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Abstract. Mathematical models of heat and mass transfer and deformation pro-
cesses of biomaterials are investigated, taking into account such properties as
memory-effect (eriditarity), self-organization, deterministic chaos, heterogenei-
ty of structure, variability of rheological properties. The obtained results of
numerical modelling of non-isothermal moisture transfer and deformation of
biomaterials taking into account fractal structure make it possible to estimate —
based on the type of material and its thermo-mechanical characteristics — the
residual deformation of the material. A mathematical rheological model of two-
dimensional visco-elastic deformation of biomaterials with regard to memory-
effect and self-organization is constructed, which is described using equilibrium
equations with fractional order. The relation between the two-dimensional
stress-deformation state of biomaterials for the rheological models of Maxwell,
Kelvin and Voigt, which are presented in the integral form, was obtained. The
aspects of the algorithm of numerical implementation of two-dimensional
mathematical model of visco-elastic deformation in fractured media are pre-
sented. The method of splitting fractional-differential parameters of models was
adapted, which was used in the problems of identification of non-integer pa-
rameters of models. The results of the identification and numerical implementa-
tion of the mathematical model of heat and mass transfer processes of biophysi-
cal materials are considered, taking into account the fractal structure.

Keywords: eriditarity, biophysical process, non-integer integro-differentiation
apparatus.
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1 Introduction

The biophysical process is often characterized by the simultaneous influence on the
material of several factors - load, moisture and temperature. Changing at least one of
them in the biomaterial, to which belong transplant, implants, joints, medical silicon,
leads to formation of deformation and its transition from one type to the other, result-
ing in the total or partial restoration of the original physical state. This ability of the
material characterizes the presence of the memory-effect, which is based on residual
deformations. In addition to residual memory, biomaterials are characterized by sto-
chastic heterogeneity of the structure and significant variability of rheological proper-
ties. To investigate the above-mentioned properties in biophysical materials, as well
as deterministic chaos, the complex nature of spatial correlations and self-
organization is possible by formal means of fractional integro-differential operators
[1, 10]. This approach provides the basis for the development of mathematical models
of non-equilibrium biophysical processes with a fractal structure. At present, a very
small number of works [7, 8] is devoted to the development of algorithms and soft-
ware for studying the processes of deformation and heat-moisture transfer, taking into
account the memory-effect-properties and self-organization of materials, which al-
lows us to estimate the residual and elastic stress values.

2 Problem formulation

The mathematical rheological model of two-dimensional visco-elastic deformation of
biomaterials, taking into account eriditarity (memory-effect) and self-organization, is
described using equilibrium equations with a fractional order , (0 <, <1) in spa-

tial coordinates x, and X, :
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where R, ﬁij are the corresponding values of the integrals:
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R;; are relaxation kernels of fractional-differential models, which are dependent on

time t, temperature T and moisture U ; &' = (811,6‘22, 512) is a deformation vec-



tor, components of which are dependent on time t and spatial variables X, and X,,
(t,x,,x,)eD,D = [O,'F]x [0, ]x[0,1,] & = (ng’ ‘9T2!5T3)T is deformation
vector, components of which are dependent on temperature variations AT and mois-
ture content AU :

ery = AT + 5,AU, &1, = 0,,AT + 5,,AU, &7, =0,
a1, Uy, Py oy are coefficients of thermal expansion and moisture-condition
shrinkage; C, are components of the elastic tensor of an orthotropic body:
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where ¢ is shear modulus in plare, E ,, E,,, £,, are Young’s moduli, v;,V, are

C33 =H,

Poison’s ratios.
Let us set the following boundary conditions:
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and initial conditions, respectively:
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The relationship between the components of stress &' :(511,0-22,0—12) and
strain &7 = (g,,, £,,,&,,) for two-dimensional fractional-differential rheological

models, respectively, can be written as follows:
Voigt’s model
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E is elastic modulus of an elastic element of a Voigt’s body, 0 < o < £P =<1,
Kelvin’s model
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where g, is elastic modulus of an elastic element of a Voigt’s body, E, is elastic
modulus of an elastic element, , /2 are fractional derivativesand 0 < o, £ <1;
Maxwell’s model
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where E, is elastic modulus of an elastic element for Maxwell’s model,,
O<a<p<l.

If we put & =0, g =1 inrelations (5) - (7), we get the classical two-dimensional
Voigt’s model in the case of orthotropy. Relations (8) - (13) will describe the classi-
cal Maxwell’s and Kelvin’s models at fractal values o =1, g =1.

For the integral representation of relations (5) - (13), we consider the properties of
fractional derivatives [5], the definition of fractional derivative 3, (0<9<1)

fo(t)—r(1 S)D_[(t E)Yf(&)de. (14)

as well as the Laplace transform method [9].



Thus, the relations describing the relationship between stress and strain (5) - (13)
can be rewritten after the corresponding transformations in the integral form.
Two-dimensional fractional-differential Voigt’s model:
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Two-dimensional fractional-differential Kelvin’s and Maxwell’s models:
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3 A numerical method for the realization of two-dimensional
fractional-differential rheological models

To implement the numerical method, we introduce the space-time grid in the
region D :
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Given the Riemann-Liouville formula [10], the difference approximation of a frac-
tional derivative ¥ (O < ;/Sl) by coordinates X,, X, can be written as follows
[4, 5]
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where F() is a Gamma function.

