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ABSTRACT

In this paper, the optical approximation for elastic and
quasi-elastic diffraction scattering of nucleons by nmucleons, de-
veloped in a previous paper (I), is extended to take into account
effects of the nucleon and isobar spins. Expressions are derived
for the angular distribution and polarization of the scattered nu-~
cleons, both for elastic and quasi-elastic scattering with (3,3 )
isobar excitation. Two special cases are considered: a spin-spin
interaction between the nucleons, oOr nucleon and isobar, in the
final statejand a spin-orbit interaction, but no spin-spin inter-
actiong the angular distributions and resulting nucleon polariza-
tions are derived in detail in these cases,and experimental possi-
bilities are considered for distinguishing between them, and for
deriving further information on the spin-spin interactions, espe-
cially as a result of polarization measurements. Finally, in a
mathematical appendix, we consider various possible devices for
taking into account, in a more realistic fashion, the mnucleon
"shape" in terms of appropriate approximations to the nucleon
"form factor" in the optical approximation.
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Introduction

This paper is intended as a continuation and extension of the one

*
previously written under the same title >. In the earlier paper, though mo-
*%

tivated by observations which we interpreted as being due to the reactions
N+ — NI (1)

we developed a "spin-independent" optical approximation for the angular
distribution of the scattered nucleons. In particular, the spin of the
projectile nucleon (but not of the target) was neglected; thus the conside-

rations of that paper apply, more appropriately, to the reactions

Tr+N = 77 +10% (2)

or to the corresponding reactions with kaon projectiles. In the following,
the theory is developed taking full account of the spin of the projectile
nucleon in reactions (1). Having done this, we consider the question of
whether, and under what conditions, the scattered nucleon may be expected to
be polarized, and derive expressions for its possible transverse polarization.
In these computations, we confine our attention to the isobar of spin (3/2)+,
but the same considerations may be easily extended to any of the other nucleon
isobars. Finally, some general considerations are presented for the im-
provement of the optical approximation, both for elestic and for "quasi~
elastic" diffraction scattering, by takihg into account the variation of the
nucleon "opacity" with position (impact parameter) and the "diffuseness" of

the nucleon boundary.

%) CHERN Report 1114/TH. 178, 17 April, 1961, henceforth referred to as I.
*%) N¥ represents an excited state of the target nucleon with definite

spin, parity, isotopic spin, and energy (to within a natural width, Tﬂo)
ees ile€s, a nucleon "isobar",
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Effects of Nucleon Spini General Expressions:

A, Elastic Scattering. Owing to the nucleon spins, there are two

channels in which the nucleons can interact; the triplet, with total spin
S=1, and the singlet, 5=0. Furthermore, provided the nucleons are initially
unpolarized, the reactions in the two channels are independent (incoherent)
so that they may be treated separately insofar as their contributions to

the cross-section and to the polarization are concerned., The computation

of the differential scattering cross-sections for the two channels now
proceeds along entirely conventional lines, such as outlined in I, except
for the effect of the Pauli principle. Its effect is simple: scattering

in the singlet channel proceeds only through states with even orbital angular

momentum; triplet scattering involves only odd,Z .

We may completely define the scattering in terms of six classes
of scattering amplitudes, characterized by the channel spin (S), the total
angular momentum (J), the incident orbital angular momentum Lﬁ ) and the
outgoing orbital angular momentum (‘g‘). We write, following the usual

*)

optical approximation

s J = ajei s fj(E); (5=1-6) (3)

in which aj and. xj are the average values of the magnitude and phase

for a given class of scattering, and fj(,g) is assumed to be slowly vary-
*%

ing with A ). In the reaction (1) under consideration, the amplitudes

involved are

%) For elastic scattering AJ.:‘I—‘*Zj with /“?j/ -> O for the usual case

of diffraction arising out of strong absorption.

*%) In I we have taken f£(f )=1 for £< kR, f£(£)=0 for f> kR
However, as will be discussed in a subsequent section, this represents
an unnecessary and unphysical approximation, Still, we shall not carry
things to their ultimate generality, in this paper, but, rather, make
the further assumption that f(,g) is the same for all scattering
processes with the same channel spin S.
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and the differential scattering cross-section becomes
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>0 Z fo%)g.,“_n)l’én)(cos 8). (6)
afzz b

The evaluation of the summations (6) proceeds as in the Appendix of I,
except for the halving in the number of terms resulting from the Pauli
principle; however, as long as there are many terms involved (kR >>1),
this amounts only to a reduction of the summation by a factor 2. Thus,

assuming the step function behaviour of £ Z ), the summations become
z f - -;—kQRZFn(X) (6a)

with the Fn(X=kRe) as defined in I. The use of more reasonable expressions

for f£(f) will be discussed in an appendix.

