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Abstract. A scattered context grammar, G, erases nonterminals in a k-
limited way, where k ) 1, if for every sentence belonging to G's language,
there is a derivation such that in every sentential form, between every
two symbols from which G derives non-empty strings, there is a string
of no more than k nonterminals from which G derives empty words.
This paper demonstrates that any scattered context grammar that erases
nonterminals in this way can be converted to an equivalent scattered
context grammar without any erasing productions while in general, this
conversion is impossibie.
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fntroduction

This paper discusses scattered context grammars, which represent an important
type of semi-parallel grammars (see [1-4,6-8, 12, 13]). It concentrates its inves-
tigation on the role of erasing productions and the way they are applied in these
grammars. While scattered context grammars with erasing productions charac-
terize the family of recursively enumerable languages, the same grammars with-
out erasing productions cannot generate any non-context-sensitive language (see
[3,4]).As aresult, in general, we cannot convert any scattered. context grammar
with erasing productions to an equivalent scattered context grammar without
these productions. In this paper, we demonstrate that this is always possible
if the original grammar ero$es 'its nonterm'inals in a k-lim,ited, way, where k is
a positive integer; for every sentence there is a derivation such that in every
sentential form, between any two symbols from which the grammar derives non-
empty strings, there is a string of no more than k nonterminals from which the
grammar derives empty strings later in the derivation. Consequently, the scat-
tered grammars that have erasing productions but apply them in a k-iimited
way are equivalent to the grammars that do not have erasing productions at all.

In [3] it was demonstrated that a language generated by propagating scat-
tered context grammars is closed under restrictecl homomorphism. Note that our
<iefinition of ft-lirnitecl erasing differs significantly from the rvay how symbols r:a'
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be erased using restricted homomorphism. While in case of restricted homomor-
phism a ianguage can be generated by a propagating scattered context grammar
in case that at most k symbols are deleted between every two terminals in a
sentence, in case of a scattered context grammar which erases its nonterminals
in a k-limited way virtually unlimited number of symbols can be deleted between
every two terminals in a sentence in case that during the derivation process be-
tween two non-erasable symbols there is a string of at most k erasabie symbols.
Therefore, the result presented in this paper represents a generalization of the
previously published result.

Preliminaries

We assume that the reader is familiar with the language theory (see [5,9-11]).
For an alphabet, V, card(V ) denotes the cardinality of V. I/* represents the
free monoid generated by I/ under the operation of concatenation. The unit
of V" is denoted by E. Set I/+ _ V* - {e }. For ru € V*, l. l  and alph(tr)
denote the length of ru and the set of symbols occurring in tcr, respectively. For
L g V - ,  a l p h ( t r )  -  { a :  a €  a l p h ( u . ' )  , w  €  L } . L e t  p o s ( a 1  . . . a i . . . a n , i ) : a i f o r
1 < i 1 n , a 1  . . . a n € V + .

A contert-free granxmar (see [5]) , a CFG for short, is a quadrupl€, G :
(V ,T , ,P ,S) ,  where  V is  an  a lphabet ,  T  gV,  S  eV -? ,  and P is  a f in i te  se t  o f
productions such that each production has the form A -+ r, where A e V - T,
r e V*. Let lhs(,A ---' ,) and rhs(A --* r) denote A and r, respectiveiy. If A --,

r e P, u,: r 'As,, and u : Trs) where r,s € I/*, then G makes a deriuation step
from uto u according to A , tr) symbolicallywritten as u + ulA --- r] in G
or, simply, u * u. Let =++ and +* denote the transitive closure of =+ and the
transitive-reflexive closure of +, respectively. The language of G is denoted by
L(G) and defined as L(G) -- 

{r : r e T* , S =+* ,}.

