of A.

§1.3 Fourier integral distributions

Our task now is to give a meaning to integrals of the type
(1.1.6) and (1.1.8) (see Hormander [20:]).'
A Fourier integral distribution is a distribution. A which

is defined by an integral of the form

(1.3.1) <A,u>=ffeilf(x’a)a(x,e)u(x)dxde s uec':(x).

Here ©=(9_,...,8 ) are auxiliary variables, called the frequency

1* PN

variables. The phase fumction f is a real valued funetiom in
Cm(XX[RN\{O}), positively homogeneous of degree ome with respect
't:o 6 and dLP#O everywhere. Moreover it is assumed that Lf’:i.s; non
degenerate, that is, the differentials of the functioms BLrIBBj,j=1,...,N,

are linearly independent in
(1.3.2) cg={(x,9) RI\0} : g (x,8)=01.

For the amplitude funetion a we suppose that it belongs to the
symbol class Su(XXRN) for some W. If p<-N the integral is abso

lutely convergent and defines a continuous function 4. Since ¥
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has no critical peoints we can find a first order differential operator

L=£a.d/930 ,+Ib,3/0x,+c
J ] ] ]

1

with ajes"(xxw.“) and b, ces 1 (x*pY)  such that CFrLelf=e¥ ;s

'L is the adjoint of L. Now successive integrations by parts in
(1.3.1) will reduce the growth of the integrand at infinity until
it becomes integrable. This gives a precise definition of the dis
tribution AES'(X). The fact that LF is non—-degenerate implies

» - - o o«
that the set CLP igs an n-dimensional conic C submanifold of

XXIRN\{O} and that the mapping

(1.3.3) 0?9(x,9)F——9(x,$;(x,9))GT*(X)\{0}

is an immersion: C,{;—)T*(X)\{O]. The image, denoted A‘f’ is
an n-dimensional conic C. submanifold, The restriction of the
form EEjde. to A\f is LP"{dx=de—Lféd9=O since Yg=0 on C‘F and
so Y=<b »fg>=0 on Cl{,, by Euler's identity. In view of the homo-
geneity this is equivalent to the vanishing on AL',, of its differen
tial which is the canonical (symplectic) form ® = EdEjﬂdxj. Thus
A‘f’ is a manifold of maximal dimension on which ® wvanishes. Such
manifolds are called Lagrangian. Conversely it can be shown that
every coni Lagrangian submanifold A of T*(X)\{0} is 1ocally
egual to A&‘, for some non-degenerate phase function Lf

Using the method of stationary phase to investigate the

asymptotic behavior of integrals of the form (1.3.1) we obtain

(1.3.4) WF(A) CA .

As an example we consider the distribution kernel
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(1.3.5) (x,y»—-)(2ﬂ)'“jei<“'y’e’a(x,e)de,

of a pseudodifferential opexator A associated to a symbol a(x,8);
its wave front set lies in {(x,y;E,M ;x=y,E=-n} which is the nor-
mal bundle of the diagbpal in XXX.

The leading term of this asymptotic expansion gives rise
to an "invariantly" defined prineipal symbol of A (being a density
of order 1/2 with values in a complex line bundle on A, called
the Masloy Line bundle). Suppose mow that A is an arbitrary closed
conic Lagrangian manifold in T#(x)\{0}. Then a global Fourier im
tegral A of order m, defined by A, is a locally finite sum of
distributions Aj as in (1.3.1) with W=k% s a=aj, ﬂm,A$ forming

2 locally finite system of open cones in As and with

m+n/f4-N./2
a,es J
(the number —Nj/2 in the growth order is mnecessary to get an or
der m of A which is independent of the number of frequency vari
able used, and the number n/é is introduced in order to obtain
additivity of the orders when Fourier integral operators, to be
defined latex, are multiplied); its symbol is defined as the sum
of the symbols of each of the integrals. We can therefore define
a space 1™(X,A) of distributions with wave front sets in A which

m+n/4-N/2
L]

locally can be written in the form (1.3.1) with a €3 n=
=dim X, and ¢ defining a part of A according to (1.3.3). With
the elements in 1™(x,A) one can, as for pseudodifferential oper

ators, associate primeipal symbols on A, which are symbols of or-
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der m+n/4 modulo symbols of order m+n/4-1, with value im the
Maslov line bundle. (This agrees with the standard notionm of prin
cipal symbol in the case of kernels of pseudodifferential operators).

In particular, if O is the principal symbol of a compactly

supported AEIm(X,A), then |U|2=U.3 is a density of order 1 on

E£|,151I2=']I21:["('j‘ !0'|2+0(T_1)) - as T-<o,
A .

This shows that, since O is smooth, the energy of ‘A in a domain

A, and

U in x-space is asymptotically proportional to the n-dimensional
volume of 1T-1(U) in A, where T denotes the projection Ad(x,E)r—>xeX.
For instance, if U shrinks as a ball with decreasing radius to
the point X then the ratio between the energy in U and the vol
ume in U (asymptotically as T-e, let us say for mw=0) tends to +=
if and only if x, is a singular value of 7. Such points are called
caustic points for A (because there the light "burns-"). There is
2 close connection between the theory of catastrophies of Thom,
[42], and the appearance of caustics.

Let XCRn, YC!R‘E be open sets (the results have én
obvious extension to manifolds if one works throughout with densi
ties of order 1/2). Then by the kernel theorem of L. Sclhwartz we
can identify @'(XXY) with the space of continuous linear opera-

tors A:C:(Y)-—)LQ'(X) by means of the formula

(1.3.6) <Av_,u>=<1<,uﬂv>,uec:(x) ,vec:(Y).

From the calculus of wave front sets it follows that if WF(K) does
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not contain points of the form (x,y;£,0), E40 or (x,y,0,N),n#0,
then A maps,in fact, CZ(Y) inte C {X), can be extended to a

continuous linear mapping: §,' (Y)—)@'(X) and
(1.3.7) WF(Au) C WF'(K) e WF(u).,

Here WF'(K)={(x,y;§,—ﬂ)6_T*(XxY);(x,y;ﬁ,’r‘l)eWF(K)} and we have
identified T*(XxY) with T*(X)XT*(Y) and regarded WF'(X) as
a relation between T#*(X) and T*(Y) acting on T*(Y). Further-
more A can be extended to a continuous linear mapping: &' (.Y)-—-9‘@'(X)
if,in additioq,the projection of supp K onto X is a proper map -
ping. Now a PFourier integral operator of order m defined by the
closed conic Lagrangian submanifold A of () N{oFxTx(Y) \{0} is
an operator A:C:(Y)—?Q'(X) such that its kernel REIT(X*Y ,A) .
That A is Lagrangian means that wT*(XXY)=mT*(X) BWy (y) vanishes om A.

