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Abstract
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1 Introduction and preliminaries
Fixed-point theory is one of the most intriguing research fields in nonlinear analysis. The
number of authors have published papers and have increased continuously in the last
decades. The main reason for this involvement can be observed easily: Application poten-
tial. Fixed point theory has an application in many disciplines such as chemistry, physics,
biology, computer science and many branches of mathematics. Banach contraction map-
ping principle or Banach fixed-point theorem is the most celebrated and pioneer result in
this direction: In a complete metric space, each contraction mapping has a unique fixed
point. Following Banach [1], many authors give various generalizations of this principle in
various space (see e.g. [2—20]). One of the interesting results was given by Samet et al. [21]
by defining « - -contractive mappings via admissible mappings, see also [22].

In this paper, we introduce an a-y-Meir-Keeler contractive mapping in the setting of
complete metric spaces via a triangular «-admissible mapping. We prove the existence and
uniqueness of a fixed point of such a mapping. We also consider a number of examples to

illustrate our results.

Definition 1 Let f : X — X and o : X x X — (-00,+00). We say that f is a triangular
a-admissible mapping if

(T1) a(x,y) >1implies a(fx,fy) > 1,x,y € X,

(T2) {ZZ;E: implies a(x,y) > 1, x,5,z € X.
Example 2 Let X =R, fx = &/x and a(x,y) = ¢ then f is a triangular «-admissible map-
ping. Indeed, if a(x,y) = € > 1 then x > y which implies fx > fy. That is, a(fx,fy) =
& > 1. Also, if {Zgzi then {::;ig That is, x —y > 0 and so a(x,y) = &7 > 1.
Example 3 Let X = R, fx = ¢ and alx,y) = 3x—y + 1. Hence, f is a triangular a-
admissible mapping. Again, if a(x,y) = &x—y + 1 > 1 then x > y which implies fx > fy.
That is, a(fx, fy) > 1.
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a(x,z)
af

Moreover, if { > : then x — y > 0, and hence, a(x,y) > 1.

Example 4 Let X = [0, +00), fx = x* + In(x? + 1) and

Then f is a triangular «-admissible mapping. In fact, if

x3 y3

1+a3 P +1

ax,y) =

then x > y. Hence, fx > fy. That is, «(fx, fy) > 1. Also,

x?) Z3 23 y3

+1+
1+4% 22+1 1+28
3 3 3 3
x x
= 4 +2<2 AR | =2a(x,y).
1+a3 3 +1 1+a3 »3+1

Thus, a(x, z) + «(z,y) < 2a(x,y). Now, if {ZE;‘;: then a(x,y) > 1.

a(x,z) +a(z,y) = e

Example 5 Let X = R, fx = x> + J/x and a(x,y) = x> — »° + 1. Then f is a triangular a-
admissible mapping.

Example 6 Let X = [0, +00), fx = x + &* and

1, ifx,ye[0,1],
ax,y) =
0, otherwise.

Hence, f is a triangular o-admissible mapping.

Lemma 7 Let f be a triangular a-admissible mapping. Assume that there exists xo € X
such that a(xo,fxo) > 1. Define sequence {x,} by x, = f"xo. Then

Xy x,) =1 forallm,n e Nwithm < n.

Proof Since there exist xy € X such that «(xo,fxo) > 1 then from (T1), we deduce that
a(x1,%2) = a(fxo,f>x0) > 1. By continuing this process, we get

a(x,,%,41) =1 forallme NUO. (1.1)

a(mxme1) = 1,

aXpp1%m42) 2 1,

Suppose that m < n. Since { then from (T2) we have a(x,,, %,42) > 1.

am,xp2) =1,
a(xp2%me3) 2 1,

By continuing this process, we get a(x,, x,,) > 1. O

Again, since { then we deduce a(x,,,, %,,43) > 1.

Denote with W the family of nondecreasing functions v : [0, +o0) — [0, +00) continuous
in ¢ = 0 such that

« Y(¢)=0ifand onlyift =0,

¢ Yt+s) <y@)+v(s).
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2 Main results

Definition 8 Let (X,d) be a metric space and v € W. Suppose that f : X — X is a trian-
gular ¢-admissible mapping satisfying the following condition: for each ¢ > 0 there exists
8 > 0 such that

e<y(dxy)<e+5 implies alx,y)y(d(fx.fy)<e (2.1)
for all x,y € X. Then f is called an «-y-Meir-Keeler contractive mapping.

