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Abstract

Prospect theory is a very effective method to express behavioral decision making under uncertainty. This paper attempts to
develop a method to multi-attribute decision making with Atanassov's interval-valued intuitionistic fuzzy information using
prospect theory. This method first transforms Atanassov's interval-valued intuitionistic fuzzy variables into the prospect
values using the value function in prospect theory. Based on the aspiration levels, Atanassov's intuitionistic fuzzy prospect
gain and loss matrices are obtained. Then, using the Atanassov's interval-valued intuitionistic hybrid weight averaging
(IVIHWA) operator or the Atanassov's interval-valued intuitionistic hybrid Shapley weight averaging (IVIHSWA) operator,
the comprehensive Atanassov's interval-valued intuitionistic fuzzy prospect value of each alternative is calculated.
According to the comprehensive Atanassov's interval-valued intuitionistic fuzzy prospect values, a ranking method of
alternatives is presented. Finally, two illustrative examples are selected to show the feasibility and availability of the
proposed method.

Keywords: multi-attribute decision making; prospect theory; Atanassov's interval-valued intuitionistic fuzzy set;
Atanassov's interval-valued intuitionistic fuzzy prospect value

1. Introduction

Because of the highly complex social and economic characterized by an interval membership function
environment, the decision information of alternatives and an interval non-membership function. In 1994,
is usual incompletely known. Hence, fuzzy decision Atanassov [9] presented some operations on IVIFSs.
making has become a hot research point and has After that, many Atanassov's interval-valued
achieved many important results [1-7]. Atanassov's intuitionistic  fuzzy aggregation operators are
interval-valued intuitionistic fuzzy sets (IVIFSs) [8], presented [10-15]. As Beliakov et al. [16] pointed for
as an important extending form of Zadeh’s fuzzy sets, Atanassov's intuitionistic fuzzy numbers (IFNs),
have received considerable attentions, which are there are some undesirable properties of the opera-
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tional laws on IVIFSs [17] as well as the ranking
method for the score and accuracy functions [18].

Besides the aggregation operators on IVIFSs,
many researchers devoted themselves to decision
making with Atanassov's interval-valued
intuitionistic fuzzy information [19-23] and applied
the Atanassov's interval-valued intuitionistic fuzzy
theory in many fields [24-28]. Although many
multi-attribute decision making approaches with
under Atanassov's interval-valued intuitionistic fuzzy
information are researched, none of them consider
the decision makers’ risk attitudes. Prospect theory
proposed by Kahneman and Tversky [29] seems to
well deal with this issue, which has become one of
the most important descriptive alternatives to
expectation utility theory. The rationality of prospect
theory was widely supported by experimentations.
The core of prospect theory is the value function,
which shows the risk aversion for gains, and reflects
the risk propensity for losses [30]. Prospect theory
has been successfully applied the behavioral
decision-making model [30-35]. For the moment,
there are few researches about the application of
prospect theory to Atanassov's interval-valued
intuitionistic fuzzy multi-attribute decision making
problems. The purpose of this paper is to analyze a
method to multi-attribute decision making with
Atanassov's interval-valued intuitionistic fuzzy
information problems using prospect theory, which
considers the decision makers’ attitudes for gains and
losses. Based on the Atanassov's interval-valued
intuitionistic hybrid weight averaging (IVIHWA)
operator or the interval-valued Atanassov's hybrid
Shapley weight averaging (IVIHSWA) operator, the
comprehensive attribute Atanassov's interval-valued
intuitionistic fuzzy prospect values are obtained.
Then, a ranking method is introduced.

This article is organized as follows: In section 2,
some basic notions are briefly reviewed. In section 3,
the gain and loss IVIFN decision matrices are
obtained by calculating gain and loss IVIFNs of
every alternative for the reference point. Based on
the value function in prospect theory, the Atanassov's
interval-valued intuitionistic fuzzy prospect gain and
loss matrices are got, whose elements are
Atanassov's interval-valued intuitionistic fuzzy
prospect values. Then, the IVIHWA and IVIHSWA
operators are defined to aggregate Atanassov's
interval-valued intuitionistic fuzzy prospect values.
Furthermore, a method to multi-attribute decision
making with Atanassov's interval-valued
intuitionistic fuzzy information based on prospect
theory is developed. In section 4, the associated
examples are selected to illustrate the availability of
the procedure method.

2. Some basic concepts

2.1. Atanassov's interval-valued intuitionistic

fuzzy sets

In order to overcome the drawback of Zadeh’s fuzzy
sets that only give us the membership information,
Atanassov and Gargov [8] presented the concept of

IVIFSs, which do not only provide us the
membership information, but also offer the
non-membership information and the accuracy
information.

Definition 2.1 [8] Let X be a no empty finite set. An
IVIFS 4 in X is expressed as

A= {(x.[a(x),b(D)][e(x),d(0)]) | x € X},
where [a(x),b(x)] <[0,1] and [c(x),d(x)] <[0,1] are
the interval membership and non-membership

degrees of the element x € X with the condition
b(x)+d(x)<1.

When a(x) = b(x) and c(x) = d(x) for eachxe X ,
then the IVIFS A degenerates to an Atanassov's
intuitionistic fuzzy set (IFS) [36], denoted by

A= {(x, a(x),c(x)) |x e X} . For convenience of
discussion, Xu [17] gave the definition of IVIFNs:
An IVIFN Ois defined byﬁ:([a,b],[c,d]) , Where
[a,b] <[0,1] and [c¢,d] <[0,1] are respectively the
interval membership and non-membership degrees
with the conditionb+d <1.

Similar to the operations on Atanassov's

intuitionistic fuzzy sets [37], Xu [17] defined the
following operations on IVIFNs.

Definition 2.2 For any two IVIFNs
0 =([a,b],[c,d]) 7=(le.f1lg.h]) , the
following operations are defined
(1) 6@y =(a+e—ae,b+ f—bf1,[cg,dh]);
(2) 0®y =(ae,bf,[c+g—cg,d+h—dh]);
(3) A6 =([1-(1-a)",1-(1-b)"1[c".d"])
A e[0,1];
@) 0" =(la" ' Ll1-(1-c) 1-(1-d)'])
A1e[0,1].

[17]
and

In order to research the application of IVIFNs, Xu
and Chen [18] presented the score function

s(0)=0.5(a—c+b—d) and the accuracy function
h(D) = O.S(a +c+b+ d) to obtain the score and the
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accuracy degree of any IVIFN & = ([a,b],[c,d]) . The

order relationship, for any two IVIFNsoandy, is
defined by
Ifs(D)<s(y),theno<y.
hO)=h(y))=>0=7
1£5(3) = 5(7) , then | "D =M= 0=7
hO)<h(y)=0<y
As Beliakov et al. [16] pointed for IFNs, there
exist some undesirable properties of the operational
laws on IVIFSs [17] as well as the ranking method
for the score and accuracy functions [18], such as the
operations (3) and (4) do not preserve the above
given order relationship under multiplication or
exponentiation by a scalar: & < 7 cannot guarantee

A0 <Ajord*< 72 for Ae[0,1]. Furthermore, it
has 0@y = ([1,1],[0, 0]) if the interval membership

and non-membership degrees of the IVIFN o are
equal to [I1, 1] and [0, 0], and it has
0®7=([0,0],[1,1])if the interval membership and

non-membership degrees of the IVIFN O are equal to
[0, 0] and [1, 0], which are rather counterintuitive.
Especially, these issues exist in the aggregation
operators [10-15].