Because of (1.3.4) and (1.3.7) omnes prefers to work with
the relation Cfﬁ' and get that Oy, vy~ ¥reiy) vanishes on C. If
¢ 1is the graph of a mapping @:T*(Y)—>T*(X) then this condi-
tion means that d)*'w'r*(x):w'r*(‘i)" that is ¢ is a canonical trans
formation: T*{Y)—>»T*(X). Because C "is comic, & is homogeneous
of degree one. For a gene_ral coniec Lagrangian marifold A, the
relation € 1is therefore called a homogeneous " eanonteal relation
from T*(Y) to T*(X). The operator A is called a Fourier integral
operator of order m defined by the canonical relation ¢ and one
uses the notation AGIm(X,Y;C).

Pseudodifferential operators in X are defimed as Fouriler

integral operators with Y=X and
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(1.3.8) A# Cdiagonal in T#(xX) \{O}xT*(x)\{0}=2

=graph of the identity: T*(X) \{o}—>1*(x) \{0},

in other words, Im(X;X;A)=Lm(X)=space of pseudodifferential opera
tors of order m in X.
If we have three manifolds X, ¥, Z and homogeneous canoni-

cal relations € and C2 from T*(Y) to T*(X) and from T*{Z)

1
to T*(Y) omne can prove that the composition 4, A, of properly
n m
supported operators Alel 1(X,Y;,Cl) and AZEI 2(YXZ;CZ) ig in
m, +m
I b 2(XXZ;C1°C2),

if the appropriate transversality and other conditions are ful-
filled which guarantee that Cl°C2 is a manifold. Furthermore the

principal symbol of A1°A2 is equal to the product of the primcipal
symbols of Al and Az. Assume that € is the graph of a eanonjical
diffeomorphism:T#(Y)—>T*(X) (in particular dim X=dim Y) and let

AEIO(X,Y;C); then the adjoint A*GIO(X,Y;C*), where C*=Ch]

(the
graph of the inverse diffeomorphism). One thas A%*a GEIO(Y,Y;A),
i.e.,A*A is a pseudodifferential operator of order zero in Y. If
P and Q are two pseudodifferential operators in X and Y-respeg

tively, with principal symbols p and q, such that PA=AQ, then if

(x,£)=F(y,n) is the equation defining C, one obtains:
(1.3.9) p(F(y,M)=q(y,m,

if the prineipal symbél of A is not zero (i.e if 4 is elliptie)

at (F(y,n,(y,-n)). Conversely, (1.3.9) implies that PA-4AQ 1is of
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lower order. We can therefore successively construct the symbol of
Q, for a given P, so that PA-AQ is of order -=, provided that the
wave front set of P is concentrated near a point where A is ellip
tic. This is the argument of Egorov alluded to at the introduction,
which often ailows one to pass from one operator to another with
principal symbol modified by.a homogeneous canonical transformation.

Finally we observe that if AEIU(X,Y;C) and P is a linear
partial differential operator of order m, with principal symbols
0 and p respectively, then PAeIm+u(X,Y;G) with prinecipal symbeol
5.0, where p is the lifting from T*(X) to C by the projection
C—>T*(X). So if we want (as in wave mechanics) that PA=0 asymptoti
cally, we need P 0=0, that is p=0 on C if we take ¢#0. Themn PA
is actually a Fourier integral distribution defined by € of or

der m+U-1, and its principal symbol is equal to

(1.3.10) 18, 0% a.
P

Here £, denotes the Lie derivative, [10],(of densities of order 1/2)}
and ceSm-l(T*(X)\{O]) is another invariantly defined functiom on
T%(X) called the subprinectipal symbol of P. We recall that the prinm
cipal symbol p of P is itself invariantly defined on T#*(X) (see
(1.3.9)). Demanding that (1.3.10) be equals to zero means solving
an ordinary linear gdifferential equation for ¢ along the bicharac
teristic strips. In particular O is determined along the whole
strip if it is given at ome of its points. One S5ays that U propg
gates along the bicharacteristic strips. Regarding C together with

itg bicharacteristic strips 35 the geometrical optics of
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the asymptotic solution A, then the statement is that the geometri
cal optics deseribes the propagation of the high-frequency asymptotic
waves. The I{ght rays are identified with the bicharacteristic

curves.
Chapter 2: Propagation of Singularities

§2.1 Pséudodiff@rential_operators of real princeipal type

Let P:CW(X)—wicw(X) be a properly supported pseudodif-
ferential operatér of order m in a C manifold X of dimension
n. Aésume'also that P 1is of real prinecipal type, that is, its
prineipal symboi p is a real-valued function and HP and the ra

dial vector field

are linearly independent in char(P). In this section we will prove

the following result due to Hormander, [9]:

-Theorem 2.1.1. Let wu be a distribution in X, then WF(u)\WF(Pu)

- 18 tnvartant under the aetion of the Hamiltonian field Hp. Fupr-

thermore 7f (xo,Eo)e;char(P) there 48 w € LO'(X) such that
WF(W)\WF(PW), s equal,near (xo,Eo), to the"positive cone genep-
ated by T.

-O)

Here T is the bicharacteristic of p through '(xo,

Rema=k 2.1.0. It is obvious that WF(u)\\WF(Pu) is econtained in

char(P). It follows also from Theorem 2.1.1 that if a point X
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is in sing supp u\ sing supp Pu then the same is true for the bi-

characteristic curve of Po threough x , near X .

Remark 2.1.1. There ére three essentially different proofs  of
the above theorem. The first ome makes use of canonical transfor-
mations to reduce (microlocally) our operator P to Dx iﬁ 'm“;
for which the theorem cam be easily preved. The second éone uses
energy inegqualities for hyperbolic operators. This proof gives a
more precise way of getting solutions with prescribed singulari-
ties, namely in Hs—spaces. We will present a third proof, due to
Hormander, [19] and sketched in Nirenberg, [35]; it is based on a re
duction of the gperater to a simpler one (although not as simple
as in the first proof ). The results obtained are not as sharp as

in the second proofl.

Remark 2.1.2. The reader can see Helffer, [}7], for an applica-
tion of these three different proofs in a related context. More
precisely, one needs each of the above methods of proofs 1in the

study of propagation of singularities for boundary value problems.

Proof of Theorem 2.1.1. We may suppose that X is an open set of
R™ and that Ptxecm(x) since both conclusions in'the theorem are
microlocal. We also assume that %g—%o on T.

The basic steps to get Thegrem, 2.1.1 are mnow given:

Let {(x38) be a point in T which is not in the WF(u), then there

exists a zero order pseudodifferential operator B, such that

(2.1.3) P{(Bu) Ecm(60 where @& is a connected open neighborhood
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of x, and X , b(x,E)31 <4in a conic neighborhood of T,

b Deing a symbol of B
and
(2.1.4) Bu s a C -function at X.

The next step is to prove the existence of a {m-1) - order and
first-order pseudodifferential operators Q and D, - J\(x,Dx,) re-

n
spectively (x'=(x1,...,xnw1)), such that

{2.1.5) P(Bu)=(Dx -A(x,Dx.))(Q(Bu)) where @ is an elliptic pseudo
n
differential operator of order one

and

(2.1.6) the Cauchy Problem for the operator D -l(x,D'x.) i8 well
n
posed relatively to{xeelxn=§n}. In particular, the eolu

tion 18 ¢ for C data.

