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Contraction mapping

1. Introduction and preliminaries

Recently, there has been increasing interest in the study of qualitative analysis of various second order difference
equations, for example, see [1-12] and the references cited there.

Tang [9] discussed the existence of a bounded nonoscillatory solution for the second order linear delay difference
equations

A’Xy = PpXn, N >0, (1.1)
o0

A% = piMxny, n=0. (12)
i=1

Zhang and Li [12] obtained some oscillation criteria for the second order advanced functional difference equation
A(anAxy) + PnXgmy = 0. (1.3)

Thandapani et al. [ 10] considered necessary and sufficient conditions for the asymptotic behavior of nonoscillatory solutions
of the difference equation

A(aqAxp) = QnXny1, N =0, (1.4)

and discussed a few sufficient conditions for the asymptotic behavior of certain types of nonoscillatory solutions of the
second order difference equation

A(anAxy) = qnf Xny1), n = 0. (1.5)
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Li and Zhu [6] established the asymptotic behavior of the second order nonlinear difference equation

A(rn—1A%—1) + qn(AX)? — pax = e,, n>0. (1.6)

Chengetal. [2] and Zhang [ 11] discussed the asymptotic behaviors of solutions and nonoscillatory solutions for some special
cases of Eq. (1.6), respectively. Recently, Jinfa [3] utilized the contraction principle to study the existence of a nonoscillatory
solution for the second order neutral delay difference equation with positive and negative coefficients

A? (Xn + PXn—m) + PnXn—k — quXn—1 =0, n>ng (1.7)

under the condition p # —1. Migda and Migda [8] gave the asymptotic behavior of the second order neutral difference
equation

A? (%n +DpXng) + (1, %) =0, n>1 (1.8)

Very recently, Meng and Yan [7] investigated the sufficient and necessary conditions of the existence of the bounded
nonoscillatory solutions for the second order nonlinear neutral delay difference equation

m

A% (% = PXnt) = ) Qfilxnop), 1= Mo (19)

i=1

However, to the best of our knowledge, neither did anyone investigate the global existence of nonoscillatory solutions for
Egs. (1.7)-(1.9) with respect to all p € R, nor did they discuss the existence of uncountably many bounded nonoscillatory
solutions for Egs. (1.1)-(1.9) and any other second order difference equations.

Motivated by the papers mentioned above, in this paper we investigate the following more general second order
nonlinear neutral delay difference equation

A (anA(Xn + bxn—r)) +f(n’ Xn—dqp> Xn—dyps + - + Xn—dkn) =Cp, N =Ny, (110)

whereb € R, 7, k € N,ng € N, {an}neNn0 and {cn}neNn0 are real sequences witha, > Oforn € Ny, U;;l{dl“}neNno C Z,and

f Ny, x R¥ — R is a mapping. Using the contraction principle, we establish some global existence results of uncountably
many bounded nonoscillatory solutions for Eq. (1.10) relative to all b € R. Our results sharp and improve Theorem 1 in [3].
To illustrate our results, seven examples are also included.

On the other hand, using similar arguments and techniques, the results presented in this paper could be extended to
second order nonlinear neutral delay differential equations. Of course, we shall continue to study these possible extensions
in the future.

Throughout this paper, we assume that A is the forward difference operator defined by Ax, = X,41 — Xp, A%, =
A(Axy), R = (=00, +00), RT = [0, +00), Z and N stand for the sets of all integers and positive integers, respectively,

N,={n:neNwithn>a}, Z,={n:neZwithn>a}, ac2,
a=inf{ln—dy:1 <1<k neNy}, B=min{n —r,a}
lim(n—dy) =+o00, 1=<I<k,

n—oo

15> denotes the Banach space of all bounded sequences on Zg with norm

Il = sup bl forx = {alncs, € IF
nezg

and
AN, M) = {x = {Xn}nezy €17 N <X, <M, neZ} forM>N>0.

It is easy to see that A(N, M) is a bounded closed and convex subset oflgo.

By a solution of Eq. (1.10), we mean a sequence {xn}nezﬁ with a positive integer T > ng 4+ t + |«| such that Eq. (1.10) is
satisfied for all n > T. As is customary, a solution of Eq. (1.10) is said to be oscillatory if it is neither eventually positive nor
eventually negative. Otherwise, it is said to be nonoscillatory.