Remark 9 Let f be an «-y/-Meir-Keeler contractive mapping. Then

a(x )Y (d(fx, ) < ¥ (dx,))
for all x,y € X when x #y. Also, if x = y then d(fx, fy) = 0. i.e.,
a(x, ) v (d(fx,fy) < ¥ (d(x,y))
forall x,y € X.
Theorem 10 Let (X, d) be a complete metric space. Suppose that f is a continuous o -
Meir-Keeler contractive mapping and that there exists xo € X such that a(xo, fxo) > 1, then

f has a fixed point.

Proof Let xy € X and define a sequence {x,} by x, = f"x¢ for all m € N. If x,,; = %5541 for
some 1y € NU {0}, then obviously f has a fixed point. Hence, we suppose that

Xn #xnﬂ (22)

forall n € NU{0}. We have d(x,,x,,1) > 0 for all » € NU{0}. Now define s,, = ¥ (d(x,, X,,41))-
By Remark 9, we deduce that for all € N U {0},

a(xnr xn+l)w(d(xn+l: xn+2)) = a(xnr xn+1)1/f(d(fxn:fxn+l)) < 1ﬁ(d(xm xn+1))~
Then by applying Lemma 7
Y (d(xn+11xn+2)) <y (d(xn: xn+1))~

Hence, the sequence {s,} is decreasing in R, and so it is convergent to s € R,. We will
show that s = 0. Suppose, to the contrary, that s > 0. Hence, we have

0<s< l/r(d(xn,xml)) for all n e NU {0}. (2.3)

Let ¢ = s > 0. Then by hypothesis, there exists a §(¢) > 0 such that (2.1) holds. On the other
hand, by the definition of ¢, there exists 7y € N such that

€< s”O = I//(d(x}’l()rxno-fl)) <€+ 5
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Now by (2.1), we have

Sno +1 = W (d(xn0+17 xno +2)) = a(xno ) xn0+l)w (d(xn0+17 xno +2))
= a(‘xl’lo! xn0+1)1ﬂ (d(fxno :fxnm—l)) <E=S

which is a contradiction. Hence, s = 0, that is, lim,_, ; S, = 0. Now, by the continuity of ¥
in t = 0, we have lim,,_, ;00 d(%4,%,41) = 0. For given ¢ > 0, by the hypothesis, there exists a
8 = 8(e) > 0 such that (2.1) holds. Without loss of generality, we assume § < €. Since s = 0,
then there exists N € N such that

Sp_1 = W(d(xn_l,xn)) <8, forallm>N. (2.4)
We will prove that for any fixed k > Nj,

w(d(xk,xk+1)) <eg, forallleN, (2.5)

holds. Note that (2.5), by (2.4), holds for [ = 1. Suppose the condition (2.1) is satisfied for
some m € N. For [ = m + 1, by (2.4), we get

1ﬁ(d(xk71: xk+m)) = I/f(d(~7cl(—1’x/<) + d(xkr xk+m))
= I//(d(xk—bxk)) + w(d(xk’kan))
<&+8. (2.6)

If Y (d(%k-1, Xk+m)) > €, then by (2.1) we get

14 (d(xk: xk+m+1)) < (X1, Xrm) ¥ (d(xk’ xk+m+1))

= 00 Kierms1 )W (Ao, fokam)) < €

and hence (2.5) holds.
If ¥ (d(%k-1, %k+m)) < €, by Remark 9, we get

W (d (ks Xiema1)) < k1 Xkem) W (A0 Kiem1)) < U (d@kts Kem)) < €.

Consequently, (2.5) holds for [ = m + 1. Hence, ¥ (d(xx, xx+1)) < € forall k > Np and [ > 1,
which means

d(x,,%x,) <&, forallm>n>N,. (2.7)

Hence {x,} is a Cauchy sequence. Since (X, d) is complete, there exists z € X such that
x, — z as n — 00. Now, since, f is continuous then

fz =f( lim xn> = lim x,,1 = 2,
n— 00 n— 00

that is, f has a fixed point. O
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Theorem 11 Let (X,d) be a complete metric space and let f be a «a-\-Meir-Keeler con-
tractive mapping. If the following conditions hold:
(i) there exists xg € X such that a(xo,fxo) > 1,
(il) if {x,} is a sequence in X such that o(x,,%x,.1) > 1 for all n and x,, — x as n — +00,
then a(x,,x) > 1 for all n.
Then f has a fixed point.