Therefore if one uses (2.1.3) to (2.1.6) and cbserves that
in the proofs of these facts, the factorization of P can be made
independent of the construction of the operator B, one obtains
easily the first conclusion of the theorem. The second result fol

lows from {(2.1.3) to (2.1.6) and

(2.1.7) theve exists a distribution w eDr(ey, e being an open
neighborhkood of X such that (JJx —A(x,Dx,))weCm(B').

n
Furthermore WF(w) <8 equal to the positive cone gener

ated by the bicharacteristic strip of En—ll(x,i') passing



]

through (Xo’ £%.

For the existence of a pseudodifferential operater satis
fying (2.1.3) and (2.1.4), it is enough to show that there are open
connected neighborhoods & and & ot X and x respectively (& being
also a neighborhood of ¥} such that [P,B:IGL_OO(G') (the class of
regularizing pseudodifferential operators in ®), b{x,8) =1 in. a

conic neighborhood of T*PNT and ess supp bAWF (u)NT* (@) =@. Making

use .0f the symbelic calculus of L7¢X) with bmb6+bl+..., we' have

(2.1.8) symbol of [2,B]e 2. ar{[dg (oo y+e--) Dy (b 3b 4. )]-
o o 1 1 1
- [a‘E (b #b_y e ). D (p4p 1+ O] I-Hpbo-!-{THPb_l-t-THpm_lbo-i-
o Ol o L
+]Z!_ [(ng)(‘.[)xbo)—(agbo)(Dxp)]}+...
al=2

The general term of this last asymptotic expansion is of the form

L RN T:

ip =i i
where fj is a homogeneous function of degree m-j-1 depending on

P> Ppp (lsk<j) and b_

k! (0gk'¢j-1). Therefore we impose
(2.1.9) Hpbo =0
and
(2.1.10} Hpb—j+ifj=0’ i>1,

» -0 -
in order to have EP,B]G.L (X). Consider

v ={(x;8)er*x\{0} : ]x—;]<e,]-g—--._§__ <e}

x;E) 18] 18]
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with €>0 small enough such that
€
V _ _ NUuF(u)=¢.
(x;8)
Since p is a real-valued function and %g—% 0 in T*X\{0}, it is pos
n

éible to solve, inductively , the equations (2.1.9) aud (2.1.10) satisfying

respectively the initial conditions:

(2.1.11) b =W (x';E)
X =X
n n
and
(2-1¢12) b_j =0 if j>0,
X_=X

where Y is a zero-order homogeneous symbol such that

— £
supp ¥nN{x | xn=xn}CV_ and Y=1 in Vsiz .
(x:E) (x;8)
It is clear that the solutions b'j are homogeneous functions of

order -j. Also if £>0 is small enough there exist sohwionslﬁ,jfo,
in a relatively compact open connected subset @of X. This set &

Gan be taken in such.a way that the projection of I onta & con-

tains {xo,;}. These arguments, as we have mentioned before, are
enough to guarantee the existence of B satisfying (2,1,3) and’
€2.1.4),

We observe that if x is sufficiently close to X,
and £>0 is small enough, the restriction of -Ru to

- -]
{(x€ & x = xn} exists and is a ¢ function., We start
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now the proof of the assertions (2.1.5), (2.1.6) and (2.1.7). By
the implicit function theorem we may choose an open mneighborhood
v € RUE™ Y of the set {(,6') |3 £ s (x,E,E)ETATH &) and a

real-valued Cm function ll(x,E'), defined in qo, such that
pGHE A (B =0 F (xENEU,

(since %g—%o near T).
n
Extending En-ll(x,g') to an open conic neighberhood ¥

of T', we may consider

. = (x:£)
qm_l(x’g)—gn-ll X,

o .
as a C_ - function homogeneous of degree m-1, defined in V. It:is
easy to see that qm_l(x,€)¥0 in V. We remark that here an open
conic neighborhood means "coniec away from the origin"., We get a

complete factorizatiom of P near T, by showing:

Lemma 2.1.2. There exigt properly supported peeudodifferential

operators Q and D, ~l(x,Dx.) for whieh (2.1.3) ig satisfied in an
n
open conic netghborhood of T.

Proof As before we consider
l(x,E')°%€nfl§x;E‘))+R°(xaﬁ')+.-.
and

q(xsﬁ)wqm_l(x,ﬁ)+qm_2(x,E)+... .

We want that




8-

(2.1.13) symbol of Padi:a, E('L” A —}:_l ). 0% (qm 1

near I, that is
(2.1.14) p(x,E)=(En“3\1)qm_1
_l(x,5)=(€n—ll)qm_ ‘Aoq

2 m—l+

Z—r“
p-1 ] i 1° Ip-1°

The functions ll and q__, have been chosen in order that

T ptes)

the first

equation of (2.1.14) be satisfied. Making En=k in the second

1
equation of {2.1.14) we get

,(x & ',Al(x,g'))=[-xoqm_l+
n-1
9 '
0y Ip-1" aﬁ.ll'Dx.qm-lJ(x’E ,A{x,g')).
" i=y *

Therefore we must have

n-1

(‘Pm*nanm_l Z ag M1 Dy ) G053 (0,6 1)

"o :
(2.1.15) J\o(x,E ) m_l(x,g ,Al(x,g'))

and
n—-1 3 :
(Pm—l+loqm—1 n m 1 EZ: ggzll'Dx.qm-l)(x’E)
qm—Z(X’E) Al(x ETY

We observe that the last expression has a unique extension to
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F,'n-ll(x ,E)=0, by our choice of )\O(x,g’)- As can be easily shown the  same
method can be applied to determine qm_j and )\_k,j23 and k>1, as  homogeneous
functions near [' satisfying (2.1.14). We extend these functions to T#% & by
making use of an appropriate cut-off function, in such a way that (2.1.14)
remains true in an open conic neighborhood of TAT#( &). This last conic set
can be taken such that it contains supp b (by taking £>0 small enough in the
construction of b). With this last restriction we get pseudodifferential op-
erators Q and D -A(x,D') satisfying (2.1.5).

The stZtement (2.1.6) follows by using a litlle of Functional Anal—
ysis and approximation arguments (see Taylor [41], Chapter 1IV).

Finally (2.1.7) is implied by W.K.B. method, that is, we can deter
mine a distribution w given by an oscilatory integral ‘fei(g(x’e) a(x,0)d0,
such that (Dx —l(x,Dx,))we ¢ and WF (w) is equal, near T', to the positive
cone genera.teill by T'. The phase function Y has to verify the eikonal equation
Dxnhf —Al(x, (YY) )=0 and the 3 in arvaptay i*eus :-are determined by the so-
called transport equations (see references given in Chapter I).

