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LBL-16603 

ON MACROSCOPIC AND MICROSCOPIC ANALYSES FOR CRACK 

INITIATION AND CRACK GROWTH TOUGHNESS IN DUCTILE ALLOYS 

R. 0. Ritchie and A. W. Thompson 

ABSTRACT 

Relationships between crack initiation and crack growth toughness 

are reviewed by examining the crack tip fields and microscopic (local) 

and macroscopic (continuum) fracture criteria for the onset and 

continued quasi-static extension of cracks in ductile materials. By 

comparison of the micromechanisms of crack initiation via transgranular 

cleavage and crack initiation and subsequent growth via microvoid 

coalescence, expressions are shown for the fracture toughness of 

materials in terms of microstructural parameters, including those 

deduced from fractographic measurements. In particular the distinction 

between the d'eformation fie 1 ds directly ahead of stationary and non-

stationary cracks are explored and used to explain why microstructure 

may have a more significant role in influencing the toughness of slowly 

growing, as opposed to initiating, cracks. Utilizing the exact 

asymptotic crack tip deformation fields recently presented by Rice and 

his co-workers for the non-stationary p 1 ane strain Mode I crack and 

evoking various microscopic failure criteria for such stable crack 

R. 0. RITCHIE is Professor in the Materials and Molecular Research 
Division, Lawrence Berkeley Laboratory, and Department of Materials 
Science and Mineral Engineering, University of California, Berkeley, 
CA 94720. A. W. THOMPSON is Professor in the Department of Metallurgical 
Engineering and Materials Science, Carnegie-Mellon University, 
Pittsburgh, PA 15213. 
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growth, a relationship between the tearing modulus TR and the non­

dimensionalized crack initiation fracture toughness Jrc is described 

and shown to yield a good fit to experimental toughness data for a wide 

range of steels. 
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I. INTRODUCTION 

The fracture toughness of a material is conventionally assessed in 

terms of the critical value of some crack tip field characterizing 

parameter at the initiation of unstable crack growth. In plane strain 

for example, under small-scale yielding (ssy) conditions, the critical 

value of the linear elastic stress intensity factor, Kic' is generally 

determined at the onset of crack extension, and can be referred to as 

the 11 toughness. 11 1 With appreciable non-linearity in the load-

displacement curve, however, the (crack initiation) toughness is 

measured in terms of the critical value of the J-integral, Jlc,2,3 or 

the crack tip opening displacement, o; or oic· 4 For ssyconditions, 

these parameters are explicitly related in terms of the flow stress, 

cr0 , and the elastic (Young•s) modulus E, i.e.: 

= ( 1) 

where E' = E in plane stress and E/(1 - v2) in plane strain, and a is a 

proportionality factor of order unity, dependent upon the yield. strain 

(e: 0 = a 0 /E), the work hardening exponent ( n) and whether p 1 ane stress 

or plane strain conditions are assumed.5 

Although in 11 brittle 11 structures, catastrophic failure or 

instabi 1 ity is effectively coincident with this onset of crack 

extension, in the presence of sufficient crack tip plasticity, crack 

initiation is generally followed by a region of stable crack growth. 
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Under elastic-plastic conditions (or plane stress, linear elastic 

conditions), such sub-critical crack advance has been macroscopically 

characterized in terms of crack growth resistance curves, i.e., the 

JR(6a) and oR(6a) R curves (Fig. 1).6 - 8 Crack growth toughness is now 

assessed in terms of the slope of the resistance curve, which in the J 

approach can be evaluated in terms of the non-dimensional tearing 

modulus (TR =L · dJ),7 or in the CTOO approach in terms of the crack 
a 2 da · o do 

tip opening angle (CTOA =cra),8,9 where: 

E dJ E do CTOA 
TR - -2 da = a

0 
da = Yield Strain 

ao 
(2) 

Whereas crack initiation toughness values (i.e.', Krc~ Jrc' etc.) 

are by far the most wide 1 y measured and quoted, it has been noted in 

high toughness ductile materials, for example, that stable ductile 

crack growth can occur at J values some 5 to 10 or more times the 

initial Jrc value prior to instability,10 e.g., Fig. 2. Furthermore, 

mi crostructura 1 i nf 1 uences on fracture resistance wou 1 d appear to be 

enhanced in the crack growth regime, compared to initiation behavior 

(Fig. 2). Evaluating the toughness of such materials with crack 

initiation parameters, such as Jrc' would appear overly conservative, 

and according 1 y there has been a recent trend, both for engineering 

fracture mechanics design and for metallurgical toughness assessment, 

to consider additionally crack growth parameters, such as dJ/da, CTOA 

or the tearing modulus TR (for reviews, see refs. 6-12). 
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The purpose of this paper is to examine the re 1 at i onsh i p between 

crack initiation and quasi-static crack growth toughness at both 

macroscopic and microscopic levels and in particular to identify the 

role of microstructure. Continuum and local models for the initiation 

and continued propagation of cracks, by both cleavage and hole growth 

mechanisms, are considered in terms of near-tip stress and deformation 

fields and macroscopic/microscopic fracture criteria for the quasi­

static plane strain advance of stationary and non-stationary tensile 

cracks. Specifically, model expressions for crack initiation and 

crack growth toughness are presented which indicate a relationship 

between Jrc and TR, the latter representing an extension of the brief 

assessment of crack growth toughness originally reported by Shih et 

al.l3 

3 



II. CRACK INITIATION TOUGHNESS 

Crack Tip,Fields for Stationary Cracks 

The stress and deformation fields local to the near-tip region of 

stationary cracks subjected to tensile (Mode I) opening are well known 

for both linear elastic and non-linear elastic solids. Asymptotic 

continuum mechanics analyses of the local singular fields yield, for 

linear elastic conditions, a local stress distribution at distance r 

from the crack tip, in the limit of r-+ 0, of:l4,15 

K 
a . . (r,9) -+ _I f .. (8) 

lJ 12nr lJ 
(3) 

where KI is the Mode I stress intensity factor, 9 the polar angle 

measured frpm the crack plane, and fij a dimensionless function of 9. 

For elastic-plastic (actually non-linear elastic) conditions, 

asymptotic so 1 u:tions by Hutchinson, Rice and Rosengren (HRR) for the 

local stress, strain and displacements ahead of a stationary tensile 

crack in a power-hardening (incompressible non-linear elastic) solid, 

with a constitutive relationship of the form: 

yield, in the limit of r-+ 0:16,17 

a . . (r,9) 
1 J 

n 
n+l 

-+ (_ J ) c; .. (9) 
lJ 

al In r 

4 

(4) 

( 5a) 



1 
J 

n+1 
€~. (8) e:~j(r,8) -+ (_ ) 

cr1 In r lJ 
(5b) 

1 
u;(r,9) J 

n+1 
-+ ) u;(9) r -

cr1 In r 
(5c) 

where J is the J-integra1,18 crl the equivalent stress at unit strain, 

Gij(9), Eij(9) and ui(9) are normalized stress, strain and displacement 

functions of 9, and In is a numerical constant, weakly dependent upon 

the strain hardening exponent, n, given within 2 pet by the empirical 

relation: 19 •20 

In = 10.310.13 + n - 4.8 n (6) 

