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1. Introduction

One of the most important and challenging problems in scientific and engineering computations is to find the solutions to
a nonlinear equation f (x) = 0. We concern ourselves with iterative methods to find the multiple roots x* with multiplicity

m of a nonlinear equation f(x) = 0,i.e,f?(x*) =0,i=0,1,...,m — 1,and f™ (x*) # 0.
A variant of Newton’s method for obtaining multiple roots, given in [1], is quadratically convergent, and is given by
f(xn)

(1)

Xnt1 =X, — M .
n+1 n f/(Xn)
In order to improve the convergence of iterative methods for multiple roots, some researchers, such as Dong [2,3], Neta
et al. [4-7], and Li et al. [8,9], have developed some iterative methods with higher order of convergence. Some of these
methods are of order three [2-4,6], while others are of order four [5,7-9]. All these methods require the knowledge of the
multiplicity m. In this paper, we only concern ourselves with iterative methods of order four.
Based on the work of Jarratt [10], Neta et al. [5] have presented a fourth-order method requiring one-function and three-
derivative evaluation per iteration, given by the iteration function

- f )
aif' (%n) + aof ' (Yn) + asf’ ()’

(2)

Xn+1 = Xn
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where

F(xn) F(xn) F(xn)
Ty M= e S Ty 3)
F'(xn) ) ')
The values for the parameters a, b, c, ai, a, and as for several values of m are discussed by the authors.

Neta [7] has also developed another fourth-order method, requiring one-function and three-derivative evaluation per
iteration:

Yn=2Xp—4a

a f(xn) a f(xn) a fxn) fxn)
- W — U2 — u3 - )
() ') /() bif'(xz) + bof ' (yn)
where y, and 5, are given by (3). A table of values for the parameters q, b, c, a;, ay, as, b1, and b, for several values of m is
givenin [7].

Inspired by another work of Jarratt [11], Sharma and Sharma [12] present a variant of the Jarratt method for obtaining
multiple roots, which has fourth order of convergence and requires one-function and two-derivative evaluation per
iteration:

(4)

Xn+1 = Xn

2m f(xy)
Yn=Xpn— —— s
2+ mf'(xn)
__ml s _ 2 m \" )
Xuer =Xy = | (M —d4m +8) — (m +2) <m+2) o) (5)

) <2(m_1)_(m+2) <m22> ;g;ﬂg((i))

In [9], Li et al. present six fourth-order methods with closed formulae for obtaining the multiple roots of nonlinear
equations. Among them, the following two methods are more efficient, since they also only require one-function and two-
derivative evaluation per iteration.

2m f(xy)
I T 2 ()
N L. N () ©
T T By baf () + bof ()
where
__amm—2)m+2)° (5)"
B=75 m —4am+8)
(m? — 4m + 8)?
bl — T 5 S a2
m(m? + 2m — 4)3
m?(m® — 4m + 8) (%£2)"
bZ = )
(m2 + 2m — 4)3
and
Jy e 2m G
T M 2f ()
N L. R () @
T ) baf () + bof ()
with

1 1 1/2 m
3=—--mm-2), b=-—, b=— (ﬂ> :
2 m m

2. Development of a high-order method

Considering the following iterative method:

_ f(xn)
yn - Xn - tia
f/(xn) , (8)
% -0 (f (yn)> Fn)
e Fen) ) Frxa)’

where t is a parameter and the function Q (-) € C2(R). Note that (5)-(7) are members of the family (8).
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Let e, = x, — x* and let f (x) be a sufficiently differentiable function. Expanding f (x,) and f’(x,) at x = x* with Taylor
series, we then have

f“")(X*) 2 3 4
fxn) = " (14 cren + cael + cse + 0(ep))
and
™ (o m+ 1 m+2 m+3
fxn) = f# e 1+ cren + e+ e+,
(m—1)! m m m
where¢; = 2 ff(;)((’;*)) andi > 1.
Using a computer algebra system such as Mathematica, we can get
! at(m(=24+t)+t)u™ tu™
O _ ymay Ofz24+0 —; ) en K (h1c? + 2hycy)é?
J/(xn) m(m—t) 2m2(m — t)3
+ i(thCa + hac; + 12hsc1c0)es + O(ed), (9)
6m3(m — t)* n n
where
t
n= 1——,
m

hi = 2(m + 1)@2m + Dt? — 3m(m? 4 5m + 2)t + 6m*(m + 1),
hy = 2 +m)t® — 4m@2 + m)t? + 3m*(4 + m)t — 6m°,
= (m — t)>((m + 3)t> — 4m(m + 3)t? + 6m*(m + 3)t — 12m>),
hy = 3(m+ 1)(7m? 4+ 7m + 2)t> — 4m(8m> + 33m? + 25m + 6)t°
+ 12m*(m 4+ 1)(m? 4 8m + 3)t — 24m>*(m + 1)2,
hs = (m+ 1)(m+2)t* — 2m(m + 1)(3m + 5)t3 + 4m*(2m?* + 8m + 5)t>
—m>(3m? + 25m + 20)t + 2m*(3m + 4).

