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Abstract

We describe intrinsically regular submanifolds in Heisenberg groups H”. Low dimensional and low codi-
mensional submanifolds turn out to be of a very different nature. The first ones are Legendrian surfaces,
while low codimensional ones are more general objects, possibly non-Euclidean rectifiable. Nevertheless
we prove that they are graphs in a natural group way, as well as that an area formula holds for the intrin-
sic Hausdorff measure. Finally, they can be seen as Federer—Fleming currents given a natural complex of
differential forms on H".
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1. Introduction

Our aim is studying intrinsically regular submanifolds of the Heisenberg group H" = R*"+1,
By that we mean submanifolds which, in the geometry of the Heisenberg group, have the same
role as C! submanifolds have inside Euclidean spaces. Here and in what follows, ‘intrinsic’ will
denote properties defined only in terms of the group structure of H" or, equivalently, of its Lie
algebra b.

We postpone complete definitions of H”" to the next section. Here we remind that H", with
group operation -, is a (connected and simply connected) Lie group identified through exponential
coordinates with R*"*1_If h denotes the Lie algebra of all left invariant vector fields on H", then
b admits the stratification h = b1 @ h; b is called horizontal layer. The horizontal layer defines,
by left translation, the horizontal fiber bundle HH". Since HH" depends only on the stratification
of h, we call ‘intrinsic’ any notion depending only on HH". The stratification of h induces,
through the exponential map, a family of anisotropic dilations §, for A > 0. We refer to §; as
intrinsic dilations. A privileged role in the geometry of H" is played by horizontal curves, i.e.
curves tangent at any point to the fiber of HH" at that point (if we think H”" as the configuration
space of a non-holonomic mechanical system, horizontal curves describe admissible trajectories
of the system).

We recall the notions of Carnot—Carathéodory distance and Hausdorff measures in H". Once
a scalar product is defined in h, each fiber of the horizontal bundle over a generic point p
is consequently endowed with a scalar product (-,-),. We denote also by | - |, the associated
norm. Thus, we can define the (sub-Riemannian) length of a horizontal curve y : [0, T] — H" as
fOT ly' (1), @) dt. Given p, g € H", their Carnot—Carathéodory distance d.(p, q) is the minimal
length of horizontal curves connecting p and g.



154 B. Franchi et al. / Advances in Mathematics 211 (2007) 152-203

Intrinsic s-dimensional Hausdorff measures H; and S, s > 0, are obtained from d,, following
classical Carathéodory construction as in Federer’s book [9, Section 2.10.2]. The intrinsic metric

(or Hausdorff) dimension dimy(S) of a set S is the number dimpg(.S) def inf{s > 0: H2(S) =0}.

Heisenberg groups provide the simplest non-trivial examples of nilpotent stratified, connected
and simply connected Lie groups (Carnot groups in most of the recent literature).

Let us start with some comments about possible notions of regular submanifolds of a group.

It is barely worth to say that Euclidean regular submanifolds of H” = R*'*! are not a satis-
factory choice for many reasons. Indeed, Euclidean regular submanifolds need not to be group
regular; this is clear for low dimensional submanifolds: the 1-dimensional, group regular, objects
are horizontal curves that are a small subclass of C! lines, but, also a low codimensional Euclid-
ean submanifold need not to be group regular due to the presence of the so-called characteristic
points where no intrinsic notion of tangent space to the surface exists (see [6,18]). On the con-
trary, in Carnot groups exist 1-codimensional surfaces, sometimes called H-regular or G-regular
surfaces, that can be highly irregular as Euclidean objects but that enjoy intrinsic regularity prop-
erties, so that it is natural to think of them as 1-codimensional regular submanifolds of the group
(see [11,12,16]).

What do we mean by ‘intrinsic regularity properties’? We have already stated how intrinsic
should be meant here. We believe that the most natural requirements to be made on a subset
S C H" to be considered as an intrinsic regular submanifold are

(1) S has, at each point, a tangent ‘plane’ and a normal ‘plane’ (or better a ‘transversal plane’);
(i1) tangent ‘planes’ depend continuously on the point;

the notion of ‘plane’ has to depend only on the group structure and on the differential struc-
ture as given by the horizontal bundle. Since subgroups are the natural counterpart of Euclidean
subspaces, it seems accordingly natural to ask that

(iii) both the tangent ‘plane’ and the transversal ‘plane’ are subgroups (or better cosets of sub-
groups) of H"; H" is the direct product of them (see Section 3.2);

(iv) the tangent ‘plane’ to S in a point is the limit of group dilations of S centered in that point
(see Definition 3.4).

Notice that the requirement that the limit of a blow up procedure is a subgroup comes out natu-
rally even in much more general settings than H", see [22]. Moreover, the explicit requirement
of existence of both a tangent space and a transversal space is not pointless, because there are
subgroups in H”, as the T axis for example, without a complementary subgroup, i.e. a subgroup
G Cc H" such that GNT = {0} and H* = G - T. Finally, the distinction between normal and
transversal planes is natural, because not necessarily at each point a normal subgroup exists,
even if a (possibly not normal but) transversal subgroup exists.

Condition (iv) entails that the tangent plane has the natural geometric meaning of ‘surface
seen at infinite scale,” the scale however being meant with respect to intrinsic dilations. Notice
that—if S is both an Euclidean smooth manifold and a group regular manifold—the intrinsic
tangent plane is usually different from the Euclidean one. On the other hand, there are sets, ‘bad’
from the Euclidean point of view, that behave as regular sets with respect to group dilations.

It is natural to check if requirements (i)—(iv) are met by the classes of regular submanifolds of
H" considered in the literature.
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C! horizontal curves: they are Euclidean C! curves; their (Euclidean) tangent space in a point
is a 1-dimensional affine subspace contained in the horizontal fiber through the point,
hence it is also a coset of a 1-dimensional subgroup of H". The normal space is the
complementary subspace of the tangent space, and it is again a subgroup. Clearly both
of them depend continuously on the point. It can also be shown (see Theorem 3.5) that
the Euclidean tangent lines are also limits of group dilation of the curve, so that they are
also tangent in the group sense.

Legendre submanifolds: they are n-dimensional, hence maximal dimensional, integral mani-
folds of the horizontal distribution (see [4]). The tangent spaces are n-dimensional affine
subspaces of the horizontal fiber that are also cosets of subgroups of H". The comple-
mentary affine subspaces are the normal subgroups. As before the tangent spaces are
limit of intrinsic dilations of the surface (see Theorem 3.5).

1-codimensional H-regular surfaces: (see[10,11]) we recall that, locally, they are given as level
sets of CHI{(H”) functions from H” to R (see Definition 2.12), with P-differential of
maximal rank (the notion of P-differential for maps between Carnot groups, introduced
by Pansu in [24], provides the intrinsic notion we use systematically to be coherent with
our purpose). It has been proved in [11] that H-regular surfaces have a natural normal
space (i.e. the span of the horizontal normal vector) at each point, hence it is a coset
of a 1-dimensional subgroup contained in the horizontal fibre; that the natural tangent
space is a subgroup obtained as limit of intrinsic dilations of the surface; and finally,
notwithstanding that these surfaces can be highly irregular as Euclidean surfaces, the
intrinsic normal subgroup and the intrinsic tangent subgroup depend continuously on
the point.

In conclusion, all the surfaces in these examples are intrinsically regular submanifolds in the
sense that they satisfy requirements (i)-(iv). Notice that C ! horizontal curves have topological
dimension 1, Legendre submanifolds have topological dimension n, and 1-codimensional H-
regular surfaces have topological dimension 2n (the systematic specification ‘topological’ is not
pointless, because, as already noticed in [10,11], other different dimensions play a role in the
geometry of Carnot groups). Our aim is now to fill the picture, finding other classes of intrinsi-
cally regular submanifolds of arbitrary topological dimension.

Notice that, from the analytical point of view, horizontal curves and Legendre surfaces are
given locally as images in H" respectively of intervals / C R or of open sets in R"” through
P-differentiable maps with injective differentials. On the contrary, 1-codimensional H-regular
surfaces are given locally as level sets of P-differentiable functions with surjective differentials.

The first idea coming to the mind, and the one we take here, is to generalize both these ap-
proaches. Notice that, even if in the Euclidean setting they are fully equivalent, this is no longer
true in Heisenberg groups. Thus, if 1 < k < n, we define

o k-dimensional regular surfaces of H" as images of continuously Pansu differentiable func-
tions V — H", V open in RX, with differentials of maximal rank, hence injective (see
Definition 3.1);

e k-codimensional regular surfaces of H" as level sets of continuously Pansu differentiable
functions U — RK, U open in H", with P-differential of maximal rank, hence surjective (see
Definition 3.2).
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These two approaches are naturally different ones: indeed no non-trivial geometric object
falls under the scope of both definitions. The reason is that, for k > n, there is no k-dimensional
subgroup of the horizontal fibre; hence surfaces having as a tangent space a subgroup of the
horizontal fibre are limited to have dimension < n and, dually, the ones with an horizontal normal
space are limited to have codimension < n (both phenomena depend on the fact that we can find
at most n linearly independent and commuting elements of f).

We will call the first ones low dimensional (or k-dimensional) H-regular surfaces and the
second ones low codimensional (or k-codimensional) H-regular surfaces. It is the object of part
of this paper to prove that these H-regular surfaces enjoy properties (i)—(iv).

The two families of low dimensional and low codimensional H-regular surfaces contain very
different objects. We give here a first brief sketch of their basic properties; some of them are well
known while other ones are proved in this paper.

Proposition. k-dimensional H-regular surfaces are Euclidean submanifolds. For k = 1, they are
horizontal curves. For k = n, they are Legendrian manifolds and for k < n they are submanifolds
of Legendrian manifolds. They have equal topological dimension, metric dimension and Euclid-
ean dimension. Their intrinsic tangent k-planes coincide with their Euclidean tangent k-planes
(both are cosets of subgroups of H" contained in the horizontal fibre).

Low codimensional H-regular surfaces, on the contrary, can be very irregular objects from an
Euclidean point of view. In general, these surfaces are not Euclidean C! submanifolds, not even
locally (see [16] where it is constructed a 1-codimensional H-regular surface in H! = R3 that is
a fractal set with Euclidean dimension 2.5). Nevertheless we prove that

Proposition. k-codimensional H-regular surfaces have metric dimension (2n +2 — k), and topo-
logical dimension (2n + 1 — k). At each point there is an intrinsic tangent 2n + 1 — k)-plane
that is a coset of a subgroup of H" and depends continuously on the point.

Besides (i)-(iv), H-regular surfaces also enjoy the following properties (see Theorems 3.5,
3.27,and 4.1):

Theorem 1. H-regular surfaces locally are graphs, provided we define intrinsically the notion of
graph in H".

Theorem 2. H-regular surfaces locally have finite intrinsic Hausdorff measure: k-dimensional
ones have finite Sf measure; k-codimensional ones have finite 562"+2_k measure. The measures
can be explicitly computed.

About the notion of graph in H", observe that H" is (in many different ways) a direct product
of subgroups; that is there are couples of subgroups, let us call them Gy, and Gy, such that any
p € H" can be written in a unique way as p = p * Py, With py € Gy and py € Gy. Simply split
the algebra b as the direct sum, h = v @ v, of two subalgebras 1w and v and set Gy, := expto,
Gy :=expu.

Hence H" is foliated by the family £, (&) of cosets of (say) Gy, where L, () :=& - G, for
each £ € Gy,; the subgroup Gy, is the ‘space of parameters’ of the foliation. Then, it is natural
to say:
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Definition. A set S C H" is a graph over Gy, along Gy, if, for each & € Gy, S N Ly (§) contains
at most one point. Equivalently if there is a function ¢ : E C Gy — Gy such that

S=1{&-9(): £ E}
we say that S is the graph of ¢.

Going back to Theorem 1, it is easy to check that low dimensional H-regular surfaces are
graphs because they are Euclidean C! submanifolds and because low dimensional intrinsic graphs
in H" turn out to be Euclidean graphs.

On the contrary, low codimensional H-regular surfaces need not to be graphs in the Euclid-
ean sense. An easy example is shown in Example 3.8. One of the main result proved here
(Theorem 3.27) states that any low codimensional H-regular surface is, locally, the graph of
a continuous function ¢.

The proof follows from two results of independent interest. The first one (Proposition 3.13)
is an Implicit Function Theorem that essentially states that if f : H" — R¥, f e [CI%H(H")]]‘ is
locally a bijective map from each leaf of a foliation as described above, then locally the level sets
of f are intrinsic graphs with respect to that foliation.

The second result (Propositions 3.25) states that if S is a low codimensional H-regular surface,
then a foliation of H" as required in the hypotheses of the Implicit Function Theorem, in fact,
exists. Notice that this result is an algebraic one and that it has no counterpart in the Euclidean
theory.

A more precise statement of Theorem 2 is

Theorem. Let S be a k-codimensional H-regular surface, 1 < k < n. Then, by definition, there
areanopenUd CH" and f = (f1,..., fx) € [C]Il-ll(u)]k such that SNU ={x eU: f(x)=0}. We
know that S is locally a regular graph, that is it is possible to choose two subalgebras v, vo with
h =0 @ w, a relatively open subset V C Gy, and a continuous function ¢ :V — Gy, such that

SnU={xel: f()=0}={0E) L& @), V).

Let vy, ..., v be such that v = span{vy, ..., v}, [vi,v;]=0for 1 <i < j<k [vp A2 A
vk| =1 and

Alp) E [det[vi fi()] ;<4 £0 for peld.

Then

AV A---ANV
S22 (S ALl zd)n((l Hh - A VH fil O(D)HzEnJrlkLGm)

Here, for s > 0, H{; denotes the usual Euclidean s-dimensional Hausdorff measure, while 87,
is the s-dimensional spherical Hausdorff measures, associated with the distance d~, and appro-
priately normalized as in (4). The left invariant distance dy, is defined by doo (p, ¢) = doo(g ™" -
p.0), where, if p = (p', pant1) € R¥ x R = H", then doo(p, 0) = max{|p'|g2e. | p2nt1]'/?}.
Notice that S% is equivalent with S}. For a measure p, @ is the image measure of u [21,
Definition 1.17].
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Given the notion of H-regular surfaces, it is natural to define rectifiable sets in H". For 1 <
k < n, we say that M is a k-dimensional H-rectifiable set if Sgo (M) < o0 and Sé‘o almost all
of M is contained in the countable union of k-dimensional H-regular surfaces. Analogously, for
n+1<k<2n+ 1, we say that M is a k-dimensional H-rectifiable set if S’gjl (M) < o0 and
S+ almost all of M is contained in the countable union of (21 + 1 — k)-dimensional H-regular
surfaces.