Similar to the operations on IFNs [16], for any two
IVIFNs 0 and 7, we adopt the following operations

on IVIFNs:

(I) If there exists IVIFN £ such that f=0®7 ,
0®7=(a+eb+ fllc+g.d+h]);

(D) 0@y =([ae,bf],[cg.dh]);

(1) Ao = ([Za, Ab],[Ac, /Id]) A €[0,1];

V) o" =(la",b*1.[c".d"]) Ae[0,1].

2.2. Prospect theory

Prospect theory, as the most popular behavioral
decision theory, was initially introduced by
Kahneman and Tversky [29]. In prospect theory, the
value function plays a key role, which owns the
following characteristics: (i) The definition domain is
deviation from the given reference point; (ii) For
gains, it is a concave function, and for losses, it is a
convex function; (iii) it is more gently for gains than
for losses. Kahneman and Tversky [29] introduced
the following explicit expression of the value
function

Fuzzy multi-attribute decision making based on prospect theory

x“ x>0
vx) = {—xl(—x)/] x<0’

where a and p, respectively, denote parameters for
gains and losses, 0 < a, f < 1. The parameter A
represents the steep degree for losses such that A>1
for risk aversion.

Kahneman and Tversky [29] considered a=$=0.88,
and A=2.25, which are obtained by experimentally
data. Abdellaoui [38] suggested that the values of a
and S equal 0.89 and 0.92, respectively. Furthermore,
Kallneman and Tversky [29] suggested that A
belongs to [2, 2.5].

e

In view of the above characteristics of the value
function, it can be described by an S-shaped function
as illustrated in Fig. 1.

v(x)

Fig.1. The value function

3. A method to multi-attribute decision making
under Atanassov's interval-valued intuitionistic
fuzzy environment based on prospect theory

This section develops a method to multi-attribute
decision making based on prospect theory, where the
alternative values and the attribute preference points
are IVIFNs. First, let us consider the so-called
Atanassov's interval-valued intuitionistic fuzzy
prospect gain and loss matrices.

3.1. Atanassov's interval-valued intuitionistic

fuzzy prospect gain and loss matrices

Let us review the difference on interval
numbers. @ =[a",a’]is called an interval number

if a~ <a", where a ,a" eR, and a=[a ,a"] is
called a positive interval number ifa” <a*, where
a ,a’ eR". All interval numbers are denoted by
RN.
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Let @,b € R, from Minkowski operations on
intervals, it has

(ha+b=[a +b,a" +b'],
(@a-b=[a -b",a -b],
(B)Aa=[Ala ,Aa"] AeNR,.

In general, we cannot havea+b —b = a for all

a,b € R. The Hukuhara difference on fuzzy sets
[39] can cope with this issue.

31

a

Definition For any two interval

b, if

exists c e R witha=b +¢ , then ¢ is called the

numbers and there

Hukuhara difference between @ and b ,
bya—, b .

expressed

From Definition 3.1, we know a—, a =0 and
5+B—H b= a-— b+b =afor alla,b €R. Later,
Stefanini [40] proposed the generalized Hukuhara
difference as follows:

a =b +c”
i
_ — (){ =b"+c*
_gH =C < _ _ L0 (2)
oriiyl? =9 ¢
b"=a —c

where@ =[a",a’1,b =[b",b"],c =[c ,c']eR.
Eq.(2) is equivalent toa -, b =¢ with
¢ =min{a —b ,a" -b"}
and
¢" =max{a —b ,a" -b"}.
More details can be seen in [40]. In this paper,
without special explanation, we will adopt the
generalized Hukuhara difference on interval
numbers.
Form Eq.(1), it is easy to drive that the value
function in prospect theory defined on interval
numbers can be expressed by

[a®,b"] x€la,bl,a>0
v(x) = .
[-A(=a)’,~A(-b)"] x€[a,b],b<0
Consider a multi-attribute decision making

problem, without loss of generality, suppose there are
m alternatives A={a,, a,, ..., a,} and n attributes

C={cy, ¢z ..., Cp}. By,ZI:(Dij)mm, we denote the
IVIFN decision matrix given by the experts, where
=([a,.b,1[c;.d;1) (=1, 2, ...
an IVIFN with [a,,b,]<[0,1] and [c

ij?

3)

0, ,myj=1,2, ...,

¢d;]

n) is

[0.1]

being the interval membership and non-membership
degrees of the alternative a; with respect to the

attribute ¢ Let §= (5,5,,...,5,) be the IVIFN
reference vector given by the experts,
5, = ([u, Jul 1L v ])15 the IVIFN reference point of

where

the alternatives with respect to the attribute c;.
Without loss of generality, assume that ¢; is a
benefit attribute; otherwise, we can transform it into
a benefit attribute [41]. With respect to the
IVIFNs O, and §; , since the generalized Hukuhara

difference [a, o [u/,u’] between the interval

01—

membership degrees|[a,,b;]and [u/,u’]as well as

1/’
the generalized Hukuhara difference [v/,v/]—,,
[c;»d;] between the interval non-membership

degrees [v/,v/] and [c,,d ;] the bigger the better,

lj b
([ay,b,]—gﬁ (u] ,u!1,[v/,v! ]—gH [cl,j,dz.,.]) can be
seen as the better “IVIFN” than the IVIFN reference
point s, . Thus, 671.]. = ([k,.j,yij],[t,.j,zij]) can be seen as

the gain IVIFN of the alternative a; with respect to
the attribute c;, where

[%;,y,]1=[max {0, min{a, —ul,b, —ul}},
max {0, max {a, —ul,b, —u/}}],

[t,,2,1= [max {0, min {v/ —c,,,v a’,./.}}
max {0, max {v/ —c,,v/ —d,}}].

On the other hand, with respect to the IVIFNs 0,
since the generalized Hukuhara difference
[u/ ,ul1- ar 1,01 the
membership degrees [u/,u/] and [a,

the
difference [c,

and ;s
between interval

b,]as well as
Hukuhara

d;1-,, [v/,v]] between the interval

;] and [v/,v/] the

’j b
generalized
i

non-membership degrees [c;,d,

ij?
smaller the better,

(ZRZAE AR |
[e;nd;1=gr V] V] ]) can be regarded as the worse
“IVIFN” than the IVIFN reference points, .
&
IVIFN of the alternative a; with respect to the
attribute c;, where

Hence,

= ([ol,j,pij L.lg;»7 ]) can be considered as the loss

[0, p;1=[max {0, min{u/ —a;,u] —b,}},
max {0, max {u/ —a”,u =b,}}],

[g;,r;1=[max{0,min{c, —v/, d,.]. -v/}},
max {0, max {c; —-v/,d. —v/}1].
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Byéz(éj) and L = (cj”) , we respectively
denote the gain and loss IVIFN de01sion matrices.