Numerical values of the functions in Eq. 5 have recently been tabulated 

by Shih.21 

Incorporating Rice and Johnson•s 22 and McMeeking•s 23 near-tip 

blunting solutions which consider large geometry changes at the crack 

tip, and Tracey•s 24 numerical power hardening solutions, the 

distribution of local tensile (opening) stress, crYY' directly ahead of 

a stationary Mode I crack (i.e., at 9 = 0 when r = x) can be defined 

for various values of n and cr0 /E, as shown in Fig. 3. The 

corresponding near-tip equivalent plastic strain {Ep) distribution, 22 

which is essentially independent of strain hardening for the stationary 

crack, 23 is shown in Fig. 4. Also plotted is the near-tip variation of 

5 



stress state, defined as the ratio of hydrostatic to equivalent stress 

Continuum (Macroscopic) Fracture Initiation Crit~ria 

To define macroscopic fracture criteria for crack initiation, 

reference is ma~e to the functional form of the local singular fields 

from the continuum asymptotic ana 1 yses ( Eqs. 3 and 5 ). For a britt .1 e 

solid, the stress intensity factor KI can be considered as the (scalar) 

ampli.tude of the linear elastic singularity in Eq. (3). Under 

conditions of small-scale yielding (ssy), where the plastic zone size 

(ry) at the crack tip, given approximately by:15 

(7) 

is small compared to the length of the crack (a) and uncracked ligament 

(b), provided this asymptotic field "dominates" the local crack tip 

vicinity over dimensions large compared to the scale of microstructural 

deformation and fracture events involved, KI can be utilized as a 

sing 1 e, configuration-independent parameter which unique 1 y and 

autonomously characterizes the local stress and strain field ahead of a 

linear elastic crack. In such circumstances it can thus be utilized to 

corre 1 ate microscopically with crack extension. For the monotonic 

loading of plane strain stationary cracks, the onset of brittle 

fracture is thus macroscopically defined at KI = Krc' where Kic is the 

Mode I plane strain fracture toughness.l,lS 

6 
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In the presence of more extensive plasticity where ssy conditions 

no longer apply (i.e., typically for ry t ls (a,b)), J, taken as the 

scalar amplitude factor of the HRR singularity (Eq. 5), can be utilized 

in somewhat analogous fashion. Provided this field can be considered 

to dominate over the relevant crack tip dimensions, J uniquely and 

autonomously characterizes the local stresses and strains ahead of a 

stationary crack in a power hardening solid, and the corresponding 

macroscopic failure criterion for the onset of crack extension in a 

ductile solid becomes J = Jic·2,3 

It should be noted here that the HRR singularity and the J-integral 

are strictly defined for a non-linear elastic solid, where stress is 

proportional to current strain, rather than for the more realistic 

elastic-incrementally plastic solid, where stress is proportional to 

strain increment (Fig. 5). Provided the crack remains stationary and 

is subjected only to a monotonically increasing load, plastic loading 

wi 11 not depart rad i ca 11 y from prop art ion a 1 i ty and this approach is 

appropriate. However, for growing cracks where regions of elastic 

unloading and nonproportional plastic flow will be embedded in the J­

dominated field, behavior is not properly modelled by non-linear 

elasticity, and this poses certain restrictions to the J 

characterization for large-scale yielding (c.f., ref. 12). Moreover, 

the uniqueness of the crack tip fields implied by the HRR singularity 

is only relevant in the presence of some strain hardening, since the 

crack tip fields for rigid/perfectly plastic bodies under full yielding 

conditions are very dependent on geometry. As noted by McC 1 i ntock, 25 
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the plane strain slip-line field for a fully yielded edge-cracked plate 

in bending (essentially the Prandtl field) has a fundamentally 

different near-tip stress and strain field compared to the center 

cracked _plate in tension (Fig. 6). The former Prandtl field develops 

high triaxiality and normal stress ahead of the tip, with r-1 singular 

shear strains in the fan above and below, whereas in the latter case 

only modest triaxiality occurs ahead of the tip, but intense shear 

strains develop on planes at 45 deg. to the crack. Rationalizing such 

nonunique fully plastic solutions with the concept of a unique HRR 

field and Jrc being a single valued configuration-independent 

measurement of toughness require'S that some strain hardening must 

exist. This implies that, unlike Kr cha,racterization, the specimen 

size limitations for single parameter J characterization must depend 

upon geometry. Finite strain, finite element calculations by McMeeking 

and Parks26 suggest that these critica 1 size 1 imitations, in terms of 

the uncracked ligament dimension b, vary from 

b > 25 J/o
0 , for the edge-cracked bend specimen (8) 

to 

b > 200 J/o0 , for the center-cracked tension specimen (9) 

for materials of moderately low strain hardening (n = 0.1), where o
0 
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is the flow stress, usually defined as the mean of the yield and 

ultimate tensile strengths. 

Local (Microscopic) Fracture Initiation Criteria 

Since both macroscopic criteria, based on KI or J, result from the 

asymptotic continuum mechanies characterization, realistic evaluation 

of toughness using Kic or Jic does not necessitate any microscopic 

understanding of the fracture events involved. However, in the 

interest of a full comprehension of a fracture process and specifically 

to define which microstructural features contribute to a material•s 

toughness, it is often beneficial to construct microscopic models for 

specific fracture mechanisms. Such models are generally referred to as 

"micromechanisms"~ Unlike the continuum approach, this requires a 

microscopic model for the particular fracture mode, which incorporates 

a local failure criterion and consideration of salient microstructural 

features, as wel 1 as detailed knowledge of both the asymptotic and 

very-near tip stress and deformation fields. Physical fracture 

processes, and consequently the local failure criterion and 

characteristic microstructural dimensions, vary substantially, however, 

with fracture mode, as Fig. 7 illustrates for the four classical 

fracture morpho 1 og i es, i.e., mi crov o i d co a 1 escence, quasi -c 1 ea v age, 

intergranular, and transgranular cleavage. 

In view of the specificity of such mode 1 s to part i cu 1 ar fracture 

mechanisms for particular microstructures, a complete 

microscopic/macroscopic characterization of toughness has only been 

9 



achieved in a few simplified cases. For example, for slip-initiated 

transgranular cleavage fracture (Fig. 7d) in ferritic steels, Ritchie, 

Knott and Rice (RKR)2 7 have shown that the onset of brittle crack 

extension at KI = Kic is consistent with a critical stress model in 

which the 1 oca 1 tensi 1 e opening stress (oyy) directly ahead of the 

crack must exceed a local fracture stress (6f*)t over a 

microstructurally significant characteristic distance (x = 9-
0 
*), as 

depicted in Fig. Sa. Using the HRR field in Eq. {5) to define the 

crack tip stress field, the RKR model for the cleavage fracture 

toughness implies:27 •29 

(10) 

where the proportionality factor is simply a function of In in the 

HRR solution, which can be inferred from tabulations in ref. 21. 

In mild steels, with ferrite/carbide microstructures, the 

characteristic d1stance was found to be on the order of the spacing of 

the void initiating grain boundary carbides, i.e., typically"' two 

grain diameters (dg), 27 although different size scales have been found 

when the analysis is applied to other materials. tt The model has been 

tExtensive studies on cleavage fracture in mild steels indicate that af* 
is essentially independent of temperature below the ductile/brittle 
transition (see ref. 4). 

ttin additi~n, recent modelling studies by Evans30 of cleavage in mild 
steel, using weakest link statistical considerations of the size 
distribution of cracked carbides, have interpreted the characteristic 
distance as the carbide location with the highest elemental failure 
probability pertinent to crack advance. 