§2.2 Pseudodifferential operators admitting radial points

fn this section we consider an operator P satisfying the conditions
of §2.1 with the difference that we allow néw YV p to be the null vector. More
precisely, we assume that P admits isolated radial points 1in the following
sense:

Definition 2.2.1. A point (x EY € T*éx) {0} is said fo be a radial
0

point of the operator P if at (ko,Eo);

(2.2.1) Hp is p:ﬁoportional to the radial veetor E_I.BE-
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Observe that Theorem 2.1.1 is actually microlocal theo-
rem, as can be readily seen by going over the proof. At a radial

point (xo,io) the bicharacteristiec strip of P is the ray
Z={(xo,tE°) | >0},

which is contained in WF(u) if (XO,EO)G(WF{u)\WF(Pu)), because
wave front sets are conic subsets of T*X\{0}. Therefore,at a radial
point the statement of Theorem 2.1.1 1is also true.

V. Guillemin and B. Schaeffer, [13], found, generically,
microlocal models for this situation (the analogous of b in the
context of Theorem 2.1.1). Furthermoxe they initiated the :tudy of
how singularities propagate at these gadial points. More speecifical
ly, they found out how singularities do propagate at radial
points in 2~dimensions and detected all the cases in which singu-
larities do not propagate in n-dimensions. The latter means that
there exists a distribution u€$H'(X) such that PueC and WF(u)=%.
Finally Santos Filho, [3@, completed their study.

We shall state the results and make some comments in the
Zfdimensional case. We refer the reader to [1{] and EBQ] for the

general case.

Proposition 2.2.1. Assume that P satisfies the hypotheses above
with dim X=2 and let (xo,yo,£°,n°) be a radial point; then under

certain generic conditions, P is micerolocally equivalent to

2 2
(2.2.2) L:-a 7+ (y+bx)dral
3x ay® 3y
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in aq eonic neighborhood of the ray passing through (xo,yo,go,ﬂ°),

for some DbDER and CEC.

Remark 2.2.3. The generic conditions impesed on P are invariant

. ; o, X
by canonical change of variables. In terms of the medel I, it simply

means that (b,a) is restricted to the set A={(b,x)eRx€; b<%,mRe(-}—%—l—§—-l-)—)—n¥0,
ok ot BBy 520, myn,k,i€ 2, 0d0, OV {(b,a) €mee | b> b

. 2 [»]
Consider u €' (R™) such that Lb(u)tscm and (0,030,1)€WF(u).
Kear the singular ray ZO={(0,0;0,t);t>0} the bicharacteristic £low
o, . - . . . .
of L, is singular. We project these bicharacteristics into the

plane 1{n=1} by the radial map

(x,y,£,M) —> (x,y,5/n,1).

+
Along the projection of the null bicharacteristic strip we have

£.2
y=- [(-n-) +bx2:| .

Therefore we may ignore the y variable. In this way we ohtain.lin-

ear system that governs the projected bicharacteristic strip

X 0 2 X
(2.2.4) = .
[%: -2b 1 L

The eigenvalues of this matrix system,
A, ={12/1-186b}/2,

are invariant under the possible changes of variables. This explains
in part why parameters are needed in the canonical form (2.2.,2).

The qualitative behavior of the solutions of (2.2.4) de-




-88-

pends, of course, on the value of b. There are three significant
ranges for b, If b>%€, then Ai are complex conjugates with posi-
tive real part; so the Projected bicharacteristics are spirals
tending to the origin as t+-« and to infinity as t+e, If 0<b<%§,
both eigenvalues are real and positive; in this case also all so-

lutions of (2.2.4) tend to zera as t+-= and to infinity as Lt

but without the spiralling of the previous case. Finally if b<0,

the eipenvalues are teal and of opposite sign, so the projected
bicharacteristics have saddie point behavior near the origin. If
b<0 there are only four projected bicharacteristics that tend

asymptotically to I, as t>teo; we call them th and ED according

ut

to whether t+® or t+—=, We can prove then:

Theorem 2.2.2. [et (b,») be a point in A. Then aceording to whether

b>0 or. b<0
(2.2.5) there exists 11€$Y(mz) such that Lgu ec”  with
WF(u)={(0,0;0,t):¢e>0}
or
(2.2.6) for each uEQ'(lRZ) such that
(0,050, 1)EWF (W \WF (L)),
WF(u) <Zntersects I. or I .

inc out

§2.3 Hyperbolie pseudodi ffevential operators with multiple charac

teristics

We shall now drop the assumption that the pseudodifferen
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tial operator P on X,of order m, is of prinmcipal type and suppose
that its principal symbel p, still real-valued, satisfies the con
stant multiplicity condition:

r T

(2.3.1) p=q, ...qsS > T positive integers ,

where each gq. , j=l,...,s 1is a symbol of principal type and the

]
characteristic sets qgl(O) are disjoint in T*(X)\{0}.

Definition 2.3.1 The operator P is satd to verify the Lévi con-

dition L 0. 2% the point (xo,Eo)ep_l(O)cT*(x)\{O}, if for
(x &)
o

every phase Ffunction Y(x), solution of the equa%ion
qj(x,grad W(x))=0 (if j ©e such that qj(xo,:-;°)=0)

in a neighborhood of x_ with grad q(xo)=ﬁo and for all amplitude
aECZ(X), supported in a neighborhood of xolﬂwre grad $#0, we have
m-r,

e itp it ayz0(e 1) as o

The operator P verifies the Lévi condition (L) if L o ig
(XO,E }

satisfied at every point in p o).

The Livi condition is necessary and sufficient fox the C  Cauchy
problem to be well fosed for P. It is a condition on the terms of
degree m-(T-1), where T=max rj; in particular it is always sat
isfied if P is of principal type. It implies that the transport
equations are ordinary differential equations along the bicharac-

teristic, whose order is precisely the multiplicity of the charag

teristic which contains it.Chazarain, [ 71, proved the following
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result which is an extension of Theorem 2.1.1:

Theorem 8.3.1. Let p satisfies (2.3.1) and (L). If veH'(x) it,
follows that WF(u)\WF(Pu) is a subset of p 1(0), which is invariani
under the bicharactaeristic Fflow (it is understood that on q}l(O)
one considers the flow defined by the Hamiltonian qu of qj).
The proof is analogous to that of Theorem 2.1.1; microlocally P
behaves as having principal symbol qr, ¢ real of principal type.
There are however two difficulties. First, one has to show that the
Levi condition is invariant by canonical transformation. Second
if one tries to reduce the operator to a simple model, 1like D;,
as might be expected, one finds an obstruction which is only cir-
c¢umvented by a reduction te a system of the type DnI’ I the iden-
tity matrix.

We turn now our attention to the case where the pseudo-
differential operator P is hyperbolic with double (variable) char

acteristie, that is:

m, m1+m2~1
(2.3.2) P=P P,+Q , PieLcl(X) , QeL (x)

the principal symbol P; of Pi being a real-valued, principal type,
hkomogeneous functions of degree m.  on T*(X) , i=1,2. We denote

by E={(x,E)ET*(X):pi(x,E)=p2(x,E)=0} and assume that P satisfies:
(2.3.3) © 4= involutive, i.e, {pl,p2}=0 on I.
(2.3.4) The subprineipal symbol of P wvanighes on 1.