From Eq.(3),
valued intuitionistic fuzzy prospect gain matrix
VG =(,) with#, =([k,",»,“1[,,2,“]) and the

i

it gets the Atanassov's interval-

Atanassov's interval-valued intuitionistic fuzzy

prospect loss matrix ML= (7?,.!. ) with
=(-2p,” .~ 20,1121, . 2q,"]).

Remark 3.1 The elements in the so-called

Atanassov's interval-valued intuitionistic fuzzy

prospect matrix can be any real number. Here, VG

and VL are called Atanassov's interval-valued
intuitionistic fuzzy prospect gain and loss matrices
just because their elements are obtained from the

IVIFN decision matrix 4 = (ﬁl.j.) .

Ifa; =b;and ¢; =d, for all =1, 2, ..., m; j=1,
2, ..., n, then the IVIFN decision matrix A
degenerates to the IFN decision matrix 4'= (' e >
where 0", = ( a;,c )(z 1,2,...,mj=1,2,...,n)is an

IFN witha; €[0,1]and ¢, €[0,1] being the interval
membership and non-membership degrees of the
alternative a; with respect to the attribute c;. Let

§':(§'1,§'2,...,§'n) be the IFN reference vector

v, )is the IFN

reference point of the alternatives with respect to the
attribute c;.
As was analyzed above, it gets the gain IFN

decision matrix G’:(é'ij )mxn , where é’ (k t. )

given by the experts, where §', = (u I

ij 2 i

i - - j
with k;, =max{0,a, —u;} and ¢, =max{0,v/ —¢,} ,
and the loss IFN decision matrix L'= (f 'l.j.) ,
where {N‘ij =<0z'/"qij) with o, = max{0,u; —a,} and

— J '
q; =max{0,c, —v/} Furthermore, Atanassov's

intuitionistic fuzzy prospect gain and loss matrices
are respectively obtained by

VG = (ﬂ' )m - ((kifa’tifa ))m

@L' ( T )mx}’l (( AOU ’_ﬂ/q{/ﬂ ))inxﬂ ’
For any IVIFN 0 and the given IVIFN preference
point £ , assume that 7 —([u, e ,vw]) and

and

Fuzzy multi-attribute decision making based on prospect theory

7= ([u, Jul v ]) are Atanassov's interval-
valued intuitionistic fuzzy prospect gain and loss
values with respect to 5 and ¢ .

The absolute index is defined by

AIGF, 7)) =u’ +u’ +v +v0 +uf +u" +v/ +v",
and the relative index is expressed by
u’ +ul +v? +v7

M(T’ﬂ)_uf+uf+v, +v7 —(uf +ul v+ by’
Let §, and 5, be any two IVIFNs, and £ be the

IVIFN preference point. Assume that

= ([ Ly vl 1)
and

7 = ([uf o LI vl 1)
are Atanassov's 1nterval-va1ued intuitionistic fuzzy
prospect gain and loss values with respect to 0, and Z,
i=1, 2. Then, their order relationship is defined by
1) WAI(7,7,)<AN7,,7,) or AI(7,, 7, )=AL7,,7,)
and RI( 7,7, )<RI(7,,7, ), then 5, <0, ;
i) If 4I(7,, 7, )=AL(7,,7,) and RI(7,, 7, )=RI(7,, 7, ),

then 5, =0, .

3.2. The IVIHWA and IVIHSWA operators

Based on the new defined operations on IFNs,
Beliakov et al. [16] introduced the IWAM operator.

Leto, :(e/.,fj) (=1, 2,..., n) be a collection of

IFNs, and o = (o,,®,,...,®,) be the weight vector,
then the IWAM operator is defined by

IWAM,,(8,8,,.-,0,) = (2" @, 20, )

Similar to the IWAM operator, we introduce the
following IVIHWA operator, by which the
comprehensive Atanassov's interval-valued
intuitionistic fuzzy prospect gain and loss values can
be obtained. It considers the importance of elements
and their ordered positions.

Definition 3.2 An IVIHWA operator of dimension »
is a mapping IVIHWA: IVIFNs” — IVIFNs with the
associated weight vector w=(w,,w,,...,w,) on the
ordered set N={l, 2, ..., n}being w, €[0,1] and

W, =1, denoted by

Jj=

WwW., .\,
IVIHWA, , (8,,0;,...0,) = —Z S

n

= V%)
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n

b

n
Jj=1 W, (j) j=1 W@ 0 )
Jj=1 w; (1) Z, 177 @)
1 (/) (/) Z/ 17 (J) (/)

Z/l 19 j]w/a)(/)
where () is a permutation on N such that 0, being
the jth largest value of O, =([a;,b],[c,,d;]) , and
o= (0,0,,..,

., n) with o, > Oandzl_":la)i =1.

>

®,) is the weight vector on O, (i=1

Remark 3.2 From the expression of the IVIHWA
operator, it is easy to see that if w=1/n for all j=1,
2, ..., n, then it gets the Atanassov's interval-valued
intuitionistic weight averaging (IVIWA) operator

IVIHWA,, (5,,0,,..,8,) = )" @5,

([Z/I J f’z/l /J [Z =1 !f’z/l i j})

Furthermore, if w=1/n for all i=1, 2, ..., n, then it
gets the Atanassov's interval-valued intuitionistic
ordered weight averaging (IVIOWA) operator

IVIOWA,,(5,,0,,-.,0,)= D" w0,

([Z/ W (/)’z, 1 (/):| |:Z/ W (1)’21 1W/d(1):|)
where () is a permutation on N such that 0, being

the jth largest value of 0, = ([a;,,b,],[c,.d.]) .

If each IVIFN 0, (i=1, 2, ..., n) degenerates to be
IFN 0, =(e, f;) , then it gets the Atanassov's

intuitionistic hybrid weight averaging (IHWA)
operator

2 WP
211 20
2,1 W@ €()) Zjl w0, 1)

n
W;@j) Jj=1 W@

IHWA  ,(5,,0,,...,0,) =

>

where () is a permutation on N such thato ) being
the jth largest value of 5, = (e,, £, ), i=1,2, ..., n

Furthermore, if w=1/n for all j=1, 2, ..., n, then the
IHWA operator reduces to be the IWAA operator
[16], and if w~=1/n for all =1, 2, ..., n, then the
IHWA operator degenerates to be the Atanassov's
intuitionistic ordered weight averaging (IOWA)
operator

IOWA,,(8,,8,,.,0,) = 2" i,

= ( j=i W.fe(j)’zj':l W.ff(j)) ’

where () is a permutation on N such thato ) being

the jth largest value of 5, = (e, f;).

Although the IVIHW A operator both considers the
importance of elements and that of the ordered
positions, it is based on the assumption that the
elements in a set are uncorrelated. Similarly to
researches about aggregation operators [42, 43]
based on Shapley function, we further define the
IVIHSWA operator. First, let us review the
expression of the Shapley function [44]

St = 3 DG Ui - s))

ScN\i
VieN,
where u is a fuzzy measure [45] on the power set
P(N)of N={1, 2, ..., n}, i.e., : P(N) > [0, 1] such
that (i) 4 (D) =0, t(N) = 1; (ii) For all 4, B e P(N)
with 4 < B, £ (A) £ u (B), and s and n are,
respectively, the cardinalities of S and N.