3 Definitions and Examples

A scattered contert granxmar (see [1-4,6-8, 12, 13]), a SCG for short, is a quadru-
ple,  G -  (V,T,P,S),  where I /  is  an alphabet,  T g V, S e V -  7.  and P is a
finite set of productions srrch that each production has the form (At,,. . . , A,-) -
( " r , .  . . , r , - ) ,  f o r  s o m e  n  )  1 ,  w h e r e  A ;  €  V  - 7 ,  r i  €  V * ,  f . o r  1  <  i  S  n .
I f  e v e r y  p r o d u c t i o n  ( A t , . . . , A n )  - - )  ( " r , .  . . , r , . )  €  P  s a t i s f i e s  r 1  e  V +  f o r
all 1
s h o r t .  I f  ( . 4 1  , . . . , A n )  - +  ( * t , . . . , r n )  €  P , ,  u _  u y A 1 u 2 . . . t t n A n t L n r r 1 ,  a n d
u : ?trrtuz . . . l i ,ntnLr,,2a1, whete ui e V*, 1 S i { n, then G makes a deri,ua-
t ion  s tep  f rom u  to  u  accord ing  to  (A1, . . . ,  A , - )  -  ( r t , . . . , rn ) ,  symbo l ica l l y
w r i t t e n  a s  u  +  ,  [ ( A t , , . . . , A , - )  *  ( r t , , . . , r n ) ]  i n  G  o r ,  s i m p l y ,  u  1 r . ' .  S e t
T ( ( A t , , . . . , A )  *  ( r t , . . . , , r . ) ) :  l A r  . . .  A n l :  n  a n d  p ( ( A l r . . . r  A n )  *  ( r r , . . . ,
r , r ) )  :  {A,  - -  r r , . . . ,An --  rn} .  Let  ++ and =+* denote the t ransi t ive c losure
of =+ and the transitive-reflexive closure of +, respectively. The languo,ge of G
is denoted by L(G) ancl  dt-- f iuer l  as L(G) -  { r  :  r  €T*,5 =+. r} .
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The core grarnrnar underlying a scattered contert grammar, G : (V,,7, P, S),
is denoted by core(G) and defined as the context-free grammar core(G) :
(V , ,T ,c f (P) , ,S)  w i th  c f (P)  -  {B  -+  y  :  B- - -  A  e  p (p)  fo rsome p  e  P} .  Le t
' U  :  ' t 1 , r A 1 U 2 A 2 . . . " u , n A n u n * l  : *  U 1 T 1 U 2 I 2 . . . ' t - t , n f r n ' t l n - y 1  :  W  [ ( A t , . . . ,  A n )  -

(rt,...,rn)l in G. The part' ial m-step contert-free s'imulat' ion of this step by
core(G) is denoted by pcf,n(, =+ u.') and defined as core(G)'s m-step deriva-
t i o n  o f  t h e  f o r m  u t A t u z A z . . . u n A n L t n + r  *  u 1 r 1 u 2 A 2 . . . u n A n u n . * l  = )  +
U1tyu2t2 . . .LLrtx)rn'um.*IArn+t . . . unAnurrl l where m 1n. The contert-free s,im-
ulation is a special case of the partial rn-step context-free simulation for rh : TL,
denoted by cf (u + w). Let u : ' t)t 1* yn: t l be a derivation in G of the form
u t  * u z ) u s - *  . . .  +  u r r .  T h e c o n t e x t - f r e e s i m u l a t i o n o f  y ) *  w b y  c o r e ( G )  i s
denoted as cf (u +* w) and defined as u1 =)* u2 )* u3 ==)* . . . +* u' such that
for all 1 S i 1 n - t, tLi +* ur.'1 in core(G) is the context-free simuiation of ut )
u r11  in  G.  Le t  ^9  +*  r inG be o f  the  fo rm,S +*  uAu +*  r .Le t  c f ( ,S  =+.  r )  in
core(G) be the context-free simulation of ,S +* r in G. Let I be the derivation
tree corresponding to S +* r in core(G) (regarding derivation trees and related
notions, we use the terminology of [5]). Consider a subtree rooted at .4 in t. If the
frontier of this subtree is e , then G erases A in ,9 +" uAu 1* a, symbolically
written as L, and if this frontier cliffers from e, then G d,oes not erase A during
t h i s  d e r i v a t i o n ,  s y m b o l i c a l l y  w r i t t e n  u r , 4 . .  I f  w  -  A , . . . A n  o r , :  A , . . . A n ,
we write A or rl, respectively. Let G : (V,T,P, S) be a SCG, and let k > 0. G
eT-ases its nonterm'inals in a k-li,mi,ted way if for every y e L(G) there exists a
derivation ,5 =+* y such that every sentential form r of the derivation satisfies
the following two properties:

