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1. Introduction

Let (X,d) be a metric space and let CI(X), CB(X) and Comp(X) denote a collection of all non-empty closed, all non-
empty closed and bounded and all non-empty compact subsets of X, respectively. Let D(x, A) denote the distance from x
to A and H the Hausdorff metric induced by d.

The Nadler’s [8] fixed point theorem for multi-valued contractive mappings has been extended in many directions
(cf. [1-12]). The following generalization of Nadler’s result is given by Mizoguchi and Takahashi [7].

Theorem 1. (See [7].) Let (X, d) be a complete metric space and let T : X — CB(X). If there exists a function ¢ : (0, co) — [0, 1) such

that

rll“& supp(r) <1 foreacht € [0, 00), (1)
and if

H(T(x), T(y)) < @(d(x, y))d(x, ) (2)

forallx,y € X, then T has a fixed point.

An alternative proof of this theorem was given by Daffer and Kaneko [4, Theorem 2.1].
Recently some interesting results have been obtained by Feng and Liu [5]. They proved the following theorem.
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Theorem 2. (See [5, Theorem 3.1].) Let (X, d) be a complete metric space and let T : X — CI(X). If there exist constants b, c € (0, 1),
¢ < b, such that for any x € X thereis y € T (x) satisfying the following two conditions:

bd(x, y) < D(x, T(x)) (3)
and

D(y,T(y) <cd(x, y), (4)

then T has a fixed point in X provided a function f(x) = D(x, T (x)) is lower semi-continuous.

Very recently Klim and Wardowski [6] generalized Theorem 3.1 of Feng and Liu [5]. They proved the following two
theorems.

Theorem 3. (See [6, Theorem 2.1].) Let (X, d) be a complete metric space and let T : X — CI(X). Assume that the following conditions
hold:

(i) themap f : X — R, defined by f(x) = D(x, T (x)), x € X, is lower semi-continuous;
(ii) there exist a constant b € (0, 1) and a function ¢ : [0, co) — [0, b) satisfying

rE}rthr supp(r) <b foreacht € [0, 0c0), (5)
and for any x € X there is y € T (x) satisfying the following two conditions:

bd(x, y) < D(x, T(x)) (6)
and

D(y, T(y) < (dx, y))d(x, y). (7)

Then T has a fixed point.

Theorem 4. (See [6, Theorem 2.2].) Let (X,d) be a complete metric space and let T : X — Comp(X). Assume that the following
conditions hold:

(i) themap f : X — R, defined by f(x) = D(x, T(x)), x € X, is lower semi-continuous;
(ii) there exists ¢ : [0, 00) — [0, 1) satisfying the condition

lim supp(r) <1 foreacht € [0, 00), (8)
r—>t+
and such that for any x € X thereis y € T (x) satisfying the condition

d(x,y)=D(x, T(x)) 9)
and the condition (7).

Then T has a fixed point.

Theorem 3 generalizes Theorem 2, but not Theorem 1 of Mizoguchi and Takahashi [7], since the function ¢ in Theorem 3
need to satisfy the condition (5), which is stronger than (1), as b < 1. Also Theorem 4 does not generalize Theorem 1, as
T(x) in Theorem 4 need to be compact.

The aim of this paper is to present more general results which unify and generalize the corresponding results of Mi-
zoguchi and Takahashi [7], Feng and Liu [5] and Klim and Wardowski [6]. Two examples are given to show that our results
are genuine generalizations.

The method used in the proofs of our results is new and seems that is simpler than corresponding methods used by the
cited authors.

2. Preliminaries

Let (X, d) be a metric space, CB(X) a collection of all non-empty closed and bounded subsets of X and H the Hausdorff
metric induced by d. Thus, for A, B € CB(X),

H(A,B) = max{supD(x, A),supD(x,B) ¢,

xeB XxeA

where D(x, A) =infycad(x, y).
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Definition 1. A function f : X — R is called lower semi-continuous, if for any {x,} € X and x € X,
X, — x implies f(x) < lim inf f (x,).
n—oo

Definition 2. Let X be a non-empty set. An element x € X is said to be a fixed point of a multi-valued mapping T : X — 2%
if x e T(x). If Tx = {x}, then x is called a stationary point (or a strict fixed point) of T.