2. Existence of uncountable bounded nonoscillatory solutions

Now we investigate the existence of uncountable bounded nonoscillatory solutions for Eq. (1.10).
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Theorem 2.1. Let M and N be two positive constants with M > N and b = —1. Assume that there exist two sequences {Pn}neNnO
and {Qn}neNno satisfying
[F(n, ug, ug, oo u) — f(n, Uy, Up, o, W) | < Pomax{lyy —wyf 0 1 <1<k},
neNy,u,u€[N,M,1 <1<k (2.1)
f(n,up,up, .., u )] <Qp neNy,ue[N,M,1=<I1<k (2.2)
o0 o0 o0 ]
oY > —max (P, @, erl} < +oo. (2.3)

i=1 s=ng+it t=s
Then Eq. (1.10) possesses uncountably many bounded nonoscillatory solutions in A(N, M).

Proof. SetL € (N, M). Now we construct a contraction mapping S; : A(N, M) — A(N, M) and prove that its fixed point is a
bounded nonoscillatory solution of Eq. (1.10). It follows from (2.3) that there exist 0 € (0, 1) and T > ng+ 7 + || satisfying

=3 _%; (2.4)

i=1 s=T+it t=s
o0 o0 o0
+]c .
> Zusmm{M—L,L—N}, n>T+1. (2.5)
i=1 s=T+it t=s as

Define a mapping S; : A(N, M) — l/°3° by

o0 o0 o0
1
L E E E — (€, X oy s - s Xe—dyy ) — >T+1
(S1%)n = i i=1 s=ntiv t=s 05 (f( s Xe—die> Xe—dye» » Xt—dy) Ct)’ n=T+1, (2.6)

SiX)r+1, B=<n<T+1
forx € A(N, M). In terms of (2.1), (2.4) and (2.6), we gain that forx,y € A(N,M)andn > T + 1

(eI < BNe ]

P
S0 — Sl <D D Y —max{ixea, —Yea, : 1 <1<k}

1 s=n+it t=s S

This leads to
ISux = Swyll < Ollx —yll,  x,y € AN, M). (2.7)
In view of (2.2), (2.5) and (2.6), we infer that for any x € A(N, M) andn > T

N on e Qe
|(SLX)n_L|§E E E ——— <min{M —L,L — N},
as

i=1 s=T+it t=s

which yields that S; (AN, M)) € A(N, M). Hence (2.7) means that S is a contraction mapping and it has a unique fixed point
x € A(N, M). It follows thatforn > T+ 7 + 1

o0 o0 o0 1
Xp = L+ Z Z Z ; (f(t7xt—d1ta Xt—dzfa e 7X[—dk[) - C[) )

i=1 s=n+ir t=s S
00 00 x 1
Xnr =L+ > > = (FCE, Xe—dygs Xe—dogs -+ -+ Xe—de) — Ct) »
i=1 s=n+(i—-1)r t=s 3

which give that

o0
1
A = Xn-e) = Y — ([ (6 Xty Xy -+ Xe—ty) — €2 »
t=n "N
A (A A(Xn — Xn—1)) = —f (N, Xn_dyy» Xn—dyps - - - » Xn—djy) + Cn

forn > T + t 4 1. That is, x a bounded nonoscillatory solution of Eq. (1.10).
Let L1,L, € (N,M) and Ly # L,. For each j € {1,2}, we choose a constant §; € (0, 1), a positive integer T; >
ng + 7 + |¢| and a mapping Sy, satisfying (2.4)-(2.6), where 6, L and T are replaced by 6;, L; and T}, respectively, and
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Do Doty i Dot % < 2l for some T3 > max{Ty, T»}. Obviously, the contraction mappings S, and S, have the
unique fixed points x,y € A(N, M), respectively. That is, x and y are bounded nonoscillatory solutions of Eq. (1.10) in
A(N, M). In order to show that Eq. (1.10) possesses uncountably many bounded nonoscillatory solutions in A(N, M), we
prove only that x # y. In fact, by (2.6) we gain that forn > T3 4 1