10 



found to be particularly successful both in quantitatively predicting 

cleavage fracture toughness values in a wide range of microstructures 

and furthermore in rationalizing the influence on Krc of such variables 

as temperature,27,29,31 strain rate,29,31,32 neutron irradiation, 29 , 32 

warm pre-stressing,33 and so forth. Somewhat similar microscopic 

models involving a critical stress criterion have been suggested for 

other fracture modes, including intergranular cracking (Fig. 7c) in 

~emper embrittled steels34,35 and hydrogen-assisted fracture.36 

For initiation of ductile fracture by microvoid coalescence 

(Fig. ?a), McCl intock,9 Rice and Johnson22 and Rice and Tracey37 

considered the criterion that the critical crack tip opening 

displacement must exceed half the mean void-initiating particle 

spacing (i.e., 26 ~ £ 0*"' dp), based on the notion that, in non-· 

hardening materials, this would take place when the void sites are 

first enveloped by the intense strain region at the crack tip (i.e., at 

distance x "'26 from the tip). This model implies that: 

or 

0. = 
1 

(lla) 

( llb) 

although it is unusual to find the fracture toughness to increase 

directly with increasing strength. 

This problem is overcome by the approach of McClintock, 38 Mackenzie 

et al.39 and others29,40 who have alternatively utilized a stress-

11 



modified critical strain criterion. Here, at J = J 1c, the local 

equivalent plastic strain ~P must exceed a critical fracture strain or 

ductility ff*(am/6), specific to the relevant stress state, over a 

characteristic distance r;_0* comparable with the mean spacing (dp) of 

the void initiating particles, as shown schematically in Fig. Bb. 

Following the approach of Ritchie et al.,29 the near-tip strain 

distribution ip from Fig. 4 is considered in terms of distance (r = x) 

directly ahead of the crack, normalized with respect to the crack tip 

opening displacement 6: 

-e: 0: 
p 

c (2.) 
1 X 

(12) 

where c1is of order unity. The crack initiation criterion of E:P 

exceeding €f*(amla) over x = 'L 0* ""dp at J = Jrc now implies a ductile 

fracture toughness of:~-9 

- * * Q. = 6rc 
'\, e:f 'La (13a) 

1 

- * * or Jic '\, ao e:f 'La (13b) 

/E'a0 
- * * or Krc - IJic E' '\, e:f 'La (13c) 

Unlike the critical CTOD criterion (Eq. llb), the stress-modified 

critical strain criterion (Eq. 13) now implies that Jrc for ductile 

fracture is proportiona 1 to strength times ducti 1 ity, which is more 

12 
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phys i ca 11 y rea 1 is tic and permits rat i ana 1 i zat ion of the toughness­

strength relation for cases where microstructural changes which 

increase strength also cause a more rapid reduction in the critical 

fracture strain. Furthermore, in terms of a critical plastic zone size 

for Mode I fracture initiation, rYi' it implies that: 

r . 
Yl 

{14) 

where E: 0 i s the y i e 1 d s t r a i n (a 0 IE) , and a i n E q. ( 1 ) i s taken as 0. 5. 

There is no conceptua 1 d i ffi cu 1 ty with the term € f *, but defining 

it as a material constant has some difficulties in practice. It 

cannot, for example, necessarily be equated to either the tensile or 

plane strain ductilities as conventionally measured. Analysis by Rice 

and Tracey37 for the rate of void expansion in the triaxial stress 

field ahead of a crack tip in a non-hardening material, in terms of the 

void radius RP' suggests: 

(15) 

For an array of void initiating particles of diameter Dp and mean 

spacing dp, setting the initial void radius to Dp/2 and integrating Eq~ 

(15) to the point of ductile fracture initiation gives an expression 

for the fracture strain, €f*, as 

(16) 
0.28 exp(1.5 crm/cr) 

13 



An earlier analysis by McClintock38 for a strain hardening material (of 

exponent n) containing cylindrical holes similarly suggests: 

(17) 

00 00 

where a a and ob are the transverse stress components. 

Although both analyses consider the fracture strain to be limited 

by the mere impingement of the growing voids and thus tend to 

overestimate ff* by ignoring prior coalescence ~ue to shear banding by 

strain localization, they correctly suggest a dependence of lf* on 

stress state (om/8), strain hardening (n) and purity (dp/Dp). For 

example, a 1 arge effect of stress state (i.e., tri ax i a 1 i ty) on fracture 

strain is predicted such that from Eq. (17), lf* would be expecte~ to 

be reduced by an order of magnitude by going from an unnotched plane 

strain condition to that ahead of a sharp crack~ Increased strain 

hardening, however, can enhance ff*, particularly at high tiiaxiality, 

but the benefits of increased purity (i.e., increased hole spacing dp) 

are-only pronounced at low Dp/dp ratios due to the logarithmic terms in 

Eqs. (16) and (17). For example, reducing the volume fraction fp of 

inclusions from 0.001 to 0.000001 would only increase sf* by a factor 

of 2. 20 

More recently, a local means of evaluating €f* has been suggested41 

through use of the fracture surface microroughness M, defined42 as h/W 

in Fig. 9a for microvoid coalescence, and analogously43 for other 

14 



locally-ductile fracture modes as quasi-cleavage (Fig. ?b), the tearing 

topography surface (TTS) and ductile intergranular, as shown in Fig. 

9b. The basis for this approach is the recognition41 that the ratio of 

void height h to the diameter Dp of the initiating particle is a 

measure of the local fracture strain, such that: 

(18) 

or, in terms 41 of M and volume fraction fp of void-initiating 

particles: 

(19) 

Thus, Eq. (13b) would be written as: 

(20) 

The success of these microscopic models for crack initiation 

toughness can be appreciated in Fi~ 10 where the RKR critical stress 

model for cleavage (Eq. 10) and stress-modified critical strain model 

for ductile fracture (Eq. 13) are utilized to predict the respective 

lower and upper shelf toughness in ASTM A533B-1 nuclear pressure vessel 

stee1. 29 Whereas the characteristic distance (~0*) for cleavage 

fracture scales approximately with 2 to 4 times the grain size 

(essentially the bainite packet size), for ductile fracture ~ 0* was 

15 



found to be approximately 5 to 6 times the average major inclusiont 

spacing (dp). 

III. CRACK GROWTH TOUGHNESS 

Crack Tip Fields for Non-Stationary Cracks 

Neglecting large-scale crack tip geometry changes, the plane strain 

near-tip stress state for the stationary tensile crack described above 

can be represented by the Prandtl slip-line field (Fig. lla). This 

applies for a monotonically loaded crack under conditions of wel 1 

contai~ed yielding and at large-scale and general yielding in certain 

highly constrained configurations. For the non-stationary tensile 

crack, however, where applied load continuously varies with crack 

length, a, there are small differences in the crack tip stress field 

(Fig. 12). Exact asymptotic analysis by Drugan, Rice and Sham, 44 and 

earlier analyses by Slepyan,45 Gao46 and Rice and co-workers44 , 47 ,48 

for quasi-static plane strain Mode I crack advance in an elastic-

perfectly plastic solid have shown that stresses are unchanged from the 

Prandtl field for the stationary crack (i.e., numerical solutions 

within! 1 pet) ~xcept behind the tip in the neighborhood of 9 = 135 

deg where differences of the order of 10 pet result from the presence 

of a wedge of elastic unloading between approximately 9 = 112 to 162 

deg (Fig. 11b). 

t . 
The alloy contained around 0.12 val. pet. of manganese sulphide and 
aluminum oxide inclusions, roughly 5 to 10 ~m in diameter. 
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The important point, however, about this crack tip field is that 

the strain distribution is quite different in that, at a fixed KI, the 

strain at a given distance from the crack tip in the plastic zone ~f a 

stationary crack is larger than in the case of a non-stationary 

crack. 44 -52 This follows from the distinctly non-proportional 

straining of material elements above and below the crack plane for a 

growing crack, compared to the predominately proportional plastic 

straining of material elements near a stationary crack tip. As an 

e 1 ast i c-p 1 ast i c so 1 i d is more resistant to non-proportion a 1 strain 

histories, stable crack growth can result.52 As shown in Fig. 4, the 

strains decay as 1/r ahead of a stationary crack in an elastic-

perfectly plastic solid, whereas for a non-stationary crack, the strain 

singularity is weaker, decaying as a function of ln(l/r). 