The transverse polarization of the scattered nucleon may also be
evaluated in terms of the same parametexs(4e). Defining the transverse axis

as the direction given by Kk'xk, we obtain, again by conventional means,

ol 4T P, = Img [2(11+§-)(A*+B' Yo (4 +E-E) (41 B p] 5050+
+ (a,-B+B)(a1-B1 )¥ ! Z_‘_zg . (7)

Thus, in the most general case, evaluation of the optical approximation

for the elastic scattering, Eq. (5), and the polarization, Eq. (7), requires
the specification of six complex amplitudes (twelve parameters) and six
functions fJ(,z ), which we have arbitrarily reduced to two fS(,e Yo We
shall discuss further simplifications in the next section. However, even

without simplification, we may note from Eq. (7) that the appearance of a
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polarization in elastic scattering requires a spin-orbit interaction .. i.es,

the non-vanishing of the combinations A' or B'.

B. (3,3+) Isobar kxcitation. For reaction (1) with #N the

two initial spin states (5=0 and 1) are still independent and the Pauli
principle still requires even and odd A?—Values to be associated, respective-
ly, with the two initial spin channels. However, both possible outgoing spin

channels, with
S' = S*4b (8)

are open to both incident channels (although not through the same inter-
mediate states, and corresponding j?'—values, owing to the necessity for
parity conservation), which results in a considerable multiplication of the
classes of amplitudes involved in the reéction, as compared to elastic

scattering. Thus, generalizing Eq. (3)

S’S'A2 z/ _ ajei D(Jfa(»g) (31)

we now require 16 amplitude types for the complete specification of the

*)

reaction (1) with 8% = 3/2+, viz

*)  Again, only for purposes of simplification, we reduce the sixteen

functions fj(j?) to two, fS(i%) with 3=0 and 1.
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8k~ —— = W'B +\/_31302\(Z)
‘(‘Aﬂ”zﬂ'ﬁﬂ 12“’2 |5 4#Bl 2*](’32' “—21)52‘%2'2)(53)2
+ (2], +4|B 2[ )(i )2

+.(I_I; R R % )E{"m‘“ 35,

(10)
2 2y, 12
+ 2T, 4T, | Zralal | “ealm L)
= (2,242
* !Wé BoBoo (2+)
= = 2.0 2 2y /< 242
+ (/A11—A“+B11I +}c12+ 2 D} - 2( +2]c' +G} / HET)
l"‘ - T = = [2/73\2
+I 3/2 012"012"‘)—:])12*(;12( (22
Here, again, the amplitudes are abbreviated
iX
= o
Ao‘I ao‘le
By, = g(boze +b_se )
(9x)

etc.

and the 25:2 are defined by Eq. (6).
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The expression for the transverse polarization of the (quasi—
elastioally) scattered nucleon is complicated and long, containing almost
all possible combinations of the 16 amplitudes. We write it, symbolically,

as

2 da- n n - n+1 p
k" 2L P = Im 2 oLt S (11)
I gi;éj,n pRYTE T

in which the Q, ere the amplitudes defined by Egs. (9n) (i, j go from
1 to 16), n goes from O to 2, and the cr‘?j are numbers, given in

Table I.

Clearly, without some drastically simplifying assumptions concerning
the possible inter-relationships among the amplitudes, we cannot make any
quantitative statements concerning either the angular distribution or the
polarization of the scattered nucleons. However, even at this stage, we
may note that there exists, in the case of quasi-elastic scattering with
isobar excitation, another possibility, which can lead to polarization of
the scattered nucleons, in addition to the conventional "spin-orbit" inter-
action. Thus, as may be seen in Table I, even if all of the "primed"
amplitudes vanish (which would be the case in the absence of a spin-orbit
interaction in the conventional sense e¢.» i.€., see Egs. 9n) there still
remain terms in the polarization equation (11), of the form
1m éAmBgz’ 4040720
difference in the amplitudes, for a given value of the incident channel

etc.g ; the existence of such terms requires a

spin S, corresponding to the two possible velues of the outgoing channel
spin S5's Hence, the presence of such terms implies a kind of "spin-spin"
interaction, between the mucleon and the isobar, in the final state. In
the following section we consider the possible effects of such a spin-spin
interaction, as well as of a spin-orbit interaction of the conventional

‘type -
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Coefficients

*) n
Orij

polarization of nucleons (Eq. 11) in the reaction N+N — N+N*(3,3+).