If there are no interactions between elements in N,
then u is an additive measure, and for any ieN,
Sh.(u,N) = u(i) . From the properties of the Shapley
function, it is easy to know that {Sh (u,N)},_, is a

ieN
weight vector on V.

Definition 3.5 An IVIHSWA operator of dimension

n is a mapping IVIHSWA: IVIFNs” — IVIFNs with
the fuzzy measure u on the ordered set N={1, 2, ...,
n}and the fuzzy measure v onU = {0,} denoted

by
IVIHSWA , (5,,0,....,0,)
2 Shi(uN)Shy (v.U)D,
2 Shy(u,N)Shy (v,U)
Zj_:l Sh;(u, N)Sh,  (v,U)ag,,
> Shi(u,N)Sh, (vU)
ijl Sh;(u, N)Sh, (v,U)b,
D Sh,(u,N)Sh, (v,U)
Zj:l Sh, (4, N)Shy; (v,U)c,,,
2. Shy(u, NYSh, | (v,U)

ieN >
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2 S (u,N)Sh, (vU)d,,
ZH Sh; (4, N)Shy  (v,U)

where Sh,;/ (v,U)is the Shapley value of,, () is a
permutation on N such that Shl;m(v,U )0, ;, being the
Jth largest value of Sh; (v,U)0,, and Sh;(u,N)is the
Shapley value of the jth position.

Theorem 3.1 Let 5, (i=1, 2,..., n) be a set of IVIFNs,

then their aggregated value obtained from the
IVIHSWA operator is still an IVIFN.

Proof. From Definition 3.5, it only needs to show
>0 Sy NSk, (v.U)ay,
ZZZI Sh;(u, N)Sh;  (v,U)

z::l Shj (/.l, N)Shﬁm (V’U)b(.i)

n [O! 1] b
2 Shy(u, NYSh, | (v,U)
Z:ﬂ Shj (’u’N)Shﬁm v, U)c(j)
2 Shy(u,N)Shy (v,U)
ZH Sh; (ﬂ’N)Sh% v, U)d,, <[0.1]

> Sh (. N)Shy (v,U)
and
zj:l Sh’ (’u’N)ShOM (V’U)b(.f) n
ZFI Shy (u, N)Sh%) w.0)

3 Shy (4 ISy, 05U,
z,/1':1 Sh/ (‘u’ N)Shﬁm (V, U) -

From [a,b,]c[0,1] , i = 1, ..., n, it gets
la,b,;,]1<[0,1] for all j = 1,
Sh;(u, N)Sh; (v,U)

ijl Sh;(u, N)Sh,  (v,U) ,

=1 20n

25
2, ..., n. One can

easily check that

is a weight vector. Thus,
Zj:IShj (4, N)Shy (»,U)ay,,
Z,-:l Sh; (4, N)Sh; (v,U)
ZH Sh; (1, N)Sh; (v,U)b;,
Zj:l Shj (#, N)Sh5<;> ».U)

Fuzzy multi-attribute decision making based on prospect theory

n Sh(:ua N)Shﬁ (V, U)
S ZH p jSh N :S:;z U lag» ;)]
Zj:l (1, N)Sh;  (v,U)
o Sh(uN)Sh, (wU)
=3 i

. - V) [O, l]
- Zj:lSh/.(,u,N)Sh%(v,U)

=[0,1].
Similarly, one can have

ZH Shy (1, N)Shy, (v, U)e,
z’;:l Shj ('U’N)Sham »U)
zj:l Shl ('u’ N)Sh‘jm (V, U)d(f)
ijl Sh] (,l,l, N)Sho(/) (V,U)
Since b, +d, <lforallj=1,2, ..., n, it derives
Zf:l Sh; (1, N)Shy | (v, U)b, +
ijl Shi (”’N)Shnm wU)
Zj:l Shj (/u’ N)Shf’(/) (V’ U)d(/')
2.1':1 Sh;(u, N)Sh; (v,U)
_Zn Shj(ﬂ)N)Shﬁ(/_) (V,U) (b d )
It o T4
=1 Z/:I Sh; (,u,N)ShGU) w,U) j j
Sh; (u, N)Shy | (v,U)

SZ” =1. 0

SIS Sh NSk, (WU)

< [0,1].

Remark 3.3 If there are no interactions between
elements 0, and the ordered positions, then the
IVIHSWA operator degenerates to the IVIHWA
operator. If Sh,(u, N)=1/n for all j=1, 2, ..., n, then it
gets the Atanassov's 0O, =([a,,b],[c;,d,]) interval-
valued intuitionistic Shapley weight averaging
(IVISWA) operator

IVISWA, (5,,0,,..,0,) = 2 Sh, (»U)0,
_ ([Z” Sk (v.U)a,. >" Sh, (v,U)b,.],

[0, 000, 550, 000, )

IfSh,;’ (v,U)=1/n for all i=1, 2, ..., n, then it gets the
Atanassov's interval-valued intuitionistic Shapley
ordered weight averaging (IVISOWA) operator

IVISOWA , (8,,0,,..,5,) = X' Sh, (1, N)5,,
([0 st Ny 3 Sk (N
[ijl Sh; (1, N)c, ) Z;:l Sh; (4, N)d,;, J) ’
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where () is a permutation on N such that 9, being
the jth largest value of 0, = ([a;,,b,],[c,.d.]) .

If each IVIFN 0, (i=1, 2, ..., n) degenerates to be
IFN 0, =(e, f;) , then it gets the Atanassov's
intuitionistic hybrid Shapley weight averaging
(IHSWA) operator
Y Sh(uN)Sh, (vU)G,,
IHSWA , (3,,0,.,...,0,) = == i

ZHShj (4, N)Sh, (v,U)

_ D Sh (i, NYSh, (v, U)e,,
2 Sh(u, NSk (v.U)

ZH Sh;(u, N)Shy (v, U) £,
2., Shy (s N)Shy (v U)

where () is a permutation on N such that 0, being
the jth largest value of 5, = (e,, ;).

Furthermore, ifShj (u,N)=1/n for all j=1, 2, ..., n,
then the IHSWA operator reduces to be the
Atanassov's intuitionistic Shapley weight averaging
(ISWA) operator

ISWA, (5,,0,,.,5,)= D Shy (»U)D,

([ 50, 0000, 5 5, 017 )

and ifShgr (v,U)=1/n for all i=1, 2, ..., n, then the
IHSWA operator reduces to be the Atanassov's
intuitionistic Shapley ordered weight averaging
(ISOWA) operator

ISOWA,,(8,,0,,.,8,) = > Sh (1, N)D,
= ([Z::l Sh, (H’N)e(,f)’Z::l Sh; (4, N) 5, J) >

where () is a permutation on N such that 9, being
the jth largest value of O, = (1,,v,) .

3.3. Models for the optimal weight vectors

To calculate the comprehensive Atanassov's interval-
valued intuitionistic fuzzy prospect gain and loss
values, it uses the weight vectors on the element set
and on the ordered set. If the weight information is
not exactly known, then it needs first to obtain the
weight vectors on them.