As a consequence of the theory of H-regular surfaces developed before, in Theorem 5.6 we
prove that k-dimensional H-rectifiable sets have at almost every point (with respect to, respec-
tively, Sé‘o or S’gjl) an intrinsic approximate tangent group.

A further insight on the fact that low dimensional H-regular surfaces are particular Euclid-
ean C! surfaces, whereas low codimensional H-regular surfaces are ‘more general’ objects than
Euclidean submanifolds, is provided by Rumin’s construction (see [28]) of a complex of differ-
ential forms D]]fﬂ (Heisenberg k-differential forms) playing in H" the same role of the De Rham
complex in Euclidean spaces.

Precise construction of Rumin’s complex is given later. We only say that Rumin proves that
there is a locally exact sequence of forms in H"

0—Ccouh L phan L - L oran 2 Dty S - L DI Uy — 0

where d are first order differential operators and D is a second order operator.

Since surfaces are duals of forms, the picture is perfectly coherent: indeed the objects of
Rumin’s complex in dimension k < n are quotient of Euclidean k-forms, so that their duals
are ‘smaller’ than duals of Euclidean k-forms, coherently with the fact that low dimensional
surfaces are particular Euclidean C ! surfaces. On the other hand, Rumin’s forms in dimension
k > n are subspaces of Euclidean of k-forms, so that their duals are ‘larger’ than the duals of
usual k-forms, coherently with the fact that low codimensional surfaces can be very singular
sets from the Euclidean point of view. Finally observe that the fact that D is a second order
operator is related with the jump of the metric dimension passing from low dimensional to low
codimensional H-regular surfaces.

The existence of Rumin’s complex suggests to define, by duality, (Federer—Fleming) currents
in H", together with boundaries and masses.

Precisely, for 1 < k < 2n+ 1, we call Heisenberg current of dimension k in U, any continuous
linear functional on Dﬁ (U).If T is a k-dimensional Heisenberg current, its Heisenberg boundary
is the (k — 1)-dimensional Heisenberg current oy 7, defined by the identities dg7 (o) = T (do)
ifk#n+1and d0yT (o) =T (D) if k =n + 1. The mass My (T), of T in an open V), is given
as one can imagine. Though, its definition requires a few algebraic preliminaries so that it will
be given in full detail in Section 5.

As in the Euclidean setting, oriented H-regular surfaces induce naturally, by integration,
Heisenberg currents. The following proposition sketches the interplay among H-regular surfaces,
intrinsic Hausdorff measures, Rumin’s complex and Heisenberg currents.

Proposition. Assume S C U is a k-dimensional H-regular surface oriented by a (horizontal)
tangent k-vector field ty. Then the map

def

a > [ST@ = f (olter) dSE,

N
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from D]Ifﬂ(Ll) to R is a k-dimensional Heisenberg current with locally finite mass. Precisely, if
Veu,

My, (I[ST) = S (s nw).

Assume S is a k-codimensional H-regular surface oriented by a tangent (2n 4+ 1 — k)-vector
field ty, then the map

o> [STe) & / (ol tr) d S22
S

from D%I"H_k U) toRisa 2n+ 1 —k)-dimensional Heisenberg current with locally finite mass
and there exists a geometric constant c, i € (0, 1) such that, for any open V € U

ek SETERS N Y) <My, (IST) < SZH R n ).

In Proposition 5.15 the last statement is made more precise, providing an explicit form of the
mass of the current carried by a low codimensional H-regular surface.

Finally, let us mention a few open problems that should be attacked starting from the results
of the present paper.

e Is there a unifying approach to low dimensional and low codimensional H-regular surfaces?
Likely intrinsic graphs will play a role here and one should understand how to characterize
functions whose intrinsic graphs are H-regular surfaces. For hypersurfaces, see [3].

e Can we extend the theory of intrinsically regular surfaces to arbitrary Carnot groups? Ob-
serve that, though Rumin’s theory has a counterpart in general Carnot groups, the extension
of our theory of regular submanifolds, as well as the associated area formula, is not even at
an embryonal state due to the increasing complexity of the group structure. In general, the
theory is well understood only for codimension 1 surfaces (see [11]).

e The theory of rectifiable sets in any dimension and codimension is only hinted in the last
section and it should be developed. Probably the notion of intrinsic Lipschitz graph (see
[13]) will play a role here. Moreover, our approach should be compared with the ones already
existing in the literature (see the approach of Scott Pauls in [25]).

e Appropriate versions of closure and compactness theorems for Federer—Fleming currents
should be investigated.

2. Multilinear algebra and miscellanea
2.1. Notations

For a general review on Heisenberg groups and their properties we refer to [15,30] and to [31].
We limit ourselves to fix some notations.

H" is the n-dimensional Heisenberg group, identified with R?**! through exponential coor-

dinates. A point p € H" is denoted p = (p1, ..., pans Pans1) = (P, Pans1), with p’ € R?* and
Pan+1 € R.If p and g € H", the group operation is defined as

p-a=(P"+4', pans1 + @201 +20Jp" . q")p2n)
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where J = [701 1(;‘] is the 21 x 2n symplectic matrix. We denote as p~! := (—p’, —pa,+1) the

inverse of p and as O the identity of H".
For fixed ¢ € H" and for r > 0 left translations 7, :H" — H" and non-isotropic dilations
8y :H" — H" are automorphisms of the group defined as

Tq(p):=q-p andas & p:= (rp/, r2p2n+1).

We denote as h” or, more frequently, as f) when the dimension » is intended, the Lie algebra
of the left invariant vector fields of H". The standard basis of §j is given, fori =1,...,n, by

Xi =0 +2(Jp")idont1, Yi :=0in +2(JP)itn0n41, T :=0,41.

The only non-trivial commutation relations among them are [X;,Y;]=—4T,for j =1,...,n.
Sometimes we will shift notations putting

Wi=Xi, Wign:=Yi, Wyy1:=T, fori=1,...,n.

The horizontal subspace b is the subspace of ) spanned by X1,..., X, and Y1,..., Y. De-
noting by b the linear span of 7', the 2-step stratification of } is expressed by

bh=b1 D ha.

Hence Heisenberg groups are a special instance of Carnot groups of step 2. A Carnot group
G of step k is a connected, simply connected Lie group whose Lie algebra g admits a step k
stratification, i.e. there exist linear subspaces V1, ..., Vi such that

g=Vi®d- -V, [(Vi,Vil=Vj, Ve#{0}, Vi={0} ifi>k.

An intrinsic distance on H" is the Carnot—Carathéodory distance d.(-,-). To define it re-
call that an absolutely continuous curve y :[0, T] — H" is a subunit curve with respect to
X1,...,Xu, Y1,...,Y, if there are real measurable functions cy, ..., ¢3,, defined in [0, T'], such
that Zj c?(s) <landy(s) = Z;'-=1 ci()Xj(y () +cjtn()Y;(y(s)), forae.s €[0, T]. Then,
if p, g € H", the cc-distance (Carnot—Carathéodory distance) d.(p, q) is

de.(p,q) définf{T > 0: y is subunit, ¥(0)=p, y(T) =gq}.

The set of subunit curves joining p and g is not empty, by Chow’s theorem, since the rank
of the Lie algebra generated by X1, ..., X, Y1,...,Y, is 2n + 1; hence d, is a distance on H"
inducing the same topology as the standard Euclidean distance.

Several distances equivalent to d. have been used in the literature. We use the following one,
that can also be computed explicitly

doo(p,q) =doo(q™"  p. 0),
where, if p = (p/, pant1) € H", doo(p, 0) := max{| p|gon, | p2ns11'/2}.

U.(p,r) and B.(p,r) are the open and the closed ball associated with d., U (p, r) and
B (p, r) are the open and closed balls associated with dw.
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Both the cc-metric d. and the metric d, are well behaved with respect to left translations and
dilations, that is

dC(Z'-x»Z'y):dC(xvy)! dC(S)vxs(S}»y):)"dC(xsy)»
doo(z-%,2-y) =deo(x,y), doo (83X, 8,Y) = Adoo(x, y) (D

for x,y,z € H" and A > 0.

We recall that, because the topologies induced by d., ds and by the Euclidean distance co-
incide, the topological dimension of H" is 2n + 1. On the contrary, the Hausdorff dimension of
H" ~ R>*+! with respect to the cc-distance d.. or with respect to any other equivalent distance,
is the integer Q := 2n + 2 usually called the homogeneous dimension of H" (see [23]).

For a non-negative integer k, £X denotes the k-dimensional Lebesgue measure. £2"*! is the
bi-invariant Haar measure of H", hence, if E C R?"*! is measurable, then £2”+1(t,, (E)) =
L2 H(E) for all p € H". Moreover, if A > 0 then £2"+1(8,(E)) = A2"+2£2"+1(E). We explic-
itly observe that, Vp € H" and Vr > 0,

£2n+l (Bc(p’ r)) — r2n+2£2n+l (Bc(p’ 1)) — r2n+2£2n+1 (BL(O, 1)) )
and as a consequence
L2 N3B(p,r)) =0 and LTY(Bo(p,r) =L (Uc(p,1)). (3)

Analogously for the d, distance.

Related with the previously defined distances d. and d,, different Hausdorff measures, ob-
tained following Carathéodory’s construction as in [9, Section 2.10.2], are used in this paper. For
m > 0, we denote by H'; the m-dimensional Hausdorff measure obtained from the Euclidean
distance in R?"*! ~ H" and by H" and H". the m-dimensional Hausdorff measures in H", ob-
tained, respectively, from the distances d. and d. Analogously, S, S, and S% denote the
corresponding spherical Hausdorff measures. We have to be more precise about the constants
appearing in the various definitions. Since explicit computations will be carried out only for the
measures S5, with m a positive integer, we limit ourselves to this case. For each A C H" and
8 >0, SE(A) :=limg_q Sglo,s(A)’ where

S s(A) :inf{Z{(Boo(p,', ri)): AC | Boo(pi.ri) and r; < 5}

and the evaluation function ¢ is

wmr™ ifl <m<n,

Q(Boo(p,r)):z 2w 1™ ifm=n+1, (@)
2wp—or™ ifn+2<m

where w,, is m-dimensional Lebesgue measure of the unit ball in R™. The motivation for this
choice appears in the proof of Theorem 4.1.

Since d. and dy, are equivalent distances, for each fixed m > 0, all the measures H!", S/,
‘HZ,, and S7 are equivalent measures. We notice however that, due to the lack of an optimal
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isodiametric inequality in H", it is not known if, in general, H (E) = S% (E) even for ‘nice’
subsets of H" and for m = Q. Related to this point see the recent paper [27] by Severine Rigot.
This is why we state some of the theorems in this paper in terms of the measures 87 that are
more explicitly computable by blow-up analysis.

Translation invariance and homogeneity under dilations of Hausdorff measures follow as
usual from (1). More precisely we have

Proposition 2.1. Let A CH", p e H" and m, r € [0, 00). Then
Si(tpA) =S (A) and  SZ(8,A) =r"SL(A).
The same holds for S, HZ, and HI.

Finally we recall the following geometric property of spheres, whose easy proof can be found
in [12].

Proposition 2.2. Let d be a translation invariant and 1-homogeneous distance in H", that is d
is such that d(z - x,z - y) =d(x, y) and d(5, (x), 8,(y)) = Ad(x, y) for x,y,z €e H" and A > 0,
and denote by U or By the open or closed d-balls. Then

diamy (Bd (x, r)) = diamy (Ud (x, r)) =2r, forr>0.

2.2. Horizontal and integrable k-vectors and k-covectors

We consider the vector spaces § := span{X1,...,Y,, T} and b := span{Xy,...,Y,}, en-
dowed with an inner product, indicated as (-,-), making X1,..., X,, Y1,...,Y, and T ortho-
normal.

The dual space of b is denoted by /\1 b. The basis of /\1 b, dual to the basis X, ..., Y,, T, is
the family of covectors {dxi, ..., dx2,, 0} where 6 := dxo,4+1 — 2{(Jx), dx')p2. is the contact
form in H". We indicate as (-,-) also the inner product in /\1 h that makes dxi,...,dx2,,0 an
orthonormal basis. Sometimes it will be notationally convenient to put 0y :=dxy,..., 02, :=

dxon, bpy1:=10.
Following Federer (see [9, 1.3]), the exterior algebras of h and of /\1 h are the graded algebras
indicated as

2n+1 2n+1

Ab=@NAb ma Ao=BA's
k=0 k=0
where/\oh:/\oh:Rand,forl<k<2n+1,

/\khzzspan{Wil/\~~-AWik: 1<ip<--<ip <2n+1},

k
/\ h:=span{f;, A--- NG 1<ip < <ip <2n+1}.

The elements of /\; h and AFp are called k-vectors and k-covectors.
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The dual space A'( Axh) of A, b can be naturally identified with A¥b. The action of a
k-covector ¢ on a k-vector v is denoted as (p|v).

The symplectic two form d6 & /\2 hrisdd =4Y""_,dxi Ndxjty.

The inner product (-,-) extends canonically to A\, h and to /\k b making the bases W;; A--- A
Wi, and 6;; A --- A 6;, orthonormal.

The same construction can be performed starting from the vector subspace b1 C b. This way
we obtain the algebras

2n 2n
* k
As=@DAn m Nn=DA
k=1 k=1
whose elements are the horizontal k-vectors and horizontal k-covectors; here
/\khl i=span{W; A AW 1<ip <+ <ig <2n},
k
/\ by :=span{f;; A - NGt 1< <+ <if <2n)
and clearly /\; b1 C /\; b for I <k <2n.

Definition 2.3. We define linear isomorphisms (see [9, 1.7.8])

A A e AT

for 1 <k < 2n,putting, forv=>) ", viWyandp =), ¢;6;,

*V 1= Zvl(*W’) and @ := 2901(*91)
1 1

where
W= (=D"DWp and  *6; := (=1)7Dg,-

with I ={i1,..., i}, I<ii < - <y K2n+1, Wi =Wy A AW, 00 =60, Ao NGy,
I*={if <. <iz, 4 t=1{1,....2n+ 1} \ I and o () is the number of couples (ix, i;) with
ih>i2<.

The following properties of the * operator follow readily from the definition: Vv, w € A\, b
and Vo, ¥ € \b

yk@nt1—k) kQn+1—k)

$xv = (—1 V=0, k@ = (—1) =09,
vAsw = (v, w) Wi, 2nt1y, Qo NxY = (@, )01, 2n+1)s

(x@[*v) = (¢|v). (&)
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Notice that, if v =v; A --- A v is a simple k-vector, then v is a simple (2n + 1 — k)-vector.
Moreover, notice that

if ve/\kbl, then xv=£AT, withée/\zn_khl. (6)

If ve /\;h we define v* € /\kh by the identity (v*|w) := (v, w), and analogously we define
¢* e\, b for g e \Fp.