TABLE

I

in the expression for the transverse

Q. % n=0 1 2
o1 Boo /4 - 3/4
1 1
R 2 2
B, (3/8) (3/8)
1 41

~ 2 2

B, B!, (3/8) (3/8)

B, B!, 3/2 - 1/2

A, Cin - 2 1/2 - 3/2
5 z V3
Cpo - (3) (3)
- 2 1
D, (3/2)% (3/2)?
= z z
G,y (3) - (3)
A - - 1
1
B!, 1 1

A Cos - 2 - 1/2 3/2
5 7 v
C.s -3(3) - (3)
- £ a
B, -(3/2)? -(3/2)?
el 3 1
G, - (3) (3)
=F -3 !
B -1 - 1

%) Terms not included have m?J,:o. Note that, in Eq. (11), the
go with the Q_ and the Z
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Effects of Nucleon Sping Specific Models:

A, Spin-Spin Interaction: In order to obtain some feeling for

the form of the angular distribution and polarization, both in elastic and

quasi-elastic scattering, which might result from a spin-spin interaction

of the type mentioned above, we consider the appropriate expressions under

the assumption that the amplitudes, Egs. (4) and (9), are entirely inde-

pendent of the particular combination of f and ,Z‘ involved in the

scattering; we assume, however, that they do depend on the channel spins,

8 and S'. Thus, for elastic scattering, we take

At =B' =0

while for the quasi-elastic scattering, we assume

BoZ = Bo2
by, =4y =8y
C = 6 = ﬁ = 6

12 12 12 7 12

v Al —RB' =0' =D!' =0G' =
BOZ B A11 B11 C12 D12 G12 °

For the elastic scattering, we obtain

> dao-

o 2 o [ a2 2D
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And, for quasi-elastic scattering leading to excitation of the (3,3+) isobar

8k2 Kci

1
A L)

1]

6|5,,|% (7 D%a s, (507

+

2]Ao‘ll 2(21)2‘“14,012’2(21)2

+

O.OS\B02‘2(23)2+’A11\ 2(52)? (142)

+

00250, |*(5.2)°

2 do o <1 1.2
8k" —— P = (-0.863  F +0.1387 7 )Imk B,

40

s (15,865 ° 5 -t 7 g2 w0255 ZE ma ox, (140)

Eqs. (13) and (14), while still not transparently simple, have now
been reduced to manageable proportions. OSince we are primarily concerned,
at this point, with the effects of a spin-gpin interaction in the final
state, we shall simplify the expressions still further by the additional
(completely arbitrary) assumption that the amplitudes depend only on the
outgoing channel spin S' and not on S, In this case, we may write,

for the elastic scattering amplitudes

%) The numerical coefficents while not cxact, are accurate to < 1%
fad
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A = xA e15 (12a')
0 1
and for the quasi-elastic
A = 1
ho=h (12¢ct)
— t
B =C (1241)
i¥
= 1
b= YB e (12e)
*
Finally, assuming fo(£ ) = f1(Q ), and adopting the notation ) of Eqe.(6a)
n_ 4,22
for the Zi =3k R Fn’
¢
12__2 7 4 (el) = (9+2)L2)F§+F§ (13a!)
DEGEE
AT .
(a-el) = (3+ 3 y2)F§+(7+yZ)F§-|rﬂz(O.05+y2)F§+0.O125F§ (14a')

16
’1302’ 225 Q)

*) Note that Fo, as defined by Eq. (6a) is larger than the Fo defined
in the Appendix of I by a factor 2. Thus, for the "step-function”
approximation for (1), our F = (J1(X)/X).
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P

16 dyr (

!302‘21332 40 (1e1)

q-el) = 7.50 FOF1-0.79F1n2+o.14F2F

ysiny 3°

For purposes of illustration, we show,in Figure 1, plots of the
right-hand sides of Egs. (13a') and (14a') end, in Fig. 2, a plot of
Pt/sin ¥ , Eq. (14b'), for the special case of X =y=1 and assuming
()=t for £< kg, £(£)=0 for A > kR, using the expressions
developed in the Appendix of I. The abscissa is X = kR®, the "universal"
variable appropriate to the optical approximation (see I). We note, from
Fig. 2, that, provided Y -3 ijT/Z, the polarization of the quasi-elastical-

ly scattered nucleon can be quite large.