(2.3.5)- The Hamiltonian vector fields Hp and the cone axis £.9
’ i

g
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are linearly independent on L , i=1,2.

Assumption (2.3.3) says that the vector fields HP and
1
Hp are tangent to I and, because of (2.3.5), they form an involutive
2
distribution on E.

Proposttion 2.3.1. Let PeL™(X) Be of the form (2.3. 2) and satisfy

(2.3.3). Then P satisfies (2.3. 4y if and only if the principal sym-

bol q of Q vanishes on L.

proof Let (x,E) denote the standard coordinates in T*(X),obtained

from local coordinates ceaE in X,by taking dxl,...,dx as

X .
1’ n

basis for the cotangent vectors. The subprineipal symbol of P (see

{1.3.10)), which we will denote by C is given by

P
_1 p(xzﬁ)
(2.3.6) Ccp(x,8)=p ne1 (%5 8) Z 3, 9 .

The symboliec calculus of pseudodifferential operators gives:

o+l n 9p; 9py
1 Z axj
and hence,
g
CP_q+2i{P1:P2}; bd

from which Propesition 2.3.1 follows.

Remark £.3.1, By Theorem 3.6.3 of [1@] and condition (2.3.3) we
know that for all (xo,g°)gz, there exists a ¢~ solution of the

non-linear first order partial differential equations
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(2.3.7) By (x,grad P(x))=p, (x,grad (P(x))=0 , grad {p(z_)=£",

in a neighborhood of x
The operador P in (2.3.2) then satisfies the Lévi con-—
dition =at (xo,Eo)e)S, if for such a $ and for all aeCZ(X) supported
near x_, we have:
. . m,+m,—2
(2.3.8) e P e ™ay=0ce ! 2 ) as  eoiw.
Note that outside I, P is of principal type which implies that the

Lévi conditien is always verified there.

Proposition 2.3.2. Let PEL™X) be of the form. (2.3.2) and satisfy
(2.3.3). Then P satisfies the Lévi condition for every (x,E)EL if

and only Tf the subprineipal symbol of P vanishes. on L.

Proof We have {(in loeal copordinates) for l{J‘ECW(X) and aECZ(X),
supported in points x where grad LP(}();‘,‘LO,

_ . m, +m
(2.3.9) e lt(loP(eltL?a)(x)=t 1 zp(x,grgd pix})a(x)

m1+m2—1
+E (p,_; (x,8Tad @(x))alx))
m, +m,—1 n
1 72 1 9
+t [T _]%1 -a—gg-(x,grad Lf(x))%:—j(x)

' 2 2
1 L 3 3°P(x)
1 3P 3P
9T 2> sEoar. v @]
jok=1 I 7k ik

m,+m,~2
sage Y2y,

Let (xo,Eo)_GE and LFECm(X) satisfy (2.3.7). Then p(x,grad tp(x) ) =0,

R R P and
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(2.3.10)

, i=1,...,n.

35

Differentiating (2.3.10), we get

1]

2 - 2
3 p_ a’p 3 Zo(x)_
Bxlaﬁi(x’grad W(x))+§£l BEiBEk EEFEEN =0,

k=1

{(2.3.11)

near X .
We get from (2.3.9) and (2.3.11) for a eC:(X), supported
near X _ 3

. . m, +m_—1
(2.3.12) et =t 1 7 [ _1(x,grad @) alx)

b —
mlmzl

n
-5 S w cx grad () a(x)]40(e ),
i=1

J

which implies Proposition 2.3.2.°

For opefators of the form (2.3.2) satisfying the involutive
condition €2.3.3), Ivrii and Petkov, [261, have shown that (2.3.4)
is a necessary c6;dition for the Cauchy problem to be well posed.

Let Pj (resp. T;)l, j=1,2 , dencte the bicharacteristic
(resp. forward bicharacteristic) of Pj through a point (xo,g°)ez.

G. Uhlmann, [451, constructed a mic¢relocal parametrix for
operaters verifying (2.3.2) to (2.3.5), irem which one can derive

(see [31]) the following result on the propagation of singularities:

Theorem 2.3.8, If u € ' (X) s such that (xo,€°)¢WF(Pu) and
P;fﬁWF(u){jv {8 empty, 3j=1,2, for any conte netghborhood V of
(x,,£°), then (x»E°VEWE (u) - '

If we consider now P, still of the form (2.%.2), with grincipal sym

bol p=p§p§, k, £ positive integers and p.. %, s/ 0af wmy the same
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conditions t2.3.3) to (2.3.5), it can be shown (see Bjj) that the
"geometry associated to P" is the same as in the case k=f=1. For
this reason (as in Theorem 2,.3.1 for constant multiplicity),the
propagation of singularities is the same as in Theorem 2.3.2 which
corresponds to k=£=1,

We finish this section by mentioning that similar results of prop,
agation of singularities have been obtained by N. Hanges, [14] , for opera-
ters (2.3.2) with non-involutive double characteristics. More precisely, we
assume now that instead of (2.3.3) we have
(2.3.13) £ <3 non-involutive, i.e {pl,pz}#o on I.

It follows from (2.3.13) that (2.3.5) also holds. We suppose that

c the subprimcipal symbol of P, avoids certain discrete sets of

P’
values, that is:
17" 2%
(2.3.14)3. —r{-——~—}—E~—»——go——-—-§ # 0,1,2,...,3=1,2,
Pyl (x,,E7)

Theorem 2.3.3 (Hanges). Let P satisfy (2.3.2), (2.3.13), (2.3JA)j
and let uw €B'(X) with (x ,8%) ¢ WE(Pw). If IyNWF(DNY s
empty, 3=1,2,for any conic neighborkood V of (xO,EO), then (xo,g°)g WF{(u):

A microlocal model for the operator P in Theorem
2,3,3 is given by L=t3t—B(x,Dx), where BE Lz(mN)'is properly sup-
ported, N=n-1. Hanges, DA], proved Theorem 2.3.3 by constructing
explicit microlocal parametrices for L. He obtained also results

without assuming (2.3.14):.I and, in fact, without any condition

on the lower order terms.
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§2.4 Pseudodifferential operators with complexz principal symbols

In this section we shall study properly supported pseudo
differential operators PeLm(X), where X 1is an n-dimensional Coo
manifold, assuming that P has homogeneous complex-valued princi
pal symbeol ©p-.

First, we shall require that

(2.4.1) {p,p}=0 when p=0

(2.4.2) HRep s HImp and the cone axis E.BE are linearly in-

dependent when p=0

Condition (2.4.1) is mnecessary (see [3@) in order to have even
local existence of sclutions for both P and Ep. 1In the case that
P is a differential operator, (2.4.1) and (2.4.2) together imply
the condition (63) which is known to be necessary and sufficient
for the local solvability of P. Because of (2.4.2), also d Rep
and d Imp are linearly independent at p=0, so the characteristic
manifeld of P, char (B), is a conic ¢~ submanifold of T*(X) \ {0}
of codimension two. From (2.4.1) it follows that HRep and HImp
are tangent to char (P) and that {Rep,Impl=a Rep+b Imp for some

smooth a and b. In view of the Jacobi identity (1.2.8) this

implies that

(2.4.3) ]:EReP,HImp] =a Hp o+b Ky when p=0.