Remark 2.4. A simple non-zero k-vector v = vy A -+- A Vg € /\kb is naturally associated
with a left invariant distribution of k-dimensional planes in R?**! = H". In general, if k > 1,
this distribution is not integrable—by Frobenius Theorem—because not necessarily [v;, v;] €
span{vi, ..., vr}. An example is provided by the 2-vector X1 A Y1 € A\, h1. Horizontal k-vectors
that are also integrable (more precisely: k-vectors such that the associated distribution is inte-
grable) play an important role in the following. Notice that if T € {vy, ..., vt} then certainly (the
distribution associated with) v is integrable. On the other hand, v € /\; b1 can be integrable only
if k < n. Explicit algebraic characterizations of k-vectors associated with integrable distributions
are proved in Theorem 2.8.

We define the vector spaces g /\; and g /\k of integrable k-vectors and k-covectors as fol-
lows.

Definition 2.5. We set i /\, =R and, for 1 <k <n,

H /\k def span{v € /\k h1: v is simple and integrable},

H/\2n+]fk = *(H/\k)'

Integrable covectors are defined by duality: for 0 < k < 2n + 1 we set

H/\kdzef/\l<y/\k):{<pe/\kb: <p*eH/\k}.

Notice that g A\, = /\; b1 = b1. On the contrary, for 1 <k <n,0# g A\, C A\i b1
fl<k<nandif we H/\2n+1—k is a simple (2n 4+ 1 — k)-vector, then one can choose
Wi, ..., Wau41—k SO that:

W=WI A AWoptl—k, WL A=+ AWop—k € /\Zn_kh] and  wopy1-k=T.

Recall now the definition of H-linear map (horizontal linear map) between Carnot groups
(see [24] and also Chapter 3 of [19]). H-linear maps play the same central role as linear maps
between vector spaces. Here we deal only with H-linear maps from R* — H" and, vice versa,
from H" — R¥. Nevertheless we provide the general definition.

Definition 2.6. Let G! and G? be Carnot groups with dilation automorphisms 8)1 and 8%. We say
that L:G' — G? is a H-linear map if L is a homogeneous Lie groups homomorphism, where
homogeneous means that 8,%(Lx) = L(Six), forall A > 0 and x € G!.
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H-linear maps are closely related with integrable k-vectors. In Theorem 2.8 we show that
there is a one-to-one correspondence between injective H -linear maps R* — H" and integrable
simple k-vectors.

The following proposition, characterizing H -linear maps R¥ — H", is a special instance of a
more general statement proved in [19].

Proposition 2.7. Let k > 1 and L :R¥ — H" be H-linear. Then there is a 2n x k matrix A with
AT JA =0, such that

Lx = (Ax,0), VxeRK
Moreover, L can be injective only if 1 <k < n.

Proof. First notice that L(RF) C {p € H": pyn+1 = 0}. Indeed, for all x € R¥: 2(Lx)y,11 =
(Lx - Lx)on+1 = (L(2x))2n+1 = (82Lx)on+1 = 4(Lx)2,41. Here we used the notations Ap =
(Ap', Apans1) for A € R while 8, p = (Ap’, A2 pans1). Moreover L is linear as a map R — R?",
hence Lx = (Ax, 0) for some matrix A. Finally, for all x, y € Rk,

0=(L(x+ N)apit = Lx - Ly)opt1 =2(J Ax, Ay)gan
that yields ATJA=0. O

Theorem 2.8. Assume 2 <k <nandv=vi A--- Avg € /\; b1, v #0. Then the following four
statements are equivalent:

(1) ven/\i

(2) [vi,vj1=0for 1 <i, j, <k;

3) (y Adb|v)=0forall y € /\k_2 b;

(4) there is an injective H-linear map L:R¥ — H" such that Ley A --- A Ley = v; L can be
explicitly defined as Lx = 8y, vy - 8y,vp -+ -+ - O V-

Notice that for kK = 1 statements (1)—(4) are either meaningless or trivially equivalent.

Proof. (1) = (2). Because [v;, v;] is always a multiple of T and v;, v; € by, the necessity of (2)
for the integrability of the distribution associated with v is just Frobenius Theorem.

(2) = (1) follows from Frobenius Theorem.

(2) ¢ (3). A direct computation yields [v;, v;] = (dO]v; A vj) = 4(Jv;, vj)gen. If v =
vl,...,vx € by andif y € A¥72 b then

(y ndBv) = Za(ﬂ)(ylvn(l) A A=) ) {dO Vg (k—1) A Vr(k))
T

where the sum is extended to all the permutations & of {1,...,k} and o () is £1 accordingly
with the parity of the permutation 7; hence, Vy € /\ki2 hi, (y AdB|vr A--- Avg) =0, is equiv-
alent with [v;, v;j] = (dO|v; Av;) =0for 1 <i < j<k.
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(3) & @). Letvj =Y 7" v ;Wi € h1. Put §; := (v1j, ..., v2,, ;) € R?". Then if A is the
2n x k matrix A = [v; ;]=[0; |---| Ux], then ATTA=[(J7;, VUj)r2nl1<i<j<ks S0 that recalling
Proposition 2.7 the required equivalence follows. O

We show now that the spaces of integrable covectors are canonically isomorphic with the
spaces defined by Rumin in [28]. Indeed Rumin’s paper largely inspired the present one. We
begin recalling Rumin’s approach: First define Z* and J* C /\* b, where Z* is the graded ideal
generated by 6, that is Z* :={B A0 +y AdO: B,y € \"b} and J* is the annihilator of Z*,
that is J* = {a € /\* h: « A6 =0 and o A d6 = 0}. Both Z* and J* are graded, indeed
I* = i'j{lzk and J* = Z"HJI‘ where ZF, 7% /\ b and

=[Bnro+y nao: se N ', ye/\Hh],
jk:{ae/\kb: aA@:OandaAd@:O}.

As Rumin observes, for 1 < k < n we have 72"+ —% = /\2“171‘ hand 7% =0.
The following identities, or natural isomorphisms, hold.

Theorem 2.9. For 1 <k <n,

/\2n+1 kb
i\ =kt and g\, ST @
k
k 2n+1-k _
i\ 2% and g\ =", (®)

where ker IF = {v € Ak b {plv) =0Vp € T*Y and ker 721 is analogously defined.

Proof. To prove the first equality in (7) notice that, if v € /\; b, the condition (8 A O|v) =0
forall B € /\ki1 h implies v € /\; b1, hence we get kerZF = {v e Ak b1z (y Adblv) =0Vy €
/\ki2 h}, and we conclude by the equivalence of (1) and (3) in Theorem 2.8.

To prove the second one in (7) recall that, by Definition 2.5, g /\2n 1ok =% N\ = xker I*.
Moreover, kerZF = {v € A, b: (p*,v) =0 Vo € TF} where ¢* € A\, b is such that (p|v) =
(p*,v),Yv e /\; . Hence

*(kerIk):{ve/\an_kh: (*go*,v):OV(p eIk}. 9)

Now notice that
peIt <« xp* ekergMtI 7k, (10)
indeed, x@* € ker 71k & (y|xp*) = 0, Vi € T & (xy|@*) =0, Yy € JHTI7K,

hence x¢* € ker 72"t % & (a|p*) = 0, Va € x(T*"H5) = (THT < (a,¢) =0, Va €
(TNt ¢ e TF.
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Finally, from (9) and (10) it follows

*(H/\k) = *(kerl'k)
= {v € /\2n+17k h: (Y,v)=0Vy € kerj2n+l—k}

_ (kerj2n+lfk)J- ~ /\2n+1—k[7
- ~ ker j2n+]fk'

This concludes the proof of the second part of (7).

To prove (8), recall that by Definition 2.5, for 1 <k <2n+ 1, g A* := A' (5 /\;). Now,
given that for any two finite dimensional vector spaces V and W with V subspace of W, it holds
that

(W i A'w
— | >~ ker(V d V>~ ,
/\ ( V) er(V) an /\ ker(V)
we have, fork=1,...,n,

1 K\ A Ah N/\kh
/\ (kerZf) = ker(kerZF) — TF

and, fork=n+1,...,2n+1,

/\l(k/e\rli;k> :ker(kerjk)zjk. O

Finally we observe that our previous algebraic construction yields canonically several bundles
over H". These are the bundles of k-vectors and k-covectors, still indicated as /\; h and /\k b,
the bundles A\, b and /\k h1 of the horizontal k-vectors and k-covectors and the bundles g /\;
and gy /\k of the integrable k-vectors and k-covectors. The fiber of /\; h over p € H" is denoted
by /\k‘ » h and analogously for the other ones.

It is customary to call horizontal bundle HH" the bundle generated by X1, ..., X,,, Y1, ..., Yy,
or, with our previous notations, HH" := /\1 hi.

The inner product (-,-) on /\; b and on /\k bh induces an inner product on each fiber of the

previous bundles.
2.3. Calculus on H"
Definition 2.10. (Pansu [24]) Let (G',-) and (G?,-) be Carnot groups with dilation auto-

morphisms 81 and 8)%. Let U be an open subset of G', and f : U — G2. We say that f is
P-differentiable at pg € U if there is a (unique) H-linear map dpy [, : G! — G? such that

dy fpo(p) = lim 81, (f (o)~ - f (Po - 8,.p))

uniformly for p in compact subsets of /.
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In the sequel, we shall deal only with the cases G!' =Rk, G2 =H", and G' = H", G2 =Rk,
The structure of the differential map in the first case has been already described in Proposi-
tion 2.7. In the second case, because of the commutativity of the target space, the differential can
be thought as the k-uple of the P-differentials of the components of f. Again, the differential
can be written in the form dy fp,(p) = Apop’, where Ap is a k x 2n matrix (see, e.g., [12,

Proposition 2.5]). Thus, if k = 1, dy f, can be identified with an element of /\] b1.

Definition 2.11. If f:U C H" — R is differentiable at p, then the horizontal gradient of f at p
is defined as

Vuf(p):=duf(p)*e /\1 b1

or equivalently as

n

Vaf(p) =Y (Xif(p)X;+ (Y f(p)Y;.

j=1

Definition 2.12. In the sequel, we shall use the following notations for function spaces. If &/ C H"
and V C R* are open subsets, we denote

° Cﬂlﬂ(l/l) is the vector space of continuous functions f:U/ — R such that the P-differential
dy f is also continuous, [Cﬂlﬂ(lxl)]k is the set of k-uples f = {fi,..., fr} such that each
fi € CLU, for 1 <i <k.

e C!(V; H") is the vector space of continuous functions f : V — H" such that the P-differential
dy f(p) depends continuously on p € V.

° Lip(Rk s  HY), Liploc(Rk ; H"), Lip(H"; Rk), Lipy,. (H"; Rk) are the vector spaces of Lip-
schitz continuous (locally Lipschitz continuous) functions, where the metric used in the
definition are the cc-metric of the corresponding spaces.

3. Regular surfaces and regular graphs

3.1. Regular submanifolds in H"

Here we give the definition of H-regular surfaces in the spirit illustrated in the introduction.
We distinguish low dimensional from low codimensional surfaces, the first ones being images
of open subset of Euclidean spaces while the second ones are level sets of intrinsically regular
functions.

Definition 3.1. Let 1 <k < n. A subset S C H" is a k-dimensional H-regular surface (or a CHI_]I
surface of dimension k) if for any p € S there are open sets &/ C H", V C R* and a function
¢ :V — U such that p e U, ¢ is injective, ¢ is continuously P-differentiable with dy ¢ injective,
and

SNU=¢pV).
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Definition 3.2. Let 1 <k < n. A subset S C H" is a k-codimensional H-regular surface (or a C]%H
surface of codimension k or a Cﬁ surface of topological dimension (2n+ 1 —k)) if forany p € §
there are an open set 2/ C H" and a function f:U/ — R¥ such that p e U, f = (f1,..., fi) €
[Cﬁ(b{)]k, Va fi A+ AV fi #0in U (equivalently, dy f is onto) and

SﬂU:{q elU: f(q):O}.

Remark 3.3. For k = 1, Definition 3.1 defines horizontal, continuously differentiable, curves.
On the other hand, Definition 3.1 cannot be extended to the case k > n. Indeed Ambrosio and
Kirchheim prove (see [1] and also [19]), that, for k > n, the set of maps ¢ satisfying the as-
sumptions of Definition 3.1 is empty. They show that, if k > n, H" is purely k-unrectifiable, i.e.
Y f € Lip),. (R¥, H"), VA C R¥ it follows HX (£ (A)) = 0.

In turn Definition 3.2, for k = 1, gives the notion of H-regular hypersurface introduced in [10]
and [11]. Definition 3.2—unlike the previous one—could be formally extended to k > n, but we
restrict ourselves to 1 < k < n because only in this situation it is possible to prove (see below)
that a Cﬁ surface of codimension k is locally a graph in a consistent suitable sense.

The surfaces of these two families are very different from each other. The first ones are par-
ticular Euclidean C! submanifolds, precisely for k = n they are Legendrian submanifolds [5],
on the contrary, the second ones may be very irregular from an Euclidean point of view (see
[16]). We will prove that both k-dimensional and k-codimensional H-regular surfaces are intrin-
sic regular surfaces as defined in the introduction. We begin recalling the definition of Heisenberg
tangent cone to a set A in a point p.

Definition 3.4. Let A C H". The intrinsic (Heisenberg) tangent cone to A in 0 is the set

Tang (A, 0) def {x = lim §,,x, € H", withry, — 400 and xj € A}
h—+o00

and the cone in a point p is given as Tany (A, p) def 7p Tang(z—, A, 0).

We prove, in Theorem 3.5, that a k-dimensional H-regular surface S has an intrinsic tangent
cone Tang (S, p) at each point p and that Tang (S, p) is the Euclidean tangent k-plane Tan(S, p)
to S in p. Notice that this statement is far from being evident, because Tany (S, p) is the limit of
S under intrinsic dilations &, , while Tan(S, p) is the limit under Euclidean dilations.

If S={p: f(p) =0} is a k-codimensional H-regular surfaces, in Proposition 3.29 we prove
that the Heisenberg tangent cone Tany (S, p) is always a (2n + 1 — k)-plane and that it is the
translated in p of the kernel of the differential dy f),. On the contrary, the Euclidean tangent
plane to S may never exist.

On the other side, not necessarily a k-dimensional, smooth, Euclidean submanifold of
R2n+1 ~ n belongs to any of these families: clearly it does not for 1 < k < n because of the
necessary condition of being tangent to HH?", but also for n < k because of the possible presence
of the so-called characteristic points.