B, Spin-Orbit Interaction. In low energy nucleon-nucleon scattering

~

(EN ~ 100 MeV), appreciable nucleon polarizations are known to arise from

a spin-orbit interaction between nucleons. Although we have no evidence

that the same kind of a spin-orbit interaction is operative at the energies
with which we are concerned (EN ~ 1=25 GeV), it is nevertheless of interest
to investigate, from our phenomenological point f view, the effects of a
gpin-orbit interaction on the angular distribution and mucleon polarization
for both the elastic and quasi-elastic diffraction scattering. To do this,

we shall assume that the amplitudes can all be approximated by expressions

of the form

A, =A-;-BS°£/5,@ I AVESYA (15)

with ,/a,[‘ >> 1 (i.ea, we treat 4 and J ' as classical vectors).

Furthermore, although, in the general case, A, B and C will depend on
the channel spins (5 and S'), we shall take them to be independent of
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S and 3', since we have already considered, in the previous section,

the effects of a spin-spin interaction. Ve also take £ (£ )=f ( £)=t( .

In the classical limit (f, ' >> §,5' ~ 1) we have

where

s F/sl = uw/s ' (152)
gt /s pr Em /s (15b)
J = ,@+m = f Y4m? (15¢)

Hence, for the amplitudes used to describe the elastic scattering, Egs. (4)

giving

b o=h =4 (16a)
A+ = A+B+C (16b)
B = A-B+C (16¢)
+ o+

E=B=4 (164)
A'= B+C (16e)
B'= -B+C (161)

Substitutingbthe elastic scattering cross—-section, Eq. (5) becomes

2k? % = DA 0%a(Bl el ) D5 o (227 (17)
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and the polarization Eq. (7)

-2 % P, =2In gA(B+4C)*ZS 21 +AB* Zl ng (18)

For the purposes of computation, in the absence of further information, we

put
B=C-= erlgs"" (16¢)

whence, using Eq. (6a)

;62 7 do (el) = 11F§+16 x2Ff+F§ (171)
|8] %R AQ
P (el)
16 do ¢ _ \
= 20F_E+4F.F, (18")

}A‘2k234 Ao #siné

These are plotted, respectively, in Figs. 3 and 4, for X =1.

Using the same asswaptions for the spin-orbit-interaction amplitudes)
Egs. (15), the quasi-elastic amplitudes, Egs. (9), become, in the

appropriate combinations
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-15 =

Boo =Djp =0
A%1 = B+C
(19)
B{1 = =B+C
_ 1
C;Z = B+3C
—_— i
G, = Bl
Substituting into Eqgs. (10) and (11) (Table 1),
2> do- 2 2 2
g = (geel) = (15 4] “wgf3-{F ¢ | NED
40 =
+(16/A]2+8)B[2+1210 Iz)(Zl)2
2
+(1,05 W “+a|5+ [ % 2)el®)Z2) (20)
2
+ 0.025)8)% (£2)
2 &9 o 1
8k~ —— Pt(q—el) = Imé(—3.66AB*+9.89AC*+4.9OBC*)Z+ b
0O et
12
~(3.97AB*+8. 34AC*%~4. 90BC¥ ) 2.2, (21)

~(0.3184B*+0,22540%) 5 ° 570 —%
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Finally, again for the purposes of illustrative computation only, we consider

the special case

B=C =yhe > (19"

Then

16 do

RS

(Q‘el) = (7048+O.172V2)F§
+ (8.0+10y2)Ff (201)

+ (o. 525+6.83y2)F§

2
0.0125F
+ 5 3
P ( —el)
16 do Tt :
= -3.12F0F1+6.16F1F2+o.271F2F3 (21Y)

iAf2k2R4 A-Q— y sin§

These have also been plotted, in Figs. (3) and (4) respectively, again

for the special case y=1.