Proof Following the proof of the Theorem 10, we say that «(x,,, x,.1) > 1 for all » € NU {0}
and that there exist z € X such that x,, - z as n — +00. Hence, from (ii) «(x,,z) > 1. By

Remark 9, we have

¥ (d(fz,2)) < ¥ (d(fz,frn) + d(fxn 2))
< Y (d(fz, fxn)) + ¥ (d(fxn 2))
< a(xy, )Y (d(fz, fxn)) + ¥ (d(fn, 2))
< ¥ (dzx,) + ¥ (d(xni1,2)).

By taking limit as » — +oo, in the above inequality, we get ¥ (d(fz,z)) < 0, that is,
d(fz,z) = 0. Hence, fz = z. O

Next, we give some examples to validate our main result.

Example 12 Let X = [0,00) and d(x,) = |x — y| be a metric on X. Define f : X — X by

2 . .

X, ifxe[0,1], 1, ifx,ye[0,1],
fr=1" 10:1] and a(x,y) = yelo1]

2%, ifxe(1,00), -1, otherwise

and ¥ (¢) = %t. Clearly, (X,d) is a complete metric space. We show that f is a triangular
a-admissible mapping. Let x,y € X, if a(x,y) > 1 then x,y € [0,1]. On the other hand, for
all x,y € [0,1] we have fx <1 and fy < 1. It follows that «(fx, fy) > 1. Also, if @(x,z) > 1 and
a(z,y) > 1then x,7,z € [0,1] and hence, a(x,y) > 1. Thus, the assertion holds by the same
arguments. Notice that «(0,f0) > 1.

Now, if {x,} is a sequence in X such that «(x,,x,,1) > 1 for all » € NU {0} and x,, — x
as n — +00, then {x,} C [0,1] and hence x € [0,1]. This implies that a(x,,x) > 1 for all
n e NU{0}. Let x,y € [0,1]. Without loss of generality, take x <y. Then

2 x2

v (d(fx.fy)) = f_e T

¥ (dx,y) =

=
LR

Clearly, by taking 8§ = ¢ the condition (2.1) holds. Otherwise, e (x, y) = —1. Hence, for given
& > 0 we have «a/(x, y)¥ (d(fx,fy)) < 0 < e. Hence, conditions of Theorem 11 holds and f has
a fixed point. But, if x, 7 € (1, 00) and

e <d(xy)<e+34,
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where ¢ >0 and § > 0. Then
d(fx, fy) = 2| — y| = 2d(x,y) = d(x,y) > ¢.
That is, the Meir-Keeler theorem cannot applied for this example.

Example 13 Let X = [0,00) and d(x,y) = |x — y| be a metric on X. Define f : X — X by

11-x), ifxel0,1],

fu= g, ifxe(1,2),
V2 ifxe(2,00)
and ¥ (t) = %t,
1, ifx,y,2z€[0,1],
al(x,y) =

-1, otherwise.

Let %,y € [0,1]. Without loss of generality, take x < y. Then

V(i) = 30 -3,
V(@) = 3=

Clearly, by taking § = ¢ the condition (2.1) holds. Otherwise, (x, y) = —1. Hence, for given
& > 0 we have a(x, y)¥ (d(fx, fy)) < 0 < . Hence, conditions of Theorem 11 holds and f has
a fixed point.

Denote with W, the family of strictly nondecreasing functions v : [0, +00) — [0, +00)
continuous in ¢ = 0 such that

» Yu(t)=0ifand onlyif£=0,

o st +5) < P (2) + Y ().

Definition 14 Let (X,d) be a metric space and Y, € W,. Suppose that f: X — X is a
triangular a-admissible mapping satisfying the following condition: for each ¢ > 0 there
exists 8 > 0 such that

& <Yu(Mxy) <e+38 implies alx, )P (d(fx,fy) <e (2.8)
for all x,y € X where
M) = x| o).l 0, 9, 5 ) + s ).

Then f is called generalized an a-v;-Meir-Keeler contractive mapping.
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Remark 15 Let f be a generalized a-1;;-Meir-Keeler contractive mapping. Then

o (%, y) Vst (d(fx’fy)) <Yt (M(x’y))

for all x,y € X when M(x,y) > 0. Also, if M(x,y) = 0 then x = y which implies ¥ (d(fx,
) =0,ie.,

(%, 9) Ve (d(fe, /) < Ve (M ()
forallx,y € X.

Proposition 16 Let (X,d) be a metric space and f : X — X a generalized a-s-Meir-
Keeler contractive mapping, if there exists xog € X such that o(xg,fxo) > 1 . Then
1im,,_, oo d(f" L0, f"x0) = 0.