The following theorem provides a description of the class of the k-dimensional H-regular
surfaces.
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Theorem 3.5. If S is a k-dimensional H-regular surface, 1 < k < n, then:

(1) S is an Euclidean k-dimensional submanifold of R***! of class C'.
(2) The Euclidean tangent bundle Tan S is a subbundle of \, b1 and

Tan(S, p) = Tang (S, p)

for any point p € S.
3) S’go LS is comparable with Hlfg LS.

Proof. Let V C R¥, ¢/ ¢ H" be open sets such that ¢:V — U, ¢ € C'(V;H"), ¢ injective,
dp ¢ injective and SNU = ¢(V). Assume p = ¢p(x) € SNU and x € V. To prove (1) it is
enough to show that the Euclidean differential d¢, exists for every x € VV, depends continuously
on x and that d¢, is injective. Notice that ¢ € C' (R¥; H") yields that ¢ € Lipj. (R*; H") and
this in turn implies that ¢ € Lip,,. (R¥; R?"*1). Hence ¢ is Euclidean differentiable a.e. in V. Let
X0 € V be such that both d¢,, and dp ¢y, exist.

By Proposition 2.7, there exists a 2n x k matrix A,, with AIOJ Ay, =0, such that

dH¢x0 (E) = (AX0§7 0),

for all £ € R¥. By the very definition of P-differential, it is easy to see that the rows of Ay, are
just the first 2n rows of the (Euclidean) Jacobian matrix of ¢ = (¢1, ..., ¢2,41) in xo. Because
dp @, is continuous and everywhere defined in V), it follows that V¢, (x), 1 < j < 2n, existin V
and are continuous in x.

Because the last component of dg ¢, is zero, once more by the definition of P-differentiability,
it follows

Vour1(x) =2 Z (@ (X)VP;(x) = ¢ (X)Vj1n(x)), (11)

J=1

for all x € V. This implies that V¢o,41(x) is a continuous function and eventually that ¢ is
continuously differentiable.

Because the rank of A, equals k for any x, since dy¢ is 1-1, also the Jacobian matrix of ¢ is
a (2n 4 1) x k matrix with rank k and the proof of (1) is completed.

Let us now prove Tan(S, p) = Tany (S, p) for any point p € S.

First observe that, if x € V and p = ¢ (x), an explicit computation, using (11), gives

p+dp,(h)=p-dupe(h), foranyh eRF.
Because Tan(S, p) = p + d¢x (Rk), to achieve point (2) of the thesis, it is enough to show that
Tang (S, p) = p - du¢x (RY). (12)

Without loss of generality, we can assume p = 0 = ¢(0), so that we have to prove that
dpi¢o(RY) = Tang (S, 0).
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Let & = dyo(h) be given. Consider the points p, = ¢(%h) that belong to S for n € N suffi-
ciently large. By definition of P-differential

8n(pn) = drgo(h) =§ asn— oo,

so that £ € Tang (S, 0) and d¢o(RF) C Tang (S, 0).

To prove the reverse inclusion, let & € Tang (S, 0) be of the form & = limy,_, 1 o §,, pr, With
rp, — +oo and py € S. Since rpdc(pp,0) = dc (85, pn,0) — d.(§,0), necessarily p, — 0 as
h — oo. Thus, by local inverse function theorem, we can assume without loss of generality that
prn=¢(zn), with z;, € R¥, z;, — 0 as h — oo. Notice now that there exist ¢ > 0 and o > 0 such
that

|zlpe < cde(¢(2),0), provided |z|gk < p. (13)

Indeed, suppose by contradiction the statement is false: then there exists a sequence of points
wy, € R¥ such that w;, — 0 and

de(¢(wp), 0)/|wp|ge — 0 as h — oo,
Without loss of generality, we may assume wy,/|wp|ge — w as h — oo, with |w| = 1. Then, by

definition of P-differential, because the convergence is required to be uniform with respect to the
direction, we have

de(¢p(wp), 0) . wy
PR — lim d| S ,0
oo wplge | hooo ( lenlge <¢<'w’1'R"|wthk)> )

0= lim
=d.(du¢(O)w,0),

that yields w = O because of the injectivity of dy¢o and hence a contradiction. Thus, we
can apply (13) with z = z, for h sufficiently large, and we get ry|zp| < crpdc(pp,0) =
cde(8y,, pr, 0) < C, for h € N, and therefore we can assume rj,z;, — zo as h — oo. Finally, once
more by definition of P-differential, we get that £ € dy¢o (Rk), because & = limy,_, o0 8;, P =
limp,— 400 8rh¢(%thh) = dg¢o(z0), achieving the proof of (2).

Finally we address the proof of (3). Assume that ¢/ is a bounded open set. Since Hléo is
comparable with Sé‘o, we will prove that there are positive constants ¢ and ¢, depending on U,
such that

cr HE(S N <HE (S NU) < e HE(SNU). (14)
Because dy¢.(RF) ¢ HH?, it follows that, on dg¢,(RF) = de,(RF), group translations
and dilations coincide with Euclidean translations and dilations. Hence H’;OI_dH¢x (R%) and

H’fE L d¢y (RF) are uniformly distributed measures on dy ¢y (RF), so that (see, e.g., Theorem 3.4
in [21]) there is ¢ = c(x), positive and continuously dependent on x, such that

HiLdp gy (RY) = c(x) HE L doy (RY). (15)
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From the area formula in Carnot groups (see Theorem 4.3.4 in [19]) we have

Hléo |—dH¢x (dH(bx (Boo)) d
X

k _
H‘X’(Smu) - / £2n+l(Boo)

v

where B is the unit ball with respect to the d, metric. On the other hand, from the Euclidean
area formula we have

HY Ldgy(dp.(B))

EZ"'H(B) dx

Hg(smu)zf
1%

where B is the unit ball with respect to the Euclidean metric. Using (15), the two area formulas
entail the proof of (3). O

3.2. Foliations and graphs in a Lie group G

The Heisenberg group H" and also any other Carnot group G is a product of subgroups in
many different ways. Hence it makes sense in a natural way to speak of subsets that are graphs
inside G. The following definition seems to share with the usual Euclidean notion many good
features.

Assume that the algebra g of G is the direct sum of two subalgebras tv and v, that is

g=twodv.

Set now Gy, :=expto, and G, := exp v. We denote system of coordinate planes (i.e. left laterals)
of G the double family £, and Ly, defined as

Lo(p):=p-Gu, YpeGp and  Ly(g):=q -Gn, VqeGy.
Observe that each x € G belongs exactly to one leaf in £, and to one in Ly, and that the leaves
are invariant by translations, that is x € Ly (p) = T Lu(p) = Lu(p). In particular, each x € G

can be written in a unique way as x = Xy, - Xy, With xyy € Gy, and x, € Gy. It is easy to see that
there is ¢ = c(tv, v) > 1 such that

¢ (1w 4 o) < x| < o | + [0l (16)
We propose the following
Definition 3.6 (Graphs and Regular Graphs). Assume g = to @ v, with v and tv subalgebras.

A set S C G is a graph over Gy, along Gy if, for each & € Gy, S N Ly (§) contains at most one
point. Equivalently if there is a function ¢ : E C Gy, — Gy, such that

S={&-9¢) £cE}

and we say that S is the graph of ¢. If 1w is also an ideal and S is as before we say that S is a
regular graph.
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When G = H", the following special instance of Definition 3.6, similar to the notion of or-
thogonal graphs in Euclidean spaces, is available.

Definition 3.7 (Orthogonal Graph). With the notations of Definition 3.6, let G = H", (wy, ...,
won+1-k), (V1,..., V) be bases, respectively, of w and of v, [v] A - Ay =|wg A -+ A
Want+1—k| = 1 and let

Wy A AWyl —k =%V A AVE),
then we call S an orthogonal graph over Gy,.

We stress here that these intrinsic notions of graphs, adapted to the geometry of the group, are
not a pointless generalization. From one side, the fact that a surface is locally a graph is, as usual,
a powerful tool; here the fact that H-regular surfaces are locally intrinsic graphs is a key tool in
studying their local structure (see Sections 3.5 and 4). On the other side, one could not have used
the usual Euclidean notion. Indeed, as the following example shows, H-regular surfaces (of low
codimension), in general, are not graphs in the usual Euclidean sense, while they are always,
locally, graphs in the intrinsic Heisenberg sense.

Example 3.8. See Figs. 1 and 2. In H!, with the notations of Definition 3.6, let v = span{X}
and 1o = span{Y, T'}. Then G, = {(x,0,0): x € R} and Gy, = {(0, n, 7): n, T € R}. Then, fix
1/2 <a < 1, and take ¢ : Gy — Gy as ¢(0,7n, ) = (|7]%,0,0). Define S as the graph of ¢,
precisely

S={&-0): £ G} ={(It1*n.t+2nl7|%): n.T €R}.

From Corollary 5.11 of [3], it follows that S is a H-regular surface. But, as one can easily check,
S is not an Euclidean graph in any neighborhood of the origin.

Notice that one could have defined intrinsic graphs in more general ways. For example, one
can drop the assumption that v and tv are subalgebras asking only that they are linear subspaces
such that g = tv @ v. Everything said up to now about graphs is true in this more general set-
ting, but for the fact that the coordinate planes in £, and L, are not anymore cosets of G.
This more general setting has been taken by many authors, for example when sets (graphs) as
{(x1, x2, f(x1,x2))} C H' are studied. In our notation this amounts to the choice of b = span{T}
and o = span{X1, Y1}. Here clearly v is not a subalgebra and exp tv is not a group.

On the other hand, intrinsic graphs, as in Definition 3.6, enjoy some nice properties that are
not anymore true admitting more general definitions. For example, if v and tv are subalgebras
the intrinsic Hausdorff dimensions of the coordinate planes add up correctly to the total homo-
geneous dimension of H”. This may be false in more general settings. Think again to H! with,
as before, v = span{7'} and tv = span{X1, Y1}; then dim(expv) = 2, dim(exptv) = 3 (at least in
a generic non-characteristic point) while dim(H") = 4.

Moreover, if v and tv are subalgebras and if S is an intrinsic graph over Gy, then also any left
translation of S along Gy, is an intrinsic graph. Precisely, if p € Gy, then 7,5 ={p - & - p(§):
§ecE}y={n-9pot_p(n): ner1yE} Thatis, as it happens with Euclidean graphs, if S is the
graph of ¢ then 7, S is the graph of p 0 7_,.

If S is a regular graph in the sense of Definition 3.6, it is possible to write explicitly how §
behaves under a generic translation. Indeed:
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0.1 0.1 0.1
0.075 0.075 0.075
0.05 0.05 0.05
0.025 0.025 0.025

0.0250.050.075 0.1 0.1250.150. TT5%- 2
-0.025 -0.025

0.0750.10.1250.150.1750.2 .150.1750.2

-0.075 -0.075

-0.1 -0.1 -0.1

Fig. 2. Sections of S for x =0.2, x =0 and x = —0.2.

Proposition 3.9. With notations of Definition 3.6, assume that S = {®(§) :=& - p(§): E € E} is
a regular graph over Gy, along Gy. Let ¢ = gy - qv € G, with gy € Gy and gy € Gy. Then the
translated set ©, S is again a regular graph over Gy, along Gy, precisely

1S ={@y(m) :=n-9,): n€E :=q-E-(q0)"' C G},

1

where ¢4 1 E' — Gy, is defined as ¢,(n) :=qo - 9(q ™" -0 - qv). In addition 4 = T-10P 00,1,

where 0 : Gy — Gy is defined by oc,(n) =p -1 - pgl.

Proof. Because Gy, is a normal subgroup of G then E' = g, - gy - E - qt,_1 C Gy . Given this,
the proof is an elementary computation. O

If we assume that G is an homogeneous group, or in particular a Carnot group, so that a family
of dilations §; : G — G is defined, we can study also the behavior of a graph under dilations. It
is easy to see that:
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Proposition 3.10. With notations of Definition 3.6, assume that G is a homogeneous group with
Sfamily of dilations 8, : G — G for A > 0, and assume that Gy, and Gy, are subgroups invariant
by dilations. If S ={& - ¢(&): & € E} is a graph over Gy, along Gy, then any dilated set 8, S is

again a graph over Gy, along Gy, precisely
HS={n-er(n): n€ E':=86,E C Gy},

where @, E' — Gy is defined as @), = 8) 0 ¢ 0 81;..

Proof.
.S ={8.(n-9m): n€ E C Gy}
={81-(8.090081)@n): N€EE CG}. 0
Remark 3.11. Definition 3.6 can be written ‘in coordinates.” If vy, ..., vk and wy, ..., Wop41—k
are bases of v and tv, then ¢ can be associated with a k-uple (@1, ..., ¢r): E C R2ZH1—k _ RK
making the following diagram commutative:
@
G Gy
expT Texp
R2n+l—k Rk
(@1, k) )
That is,
k 2n+1—k
@) =€XP<Z¢Z(’§1, . -,Ed—k)vz> for & =6XP< Z Slwl) €k
=1 =1
and Sisagraphof ¢ : E — Gy if
k
S={§'CXP<Z¢1($1,...,§1k)W)}- a7
=1

Remark 3.12. When G = H", if h = 1v @ v and tv, v are subalgebras, then the larger one of the
two algebras is necessarily an ideal, that is, in H" graphs of codimension strictly smaller than
n + 1 are necessarily regular graphs. We are indebted with Adam Korényi for this remark and for

the following elegant proof [17].
Assume that dimtv > n + 1, then there are two cases:

(1) 1 is not abelian. Then it contains some non-zero bracket, hence it contains 7, hence it

contains b so that v is an ideal.
(2) 1o is abelian. Consider the bilinear form B on f defined by

B(X,Y)T :=[X, Y.



176 B. Franchi et al. / Advances in Mathematics 211 (2007) 152-203

Observe that B restricted to fj; is symplectic. Because B is invariant under the projection P :
h — b1, then Pt is an isotropic subspace of 1, hence dimto < n. Clearly tv is a subspace
of Pro + hy. Then

n+1<dimw <dim(Pw + b)) =dim(Po) +1<n+ 1.

Hence dimtv = dim(P1v + h7) so that tv = Pto + b and, consequently, tv contain b, so that
it is an ideal.

3.3. Implicit Function Theorem

In the first part of this section we prove a preliminary general version of the Implicit Function
Theorem (IFT). The main assumption in IFT can be stated in geometrical terms as follows:
There exist a foliation of H" whose leaves are cosets of a subgroup G, and are ‘transverse’ to
the surface in object (this is the meaning of (18) and (19)). The thesis is that the surface is a graph
associated with the assumed foliation (see the previous section for the relevant definitions). In
Proposition 3.25 we will prove that the assumption of the existence of an adapted foliation holds
true, at least locally, for any k-codimensional, H-regular surface. This way we prove that, locally,
these surfaces are always Heisenberg regular graphs.