1.  Every r :  uAuBw,,  A,  B, i l ,  sat isf ies l r l  < k.
2.  Every r :uAu, A, sat isf ies:  i f  [ t "or  i t ,  then lu l  (  k or l r l  S f t ,  respect ively.

Eramples

1. Observe that the grammar Gt :  ( {^9, ,4,  8,  C, A' ,  8 ' ,  C' ,  a,b,  c,A},  {o, ,b,  c,U},
{ ( S )  *  ( A B C ) ,  ( 1 )  *  ( a A A ' ) , ( B )  *  ( b B B ' ) , ( C )  -  ( c C C ' ) , ( A , B , , C )  -
(A ,y ,A) , (A ' ,  B ' ,C ' )  t  (y ,A ,A) \ , ,S)  genera tes  the  language ,L (G1)  -  {on
,n-rrbnyn*Lrnrn*r : n ) 0). Therefore, there does not exist any restricted
homomorphism h such that h(L(Gr)) - {anbncn : n } 0}. However, as
demonstrated by the following example, there exists a scattered context
grammar which erases its nonterminals in a k-limited rvay.

2 .  O b s e r v e  t h a t  t h e  g r a m m a r  G 2  :  ( { S , A ,  B , , C , A ' , , 8 ' , C ' , e , b , " } , { a , b , c } ,

{ ( S )  -  ( A B C ) ,  ( A )  *  ( a A A ' ) , ( B )  -  ( b B B ' ) , , ( C )  -  ( c C C ' ) , ( A , B , C )  -
(s,  e ,  e)  ,  (A'  ,  B'  ,C')  - -+ (e ,  e,  e)) , ,S) generates the language L(Gz) :

{ a " b ' c n  :  n }  0 } .  A s  t h e  d e r i v a t i o n  o f  a n y  s t r i n g a a . . . a a b b . . . b b c c . . . c c e
L(Gr) *oy be of the form

.9 + ABC +* aAAtbBB'cCC' + aAbBcC
+" aaAA'bbBB'ccCC' + aaAbbBccC
1* ss . . . aaAA'bb . . . bbB B' cc . . . ccC C'
+  a ( r .  .  . L t o , A b b .  . . b b B c c . . . c c C  . +  a a . . .  a a l t b . . . b b c c . . . c c .
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the grammar erases its nonterminals in a 2-limited way.
3 .  C o n s i d e r  t h e  g r a m m a r  G 3  :  ( { S ,  A , B , A ' , 8 ' , a , b , c } , { o , b , . } ,  { ( S )  - -  ( A A ) ,

(A, A) ---  (aA, A'  A),  (A,  A) --- '  (8,  B),  (8,  B) *  (bBc, B'  B),  (8,  B) -*  (e,  e) ,
(A ' ,8 ' )  *  (€ ,€ ) ) ,S) .Observe  tha t  L (Gs) :  L (G2) .  However ,  because the
fi.rst part of every derivation has the form

, 5  +  A A +  a A A ' A +  a a A A ' A ' A + *  a a . . . a A A ' A ' . . . A ' A

and ail A"s are deleted in the second part of the derivation, there does not
exist any k such that G3 erases its nonterminals in a k-limited way.

4 Results

The main result of this paper follows next.

Theorem 1. For euery SCG, G, whi,ch, erases its nontertn'inals in a k-limi,ted
way there er ists a PSCG, G, such that L(G):  L(G).

