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1. INTRODUCTION 

We work in the normalized (x, x 1) phase plane in which beta

tron oscillations with amplitude a are represented by a circle 

of radius a. 

A centred beam of emittance nR2 is represented by the area 

of a circle of radius R around the origin. A displaced beam with 

the same emittance is given by a circ le of radius R with the 

centre at x = zR. z � o is the injection error parameter. This is 

shown in Fig. 1. Obviously, an error in normalized angle is equi

valent to an error in normalized displacement. 

After filamentation has taken place betatron oscillations 

will occupy a circle of radius (z + 1) R. 

We shall answer the folloning questionsg 

i) What is tho density distribution inside this circle for 

several given density distributions at the beginning, 

and for a given injection error parameter z? 

ii) 1JVhat is the visible density distribution as seen by a 

detector which detects the spatial denoity only? 

iii) What is tho effect of injection errors on the luminosity 

of the ISR? 

2. ANALYSIS 

We use both polar co-ordinates (r, cp) and Cartesian co

ordinates (x, x 1) in the normalized phase plane. 

Let the normalized density distribution of a perfect beam 

be called f(r). The beam with injection errors will then have 

a distribution function F(r, cp, z) which is given by� 

F(r, cp, z) ( I 2 2 \ 
:a: f \:_,r + Z - 2zr COG cp) 
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Filamentation will smooth out the azimuthal variations of the 

density distribution function and yield a new distribution 

function Fi 

2n 

F(r, z) J F ( r, cp , z ) dcp 

It is also interesting to calculate how much of a mismatched 

filamented beam fits into a given radius. This is given by the 

integrated distribution function Di 

D(r, z) 

r 
r' 

= 2n J y F(y, z) dy 

The "visible" distribution function G(x, z) is obtained by inte

grating F over all slopes x 1 g 

co 

( ) jrF_(/2 ,2 G x, z = 1
--:_Jx + x , z ,/ dx 1 

_co 

Finally, the luminosity of the ISR, assuming perfect overlap of 

the two colliding beams, is proportional to L(z): 

+ro 

L(z) = J G2 (x, z) dx 
-co 

3. NUMERICAL EXAivTI?LES 

The functions defined above were calculated for uniform, 

parabolic and Gaussian density distributions in the injected 

beam. In all cases analytical formulae which are given below 

were used as far as possible. The remaining functions were com

puted by numerical integration. The accuracy in the integration 

routine GAUss2*) is good and the relative er:cor is less than 10-4• 

*) CERN 6600 PilOGRAlI LIBRARY D 103 
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3. 1 Uniform beam 

r :== 1 - z 

1 - z < r !'.,; 1 + z 

r > 1 + z 

Let 

1-z<xs1+z 

X > 1 + Z 

F(r, 
F(r, 

F(r, 

F(r, 

f(r) = 1 H(1 1t 
- r) 

z) = 1 

z) = 0 

z) 0: 
=2 

z) = 0 

for z 

for z 

where 

!'.,;, 1 
> 1 

0: = 
,,. 2 2 

-1 (r + z -cos 2rz 

B = J (1 + z) 2 - x2 

B 
2 J ('2 2 

G(x, z) = 'i A + 2 F Jx + x 1 , 

G(x, z) r -(/2 ,2 z) dx 1 = 2 j F \ ./X + X ' '-.:..v 

G(x, z) = 2 
- /'J 2 2 F�x +x', z) dx 1 

G(x, z) = o 

3.2 Parabolic beam 

F(r, z) = o 

r > 1 + z F(r, z) = o 
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a is the same as for the uniform beam. 

< 
I 

G(x, z) 8 ( 1 - X 
2 - 2z 2 + z) X 1 - ZI = 3n A 

r--
,r I 2 � (' 0 

2 p .1 ·. ,_ z) dx 1 + l." \ .. {: + .. ' 
A 

('2 ,2 G(x, z) F 2 "-:Jx + X ' z) dx 1 

A 

B 

! 1 - z I 
r /) 2 2 ', 

< X :s; 1 + z G(x, z) = 2 j F �x + x' , z) dx 1 

0 

X > 1 + Z G(x, z) = o 

3. 3 �sian beam 

F( r, z) = 1 I (2rz) 
TC 0 

2 2 -r - z e *) 

4. RESULTS AND CONCLUSIONS 

z :;;; 1 

z > 1 

Graphs of the distribution function for z = o and z = 0.5 

are shorm in Figs. 2 to 7. The luminosity is plotted as a function 

of z in Fig. 8. A programme for computing these functions (D:8l'...:Is) 

and tables of them are available to those interested. Already at 

z = 0.5 injection errors cause a noticeable lo�:�: of bo;i_n denGity 

in t>.o nicldle of t:1c 'bon;:i a:.1c'c luminosi t;y. 

-*) This formula 11as calculatod earlier by C. Bovet. 
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