By the Frobenius theorem we then have,through every characteris-
tic point,a two dimensional manifold contained in the characteris

tics and tangent to H and H . Therefore these two vector
Rep Imp
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fields define a two dimensional foliation of char (P). In analogy
with the real case the leafs of this foliation are called the bi-
charaeteristic leafe of the operator P. Duistermaat and Hormander,
C97, then proved the following result which is the analogue of
Theorem 2.1.1:

Theorem 2.4.1. If u€@®'(X), then W() \WF(Pu)} is invariant -y/nder
the bicharacterisiie foliation Im char (P)\WF(Pu). Furthemo;e,if
(xo,Eo)echar (P) there s weg’ (X) suck that WF(w) \WF(Pw) is8 equal,
near (xo,Eo),to the (two dimensional) bicharacteristic leaf of P
?assing through (xo,Eo).

The proof of Theorem 2.4.1 can be made parallel to that of Theorem
2.1.1 (see Eemark 2.1.1}). One can show that in the present situa-
tion our operator P is microlocally equivalent to the Cauchy-Riemann
operator 3/9z in R, z=xh_1+ixn.

ence of a homogeneous canonical transformation (y,n)=x(x,£), from

For this, one looks for the exist-

a conic neighborhood U of (xo,Eo) to a conic neighborhood of
(0,n )eT*(r™M\{0} >

such that Rep=nn__1 and Imp=nn. However, this requires (Proposition

6.1.3, [ 9]) that:
(2.4.4) {p,p}=2i{Rep,Imp}=0 on a conic neighborhood of (xo,Eo).

The necessity of (2.4.4) is obvious: we have {nn_l,nn}=0 and be
cause Poisson hrackets are preserved by canonical transformatiens,
we must have {Rep,Impl=0,

The following lemma shows that (2,4.4) can be obtained if
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we multiply by a suitable elliptic factor:

Lemma 2.4.1. If. (xo,io)echar (), one can find a homogeneous ¢
funetion a of degree l-m with a(xo,io)%o such that {a,q}=0 1in
a conic neighborhood of (xo,Eo) if q=ap-

One proves Theorem 2.4.1 directly for 3/%z and then passes to P by
means of Fourier integral operators corresponding to X-

Prom now on we assume that %¢R™ is an open set and that P
is a differential operator of prinecipal type, of order m, with an
alytic coefficients in X.

Consider the Lie algebra, generated by HRep and HImp (for
the commutation brackft EHRep N HImp])' It is known then (see
Nagano [3{]) that eac% peint of T*(x)\{0} belongs ¢to one, and

only one, subset i, of r*(x)\{0} having the following properties:
(2.4.5) Ll{is 4 connected analytic submanifold of TF(X)\{0};

(2.4.6) The tangent space t0 bl( at anyone of its points, 1§ ex-

actly equal to the "freezing" of cfl at that point.
(2.4.7) bi{ ig maximal for properties (2.4.5) and (2.4.6).

We shall refer to the submanifolds bl{ as the leaves defined by
P. ﬁifferently from the case of an iﬁtegrable algehra,covered by
the Theoreﬁ of Frobemius, the dimensions of the leaves are not
.necessarily the same and, in fact,:they may vary from omne to n.
When n=dim X=2, Godin, [1q , studied the propagation of_singulari
ties of solutions of Pu=f, fe®' (X), assuming that P verifies the .

local solvability condition:
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for all (XO,EO)GT*(X)\{O}, there exists a conic neighbor
hood T of (xo,Eo) such that for all complex number z
which satisfies ngezp%O in T, the funetion Imzp does
not change sign when restricted to the bicharacteristic

strips of Rezp im T.

We observe that because p is analytic and dim X=2, it was not nec
essary to require that char (P) satisfy "good" symplectic prop-
erties, namely (2.4.2). We shall describe Godin's result : 1let
F(xo,Eo) be the leaf of the Nagano foliation through a peint
(xo,Eo) € char (P}, let E'(xO,ED) be the cone generated by the con
nected component of F(xo,Eo)r]char (P) which contains (XO,EO) and
let E(xo,éo) be the connected component of E'(xo,Ec)er passing
through (xo,Eo), where V is a conic neighborhood of that point. In
other words,

(2.4, 8) E(x ,£%)= U r?
(] ZGG z

dg(ReZPJ(xo,Eo)#O

where P: is the greatest closed subinterval containing (xo,Eo) and
on which p vanishes, of the bicharacteristic strip Pz of Rezp

through (xO,Eo).

Theorem 2.4.2. If P satisfies (), if wEP (X) is such that
WF(Pu)NV is empty, then (xo,g°1ewrcu) implies tkat‘E(xo,Eo) is
contained in WF(u).

Observe that the propagator E(xo,gol is invarfant hy multiplica

tion by elliptic symbols. We remark that if (6)) is not satisfied
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there exists a point where Theorem 2,.4.2 is not true (see Proposi-
tion 3.3.5, [21]). One may reduce the proof of Theorem 2.4.2 to the

case of the following operator (microlocal model for P):

(2.4.9) L=Dt—ixkg(x,t)Dx+c(x,t)+T , rer !

where k>0 is an integer and g#0 is a real analytic function defined
in a neighborhood Q=f(x,t):|x|<M,|t]|<M}, of the origin inﬂ¥, which

verifies, besides (), the comdition

(Q) for all x°€(-M,M), the function tk—ag(xo,t) does not van-—

ish identically in any open subinterval contained in {t,|tl=<T}.

(We remind that (63) and (Q) conveniently formulated, are both.neg
essary and sufficient for the hypoellipticity of a differential op
erator of primcipal type with c¢” coefficients, of any order). Ob-
serve that when g=0, Theorem 2.1.1 applies and when k=0, L is sub-
elliptic which makes the question of propagation trivial. Further-—
more L is subelliptic if =x#0 and E(O,to,Eo,O) is the manifold
T=x=0, sgn E=sgn t®. To prove Theorem 2.4.2 for L one introduces
an extra variable, following a method of Helffer, [161, and then
shows an inequality for the new operator, following =a method of
sjéstrand, [39].

We return now to the case where dim X=n is arbitrary, P
still being an analytic differential operator (or even a classical
analytic pseudodifferential operator, E4]) of principal type of
order m, Hanges, [15], constructed distrihutions u such that, Pua is

analytic and u has prescribed wave front set (see E 21 for related
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,fresults). More precisely, let (XO,EO)Echar (P), letF o be the
(XO,E }
leaf through (xo,£°) of the Nagano foliation determined by HRep
and H and let E be the cone generated by F . Since
o
tme (x_,£% (2, E%)

P is of principal type, dim E(x°,£°)=k+1, kx1l. The question is:
when can we find ueg'(x) so that Pu ié analytic and ‘WF(u)=E(xo,EO)?