Proof. Let G : (V,T,e S) be a SCG which erases its nonterminais in a k-
l i m i t e d  w a y .  F o r  e v e r y  p  :  ( A t , . . . , A i , . . .  , A n )  *  ( r r  ) . . . ) r i , . . . , r n )  €  P  l e t

l _ p , i J  d e n o t e  A i  ,  t r i  f o r a l l  I < i l n . L e t t I ' /  - { l p , i )  i  p e  P , L < 1 ,  1 n ( p ) }
a n d Z ' : { l p , i ) t  :  I p , , i ) €  f } .  S e t l i r : { ( " )  :  r e  ( V -  f ) . u  ( V  - T ) . T ( V  -

? ) - ,1 "1  <2k  +  U.For  every  ( " )  e  l /1  and lp , i )  €  P ,  de f ine

lhs- rep lac" ( ( " )  ,  Lp , i ) )  :  {  ( * r l_p , i ) r r )  |  ry ,  n2  €  V* ,  r1  lhs ( lp , i ) ) r ,  -  r } .

Set .n/z :  { ( r )  '  ( r )  -  lhs-replace((y)  , lp, i , ) ) , (g)  € I / r , lp, i )  e V}.  For every
(") e fi1 and l&,i,J' e V', define

i n s e r t ( \ r ) , l p , i ) ' )  :  { ( r , l p ,  i ) ' * r )  ;  n 1 , 1 2  e  V " , r t t 2  -  r } .

Se t  A{  :  { ( " )  '  ( r )  -  inser t (  (y ) , lp , i ) ' ) , ( i l  €  l / r , lp , i ) '  €  / ' } .  For  every
r :  ( r r )@r).  .  .  ( r , , )  € (Nt U,^/2 U lq) .  for  some n 2 I ,  def ine

j o i n ( r )  : r r 7 2 " ' t r n '

For every r € 16 U li2 U /V;, defi.ne

sp l i t ( r )  :  {a  
' .  t r  : jo in (y ) } .

Set 7 : T u l/r U lf2 U NrU {S}. nenne the PSCG,,

G:  (V ,T ,P ,S) ,

with P constructed as follows:

1. For every p: (,9) - ' (r) e P, add
(S )  -  ( (Lp ,  t l ) )  t o  P ;
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2. For every (")  e f i1,  e,rery X € insert((r)  , lp,n) ' ) ,  where p e P, r(p) -  n,
every (g) e . |y '1,  and every Y e lhs-repiace((y) ,Lq, l .J) ,  where q€ P, add

(u)  (X ,  \a ) )  - -  ( ( " ) ,  Y) ,  and
(b) ((y) ,  X) --  ( ) ' ,  ( r ) )  to P;
(")  i f  (z)  :  (y) ,  add

(X)  -  (Y)  to  P ;
( d )  ( x )  *  ( ( ' ) )  t o  P ;

For every (") e N1, every X € insert((r), l-p,i) '), where p e P, i < n(p),
every (a) e ly '1,  and every Y e lhs-replace((A), I_p, i  + 1l) ,  where q € P, add

( u )  ( X ,  ( i l )  -  (  ( r ) , Y )  t o  P ;
( b )  i f  ( r )  :  ( y )  a n d  p o s ( X ,  l )  :  l p , e l ' ,  p o s ( Y ,  m )  :  l _ p , i  + 1 ) ' , 1 (  m ,  a d d

(X )  - (Y )  mP ;
For  every  ( r t lp , i ) r r )  €  lhs - rep lace( (z ) , lp , i ) ) ,  ( " )  €  l / r ,  lp , i )  €  V ,  11 ,12  e
I /* ,  and every Y e spl i t ( r1 rhs( lp, i ) ) lp, ' i , ) ' * r ) ,  add
( ( r t l p , i ) r t ) )  *  ( Y )  t o  P ;
For every o € 7, add
((o))  - '  ( rz)  to P

Denote the set of productions introduced in step i of the construction by iP, f.or
1 < i < 5 .