Definition 3. Let (X, d) be a metric space. A subset K is called proximinal if for each x € X, there exists an element k € K
such that

d(x,k) = D(x, K) =inf{d(x, y): y € K}.
It is well known that every closed convex subset of a uniformly convex Banach space is proximinal.
3. Main results

Now we shall prove a theorem which generalizes Theorem 1 of Mizoguchi and Takahashi [7].

Theorem 5. Let (X,d) be a complete metric space and T : X — CI(X) be a mapping of X into itself. If there exists a function
¢ :[0, 00) — [0, 1) satisfying

lil’}‘l+ supp(r) <1 foreacht € [0, c0) (10)
r—
and is such that for any x € X there is y € T (x) satisfying the following two conditions:

d(x, y) < (2—g@(d(x, y)))D(x, T(x)) (11)

and

D(y. T(y) < @(dx, y))d(x, ). (12)

then T has a fixed point in X provided f (x) = D(x, T (x)) is lower semi-continuous.

Proof. Since ¢(d(x,y)) <1 for all x, y € X, it follows that 2 — ¢ (d(x, y)) > 1 for all x, y € X. Thus for any x € X there exists
y € T(x) such that (11) holds.
Let X9 € X be any initial point. Then there exists x; € X such that x; € T(xg) and

d(xo, x1) < (2 — ¢(d(x0,X1))) D (0, T (X0)). (13)

Then from (12), with x=x¢ and y =x1,

D(x1, T(x1)) < ¢(d(Xo, x1))d (X0, X1). (14)
From (13) and (14) we get

D(x1, T(x1)) < ¢(d(x0,x1))(2 — ¢(d(X0. X1))) D(x0, T (Xp)). (15)
Define a function v : [0, c0) — [0, +00) by
Y =¢t)(2—- 1), (16)
that is, by ¥ (t) =1 — (1 — @(t))?. Since ¢(t) <1 and lim,_,;; supp(r) <1 for each t € [0, 00), it follows that
Y <1 (17)
and
rE& supyr(r) <1 (18)

for each t € [0, 00).
From (15) and (16),

D(x1, T(x1)) < ¥ (d(xo0,x1)) D (X0, T (X0)). (19)

Now we choose x; € X such that x; € T(x7) and
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d(x1,x2) < (2 — @(d(x1,x2))) D (x1. T (x1)).
Then by (12) and (16) we get

D(x2, T(x2)) < ¥ (d(x1,%2)) D (x1, T (x1)).

Continuing this process we can choose an iterative sequence {Xn},‘fi o such that x;11 € T (xy),

d(Xn, Xn41) < (2 — @(d(Xn. X041))) D (Xn, T (Xn)) (20)

and

D(Xn+17T(Xn+l)) gW(d(xnyanrl))D(Xn,T(Xn)), n=0,1,2,.... (21)
For simplicity denote d,, = d(x;, Xp+1) and D, = D(x,, T(xy)) for all n > 0. Then from (21),
Dnt1 < ¥ (dp)D, foralln>0. (22)

If Dp =D, T(X;)) =0 for some n, then x, € T(xp), that is, x, is a fixed point of T and the assertion of theorem is
proved. So we shall assume that D, > 0 for all n > 0.

From (22) and (17) we conclude that {D,}22 , is a strictly decreasing sequence of non-negative reals. Therefore, there is
some & > 0 such that

lim D, =6. (23)
n—oo
Since D(xp, T(Xn)) < d(Xn, Xp+1) for each xp11 € T(xy), and as @(t) <1 for all t > 0, from (20) we get
D, <dn <2D,. (24)
Thus, the sequence {dy};°, is bounded and so there is some d > § such that
lim infd, =d. (25)
n—oo
Now we shall show that d =§ = 0. Suppose, at first that § = 0. Then from (23) and (24) we have
lim d, =0.
n—oo

Suppose now that § > 0. We shall show that d = §. Suppose, to the contrary, that d > §. Then d —§ > 0 and so from (23)
and (25) there is a positive integer ng such that

d—3§
6<Dn<6+T for all n >ng (26)
and
d—3§
d— e <d, for all n>ng. (27)
Then from (26), (27) and (20) we have
d—§ d—§ d—3§
§+3—— =d— o <dn < (2= ¢(dn))Dn < (2—g0(dn))<6+T)

for all n > ng. Hence we get
2(d —6)
35 +d
This inequality implies that

2(d— 872
35+d] '

<14 (1—@dy).