Asymptotic analyses of the strain fields for a growing Mode III 

crack were first reported over a decade ago by Chitaley and 

McClintock49 for elastic-perfectly plastic solids, and later by 

Hutchinson and co-workers51 , 52 for linear and power hardening solids. 

For an elastic-perfectly plastic solid, the Mode III solutions for 

the shear strain Yp distance r ahead of the tip are given in terms of 

the plastic zone size ry and the shear yield strainy0 = k/G as: 49 

~ 
r 

= (.1) 
Yo r for the stationary crack (21) 

~ 
r I r I 

= 1 + Q.n ( ~ ) + ~ Q.n2( ~ ) 
Yo 

for the non-stationary crack 

(22) 
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where the plastic zones for stationary and growing cracks are assumed 

to be of equal sizl and given approximately in terms of the stress 

intensity Kill as: 

:::: r I 

y 
(23) 

A 1 though much work has been focussed on the corresponding Mode I 

situation,44-48,50-52 exact asymptotic solutions for the growing plane 

strain tensile crack have only recently been presented by Rice, Drugan 

and Sham for non-hardening solids.44 The latter solution, based on the 

flow theory of plasticity, shows that the opening displacement between 

the upper and 1 ower .crack surfaces 8 very near the crack tip can be 

written as: 44 , 48 

B r cr0 e ry 1 

8 = ar dJ + E ~n( r ) 
a

0 
da 

as r .... 0 (24) 

where the proportionality factors a and Bare defined numerically44 as 

::::0.6 and 5.642 (for v = 0.3), respectively, e is the natural logarithm 
I 

base = 2.718 and ry is identified as approximately the maximum extent 

of the plastic zone size, given in Mode I by: 

r I 

y = EJ (0.11- 0.13) -2 
ao 

tNumerical calculations for Mode I 48 suggest that the 
the growing crack (ry 1

) extends roughly 15 to 30 pet 
crack (ry). This difference has been estimated 49 to 
Mode III. 

18 . 
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plastic zone for 
beyond the stationary 
be smaller for 



The equivalent plastic shear strain distribution at small distances r 

directly above and below the advancing Mode I crack tip is given, in 

the limit of r + 0, as:48 

y = p 
m dJ --+ cr
0 

da 
1.88(2 - v) 

E 

cr 
0 Q.n(h) 

r 
(26) 

where the parameters m and L are undetermined by the asymptotic 

analysis, although L can be identified with the extent of the plastic 

zone size ry'. 53 

The form of the expressions for opening displacements o and shear 

strains Yp ahead of a growing Mode I crack (Eqs. 24 and 26, 

respectively) both show a first term whi.ch represents the effect of 

proportional plastic strain increm~nts due to crack-tip blunting of the 

stationary crack whilst the second term represents the effect of 

additional non-proportional plastic strain increments caused by the 

advance of the crack, as illustrated schematically in Fig. 13. 

Continuum Fracture (Macroscopic) Criteria 

As noted above, the near tip vicinity of a growing tensile crack 

involves regions of elastic unloading and non-proportional plastic 

loading (Fig. 13), both of which are inadequately described by the 

deformation theory of plasticity upon which J is based.lO Following 

the deformation theory analysis of Hutchinson and Paris,9 which 

utilizes the incremental form of the HRR singularity (Eq. 3), i.e.: 
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where 

de: .. (r,9)-+ 
lJ 

(27) 

regions of elastic unloading, comparable with the scale of crack 

advance 6a, and non-proportiona 1 loading are assumed to be embedded 

within the HRR J-controlled singularity field of radius R (Fig. 13). 

Their argument for J-controlled crack extension relies on the fact that 

these regions remain smal 1 compared to the radius of the HRR field, 

such that the singularity field can be said to be controlling. For the 

region of elastic unloading to be small, the increment of crack 

extension (6a) must be small compared with the radius of the HRR field 

(R), whereas for the region of non-proportionality to be small, J must 

increase rapidly with crack extension. With reference to the form of 

Eq. (27), where, similar to Eq. (26), the first term corresponds to 

proportional load increments and the second to non-proportional 1 oad 

increments, the latter condition is achieved when the proportional 

straining (first) term dominates, i.e., when: 

and 

dJ J 
da » r 

6a << R 

(28a) 

( 28b) 

Based on this non-linear elastic analysis of crack growth 9 and 

numerical computations by Shih and co-workers,8, the two requirements 
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in Eq. (28) can be embodied into a single condition for J to uniquely 

characterize the near tip field of the growth crack. Thus in terms of 

the uncracked ligament b, Jlc and the slope of the JR(~a) resistance 

were, J-control led growth is feasible when: 

w - _Jb (~~) » 1 
Ic 

(29) 

where w must exceed 10 for Prandtl field geometries (e.g., deep-cracked 

single-edge-notch bend) and ~ 100 for center-cracked tension geometries 

(for n ::-: 0.1). 

A s i m i l a r c r i t e r i on c an be a p p l i e d for the as ym p tot i c crack t i p 

fields for elastic-ideally plastic crack growth based on flow theory 

(Eq. 26). For J dominated crack extension, the first term in Eq. (26), 

representing proportional strain increments, must dominate the second 

term, representing non-proportional strain increments, such that:t 

dJ 0 L 
da » ~ Q.n(y:) (30) 

To provide a continuum measure of crack growth toughness, the 

deformation theory analysis of Hutchinson and Parisg is applied to 

define the conditions for J-controlled growth (Eq. 28) and macroscopic 

toughness is then assessed in terms of the tearing 

tA similar criterion based on crack tip opening displacements implies 
that the crack tip opening angle do/da must be large compared to the 
yield strain a

0
/E. 8 
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modulus, TR, representing the non-dimensional slope of the JR(~a) 

curve, TR = (E/o0
2)dJ/da. Crack instability is achieved when the 

tearing force, T:: (E/o0 2)aJ/aa exceeds TR. Analogous procedures8 

based on crack tip opening displacement have also been suggested in 

terms of the non-dimensional crack tip opening angle, defined as do/da 

normalized with respect to the yield strain o0 /E' (Eq. 2). 