On the assumption of a spin-orbit interaction, both the elastically
and the quasi-elastically scattered nucleons can exhibit polarization.
But, under the special set of assumptions adopted in this section, the
effects appear to be rather larger for the case of elastic scattering

: +
than for the quasi-elastic (3,3") isobar excitation.
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Discussion

Although the description of the elastic and quasi-elastic nucleon
scattering, as developed in the foregoing, is perfectly general -- being
based on a "phase-shift" analysis in terms of a set of phenomenologically
determinable amplitudes —- we have, in order to obtain some insight
into the possible interpretation of the observable features of the scatter-
ing processes, been forced, step by step, to adopt a series of simpli-
fying assumptions concerning the behaviour of the amplitudes. The most
important assumption is the one normally adopted in the optical (diffraction)
approximation; it is expressed by Egqe. (3) =~ that the individual amplitudes,
which depend on the spins and the orbital angular momenta involved in the
scattering process, can be replaced by their average values (depending on

the spins) miltiplied by slowly varying functions of the orbital angular

moienta, fg S,(ﬁ ). This assumption enables the evaluation of the sum-
’

mations involved in terms of tabulated analytical functions, as has been

discussed, for a special case, in I and will be further discussed in the

Appendix to this paper.

In our illustrative examples, both here and in I, we have adopted
a very special form for the f(é’), viz., a step function., This is equi-
valent to the assumption of uniform absorption of the incident wave (and
emission of the scattered wave) over a sphere with a sharp boundary at its
radius, Re. But these assumptions, especially that of the sharp boundary,
are precisely what lead to the clearly pronounced maxima and minima in the

cross-sections and polarizations plotted in Figs. 1-4.

Presumably, a more reasonable mathematical approximation to the
f(f ) will remove most (but not all) of the secondary maxima in the cross-—
section. The qualification is required because the various Fn’ which
determine the shape of the angular distribution, have their first maxima

at increasing values of X; in the step~function approximation, that of Fo
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occurs at X=0, ¥, at X = 2.6, F, at X X 3.9, F, at X = 4.2,
More reasonable assumptions on f(ﬁf) will maintain, more or less, the
shape of these first maxima even if they lead to a disappearance of secon-

dary maxima and minima.

It is important to note that one of the effects of the nucleon
spin is already to smooth out the angular distributions, as compared to the
predictions of the approximation neglecting spins (see I), even with the
step-function assumption on the f(f.). This is seen in Fig. 1 and, even
more drastically, in Fig. 3 and is of course due to the fact that the
existence of nucleon spin permits the angular momentum charges required for
isobar excitation (or possible in elastic scattering) to take place through
a variety of charges in the orbital angular momentum; the subscript n in
the Fn reflects, essentially, the [lgy required in the reaction. The
superposition of the angular distributionscorresponding to the various
possible 1112£ has the effect of "washing out" the sharp maxima and

minima corresponding to any one value of Fn.

All this has the consequence that, as a result of the nucleon spin,
it becomes more difficult to distinguish between those features of the
scattering angular distribution which reflect the nucleon "shape" (or form
factor) and those which reflect the spin dependence of the nucleon scat-
tering amplitudes (i.e., spin-orbit vs. spin-spin interaction, etce)s It
would appear, from such considerations, that a study of the elastic and
quasi-elastic scattering of pions on nucleons will provide a more effective

tool for the investigation of such nucleon shape effects.

However, nucleon-nucleon scattering does make available an addi-
tional tool —- namely, the study of the polarization of the scattered
nucleons. Thetwo extreme examples considered in this paper, the results
of which are shown in Figs. 2 and 4, indicate quite clearly that appreciable
polarizations are possible and that their magnitude and angular dependence

will depend strongly on the spin dependence of the scattering amplitudes.
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Our assumption of a sharp nucleon boundary gives rise to rather violent
fluctuations in the polarization, especially for large values of X = ﬁ;R@;
such fluctuations will not be present in the case of a diffuse nucleon
boundary *). On the one hand, this makes the polarization at relatively
large X a sensitive tool for the study of the nucleon "shape" and,

in particular, for the resolution of the question of whether the nucleon
boundary is sharp enough to lead to Fn's which go through zero (and
therefore have secondary minima and maxima)s. On the other hand, it makes
these predictions much less likely to correspond to the physical situation
at large values of X without some pre-knowledge of the form factor at
large momentum transfer, and therefore makes the polarization at large X

a much less reliable toél for the study of the spin dependence of the

scattering amplitudes.