Proof Define a sequence {x,} by x,, = f"x for all » € N. If x,,) = x,,,1 for some ny € NU{0},
then obviously f has a fixed point. Hence, we suppose that

X F Xnsl (2.9)

for all n € NU {0}. Then we have M(x,.1,x,) > O for every n > 0. Then by Lemma 7 and
Remark 15, we have

Vst (d(xnﬂ,xnﬂ)) < o (X, Xns1) Yt (d(xwrl: xn+2))
= Xy, Xp41) Vst (d(fxnrfxwrl)) <Yt (M(xn: xn+1))

= x50, 50,15,
1
3 [d(fxns Xni1) + A, fn1)] })
< Y (max{d(x,, x511), A1, Xn12) })-
Now, since ¥, is strictly nondecreasing then, we get
A2, %01) < Max{d (X1, %), d(X12, %11) |-
Hence, the case where
max{d (.1, %), A(Ens2s %ni1) } = A2, %41
is not possible. Therefore, we deduce that
(K42, %n41) < A(Xi1, %) (2.10)

for all n. That is, {d(x,.1,%,)}0c is a decreasing sequence in R, and it converges to ¢ € R,,
that is,

nll>nc}o Vst (d(xnﬂ’ xn)) = nll)ngo Vst (M(xnﬂr xn)) = Ya(e). (2.11)
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Notice that ¢ = inf{p(x,, x,,1) : n € N}. Let us prove that ¢ = 0. Suppose, to the contrary,
that ¢ > 0. Then ¥ (g) > 0. Regarding (2.11) together with the assumption that f is a gener-
alized a-y-Meir-Keeler contractive mapping, for ¥(¢), there exists § > 0 and a natural

number m such that

Ipst(f':) = WSt(M(xm»xmﬂ)) < 1pst(‘c:) +4

implies that

Vst (d(xm+l; xm+2)) < Xy Xpms1) Vst (d(xm+1; xm+2))

= a(xm:xm+1)¢st(d(fxm:fxm+l)) < I//slf(“?)~
Now, since ¥, is strictly nondecreasing then we get
d(xm+2: xm+1) <é€

which is a contradiction since ¢ = inf{p(x,,, x,;1) : 7 € N}. Then ¢ = 0 and so lim,,_, o, d(%,11,
x,) = 0. O

Theorem 17 Let (X,d) be a complete metric space and f : X — X a orbitally contin-
uous generalized o-yy-Meir-Keeler contractive mapping, if there exist xo € X such that
a(xo,fx0) > 1. Then, f has a fixed point.

Proof Define x,,1 = f"*Lxo for all n > 0. We want to prove that lim,, ,_, o d(%,,, %,,) = 0. If

this is not, then there exist ¢ > 0 and a subsequence {x,;} of {x,} such that
A(Xnli), Xnir1)) > 2€. (2.12)

For this & > 0, there exists § > 0 such that ¢ < ¥y(M(x,y)) < ¢ + § implies that
a(x, y)¥s(d(fx, fy)) < €. Put r = min{e, §} and s, = d(x,,%,41) for all n > 1. From Proposi-
tion 16, there exists ng such that

Sn = d(xn:x;ﬁl) < 2 (213)

for all n > ny. Let n(i) > no. We get n(i) < n(i +1) - 1. If d(xu(), Xn(i11)-1) < € + 5, then

AKXy Xn(is1)) < AXn(i)s Xn(i+1)-1) + AXp(i1)-1> Xn(is1))
< dXu(), Xn(i1)-1) + AXn(is1)—1, (1))
r 3r 9
< E+ = +Su-1<E+ — <2¢
B n(i+1)-1 4

which contradicts the assumption (2.12). Therefore, there are values of k such that n(i) <

k < n(i+1) and d(x,),xx) > € + 5. Now if d(x,(, %n(i)41) > € + 5, then

r r r
Su(i) = AXn(i)s Xn(i)+1) = € + 3>T+5>
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which is a contradiction with (2.13). Hence, there are values of k with n(i) < k < n(i +1)
such that d(x,), xx) < € + 5. Choose smallest integer k with k > n(i) such that d(x), xx) >

e + 5. Thus, d(x,(), xx-1) < &€ + 5 and so

A Xk) < AX(iyy K1) + A X1, xx)
3r

r r
< d(X,,(i), Xj— d(xk_1, -+ —= —.
< d(Xn(i)y Xk-1) + (xklxk)<5+2+4 £+

Now, we can choose a natural number & satisfying n(i) < k < n(i + 1) such that

r 3r
e+ = < d@n),Xk) <&+ —. (2.14)
2 4
Therefore, we obtain
3r
d(Xngy, Xk) < € + y <&+, (2.15)
r
AXn(i)s Xn(iy1) = Ay < ZSEtn (2.16)
and
r
d(xr, Xre1) = di < 1 <g+r. (2.17)