An obvious necessary condition is
(2.4.10) E(x_,£%) Cchar (2).
fictually this is the only assumption one needs:

Theorem 2.4.3 (Hanges). Let P satisfy (2.4.10). Then there emists

an open conte neighborhood V of (xo,EO) andlgegy(x) such that
WE_ (PuNV=0 and WF(u)nV=E(xO,EO)nV=WFa(u)ﬂV.
a

(Here WE, denotes the analytic wave front set to be defined in the
next section).

Hanges also conjectured that if u is a distribution such
that Pu is analytic, then either E(XO,EQ) is contained inm WFa(u)
or is disjoint from WFa(u). Later he showed that the conjecture is
correct when k=1, i.e. the case when P admits a real bicharacter-
istics through (xO,Eo), an assumption weaker than that P should
be real wvalued which corresponds to Theorem 2.1.1, It is not dif-
ficult to see that (2.4.10) implies that E(xo,Eo)is isotropie (i.e
E(xD,Eo) CE(XO,EDILN) for the simplectic 2~form w and hence that

dim E(xo,€°)=k+1§n. Hange's conjecture has been completely proved

by Hanges-SjGstrand, [4@], under the assumption that the projec
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tion E(xo,Eo)——éx has injective differential.

§2.5 Some open problems

Let, as before PELm(X), with principal symbol p, X being
an n-dimensional ¢” manifold. We have been interested in the fol-

lowing questiomn:

Given (xo,Eo)e T*x\{0} find the Diggest connected subset
C o cT*x\{0} passing through (xo,ED), such -that
(xo,E 3
c o CWEW\WE(Ru)) for all u€P' (XY with
(x_,&87)
o]
(x,67) €CHF (u) \WE (Pu)) .

We shall call the set C o ahove the propagator of P passing
(x &)
through (xo,Eo). °

As indfcated In the comnstant coefficlent case, mentioned
in the Introductiom, the knowledge of the propagators of P is re-
lated to the solvability of the equation Pu=f (see, for instance
[ 9] and [22] where one solves such equations semi-globally, that
is, one finds a solution modulo Cm, in relatively compact open sub’
sets of X). Nirenberg and Treves, [33,34], and later Beals and
, Fefferman, [3], and Hormander, [2{}, initiated and gave a com~
plete answer to the question of finding necessary and sufficient
condition for the local solvability of differential operatoIs of
principal type. More precisely, they showed that (dD) is such a
condition. It still remains as a difficult problem to prove similar

rasilts for pseudodifferential operators. It was conjectured by

Nirenberg and Treves, (33], that the right condition should be
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W) there is no positively homogeneous complex valued funation
q in Cm(T*X\{O})' such that Imqp changes sign from - to +
when one moves iIn the positive divection on a bicharacter

istic strip of Reqp on whieh q#0.

Only recently it was shown that this condition is necessary (see
Hsrmander, [24]). Nevertheless, the sufficiency of condition ()
has no yet been established and, in fact,very litlle is known about
it. For this reason, the question of propagation of singularities
turns out being importanﬁ, even from the point of view of local
so0lvability. Besides the work of Godin, mentioned in §2.4, H3rmander,[24] R
and Dencker, [3], have made some advance in the problem. It is

therefore, natural to propose the following problem:

QL. Let P be g classical pseudodifferential operator in Qc®®, np2, of
prineipal type, satisfying the condition (V). Is it possi

ble to obtain a theorem of prepagation of singularities for  p7

Remark 2.5.1. If the condition (P) is not satisfied, there are
éimple examples which show that C( g0 is {(xo,tEo);t>0} (see, for
instance Hormander, [23]). "o ‘

In the case of radial points, treated in §2.2, we can pose
similar questions when the coefficients are analytic. First we re-
call that in the analytic context., we have also a notion of analyt
ic wave fromt set, WFa, which is motivated by the following: given
wed' ®", x €sing sup‘pa(u) 13_1“ and only <if there is a sequence
{¢N}CCZ(RR) » 8451 in a fized neighborhood of the origin such
that



~103-

-~ N -N
| @) ") [se (18 1/m .
Here sing Supp,u denotes the analytiec singular support of u. By
analogy with the ¢” wave front set, we then define the analytic

wave front set as follows:
Definition 2.5.1. Let u e« , GcR™  an open subeset and
(x,.£"reT*aMo};

we say that (xo £ ) ¢WFa(u) if and only if there exists a neigh

borhood U of x and a sequence uNEﬁ'(ﬂ) such that ug=u in U and

5,8 lsc™ ue 5|7

when & belongs to some fized conic open neighborhood of ED.
Andersson, [1], proved the result analogous to Theorem 2.1.1 when
P(x,D) is a differential operator of real principal type with amna
lytic coefficients and WF replaced by WFa; in othexr words, the con
clusion is that WFa(u) is invariant under the bicharacteristic fo

liation.

Q2. Let P(x,D) be a partial differential operator with ana-
Iytic coefficients and let (xoéo)ET*X\{O} be an igolated
radial point for P. The conclusions obtained in §$2.2

still hold?

Actually one should start by searching the corresponding models in
the analytic context.

Theorem 2.8:2 of §2.3 proves, in particular, that for some
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jel1,2} , Pj=P;LJFE is contained (in a neighborhood of (ﬁf£°)ez)
in WE(w\WF(Pw) if (x,5°)€WF(u) \WP(Pu). This leads to the fol-

lowing question:

Q3. For each (xD,EO)GZ and j€{l,2} there exists ujegg'(x)
such that WF(uj)\WF(Puj) is equal, near (XO,EO), to the

cone generated by the integral curve of Hp passing
b

through (xo,Eo)?

By looking at simple example one cam show that the hypotheses
(2.3.3) and (2.3.5) are not sufficient in order to cbtain the con

clusion of Theorem 2.3.2. Therefore we pose:

Q4. Find necessary conditions, weaker tha: (2.3.4), in such

a way;that the conclusions of Theorem 2.3.2 remain true.

Finally consider

Q5. Is Hange's conjecture (see §2.5) true in its full gener

ality?



]

(2]

(3]

0]

(5]

6]
]
[e]
(5]
[10]
[11]

0

=105~

References

Andensson,K.G,, Analytic wave front sets for solutions of lin
ear differential equations of principal type, Trams. Amer.

Math. Soc., 177 (1973), 1-27.

Bacuendi ,M.5., Theves F. and Zachmanoglou, Flat solutions and
gsingular solutions of homogeneous linear partial differen
tial equations with analytic coefficients, Duke Math. Jour
nal. 46 (1979), 409=-440,

Beakfs ,R. and Fef4eaman,C., On jocal solvability of linear par
tial differential equations, Amn. of Math. 97 (1973), 482-498.

Boutet de Monvel,L. and Knee,P., Pseuvdodifferential opera -

tors and Gevrey classes, Ann. Inst. TFourier, Grenoble,
17 (1967), 295-323.