However, practically speaking, the deformation theory J approach 

for macroscopic crack growth toughness9 is often severely restricted by 

the limitation of Eq. (29). For example,l2 for a 25 mm thick 1-T 

compact specimen in plane strain, deformation J-controlled growth is 

only a reality for the first 1.5 to 2.0 mm of crack extension (i.e., 

where ~a< 0.06b), 8 whereas for a similar sized center-cracked tension 

specimen, it is valid merely for the initial 0.5 mm or so of a 25 mm 

ligament (i.e., where ~a< O.Ol6b).8 This means that for further crack 

extension, the shape of the JR(~a) resistance curve, and hence TR, for 

a given material wi 11 differ with specimen geometry and with varying 

ligament size in a given geometry. To overcome this problem, Ernst54 

has recently proposed a modified J parameter, JM, based in part on the 

flow theory solution for the non-stationary crack tip field (Eqs. 24-

26), in which: 

da (31) 

where Jpl is the plastic portion of the deformation theory J, evaluated 

at a fixed p 1 ast i c 1 oad point di sp 1 acement o P 1 over the extent of crack 
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extension (a - a 0 ). Use of this modified J-integral, JM, and 

associated modified tearing mdduli, has been shown to greatly extend 

the validity of J-controlled growth, even to situations where w < 0 and 

t:n ~ 0.3b which normally would grossly violate the deformation theory 

requirement of Eq. (29).54 

Local {Microscopic) Fracture Criteria 

A critical strain-based microscopic criterion for ductile crack 

growth was first proposed by McClintock and Irwin55 for Mode III crack 

extension under elastic-perfectly plastic conditions and involved the 

attainment of a critical shear strain Yf* over some characteristic 

radial distance r = fl 0* into the plastic zone. Applying this local 

. * . * criterion for Yp > Yf over distance r = fl 0 both for crack initiation, 

using the Mode III plastic shear strain distribution for the stationary 

crack (Eq. 21), and for crack growth, using the corresponding 

distribution for the non-stationary crack (Eq. 22), yields estimates 

for the critical plastic zone sizes at initiation and instability, 

respectively, i.e.: 

* * yf r . = fl -
Yl 0 Yo 

(initiation) (32) 

* [~ 1] and rye = flo exp -
Yo 

,{instability) (33) 

where y0 is the shear yield strain. With the assumption that the 

critical fracture strains and distances are identical for initiation 
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and growth, restated in terms of KIII or J (using Eq. 23), this implies 

that stab 1 e crack growth wou 1 d occur with K I II or J increasing from 

initiation values (Ki, Ji) to steady-state values (Kss when such 

terminology is appropriate, and Jss} where dJ/da -+ 0, such that: 

1 - ~ 2 Y:~ exp[ 
* K Jss 2(Yf ) (~) = Ji = (34) 

K. Yo 1 

Eq. (34) imp 1 i es that the potential for stab 1 e crack growth increases 

dramatically as Yf* becomes large compared to the yield strain y0 , 

alt~ough subsequent analyses 52 for hardening solids has shown this 

potential to decrease with increases in strain hardening. 

T~e concept of a critical· strain being attained, over some 

characteristic dim~nsion directly ahead of· a growing crack is not as 

amenable for the non-stationary Mode I case since the regions of 

intense strain are directly above and below the crack plane. 

Accordingly, Rice and his co-workers44,4?,4B,50 have proposed several 

alternative local failure criteria for initiation and continued growth 

of plane strain tensile cracks, all involving the notion of a 

geometrically-similar crack profile very near the tip. Prior to the 

de v e 1 opment of the exact asymptotic ana 1 yses for the growing Mode I 

crack tip fields (Eqs. 26-26), this was formulated as a constant crack 

tip opening angle (CTOA = do/da) for crack growth, 9 , 50 as shown 

schematically in Fig. 14. The crack tip displacement at the advancing 

crack tip op remains constant, whereas the crack tip displacement o at 

the original crack tip is increased by the amount of opening (op) to 
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* advance the ductile crack one particle spacing 10 = dp for each 

increment of crack growth. With reference to Fig. 14, the constant 

crack opening angle ¢ is given by:56,57 

CTOA 
2on 

= ¢ = arctan(~ • ~) 
p 

= arctan(~ d6/da) (35) 

Although for a rigid-plastic solid, crack advance can occur with a 

finite CTOA, elastic-plastic analyses result in a crack face profile 

with a vertical tangent immediately at the crack tip (i.e., as r + 0), 

thus -making the CTOA impossible to define numerically.44 Accordingly 

Rice and Sorensen restated the crack growth criterion in more general 

fashion by requiring that a critical opening displacement 6P be 

maintained at a small distance 10* behind the crack tip.47 With 

reference to Eq. (24), the local criterion of 6 = 6 p at r = 10* 

yields: 

a e r ' a dJ o y = -- + (3 T 1n( * ) 
ao da 1o 

(36) 

By comparing Figs. 9 and 14, it is apparent that the left side of 

Eq. (36), the ratio of local microscopic parameters, 6p/10 *, can be 

identified with the fracture surface microroughness, M = h/w, for 

microvoid coalescence and possibly other modes. This point is further 

discussed in the following section. Rice and co-workers, 48 however, 

have rephrased this geometrically-similar near tip profile criterion to 
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remove reference to the local microscopic parameters op and £ 0*, by 

noting that Eq. (24) can be rewritten as: 

6 = B 
ao P r ~ 0 r - 'ln -E r 

(37) 

with I {a E dJ} p - r exp e(-2) da y 
ao 

(38a) 

ry 
I exp(1 + i TR) - (38b) 

where TR ·is the tearing modulus. Since the parameter·p fully 

c h a r a c t e r i z e s the near t i p crack t i p .prof i 1 e, R i c e e t a 1 • 4 8 proposed 

p = constant as a criterion for continued growth. Evaluating under 

ssy conditions at the onset of growth a = a0 at J = Jlc yields: 

p = 
s E Jlc a 

(1 + ssy T ) 
2 B o 

ao 
(39) 

where Clssy (z 0.58) is the value of a appropriate to ssy andT0 is the 

initial value of the tearing modulus given by: 

(40) 

This implies a general growth criterion valid for ssy and fully plastic 

conditions of:48 

(41) 
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which provides the differential equation governing plane strain tensile 

crack growth with increase in J from initiation at Ji = Jic to the 

steady state value Jss where a plateau in the JR(~a) curve will be 

reached (i.e., as dJ/da-+ 0). For small-scale yielding with v = 0.3, 

this gives: 

a. 
exp( ssy T ) 

8 0 
= exp(O.l T

0
) (42) 

Although the "constantp 11 criterion for continued Mode I crack 

extension has been found to be consistent with experimental JR(~a) 

measurements,. i.e., in deeply-cracked bend tests on AISI 4140 steel (a 0 

= 1250 MP a), 58 the approach is essent i a 11 y not mi croscop i ca 11 y based. 