Let ; 8:’“ = u+ v, where u = ™ 1. Then, from (9), the remainder v = ? 0 ; — u is infinitesimal with the same order of

en. Thus, we can Taylor expand Q(f/(y”)) = Q(u + v) about u and then obtain

f'(xn)
/ " " 3
Q<f (y")) QW + Qw + 2 (“)” L WV ey,

I/ (xn) 3!

Again by the help of Mathematica, we can obtain the error equation

eny1 = €y — Q (f/(y")> f(xn)

frxn) ) f(xn)
1 -2 m
= <1 - @> en + <7Q(u) _m +2t m)zt” Q/(u)> c1e; + (pic1 + p2c2)e; + 0(ey), (10)
m m m?(m — t)
where
3 _ 2 2 3
_ %Q(u) _ (m+2)t 4m(m+32)t +zm (m+4)t —6m 1m0’ ).
m (m —t)
B tz(m( 240+ 02 Zan( - +1 (mt +t—2m (m+1)Q2m+ l)t3
b2 = 2m3(m — t)4 ! m3(m — t)2 m3(m — t)*
7m +21m + 8 3m2—|—21m—|—12t 3(m—|—1)>t o'W
2m2(m — ) 2m(m — ) m—pi )

Thus, to obtain an iterative method of order four, the coefficients of e;,, eﬁ, and eﬁ in error equation (10) should all be zeros.
Furthermore, to get a fourth-order method independent of the information of f (x), we also should ensure that p; = p, = 0.
So we have the following equations involving Q (u), Q’(u), Q" (u), and t.

Qw

m 7()( )(1—4)"
Q' (wt(mt +t —2m 1—- 4

Qw) = m 02 ;

p1 =0,

PZIO.
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Solving these equations, we get

2m
t=—ro,

24+ m
Q) = m,1
Q') = ‘Z’”H(Z +m",

Q//(u)_1m4 L e
T4 2+ m ’

— m_\ym—1
where u = (Trm) g . .
From the discussion above we can deduce the following conclusion.

Theorem 2.1. Let x* € R be a multiple root of multiplicity m of a sufficiently differentiable function f : I — R for an open
interval I. If the initial point xq is sufficiently close to x*, then the convergence order of the method defined by (8) is at least four,
when the following equations hold:

2m

2+m

’

and
Q) =m,

/ 1 3—m m
Q(u)z—zm 2+ m",

7" _1 4 L -
QW= gm <2+m> ’

whereu = (537)" .

Remark 1. From the error equation (10), we can find that the iterative method (8) contains a variant of Newton method (1)
as a second-order method. It is also easy to find the conditions to obtain third-order methods.

Remark 2. One should note that, in (8), three new function evaluations for f (x,,), f'(x,,), and f’ (y,) are required per iteration.
So Theorem 2.1 shows that the method (8) is optimal with convergence order of four, as expected by the conjecture in [13].

Remark 3. Consider the definition of an efficiency index as p'/?, where p is the order of the method and q is the number
of function evaluations per iteration required by the method. The fourth-order methods (8) have the efficiency index
43 ~ 1.587, which is better than 2'/> ~ 1.414 of Newton method (1), and 4'/4 ~ 1.414 of the fourth-order methods
(2) and (4).

3. Some special cases of order four

In this section, we will give some special cases of order four of the presented method (8). According to Theorem 2.1,

__ 2m . _ m ym—1
t_—zm,thenu_(—zm) .

Case 1. First, we consider the simplest case. Suppose that
Q(x) = Ax* + Bx + C.
Then
Q'(x) = 2Ax + B, Q" (x) = 2A.
According to Theorem 2.1, we should solve the following equations:
Au® +Bu+C =m,
2Au+ B = —%m3*’"(2 +m)™,

1 m \ "
2= -m* [ —— )
4 24+m
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The solution to the equations above is
2m
1 m+ 2
A=-m*—= s
8 m
1 2+m\"
B=——m*m+3)(—) ,
4 m

1
C= gm(m3 +6m? +8m + 8),

and thus we obtain the following iterative method of order four:

2m  f(xn)
Yn=Xn — —— 5
24+ mf'(xn)
_ooml s (me2\" (Fow) 24 m\" £
Xn-H—Xn 8|:m( m ) (f/(xn)> 2m (m+3)( m ) f,(xn)
3 2 F(xn)
+ (m> 4+ 6m +8m+8):|f,(xn).