The strategy of our proof, suggested by an argument used in [8] for codimension 1 surfaces in
nilpotent groups, is simple: we change variables using exponential coordinates associated with
the above mentioned foliation, this way, using in an essential way that the leaves of the foliation
are cosets in H", the assumptions of IFT in H" become the assumptions of a classical IFT in
Euclidean spaces.

Probably it is better to remark that here we are forced to use a version of classical IFT, that
albeit being well known, it is not the one most frequently stated in Calculus books. Precisely,
given g:R? — RK and the equation g(x, y) = 0 we do not assume that g is globally C' but
merely that it is globally continuous and C! only in the variables to be made explicit. Conse-
quently the implicitly defined function ¢ : R?~% — R¥, such that g(x, ¢ (x)) = 0, turns out to be
only continuous and not C'.

In the second part of the section we provide a few results related with the regularity of the
implicitly defined functions that will be used in the proof of the existence of the tangent plane to
H-regular surfaces.

We describe now the setting of the theorem.

Assume 1 <k<n,v=vA--- Ay € H/\k, v # 0. That is vy, ..., v are linearly indepen-
dent, left invariant vector fields in b satisfying

[vi,vj]=0, foralll<i,j<k. (18)
By definition, *v € H/\2n+1—k and there are wy, ..., woy,—k € h1 with wy,+1—x = T such that
¥V =W A AW2pt1—k-
Set v :=span{vy, ..., ¢}, Gy =expu, to :=span{wy, ..., Wa+1-k}, G =expv.

Notice that v and to are subalgebras, tv is an ideal and v & v = h. Hence G, and Gy, are
subgroups, Gy, is a normal subgroup, the family of cosets Ly (p) := p- Gy, p € Gy, is a foliation
of H".
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Proposition 3.13 (Implicit Function Theorem). Let U C H" be an open set, p° e U, p° = pOm - pg
with p% € Gy and pg € Gy. Assume: f = (fi,..., fr):U — RF is a continuous function with
f(p% =0, v; fi are continuous functions in U for 1 <1i, j <k and

det([v; £ (PO)]1<i,j<k) 7 0. (19)
Finally define S :={p elU: f(p)=0}.
Then there are an open setUd’ C U, with p° e U', such that SNU' is a (2n+ 1 —k)-dimensional

continuous graph over Gy, along Gy, that is, there are a relatively open set V C Gy, p?n eV
and ¢V — Gy, with (p(pom) = pg, such that

SNU' ={&-¢&), V). (20)

Proof. Let d :=2n + 1. Consider the one to one map ¥ : RY% x R¥ — H" ~ R?, defined as
w k
Y (X5 evvs Xd—ks> Y1» -+ » VE) = eXprzwz 'epoylvl. 21
=1 =1

Observe that v, as a map R?Y — R?, is a global diffeomorphism. Moreover by definition,
Y (RY* x {0}) = Gy and ¥ ({0} x R¥) = G,. We define ¢ :RY* — Gy as Y (xi, ...,
Xd—k) =¥ (X1,...,Xd—k, 0) and ¥y RF > Gy analogously. Let (x?, e y,?) = 1//0_1(p0). De-
fine the map g:R? % x R - R¥ as g = f o ¢, that is

d—k k
gOxL, ..y 1) = f(eXprzwz : eXpZyzvz>,
=1 =1

so that the following diagram is commutative:

f
H' O U—RK

4

RY D L.

Clearly g is continuous in the open set w—l(U) c R4, (x?, e, y,?) € I/f_l(U) and g(x?,...,
y,?) = 0. The derivatives dg; /dy; exist and are continuous in ¥~ 1(U). Indeed, using Campbell—
Hausdorff formula, assumption (18) entails that

0gi
ay;

Oty 30 = @ (W s 30))- (22)

Hence, through (22), assumption (19) becomes

8 .
det<[aﬁ(x?, o y;g)] ) £0. (23)
Yj 1<i, j<k
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Then, as discussed at the beginning of this section, an application of classical Implicit Func-
tion Theorem to g yields that there are an open Uc w_l(Z/l), such that (x?, e, y,?) IS Z;{,
an open Y C RI* with (x?, .. .,x(d)_k) €V and a continuous R¥ valued function o = (¢1,

.., @)V — RK, such that

S‘::{(xl,...,yk)el;{: g(xl,...,yk)=0}

= {g(xl, ey Xd—k, @(x1, ...,xd_k)): (X1, .oy Xd—k) ef/}

Finally, assertion (20) follows with U’ = ¥ (i), V = ¥ (V x {0}) and

def ~ _
(péwnogoolﬂml:@m—)@u. O

The regularity of the implicitly defined function ¢ is a more delicate issue. One can address
both the problems of Euclidean and of intrinsic regularity.

Example 3.14. Let f:H' — R be defined as f(x) = x; — 1. Then S = {x € H': x; =1} is
1-codimensional H-regular surface. The function ¢ is constant: ¢ (&1, &) = (1,0, 0) while @ :
Gy — H", defined as @ (&) := & - ¢(€)—even if it is C*° in Euclidean sense from R? — R3—is
not Lipschitz as a map from Gy — Gy,.

More generally, if the defining function f is Euclidean regular—say C®°—then both ¢ and @
are Euclidean C* and, consequently, ¢ € C*°(H", R¥). Here the fact that ¢ is R* valued plays a
key role, indeed, as the previous example shows, in general @ ¢ Lip,,.(H", H").

If we do not assume Euclidean regularity on f, in general the implicitly defined functions ¢
and @ do not have any Euclidean regularity.

Example 3.15. Let f:H' — R be defined as

fx) =x; —,/xf+x§—x‘31

with 1 < @ < 2. Then S is a 1-codimensional H-regular surface. In this case ¢, as a map from
RR? to R, is not Euclidean Lipschitz continuous in 0.

Notice that a much more dramatic example, in this line, is exhibited in [16] where the corre-
sponding function ¢ is non-differentiable almost everywhere.

In the Euclidean setting, a C'-surface is locally the graph of a C!-function and vice versa.
In H" the characterization of those functions ¢ whose graphs are H-regular surfaces is a hard
problem, surprisingly somehow connected with the regularity of solutions of non-linear diffusion
equations. This problem is addressed in a forthcoming paper by Ambrosio, Serra Cassano and
Vittone [3]. In particular, as it is shown in that paper, in general it is false that ¢ is a Lipschitz
function from Gy, — G,. Nevertheless, it is true that, if ¢(p) =0, then |p(q)| < cd.(p, q) (see
Corollary 3.18). This fact is a key point in our proof of the existence of the tangent plane to any
k-codimensional regular surface.
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Proposition 3.16. Given the same hypotheses and notations of Proposition 3.13 we assume also
that there are a € (0, 1] and ¢y > 0, such that

£ (&2 9ED) | < calde&r, 62)” (24)
for&1,& €V with & - (&) € U'. Then there is ¢ > 0, ¢ depending on cy, v and vo, such that
de(p(E1), 0(£2)) < c(de(€1,62))". (25)

Proof. First observe that (23) yields that there is r > 0 such that the map

Yoo Yk f(E-doOns .. u w0),s

from R¥ to R, is invertible in ¥~} (B(p®, r) NU"), for each fixed & € Gy, when £ is close to pOm .
Moreover the inverse map is bounded, that is there is ¢; > 0 such that

[~ ) = v ) | <t FE-m2) = FE - 1D |
when 717 and 7, are sufficiently close to pg. Observe also that assumption (18) yields that the
map ¥, : R¥ — G, is globally biLipschitz.

Hence there is a relatively open set V' C Gy, with pom = Yy (x(l), e xg_k) €V, and there is
a constant ¢ > 0 such that, keeping in mind that f (& - ¢(§1)) =0, for &1, & € V',

£ @) g = £ (61 06) = f(&1-9ED) |
> cadc(9(61), 9(82)).
On the other side, once more because f (&> - ¢(&2)) = 0, from assumption (24) we get
| £(51-9&) g = £ (51 - 9&) = f (&2 0(52)) |
< co(de (61, 62))"
Hence we get (25). O
Remark 3.17. Hypothesis (24) is not an easy one to verify. A special instance of it, that we will

use later, is the following: If f € [C)1*, then f € Lip;,(f; R¥) hence there is L = L(V) > 0
such that for &1, & €V,

|f (&2 0@&D)|ge =|f (& 0ED) — f(E1 - 0ED)|pe
< Lde(& - (&1, &1 - 9(&D).

Now if

de(62- 9(€1), 61 9(61) = dc (62, 61) (26)

then (24) holds with & = 1. Notice that (26) trivially holds when ¢(£1) = 0.
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Corollary 3.18. Given the same assumptions and notations of Theorem 3.13, assume also that
f €Lip,,.U, RX). Then, for any relatively compact V' C V, there is a positive constant ¢ such
that the implicitly defined function ¢ satisfies
de(p(&1), p(80)) < cde(&1 - 9(60), b0 - 9(60)) 27
Sforall &, & € V'. Moreover if 9(§0) =0, that is if &g € S NU N Gy, then (27) becomes
0®)| < cde(§.60), VEEV. (28)

Proof. If p =&y - ¢(§) € S then, working as in Proposition 3.9—here we use that Gy, is a
normal subgroup of H” because tv is an ideal in h—we get T,-18={n-¢,-1(m:ne E’}, where

9,1 =& o(p-n-pE)").

Now ¢,-1(0) = 0 hence, keeping in mind the preceding remark, from Theorem 3.13 we get
lpp,-1(6)l < clé], forall § € Gw NV, that is

o)™ -o(p-§ -0 ") =de(o(p € - 0G0 7") 0(60)) < clé]-
Putting now £; := p - & - (£0) ! we get (27) and (28). O
Coherently with our purpose, previous results were stated in an intrinsic form, that is in coor-
dinate free formulation. Later on we need also identities written ‘in coordinates.” To this end we
define a function @ that is nothing but the function @ seen in exponential coordinates.
Definition 3.19. Keeping the notations in Proposition 3.13 we define, as before,

@:V—->H' as @E)=£&-9(©&)

and @ : V — R2"t! by the commutative diagram

Gm H”

N

R2n+l—k ? Rd.

Hence, if x = (x1, ..., Xq-k),
D(x) = (X1, os Xdmks QLT ooy X e o s Gk (X1, Xa—k)),s
where @1, ..., ¢ have been defined in (17).

We evaluate here the Jacobian of the map i defined in (21).
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Proposition 3.20. Let 1 < k < n, with the same notations of Proposition 3.13, we assume
V=Ul A AV ER\pand w=wi A AWany1—k € B/ \opy1—p With Wi Ao AWy €
Non_i 01 and wopp1—x =T. Then
|detJy | =|wi A -  Awapg1—k AVL A== Ag] 29)
and
[det Jy, | = lwi A A wapg1—kl (30)
Hence in particular if we choose w = xv and |v| = 1 we have
|det Jy | =1. (31)
Proof. Letd =2n + 1, then, foré=1,...,d —k,

d—k k
v(E, ) :=exp(Z§;w,~) -eXp<Zn/v/)
j=1

=1
= eXP(ZUj”j) 'CXP(Z-‘ijj) ~exp(§ewe) + T,
J J#L

ay depend on all the variables & and 1 but not on ;. Hence, because v; and w; are invariant
by translations, we have

a d a

—wzwg+ﬂT, for¢ #d —k, and L4 =T,

& 0&e 04—k

0]

—wzvj, forj=1,...,k.

377]'

Hence
] ad a
|detJ¢|=‘—w/\~--/\—w=‘<w1+ﬂT)/\--~/\T/\v1/\--~/\vk

a&1 Ok 91

= Wi A AWi—k AVL A=+ A V|

= |(>k(w1 A AWg—g), VI A=+ A vk)|.
The proof of (30) follows analogously. O
The following result is well known.
Lemma 3.21. Let § =& A+ A&, n =01 A+ Ak € [\ b be simple k-vectors in R2*+1 Then

(&0 p, ronet = det[(& n ot ],y (32)
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Lemma 3.22. Let E =& A--- A& e \yhandn=n1 A+ Ana—k € \y_i b be simple. If
(E.nj)gast =0 fori=1,.. k j=1,....d—k (33)

then & and xn are linearly dependent, where here the x operator is the Hodge operator associated
with the Euclidean scalar product in R*"+1,

Proof. Put d :=2n + 1. Since (-,-) AR is a positive definite scalar product in /\k h, we need
only to show that

|6 5m) 5, | = (18,6 )2 (G5 5m) )2

First notice that, by definition,
(e, ) p madpr A - Adpansr = (=D Gy A= Ay
=M mp,  redp1 A Adponyi,

so that we have to show that

(s p me| = (6. 8) g ) P (e p,  me)
k k d—k

Denote now by C = [¢; j]i, j=1,...,a the d x d matrix with rows ordinately given by &1, ..., &,
Nty .-y Nd—k» 1€ if & = (&1, ..., &q) and n; = (i1, ..., Nia), then

& ifi=1,...,k j=1,...,d,
Nij ifi=k+1,....d, j=1,...,d.

Keeping in mind (33) and (32), we have

(detC)?> =detC'C

(E1,61)pa -+ (&1, &k)pa 0 0
0 0
—det | e ERe o {8k Bk pa 0 0
0 S 0 Mg -0 (N1, Nd—k)Rd
0 0
0 e 0 MNa—k;MIrd -+ NMd—k» Nd—k)Rd

= (6. &)\, ma (1., -
and the lemma is proved. O
Proposition 3.23. We keep the notations of Proposition 3.13, of Definition 3.19 and we set
A(p) = |det([vi £ (P)]lgi,jgk) B

Assume now that f is continuously differentiable in the Euclidean sense. Then the implicitly de-
fined function @ o Yrn,—that is continuously differentiable by usual Euclidean Implicit Function
Theorem—satisfies the identity
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|Vf1(p) A AV S| g o

‘a@owm@AWA D(P oY)
|detJ | G

A R
where & = (® o lﬂm)_l(p) and A = A(P o Yy (£)).

Proof. Let d =2n+ 1. Since f;(® o Y (§))=0for& € f), we have

0

(D o
<Vfi(‘p01/fm),w> =
R

0§,
fori=1,...,kand j=1,...,d — k. By Lemma 3.22, this implies that, for & ef},

(P o (D o
Vfl(p)A~~~Aka<p>=x<p>*(w(smm w(&))
&1 084

where, as in Lemma 3.22 and through all this proof, * denotes the Hodge operator with respect
to the Euclidean scalar product.