XH_L1+Z Z Z f(t Xe— d]taxt d2t7"'axt—dkt)_ct)7

i=1 s=n+it t=s
Y —Lz+2 Z Z (P Y-ty Vet - Yed) — 1) -
i=1 s=n+it t=s as
It follows that

o0
oyl = -l =30 3 3
S

i=1 s=n+it t=s

X |f(t xtfd]tv X[*dzp cee Xt,dkt _f(ts Yt—dltaYt—dzp “e 7yt7dkt)|

> |Ly —Lz|—Z Z Z—nx—yn

i=1 s=n+it t=s as

> |L1—L2|—2MZ Z Z

i=1 s=T3+it t=s
>07 nZT3+1a

that is, x ## y. This completes the proof. O

Theorem 2.2. Let M and N be two positive constants with M > N and b = 1. Assume that there exist two sequences {Pn}neNno
and {Qn}neNnO satisfying (2.1) and (2.2) and

Z Z max{Pt, Q;, |ct]} < +o0. (2.8)

s=ng t=s
Then Eq. (1.10) possesses uncountably many bounded nonoscillatory solutions in A(N, M).

Proof. LetL € (N, M). Now we construct a contraction mapping S; : A(N, M) — A(N, M) and prove that its fixed point is a
bounded nonoscillatory solution of Eq. (1.10). Clearly (2.8) implies that there exist & € (0, 1) and T > ng+ 7 + || satisfying

o0 oo Pt
0 = ZZ o (2.9)
s=

Zzwfmin{M—L,L—N}. (2.10)

s=T t=s as

Define a mapping S; : A(N, M) — l;o by

00 n+2ir—1 00

(SLX)n — Z Z Z f(t Xe— oT) Xe— —dypsr -+ - 7X[—dkr) - C[) ) n= Ta (2'11)

i=1 s=n+Qi—1)t t=s as
(SLX)T7 ﬂ S n<T

forx € A(N, M). Using (2.1), (2.9) and (2.11), we conclude that forx,y € A(N, M) andn > T

00 n+2ir—1 00

(S0 — Sl <D > Z max { g, — Ye_q,] : 1 <1<k}

i=1 s=n+(2i—1)T t=s as
= Olix—yll,

which yields (2.7). Note that (2.2), (2.10) and (2.11) ensure that forany x € A(N, M) andn > T

(520 — LI <ZZQ‘+' “ < miniM — L.L— N),

s=T t=s
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which means that S; (AN, M)) € A(N, M). That is, (2.7) ensures that S; is a contraction mapping and it has a unique fixed
point x € AN, M). It follows that forn > T + 7

00 n+2it—1 00

=L-3y > Z Xy Xy Xea) = ).

i=1 s=n+(2i—1)t t=s
oo n+Qi—-1)t—1 oo

1
Xn—t = L— Z Z Z - (f(t9 Xt,d”, xtfdzp ) thdkf) - Ct) )

i=1 s=n42(i—1)7 t=s °

which imply that
21
AGn+x00) = Y — (F(6 Xt Xy - Xma) =€), =T 47
t=n N
and

Aan Ay + Xn—2)) = —f (N, Xn—dyp> Xn—doys -+ » Xn—dy) T, =T+ 7.

Therefore x a bounded nonoscillatory solution of Eq. (1.10). The rest of the proof is similar to that of Theorem 2.1 and is
omitted. This completes the proof. O

Theorem 2.3. Let |b| € [0, %), M and N be two positive constants with M (1 — 2|b|) > N. Assume that there exist two sequences
{Pn}ngNnO and {Q"}HENnO satisfying (2.1), (2.2) and (2.8). Then Eq. (1.10) possesses uncountably many bounded nonoscillatory
solutions in A(N, M).