However, at small values of X (say, §5 4) the amplitudes are
likely to be much less sensitive to the shape of the nucleon boundary;
rather, they will depend on the choice of a single parameter, like the
value of <:r2)> for the nucleon, In this region of relatively smaller
momentum transfers, while the shape of the angular distribution will tell
us little about the spin-dependence of the amplitudes, the magnitude of the
polarization, and especially its dependence on X, may tell us a great
deals Thus, for example, a large polarization would indicate a strong
spin-spin interaction in the final state (see Figs 7), and its magnitude
would provide a measure of the phase difference between the nucleon-isobar
scattering amplitudes in the two possible spin channels, a kind of infor-

mation which would be difficult to obtain by any other means,

On the other hand, small polarization would mean no appreciable
phase difference (or 5:—9 T ) in the two spin channels. But such a

small polarization, if observable, could arise from a spin-orbit interaction;

Y

*) Incidentally, the fluctuations are not as "vidlent" as they appear in
the figures. Thus, in the CERN experiments at O=56mrad, and assuming
R 2z 1 fermi, the value of X varies between ~ 3 and ~ 7 in going
from k=10 to 25 GeV/c, Thus, it would require only very moderate
angular resolution to observe the variationsin Figs. 1-4.
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In this case, however, in contrast to a spin-spin origin, it would change
sign in the region of X~ 2 (see Fig. 4), since its smallness would then
arise from the cancellation of two opposing terms ( see Eq. 21'). Thus,
in the region of small momentum transfer, the polarization, if observable,
is a sensitive tool for the study of the spin dependence of the scattering

amplitudes.

A final word is in order concerning the applicability of the
"form factor" concept to elastic and quasi-elastic scattering at the high
energies under consideration (kR >> 1). The use of a form factor is
equivalent to the statement * that the dependence of the scattering
amplitude on the initial momentum k and on the invariant 4-momentum

transfer q may be factored into the form
A(k,q) = kF(q) (22)

In the optical approximation, as developed in I and in the following
Appendix, this possibility arises from the assumption that the energy
dependence of the slowly varying factor f(Z,) derives completely from
its parametric dependence on the parameter kR, f(f ) = (¢ /xR) =
= f(ﬂ 9/ kRe) , as well ?S from the "small-angle" approximation which
*

*
peranits the replacement E}Z(cos 8) E&\Jo(f g). In general, however,

%) H. Lehmann, report at the CERIl Conference on Theoretical Aspects of
Very High Energy Phenomena, June 5-9, 1967

*%) Note that kO = +ksin ©/2 =q in the small-angle approximation
for elastic scattering., For quasi-elastic diffraction scattering
this is still a good approximation, provided the momentum change

Ap, << k.
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there is no guarantee that this simple factorization is permissible, and

we should write
a(k,q) = kF(q,k) » (221)

Under these conditions, it would no longer be possible to use the form
factor concept, and to compare the scattering for different incident ener—
gies on the basis of a "universal" optical relationship of the form

dao 2

= F(q) (23)

1
- —
k°dQ
It remains an open question to determine experimentally the reliability of

the description of the scattering by Eq. (23>, especially for values of

I would like to express my appreciation to the group consisting
of Messrs., Cocconi, Diddens, Lillethum, Manning, Taylor, Walker and ietherell
for their cooperative attitude concerning the divulgence and discussion
of their experimental results, even in their preliminary stages; to CERN
and all of its staff for the warm hospitality extended to me during my
stays and to the John Simon Guggenheim Foundation for generous financial

support.
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APPENDIX

Mathematics of the Optical Approximation

As noted in the text, the assumption of slow variation of the
scattering amplitudes with l? , according to Eq. (3), leads to the expression

of the angular dependences in terms of the summations

50 Zf(g ) L0550 (coe @) (1)
)

The optical approximation consists in the agsumption of a characteristic

(maximum) angular momentum L = kR>>1, such that
£(f) =£(4/1) | (22)

and in the application of the small-angle approximation

20 (o5 0) = 7 (L) (83)

2

In this approximation, the summation may be replaced by an integral

Zn = LZFn(XzLQ) (a4)
with
0= | f(e/Ona (k. (35)
X do
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The problem is thus reduced to the evaluation of the "form factors",

Fn(X), under appropriate assumptions concerning the form of f (;(, /X).