Since all alternatives are no-inferior, and the
optimal weight vector makes the comprehensive
values of alternatives the bigger the better. Consider
the multi-attribute decision making problem given in
section 3.1, if the weight vector on the attribute set C
is not exactly known, then we build the following
model to obtain the optimal weight vector .

m n
max E . E L,
i=1 j=1 7

a a a a

y k“ + ;" +t," +z,
a a a a i B B B
k" +y," +t," +z,° + Ao + Ap,” + Aq,” + Ar,

"w =1
s = , (4)
o, eW ,j=L2,..,n

where W, is the known weight information of the

attribute ¢;, j=1,2, ..., n.

Similarly, if the weight vector on the ordered set N
is not exactly known, then we establish the following
model to obtain the optimal weight vector w.

m n a a a a
maXZi:IZ]‘:IWj (k,-(,,-) iy Thoy TEg T

. . y, .
A0,)" + Piy)” Ty T ))
",ﬂwl. =1
s.t. = , ®)

w; EVV].,] =12,...,n

where 7, is the known weight information of the jth

position j=1, 2, ..., n, and (*) is a permutation on N

for each i=1, 2, ..., m such that T and i) being

the jth largest values of 7, and 7, .
To consider the interactions between elements in a
set, by the Shapley function the following model for

the optimal fuzzy measure u on the attribute set C is
constructed.

max ) " > Sh (v,0)

a a a a
X[ k" " 4"+ J

“ @ipe e [ [ I B
k" +y," +1.,5 +z,° + o, + Ap,” + Aq,” + Ar,

v(C) =1
stAv(S)SwW(T) VS,TcCstScT . (6)
vic,)eW, ,n(¢;)20,j=1,2,...n

Similarly, model for the optimal fuzzy measure v
on the ordered set N is constructed as follows:

m n a a a a
maxZi:le:lShj(ﬂ’N)(ki(j) iy Thgy T
_ s s y; .
Ao, + Py T i) T ))

u(N)=1
st u(S)Y<u(T)y vVS,TcNst.ScT. @)
1) €W, ()20, =1,2,....m
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3.4. The decision procedure

Based on Atanassov's interval-valued intuitionistic
fuzzy prospect gain and loss matrices, this section
develops a method to multi-attribute decision making
with Atanassov's interval-valued intuitionistic fuzzy
information based on prospect theory. It contains the
following main steps

Step 1: Assume that A:(Gﬁ) is the IVIFN

decision matrix given by the experts, where
([a;.b;).[c;.d,]) is the IVIFN for a;

with respect to ;.

v; =

Step 2: If all the attributes ¢; (=1, 2, ..., n) are
benefits, then turn to Step 3, otherwise, it

needs to transform the IVIFV matrix
A= ('3,;-) into
}711 7712 }71;1
R — 721 ]722 b ?Zn ,
j;ml j;mZ j;mn

B U; for benefit attribute ¢,

where 7, = ©
O,
ij

>

)¢ for cost attribute c,

2, .., m j=l, 2, .., n), and y, =
([c;-d,1la,.b,1) (=1, 2, .om; =1, 2, ..., m)
(see [41]).

Step 3: With respect to the IVIFN reference vector

S =(5,.5,,....5,) , calculate the gain IVIFN

and the loss

mxn

decision matrix G = (él])

IVIFN decision matrix L = (é: p )

mxn

Step 4: Calculate Atanassov's interval-valued
intuitionistic fuzzy prospect gain and loss
matrices

~ G G G G
Vvo=(z,),, :(([”w oy 1LV s vy ]))m
and

VL= (ﬁv) = (([”WL oty 1LV vy ]))

Use models (4) and (5) to get the weight
vectors on the attribute set and on the
ordered set.

mxn mxn

Step 5:

Step 6: Use the IVIHWA operator to compute the
comprehensive Atanassov's interval-valued
intuitionistic fuzzy prospect gain value

£ = IVIHWA, (7,710, T,

Fuzzy multi-attribute decision making based on prospect theory

n G n G
) =1 Wi P Ui ) =1t Wi P Uiy
2

>

n n
= Yi%0) = Yi%0)
n G G
5PV 71 WiPpVicr
n > n ’
Y% = Vi)
and the comprehensive  Atanassov's
interval-valued intuitionistic fuzzy prospect
loss value
7, =IVIHWA, (7%, 7135005 7T;,)
n L n L
Z,,-zl WO Uiy Z_/:l WO Uiy
- n > n >
= Yi%0) = Yi%0)
n L n L
5=t WPV 3= WiPpVicr
n > n ’
2 Vi) 2 Vi)

i=1,2,...,m.
Step 7: Calculate the absolute index A4/(7,,7,;) and
the relative index RI(7,,7,), i=1, 2, ..., m.
Then, rank the alternatives according to the

absolute and relative indices.
Step 8: Select the best choice(s).

Remark 3.3 According to the procedure for the
multi-attribute decision making with Atanassov's
interval-valued intuitionistic fuzzy information based
on prospect theory, one can easily drive a decision
method to multi-attribute decision making with
Atanassov's intuitionistic fuzzy information based on
prospect theory. Furthermore, if we further consider
the interactive characteristics between elements, by
models (6) and (7) we can obtain the optimal fuzzy
measures on the attribute set and on the ordered set.
Then, the comprehensive attribute values of the
alternatives can be obtained using the IVIHSWA
operator.

4. Two illustrative examples

Example 4.1 According to the suppliers’ core
competencies, a manufacturing company intends to
select the best one (adapted from Ref. [46]). There
are four suppliers {a;, a», a3, a4} are evaluated
according to the four factors: (1) ¢y is the technology
innovation ability; (2) ¢, is the flow control ability; (3)
c; is the management ability; (4) ¢, is the service
level.

The four possible alternatives a; (i=1, 2, 3, 4) are
to be evaluated utilizing the Atanassov's intuitionistic
fuzzy information by a panel of experts. The IFN
decision matrix is listed as follows:
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(0.5, 03) ( ) (0.7, 02) (03, 0.1)
(0.4, 03) (0.3, 0.4) (0.9, 0.1) (0.5, 02)
(0.4, 0.1) (0.5, 03) (0.5, 0.4) (0.6,02) |
(0.6, 02) (0.2, 0.5) (04, 0.2) (0.7, 0.1)

0.5, 0.4

A=

With respect to these four factors, the IFN reference
vector is given by

§=((05,0.2),(0.4,0.3),(0.6,0.1),(0.6,0.2)).

For example, the experts think that a good supplier’s
the level of technology innovation with 50%, and its
insufficiency with respect to the level of technology
innovation with 20%. Suppose the attribute weights
are givenbyw, =03 ,0,=2,0,=0.2,andw, =0.3,
and the ordered position weights are defined
byw, =02,w,=03, w,=03, andw, =0.2. To
effectively solve this problem, the following steps are
contained.