Proof. Let L € (N + |b|M, M(1 — |b|)). Now we construct a contraction mapping S; : A(N, M) — A(N, M) and verify

that its fixed point is a bounded nonoscillatory solution of Eq. (1.10). It follows from (2.8) that there exist & € (0, 1) and
T > ng + t + |« satisfying

o=+ 3"

L (2.12)
s=T t=s as
o0 o0
ZZ & + lad <min{M(1—1|b|)) =L, L—|bjM =N}, n>T+1. (2.13)
s=T t=s as
Define a mapping S, : A(N, M) — [° by
o0 o0 1
(SX)n = L—bxp—r — Z Z o (f(tv Xt—dyps Xt—dyes + -+ » Xt—de) — Ct) , n>T+1, (2.14)

Si¥)re1, B=<n=<T

for x € A(N, M). On account of (2.1), (2.12) and (2.14), we derive that forx,y € A(N,M)andn > T + 1

(S0 — (sly>n|<|b|||x—y||+ZZ - max {Ixe—g, = Yi-a,| : 1 =i =K}

s=n t=s

< Olx—yll,
which implies (2.7). It follows from (2.2), (2.13) and (2.14) that forany x € A(N,M)andn > T + 1

[(S:)n — L| < |bIM + ZZ Q + |Cr|

=T t=s

< |bIM + mm{M(l - |b|) —L,L—|b|M — N},

which yields that S; (AN, M)) € A(N, M). Thus (2.7) guarantees that S; is a contraction mapping and it has a unique fixed
point x € A(N, M). It is clear that x is a bounded nonoscillatory solution of Eq. (1.10). The rest of the proof is similar to that
of Theorem 2.1 and is omitted. This completes the proof. O

Theorem 2.4. Let b < —1, M and N be two positive constants with M > N. Assume that there exist two sequences {Pn},,eNn0
and {Qn}neNnO satisfying (2.1), (2.2) and (2.8). Then Eq. (1.10) possesses uncountably many bounded nonoscillatory solutions in
A(N, M).
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Proof. Put L € (M(1+ b), N(1 + b)). Now we construct a contraction mapping S; : A(N, M) — A(N, M) and show that its
fixed point is a bounded nonoscillatory solution of Eq. (1.10). In terms of (2.8), we choose 8 € (0, 1) and T > ng + 7 + |¢|
satisfying

.1 o0 00 P
o=—1 (HZZ;)? (2.15)
Y cming - M NGB -1, =T (2.16)

Define a mapping S; : A(N, M) — lg“ by

1 o0 e}

1
s0n=15""b b Z Z — (f(f,xrfdwxrfdzﬂ ooy Xe—dy) — Cr) , n>T+1, (2.17)

s=n+t1 t=s as
Sy, B<n=<T

for x € A(N, M). Thus (2.1) together with (2.15) and (2.17) implies that forx,y € A(N,M) andn > T + 1

Ix=yl 1 & KP
|(S1%0n — (Sl < — — = > max{xg, —Ye-a,l: 1 <1<k

b b s=n+t t=s 3

Ollx =yl

IA

which gives (2.7). By virtue of (2.2), (2.16) and (2.17), we conclude that foranyx € A(N,M)andn > T + 1

)
(&xhs%—ﬂ_fzz@ﬂq
L

b s=T t=s
M
5B—F—fmm{L—(l—l—b)MN(l—l—b)—L}
<M
and
L N 1&X0Q+]al
Son =7 ——+-> Y -
b b bs:Tt:s as
L N 1 .
ZB—E—l—gmm{L—(l—l—b)M,N(l—l—b)—L}
>N

)

which imply that S; (AN, M)) € A(N, M). Thus (2.7) gives that S; is a contraction mapping and hence it has a unique fixed
point x € A(N, M). It is easy to verify that x is a bounded nonoscillatory solution of Eq. (1.10).

Put Ly, L, € (M(1+4b),N(1+ b)) and Ly # L,. For eachj € {1, 2}, we select a constant §; € (0, 1), a positive integer
T; > ng + 7 + || and a mapping Sy, satisfying (2.15)—(2.17), where 6, L and T are replaced by 6;, L; and T;, respectively,

and ZS Ty Zfﬁs % ‘L K' for some T3 > max({T;, T>}. Note that the contraction mappings S;, and S;, have the unique
fixed points x, y € A(N, M) respectively, and x and y are bounded nonoscillatory solutions of Eq. (1.10) in A(N, M). In order
to show that Eq. (1.10) possesses uncountably many bounded nonoscillatory solutions in A(N, M), we need to prove that