Thus, we have

1
3 [ iy K1) + AEn(iys1,50) ]

< —[d@nis %) + Ao K1) + A1 %) + Ay 50|

IA
N = N

[d (% x8) + Atk Xki1) + A X1 %n(i) + Ao %) |

QU

1
(%), %K) + E[Sk + 8u()]

3r 1f{r r
<E+—+—|—+—|=eg+r. (2.18)
4 214 4

Now, the inequalities (2.15)-(2.18) imply that M(x,;,%x) < € + r < & + 8 and 50 VY (M (%),
%)) < Yse(e + 8) < Yg(e) + Ye(8) the fact that f is a generalized «-y,-Meir-Keeler con-
tractive mapping yields that,

AEn(iyi1,%k01) < & i %) Wt (A Koy 11, Xies1)) < Wit (€)-

Then d(xu3)+1,%k1) < €. We deduce,

d(fn(i)xO;kaO) < d(fn(i)xo, n(i)+lx0) + d(fn(i)+lx0,ka0)
< d(fn(i)X(),fn(i)+IX()) + d(f”(i)+1x0,kao)
< d(fn(i)x(),fn(i)ﬂxo) + d(f"(i)+1x0,fk+1xo) + d(fkﬂx(),kaO).
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Hence, from this with (2.14), (2.16) and (2.17), we obtain

d(xn(i)+1¢xk+1) > d(xn(i): xk) - d(xn(i)vxn(i)+1) - d(xloxkﬂ)

which is a contradiction. We obtained that lim,,,,—, o d(x,,%,,) = 0 and so {x, = f"x¢} is
a Cauchy sequence. Since, X is complete, then there exists z € X such that f"xy — z as

n — o0o. Now, since f is orbitally continuous, then z = fz. g

Example 18 Let X = [0,00) and d(x,y) = |x — y| be a metric on X. Define f : X — X by

2
fo=1¥
% +Inx, ifxe(1,00)

ifx € [0,1],

and Iﬁst(t) = %t!

1, ifx,ye[0,1],
ax,y) =
0, otherwise.

Clearly, f is a triangular a-admissible mapping and orbitally continuous. Let x,y € [0,1].

Without loss of generality, take x <y. Then

2 x2

Vs ldlfuf) = 16 ~ 1
2 2

X X X X
Vst (M(x,9)) = %x(maX{y—x,x— 5" %D = maX{% -3 E’% - %}

Clearly, by taking § = 3¢ the condition (2.8) holds. Otherwise, a(x, y) = 0. Hence, for given
& >0, we have 0 = a(x, y)¥s(d(fx,fy)) < e. Hence, condition of Theorem 17 is held and f
has a fixed point.

Theorem 19 Assume that all the hypotheses of Theorem 10 (11 and 17) hold. Adding the
following conditions:

(ili) forallx #y € X there exists v € X such that a(x,v) > 1 and a(v,y) > 1,
we obtain the uniqueness of the fixed point of f .

Proof Suppose that z and z” are two fixed points of f such that z #z". Then a(z,v) > 1 and

a(v,z") > 1. Hence, from (T2), we have a(z,z) > 1. Now, by Remark 9, we get

d(z, z) = d(fz,fz*) <a(z z*)d(fz,fz*) <d(z, z)

which is a contradiction andso z = 7. Similarly, for Theorem 17, we can observe that f has

a unique fixed point. O

We can obtain the following corollaries intermediately.
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Corollary 20 Let (X,d) be a complete metric spaceand f : X — X is self-mapping. Suppose
that for each € > 0, there exists § > 0 such that

e<y(dxy)<e+8 implies V(d(fx,fy)) < %,
where y € W and L > 1. Then f has a unique fixed points.

Corollary 21 Let (X,d) be a complete metric space and f : X — X a orbitally continuous
self-mapping. Suppose that for each & > 0 there exists § > 0 such that

e < wst(M(x,y)) <e+8 implies l/fst(d(fx,fy)) < %,

where Yy € Vg, L > 1 and

Ms) = ma s ), ) ), 5 ) + s )] .
Then f has unique fixed points.
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