Case 2. Let
B
Q(x) :Ax+; +C.
Then
B 2B
Qx) =A— - and Q' (x) = -
X X
So we have the following equations:

B
Au+—-+C=m,
u
B 1 3—-m m

2B 1 ,( m \ "
— =-m|-— .
u> 4 24+ m

Solving them, we get

1 m+2\" 1 m \" 1
A=-m*—=) |, B=-mm+2>3|—]) , C = ——-m@m>®+3m? +2m — 4),
( ) Smm+2) (m+2) Lmon? + 3m 4 2m — )

8 m

and hence another fourth-order convergent iterative scheme:

2m  f(xn)
yn = Xn —_— s
24 mf )
Xpi1 = X, _m4<m+2>mf/(.3/n)f(xn) _m(m+2)3< m )mf(Xn)
k1 =X — 2 m o) () 8 m+2) f'(n)
+ lm(me‘ =+ 3m? +2m —4) (%n)
4 f,(xn)'

Case 3. Let

B C
Q(x):A—i-f—i-—z.

X X
Then

2C B 6C 2B
Q / Q 4
®) XBoox ®) Xt X3

4203

(11)

(12)
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From Theorem 2.1, we have the following equations:

B C
A+ -+ =m,

el
B s ermn,

6C 2B _1 o( m -
—F+ —=-m"| — .
ut  ud 4 24+m

The solutions are

A= —am+8).B=—"(m—1m+2)> [ —~ mc—m(m+2)3 m_\"
T8 T4 m+2/) 8 m+2 ’

Thus we have the fourth-order iterative method given by (5), proposed in [12].

Case 4. Let
A 1
Q= i
Then
Co——a- S  qw=24 2
x2 (B+ Cx)? X B+ )3
Similarly, we have
A N 1 _
u A B+ CuC

1 3—-m
—_———— =—-m 2+m"7,
u?2  (B+ Cu)? 4 @+m

2A 2¢? 1 ,( m 7"
=+ ——=-m*— .
u B+ 4 24+m

Thus we get

_1m(m —2)(m +2)° (z2)"

2 (m3 —4m+ 8)
(m? — 4m + 8)?

T mm? +2m— 4%
3 2
m*(m® — 4m + 8) (2£2)

(m? 4+ 2m — 4)3

which gives the fourth-order convergent method (6), proposed in [9].

)

m

C=

)

Case 5. Let
B+ x
X) = .
QW 1+ Ax
Then
QW =~ d Q=20
X) = ——— an X) = ————.
(1+ Ax)? (14 Ax)3
According to Theorem 2.1, we should solve the following equations:
B+Cu
1+Au_
C—AB 1 5 . m
= "2+ m)",
(1 + Au)? 4
2AAB—C) 1

—-2m
4 m
—_—— = —-mM _— .
1+Au)? 4 <2+m>

Thus we have

m4+2\" m? 1 m4+2\"
A=—<i> ., B=——, C=m(m—2)(+> ,
m m
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Table 1
The number of iterations and function evaluations.

f&) X (2) (7) (11) (12)

f 25 6(24) 6(18)  6(18) 6(18)

! 35  6(24) 6(18)  7(21) 7(21)

f 18 4(16) 412)  4(12) 4(12)

2 —20 4(16) 412)  4(12) 4(12)

f 15 4(16) 412)  4(12) 4(12)

3 3.0 41(164) x 7(21) 8(24)

P —35 11(44)  10(30) 10(30)  10(30)

4 12 x X 28(84)  77(231)

f 325 6(24) 5(15)  6(18) 6(18)

5 425 14(56) 13(39)  13(39)  13(39)

I 05 5(20) 412)  4(12) 4(12)

6 155  5(20) 412)  3(12) 3(12)

Table 2
Value of |f (x)| when the stopping criterion is satisfied.