x # y. Infact, by (2.17) we gain that forn > T3 4+ 1

Lq Xn+
xnzg_%_f ZZ f(t Xe— dltvxt dzp"'axtfdkt)_ct)s

s=n+t t=s
Ly  Ynye
yn:F_ b -7 Z Z f(t Ye—dqgs Ye— dzz""’yf*dkt)_ct)‘
s=n+t t=s

It follows that forn > T3 + 1

Xntt — Yntr

Xp —Yn+ b

L —L 1 &S &P
> el S S P (v — a1 <1< K

o Y k-
o lIx =yl

|
S8
Sl



Z. Liu et al. / Computers and Mathematics with Applications 57 (2009) 587-595 593

_ |L1—L2| ZZ

s=T3 t=s as

> 0,
that is, x # y. This completes the proof. O

The proofs of Theorems 2.5-2.7 below are analogous to that of Theorems 2.3 and 2.4, and hence are omitted.
Theorem 2.5. Let b € [0, 1), M and N are two positive constants with M(1 — b) > N. Assume that there exist two sequences
{Pn}neNnO and {Qn}neN,l0 satisfying (2.1), (2.2) and (2.8). Then Eq. (1.10) possesses uncountably many bounded nonoscillatory
solutions in A(N, M).

Theorem 2.6. Let b € (—1, 0], M and N be two positive constants with M > N. Assume that there exist two sequences {Pn}neNno
and {Qn}neNn0 satisfying (2.1), (2.2) and (2.8). Then Eq. (1.10) possesses uncountably many bounded nonoscillatory solutions in
A(N, M).

Theorem 2.7. Let b > 1, M and N be two positive constants with M > N. Assume that there exist two sequences {Pn}neNn0
and {Qn}neNnO satisfying (2.1), (2.2) and (2.8). Then Eq. (1.10) possesses uncountably many bounded nonoscillatory solutions in
A(N, M).

Remark 2.1. Theorems 2.1 and 2.7 are generalizations of Theorem 1 in [3].
3. Examples
Now we construct seven examples to explain the results presented in Section 2.

Example 3.1. Consider the second order nonlinear neutral delay difference equation

3 __1\yn—1
(xn-5)"  (=1) —— (3.1)

A A, — X, = , n
(A = x0-)) + 5 = e T nE

where T € Ny, is fixed. Let M and N be two positive constants with M > N and

k=2, ay=n* b=-1, dyp=5 dyp=-2, o= Sl
— 4, n — ) - ) n — 9, 2n — ) "_n(2n—1)’
u? M?(4M + 3n?) &
nuv)=—, Pp=———, = , n>1 u,veR.
I ) w4+’ " (n3 + N)? Qn nm+N

It is easy to see that the conditions (2.1)-(2.3) are satisfied. Thus Theorem 2.1 implies that Eq. (3.1) possesses uncountably
many bounded nonoscillatory solutions in A(N, M). But Theorem 1 in [3] is not valid for Eq. (3.1).

Example 3.2. Consider the second order nonlinear neutral delay difference equation
(Xn(nfl))5 B (_1)11—1 Inn
n + (Xn(n—l))2 n%

where t € Ny is fixed. Let M and N be two positive constants with M > N and

A+ 1)2 A + Xn_2)) + L n>np=1, (3.2)

3 (=)™ 'lnn
k=1, a=@m+1D2, b=1, dy=n2-n, ¢=——7F——,
n2
) v’ P M*(5n% 4 3M?) o M° iR
nu)=——-, =—, ==, n=1lLu .
n2 + u2 n (n? + N2)2 n2 4+ N2

Obviously, the conditions (2.1), (2.2) and (2.8) hold. Therefore Theorem 2.2 guarantees that Eq. (3.2) possesses uncountably
many bounded nonoscillatory solutions in A(N, M). But Theorem 1 in [3] is inapplicable for Eq. (3.2).

Example 3.3. Consider the second order nonlinear neutral delay difference equation

1 (Xn—(—1yn)? 1-1
Al n?Aax, + —x, = I n>ng=1, 3.3
( <"+4”’>)+ n? nn+1 G3)
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where 7 € N, is fixed. Let M and N be two positive constants with M > 2N and

1

k=1 a:n2 b:1 d]:(—])n ng
’ n ’ 4» n ) n n(n_i_‘l)’
u? 2M M?
f(niu)=§, Pn=?, Qn=?, n>1,ueR.