Step 1: Since all attributes are benefits, there is no
need to normalize IFN decision matrix. From the IFN
reference vector, the gain IFN decision matrix is
obtained by

(0,0) (0.1,0.1) (0.1,0) (0, 0)
(0,0)  (0,0) (03,0) (0,0)
Tl0.01) (0.,0) (0.0)  (0.0) |’
(0.1,0) (0,0)  (0,0) (0.1,0.1)
and the loss IFN decision matrix is got by
(0,01) (0,01) (0,0.1) (03,0)
o (01 01) (0.1, 01)  (0,0) (0.1, 0)
(0.,0) (0,00 (0.1,03) (0,0)|"
(0,0) (02,02) (0.2,01) (0,0)

Step 2: Let 0=£=0.88, and 1=2.25, according to
Kahneman and Tversky [23], it gets the following
Atanassov's intuitionistic fuzzy prospect gain and
loss matrices

(0,0)  (0.132,0.132) (0.132, 0) (0, 0)

or| ©0) (0, 0) (0347, 0) (0, 0)

T[(0,0.132) (0132, 0) (0, 0) (0, 0) ’
(0.132, 0) (0, 0) (0,0) (0132, 0.132)
(0, -03) (0, -03) (0, -03)  (-0.78,0)
g (03 -03) (03, -03) (0, 0) (-03, 0
(-03,0) (0, 0) (-0.78, -0.78) (0,0 |
(0,0)  (-0.546, ~0.546) (-0.546, ~0.3) (0, 0)

Step 3: Use the IHWA operator to calculate the
comprehensive  Atanassov's intuitionistic fuzzy
prospect gain value, take 7', for example,

f‘] :IHWAw,m(f'n’fllz’f'wvf’m)
B 0.2x0.2x0.132+0.2x0.3x0.132
_(02x02+02x03+03x03+02x03’
0.2x0.2x0.132
0.2x0.24+0.2x0.3+0.3x0.3+0.2x% 0.3)
=(0.053, 0.021).

Similar to the calculation of the comprehensive
Atanassov's intuitionistic fuzzy prospect gain value
7', it has

7', =(0.021,0),7"', =(0.033,0.033),

7', =(0.079,0.032) .
Furthermore, the comprehensive  Atanassov's
intuitionistic fuzzy prospect loss values are obtained
by

7', =(-0.195,-0.222), 7', =(-0.251,-0.148),

7'y =(-0.148,-0.12), 7', = (-0.218,-0.159) .
Step 4: According to the comprehensive Atanassov's
intuitionistic fuzzy prospect gain and loss values, it
has

Al(7',,7')=-0345,41(7",,7",) =-0.378,

Al(7',,7')=-0202, 41(7",,7',) =—-0.266 .
From AI(7',,7",),i=1,2,3,4, it gets ay < a, < as < as.
Namely, a; is the best supplier.

Example 4.2 Consider an investment firm, which
wants to invest some money in some firm for the best
profits (adapted from Ref. [47]). There are four
alternatives: (1) a car firm a;; (2) a food firm a,; (3) a
computer firm a;; (4) an arms firm a,. These four
firms {ay, a», a3, a4} are evaluated according to three
attributes: (1) c¢; is influence on risk; (2) ¢, is the
ability of growth; (3) ¢; is influence on environment.
The evaluations of the four possible alternatives
given by the experts are shown as in the following
IVIFN decision matrix:

([0.3,0.41,[0.4,0.5]) ([0.4,0.61,[0.2,0.4])
(10.2,0.31,[0.6,0.7])  ([0.6,0.71,[0.2,0.3])
(10.3,0.41,[0.3,0.6]) ([0.5,0.61,[0.3,0.4])
(0.1,0.21,[0.7,0.8]) ([0.6,0.71,[0.1,0.3])

(10.2,0.3],[0.5,0.6])
(10.1,0.21,[0.4,0.7])
([0.2,0.31,[0.5,0.6]) | -
([0.1,0.21,[0.3,0.4])

A=

Each element of this matrix represents reflects the
experts’ belief that each alternative are an excellent
investment as well as not an excellent choice. The
weight vector on attribute set is not exactly
determined, and the experts only give their ranges,
denoted by W, =[0.25,0.3] , W_ =[0.35,0.4] and
W, =[0.25,0.4].

Furthermore, to decrease the influence of the
extreme value, the weight vector on the ordered set N
{1, 2, 3} are defined by W =[0.2,04] ,
W, =[03,0.5] and W, =[0.2,0.4] . The IVIFN
reference vector with respect to each attribute is
given as follows:

S = (([0.2,0.41,[0.5,0.6]),([0.4,0.51,[0.3,0.4]),
(10.2,0.3],[0.4,0.51)).

Take the first element in S for example; the experts
think that a good investee firm’s risk tolerance with a
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margin of 50%—60%, and its ability cannot afford
risk with between 20% and 40%. To obtain the best
investment firm(s), the following decision procedure
is followed.

Step 1: Since the attributes ¢, and c; are cost, we first
transform the IVIFN decision matrix into

(10.4,0.51,[0.3,0.4])  ([0.4,0.61,[0.2,0.4]) ([0.5,0.6],[0.2,0.3]
([0.6,0.71,[0.2,0.3])  ([0.6,0.71,[0.2,0.3])  ([0.4,0.7],[0.1,0.2]
([0.3,0.61,[0.3,0.4])  ([0.5,0.6],[0.3,0.4]) ([0.5,0.6],[0.2,0.3]
(10.7,0.81,[0.1,0.2])  ([0.6,0.71,[0.1,0.3])  ([0.3,0.4],[0.1,0.2]

)
&= a
)
)

Furthermore, the IVIFN reference vector is modified
as

§'=(([0.5,0.61,[0.2,0.4]),(10.4,0.51,[0.3,0.4]),
([0.4,0.51,[0.2,0.3])).

Step 2: With respect to S' , interval-valued
Atanassov's intuitionistic fuzzy prospect gain matrix
is obtained by

(10,01,[0,07) (10,0.11,[0,0.1])  ([0.1,0.11,[0,0])
([0.1,0.17,[0,0.1)  ([0.2,0.21,[0.1,0.1]) ([0.2,0.4],[0.1,0.1])
(10,01,[0,07) (10.1,0.13,[0,0])  ([0.1,0.11,[0,0])

(10.2,0.21,[0.1,0.2])  ([0.2,0.21,[0.1,0.2])  ([0,0],[0.1,0.1])

Furthermore, Atanassov's interval-valued
intuitionistic fuzzy prospect loss matrix is got by

([0.1,0.1,[0,0.1])  ([0,01,[0,0])  ([0,01,[0,0])
_| (0.05,[0,0)  ([0,0L[0,0)  ([0,0],[0,0])
| (10,0.21,[0,0.1)  ([0,01,[0,0])  (0,01,[0,0])

([0,01,[0,0])  ([0,01,[0,0]) ([0.1,0.1],[0,0])

Step 3: Let 0=£=0.88, and 1=2.25, according to
Kahneman and Tversky [23], Atanassov's interval-
valued intuitionistic fuzzy prospect gain matrix is
obtained

(10,01,[0,0]) (10,0.132],[0,0.132])
Voo (0132013200132 (0.243,0.243],[0.132,0.132])
B ([0,01,[0,01) (10.132,0.1321,[0,0])

(10.243,0.2431,[0.132,0.243])  ([0.243,0.243],[0.132,0.243])

(10.132,0.1321,[0,0])
(10.243,0.4461,[0.132,0.132])
([0.132,0.1321,[0,0])
(10,01,[0.132,0.132])

>

and Atanassov's interval-valued intuitionistic fuzzy
prospect loss matrix is got

([-0.3,-0.31,-0.3,0]) ([0,01,[0,0])  ([0,01,[0,0])

Vi = (0,01,[0,0]) ([0,01,[0,0)  ([0,0,[0,0])

([-0.546,01,[-0.3,0])  ([0,01,[0,01)  ([0,01,[0,0])
(0,01,[0,0]) (10,03,[0,0])  ([-0.3,-0.3],[0,0])

Step 4: From model (4), it drives the following
programming for the optimal weight vector on the
attribute set C = {c, 3, c3}.