A more physically realistic approach53 is to consi~er a local fracture 

criterion, simi 1 ar to the Mode III case (Eqs. 32 and 33), where crack 

advance is consistent with the attainment of a critical accumulated 

plastic strain, Yf*, within a microstructurally characteristic radial 

distance ~0 * from the crack tip.20,38,55 By analogy to Mode 

III,20,38,53 the local criterion of Yp >yf* over radial distance r = 

~0 * is applied for both Mode I initiation, using the strain 

distribution for a stationary crack (Eq. 12 and Fig. 4), and continued 

growth and instability using the non-stationary crack strain 

distribution in Eq. (24). This yields estimates for the critical 

plastic zone sizes for Mode I crack initiation (ryi) and instability 

(rye) as: 
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r . 
Yl 

- * e: 
[0.6(1 + v) __ f __ ] 

exp (2 - v) e: 
0 

{initiation) {43) 

(instability) (44) 

where the instability result is derived from Eq. (24) assuming 

sufficient plasticity during crack advance such that the second term in 

the shear strain distribution, representing non-proportional strain 

increments, dominates the first term, representing proportional strain 

increments (i.e., the 'inverse of Eq. 28). It should be noted that, 

similar to the Mode III expressions (Eqs. 32 and 33), the critical 

plastic zone size for the' growing crack is an exponent'i a l function of 

the ratio of fracture to yield strain, rather than a direct function 

for crack initiation. However, unlike Mode III, there is no square 

root dependence in the exponential term (see also ref. 53). Although 

the numerical constants are only approximate,t this implies that for 

Mode I cracks: 

2 

(45) 

Similar to the Mode III case, a comparison of the microscopically-

based relationships for crack initiation and instability in Mode I 

tSince for Mode I cracks, plastic zones extend principally at an angle 
to the crack plane, rather than directly ahead, the critical strain 
criteria should be applied at such angles. 53 In reality this results 
in the zig-zag crack path morphology of ductile fracture in Mode I, 
which is frequently observed in higher strength (lower n) materials. 59 
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(i.e., Eqs. 43-45) clearly shows that microstructural changes in a 

material which increase the fracture ductility and decrease the yield 

strength (i.e., lower E0 ) can have a much larger (beneficial) effect on 

crack growth toughness as opposed to crack initiation toughness. This 

can be appreciated by comparing experimenta 1 Jlc and JR(Lla) data. 59-63 

For example, Fig. 2 shows Wilson's JR(Lla) resistance curves for A516 

Grade 70 steels following various steelmaking processes to control the 

inclusion content.63 It is apparent that the effect of controlling the 

volume fraction and shape of oxides and sulphides through additional 

calcium treatments (CaT), compared to conventional vacuum degassing 

(CON) only, becomes progressively more significant with increasing 

crack extension. According to the simple modelling analysis described 

above, this can result simply from the different strain distributions 

for the stationary and running crack (i.e., c.f., Eqs. 12 and 26, or 

Eqs. 21 and 22) rather than from any change in the local fracture 

criteria. 

IV. RELATIONSHIP BETWEEN 1R AND lic 

Conventionally, correlations between various toughness parameters 

have been made in purely empirical fashion through regression analysis 

to experimental data. For example, the many (often dimensionally 

incorrect) expressions purporting to define relationships between Kic 

and Charpy V-notch impact energy have been obtained exactly in this 

manner.64 However, the failure criteria reviewed above for both 

initiating and growing cracks provide an ideal physical basis for 
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examining the relationship between crack initiation and growth 

toughness parameters without recourse to such purely empiri ca 1 

procedures. Spec i fica 11 y the mode 1 of Rice et a l. 44,_48 of the 

geometrically-similar very near crack tip profile of an extending crack 

within the asymptotic Mode I deformation field of the non-stationary 

flaw permits a logical correlation of Jrc and the tearing modulus TR, 

as previously noted by Shih et al.13 Following Rice et al.,48 the 

general expression for TR (Eq. 41), when evaluated under small-scale 

yiel~ing conditions, simplifies to: 

T E dJ 
R - -2 da = 

ao 
T - -·8- Q.n (_L) 

0 assy Jic 
(46) 

Under fully plastic conditions, where the 11plastic zone11 dimension ry' 

is considered to saturate with full yielding at some fraction of the 

uncracked 1 igament (ry' "-' b/4), Eq. (41) becomes: 48 

a 
dJ = ssy [T 
da . afp o 

, ( 47) 

where for fully yielded conditions afp ~ 0.51. 

Since the parameters ~SY' etrp' S and s have all been determined to 

a fair degree of accuracy by finite element computations,44 the major 

problem in utilizing Eqs. (46) and (47) to relate Jrc and TR reduces to 

interpreting quantitatively the microscale parameters <SP and Q. 0*. Dean 

and Hutchinson52 suggest that the ratio 80 jQ. 0*, normalized with respect 

to the yield strain, should exceed 100 for intermediate strength 
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steels. When 6p/£0* can be equated to the microroughness parameter M 

(Figs. 9 and 14), this implies M values greater than 0.16 (for 350 MPa 

yield strength) to 0.50 (for 1000 MPa yield strength). These values 

are consistent with available experimental data. 41, 42 Sorensen and 

Rice.4 7 on the other hand, equate £0* with the fracture process zone 

size, which for microvoid coalescence is taken of the order of the 

spacing dp of the void initiating particles (e.g., Fig. 14). Since 

from Rice and Johnson's analysis,22 the CTOD at initiation, 6i, should 

be in the range of 0.5 to 2.0 dp (Eq. 11), it was suggested47 that 6P 

be regarded as an independent empirical parameter and that £0* be taken 

t6 be of the order of 0.5 to 2.0 6i. Ordinarily, one would regard both 

dp and £ 0* as material parameters, so this implicit assumption of 

6p/'L 0* = 1 seems artificially restrictive. In fact, in terms of the 

fracture surface microroughness, it implies M values of order unity, 

which appears41-43 to be an upper limit for fully plastic conditions 

unless particles are rare. 

To simplify the functional form of the expressions between J 1c and 

TR, we alternatively utilize the crack growth data of Green and Knott 

and others56,57,60,65,66 and note that the additional CTOD at the 

advancing crack tip 6P is smaller than the CTOD 6i to cause initiation 

at the original crack tip, i.e., with reference to Fig. 14: 

;\. a Jlc 
6P = ;\. 6. = 

1 ao 
{48) 

where;\. is of the order of, yet less than, unity. Note that, to the 
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e~tent that oi a: dp, :\ can be taken as proportiona 1 to 1/M. 

Incorporating Eq. (48) into Eqs. (46) and (47) yields, for small-scale 

yielding: 

' ( 49) 

and for large-scale yielding: 

Using the most recently reported va 1 ues for the parameters a ssy' 

afp• 8,' e and s from finite element computations, 44 and taking 

realistically A"-0.2, the variations in TR values with non-dimensional 

Jic. values predicted from Eqs. (49) and (50) are shown in Fig. 15 for 

con d i t i on s of s m a 1 1 - s c a 1 e y i e 1 d i n g and f u 1 1 p 1 as t i c i t y .t F or the 

former ssy condition, curves are shown at the onset of growth, i.e., at 

J/Jlc = 1 when T = T0 , and when J values are an order of magnitude 

larger than the initiation value. For full yielding, the TR vs. Jlc 

expression is evaluated for both 30 rrm and 120 mm uncracked ligaments, 

tA previous approach by Shih et al., 13 utilizing the earlier formula­
tion of Rice and Sorensen 47 fot the crack tip fields in ssy, used an 
assigned value of ~0 * of 700 ~m. For the materials considered, how­
ever, this value of ~0* was clearly much larger than dp. 
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which represent typical values of bin one inch {25 mm) and four inch 

(102 mm) thick compact specimens pre-cracked to an a/W of"" 0.6. 

However, it is clear that in each case these logarithmic third terms in 

Eqs. (49) and (50) have only a marginal influence for the range of 

v a 1 ues quoted. 

Using the experimental toughness data in refs. 7, 63, 67, and 68 

for a wide variety of steels ranging from low to high strength (i.e., 

cr0 /E values from 0.002 to 0.006t ), Eqs. (49) and {50) can be seen in 

Fig. 15 to provide an excel ient basis for comparison of Jic and TR, 

except p~rhaps at very high teari~g modulus values exceeding 300 or so. 