1) The step-function approximation. The simplest form of £, and the one

discussed in some detail in I, is the approximation

f(x /X) for pe \< X (A6a)

1l
-3

£(x /%) for x > X (A6D)

1l
(@]

In the Appendix to I, we have given expressions for the Fn’ for n< 3,

evaluated by using the recursion relations for the Bessel functions

x3 (%) =2(n-1)J (A7)

n—‘l_'xJ

n-2

and integrals of the form

X
X x I () dx =x3(%) (a8)
0

*)

in I,

etc, We have also given asymptotic expressions for the Jn(X <L 1)

*
) In this paper we have also required F (X), which, for the step-

5

function approximation, is given by

[0/0]
1 8
_ 1 8 7T - A
B f(wa X4 )ax (492)
(0]
_ 5 (A9b)
FB(X << 1) D x7/240
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Other, more reasonable, forms of f(X/X) lead to integrals which
can sometimes be evaluated in terms of tabulated functions; more often, the
integrals require numerical evaluation. The interested reader is referred to

*)

evaluation of the integralsi In the following we give a number of illustra-

Watson's monumental work on the Bessel function for details on the

tive examples of possible form factors.

2) The Gaussian approximation. An obvious way of describing a diffuse

nucleon boundary is to assume a Gaussian form for f(fa)

-xz/f%cz

(X /X) = e (A9)
with f«v 1 as an adjustable parameter, which can be chosen to provide
a best fit to the observed angular distribution. In this case, the form

*%
factors can be evaluated in terms of the hypergeometric functions )

F(g +1)

77(n+1)

2 n fZXZ
Fn(X) = %§ 1F1(§ +13 n+l; - —T') (A10)

In particular, for n=0 we have

B () = {2 £%%%/4 (4108)

%) G.N., Watson, A Treatise on the Theory of Bessel Functions
(Cambridge University Press,1944), Chapt. XIII.

#%) E,T. Whittaker and G.N. Watson, A course of Mathematical Analysis

(Cambridge University Press, 1927), Chapt. XIV,
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a result which immediately bears out the assertion, made in the foregoing,
that the assumption of a diffuse nucleon boundary mey lead to the dis-
appearance of the secondary maxima and minima, characteristic of the form

factors for a sharp nucleon boundary.

3) The power-law approximation. Another possible description of a diffuse

boundary —- rather more diffuse than the Gaussian —- is through a power

law form

£f(x/X) = (411)
(x2+?2){2)m .
The form factor
v (Fx) = A8 (2 e (812)
" ) ) j(x%r %2 )"

o]

cannot be simply evaluated except in the case n=0

m=1 g
s (fn - 2 WL K (0 (a122)

An alternative version of the power—-law approximation is

2,2
£(x /x) = 2fx (a11')
(o f52
for which
p (fx) =2 K (FOI(f1) . (a1281)
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4) The Yukawa appfoximation; The approximations discussed above correspond

to a picture of a mucleonic absorption which is essentially constant for
relatively small impact parameters (x <« X) and then becomes diffuse in
the region of the boundary (x~ X) and beyond. Another, rather extreme,
possibility is that of a weakly absorbing sphere which, however, becomes
rather suddenly and strongly absorbing at small impact parameters. As a

*
crude approximation to this situation °, we take
-X/FX
f(x/X) =e /f /(x/§%)s (413)

and obtain

2% B
P (X) = £ (1 £50)2 (414)

5) The exponential approximation. A less extreme form of the above

("absorbing core") approximation is to take
_X
f(x/X) =e /fx' (a15)

In this case, we may obtain a general expression for the form factor in

terms of the hypergeometric functions of the second kind

v (x) = fAED( 0" 7 EF, S oo - £75°). (216)
2

%) This form of f£(f ) should not be confused with the one which would
result from absorption by the meson cloud of the nucleon, whose density
distribution is given by the Yukawa function (squared). In this case,
the absorption at a given impact parameter is proportional to the total
mass of (pionic) material transversed by a particle passing at that impact
parameter. The resulting, rather complicated, absorption coefficient, and
its effects on the variation of the elastic scattering amplitude with
(and, correspondingly on the scattering angular distribution) has been
considered by the Dubna group *%),