Fuzzy multi-attribute decision making based on prospect theory

max 2w, + 4w, +3.3060,
o+, +o,=1
st.sw €[0.25,0.3],m, €[0.35,0.4].
, €[0.25,0.4]
Solve the above linear programming, it has »;=0.25,
0)2:0.4, and 603:0.35.
From model (5), it drives the following programming
for the optimal weight vector on the ordered set N =
{1, 2, 3}.
max 2.342w, +2.139w, —1.686w,
wtw, +w, =1
st.sw €[0.2,0.4],w, €[0.3,0.5] .
w, €[0.2,0.4]
Solve the above linear programming, it has w;=0.4,
W2:0.4, and W3:0.2.
Step 5: According to the IVIHWA operator, the
comprehensive Atanassov's interval-valued

intuitionistic fuzzy prospect gain value of the
alternative a; is obtained as follows:

& =IVIHWA, ,(F,,7,.%;)
B 0.4x0.35x0.132
0.4%x0.4+0.4x0.35+02%0.25"

0.4x0.4%x0.132+0.4x0.35%0.132
0.4x0.4+04x035+02%x0.25 |

0 0.4x0.4%0.132
’0.4%x0.4+0.4x0.35+0.2x0.25

= ([0.053, 0.113], [0, 0.06]).

Similar to the calculation of 7, , it has

7, =([0.227,0.308],[0.113,0.132]),
7, =([0.113,0.113],[0,0]),
7, =([0.191,0.191],[0.132,0.219]).
Similar to the calculation of the comprehensive
Atanassov's interval-valued intuitionistic fuzzy
prospect gain values, the comprehensive Atanassov's

interval-valued intuitionistic fuzzy prospect loss
values are obtained by

7, = ([-0.043,-0.043],[-0.043,0]) ,
7, =([0,01,[0,0]),
7, =([-0.078,0],[-0.043,0]),
7, = ([-0.064,-0.064],[0,0]) .
Step 6: According to the comprehensive Atanassov's

interval-valued intuitionistic fuzzy prospect gain and
loss values, it derives
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AI(F, 7)) =0.098 , AI(7,,7,) =0.781,
Al(7,,7,) =0.105, AI(Z,,7#,) = 0.607 .

By AI(7,,7,), i=1, 2, 3, 4, it gets aj< a3 < as< as.
Namely, the best choice is a, (food firm).

In this example, if we further consider the
interactions between attributes and between ordered
positions, then the main procedure is listed as
follows:

Step 1: Base on Atanassov's interval-valued
intuitionistic fuzzy prospect gain and loss matrices

VG and VL , it drives the following programming for
the optimal fuzzy measure v on the attribute set C =
{cla C2, C3} .

max —0.551 (v(cl) -v(c,, ¢, )) +0.449 (v(cz) -v(c,, ¢, ))
+0. 102(\/(03) -v(c,,c, )) +3.102

v(c,) €[0.25,0.3],v(c,) €[0.35,0.4]
st.4v(cy) €[0.25,0.4] .
v(§)=v(T) VS.T c{c,c,,c}st.S5cT
Solve the above linear programming, it gives

v(c) =v(c;) =v(¢,c) =0.25,v(c,) =v(c,,c,) =04,
v(c,,¢;) =v(¢g,c,,0,)=1.
By model (7), it drives the following programming

for the optimal fuzzy measure ¢ on the ordered set N
={1, 2, 3}.

max —0.705 (y(l) —u(2, 3)) + O.604(y(2) —u(l, 3))
-1.309(u(3) - 4(1,2)) +0.932
u(1) €[0.2,0.4], u(2) €[0.3,0.5]
st.q1(3)€[0.2,0.4] .
uS) LTy vS,T<{1,2,3}51.ScT
Solve the above linear programming, it gives
uD)=pu(1,3)=04, u2)=p1(2,3)=0.3, u3)=0.2,
u(1,2) = p(1,2,3)=1.

From the fuzzy measure v, the attributes’ Shapley
values are

Sh, (v,C)=0.0833, Sh, (v,C)=0.5333,

Sh, (v,C)=0.3833.
Furthermbre, by the fuzzy measure u the ordered
positions’ Shapley values are

Sh(u,N)=0.517, Sh, (11, N) = 0.417 ,
Shy (1, N) = 0.067 .

Step 2: Using the IVIHSWA operator, the
comprehensive Atanassov's interval-valued
intuitionistic fuzzy prospect gain values are obtained
as follows:

7', =([0.061,0.13],[0,0.069]),

7', =([0.242,0.336],[0.13,0.132]),

7', =([0.13,0.13],[0,0]),

7', =([0.222,0.222],[0.132,0.233]) .
Furthermore, the IVIHSWA operator the
comprehensive Atanassov's interval-valued

intuitionistic fuzzy prospect loss values are obtained
as follows:

by

7', =([-0.004,-0.004],[-0.004,0]) ,
7?'2 = ([0’ 0]5[07 O]) ’

7'y =([-0.007,0],[-0.004,07) ,

#, = ([~0.026,-0.0261,[0,0]).

Step 3: According to the comprehensive Atanassov's
interval-valued intuitionistic fuzzy prospect gain and
loss values, it gives

AIGF',7')=0249, AI(',,7',) = 0.84
AI(F',,7',) =025, AI(7,,7,) =0.756 .

By AI(7',,7"), =1, 2, 3, 4, it gives a; < a3 < as < a.
Namely, the best choice is a, (food firm).

It is interesting that the same ranking order is
obtained, and the best choice is a, in both cases. If
we do not consider the IVIFN reference vector and
directly calculate the comprehensive Atanassov's
interval-valued intuitionistic fuzzy values using some
aggregation operators, the ranking order is obtained
as shown in Table 1.

From Table 1, one can see that all ranking orders
obtained from the aggregation operators based on
additive measures are different to that derived the
above ranking order. However, the same ranking
order is obtained from the aggregation operators
based on fuzzy measures.