—U—W%W<—[
Thus,

2(d —6)
36 +d

2
V() =1—(1 —(,O(dn))2 <1-— [ ] for all n > ng.

Now from (22),
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Dpy1 <hD, for all n >ng, (28)

where h=1—[2(d —8)/(38 +d)]?. Then h <1, as d > §. Since & > 0, there is a positive integer k such that

d—s
h"<8+T) <.

Then from (28) and (26) we have
2 k k d-3
8 < Dotk S hDpgk—1 S h™Dpgik—z <--- <h" Dy <h*( 6+ )< s,

a contradiction. Therefore, our assumption d > § is wrong. Thus d = §. Since § < D,, < d,, it follows that lim;,_, o infd, = §+.
Hence we conclude that there exists a subsequence {dy, };2, of {dn} such that

lim dy, =6+.
k—o0
Then by (18),

lim supy(dy) <1. (29)
—6+

3

From (22) we have

Dﬂk+l < w(dl’lk)an-
Thus by (23) we obtain

8= lim sup D g( lim su d )( lim sup D ):( lim su d )6.
K00 P Unp+1 k> o0 DW( nk) K00 P Uny, dnk—>3+ DW( nk)
If we suppose that § > 0, then from this inequality we have

1< lim supy(dy,),
dnk*)lS‘f’

a contradiction with (29). Thus § = 0. Then from (23) and (24) we have
lim d, =0.
n—o0

Now we shall show that {x;}72 is a Cauchy sequence. Let
o= lim su dn).
s pv(dn)

Then by (18), & < 1. Let g be such that & < q < 1. Then there is some n; € N such that ¥ (d,) < q for all n > ny. So from (22)
we have D41 < gDy for all n > ny. Then by induction we get

Dy < qn_'“ Dy, (30)
for all n >ny + 1. From (30) and (24) we get

d(xn, Xn+1) < 2¢" M Dy, . (31)

Now by (31), for all m >n >ny + 1, we have

m m
1
k—
} d(xkaxk+1)<2 } q( nle gsznl.

k=ny k=n,

Hence we conclude, as g < 1, that {x,}72, is a Cauchy sequence.
Since X is complete, there is some z € X such that

lim x, =z. (32)
n—oo

We now show that z is a fixed point of T. Since f(x) = D(x, T(x)) is lower semi-continuous and D (x,, T (x;)) = D, — 0
as n — oo, we have

0<D(z,T(@) = f() < nll)ngo sup f(x;) = nll)ngo sup D (xq, T (X)) = 0.

Hence D(z, T(z)) = 0. This implies that z € T(z), as T(z) is closed. Thus we proved that z is a fixed point of T. O
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Remark 1. Theorem 5 is a generalization of Theorem 1 of Mizoguchi and Takahashi [7], as D(y, T(y)) < H(T(x), T(y)) for
each y € T(x). It is easily to construct examples in which Theorem 5 can be applied, but not Theorem 1.

Now we shall prove a theorem which is a different from Theorem 5 and is a generalization of Theorem 1 of Mizoguchi
and Takahashi [7], Theorem 2 of Feng and Liu [5] and Theorem 3 of Klim and Wardowski [6]. We shall present a proof
which seem to be simpler than the proof in [6].

Theorem 6. Let (X,d) be a complete metric space and T : X — CI(X) be a mapping of X into itself. If there exist a function
@ :[0, 0c0) — (0, 1) and a non-decreasing function b : [0, co) — [b, 1), b > 0, such that

@(t) < b(t) (33)
and
[1_1)rp+ sup(t) < tl_l)r& supb(t) (34)

forallt € [0, 00), and for any x € X thereis y € T (x) satisfying the following two conditions:

b(d(x, y))d(x, y) < D(x, T(x)) (35)

and

D(y,T(y)) < @(dx, y))dx, ), (36)
then T has a fixed point in X provided f(x) = D(x, T (x)) is lower semi-continuous.