To evaluate A(p), from the above identity, settingdV :=dpi A---Adpgand v =vi A--- A g,
we get

(0. VA@) A AV fi(p))  gadV

pfon (A2 BB ) gy
A RY

081 084k
(P o (P o
zk(p)<v1/\.../\vk/\w(§)/\... w@» (34)
0&] 084
By Lemma 3.21, we can also write
(0. VAP A AV [P g ga| = |det[(0i VI )ral; oy 4
= |det[v; f;li,j=1,..k| = A. (35)

By Definition 3.19, v (® 0 Y1y (£)) = ve (Y 0 P (€)) = Jy (P (§))eq—k+e» for £ =1, ..., k. Indeed,
for any point (x, y) = (X1, ..., Xd—k, Y1, - - -, Yk), We can always write

d—k
v(x,y) =eXPijwj 'eXP<Z)’ivi +ytzve) = exp(y¢ve) - (eXPZX]wJ eXPZYﬂh)

j=1 i#l i#t
so that

Y

By = ve(V(x, ).
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Analogously
3(P oY) b .
T@)_J‘”@(é))aa ), forj=1,....d—k.
Hence
(@ (@
Ul/\“-/\vk/\%(é)/\-n/\%@)
=detfw(<5<s))-<ed_k+m /\ed/\g(é)/\ aé_ ) (36)

On the other hand, by construction, %(S )= ZIZ: 1 %(E )ed—k+¢ + ej. Using this and keeping
J J
into account Proposition 3.20, (36) becomes

(D oY) (P oY)
VIA - AUUA ———Z(EVA - A —— 2 (E)
: ¢ 981 : 08—k :
=detJy(eg—kt1 A~ ANegAet N Neqg_)
=¢&r dethdV, 37

where €7 is 1 or —1 according to the parity of the permutation (d —k+1,...,d,1,...,d — k).
Thus, combining (34), (35), and (37), we get A = |A|| det Jy |, and, consequently,

IVfi(p) A AV fi(p)|

LAl | (0@ o) D(® o)

= TdetJy| *( 5 O NN e (5))‘

AL [0@o¥w) 0@ o)

= Taetdy] o8, NN o5, (5)‘ (38)

3.4. Regular surfaces locally are graphs

In this section we prove that k-codimensional H-regular surfaces, locally, are graphs in the
Heisenberg sense. That is we have to show that assumptions of Proposition 3.13 hold true. In
particular, if we assume, accordingly with the notations of Proposition 3.13, that the surface S is
locally defined by the equation S = {p € U: f(p) = 0}, we have to check that if Vg f1 A

Vu fi # 0, then there exist k, linearly independent, horizontal vectors vy, ..., vx such that
[vi,vj]1=0, forl<i,j<k, (39)
det([vi fli<i,j<k) #O. (40)

Notice that this problem does not appear when k = 1; indeed if Vg f # O then there is at least
onei €{l,...,2n} with W; f # 0 and we can take vi = W;.

When k > 1, condition Vg f1 A--- A Vg fi # 0 yields the existence of k vectorsin X1, ..., Y,
such that (40) holds but not necessarily (39). For instance consider the following example:
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Example 3.24. Let f = (f1, f>) : H?> — R? be defined as

f(p1,-.., ps)=(p1, p3).

Then S is the 2-codimensional plane S = {p; = p3 = 0}. Writing explicitly the 2 x 4 matrix
associated with dy f, we see that all 2 x 2 minors vanish but for

X1 f1, "ifi _ 1 0 (41)
X1, Y1f2 0 1|
Clearly, the choice v; = X1 and v, = Y7 satisfies (40) but not (39). Hence we cannot foliate H?

using integral surfaces of v; and vy, by Frobenius Theorem. Nevertheless an adapted foliation,
satisfying both (39) and (40), exists: indeed it is enough to take

n¥x +x. w7 42)

Clearly this is a typical non-Euclidean phenomenon. In the following part of this section we
prove that the procedure in (42) can be generalized.

Proposition 3.25. For 2 <k <n, let f = (fi...., fi):H" - RK, f e [CLEM)IF. If there is
p° e H", such that

rank[ W; f; (PO)]lgigzn,lgjgk =k, 43)

then there are an open U > p° and a simple, integrable k-vector v=1v{ A --- A vy € H/\g such
that, for all p e U,

det[vifj (p)]lgi,jgk #0.

Proposition 3.25 will be proved using the following algebraic lemma. Its elegant proof, much
simpler than the combinatorial one we had in the first version of this paper, was provided us by
Fulvio Ricci [26].

Lemma 3.26. Let V be a real vector space of dimension 2n endowed with a symplectic form w,
and let W be a linear subspace of V of dimensiond > n = % dimV.

Then W admits a totally isotropic complementary subspace W', i.e. there exists a linear sub-

space W' such that
V=WeW ad =0 onW. (44)
Proof. Set

Wo:=radW ={w e W: w(w,w) =0forallw’ e W},

and let W1 be a complementary subspace of Wy in W. Then w is non-degenerate in W;. Indeed,
let w € W be such that w(w, -) =0 on W;; keeping in mind that a generic point w’ € W can be
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written in the form w’ = wg + w;, with wg € Wy and w; € Wy, it follows that w(w, w") = 0 for
all w’ € W. This implies that w belongs to Wy and hence w = 0.

Thus Wy admits a symplectic basis {eq, ..., ek, fi1, ..., fi} such that
w(e,ej)=w(fi, fj)=0, wle,fj)=274; fori,j=i, ... k. 45)
Let now {ex+1, ..., ex+¢} be a basis of Wy. Then, the system

let, o exres f1.-00 fid

still satisfies (45), and let us show that it can be completed to be a symplectic basis of all V. To
this end, choose first fi+1 such that

w(ers1, fir1) =1

and

wlej fig) =0, for j#k+1.  o(fier, f[)=0. forj<k.

Successively, repeat this construction to define fi42, ..., fi+¢. Finally, we add n — (k + £) cou-
ples {ex+e+1, frk+e+1), {€k+e+2, frre+2}), - .. still satisfying (45). We can now distinguish three
cases:

(1) If k + £ = n, then it is enough to choose W' = span{ fi+1, ..., fu}.

(2) If k =0, then necessarily £ = n, since d = . Hence we have W = span{ey, ..., e,}, and we
can take W’ = span{fi, ..., fu}.

(3) Finally, suppose k > 1, and k 4+ € < n. Since d > n, necessarily k > p :=n — (k + £). Then

for 1 < j < p, we replace the couple {exie4j, fre+;} by the couple {e§(+£+j, flc/+Z+j}’
where

el/c+€+j =ekretjtej, flc/+é+j = firerj + i
and we set eventually
W' =span{ fit1, s firts €hppsrs - € Sigogjo - Ju)-
It is easy to check directly that again W’ satisfies (44) in the statement of the lemma. O

Proof of Proposition 3.25. As pointed out in Section 2.3, the P-differential dy f,0 can be
identified with a linear map from by to RX. Because of (43), the rank of such a map is k.
Thus, in Lemma 3.26 choose V :=hi, w :=df, W := kerdpro. Clearly, the assumptions of
Lemma 3.26 are satisfied, since the dimension of W is 2n — k, and thus we can find k linearly

independent vectors v1, ..., vk, spanning a complementary subspace W’ of kerdy fpo, such that
df(v; Avj)=0fori, j=1,..., k. By Theorem 2.8, the k-vector v := vy A --- A v belongs to
/\y, and clearly dy fpo(vl), oody fpo (vg) are linearly independent. Thus the assertion fol-

lows noticing that v; f;(p®) =dp f; o (vi), fori, j=1,....k. O
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Theorem 3.27. Let S C H" be a k-codimensional H-regular surface, 1 < k < n. Then S is locally
a regular graph, that is, for each p € S there are an open subset U C H", with p € U, a simple
k-vector v € g\, a simple 2n + 1 — k)-vector w and a continuous ¢ : Gy, — Gy such that

SNU=1{& -¢): £§€V CGpl.
Moreover, it is possible to choose v and w such that |v| = |w| = 1.
Proof. The statement follows combining Propositions 3.13 and 3.25. O
3.5. Tangent group to a H-regular surface

We have already proved, in Theorem 3.5, that a low dimensional H-regular surface § has a tan-
gent plane at every point p € S. The tangent plane in p is a coset of a subgroup of H" contained
in the horizontal fibre through 0. We prove here the analogous statement for low codimensional
surfaces.

Definition 3.28. Let S = {x: f(x) =0} be a k-codimensional H-regular surface in H" (with
1 <k < n). The tangent group to S in p, indicated as TﬁIS (p), is the subgroup of H" defined as

TES(p) & {x € H': dyr f,(x) =0}.

The group normal (or horizontal normal) ny(p) € /\k, » h1 is defined by

def Ve f1(p) N+ AVH fi(p)
nH(P) = .
IVa fi(p) A= AV fi(p)l

The (2n + 1 — k)-vector 157 (p) € /\y, 41—, , b defined as

def
t(p) = *ny(p)
will be said to be the group tangent to S in p.

The group tangent vector is never horizontal. It can always be written in the form #;(p) =
EAT, where £ € N\, ., b1 (6). Moreover, if 75(p) = v A -+ A V2414, then T5S(p) =
exp(spanf{vi, ..., Vaut1-k})-

As in the Euclidean setting, a H-orientation of S will be identified with a continuous horizon-
tal group vector field, or, equivalently, with a continuous group tangent vector field. If they exist,
then S is said to be H-orientable.

Finally notice that the definitions of f;; and of ny are good ones. Indeed, as proved in the
following proposition, they do not depend on the defining function f.

Proposition 3.29. If S is a k-codimensional H-regular surface, 1 <k <n, and p € S, then

Tang (S, p) = 1, T5 S(p). (46)
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Proof. Since T35 (1—,5)(0) = T S(p) it is enough to prove that if 0 € S then
Tang (S, 0) = T35 S(0).

With the same notations as used in Proposition 3.13, fix ro > 0 such that B(0,r9) C U’ and
SNB(0,r0) ={x € B0, rp): f(x)=0}={D(&):=&-9(&): § € V}.Forr > 1,define S, :=§,S
and f, :=rf ody,. Clearly,

S, N B(0, rrg) = {x: d1/rx € SN B(O, ro)} = {x € B(0,rrp): fr(x)= 0}
= {8,0(6): £ €V} = {@,(5): £ €5,V),

where we have defined @, :=§, o @ o §;,. Notice also that f, € Cﬂlﬂ(B(O, rro)) and for any left
invariant, horizontal vector field W and for all x € B(0, rrg), Wf,(x) = Wf(81/,X).

Define now foo : H" — R¥ as Jo0.i(x) =(Vh fi(0), mx)o, fori =1, ..., k. Observe that, be-
cause f € Cﬁ(H"), fr = foo as r — +oo uniformly on each compact subset of H" and that, by
definition of tangent group,

TES(0) = {x: faolx) =0} = {@oo(6): £ € Gro,

where @ : Gy — TﬁS (0) is implicitly defined by foo (DPso(§)) = 0, but can be also explicitly
written solving the equation f (€ - exp(Zf=1 A Vp)) = 0 with respect to .
We want to prove that, for each & € Gy,

D.(E) > Do(§) asr — +oo. “n

First observe that, for each fixed &, r — @, (&) is bounded for » — +o0. Indeed, from the Lip-
schitz continuity of ¢ (see (25)) it follows [@(§)[c = [§ - @(§)lc < 1§lc + @)l < (1 + )6 e,
where c is the constant in Corollary 3.18. Hence

|2, (&)|. =|Gr 0@ 081/)E)|. =r|PG1/,E)|, <r(1+0)181/:Ele = (1 + )]

Hence, for each fixed &, the limit class of @,(§) as r — 400, is not empty. Moreover, if
D,,(§) — 1(&§) as r, — 400, because f, — fo as r — 400 uniformly on compact subsets,
it follows that [(§) = @, (£), and we have proved (47).

Since for r large @, (§) € S;, from (47) it follows

T S(0) C Tang (S, 0).

To prove the opposite inequality, assume p;, € Sy, and py — p as ry, — +00. For h > hy,
Ph € Sy, N B(0, rpro), hence py = @y, (§) with §; € G- But, 0 = f, (@1, (6)) = foolp),
hence foo(p) =0and p € T,§S(0). O



B. Franchi et al. / Advances in Mathematics 211 (2007) 152-203 189

4. Surface measures and their representation

4.1. Low codimensional H-regular surfaces

Theorem 4.1. Let S be a k-codimensional H-regular surface, 1 < k < n. By Theorem 3.27 and
with the notations therein, we know that S is locally an orthogonal graph, that is, for each pg € S

there are an open set U C H", with pg € U, a function f = (f1,..., fr) € [Cﬂl_]l(b{)]k, a simple
k-vector v=wvi A --- Avg € g /\;, with |v| =1, a simple (2n + 1 — k)-vector

wdﬁf*ve /\
B HI \ppy1-x

a relatively open V C Gy, and a continuous ¢ :V — Gy, such that
def
SNU={xell: f(x)=0}={PE) =& -9, §cV}.
Now, if we put

Ap) E |detv; ;D)) ;i 20, for peld,

then

SOQO_kl_(S mu):®ﬁ<<| Hfl A . A ka' O@)H%ﬂ+lkl—Gm). (48)

Here @y is the image measure of the measure p [21, Definition 1.17]. Notice also that, since
Gy is a linear space, HzE"Jr]*k LGy = L2 T1*_Gy, the 2n + 1 — k)-dimensional Lebesgue
measure.

Remark 4.2. If we assume simply that S N/ is a regular graph (and not an orthogonal graph)
then formula (48) takes the following more general form:

det J, \ AN---AV
so%kL(smu):”d;Jw""l@t((' # /i 7 ”f"'o¢>>H2,;"+1—kLGm>

and recalling the computations in Proposition 3.20,

v AV
_ |U|/\|w|¢t<<| Hf] AN p A ka| o@>H2En+lk|—Gm)~
w

Proof. Let d = 2n + 1. We need the following Differentiation Theorem whose proof can be
found in Federer’s book (see [9, Theorems 2.10.17 and 2.10.18]).

Theorem 4.3 (Differentiation Theorem). Let i1 be a regular measure and ¢ the valuation function
defined in (4) and used in the definition of the measure SoQo*k. If

H(Boo(x, 1))
im
r=0 (£ (Boo(x, 1)) 97*

=s(x), foru-a.e xeH", (49)
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then
n=s(x)SL7*. (50)

We are going to apply Theorem 4.3 to the measure u = g defined as

def / IV fin-- AV fil

1s(0) = = o @ dHE LG

(@)

for any Borel set © C H". By Theorem 4.3, identity (48) follows from

lim 0o ®dHL L G

r—0 rQ*k

/ IVu fin--- AVy fil
A
&~ 1(Bs(p,r))

— 20042 (51)

and from the definition of the valuation function ¢ in (4).
Hence we shall prove (51).