Given (20), the finite-difference approximation of the system of differential equa-
tions (1) - (2) will take the form:
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The boundary and initial conditions (3) - (4) in the finite-difference form are writ-
ten, respectively:

K k k K
S112212(, ) = 0, S112212(N m) = 0, €112212(n1) = 0, €11,2212(0m) = 0, (23)

1m

51122,12?n,m) =0. (24)



4 Splitting two-dimensional fractional-differential kernels

Let a force act on a wooden specimen along the axis OX. Then from the components

of the stress tensor o, #0,and &,, =0.
Since it is known that the average stress is specified by the formula:

~ 1
o= 5(0'11 +0,, ), (25)

then in this case & = % o1

The stress tensor deviator then takes the form:

2/ o 0
Sij(t)zo-ij _5_5ij = A " : (26)
0 301
Li=j;
where é'ij = .. listhe Kronecker symbol.
0,i# ].
The strain tensor deviator will take the form:
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The displacement equation [6] takes the form:
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where 1T (t - 5) is shear creep kernel, 4 is shear modulus.
The equation of volumetric deformation (strain) is written accordingly [11]:

o= L, - e)tene @



where TT,(t — &) is volumetric creep kernel, B is volumetric modulus of elasticity
associated with the longitudinal modulus of elasticity E,, and elastic Poisson's ratio
Ell .
31-2v,)
Based on the creep data of stretched or compressed specimens, using the measured
values of longitudinal 811(t) and transverse gzz(t) deformations, we can construct

v, by the formula g —

functions of longitudinal Hll(t) and transverse sz(t) creep.
We write the equations of the processes of longitudinal and transverse deformation
of a wooden specimen that is stretched by stress all(t) [11]:

gll(t): i|:o-ll(t)+ jnll(t _g)all(g)df} (30)
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where v, = V(O) is the value of the elastic Poisson ratio.

For the component €,, from (27) we have:
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From (26) it is known that S;; = % 0,,. Then o, = % S,; and we get:
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The creep equation in the case of stretching will take the form:
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where T = Hll(t - é)_ 2‘/ol_llz(t - 5)
¢ 1-2v,
For fractional-differential models of the shear and volumetric creep kernel, it can
be written for each model as follows:
for Voigt’s model
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for Kelvin’s model

ngc<K)<t—§>=LEz))a—g)“(EM[ _EulF B 5>ﬂJ

2EE,’ (1+v0 2EE,r (1 vlvz)

v, Eﬁvﬂ[_ V2E11(E1 + Ez) ) ('[ _ 5)/3]),

2EE,r” (1 -V,

(38)



10
Hmﬁ(K)(t_é:)_

" 2EE,r(1-2v,

v,E(E, +E,)
O E. | -1 T ) (g ,
Yo 2E1Ezrﬁ(1—v1v2)( ¢) J)

(E1+E2> )('[—f)ﬁ_l(EM[ Ell(El+E2) (t_ég)ﬁ _

C2EE,(-vy,) )

5 Numerical implementation of a mathematical model

Considering the previous studies [2, 3] regarding the identification of fractional-
differential parameters of models, we present the identification results for the rheolog-
ical Maxwell model (see Fig. 1).
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Fig. 1. Identification of fractional-differential parameters of the Maxwell model.

In Fig. 2, the deformation change for a sample of biomaterial (modulus of elasticity
E =16,1GPa) [12] was investigated using a Kelvin rheological model taking into

account the fractal structure of the medium without taking it into account. Such stud-
ies have shown that by decreasing the fractional-differential parameter 4, the defor-

mation functions increase more slowly, and at a value g =0,1, the deformation curve

acquires the form in which the deformation of the material is smallest. Thus, it is pos-
sible to trace the relationship between the fractal parameters of the model and the
process of deformation change.



11

I:I‘18 T T T T T T T T T
alpha=1; beta=1
oaer alpha=1; beta=0.95 |7
014 alpha=1; beta=0.8
a alpha=1; beta=0.4 ||
0zt alpha=1; beta=0.3 []
alpha=1,; beta=0.1
"a‘ 0.1}
%’;‘ D08t
* 0.06 F
L
g 0.04
g
ooz}
A v
D - =
-0.02 L L 1 1 L 1 ! | !
Time (h)

Fig. 2. Change of the deformations of the fractional-differential Kelvin’s model.

Our results show that the difference between the stress curves with the fractal
structure and without taking into account for more solid types of biomaterials does not
exceed 16.7%, whereas the difference between the stress curves for materials with a
lower density lies between 19.6 and 24.0%.

6 Conclusions

Two-dimensional mathematical models of deformation processes of biomaterials have
been constructed, which make it possible to take into account the fractal struc-ture of
a material depending on the initial values of temperature and moisture content,
thermo-mechanical characteristics of anisotropy, different types of material. An algo-
rithm for numerical implementation of two-dimensional mathematical models of vis-
co-elastic deformation of biomaterials has been developed, which allows calculating
the components of the stress-strain state of a material taking into account the effects
of memory and self-organization.

Adaptation has been carried out of the method of splitting fractional-differential
creep kernels, which makes it possible to determine the functions of volumetric and
shear creep according to the experimental data of one-dimensional models of visco-
elastic deformation, to identify fractional-differential parameters of models taking
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into account the fractal structure of the medium and to estimate the values of elastic
and residual stresses of biomaterials. Presented are the results of the numerical im-
plementation of the mathematical model, taking into account the heterogeneity of the
structure of biomaterials, self-organization and memory-effect.
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