Clearly, the conditions (2.1), (2.2) and (2.8) are satisfied. Thus Theorem 2.3 guarantees that Eq. (3.3) possesses uncountably
many bounded nonoscillatory solutions in A(N, M). However, Theorem 1 in [3] is not applicable for Eq. (3.3).

Example 3.4. Consider the second order nonlinear neutral delay difference equation

(—D"(x,2)> —sin(1 —n3)
A nzlnnA(x —50x%,_;)) + = , n>nyg=1, (3.4)
( n n—t ) n% n ,;n T3 0
where T € Ny, is fixed. Let M and N be two positive constants with M > N and
k=1 2Inn, b=—-50, dy=n(—n) —sin(1 — )
k=1, a,=n"Inn, = —50, =n(l-n), ¢ =—rr—7mm,
" i "T n/n+3
(—1)"u? 2M M?
fmuwy=——5—, Ph=—, Qu=—5 nx>1luek
n2 n2 n2

It is clear that the conditions (2.1), (2.2) and (2.8) hold. Hence Theorem 2.4 ensures that Eq. (3.4) possesses uncountably
many bounded nonoscillatory solutions in A(N, M). However, Theorem 1 in [3] is not valid for Eq. (3.4).

Example 3.5. Consider the second order nonlinear neutral delay difference equation

3
4 Finwrs) (=7
A (n In? nA (xn + an_,)) + 2" =D n>ny=1, (3.5)

n(n+4) nm+1’ -

where T € N, is fixed. Let g9 = %, M and N be two positive constants with M > N and

4 1 -1"™
k=1, a,=nln*n, b=—-, dij,=-nn+3), c,= ,
n 5 1n 2 ( + ) n n3+1
fw=—" p= Mo M uer
nu)=——_-, = —", = —7—, n=Lu .
nn+4) " nn+4) nn+4)

It is a simple matter to verify that the conditions (2.1), (2.2) and (2.8) hold. Thus Theorem 2.5 gives that Eq. (3.5) possesses
uncountably many bounded nonoscillatory solutions in A(N, M). However, Theorem 1 in [3] is not applicable for Eq. (3.5).

Example 3.6. Consider the second order nonlinear neutral delay difference equation

2 1
6 (Xn(n+l)) n—-
Al @n+cosn)?A [ x, — —x, = Loon>ny=1, 36
<( +eosm ( 7“>>+<n+2><n+5> w o M 6o
where T € Ny, is fixed. Let M and N be two positive constants with M > N and
2 6 2 "_%
k=1, a,=@2n+cosn)*, b=—=, dy,=-n° ¢ =—=",
7 n3
u? 2M M?
fooy=——+, Ph=————, Qu=——"——, n>1luek
m+2)(n+5) (n+2)(n+5) (n+2)(n+5)

It is easy to verify that the conditions (2.1), (2.2) and (2.8) hold. Thus Theorem 2.6 yields that Eq. (3.6) possesses uncountably
many bounded nonoscillatory solutions in A(N, M). However, Theorem 1 in [3] is inapplicable for Eq. (3.6).

Example 3.7. Consider the second order nonlinear neutral delay difference equation

_ 2
(=pm! (Xn(nfz)) _ 1
n2+3n4+10  (n+1)In?n’

A((n+ 1> Axq 4 30x,—7)) + n>ny=1, (3.7)
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where 7 € Ny, is fixed. Let M and N be two positive constants with M > N and

1
k=1, a,=m+1% b=30, dy,=nB3-n), cp=————,
n ( ) 1n ( ) n (n+1)1n2n
Fonw (=D™u? 2M o M? - &
nuy = ———, = - =——— n>1uelR.
n2+3n+10 " n2+4+3n+10 n?+3n+ 10

It follows that the conditions (2.1), (2.2) and (2.8) hold. Thus Theorem 2.7 guarantees that Eq. (3.7) possesses uncountably
many bounded nonoscillatory solutions in A(N, M). However, Theorem 1 in [3] is not valid for Eq. (3.7).
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