Step 1. Without loss of generality, in (51) we can assume p = 0. Indeed defining, as in Proposi-
tion 3.9,

0p:Gw— Gy as op(m)i=p-n-py,

&, Gp—>H" as @,:=P,00),

we have that the Jacobian of o, from Gy, =~ R4 to itself is identically 1, hence

v AV
f IVafin---A ka|0¢dH%_kLGm

A
@~ (Boo(p:1))
_ / IVa fi N+ AV fi]
B A

0o® 00, dHY LGy
op lo®=1(Bos(p,r)

_ / IVafi N A Vi fil
- A

T,-10P - d'H%_kLGm
(@, (Boo(0.)

~ / Var(fiotp) A AVH(frotpl
_ »

®,-1dHE LG,
(¢p—1)_'(3m(0,r))
where A, :=|det([vi (fj o Tp)i<i,j<i)|-

Remember that T,-1(8) = {x: (f o1p)(x) =0}. Hence, the limit in (51) equals the same limit
when we replace S by 7,-1(S) and accordingly p with 0. This concludes the proof of Step 1.
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def def
Set now, for p > 0, f1/, = %foBP and @1/, = 81/p 0P 06,. Then

81/pS ={x €81)U: fijp(x) =0} ={D1/,(8): & €81/,V}.

Define, analogously to ug,

def / Vi fijp0 AN+ AVH fi7o.k]

1515 (Boo (0, 1)) = ) 0 @1/ dHY LG,
p

®;)1,(Boo(0,r))
and observe that

Step 2.

s (Boo (0, p))
% = /L(gl/ps) (BOO(O, 1)), for P > 0. (52)

Indeed, given the homogeneity of the horizontal vector fields with respect to group dilations,
(52) follows by the change of variables x’ = §,(x). Indeed, the Jacobian of this transformation
from Gy, to itself is equal to p* =€, since T € v, and @~ (B (0, p)) =8, (451_/1) (B (0, 1))).

Step 3. We can prove that

/}i_r)noﬂ((h/pS)(Boo(oa 1)

_ f IVH foo, 0 A+ AVH foo k]

0 Pog dHE L Gy
Ao

@5 (Boo(0,1))

_ / IV f1(0) A--- A VY fi(0)]

0 oo dHY L Gry, (53)
ALY

5 (Boo(0,1))

where, as in Proposition 3.29, @ : Gy — TﬁS (0) = Tany (S, 0) is implicitly defined by the
equation foo(Poo(§)) =0, foo,i(x) =dn fig(x), fori =1,...,k, and Ay is defined accord-
ingly.

Indeed, let ¥ . and ¥ . be non-negative Lipschitz continuous functions supported, respec-
tively, in an e-neighborhood of B (0, 1) and in B (0, 1) and such that ; . =1 on Bx (0, 1)
and Y2 =1o0n By (0,1 —¢). Then

V2.0 0 Po dHi"_k

/ |vaoo,l /\"'/\VHfoo,k|
Aco
G

< li/I)Iligf,u((sl/pS) (BOO(O, 1)) < limsup H(81/,9) (BOO(O, 1))
- 0

p—>

Y16 0 Poo dHE K,

/ IVH foo it A+ AVH fookl
<

Ao
Gro
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thanks to the uniform convergence of Vy f1,, — Vg fo and of @1/, - P. Letting now
e — 0, we get eventually (53). This concludes the proof of Step 3.

The function fo, = dp fo is an H-linear map, hence, as a map from RY — R, it does not
depend on the variable pj, 1. It follows that

IVH foot A AVH foo sl = IV foo t A= AV fookl A, RY-

Remember that the first norm in the preceding inequality is the norm induced in A\, b by the
norm in /\; ;. Moreover notice that fs is Euclidean smooth, so that we can apply Proposi-
tion 3.23. Starting from (53), with U = B (0, 1), we get

/ IVH foo, t A+ AVH foo kl

0 Poo dHE L Gry
A

o' U)

o (Poo 0 Yrw)| det Jy,, [ dHEF

/ IVH foo,t A= AVEH foo k]
Ao
(PoooPin) 1 (V)
/ |Vfoo,1A"'/\vfoo,k|/\de

_ o (Poo 0 Yp)| det Jy,, | dHEE
A

(Pooo¥n) ~L(U)

and using Proposition 3.23

_ / ’8(450001//“,) Ao A 0(Po © Yip) |det-]1/fm| d—k
981 0a—k  |p e Idetdy] —F T
(Pooo¥rin) 1 (U)
Idet Jy, |, gk [w]
=— """ N T S,0) N Bx(0,1)) = 2wp-2,
[detsy| E (Tang (S, 0) N Boo (0, 1)) oAl Q-2

from Proposition 3.20. O
Asin [11, Corollary 3.7], the following corollary follows:

Corollary 4.4. If S is k-codimensional H-regular surface with 1 < k < n, then the Hausdorff
dimension of S with respect to the cc-distance d;, or any other metric comparable with it,
is Q —k.

Another consequence of area formula (48) is that surface measure Sgg”*k restricted to a
k-codimensional H-regular surface is a doubling measure with respect to the d, distance.

Proposition 4.5. Let S be a k-codimensional H-regular surface, 1 < k < n. Then the surface
measure Sgé”'z_k L_S is a doubling measure locally on S, i.e. Vp € S there is a bounded open set
O CcH", peO and there are ro =ro(S, O) >0, co = co(S, O) > 1, such that Vg € SN O, Vr,
0<r <y,

S2H27K(8 N Boo(g, 21)) < coSZT75(S N Boo(g, 1)). 4
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Proof. We keep the notations of Theorem 4.1. Assume first that 0 € S and let us prove (54) with
q=0.
Observe that, by (16) and by Corollary 3.18, there is a constant ¢ > 1 such that

THEIS|E - 9®)| < cilEl, VE €, (55)
hence, for all » > 0,
SN Bog(0,7) C @ (Gro N B (0, ¢17)) € SN Boo (0, cir). (56)

Observe also that there are an open set O > 0 and two positive constants ¢» and ¢3 such that in
SN O we have

IVEfi N AVE fil
o<

" o® <c3. (57)

Hence, choosing rg small so that S N By (0, 2c1rg) € SN O, for 0 < r < ry, recalling (56)
and (57), we have

S27(5 N B (0,2r)) < SL75(@(Gro N Boo (0, 2¢17)))

_ [ Vi f1 A A A Vi fil o @ I

GrNBxo(0,2¢c17)

\Y NNV
<co Vi /i A ka'o(DdHif’H*k

GrNBso(0,r/c1)
= c0S27¥(® (G N Boo(0,7/c1)))
< coSZ7(S N Bo(0,1)). (58)

Let us drop now the assumption 0 € S.
For g € S, consider the translated H-regular surface Ty S;then 0 € Ty S and because

S8 N Boolg. 1)) =S¥ (1,18 N Boo (0. 7)),
the thesis (54) follows from (58) considering that Tyl S={xeH" (fory)(x)=0}. O
4.2. Low codimensional Euclidean regular surfaces

Recall that regular surfaces in general are not Euclidean regular. In fact, as we already stressed,
recently Kirchheim and Serra Cassano provided an example of a 1-codimensional H-regular
surface S in H! that has Euclidean Hausdorff dimension 2.5 and hence it is not a 2-dimensional
Euclidean rectifiable set. Thus, the topological dimension of S equals 2, its Euclidean Hausdorff
dimension equals 2.5 and its intrinsic Hausdorff dimension equals 3.

On the contrary, if S is a k-codimensional Euclidean ¢! submanifold of R+ = H",
1 < k < n, then the surface measure H%" TR § s locally finite and its density with respect

to the spherical Hausdorff measure SOQO_kLS can be explicitly computed. This is the content
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of Theorem 4.7. Formula (61) was proved for codimension 1 surfaces by the authors in [10],
and, once more for codimension 1 surfaces but with the H-perimeter in place of the Hausdorff
measure, by Capogna, Danielli and Garofalo in [7].

Lemma 4.6. Let S be an H-regular surface of codimension k and suppose, in addition, that S is
also an Euclidean C'-manifold. With the notations of Theorem 4.1, we have

1/2
sgg+2—kL5=< 3 <w,»lA.~AW,-k,n>2AkR2n+l> HE LS (59)
1<ij < <ixy <2n

where
VA AV v/
n=nyN---Anp= =
|Vf1 VANEREIVAN ka|/\]\ R2n+1 |Vf|/\k R2n+1
is a continuous Euclidean unit normal k-vector field and W1 = X1, ..., Wa, =Y),.

Proof. Denote by © : A\ b — R?" the map that associates with an horizontal vector its canon-
ical coordinates with respect to the orthonormal basis X1, ..., X,, Y1,...,Y,. Clearly, ® is a
vector space isomorphism and an isometry. We still denote by @ the induced operator acting
from /\; b1 to /\, R**. We have, for 1 < j <k, ©(Vy f;) = (W e V f;) where we have set

(W o V1) S (X1, V )gawrn s (Y, Vfhgamer) € J\ R

Notice that, thanks to the assumed Euclidean regularity of f, the local parametrization @ of S is
continuously differentiable in the Euclidean sense. Hence
IV fi A= AVH fil A, by
=|WeVf)A-—-A(We ka)|/\kRzn

1/2
=( Z <Wi1/\"'/\Wik’vfl/\"'/\ka>§\kR2n+l>

1§i1<m<ik<2n

1/2
=< o WA AWin)) R) IV £ I, mons
1<ip<<ixr <2n

and by (38), it follows

1/2
= ( Z (Wil /\"'/\Wiksn>§\kR2n+l>

1<ip<<ix<2n
A
X
det Jy |

(P oY) (P
o8, EIN N 85_/{ (E)‘

Replacing in (48) we obtain eventually (59). O
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Lemma 4.6 cannot be applied immediately to Euclidean regular surfaces because an Euclid-
ean regular S may be not H-regular. Indeed, even if S is locally the zero set of a function
f e [CHR>M )k ¢ [C]Il&I (H™)1* with non-vanishing Euclidean gradient, nevertheless the non-
degeneracy condition Vg f1 A -+ A Vg fi # 0 may fail to hold at some points. Usually these
points are named characteristic points of S. Equivalently, a point p € S is a characteristic point
if Tan(S, p) C HH'I’,. We denote by C(S) the set of these points.

There are many results estimating the size of the closed set C(S) inside S. These results vary
both because of the different regularity assumptions on the surfaces and because different surface
measures (Euclidean versus intrinsic) are used to estimate the size of C(S). Balogh (see [6]) was
the first one to prove that, in the Heisenberg groups, the intrinsic (Q — 1)-Hausdorff measure
of the characteristic set of an Euclidean C! hypersurface vanishes. Recently, Magnani [18, 2.16]
extended Balogh’s estimate to Euclidean C'-submanifolds, of arbitrary codimension, in general
Carnot groups. The result of Magnani, in the particular setting of Heisenberg groups, states that
if S is an Euclidean C!-submanifold, of codimension k, 1 < k < n, in H" then

S27*(c(s)) =o. (60)

Since a C'-submanifold S in H" can be written as S = C(S) U (S \ C(S)) and S\ C(S) is a
H-regular surface, then, by Lemma 4.6, we have

Theorem 4.7. If S is an Euclidean C'-submanifold of codimension k, 1 <k < n, in H", then

172
sgg+2—kLs=< 3 <WiA---AWik,n>§\kR2n+l) Hy LS

1<ij < <ix <2n

.....

1/2
- Y (de{(Winj)zai], k)2> HEtIRLs, (6D

1<ij<<ixr <2n

where n = ny A --- A ng is a continuous Euclidean unit normal k-vector field and W =
(X1,..., ).

5. Appendix: Rectifiable sets and Federer—Fleming currents
5.1. Rectifiable sets

A general theory of rectifiable sets and of Federer—Fleming currents in Heisenberg groups is
well beyond the scope of the present paper. We limit ourselves here to suggest the features of a
possible theory and to indicate some of the main problems of a future theory.

With the intrinsic notion of regular submanifolds proposed before, it is possible, following the
usual approach as in [9] or [29], to give an (intrinsic) notion of rectifiable sets in H". In the spirit
of this section, we do not propose the most general definition and we say

Definition 5.1. M C H" is a k-dimensional H-rectifiable set if

+00
MCMOU(US]'),

j=1
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and, respectively,

o forl <k<n:Mis S’go—measurable, S’gO(M) < 00, §; are k-dimensional H-regular surfaces
and S¥ (M) =0;

o forn+1<k<2n: M is S&'-measurable, S (M) < o, S;j are (2n + 1 — k)-codimen-
sional H-regular surfaces and S’o‘j (M) =0.

As one can easily guess, the differences between low dimensional and low codimensional
H-regular surfaces induce analogous differences between low dimensional and low codimen-
sional H-rectifiable sets. Precisely, when compared with Euclidean rectifiable sets, low dimen-
sional H-rectifiable ones are in a strict subclass of Euclidean rectifiable sets, while the low
codimensional H-rectifiable ones form a strictly larger class.

Proposition 5.2. If 1 < k < n, k-dimensional H-rectifiable sets are k-dimensional rectifiable sets
(in the usual Euclidean sense).

Proof. It is enough to observe that 'H]fg < Sé‘o, for 1 < k and to recall that low dimensional
H-regular surfaces are Euclidean regular submanifolds of the same dimension. O

Remark 5.3. The vertical T axis in H' = R? gives the simplest example of an Euclidean 1-di-
mensional rectifiable set that is not 1-dimensional H-rectifiable.

Proposition 54. If 1 <k < n, 2n + 1 — k)-dimensional Euclidean rectifiable sets are k-co-
dimensional H-rectifiable sets.

Proof. It is enough to observe that
S« HE,  for1<k
and to recall that if S is a k-codimensional Euclidean regular surfaces in H" = R?**! then
S22 (C(8)) =0
where C(S) is the characteristic set of S. O

Remark 5.5. If 1 < k < n, k-dimensional H-rectifiable sets coincide with the R¥-rectifiable sets
defined in [25] or with the (R¥, H")-rectifiable sets defined in [19]. The proof is not difficult
using Theorem 3.5.

On the contrary, if n + 1 < k < 2n, we do not know whether our k-dimensional H-rectifiable
sets coincide or not with corresponding classes defined by the previous authors.

Theorem 5.6. Let M be a k-dimensional H-rectifiable set, 1 <k <2n + 1.