¥%) D, Blokhintsev, report at the CERN Conference on Theoretical Aspects of
Very High knergy Phenomena, June 5-9, 1961.
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However, without resort to the 2F1 we may evaluate all of the Fn by

taking advantage of the recursion relation, Eg. (A8) and the following

integrals
© 2 2% "

j o Bt J_(bx Jax = (a240°)72 2 zgﬁ-—‘%—)-ﬁ % (A172)
Oo-a n. (20)* T(ned)

ge "Jn(bx)x ax = 25 2)““‘;\577 (A17D)

(o}

. a1 _ 2a(20)" Tnw3/2)
S * 5 L(0x) 2 lax = (azi:2)n+3/g /W (417¢)
with these, we obtain
R (0) = FP(ef 2x2)3/2 (A16a)
P (x) = f 2 (14§ 222§ x) - fxr (x) (a16b)
7,(x) = F (x {2“”2“[(1 + £222)] _1j (a16¢)

Fy(X) = F1(X)§ 4(1; ) [ 14 F5%%)=2(1+ {zxz)%ﬂ] -1} (a16a)
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6) The "peripheral" approximation. Although the exponential approximation

is, in itself, of not too great interest, we have gone into some detail
because it provides the necessary basis for another useful approach, which we
call the "peripheral" approximation. This would apply if the amplitudes
become large only at large impact parameters -— i.e. for Ag ~ kR. Such

a situation would prevail, for example, if the quasi-elastic excitation
would result, primarily, from a "one-meson exchange" process; another possible
application would be to the elastic scattering, if it were believed to be
primarily due to "two-meson exchanges" *) (in which case the appropriate

value of R would be R= LTu '0.7f).

One way of approximating such a peripheral interaction would be to

take
f(x/X) = e-x/gx _e—?ﬁ/?{X (a18)
with

0< § -y L4 f ] (a182)

With this approximation, f(O) = 0, and the maximum value of f(x./X)
occurs at ;;/€ X 21, The form factors are now simply derived from those

of the previous section

—_ — ?
F (%) = Fn(g X) Fn(wzx) . (a16Y)
With the appropriate choice of the parameters and f-'z

it would be possible to approximate the effects of interactions whose

maximum strengths occur at various impact parameters.

*) €egs Se Fubini, report at the CERN Conference on Theoretical Aspects
of Very High Energy Phenomena, June 5-9, 1961.
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FIGURE CAPTTIONS

Figure i1

Comparison of the angular distributions, for elastic and quasi-
elastic (3,3+ isobar exoitation) nucleon-nucleon scattering on the assumption
of a spin-spin interaction in the final state. The curves assume no spin-
orbit interaction, and certain other simplifying assumptions concerning the
behaviour of the scattering amplitudes, as explained in the text. The
ordinate scale is arbitrary, different for the two curves. The abscissa

is X = k:Reo

Figure 2

Angular distribution (or energy dependence) of the polarization
of the quasi-elastically scattered nucleons, on the assumption of a spin-
spin, but no spin-orbit, interaction. The assumptions concerning the

amplitudes are the same as for the cross-sections in Fig. 1.

Figure 3

Angular distributions on the assumption of a spin-orbit, but no
spin-spin, interaction. See the text for the other assumptions concerning

the scattering amplitudes.

Figure 4

Nucleon polarization vs X = kR8 for elastic and quasi-elastic

scattering on the assumption of a spin-orbit, but no spin-spin, interaction.
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ERRATA

to
ANGULAR DISTRIBUTION IN NUCLEON-NUCLEON "QUASI-ELASTIC HIFFRACTION" SCATTERING

II. Effects of the Nucleon Spin

B.T. Feld
CERN, Geneva

1700/TH. 193

p. 4 Eq. (7), end of the first line: 5° 5 ° shouldbe > 0 S 1.

p. 8  Line after Eq. (11) and also 10th line of the next paragraph: the
reference should be to Egs. (9k), not (9h).

Table 1 2nd page, column 2, third from the bottom, should be 0;2.

p. 19 7th line from the bottom, should read (see Fig, 2),not 7.

p. 19 Reference, 2nd line, ©=56mrad.

3

Fig. 1 On the ordinate scale, the lowest mumber should be 10 °, not 10 ',
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