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ABSTRACT

We have performed a recalculation
of the contribution to the ILamb shift
' from two fourth order vertex graphs. We
agree with a ©recent calculation by

Appelquist and Brodsky '7.
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There has been a recent change in the theoretical value
for the Lamb shift. A new calculation 1) of the fourth order contribu-
tion to the slope of the Dirac form factor of the electron disagrees

with the previous results 2)’3).

contributes to order ug(za)4mc§ to the Lamb shift, when added to
4

The new value for the slope, which
the other radiative corrections gives a 28%‘- 23% separation in
hydrogen and deuterium, which is in excellent agreement with the results

5)

of recent experiments .

The contribution to Lamb shift is
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It is important here to remark that we use a timelike metric.

2),3)

and the recent one by Appelquist and Brodsky 1) (A.B.) lies first of

The difference between the previous calculations

all in an over-all change of sign for all terms, and secondly in a nu-
merical disagreement between the non-infra-red contributions from the
graphs a and b in Fig. 1 (the "corner graphs"). The authors of
Ref. 2) (W.B.K.) calculated the infra-red divergent terms and part of
the convergent terms analytically and estimated the remainder numeri-

cally, while Soto 2/

performed the whole calculation analytically.
The two results agree with each other (for the cormer graphs) and the

quoted value is
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The new value by A.B. is the result of a completely numerical computation.

They find (for the corner graphs)
2 (V] a2 L Ch + }
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In view of the crucial nature of this discrepancy we have considered it

warth while to perform yet another evaluation of this quantity.

We reduced the graphs in Figs. 1a and 1b to parametric form
by hand, inserting the parametrized vertex part, and afterwards parame-
trizing the outer loop by standard methods. In this way we obtained a

division of @™ into three parts

G = SL+ G .+ G,

where 6‘1 stems from the renormalization counter terms in the insertion

and is easily calculable analytically

G, = (?i‘r);{%\cs" - E—t \osk—;ﬂ' rs-; \]

The remainder (6'2 + 6'3) is originally a five-dimensional integral
but a judicious choice of parameters allows one integration to be per-
formed trivially. This integral was then divided into two parts, & 5
and G-'3 of which 0—2 was inf;'aa—red divergent, but comparatively simple,
and 6'3 was infra-red convergent, but extremely complicated. It was
possible to extract the infra-red divergence analytically from G~ > with

the result

G, = (%)‘{" 'lz\o;‘xa-t- %\e,x -+ <

where C, 1is constant for N\ - 0. By adding 6'1 and 6'2 we obtain

the infra-red divergent parts given by A.B. The contribution G 5 Was

evaluated numerically without trouble and. the result is

G, = (%‘r)a’ {-— 0.\36 ¥ 0.00 3}
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The only remaining quantity to be determined is 02. As it is difficult
to keep track of the convergent parts left out during the extraction of

the infra-red part we determined C by calculating the full integral

2
G’z(X) numerically as a function of N\ and afterwards cancelling

out the divergent terms. Precisely, we fitted the quantity

COrYm g 0= (R \-hleg XL o tY +
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to the form
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This quantity will approach the non-infra-red divergent term, C, in

G for M~ 0. Our result was (see also Fig. 2)
== \DCNQ; i: c>'c,sr

A= 0.6¢ \.\ dy= -6t4
A= ~-ll222 dg=-\3ty
d;=131‘18 d“"‘;t‘g\’

This is in excellent agreement with the result of A.B. We remark that
the uncertainty in C is somewhat larger than the uncertainty quoted
by A.B. (+0.02) mainly because we fitted with a large number of back-
ground terms. We included these in order to explore the possible in-
fluence of other background terms than those taken by A.B. in the de-
termination of C. As can be seen from Fig. 2, C(A) is roughly

constant over four orders of magnitude in A 2.

We should like to mention that this calculation is inde-
pendent of the calculation of A.B. as far as the analytical evaluation

goes. Unfortunately, it was necessary to use the same integration
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subroutine for the numerical integration as was used by A.B. We
attempted first to use standard Gaussian methods, but they turned out
to be reliable only for )+2 ? 10-3 and did furthermore not give any
idea about the uncertainty on the result. A program written by

G. Sheppey which was used by A.B. and which is described in Ref. 6),
gave reliable results as far down as Az ),10—9, and furthermore
yielded an estimate of the uncertainty in the values. It has been
thoroughly tested by the authors of Ref. 6) and the mere constancy of

¢(A) for small A amplifies the confidence we have in its use.

Finally, we agree with A.B. in the over-all sign dif-
ference. One of us (B.E.L.) has furthermore checked the contribution

from the vacuum polarization term (Fig. 1c) analytically with the result.
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which has the opposite sign of the Soto value .
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