If 1 <k < n, then M has an (intrinsic) tangent cone Tang (M, p) (see Definition 3.4) for
S]go-almost every p € M. Moreover Tany (M, p) coincides with the Euclidean tangent plane in
ptoSj, when p €S;.

Ifn+1<k<2n+1, then M has an (intrinsic) tangent cone Tany (M, p) for S’gjl -almost
every p € M. Moreover Tany (M, p) coincides with the tangent subgroup TﬁlSj (p) inptoS§;,
when p € §;.
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Proof. The first statement follows easily from Proposition 5.2 and Theorem 3.5.
The second statement can be proved as in Theorem 11.6 of [29] using Proposition 4.5. O

Remark 5.7. By a standard argument, see, e.g., Remark 11.7 in [29], if M is a H-rectifiable set,
we can assume that M can be written as

M:Mou<ijj>,

=

where the E; are pairwise disjointed Borel subsets of the H-regular surfaces S;, as in Defini-
tion 5.1. Hence any H-rectifiable set M can be oriented by choosing orientations of the regular
surfaces S;.

5.2. Currents

We give, as anticipated, a definition of (Federer—Fleming) currents as duals of the intrinsic
complex of differential forms on H" introduced by Rumin in [28]. As a consequence we show
that oriented H-regular surfaces and, more generally, oriented H-rectifiable sets can be naturally
identified with currents defined in this way.

Let U be an open subset of H" and let D*(Uf) = DO(U) @ --- ® D>t (U) be the graded
algebra of C* differential forms on R?**+! with compact support in /.

Definition 5.8. Following Rumin [28] we denote by Dﬁ (U) (Heisenberg k-differential forms) the
space of compactly supported smooth sections respectively of i /\; = %, when | <k <nand
of wN\, =T k when n + 1 <k < 2n + 1. These spaces are endowed with the natural topology
induced by that of DK (U). We denote by DjU) = D]%I Ueo---& DHZ_E’ +1 (U) the graded algebra

of all Heisenberg differential forms with compact support, where D]%I U)=Cc>W).
The following theorem is proved in [28].

Theorem 5.9 (Rumin). There is a linear second order differential operator D:Dy(U) —

D%IH (U) such that the following sequence has the same cohomology as the De Rham complex
onlU:

0D L - Lot 2 Dty S - L D2 H ) — 0

where d is the operator induced by the external differentiation from D*(U) — D*T1U), with

k # n.

Definition 5.10. We call Heisenberg k-current, 1 < k < 2n + 1, any continuous linear functional
on Dﬁfﬂ (i) and we denote by Dy « (U) the set of all Heisenberg k-currents.

Proposition 5.11. If | <k <n, any T € Dy (L) can be identified with an Euclidean k-current
T € Dr(U), setting

T@) € T(l0]), YoeDWU).
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Inversely, if S € Dr(U) is such that S(a A 0) =0 for any a € Dk— 1(1/{) and S(B A dOB) =0 for
any B € D2y if k > 2, then S induces a Heisenberg k-current Se Du « (U) setting

(1)) € S(w), Vil e D).

Obviously, with our previous notations, S§=s.

Definition 5.12. Let T be k-dimensional H-current in an open set &/ C H", then the mass My, (T)
of TinV CU,V open, is

My(T) & sup{T(@): @ € DOV), lal < 1}.

Remark 5.13. In the last few years a very general theory of currents in metric spaces was devel-
oped by Ambrosio and Kirchheim in [2]. As pointed by the same authors in [1], this approach,
when particularized to Heisenberg groups with Carnot—Carathéodory distance, is not satisfac-
tory. Indeed, they prove the non-existence of rectifiable (2n + 1 — k)-currents (in their sense) in
H" when k < n. This depends, once more, on the non-existence of Lipschitz injective maps from
R2+1-K to H" when k < n.

On the contrary, there are plenty of Heisenberg (2n 4 1 — k)-currents given as integration on
H-regular surfaces of codimension k < n, as we shall see below (see Proposition 5.15). These
Heisenberg currents carried by H-regular surfaces play a major role in applications since most
naturally they will be the building blocks of Heisenberg rectifiable currents (whose theory has to
be developed).

On the other hand, Ambrosio and Kirchheim (see Theorem 4.5 in [2]) proved that rectifiable
metric k-currents in H”, when k < n, are carried by k-dimensional rectifiable sets of H". These
sets are, up to negligible subsets, countable unions of Lipschitz images of Borel sets in R¥. Since
our k-dimensional H-regular surfaces, with k < n, are intrinsically C 1 images of open sets in Rk,
it turns out again that our Heisenberg currents given by integration on H-regular surfaces of
dimension k < n play the role of building blocks for a theory of Heisenberg rectifiable currents
of low dimension.

Remark 5.14. The perimeter measure of 1-codimensional surfaces (see, e.g., [10]) can be seen
as the mass of the boundary of suitable (2n + 1)-dimensional H-currents—this fact was observed
by Magnani in [20]. Indeed, if F = (F1, ..., F»,) is an horizontal vector field in an open subset
of H", and if we identify F with the form 23":1 Fidx; e /\l h1, then we have

divg F = x%d (% F),

where * denotes the Hodge operator defined in Definition 2.3. Thus, we can argue e.g. as in [29,
Remark 27.7].

As in the Euclidean setting, we notice that Heisenberg currents are generalizations of Heisen-
berg regular submanifolds, in the sense that any oriented H-regular surface induces, by integra-
tion, in a natural way a k-dimensional Heisenberg current.
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Proposition 5.15. Let S C U be a H-regular surface, oriented by a group tangent k-vector
field tyy. Then, if S is k-dimensional, 1 < k < n, the map

»— [ST(e) < / (o)) dS5,
S

from D{}‘H to R is a Heisenberg k-current with locally finite mass and
My ([ST) =Sk (SnV), ifveu.

If S is k-codimensional, 1 < k < n, the map

- [ST(@) & / (wlt) dSLF
S

from D]%f“*k to R is a Heisenberg (2n 4+ 1 — k)-current with locally finite mass. Precisely, if
Velu,

My(IsT) = [ lproi, ., (] aSS, (62)
N

where proj, - Nonsi—i 01 = H/\oup1_x is the orthogonal projection with respect to the
1
Riemannian scalar product defined in Section 2.2.

Corollary 5.16. There exists a geometric constant cy . € (0, 1) such that for any k-codimensional
H-regular surface S, 1 < k < n, we have

cnkSETHSNY) <M (IST) <S4S N V),
for every Borel set V.

Proof. By (62), it is enough to show that

def . . .
Cn.k = 1nf[‘pr0JH/\2n+lik(v)]: RS /\2n+l—k h, v simple, |v| = 1} > 0.
Indeed, by Proposition 3.25, |pr0jH/\2 i (w)| > 0 for all v e /\2n+1—k h, v simple, |v| = 1.

Then the assertion follows by the compactness of the set of simple vectors of unit norm. 0O

Example 5.17. We stress that the mass of the current carried by a k-codimensional H-regular
surface S can be different (though equivalent) from its So%fk-measure. Clearly, by (62) this does
not happen when tg € g /\2,1 +1-f On S. On the other hand, if for instance we consider the surface
S of Example 3.24, then a direct computation shows that, taking fy = W A W4 A T', we obtain

1

S Ny).
N ( )

My, ([ST) =
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More generally any oriented H-rectifiable sets is naturally associated with a Heisenberg cur-
rent.

Definition 5.18. With the notations of Remark 5.7, let M = My U (U;’;l E ;) be a k-dimensional
oriented H-rectifiable set, and denote ffy the unit tangent k-vector field giving the orientation.
Then, setting respectively py := S’go if 1 <k<n,and yu := S’gjl ifn+1<k<2n+1,the
map

o M) <Y / (wlte) dpe
j=15j

from DJII(-H to R is a Heisenberg k-current with locally finite mass.

Thanks to Rumin’s result, the operators d and D act in the complex as external differentiation
does in De Rham complex, and we can give the following (obvious) definition.

Definition 5.19. Let T be a Heisenberg k-current in an open set I C H" with 1 < k < d. Then
we define the Heisenberg (k — 1)-current dyg 7', the Heisenberg boundary of T, by the identity

omT () =T(da) ifk#n+1
and
ouT (o) =T(Da) ifk=n-+1.

The following trivial statement says that—also when boundaries are concerned—Ilow dimen-
sion H-currents are but particular Euclidean currents.

Proposition 5.20. If 1 <k < n, the Heisenberg boundary ouT of T € D x(U) can be identified
as in Proposition 5.11 with the Euclidean (k — 1)-current 9T .

Proof. Let us notice first that 37 (@ A 8) = 0 for any « € D¥~1 () and 9T (8 A 6) = 0 for any
B € DF2(U) if k > 2. Indeed (e.g.)

AT (@ AO) =T (da AO)+T(a AdO) =T([da A1)+ T (la Ado]) = T([0]) + T ([0]) = 0.

Thus, aT induces a (k — 1)-dimensional H-current 7'. On the other hand, for any [w] € Dﬁ}‘{l,
we have T'([w]) = 8T(w) = f"(da)) =T(dw]) =T (d[w]) =0T ([w]), sothat T/ = dxT. O

When k > n + 1, the structure of the boundary of a current is much more difficult to describe,
even in the simplest situation of a current carried by a low codimensional H-regular surface. As
an example, consider the case n = 1, and let S be a 1-codimensional H-regular (hyper)surface.
We want to state here something similar to Stokes formula that yields that the boundary of a 2-
dimensional current in R? carried by a sufficiently regular portion of a 2-dimensional Euclidean
differentiable manifold (a 2-dimensional oriented Euclidean differentiable manifold with bound-
ary) is carried by the boundary itself, endowed with a suitable induced orientation.
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First of all, we cannot think in general of a portion of a H-regular hypersurface—whatever
regularity we assume for the boundary—as a differentiable manifold with boundary, since, as
we pointed out repeatedly, H-regular surfaces may be very “bad” from the Euclidean point of
view [16]. On the other hand, even when dealing with (Euclidean) smooth hypersurfaces with
boundary, the mass of the boundary of the associated current may be not locally finite, unless the
topological boundary is a horizontal curve.

Let us start by illustrating the last phenomenon: if [w] € Dﬁ (H') we can alway choose w
to be its horizontal representative w = widp + wadp;. In this case, accordingly with Rumin’s
theorem [28], the operator D has the form

Dlw] =d(» + @9),

where @ € C*®°(H!), is chosen in order to have d(w + @) € D]%H (HYY, i.e. such that d(w + @) A
0 = 0. An explicit computation (see also [14, Section 6]) shows that

.1
w= Z(szl — Wiw»).

Consider now the 2-dimensional H-current [S] carried by the hypersurface S = {p; = 0,
p> > 0} oriented by W A T. Let #y be the boundary of S, i.e. 1o = {p1 = p2 = 0}. If [w] €
D]f{ MY, with w = w1dp1 + wrdp», by definition and by Stokes theorem (keeping also in mind
that S3,LS =H%L S, by (48)), we have

SN() d:ef/(D([w])|W2/\T>dH2 :/(d(w+cb9)|W2AT)dH%

N S

1
:/(w+c?)9|T)dH}E:Z/(82w1—ala)g)dH}g.
1o

]

Clearly, the above quantity can be made arbitrary large still keeping |[w]| < 1. This shows that
o[ ST, though being a well defined current in our sense, has no locally finite mass.

An analysis of the example above shows quickly that the reason making the boundary of the
current carried by S not being of finite mass relies precisely on the fact that the operator D is a
second order differential operator because of the derivatives of @ hidden in @. These derivatives
remain in the integration after applying Stokes theorem. Thus, we can expect the boundary of
the current carried by a smooth 2-dimensional Euclidean manifold S with boundary 9S to have
finite mass if (and only if) 9.5 is horizontal, since in this case (@6 |fy) = 0, and no derivatives are
left after applying Stokes theorem.

This is coherent with our definition of H-regular surface, providing a further evidence for it:
the boundary of an hypersurface in H' according with our definition has finite mass only if the
boundary is a 1-dimensional surface again in our sense (i.e. an horizontal curve). We stress that,
if n > 1, this phenomenon is typical of n-codimensional H-regular surfaces, since the surface
itself and its boundary belong to the two different classes of H-surfaces: the surface is a low
codimensional, whereas the boundary is low dimensional. This is clearly strictly connected with
the fact that the derivation in Rumin’s complex is a second order operator only when we pass
from dimension n to dimension n + 1. For instance, if we consider in H? the 1-codimensional
H-regular surface S = {p; =0, p > 0} oriented by Wo A W3 A W4 A T, again classical Stokes
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theorem yields that now 9[[ S]] is carried by the 2-codimensional H-regular surface {p; = p» =0}
oriented by W3 A W4 A T, despite of the analogy with the preceding example. This because in
H? both {p; =0, p > 0} and {p; = p, = 0} are low codimensional H-regular surfaces.

If k < n, the above example can be easily generalized to that of a continuously differentiable
(2n 41 —k)-manifold with boundary S C H" that locally has the form { f1(p) =--- = fi(p) =0,
Jk+1(p) = 0}, with (for sake of simplicity)

det[W; fili<i,j<k #0 and  det[W; f;li<i, j<k+1 #O.

So far, we have dealt with Euclidean regular hypersurfaces in H'. If we want a more in-
trinsic result—still for 1-codimensional hypersurfaces in H'—we have to deal with pieces of
1-codimensional H-regular hypersurfaces that are sufficiently regular. The following result can
be derived from Theorem 5.4 in [14].

Theorem 5.21. Let S C H! be a H-regular H-oriented hypersurface, and let V C S be the clo-
sure of a relatively open subset Vo of S. We assume that V is a topological 2-manifold with
boundary dV that is a finite union of disjoint simple closed C'-piecewise horizontal curves.
Then o[ Vo]l is carried by oV and has finite mass.

We stress that in the above theorem no non-intrinsic regularity is assumed. Indeed we only
require V is a topological 2-manifold with boundary, and H-regular hypersurface are topological
2-manifolds.

The proof of Theorem 5.4 in [14], relies on an approximation procedure and is much easier
when both the surface and its boundary belong to the class of low codimensional H-regular
surfaces. Thus our previous remark concerning (2n + 1 — k)-currents carried by continuously

differentiable (2n + 1 — k)-manifolds with boundary, of the form {fi(p) =--- = fi(p) =0,
Jr+1(p) = 0}, can be extended to the case when f1, ..., fiy+1 are Cﬂlﬂ-functions. Indeed, if J; isa
Friedrichs’ mollifier and we put f; . = fi « Jo fori =1,...,k+ 1, then f; . — f and W f; . —
f as ¢ = 0, uniformly on compact sets, fork =1, ..., 2n, as proved in [10, Theorem 6.5, Step 1].
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