Let,5 +* A 1* v1 in G, w e L(G),  A e ( l / r  Ul /2 Ul f i ) . ,  and let  for  every
(t) e alph(y) there exist

1.  A e alph(z) such that A or
2.  l -p, i . )  e alph(z) ,  lp, i )  € t I / ,  A:  lhs( lp, i ) )  such that 1. .

Then we write !.

Basic ldea. G simuiates G by using nonterminals of the form (. ) In each
nonterminal of this form, during every simulated derivation step, G records a
substring of the corresponding current sentential form of G.

The nrle constructed in (1) only init ializes the simulation process. By rules
introduced in (2) through (4), G simulates the application of a scattered context
rule p from P in a left-to-right way. In greater detail, by using a rule of (2),
G nondeterministically selects a scattered context rule p from P. Suppose that
p  cor rs is ts  o f  con tex t - f ree  ru les  r r , . . . ,T i - ; . tT i ; . . . ,Tn .8y  us ing  ru les  o f  (3 )  and
(4), G simulates the application of 11 through r,, one by one. To explain this in
grea[er detail, suppose that G has just completed the simulation of ri-1. Then,
to tire right of this simrrlation, G selects lhs(r,) by using a rule of (3). That
is, this selection is mtrde inside of G's nonterminal in which the simulation of
ri-1 has been performed or in one of the nonterminals appearing to the right
of this nonterminal. After this selection, by using a rule of (a), G performs the
replacement of the selected symbol lhs(ra) with rhs(r;).

If a terminal occurs inside of a nonterminai of G, then a rule of (5) allows G
to change this rronterminal to ihe ternrinal string contained in it.

A+ .

U .
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R'igorous Proof. (Due to the requirements imposed on the length of this paper,
the formai proofs of the foliowing three lemmas are omitted.)

Lemma 1. Euery successful deriuati,on in G can be erpressed in the followi,ng
way:

S *e (Lp, lJ) [p' ]
*h u t@l
+E , [o],

w h , e r e p r :  ( S )  *  ( L p ,  1 j )  e  r P ,  u :  ( o r ) ( " r ) . . . ( o , ) ,  f r )  I ,  a r , a 2 , . . . , & n  €  T ,
'u :  a ra2 . . .an ,  Q and O are  sequences  o f  p roduc t i ,ons  f rom (zPUePU aP) ,  and
5P, respectiuely.

Lemma 2. Let

w t  e  s p l i t ( 2 1  L p ,  1 . 1  u z A z . . . u n A n u n a l )  a n d . \  :  u r  A 1 u 2 A 2 . . . l . t n A n t r , " 4 1 ,

1 r r , . . . t u n * r  € V * ,  A t , . . . , A n  € V  - 7 ,  A t  -  l h s ( l , p , L ) ) ,  p  e  P ,  a n d { u 1 ;  t h e n ,
euery partial h-step contert-free simulation

pcfn ()  :  ut  At  uzAz .  .  .  LrnAnuryl
4 C  u t f r 1 u 2 v 2 .  .  . l - L n t n t l n a 1  l p  :  ( A t ) .  .  .  )  A , . )  *  ( * r , . .  . , r r ) ] )

of the forrn

uyAlu2AzusAs .  .  . 'u,rAnu,n+1 :  )
+ c o r e ( G )  u 1 r y u 2 A 2 u z A z . . . u n A n u n l 1  l A t  *  r t l
+core(G)  U1ix1U2T2uSAS .  .  . 'u"nAntr ,nr r1  [A2 