f)  x (2) (7) (11) (12)
f 25 26021e—132 6.0210e—132  5.2705e—127 4.4551e—129
! 3.5 3.2011e—-119 3.2011e—119  5.4282e—139 4.2814e—149
) 1.8 2.4866e—130 2.6720e—171 5.5482e—158 2.4977e—173
2 —2.0 43153e—129 5.7302e—178 8.8010e—164 2.0963e—181
I 1.5 8.6463e—129 8.6106e—125  3.3436e—126 2.3140e—125
3 3.0 7.7305e—139 X 7.0380e—162 9.6051e—163
f —35 2.1541e—130 5.8668e—159  2.9531e—141 1.5017e—146
4 1.2 X X 7.0971e—167 5.0241e—140
f 3.25 6.7913e—122 1.1760e—120  7.5369e—174 1.5180e—176
5 425 1.0147 e—124 1.6017e—162  1.3409e—138 6.4336e—144
f 0.5 7.5584e—144 1.9930e—143  1.4892e—138 2.3654e—146
6 155 2.8011e—150 5.7295e—121 9.8206e—176 4.0287e—119

and the corresponding method has been proposed in [8], which is also equivalent to (7).

4. Numerical results

In this section, we employ the presented fourth-order methods (8), including (7), (11), and (12), to solve some nonlinear
equations and compare them with another fourth-order method (2). All numerical computations have been carried out in
a Matlab 7.0 environment using 128- digit floating-point arithmetic. The following test problems have been used with the
stopping criterion |f (X,41)] < 107", where x* is a root of f (x) with multiplicity m.

f® x* m
1(X) = (sIn“ x — x° + .

fi(x) = (sin? 2 4 1)? 1.4044916482153412260350868178 2
2X) = —e —3x+ .

LX) =® —e —3x+2)° 0.2575302854398607604553673049 5
3(x) = (cosx — x .

(0 =( )3 0.7390851332151606416553120876 3
fax) = (x¢* —sinx + 3cosx +5)* —1.2076478271309189270094167584 4
F(x) = (730 ) 3.0 4
fo) = (Inx+ /x — 5)4 8.3094326942315717953469556827 4

In Tables 1 and 2, “x” means that the method does not converge to the solution to the corresponding test function. It can
be seen that the new presented methods (11) and (12) are superior to method (2). For the test function f, starting from the
initial point 1.2, methods (2) and (7) both failed. However, two new iterative methods, (11) and (12), perform well. So Table 1
shows that our present methods can compete with method (2) and require fewer iterative steps, especially the number of
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function evaluations. From Table 2, we can see that, even with fewer iterative steps, the present methods can also obtain
high-precision solutions, and thus they are more suitable for high-precision computation.

Acknowledgement

The authors would like to thank the referees for their helpful comments and suggestions, which greatly improved the
original manuscript.

References

[1] E. Schréder, Uber unendlich viele Algorithmen zur Auflésung der Gleichungen, Math. Ann. 2 (1870) 317-365.
[2] C. Dong, A basic theorem of constructing an iterative formula of the higher order for computing multiple roots of an equation, Math. Numer. Sin. 11
(1982) 445-450.
[3] C.Dong, A family of multipoint iterative functions for finding multiple roots of equations, Int. J. Comput. Math. 21 (1987) 363-367.
[4] H.D. Victory, B. Neta, A higher order method for multiple zeros of nonlinear functions, Int. ]. Comput. Math. 12 (1983) 329-335.
[5] B.Neta, A.N. Johnson, High-order nonlinear solver for multiple roots, Comput. Math. Appl. 55 (2008) 2012-2017.
[6] B. Neta, New third order nonlinear solvers for multiple roots, Appl. Math. Comput. 202 (2008) 162-170.
[7] B. Neta, Extension of Murakami’s high order nonlinear solver to multiple roots, Int. J. Comput. Math. 87 (2010) 1023-1031.
[8] S. Li, X. Liao, L. Cheng, A new fourth-order iterative method for finding multiple roots of nonlinear equations, Appl. Math. Comput. 215 (2009)
1288-1292.
[9] S.Li, L. Cheng, B. Neta, Some fourth-order nonlinear solvers with closed formulae for multiple roots, Comput. Math. Appl. 59 (2010) 126-135.
[10] P.Jarratt, Multipoint iterative methods for solving certain equations, Comput. J. 8 (1966) 398-400.
[11] P.Jarratt, Some efficient fourth order multipoint methods for solving equations, BIT 9 (1969) 119-124.
[12] J.R. Sharma, R. Sharma, Modified Jarratt method for computing multiple roots, Appl. Math. Comput. 217 (2010) 878-881.
[13] H.T.Kung, J.F. Traub, Optimal order of one-point and multipoint iteration, J. Assoc. Comput. Mach. 21 (1974) 643-651.



	Constructing higher-order methods for obtaining the multiple roots of nonlinear equations
	Introduction
	Development of a high-order method
	Some special cases of order four
	Numerical results
	Acknowledgement
	References