It should be noted, however, that in the construction of Fig. 15, the 

characteristic dimension l 0 *, which was used as a fitti_ng parameter, 

was assigned a value of 130 ~m. Although the basis for this is 

arbitrary, in keeping with the physical idealization of ductile crack 

growth depicted in Fig. 14, it is apparent that this size should be 

comparable with the mean inclusion spacing in these pressure vessel 

steels, such that l
0 
* wi 11 be of the order of dp. The spacing of ill 

inclusions in such steels is far below 130 ~m, but dp may correspond to 

the largest, earliest-initiating inclusions.42 If these have a volume 

fraction of 2 pet, for example, their size for a 130~m spacing would 

have to be about 25 ~' a large but not unreasonable number. 

tAs in customary practice, the flow stress cr0 is taken as the mean of 
the tensile yield and ultimate tensile stresses. 
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Thus, as noted previously,l3 both experimental data and 

analytical predictions show a trend of virtually a linear increase in 

crack growth toughness TR = (E/a 0 2)(dJ/da), with increase in the non­

dimensional crack initiation toughness, Jic· Experimental 

results56,57,60~62,69,70 with crack tip opening displacement 

measurements similarly show a general increase in do/da with increase 

in oi. 

Another 'approach to evaluating Eqs. (49) and (SO) could be 

developed through measurements of M, which can most confidently be done 

for microvoid coalescence fractures. Measurement of dp, oi and M 

together wou 1 d a 1 so provide a means of assessing whether A. ex: 1/M in 

gene~al and whether the constant of proportionality is a material 

parameter. As pointed out· elsewhere in more detan,41,42 M reflects 

local fracture conditions in the crack tip process zone, and therefore 

offers a more direct means of assessing dp and op than macroscopic 

measurements. In this connection, it is important to recognize that dp 

must refer, not to a metallographic spacing of all particles in the 

material, but to the spacing of those particles which are "effective" 

in the fracture process.42 The effective particles may not include all 

which de-bond from the matrix in crack extension, but only those which 

nucleate early enough in the strain to fracture to drive the necking, 

shear 1 oca 1 i zat ion, or both, of the i nterpart i c 1 e 1 i gaments. M is a 

much more promising approach to determination of such parameters than 

is conventional metallography; the estimate above, of a 25 ~m diameter 

for "critical" inclusions, was made in this spirit. 
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When fracture does not proceed by microvoid coalescence, the 

analysis is necessarily complicated by less complete understanding of 

microstructural nuclei.43 ,?1 However, one important case in structural 

alloys is that of "blocky" fracture surfaces, which comprise not only 

the microroughness depicted ~n Fig. 9, but also a "regional" roughness 

on a scale of tends to hundreds of dimple or ridge spacings. This 

rough n e s s s c a 1 e c-an be des c r i bed an a 1 o go u s 1 y to F i g. 9, as h as been 

pointed out. 43 Moreover, there may be a 1 arge-sca 1 e component to Q_ 
0 
* 

for such fractures. 

The foregoing implicitly assumes that material characteristics 

determine dp and op (for a given crack tip stress state); while Q_0* 

would correspond to a particular fracture micromechanism in that 

material. It is tempting to guess that Q_ 0* would typically be a small, 

integer multiple of a well-defined microstructural dimension, as in the 

RKR result,27 but in fact the general case may be a wide range in 

relative size scales, depending on whether the fracture is locally 

controlled, as seems to be the case in microvoid coalescence and TTS 

fractures, 43,?2 or is partly regionally controlled, as in blocky 

fractures, ductile intergranular fractures, and in quasi-cleavage.43,73 

At the present 1 eve 1 of understanding, it appears more appropriate to 

attempt to measure dp and regard Q_
0
* as a fitting parameter which both 

depends on the particular fracture micromechanism and also must exhibit 

a size scale consistent with that micromechanism and the relevant 

microstructural features. 
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V. CONCLUDING REMARKS 

In this paper, the distinction between fracture toughness 

associated with crack initiation and associated with subsequent slow 

crack growth has been examined on the basis of differences between the 

stress and deformation fields local to the crack tip regions of 

stationary and non-stationary Mode I cracks. Both macroscopic 

descriptions, based on cant i nuum fracture mechanics where field 

parameters are used to globally characterize such fields for crack 

initiation (i.e~, KI = Kic or J = Jic) and for crack growth (i.e., at 

instability T = TR), and microscopic descriptions, based on local 

failure criteria for specific fracture mechanisms (transgranular 

cleavage and principally microvoid coalescence), have been compared. 

By considering a critical strain micromechanical model for void 

co a 1 escence, 38,39 it was found that meta 11 urg i ca 1 factors which 

specifically influence yield strength (a 0 ) and local fracture ductility 

(€f*) can have a far greater influence on crack growth toughness (e.g, 

TR) compared to crack initiation toughness (e.g., Jrc); a result which 

is principally a consequence of the weaker strain singularity ahead of 

a slowly growing tensile crack and is analogous to the previous result 

by McClintock and co-workers in Mode III. 20,~9,55 Furthermore, by 

considering a similar micromechanical model for crack growth based on 

the attainment of a geometrically similar crack tip profile, 48 a 

relationship between the tearing modulus TR and the crack initiation 

fracture toughness Jic was described and found to provide a good fit to 
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experimental toughness data on a wide range of steels. Finally, it was 

briefly shown that many of the microscopic parameters describing local 

conditions of fracture in the crack tip vicinity, such as the local 

fracture strains (ff*), local crack tip displacements (op) and 

microstructurally-significant dimensions {9.
0
*), which are not readily 

ammenable to experimental measurement, can be deduced from quantitative 

analysis of fracture surface morphology, specifically involving the 

microroughness. 42 

Such analyses highlight the significance of the non-stationary 

crack tip fie 1 ds to the mode 11 i ng and cant i nuum description of sub­

critical crack growth where the presence of crack tip plasticity and 

associated plastic zones in the wake of the crack tip lead to lower 

strains at the same nominal driving force, i.e., same Kr or J, than 

that predicted by the currently-used stationary crack analyses. For 

strain-control led fracture, this effect results in resistance curve 

behavior where an increasing nominal driving force, i.e., increasing Kr 

or J, must be applied to sustain crack extension, even though the 

failure criterion can remain unchanged. Furthermore, the enhanced role 

of microstructure in influencing resistance to crack growth, compared 

to crack i n i t i at i on, w h i c h f o 1 1 ow s from t h i s mod i f i e d s t r a i n 

distribution for slowly moving cracks, implies that fracture toughness, 

when assessed in terms of crack growth parameters such as the tearing 

modulus TR, becomes far more amenable to metallurgical control. 
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NOMENCLATURE 

crack 1 ength 

initial crack length 

test piece thickness and uncracked ligament, 

-respectively 

constant in Eq. (12) 

crack tip opening angle (do/da) 

crack tip opening displacement (o) 

grain size 

particle ipacing and diameter, respectively 

elastic (Young's) modulus 

= E/1 - v2 in plane strain, and E in plane stress 

natural logarithm base (= 2.718) 

volume fraction of particles 

universal functions of 9 in Eqs. (3) and (27) 

elastic shear modulus 

height of fracture surface asperity (Fig. 9) 

numerical constant in HRR solution, weakly dependent 

upon n 

J-integral 

critical J value at crack initiation 

plane strain fracture toughness, defined at crack 

initiation in Mode I 
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K. 
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m 

M 

n 

r 

r , r ' 
y y 

r ., r 
y1 yc 

R 

R p 

s 

modified and plastic portion of deformation theory J, 

respectively 

J-resistance curve 

steady-state J when dJ/da ~ 0 

shear yield stress 

linear elastic stress intensity factor in Modes I and 

III, respectively 

critical value of KI at crack initiation 

plane strain fracture toughness, defined for ssy at 

crack initiation in Mode I 

steady-state KI at dK/da ~ 0 

characteristic dimension for fracture 

parameter in non-stationary crack tip strain field 

related to ry' (Eq. 26) 

parameter in Eq. (26) 

fracture surface microroughness (= h/w) 

strain hardening exponent in a = a1 (fp)n 

radial distance ahead of crack tip 

plastic zone size for stationary and non-stationary 

cracks, respectively 

critical plastic zone size at crack initiation and 

instability, respectively 

radius of HRR crack tip field 

radius of void 

constant (= 0.11 to 0.13) relating J and ry' 
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X 

a.ssy' a.fp 

a. 