Proof. Since b(d(x, y)) <1 for all x, y € X, it follows that for any x € X there exists some y € T(x) such that (35) holds. Let
Xp € X be arbitrary. Then we can choose x; € T(xp) such that (35) and (36) hold, that is, such that

b(d(xo, x1))d(x0. X1) < D (X0, T (X0)) (37)

and

D(x1, T(x1)) < ¢(d(x0, x1))d(X0, X1). (38)
From (37) and (38) we get

@(d(xo, X1))
Dl TD) < 40, x0))

Define now a new function ¥ (t) on [0, o0) as follows:

_ e
Y(t) = ) for all t € [0, 00).

D(xo, T (xo)). (39)

Then from (33) and (34),

v <1 (40)
and
[£T+ supy(t) <1 (41)

for all t € [0, 00). Thus from (39),

D(x1, T(x1)) <y (d(x0,x1))D(Xo, T (x0)).

Now we choose x; € X such that x; € T(x1) and

b(d(x1,x2))d(x1,X2) < D(x1, T (x1))

and

D(x2, T(x2)) < @(d(x1, x2))d (X1, X2).
Then by definition of i we get

D(x2, T(x2)) < ¥ (d(x1,%2))D(x1, T (x1)).
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Continuing this process and denoting d, = d(xp, Xs+1) and D, = D(xs, T(X;)), we can choose an iterative sequence
{Xn}neo such that X1 € T(xy),

b(dy)dn, < Dy (42)

and

Dpy1 < @(dp)dy (43)
for all n > 0. From (42) and (43) we have

Dpy1 < ¥ (dp)Dy. (44)
Again from (42) with n=n+ 1 and from (43),
@(dn)
dnt1 < . 45
n+1 b(dn—H) n ( )

If D, =0 for some n, then x, is a fixed point of T and so we finished the proof. Thus we shall consider the case D, >0
for all n > 0. From (44) and (40) we have

Dny1 <Dy foralln>0.

Now we shall show that

dni1 <dp foralln>0. (46)

Suppose, to the contrary, that d, <dp4+1. Then b(d,) < b(dn+1), as b(t) is a non-decreasing function. Now, by (45), we have

@©(dn) @(dy)
n < dn = dn dn dna
b(dnin) " S bidy = V=

a contradiction. Thus we proved (46).
Since {D,} and {d,} are monotone, there exist § >0 and d > 0 such that

dn < dn+1 <

lim D, =6, lim dp =d+.
n—oo n—oo
Then from (44) we get
5< (nlgr;o supw(dn))S = <dnhf5+su‘) W(dn))é.

Hence by (41) we conclude that § =0. Since 0 < b < b(t), from (42) we get bd,, < b(dp)d, < D, and hence

Since lim,_, o0 Dy =0, we get
lim d, =0.
n—oo
Let

= i dn).
o= lim supy(dn)

Then by (41), @ < 1. Let q be such that o < q < 1. Then there is some ng € N such that y(d,) < q for all n > ng. Thus
from (44),

Dy <q"™Dy, for each n>no.
Then from (47),

1
dn < Eq"_"" Dy, for each n > no.

Proceeding as in the proof of Theorem 5 one can prove that {x;} 2, is a Cauchy sequence and that its limit point is a
fixed point of T. O

Now we shall formulate a theorem, which is a generalization of Theorem 4 of Klim and Wardowski [6].
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Theorem 7. Let (X, d) be a complete metric space and T be a multi-valued mapping of X into a collection of all non-empty proximinal
subsets of X. If there exists a function ¢ : [0, c0) — [0, 1) satisfying (8) and such that for any x € X there is y € T (x) satisfying the
following two conditions:

d(x,y) =D(x, T(x))

and

D(y, T(y) < (d(x, y))d(x, y).

then T has a fixed point in X provided f (x) = D(x, T (x)) is lower semi-continuous.

Remark 2. Theorem 6 is a genuine generalization of Theorem 3 of Klim and Wardowski [6]. Indeed, if in Theorem 6,
b(t) = b-const. and ¢q(t) = bgp(t), then @i (t) satisfies (5) and (7) and therefore all hypotheses of Theorem 3 are satisfied.
In the next section we shall construct and discuss two examples which show that Theorem 6 is strict generalization of
Theorem 3.

Remark 3. In the next section we shall construct an example which shows that Theorem 7 is a strict generalization of
Theorem 4.

4. Comparisons and examples

In this section we shall construct and discuss two examples which show that our results are genuine generalization of
the results of Mizoguchi and Takahashi [7], Feng and Liu [5] and Klim and Wardowski [6].