- - -  r2 ]
*3* j , " ,  uyTlu2t2usts  .  .  .  u7r lun+tAn+r  .  .  .  unAnungl

i,s perforrned in core(G) i.f and only i,f

U1

+6 w', lpi)
*6 rrr2 lpSl
+6 tu'2 tptl

*T-u i
+6 w6 tpt^l
=+6 uL lph)

is perfortned i ,n G, where ptr, .  .  . ,p37, e rP, pt, .  .  . ,ph € ap, and,

w\ e spl i t(u1rr Lp, 1.1'uzA, .  .  .r . l ,rAnltn+i),
Ixz € spl i t(u1r tuzlp,2) .  .  .  unAnun-.,r1),
w; € sp l i t (u1z 11.12.x21p,2) '  .  .  .  unAnun+t) ,

w t r  €sp l i t ( u1  i 81u2 f i 2 .  .  . uh lp ,h )un+ tAn+ t  .  .  . " u , , rA ,5 . l , . + t  ) ,
u) ' , ,  e  sp l i t (u1r  tuz f iz  .  .  .  uhrh l_p,  h |  uh+rAn+r  .  .  .  unAnu, ,+ i ) ;

i r r ,  ad t l i t i on ,  eue ry  w  e  {w2 ) . . . , ,wn ,w | ) . . . )w 'n }  so " t zs f , es  f i .
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Corollary 1. The result from Lemma 2 holds for a context-free s'imulati'on.

Let

u tA tuzA2 .  .  . 'Ur rAnUn* t
) 6  u y L y U z v z . . . l - L n f i n l r , n a 1  l p :  ( A t ' . ' . '  A , ' )  -  ( * t , . . . , r r ) ] )

for some p e P.Then, - denotes the simulation of this d.erivation step in G as

shown in Lemma 2 and Corollary 1. We write ur1 - *; lp), or, shortly, ur1 -

utl. Therefore, ,, *'t-1 tll from Lemma 2 is equivalent to u1 ---' w;.

Lemma 3. Let 11 Q.V* and n' ,  e spl i t ( r / t  r lpr , I )" i ) ,  wl tere r"r  lhs( l -pt , I ) ) r ' t ,
: r,rt fp, 1l e V, and fr 'r; then euery deriuat' ion

.tJ I

*c rz [pr ]

1G tm+, lp,.l

is performed tn G if and only i,f

r r
' f , r  W r )

+e rL W)
' iz lpzJ

+ c EL tp|l
:

t i^ Wr.J
+ e frh+t lP',.*tl

i s  p e r f o r r n e d  i n G ,  w h e r e r 2 t . . . t x r n * t  € . V * ,  p r , . . . , p r n  e  P ,  p L , . . . ,  p | n + r  e  z P ,

- i  e spl i t  (*nr l -pn,  r  (p i )  ) '  rn) ,
rj e split (r,5tlpi, r)r, iz),

for all I < i < m, 2 S j I m, and

r ' ,n+r € spl i t ( r i rn* l )1 l -pm+r, , I ) r 'pn+t1) wi th rm*r # T* ,

U I

I in+t  e

where r,i,rriz - Ti for all I
m  *  L ,  a n d  e u e r y  i  €  { r 1 , .  .

Flom Lemma 1,

spiit(r,,r.. y) with rm*r e T* ,

<  i  <  n r ,  / i r l h s ( [ p ; . r ) ) r ' i z :  x i  f o r  a l l  2  S  j  S
-  - ,  - t  \  .  -  =

. ,  I r r t ,  I ' 2 r .  .  . ,  I } n * l j  s a t ? ^ s f l ' e s  I .

S *e (Lp,  1 l  ) .
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Ar (Lp, t l )  e spl i t(Lp, 1J), S - lhs(f io, 1.1), G's simulat ion as described in Lemma
3 can be performed, so

(Lp, lJ ) =+b , lal,
where @ is a sequence of productions from 2PUsPU4P.If. a successful derivation
i s  s i m u l a t e d ,  t h e n  w e  o b t a i n  u  - -  ( o r ) ( o r )  . . . ( o " ) ,  f r  )  L ,  a t , a 2 , . . . , a n  €  T .

Finally, by the application of productions from 5P we obtain

u + [ u ,

where u : ara2 . . . orr. Therefore, for every SCG, G, which erases its nonterminals
in a k-l imited way there exists a PSCG,G, such that L(G) : L(G). !

Thi,s work was supported, by GA1R grant 102/05/H050 and' FRVS grant

FR762/2007/G 1.
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