8 

- - -e:: . . ,a . . ,u. 
1 J 1 J 1 

. tearing force (= (E/o0
2)aJ/aa) 

tearing modulus (= (E/o0
2)dJ/da) 

initial value of tearing modulus at J = Jrc 

displacement ahead of crack tip 

width of fracture surface asperity (Fig. 9) 

distance direc~ly ahead of crack tip at ·9 = 0 

small-scale yielding and fully plastic values of a., 

respectively 

constant relating o to J 

constant in Eq. (24) {= 5.642 for v = 0.3) 
' plastic shear strain 

critical local fracture strain and yield strain, 

respectively 

crack tip opening displacement (CTOD) 

CTOD at crack initiation in plane strain 

CTOD's for crack initiation and propagation, 

respectively 

plastic load point displacement 

CTOD resistance curve 

equivalent plastic strain 

plastic strains ahead of crack tip 

critical local fracture strain and yield strain, 

respectively 

normalized strain, stress and displacement functions of 

e in Eq. (5) 
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· half crack tip opening angle 

constant relating oi and op 

Poisson's ratio 

parameter characterizing near tip profile of non­

stationary crack 

equivalent (or effective) stress 

transverse stress components 

critical local fracture stress and flow stress, 

respectively 
3 

hydrostatic stress (mean normal stress= l: a .. ) 
i =1 1 J 

stresses ahead of crack tip 

local tensile opening stress ahead of crack tip 

equivalent stress at unit strain 

angle measured from crack tip from plane of crack. 
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Fig. 1: JR(lla) resistance curve of J versus crack extension L\a, 
showing definition of Jj = Jic at initiation of crack growth 
where the blunting line 1ntersects the resistance curve. 
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Fig. 2: Experimental data showing ~(~a) resistance curves for several 
heats of A516 Grade 70 plain carbon steel plate 
(a

0
"' 260 MPa). Sulphide and oxide non-metallic inclusions 

have been controlled by both conventional techniques (CON) 
using vacuum degassing and calcium treatments (CaT). Note how 
modifying the inclusion distribution has a more significant 
effect on crack growth compared to crack initiation (from ref. 
63). 
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• • • • • • Modified stress distribution due to blunting 
for. oo/E = 0.0025 (after Rice and Johnson) 

·-·- 5 GC solution of power hardening 
(after Rice and Rosengren and Hutchinson) 

--Finite element results (after Rice and Tracey 
and Tracey) 

0~------~--------~----~~--------~----~x 
0 0.01 ( K/OQ )2 0.02 (K /ac,)2 
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0 

Fig. 3: 

I I )aX 
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XBL 839-6309 

Distribution of local tensile stress a as a function of 
distance x directly ahead of a crack tip i~Yplane strain based 
on HRR small geometry chan~es (SGC) asymptotic solution for a 
power hardening solid (from refs. 16 and 17) and the 
corresponding finite element solutions (from refs. 24 and 37), 
modified for an initial yield strain cr0 /E of 0.0025 by the 
finite geometry solution of Rice and Johnson which allows for 
progressive crack tip blunting (from ref.l2). The abscissa 
i s norm a 1 i zed w i t h respect to both ( K /cr 0 ) and 6 , the C T 0 D , 
whereas the ordinate is normalized with respect to the flow 
stress cr0 • 
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based on finite geometry blunting solutions of Rice and 
Johnson (from ref. 22) and McMeeking (from ref. 23) for both 
small-scale yielding and fully plastic conditions • 
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Fig. 5: Idealized constitutive behavior, of equivalent stress a as a 
function of equivalent plastic strain €, for a) non-linear 
elastic material conforming to deformati~ plasticity theory, 
and b) incrementally-plastic material conforming to flow 
theory of plasticity. 
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Fig. 6: Fully plastic plane strain slip-line fields for 
rigid/perfectly plastic solids for a) deep edge-cracked bend 
and deep double._edge-cracked tension plates (Prandtl field), 
and b) center-cracked tension plate. k =shear yield stress= 
a

0
j/3. · 
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XBB 831-10315 

Fig. 7: Classical fracture morphologies showing a) microvoid 
coalescence, b) quasi-cleavage, c) intergranular cracking and 
d) transgranular cleavage. Fractographs a) and t) obtained 
using scanning electron microscopy whereas b) and d) are from 
transmission electron microscopy replicas. 
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over x- {* 
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Fig. 8: Schematic idealization of microscopic fracture criteria 
pertaining to i) critical stress-controlled model for cleavage 
fracture (RKR) and ii) critical stress-modified critical 
strain-controlled model for microvoid coalescence. 
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Fig. 9: Definition of fracture surface roughness, M = h/w, for a) 
microvoid coalescence and b) other locally ductile fracture 
modes, such as quasi-cleavage. 
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Fig. 10: Comparison of experimentally measured fracture toughness Krc data for crack initiation 
in SA533B-1 nuclear pressure vessel steel (o0 ~ 500 MPa) w1th predicted values based 
on RKR critical stress model for cleavage on the lower shelf (Eq. 10), and on the 
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Fig. 11: Plane strain slip-line representation of the crack tip stress­
states of the Prandtl field for a) stationary crack, and b) 
modified with an elastic loading sector behind the tip for a 

~ non-stationary crack (after refs. 44 and 48). 
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Comparison of local stresses a;· ahead of the crack tip in 
plane strain as a function of angle 9 for a) stationary crack 
based on Prandtl field of Fig. lla, and b) non-stationary 
crack based on exact solution for v = 0.3 of the field shown 
in Fig. llb, which contains an elastic unloading sector, after 
ref. 48. Note how the stress distribution is unchanged by the 
growing crack, except for 9 ~ 110°. 
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Fig. 13: Schematic representation of the near-tip conditions for a non­
stationary crack relevant to the definition of J-controlled 
growth (after ref. 10). · 
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Fig. 14: Idealization of stable crack growth by microvoid coalescence 
showing a) blunted crack tip, b) crack growth to next 
inclusion bas*ed on constant CTOA (¢)or on critical CTOD (o p) 
distance ( ~ ~ d ) behind the crack tip, c) morphology of 
resulting fractufe surface relevant to the definition of 
fracture surface microroughness (M = h/w), and d) 
fractographic section (after ref. 4) through ductile crack 
growth via coalescence of voids in free-cutting mild steel. 
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yielding (ssy) and fully plastic conditions, with experimental 
toughness data for steels taken from refs. 7, 63, 67 and 68. 
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