The following example shows that there are mappings which satisfy all hypotheses in Theorem 5, but not in Theorem 3,
and therefore in Theorem 2.

Example 1. Let X =[0,1] and d: X x X — R be a standard metric. Let T : X — CI(X) be defined as in Example 3.1 of Klim
and Wardowski [6]:

{382} forxel0, $)U (5. 1]

15
{gg 1) forx=33.

T(x)=
Define now ¢ : [0, 00) — [0, 1) as follows:
8

=t fort [0, 24) u (24 2)

Q)= fortzﬂ,

il ool

fort e [%,oo).

We shall show that T satisfies all hypotheses of our Theorem 5. It is easy to see that a function f(x) = D(x, T(x)) is
lower semi-continuous. Moreover, for each x € [0, 15/32) U (15/32, 1] we have T(x) = {(1/2)x?} and therefore y = (1/2)x2,
d(x, y) = D(x, T(x)) =x — (1/2)x%. Further,

(1o 1\ 1, (TN 11, 1,

D(y,T(y))_d<2x,8x>_2<x (zx)> 2(X+2x)<x 2x>
1 1 8 1

2<x+ x)d(x ) < (x——x )d(x ) =(dx, y))dx, y).

Thus, for x € [0, 1], x # 15/32, T satisfies (11) and the contractive condition (12) in Theorem 5.
Let now x = 15/32. Then for y = 17/96 € T (x) we have

7 5\ 7
) = 5 = (2= 3 ) 35 = 2= 9ldx ) D T0)
and
17 1172 17
D()’7T(Y))=d<%,§@)<% 824 = (d(x }’))d(x .

Thus, T satisfies (11) and (12) for x = 15/32. Therefore, all assumptions of our Theorem 5 are satisfied and Fix(T) = {0}.
Now we shall show that a given map T does not satisfy hypotheses of Theorem 3 of Klim and Wardowski [6].
Let b € (0,3/4]. Then for any ¢ : [0,00) — [0,b), 3/4 > ¢(d(x,y)). Thus for x =1 we have T(x) = {1/2}, y = 1/2,
T(y)={1/8},d(x,y)=1/2, D(y, T(y)) =3/8 and, consequently,
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31 3

7 3= 729®n> @(d(x, y))d(x, y).

Therefore, for x =1 the inequality (7) in Theorem 3 is not satisfied.
Let now b € (3/4,1) and let x=15/32. Then

D(y,T(y) =

17 1 7
T(X) = {%, Z} and d(X, T(X)) = i
Consider at first the case y =17/96. Then d(x, y) = 7/24 and so we have, as b > 3/4,
3 3 7 7
bd —d =— —=—=d(x, TXx)).
xy) > gdxy) =752 =5 (x T®)

Therefore, for y = 17/96 the inequality (6) is not satisfied.
Let now y =1/4. Then T(y) ={1/32}, d(x,y)=7/32, D(y,T(y)) =7/32 and so we have, as for any ¢ : [0, c0) — [0, b),
1>b> (),
7
D(y.T(y) = 3 —dx.y) > bdx, y) > @(dx, y))d(x, y).
Therefore, for y = 1/4 the inequality (7) is not satisfied. Thus, for x = 15/32 there is not y € T(x) which satisfies (6) and (7).

So we showed that there do not exist b € (0,1) and ¢ : [0, 00) — [0, b) such that the mapping T satisfies hypotheses of
Theorem 3.

Now we shall present an example which shows that Theorem 7 is a genuine generalization of Theorem 4.

Example 2. Let X = [0, +00). Define T : X — CI(X) and ¢ : [0, c0) — [0, 1) as follows:
X
T(x)= {E} U (14 2x), +00),
)= !
e) = a’
where a > 1. Then

f(X)=D(x,T(x))=x_§=a_l

a
and so f(x) is continuous. Further, for each x € X there exists y = x/a € T(x) such that d(x, y) = D(x, T(x)). Thus we have

Ta—1
D(y. T(y)) = g - a% = Ea —x=p(d(x TX))dx. y).

Therefore, all assumptions of our Theorem 7 are satisfied and Fix(T) = {0}. Clearly, T does not satisfy the hypotheses in
Theorem 4, since T (x) is not compact for all x € X.
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