Boutet de Monvel,L., Hypoelliptic operators with double char
acteristic and related pseudodifferential operators, Comm.
Pure Appl. Math., 27 (1974), 585-639.

Caldinon,A., Uniqueness in the Cauchy problem for partial aif
ferential equations, Am. J. Math., 80 (1958), 16-36.

Chazarain,J., Opérateurs hyperboliques 3 caracteristiques de
multiplicité constante,Ann.Inst.Eburier,24 (1974), 173-202.

Denckes ,N., On the propagation of singularities for pseudo-

differential operators of principal type, to appear-

Puistermaat,J.J. and Hommanden,L., Fourier integral operatofs
11, Acta Math. 128 (1972), 183-269.

puisteamaat,J. J., Fourier integral operators, Courant Insti-

tute Lecture Notes, New York, 1973.

Egorov,Yu.V., On non degenerate hypoelliptie pseudodifferen—
tial pperators, Soviet Math. Dokl, 10 {1969), 697-699.

Godin,P., Propagation des singularités pour les opérateurs
différentiel de type principal, localement résolubles, a

coefficients analytiques, en dimension 2, Amn. Inst. Fourier,




[13]
&
[15]

[16]
(7]

18]
[15]
[20]
[21]

[22]

(23]

[24]

-106-

Grenoble, 29 (1979), 223-245,

Guillemin,V. and Schaeffer,D., On a certain class of Fuchsian
Partial Differential Equations, Duke Math. Journal. 44(1977),
157-199.

Hanges ,N., Propagation of singularities for a class of opera
tors with double characteristics, Annals of Mathematics

Studies, Study 91, Princeton University Press.

Hanges ,N., Singular solutions for analytic pseudodifferential
operators of principal type, Duke Math. Journal, 47(1980),
17-25, '

Helffer,B., Addition de Variables et application a la régu -
larit&, Ann. Inst. Fourier, Grenoble, 28 (1978), 221-231.

Helffen,B., Propagation des singularités pour des problémes
aux Limites (d'apres R. B. Melrose , J. Sjostrand), 5&

minaire Bourbaki 3le annde, 1978/79, n® 525.

Honmander,Ll., Linear partial differential operators, Grundl.
d. Math. Wiss., 116, Springer Verlag, 1963.

Hakmande&,L., Linear Differential Operators, Actes, Congres
Intern. Math., 1970. Tome I, 121-133,

HE&mande&,L., Fourier integral operators I, 'Acta Math.,
127 (1971), 79-183.

HB&mandek,L., On the existence and the repgularity of solutions
of linear pseudod.fferential equations, L'Ens. Math.,
17 (1971), 99~163.

Ha&mandek,L., Propagation of singularities and semi - global
existence theorems for (pseudo-)differential operators of
principal type, Annals of Math., 108 (1978), 569-609.

HB&manden,L., Spectral analysis of singularities, Anuals of

Mathematics Studies, Study 91, Princeton University Press,

Hoamanden, L., Pseudo-Differential operators of principal type,
Proceedings Nato Advanced Study Institute on Singularities

‘in boundary value problems, Maratea, Italy, 1980.



(25]

[2¢]

[27)
[24]

[29]

£
o1]

2]
[4]
5
(5]

[3¢]

B7]

=107=-

Hounie,J., Teoria elementar das distribuigdes, 129 Coldquio

Brasileiro de Matematica, Pogos de Caldas, 1979.

fvaii,V.Ya. and Pethov,V.M., Necessary conditions for the
correctness of the Cauchy problem for non-strictly hypér;

bolic equations, Russian Math. Surveys, 5 (1974), 1-70.

Lax,P.D., Asymptotic solutioms of oscillatory initial value
problems, Duke M. Journal, 24 (1957}, 627-646.

tudwig,?D,, Exact and asymptotic solutions of the Cauchy prob
lem, Comm. Pure Appl. Math., 13 (1960), 473-508.

Mafgrange,B., Existence et apﬁroximation des solutions des
8quations aux dérivées partielles et des équations de con
volution, Ann. Inst. Fourier Grenoble, 6 (1955-1956), 271-355.

Mastov,V.P., Théorie des pertubatioms et méthodes asymptotiques,

Dunod, Paris, 1972 (french translatiom).

Melrose,R.B., and Uhtmann,G.A., Lagrangian intersection and
the Cauchy problem, Comm. Pure Appl. Math., 32 (1979), 483-519,

Nagane,T., f,inear differential systems with singularities and
an application to cransitive Lie algebras, J. Math. Soec.
Japan, 18 {1966), 398-404. ’

Nirenberg,L. and Theves,F., On local solvability of linear
partial differential equations. Part I: Necessary condi-

tions, Comm. Pure Appl. Math., 33 (1870), 1-38.

Nirenbeng,L. and Treves,F., Ou local solvability of limear
partial differential equations. Part II: Sufficient con-
ditions, Comm. Pure Appl. Math., 23 (1970), 459-509.

Nirenberg,Ll., Leetures on 1inear parviial differential equa-
tions, CBMS Regiomal Conf. Sen. in Math., n? 17, Amer.
Math. Soc., Providence, R.I., (1973). ’

Santos Filho,J.R., Propagation of singularities through ra-

dial peints, Comm. in Partial Diff. Equations, to appear,

Sato,M., Kawal,T. and Kashiwarda M., On pseudo - differential

equations in hyperfunction theory, Lecture Notes in Mathe




KL

[39]

[40]

[41]
[42]

[43]

[44]

[45]
[46]

[47]

~108~

matics, n? 287, Springer Verlag, Berlin.

§j6strand,J., Sur une classe d'opérateurs pseudo-différentiels
de type principal, C. R. Acad. Se. Paris, 271 (1970), 781-783.

Sjostrand,J., Propagation of singularities for operators with
multiple involutive characteristics, Amn. Inst. Fourier,
Grenoble, 26 (1976), 141-155.

Sjosinand,J., Analytic singularities of solutions of boundary
value problems, Proceedings Nato Advanced Study Institute

on Singularities in boundary value problems, Maratea, Italy, 1980.

Taylor M., Pseudo Différential Operators, Lecture Notes in

Mathematics, n? 416, Springer Verlag, Berlin, 1974.

Thom,R., Structural stability and morphogenesis, W. A.Benjamin,
Ine, 1975.

Theves ,F., An introduction to Pseudodifferential operators and
Fourier <integral operators, Instituto de Matemdtica da
U.F.Pe., 1973.

Theves ,F., Study of a model in the theory of complexes of pseudo
differential operators, Amnnals of Math., 104 (1976), 269-324,

Theves ,F., Introduction to Pseudodifferential and Fouvrier in
tegral operators, Vol. 1 and 2, The University Series in

Mathematics, Plenum Publishing Corp.

Uhlmann,G.A., Pseudo-Differential operators with involutive
double characteristics, Comm. in Partial Diff, Equationms,
2 (1977), 713-779. '

Uhemann,G.A., Parametrices for operators with multiple inve-
lutive characteristics, Comm. Partial Diff. Equations,
4 (1979), 739-767.