Remark 4.1 As we know, the ranking order may be
varied with the ranking methods. Thus, it is
necessary to further consider the ranking approaches
for Atanassov's interval-valued intuitionistic fuzzy
prospect gain and loss values. It is worth pointing out
that the ranking method defined in this paper can be
seen as a special case of the generated admissible
order for intervals [49, 50]. Following the works of
Bustince et al. [49, 50], we introduce the following
generated admissible order between Atanassov's
interval-valued intuitionistic fuzzy prospect gain and
loss values using two continuous functions.
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Table 1 The ranking order with respect to the different aggregation operators

The comprehensive Atanassov's interval-valued intuitionistic fuzzy values

Y

L,

U

Uy

The ranking order

The IIWAA operator [13]
The IIOWA operator [13]
The ITHA operator [13]

The IIFWGA operator [12]
The IIFOWGA operator [12]
The IIFWHGA operator [12]
The IVIFCA operator [14]
The IVIFCG operator [14]
The IVIFHSA operator [42]

The GSAIVIFCA operator [48]

(10.44, 0.58], [0.22, 0.36])
(10.44, 0.58], [0.22, 0.36])
([0.46, 0.61, [0.2, 0.34])
(10.43, 0.57], [0.23, 0.37])
([0.44, 0.58], [0.22, 0.36])
([0.46, 0.58], [0.22, 0.35])
([0.43, 0.61, [0.2, 0.37])
([0.42, 0.61, [0.2, 0.38])
([0.44, 0.61, [0.2, 0.36])

(1044, 0.59], [0.21, 0.36])

([0.54, 0.7], [0.16, 0.26])
([0.57, 0.7], [0.17, 0.28])
([0.55, 0.72], [0.14, 0.24])
([0.52, 0.7), [0.17, 0.27])
([0.55, 0.7], [0.18, 0.28])
([0.52, 0.71], [0.15, 0.25])
([0.56, 0.7], [0.17, 0.27])
([0.54, 0.7], [0.18, 0.28])
([0.54, 0.7], [0.16, 0.26])

([0.52, 0.7], [0.16, 0.26])

([0.46, 0.6], [0.26, 0.36])
([0.46, 0.6], [0.26, 0.36])
([0.49, 0.62], [0.24, 0.34])
([0.44, 0.6], [0.27, 0.37])
([0.45, 0.6], [0.26, 0.36])
([0.44, 0.61], [0.25, 0.35])
(0.5, 0.6], [0.27, 0.37])
([05, 0.6], [0.28, 0.38])
([0.5, 0.6], [0.26, 0.36])

(1048, 0.6], [0.26, 0.36])

([0.55, 0.65], [0.1, 0.24])
([0.6,0.71, [0.1, 0.24])
([0.58, 0.69], [0.1, 0.25])
([0.49, 0.61, [0.1, 0.24])
([0.56, 0.66], [0.1, 0.24])
([0.55, 0.65], [0.1, 0.25])
([0.48, 0.59], [0.1, 0.21])
([0.41, 0.52], [0.1, 0.22])
([0.51, 0.62], [0.1, 0.26])

([0.48, 0.58], [0.1, 0.25])

ay < as < a) < ag

ar<a3< < a

ar<ay< < a

<A< as<a

a; < a < < a

a; < a < < a

ar<a3<as< a

ar<a3<ay< a

ar<a3<as< a

ar<a3<ay< a

Definition 4.1 Let 4 and B be two binary aggregation
functions on Atanassov's interval-valued
intuitionistic fuzzy prospect gain and loss values, and
(IVIFVs,® ) be a poset. ° is called an admissible
order on Atanassov's IVIFVs, if

(1)° is a linear order on Atanassov's IVIFVs, namely,
for all Atanassov's IVIFVs¢q,,a,, eithera, ° &, or

~ o ~ .
aZ al’

(ii) for all Atanassov's IVIFVs ¢, , &, , ¢, ° @,
wheneverA(&l,fl)SA(Oz,fz)andB(z}l,é)S8(62,52),
interval-valued

where O, , 0, are Atanassov's

intuitionistic fuzzy prospect gain values, and é: : ,4: B
are Atanassov's interval-valued intuitionistic fuzzy
prospect loss values with respect to ¢, , @, and the
given IVIFN preference points.

Definition 4.2 Let° be an admissible order on
Atanassov's IVIFVs. ° is called a generated

admissible order if there exist two continuous scalar-
valued binary functions £, g defined on Atanassov's
interval-valued intuitionistic fuzzy prospect gain and
loss values such that for all Atanassov's IVIFVs¢,,

@ . a°a o f(0.5)<f(6,.5) or
1(8.6)=7(6,.,) and g(6,.¢)<g(5,.4,)
denoted by®° ,,
Definition 4.1.

where 0, , 0, , 4, , ¢, as shown in

In Definition 4.2, one can derive that if

Joey)=(1=p)Al(xy)+yRI(x, y) and g(x,y)= (1=n)Al(x.y)
+nRI(x,y) with y#n, y, n€[0, 1], then® , is the

weighted mean admissible order as follows:
I (1=9)41(5,.8,) +7RI(5,.,) <
(1-941(5,.8, ) +RI(5,.5,).
then (55,4, )< (,.4,) -
If (1-p)A1 (.4, ) +9RI(5,.¢, ) =

(I_V)Al(ﬁzﬂé:z) +yR[(52’52) >
then

)AI(UI’Q)JF”R](U[’;[) (I’W)Al(ﬁz’gz)JrnR](&zaé:z)
(vl,a) (2..4.)
A=mAI(5,€,)+1RI(5,€, ) <=l (6,,8,) + nRI(5,.8;)

=(3.4)<(2-4)

With respect to the different values of y, #, it derives
the different ranking methods. For example, if y=0,
n=1, it derives the ranking method introduced in
subsection 3.1.

In Example 4.2, with respect to the IVIHSWA
operator, if y=1, =0, it gets

RI(F',7')=0956 ,RI(7',,7',) =1,
RI(Z'y,7',)=0.959, RI(7,,7,) = 0.94 .

Thus, the ranking order of alternatives is derived
as< a3 < a; < a», which is different to that obtained
by y=0, »=1. From this case, one can see the
influence of the ranking method for the final ranking
order. Thus, it needs the expert to decide the using
ranking method before making a decision.
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5. Conclusions

Since prospect theory well describes the decision
makers’ behaviors for the gain and loss situations, it
has become the most important behavioral decision
making method under risk and uncertain. Based on
prospect theory, this article effectively studies
multi-attribute decision making with Atanassov's
interval-valued intuitionistic fuzzy information. By
the IVIFN preference vector on the attribute set, the
IVIFN gain and loss matrices are defined. Then, the
Atanassov's interval-valued intuitionistic fuzzy
prospect gain and loss matrices are obtained using
the value function in prospect theory. Furthermore,
an order relationship is introduced. In order to get the
comprehensive Atanassov's interval-valued
intuitionistic fuzzy prospect gain and loss values of
the alternatives, the IVIHWA and IVIHSWA
operators based on additive measures and fuzzy
measures are, respectively, defined. Moreover, the
linear programming models are built, by which the
optimal weight vectors can be obtained. As a series
of development, a method to multi-attribute decision
making with Atanassov's interval-valued
intuitionistic fuzzy information is developed, which
differs from any existing one. It is worth pointing out
that the method can be directly used in the setting of
Atanassov's  intuitionistic = fuzzy environment.
Furthermore, besides the application of the
developed procedure in the decision making, it can
also be used in some other fields, such as industrial
engineering, expert systems, neural networks, digital
image processing, and uncertain systems and
controls.
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